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Abstract
In this work, the ENO procedure is presented to a conserved variable interpolation process,
using either the Newton method, to second-, third-, fourth- and fifth-orders of accuracy, or
the Hermite method, to third- and fifth-orders of accuracy, and the WENO procedure is
also presented to generate third- and fifth-orders of accuracy in the solution of the reactive
Euler and Navier-stokes equations. The numerical algorithms of Van Leer and Liou and
Steffen Jr. are employed. The “hot gas” hypersonic flow around a blunt body is simulated.
The results have indicated that the ENO 4th order interpolation presents better solutions.
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In several aerodynamic applications, the atmospheric air, even being composed of
several chemical species, can be considered as a perfect thermal and caloric gas due to its
inert property as well its uniform composition in space and constancy in time. However,
there are several practical situations involving chemical reactions, as for example:
combustion processes, flows around spatial vehicles in reentry conditions or plasma flows,
which do not permit the ideal gas hypothesis ([1]). As described in [2], since these
chemical reactions are very fast such that all processes can be considered in equilibrium,
the conservation laws which govern the fluid become essentially unaltered, except that one
equation to the general state of equilibrium has to be used opposed to the ideal gas law.
When the flow is not in chemical equilibrium, one mass conservation law has to be written
to each chemical species and the size of the equation system increases drastically.
Hypersonic flows are primary characterized by a very high level of energy ([3]).
Through the shock wave, the kinetic energy is transformed in enthalpy. The flow
temperature between the shock wave and the body is very high. Under such conditions, the
air properties are considerably modified. Phenomena like vibrational excitation and
molecular dissociation of O2 and N2 frequently occur. The energy is stored under a form of
free energy and the flow temperature is extremely reduced as compared with the
temperature of an ideal gas flow. The thermodynamic and transport coefficients are not
more constants. In summary, the ideal gas hypothesis is not truer and such flow is called
the hypersonic flow of reactive gas or “hot gas flow”.
During the reentry and the hypersonic flights of aerospace vehicles in the atmosphere,
reactive gas effects are present. The analysis of such hypersonic flows is critical to an
appropriated aerodynamic and thermal project of such vehicles. The numerical simulation
of reactive-gas-hypersonic flows is a very complex and disputed task. The present work
emphasizes the numerical simulation of hypersonic flow in thermal equilibrium and
chemical non-equilibrium. Some examples of works involving reactive gas flow are
described below:
[1] developed upwind schemes based on residual distribution to the numerical
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simulation of inviscid flows of arbitrary mixtures of gases
thermally perfect and in chemical non-equilibrium. They
derived a multidimensional conservative linearization of the
Euler equations to gas mixtures. After that, a transformation to
a group of symmetrization variables was defined, which
uncoupled the flow equations in “ns” scalar convection
equations and a coupled 3x3 system. Several alternatives of
discretization of the source terms were presented. Tests were
accomplished with reactive and non-reactive flows.
[3] developed a computational code to the solution of the
Reynolds averaged Navier-Stokes equations, employing an
improved flux differencing splitting scheme of [4], which was
more robust and did not require the implementation of an
entropy condition. The code was developed to a structured
finite difference context of spatial discretization. It was
simulated the reactive-gas-hypersonic flow around a cylinder.
Five chemical species were considered in the air chemical
model: N, O, N2, O2 and NO. It was considered seventeen
chemical reactions, involving molecular dissociation and
shuffle or exchange reactions. The law of mass action was
employed aiming to determine the source terms to each
chemical species in the expanded Navier-Stokes equations.
The development of high order accurate, non-oscillatory
shock capturing schemes currently is an area of active interest
([5]). High order accuracy is important for more complicated
unsteady inviscid problems and for direct simulation of
compressible flows. It is fairly straightforward to incorporate
high order accuracy in non-conservative finite difference
methods, however, shock capturing will not be possible. Finite
volume methods and conservative finite difference methods,
which retain this property, are unfortunately limited to first or
second order accuracy in most cases. An important reason for
this limitation in accuracy is the use of Total Variation
Diminishing (TVD) methods to obtain non-oscillatory
solutions. TVD methods are limited to first order accuracy in
more than one dimension close to shock regions, [6], and even
in one dimension they reduce to first order accuracy at
non-sonic local extrema ([7]).
Second order spatial accuracy can be achieved by
introducing more upwind points or cells in the schemes. It has
been noted that the projection stage, whereby the solution is
projected in each cell face (i-1/2,j,k; i+1/2,j,k) on piecewise
constant states, is the cause of the first order space accuracy of
the Godunov schemes ([8]). Hence, it is sufficient to modify
the first projection stage without modifying the Riemann
solver, in order to generate higher spatial approximations. The
state variables at the interfaces are thereby obtained from an
extrapolation between neighboring cell averages. This method
for the generation of second order upwind schemes based on
variable extrapolation is often referred to in the literature as
the MUSCL (“Monotone Upstream-centered Schemes for
Conservation Laws”) approach. The use of nonlinear limiters
in such procedure, with the intention of restricting the
amplitude of the gradients appearing in the solution, avoiding
thus the formation of new extrema, allows that first order
upwind schemes be transformed in TVD high resolution
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schemes with the appropriate definition of such nonlinear
limiters, assuring monotone preserving and total variation
diminishing methods.
[9-14] developed in recent years the so called Essentially
Non-Oscillatory (ENO) schemes, which do not have such
limitation and have uniform high order of accuracy outside
discontinuities. The main feature of ENO schemes is that they
use an adaptive stencil. At each grid cell or point a searching
algorithm determines which part of the flow surrounding that
grid cell or point is the smoothest. This stencil is then used to
construct a high order accurate, conservative interpolation to
determine the variables at the cell faces. This interpolation
process can be applied to conservative variables, characteristic
variables, or the fluxes, either defined as cell averaged or point
values. The ENO scheme tries to minimize numerical
oscillations around discontinuities by using predominantly
data from the smooth parts of the flow field. Due to the
constant stencil switching the ENO scheme is highly
non-linear and only limited theoretical results are available
([9-10]).
Polynomial interpolation theory has a number of important
uses ([15]). A special usage is in developing means for
working with functions that are stored in tabular form.
Methods like Lagrange, Newton, and Hermite are likely the
most employed ones in this area. The Lagrange form of the
interpolation polynomial can be used for interpolation to a
function given in tabular form. A practical difficulty with
Lagrange interpolation is that since the error term is difficult
to apply, the degree of the polynomial needed for the desired
accuracy is generally not known until the computations are
determined ([16]). But there are other forms that are much
more convenient. The Newton method uses the concept of
divided differences to develop its polynomial approximation.
It is much better for computation than the Lagrange formula.
In other cases, it is convenient to consider polynomials p(x)
that interpolate a function f(x), and in addition have the
derivative polynomial p’(x) interpolating the derivative
function f’(x). In such cases, the Hermite method is more
advisable. Hermite interpolation determines a polynomial that
agrees with the function and its derivative at specified points.
The WENO scheme of [17] is another way to overcome the
drawbacks of ENO schemes while keeping the robustness and
high order accuracy of these schemes. The idea is the
following: instead of approximating the numerical flux using
only one of the candidate stencils, one uses a convex
combination of all the candidate stencils. Each of the
candidate stencils is assigned a weight which determines the
contribution of this stencil to the final approximation of the
numerical flux. The weights can be defined in such a way that
in smooth regions it approaches certain optimal values to
achieve a higher order of accuracy [an kth-order ENO scheme
leads to a (2k-1)th-order WENO scheme in the optical case],
while in regions near discontinuities, the stencils which
contain the discontinuities are assigned a nearly zero weight.
Thus essentially non-oscillatory property is achieved by
emulating ENO schemes around discontinuities and a higher
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order of accuracy is obtained by emulating upstream central
schemes with the optimal weights away from the
discontinuities ([18]). WENO schemes completely remove the
logical statements that appear in the ENO stencil choosing
step. Another advantage of WENO schemes is that its flux is
smoother than that of ENO schemes. This smoothness enables
us to prove convergence of WENO schemes for smooth
solutions using Strang’s technique.
In this work, the Euler and Navier-Stokes equations, in
conservative and finite volume contexts, employing structured
spatial discretization, are studied. The ENO procedure is
presented to a conserved variable interpolation process, using
either the Newton method, to second-, third-, fourth- and
fifth-orders of accuracy, or the Hermite method, to third- and
fifth-orders of accuracy, and the WENO procedure is
presented, using the Newton interpolation process, to generate
third- and fifth-orders of accuracy solutions. The numerical
algorithms of [19-20] are used to perform the reentry flow
numerical experiments, which give us an original contribution
to the CFD community. The “hot gas” hypersonic flow around
a blunt body, in three-dimensions, is simulated. The
convergence process is accelerated to steady state condition
through a spatially variable time step procedure, which has
proved effective gains in terms of computational acceleration
(see [21-22]). The reactive simulations involve Earth
atmosphere chemical model of five species, based on the [3]
model. In this case, chemical non-equilibrium condition is
analyzed. The results have indicated that the ENO procedure
using Newton 4th order interpolation process presents better
solutions in qualitative and quantitative terms.

2. Navier-Stokes Equations in 3D
The reactive Navier-Stokes equations in thermal
equilibrium and chemical non-equilibrium in the
three-dimensional case, on a context of finite volumes, in
integral and conservative forms, can be expressed by:
∂
QdV + ∫ F • ndS = ∫ SC dV ,
∂t V∫
S
V

(1a)

with:

F = ( E e − E v ) i + ( Fe − Fv ) j + ( G e − G v ) k ,

(1b)

CFD (“Computational Fluid Dynamics”) literature
recommends that the species to be omitted of the formulation
should be that of biggest mass fraction of the gaseous mixture,
aiming to result in the minimum numerical error accumulated,
corresponding to the biggest constituent of the mixture (in the
case, air). To the present study, this species can be the N2 or the
O2. The N2 was chosen as the absent species to the simulation.
The Q, Ee, Fe, Ge, Ev, Fv, Gv and SC vectors can, so, be defined
conform below ([3]).
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where Q is the vector of conserved variables, V is the
computational cell volume, F is the complete flux vector, n
is the unit vector normal to the flux face, S is the flux area, SC
is the chemical source term, Ee, Fe and Ge are the convective
flux vectors or Euler flux vectors, in the x, y and z directions,
respectively, and Ev, Fv and Gv are the viscous flux vectors in
the x, y and z directions, respectively. The i , j and k unit
vectors define the Cartesian coordinate system. Nine (9)
conservation equations are solved: one of general mass
conservation, three of linear momentum conservation, one of
total energy and four of species mass conservation. Therefore,
one of the species is absent of the solution algorithm. The
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and

ɺ1 ω
ɺ2 ω
ɺ4 ω
ɺ 5 }T ,
SC = {0 0 0 0 0 ω

(6)

where: ρ is the mixture density; u, v and w are the Cartesian
velocity components in the x, y and z directions, respectively;
p is the fluid static pressure; e is the fluid total energy; ρ1, ρ2,
ρ4 and ρ5 are the densities of the N, O, O2, and NO,
respectively; H is the mixture total enthalpy; the τ’s are the
components of the viscous stress tensor; qx, qy and qz are the
components of the Fourier heat flux vector in the x, y and z

 ∂u ∂v 
∂u 2  ∂u ∂v ∂w 
 ∂u ∂w 
− µ + + , τxy =µ + , τxz =µ + ,
y
x
∂x 3  ∂x ∂y ∂z 
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 ∂z ∂x 
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∂T
.
∂z

(8)

ρ ∞ V∞ L
,
µ∞

(9)

where “∞” represents freestream properties, V∞ represents the
flow characteristic velocity and L is a characteristic length of
the studied configuration.
The species diffusion terms, defined according to the Fick
law, to a thermal equilibrium condition, are determined by
([3]):

∂c s
∂c s
, ρ s v sy = −ρD
∂y
∂x
∂c
ρ s v sz = −ρD s ,
∂z

ρ s v sx = −ρD

and
(10)

with “s” referent to a given species, cs being the species mass
fraction and D the binary diffusion coefficient of the mixture.
The chemical species mass fraction “s” is defined by:

cs = ρs ρ

(11)

and the binary diffusion coefficient of the mixture is defined by:

kLe
D=
,
ρCp

(12)

where: k is the mixture thermal conductivity; Le is the Lewis
number, kept constant to thermal equilibrium, with value 1.4;
Cp is the mixture specific heat at constant pressure; and vsx, vsy
and vsz are the diffusion velocities of the “s” species in the x, y
and z directions, respectively. The mixture k is determined by
the transport model and the mixture Cp is determined in the

,

(7)

thermodynamic model.
The φx, φy and φz diffusion terms which appear in the energy
equation are defined by ([3]):

φx =

ns

∑ρ v
s

sx h s

, φy =

s=1

The laminar Reynolds number is defined by:

Re =

directions, respectively; Re is the flow laminar Reynolds
number; ρsvsx, ρsvsy and ρsvsz represent the species diffusion
fluxes, defined according to the Fick law; φx, φy and φz are the
ɺ s is the chemical source term
mixture diffusion terms; and ω
of each species equation, defined by the law of mass action.
The viscous stresses, in N/m2, are determined, according to
a Newtonian fluid model, by:

τxx = 2µ

in which µ is the fluid molecular viscosity.
The components of the Fourier heat flux vector, which
considers only thermal conduction, are determined by:

q x = −k
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ns

∑ρ v

s sy h s

, φz =

s=1

ns

∑ρ v

s sz h s

, (13)

s=1

being hs the specific enthalpy (sensible) of the “s” chemical
species. The thermodynamic model, the transport model and
the chemical model are presented in [23-25].

3. MUSCL Procedure
Details of the present implementation of the MUSCL
procedure, as well the incorporation of TVD properties to the
schemes, are found in [8]. The expressions to calculate the
fluxes following a MUSCL procedure and the nonlinear flux
limiter definitions employed in this work, which incorporates
TVD properties, are defined as follows.
The conserved variables at the interface (i+1/2,j,k) can be
considered as resulting from a combination of backward and
forward extrapolations. To a linear one-sided extrapolation at
the interface between the averaged values at the two upstream
cells (i,j,k) and (i-1,j,k), one has:

Q iL+1 / 2, j, k = Q i, j, k +
QiR+1/ 2, j,k = Qi +1, j,k −

ε
Q i, j.k − Q i −1, j,k , cell (i,j); (14)
2

(

)

ε
( Qi+ 2, j,k − Qi +1, j,k ) , cell (i+1,j), (15)
2

leading to a second order fully one-sided scheme. If the first
order scheme is defined by the numerical flux

(

Fi +1 / 2, j,k = F Q i, j,k , Q i +1, j,k

)

(16)

the second order space accurate numerical flux is obtained
from

(

)

Fi(+21)/ 2, j,k = F Q iL+1 / 2, j,k , Q iR+1 / 2, j,k .

(17)

Higher order flux vector splitting methods, such as those
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studied in this work, are obtained from:

(

)

(

)

Fi(+21)/ 2, j,k = F + Q iL+1 / 2, j, k + F − Q iR+1 / 2, j,k .

(18)

All second order upwind schemes necessarily involve at
least five mesh points or cells.
To reach high order solutions without oscillations around
discontinuities, nonlinear limiters are employed, replacing the
term ε in Eqs. (14) and (15) by these limiters evaluated at the
left and at the right states of the flux interface. To define such
limiters, it is necessary to calculate the ratio of consecutive
variations of the conserved variables. These ratios are defined
as follows:

ri+−1/ 2, j,k = ( Qi +1, j,k − Qi, j,k ) ( Qi, j,k − Qi −1, j,k ) ,

(19)

ri++1/ 2, j,k = ( Qi + 2, j,k − Qi +1 j,k ) ( Qi +1, j,k − Qi, j,k ) ,

where the nonlinear limiters at the left and at the right states of

(

+

the flux interface are defined by Ψ = Ψ ri −1 / 2, j,k
L

(

)

)

and

Ψ R = Ψ 1 ri++1 / 2, j,k . In this work, five options of nonlinear
limiters were considered to the numerical experiments. These
limiters are defined as follows:

ΨlVL (rl ) =

ΨlVA (rl ) =

rl + rl
1 + rl

rl + rl2
1 + rl2

, [26] limiter;

(20)

, Van Albada limiter;

(21)

ΨlMIN (rl ) = signal l MAX(0, MIN( rl , signal l )) , minmod
limiter;

(22)

ΨlSB (rl ) = MAX(0, MIN(2rl ,1), MIN(rl ,2)) , “Super Bee”
limiter, due to [27];
(23)
Ψlβ− L (rl ) = MAX(0, MIN(βrl ,1), MIN(rl , β)) , β-limiter, (24)
with “l” varying from 1 to 9 (three-dimensional space), signall
being equal to 1.0 if rl ≥ 0.0 and -1.0 otherwise, rl is the ratio of
consecutive variations of the lth conserved variable, and β is a
parameter assuming values between 1.0 and 2.0, being 1.5 the
value assumed in this work.
With the implementation of the numerical flux vectors
following this MUSCL procedure, second order spatial
accuracy and TVD properties are incorporated in the
algorithms.

4. ENO Procedure

by relaxing the requirement of total variation non-increasing
([5]). They are conservative, essentially non-oscillatory and
give uniform accuracy in smooth regions, without the
degradation of accuracy at non-sonic local extrema as
observed with TVD methods. There are several possible
approaches when constructing ENO schemes. [11] use the
ENO scheme to construct a higher order solution to the
cell-average of the conservation equation using a sliding
average. The ENO scheme of [11], therefore, gives an r-th
order accurate approximation to the cell averages. According
to [11], the ENO schemes can be expressed as:

E h (τ) • Q ≡ A h • E(τ) • Re c( Q) ,

(25)

where:
E h (τ) • Q is the new ENO scheme applied to the cell
average solution;
A h is the cell averaging operator;

E(τ) is the exact evolution operator (the solver);
Re c(Q) is the reconstruction operator;

Q is the average solution.
The most important ingredient of their ENO method is the
reconstruction of the point values Q(x,y,z) from the cell
averaged values Q i , j, k . These point values are necessary to
compute the flux at the cell faces. This is done with a
reconstruction method that is conservative, essentially
non-oscillatory and gives at all points in a neighborhood
around (xi,yi,zi) an r-th order approximation to Q, when Q is
smooth. This formulation is employed in the present work.
The implementation of the [19-20] schemes in the ENO
method of [11], which uses a reconstruction from the cell
averaged variables, is straightforward. The first step in the
ENO reconstruction is the determination of the cell averaged
variables. In the present work, it was adopted that the averaged
operator is the identity operator; hence, the averaged variables
are exactly the conserved variable at the cell point. A higher
order polynomial representation of Q in each cell is now
constructing. In this work, it can be by Newton interpolation
or Hermite interpolation. The values at the left and right side
of the cell, as in the MUSCL case, are now used in the [19-20]
solvers, which gives the fluxes Ri+1/2,j,k.

5. Newton Interpolation
A higher order polynomial representation of Q in each cell
can be constructed by determining the divided differences
used in the Newton interpolation method using the following
recursive algorithm: Considering the ξ direction, the divided
differences are calculated as follows:

ENO schemes overcome the limitations of TVD schemes

H0[ξi, j,k ] = Q(ξi, j,k ) = Qi, j,k ; H1[ξi+1, j,k ] = Q(ξi+1, j,k ) = Qi+1, j,k ;

[

](

)

H00[ξi, j,k , ξi+1, j,k ] = H1 (ξi+1, j,k ) − H0 (ξi, j,k ) ξi+1, j,k − ξi, j,k ;

(26)
(27)
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{

} (ξ

H 000 [ξi, j,k , ξi +1, j,k , ξi + 2, j,k ] = H 01 ξi +1, j,k , ξi + 2, j,k  − H 00 ξi, j,k , ξi +1, j,k 
If the divided difference H000[ξi, j,k , ξi+1, j,k , ξi+2, j,k ] is larger
H 001[ξi +1, j, k , ξi + 2, j, k , ξi + 3, j, k ]

than

H000 = H001[ξi+1, j,k , ξi+2, j,k , ξi +3, j,k ]

choose

;

otherwise,

H 000 [ξ i, j,k , ξ i +1, j,k , ξ i + 2, j,k ] is accepted. This process is
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− ξi, j,k ) k ;

i + 2, j,k

(28)

Note that the calculated stencil is computed dynamically at
each point and is non-linear in nature. With the choice of the
minimum divided difference at a point, the best molecule is
determined to provide high accuracy.
After the determination of the coefficients of the Newton
polynomial, the reconstruction process is finished:

repeated until the required order of the interpolation is
obtained and applied to each component of Q independently.

Rec(Q, ξ) = Q(ξi, j,k ) + H0 (ξ −ξi, j,k ) + H00 (ξ −ξi, j,k )(ξ −ξi +1, j,k ) + H000 (ξ −ξi, j,k )(ξ −ξi +1, j,k )(ξ −ξi+ 2, j,k ) + ...
This process gives a representation of the solution in each
cell and can be used to determine the values of Q at the cell
faces.
Observe that the reconstruction process results in a
polynomial of order m-th to the vector of conserved variables
as function of the generalized coordinate ξ. The same
reasoning is applied to the η and ζ directions.

6. Hermite Interpolation
If f ∈ C [a,b] and ξ0, ..., ξn ∈ [a,b] are distinct, the unique
polynomial of least degree agreeing with f and f’ at ξ0, ..., ξn is
the Hermite polynomial of degree at most 2n+1 given by

Re c(Q, ξ) =

n

∑

f ( ξ j ) H n , j ( ξ) +

j= 0

n

∑ f ' (ξ )Ĥ
j

n , j (ξ ) ,

(30)

7. WENO Procedure
The present WENO formulation is based on the work of
[18]. The WENO procedure consists to approximate the Q
contribution from each cell by the negative and positive
contributions from adjacent cells. These negative and positive
contributions are determined considering weight coefficients
to balance the influence of each cell. Considering only one
spatial subscript to easy understanding, one has:

Q− =

where

]

)

(

)

(31)

(32)

In this context, Ln,j(ξ) denotes the jth Lagrange coefficient
polynomial of degree n. Moreover, if f ∈ C2n+2 [a,b], then

f (ξ) = H 2 n +1 (ξ) +

(ξ − ξ 0 )2 ...(ξ − ξ n )2 ( 2 n + 2)
f
(χ )
(2n + 2)!

(r)

+
and Q =

k −1

∑ω Q
r

(33)

for some χ with a < χ < b. In addition, since the first
derivatives of the Hermite polynomial agree with those of f, it
has the same “shape” as the function at [ξ i , f (ξ i ) ] in the
sense that the tangent lines to the polynomial and to the
function agree.
The first derivative of the function f, which is our vector of
conserved variables Q, is determined by the first divided
difference of Q in relation to ξ, η or ζ, depending of the spatial
direction under study. For j varying from 0 to n, the first
derivative in the second sum of Eq. (30) is adopted as the
minimum value of the first derivatives in this interval.

+ (r)

,

(34)

r =0

(r)

=

k −1

∑

c rj Q i − r + j

and

Q+

(r)

=

j=0

and

Ĥ n , j (ξ) = ξ − ξ j L2n , j (ξ) .

∑

ωr Q −

where:

Q−

[ (

k −1

r =0

j= 0

H n , j (ξ) = 1 − 2 ξ − ξ j L'n , j (ξ j ) L2n , j (ξ)

(29)

k −1

∑c

rj Q i − r + j

, (35)

j=0

with crj and c rj being constants, and Q being the
polynomial reconstruction function of the ENO scheme,
obtained by Newton interpolation procedure.
It is important to emphasize that for a third-order WENO
scheme, a second order polynomial reconstruction function
should be used, and for a fifth-order WENO scheme, a third
order polynomial function should be prescribed. Another
point is that the Q − and Q + functions, from the
surrounding cells around the (i,j,k) cell, contribute to the Q
function from the following form:
“Q receives Q − from the i+1 cell to the i+1/2 interface and
receives Q + from the i-1 cell to the i-1/2 interface.”
Table 1. Values of r, crj and

Q (3rd Order).

r

cr0

Q

cr1

Q

0

1/2

Qi

1/2

Q i +1

1

-1/2

Q i −1

3/2

Qi

To a third-order WENO procedure, one has in Tab. 1 the
following values to crj and its associated vector of conserved
variables to the determination of Q − . Remembering that, in
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this case, k = 2 which implies a third-order WENO procedure.
The weighting coefficients ωr, which are 2k-1 accurate, are
described by Eq. (36):

ωr =

αr
k −1

∑

αs

, and α r =

s =0

dr

(ε + β r )2

where:
ε = 10-6, with r varying from 0 to 1;
d0 = 2/3, and d1 = 1/3;

(

)

(

2

,

)

2

c rj

and

r

cr0

Q

cr1

Q

cr2

Q

0

1/3

Qi

5/6

Q i +1

-1/6

Q i+2

1

-1/6

Q i −1

5/6

Qi

1/3

Q i +1

2

1/3

Q i −2

-7/6

Q i −1

11/6

Qi

The values of dr, in Eq. (36) are: d0 = 3/10, d1 = 3/5, and d2 =
1/10. The expressions to the smooth indicators are:

β0 =

rd

Q (3 Order).

R

c r0

Q

c r1

Q

0

3/2

Qi

-1/2

Q i +1

1

1/2

Q i −1

1/2

Qi

β2 =

To Q+ determination, one needs the values of c rj and Q ,

(

+

1
3Q i − 4Q i +1 + Q i + 2
4

13
Q i −1 − 2Q i + Q i +1
12

)

+

(

+

1
Q i − 2 − 4Q i −1 + 3Q i
4

2

(

13
Q i − 2 − 2Q i −1 + Q i
12

)

2

2

(

)

2

; (38)

)

2
1
Q i −1 − Q i +1 ;
4

(

(39)

) . (40)
2

To Q + , one has the values of c rj and Q , defined in Tab.

d 1 = d 1 = 3 / 5 , and d 2 = d 0 = 3 / 10 . With the application of
Eq. (40), the ω r coefficients are calculated and the Q − and

αr
k −1

∑α

)

4. The values of d r are given by: d 0 = d 2 = 1 / 10 ,

The weighting coefficient ω r is determined by Eq. (37):

ωr =

(

13
Q i − 2Q i +1 + Q i + 2
12

β1 =

defined in Tab. 2. Note that c rj = c r −1 j .

Q (5th Order).

Table 3. Values of r, crj and

(36)

β 0 = Q i +1 − Q i , β1 = Q i − Q i −1 .
The parameter ε, presented in Eq. (36), is used to avoid zero
value to the denominator. The βr terms are the so-called
“smooth indicators” of the stencil Sr.
Table 2. Values of r,

Figure 1 shows a schematic of the Q − and Q +
contributions to cell (i,j,k).
To k = 3, which implies a fifth-order WENO procedure, r
varies from 0 to 2. The values of crj and Q are seen in Tab. 3.

, and α r =
s

s =0

dr

(ε + β r )

2

;

(37)

Q + functions are defined, Eqs. (34-35).
Table 4. Values of r,

where:
ε and βr are defined as aforementioned and d r = d k −1−r .
Hence, one has: d 0 = d 1 = 1 / 3 , and d 1 = d 0 = 2 / 3 .

c rj

and

Q (5th Order).

r

c r0

Q

c r1

Q

cr2

Q

0

11/6

Qi

-7/6

Q i +1

1/3

Q i+2

1

1/3

Q i −1

5/6

Qi

-1/6

Q i +1

2

-1/6

Q i −2

5/6

Q i −1

1/3

Qi

8. Numerical Algorithms

Figure 1. Contributions of

R i +1/ 2, j,k

Q − and Q + to cell (i,j,k).

Considering the three-dimensional and structured case, the
algorithm follows that described in [28]. The system is solved
in two parts separately, according to [29]. Hence, the
discrete-dynamic-convective flux is given by:


 ρa   ρa  
  ρa   ρa     0 



 
 
 
  

ρau   ρau  
ρau   ρau     Sx p 





1
1

= S i +1/ 2, j,k  M i +1/ 2, j,k  ρav  +  ρav   − ϕi +1/ 2, j,k  ρav  −  ρav    +  Sy p 
,


 
  2
 
  

2
ρ
aw
ρ
aw
ρ
aw
ρ
aw
S
p


 
 
 
   z 

 ρaH   ρaH  
 ρaH   ρaH     0 

L 
R 
R 
L   
i +1/ 2, j,k



(41)

Computational and Applied Mathematics Journal 2015; 1(5): 282-306

289

and the discrete-chemical-convective flux is given by:

R i +1/ 2, j,k


 ρ1a   ρ1a  
 ρ1a   ρ1a   



 
 
 
 
ρa
ρa
ρa
ρa
1
1

= S i +1/ 2, j,k  M i +1/ 2, j,k  2  +  2   − ϕi +1/ 2, j,k  2  −  2    ,
 ρ4 a   ρ 4 a   2
 ρ 4 a   ρ 4 a  
2



 
 
 
  

ρ
ρ
ρ
ρ
a
a
a
a



 5  L  5  R 
 5  R  5  L  


The same definitions presented in [28] are valid to this
algorithm. The time integration is performed employing the
Euler backward method, first-order accurate in time, to the
two types of convective flux. To the dynamic part, this method
can be represented in general form by:

(

) (

)

Q i(,nj,+k1) = Q (i,nj,)k − ∆t i, j,k Vi , j,k × R Q i(,nj,)k ,

(43)

to the chemical part, it can be represented in general form by:

ϕi +1/ 2, j,k = ϕiVL
+1/ 2, j,k

[(

)

)]

where the chemical source term SC is calculated with the
translational temperature.
The definition of the dissipation term φ determines the
particular formulation of the convective fluxes. The choice
below corresponds to the [19] scheme, according to [30]:
if M i +1/ 2, j,k ≥ 1;
if 0 ≤ M i +1/ 2, j,k < 1;
if − 1 < M i +1/ 2, j,k ≤ 0;

and the choice below corresponds to the [20] scheme,
according to [30]:
(46)

Both schemes are first-order accurate in space and in time.
The high-order spatial accuracy is obtained by the MUSCL
procedure, by the ENO procedure or by the WENO procedure.
These procedures are described in the previous sections.
The viscous formulation follows that of [31], which adopts
the Green theorem to calculate primitive variable gradients.
The viscous vectors are obtained by arithmetical average
between cell (i,j) and its neighbors. As was done with the
convective terms, there is a need to separate the viscous flux in
two parts: dynamical viscous flux and chemical viscous flux.
The dynamical part corresponds to the first five equations of
the Navier-Stokes ones and the chemical part corresponds to
the following four equations.
The geometrical construction of the three-dimensional
algorithm, where it describes the flux areas, the cell volume,
computational cell, and the normal unit vectors, is found in
[28].

(

Q (i,nj,+k1) = Q i(,nj,)k − ∆t i, j,k × R Q i(,nj,)k Vi, j,k − SC Q i(,nj,)k , (44)

 M i +1/ 2, j,k ,

2
=  M i +1/ 2, j,k + 0.5 ( M R − 1) ,

2
M
 i +1/ 2, j,k + 0.5 ( M L + 1) ,

φ i +1 / 2, j, k = φ iLS
+1 / 2, j, k = M i +1 / 2, j, k .

(42)

Figure 2. Inviscid mesh.

9. Physical Problem, Meshes and
Initial Condition
One physical problem is studied in this work: the blunt body
problem. The geometry under study is a blunt body with 1.0 m
of nose ratio and parallel rectilinear walls. The far field is
located at 20.0 times the nose ratio in relation to the
configuration nose.
Figure 3. Viscous mesh.

(45)
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Figures 2 shows the inviscid mesh used to the blunt body
problem in the solution of the Euler equations. This mesh is
composed of 22,932 hexahedron cells and 26,500 nodes. This
mesh is equivalent in finite differences to a one of 53x50x10
points. A “O” mesh is taken as the base to construct such mesh.
No smoothing is used in this mesh generation process, being
this one constructed in Cartesian coordinates. The viscous
mesh is shown in Fig. 3, which is composed of the same
number of cells and nodes, employing, however, an
exponential stretching of 5.0%.
The initial conditions to this problem, for a five species
chemical model, are presented in Tab. 5. The Reynolds
number is obtained from data of [32].
Table 5. Initial conditions to the problem of the blunt body.
Property
M∞
ρ∞
p∞
U∞
T∞
Altitude
cN
cO

Value
8.78
0.00326 kg/m3
687 Pa
4,776 m/s
694 K
40,000 m
10-9
0.07955

cO 2

0.13400

cNO
L
Re∞

0.05090
2.0 m
2.3885x106

Figure 4. Pressure contours (VL-MUSCL).

10. Results
Tests were performed in a Core i7 processor of 2.1GHz and
8.0Gbytes of RAM microcomputer. Four (4) orders of
reduction of the maximum residual in the field were
considered to obtain a converged solution; however, with the
minimum of three (3) orders the author considered the
solution converged. The residual was defined as the value of
the discretized conservation equation. The entrance or attack
angle was adopted equal to zero.

Figure 5. Pressure contours (LS-MUSCL).

10.1. Inviscid Case
Figures 4 and 5 show the pressure contours obtained by the
[19] and by the [20] schemes, respectively, as using the
MUSCL procedure. Both pressure peaks underestimate the
theoretical pressure peak or the stagnation pressure of 179.10
unities. Good symmetry aspects are observed in both figures.
The contours present good repetition in the planes k =
constant.
Figures 6 and 7 exhibit the Mach number contours
generated by the [19] and by the [20] numerical schemes,
respectively. No pre-shock oscillations are observed in the
Mach field, ratifying the expected behavior of the MUSCL
procedure of reducing to first-order the solution close to shock
waves. Good symmetry properties are noted. The subsonic
region close to the blunt nose, behind the normal portion of the
shock wave, is well captured.

Figure 6. Mach number contours (VL-MUSCL).

Figures 8 and 9 present the translational temperature
contours obtained by the [19] and by the [20] numerical
algorithms, respectively, to the second-order interpolation
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process. The maximum temperature is about 8,037.04 K. The
contours present good symmetry properties.

Figure 9. Translational temperature contours (LS-MUSCL).

Figure 7. Mach number contours (LS-MUSCL).

In Figures 14 and 15 are presented the translational
temperature contours obtained by the [19] and by the [20]
algorithms, respectively. The temperature peak observed in
the [19] solution presents a value higher than the respective
one of the [20] solution. Moreover, a region of great heating is
observed in the blunt body nose with the [19] solution,
whereas in the [20] solution, this regions is slightly heating.
The temperatures scales are better distributed in the [19]
solution than in the [20] solution, which presumes that the [20]
temperature distribution is not totally developed.

Figure 8. Translational temperature contours (VL-MUSCL).

Figures 10 and 11 show the pressure contours obtained by
the [19] and [20], respectively, employing the ENO procedure
with Newton interpolation in its 2nd order version. As can see,
the [19] solution is better than the [20] one because predicts a
better estimation of the stagnation pressure and presents more
symmetric curves. The solution is repeated in the k = constant
planes, ratifying the three-dimensional aspects of the model.
Good symmetry aspects of both solutions are perceptible.
Figures 12 and 13 exhibit the Mach number contours
obtained by [19] and [20], respectively. The normal shock
wave is well captured by both numerical schemes. The
subsonic region behind the normal portion of the shock wave
is well captured by the [19] scheme, opposed to the behavior
observed with the [20] scheme. The solution is repeated in the
k = constant planes, ratifying the tridimensional aspect of the
simulation.

Figure 10. Pressure contours (VL-ENO-Newton-2nd Order).

Figure 16 shows the pressure contours obtained by the [19]
numerical scheme as using the ENO procedure employing
Newton interpolation to a 3rd order of accuracy. The [20]
scheme did not present converged results. Good symmetry
properties are observed. The solution is repeated in the planes
k = constant, as expected. The stagnation pressure is
under-predicted in relation to the theoretical value.
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symmetry properties are observed. The subsonic region
behind the normal portion of the shock wave is well captured.
The solution did not present pre-shock oscillations.

Figure 11. Pressure contours (LS-ENO-Newton-2nd Order).

Figure 14. Translational temperature contours (VL-ENO-Newton-2nd Order).

Figure 12. Mach number contours (VL-ENO-Newton-2nd Order).

Figure 15. Translational temperature contours (LS-ENO-Newton-2nd Order).

Figure 13. Mach number contours (LS-ENO-Newton-2nd Order).

Figure 17 exhibits the Mach number contours generated by
the [19] algorithm as using the ENO procedure employing
Newton interpolation to 3rd order of accuracy. Good

Figure 18 presents the translational temperature contours
obtained by the [19] scheme as using the ENO procedure
employing Newton interpolation of 3rd order. The
temperature values are in accordance with other fields.
Moreover, good symmetry and homogeneous properties are
observed. The temperature peak is in the range between 8,000
K and 9,000 K, which defines a good behavior. The zone of
maximum temperature is in the blunt body nose, as expected.
Figures 19 and 20 show the pressure contours obtained by
the [19] and [20] numerical schemes as using the ENO
procedure employing Newton interpolation to a 4th order
accuracy. The stagnation pressure estimated by the [19]
scheme is again more accurate than the respective one of the
[20] scheme. Moreover, better symmetry properties are
observed in the [19] solution. Both solutions are repeated in
their respective k = constant planes, ratifying the
three-dimensional character of this problem. Both solutions
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respectively. Both solutions capture the normal shock wave at
the stagnation line, with the [19] solution capturing better the
subsonic region behind the normal shock portion. Better
formation of the shock wave is also presented by the [19]
solution. The [20] solution presents loss of symmetry
properties. The best prediction of the Mach number field is
due to [20], closer to the freestream value of 8.78.

Figure 16. Pressure contours (VL-ENO-Newton-3rd Order).

Figure 19. Pressure contours (VL-ENO-Newton-4th Order).

Figure 17. Mach number contours (VL-ENO-Newton-3rd Order).

Figure 20. Pressure contours (LS-ENO-Newton-4th Order).

Figure 18. Translational temperature contours (VL-ENO-Newton-3rd Order).

Figures 21 and 22 exhibit the Mach number contours
obtained by the [19] and by the [20] numerical schemes,

Figures 23 and 24 present the translational temperature
contours obtained by [19] and by the [20] as using the ENO
procedure employing the Newton interpolation to a 4th order
of accuracy. As can be seen, the temperature peak is more
pronounced in the [19] solution. Moreover, the typical heating
of the blunt body nose in reentry flows is better captured by
the [19] scheme. All this improved characteristics of the [19]
scheme, in the majority of the cases, is due to the high order
resolution which highlights such features of the flow field.
Figures 25 and 26 exhibit the pressure contours obtained by
[19] and by [20] numerical schemes, respectively, as using the
ENO procedure employing Newton interpolation to a 5th order
of accuracy. Again, the stagnation pressure predicted by the
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[19] scheme is better than the respective one predicted by the
[20] scheme. Good symmetry properties are observed in both
figures. The normal shock is well captured by both schemes.

Figure 24. Translational temperature contours (LS-ENO-Newton-4th Order).

Figure 21. Mach number contours (VL-ENO-Newton-4th Order).

Figure 25. Pressure contours (VL-ENO-Newton-5th Order).
Figure 22. Mach number contours (LS-ENO-Newton-4th Order).

Figure 23. Translational temperature contours (VL-ENO-Newton-4th Order).

Figures 27 and 28 present the Mach number contours
generated by the [19] and by the [20] numerical schemes,
respectively. Good symmetry properties are observed. Again
the [19] solution captures better the subsonic region behind
the normal portion of the shock wave. The freestream Mach
number of the [19] solution is closer to the freestream Mach
number of 8.78 than the respective one of the [20] solution.
Figures 29 and 30 show the translational temperature
contours obtained by [19] and by [20] schemes, respectively.
Again, the temperature peak calculated by the [19] scheme is
more intense than the respective one of the [20] scheme. Good
symmetry properties are observed in both figures. The
maximum temperature occurs at the body nose and is more
intense in the [19] solution.
Figures 31 and 32 present the pressure contours generated
by the [19] and [20], respectively, as using the ENO procedure
with Hermite interpolation for a 3rd order of accuracy. As
observed in the two-dimensional case (see [33]), the pressure
field generated by the Hermite interpolation also appears
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under-predicted in relation to the Newton interpolation and it
repeats herein.

Figure 29. Translational temperature contours (VL-ENO-Newton-5th Order).
Figure 26. Pressure contours (LS-ENO-Newton-5th Order).

Figure 30. Translational temperature contours (LS-ENO-Newton-5th Order).
Figure 27. Mach number contours (VL-ENO-Newton-5th Order).

Figure 31. Pressure contours (VL-ENO-Hermite-3rd Order).
th

Figure 28. Mach number contours (LS-ENO-Newton-5 Order).

Despite it, the [19] solution in terms of the prediction of the
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stagnation pressure is again better than the respective
parameter predicted by the [20] numerical scheme.

Figure 35. Translational temperature contours (VL-ENO-Hermite-3rd Order).

Figure 32. Pressure contours (LS-ENO-Hermite-3rd Order).

Figure 36. Translational temperature contours (LS-ENO-Hermite-3rd Order).

Figure 33. Mach number contours (VL-ENO-Hermite-3rd Order).

Figure 37. Pressure contours (VL-ENO-Hermite-5th Order).

rd

Figure 34. Mach number contours (LS-ENO-Hermite-3 Order).

Moreover, the [19] solution is more symmetrical than the
[20].
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Figures 33 and 34 exhibit the Mach number contours
generated by the [19] and by the [20] numerical schemes,
respectively, as using the ENO procedure, but now with
Hermite interpolation in its 3rd order version. The shock is well
captured, as also good symmetry properties in both cases. Both
Mach number fields are under-predicted in relation to the
freestream Mach number, but the [20] solution suffers less with
this result. Figures 35 and 36 present the translational
temperature obtained by the [19] and by the [20] schemes,
respectively. The temperature fields are very close and again the
greatest peak of heating occurs at the stagnation line region.
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subsonic region delimited by the sonic waves is also better
captured by the [19] scheme. No one of the figures presents
the freestream Mach number close to the 8.78 value.
Figures 41 and 42 presents the translational temperature
contours generated by the [19] and by the [20] algorithms,
respectively, as using ENO procedure with Hermite
interpolation in a 5th order of accuracy. Reasonable symmetry
properties are observed in both figures. Finally, the [20]
scheme presents a temperature peak higher than the respective
one of the [19] scheme. Both figures present the region of high
heating at the blunt body nose.

Figure 40. Mach number contours (LS-ENO-Hermite-5th Order).
Figure 38. Pressure contours (LS-ENO-Hermite-5th Order).

As conclusion, although the Hermite interpolation has a
poor prediction of the stagnation pressure, it is faster than the
Newton interpolation, and it provides to the numerical scheme
an acceleration of the iterative process towards the steady state,
reflected by the use of higher CFL numbers.
Figures 43 and 44 exhibit the pressure contours obtained by
the [19] and by the [20] schemes as using the WENO
procedure in its 3rd order accuracy. Both pressure peaks are
under-predicted, which damages severely the results of the [19]
and [20] schemes. Even so, good symmetry properties are
observed in both figures. The contours are homogeneous.

Figure 39. Mach number contours (VL-ENO-Hermite-5th Order).

Figures 37 and 38 show the pressure contours obtained by
the [19] and by the [20] numerical algorithms, respectively, as
using the ENO procedure employing Hermite interpolation to
a 5th order accuracy. The [19] pressure contours present better
symmetry properties. The stagnation pressure at the blunt
body’s nose is better predicted by the [19] scheme. Figures 39
and 40 exhibit the Mach number contours generated by the [19]
and by the [20] schemes, respectively. Better symmetry
properties are mainly observed in the [19] solution. The

Figure 41. Translational temperature contours (VL-ENO-Hermite 5th Order).
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characterized, with normal and oblique shock waves well
captured, without pre-shock oscillations, in both solutions.
The sonic region defining the subsonic region behind the
normal portion of the shock wave is well captured in the [19]
solution. Good symmetry properties are observed in both
figures. Both Mach number fields present similar intensities,
whose maximum is about 7.89.

Figure 42. Translational temperature contours (LS-ENO-Hermite-5th Order).

Figure 45. Mach number contours (VL-WENO-3rd Order).

Figure 43. Pressure contours (VL-WENO-3rd Order).

Figure 44. Pressure contours (LS-WENO-3rd Order).

Figures 45 and 46 show the Mach number contours
obtained by the [19] and by the [20] schemes, as using the
WENO procedure. The Mach number field is well

Figure 47 and 48 show the translational temperature
obtained by the [19] and by the [20] schemes as using the
WENO procedure to 3rd order of accuracy. The contours are
clear, without oscillations. The temperature peak calculated by
the [19] scheme is apparently the biggest of this simulation to
the inviscid case and, of course, is wrong, because all other
simulations predicted a reasonable value of 8,300 K
approximately to this variable. So, the value of 10,110.32 K is
out of physical meaning. It is observable that the [20] scheme
predicts a reasonable value for this temperature peak.

Figure 46. Mach number contours (LS-WENO-3rd Order).

Figure 49 exhibits the pressure contours obtained by the [19]
scheme as using the WENO procedure of 5th order of
accuracy. Only the [19] scheme has presented converged
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results. As can be seen, the stagnation pressure is 110.24
unities, which is underestimated in relation to the theoretical
value of 179.10 unities. It seems that the WENO procedure
generate values to the stagnation pressure so low than the
MUSCL procedure does. Good symmetry properties are
observed.

Figure 47. Translational temperature contours (VL-WENO-3rd order).
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highlights the worse behavior of the WENO procedures to
capture appropriately the main flow features like: stagnation
pressure, temperature peak, etc, for reactive flows. It could be
with the thermochemical non-equilibrium formulation that
this tendency change, but it is for future works. Good
symmetry aspects are observable in the solution.

Figure 49. Pressure contours (VL-WENO-5th Order).

Figure 50. Mach number contours (VL-WENO-5th Order).
Figure 48. Translational temperature contours (LS-WENO-3rd order).

Figure 50 presents the Mach number contours generated by
the [19] scheme as using the WENO procedure to 5th order.
The shock wave is well captured by the [19] numerical scheme.
Reasonable symmetry characteristics are observable. The
subsonic region behind the normal portion of the shock wave
is well captured. The shock wave behaves as expected,
starting from a normal shock at the stagnation line, passing
through oblique shock waves close to the body, and finishing
in Mach waves far from the body.
Figure 51 shows the translational temperature contours
obtained by the [19] scheme as using the WENO procedure in
its 5th order of accuracy. This solution presents the biggest
value of temperature in the present simulations, bigger than
the 3rd order solution. Such value is found in simulations with
codes of perfect gas formulation. This value is wrong and

Figure 51. Translational temperature contours (VL-WENO-5th Order).
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10.2. Viscous Case
Figures 52 and 53 show the pressure contours obtained by
the [19] and by the [20] numerical schemes, respectively, to
the viscous case as using the MUSCL procedure. The
stagnation pressure obtained by the [19] scheme is slightly
better than the respective one obtained by the [20] scheme in
relation to the theoretical stagnation pressure value. Both
solutions present good symmetry properties. Not oscillations
in the solutions are present.

schemes, respectively, as using the MUSCL procedure. Good
symmetry properties are observed. The region of intense heat
transfer resulted from the Fourier heat conduction is not
perceptible in both solutions. It is a problem with the MUSCL
procedure: it omits the region of intense heat conduction in the
viscous layer. The translational temperature field obtained by
the [20] numerical scheme is more intense than the respective
one obtained by the [19] numerical scheme.

Figure 54. Mach number contours (VL-MUSCL-2nd Order).

Figure 52. Pressure contours (VL-MUSCL-2nd Order).

Figures 54 and 55 exhibit the Mach number contours
obtained by the [19] and by the [20] numerical schemes,
respectively. Good symmetry properties are observed. Not
pre-shock oscillations are perceptible. The subsonic region,
delimited by the sonic lines, behind the normal shock wave
portion is well captured by both schemes. The subsonic region
resulted from the boundary layer formation is well captured by
the [19] scheme.

Figure 55. Mach number contours (LS-MUSCL-2nd Order).

Figure 53. Pressure contours (LS-MUSCL-2nd Order).

Figures 56 and 57 present the translational temperature
contours obtained by the [19] and by the [20] numerical

Figure 58 shows the pressure contours generated by the [19]
numerical scheme using the ENO procedure employing
Newton interpolation of 3rd order. The [20] scheme has not
presented converged results. Good symmetry properties are
observed. The pressure peak, or the stagnation pressure, is not
so low in relation to the theoretical stagnation pressure. Figure
59 exhibits the Mach number contours generated by the [19]
scheme using ENO procedure via Newton interpolation to 3rd
order of accuracy. Not pre-shock oscillations are present. The
subsonic region, defining the sonic line, behind the normal
portion of the shock wave is well captured. Good symmetry
aspects are observed.
Figure 60 presents the translational temperature contours
obtained by the [19] scheme using ENO procedure and
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viscous layer is well captured, with the zone of intense energy
exchange due to heat conduction well characterized. Good
symmetry properties are observed.

Figure 56. Translational temperature contours (VL-MUSCL-2nd Order).

Figure 59. Mach number contours (VL-ENO-Newton-3rd Order).

Figure 57. Translational temperature contours (LS-MUSCL-2nd Order).

Figure 60. Translational temperature contours (VL-ENO-Newton-3rd Order).

Figure 58. Pressure contours (VL-ENO-Newton-3rd Order).

The value of temperature peak is acceptable, between the
range of 8,000 K to 9,000 K for a two temperature model. The

Figures 61 and 62 shows the pressure contours obtained by
the [19] and by the [20] numerical schemes, respectively, as
using the ENO procedure with Newton interpolation to 4th
order accuracy. Both figures have presented reasonable
symmetry properties. The [19] solution presents a stagnation
pressure closer to the theoretical value than the [20] solution.
Not oscillations are present in the figures.
Figures 63 and 64 exhibit the Mach number contours
obtained by the [19] and by the [20] schemes, respectively.
Some pre-shock oscillations are observed in both figures. The
subsonic region limited by the sonic lines is well captured by
both schemes. Moreover, the zone of low velocity is clearly
observed in Fig. 63, highlighting the zone of boundary layer
formation. On the other hand, Fig. 64 does not present this
zone. It is due to the less diffusive aspect of the [20] numerical
scheme.
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to the body wall due to viscous dissipation is noted. The
solution is repeated in planes k = constant.

Figure 61. Pressure contours (VL-ENO-Newton-4th Order).

Figure 63. Mach number contours (VL-ENO-Newton-4th Order).

Figure 62. Pressure contours (LS-ENO-Newton-4th Order).

Figures 65 and 66 present the translational temperature
contours generated by the [19] and by the [20] numerical
algorithms as using the ENO procedure with 4th order Newton
interpolation. In this simulation, the [20] temperature field
presents a temperature peak higher than the respective one of
the [19] temperature field. However, the zone of intense heat
conduction, which defines the viscous layer, is better defined
in the [19] solution. Good symmetry properties are observed
in both figures. The temperature peak obtained by the [19]
solution is 8,242.86 K, whereas by the [20] solution is
8,372.24 K.
Figure 67 shows the pressure contours obtained by the [19]
scheme as using the ENO procedure employing Hermite
interpolation of 5th order. The stagnation pressure is
under-predicted in relation to the theoretical value of 179.10
unities. Good symmetry and homogeneous properties are
observed. Figure 68 exhibits the Mach number contours
obtained by the [19] scheme using the ENO procedure
employing Hermite interpolation of 5th order. Pre-shock
oscillations are observed in the Mach number contours. Good
symmetry properties are observed. The subsonic region close

Figure 64. Mach number contours (LS-ENO-Newton-4th Order).

Figure 65. Translational temperature contours (VL-ENO-Newton-4th Order).
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solution.

Figure 66. Translational temperature contours (LS-ENO-Newton-4th Order).

Figure 68. Mach number contours (VL-ENO-Hermite-5th Order).

Figure 67. Pressure contours (VL-ENO-Hermite-5th Order).

Figure 69 presents the translational temperature contours
obtained by the [19] scheme as using the ENO procedure
employing Hermite interpolation of 5th order. The
temperature peak is in the range of 8,000 K and 9,000 K
estimated as the admissible value to this parameter. Good
symmetry properties are observed. The region of intense
energy exchange is noted close to the body wall due to heat
conduction and boundary layer dissipation.
Figure 70 shows the pressure contours obtained by the [19]
scheme as using the WENO procedure of 3rd order. The [20]
scheme did not present converged results. The stagnation
pressure is under-predicted in relation to the theoretical value.
Moreover, the WENO prediction is worse than any of the
ENO predictions seen herein. Good symmetry properties are
observed. The solution is repeated in the k = constant planes,
as expected. Figure 71 exhibits the Mach number contours
obtained by the WENO procedure of 3rd order. Pre-shock
oscillations are observed in Mach number contours. The
subsonic region captured in the boundary layer is well
captured by the [19] scheme. The subsonic region behind the
normal portion of the shock wave is also well captured. Good
symmetry and homogeneous properties are observed in the

Figure 69. Translational temperature contours (VL-ENO-Hermite-5th Order).

Figure 72 presents the translational temperature contours
obtained by the [19] scheme as using the WENO procedure of
3rd order. A temperature peak of 10,232.56 K was simulated,
which indicates an incorrect calculated value. The region of
intense energy exchange due to heat conduction and boundary
layer dissipation is well captured by the algorithm. The region
of maximum temperature is at the blunt body nose.
Reasonable symmetry properties are observed.
Figure 73 presents the pressure contours generated by the
[20] scheme as using the WENO procedure in its 5th order of
accuracy. The [19] scheme did not present converged
solutions. The pressure peak is closer to the theoretical value
of 179.10 unities, representing an improvement of the WENO
behavior. Symmetry characteristics are damaged in the
solution.
Figure 74 shows the Mach number contours obtained by the
[20] scheme as using the WENO procedure in its 5th order of
accuracy. Pre-shock oscillations are observable in the solution.
The Mach number peak is higher than the freestream Mach
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number. The subsonic region behind the normal shock is well
formed by the [20] solution.

Figure 73. Pressure contours (LS-WENO-5th Order).

Figure 70. Pressure contours (VL-WENO-3rd Order).

Figure 74. Mach number contours (LS-WENO-5th Order).

Figure 71. Mach number contours (VL-WENO-3rd Order).

Figure 75. Translational temperature contours (LS-WENO-5th Order).

Figure 72. Translational temperature contours (VL-WENO-3rd Order).

Symmetry characteristics are damaged in the solution. The
shock wave behaves as expected: normal shock at the leading
edge of the configuration, oblique shock waves along the body,

Computational and Applied Mathematics Journal 2015; 1(5): 282-306

and Mach waves far from the body.
Figure 75 exhibits the translational temperature contours
obtained by the [20] scheme as using the WENO procedure in its
5th order of accuracy. Symmetry properties are damaged in the
solution. The highest translational temperature for the viscous
case is reached. The temperature of 11,866.95 K is wrong and has
not physical meaning. Moreover, the heat conduction along the
body wall is not observable in this solution, as has occurred in all
viscous solutions of the [20] scheme.

In terms of quantitative results, the present authors
compared the reactive results with the perfect gas solutions.
The stagnation pressure at the blunt body nose was evaluated
assuming the perfect gas formulation. Such parameter
calculated at this way is not the best comparison, but in the
absence of practical reactive results, these constitute the best
available results.
To calculate the stagnation pressure ahead of the blunt body,
[34] presents in its B Appendix values of the normal shock
wave properties ahead of the configuration. The ratio pr0/pr∞ is
estimated as function of the normal Mach number and the
stagnation pressure pr0 can be determined from this parameter.
Hence, to a freestream Mach number of 9.0 (close to 8.78), the
ratio pr0/pr∞ assumes the value 104.8. The value of pr∞ is
determined by the following expression:
pr∞ =

prinitial
ρ ∞ × a ∞2

simulations with this theoretical parameter and presents the
numerical percentage errors. Table 7 compares the values
obtained from the [20] simulations with this theoretical
parameter and presents the numerical percentage errors.
Table 7. Values of stagnation pressure and errors ([20] data).
Case

Inviscid
TECNE

10.3. Qualitative Analysis

.

(47)

In the present study, prinitial = 687N/m2, ρ∞ = 0.004kg/m3 and
a∞ = 317.024m/s. Considering these values, one concludes that
pr∞ = 1.709 (non-dimensional). Using the ratio obtained from
[34], the stagnation pressure ahead of the configuration nose is
estimated as 179.10 unities.

305

Viscous
TECNE

Procedure
MUSCL – 2nd
Newton – 2nd
Newton – 3rd
Newton – 4th
Newton – 5th
Hermite – 3rd
Hermite – 5th
WENO – 3rd
WENO – 5th
MUSCL – 2nd
Newton – 2nd
Newton – 3rd
Newton – 4th
Newton – 5th
Hermite – 3rd
Hermite – 5th
WENO – 3rd
WENO – 5th

pr0
129.16
122.60
124.93
128.35
117.04
125.80
89.43
158.00
183.67
170.98

Error (%)
27.88
31.55
30.25
28.34
34.65
29.76
50.07
11.78
2.55
4.53

The best result was obtained with the [19] scheme as
employing the fourth-order ENO procedure with Newton
interpolation, in a viscous case, with an error of 1.15%. It is
important to note that considering the ENO procedure using
the Newton interpolation, errors less than 5.10% were found
with the [19] numerical scheme. The best result with the [20]
numerical scheme was the ENO procedure using the
fourth-order Newton interpolation, in a viscous case, with an
error of 2.55%. The WENO procedure had a bad performance,
yielding errors as large as 38.45% for the [19] scheme and of
50.07% for the [20] scheme.

11. Conclusion
Table 6. Values of stagnation pressure and errors ([19] data).
Case

Inviscid
TECNE(1)

Viscous
TECNE

(1)

Procedure
MUSCL – 2nd
Newton – 2nd
Newton – 3rd
Newton – 4th
Newton – 5th
Hermite – 3rd
Hermite – 5th
WENO – 3rd
WENO – 5th
MUSCL – 2nd
Newton – 2nd
Newton – 3rd
Newton – 4th
Newton – 5th
Hermite – 3rd
Hermite – 5th
WENO – 3rd
WENO – 5th

pr0
120.69
173.51
169.98
174.98
173.80
152.80
145.92
122.43
110.24
158.98
172.61
181.18
169.48
153.60
-

Error (%)
32.61
3.12
5.09
2.30
2.96
14.68
18.53
31.64
38.45
11.23
3.62
1.15
5.37
14.24
-

: Thermal Equilibrium and Chemical Non-Equilibrium.

Table 6 compares the values obtained from the [19]

In this work, the Euler and Navier-Stokes equations, in
conservative and finite volume contexts, employing structured
spatial discretization, are studied. The ENO procedure is
presented to a conserved variable interpolation process, using
either the Newton method, to second-, third-, fourth- and
fifth-orders of accuracy, or the Hermite method, to third- and
fifth-orders of accuracy, and the WENO procedure is
presented, using the Newton interpolation process, to generate
third- and fifth-orders of accuracy. The numerical algorithms
of [19-20] are used to perform the reentry flow numerical
experiments, which give us an original contribution to the
CFD community. The “hot gas” hypersonic flow around a
blunt body, in three-dimensions, is simulated. The
convergence process is accelerated to steady state condition
through a spatially variable time step procedure, which has
proved effective gains in terms of computational acceleration
(see [21-22]). The reactive simulations involve Earth
atmosphere chemical model of five species, based on the [3]
model. In this case, chemical non-equilibrium condition is
analyzed. The results have indicated that the ENO procedure
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using Newton 4th order interpolation process presents better
solutions in qualitative and quantitative terms.

[18] C. –W. Shu, “Essentially Non-Oscillatory and Weighted
Essentially Non-Oscillatory Schemes for Hyperbolic
Conservation Laws”, ICASE Report No. 97-65, 1997.
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