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Abstract
In this work, the Euler and Navier-Stokes equations, in conservative and finite volume
contexts, employing structured spatial discretization, are studied. The ENO procedure is
presented to a conserved variable interpolation process, using either the Newton method,
to second-, third-, fourth- and fifth-orders of accuracy, or the Hermite method, to thirdand fifth-orders of accuracy. The numerical algorithm of Van Leer is used to perform the
reentry flow numerical experiments. The “hot gas” hypersonic flow around a reentry
capsule is simulated. The results have indicated that the Newton 3rd order interpolation
process presents better solutions in qualitative and in quantitative terms.

1. Introduction
The development of high order accurate, non-oscillatory shock capturing schemes
currently is an area of active interest ([1]). High order accuracy is important for more
complicated unsteady inviscid problems and for direct simulation of compressible flows.
It is fairly straightforward to incorporate high order accuracy in non-conservative finite
difference methods, however, shock capturing will not be possible. Finite volume methods
and conservative finite difference methods, which retain this property, are unfortunately
limited to first or second order accuracy in most cases. An important reason for this
limitation in accuracy is the use of Total Variation Diminishing (TVD) methods to obtain
non-oscillatory solutions. TVD methods are limited to first order accuracy in more than
one dimension close to shock regions, [2], and even in one dimension they reduce to first
order accuracy at non-sonic local extrema [3].
Harten et al. and other researches [4-9] developed in recent years the so called
Essentially Non-Oscillatory (ENO) schemes, which do not have such limitation and have
uniform high order of accuracy outside discontinuities. The main feature of ENO schemes
is that they use an adaptive stencil. At each grid cell or point a searching algorithm
determines which part of the flow surrounding that grid cell or point is the smoothest. This
stencil is then used to construct a high order accurate, conservative interpolation to
determine the variables at the cell faces. This interpolation process can be applied to
conservative variables, characteristic variables, or the fluxes, either defined as cell
averaged or point values. The ENO scheme tries to minimize numerical oscillations
around discontinuities by using predominantly data from the smooth parts of the flow field.
Due to the constant stencil switching the ENO scheme is highly non-linear and only
limited theoretical results are available [4-5]. For applications involving shocks,
second-order schemes are usually adequate if only relatively simple structures are present
in the smooth part of the solution (e.g., the shock tube problem). However, if a problem
contains rich structures as well as shocks, high order shock capturing schemes (order of
least three) are more efficient than low order schemes in terms of CPU time and memory
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requirements. Polynomial interpolation theory has a number
of important uses [22]. A special usage is in developing means
for working with functions that are stored in tabular form.
Methods like Lagrange, Newton, and Hermite are likely the
most employed ones in this area. The Lagrange form of the
interpolation polynomial can be used for interpolation to a
function given in tabular form. A practical difficulty with
Lagrange interpolation is that since the error term is difficult
to apply, the degree of the polynomial needed for the desired
accuracy is generally not known until the computations are
determined [23]. But there are other forms that are much more
convenient. The Newton method uses the concept of divided
differences to develop its polynomial approximation. It is
much better for computation than the Lagrange formula. In
other cases, it is convenient to consider polynomials p(x) that
interpolate a function f(x), and in addition have the derivative
polynomial p’(x) interpolating the derivative function f’(x). In
such cases, the Hermite method is more advisable. Hermite
interpolation determines a polynomial that agrees with the
function and its derivative at specified points.
In this work, the Euler and Navier-Stokes equations, in
conservative and finite volume contexts, employing structured
spatial discretization, are studied. The ENO procedure is
presented to a conserved variable interpolation process, using
either the Newton method, to second-, third-, fourth- and
fifth-orders of accuracy, or the Hermite method, to third- and
fifth-orders of accuracy. The numerical algorithm of [10] is
used to perform the reentry flow numerical experiments,

∂
QdV + ∫ F • ndS = ∫ SC dV ,
∂t V∫
S
V

with

where: Q is the vector of conserved variables, V is the volume
of a computational cell, F is the complete flux vector, n is
the unity vector normal to the flux face, S is the flux area, SC is
the chemical source term, Ee and Fe are the convective flux
vectors or the Euler flux vectors in the x and y directions,
respectively, Ev and Fv are the viscous flux vectors in the x and
y directions, respectively. The i and j unity vectors define
the Cartesian coordinate system. Eight (8) conservation
equations are solved: one of general mass conservation, two of
linear momentum conservation, one of total energy, and four
of species mass conservation. Therefore, one of the species is
absent of the iterative process. The CFD (“Computational
Fluid Dynamics”) literature recommends that the species of
biggest mass fraction of the gaseous mixture should be
omitted, aiming to result in a minor numerical accumulation
error, corresponding to the biggest mixture constituent (in the
case, the air). To the present study, in which is chosen a
chemical model to the air composed of five (5) chemical
species (N, O, N2, O2 and NO) and seventeen (17) chemical
reactions, being fifteen (15) dissociation reactions
(endothermic reactions) and two (2) of exchange or
recombination, this species can be the N2 or the O2. To this
work, it was chosen the N2. The vectors Q, Ee, Fe, Ev, Fv and SC
can, hence, be defined as follows [14]:

which give us an original contribution to the CFD community.
The “hot gas” hypersonic flow around a reentry capsule, in
two-dimensions, is simulated. The convergence process is
accelerated to steady state condition through a spatially
variable time step procedure, which has proved effective gains
in terms of computational acceleration [11-12]. The reactive
simulations involve Earth atmosphere chemical model of five
species, based on the [13] model. In this case, chemical
non-equilibrium condition is analyzed.
The results have indicated that the Newton 3rd order
interpolation process presents better solutions in qualitative
and quantitative terms, being the best result obtained in this
work. The Hermite interpolation process presents better
computational performance, but their numerical results are
worse than the Newton results. Hence, our choice of the best
interpolation process in this study is due to Newton 3rd order.

2. Navier-Stokes Equations and
Reactive Formulation
As the Navier-Stokes equations tend to the Euler equations
when high Reynolds number are employed, only the former
equations are presented. The reactive Navier-Stokes equations
in chemical non-equilibrium were implemented on a finite
volume context, in the two-dimensional space. In this case,
these equations in integral and conservative forms can be
expressed by:

F = (E e − E v )i + (Fe − Fv ) j ,
ρ
 ρu 
 ρv 
ρu 
ρu 2 + p 
 ρuv 
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the studied configuration. The species diffusion terms, defined
by the Fick law, to a thermal equilibrium condition, are
determined by [13]:

(2c)

ɺ 5} ,
ω
T

 ∂u ∂v 
∂u 2  ∂u ∂v 
− µ  +  , τxy = µ  +  ;
∂x 3  ∂x ∂y 
 ∂y ∂x 

∂v 2  ∂u ∂v 
τ yy = 2µ − µ  +  .
∂y 3  ∂x ∂y 

∂T
∂x

and

q y = −k

∂Ys
∂x

ρ s v sy = −ρD

and

∂Ys
,
∂y

(7)

∂T
.
∂y

(4)

(8)

and the binary diffusion coefficient of the mixture is defined
by:

D=

kLe
,
ρCp

(9)

where: k is the mixture thermal conductivity; Le is the Lewis
number, kept constant to thermal equilibrium, with value 1.4;
and Cp is the mixture specific heat at constant pressure. The φx
and φy diffusion terms which appear in the energy equation are
determined by [13]:

φx =

ns

∑ρ v
s

s =1

sx h s

and

φy =

ns

∑ρ v
s

(6)

where “∞” represents freestream properties, V∞ represents the
flow characteristic velocity and L is a characteristic length of

,

(10)

being vsx and vsy the species diffusion velocities in the x and
y directions, respectively; hs the specific enthalpy (sensible)
of the chemical species “s” and “ns” the total number of
chemical species.
Details of the present implementation for the five species
chemical model, as well the specification of the
thermodynamic and transport properties are described in
[15-16].

3. Van Leer Structured Algorithm to
Chemical Non-Equilibrium
Considering the two-dimensional and structured case, the
algorithm follows that described in [15-16], where a
one-temperature model is considered. The algorithm is
decomposed in two contributions, according to [17]: the
dynamic and chemical contributions. Hence, the
discrete-dynamic-convective flux is given by:


 ρa   ρa  
 ρa   ρa    0 
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and the discrete-chemical-convective flux defined by:

sy h s

s =1

(5)

The laminar Reynolds number is defined by:

Re = ρ ∞ V∞ L µ ∞ ,

Ys = ρ s ρ

(3)

in which µ is the fluid molecular viscosity. The components of
the Fourier heat flux vector, which considers only thermal
conduction, are defined by:

q x = −k

ρ s v sx = −ρD

with “s” referent to a given species, Ys being the species mass
fraction and D the binary diffusion coefficient of the mixture.
The chemical species mass fraction “Ys” is defined by:

where: ρ is the mixture density; u and v are the Cartesian
velocity components in the x and y directions, respectively; p
is the fluid static pressure; e is the fluid total energy; ρ1, ρ2, ρ4
and ρ5 are the densities of the N, O, O2, and NO, respectively;
H is the total enthalpy of the mixture; the τ’s are the
components of the viscous stress tensor; qx and qy are the
components of the Fourier heat flux vector in the x and y
directions, respectively; Re is the laminar Reynolds number of
the flow; ρsvsx and ρsvsy represent the diffusion flux of the
species, defined according to the Fick law; φx and φy are the
ɺ s is the chemical source
terms of mixture diffusion; and ω
term of each species equation, defined by the law of mass
action.
The viscous stresses, in N/m2, are determined, following a
Newtonian fluid model, by:

τxx = 2µ
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The same definitions presented in [15-16] are valid to this
algorithm. The time integration is performed employing the
Euler backward method, first-order accurate in time, to the
two types of convective flux. To the dynamic part, this method
can be represented in general form by:

(

) (

)

Q i(,nj+1) = Q i(,nj) − ∆t i, j Vi, j × R Q i(,nj) ,

(13)

and to the chemical part, it can be represented in general form

ϕi +1/ 2, j = ϕiVL
+1/ 2, j

4. ENO Procedure
ENO schemes overcome the limitations of TVD schemes
by relaxing the requirement of total variation non-increasing
([1]). They are conservative, essentially non-oscillatory and
give uniform accuracy in smooth regions, without the
degradation of accuracy at non-sonic local extrema as
observed with TVD methods. There are several possible
approaches when constructing ENO schemes. Harten et al. [6]
use the ENO scheme to construct a higher order solution to the
cell-average of the conservation equation using a sliding
average. The ENO scheme of [6], therefore, gives an r-th order
accurate approximation to the cell averages. According to [6],
the ENO schemes can be expressed as:

E h (τ) • Q ≡ A h • E(τ) • Re c( Q) ,
where:

by:

[( )

(16)

(

)]

Q i(,nj+1) = Q i(,nj) − ∆t i, j × R Q (i,nj) Vi, j − S C Q i(,nj) ,

(14)

where the chemical source term SC is calculated with the
translational/rotational temperature.
The definition of the dissipation term φ determines the
particular formulation of the convective fluxes. The choice
below corresponds to the [10] scheme, according to [18]:

 M i +1/ 2, j ,

2
=  M i +1/ 2, j + 0.5 ( M R − 1) ,

2
M
 i +1/ 2, j + 0.5 ( M L + 1) ,

This scheme is first-order accurate in space and time. The
high-order spatial accuracy is obtained by the ENO
procedureThe viscous formulation follows that of [19], which
adopts the Green theorem to calculate primitive variable
gradients. The viscous vectors are obtained by arithmetical
average between cell (i,j) and its neighbors. As was done with
the convective terms, there is a need to separate the viscous
flux in three parts: dynamical viscous flux, chemical viscous
flux and vibrational viscous flux. The dynamical part
corresponds to the first four equations of the Navier-Stokes
ones, the chemical part corresponds to the following four
equations and the vibrational part corresponds to the last
equation.
The spatially variable time step technique has provided
excellent convergence gains as demonstrated in [11-12] and is
implemented in the present code.

(12)

if M i +1/ 2, j ≥ 1;
if 0 ≤ M i +1/ 2, j < 1;

(15)

if − 1 < M i +1/ 2, j ≤ 0.

E h (τ) • Q is the new ENO scheme applied to the cell
average solution;
A h is the cell averaging operator;

E ( τ) is the exact evolution operator (the solver);
Re c(Q) is the reconstruction operator;

Q is the average solution.
The most important ingredient of their ENO method is the
reconstruction of the point values Q(x,y) from the cell
averaged values Q i , j . These point values are necessary to
compute the flux at the cell faces. This is done with a
reconstruction method that is conservative, essentially
non-oscillatory and gives at all points in a neighborhood
around (xi,yi) an r-th order approximation to Q, when Q is
smooth. This formulation is employed in the present work.
The implementation of the [10] scheme in the ENO method
of [6], which uses a reconstruction from the cell averaged
variables, is straightforward. The first step in the ENO
reconstruction is the determination of the cell averaged
variables. In the present work, it was adopted that the averaged
operator is the identity operator; hence, the averaged variables
are exactly the conserved variable at the cell point. A higher
order polynomial representation of Q in each cell is now
constructing. In this work, it can be by Newton interpolation
or Hermite interpolation. The values at the left and right side
of the cell, as in the MUSCL case, are now used in the [10]
solver, which gives the fluxes Ri+1/2,j.

5. Newton Interpolation
A higher order polynomial representation of Q in each cell
can be constructed by determining the divided differences
used in the Newton interpolation method using the following
recursive algorithm: Considering the ξ direction, the divided
differences are calculated as follows:
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H 0 [ξ i, j ] = Q(ξi, j ) = Q i, j ; H1[ξ i +1, j ] = Q(ξi +1, j ) = Q i +1, j ;

H 00 [ξi, j , ξi +1, j ] =  H1 (ξi +1, j ) − H 0 (ξi, j ) 

{

(ξ

i +1, j

(17)

− ξi, j ) ;

} (ξ

H 000 [ξi, j , ξi +1, j , ξi + 2, j ] = H 01  ξi +1, j , ξi + 2, j  − H 00  ξi, j , ξi +1, j 
If the divided difference H 000 [ξi, j , ξi +1, j , ξi + 2, j ] is larger than
H 001[ξ i +1, j , ξ i + 2, j , ξ i + 3, j ] choose H 000 = H 001[ξi +1, j , ξi + 2, j , ξi + 3, j ] ;

otherwise, H 000 [ξi, j , ξ i +1, j , ξ i + 2, j ] is accepted. This process is
repeated until the required order of the interpolation is
obtained and applied to each component of Q independently.
Note that the calculated stencil is computed dynamically at

(18)
i + 2, j

− ξi, j ) ;

each point and is non-linear in nature. With the choice of the
minimum divided difference at a point, the best molecule is
determined to provide high accuracy.
After the determination of the coefficients of the Newton
polynomial, the reconstruction process is finished:

Re c(Q, ξ) = Q(ξi, j ) + H 0 (ξ − ξi, j ) + H 00 (ξ − ξi, j )(ξ − ξi +1, j ) + H 000 (ξ − ξi, j )(ξ − ξi +1, j )(ξ − ξi + 2, j ) + ...
This process gives a representation of the solution in each
cell and can be used to determine the values of Q at the cell
faces.
Observe that the reconstruction process results in a
polynomial of order m-th to the vector of conserved variables
as function of the generalized coordinate ξ. The same
reasoning is applied to the η direction.

6. Hermite Interpolation
If f ∈ C [a,b] and ξ0, ..., ξn ∈ [a,b] are distincts, the unique
polynomial of least degree agreeing with f and f’ at ξ0, ..., ξn is
the Hermite polynomial of degree at most 2n+1 given by

Re c(Q, ξ) =

n

∑

f ( ξ j ) H n , j ( ξ) +

j= 0

n

∑ f ' (ξ )Ĥ
j

n , j (ξ ) ,

(21)

j= 0

where

H n, j (ξ) = 1 − 2 ( ξ − ξ j ) L'n, j (ξ j )  L2n, j (ξ)

(22)

7. Physical Problem and Meshes
One physical problem is studied in this work: the reentry
capsule problem. Figure 1 shows the reentry capsule geometry,
in which the spatial dimensions are defined. The far field is
located at 20.0 times the nose ratio in relation to the
configuration nose. Figures 2 and 3 show the employed
meshes to the inviscid and viscous cases, respectively. These
meshes were generated in Cartesian coordinates, using a “O”
type mesh as reference. The software of mesh generation was
implemented by the present author on a finite difference
context. The dimensionless employed in the Euler and
Navier-Stokes equations are described in [20].
The initial conditions to the reentry capsule problem, for a
five species chemical model, are presented in Tab. 1. The
Reynolds number is obtained from data of [21].
Table 1. Initial conditions to the problem of the reentry capsule.

Ĥ n, j (ξ) = ( ξ − ξ j ) L (ξ) .

(23)

In this context, Ln,j(ξ) denotes the jth Lagrange coefficient
polynomial of degree n. Moreover, if f ∈ C2n+2 [a,b], then

( ξ − ξ0 ) ... ( ξ − ξ n )
( 2n + 2 )!
2

f (ξ) = H 2n +1 (ξ) +

2

f (2n + 2) (χ)

(24)

for some χ com a < χ < b. In addition, since the first
derivatives of the Hermite polynomial agree with those of f, it
has the same “shape” as the function at [ξ i , f (ξ i )] in the
sense that the tangent lines to the polynomial and to the
function agree.
The first derivative of the function f, which is our vector of
conserved variables Q, is determined by the first divided

(20)

difference of Q in relation to ξ or η, depending of the spatial
direction under study. For j varying from 0 to n, the first
derivative in the second sum of Eq. (21) is adopted as the
minimum value of the first derivatives in this interval.

and
2
n, j

(19)

Property

Value

M∞

10.6

ρ∞

0.02863 kg/m3

p∞

3,885 Pa

U∞

4,628 m/s

T∞

473 K

altitude

40,000 m

cN

10-9

cO

0.07955

cO 2

0.13400

cNO

0.05090

L

3.0 m

Re∞

3.468x106
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meshes are equivalent in finite differences to meshes of 65x50
points.

8. Results

Figure 1. Reentry capsule configuration.

Tests were performed in a notebook with Intel Processor
Core i7 and 6.0 GBytes of RAM, in a Windows 8.0
environment. As the interest of this work is steady state
problems, it is necessary to define a criterion which guarantees
the convergence of the numerical results. The criterion
adopted was to consider a reduction of no minimal three (3)
orders of magnitude in the value of the maximum residual in
the calculation domain, a typical CFD-community criterion.
The residual of each cell was defined as the numerical value
obtained from the discretized conservation equations. As there
are a maximum of eight (8) equations, the maximum value
obtained from these equations is defined as the residual of this
cell. Hence, this residual is compared with the residual of the
other cells, calculated of the same way, to define the maximum
residual in the calculation domain. In the simulations, the
attack angle was set equal to zero.
8.1. Reentry Capsule Problem

Figure 2. Reentry capsule inviscid mesh.

Figure 4. Pressure contours (Newton-2nd Order).

Figure 3. Reentry capsule viscous mesh.

The boundary conditions to this problem of reactive flow
are detailed in [20]. The attack angle for the reentry capsule
configurations is equaled to zero.
Figures 2 and 3 shows the inviscid and viscous meshes used
to the reentry capsule problem. Both meshes are composed of
3,136 rectangular cells and 3,250 nodes, with the viscous
mesh employing an exponential stretching of 5.0%. These

Figure 5. Pressure contours (Newton-3rd Order).
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7 and 8 exhibit the pressure contours obtained by the ENO
procedure as using the Hermite interpolation process to 3rd-,
and 5th-orders. The 5th-order Newton interpolation did not
present converged results. As can be seen, the Newton results
are more conservative because estimates bigger values of the
pressure field than the Hermite results. Good symmetry
properties are observed in all figures.

Figure 6. Pressure contours (Newton-4th Order).

Figure 9. Mach number contours (Newton-2nd Order).

Figure 7. Pressure contours (Hermite-3rd Order).

Figures 9 to 11 present the Mach number contours obtained
by the 2nd-, 3rd-, 4th-order variants of the ENO procedure as
using the Newton interpolation process, whereas Figs. 12 and
13 show the same Mach number field obtained by the 3rd, and
5th-order variants of the ENO procedure as using the Hermite
interpolation process. As can be noted, the most conservative
Mach number field is due to the Newton interpolation method,
estimating Mach number values close to 9.88, whereas the
Hermite interpolation method predict values close to 9.70 (in
average). Despite this, the 4th-order solution presents a
pre-shock oscillation, resulting in a Mach number peak close
to 10.07.

Figure 8. Pressure contours (Hermite-5th Order).

Inviscid case. Figures 4 to 6 show the pressure contours
obtained by the ENO procedure as using the Newton
interpolation process to 2nd-, 3rd-, and 4th-orders, whereas Figs.

Figure 10. Mach number contours (Newton-3rd Order).
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interpolation method in its 2nd-order version, estimating
temperature values close to 7,714.41 K, whereas the Hermite
interpolation method predicts values close to 7,000 K. All
temperature contours present problems of symmetry. It is
important to mention that these temperature values are ratified
by the wall temperature distributions to be analyzed by the
Newton and Hermite solutions in the next pages.

Figure 11. Mach number contours (Newton-4th Order).

Figure 14. Temperature contours (Newton-2nd Order).

Figure 12. Mach number contours (Hermite-3rd Order).

Figure 15. Temperature contours (Newton-3rd Order).

Figure 13. Mach number contours (Hermite-5th Order).

Figures 14 to 16 exhibit the translational/rotational
temperature contours obtained by the 2nd-, 3rd-, 4th-order
variants of the ENO procedure as using the Newton
interpolation process, whereas Figs. 17 and 18 show the same
temperature field obtained by the 3rd, and 5th-order variants of
the ENO procedure as using the Hermite interpolation process.
The most conservative temperature field is due to the Newton

Figure 16. Temperature contours (Newton-4th Order).
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Figure 17. Temperature contours (Hermite-3rd Order).

Figure 18. Temperature contours (Hermite-5th Order).

Figure 19. N mass fraction contours (Newton-2nd Order).

Figure 20. N mass fraction contours (Newton-3rd Order).

Figure 21. N mass fraction contours (Newton-4th Order).

Figure 22. N mass fraction contours (Hermite-3rd Order).
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Figure 23. N mass fraction contours (Hermite-5th Order).

Figure 25. O mass fraction contours (Newton-3rd Order).

Figures 19 to 21 show the N mass fraction contours
obtained by the 2nd-, 3rd-, and 4th-order variants of the ENO
procedure as using the Newton interpolation process,
respectively. Figures 22 and 23 exhibit the N mass fraction
contours obtained by the 3rd- and 5th-order variants of the ENO
procedure as using the Hermite interpolation process,
respectively. As can be seen, the best distributions in terms of
quality are due to the Newton 3rd-order and the Hermite
5th-order. The Hermite 3rd-order solution presents the
maximum N formation in the simulation.
Figures 24 to 26 present O mass fractions contours obtained
by the ENO procedure as using the Newton interpolation
process in its 2nd-, 3rd-, and 4th-order variants, whereas Figs. 27
and 28 show the same mass fraction contours obtained by the
Hermite 3rd- and 5th-order variants. The best distribution in
qualitative terms is due to the Hermite 3rd-order solution.
Moreover, this solution also presents the maximum O
formation in the field.

Figure 26. O mass fraction contours (Newton-4th Order).

Figure 24. O mass fraction contours (Newton-2nd Order).

Figure 27. O mass fraction contours (Hermite-3rd Order).
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obtained by the ENO procedure as using the Hermite
interpolation process in its 3rd- and 5th-order variants. The best
distributions in qualitative terms are due to Hermite 3rd- and
5th-orders. The biggest N2 dissociation has occurred with the
Newton 2nd-order variant.

Figure 28. O mass fraction contours (Hermite-5th Order).

Figure 31. N2 mass fraction contours (Newton-4th Order).

Figure 29. N2 mass fraction contours (Newton-2nd Order).

Figure 32. N2 mass fraction contours (Hermite-3rd Order).

Figure 30. N2 mass fraction contours (Newton-3rd Order).

Figures 29 to 31 exhibit the N2 mass fraction contours
obtained by the ENO procedure as using the Newton
interpolation process in its 2nd-, 3rd-, and 4th-order variants,
whereas Figs. 32 and 33 present the N2 mass fraction contours

Figure 33. N2 mass fraction contours (Hermite-5th Order).
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interpolation in its 3rd- and 5th-orders. The best distribution is
due to the Hermite 5th-order solution. The biggest dissociation
has occurred with the Hermite 3rd-order solution. As can be
seen, the best distributions in qualitative terms are due to
Hermite interpolation process.

Figure 34. O2 mass fraction contours (Newton-2nd Order).

Figure 37. O2 mass fraction contours (Hermite-3rd Order).

Figure 35. O2 mass fraction contours (Newton-3rd Order).

Figure 38. O2 mass fraction contours (Hermite-5th Order).

Figure 36. O2 mass fraction contours (Newton-4th Order).

Figures 34 to 36 present the O2 mass fraction contours
obtained by the ENO procedure as using the Newton
interpolation process in its 2nd-, 3rd-, and 4th-order variants,
whereas Figs. 37 and 38 the O2 contours as using the Hermite
Figure 39. NO mass fraction contours (Newton-2nd Order).
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the same mass fraction contours as using the Hermite 3rd- and
5th-order variants. The best distributions are again due to the
Hermite solutions.

Figure 40. NO mass fraction contours (Newton-3rd Order).

Figure 43. NO mass fraction contours (Hermite-5th Order).

Figure 44 shows the –Cp distributions at wall obtained by
the Newton interpolation method for 2nd-, 3rd-, 4th-orders of
precision, and by the Hermite interpolation method for 3rdand 5th-orders of precision. As can be seen, all distributions are
very similar at the plateau; however, at the reentry capsule
nose, the Newton 4th-order presents the biggest value of Cp,
close to 4.30 unities, representing the most strength shock.

Figure 41. NO mass fraction contours (Newton-4th Order).

Figure 44. Wall -Cp distributions.

Figure 42. NO mass fraction contours (Hermite-3rd Order).

Figures 39 to 41 show the NO mass fraction contours
obtained as using the Newton interpolation process in its 2nd-,
3rd-, and 4th-order variants, whereas Figs. 42 and 43 present

Figure 45 exhibits the temperature distributions at the wall
obtained by the ENO procedure as using the 2nd-, 3rd-, and
4th-order variants of the Newton interpolation process and as
using the 3rd- and 5th-order variants of the Hermite
interpolation process. The wall temperature peak at the reentry
capsule leading edge is estimated in 7,700 K and is due to the
Newton 2nd-order. At the trailing edge, this variant also gives
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the maximum temperature, close to 8,200 K. This value of
temperature indicates that at the trailing edge high dissipation
is occurring, allowing the possibility of the boundary layer
detachment, with the formation of a pair of circulation bubbles.
This phenomenon is expected due to the observations in
[24-25], where perfect gas simulations have been done. It is
expected that this phenomenon occurs in the viscous case.

3rd- and 4th-orders of precision. The Newton 2nd- and 5th- and
the Hermite 3rd- and 5th- order variants did not present
converged results. The most severe pressure field is obtained
by the 4th-order variant of the Newton interpolation, with the
value 1,570.48 unities. Both contours are homogeneous and
symmetrical. Not oscillations are observed in the solutions.

Figure 47. Pressure contours (Newton-3rd Order).

Figure 45. Wall temperature distributions.

Figure 46 presents the distributions of the pressure at the
configuration stagnation line obtained by the ENO procedure
as using the 2nd-, 3rd-, and 4th- order variants of the Newton
interpolation process and as using the 3rd- and 5th-order
variants of the Hermite interpolation process.

Figure 48. Pressure contours (Newton-4th Order).

Figure 46. Stagnation line pressure distributions.

All variants, Newton and Hermite, capture the shock wave
occurring at x = 2.0m from the leading edge of the reentry
capsule. As observed in the –Cp distributions, the 4th-order
Newton solution has presented the most strength normal shock
at the trailing edge.
Viscous case. Figures 47 and 48 present the pressure
contours obtained by the Newton interpolation process, in its

Figure 49. Mach number contours (Newton-3rd Order).
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The bow shock wave is well captured by both solutions and
the subsonic region behind the shock wave is well detected.
Figures 51 and 52 show the translational/rotational
temperature contours obtained by the Newton method in its
3rd- and 4th- orders of precision. As can be seen, the most
intense temperature field is obtained by the Newton
interpolation process in its 4th-order variant.

Figure 50. Mach number contours (Newton-4th Order).

Figure 53. N mass fraction contours (Newton-3rd Order).

Figures 53 and 54 exhibit the N mass fraction contours
obtained by the ENO procedure as using the Newton
interpolation process in its 3rd- and 4th-order variants. The
highest formation is observed in the 3rd-order variant of the
Newton interpolation. Both solutions present reasonable
features of symmetry. The contours are homogeneous, without
oscillations.
Figure 51. Temperature contours (Newton-3rd Order).

Figure 54. N mass fraction contours (Newton-4th Order).
Figure 52. Temperature contours (Newton-4th Order).

Figures 49 and 50 show the Mach number contours
obtained by the [10] scheme as using the Newton interpolation
process in its 3rd- and 4th-order variants, respectively.
Pre-shock oscillations have occurred in both solutions. The
contours present good symmetry properties and homogeneity.

Figures 55 and 56 present the O mass fraction contours
obtained by the Newton 3rd- and 4th-order variants,
respectively. The 3rd-order variant presents again the highest
formation of a species, in this case, the O. The 3rd-order
variant also presents better symmetrical aspects than the
4th-order variant. Moreover, this solution also shows better
homogeneous properties.
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Figure 55. O mass fraction contours (Newton-3rd Order).

Figure 58. N2 mass fraction contours (Newton-4th Order).

Figures 59 and 60 exhibit the O2 mass fraction contours
obtained by the ENO procedure as using the Newton
interpolation process in its 3rd- and 4th-order variants,
respectively. The highest dissociation has occurred with the
3rd-order variant and this variant also presents the best solution
quality in terms of symmetry and homogeneity.

Figure 56. O mass fraction contours (Newton-4th Order).

Figures 57 and 58 shows the N2 mass fraction contours
obtained by the Newton interpolation process in its 3rd- and
4th-order variants, respectively. The highest dissociation has
occurred with the 4th-order variant. Symmetry properties
arebetter observed in the 4th-order solution.

Figure 57. N2 mass fraction contours (Newton-3rd Order).

Figure 59. O2 mass fraction contours (Newton-3rd Order).

Figure 60. O2 mass fraction contours (Newton-4th Order).
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flow detachment and the consequent formation of circulation
bubbles, in pair, as observed in [24-25].

Figure 61. NO mass fraction contours (Newton-3rd Order).

Figure 63. Wall –Cp distributions.

Figure 62. NO mass fraction contours (Newton-4th Order).

Figures 61 and 62 present the NO mass fraction contours
obtained by the ENO procedure as using the Newton
interpolation process in its 3rd- and 4th-order variants,
respectively. The highest formation of NO is captured by the
3rd-order variant. Good symmetry properties are also observed
in the 3rd-order solution.
As an analysis in terms of solution quality, the 3rd-order
variant of the Newton interpolation process, to this viscous
case, behaves better than the 4th-order variant.
Figure 63 exhibits the wall –Cp distributions obtained by
the Newton interpolation processes, in its 3rd- and 4th-order
variants. As can be seen, both curves are very similar and do
not present any discrepant behavior. Figure 64 presents the
wall temperature distributions generated by the Newton
interpolation methods, in its 3rd- and 4th-order variants. It is
possible to note that both temperature profiles are very similar.
While the Newton 3rd-order solution presents a temperature
peak at the leading edge of 7,280 K, the Newton 4th-order
solution presents a temperature peak close to 7,240 K. The
temperatures at the trailing edge of the reentry capsule are
sufficient high to induce the boundary layer detachment in this
zone. The high energy dissipation in this region originates the

Figure 64. Wall temperature distributions.

Figure 65. Stagnation line pressure distributions.
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Figure 65 shows the stagnation line pressure distribution
generated by the ENO procedure as using the Newton
interpolation process in its 3rd- and 4th-order variants. As can
be seen, the viscous shock has occurred at 1.40m from the
reentry capsule’s leading edge. Moreover, the 4th-order variant
presents a shock strength bigger than the 3rd-order variant.
Figures 66 and 67 show the circulation bubble formation at
the reentry capsule’s leading edge captured by the ENO
procedure as using the Newton interpolation process in its 3rdand 4th-order variants, respectively. As can be seen, a pair of
circulation bubbles is formed at the trailing edge of the reentry
capsule as predicted by the curves of wall temperature
distributions in the viscous case.

but in the absence of practical reactive results, these constitute
the best available results.
To calculate the stagnation pressure ahead of the reentry
capsule, [26] presents in its B Appendix values of the normal
shock wave properties ahead of the configuration. The ratio
pr0/pr∞ is estimated as function of the normal Mach number
and the stagnation pressure pr0 can be determined from this
parameter. Hence, to a freestream Mach number of 10.6, the
ratio pr0/pr∞ assumes the value 145.46. The value of pr∞ is
determined by the following expression:
pr∞ =

prinitial
ρ ∞ × a ∞2

.

(25)

In the present study, for the reentry capsule case, prinitial =
3,885 N/m2, ρ∞ = 0.004 kg/m3 and a∞ = 317.024 m/s.
Considering these values, one concludes that pr∞ = 9.664
(non-dimensional). Using the ratio obtained from [26], the
stagnation pressure ahead of the configuration nose is
estimated as 1,405.73 unities. Table 2 compares the values
obtained from the simulations with this theoretical parameter
and presents the numerical percentage errors. As can be
observed, all Newton’s solutions present percentage errors
less than 17.00%, which is a reasonable estimation of the
stagnation pressure. The best result was obtained with the
Newton 3rd-order, in a viscous case, with an error of 2.35%.
8.3. Computational Performance

Figure 66. Circulation bubble formation (Newton-3rd Order).

Table 3 presents the computational data of the Newton and
Hermite simulations for the reentry capsule problem. It shows
the CFL number and the number of iterations to convergence
for all studied cases in the present work. As can be seen, the
best performances are due to the Hermite interpolation method,
where CFL numbers of 0.30 were used. With it, convergences
in less than 1,700 iterations were obtained. The best ENO
performance was due to the Hermite 3rd-order variant and
inviscid case, with CFL number of 0.30 and convergence in
1,653 iterations.
Table 2. Values of stagnation pressure and errors.
Case

Inviscid
TECNE

(1)

pr0

Error (%)

1,257.97

10.51

rd

Newton – 3

1,462.03

4.01

Newton – 4th

1,634.37

16.26

Newton – 5

th

–

–

Hermite – 3rd

1,238.80

11.87

th

1,232.18

12.35

–

–

rd

1,372.63

2.35

th

Hermite – 5

Figure 67. Circulation bubble formation (Newton-4th Order).

Newton – 2nd

8.2. Quantitative Analysis
In terms of quantitative results, the present authors
compared the reactive results with the perfect gas solutions.
The stagnation pressure at the reentry capsule leading edge
was evaluated assuming the perfect gas formulation. Such
parameter calculated at this way is not the best comparison,

Procedure
Newton – 2nd

Newton – 3
Viscous

Newton – 4

1,570.48

11.72

TECNE

Newton – 5th

–

–

rd

Hermite – 3

–

–

Hermite – 5th

–

–

(1): Thermal Equilibrium and Chemical Non-Equilibrium.
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Table 3. Computational data.
Case

Inviscid
TECNE

Viscous
TECNE

Procedure
Newton – 2nd
Newton – 3rd
Newton – 4th
Newton – 5th
Hermite – 3rd
Hermite – 5th
Newton – 2nd
Newton – 3rd
Newton – 4th
Newton – 5th
Hermite – 3rd
Hermite – 5th

CFL
0.1000
0.1000
0.1000
–
0.3000
0.3000
–
0.1000
0.1000
–
–
–

Iterations
2,758 (3)*
4,595
4,189
–
1,653
1,829
–
6,422
6,133
–
–
–
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phase, the final project phase, where better results are
necessary, the author recommends the Newton method. Hence,
our choice of the best interpolation process in this study is due
to Newton 3rd order.
More studies are necessary to provide a better
comprehension of the potentialities of each interpolation
processes, but this work starts the first study involving high
resolution methods applied to reentry flows in the scenario of
aerospace engineering. Although the mathematical
discretization in this work requires more knowledge from the
reader, the author thinks that a good reading in the cited
references should compensate this requirement.

Acknowledgment

* 3 orders of residual reduction.

The best ENO solution has been obtained by the Newton
interpolation process in its 3rd-order version in both qualitative
and quantitative analysis. In qualitative analysis, good
solution quality was observed, mainly in the mass fraction
contours. In quantitative analysis, the excellent estimative of
the stagnation pressure ahead of the reentry capsule’s leading
edge, in both inviscid and viscous cases, has been observed.
Finally, as in [27] the excellent computational performance of
the Hermite interpolation process is a remarkable property of
this tool. Good convergence rates were observed, using
meaningful CFL numbers and converging in less than 1,700
iterations to a problem of reasonable difficulty to be simulate.

9. Conclusions
In this work, the Euler and Navier-Stokes equations, in
conservative and finite volume contexts, employing structured
spatial discretization, are studied. The ENO procedure is
presented to a conserved variable interpolation process, using
either the Newton method, to second-, third-, fourth- and
fifth-orders of accuracy, or the Hermite method, to third- and
fifth-orders of accuracy. The numerical algorithm of [10] is
used to perform the reentry flow numerical experiments,
which give us an original contribution to the CFD community.
The “hot gas” hypersonic flow around a reentry capsule, in
two-dimensions, is simulated. The convergence process is
accelerated to steady state condition through a spatially
variable time step procedure, which has proved effective gains
in terms of computational acceleration (see [11-12]). The
reactive simulations involve Earth atmosphere chemical
model of five species, based on the [13] model. In this case,
chemical non-equilibrium condition is analyzed.
The results have indicated that the Newton 3rd order
interpolation process presents better solutions in qualitative
and quantitative terms, being the best result obtained in this
work. The Hermite interpolation process presents better
computational performance, but their numerical results are
worse than the Newton results. The present author
recommends the Hermite method on an initial phase of
aerospace vehicle project, where fast results are needed in
detriment of high accuracy. However, on a more elaborated

The author would like to thank the infrastructure of ITA that
allowed the realization of this work.
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