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Abstract
In this work, the Van Leer flux vector splitting scheme is implemented to solve the
two-dimensional Favre-averaged Navier-Stokes equations. The Menter and Rumsey, the
Kergaravat and Knight, the Yoder, Georgiadids, and Orkwis, and the Rumsey, Gatski,
Ying, and Bertelrud, two-equation models are used in order to close the problem. The
physical problem under study is the “cold gas” hypersonic flow around a reentry capsule.
The results have demonstrated that the lift coefficient is better predicted by the Yoder,
Georgiadids and Orkwis model; However, the stagnation pressure at the capsule leading
edge is better predicted by the Menter and Rumsey model.

1. Introduction
Conventional non-upwind algorithms have been used extensively to solve a wide
variety of problems ([1]). Conventional algorithms are somewhat unreliable in the sense
that for every different problem (and sometimes, every different case in the same class of
problems) artificial dissipation terms must be specially tuned and judicially chosen for
convergence. Also, complex problems with shocks and steep compression and expansion
gradients may defy solution altogether.
First order upwind schemes are in general more robust but are also more involved in
their derivation and application. Some upwind schemes that have been applied to the Euler
equations are, for example, [2-3]. Some comments about these methods are reported
below:
[2] suggested an upwind scheme based on the flux vector splitting concept. This scheme
considered the fact that the convective flux vector components could be written as flow
Mach number polynomial functions, as main characteristic. Such polynomials presented
the particularity of having the minor possible degree and the scheme had to satisfy seven
basic properties to form such polynomials. This scheme was presented to the Euler
equations in Cartesian coordinates and three-dimensions.
[3] emphasized that the [4] scheme had low computational complexity and low
numerical diffusion when compared to other methods. They also mentioned that the
original method had several deficiencies. It yielded pressure oscillations in the proximity
of shock waves. Problems with adverse mesh and with flow alignment were also reported.
[3] proposed a hybrid flux vector splitting approach which alternated between the [4]
scheme and the [2] scheme, at the shock-wave regions. This strategy assured that strength
shock resolution was clearly and well defined.
There is a practical necessity in the aeronautical industry and in other fields of the
capability of calculating separated turbulent compressible flows. With the available
numerical methods, researches seem able to analyze several separated flows,
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three-dimensional in general, if an appropriated turbulence
model is employed. Simple methods as the algebraic
2. Navier-Stokes Equations
turbulence models of [5-6] supply satisfactory results with low
computational cost and allow that the main features of the
The two-dimensional flow is modeled by the Navier-Stokes
flow be detected.
equations, which express the conservation of mass and energy
This work describes four turbulence models applied to
as well as the momentum variation of a viscous, heat
hypersonic flows in two-dimensions. The [2] scheme, in its
conducting and compressible media, in the absence of external
first-order version, is implemented to accomplish the
forces. The Navier-Stokes equations are presented in their
numerical simulations. The Favre-averaged Navier-Stokes
two-equation turbulence model formulation. The integral form
equations, on a finite volume context and employing
of these equations may be represented by:
structured spatial discretization, are applied to solve the “cold
gas” hypersonic flow around a reentry capsule in
∂ ∂t QdV+ (Ee − Ev )nx + (Fe − Fv )ny dS+ GdV= 0, (1)
V
S
V
two-dimensions. Turbulence models are applied to close the
system, namely: [7-10]. The convergence process is
where Q is written for a Cartesian system, V is the cell
accelerated to the steady state condition through a spatially
volume, nx and ny are components of the unity vector normal
variable time step procedure, which has proved effective gains
to the cell boundary, S is the flux area, Ee and Fe are the
in terms of computational acceleration (see [11-12]). The
components of the convective, or Euler, flux vector, Ev and Fv
results have shown that the [9] scheme yields the best results
are the components of the viscous, or diffusive, flux vector
and G is the source term of the two-equation models. The
in terms of the prediction of the lift aerodynamic coefficient;
vectors Q, Ee, Fe, Ev and Fv are, incorporating a k-s
however, the [7] turbulence model in its SST version predicts
formulation, represented by:
the best value of the stagnation pressure. Moreover, the [7]
turbulence model also predicted the most severe pressure
fields.
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where the components of the viscous stress tensor are defined
as:

t xx =  2µ M ∂u ∂x − 2 3 µ M ( ∂u ∂x + ∂v ∂y )  Re;
t xy = µ M ( ∂u ∂y + ∂v ∂x ) Re;

(3)

t yy =  2µ M ( ∂v ∂y ) − 2 3 µ M ( ∂u ∂x + ∂v ∂y )  Re.
The components of the turbulent stress tensor (Reynolds
stress tensor) are described by the following expressions:

τxx =  2µ T ∂u ∂x − 2 3 µ T ( ∂u ∂x + ∂v ∂y )  Re − 2 3 ρk;
τxy = µT ( ∂u ∂y + ∂v ∂x ) Re;
(4)
τ yy =  2µ T ∂v ∂y − 2 3 µT ( ∂u ∂x + ∂v ∂y )  Re − 2 3 ρk.
Expressions to fx and fy are given below:

f x = ( t xx + τ xx ) u + ( t xy + τ xy ) v − q x ;

(5)

f y = ( t xy + τ xy ) u + ( t yy + τ yy ) v − q y ,

(6)

where qx and qy are the Fourier heat flux components and are
given by:

∫[

] ∫

q x = − γ Re ( µ M PrL + µT PrT ) ∂ei ∂x ;

(7)

q y = − γ Re ( µ M PrL + µT PrT ) ∂ei ∂y .

(8)

The diffusion terms related to the k-s equations are defined
as:

α x = 1 Re ( µ M + µ T σ k ) ∂k ∂x ;
α y = 1 Re ( µ M + µ T σ k ) ∂k ∂y;
β x = 1 Re ( µ M + µ T σs ) ∂s ∂x ;
β y = 1 Re ( µ M + µ T σs ) ∂s ∂y ;

;

(9)

.

(10)

In the above equations, ρ is the fluid density; u and v are
Cartesian components of the velocity vector in the x and y
directions, respectively; e is the total energy per unit volume;
p is the static pressure; k is the turbulence kinetic energy; s is
the second turbulent variable, which is the rate of dissipation
of the turbulence kinetic energy (k-ε model) or the turbulent
vorticity (k-ω model) for this work; the t’s are viscous stress
components; τ’s are the Reynolds stress components; the q’s
are the Fourier heat flux components; Gk takes into account
the production and the dissipation terms of k; Gs takes into
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account the production and the dissipation terms of s; µM and
µT are the molecular and the turbulent viscosities, respectively;
PrL and PrT are the laminar and the turbulent Prandtl numbers,
respectively; σk and σs are turbulence coefficients; γ is the
ratio of specific heats; Re is the laminar Reynolds number,
defined by:

Re = ρVREF l REF µ M ,

(11)

where VREF is a characteristic flow velocity and lREF is a
configuration characteristic length. The internal energy of the
fluid, ei, is defined as:

ei = e ρ − 0.5 ( u 2 + v 2 ) .

(12)

The molecular viscosity is estimated by the empiric
Sutherland formula:

µM = bT1 2 (1 + S T ) ,

(13)

where T is the absolute temperature (K), b = 1.458x10-6
Kg/(m.s.K1/2) and S = 110.4 K, to the atmospheric air in the
standard atmospheric conditions ([13]).
The Navier-Stokes equations are dimensionless in relation
to the freestream density, ρ∞, the freestream speed of sound, a∞,
and the freestream molecular viscosity, µ∞. The system is
closed by the state equation for a perfect gas:
p = (γ − 1) e − 0.5ρ ( u 2 + v 2 ) − ρk  ,

(14)

considering the ideal gas hypothesis. The total enthalpy is
given by H = ( e + p ) ρ .
The [2] scheme is described in details in [14, 18] and the
turbulence models studied herein are described in [16-17].
The interested reader is encouraged to read these references to
become aware of the implemented numerical scheme and of
the turbulence models in this study. The spatially variable time
step is described in details in [14] and the initial and boundary
conditions to the present problem are discussed in [14-15].
Again, the reader is encouraged to read these references to
become aware of the numerical tools employed in this work.

Figure 2. Reentry capsule viscous mesh.

Tests were performed in a Dual Core processor of 2.3GHz
and 2.0Gbytes of RAM microcomputer. Three orders of
reduction of the maximum residual in the field were
considered to obtain a converged solution. The residual was
defined as the value of the discretized conservation equation.
The entrance or attack angle was adopted equal to zero. The
ratio of specific heats, γ, assumed the value 1.4.
Figure 1 shows the reentry capsule configuration. It is
composed of 5,040 rectangular cells and 5,185 nodes, which is
equivalent to a mesh of 85x61 nodes on a finite difference
context. The exponential stretching is of 7.5%. Detail of this
mesh is shown in Fig. 2.
The initial condition is defined in Tab. 1. The Reynolds
number was estimated based on [13].
Table 1. Initial Conditions.
M∞
7.0

θ
0.0o

Altitude
40,000m

L∞
3.0m

Re
1.66x106

3.1. Menter and Rumsey Results
Wilcox Option. Figure 3 shows the pressure contours
obtained by the [2] scheme as using the [7] turbulence model
in its Wilcox variant. The shock is well captured and the
contours are free of pre-shock oscillations. The pressure peak
is 43.70 unities.

3. Results

Figure 1. Reentry capsule configuration.
Figure 3. Pressure contours (MR-W).
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Figure 4 exhibits the Mach number contours obtained by
the [2] scheme as using the [7] turbulence model in its Wilcox
version. The shock is homogeneous and without oscillations.
Good symmetry properties are observed.
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the configuration trailing edge. This region is a zone of high
dissipation energy, with the consequent circulation bubble
formation. The temperature peak is 2,773.48 K. Figure 6
shows the pair of circulation bubbles formed at the trailing
edge of the reentry capsule. The pair is well formed, originated
from the high dissipation and energy exchange of the
boundary layer detachment. The symmetrical features of this
non-linear phenomenon are observable.

Figure 4. Mach number contours (MR-W).

Figure 7. µT contours (MR-W).

Figure 5. Temperature contours (MR-W).

Figure 7 exhibits the µT contours generated by the [2]
scheme as using the [7] turbulence model. The values of the
turbulent viscosity agree with the expected theoretical values.
The contours are symmetrical and homogeneous. The shock is
well captured.
k-ε two-layer Option. Figure 8 presents the pressure
contours obtained by the [2] scheme as using the [7]
turbulence model in its k-ε variant. The pressure contours are
free of oscillations and homogeneous. It has pressure peak
equal to 43.70 unities. Good symmetry properties are
observed. Figure 9 shows the Mach number contours obtained
by the [2] scheme as using the [7] turbulence model in its k-ε
variant. The contours are homogeneous, free of pre-shock
oscillations and the shock is well captured. The Mach number
peak is 7.55, slightly above the freestream Mach number.

Figure 6. Circulation bubble formation (MR-W).

Figure 5 presents the temperature contours generated by the
[2] scheme as using the [7] turbulence model in its Wilcox
version. A region of extreme energy exchange is observed at

Figure 8. Pressure contours (MR-k-ε).
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Figure 9. Mach number contours (MR-k-ε).

Figure 10 exhibits the temperature contours generated by
the [2] turbulence model as using the [7] turbulence model in
its k-ε variant.
The temperature peak is 2,773.48 K and the trailing edge is
the zone more heated. The trailing edge is the zone where
boundary layer detachment has occurred and where the
circulation bubble is formed. As seen in Figure 11, a pair of
vortices is formed in this zone, due to high dissipation energy
and energy exchange between layers.

Figure 12. µT contours (MR-k-ε).

Figure 12 presents the µT contours generated by the [2]
scheme as using the [7] turbulence model in its k-ε variant.
The contours are symmetrical and the maximum values of µT
occur close to the body. The values of µT agree with the
expected behavior: high values close to the body.

Figure 13. Pressure contours (MR-BSL).

Figure 10. Temperature contours (MR-k-ε).

Figure 14. Mach number contours (MR-BSL).

Figure 11. Circulation bubble formation (MR-k-ε).

BSL Option. Figure 13 shows the pressure contours
obtained by the [2] scheme as using the [7] turbulence model
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in its BSL version. The contours are symmetrical,
homogeneous and without oscillations. The pressure peak is
43.70 unities, the same in the other cases.
Figure 14 exhibits the Mach number contours generated by
the [2] scheme as using the [7] turbulence model in its BSL
variant. The contours are homogeneous and without pre-shock
oscillations. The Mach number peak is 7.55, which is an
acceptable value.
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Figure 15 presents the temperature contours obtained by the
[2] scheme as using the [7] turbulence model in its BSL
variant. The contours are homogeneous and without
oscillations. The temperature peak is 2,773.49 K, similar to
the other cases.
Figure 16 shows the circulation bubble formation due to the
boundary layer detachment and due to the high energy
dissipation at the reentry capsule trailing edge. A pair of
vortices is formed. Figure 17 exhibits the µT contours
generated by the [2] scheme as using the [7] turbulence model
in its BSL version. The contours are symmetrical and
homogeneous. The µT values are high close to the body, as
expected.
SST Option. Figure 18 shows the pressure contours obtained
by the [2] scheme as using the [7] turbulence model in its SST
variant. The contours are homogeneous, without oscillations
and symmetrical. The pressure peak is 43.70, the same in all
options of the [7] turbulence model. Figure 19 exhibits the
Mach number contours generated by the [2] scheme as using
the [7] turbulence model in its SST variant. The contours are
symmetrical and without pre-shock oscillations. The Mach
number peak is 7.55, an acceptable value.

Figure 15. Temperature contours (MR-BSL).

Figure 18. Pressure contours (MR-SST).

Figure 16. Circulation bubble formation (MR-BSL).

Figure 19. Mach number contours (MR-SST).

Figure 17. µT contours (MR-BSL).

Figure 20 presents the temperature contours generated by
the [2] scheme as using the [7] turbulence models in its SST
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variant. The temperature peak is 2,773.49 K, the same in all
options of the [7] turbulence model.

Figure 22 shows the µT contours obtained by the [2] scheme
as using the [7] turbulence model in its SST version. The
contours are symmetrical and high values are close to the body,
as expected. High values of the turbulent viscosity are
perceptible in the field, agreeing with the theoretical results. In
all options of the [7] turbulence model, the µT contours present
the same distribution and the [2] scheme was able to capture it.
3.2. Kergaravat and Knight Results

Figure 20. Temperature contours (MR-SST).

Launder and Spalding Option. Figure 23 shows the
pressure contours obtained by the [2] scheme as using the [8]
turbulence model in its Launder and Spalding (LS) variant.
The pressure contours have not been developed. The pressure
peak is 3.97, well below the corresponding value obtained by
the [7] turbulence model in its variants. Figure 24 exhibits the
Mach number contours obtained by the [2] scheme as using
the [8] turbulence model in its LS variant. The field is not
developed. The Mach number peak is acceptable, but the flow
field is not correct. This is the bad behavior of the k-ε model in
hypersonic flows. This aspect of the k-ε model was verified in
[18].

Figure 21. Circulation bubble formation (MR-SST).

Figure 23. Pressure contours (KK-LS).

Figure 22. µT contours (MR-SST).

The region at the trailing edge is a zone of high dissipation
and intense energy exchange due to boundary layer
detachment and it yields, as a result, a pair of circulation
bubbles. This pair of circulation bubbles can be seen in Fig. 21.
The pair is symmetrical and equal.

Figure 24. Mach number contours (KK-LS).

Figure 25 presents the temperature contours generated by
the [2] scheme as using the [8] turbulence model in its LS

AASCIT Journal of Physics 2015; 1(4): 275-287

282

variant. The temperatures are well below the corresponding of
the [7] turbulence model. The field is not developed. Figure 26
shows the velocity vector field where it is seen an attached
vector field, opposed to what was observed early. Circulation
bubbles were not formed.

Figure 28. Pressure contours (KK-C).

Figure 25. Temperature contours (KK-LS).

Figure 29. Mach number contours (KK-C).

Figure 26. Velocity vector field (KK-LS).

Figure 27 exhibits the µT contours and, although it has high
values, it is not developed. The µT contours are also wrong.

Figure 30. Temperature contours (KK-C).

Figure 27. µT contours (KK-LS).

Chien Option. Figure 28 shows the pressure contours
obtained by the [2] scheme as using the [8] turbulence model
in its Chien (C) version. The pressure is not developed as
occurred with the LS version. The pressure peak is 3.98
unities.
Figure 29 exhibits the Mach number contours generated by
the [2] scheme as using the [8] turbulence model in its C
version. The field is not developed. Good symmetry
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characteristics are observed. The Mach number peak is 6.97,
which is acceptable.
Figure 30 presents the temperature contours generated by
the [2] scheme as using the [8] turbulence model in its C
variant. The temperature peak is 1,579.78 K, well below the
respective value of the [7] turbulence model in its variants.
The temperature contours present good symmetry properties,
however the field is not developed, as occurred with the LS
variant.

calculated by the [7] turbulence model.
Figure 34 shows the Mach number field obtained by the [2]
scheme as using the [9] turbulence model. The Mach number
peak is 7.55, an acceptable value. The field is homogeneous
and without pre-shock oscillations. The shock is well captured.
Figure 35 exhibits the temperature contours obtained by the [2]
scheme as using the [9] turbulence model.

Figure 33. Pressure contours (YGO).
Figure 31. Velocity vector field (KK-C).

Figure 31 shows the velocity vector field close to the
reentry capsule. The flow is attached. The boundary layer is
not detached, resulting that no circulation bubbles are formed.
Figure 32 exhibits the µT contours obtained by the [2] scheme
as using the [8] turbulence model in its C version. The field is
not developed, although high values of µT are obtained. Again
the bad behavior of the k-ε model in hypersonic flows is
observed. This aspect of the k-ε model was verified in [18].

Figure 34. Mach number contours (YGO).

Figure 32. µT contours (KK-C).

3.3. Yoder, Georgiadids, and Orkwis Results
Figure 33 presents the pressure contours obtained by the [2]
scheme as using the [9] turbulence model. The field is
homogeneous and without oscillations. Moreover, the field is
symmetrical. The pressure peak is 43.62, less severe than that

Figure 35. Temperature contours (YGO).
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the [10] turbulence model. The contours are symmetrical and
not pre-shock oscillations are observable. The Mach number
peak is 7.55, an acceptable value in relation to the freestream
value.

Figure 36. Circulation bubble formation (YGO).

The temperature peak is 2,772.80 K, close to that observed
in the solution of the [7] turbulence model. The field is
symmetrical, without oscillations. Figure 36 presents the
velocity vector field close to the body. At the body trailing
edge is the formation of a pair of circulation bubbles resulting
from the boundary layer detachment and the high energy
dissipation in this region.
Figure 37 shows the µT contours obtained by the [2] scheme
as using the [9] turbulence model. The general aspects are
satisfied: high values of µT in the field and mainly close to the
body. The contours are symmetrical.

Figure 38. Pressure contours (RGYB).

Figure 39. Mach number contours (RGYB).

Figure 37. µT contours (YGO).

3.4. Rumsey, Gatski, Ying, and Bertelrud
Results
Figure 38 exhibits the pressure contours obtained by the [2]
scheme as using the [10] turbulence model. The contours are
symmetrical and homogeneous, without oscillations. The
pressure peak is 43.65 unities, below the respective peak
generated by the [7] turbulence model. Figure 39 presents the
Mach number contours obtained by the [2] scheme as using
Figure 40. Temperature contours (RGYB).
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3.5. Quantitative Analysis

Figure 41. Circulation bubble formation (RGYB).

Figure 40 shows the temperature contours generated by the
[2] scheme as using the [10] turbulence model. The
temperature peak is 2,771.35 K, below the corresponding
value generated by the [7] turbulence model. The contours are
symmetrical and homogeneous. The trailing edge is a zone of
intense energy exchange and heat dissipation, resulting in
boundary layer detachment. The result of it is shown in Fig. 41,
with the formation of a pair of circulation bubbles,
symmetrical disposed in relation to the body symmetry axis.

Table 2 shows the lift and drag aerodynamic coefficients
calculated by the [2] scheme in the turbulent cases. As the
geometry is symmetrical and an attack angle of zero value was
adopted in the simulations, the lift coefficient should have a
zero value. The most correct value to the lift coefficient is due
to the [9] turbulence model. The second best is due to the [7]
turbulence model in its SST variant.
Another possibility to quantitative comparison of the
laminar and turbulent cases is the determination of the
stagnation pressure ahead of the configuration. [19] presents a
table of normal shock wave properties in its B Appendix. This
table permits the determination of some shock wave properties
as function of the freestream Mach number. In front of the
reentry capsule configuration, the shock wave presents a
normal shock behavior, which permits the determination of
the stagnation pressure, behind the shock wave, from the
tables encountered in [19]. So it is possible to determine the
ratio pr0 pr∞ from [19], where pr0 is the stagnation pressure
in front of the configuration and pr∞ is the freestream pressure
(equals to 1/γ to the present dimensionless).
Table 2. Aerodynamic coefficients of lift and drag.
Turbulence Model:
[7] turbulence model – W
[7] turbulence model – k-ε
[7] turbulence model – BSL
[7] turbulence model – SST
[8] turbulence model – LS
[8] turbulence model – C
[9] turbulence model
[10] turbulence model

c L:
5.47x10-9
5.52x10-9
5.47x10-9
5.46x10-9
2.17x10-7
2.87x10-7
4.36x10-10
-1.98x10-5

cD:
2.27
2.27
2.27
2.27
0.05
0.05
2.27
2.26

Hence, to this problem, M∞ = 7.0 corresponds to pr0 pr∞ =
63.55 and remembering that pr∞ = 0.714, it is possible to
conclude that pr0 = 45.37. Values of the stagnation pressure to
the turbulent cases and respective percentage errors are shown
in Tab. 3. They are obtained from Figures 3, 8, 13, 18, 23, 28,
33, and 38. As can be observed, all versions of the [7]
turbulence model have presented the best result, with a
percentage error of 3.68%.
Table 3. Values of the stagnation pressure and respective percentage errors.

Figure 42. µT contours (RGYB).

Finally, Figure 42 exhibits the µT contours obtained by the
[2] scheme as using the [10] turbulence model. The contours
are symmetrical and homogeneous. The shock wave is well
captured. The values of µT are high in the field and close to the
body, as expected.
As qualitative conclusion of this study, the [7] turbulence
model was the best with bigger pressure and temperature
fields than the others. The negative point was the k-ε model
that continued to generate bad solutions in the hypersonic
regime.

Turbulence Model:
[7] turbulence model – W
[7] turbulence model – k-ε
[7] turbulence model – BSL
[7] turbulence model – SST
[8] turbulence model – LS
[8] turbulence model – C
[9] turbulence model
[10] turbulence model

pr0:
43.70
43.70
43.70
43.70
3.97
3.98
43.62
43.65

Error (%):
3.68
3.68
3.68
3.68
91.25
91.23
3.86
3.79

Finally, Table 4 exhibits the computational data of the
present simulations. It can be noted that the most efficient is
the [7] turbulence model in its SST version, considering that
the [8] turbulence model has presented wrong solutions.
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Table 4. Computational data.
Turbulence Model:

CFL:

Iterations:

[7] turbulence model – W

0.10

7,463

[7] turbulence model – k-ε

0.10

7,461

[7] turbulence model – BSL

0.10

7,455

[7] turbulence model – SST

0.10

7,450

[8] turbulence model – LS

0.10

1,051

[8] turbulence model – C

0.10

1,051

[9] turbulence model

0.10

7,765

[10] turbulence model

0.10

7,656

As final conclusion of this study, the [7] turbulence model
in its SST variant was the best when comparing these four
turbulence models: [7-10]. This choice is based on the second
best estimative of the lift aerodynamic coefficient and the best
estimative to the stagnation pressure.
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4. Conclusion
This work describes four turbulence models applied to
hypersonic flows in two-dimensions. The [2] scheme, in its
first-order version, is implemented to accomplish the
numerical simulations. The Favre-averaged Navier-Stokes
equations, on a finite volume context and employing
structured spatial discretization, are applied to solve the “cold
gas” hypersonic flow around a reentry capsule in
two-dimensions. Turbulence models are applied to close the
system, namely: [7-10]. The convergence process is
accelerated to the steady state condition through a spatially
variable time step procedure, which has proved effective gains
in terms of computational acceleration (see [11-12]). The
results have shown that the [9] scheme yields the best results
in terms of the prediction of the lift aerodynamic coefficient;
however, the [7] turbulence model in its SST version predicts
the best value of the stagnation pressure. Moreover, the [7]
turbulence model also predicted the most severe pressure
fields.
It is important to highlight the bad behavior of the [8] k-ε
turbulence model to hypersonic flows. As in [18], this model
presents problems to this flow regime. Good results are
obtained in the supersonic regime, [14-17], but disappoint
behavior is observed in the hypersonic regime.
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