(
STATISTICAL MECHANICS
SECOND EDITION

R. K. PATHRIA
Department of Physics,
of
Waterloo,
Waterloo, Olltario, Canada
University

UTTERWORTH
EINEMANN
OXFORD

AUCKLAND

BOSTON

JOHANNESBURG

MELBOURNE

NEW DELHI

,.'1

I
Butterworth-Heinemann
Linacre House, Jordan Hill, Oxford OX2 80p·
225 Wildwood Avenue, Woburn, MA 01801-20-11
A division of Reed Educational and Professional Publishing Ltd

-&. A member of the Reed Elsevier pic group
First published 1972
Second edition 1996
Reprinted 1997. 1998, 1999, 2000, 200 I

© R. K. Pathria 1972, 1996
All rights reserved. No part of this publication
may be reproduced in any material form (including
photocopying or storing in any medium by electronic
means and whether Dr not transiently Dr incidentally
to some other use of this publication) without the
written permission of the copyright holder except in
accordance with the provisions of the Copyright,
Designs and Patents Act 1988 or under the terms of a
liccnce issued by the Copyright Licensing Agency Ltd,
90 Tottenham Court Road, London, England WIP OLP.
Applications for the copyright holder's written permission
to reproduce any part of this publication should be addressed
to the publishers
British Library Cataloguing in Publication Data
Pathria, R. K.
Statistical mechanics 2nd ed.
11. Statistical mechanics
1. Title
530.1'3
ISBN 07506 2469 8
Library of Congress Cataloguing in Publication Data
Pathria. R. K.
Statistical mechanicslR. K. Pathria - 2nd ed.
p. cm.
Includes bibliographical references and index.
ISBN 0 7506 2469 8
I. Statistical mechanics 1. Title
Q175.P35
96-1679
530. I '33-dc20
CIP

Typeset by Laser Words, Madras, India
Printed and bound in Great Britain by MPG Books Ltd, Bodmin, Cornwall

~,

I;~('

/11/1/\11 Im\II11'
{ ""~,,. alulII ,,,b,ll/t, T\

FOR E\·ERY TITLE THAT WE PlJ8L1SH, BlJITERWORTH·H£JNENA.~~
Will PAl FOR BTCV TO PUNT A.~D CARE FOR A TRfE.

\

I

CONTENTS

PREFACE TO THE SECOND EDITION
PREFACE TO THE FIRST EDITION
HISTORICAL INTRODUCTION

Chapter 1.

Chapter 2.

XIII

1

Notes

6

The Statistical Basis of ThermodYllamics

9

1.1.
1.2.

9

The macroscopic and the microscopic states
Contact between statistics and thermodynamics: physical
significance of the number Q(N. V . E)
1.3.
Further contact between statistics and thermodynamics
1.4.
The classical ideal gas
1.5.
The entropy of mixing and the Gibbs paradox
1.6.
The "correct" enumeration of the microstates
Problems
Notes

11
13
15
22
25
26
28

Elements of Ensemble Theory

30

2. 1.
Phase space of a classical system
2.2.
Liouville's theorem and its consequences
2.3.
The microcanonical ensemble
2.4.
Examples
2.5.
Quantum states and the phase space
Problems
Notes

ChapTer 3.

xi

The Callonical Ellsemble
3.1.
3.2.
3.3.
3.4.

Equilibrium between a system and a heat reservoir
A system in the canonical ensemble
Physical significance of the various statistical quantities
in the canonical ensemble
Alternative expressions for the partition function
The classical systems
Energy fluctuations in the canonical ensemble:
correspondence with the microc,monical ensemhle

30
32
3-1
36
39

40
41

43
4-1
45
53
55
56
60

Contents

VI

Chapter 4.

63
66

Two theorems - the "equipartition,l .. the "vi rial"
A system of harmonic oscillators
The statistics of paramagnetism
Thermodynamics of magnetic systems: negative
temperatures
Problems
Notes

89

The Grand Canonical Ensemble

90

3.7.
3.8.
3.9.
3.10.

71
77
83

4. L

Chapter 5.

Equilibrium between a system and a particle-energy
reservoir
4.2.
A system in the grand canonical ensemble
4.3.
Physical significance of the various statistical quantities
4.4.
Examples
4.5.
Density and energy fluctuations in the grand canonical
ensemble: correspondence with other ensembles
Problems
Notes

100
102
103

Formulation of Quantum Statistics

104

90
92
93
96

5.L

Chapter 6.

Quantum-mechanical ensemble theory: the density
matrix
5.2.
Statistics of the various ensembles
A
The microcanonical ensemble
B. The canonical ensemble
C. The grand canonical ensemble
5.3.
Examples
A
An electron in a magnetic field
B. A free particle in a box
C A linear harmonic oscillator
5.4.
Systems composed of indistinguishable particles
5.5.
The density matrix and the partition function of a system
of free particles
Problems

119
124

~~

1~

The Theory of Simple Gases

127

An ideal gas in a quantum-mechanical microcanonical
ensemble
6.2.
An ideal gas in other quantum-mechanical ensembles
6.3.
Statistics of the occupation numbers
6.4.
Kinetic considerations
6.5.
Gaseous systems composed of molecules with internal
motion
A Momitomic molecules
B. Diatomic molecules
C Polyatomic molecules
Problems
Notes

104
107
107
109
110
III
III
III
113
115

6. L

127
131
134
13 7
140
141
142
150
152
155

Contellts
Chapter 7.

Chapter 8.

,./Cal Bose Systems

157

7.l.
Thennodynamic behavior of an ideal Bose gas
7.2.
Thermodynamics of the black-body radiation
7.3.
The field of sound waves
7.4.
Inertial density of the sound field
7.5.
Elementary excitations in liquid helium 11 Problems
Notes

158
168
172
179
182
188
193

Ideal Fermi Systems

195

8.1.
8.2.

201

Thermodynamic behavior of an ideal Fermi gas
Magnetic behavior of an ideal Fermi gas
A. Pauli paramagnetism
B. Landau diamagnetism
8.3.
The electron gas in metals
A. Thermionic emission (the Richardson effect)
B. Photoelectric emission (the Hallwachs effect)
8.4.
Statistical equilibrium of white dwarf stars
8.5.
Statistical model of the atom
Problems
Notes

Chapter 9.

Statistical Mechanics of Interacting Systems: The Methud
of Cluster Expansions
9.1.
Cluster expansion for a classical gas
Virial expansion of the equation of state
9.2.
9.3.
Evaluation of the vi rial coefficients
9.4.
General remarks on cluster expansions
9.5.
Exact treatment of the second virial coefficient
9.6.
Cluster expansion for a quantum-mechanical system
Problems
Notes

Chapter 10.

vii

Statistical Mechanics of Interacting Systems: The Method
of Quantized Fields
10.1.
10.2.
10.3.
10.4.
10.5.

The formalism of second quantization
Low-temperature behavior of an imperfect Bose gas
Low-lying states of an imperfect Bose gas
Energy spectrum of a Bose liquid
States with quantized circulation
10.6. Quantized vortex rings and the breakdown of
superftuidity
10.7. Low-lying states of an imperfect Fermi gas
10.8. Energy spectrum of a Fermi liquid: Landau's
phenomenological theory
Problems
NOles

195
202

206
209
213

216
219
223
227
231

232
232
239

240
245
249

254
259
261

262
262

270
273
277
280

285
289
293
299
302

COflteflts

VIII

Chapler 11.

Chapter 12.

Phase Transitions: Criticality, Universality and Scaling

305

11.1. General remarks on the problem of condensation
11.2. Condensation of a van cler Waals gas
11.3. A dynamical model of phase transitions
11.4. The lanice gas and the binary alloy
11.5. Ising model in the zeroth approximation
11.6. Ising model in the first approximation
11.7. The critical exponents
11.8. Thermodynamic inequalities
11.9. Landau's phenomenological theory
11.10. Scaling hypothesis for thermodynamic function~
11 . 11 . The role of correlations and fluctuations
11 .12. The critical exponents v and rJ
11 .13. A final look at the mean field theory
Problems
Notes

306

Phase Tr{lIlSitiolls: Exact (or Almost Exact) Results/or the
WlriollS Mudels
12. 1.
12.2.
12.3.
12.4.
12.5.

Chapter 13.

310

314
319
321
328
334

338
341
344

348
353

356
359
364

366

The Ising model in one dimension
The II -vector models in one dimension
The Ising model in two dimensions
The spherical model in arbitrary dimensions
The ideal Bose gas in arbitrary dimensions
12.6. Other models
Problems
Notes

377
389
398
404

Pllllse Traflsitiolls: The Rellormalizutioll Group Approach

414

13.1.
13.2.

415

The conceptual basis of scaling
Some simple examples of renonnalizatinn
A. The Ising model in one dimension
B. The spherical model in one dimension
C. The Ising model in two dimensions
13.3. The renormalization group: general formulation
13.4. Applications of the renonl1aIization group
A. The Ising model in nne dimension
B. The spherical model in one dimension
C. The Ising model in two dimensions
D. The E-expansion
E. The I j n expansion
F. Other topics
13.5. Finite-size scaling
Case A: T ~ T, (00)
Case B: I:::: Tc(oo)
Case C: T < T c(oo)
Problems
Notes
\

3()(,

372

407

413

418
418
421
423

42'6
431
432

432
433
436
439
439
441

443
443
444

449

451

Contellts
Chapter 14.

IX

Fluctuations

452

14.1.
14.2.
14.3.

Thermodynamic fluctuations
Spatial correlations in a fluid
The Einstein-Smoluchowski theory of the Brownian

453
456

mot~n

~9

14.4.
14.5.
14.6.

The Langevin theory of the Brownian motion
Approach to equilibrium : the Fokker- Planck equation
Spectral analysis of fluctuations: the Wiener - Khintchine
theorem
14.7. The fluctuation - dissipation theorem
14.S. The Onsager relations
Problems
Notes

464
469
474
4S1
48.1
489
492

495

ApPENDIX ES

A.

B.

C.
D.
E.
F.
Notes

BIBLIOGRAPHY
INDEX

Influence of boundary conditions on the di~tribution of
quantum states
Certain mathematical functions
Stirling's formula for v!
The Dirac ,s-function
" Volume" and "surface area" of an n -dimensional sphere
of radius R
On Bose - Einstein functions
On Fermi - Dirac functions
On Watson functions

495
497
499
501
504
506
50S
510
512

513

523

PREFACE TO THE SECOND EDITION

THE first edition of this book was prepared over the years 1966- 70 when the
subject of phase transitions was undergoing a complete overhaul. The concepts of
scaling and universality had just taken root but the renormalization group approach,
which converted these concepts into a calculational tool, was still obscure. Not
surprisingly, my text of that time could not do justice to these emerging developments. Over the intervening years I have felt increasingly conscious of this rather
serious deficiency in the text; so when the time came to prepare a new edition,
my major effort went towards correcting that deficiency.
Despite the aforementioned shortcoming, the first edition of this book has
continued to be popular over the last twenty years or so. I, therefore, decided
not to tinker with it unnecessarily. Nevertheless, to make room for the new material, I had to remove some sections from the present text which. I felt. were not
being used by the readers as much as the rest of the book was. This may turn out to
be a disappointment to some individuals but I trust they will understand the logic
behind it and, if need be, will go back to a copy of the first edition for reference.
I, on my part, hope that a good majority of the users will not be inconvenienced
by these deletions. As for the material retained, I have confined myself to making
only editorial changes. The subject of phase transitions and critical phenomena,
which has been my main focus of revision, has been treated in three new chapters that provide a respectable coverage of the subject and essentially bring the
book up to date. These chapters, along with a collection of over sixty homework
problems, wiIl, I believe, enhance the usefulness of the book for both students and
instructors.
The completion of this task has left me indebted to many. First of all, as
mentioned in the Preface to the first edition, lowe a considerable debt to those
who have written on this subject before and from whose writings I have benefitted
greatly. It is difficult to thank them all individually; the bibliography at the end of
the book is an obvious tribute to them. As for definitive help, I am most grateful
to Dr Surjit Singh who advised me expertly and assisted me generously in the
selection of the material that comprises Chapters 11 - 13 of the new text; without
his help, the final product might not have been as coherent as it now appears to
be. On the technical side, I am very thankful to Mrs Debbie Guenther who typed
the manuscript with exceptional skill and proof-read it with extreme care; her task
was clearly an arduous one but she performed it with good cheer - for which I
admire her greatly.
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Preface to the Second Edition

Finally, I wish to express my heart-felt appreciation for my wife who let me
devote myself fully to this task over a rather long period of lime and waited for
its completion ungrudgingly.
R.K.P.

Waterloo, Ontario, Canada

PREFACE TO THE FIRST EDITION

THIS book has ansen out of the notes of lectures that I gave to the graduate
students at the McMaster University (1964- 5), the University of Alberta (1965 - 7),
the University of Waterloo (1969-71) and the University of Windsor (1970- 1).
While the subject matter, in its finer details, has changed considerably during
the preparation of the manuscript, the style of presentation remains the same as
followed in these lectures.
Statistical mechanics is an indispensable tool for studying physical properties
of mattcr "in hulk" on the ha..o,;is of the dynamical behavior of ilo,; "microscopic"
constituents. Founded on the well -laid principles of mlllhematic.:lli sUltistics on
onc hand and Illlllliltonltm mec/ulIlics on the other, the formalism of statistical
mechanics has proved to be of immense value to the physics of the last 100 years.
In view of the universality of its appeal, a basic knowledge of Ihis subject is
considered essential for every student of physics, irrespective of the area(s) in
which he/she may be planning to specialize. To provide this knowledge, in a
manner that brings out the essence of the subject with due rigor but without undue
pain, is the main purpose of this work.
The fact that the dynamics of a physiclll system is represellled by a set of qualltulII
states and the assertion that the thermodynamics of the system is determined by the
multiplicity of these states constitute the basis of our treatment. lne fundamental
connection between the microscopic and the macroscopic descriptions of a system
is uncovered by investigating the conditions for equilibrium between two physical
systems in thermodynamic contact. This is best accomplished by working in the
spirit of the quantum theory right from the beginning; the entropy and other thermodynamic variables of the system then follow in a most natural manner. After
the formalism is developed, one may (if the situation penn its) go over to the limit
of the classical statistics. This message may not be new, but here] have tried to
follow it as far as is reasonably possible in a textbook. In doing so, an attempt
has been made to keep the level of presentation fairly uniform so that the reader
does not encounter fluctuations of 100 wild a character.
This text is confined to the study of the equilibrium states of physical systems
and is intended to be used for a gradtlate cOllrse in statistical mechanics. Within
these bounds, the coverage is fairly wide and provides enough material for tailoring
a good. two-semester course. The final choice always rests with the individual
instructor; I, for one, regard Chapters 1- 9 (minlls a few sections from these
chapters pIllS few sections from Chapter 13) as the "essential part" of such a
'nts of Chapters 10- 12 are relatively advanced (not necessarily
oourse. The ~
difficult); the choice of material out of these chapters will depend entirely on the
X III
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Preface to the First Edition

taste of the instructor. To facilitate the understandl _ Jf the subject, the text has
been illustrated with a large number of graphs; to assess the understanding, a large
number of problems have been included. I hope these features are found useful.
I feel that one of the most essential aspects of teaching is to arouse the curiosity
of the students in their subject, and one of the most effective ways of doing this is
to discuss with them (in a reasonable measure, of course) the circumstances that
led to the emergence of the subject. One would, therefore, like to stop occasionally to reflect upon the manner in which the various developments really came
ahout; at the same time, one may not like the flow of the text to be hampered
by the discontinuities arising from an intermittent addition of historical material.
Accordingly, I decided to include in this account an Historical Introduction to the
subject which stands separate from the main text. I trust the readers, especially
the instructors, will find it of interest.
For those who wish to continue their study of statistical mechanics beyond the
confines of this book, a fairly extensive bibliography is included. It contains a
variety of references - old as well as new, experimental as well as theoretical,
technical as well as pedagogical. I hope that this will make the book useful for a
wider readership.
The completion of this task has left me indehted to many. Like most authors, I
owe considerable debt to those who have written on the subject before. The bibliography at the end of the book is the most obvious tribute to them; nevertheless, I
would like to mention, in particular, the works of the Ehrenfests, Fowler, Guggenheim, Schrodinger, Rushbrooke, ter Haar, Hill, Landau and Lifshitz, Huang, and
Kubo, which have been my constant reference for several years and have influenced my understanding of the subject in a variety of ways. As for the preparation
of the text, I am indebted to Robert Teshima who drew most of the graphs and
checked most of the problems, to Ravindar Bansal, Vishwa Mittar and SUrjit Singh
who went through the entire manuscript and made several suggestions that helped
me unkink the exposition at a number of points, to Mary Annetts who typed the
manuscript with exceptional patience, diligence and care, and to Fred Hetzel, lim
Briante and Larry Kry who provided technical help during the preparation of the
final version.
As this work progressed I felt increasingly gratified towards Professors
F. C. Auluck and D. S. Kothari of the University of Delhi with whom I started my
career and who initiated me into the study of this subject, and towards Professor
R. C. Majumdar who took keen interest in my work on this and every other
project that I have undertaken from time to time. I am grateful to Dr D. ter
Haar of the University of Oxford who, as the general editor of this series, gave
valuable advice on various aspects of the preparation of the manuscript and made
several useful suggestions towards the improvement of the text. I am thankful
to Professors l.W. Leech, l. Grindlay and A.D. Singh Nagi of the University of
Waterloo for their interest and hospitality that went a long way in making this task
a pleasant one.
The final tribute must go to my wife whose cooperation and understanding, at
all stages of this project and against all odds, have been simply overwhelming.
R.K.P.
Waterloo, Ontario, Callada
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HISTORICAL INTRODUCTION

mechanics is a formalism which aims at explaining the physical properties of matter in bulk on the basis of the dynamical behavior of its microscopic
constituents. The scope of the formalism is almost as unlimited as the very range
of the natural phenomena, for in principle it is applicable to matter in any state
whatsoever. It has, in fact, been applied, with considerable success, to the study
of matter in the solid state, the liquid state or the gaseous state, matter composed
of several phases and/or several components, matter under extreme conditions of
density and temperature, matter in equilibrium with radiation (as, for example, in
astrophysics), matter in the form of a biological specimen, etc. Furthermore, the
formalism of statistical mechanics enables us to investigate the lion-equilibrium
states of matter as well as the equilibrium states; indeed, these investigations hclp
us to understand the manner in which a physical system that happens to he "out of
equilibrium" at a given time t approaches a "state of equilibrium'· as time passes.
In contrast with the present status of its development, the success of its applications and the breadth of its scope, the beginnings of statistical mechanics were
rather modest. Barring certain primitive refert:nces, such as those of Gassendi,
Hooke, etc., the real work started with the contemplations of Bernoulli (1738),
Herapath (1821) and Joule (1851) who, in their own individual ways, attempted to
lay a foundation for the so-called kinetic theory of gases- a discipline that finally
turned out to be the forerunner of statistical mechanics. The pioneering work of
these investigators established the fact that the pressure of a gas arose from thc
motion of its molecules and could be computed by considering the dynamical influence of molecular bombardment on the walls of the container. Thus, Bernoulli and
Herapath could show that, if temperature remained constant, the pressure P of an
ordinary gas was inversely proportional to the volume V of the container (Boyle's
law), and that it was essentially independent of the shape of the container. This, of
course, involved the explicit assumption that, at a givefl temperature T, the (mean)
speed of the molecules is independent of both pressure and volume. Bernoulli even
attempted to determine the (first-order) correction to this law, arising from the finite
size of the molecules, and showed that the volume V appearing in the statement
of the law should be replaced by (V - b), where b is the "actual" volume of the
molecules.) Joule was the first to show that the pressure P is directly proportional
to the square of the molecular speed c, which he had assumed to be the same for
all molecules. Kronig (1856) went a step further. Introducing the "quasi-statistical"
assumption that, at any time t, one-sixth of the molecules could be assumed to be
flying in each of the six "independent" directions, namely +x, -x, + y, - y, +~
STATISTICAL
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-z, he derived the equation
(1)

where 1/ is the number density of the molecules and m the molecular mass. Kronig,
too, assumed the molecular speed c to be the same for all molecules; from (1), he
inferred that the kinetic energy of the molecules should be directly proportional
to the absolute temperature of the gas.
Kronig justified his method in these words: "The path of each molecule must be
so irregular that it will defy all attempts at calculation. However, according to the
laws of probability, one could assume a completely regular motion in place of a
completely irregular one!" It must, however, be noted that it is only because of the
special form of the summations appearing in the calculation of the pressure that
Kronig's model leads to the same result as the one following from more refined
models. In other problems, such as the ones involving diffusion, viscosity or heat
conduction, this is no longer the case.
It was at this stage that Clausius entered the field. First of all, in 1857, he derived
the ideal-gas law under assumptions far less stringent than Kronig's. He discarded
both leading assumptions of Kronig and showed that eqn. (I) was still true; of
course, c 2 now became the mea1l square speed of the mOlecules. In a later paper
(1859), Clausius introduced the concept of the mea1l free pat" and thus became
the first to analyze transport phenomena. It was in these studies that he introduced
the famous "Stosszahlansatz" - the hypothesis on the number of collisions (among
the molecules) - which, later on, played a prominent role in the monumental work
of Boltzmann. 2 With Clausius, the introduction of the microscopic and statistical
points of view into the physical theory was definitive, rather than speculative.
Accordingly, Maxwell, in a popular article entitled "Molecules", written for the
Ellcyclopedia Britannica, referred to him as the "principal founder of the kinetic
theory of gases", while Gibbs, in his Clausius obituary notice, called him the
"father of statistical mechanics".3
The work of Clausius attracted Maxwell to the field. He made his first appearance
with the memoir ·'IIIustrations in the dynamical theory of gases" (1860), in which he
went much further than his predecessors by deriving his famous law of "distribution
of molecular speeds". Maxwell's derivation was based on elementary principles of
probability and was clearly inspired by the Gaussian law of "distribution of random
errors". A derivation based on the requirement that "the equilibrium distribution of
molecular speeds, once acquired, should remain invariant under molecular collisions" appeared in 1867. This led Maxwell to establish what is known as Maxwell's
trailsport equatioll which, if skillfully used, leads to the same results as one gets
from the more fundamental equation due to Boltzmann. 4
Maxwell's contributions to the subject diminished considerably after his
appointment, in 1871, as the Cavendish Professor at Cambridge. By that time
Boltzmann had already made his first strides. In the period 1868-71 he generalized
Maxwell's distribution law to polyatomic gases, also taking into account the
presence of external forces, .if any; this gave rise to the famous Boltzmann factor
exp( -13t:), where t: denotes the total energy of a molecule. These investigations
also led to the equipartition theorem. Boltzmann f· "er showed that, just like
the original distribution of Maxwell, the generalize, "tribution (which we now
call the Maxwell- Boltzmann distribution) is stationary with respect to molecular
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collisions. In 1872 came the celebrated H-tlleorem which provided a molecular
basis for the natural tendency of physical systems to approach, and stay in,
a state of equilibrium. This established a connection between the microscopic
approach (which characterizes statistical mechanics) and the phenomenological
approach (which characterized thermodynamics) much more transparently than
ever before; it also provided a direct method for computing the entropy of a given
physical system from purely microscopic considerations. As a corollary to the
H -theorem, Boltzmann showed that the Maxwell-Boltzmann distribution is the
ollly distribution that stays invariant under molecular collisions and that any other
distribution, under the influence of molecular collisions, ultimately goes over to a
Maxwell - Boltzmdnn distribution. In 1876 Boltzmann derived his famous transport
equation which, in the hands of Chapman and Enskog (1916 - 17), has proved to
be an extremely powerful tool for investigating macroscopic properties of systems
in non-equilibrium states.
Things, however, proved quite harsh for Boltzmann. His H -theorem, and
the consequent irreversible behavior of physical systems, came under heavy
attack, mainly from Loschmidt (1876-77) and Zermelo (1896). While Loschmidt
wondered how the consequences of this theorem could be reconciled with the
reversible character of the basic equations of motion of the molecules, Zermelo
wondered how these consequences could be made to fit with the quasi-periodic
behavior of closed systems (which arose in view of the so-called Poincare cycles).
Boltzmann defended himself against these attacks with all his might but could
not convince his opponents of the correctness of his work. At the same time,
the energeticists, led by Mach and Ostwald, were criticizing the very (molecular)
basis of the "-inetic theory,S while Kelvin was emphasizing the '"nineteenth-century
clouds hovering over the dynamical theory of light and heat".6
All this left Boltzmann in a state of despair and induced in him a persecution complex.7 He wrote in the introduction to the second volume of his treatise
Vorlesll1lgen iiber Gastlzeorie (1898):8
I am convinced Ihal Ihe allacks (on Ihe kinelic Iheory) resl on misunderslandings and Ihal Ihe
role of Ihe kinetic theory is not yet played oul. In my opinion it would be a blow to science if
contemporary opposition were 10 cause kinelic theory to sink into the oblivion which was the
fate suffered by the wave theory of lighl throug.h Ihe authority of Newton. I am av.are of the
weakness of one individual against the prevailing currents of opinion . In order to insure that
not too much will have 10 be rediscovered when people return 10 Ihe study of kinetic theory I
will present the most difficult and misunderstood parIS of the subject in as clear a manner as
I can.

We shall not dwell any further on the kinetic theory; we would rather move
onto the development of the more sophisticated approach known as the ellsemble
theory, which may in fact be regarded as the statistical mechanics proper. 9 In this
approach, the dynamical state of a given system, as characterized by the generalized coordinates qi and the generalized momenta P" is represented by a phase
poillt G(qi. pj} in a phase space of appropriate dimensionality . The evolution of
the dynamical state in time is depicted by the trajectory of the G-point in the
phase space
. "geometry" of the trajectory being governed by the equations of
motion of tIl . jstem and by the nature of the physical constraints imposed on it.
To develop an appropriate formalism, one considers the given system along with

4
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an infinitely large number of "mental copies" therl
!.e. an ensemble of similar
systems under identical physical constraints (though, at any time t, the various
systems in the ensemble would differ widely in respect of their dynamical states).
In the phase space, then, one has a swarm of infinitely many G-IX'ints (which,
at any time t, are widely dispersed and, with time, move along their respective
trajectories). The fiction of a host of infinitely many, identical but independent,
systems allows onc to replace certain dubious assumptions of the kinetic theory
of gases by readily acceptable statement.:; of statistical mechanics. The explicit
formulation of these statements was first given by Maxwell (1879) who on this
occasion used the word "statistico-mechanical" to describe the study of ensembles
(of gaseous systems) - though, eight years earlier, Boltzmann (1871) had worked
with essentially the same kind of ensembles.
The most important quantity in thl! ensemble theory is the density function.
p(q,p; t), of the G-points in the phase space; a stationary distribution (ap/ at = 0)
characterizes a s/(i1iollary ensemble, which in tum represents a system ill equilibrium. Maxwell and Boltzmann confined their study to ensembles for which the
function p depended solely on the energy E of the system. This included the special
case of ergodic systems which were so defined that "the undisturbed motion of
such a system. if pursued for an unlimited time, would ultimately traverse (the
neighborhood of) each and every phase point compatible with the [lXed value E
of the enellly". Consequently, the ellsellliJIe average, (f), of a physical quantity
J. taken at any time It would be the same as the long-time average, f. pertaining
to (UlY member of the ensemble. Now. f is the value we expect to obtain for the
quantity in question when we make an appropriate measurement on the system;
the result of this measurement Should, therefore. agree wilh the theoretical estimate (J). We thus acquire a recipe to bring about a direct contact between theory
and experiml!nt. At the same time, we lay down a rational basis for a microscopic
theory of matter as an alternative to the empirical approach of thermodynamics!
A significant advance in this direction was made by Gibbs who, with his Eleme1l tary Principles ofStatistical Mechanics (1902). turned ensemble theory into a most
efficient tool for the theorist. He emphasized the use of "generalized" ensembles
and developed schemes which, in principle, enabled one to compute a complete
set of thennodynamic quantities of a given system from purely mechanical properties of its microscopic constituents. 1U In its methods and results, the work of
Gibbs turned out to be much more general than any preceding treatment of the
subject; it applied to any physical system that met the simple-minded requirements that (i) it was mechanical in structure and (ii) it obeyed Lagrange's and
Hamilton's equations of motion. In this respect, Gibbs's work may be considered to have accomplished as much for thermodynamics as Maxwell's had for
electrodynamics.
1l1ese developments almost coincided with the great revolution that Planck's
work of 1900 brought into physics. As is well known, Planck 's quantum hypoth esis sllccessfully resolved the essential mysteries of the black-body radiation - a
subject where the three best-established diSCiplines of the nineteenth century, viz.
mechanics, electrodynamics and thermodynamics. were all focused. At the same
time, it uncovered both the strengths and the weaknesses of these disciplines. It
would have been surprising if statistical mechanics, which links thermodynamics
with mechanics, could hClve escaped the repercussions of this revolution.

Historicillilltroductioll

5

The sub, "enl work of Einslein (1905a) on Ihe pholoelectric effecl and of
Complon (1923a,b) on Ihe scaHering of x-rays eslablished, so 10 say, Ihe "existence" of the qUill/tum of radiation, or the photon as we now call il. 1l It was
then natural that SOmeone tried to derive PI:mck's radiation formula by treating
black-body radiation as a gas of photons in much the same way as Maxwell had
derived his law of distribution (of molecular speeds) for a gas of conventional
molecules, Bul, Ihen, does a gas of pholons differ so radically from a gas of
conventional molecules that the two laws of distribution should be so different
from one another?
The answer to this question came from the manner in which Planck's formula
was derived by Bose, In his hisloric paper of 1924, Bose Irealed black-body radi.,
tion as a gas of photons; however, instead of considering the allocation of the "individual" photons to the various energy states of the system, he fixed his attention on
the number of states that contained "a particular number" of photons, Einstein, who
seemS to have translated Bose's paper into German from an English manuscript
sent to him by the author, at once recognized the importance of this approach and
added the following note to his translation: "Bose's derivation of Planck's formula
is in my opinion an important step forward , The method employed here would
also yield the quantum theory of an ideal gas, which 1 propose to demonstrate
elsewhere."
Implicit in Bose's approach was the fact that in the case of photons what really
mattered was "the set of numbers (of photons) in various energy states of the
system" and not the specification as to "which photon was in which state"; in
olher words, photons were mutually ilUiistinguishahle. Einstein argued that what
Bo,e had implied for phOlons should be lrue for maleri"1 parlicles as well (for
the property of indistinguishability arose essentially from the wave character of
these entities and, according to de Broglie, m.tterial particles also possessed that
characler)." In Iwo papers, which appeared soon afler, Einslein (1924, 1925)
applied Ihis melhod 10 Ihe sludy of an ideal gas and Ihereby developed ",hal we
now call Bose - Einsteill statistics. In the second of these papers, the fundamental
difference between the new statistics and the classical ft.faxwell-Boftzmawl statistics comes out transparently in terms of the indistinguishability of the molecules,13
In the same paper Einstein discovered the phenomenon of Bm'e- Einsteill conaell sation which, Ihirleen years laler, was adopled by London (I938a,b) as Ihe basis
for a microscopic understanding of the curious properties of liquid He4 at low
temperatures,
Following Ihe enuncialion of Pauli's exclusion principle (1925), fermi (1926)
showed that certain physical systems would obey a different kind of statistics,
viz. the Fermi - Dirac statistics, in which not more than one particle could occupy
the same energy state (lIj = O. I), It seems important to mention here that Bose's
method of 1924 leads to the Fermi - Dirac distribution as well, provided that one
limits the occupancy of an energy state to at most one particle,l-l
Soon after its appearance, the Fermi- Dirac statistics were applied by Fowler
(1926) 10 discuss Ihe equilibrium slales of while dwarf slars and by Pauli (1927)
to explain the weak, temperature-independent paramagnetism of alkali metals; in
each case, one had 10 deal wilh a "highly degenerale" gas of electrons which obey
Femli - Dirac statistics, In the wake of this, Sommerfeld produced his monumental
work of 1928 which nOI only pul Ihe eleclron Iheory of melals on a physically

secure foundation but also gave it a fresh start in the right direction. Thus, Sommerfeld could explain practically all the major properties of metals that arose from
conduction electrons and, in each case, obtained results which showed much better
agreement with experiment than the ones following from the classical theories of
Riecke (1898), Drude (1900) and Lorentz (1904-05). Around the same time,
Thomas (1927) and Fermi (1928) investigated the electron distribution in heavier
atoms and obtained theoretical estimates for the relevant binding energies; these
investigations led to the development 01 the so-called Thomas-Fermi model of
the atom, which was later extended so that it could be applied to molecules, solids
and nuclei as well. 15
Thus, the whole structure of statistical mechanics wac; overhauled by the
introduction of the concept of indistinguishability of (identical) particles}6 The
statistical aspect of the problem, which was already there in view of the large
number of particles present, was now augmented by another statistical aspect
that arose from the probabilistic nature of the wave mechanical description. One
had. therefore. to carry out a two-foM averaging of the dynamical variables over
the states of the given system in order to obtain the relevant expectation values.
That sort of a situation was bound to necessitate a reformulation of the ensemble
theory itself, which was carried out step by step. First, LandJu (1927) and von
Neumann (1927) introduced the so-called density mCitri.x, which was the quantummechanical analogue of the density fllllctioll of the classical phase space; this was
discussed, both from statistical and quantum-mechanical points of view, by Dirac
(1929-31). Guided by the classical ensemble theory, these authors considered both
microcallollical and canonical ensembles; the introduction of grand canollical
ensembles in quantum statistics was made by Pauli (1927).17
The important question as to which particles would obey Bose-Einstein
statistics and which Fermi - Dirac remained theoretically unsettled until Belinfante
(1939) and Pauli (1940) discovered the vital connection between spin and
statistics. III It turns out that those particles whose spin is an integral multiple
of h obey Bose- Einstein statistics while those whose spin is a half-odd integral
multiple of 1z obey Fermi-Dirac statistics. To date, no third category of particles
has been discovered.
Apart from the foregoing milestones, several notable contributions towards the
development of statistical mechanics have been made from time to time; however,
most of these contributions are concerned with the development or perfection of
mathematical techniques which make application of the basic formalism to actual
physical problems more fruitful. A review of these developments is out of place
here; they will be discussed at their appropriate place in the text.
Notes
I As is well known, Ihis "correction" was correctly evaluolted, much latcr, by van der W.IJls (1873)
who showcd Ihat, for large V. b is four times thc "actual" volumc of Ihe molcculc~; see Problem 1.4.
2 For an excellent revicw of this and rclalcd topics, see P. and T. Ehrcnfest (1912).
3 For furlher dctails, refcr to M'imlroll (1963) where an account i, also givcn of Ihe pioneering
work of Walerston (1846, 1892).
4 This hols been demonslrolled in Guggenheim (1960) where I'
efficients of viscosily. Ihermal
conduclivity and diffusion of a gas of hard sphcres holvc been c.
.ted on Ihe basis of Maxwell'~
Ir.msport equlltion.
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5 These critics were silenced by Einstein whose work on the Brownian motion (1905b) established
atomic theory ollce alld for all.
6 The first of these clouds was concerned with the mysteries of the "aether", and was dispelled by
the theory of relativity. The second was concerned with the inadequacy of the "equipartition theorem".
and was dispelled by the quantum theory.
7 Some people attribule Bollzmann's suicide on Seplember 5. 1906 10 this cause.
S Quotation from Montroll (1963).
9 For a review of the historical development of kinetic theor} leading to sldti,ticdl mechanics. see
Brush (1957, 1958, 1961, 1965 - 66).
10 In much the same v.ay as Gibbs. but quite independently of him. Einstein (1902. 1903) also
developed the theory of ensembles.
11 Strictly speaking. it might be somev.hat misleading to cite Einstein's work on the photoelectric
effect as d proof of the existence of photons. In fact. many of the effect~ (induding the photoelectric
effect). for which it seems necessary to invoke photons. can be explained av.ay on the basis of a
wave theory of radiation. The only phenomena for which photon~ seem indi~pensablc are the oncs
involving flllctllatiolls. such as the Hanbury Brown - Twi,s effect or the Lmlh shifl. For the relevance
of Iluctuations 10 the problem of radiation. see ter Haar (1967. (968).
12 Of course. in the case of material particles. the total number N (of the particles) \\ ill aho have
to he conserved; this had not to be done in the case of photons. For detdils. sec Sec. 6.1.
13 II is here th.lt one encounters the correct method of counting " the number of distinct ways
in which g, energy states can accommodate II , particles". depending upon whether the particles are
(i) distinguishable or (ii) indislinguish .• hle . The occupancy of the indi, idu:tl st..tes "".IS . in e.lch c:t,e.
IIIlres/rictell. i.e. II; = O. I. 2. .. ..
I~ Dirac. who W .IS the first to investigate the connection between statistics and wave mechanics.
showed. in 1926. that the wave fUllctions describing a system of identical particles obeying
Dose-Einstein (or Fermi - Dirac) sialislics mu,1 be symmelric (or antisymmelric) with re'pect to
an interchange of two particles.
15 For an excellent review of this model. sec N. H. March (1957).
I~ Of course. in many a situation where the wave nature of the particles is not so important c1assic,.1
slatistics continue 10 apply .
17 A detailed treatment of Ihis development h.ls been given by Kramer, (1938).
IX See also Liidcrs and Zumino (1958).
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CHAPTER 1

THE STATISTICAL BASIS OF THERMODYNAMICS

IN TI-IE annals of thermal physics, the fifties of the last century mark a very definite
epoch. By that time the science of thermodynamics, which grew essentially out
of an experimental study of the macroscopic behavior of physical systems, had
become, through the work of Carnot, Joule, Clausius and Kelvin, a scclITe and
stable discipline of physics. The theoretical conclusions following from the first
two laws of thermodynamics were found to be in very good agreement with the
corresponding experimental results. I At the same time, the kinetic theory of gases,
which aimed at explaining the macroscopic behavior of gaseous systems in terms
of the motion of the molecules and had so far thrived more on speculation than
calculation, began to emerge as a real, mathematical theory. Its initial successes
were glaring; however, a real contact with thermodynamics could not be made
until about 1872 when Boltzmann developed his H -theorem and thereby established a direct connection between entropy on one hand and molecular dynamics on
the other. Almost simultaneously, the conventional (kinetic) theory began giving
way to its more sophisticated successor- the ensemble theory. The power of the
techniques that finally emerged reduced thermodynamics to the status of an "essential" consequence of the get-together of the statistics and the mechanics of the
molecules constituting a given physical system. It was then natural to give the
resulting formalism the name Statistical Mechanics.
As a preparation towards the development of the formal theory, we start with
a few general considerations regarding the statistical nature of a macroscopic
system. These considerations will provide ground for a statistical interpretation of
thermodynamics. It may be mentioned here that, unless a statement is made to the
contrary, the system under study is supposed to be in one of its equilibrium states.

1.1. The macroscopic and the microscopic states
We consider a physical system composed of N identical particles confined
to a space of volume V. In a typical case, N would be an extremely large
number- generally, of order 1013. In view of this, it is customary to carry out
analysis in the so-called thermodynamic limit, viz. N ~ 00, V ~ 00 (such that
the ratio N IV, which represents the particle density n, stays fixed at a preassigned
value). In this limit, the extensive properties of the system become directly
9
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proportional to the size of the system (i.e. proportional to N or to V), while the
illtensive properties become independent thereof; the particle density, of course,
remains an important parameter for all physical properties of the system.
Next we consider the total energy E of the system. If the particles comprising
the system could be regarded as non-interacting, the total energy E would be equal
to the sum of the energies Ej of the individual particles:
(1)

where

IIi

denotes the number of particles each with energy

N=L"/ '

Ej .

Clearly,
(2)

According to quantum mechanics. the single-particle energies Ei are discrete and
their values dept!nd crucially on the volume V to which the particles are confined.
Accordingly, the possible values of the total energy E are also discrete. However,
for large V, the spacing of the different energy values is so small in comparison
with the total energy of the system that the parameter E might well be regarded
as a continuous vari:..tble. ll1is would be true even if the particles were mutually
interacting; of course, in Ih<11 case the total energy £ cannot be wriHen in the
form (J).
The specification of the actual values of the parameters N, V and E then defines
a macrostate of the given system.
At the molecular level, however, a large number of possibilities still exist
because at that level there will ill general be a large number of different ways in
which the macrostate (N. V. £) of the given system can be realized. In the case of
a non-interacting system, since the total energy E consists of a simple sum of the
N single-particle energies £i, there will obviously be a large number of different
ways in which the individual £i can be chosen so as to make the 10lal energy equal
to E. In other words, there will be a large number of different ways in which the
total energy E of the system can be distributed among the N particles constituting
it. Each of these (different) ways specifies a microstate, or comple.xioll , of the given
system. In general. the various microstates, or complexions, of a given system can
be identified with the independent solutions oJ;(r" ... , rN) of the Schrooinger equation of the system, corresponding to the eigenvalue £ of the relevant Hamiltonian.
In any case, to a given macrostate of the system there does in general correspond
a large number of microstates and it seems natural to assume, when there are no
olher constraints, that al any time t the system is equally likely 10 be in anyone
of these microstates. This assumption forms the backbone of our formalism and
is generally referred to as the postulate of "equal a priori probabilities" for all
microstates consistent with a given macrostate.
The actual number of all possible microstates will, of courSe, be a function
of N, V and E and may be denoted by the symbol n(N, V, E); the dependence
on V comes in because the possible values Ei of the single-particle energy £
are themselves a function of this parameter. 2 Rem ~-' '\bly enough, it is from the
magnitude of the number n, and from its dependefl\\ II the parameters N, V and
E, that complete thermodynamics of the given system can be derived!

§ 1.2]
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We shall not stop here to discuss the ways in which the number fI.(N, V, E) can
be computed; we shall do that only after we have developed our considerations
sufficiently so that we can carry Out further derivations from it. First we have to
discover the manner in which this number is related to any of the leading thermodynamic quantities. lb do this, we consider the problem of '~therma l contact"
between two given physical systems, in the hope that this consideration will bring
out the true nature of the number Q.

1.2. Contact between statistics and thermodynamics: physical significance of
the number fI.(N, V, E)
We consider two physical systems, AI and A2. which are separately in equilibrium; see Fig. I. t. Let the macrostate of Al be represented by the parameters N"
VI and £1, so that it has Ql(N I , VJ, £1) possible microstates, and the macrostate
of A2 be represented by the parameters N2 , V 2 and £2. so that it has Q2(N z, V 2- £2)
possible microstates. The mathematical form of the function n] may not be the
same as 11mt of the [ullctiull Q2, because that ultimately depends upon the nature
of the system. We do, of course, believe th'lt all thermodynamic properties of
the systems Al and A2 can be derived from the functions n l (N I , V I_ Ed I.lnd
fI., (N z, v z, E z ), respectively.

AG. 1.1. Two physical systems, being brought into thermal contact.

We now bring the two systems into thermal contact with each other, thus
allowing the possibility of exchange of energy between the two; this can be done
by sliding in a conducting wall and removing the impervious onc. For simplicity,
the two systems are still separated by a rigid, impenetrable wall, so that the respective volumes VI and Vz and the respective particle numbers Nt and N:!. rem ai n
fixed. The energies EI and £z. however, become variable and the only condition
that restricts their variation is
E(O) = E,

+ Ez =

const.

(I)

Here, £ (0) denotes the energy of the composite system A(O)(= Al + A z ); the energy
of interaction between A I and Az, if any, is being neglected. Now, at any time I, the
sub-system Al is equally likely to be in anyone of the Q I (E d microstates \vhile
the sub-system Az is equally likely to be in anyone of the Q2(Ez) microstates;
therefore, the composite system Am) is equally likely to be in anyone of the
n (O) (E I_ £ 2) microslat~s, where
fI. (O) (E" E z ) = Q, (E t )fI.,(Ez ) = fl., (E, )fI.,(EIO ) - E,) = fl.1O) (E(O), E,), say.
(2)'
Clearly, the •. mber n (O) itself varies with £1 . The question now adses: al what
value of the variable E I will the composite system be in equilibrium? In other
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words, how far will the energy exchange go in
and A2 into mutual equilibrium?

to bring the sub-systems At

0)

We assert that this will happen at that value of £1 which maximizes the number
I1(O} (E(O), Ell. The philosophy behind this assertion is that a physical system,
left to itself, proceeds naturally in a direction thai enables it to assume an everincreasing number of microstates until it finally settles down in a macrostate that
affords the large.", possible number of microstates. Statistically speaking, we regard
a macrostate with a larger number of microstates as a more probable state, and
the one with the largest number of microstates as the most probable one. Detailed
studies show thaI, for a typical system, the number of microstates pertaining to
any macrostate that departs even slightly from the most probable One is "orders
of magnitude" smaller than the number pertaining lO the latter. Thus, the most
probable state of a system is the state in which the system spends an "overwhelmingly" large fraction of its time. It is then natural to identify this state with the
equilibrium state of the system.
Denoting the equilibrium value of £1 by £1 (and that of £, by E,). we obtain,
on maximizing [2(0),
(

"111(£1»)
aE
,

(011, (E2»)
D£2
- 11,(£,)+I1 I (£1l
a£,
. ~ . J£ =0.

EI=£I

•

fl = fl

'

Since fJE2/fJEI = - I , sec eqn. (I), the foregoing condition can be written as
(

Jlnl1l(EIl)

aE,

= (Jlnl1'(£2»)

aE2

£, = £,

.
E~ =E2

Thus, our condition for equilibrium reduces to the equality of the parameters
and p, of the sub-systems AI and A" respectively, where p is defined by

p =- (alnl1(N, V,£»)
iJE

r;,v.E~E

.

PI
(3)

We thus fiml that when twu physkal systems are brought into thermal contact,
which allows an exchange of energy between them, this exchange continues until
the equilibrium values E, and £2 of the variables E, and £2 are reached. Once
these values are reached. there is no more net exchange of energy between the two
systems; the systems are then said to have attained a state of mutual equilibrium.
According to our analysis, this happens only when the respective values of the
parameter P. namely p, and P2, become equal. 4 It is then natural to expect that the
parameter P is somehow related to the thermodYflamic temperlltllre T of a given
system. 1b determine this re lationship. we recall the thermodynamic formula

(aEiJS)

1
NY

= T'

(4)

where S is the entropy of the system in question. Comparing eqns (3) and (4), we
conclude that an equally intimate relationship exists between the thermodynamic
quantity S and the statistical quantity Q; we may, in fact. write for any physical
system
l1S

1

l1(1n 11)

pT

-:-::-= = -

= consl.

(5)
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This corresp, \!nce was first established by Boltzmann who also believed that.
since the relationship between the thermodynamic approach and the statistical
approach seems to be of a fundamont.1 character, the constant appearing in (5)
must be a universal con.'>lallt. It was Planck who first wrote the explicit formula
S = klnfl,

(6)

witholll any additive COllsta,,1 So. As it siands. formula (6) determines the absolute
value of the entropy of a given physical system in termS of the total number of
microstates accessible to it in conformity with the given macrostate. The zero of
entropy then corresponds to the special state for which only one microstate is
accessible (n = I)- the ~o-ca ll ed "unique configuration"; the statistical approach
thus provides a theoretical basis for fhe third law of thermodynamics as well.
Fonnula (6) is of fundamental importance in physics; it provides a bridge between
the microscopic and the macroscopic.
Now, in th e study of the second law of thermodynamics we are told that the law
or increase or entropy is related to the fact fhat the energy conlenl of the universe,
in irs natural course, is becoming less and less available for conversion into work;
accordingly, the entropy of a given system may be regarded as a measure of the socalled disorder or chaos prevailing in the system. Formula (6) tells us how disorder
arises microscopically. Clearly, disorder is a manifestation of the largeness of the
number of microstates the system can have. The larger the choice of microstates,
the lesser the degree of predictability or the level of order in the system. Complete
order prevails when and only when the system has no other choice but to be in a
unique state (n = 1); this, in turn, corresponds 1O a state of vanishing entropy.
By (5) and (6). we also have
1

f3 = kT·

(7)

The universal Constant k is generally referred to as the Boltzmann constant. In
Sec. 1.4 we shall discover how k is related to the gas constant R and the Avogadro
number NA; see eqn. (1.4.3)5

1.3. Further contact between statistics and thermodynamics

In continuation of the preceding considerations, we now examine a more elaborate exchange between the sub-systems A I and A2. If we assume that the wall
separating the two sub-systems is movable as well as conducting, then the respective volumes V 1 and V 2 (of sub-systems A1 and A2) also become variable; indeed,
the total volume V(O)(= VI + V2) remains constant, so that effectively we have
only one more independent variable. Of course, the wall is still assumed to be
impenetrable to particles, so the numbers N 1 and N2 remain fixed. Arguing as
before, the state of equilibrium for the composite system A(0) will obtain when the
number n fO) (v(O). £(0); VI , Ed attains its largest value, i.e. when not only
(I a)
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but also
(lb)

Our conditions for equilibrium now take the form of an equality between the pair
of parameters (fh . 1]d of the sub-system AI and the parameters (fh. 1]2) of the
sub-system A2 where, by definition,
=

1]-

(alnQ(N. V,E»)
av

(2)

•

N.E.Y=V

Similarly, if AI and A2 came into contact through a wall which allowed an
exchange of particles as well, the conditions for equilibrium would be further
augmented by the equality of the parameter ~I of sub-system AI and the parameter ~2 of sub-system A2 where, by definition,
=

~-

(alnQ(N. V.E»)
.
aN
v EN=N

To determine the physical meaning of the parameters 1] and
eqn . (1.2.6) and the basic formula of thermodynamics, viz.
dE = TdS - PdV

+ iJ.dN.

(3)
~,

we make use of

(4)

where P is the thermodynamic pressure and iJ. the chemical potential of the given
system. It follows that
P
1]

= kT

and

~

iJ.
= --.
/"'T

(5)

From a physical point of view, these results are completely satisfactory because.
thermodynamically too, the conditions of equilibrium between two systems AI
and A 2 , if the wall separating them is both conducting and movable (thus making
their respective energies and volumes variable), are indeed the same as the ones
contained in eqns (1), namely
TI=T2

and

P I =P2.

(6)

On the other hand, if the two systems can exchange particles as well as energy
but have their volumes fixed, the conditions of equilibrium, obtained thermodynamically, are indeed
(7)
TI = T2 and iJ.1 = iJ.2·
And finally, if the exchange is such that all three (macroscopic) parameters become
variable, then the conditions of equilibrium become
TI = T 2•

PI = P2

and

111 = iJ.2·

It is gratifying that these conclusions are identical with the ones following from
statistical considerations.
Combining the results of the foregoing discussir we arrive at the following
recipe for deriving thermodynamics from a statistic,
_ginning: determine, for the
macrostate (N, v. E) of the given system, the number of all possible microstates

The Classical Ideal Gas
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accessible to the system; call this number Q(N, V, E). Then, the entropy of the
system in that state follows from the fundamental formula

SeN, V,E)=klnQ(N, V,E),

(9)

while the leading intensive parameters, viz. temperature, pressure and chemical
potential, are given by

11

1
T'

T

(10)

Alternatively, we can write 7
P =

and

(:~) N.E/ (:!}\'Y= - G~) N.S

11=-(:!)VE/(!!)NV=
G~)yS'.
.
.

(11 )

(12)

while

T _ (aE)
-

as

(13)

s .y ·

11

Formulae (11)- (13) follow equally well from eqn. (4). The evaluation of P,
and T from these formulae indeed requires that the energy E be expressed as a
function of the quantities N, V and S; this should, in principle, be possible once
S is known as a function of N, V and E; see (9).
The rest of the thermodynamics follo\\s straightforwardly. For instanc~ , the
Helmholtz free energy A, the Gibbs free energy G and the enthalpy H are given by

A =E- TS,
G = A

(14)

+ PV =

E - TS

+ PV

= I1N
and

H =E+PV=G+TS.

(16)

The specific heat at constant volume, C y, and the one at constant pressure, C p.
would be given by

Cy=T ( -as)

-

aT

-(aE)
N. y -

aT

(17)
NY

and

Cp=T

-

as) - (a(E + PV») - (aH)
( -aT
N.PaT
N.P - -aT N.P

(18)

1.4. The classical ideal gas
To iIIust:
the approach developed in the preceding sections, we shall now
derive the various thermodynamic properties of a classical ideal gas composed
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of monatomic molecules. The main reason why \t
loose this highly specialized
system for consideration is that it affords an explicit, though asymptotic, evaluation
of the number Q(N, V, E). This example becomes all the more instructive when
we find that its study enables us, in a most straightforward manner, to identify the
Boltzmann constant k in terms of other physical constants; see eqn. (3). Moreover,
the behavior of this system serves as a useful reference with which the behavior
of other physical systems, especially real gases (with or without quantum effects),
can be compared. And, indeed, in the limit of high temperatures and low densities
the ideal-gas behavior becomes typical of most real systems.
Before undertaking a detailed study of this case it appears worth while to make
a remark which applies to all classical systems composed of lIoll-illleractillg particles, irrespective of the internal structure of the particles. This remark is related to
the explicit dependence of the number Q(N, V. E) on V and hence to the equation
of state of these systems. Now, if there do not exist any spatial correlations among
the particles, i.e. if the probability of anyone of them being found in a particular
region of the available space is completely independent of the location of the other
particles,9 then the total number of ways in which the N particles can be spatially
distributed in the system will be simply equal to the product of the numbers of
ways in which the individual particles can be accommodated in the same space
independently of one another. With Nand E fixed, each of these numbers will
be directly proportional to V, the volume of the container; accordingly, the total
number of ways will be directly proportional to the Nth power of V:
(1)

Combined with eqns (1.3.9) and (1.3.10), this gives

P =k(8InQ(N,E,V»)
=kN .
T
8V
NE
V

(2)

If the system contains n moles of the gas, then N = nNA • where N ... is the Avogadro
nllmber. Equation (2) then becomes
PV = nRT

(R = kNA ),

(3)

which is the famous ideal-gas law, R being the gas constant per mole. Thus, for
any classical system composed of non-interacting particles the ideal-gas law holds.
For deriving other thermodynamic properties of this system, we require a
detailed knowledge of the way Q depends on the parameters N, V and E. The
problem essentially reduces to determining the total number of ways in which
eqns (1.1.1) and (1.1.2) can be mutually satisfied. In other words, we have to
determine the total number of (independent) ways of satisfying the equation
(4)

where the Er are the energies associated with the various degrees of freedom of
the N particles. The reason why this number should depend upon the parameters
Nand E is quite obvious. Nevertheless, this number would also depend upon
the "spectrum of values" which the variables Er can assume; it is through this
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spectrum til
.le dependence on V comes in. Now, the energy eigenvalues for a
free, nOllrelativisitic particle confined to a cubical box of side L(V = L 3 ), under
the condition that the wave function 1/I(r) vanishes everywhere on the boundary,
are given by
2

E(n x ,lI y , nJ

h
2
2
= --., (lIx + 1I~
8mL-

+ 11 2. );

lIx,

J -

-

11,. . n. = 1,2,3, .. . ,

(5)

where h is Planck's constant and 111 the mass of the particle. The number of distinct
eigenfunctions (or microstates) for a particle of energy E would, therefore. be equal
to the number of independent, positive· integral solutions of the equation
.,
(II.;

.,

.,

+ 11; + n ~ ) =

8m V2/ 3E
h2
=

E*,

say.

(6)

We may denote this number by Q(1, E, V). Extending the argument it follows that
the desired number Q(N, E, V) would be equal to the number of independent,
positive· integral solutions of the equation

8 V 2/ 3 E

3,\

L

1Ir2

III

=

r=)

.,
h-

= E• ,

say.

(7)

An important result follows straightforwardly from eqn. (7), even before the
number Q(N, E, V) is explicitly evaluated. From the nature of the expression
appearing on the right·hand side of this equation we conclude that the volume V
and the energy E of the system enter into the expression for Q in the form of the
combination (V 2f3 E). Consequently,
SeN, V, E)

=SeN, V

23
/ E).

(8)

Hence, for the constancy of Sand N, which defines a reversible adiabatic process.
V2/3E = const.

(9)

Equation (1.3.11) then gives

p= -

(:~)N.S

2£
3 V'

(10)

that is, the pressure of a system of nonrelativistic, non-interacting particles is
precisely equal to two-thirds of its energy density. IO It should be noted here that.
since an explicit computation of the number Q has not yet been done, results (9)
and (10) hold for quanlllm as well as classical statistics; equally general is the
result obtained by combining these, viz.
PV5 / 3 = const.,

(11)

\\ hich tells us how P varies with V during a reversible adiabatic process.
We shall now attempt to evaluate the number Q. In this evaluation we shall
explicitly assume the particles to be distinguishable, so that if a particle in state i
gets interchanged with a particle in state j the resulting microstate is counted as
distinct. Consequently, the number Q(N, V . E), or belter Q .... (E*) {see eqn. (7)},
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is equal to the number of positive-integral lattice points lying on the surface of a
3N -dimensional sphere of radius ,JF." . i1 Clearly, this number will be an extremely
irregular function of E" . in thai for two given values of E* which may be very
close to one another the values of this number could be very different. In contrast,
the numher L,v(PL which denotes the number of positive-integral lattice points
lying on or within the surface of a 3N-dimensional sphere of radim; JE*, will
be much less irregular. In terms of our physical problem, this would correspond
to the number. L (N. V. E). of microstates of the given system consistem with all
macrostates characterized by the specified values of the parameters Nand l/ but
having energy less thall or equal to E. i.e.
E (N. V. El =

L

f/(N. V. E')

(12)

E '~ E

.'

or

r2.v(E ).

(13)

/:....' <£*

Of course, the number L will also be somewhat irregular; however. we expecl
that its a,;ymptotic behavior, as E'F ----+- x. would be a lot smoother than that of Q.
We shall see in the sequel that the thermodynamics of the system follows equally
well from the number L as from n.
'lb appreciate the point made here. let us digress a little to examine the behavior
of the numbers QI(F*) and 1:"1([""'), which correspond to the case of a single
particle confined to the given volume V. The exact values of these numbers. for
E' ~ 10000, can be eXlfact<d from" table compiled by Gupta (1947). The wild
irregularities of the number Q 1 (£'F) can hardly be missed. The number L t (£* ), on
the other hand. exhibits a much smoother asymptotic behavior. From the geometry
of the problem. we note that. asymptotically, L IC£*) should be equal to the volume
of an octant of a three-dimensional sphere of radius ,Je*, i.e.

.
I1m

r..-Jo X-

1:, (E*)

Crrj 6)e. 31-' = l.

(14)

A more detailed analysis shows (see Patluia. 1966) that. to the next approximation.
LIC£*)

~

rr
3rr
6 £*.' I'- - 8£*;

(15)

the correction term arises from the fact that the volume of an octant somewhat
overestimates the number of desired lattice points, for it includes, paltly though.
some points with one or more coordinates equal to zero. Figure 1.2 shows a
histogram of the actual values of LI(£*) for £* lying between 200 and 300; the
!heorelical estimale (15) is also shown. In Ihe figure, we have also included a
histogram of the actual values of the corresponding number of microstates, Li(E*),
when the quantum numbers n.r. n y and n: can assume the value zero as well, In
the latter case. the volume of an octant somewhat underestimates the number of
desired lattice points; we now have

r., (e·*) ~

rr 3/'-E*

6

+ -3rr
E' .
8

(16)
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FIG. 1.2. Histograms showing the actuaillumber of microstates available to ;) particle in
a cubical enclosure; the lower hislogrdm corresponds to Ih~ so-called Dirichlet boundary
conditions, while the upper one corresponds 10 the Neumann boondary conditions (see
Appendix A). TIll! corresponding Ih~orClical estimates, (15) and (16), are shU\\n by

dashed lines; the customary estimate, (14), is shown by a solid line.

r;

Asymptotically, however, the number
(E') also satisfies eqn. (14).
Returning to the N-particle problem, the number rN(C) should be asymptotically equal to the "volume" of the "positive compartment" of a 3N-dimensional
sphere of radius .J£'. Referring to eqn. (7) of Appendix C, we obtain

E
N

(E') "" _
( 1)3N {

2

Jl

3
,v/2

(3N 12)!

C

3N 2 }
/

which, on substitution for E". gives
E(N V E) ""
"

V)N (2rrmE)w/ 2
(11(3N 12)!
3

(17)

Taking logarithms and applying Slirling's formula (B.29),
In(II!) "" IIlnll

-II

(II» I),

(18)

we get

3
3"] + -N.
2

V 4'TIIIE . In E(N, V, E) "" N In 3' (
)
".
3N

[

(19)
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For deriving the thermodynamic propertie
the given system we must
somehow fix the precise value of, or limits for, the energy of the system. In view
of the extremely irregular nature of the function Q(N, V, E), the specification of a
precise value for the energy of the system cannot be justified on physical grounds,
for that would never yield well-behaved expressions for the thermodynamic
functions of the system. From a practical point of view, too, an absolutely isolated
system is too much of an idealization. In the real world, almost every system
has some contact with its surroundings, however little it may be; as a result, its
energy cannot be defined sharply.12 Of course, the effective width of the range
over which the energy may vary would, in general, be small in comparison with
the mean value of the energy. Let us specify this range by the limits (E - ~ t.)
and (E + ~t.) where, by assumption, t. «E; typically, t. / E = O(1/.jN). The
corresponding number of microstates, r(N, V, E; t.), is then given by

reN. V. E;

M::::

BE(N, V, E)
3N t.
BE
t. ~ 2 E E(N.

v. E)

(17a)

whence

In reN , V , E; t.)

~ Nln [/~ c;~Er/2] + ~N + {In C;) + In (~) }.

(l9a)
Now, for N
1, the first term in the curly bracket is negligible in comparison
with any of the terms outside this bracket, for lim (In N)/ N = O. Furthermore, for

»

N_oo

any reasonable value of t./ E, the same is true of the second term in this bracket. '3
Hence, for all practical purposes,
Inr~lnE~Nln

V (4mllE)3/2]

[ h3

3N

3
+"2 N .

(20)

Thus, we arrive at the baffling result that, for all practical purposes, the actual
width of the range allowed for the energy of the system does not make much
difference; the energy could lie between (E - ~ t.) and (E + ~ t.) or equally well
between 0 and E. The reason underlying this situation is that the rate at which
the number of microstates of the system increases with energy is so fantastic, see
eqn. (17), that even if we allow all values of energy between zero and a particular
value E it is only the " immediate neighborhood" of E that makes an overwhelmingly dominant contribution to this number! And since we are finally concerned
only with the logarithm of this number, even the "width" of that neighborhood is
inconsequential!
The stage is now set for deriving the thermodynamics of our system. First of
all, we have

3
S(N . V,E) = klnr=Nkln JV (4rr1llE)3/2 ] +-Nk
[
.
h·
3N
2
whence

2

E(S , V,N) =

3h N

4mnV

2/3 exp

( 2S

)
- k - 1 .
3N '

(22)
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The tempera _ of the gas then follows with the help of formula (1.3.10) or
(1.3.13), which leads to the energy- temperature relationship
E = N (~kT) =

11

(~RT) ,

(23)

where 11 is the number of moles of the gas. The specific heat at constant volume
now follows with the help of formula (1.3.17):

Cv

=

(aE)
= ~Nk = ~nR.
aT NY
2
2

(24)

For the equation of state, we obtain

P=-G~)N. s =~~,

(25)

which agrees with our earlier result (10). Combined with (23), the foregoing result
becomes
NkT
(26)
P = - - or PV = IIRT,
V
which is the same as (3). The specific heat at constant pressure is given by,
see (1.3.18),
5
(27)
Cp --nR,

_ (a(E+PV»)
aT

_

2

N .P

so that, for the ratio of the two specific heats, we have

y=Cp/Cv=~.

(.28)

Now, suppose that the gas undergoes an isothermal change of state (T = const.
and N = const.); then, according to (23), the total energy of the gas would remain
constant while, according to (26), its pressure would vary inversely with volume
(Boyle'S law). The change in the entropy of the gas, between the initial state i and
the final state f, would be, see eqn. (21),
(29)

On the other hand, if the gas undergoes a reversible adiabatic change of state
(S = const. and N = const.), then, according to (22) and (23), both E and T would
vary as V- 2 / 3 ; moreover, according to (25) or (26), P would vary as V- 5 f3 . These
results agree with the conventional thermodynamic ones, namely

PVY = const.

and

TVy- l = const.,

(30)

with y = ~. It may be noted that, thermodynamically, the change in E during
an adiabatic process arises solely from the external work done by the gas on the
surroundings or vice versa:
(dE)adiab

2£

= -PdV = -3V
- dV;

(31)

see eqns (1.3.4) and (25). The dependence of E on V follows readily from this
relationship.
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The considerations of this section have clearly demonstrated the manner in
which the thermodynamics of a macroscopic system can be derived from the
multiplicity of its microstates (as represented by the number Q or r or 2:). The
Whole problem then hinges on an asymptotic enumeration of these numbers which
unfortunately is tractable only in a few idealized cases, such as the one considered
in this section; see also Problems 1.7 and 1.8. Even in an idealized case like this,
there remains an inadequacy which could not be detected in the derivations made
so far; this relates to the explicit dependence of S on N . The discussion of the
next section is intended not only to bring out this inadequacy but also to provide
the necessary remedy for it.

1.5. The entropy of mixing and the Gibbs paradox
One thing we readily observe from expression (1.4.21) is that, contrary to what
is logically desired, the entropy of an ideal gas, as given hy this expression, is not
an extensive property of the system! That is. if we increase the size of the system
by a factor a , keeping the intensive variables unchanged,15 then the entropy of
the system, which should also increase by the same factor a, does not do so; the
presence of the In V term in the expression affects the result adversely. This in a
way means that the entropy of the system is different from the sum of the entropies
of its parts, which is absurd. A more common way of looking at this problem is
to consider the so-called Gibbs paradox.
Gibbs visualized the mixing of two ideal gases 1 and 2. both being initially at the
same temperature T; see Fig. 1.3. Clearly. the temperature of the mixture would
also be the same. Now. before the mixing took place, the respective entropies of
the two gases were, see eqns (1.4.21) and (1.4.23),

3
{ 1 + In
S; = N ;k In Vi -t- "2N;k

(2:mZ;
h kT)}
2

;

i = 1,2.

(1)

FIG. 1.3. The mixing together of two ideal gases 1 and 2.

After the mixing has taken place, the total entropy ""ould be

(2)
where V = V, + V2 . Thus, the net increase in the value of S. which may be called
the entropy of mixing, is given by

(6.S)=ST- ~
LS; =k [Vl+VZ
N,ln
+Nzln V,+V2] ;
~l
VI
V2

(3)
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the quantity llS is indeed positive. as it must be for an irreversible process like
mixing. Now, in the special ca.o;;e when the initial particle densities of the two
gases (and, hence, Ihe particle densily of Ihe mixlure) are also Ihe same, eqn. (3)
becomes
(4)

which is again positive.
So far, it seems all right. However, a paradoxical situation arises if we consider
the mixing of two samples of the same gas. Once again, the entropies of the
individual s.1mples will be given by (1); of course, now nIl = nl2 = m, say. And
the entropy after mixing will be given by
5 r = NklnV+ 3 Nk { 1+ln

Z

where N = N I

"'i

+ N2;

(2rrmkT)
}'
II'

(2a)

note that this expression is numerically the same as (2),

with
= m. Therefore, the entropy of mixing in this case will also be given by
expression (3) and, if NdV,
N,fV,
(N, + N,)/(V, + V, ), by expression
(4). The last conclusion, however, is unacceptable because the mixing of two
sample!) of the same gas, with a common initial temperature T and a common initial
particle density 1l, is clearly a reversible process, for we can simply reinsert the
partitioning wall into the system and obtain a situation which is in no way different
from the one we had before mixing. Of course, we tacitly imply that in dealing
with (a system of) identical particles we cannot track them down individually;
all we can reckon with is their numbers. When two dissimilar gases, even with a
common initial temperature and a common initial particle density, mixed together
the process was irreversible, for by reinserting the partitioning wall one would
obtain two samples of the mixture and not the two ga~es that were originally
present; to that case, expression (4) would indeed apply. However, in the present
case, the corresponding result should be

=

=

The foregoing res ult would also be oonsistent with the requirement that the entropy
of a given system be equal to the sum of the entropies of its parts. Of course,
we had already noticed that this is not ensured by expression (1.4.21). Thus, once
again we are led to believe that there is something basically wrong with that
expression.
To see how the above paradoxical situation can be avoided, we recall that, for
the entropy of mixing of two samples of the same gas, with a oommon T and a
common n, we were led to result (4), which can also be written as
(II.S>' = 5,. - (5,

+ 5,>", k[ln (N, + N,)!) -

In (N,!) - In (N,!)),

(4)

instead of the logical result (4a). A closer look al this expression shows that we
would indeed obtain the correct result if our original expression for S were dimin'(>c lerm, kin (N!), for Ihal would diminish 5, by kin (N,!), 5, by
ished by an
kln(N,!) ar". ~ r by kin (N, +N,)!), wilh Ihe re.ulllhal (11.5)' would lurn oul
to be zero instead of the expression appearing in (4). Clearly, this would amount
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to an ad hoc reduction of the statistical numbe~
and L by a factor N!. This is
precisely the remedy proposed by Gibbs to avoid the paradox in question.
If we agree to the foregoing suggestion, the modified expression for the entropy
of a classical ideal gas would be
S(N, V, E) = NUn -V3 (4rrmE)
[ Nil
3N
V)
= Nk In ( N

312] + 5- Nk
2

3 {5

+ 'iNk :3 + In

(1.4_2Ia)

(ZrrmkT)}
II'
'

(la)

which indeed is truly extensive! If we now mix two samples of the same gas at a
common initial temperature T, the entropy of mixing turns out to be
(L"S), ~,

= k [ (Nt

+ N 2)ln ( VI+V2)
Nt +N2

- N,ln (VI)
- N21n (V2)]
N,
N2

(3a)

and, if the initial particle densities of the samples were also equal, the result
would be
(4a)
It may be noted that for the mixing of two dissimilar gases, the original expressions
(3) and (4) would continue to hold even when (1.4.21) is replaced by (1.4_21a)-"
The paradox of Gibbs is thereby resolved.
Equation (Ja) is generally referred to as the Sackur- Tetrode equation. We reiterate the fact that, by this equation, the entropy of the system does indeed become
a truly extensive quantity. Thus, the very root of the trouble has been eliminated
by the recipe of Gibbs. We shall discuss the physical implications of this recipe
in Sec. 1.6; here, let us jot down SOme of its immediate consequences.
First of all, we note that the expression for the energy E of the gas, written as
a function of S, V and N, is also modified. We now have

3h'N'I3
E(S, V, N) = 4,,-mV 21J exp

(2S
5)
3Nk -:3 '

(1.4.220)

which, unlike its predecessor (1.4.22), makes energy too a truly extensive quantity. Of course, the thermodynamic results (1.4_23) through (1.4.31), derived in the
previous section, remain unchanged. However, there are some which were intentionally left out, for they would come out correct only from the modified expres.o;;ion
for SeN, V, E) or £(S, V, N)_ The most important of these is the chemical potential
of the gas, for which we obtain

I'

=

G~) v_s = E [3~ - 3~~k] -

(5)

In view of eqns (1.4.23) and (1.4_25), this becomes

I

G

1'= NIE+PV - TS] = N'

(6)
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where G is •..~ Gibbs free energy of the system. In terms of the variables N. V
and T, expression (5) lakes the form
/L(N, V, T)

= kTln

N (
-

{ V

/'
I

)3/2}

(7)

•

2rrmkT

Another quantity of importance is the Helmholtz free energy:

A = £ - TS

=G-

PV

= NkT

[

In

N
- ( ,,'
{ V 2mllJ..T

)3/'} ]

- 1 .

(8)

It will be noled that while A is an extensive property of the system. J.L is intensive.

1.6. The "corred" enumeration of the microstates
In the preceding section we saw that an ael hoc diminution in the entropy of an
N -particle system by an amount kin (N!), which implies an ad !zoe reduction in
the number of microstates accessible to the system by a factor (N!), was able to
correct the unphysical features of SOme of our former expressions. It is now natural
to ask: why, ill principle, should the number of microstates. computed in Sec. 1.4,
be reduced in this manner? The physical reason for doing so is that the particles
constituting the given system are not only identical but also indistinguishable;
accordingly, it is unphysical to label them liS No. 1, No.2, No.3, etc., and to
speak of their being individllally in the various single-particle states £j. All we
can sensibly speak of is their distribution over the states Ej by numbers, e.g. "(
particles being in the state fl. n2 in the state £2, and so on. Thus, the correct way
of specifying a microstate of the system is through the distribution numbers {lid ,
and not through the statement a<.; to "which particle is in which state". To elaborate
the point, we may say that if we consider two microstates which differ from one
another merely in an interchange of two particles in different energy states, then
according to our original mode of counting we would regard these microstates
as distinct; in view of the indistinguishability of the particles, however, these
microstates are not distinct (for. physically, there exists no way of distinguishing
between them).18
Now, the total number of permutations that can be effected among N particles,
distributed according to the set {nil, is

N!

(1)

where the flj must be consistent with the basic constraints (1.1.1) and (1.1.2).'9
If our particles were distinguishable, then all these pemlUtations would lead to
'''distinct'' microstates. However, in view of the indistinguishability of the particles. these permutations must be regarded as leading to one and the same thing;
consequently, for auy distribution set {nd, we have one, and only one, distinct
microstate. As a result, the total number of distinct microstates access ible to the
system, consistent with a given macrostate (N, V, E), would be severely cut down.
However, since factor (I) itself depends upon the numbers n, constituting a particular distribution set and for a given macrostate there will be many such sets, there

26

The Statistical Basis of Thermodynamics

is no straightforward way to "correct down" the number of microstates computed
on the basis of the classical concept of "distinguishability" of the particles.
The,recipe of Gibbs clearly amounts to disregarding the details of the numbers
nj and slashing the whole sequence of microstates by a common factor N!; this
is correct for situations in which all N particles happen to be in different energy
states but is certainly wrong for other situations. We must keep in mind that by
adopting this recipe we are still using a spurious weight factor,

w{n;} =

1
I

I

1I\.nz··· .

'

(2)

for the distribution set {n;} whereas in principle we should use a factor of Ilnity,
irrespective of the values of the numbers nj.zo Nonetheless, the recipe of Gibbs
does correct the situation in a gross manner, though in matters of detail it is still
inadequate. In fact, it is only by taking w{n;} to be equal to unity (or zero) that
we obtain true quantllm statistics!
We thus see that the recipe of Gibbs corrects the enumeration of the microstates,
as necessitated by the indistinguishability of the particles, only in a gross manner.
Numerically, this would approach closer and closer to reality as the probability
of the n ; being greater than 1 becomes less and less. This in turn happens when
the given system is at a sufficiently high temperature (so that many more energy
states become accessible) and has a sufficiently low density (so that there are
not as many particles to accommodate). It follows that the "corrected" classical
statistics represents truth more closely if the expectation values of the occupation
nllmbers 11; are much less than unity:
(n; )

«

1,

(3)

i.e. if the numbers 11 ; are generally 0, occasionally 1, and rarely greater than l.
Condition (3) in a way defines the classical limit. We must, however, remember
that it is because of the application of the correction factor 1/ N!, which replaces
(1) by (2), that our results agree with reality at least in the classical limit.
In Sec. 5.5 we shall demonstrate, in an independent manner, that the factor by
which the number of microstates, as computed for the "labeled" molecules. be
reduced so that the formalism of classical statistical mechanics becomes a true
limit of the formalism of quantum statistical mechanics is indeed N!.
Problems
1.1. (a) Show that, for two large systems in thermal contact, the number rl!O)(E!O), Ed of Sec. 1.2
can be expressed as a Gaussian in the variable E I . Determine the root-mean-square deviation of E) from the mean value "E:' in terms of ot~er quantities pertaining to the problem.
(b) Make an explicit evaluation of the root-mean-square deviation of EI in the special case
when the systems Al and A2 are ideal classical gases.
1.2. Assuming that the entrop) S and the statistical number rl of a physical system are related
through an arbitrary functional form
S = f(rl) ,
"

show that the additive character of S and the multiplicative character of rl necessarily require that
the function f(rl) be of the form (1.2.6).
1.3. Two systems A and B, of identical composition, are bn{
together and allowed to eXChange
both energy and particles, keeping volumes V A and VB cons) .... . Show that the minimum value of
the quantity (dEA /d NA) is given by
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where the /1. and the T are the respective chemical potentials and temperatures.
lAo In a classical gas of hard spheres (of diameter a), the spatial distribution of the particles is no
longer uncorrelated. Roughly speaking, the presence of n particles in the system leaves only a volume
(V - ',l'O) available for the (n + IJth particle; clearly, t"o would be proportional to a 3 • Assuming that
N,'o« V, determine the dependence of n(N, V, E) on V IcC. eqn. (1.4.1)1 and show that, as a result
of this, V in the gas law (1.4.3) gets replaced by (V - b), where b is four times the actual space
occupied by the particles.
1.5. Read Appendix A and establish formulae (1.4.15) and (1.4. 16). Estimate the importance of the
linear term in these formulae, relative to the main term (1f/6)E:·3;~ , for an oxygen molecule confined
to a cube of side 10 cm: take E: = 0.05 eV.
1.6. A cylindrical vessell m long and 0.1 m in diameter is filled with a monatomic gas at P = I atm
.tnd T = 300 K. The gas is heated by an electrical discharge, along the axis of the vessel, which releases
an energy of 1O~ joules. What will the temperature of the gas be immediately after the discharge?
1.7. Study the statistical mechanics of an extreme relativisitic gas characterized by the single-particle
energy states

instead of (1.4.5). along the lines follo\\ed in Sec. 1.4. Show that the ratio Cp l Cv in this case is 413.
instead of 5/3.
LIt Con~idcr a system of quasi-particles whose energy eigenvalues are given by
E:(n)

= nill';

n

= O. I. 2...

Obt.lin an asymptotic expression for the numher n of this system , for a gi\en number N of the quasip•• rticles and a given total energy E. Determine the temper.stll re T of the system as a function of EIN
and Ill', and examine the situation for which EI(Nhl')>> 1.
1.9. Making use of the fact that the entropy S(N. V, E) of a thermodynamic system is an extensive
quantity, show that

N

(-aNas)

V.E

+V

(as)
av

N.E

+E

(as)
aE

-s

V. I' -

.

Note that this result implies: (- N /1. + PV + E)IT = S, i.e. N /1. = E + PV - TS.
1.10. A mole of argon and a mole of helium are contained in vessels of equal volume. If argon is
at 300 K, what should the temperature of helium be so that the two have the same entropy?
1.11. Four moles of nitrogen and one mole of oxygen at P = 1 atm and T = 300 K are mixed
together to form air at the same pressure and temperature. Calculate the entropy of mixing pe r mole
of the air formed.
1.12. Show that the various expressions for the entropy of mixing. derived in Sec. 1.5, sati~fy the
following relations:
(a) For all Nt, V. , N 2 and V2.

the equality holding when and only when f', tiV. = N~ / V2.
(b) For a given value of (Nt + N2),

the equality holding when and only when N 1 = N2 .
1.13. If the two gases considered in the mixing process of Sec. 1.5 were initially at different
temperatures, say T I and T2 , what would the entropy of mixing be in that case? Would the contribution
arising from this cause depend on ""hether the two gases were different or identical ?
1.1·1. Show that for an ideal gas composed of monatomic molecules the entropy change, between
any two temperatures, when the pressure is kept constant is 5/3 times the corresponding entropy ch.mge
when the volume is kept constant. Verify this result flllmerically by calculating the actual values of
(ll.S)p and (ll.S)v per mole of an ideal gas whose temperature is raised from 300 K to 400 K.
1.15. We havr
' n that the P - V relationship during a reversible adiabatic process in an ideal gas
is governed by ,
Kponent y , such that

PV Y = const.
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Consider a mixture of two ideal gases, with mole fraction!
~nd f 2 and respective exponents
and n. Show that the effective exponent y for the mixture is given by

YI

_I_=~+~.
y-I
YI-l
n-1
1.16. Establish thermodynamically the formulae

V

(-aTap)

=S

and

V

I'

(ap)
=N.
all T

Express the pressure P of an ideal classical gas in terms of the variables J.l. and T. and verify the
above formulae .

Notes
I The third law, which is also known as Nemst's heat theorem, did not arrive until about 1906. For
a general discussion of this law, see Simon (1930) and Wilks (1961); these references also provide an
extensive bibliography on this subject.
2 It may be noted that the manner in which the Ci depend on V is itself determined by the nature
of the system. For instance. it is not the same for relativistic systems as it is for nonrelativistic ones;
compare, for instance, the cases dealt with in Sec. 1.4 and in Problem 1.7. We should also note that,
ill prillciple, the dependence of n on V arises from the fact that it is the physical dimensiolls of the
container that appear in the boundary conditions imposed on the wave functions of the system.
J It is obvious that the macrostate of the composite system A(0) has to be defined by two energies,
viz. EI and E2 (or else E(O) and Ed.
4 This result may be compared with the so-called "zeroth law of thermodynamics", which stipulates
the existence of a COml1l011 parameter T for two or more physical systems in mutual equilibrium.
5 We follow the notation wherehy eqn. (1.4.3) means eqn. (3) of Sec. 1.4. However, while referring
to an equation in the same section, we will omit the mention of the section number.
6 It may be noted that the same would be true for any two parts of a single thermodynamic system;
consequently, in equilibrium, the parameters T, P and J.l. would be constant throughout the system.
7 In writing these formulae, we have made use of the well-known relationship in partial differential
calculus, namely that "if three variables x, y and z are mutually related, then

( ayax) (ay)
az (a~)
ax
l

x

y

"

= -1 .

8 The relation E - TS + PV = IlN follows directly from (4). For this, all we have to do is to
regard the given system as having grown to its present size in a gradual manner, such that the intensive
parameters, T, P and Il stayed constant throughout the process while the extensive parameters N, V
and E (and hence S) grew proportiollately with one another.
9 This will be true if (i) the mutual interactions among particles are negligible. and (ii) the wave
packets of individual particles do not significantly overlap (or, in other words, the quantum effects are
also negligible).
10 Combining (10) with (2), we obtain for the classical ideal gas: E = ~NkT. Accordingly,
eqn. (9) reduces to the well-known thermodynamic relationship: Vy-l T = const.. which holds during
a rel'ersible adiabatic process, with Y = ~ .
II If the particles are regarded as illdistillguishable, the evaluation of the number n by counting
lattice points becomes quite intricate. The problem is then solved by having recourse to the theory of
"partitions of numbers"; see Auluck and Kothari (1946, 1947).
12 Actually, the very act of making measurements on a system brings about. inevitably, a contact
between the system and the surroundings.
13 It should be clear that while III E is much less than 1, it must not tend to 0, for that would make
r -> 0 and In r -> -00. A situation of that kind would be too artificial and would have nothing to
do with reality. Actually. in most physical systems, ll lE = O(N- t / 2 ) whereby In (llIE) becomes of
order In N , which again is negligible in comparison with the terms outside the curly bracket.
U Henceforth, we shall replace the sign "". which characterizes the asymptotic character of a
relationship. by the sign of equality because for most physical systems the asymptotic results are as
good as exact.

Norcs

29

IS This me..
n increase of the parameters N, V and E to aN, aV and aE. so that the energy
per particle and the volume per particle remain unchanged.
16 In view of this. we fear that expression (3) may also be inapplicable 10 this casco
t7 Because, in thi~ case, the entropy ST of the mixture would be diminished by kln(Nl!N2!).
rather than hy kln((NI + N2)!I·
18 Of course. if an interchange look place among particles in the SCimc energy slale, lhen even our
original mode of counting did not regard the two microstates as distinct.
19 The prescnce of the factors (n;!) in the denominator is related to the comment made in the
pra:eding note.
20 Or a factor of zero if the distribution set (II i ) is di....allowcd on certain physical grounds. such as
the Pauli exdusion principle.

CHAPTER 2

ELEMENTS OF ENSEMBLE THEORY

preceding chapter we noted that, for a given macrostate (N, V , E), a statistical system, at any time t, is equa\1y likely to be in anyone of an extremely large
number of distinct microstates. As time passes, the system continually switches
from one microstate to another, with the result that , over a reasonable span of
time, all one observes is a behavior "averaged" over the variety of microstates
through which the system passes. It may, therefore, make sense if we consider,
at a single instant of time, a rather large number of systems - all being some
sort of "mental copies" of the given system - which are characterized by the
same macrostate as the original system but are, naturally enough, in all sorts
of possible microstates. Then, under ordinary circumstances. we may expect that
the average behavior of any system in this collection, which we call an ellsemble,
would be identical with the time-averaged behavior of the given system. It is on
the basis of this expectation that we proceed to develop the so-called ensemble
theory.
For classical systems, the most appropriate workshop for developing the desired
formalism is the phase space. Accordingly, we begin our study of the varIOUS
ensembles with an analysis of the basic features of this space.
IN THE

2.1. Phase space of a classical system
The microstate of a given classical system, at any time t , may be defined by
specifying the instantalleolls positions and momenta of all the particles constituting
the system. Thu!>, if N is the number of particles in the system, the definition of a
microstate requires the specification of 3N position coordinates ql, q2, .. . , q3N and
3N momentum coordinates Pl. Pz . ... . P3N . Geometrically, the set of coordinates
(£Ii , Pi), where i = l , 2 . . . . , 3N, may be regarded as a point in a space of 6N
dimensions. We refer to this space as the phase space, and the phase point (qi, Pi)
as a representative point, of the given system.
Of course, the coordinates qi and Pi are functions of the time t; the precise
manner in which they vary with t is determined by the canonical equations of
motion,
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aH(qi, Pi)

qi

api
aH(qi . P,)

P,

i = 1,2 .... , 3N,

(1)

aqi

where H(q,. Pi) is the Hamiltollia1l of the system. Now, as time passes, the set
of coordinates (qi, Pi), which also defines the microstate of the system, undergoes
a continual change. Correspondingly, our representative point in the phase space
carves out a trajectory whose direction, at any time t , is determined by the velocity
rector v = (qi, Pi), which in turn is given by the equations of motion (1). It is not
difficult to see that the trajectory of the representative point must remain within
a limited region of the phase space; this is so because a finite volume V directly
limits the values of the coordinates qi, while a finite energy E limits the values of
both the qi and the Pi [through the Hamiltonian H(qi. Pi)]' In particular, if the total
energy of the system is known to have a precise value, say E . the corresponding
trajectory will be restricted to the "hypersurface"
H(qi. Pi ) = E

(2)

of the phase space; on the other hand, if the total energy may lie anywhere in
the range (E - 4 ~ . E + ~) , the corresponding trajectory will be restricted to the
"hypershell" defined by these limits.
Now, if we consider an ensemble of systems (i.e. the given system, along with
a large number of mental copies of it) then, at any time t, the various memhers of
the ensemble will be in all sorts of possible microstates; indeed, each one of these
microstates must be consistent with the given macrostate which is supposed to he
common to all members of the ensemble. In the phase space, the corresponding
picture will consist of a swarm of representative points, One for each member of the
ensemble, all lying within the "allowed" region of this space. As time passes, every
member of the ensemble undergoes a continual change of microstates; correspondingly, the representative points constituting the swarm continually move along
their respective trajectories. The overall picture of this movement possesses some
important features which are best illustrated in terms of what we call a density
fUllction p(q. p; t). This function is such that, at any time t, the number of representative points in the "volume element" (d 3Nq d 3Np) around the pOint (q. p) of
the phase space is given by the product p (q. p;t)d 3Nqd wp.l Clearly, the density
function p(q. p ; t) symbolizes the manner in which the members of the ensemble
are distributed over all possible microstates at different instants of time. Accordingly, the emembie m'erage (f) of a given physical quantity f(q . p), which may
be different for systems in different microstates, would be given by

!

(f)

=I

f(q, p)p(q , p;t)d3Nq d 3Np
p(q, p; t) d JNq d 3Np

I

(3)

The integratir
in (3) extend over the whole of the phase space; however, it is
only the popL ~d regions of the phase space (p i= 0) that really contribute. We
note that, in general, the ensemble average (f ) may itself be a function of time.

32

Elements of Ensemble Theory

An ensemble is said to be slOlionary if p ttt

.01 depend explicitly on time,

i.e. at all times

ap =0.

(4 )

at

Clearly, for such an ensemble the average value (f) of any physical quantity
f(q. p) will be independent of time. Naturally, a stationary ensemble qualifies to
represent a system in equilibrium. To determine the circumstances under which
eqn. (4) may hold. we have to make a rather detailed study of the movement of
the representative points in the phase space.
•

2.2. Liouville's theorem and its consequences
Con.."idcr an arhitrary "volume" w in the relevant region of the phase space and
leI the "surface" enclosing this volume be denoted by 0'; sec Fig. 2.1. Then. Ihe
rate at which the number of representative points in this volume increases with
lime is writlen as

:, J

(I)

pdw.

w

v

fiG. 2. L The "hydrodynamic.o;" of the representative points in lhe phase space.

where dw == (d 3Nq d 3Np), On the other h.lIld, the lIet rale at which the representative points "flow" out of w (across the bounding surface u) is given by

f

p(v· ;;) do;

(2)

o

here, v is the velocity vector of the representative points in the region of the
surface element du while Ii is the (outward) unit vector normal to this clement.
By the divergence theorem, (2) can be wrillen as

f div(pv)l/w;

(3)

w

of course, the operation

of divergence

div(pv) ""

here means the following:

a }.
L3N{a"0.(piz,) + a-:(pP')
P,
j .,-, I

ut/l

(4 )
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In view of
fact that there are no "sources" or "sinks" in the phase space and
hence the total number of representative points remains conserved, 2 we have, by
(1) and (3),

!J

pdw = -

div(pv)dw,

(5)

= O.

(6)

w

w

that is,

J

J{~ +

div(pv) } dw

w

Now, the necessary and sufficient condition that integral (6) vanish for all arbitrary
volumes w is that the integrand itself vanish everywhere in the relevant region of
the phase space. Thus, we must have

ap
at

.

- + dlv(pv) =

(7)

0,

which is the equatioll of cOlllilillity for the swarm of the representative points.
Combining (4) and (7), we obtain

W(a-qi + -ap i) + P L3N(a·- + -a ' ) = o.
-aat + L
.
aqi
api
.
aqi
api
p

p .

qi

p .

,=1

Pi

(8)

,= 1

The last group of terms vanishes identically because, by the equations of motion,
we have, for all i,

a"2H(qi, Pj)

-

a2 H(qi, Pi)

api
api

(9)

Further, since p = p(q,. Pi; t), the remaining terms in (8) may be combined to
form the "total" time derivative of p, with the result that
dp

ap

- = dt
at

+ [Po H]

= O.

Equation (lO) embodies the so-called Liol/ville's theorem (1838). According to this
theorem, the "local" density of the representative points, as viewed by all observer
1II00'illg with a represell/ath'e poill/, stays constant in time. Thus, the swarm of the
representative points moves in the phase space in essentially the same manner as
an incompressible fluid moves in the physical space!
A distinction must be made, however, between eqn. (10) on one hand and
eqn. (2.1.4) on the other. While the former derives from the basic mechanics of
the particles and is therefore quite generally true, the latter is only a requirement
for equilibrium which, in a given case, mayor may not be satisfied. The condition
that ensures simultaneous validity of the two equations is clearly

[p, H]

=

L3N(a/q, q, + /a)
.Pi = O.
p,

(11)

i=1

Now, one possible way of satisfying (11) is to assume that p, which is already
assumed to have no explicit dependence on time, is indepelldelll of the coordinates
(q. p) as well, i.e.
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(12)

p(q, p) = cons!.

over the relevant region of the phase space (and, of course, is zero everywhere
else). Physically, this choice corresponds to an ensemble of systems which at
all times are uniformly distributed over all possible microstates. The ensemble
average (2.1.3) then reduces to

=

(f)

.!.[
f(q. p)dw;
w.
w

(13)

•

here, w denotes the total "volume" of the relevant region of the phase space.
Clearly, in this case, any member of the ensemble is equally likely to be in allY
one of the various possible microstates, inasmuch as any representative point in
the swarm is equally likely to be in the neighborhood of allY phase point in the
allowed region of the phase space. This statement is usually referred to as the
postulate of "equal a priori probabilities" for the various possible microstates (or
for the various volume elements in the allowed region of the phase space); the
resulting ensemble is referred to as the microcallollical ellsemble.
A more general way of satisfying (11) is to assume that the dependence of p on
(q , p) comes only through an explicit dependence on the Hamiltonian H(q. p), i.e.
p(q, p)

= p[H(q, p)];

(14)

condition (11) is then identically satisfied. Equation (14) provides a class of density
functions for which the corresponding ensemble is stationary. In Chap. 3 we shall
see that the most natural choice in this class of ensembles is the one for which
p(q, p) ex: exp[-H(q. p)jkT].

(15)

The ensemble so defined is referred to as the callollical ellsemble.

2.3. The microcanonical ensemble
In this ensemble the macrostate of a system is defined by the number
of molecules N, the volume V and the energy E. However, in view of the
considerations expressed in Sec. 1.4, we may prefer to specify a range of energy
values, say from (E - 4t.) to (E + 4t.), rather than a sharply defined value
E. With the macrostate specified, a choice still remains for the systems of the
ensemble to be in allY aile of a large number of possible microstates. In the phase
space, correspondingly, the representative points of the ensemble have a choice to
lie allywhere within a "hypershelr' defined by the condition

(E - ~t.)

< H(q. p) ~

(E + ~t.) .

(1)

The volume of the phase space enclosed within this shell is given by

,
'w=

J dw = J'(d 3Nq d 3Np),

(2)

where the primed integration extends only over th;J' .... 1.rt of the phase space which
conforms to condition (1). It is clear that w will i
function of the parameters
N, V, E and t..

The Ivlicrocanonical Ensemble
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Now, the rnicrocanonical ensemble is a collection of systems for which the
density function p is. at all times, given by
p(q. p)

= cons!.

o

if (E - ~L'.) < H(q. p):5. (E
otherwise

+ ~L\)} .

(3)

Accordingly. the expectation value of the number of representative points lying in
a volume elemenl dw of Ihe relevanl hypershell is simply proporlional 10 dw. In
other words, the a priori probability of finding a representative point in a given
volume element dw is the same as that of finding a representative point in an
equivalent volume element Ow locateo anywhere in the hypershell. In Our original
parlance. Ihis means an equal n priori probability for a given member of the
ensemble: to be in an)' Olle of the various possible microstates. In vic\\ of these
considerations, the ensemble average (f), as given by eqn. (2.2.13), acquires a
simple physical meaning. To see this, we proceed as follows.
Since the ensemble under study is a stationary one, the ensemble a\ erage of
any physical quantity f will be indepcndenr of time; accordingly, taking a lime
average thereof will not produce any new result. Thus

(f)

=

Ihe ensemhle a\'erage of

J

= the time average of (the ensemble average of f).
Now, tht: processes of time averJging and ensemble averaging arc completely
independent, sO the order in which they are performed may be reversed \\ ithoul
causing any change in the value of (f). Thus
(f) = Ihe ensemble average of (the lime average of f) .

Now, the time average of any physical quantity, taken over a sufficiently long
interval of time, must be the same for el-'el}, member of the ensemble, for after all
we are dealing with only melltal copies of a given system:l Therefore, taking an
ensemble average thereof should be inconsequential, and we may write

( f) = Ihe long-lime average of

J.

where the latter may be taken over all)' member of the ensemble. Furthermore, the:
long-time average of a physical quantity is all one obtains by making a measurement of thai quantity on the given system; therefore, it may be identified with the
value one expects to obtain through experimenl. Thus, we finally have

(f) = J"p '

(4 )

This brings us to the most im(X>rtanr result: the ellsemble al-'erage of all)' physical
qllamily f is idelllical wilh Iile value olle expects to oblain on making all flpproprime measureltlelll on the given .l),stem,

The next thing we look for is the establishment of a connection between the
mechanics of the microcanonical ensemble and the thermodynamics of the member
systems. To do this, we ooserve that there exists a direct correspondence between
the various' . 'rostates of the given system and the various locations in the phase
space. The
Jrne w (of Ihe allowed region of the phase space) is, therefore, a
direct measure of the multiplicity r of the microstates accessible In the s) stem.
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To establish a numerical currespondence between ltJ and r. we need to discover a
fundamental volume ltJ() which could be rcgank:d as "equivalent to one microstatc".
Once this is done, we may say that, asymptotically,

r

= wl Wo .

(5)

The thermodynamics of the system would then follow in the same way as
Sees 1.2- 1.4, viz. through the relationship
S = kIn r = kIn (wlWo) ,

etc.

In

(6)

The basic problem then consists in determining ltJ(), From dimensional considerdlions. sec (2), WI) must be in the nature of an "angular momentum raised 10
the power 3N", To determine it exactly, we consider certain simplified system!>!_
both from the point of view of the phase space and from the point of view of the
distribution of quantum states.
2.4. Examples

We consider, first of all, the problem of a classical ideal gas composed of
monatomic particles; see Sec. 1.4. In the microcanonical ensemble, the volume (V
of the phase space accessible to the representative points of the (member) systems
is given by
,
(I)
w = J . . . J(,,3-'q d 3Np) ,
where the integrations are restricted by the conditions that (i) the particles of the
system are confined in physical space to volume V, and (ii) the total energy of the
system lies between the limits (£ - !D.) and (£ + ~D.). Since the Hamiltonian in
this case is a funclion of the Pi alone, integrdtions over the qi can be carried out
straightforwardly; these give a factor of VN. The remaining integral is

J ...J

dlNp =

(E-![)')~! (J?I2m)~ (E+~Ll)

J ...J

d 3Ny.

2m(E-!Ll ) Sj~1 Y;S2m(E+!6)

which is equal to the volume of a 3N-dimensional hypershell, bounded by hyperspheres of radij
V l2m(E + ~ D.)l
For D.

and

V l2m(£ -

~D.)].

« E,

this is given by the thickness of the shell. which is almost equal t
D.(mI2£)l/2, multiplied by the surface area of a 3N-dimensional hypersphere
radius J(2m£). By eqn. (7) of Appendix C, we obtain for this integral

m)1/2{ l(3NI2"2)-ll!(2m£)(IN- ll/ 2} ,
D. (ZE
3/'.'/ 2

whence

D.
(21rmE)3N /2
W:::::: - V N
,
£
[(3N 12) - Il!

(2

· 2.4]
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Comparing (2) with (1.4.17, 17a), we obtain the desired correspondence, viz.
(wjr)as,mp

=

Wo

3N

= h

;

~e

also Problem 2.9. Quite generally, if the system under study has
0f freedom, the desired conversion factor is

~

I - degrees
(3)

In the case of a single particle, . 1- = 3; accordingly, the number of microstates
lvailable would asymptotically be equal to the volume of the allowed region of the
chase space divided by h 3 • Let E(P) denote the number of microstates available
10 a free particle confined to volume V of the physical space, its momentum p
being less than or equal to a specified value P. Then
1
E{P) ~
~ 3"

f f
...

h.

.

V4;rP 3 ,
(d 3q d 3p ) -_ 3"
h

3

(4)

p:o.P

whence we obtain for the number of microstates with momentum lying between
p andp+dp
g(p)dp =

dEep)
V
1
dp dp;:,,; h34:n: p - dp.

(5)

Expressed in terms of the particle energy, these expressions assume the form

and
a(s)ds =

V 4:n:
E(E);:,,; --(2mE )3/2
h3 3

(6)

dEft: )
V
f
ds dt:;:,,; h 32:n:(2m)3 f 2 s 1/ 2 dt:.

(7)

The next case we shall consider here is that of a one-dimensional simple
hormonic oscillator. The classical expression for the Hamiltonian of this system is
H(q, p) =

1

1

2

1

"2 kq + 2m P-,

(8)

v. here k is the spring constant and m the mass of the oscillating particle. The space

coordinate q and the momentum coordinate p of the system are given by
q

=A

cos (wt

+ ¢) ,

p

= mq = -mwA sin (wt + ¢),

(9)

-\ being the amplitude and w the (angular) frequency of vibration:
w = V(kj m).

(10)

The energy of the oscillator is a constant of the motion, and is given by
E = !mw2A 2.

(11)

The phase-space trajectory of the representative point (q, p) of this system is
determined by eliminating t between expressions (9) for q(t) and p(t); we obtain

q2
--:-::-=:-=---;;-:-

(2Ejmw 2 )

+

p2
(2mE)

= 1,

(12)
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which is an ellipse, with axes proportional to ,JE and hence area proportional
to E; to be precise, the area of this ellipse is 2;rE/w. Now. if we restrict the
oscillator energy to the interval (E - ~ t!... E + ~ t!..), its representative point in
the phase space will be confined to the region bounded by elliptiC"dl trajectories
corresponding to the energy values (E + ~t!..) and (E - ~t!..). The "volume" (in
this case, the area) of this region will be -

J... J

(dqdp) =

2rr

(E + ~t!..)
w

-

2rr

(E -

4t!..)

2;rt!..

w

w
(13)

According to quantum mechanics, the energy eigenvalues of the harmonic oscillator are given by
(14)
En = (n + hw; n = O. 1, 2, ...

D

In terms of phase space, one could say that the representative point of the system
must move along one of the "chosen" trajectories, as shown in Fig. 2.2; the area
of the phase space between two consecutive trajectories, for which t!.. = hw, is
simply 21Th. 5 For arbitrary values of E and t!.., such that E » t!.. » hw, the number
of eigenstates within the allowed energy interval is very nearly equal to t!.. / hw.
Hence, the area of the phase space equivalent to one eigenstate is, asymptotically,
given by
Wo = (2rrf..jw)/(t!../hw) = 2ir11 = h.
tIS)

p

~_+-_.:.:.n=1
Po

FIG. 2.2. Eigenstates of a linear hannonic oscillator, in relation to its phase space.

If, on the other hand. we consider a system of N harmonic oscillators along the
same lines as above, we arrive at the result: Wo = Ii" (see Problem 2.7). Thus, our
findings in these cases are consistent with our earlier result (3).

Quantum States and the Phase Space
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2.5. Quantum states and the phase space
At this stage we would like to say a few words on the central role played
here by the Planck constant h. The best way to appreciate this role is to recaIl the
implications of the Heisenberg uncertainty principle, according to which we cannol
specify simultaneously both the position and the momentum of a particle exactly.
An element of uncertainty is inherently present and can be expressed as follows:
assuming that all conceivable uncertainties of measurement are eliminated, even
then, by the very nature of things, the product of the uncertainties !J.q and !J. p in
the simultaneolls measurement of the canonically conjugate coordinates q and p
would be of order h:
(1)
Thus, it is impossible to define the position of a representative point in the phase
space of the given system more accurately than is allowed by condition (1). In
Olher words, around any point (q , p) in Ihe (tWO-dimensional) phase space, there
exists an area of order 1z within which the position of the representative point
cannot be pin-pointed. In a phase space of 2 . I ' dimensions, the corresponding
"volume of uncertainty" around any point would be of order Tz 1 • Therefore, it
seems reasonable to regard the phase space as made up of elementary cells, of
volume ~ Fr · I' , and to consider the various positions within such a cell as nondistinct. These cells could then be put into one-to-one correspondence with the
quantum-mechanical states of the system.
It is, however, obvious that considerations of uncertainty alone cannot give us
the exact value of the conversion factor wo oThis could only be done by an aclllal
counting of microstates on one hand and a computation of volume of the relevant
region of the phase space on the other, as was done in the examples of the previous
section. Clearly, a procedure along these lines could not be possible until after the
work of Schr6dinger and others. Historically, however, the first to establish the
result (2.4.3) was Tetrode (1912) who, in his well-known work on the chemical
constant and the entropy of a monatomic gas, assumed that

wo =

(zh) ' "

(2)

where z was supposed to be an unknown numerical factor. Comparing theoretical
results with the experimental data on mercury, Tetrode found that z was very
nearly equal to unity; from this he concluded that "it seems rather plausible that
l is exactly equal to unity, as has already been taken by O. Sackur (1911)'".6
In the extreme relativistic limit, the same result was established by Bose (1924).
In his famous treatment of the photon gas, Bose made use of Einstein's relationship
between the momentum of a photon and the frequency of the associated vibration,
namely
hv
p= - ,
(3)
c
and observed thaI, for a photon confined to a three-dimensional cavity of volume
V, the relev(l '" "volume" of the phase space,

,
J(d 3q dp)

=

V4rrp2 dp

= V(4rr/h·2 /2) d v.

(4)
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would correspond exactly to the Rayleigh expres
V(4rrv2 /c 3 )dv.

(5)

for the number of normal modes of a radiation oscillator, provided that we divide
phase space into elementary cells of volume h3 and put these cells into one-to-one
correspondence with the vibrational modes of Rayleigh. It may, however, be added
that a two-fold multiplicity of these states (g = 2) arises from the spin orientations
of the photon (or from the states of pOlarization of tlie vibrational modes); this
requires a multiplication of both expressions (4) and (5) by a factor of 2, leaving
the conversion factor h3 unchanged.
Problems
2.1. Show that the volume element
3N

dw =

IT (dqi dpi)
;=:l

of the ph,lse sp~ce rem~ins illmrimlt under a canonical transformation of the (generalized) coordinates
(q. p) to any other set of (generalized) coordinates (Q , P).
(I/illl: Before considering the most general Iransformation of thi~ kind, which is referred to as a
colllaci transformation, it mdY be helpful to consider a poilll transformdtion-one in which the new
coordinates Qi and the old coordinates qi transform only among themselves.]
2.2. (a) Verify etplicilly the invariance of the volume element dw of the phase space of a single
particle under transformation from the Cartesian coordinates (x, y, z, Px, p ", pz) to the
spherical polar coordinates (r, 0, ¢, pr , Po, P4» '
(b) The foregoing result seems to contradict the intuitive notion of "equal weights for equal
solid angles", because the factor sinO is invisible in the expression for dw. Show that if we
average out any physical quantity, whose dependence on Po and P4> comes only through
the kinetic energy of the particle, then as a result of integration over these variables we do
indeed recover the factor sinO to appear with the sub-element (dOd¢).
2.3. Starting with the line of zero energy and working in the (two-dimensional) phase space of a
classical rotator, draw lines of constant energy which divide phase space into cells of "volume" h.
Calculate the energies of these states and compare them with the energy eigenvalues of the corresponding quantum-mechanical rotator.
2.4. By evaluating the " volume" of the relevant region of its phase space, show that the number of
microstates available to a rigid rOlalor with angular momentum:"': M is (M / h)2. Hence determine the
number of microslales that may be associated with the quantized angular momentum M j = J(jU +

!.

.....

l)}h , where j = 0. 1. 2, . .. or
~. ~
Interpret the result physically.
(Hillt: It simplifies to consider motion in the variables 0 and 'P, with M2 = p~ + (p4>/ sinO)2.]
2.5. Consider a particle of energy E moving in a one-dimensional potential well V(q), such that

Show that the allowed values of the momentum p of the particle are such that

where II is an integer.
2.6. The generalized coordinates of a simple pendulum are the angular displacement 0 and the
angUlar momentum ml ~iJ. Study, bOth mathematically and graphically, the nature of the corresponding
trajectories in the phase space of the syslem, and show thaI the area A enclosed by a trajectory is
equal to the product of the total energy E and the lime period r of the pendulum.
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2.7. Deriv(
to asymptotic expression for the number of ways in which a given energy E can
be distributed among a set of N one-dimensional harmonic oscillators, the energy eigenvalues of the
oscillators being (1/ + )hw; II = O. 1, 2, ... , and (ii) the corresponding expression for the " volume"
of the relevant region of the phase space of this system. Establish the correspondence between the
tWO results, showing that the conversion factor W() is precisely hN .
2.8. Following the method of Appendix C, replacing eqn. (C.4) by the integral

!

show that

N

V3N

=

J.. .J IT (.br; dri) = (8nR

3}N 1(3N)! .

\
;=1
O~ L r;~R
.:: 1

U,ing this result, compute the .. , olume" of the relevant region of the phase space of an extreme
[cl.ltivistic gas (t: = pc) of N particles moving in three dimensions. Hence. derive expressions for the
various thermodynamic properties of this system and compare your results with those of Problem 1.7.
2.9. (a) Solve the integral

J... J (dxl '"

dXJ,v )

3\

O:(E

Ix,I~ R

.- 1

and use it to determine the "volume" of the relevant region of the phase space qf an
extreme relativistic gas (t: = pc ) of 3N particles moving in one dimension. Determ ine, JS
well , the number of \\ a ~s of distri buting a given energy E among this system of particles
and show that, asymptotically, wo = hW.
(b) Compare the thermodynamics of this system with that of the syslem considered in
Problem 2.8.

Notes
I

Note that (q . P) is a further abbreviation of (qi. Pi ) : (q t . ...• q3.v. P l . .... P3v)·

2 This means that in the ensemble under consideration neither are any new members being admitted

nor are any old ones being expelled.
3 We recall that the Poissoll bracket [PoH 1stands for the sum
3.\'

~
~

(iJ P

iJH
iJqi BPi

iJp iJH)
BPi iJqi .

;= 1

which is identical with the group of terms in the middle of (8).
4 To provide a rigorous justificalion for this assertion is not trivial. One can readily see that if, for
any particular member of the ensemble, the quantity f is averaged only over a short span of time,
the result is bound to depend upon the relevant " subset of microstales" through which the system
p,lsses during that time. In the phase space, this will mean an averaging over only a "p,lft of the
allowed region". However, if we employ instead a sufficiently long interval of time, the system ma~
be expected to pass through almost all possible microstates " without fear or favor"; consequently, the
result of thc averaging process wou ld depend only upon the macrostate of the system, and not upon
a subset of microstates. Correspondingly, the averaging in the phase spaee would go over practically
all paris of the allowed region, again " without fear or favor". In other words, the representative point
of our system will have traversed each and every part of the allowed region almost uniformly. This
statement embodies the so-called ergodic theorem or ergodic hypothesis. which was first introduced
by Boltzmann (1871). According to this hypothesis, the trajectory of a representative point passes, in
the course of time, through each alld ever)' point of the relevant region of the phase space. A little
reflection, however, shows that the statement as such requires a qualification; we bettcr replace it
by the so-called quasi-ergodic hypothesis, according to \\ hich the trajectory of a representative point
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traverses, in the course of time, any neighborhood of any poillt of the relevant region. For further
details, sec Icr Hasr (1954. 1955), Farquhar (1964).
Now, when we consider an ensemble of systems, the foregoing statement should hold for every
member of Ihe ensemble; thus. irrespeclive of the inilial (lind filial) slates of Iht: various systems, Ihe
long-lime average of any physical quantity f should be the same for evcry member system.
S Strictly speaking, the very concept of phase space is invalid in quantum mechanics because the~
it is wrong, in principle, 10 assign to a particle the coordinates q and p simultaneously. Ncverthdcss,
the ideas disc.:ussed here 3re tenable in Ihe correspondence limit.
6 For a more satisfactcry proo£, sec Sec. 5.5, especially eqn. (5.5.22).

•

CHAPTER 3

THE CANONICAL ENSEMBLE

IN THE preceding chapter we established the basis of ensemhle theory and made

a somewhat detailed study of the microcanonical ensemble. In that ensemble the
macrostate of the systems was defined through a fixed number of particles N,
11 fixed volume V and a fixed energy E [or, preferably, a fixed energy range
(£ t" E + t,)]. The basic problem then consisted in determining the numher
0.(N, V, E), or f(N , V, E; t,), of distincr microstates accessible to the system.
From the asymptotic expressions of these numbers, complete thermodynamics
of the system could be derived in a straightforward manner. However, for most
physical systems, the mathematical problem of determining these numbers is quite
formidable. For this reason alone, a search for an alternative approach within the
framework of the ensemble theory seems necessary.
Physically, too, the concept of a fixed energy (or even an energy range) for a
system belonging to the real world does not appear satisfactory. For one thing.
the total energy £ of a system is hardly ever measured; for another, it is hardly
possible to keep its value under strict physical control. A far better alternative
appears to be to speak of a fixed temperature T of the system-a parameter which
is not only directly observable (by placing a '·thermometer" in contact with the
system) but also controllable (by keeping the system in contact with an appropriate
"heat reservoir"). For most purposes, the precise nature of the reservoir is not very
relevant; all one needs is that it should have an infinitely large heat capacity, so
that, irrespective of energy exchange between the system and the reservoir, an
overall constant temperature can be maintained. Now, if the reservoir consists of
an infinitely large number of mental copies of the given system we have once
again an ensemble of systems - this time, however, it is an ensemble in which the
macrostate of the systems is defined through the parameters N, V and T. Such an
ensemble is referred to as a canonical ensemble.
In the canonical ensemble, the energy E of a system is variable; in principle, it
can take values anywhere between zero and infinity. The question then arises: what
is the probability that, at any time r, a system in the ensemble is found to be in one
of the states characterized by the energy value Er?1 We denote this probability
by the symbol Pr o Clearly, there are two ways in which the dependence of P r
on Er can be ,-l"lermined. One consists in regarding the system as in equilibrium
with a heat rc
oir at a common temperature T and studying the statistics of the
energy exchange between the two. The other consists in regarding the system as a

4

4
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member of a canonical ensemble (N, V, T), in \\
an energy E is being shared
by _ I ' identical systems constituting the ensemble, and studying the statistics of
this sharing process. We expect that in the thermodynamic limit the final result in
either case would be the same. Once P r is determined, the rest follows without
difficulty.

3.1. Equilibrium between a system and a heat reservoir
We consider the given system A, immersed in a very large heat reservoir A'; see
Fig. 3.1. On attaining a state of mutual equilibrium, the system and the reservoir
would have a commoll temperature, T say. Their energies, however, would be
variable and, in principle, could have, at any time t, values lying anywhere between
o and E(o) , where E (O) denotes the energy of the composite system A(0)(_ A +
A' ). If, at any particular instant of time, the system A happens to be in a state
characterized by the energy value E r , then the reservoir would have an energy E~
such that
(1)
Er + E~ = E (O) = const.

A'
(E~;T)

FIG. 3.1 . A given system A immersed in a heat reservoir A' ; in equilibrium, the two have
a common temperature T.

Of course, since the reservoir is supposed to be much larger than the given system,
any practical value of Er would be a very small fraction of E(O ); therefore, for all
practical purposes,

Er

E(O)

=

(

1-

E~ )

E (O)

«L

(2)

With, the state of the system A having been specified, the reservoir A' can still be
in allY aile of a large number of states compatible with the energy value E~. Let the
number of these states be denoted by Q / (E~). The prime on the symbol Q emphasizes the fact that its functional form will depend upon the nature of the reservoir;
of course, the details of this dependence are not going to be of any particular
relevance to our final results. Now, the larger the number of states available to
the reservoir, the larger the probability of the reservoir assuming that particular
energy value E~ (and, hence, of the system A assuming the corresponding energy
value Er). Moreover, since the various possible states (with a given energy value)
are equally likely to occur, the relevant probability would be directly proportional
to this number; thus,
(3)
In view of (2), we may carry out an expansion of (3) around the value E~ = E (O) ,
i.e. around Er = O. However, for reasons of convergence, it is essential to effect
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Jf its logarithm instead:

::::. const -

If E r •

(4)

where use has been made of formula (l.2.3), whereby
(
note that, in equilibrium,
result:

BinI<)
BE
N

fi' = fi = l/kT.

=fi;

(5)

V

From (3) and (4), we obtain the desired

P, ex exp(-fiE,).

(6)

Normalizing (6), we get

P, =

exp( - fiE,)
I

(7)

Lexp(- /lE,)

,

where the summation in the denominator goes over nil states accessible to the
system A. We note that Our final formula (7) bears no relation whatsoever to the
physical nature of the reservoir A',

We now examine the same problem from the ensemble point of view.

3.2. A system in the canonical ensemble
We consider an ensemble of _ I ' identical systems (which may be labelled as
1.2, .. . , . I), sharing a total energy { ; let E,(r = 0, 1, 2 . . . . ) denote the energy
eigenvalues of the systems. If Il, denotes the number of systems which, at any
time I, have the energy value En then the set of numbers {Il,} must satisfy the
obviolls conditions

~n,=.I·

.j

(I)

Ln,£,= .{ =.1 U,

,

where U(= (/ . I") denotes the average energy pcr system in the ensemble. Any

set InrI which satisfies the restrictive conditions (1) represents a possible mode
of distribution of the total energy e among the . t - members of the ensemble.
Furthermore, any such mode can be realized in a number of ways, for we may
effect a reshuffle among those members of the ensemble for which the energy
values are different and thereby obtain a state of the ensemble which is distinct
from the original One. Denoting the number of different ways of doing so by the
symbol WIn,}, we have
(2)

In view of the fact that all possible states of the ensemble, which are compatible
with condilions (1), are equally likely to occur, Ihe frequency with which the
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distribution set (n,) may appear will be directly proportional to the number WIn,}.
Accordingly, the "most probable" mode of distribution will be the onc for which
the number W is a maximum. We denote the corresponding distribution sct by
In;}; clearly, the sct {II;} must also satisfy conditions (1). As wi ll be secn in the
sequel, the probability of appearance of other modes of distribution, however little
they may be differing from the most probable mode, is extremely low~ Therefore,
for all practical purposes, the most probable distribution set {II;} is the only one
we have to contend with.
However, unless this is mathematically demonstrated, One must take into account
all possible moues of distribution, as characterized by the various distribution sets
{nrl, along with their respective weight factors W{ll r }. Accordingly, the expectalion values, or mean values, (n r ) of the numbers nr would be given by

(3)

where the primed summations go over all distribution sC(S that conform to conditions (I). Tn principle. the mean valu e (n r ), as a fraction of the total number ~ ",
shou ld be a natural analogue of the probability P r evaluated in the preceding
se~tion. In practice, however, the fraction 1/;/ . " is also th e Setme,
We now proceed to derive expressions for the numbers
and (IIr), and to
show that, in the limit , j , ---+ 00, they are identicaL
(i) The method of most probable 1'(tlues, Our aim here is to determine that distribution set which, whi le satisfying conditions (l), maximizes the weight factor (2),
For simplicity, we work with In \V instead:

n;

In IV = In (. , '!) - LIn (n,!).

(4)

Since in the end we propose to resort to the limit ~ I ' ---+ 00, the values of nr (which
are going to be of any practical significance) would also, in that limit, tend to
infinity, Tt is, therefore, justified to apply the Stirling formula. In (I/!) :::::: II In 11 - n,
to (4) and write
(5)
InW= .I ' ln .. " - ~nrlnnr'

If we shift from the set (n,) to a slightly different set
sion (5) would change by an amount

(II, +~II,1. then expres(6)

Now, if the set (n r ) is maximal, the variation 4S(ln W) should vanish. At the same
time, in view of the restrictive conditions (1), the variations 4Sn r themselves must
satisfy Ihe conditions
(7)
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The desired sct {nn is then determined by Ihe method of Lagrange rtllIitipliers,2
by which the condition determining this set becomes

I)- (lnn; + 1) ,

a - fJE,} 8n, = 0,

(8)

where a and fJ are the Lagrangian undetermined multipliers that take care of the
restrictive conditions (7). In (8). the variations ~nr become completely arbitrary;
accordingly, the only way to satisfy this condition is that all its coefficients must
vanish identically. i.e. for all r.

Inn; = - (a

+ 1) - fJE"

whence

II; = Cexp(-fJE,),
where C is ag.lin an undetermined parameter. To determine C <tnd

(9)

fi.

we subject

(9) to conditions (I), with the result that

II:

exp(- f3E,)

( 10)

:I" - ~exp (-fJE,)'
,
the param eter

f3

being

it

solution of tile equ;:!lion

<'

-,
,. = U = ---'~=-e-x-p( --fJ-E-,)-.

(II )

,
Combining statistical considerations with thermodynamic ones, see Sec. 3.3, we
can show that the parameler f3 here is exactly the same as the one appearing in

Sec. 3.1, i.e. fJ = l jkT.
(ii) The method of mean milles. Here we attempt to evaluate expression (3) for
(IIr), laking into account the weight factors (2) and the restrictive conditions (I).
To do this, we replace (2) by
, .,

no

11 1

n2

..
W{II,}
= _. __._W+O~W~I-W~2--·-

( 12)

no!'" !1I2! ...

with the understanding that in the enu all the Wr will be sct equal to unity, and
introduce a function
r( . , ', U) = ~'IV{tl,}.
(13)
(II .. I

where the primed summation, as before, goes over illl distribution scls Ihilt conform
to conditions (I). Expression (3) can then be written as
(tl,) =

w,~(In r)1
Cku r

(14 )

ell wr=1

Thus, all we ._",cd to know here is the dependence of the quantity In
parameters Wr _ Now

r

on the
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. .

r (, 1 . U) = . 1 ! ~

'

{fir }

"0 W"1 '
%
(

W" 2

., _ 2 . ..
nO! nl! nz!

)

,

(15 )

but the summation appearing here cannot be evaluated explicitly because it is
restricted to those sets only which conform to the pair of conditions (1). If our
distribution sels were restricted by Ille condition L r11,. = .. " alone. then the
evaluation of (15) would have been trivial; by the multinomial theorem, r (. I ')
would have been simply (Wo + lUI + _.. )- " The added restriction Lr lirE, =
.... 1'U , however. permits the inclusion of only a "limited- number of tenns in the
sum-and that constitutes the rcal difficulty of the problem. Nevertheless, we C'"n
still hope to make some progress hecause. from a physical point of view, we do
DOt require anything more than an asymptotic result - one that holds in the limit
. I ' --> 00. The method commonly used for this purpose is the one developed by
Darwin and Fowler (1922a,b, 1923), which itself makes usc of the saddle-point
method of integration or the so-called method of steepest descent.
We conSLruct a generating function G( ~ ~ -. z) for the qU<lntity r( ~ ' -, U):

'"

G ( _ I ',z) = ~r( . I ·.U)l·' u

(16)

U.::O

whiCh, in view of eqn, (15) and the second of the restrictive conditions (1), may
be written as
(17)

It is easy to see that the summation ovec doubly restricted sets {fir }, followed by a
summation over all possible values of U, is equivalent to a summation over singly
restricted sets In
viz. the ones that. satisfy only one condition:
Ilr = ... 1'.
Expression (17) can, therefore, be evalu~ted with the help of the multinomial
theorem, with the result

r},

Lr

Gf. I ', z) = ("-\)z'o + w,!,'

+ .. J "

= [f(zll"', say,

(18)

Now, if we supEX'se that the Er (and hence the total energy values I.' = __ I 'U) are
all integers, then, by (16), the quantity r( . I ' , U ) is simply the coefficient of z· " V
in the expansion of the function G( ... I -, z) as a power series in z. It canl therefore,
be evaluated by the method of residues in the complex l-plane.
To make this plan wor~ we assume to have chosen, right at the outseL, a unit
of energy so small that, to any desired degree of accuracy, we Can regard the
energies Er (and the prescribed 10lal energy I'U) as integral multiples of this
unit. In terms of this unit, any energy value we come across will be an integer.
We further assume, without loss of generality, that the sequence Eo. E l • ... is a
llondecreasing sequence, with no common divisor;3 also, for the sake of simplicity,
we assume that Eo ::= 0,4 The solution now is
L

r( _ I ' U) = _1
,
2rri

f

[fez)] " d
z~ I U+l

Z.

(19)
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where the 1 ,;ration is carried along any closed contour around the origin; of
course, we should stay within the circle of convergence of the function 1(;:.), so
that a need for analytic continuation does not arise.
First of all we examine the behavior of the integrand as we proceed from the
origin along the real positive axis, remembering that all our CJ) are virtually equal
to unity and that 0 = Eo :S E I :S E 2 • • •• We find that the factor [f (z)]- ,. starts
from the value ] at z = 0, increases monotonically and tends to infinity as z
approaches the circle of convergence of I (;:.), wherever that may be. The factor
c (· , U+I ), on the other hand, starts from a positive, infinite value at Z = 0 and
decreases monotonically as ;:. increases. Moreover, the relati\'e rate of increase of
the factor [f (;:.) \. ,- itself increases monotonically while the relative rate of decrease
of the factor ;:.- c ' -U+1) decreases monotonically. Under these circumstances, the
integrand must exhibit a minimum (and no other extremum) at some value of ;:.,
say Xo, within the circle of convergence. And, in view of the largeness of the
numbers . , . and , ' ·U, this minimum may indeed be very steep!
Thus, at ;:. = Xo the first derivative of the integrand must vanish, \\- hile the second
dcrivati\'e must be positive and, hopefully, very large. Accordingly, if we proceed
through the point;:. = Xo in a direction orthogonal to the real axis, the integrand
must e:\hibit an equally steep maximum.5 Thus, in the complex ;:.-plane, as we
move along the real axis our integrand shows a minimum at ;:. = xo, whereas if
we move along a path parallel to the imaginary axis but passing through the point
:. = Xo, the integrand shows a maximum there. It is natural to call the point Xo
a saddle point; see Fig. 3.2. For the contour of integration \\ e choose a circle,
with center at ;:. = 0 and radius equal to Xo, hoping that on integration along this
contour only the immediate neighborhood of the sharp maximum at the poi~t X u
will make the most dominant contribution to the value of the integra\.6

lexp{. Ig(z)}1

Saddle

/
o

Aez

Contour of integration

FIG. 3.2_The saddl<! point.

To carry out the integration we first locate the point Xo. For this we \\ rite our
integrand as
[ / (;:) ]

I

__ I-U+ l

~

= exp [.

' -g(z )].

(20)
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where
g(z)=lnf(z)-

(u+ <~.)Inz,

{21 )

while
(22)
r

The number Xo is then determined by the equation
I

g (xo)

which, in view of the fact that

=
~

f'(xo)
f(xo)

"V

»

-

.1 ·V+l

.

I Xo

<

=0

(23)

L can be written as

I:wrErx~r
V ::,; Xo f' (xo) = -,r, ==_-:::-_
f (xo)
Wrx~r

I:

(24)

r

We further have
" x _ (f"(xo) _ [J 1(xo)f)
g ( 0) f(xo)
[f(xoW

~ ,'V + 1

+ ~ , 'X6

(25)

It will be noted here that, in the limit , ,. --+ cc and e(= ~ , ' V ) -+ 00, with
V staying constant, the number Xo and the quantity g" (xo) become independent

of

<

I '.

Expanding g(z ) about the point ;;: = Xo, along the direction of integration, i.e.
along the line z = Xo -r i y. we haw
g(z) = g(xo) - ~g" (xO )y2 + ... ;

accordingly, the integrand (20) might be approximated as
(26)

Equation (19) then gives

[J(XO)] , I
x6 1 ' U+l

1
{2rr ~ I 'g" (xoW/ 2 '

(27)

whence
1.

- . In fC. , , V)
~

I

=

1
1
'11
{lnf(xo) - Vlnxo} - - . lnxo - .In {2rr, , g (xo)}.
~ I
2~ I
(28)
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In the limit • I ' -+ 00 (with U staying constant), the last two terms in this expres,ion tend to zero, with tht: rt:~;ult

1

S
Substituting for

f

Inr( . 1 , U ) = Inf(xo) - U lnxn,

(29)

(xo) and introducing a new variable (3, defined by the relationship

Xo == exp (-f3).

(30)

~~ , lnre . ", U ) = In {~wreXp{-{3Er)} + {3U .

(31)

we get

The expectation value of the number nr then follows from (14) and (31):

(n T )

wr exp(-{3E r )

•V

Lwr exp(-{3E r )

--

r

+ -

{

Lr wrEr exp ( - (3E r )
Lwr exp(- {3E r )

,}

+v

a{3

1

wr OWr
all wr=l

r

r

(32)

The term inside the curly brackets vanishes idtmtically because of (24) and (30).
It has been included here to emphasize the fact that, for a fixed value of U , the
:lUmber (3{ - lnxo) in fact depends upon the choice of the W r ; see (24). We
;>" ill appreciate the importance of this fact when we evaluate the mean square
iluctuation in the number n r ; in the calculation of the expectation value of I1r , this
joes not really matter. We thus obtain
(ll r )

exp (- (3Er)

(33)

~ - LeXp (-/3Er )'
r

which is identical with expression (10) for n;/. " , The physical significance of
'he parameter (3 is also the same as in that expression, for it is determint:d by
~qn. (24), with all Wr = 1, i.e. by eqn. (11) which fits naturally with eqn, (33)
:Jecause U is nothing but the ensemble average of the variable E r :
(34)

Finally, we compute fluctuations in the values of the numbers n r • We have, first
,)f all,

( aw,"a) r I

;

Wr-

all

(35)

Wr = 1

,ee eqns (12) - (14), It follows that

~ ({n r - (nr }}-}=
")
7
( wr «6I1 rt}(n r2 ) - (n r )-=

G)(wr - G) (lnr) I

ikor

ikv r

.

all wr=l

(36)
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Substituting from (31) and making use of (32), we get

{(~nr)2) =Wr~ [
~ f•

aWr

wrexp(-fJEr }
W r exp ( - fJE r )

2::=
r

+ -

{

L wrEr exp (-fJEr )
r

2::= Wr exp (- fJE r)

}

+u wr -

afJ

1

(37 ,

aw.
all (lJr=l

r

We note that the term in the curly hrackets would not make any contribution
because it is identically zero, whatever the choice of the Wr' However, in the
differentiation of the first term, we must not forget to take into account the impliciT
dependence of fJ on the w" which arises from the fact that unless the W are set
equal to unity the relation determining fJ does contain Wr ; see eqns (24) and (30).
whereby

U=

-=
r ~

___________

(38

I: Wr exp (-fJEr )
r

A straightforward calculation gives
(39

We can now evaluate (37), with the result

For the relativt:: fluctuation in n" we have
/ (6.nr) 2)
\

{n r }

1

1 {

= {n, } - -. I·

1+

ul }

(Er {(E r - U)2)

.

(41

As f ~ x. {n r ) also _ 00, with thc result that the relative fluctuations in n
tend to zero; accordingly, the (canonical) distribution becomes infinitely sharp an
with it the mean value, the most probable value-in fact, any values of nr Ih
appear with nonvanishing probability- become essentially the same. And that is
reason why two wildly different methods of obtaining the canonical distributit
followed in this section have led to identical results.
v

r
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of the \'arious statistical quantities in the canonical
ensemble

We start wirh the canonical distribution
(lJ

,
where (3 is determined by the equation

(2)

,
We now look for a general recipe to extract information about the various macroscopic properties of the given system on the basis of the foregoing statistical resuhs.
For this we recall certain themlOdynamic relationships involving the Helmholtz
free energy A(= U - TS), namely

dA

= dU -

TdS - SdT

aA)
S = - ( aT N v '

.

= -SdT-PdV +/ldN.

P = - (BA)
av NT '
.

/l=(:~) V.T .

(3)

(4)

and

U=A+TS=A _ T(BA)
=_T2 [~
aT NY
aT

(A)]
T

N.V

O(AIT)] .
[o(IIT) N \ '

t5)

where the various symbols have their usual meanings. Comparing (5) with (2).
we infer that there exists a close correspondence between the quantities that enter
through the statistical treatmcnt and the ones that come from thermodynamics, viz.

(6)
where k is a universal constant yet to be determined; soon we shall see that k is
indeed the Boltzmann COllstant.
Equations (6) constitute the most fundamental result of the canonical ensemble
theory. Customarily, we write it in the form

A(N. V, T) = -kTlnQ,v(V. T).

(7)

where

,

(8)

The quantity QN(V. T) is referred to as the partition function of the system;
sometimes. it is also called the "sum-over-states" (Gennan: ZlIsulI1dssumme). The
dependence of Q 011 T is quite obvious. The dependence on N and V comes
through the energy eigenvalues Er; in fact. any othcr parameters that might govern
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the values Er should also appear in the argument of Q. Moreover, for the quantity A(N. V. T) to be an extensive property of the system, In Q must also be an
extensive quantity.
Once the Helmholtz free energy is known, the rest of the thermodynamic quantities follow straightforwardly. While the entropy. the pressure and the chemkal
potential arc obtained from formulae (4), the specific heat at constant volume
follows from
Cv

=

(au)

aT NY

= -T

(a'A)

(9)

aT2 N.v

and the Gibbs free energy from

G=A +PV = A-

V

(aA)
av

= N (aA)
aN

N.T

=Np.;

(10)

' ·.T

see Problem 3.5.
At this stage it appears worthwhile to make a few remarks on the foregoing

results. First of all, we note from eqns (4) and (6) that the pressure P is given by

a£,
I>av
exp (-,8£,)
P = - -,-:'= - - --

-

(11 )

Lexp(-,8£d

,

so that
PdV = - LP,d£, = -dUo

,

(12)

The quantity on the right-hand side of this equation is clearly the change in the
average energy of a system (in the ensemble) during a process that alters the
energy levels E,. lcaving the probabilities Pr unchanged, The left-hand side then
tells us that the volume change dV provides an example of such a process, and
the pressure P is the "force" accompanying that process. The quantity p. which
was introduced here through the thermodynamic relationship (3), thus acquires a
mechanical meaning as well.
Next, about the entropy_ Since P, = Q-I exp (-,8£,), it follows that

(InP,)

=-

lnQ - ,8(£,)

= ,8(A -

U)

= -S/k,

with the resull that

S = -k(ln P,) = -k L

,

P, In P"

(13)

This is an extremely interesting relationship, for it shows that the entropy of a
physical system is solely and completely determined hy the probability values P r
(of the system being in different dynamical states accessible to it)!

From the very look of it, eqn. (13) appears to be of fundamental importance;
indeed, it admits of a num'ber of interesting conclusions. One of these relates to a
0 K). If the ground ..... te is unique, then the system
system in its ground state (T
is sure to be found in this particular state and in no
~ r; consequently, P r is equal
to 1 for this state and 0 for all others. Equation (\3) then tells us that the entropy

=
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of the system is precisely zero, which is essentially the content of the Ne.rnst
heal theorem or the third law of thermodynamics. 7 We also infer that vanishing
entropy and perfect statistical order (which implies complete predictability about
the system) go together. As the number of accessible states increases, more and
more of the P become nonzero; the entropy of the system thereby increases. As
the number of states becomes exceedingly large, most of the P-values become
exceedingly small (and their logarithms assume large, negative values); the net
result is that the entropy becomes exceedingly large. Thus, the largeness of entropy
and the high degree of statistical diso rder (or unpredictability) in the system also
go together.
It is because of this fundamental connection between entropy on one hand and
lack of information on the other that formula (13) became the starting point of the
pioneering work of Shannon (1948, 1949) in the theory of communication.
II may be pointed out that formula (13) applies in the microcanonical ensemble
as well. There, for each member system of the ensemble. We have a group of Q
states, all equally likely to occur. The value of P, is, then, I/P. for each of these
states and 0 for all others. Consequently,

S = -k

t {~

In

(~) } = k In P.,

(14 )

r= 1

which is precisely the central result in the microcanonical ensemble theory; see
eqn. (1.2.6) or (2.3.6).

3.4. Alternathe expressions for the partition function
In most physical cases the energy levels accessible to a system are degenerate,
i.e. one has a group of states, gj in number, all belonging to the same energy value
£j. In such cases it is more useful to write the partition function (3.3.8) as
QN(V. T) =

Lg;exp (-tJl:;);

(I)

I

the corresponding expression for Pi. the probability thal the system be in a state
with energy E i , would be

Pi =

g;exp(-tJE,)

L g, exp (- (Jt::;) .

(2)

Clearly, the gi states with a common energy Ei are all equally likely to occur.
As a resule, the probability of a system having energy 1:;; becomes proportional to
the multiplicity g; of this level; g; thus plays the role of a "weight factor" for the
level £,. The acrual probability is then determined by the weight factor gi as well
as by the Bohzmann factor exp(-tJE;) of the level, as we have in (2). The basic
relations established in the preceding section remain unaffected.
Df the largeness of the number of particles constituting a given
Now, in vi
system and tL .argeness of the volume to which these particles are confined,
the consecutive energy values Ei of the system are, in general, very close to
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one another. Accordingly, there lie, within al
.!asonable interval of energy
(E. E + dE), a very large number of energy levels. One may then regard E as a
continuous variable and write peE) dE for the probability that the given system, as
a member of the canonical ensemble, may have its energy in the range (E. E + dE).
Clearly, this will be given by the product of the relevant single-state probability
and the number of energy states lying in the specified range. Denoting the latter
by geE) dE, where geE) denotes the density of states around the energy value E,
we have
P(E) dE ex: exp(-f3E)g(E)dE
(3)
which, on normalization, becomes
P(E) dE = ~XP(-f3E)g(E)dE

(4)

J exp (- f3E)g(E) dE
o

The denominator is clearly another expression for the partition function of the
system:
00

QN(V. T) =

J e-PEg(E) dE .

(5)

o

The expression for (f), the expectation value of a physical quantity f, may now
be written as

Jf(E)e-PEg(E)dE

Lf(Edgie - PE;

(f)

= L f i P; =

-'-:==---:-=--flE
L gi e- ;

---+

-=-0- = 0 0 : - : : - - - - - -

J e- PE geE) dE

(6)

o
Before proceeding further, we take a closer look at eqn. (5). With f3 > 0, the
partition function Q(f3) is just the Laplace transform of the density of states geE).
We may, therefore, write geE) as the inverse Laplace transform of Q(fJ):
geE) =

P' +ioo

J
2~ J

~
2m

fJ' -

e PE Q(f3)df3

(f3' > 0)

(7)

eC/f +ip")E Q(fJ' + if3" ) d f3".

(8)

i:xJ

00

=

- 00

where f3 is now treated as a complex variable, f3' + if3", while the path of integration runs parallel to, and to the right of, the imaginary axis, i.e. along the straight
line Re f3 = fJ' > O. Of course, the path may be continuously deformed so long as
the integral converges.
3.5. The classical systems
The theory developed in the preceding sections is of very general applicability.
It applies to systems in which quantum-mechanical effects are important as well
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as to those t•.... can be treated classically. In the latter case, our formalism may
be written in the language of the phase space; as a result, the summations over
quantum states get replaced by integrations over phase space.
We recall the concepts developed in Sees 2.1 and 2.2, especially formula (2.1.3)
for the ensemble average (f) of a physical quantity f(q. p), namely
(1)

where p(q, p) denotes the density of the representative points (of the systems) in
the phase space; we have omitted here the explicit dependence of the function p
on time t because we are interested in the study of equilibrium situations only.
Evidently, the function p(q, p) is a measure of the probability of finding a representative point in the vicinity of the phase point (q. p), which in turn depends
upon the corresponding value H (q, p) of the Hamiltonian of the system. In the
canonical ensemble,
(2)
p(q. p) ex exp {-fJH(q. p)};
cf. eqn. (3. 1.6). The expression for (f) then takes the form
(f) =

J f(q.

p)exp(-{3H)dw

~-=-'----=-----'--

J exp(-{3H)dw

(3)

where dw(=d 3N qd 3N p) denotes a volume element of the phase space. The
denominator of this expression is directly related to the partition function of the
system. However, to write the precise expression for the latter, we must take ~nto
account the relationship between a volume element in the phase space and the
corresponding number of distinct quantum states of the system. This relationship
was established in Secs 2.4 and 2.5, wherebv an element of volume dw in the
phase space corresponds to
dw

(4 )

N!h3.\'

distinct quantum states of the system.8 The appropriate expression for the partition
function would, therefore, be
,,(V T) =
1
Q"
,
N!h 3N

J

e - {3H(q· p ) dw'
'

(5)

it is understood that the integration in (5) goes over the lI"hole of the phase space.
As our first application of this formulation, v.e consider the example of an ideal
gas. Here, we have a system of N identical molecules, assumed to be monatomic
(so that there are no internal degrees of motion to be considered), confined to
a space of volume V and in equilibrium at temperature T. Since there are no
intermolecular interactions to be taken into account, the energy of the system is
wholly kinetic:
N

H(q. p) =

L(p;/2111).
i= l

(6)
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The partition function would then be

QN(V, T) =

N!~3N

.f

N

e- Ul/ 2m )E;pi g(d 3q ,d 3p ,).

(7)

Integrations over the space coordinates are rather trivial; they yield a factor of VN.
Integrations over the momentum coordinates aTC also quite easy, once we note that
integral (7) is simply a product of N identical integrals. Thus, we get

QN(V T) = VN [ ';" e-P11""kT(47fP2dP)]N
•
N!I,3N
o

(8)

= _1 [V3 (2mllkT)3 / 2] N ;
(9)
N! "
here, use has been made of eqn. (D.13a). The Helmholtz free energy is then given
by, using Stirling's formula (B.29),

A(N, V, T)

= -I.Tln Q,,(V, T) =

NkT In
[

N
- (

{ V

I'
,-

2mllkT

)3/2} - I ].

( to)

The foregoing result is identical with eqn. (1.5.8), which was obtained by following
a very different procedure. The simplicity of the present approach is. however,
striking. Needless to say. the complete thermodynamics of the ideal gas can be
derived from eqn. (10) in a straightforward manner. For instance.
/1 =

-

(M)
-

aN

-kTln

V.T -

and

s=-

V

~

2mnkT

)m}

'

= NkT

p = _ (aA)

av

{N(

NT

(11 )

(12)

V

(aA)
=Nk [In{V (27fn:kT)312}+~] .
aT NY
11
h2

(13)

These results are identical with the ones derived previously, namely (1.5.7), (1.4.2)
and (1.5.1a), respectively. In fact, the identification of formula (12) with the
ideal-gas law, PV = nRT, establishes the identity of the (hitherto undetermined)
constant k as the Boltzmallll constant; see eqn. (3.3.6). We further obtain

u= - [~(InQ)]
=_T,[~(A)]
=A+TS=~NkT,
a{3
E,
aT T
NY
2

(14)

and so on.
At this stage we have an important remark to make. Looking at the form of
eqn. (8) and the manner in which it came about, we may write

1
I
QN(V, T) = N! [Q,(V , T)J

(15)

Tire Clo!)"!)"ical Systems
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where QI (V. T) may be regarded as the partition function of a single molecule in
the system. A little reflection shows that this result obtains essentially from the
fact that the basic constituents of our system are non-interacting (and hence the

total energy of the system is simply the sum of their individual energies). Clearly,
the situation will not be altered even if the molecules in the system had internal
degrees of motion as well. What is essentially required for eqn. (15) to be valid
is the absence of interactions among the basic constituents of the system (and, of

course, the absence of quantum-mechanical correlations).
Going back to the ideal gas, we could as well have started with the density

of states geE). From eqn. (1.4.17), and in view of the Gibbs correction factor,
we have
~ ,..., I
a L..
geE) = aE - N!

(V)N
h'

(~LJI m )3N/2
(3N /2) - 1
{(3N /2) _ 1}!E
.

(16)

Substituting this into eqn. (3.4.5). and noting that the integral involved is equal to
1(3N /2) -I}!/f,',v/2, we readily obtain
I
QN(fl ) = N!

(V)
,,3 (?T
N

_IC111

)'N/2

(17)

which is identical with (9). It may also be noted that if one starts with the singleparticle density of states (2.4.7), namely
aCE) '" 2: V (2m)3/', ' /2
3

(18)

computes the single-particle partition function.

Q,(flJ =

V
e- fl<a(s)d, = ",

J
x

(2rrlll)'/2
T

( 19)

o

QN(V,

and then makes use of formula (15), one arrives at the same result for
T).
Lastly, we consider the question of determining the density of states. g(E),
from the expression for the partition function. Q({3). assuming that the latter is
already known; indeed, expression (9) for Q(fl) was derived without making use
of any knowledge regarding the function geE). According to eqn. (3.4.7) and (9),
we have
V'
geE) = N!

(2rrm)3NI-"
h'

J

II +ix

1

2rri

e6E
fl3N/2 dfl

(fl' > 0).

(20)

fJ' -''X

Noting that, for all JX>sitive n.

_1_ IJ+i::JC ell ds =
2:rri

~'-i'X

{~~

s" +l

T

for

x ~ O.

.

0

~0

for

(21 )9
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eqn. (20) becomes

g(E) =

{

VN (2rrm)3NI2 E(3Nj 2) - 1
;!
112
{(3N /2) - 1)!

for

E> 0

for

E:<: 0,

(22)

which is indeed the correcl result for the density of states of an ideal gas; cf.
cqn. (16). The foregoing derivation may not appear particularly valuable because
in the present case we already knew the expression for geE). However, cases do
arise where the evaluation of the partition function of a given system and the
consequent evaluation of its density of states turn Qut to be quite simple, whereas
a direct evaluation of the density of states from first principles happens to be
rather involved. In such cases, the method given here can indeed be useful; see,
for example, Problem 3.15 in comparison with Problems 1.7 and 2.8.

3.6. Energy fluctuations in the canonical ensemble: correspondence with the
microcanonical ensemble
In the canonical ensemble, ~1 system can have energy anywhere between zero
and infinily. On the other hand, the energy of a system in the microcanonical
ensemble is restricled ro a very narrow range. How, then, can we assert thaI the
thermodynamic properties of a system derived through the formalism of the canonical ensemble would be the same as the ones derived through the formalism of the
microcanonical ensemble? Of course, we do expect that the two formalisms yield
identical resulls, for otherwise our whole scheme would be marred by inner inconsistency. And, indeed, in the case of an ideal classical gas the results obtained by
following one approach were precisely the same as the ones obtained by following
the other approach. What is the underlying reason for this equivalence?
The answer to this question is obtained by examining the nClllai extent of the
range over which the energies of the systems (in the canonical ensemble) have a
significant probability to spread; that will tell us the extent to which the canonical
ensemble really differs from the microcanonical one. To do this. we write down
the expression for the mean energy,

L E; exp (-liE,)
U = (E ) = --;' =-- - L exp (-liE,) ,

(1)

,

and differentiate it with respect to the parameter
constant; we obtain

au
ali

L, E; exp (- liE,)
Lexp(-fJE,)

,

= - (E')

+ (E) 2,

13,

holding the energy values Er

[~E, exp (- fJE,f
+

[~ eXP(- liE,)]'
(2)

Energy Fluctuations in the Canonical Ensemble
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that

«6E)') '" (E') _ (£)'

=_

(au) = (au) =
kT'

afj

aT

kT'C v .

(3)

Note that we have here the specific heat at cOllstalll volume, because the partial
differentiation in (2) was carried out with the Er kept constant! For the relative
rOot-mean-squarc fluctuation in E. eqn. (3) gives

)[((6E)') ]

(4)

(£)

which is O(N - 1f2), N being the number of particles in the system. Consequently,
for large N (which is true for every statistical system) the relative c.m.s. fluctuation
in the values of £ is quite negligible! Thus, for all practical purposes. a system
in the canonical ensemble has an energy equal to, or almost equal to, the mean
energy U; the situation in this ensemble is, therefore, practically the same as in the
microcanonical ensemble. That explains why the two ensembles lead to prac(ically
identical results.
For further understanding of the situation, we consider the manner in which
energy is distributed among the various members of the (canonical) ensemble. To
do this, we treat E as a continuous variable and start from expression (3.-t.3),
namely
(3.4.3)
P(F.) dE ex exp ( - {3E)g(E) dE.
The probability density P(F.) is given by the
mann factor, which monotonically decreases
which monotonically increase..<; with E. The
al some value of E, say E*.IO TIle value £*

product of two factors : (i) the B?ltzwith E. and Oi) the den!'lity of states,
product, therefore, has an extremum
is determined by the condition

that is, by
alng(E)

a£

-{3
- .

(5)

Recalling that
S

= kIng

and

(as(£»)
aE

E=U

= ~T = kR.
P

the foregoing condition implies that

E'= U.

(6)

This is a very interesting result, for it shows that, irrespective of the ph) s ical
nature of the given system, the most probable value of its energy is identical with
its mean value. Accordingly, if it is advantageous, we may usc one instead of
the other.
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We now expand the logarithm of the probability density peE) around the value
£+ ~ U; we get

(7)
whence
peE) ()(

,-~Eg(E) ~ e-~(U-TS) exp {_ (E - , V)'}
2kT-C ..

(8)

This is a Gaussian distribution in E. with mean value U and dispersion J(kT 2 C v):
cf. (3). In terms of the reduced variahle E/U, the distribution is again Gaussian.
with mean value unity and dispersion j(kT'C I , )IV (which is D(N- I / ')}; thus,
for N » I, we have an extremely sharp distribution which, as N ~ 00, approaches
it delta-function!
II would be instructive here to consider once again the case of a classical ideal
gas. Here. g{£) is proportional to E{3N / 2- 1) and hence increases very fast with
E; the factor e-!'f', of course, decreases with E. The product g(E)exp(-pE)
exhibits a maximum at E' = (3N 12 - I )P- I , which is practically the same as the
mean value V = (3N /2)/r l . For values of E s ignificantly dillerent from E', the
product essentially vanishes (for smaller values of E. due to the relative paucity
of the available energy states; for larger values of E. due to the relative depletion
caused by the Boltzmann factor). The overall picture is shown in Fig. 3.3 where we
have depicted the actual behavior of these functions in the special case: N = 10.
The most probable value of E is now :~ of th e mean value; so, the distribution is
somewhat asymmetrical. The effective width 6. can be readily calculated from (3)
and turns out to be (2/3N)I /2V which, for N = 10, is about a quarter of V. We
can see that, as N becomes large, both E- and U increase (essentially linearly
with N), the ratio £+. /U approaches unity and the distribution tends to become
symmetrical about E+'. At the same time, the width 6. increases (but only as N 1/2);
considered in the relative sense, it tends to vanish (as N - l /2).
Let us finally look at the partition function QN(V, T), as given by e'ln. (3.4.5),
with its integrand replaced by (8). We have

Q.v (V. T)

~ e - e<U-Tsl

f ,-tE- u l'/2i<T' Cv dE
00

"

o

1

:::e-~<U-TS)V(2kT'Cv)

f

00,

, - x'dx

-x

so that
- kTin QN(V,T) " A ~ (V - TS) - ~kTln (2rrkT'Cv).

(9)

The last term, being D{lnN), is negligible in cor- -'>rison with the other terms,
which are all D(N). Hence,
(10)
A"" V - TS.
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1.0

"
g(E)

-/---->i

FIG. 3.3. The actual behavior of the [unclions g(E), e -~ and g(E~ -e£ for an ideal
ga.s. wilh N = 10. The numerical values of the functions have been expressed as fractions
of their respective values at £ = U.

Note that the quantity A in this formula has come through the formalism of the
canonic£li ensemble, while the quantity S has come through a definition belonging
In the microcanonical ensemble. The fact that we finally end up with a consistent
thermodynamic relationship establishes beyond doubt that the two approaches are.
for all practical purposes, identical.

3.7. Two theorems - the "equipartition" and the "vidal"
To arrive at these theorems. we determine the expectation value of the quantity
xi(aH/iJxj ). where H(q. p) is the Hamiltonian of the system (assumed classical)
while Xi and Xj are any of the 6N generalized coordinates (q. pl. In the canonical
ensemble,

/ x

J
(Xi DH)
aH) _
aXj

\" i aXj

-

e- PH dw
(dw =

J e-~H dw

d3" q d'-'p) .

(1)

Let us consider the integral in (he numerator. Integrating over Xl by parts. it
becomes

+ ~ J(ax,.) e-~dXj]
f [_~xie-~I(Xj"
f3
f3
(x)'

dw() ,;

ax}

here, (Xj)1 an .... \x)h arc the "extreme" values of the coordinate Xjo whi le dW(j)
denotes "dw devoid of dx/'. The integrated part vanishes because whenever any of

The C{lnonical Ensemble

64

.Ionian of the system becomes
the coordinates takes an "extreme" value the H
infinite. II In the integral that remains, the factor ar:;j8tj, being equal to lJ jj • comes
out of the integral sign and we are left with

~ ~ij

J

e- PH dw.

Substituting this inro (1). we arrive at the desired result:
(

Xi

8H) =
arj

~,jkT.

(2)

which is imlcpcndcnt of the precise form of the function H
In Ihe special case Xi = Xj = P,. eqn. (2) takes the form

8H) '" (Pi'/i) = kT,
( Pi 8Pi
while for

Xi

=

Xj

=

lj"

(3)

it becomes
-.'" -(q, p,) = kT.
(qi 8H)
8qi

(4)

Adding over all i, from i = 1 to 3N. we obtain

/
\

~ Pi (Jp,
8H) '" / ~ Pii},) = 3NkT
\
i

(5)

j

and

(6)
Now, in several physical situations the Hamiltonian of the system happens to
be a quadratic function of its coordinates; so, through a canonical transformation,
it can be brought into the form
(7)
j

j

where Pj and Qj are the transformed, canonically conjugate, coordinates while Aj
and BJ are certain constants of the problem. For such a system, we clearly have
(8)

accordingly, by cqns (3) and (4),
(H) = UkT.

(9)

where f is the number of nonvanishing coefficients in the expression (7). \Ve therefore conclude that each harmonic term in the (transformed) Hamilronian makes
a contribution of 4kT towards the internal energy of the system and. hence, a
contribution of 4k towards the specific heat C v. This result emhodies the classical
theorem of equtparlilion of eJlergy (among the various degrees of freedom of the
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system). It \
be mentioned here that, for the distribution of kinetic energy alone,
the equipartition theorem was first stated by Boltzmann (1871).
In our suhsequent study we shall find that the equipartition theorem as stated
here is not always valid; it applies only when the relevant degrees of freedom
can be freely excited. At a given temperature T, there may be certain degrees of
freedom which. due to the insufficiency of the energy available, are more or less
"frozen". Such degrees of freedom do not make a significant contrihution towards
the internal energy of the system or towards its specific heat; see, for example.
Sees 6.5, 7.3 and 8.3. Of course, the higher the temperature of the system the
heller the validity of this theorem.
\Ve now consider the implications of formula (6). First of all, we note that
this formula embodies the so-called l'irial tlteorem of Clausius (1870) for the
quantity CL.i (ji Pi), which is the expectation value of the sum of the products of
the coordinates of the various particles in the system and the respective forces
<lcting on them; this quantity is referred to as the "irial of the system and is
generally dcnoted by the symbol r ·. The virial theorem then states that
) . = - 3NkT.

(10)

The relationship hetwcen the virial and other physical quantities of the system is
best understood by first looking at a classical gas of non-interacting particles. In
this case, the only forces th<lt come into play are the ones arising frum the walls
of the container; Ihesc forces can be designated by an external pressure P that acts
upon the syslem by virtue of the fact that it is bounded by the walls of the container.
Consequently, we Ilave here a force -P dS associated with an element of area dS
of the walls; the negative sign appears because the force is directed inward while
the vector dS is directed outward. The virial of the gas is then given by

ro=<~q'F)o = -p!r ·dS,
where r is the position vct10r of a particle that happens to be in the (close) vicinity
of the surface element dS; accordingly, r may be considered to be the position
vector of the surface element itself. By the divergence theorem, eqn. (11) becomes
)0·

= -P j(diVr)dV = -3PV.

(12)

\.

Comparing (12) with (10), we obtain the well-known result:

PV=NkT.

(13)

The internal energy of the gas, which in this case is wholly kinetic, follows from the
equipartition theorem (9) and is equal to ~NkT, 3N being the number of degrees
of freedom. Comparing this result with (1'0). we obtain the classical relationship
)· =-2K.

(14)

wllere K denotes the average kinetic cnergy of the system.
h is straightforward to carry out ;10 extension of this study to a system of particles intcracting through a two-body potentialu(rj - ri). The vi rial ~ . then draws
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a contribution from the interior as well. Assuming the interparticle potential to
be central and denoting it by the symbol u(r), where r = Irj - 'il. the contrihution arising from the pair of particles j and j. with position vectors r and rj. is
given by
j

The net contribution, arising from all the N(N - 1)/2 pairs of particles, would
then be, for N
1,

»

aU(r»)
-1 N ' ( -r- = -N'
2
ar
2

= _ N'

2V

If {

roll(r)}
-g(r,-r,) _dr-'-c'd~r,
ar
V'

J'" {r 8u(r)}
g(r)(4",.' dr),
ar

(16)

o

whae g(r), the pair distributioll trmetioll of the system, is a measure of the prob-

ability of tinding a pair of particles in it separated by a distance r; as lIsed here,
g(r) -> I as r -> 00. Combining (16) with (12) and equating the resulting sum
with (10), we obtain for a classical interacting system
PV = NkT 1- -2m, /'" -all(r) g(r)r 3 dr ] .
3kT
ar
[

(17)

o

where

fI

is the particle density in the system. The internal energy of the system can

also he expressed in terms of the functions n(r) and g(r), Noting that the average
kinetic energy is still given by the expression ~NkT. wc have for the total energy

3
I,
U = '2NkT + '2 N -

If

3
[ 1 + 4""
= '2NkT
3kT

lI(r)g(r)

dr, dr,
V'

?]

/'"
0 lI(r)g(r),.- dr

,

(18)

the second term being the average potential energy of the system. Clearly. a
knowledge of the functions lI(r) and g(r), the latter itself depending on the nature
of the former. is essential before we can make use of eqns (17) and (18). For
further study along these lines, see Hill (1956), Chap. 6; see also Problem 3.23.

3.8.

~

system of harmonic oscillators

We shall now examine a system of N, practicallv independent, harmonic oscillIustration of the canonical
lators. This study will not only provide an interest ~
ensemble formulation but will also serve as a basis for some of our subsequent
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studies in this texl. Two important problems in this line are (i) the theory of the
black-body radiation (or the "statistical mechanics of photons") and (ii) the theory
of lattice vibrations (or the "statistical mechanics of phonons"); see Sees 7.2 and
7.3 for details.
We start with the specialized situation when the oscillators can be treated c/m"sica/ly. The Hamiltonian of any onc of them (assumed to be one-dimensional) is

then given by
1
."
H(q" p,) = - mw-q,
2

1

7

+ -Pi
2m

(i = 1, . . " N) .

(I)

For the singlc-oscill3lOr partition function, we readily obtain

P
"'J
""
1
exp {-fJ (1'2 mw"
- h- q +2111
P' )}d<jd
J
1
= ~ (~) 1
/2 (2lflll)

QI(fJ) =

II I

Ii

fJ

{JIIIW-

fJT,w'

(2)

where " = hI2T(. The partition function of the N-oscillator system would then he
(3)

note that in writing (3) we have assumed the oscillators to be distinguishable. This
is so because, as we shall see later, th ese osci llators arc merely a representation of
the energy levels availahle in the system; they are not particles (or even "quasiparticles"). II is actually photons in one case and phonons in the other, \\'hich
distribute themselves over the various oscilla tor leve ls, that are indisfinguishable!
TIle Helmholtz free energy of the system is now given by

A

= -kTin QN =

NkTin

T1W)
( -kT ,

(4 )

whence
/J. = kTln

("w)
kT

p=o.
S = Nk

(5)
(6)

[In G:) + 1] ,

V=NkT

(7)

(8)

and

C p = Ct· = Nk.

(9)

We note that " ,t; mean energy per oscillator is in complete agreement with the
equipartltlon
..lrem, namely 2 x V ,T, for we have here (a'O independent quadratic terms in the single-oscillator Hamiltonian.
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We may determine the density of states, geE), d
.s system from the expression
(3) for its partition function. We have, in view of (3.4.7),

J

fJ'+bo

1

1

geE) = (hW)N 2rri
fJ' -

E

efJ
fiN dfi

(fi' > 0),

j XJ

that is,

EN - I

~ {:,~)"

.(E)

(N - 1)!

for

E>O

for

E

~

(10)

O.

To test its correctness, we may calculate the entropy of the system with the help of
this formula. Taking N » 1 and making use of the Stirling approximation, we get

SeN, E) = k Ing(E)

~ Nk [In (N!W) + 1] ,

(11)

which gives for the temperature of the system
T =

(as) -1_ E
aE

Nk

N

(12)

Eliminating E between these two relations, we obtain precisely our earlier result
(7) for the function SeN, T).
We now take up the quantum-mechanical situation, according to which the
energy eigenvalues of a one-dimensional harmonic oscillator are given by

E" = (11 +

~ ) Tzw;

11

= 0, 1, 2, .

(13)

Accordingly, we have for the single-oscillator partition function

QI (fi)

=

f

e- fJ(n +I /2)hw
n=O

=

exp ( - ~ fiTlw)
1 - exp (-fiTlw)

= {2sinh (!fiT,W)} -I .

(14)

The N-oscillator partition function is then given by

-

QN(f3) = [Ql(fi)t = [2 sinh ( !fihw) r N
(15 )
For the Helmholtz free energy of the system, we get

A = NkTln [2 sinh (~fihw) ] = N [! hw + kTln {1 - e- fJT1w } ] .

(16)

whence
J.l = A / N ,

(17)

P= O

(18)

S = Nk [& fiT,w coth (~fihw) - In {2 sinh ( ~ fi"w) } ]
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U

fihw

efJhw

-

1

-In {I _ e- fJhW}]
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(19)

'

= ~Nhwcoth
(~fihW)
= N [~hW
+ _,_"l_'W_]
2
2
2
e
1
lfl ' W -

(20)

and

efJT1w

= Nk(fihw)2

(efJT'w -

1)

(21)

2'

Formula (20) is especially significant, for it shows that the quantum-mechanical
oscillators do not obey the equipartition theorem. The mean energy per oscillator
is different from the equipartition value kT; actually, it is always greater than kT;
see curve 2 in Fig. 3.4. Only in the limit of high temperatures, where the thermal
energy kT is much larger than the energy quantum hw, does the mean energy per
oscillator tend to the equipartition value. It should be noted here that if the zeropoint energy 4hw were not present, the limiting value of the mean energy would be
(kT - 4Ttw), and not kT - we may call such an oscillator the Plallck oscillator; see
curve 1 in the figure . In passing, we observe that the specific heat (21), which is
the same for the Planck oscillator as for the Schrodinger oscillator, is temperaturedependent; moreover, it is always less than, and at high temperatures tends to, the
classical value (9).

2

t

<e>

flw
2

3
oL-~----~-------L---

o

2

FIG. 3.4. The mean energy (0) of a simple harmonic oscillator as a function of
temperature. 1 - the Planck oscillator; 2 - the Schriidinger oscillator; 3 - the classical
oscillator.

Indeed. for kT » hw, formulae (14)-(21) go over to their classical counterparts,
namely (2) - (9), respectively.
We shall now determine the density of states g(£) of the N -oscillator S) stem
from its partition function (15). Carrying out the binomial expansion of this expression, we have
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QN({3)

= f~ (N

+: -

1)

e-Jl(~Nhw+Rhw)

(22)

Comparing this with the formula
DC

Q.v({3)

=I

g(E)e- JlE dE.

o

we conclude that

g(E)

=

f
R=O

(N

+: -1)

fJ

(E - {R

+~N}

Tzw).

(23).

where fJ(\") denotes the Dirac delta function. Equation (23) implies that there are
(N + R - l)!jR!(N - I)! microstates available to the system when its energy E
has the discrete value (R + !N)1lw, where R = O. 1, 2 . ... , and that no microstate
is available for other values of E . This is hardly surprising, but it is instructive to
loof.. at this result from a slightly different point of view.
We consider the following problem which arises naturally in the microcanonical
ensemble theory. Given an energy E for distribution among a set of N harmonic
oscillators, each of which can be in anyone of the eigenstates (13), what is the
total number of distillct ways in which the process of distribution can be carried
out? Now, in view of the form of the eigenvalues e", it makes sense to give away,
right in the beginning, the zero-point energy 411w to each of the N oscillators and
convert the rest of it into qu,mta (of energy T,w). Let R be the number of these
quanta; then
R = (E - ~N1lw) jT,w.
(24)
Clear/y, R must be an integer; by implication, E must be of the form (R + ~ N )Tzw.
The problem then reduces to determining the number of distinct ways of allotting
R quanta to N oscillators, such that an oscillator may have 0 or 1 or 2 ... quanta;
in other words, we have to determine the number of distinct ways of putting R
i"distingllishable balls into N distillgllishable boxes, such that a box may receive
o or 1 or 2 . .. balls. A little reflection will show that this is precisely the number
of permutations that can be realized by shuffling R balls. placed along a row, with
(N - 1) partitioning lines (that divide the given space into N boxes); see Fig. 3.5.
The answer clearly is
•
(R+ N - I)!
(25)
R!(N - I)! '
which agrees with (23) .

• •••••• ••••••• •••
FIG. 3.5. Dislribuling 17 i",li,rillgllislwble balls among (
arrangcmcnt sho\\ n here rcprcsenls one of Ihe 23!/1 7! 6!
Ihe dislribulion.

'rillgllislwble boxes. The
.mCI way~ of carr} ing OUI

We can determine the entropy of the system from the number (25). Since N
we have

»

1,

s ~ k(ln(R+N)! -lnR! -InN!}
~k(R+N)

In(R+N)-R InR-N InN};

(26)

the number R is, of course, a measure of the energy of the system, see (24). For
the temperature of the system, we obtain

1
T

=

(as)
aE N

whence

=

(as) 1
aR N Tlw
E
N

k

= Tlw In

(R+N)
f...
R
= hw In

(E+~NTzW)
E-

~Nhw

exp (hw/kT) + 1
exp (hw/kT) - 1 '

1

= - hw~~~------

2

(27)

(28)

which is identical with (20). II can be further checked thaI, by eliminating R
between (26) and (27), we obtain precisely the formula (19) for SeN, T). Thus,
once again, we find that the results obtained by following the microcanonical
approach and the canonical approach are asymptutically the same.
Finally, we may consider the classical limit when E/N, the mean energy per
oscillator, is much larger than the energy quantum 1Iw, i.e. \~hen R» N. The
expression (25) may, in that case, be replaced by

(R+N-1)(R+N-2) . . . (R+I)
RN - 1
(N-I)!
~ (N-I)!'

(25a)

\~ith

R

~

E/Tllv.

The corresponding expression for the entropy turns out to be

S~ k(Nln(R/N) +N} ~ Nk {In (N~W) + I} .

(26a)

whence
(27a)

so that

E
N

~kT.

(28a)

These results are identical with the ones derived earlier in the section.

3.9. The statistics of paramagnetism
Next, we study a system of N magnetic dipoles, each having a magnetic moment
11-. In the presence of an external magnetic field H, the dipoles will experience
a torque tend' ~ to align them in the direction of the field. If there were nothing
else to check
s tendency, the dipoles would align themselves precisely in this
direction and we would achieve a complete magnetization of the system. In reality,
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however, thermal agit<ltion in the system offers
Jstancc to this tendency and,
in equilibrium, we obtain only a partial magnetization. Clearly, as T ~ 0 K, the

thermal agitation becomes ineffective and the system exhibits a complete orientation of the dipole moments, whatever the strength of the applied field; at the other
extreme, as T -? 00, we approach a state of complete randomization of the dipole
moments, which implies a vanishing magnetization. At intermediate temperatures,

the situation is governed by the parameter (JiH jkT).
The model adopted for this study consists of N identical, localized (and, hence,
distinguishable), practically static, mutually non-interacting and freely orientable
dipoles. It is obvious that the only energy we need to consider here is the potential
energy of the dipoles which arises from the presence of the externa l field Hand
is determined by the orientations of the dipoles with respect to the direction of

the field:

N

N

N

E = LE; = - LJi;·H = - JiHLcosO;.
;=1

(I)

;= 1

The partition function of the system is then given

by
(2)

where

Q,({i) = Lcxp(f!JiHcosO).

(3)

"

The mean magnetic moment M of the system will obviously be in the direction
of the field H; for its magnitude we shall have

L

Ji cos 0 exp (f!JiH cos 0)

M , = N (Ji cos 0) = N ...co
,--;= _______
L exp (f!JiH cos 0)

o
N B

= - - lnQ,(f!).
fJ BH

(4)

Thus. to determine the degree of magnetization in the system all we have to do is

to evaluate the single-diPLlle partition function (3).
First, we do it classically (after Langevin, 1905a,b). Using (sinOdOd¢) as the
elemental solid angle representing a small range of orientations of the dipole,
we get

JJe""H",,0
2• •

Q, (f!)

=

o

sin 0 dO d¢

= 4" sinh (f!JiH ) ,
f!JiH

(5)

0

whence

Ji ,

= M- = Ji { coth (f!JiH) _0

N

'

- fI ! }
Jili

= JiL(f!JiH) ,

(6)

where L(x) is the so-called Langevin function

1
L(x) = cothx - -;
x

(7)
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we note th.
.e parameter f3J.,H denotes the strength of the (magnetic) potential
energy I1H against the (thermal) kinetic energy kT. /I plot of the L1ngevin function
is shown in Fig. 3.6.

1.0

i

--========

~-~,~
,
,
,
,,

,,

L(x) 0.5

0~----~----~-----7.

o

4

8

1.2

x---+
FIG. 3.6. The Lang\!vin function L(.t).

If we have No dipoles per unit volume in the system, then the magnetization of

the system. viz. the mean magnetic moment per unit volume, is given by
M ,0 = Noll , = NO/lL(x)

(x = fJ;t1f).

(8)

For magnetic fields so strong (or temperatures so low) that the parameter x » l.
the function L(x) is almost equal to 1; the system then acquires a state of magnetic
saturation:
. (9)

For temperatures so high (or magnetic fields so weak) that the parameter x
the function L(x) may be written as

x

:3 -

x'
45

+ ...

«

I,

(10)

which, in the lowest approximation, gives

NoJ1 2

(11)

M,o "" 3kT H.
The high -temperature susceptibility of the system is, therefore, given by

aM-o )
x = ~~ ( a~

""

NQ/.1'

C

3kT = T' say.

(12)

Equation (12) is the Curie law of paramagnetism) the parameter C being the Curie
cons/alii of the system. Figure 3.7 shows a plot of the susceptibility of a powdered
sample of copper - potassium sulphate hexahydrate as a function of T - 1 ; the fact
that the plot is linear and passes almost through the origin vindicates the Curie
law for this particular salt.
We shal! now treat the problem of paramagnetism quantum-mechanically. The
major modification here arises from the fact that the magnetic dipole momcnt IL and
its component Jl ~ in the direction of the applied field cannot have arbitrary values.
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FIG, 3 .7. X vs. l IT plOi fo r

pow(krcd S<lmple or copper - potassiulll sulphal\! hexahydrate (afler Ilupse. 19.12).

:J

Quite generally, we have a direct relationship between the magnetic moment
a given dipole and its angular momentum I:
I-' =

e)
- I.
(g2mc

J,L

of

(13)

with

I' = 1(1 + [)II';

1 = ~. ~. ~. ...

or

O. 1.2 . .

(14)

The quantity g(e/ 2md is referred to as the gyromaglletic ratio of the dipole while
the number g is known as Lande 's g-Jactor. If the net angular momentum of the

dipole is due solely to electron spins, then g = 2; on the other hand, if it is due
solely to orbital motions, then g = 1. In general, however, its origin is mixed; g
is then given by the formula

3 S(S+l)-L(L+l)
g--2:+
21(1+1)
.

(15 )

Sand L being. respectively. the spin and the orbital quantum numbers of the
dipole. Note that there is no upper or lower bound for the values that g can have!

Combining (13) and (14). we can write
(16)

where IJ-B(= eh / 2mc} is the Bohr magnelOn. The component 11 :: of the magnetic
the applied field is, on the other hand, given by
moment in the direction

at

11 , =g/lB11l.

1II = -1.-1+1 • ... • 1 - 1.1 .

(17)

Thus, a dipole whose magnetic moment IJ.. conforrl
J expression ('16) can have
no other orientations with respect to the applied field except the ones conforming
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to the values (17) of the component p. ~ : obviously, the number of allowed orientations, for a given value of 1, is (21 + 1). In view of this, the single-dipole pilrtition
function Q, (tl) is now given by, see (3),
j

L

Q, (fJ) =

(18)

exp (tlgIlBmN).

m= - J

Introducing a parameter x, defined by
x = tl(gIlBJ)N,

(19)

eqn. (18) becomes

e (2J+ lh/ 2J _ e -(U -t1 ).f/2J

e-'f/ 2J _ e x/ 21

= sinh {

(1 + ~ ) x} /

sinh

{~x} .

(20)

The mean magnetic moment of the system is then given by. see (4),

N

a

M , = NIl - = - - lnQ,(tJ)
fJ aN

= N(g/lBJ) [(

1+ ~ )

coth {

(1 + ~ ) x} - ~

coth

{2~X}] .

(21)

Thus
Il ,

= (gIlBJ)Bj(x) ,

(22)

where B}(x) is the Brillouin function (of order J):
Bj(x) =

(L + 2~

) coth {

(1 + ~ )

x} -

~ coth {~x} .

(23)

In Fig. 3.8 we have plotted the function Rj(x) for some typical values of the
quantum number 1.
We shall now consider a few special cases. First of all, we note that for strong
fields and low temperatures (x » I), the function Bj(x) '" 1 f or all J, whieh corresponds to a state of magnetic saturation. On the other hand, for high temperatures
and weak fields (x« I), the function Bj(x) may be written as
~(1
so that

+ l/J)x + . ..

__ l~IlBJ>, (
Il , 3kT
1+

1) _

J

(24)

g'Il~J(J

N -

+ I)

3kT

N.

(25)

The Curie law, X ex liT, is again obeyed; however, the Curie constant is now
given by
c _ Nog'I1.~J(J + I) NOll '
j

-

3k

3k '

(26)
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FIG. 3.8. The RriJlouin function Bj (x) for various vulues of J .

sec (16). It is indeed interesting that the high-temperature results, (25) and (26),
directly involve the eigenvalues of the operator J..l.2.
Let us now look a little more closely at the dependence of the foregoing results
on the quam urn number 1. First of all, we consider the extreme case J -» 00,
with the understanding that simultaneously g -» 0 such that the value of JJ. stays
constant. From (23), we readily observe that, in this limit, the Brillouin function
B,(x) tends to become (i) independent of J and (ii) identical with the Langevin
function L(x). This is not surprising because, in this limit, the number of allowed
orientations for a magnetic dipole becomes infinitely large, with the result that
the problem essentially reduces to its classical counterpart (where one allows all
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FIG. 3.9, Plots of Jid J1D a~ a functi on of H /T. The solid curves represent the thcoretical results, while the points mark the experimental finding." of Henry (1952). Curve
I is for pota~~ium chromium alum (l
~. 8 2 ), Curve II for iron ammoni.1 alum
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4.

conceivable ~~Jentations). At the other extreme. we have the case J =
which
allows only two orientations. The results in this case are very different from the
ones for } » 1. We now have, with g = 2,

(27 )
For x» I, l1.l is very nearly equal to J.1.B. For x« I, however, III :::::: IJ.BX' which
corresponds to the Curie constant

NoI'~

(28)

C 1/ 2 = - - .
k

In Fig. 3.9 we have reproduced the experimental values of 11 , (in terms of f.1o)
as a function of the quantity H /T, for three paramagnetic salts; the corresponding
theoretical plots, viz. the curves gJBJ(x), are also included in the figure . lbe
agreement between theory and experiment is indeed good. In passing. we note
that, at a temperature of 1.3 K, a field of about 50.000 gaus., is sufficient to
produce over 99 per cent of saturation in these salts.

3.10. Thermodynamics of magnetic systems: negati ve

t~mperatures

For the purpose of this section, it will suffice 10 consider a system of dipoles
with J =
Each dipole then has a choice of two orientations, the corresponding
energies being - J.l.BJ-i and +J.1. BH; let us call these energies -I-: and +e, respectively. The partition function of the system is then given by

4.

, (I)

cf. the general expression (3.9.20). Accordingly, the Helmholtz free energy is
given by
A = - NkT In (2 cosh (E/kT) ),
(2)
whence

S= -

(~

t

= Nk [In {2cOSh

U = A + TS = -NEtanh

M

e~)

.

= - (:~ ) T = N 118 tanh e~

(k~)} - k~ tanh eET) l,

)

(3)
(4)
(5)

and, finally,
(6)

Equation (5) is essentially the s.ame as (3.9.27); moreover, as expected, U =
-MH.
The temperature dependence of the quantities S, U, M and C is shown in

Figs 3.10- 13. We note that the entropy of the system is vanishingly small for
kT « E; it rises rapidly when kT is of the order of E and approaches the limiting
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value N kIn 2 for kT » E. (This limiting value of S corresponds to the fact th
at high temperatures the orientation of tbe dipoles assumes a completely random
character, with the result that the system now has 2'" equally likely microstate-.
available to it) The energy of the system auains its lowest value, - Nt, as T o K; this clearly corresponds to a state of magnetic saturation and, hence, to II
state of perfect order in the system. Towards high temperatures. the energy tencb
to vanish, 13 implying a purely random orientation of the dipoles and hence
complete loss of magnetic order. These features are re-emphasized in Fig. 3.1:
which depicts the temperature dependence of the magnetizalion M . The specificheat of the system is vanishiugly small at low temperatures but, in view of the fae:
that the energy of the system tends to a constant value as T ~ 00, the specific hCOi:
1.0

t

S

In 2 -- --- - --- - --- -- - -- - -- -- -- --- - -.
0.5

Nk

°0~------~2------~4~----~6

kT/£

,.

FIG. 3.10. The entropy of a system of magnetic dipoles (with J =

i) as a function of temperature

kT _

o
o
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•
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i

U -0.5

- 1.0

Flo. 3.11. The energy of a system of mi!gn~tic dipoles (with J =

!) as a function of temperature
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FIG. 3.12. The magnetization of a system of magnetic dipoles (with J =
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FIG. 3.13. The specific heat of a system of magnetiC dipoles (with J =
temperature.

!)as a function of

vanishes at high temperatures as well. Somewhere around T = El k, it displays a
maximum. Writing!:!. for the energy difference between the two allowed states of
the dipole, the formula for the specific heat can be written as
C

=

Nk (k~ )

2 el> j kT

(1

+ el> j kT) - 2

(7)

A specific heat of this form is generally known as the Schottky specific heat;
characterized by an anomalous peak, it is observed in all systems with an excitation
gap !:!. .
Now, thro. ~_.out our study so far we have considered only those cases for which
T > O. For normal systems, this is essential, for otherwise we have to contend
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with canonical distributions that blow up as the er
.I of the system is indefinitely
increased. If, however, the energy of a system is bounded from above, then there
is no compelling reason to exclude the possibility of negative temperatures. Such
specialized situations do indeed arise, and the system of magnetic dipoles provides
a good example thereof. From eqn. (4) we note that, so long as U < 0, T > O-and
that is the only range we covered in Figs 3.10 to 3.13. However, the Same equation
tells us that if U > 0 then T < 0, which prompts us to examine the matter a little
morc closely_ For this we may consider the variation of the temperature T and the
entropy S with energy U, namely
(8)

and

..£ =

_ Nt

Nk

+ U In (NE + U)

2NE

2NE

_ NE - U In (NE - U) ;
2NE
2NE

(9)

these expressions follow straightforwardly from eqns (3) and (4), and are shown
graphically in Figs 3.14 and 3.15. We note that for U = -NF., both Sand T
vanish. As lJ increases. they too increase, until we reach tht: special situation
where U = O. The entropy is then seen to have attained its maximum value
NJ...ln2, while the temperature has reached infinity. Throughout this range, the
entropy was a monotonically increasing function of energy, so T was positive.
Now, as U becomes 0+, (dS/{IU) becomes 0 _ and T becomes - 00. With a further
incrcac;;c in V, the entropy monotonically decreases; as a result, the temperature
continues to be negative, though its magnitude steadily decreases. Finally. we
reach the largest value of U. namely +N£, where the entropy is once again zero
and T = - 0.
1.0

i

-~

In 2 ---- --- -- _.

-5
.5 ...

-2

.2

S
Nk 0.5

~A,

/,

-1

+1

-0.5
0

-1

0
U

N,

--+

!>

FlO. 3.14. The entropy of a system of magnetic dipoles (with J =
as a function of
energy. Some valu~ of the parameter kTle are also shown in the figure.

TIle region where U > 0 (and hence T < 0) is indeed abnormal because it
corresponds 10 a magnetization opposite in direction 10 that of the applied field!
Nevertheless. it can be realized experimentally in the system of nuclear moments of
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4

-2

-4

fi G. 3.15. The tcmpemture p:uanlcter kT/t, and it.. reciprocal {J£. for a system of
magnetic dipole!> (with J =
as a function of energy.

D

a crystal in which the relaxation time f1 for mutual interaction among nuclear spins
is very small in comparison with the relaxation time f'!, for interaction between the
spins and the lattice. Let such a crystal be magnetized in a strong magnetic field ,
and then the field reversed so quickly that the spins are unable to follow the switchover. This will leave tilt: system in a non-equilibrium state, with energy higher
than the new equilibrium value U. During a period of order fl, the sub-system of
the nuclear spins should be able to attain a state of infernal equilibrium; this state .
will have a negativt:: magnetization and will, therefore, correspond to a negative
temperature. The sub-system of the lattice, which involves energy parameters that
are in principle unbounded, will indeed be at a positive temperature. During a
periou of order t 2, the two sub-systems would attain a state of mutual equilibrium,
which again will have a positive tempcrature. 14 An experiment of this kind was
successfully pcrfomled by Purcell and Pound (1951) with a crystal of LiF; in this
case, 11 was of order 10- 5 sec while t2 was of order 5 min. A state of negative
temperature for the sub-system of spins was indeed attained and was found to
persist for a period of several minutes; see Fig. 3.16.
Before we close this discussion. a few general remarks seem in order. First of
all, we should clearly note that the onset of negative temperatures is possible on I)'
if there exists an upper limit on the energy of the given system. In most physical
systems this is not the case, simply because most physical systems possess kinetic
energy of motion which is obviously unbounded . By the same token, the onset of
positive temperatures is related to the existence of a lower limit on the energy of
a system; this, however, does not present any problems because, if nothing else.
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FIG. 3.16. A typical record of the reversed nuclear magnetization (after Purcell and
Pound, 1951). On the left we have a deflectiun corresponding to normal, equilibrium
magnetization (T ~ 300 K); it is followed by the reversed deflection (corresponding to
T ~ -350 K), which decays through zero deflection (corresponding to a passage from
T = - 00 to T = +00) towards the new equilibrium state which again has a positive T.

the uncertainty principle alone is sufficient to set such a limit for every physical
system. Thus, it is quite normal for a system to be at a positive temperature
whereas it is very unusual for one to be at a negative temperature. Now, suppose
that we have a system whose energy cannot assume unlimited high values. Then.
we can surely visualize a temperature T such that the quantity NkT is much largethan any admissible value, Er: of the energy. At such a high temperature, the
mutual interactions of the microscopic entities constituting the system may be
regarded as negligible; accordingly, one may write for the partition function
the system
(Il

Since, by assumption, all f3cn

« 1, we have
(11

Let g denote the number of possible orientations of a microscopic constituent
the system with respect to the direction of the external field; then, the quantif
L:ll £~ (o: = 0, I , 2) may be replaced by the quantities gcCt • So, we get

I

In Q,v(f3) ::::: N [ln g + In (1 - (Jf + !f32e2) ]
::::: N [ln g -

fJi + !f3 2

(£2_£2)] .

(1::

The Helmholtz free energy of thl:: system is then given by
A(N, (3) ::::: -

N

f3

N-,

Ing + N"E - "2fl(£ - £)-,

(13
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whence

Nk ? - ---:-;;S(N,f3):::::Nkln g - - f3-(c-c)2
2
U(N, f3)::::::: N"S - Nf3(c -

c?,

(14)

(15)

and

Formulae (12)-(16) determine the thermodynamic properties of the system for
f3 ::::::: O. The important thing to note here is that they do so not only for f3 ~ 0 but
also for f3 ~ U. In fact, these formulae hold in the vicinity of, and on both sides of,
the maximum in the S-U curve; see Fig. 3.14. Quite expectedly, the maximum
value of S is given by NkIng, and it occurs at f3 = ±O; S here decreases both
ways, whether U decreases (f3 > 0) or increases (f3 < 0). It will be noted that the
specific heat of the system is positive in either case.
It is not difficult to show that if two systems, characterized by the temperature
parameters f3l and /3z, are brought into thermal contact, then energy will flow from
the system with the smaller value of f3 to the system with the larger value of f3;
this will continue until the two systems acquire a common value of this parameter.
What is more important to note is that this result remains literally true even if one
or both of the f3 are negative. Thus, if f3\ is -ve while f32 is +ve, then energy
will flow from system 1 to system 2, i.e. from the system at negative temperature
to the one at positive temperature. In this sense, systems at negative temperatures
are hotter than the ones at positive temperatures; indeed, all negative temperat~res
are above +00, not below zero!
For further discussion of this topic, reference may be made to a paper by Ramsey
(1956).

Problems
3.t. (a) Derive formula (3.2.36) from eqns (3.2.14) and (3.2.35).
(b) Derive formulae (3 .2.39) and (3 .2.40) from eqns (3 .2.37) and (3.2.38).
3.2. Prove lhat the quantity g" (xo), see eqn. (3.2.25), is equal to (E - U)2) exp (2,8). Hence show
that eqn. (3.2.28) is physically equivalent to eqn. (3.6.9).
3.3. Using the fact that (lin!) is the coefficient of xn in the power expansion of the function exp (x ),
derive an asymptotic formula for this coefficient by the method of saddle-point integration. Compare
your result with the Stirling formula for (n !).
3.4. Verify that the quantity (k/ _ I ") In I , where

Ie ,', U) =

L ' lV{lI r }.

InrI
is equal to the (mean) entropy of the given system. Show that we obtain essentially the same result
for In I if we take, in the foregoing summation, ollly the largest term of the sum, viz. the term W {II;}
which corresponds to the most probable distribution set.
[Surprised? Well, note the follo\'ing example:
N

For all N ,

""
L NC r =
r=O

-J,v .,
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therefore,

(a j

Now, the largest term in the sum corresponds to r :::: N /2; so, for large N, the logarithm of the largest
tenn is very nearly equal to
In {N !} - 21n {(N 12J')

N

N

(bl

=:: NlnN-2"'211l2" = ,'V ln2.

which agrees with (a)-l
3.5. Mak ing usc uf the fact that the Helmholtz fret: ener&.v A(N. V. T) of a thermodynamic system
is an extensil-e propeny of the system. show that

N

(-ONaA)

+V
Y. T

(ilA)
i:l\'

=A .
N .T

[Note I1mt this result implies the well-known relationship: .N IJ- =.4. + PVC=: G ).J
3.6. (il) Assuming that the total number of microstates accessible to a given starisrical system is
n. show thai the entropy of the system. as given by cqn. (3.3.13). is maximum when all
f2 states are equally likely to occur.
(h) If. on the other hand. we have an ensemble of systems sharing eneIgY (with mean value
E). then show that the entropy, as given by the same formal cxpres.'iion, L'i maximum when
Pr <X exp (- fJE r ). {J being a constant to be determined by the given value of E.
(c) Further, if we have an ensemble of systems sharing energy (with mean value E) and also
sharing panicles (with mean value ,1), then show that the entropy, given by a similar
expre~ion, is maximum wocn P'.S ex: exp (-aN, - fJE r ), a and {J bcing constants to be
determined by the given values of Nand E.
3.7. Prove that, quite generally,

C p -C y= -k

a { (""'Q) }]'
[aT
T -----av T
Y
u2InQ)
( av1 T

> 0.

Verify that the value of this quantity for an ideal classical gas is Nk.
3.8. Show that. for an ideal gas.

3.9. If an ideal monatomic gas is expanded adiabatically 10 twice its initial volume, wtlat will the
ratio of ttle final pressure to the initial pressure be? If during the process some heat is added III ttle
system. will ttle final pressure be higher or lower than in the preceding case? Support your answer by
deriving the relevam formula [or the ratio PI/ Pi.
3.10. (a) The volume of a sample of helium gas is increased by withdrawing the piston of the
containing cylinder. The final pressure PI is found to be equal to the initial pressure
Pi times (Vil V I }I_ l , Vi and V f being the initial and final volumes. Assuming that the
product PV is always equal to j U, will 0) the cnerg)' and (iii the entropy of the gas
incrca'it, remain constant or decrease during the process?
(b) If thc process were reversible, how much would the work done and the hcat addcd in
doubling thc volume of the gas be? Take Pi = 1 atm and Vi = 1m3.
3.11. Derermine the work done on a gas and the amount of heat absorbed by it during a compression
from volume V I to volume V:!. following the law Pvn = const.
3.12. If the "free volume" V of a classical system is defined by the equation
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where fJ is the
. rage potential energy of the system and U(qi) the actual potential energy as a
function of the molecular configuration, then show that
S = Nk In

[ {

(2:rrmkT) 3/ 2 }

V
-

h2

N

5]

+ -2 .

In what sense is it justified to refer to the quantity V as the "free volume" of the system? Substantiate
your answer by considering a particular case, e.g. the case of a hard sphere gas.
3.13. (a) Evaluate the partition function and the major thermodynamic properties of an ideal gas
consisting of NI molecules of mass 1111 and N2 molecules of mass m2, confined to a space
of volume V at temperature T . Assume that the molecules of a given kind are mutually
indistinguishable, while those of one kind are distinguishable from those of the other kind .
. (b) Compare your results with the ones pertaining to an ideal gas consisting of (NI + N 2)
molecules, all of olle kind, of mass 111, such that m (NI + N2) = mIN I + 11I2N2·
3.14. Consider an ideal-gas mixture of atoms A, atoms B and molecules AB, undergoing the reaction
AD <0> A + B. If nA , liB and "AB denote their respective concentrations (that is, the number densities
of respective atoms/molecules). then show that, in equilibrium,
IlAB
- = Vf-AB- = K(T)
"A"B

(the law of mass action).

f ..If B

lIae, V is the volume of the system while the f, arc the respective single-particle partition functions ;
the quantity K (T) is generally referred to as the equilibrilllll COIlSlam of the reaction.
3.15. Show that the partition function QN(V . T) of an eJ.trclllc relativistic gas consisting of N
mon.ltomic molecules with energy-momentum rel.ltionship Ii = pc, c being the speed of light, is
given by

kT 3
8;rV ( - )

1
QN(V, T) = -

N!

{

llc

N
}

study the thermodynamics of this system, checking in particular that

PV=!U,

U/N=3kT

and

y=~ .

Next, using the inversion formula (3.4.7), derive an expression for the density of states geE) of this
system.
3.16. Consider a system similar to the one in the preceding problem, but consisting of 3N particles
moving in one dimension. Show that the partition function in this case is given by
Q3N(L. T) = -1- [ 2L
(3N)!

(kT)]3N
he

L being the " length·' of the space available. Compare the thermodynamics and the density of states of
this system with the corresponding quantities obtained in the preceding problem.
3.17. If we take the function f(q. p) in eqn. (3.5.3) to be U - H(q. p), then clearly (f ) = 0;
formally, this would mean
flU - H(q. p)je-I!H(q.p ) dw = O.
Derive from this equation expression (3.6.3) for the mean-square fluctuation in the energy of a system
embedded in the canonical ensemble.
3.18. Show that for a system in the canonical ensemble

Verify that for an ideal gas

3.19. Consider the long-time averaged behavior of the quantity dG/ dt , where
G=

L q, p"
i

and show that the validity of eqn. (3.7.5) implies the valid it} of eqn. (3.7.6), and vice \ersa.
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3.20. Show that, for a statistical sySIt:m in which the interparticle pOtential energy !l(r) is a homo..
geneous function (of degree n) of the particle coordinates. the virial Y- is given by

'I ' = - 3PV - nU
and, hence. the melm kinetic energy K by

1

1

2

2

K=-- Y- = - (3PV+nU) =

,
(n

+ 2)

(3PV+nE);

here, U denotes thc mean potential energy of thc system and E == K + U. Note that this result holds
nol only for a classical system but for a Quantum-mechanical one as well.
3.21. (a) Calculate the time-averaged kinetic enc=rgy and potential energy of a one-dimensional
harmon ic oscillator. oolh classically and quantum-mechanically, and show that the resulls
obtained arc consistent with the result established in Ihe preceding problem (with tl = +2).
(b) Consider, simil:uly, the case of the hydrogen atom (II = -1) on the ba.c;js of (i) the
Bohr-Sommerfeld model and (ii) the Schrooinger model.
(c) Finally. consider the c~se of a planet moving in (i) a circular orbit or (ii) an elliptic orbit
around the sun.
3.22. The restoring force of an anharmonic oscillator is proportionaltC'l the cube of the displacement.
Show tholt the mean kinetic energy of the oscillator is twice its mean potCl'ltial energy.
3.23. (a) For a dilute ga.", the pair distribution function g(r) may be approximated as
g(r) ::- cxp

( ~u(r)/kTI.

Show that, under this approximation. eqn. (3.7.1 7) takes the form

J
~

-I'V ::::- I - 27rn
NkT

f (r),l dr,

o
where f (r)( = exp (-ul r)/ kTl - I] is the so-called Mayer fill/ClIO"; see eqn. (9.1.6).
(b) What form will this resull take for a gas of hard spherc..., for which
tI(r) =00

o

for r .:::

(1

otherwise?

Compare your result with that of PrOblem 1.4.
3.2-1. Show that in the relativistic easc the equipartition theorem takes the form

where 1110 is the rc.<;t ma.c;s of a particle and If its spc-ed. Check that in the extreme relativistic case the
mean thermal energy per p<lrticle is twice its value in the nonrclativistic case.
3.25. Develop a kim'ric argument to show that in a non-interacting system the average value of the
quantity
P,Q, is precisely equal to 3P\'. Hence show that, regardles.c; of relativistic con...iderations,
PV = NkT.
3.26. The energy eigenvalues of an s-dimensional h~rmonic oscillator can be written ac;

Li

ej

= (j

+ Jj2)1/w;

j = 0, 1,2 ....

Show that the jth energy level has a muiliplieity (j + s - 1 )!fj!(s - I )" Evaluate the partition func·
tion, and the major thermodynamic properties. of a system of N such OSCillators, and compare your
results with a correspond ing system of IN one--dimensional oscill~tors . Show, in particular. that the
chemical potential 11 , = S/.1I.
3.27. Obt<lin an asymptotic expression for the quantity Ing(£) for a system of N quantum-mechanical
harmonic oscillators by using the inversion formula (3.4.7) and the partition function (3.8.15). Hence
show thai

s

Nk =

(E '
Nhw

+ 2:')

In

(E

NT/w

1)

1)

+ 2 - (E
Nhw -"2

In

(E

Nl,w

-"2') .

[Him : Employ the Darwin-Fowler method.]
/
3.28. (a) When a system of N oscilldlors with lotal energ}
is in thermal equilibrium, what is the
prob:lbility Pit that a particular oscillator among them is in the quantum state n?
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[Hint: Use expression (3.8.25).) Show that, for N » 1 and R » n, Pn ::::; OW /(ii + 1 )n+l,
where 11 = R/N.
(b) When an ideal gas of N monatomic molecules with total energy E is in thermal equilibrium,
show that the probability of a particular molecule having an energy in the neighborhood
of E is proportional to exp (-/3E), where /3 = 3N /2£.
[Hint: Use expression (3.5.16) and assume that N» I and E» E.]
3.29. The potential energy of a one-dimensional, anharmonic oscillator may be written as

whcre c, g and f are positive constants; quite generally, g and f may be assumed to be very small in
value. Show that the leading contribution of anharmonic terms to the heat capacity of the oscillator,
assumed classical, is given by

and, to the same order, the mean value of the position coordinate q is given by
3gkT

4~'
3.30. The energy levels of a quantum-mechanical, onc-dimension,,!. anharmonic oscillator may be
approximatcd as

l1,c parameter x, usually

«

1, represents the degree of anharmonicity. Show that, to the first order in

x and the fourth order in u(;, Tzw/kT), the specific heat of a system of N such oscillators is given by

4) +4x (~+ ~1l3)] .
C= Nk [(1- ~I/
+_1_u
12
240
u
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Notc that the correction term increases with temperature.
•
3.31. Study, along the lines of Sec. 3.8, the statistical mechanics of a system of N "Fermi oscillators"
which are characterized by only two eigenvalues, namely 0 and E.
3.32. The quantum states available to a given physical system are (i) a group of gl equally likely
states, with a common energy EI and (ii) a group of g2 equally likely states, with a common energy
£2 > EI· Show that the entropy of the system is given by

S = -k[pi In (pdgl)

+ p21n (p2/gZ)].

where PI and PZ are, respectively, the probabilities of the system being in a state belonging to group I
or to group 2: PI + PZ = 1.
(a) Assuming that the Pi are given by a canonical dislribution, show that

where x = (E2 - EI )/kT, assumed positive. Compare the special case gl = g2 = 1 with
that of the Fermi oscillator of the preceding problem.
(b) Verify the foregoing expression for S by deriving it from the partition function of the
system.
(c) Check that at T -+ 0, S -+ klngl. Interpret this result physically.
3.33. Gadolinium sulphate obeys Langevin's theory of paramagnetism down to a few degrees Kelvin.
11~ molecular magnetic momenl is 7.2 x 10- 23 amp-mz. Determine the degree of magnetic saturation
in this salt at a temperature of 2 K in a field of flux density 2 weber/m2.
3.34. Oxygen is a paramagnetic gas obeying Langevin's theory of paramagnetism. lis susceptibility
per unit volume, at 293 K and at atmospheric pressure, is 1.80 x 10- 6 mks units. Determine its
molecular magnetic moment and compare it with the Bohr magneton (which is vet) nearly equal to
").
9.27 x 10- 24 am
3.35. (a) Con~.
a gaseous system of N non-interacting, diatomic molecules, each having an
elcctric dipole moment J.I., placed in an external electric field of strength E . The energy
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of a molecule will be given by the kinetic enel,
i rotation as well as of translation plus
the potential energy of orientation in the applied field:
Ii

2+ {2- + 2} -

P
2m

= -

Po
21

P",

2I sin2 0

JlE cos 0,

where 1 is the moment of inertia of the molecule. Study the thermodynamics of this
system, including the electric polarization and the dielectric constant. Assume that (i) the
system is a classical one and (ii) IJlEI « kT. 16
(b) The molecule H20 has an electric dipole moment of 1.85 x 10- 18 e.s.u. Calculate, on the
basis of the preceding theory, the dielectric constant of steam at 100°C and at atmospheric
pressure.
3.36. Consider a pair of electric dipoles Jl and Jl', oriented in the directions (0, </» and (0', </>'),
respectively; the distance R between their centers is assumed to be fixed. The potential energy in this
orientation is given by

,

- ~ (2 cos 0 cos 0' - sin 0 sinO' cos(</> - </>')}.
Now, consider the pair to be in thermal equilibrium, their orientations being governed by a canonical
distribution. Show that the mean force between the dipoles, at high temperatures, is given by
JlJl'

R

-2- -

kT R7'

R being a unit vector in the direction

of the line of centers.
3.37. Evaluating the high-temperature approximation of the partition function of a system of
magnetic dipoles, show that the Curie constant C} is given by

Hence derive the formula (3.9.26).
3.38. Replacing the sum in (3.9.18) by an integral, evaluate QI (f3) of the given magnetic dipole
and study the thermodynamics following from it. Compare these results with the ones following from
the Langevin theory.
3.39, Atoms of silver vapor, each having a magnetic moment JlB(g = 2. J =
align themselves
either parallel or antiparallel to the direction of an applied magnetic field. Determine the respective fractions of atoms aligned parallel and antiparallel to a field of flux density 0.1 weber/m2 at a
temperature of 1000 K.
3,40. (a) Show that, for any magnetizable material, the heat capacities at constant field H and at
constant magnetization M are connected by the relation

!),

CH_CM=_T(aH) (aM) .
aT M aT H
(b) Show that for a paramagnetic material obeying Curie's law

where C on the right-hand side of this equation denotes the Curie constant of the given
sample.
3.41, A system of N spins at a negative temperature (E > 0) is brought into contact with an idealgas thermometer consisting of N' molecules. What will the nature of their state of mutual equilibrium
be? Will their common temperature be negative or positive, and in what manner will it be affected by
the ratio N ' / N?
3.42. Consider the system of N magnetic dipoles, studied in Sec. 3.10, in the microcanonical
ensemble. Enumerate the number of microstates, Q(N. E), accessible to the system at energy E, and
evaluate the quantities SeN , E) and T(N, E). Compare your results with eqns (3.10.8) and (3.10.9).
3.43. Consider a system of charged particles ( not dipoles), obeying classical mechanics and classical
statistics. Show that the magnetic susceptibility of this system is identically zero (Bohr- van Leeuwen
theorem).

Notes
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[Note that th. _dmil~o.nian of this system in the presence of a magnetic field H (= V x A) will be
a function of the quanltltes Pj + (ej/c)A(rj), and not of the Pj as such. One has now to show that
Ihe partition function of the system is independent of the applied field.)

Notes
I In what follows, the energy levels Er appear as purely mec"allical quantities -independent of
the temperature of the system. For a treatment involving ··temperature-dependent energy levels", see
Elcock dnd Landsberg (1957).
2 For the method of Lagrange multipliers, see ter Haar and Wergeland (1966), Appendix c.1.
3 Actually, this is not a serious restriction at all, for a common divisor. if any, can be removed by
selecting the unit of energy correspondingly larger.
4 This too is not serious, for by doing so we are merely shifting the zero of the energy scale; the
nlean energy U then becomes U - Eo. but we can agree to call it U again.
5 1 hi~ can be seen by noting that (i) an analytic function must possess a IIniqlle derivative ever}where (so, in our case, it must be zero, irrespective of the direction in which we pass through the point
XI) l••md (ii) by the Cauchy - Riemann conditions of anal} ticity, the second derivative of the function
"ith respect to y must be equal and opposite to the second derivative with respect 10 x.
6 It is indeed true that, for large . , ', the contribution from the rest of the circle is negligible. The
intuitive reason for this is that the terms (Wr:Er), which constitute the function 1(:), "rcinforce" Onc
.lIlothcr only at the point: = xo; e1se\\here, there is bound to be disagreement among their phdses.
,0 that at all other points along the circle, 1/(:)1 < I (xol- No", the factor thai actually governs the
relative contributions is 1I/(:)III(xll»)' I - ; for . ,' » I. this will clearly be negligible. For a rigorous
demonstration of this point, see Schriidinger (1960), pp. 31-33.
7 Of course. if the ground state of the system is th'gl!IIemte (with a multiplicity Qu). then the
ground-state entropy is nonzero and is given by the expression k In Qo; see eqn. (14).
8 Ample justification has already been given for the factor ,,3.V. The factor N! comes from the
considerations of Secs 1.5 and 1.6: it arises essentially from the fact th.lt the particles constituting the
given system arc after all indistingllishable For a complete proof, see Sec. 5.5.
Q For the details of this evaluation, see Kubo (1965). pp. 165-8.
10 Subsequently we shall see that this extremum is actually a maximum-and that too an extremely
sh.up one.
II We ob,crve that if x j is a space coordinate, then its extreme values will correspond to "Iocalions
dt the walls of the container"; accordingly. the potential energy of the system "ould become infinite.
If, on the other hand, Xj is a momentum coordinate, then its extreme values will themselves be ±x,
in "hich case the kinetic energy of the system would become infinite.
12 It will be noted that the summation over the various particles of the system, which appears in
the definition of the virial, has been replaced by an integration over the surface of the container. for
the simple reason that no contribution arises from the interior of the container.
I3 Note that in the present study we are completely disregarding the kinetic energv of the dipOles.
U Note that in the latter process, during which the spins realign themselves (now more favorably
in the new direction of the field). the energy will flow from the sub-system of the spins to that of the
lattice, and nOl vice versa. This is in agreement "ith the fact that negati\e temperatures are "olla
than po~itive ones; see the subsequent discussion in the te'\\.
15 Compare this result with eqn. (3.6.3).
18 e.s.u. (or a Debye IInit).
If, The electric dipole moments of molecules are generally of order 10In a field of I e.s.u. (= 300 volts/cm) and at a temperature of 300 K, the parameter fJllE = OC10- 4 ).

CHAPTER 4

THE GRAND CANONICAL ENSEMBLE

IN THE preceding chapter we developed the formalism of the canonical ensemble
and established a scheme of operations for deriving the various thermodynamic
properties of a given physical system. The effectiveness of that approach became
clear from the examples discussed there; it will become even more vivid in the
subsequent studies carried out in this text. However, for a number of problems,
both physical and chemical, the usefulness of the canonical ensemble formalism
turns out to be rather limited and it appears that a further generalization of the
formalism is called for. The motivation that brings about this generalization is
physically of the same nature as the one that led us from the microcanonical to
the canonical ensemhle -it is just the next natural step from there. It comes from
the realization that not only the energy of a system but the number of particles as
well is hardly ever measured in a "direct" manner; we only estimate it through
an indirect probing into the system. Conceptually, therefore, we may regard both
Nand E as variables and identify their expectation values, (N) and (E), with the
corresponding thermodynamic quantities.
The procedure for studying the statistics of the variables Nand E is self-evident.
We may either (i) consider the given system A to be immersed in a large reservoir
A' with which it can exchange both energy and particles or (ii) regard it as a
member of what we may call a grand cMnonical ensemble, which consists of the
given system A and a large number of (mental) copies thereof, the members of
the ensemble carrying out a mutual exchange of both energy and particles. The
end results, in either case, are asymptotically the same.

4.1. Equilibrium between a system and a particle-energy reservoir
We consider the given system A as immersed in a large reservoir A', with
which it can exchange both energy and particles; see Fig. 4.1. After some time
has elapsed, the system and the reservoir are supposed to attain a state of mutual
equilibrium. Then, according to Sec. 1.3, the system and the reservoir will have
a common temperature T and a common chemical potential 11. The fraction of
the total number of particles N (O) and the fraction of the total energy E(O ) which
the system A can have at any time tare, howf(
variables (whose values, in
principle, can lie anywhere between zero and un"J)' If, at a particular instant of
90
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time, the system A happens to be in one of its states characterized by the number
N r of particles and the amount Es of energy, then the number of particles in the
reservoir would be N~ and its energy E~, such that

A'
(N ~. E~)

fiG . 4.l. A statistical system immersed in a particle - energy reservoir.

Nr

+ N~ =

N (O) = const.

(1)

and

(2)
Again, since the reservoir is supposed to be much larger than the given system,
th~ values of N rand E s , which are going to be of practical importance, will be
very small fractions of the total magnitudes N (O) and E (O) , respectively; therefore,
for all practical purposes, I
Nr

and

N~

)

«1

(3)

Es
(
E~ )
E (O) = 1 - E (O) «1.

(4)

N (O) =

(

1 - N (O)

Now, in the manner of Sec. 3.1, the probability Pr,s that, at any time t, the system
A is found to be in an (N r, E s )-state would be directly proportional to the number
of microstates Q' (N~. E~ ) which the reservoir can have for the corresponding
macros tate (N~, E~). Thus
Pr,s ex Q'(N(O) - N r , E (O) - Es).

(5)

Again, in view of (3) and (4), we can write
In Q' (N (O) - N r. E (O) - Es) = In Q' (N ro ). E (O»

+ (aln

Q')

aN'

(- N )

N'=N(O)

+

r

(aln

Q')

aE'

,
1
:::::: In Q ' (N rD ) E (O» +.!!...-N - - E .
.
kT' r
kT' s.

£ ,=£ (0)

(-E)

+ ...

s

(6)

see eqns (1.2.3), (1.2.7), (1.3.3) and (1.3.5). Here, f.1 ' and T' are, respectively, the
chemical potential and the temperature of the reservoir (and hence of the given
system as weI' ';'rom (5) and (6), we obtain the desired result:
P r. s

ex exp( - aN r

-

fJEs),

(7)
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with

a

=-

fi = l/kT.

J-L/kT,

(8)

On normalization, it becomes

p,., =

exp(-aN, - fiE,)

L exp (-aN, -

;

fiEs)

(9)

r,s

the summation in the denominator goes over all the (N r , Es)-states accessible to
the system A. Note that our final expression for p,.s is independent of the choice
of the reservoir.
We shall now examine the same problem from the ensemble point of view.

4.2. A system in the grand canonical ensemble
We now visualize an ensemble of . f' identical systems (which, of course, can
be labelled as 1, 2, ... , . f") mutually sharing a total number of particles 2 • , N
and a total energy , E. Let n". denote the number of systems that have, at any
time t, the number N, of particles and the amount Es of energy (r, s = 0, 1,2, ... );
then, obviously,

L

= . , '.

(la)

= . , 'N

(ib)

fluEs = . , 'E.

(lc)

Il,.s

',s

L n,.sN

r

,.S

and

L
',s

Any set {n" s}, of the numbers n,." which satisfies the restrictive conditions (1),
represents one of the possible modes of distribution of particles and energy among
the members of our ensemble. FurthermQre, any such mode of distribution can be
realized in W {fl,.s I different ways. where

W{n,.sl =

IT (1I"s!) .

(2)

',s

We may now define the most probable mode of distribution, {n;, s}, as the one
that maximizes expression (2), satisfying at the same time the restrictive conditions
(1). Going through the conventional derivation, see Sec. 3.2, we obtain for a large
ensemble
*
exp (-aN, - fiEs) .
n,.s
'. f'

L exp (-aN, -

(3)

fiEs) '

',s

cf. the corresponding eqn, (3.2.10) for the canonical ensemble. Alternatively, we
may define the expectation (or mean) values of the numbers II" " namely

PhY:iica[ Significance of the Variolls Swtislicai QuantiTies
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L' nT.SW{n
{fIr,s}

r•s }

{tlT,J I

=,

L
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.

(4)

lV(n" , }

Ilfr,s J

where the primed summations go over all distribution sets that conform to conditions (1). An asymptotic expression for (nr,.f) can be derived hy using the method
of Darwin and Fowler-the only difference from the corresponding derivation in
Sec. 3.2 being thai in the present case we ha\ e to work with functions of more
than one (complex) variable. The derivation, however, funs along similar lines,

with the result
(5)

','
in agreement with eqn. (4.1.9). The parameters Of and
eventually determined hy the equations

fJ, so far undetermined, afe

LN, exp(-crN, - fJE,)
N =

=-

','

Lexp(-aN,-fJ E ., )

,acr {In Lexp(-crN, - fJE,,)}
"

(6)

','

','
and
L

E, exp (-aN, - fJE.,)

E = -.:."=='= - - - - - exp(-aN, - fJE,)

-

L

oafJ {In L", exp(-aN, - fJ E ,)} ,
"

' (7)

r ,.f

where the quantities Nand E here are supposed to be preassigned_

4.3. Physical significance of the various statistical quantities

In order to establish a connection between the statistics of the grand canonical
ensemble and the thermodynamics of the system under study, we introduce a
quantity q, defined by
q

= In

{s:

exp (-crN, - fJ E ,)};

(1)

the quantity q is a function of the parameters a and (3 and of all the Es. Taking
the differential of q and making use of eqns (4.2.5), (4.2.6) and (4.2.7), we get

-

-

fJ",

elq = -N ela - E elfJ - -[' L-(II,.,) dE"
~

so that

r. S

(2)
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To interpret the terms appearing on the right-hand side of this equation, we compare
the expression enclosed within the parentheses with the statement of the first law
of thermodynamics, viz.

(4)
where the various symbols have their usual meanings. The following correspondence seems inevitable:

1

8W = -~ L(llddEs ,

11 = -a/{3,

(5)

r .S

with the result that
d(q

+ aN + {3E) =

(6)

{38Q.

The parameter {3, being the integrating facror for the heat 8Q, must be equivalent
to the reciprocal of the absolute temperature; so, we may write
{3

= l/kT

(7)

and, hence,

(8)
The quantity (q + aN + {3E) would then be identified with the thermodynamic
variable S / k. Accordingly,
q

S
k

aN - {3E

=- -

=

TS

+ I1N kT

E

.

(9)

However, IlN is identically equal to G, the Gibbs free energy of the system, and
hence to (E - TS + PV) . So, finally,
q-ln{LeXp(-aNr-{3Es)} =

~~.

(10)

T. S

Equation (10) provides the essential link between the thermodynamics of the given
system and the statistics of the corresponding grand canonical ensemble. It is,
therefore, a relationship of central importance in the formalism developed in this
chapter.
To derive further results, we prefer to introduce a parameter z, defined by the
relation
= e- a -_ e '--11
/ kT ,.
.(._
"
(11)
7

the parameter z is generally referred to as the fugacity of the system. In terms of
~, the q-potential takes the form

q

= In {LzNre-f3Es}

(12)

T. S

= In

{ot

zN'QNr(V,

N,=O

n}

(with Qo = 1).

(13)

so that we may write
q(z.

v. T) -

In .1(;::, V. i J.

(14)
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L

=

0 (z, V, T)

I'rQN r (V, T)

(with Qo

= 1).

(15 )

Nr=O
Note that, in going from expression (12) to (13), we have (mentally) carried out a
summation over the energy values E" with N r kept fixed, thus giving rise to the
partition function QNr(V. T); of course, the dependence of QN, on V comes from
the dependence of the E on V. In going from (13) to (14), we have (again mentally)
carried out a summation over all the numbers N r , viz. 0, 1,2, . . . , DC, thus giving
rise to the gralld partition fUllction 3 (z, v. T) of the system. The q-potential,
which we have already identified with PV /kT, is, therefore, the logarithm of the
grand partition function.
It appears that in order to evaluate the grand partition function 3 (z. V, T) we
have to pass through the routine of evaluating the partition function Q(N, V, n. In
principle, this is indeed true. In practice, however, we find that on many occasions
an e~plicit evaluation of the partition function is extremely h.nd while considerable
progress can be made in the evaluation of the grand partition function. This is
particularly true when we deal with systems in which the influence of quantum
statistics and/or interparticle interactions is important; see Secs 6.2 and 9. 1. The
formalism of the grand canonical ensemble then proves to be of considerable value.
We are now in a position to write down the full recipe for deriving the leading
thermodynamic quantities of a given system from its q-potentiaI. We have first of
all, for the pressure of the system,
P(-:.. V. T)

kT

kT

= -V q(?. V. n = -V

In ,1(-:., V, T).

(16)

Next, writing N for Nand U for E, we obtain with the help of eqns (4.2.6), (4.2.7)
and (11)
N(-:.. V. T)

and

U(z.

= z [a_ q(z. v.

a_

n]

v. n = - [~q(z. v. n]
a{3

LT

:.Y

= /"T [~q(tl. V.

all

= kT~

n]

[~q(-:.. V, n]
aT

(17)
LT

:.\'

(18)

Eliminating z between eqns (16) and (17), one obtains the equation of state, i.e .
the (P, V , n-relationship, of the system. On the other hand, eliminating -:. between
eqns (17) and (18), one obtains U as a function of N, V and T, \\ hich readily
leads to the specific heat at constant volume as (aU /an.VY' The Helmholtz free
energy is given by the formula

A

= Nil

- PV

= -kTln

=

NkT In-:. - kTln d(-:.. V. T)

d (z, V,

-

n.

(19)

7'V

\,hich may be compared with the canonical ensemble formula A =
-kT In Q(N , V. n; see also Problem 4.2. Finally, we have for the entropy of
the system
q
(20)
S= U-A =/..T - )
-Nkln-:.+kq.
T
aT :. ~

(a
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4.4. Examples
We shall now study a couple of simple problems, with the explicit purpose of
demonstrating how the method of the q-potential works. This is not intended to
be a demonstration of the power of this method, for we shall consider here only

those prohlems which can be solved equally well by the methods of the preceding
chapters. The real JX)wer of the new method will become apparent only when
we study prohlcms involving quantum-statistical effects and effects arising from

interparticle interactions; many such problems will appear in the remainder of
the text.

The first problem we propose to consider here is that of the classical ideal gas.
In Sec. 3.5 we showed that the partition function QN(V, T) of this system could
be written as
V 1') = [Q, (v, T)l"
(I)
QN ( ,
N!

where QI (V, T) may be regarded as the partition function of a single particle in the
system. First of all, we should note that eqn. (1) docs not imply any restrictions
on the particles having ;'ltemal degrees of motion; these degrees of motion, if
present, would affect the results only through QI . Secondly. we should recall that
the factor N! in the denominator arises from the fact that the particles constituting
the gas arc, in fact, illdislillglti~;/lflble. Closely related to the indistinguishahility
of the particles is the fact that they are IIollloca/;zed, for otherwise we could
distinguish them through their very sites; compare, for instance, the system of
harmonic oscillators, which was studied in Sec. 3.8. Now, since our particles are
nonlocalized they can be anywhere in the space availahle to them; consequently,
the function Q, wi ll be directly proportional to V:
Q,(V, T) = V f(T).

(2)

where f (T) j..c; a function of temperature alone. \Ve thus obtain for the grand
partit ion fu nction of the gas

d« , V, 1")

00

00

N,=O

N~=O

= :L zN'Q,v,(V, T) =:L

(

V f(T))N,
Z N,!

= cxp (zV f(T)},

(3)

whence
q(z, V, T)

= <V f(T).

(4)

Formulae (4.3.16)-(4.3.20) then lead to the following results:

=zkT f(T),
N =zVf(T),
, ,
U =zVkT- f (T),
A =NkTlnz - <VkT f(T)
P

and

S

=-Nk In z + zVk{TJ'(T) + f(T)} ·

(5)
(6)
(7)
(8)

(9)
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tween (5) and (6), we obtain the equation of state of the system:
PV=NkT.

(10)

We note that eqn. (10) holds irrespective of the form of the function J(T). Next,
eliminating z between (6) and (7), we obtain

(11)

U = NkT2 I'(T)/ f(T),

whence

2T f(T)J'(T)

+ T'{j(Tl!"(T) -[f'(T)]'}

C" = Nk

[f(T)]'

.

( 12)

In simple cases, the function I(T) turns out to be directly proportional to a certain
power of T. Supposing that f(T) ex T", eqns (II) and (12) become
U = Il(NkTl

(II')

C" =

(12' )

and
II (Nk).

Accordingly, the pressure in such cases is directly proporliollJI to the energy
density of the gas, the constant of proportionality being llll. The reader will recall
that the case II = 3/2 corresr~.]nds to a nonrelativistic gas while 11 = 3 corresponds
to an extreme relativistic one.
Finally, eliminating z bet\veen eqo. (6) and eqos (8,9). we obtain A and S as
functions of N, V and T. This essentially completes our study of the classical
ideal gas.
The next problem to be considered here is that of a system of independent,
lm:alized particles - a model which, in some respects, approximates a solid. Mathematically, the prohlem is similar to that of a system of harmonic oscillators. [n
either case, the microscopic entities constituting the system are mutually distinguishable. The partition function QI";(V, T) of such a system can be writlen as
Q,v(V, T) = [Q,(V,

TJ)"'.

(13)

At the same time, in view of the localized nature of the particles, the single-particle
partition function QI(V, T) is essentially independent of the volume occupied by
the system. Consequently, we may write
Q, (V, T) = <P(T),

( 14)

where <P(T) is a function of temperature alone. We then ohtain for the grand
partition functi on of the system
~

de"~ V. T) =

L [~<p(T)]N, = [1 -

~<P(T>r':

(]5)

Nr=O

clearly, the quantity z¢(T) must stay below unity, so that the summation over N r
is convergent.
TIle thermodynamics of the system follows straightfor.vardly from cqn. (15).
We have , to begin with,
P

=

kT
V

-q(~,

kT
T) = --In!l - ,<P(Tl}.
V

(16)
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Since both z and T arc intensive variables, the right-hand side of (16) vanishes
as V ~ 00. Hence, in the thermodynamic limit, P = 0.4 For other quantities of

interest, we obtain, with the help of eqns (4.3.17) - (4.3.20),

N=

z41(T)
1 - <41(T)"

(17)

zkT'41'(T)

U - :--'-:~
- 1- z41(T)'

A = NkTlnz

(18)

+ kTin (I- z41(T)}

and

S = -Nklnz - kin (I- z41(T) } +

(19)

zkT41'(T)
.
I - z41(T)

(20)

From (17), we get

z41(T) =

N

1
'" 1 - N+l
N

It follows that
I - <41(T) =

(21)

(N)> 1).

I

I
'" N+ 1
N

(22)

Equations (17)- (20) now give

U/N = kT'41'(T)/41(T).

(18')

A / N =-kTln41(T)+O ( InN)
N

(19')

and

•

SINk = In41(T)

+ T41' (T)/¢(T) + 0 C~)

.

(20')

Substituting

41(T) = [2 sinh (I!w/2kTW'

(23)

into the."le formulae, we ohtain results pertaining to a system of quantummecJwlIical, one-dimensional harmonic oscillators. The substitution

41(T) = kT /hw,

(24)

on the other hand, leads to results pertaining to a system of classical, one-

dimensional harmonic oscillators.
As a corollary, we examine here the problem of the solid-vapor eqlfilibrium.

Consider a single-component system, having two phases-solid and vapor- in equilibrium, contained in a closed vessel of volume V at temperature T. Since the
phases are free to exchange particles, a state of mutual equilibrium would imply
that their chemical potentials are equal; this, in turn, means that they have a
cOlllmon fugacity as well. Now, the fugacity Zg of the ga'\Cous phase is given by,
sec eqn. (6),
Zg = V.t(T)

(25)
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where N g is the number of particles in the gaseous phase and Vg the volume
occupied by them; in a typical case, Vg ~ V. The fugacity Zs of the solid phase,
on the other hand, is given by cqn. (21):
1
Zs ~ ¢(Tf

(26)

Equating (25) and (26), we obtain for the eqllilibrillm particle density in the vapor
phase
(27)
Now, if the density in the vapor phase is sufficiently low and the temperature of
the system sufficiently high, the vapor pressure P would be given by

P = N g kT = kT f (T) .
Vg

(28)

¢(T)

To be specific, we may assume the vapor to be monatomic; the function
is then of the form

f

(T)

(29)
On the other hand, if the solid phase can be approximated by a set of threedimensional harmonic oscillators characterized by a single frequency w (the
Einstein model), the function ¢(T) would be
¢(T) = [2 sinh (Tzw/2kT)r 3 •

(3U)

However, there is one important difference here. An atom in a solid is energetis;ally
more stabilized than an atom which is free-that is why a certain threshold energy
is required to transform a solid into separate atoms. Let c denote the value of this
energy per atom, which in a way implies that the zeros of the energy spectra Cg
and cs, which led to the functions (29) and (30) respectively, are displaced with
respect to one another by an amount Co A true comparison between the functions
f(T) and ¢(T) must take this into account. As a result, we obtain for the vapor
pressure
2rrlllkT) 3/ 2
.
.
P = kT
?
[2
smh (T1W/2kT)]3 e -£/kT .
(31)
(
hIn passing, we note that eqn. (27) also gives us the necessary condition for the
formation of the solid phase. The condition clearly is:
N> vf(T)
¢(T) ,

(32)

where N is the total number of particles in the system. Alternatively, we require
that
(33)

where T c is a characteristic temperature, determined by the implicit relationship
(34)
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Once the two phases appear, the number N geT) ,
'lave a value determined by
eqn. (27) while the remainder. N - N g , will consth\..lle the solid phase.

4.5. Densit)' and energ}' fluctuations in the grand canonical ensemble:
correspondence \\lith other ensembles
In a grand canonical ensemble, the variables Nand E, for any member of
the ensemble, can lie anywhere between zero and infinity. Therefore, on the
face of it, the grand canonical ensemble appears 10 be very different from its
predecessors- the canonical and the microcanonical ensembles. However, as far as
thermodynamics is concerned, the results obtained from this ensemble turn out to

be identical with the ones obtained from the other two. Thus, in spite of strong
facial differences, the overall behavior of a given physical system is practically
the same whether it belongs to one kind of ensemble or another. The hasic reason
for this is that the '; relative fluctuations" in the values of the quantities that vary
from member to member in an ensemble are practically negligible. Therefore, in
spile of the different surroundings which different ensembles provide to a given
physical system, the overall behavior of the system is not significantly affected.
To appreciate this point, we shall evaluate the relative fluctuations in the particle
density" and the energy E of a given physical system in the grand canonical
cnsenlble. Recalling that

2::::: N,e -aN,-fJE,
(I)

it readily follows that

aN)
( -aa

•

---,-2
= -N
+N .

(2)

fJ.EJ

Thus

_, =
(tJ.N)-, '" -N-, - W

-

(aN)
aa

=

kT (aN)
afJ.

T,Y

(3)
1 .V

From (3), we obtain for the relative mean-square fluctuation in the particle density
11(= N IV)

(tJ.n)'

=

(tJ.Nl'
N

,,2

2

=

kT (aN)
N

2

(4)

aM T.~'

In terms of the variable t ' - (= V IN), we may write

(tJ.,:)2
n-

=

kT~2
V-

(a(vIV») = _ kT (at»
ali T.v
V
afJ.

(5)
T

To put this result into a more pnlctical form, we recall the thermodynamic
relationship,
dli = ,'dP - sdT,
(6)
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lich dJl (at constant T) = vdP. Equation (5) then takes the form

( ..... n)'
n2

=_kT!.(aV) =kT
V

1.1

ap

V

T

KT

,

(7)

where K1 is the isothermal compressibility of the system.
Thus, the relative root-mean-square fluctuation in the particle density of the
given system is ordinarily O(N - 1/ 2 ) and, hence, negligible. However, there are
exceptions, like the ones met with in situations accompanying phase trallsitioflS.
In those situations, the compressibility of a given system can become excessively
large, as is evidcnced by an almost "flattening" of the isotherms. Under these
circumstances, the derivative (fJvjap)T. and hence the quantity KT, can very \vell
be O(N); the relative root-mean-square fluctuation in the particle density II can
then be O( 1). Thus, in the region of phase transitions, especially at the critical
points, we expect to encounter unusually large fluctuations in the particle density of
the system. Such fluctuations indeed exist and account for phenomena like critical
opalescence. It is clear that under these circumstances the formalism of the grand
canonical ensemble could. in principle, lead to results which are not necessarily·
itlcntical with the ones folluwing from the correspontling canonical ensemble. III
such cases, it is the formalism of the grand canonical ensemble which will have
to be preferred because only this one will provide a correct picture of the actual
physical situation.
We shall nm\' examine fluctuations in the energy of the system. Following the
usual procedure, wc obtain

(. . . E)' - -E' - -,
E- = - (aE)
af! "v = "T-, (au)
aT " V '

(8)

To put expression (8) into a more comprehensible form, \\ e write
(9)

where the symbol N is being used interchangeably for ""'. Now, in view of the
fact that
N = -

(~ In
iJa

;1) ,
~,V

u=

-

(~ In

af!

J) ,

(10)

a \'

we have

(~~) ~,v

(II)

and, hence,

G~t=~G~tv

(12)

Substituting expressions (9) and (12) into (8) and remembering that the quantity
(8UjiJT),v,V is the familiar eli, we get

(. . . E)' = kT'C .. + kT (a~)
(au) ,
atl T, v all T, \'

(13)
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Invoking eqns (3.6.3) and (3), we finally obtain

(14)
Formula (14) is highly instructive; it tells us that the mean-square fluctuation in
the energy E of a system in the grand canonical ensemble is equal to the value it
would have in the canonical ensemble plus a contribution arising from the fact that
now the particle number N is also fluctuating. Again, under ordinary circumstances,
the relative root-mean-square fluctuation in the energy density of the system would
be practically negligible. However, in the region of phase transitions, unusually
large fluctuations in the values of this variable can arise by virtue of the second
term in the formula.
Problems
4.1. Show that the entropy of a system in the grand canonical ensemble can be written as
S= -k

Epr .., InP

r ..,.

r. ,

where P r•s is given by eqn. (4.1.9).
4.2. "In the thermodynamic limit (when the extensive properties of the system become infinitely
large, while the intensive ones remain constant), the q-potenti,!1 of the system may be calculated by
taking only the largest term in the sum
00

E

zNrQ,vr(V. T) ."

Nr=O

Verify this statement and interpret the result physically.
4.3: A vessel of volume V (O) contains N (O) molecules. Assuming that there is no correlation
whatsoever between the locations of the various molecules, calculate the probability, p(N . V). that a
region of volume V (located anywhere in the vessel) contains exactly N molecules.
(i) Show that N = N (O) p and (~N)r.m.s. = IN (O) p(l- p)}t/2, where p = V / V (O).
(ii) Show that if both N (O) p(O) and N(l - p ) are large numbers, the function peN , V) assumes
a Gaussian form .
(iii) Further, if p« 1 and N» N (O), show that the function peN, V) assumes the form of a
Poisson distribution:
_(N)N

P(N) =e - N - N!
4.4. "The probability that a system in the grand canonical ensemble has exactly N particles is
given by

Verify this statement and show that in the case of a classical, ideal gas the distribution of particles
among the members of a grand canonical ensemble is identically a Poisson distribution. CalcuJate the
root-mean-square value of (~N)-for this system both from the general formula (4.5.3) and from the
Poisson distribution, and show that the two results are the same.
4.5. Show that expression (4.3.20) for the entropy of a system ;~ Ihe grand canonical ensemble can
also be written as

S=

k[~aT (Tq)] .
I'Y
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4.6. Define the function Y (N , y, T) as
ex:

Y(N , y, T)

= J Q (N, V , T)eYv dV .
o

What physical meaning must be given to the parameter y so that the function Y assumes som e direct
relevance to thermodynamics? Set up a scheme to derive the various thermodynamic quantities of a
given physical system from the function Y , and illustrate it by considering a few simple examplcs.
4.7. Consider a classical system of non-interacting, diatomic molecules enclosed in a box o f volume
V at temperature T . TIle Hamiltonian of a single molecule is given by

Study the thermodynamics of this systcm , including the dependence of the qUdntity ( r~2) on T.

4.8. Determine the grand partition function of a gaseous system of " magnetic" atoms (with J = ~
and g 2) which can have, in addition to the kinctic energy, a magnetic pctent ial energy equal to
/l/iH or -ILBH , depending upon their orientation with respect to an applied magnctic field H . Derive
an expression for the magnetization of the system, and calculate how much heat will be given off
by the system when the magnetic field is reduced from H to zero at constant volume and constant
temperature.
4.9. Study the prohlem of the solid - vapor equil ibriu m (Sec. 4.4) hy setting up the grand part ition
function of the system.
4.10. A surface with N il adsorption centers has N( ~ N o) gas molecules adsorbe d on it. Sh ow that
the chemical potentiul of the adsorbed molecules is given by

=

IL = kTin

N
(No - N )a(T )

.

where a ( T ) is the partition function of a sing le adsorbed molecule. Solve the problem by constructing
the grand partition function as we)) as the partition function of the system.
[Neglect the intermolecular interaction among the adsorbed molccules.)
4.11. Study the statc of equilibrium between a gaseous phase and an ad,orbed phase in a singlcmmpcnent system. Show that the pressure in the gaseous phase is given by the Langmuir equation

.funchon
. of temperature,)
P = -e- x (a certam
o
1- e
D

where e is the equilibrium fraction of the adsorption sites that are occupied by the adsorbed molecules.
4.12. Show that for a system in the grand canonical ensemble

-

--

((NE ) - N E} =

(iJU)
(6N,
)-.
aN

TY

4.13. Define a quantity J as
J = E - NIL = TS - PV.

Show that for a system in the grand canonical enscmble

Notes
Note that A here could be a relatively small " part" of a g iven systcm AW ), wh ile A' represents
the "rest" of A (0) _ ThaI gives a truly practical perspective to the grand canonical formalism.
2 Fo r simplicity, we shall henceforth use the symbols Nand E instead of (N ) and (E ).
3 This quantitl
, first introduced by Kramers, who called it the q-potelltial.
4 It will be se~
the sequel that P actually vanishes like (In N) j N .

(

CHAPTER 5

FOR!VlULATION OF QUANTUM STATISTICS

THE scope of the ensemble theory developed in Chapters 2- 4 is extremely general,
though the applications considered so far were confined either to classical systems
Of to quantum-mechanical systems comp{)scd of distinguishable entities. When it
comes to quantum-mechanical systems composed of imlistingllis/zable entities, as
most physical systems arc, considerations of the preceding chapters have to be
applied with C3rc. One finds th.1t in this case it is advisable to rewrite ensemble
theory in a language that is more natural to a quantum-mechanical treatment,
namdy the language of the operators and the wave functions. Insofar as statistics
are concerned. this rewriting of the theory may not seem to introduce any new
physical ideas as such; nonetheless, it provides us with a tool which is highly suited
for studying typical quantum systems. And once we set out to study these systems
in detail, we encounter a stream of new, and altogether different, physical concepts.
In particular, we find that the b~havior of even a non-interacting system , such as the
ideal gas, departs considerably from the pattern set by the classical treatment. In the
presence of interactions, the pattern becomes even more complk-ated. Of course,
in the limit of high temperatures and low densities, the behavior of all physical
system::; tends asymptotically to what we expect on classical grounds. In the proces.'i
of demonstrating this point, we automatically obtain a criterion which tells us
whether a given physical system mayor may not be treated classically. At the
sam~ time , we obtain rigorous evidence in support of'the procedure, employed in
the previous chapters, for computing the number, r, of microstates (corresponding
to a given macrostate) of a given system from the vol ume, w, of the relevant region
of its phase space, viz. r : : : : wI hI. where f is the numher of "degrees of freedom"
in the problem.

5.1. Quantum-mechanical ensemble theory: the density matrix
\Ve consider an ensemble of . I ' identical systems, where . I ' » 1. These
systems are characterized by a (common) Hamiltonian, which may be denote.d by
the operator if. At time t, tfie physical states of the various systems in the ensemble
will be characterized by the wave fundions l/!(ri . t), where r , denote the position
coordinates relevant to the system under study. Let 1/I'(rj, t) denote the (normalized) wave function characteri.dng the physical state in which the kth system of the
104

§ 5.1)

Quantum-mechanical Ensemble Theory: the Density Matrix

105

ensemble haPr ,IS to be at time t; naturally, k = 1. 2, . . .• . , -, The time variation
of the function ,y(I) will be determined by the SchrOdinger equation!
(1 )

Introducing a complete set of orthunormal functions ¢II. the wave functions 1//(/)
may be written as
(2)

\ . . here
(3)

here. ¢~ denotes the complex conjugate of </I" while dr denotes the volume element
of the L"Oordinate space of the given system. Clearly, the physical stale of the kth
system can be described equally well in terms of the coefficients a~ (t), The lime
variation of these coefficients will be given by

illi¢,(t)

= iT! J <p;~/(t)dr = J<P:,fi.;f(t)dr
=

J ¢~TJ {2>~'(1)¢"'} dr

'"
= LHl1l11a~r(t).
where

'"
(5)

The physical significance o[ the coefficients d,.(r) is evident [rom eqn. (2). ine)"
~Ire the probability amplitudes for the various systems of the ensemble to be in the
various states ¢n ~ to be pradical. the number la~ (t)f r~presenl~ the probability
that a measurement at time t finds the kth system of the ensemble to be in the
JYJ.rticular state 41n. Clearly, we must have

L:>¢' (t)I' = 1

(for all k).

(6 )

\Ve now introduce the dellsity operator p(t). as defined by the matrix elements
1 .I
Pmn(l) = ~ L(d,.,(I)a!'(t));

(7)

1:= 1

Clearly, the matrix element Pnl1l (t) is the ensemble average of the quantity
C/",(t)a~(t) which, as a rule, varies from member to member in the ensemble. In
piuticular, the diagonal element Pnn (t) is the ensemble average of the probability
Ian(t)12. the latter itself being a (quantum-mechanical) average. Thus, we encounter
here a double-averaging process- once due to the probabilistic aspect of the wave
functions and again due to the statistical aspect of the ensemble. The quantity
p,tn(r) now represents the probability that a system, chosen at random from the
ensemble, at time I, is found to be in the state 4111. In view of eqns (6) and (7).

LPnll = 1.
"

(8)
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We shall now determine the equation of motion for the density matrix Pmn (t) .
We obtain, with the help of the Joregoing equations,

~.

iTzPmn (t) =

=

t

,.

[iTz {a~(t)a~* (t) + a~(t)iz~*(t)}]

.

k= l

J1

~ [{"" H mlal (t)

~ 7

k} anh (t) - am(t)
k {""
7 H *nlalh

(t) } ]

= ~ {Hm IPln(t) - PIII/(t)H ln )
I

= (irj; -

pH )lIIn;

(9)

here, use has been made of the fact that, in view of the Hermitian character of the
operator H, H~I = HI". Using the commutator notation, eqn. (9) may be written as
(10)

Equation (10) is the quantum-mechanical analogue of the classical equation
(2.2.10) of Liouville. As expected in going from a classical equation of motion to
its quantum-mechanical counterpart, the Poisson bracket [p, H] has given place
to the commutator (pH - Hp)/iTI.
If the given system is known to be in a state of equilibrium, the corresponding
ensemble must be stationary, i.e. Pllln = O. Equations (9) and (10) then tell us that,
for this to be the case, (i) the density operator p must be an explicit function of the
Hamiltonian operator H (for then the two operators will necessarily commute) and
(ii) the Hamiito.nian must not depend explicitly on time, i.e., we must have (i) p =
and (ii) H = O. Now, if the basis functions ¢" were the eigenfunctions of
the Hamiltonian itself, then the matrices Hand p would be diagonal:

p(H)

The diagonal element Pn , being a measure of the probability that a system, chosen
at random (and at any time) from the ensemble, is found'to be in the eigenstate ¢ ,,,
will naturally depend upon the corresponding eigenvalue En of the Hamiltonian;
the precise nature of this dependence is, however, determined by the '·kind" of
ensemble we wish to construct.
In any other representation, the density matrix may or may not be diagonal.
However, quite generally, it will be symmetric:
Pm,. = Pnm ·

(13)

The physical reason for this symmetry is that, in statistical equilibrium, the
tendency of a physical system to switch from one state (in the new representation)
to another must be counterbalanced by an equally strong tendency to switch
between the same states in the reverse direction . T" , condition of detailed
balancing is essential for the maintenance of an equ'
tum distribution within
the ensemble.

Finally, we consider the expectation ':,alue of a physical quantity G, which is
dynamically represented by an operator G. This will be given by

1

L Jvi*cvi
, I'

(G ) = - ,
, f

dr.

(14)

k= 1

In terms of the coefficients ~,

(G) =

l

'

~L

I'

k=l

[

k. k

]

La" an,Gnm ,

(15)

l1I .n

where

G"m =

J¢~C¢m dr.

(16)

Introducing the density matrix p, eqn. (15) becomes
(17)
IN.!l

..

til

.

Taking G = 1, where 1 is the unit operator, we have
Tr(p) = 1.

(18)

which is identical with (8). It should be noted here that if the original wave
functions VI' were not normalized then the expectation value (G) would be given
by the formula
Tr (pC)
(19)
(G) = Tr (p)
instead. [n view of the mathematical structure of the formulae (17) and (19), the
expectation value of any given physical quantity G is manifestly independent of
the choice of the basis {¢n}, as it indeed should be.

5.2. Statistics of the various ensembles
A. The microcollollical ensemble

The construction of the microcanonical ensemble is based on the premise that the
systems constituting the ensemble are characterized by a fixed number of particles
N, a fixed volume V and an energy lying within the interval (E - 4.6., E + ~ .6.),
where .6. « E. The total number of distinct microstates accessible to a system
is then denoted by the symbol r(N. V, E;.6.) and, by assumption, anyone of
these microstates is as likely to occur as any other. This assumption enters into
our theory in the nature of a postulate, and is often referred to as the postulate
of equal a priori probabilities for the various accessible states. Accordingly, the
jensity matrix
(which, in the energ~ representation, must be a diagonal matrix)
will be of the
n
(1)
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with
for each of the acce:-"-'iole states.

for all other states;

(2)

the normalizalion condition (5.1.18) is clearly satisfied. As we already know, the
thermodynamics of the system is completely determined from the expression for
its entropy which, in turn, is given by
S = k In

r.

(3)

Since r. the total number of distinct, accessible states, is supposed to be computed
quantum-mechanically, laking due account of the indistinguishability of the particles right from the beginning, no paradox, such as Gibbs', is now expected to arise.
Moreover, if the quantum stale of the system turns out to be unique (I' = 1), the
entropy of the system would identically vanish. This provides us wilh a sound
theoretical basis for the hitherto empirical theorem of Nernst (also known as the
third law oJ thermodynamics)_
The situation corresponding to the case r = 1 is usually referred to as a pure
Case_ In such Cl case, the construction of an ensemble is essentially superfluous,
hecause every system in the ensemhle has got to be in one and the same state_
Accordingly, there is only one diagonal element P'III which i!'. nonzero (actually
equal to unity)_ while all others are zero_ The density matrix, therefore, satisfies
the condition
p' = p.
(4)
In a different representation, the pure case will correspond to
(5)

because all values of k are now literally equivalent We then have
P;" =

=

L, PIIlI PIli = L, ama~ a/a:
ama~ (because ~ a;a,' I)

= Pmll-

(6)

Condition (4) thus holds in all representations_
A situation in which r > ] is usually referred to as a mLl:ed case_ The density
matrix, in the energy representation, is then given by eqns (1) and (2)_ If we now
change over to any other representation, the general form of the density matrix
should remain the same, namely (i) the off-diagonal elements should continue to be
zero, while (ii) the diagonal elements (over the allowed range) should continue to
be equal to one another. Now, had we constructed our ensemble on a representation
other than the energy representation right from the beginning, how could we have
possibly antiCipated ab initio property (i) of the density matrix, though property (ii)
could have been easily invoked through a postulate of equal a priori probabilities?
To ensure that property (i), as well as property (ii), holds in eve/} representation,
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we must inve,. jet another postulate, viz. the postulate of ralldom a priori phases
for the probability amplitudes~, which in turn implies that the wave function VI.
for all k. is an incoherent superposition of the basis (¢n J. As a consequence of
this postulate, coupled with the postulate of equal a priori probabilities, we would
have in any representation
1

.I.

1

. f'

.

'

_

' " d ok. = _.. ,.L..,..
' " lal'e,(e!.- 9!)
Pmn '" _. 1"L..,..mn
k=1

k:l

= c(ei(e!. - 9!)}
(7)

as it should be for a microcanonical ensemble.
Thus, contrary to what might have been expected on customary thought, to
secure Ihe physical situation corresponding to a microcanonicaI ensemble, we
require in general two postulates instead of one! The second postulate arises solely
frol11 quantum-mechanics and is intended to cnsure noninterference (and hence a
complete absence of correlations) among the member systems; this, in turn, enables
us to form a mental picture of each system, one at a time, completely disentangled
from other systems in the ensemble.

B. The canonical ensemble

In this ensemble the macrostate of a member system is defined through the
parameters N, V and T; the energy £ is now a variable quantity. The probability
that a system, chosen at ralldom from the ensemble, possesses an energy Er is
determined by the Boltzmann factor exp (-fJE,), where fJ = l/kT; see Sees 3.1
and 3.2. The density matrix in the energy representation is, therefore, taken as

(8)
with
P. =Cexp( - fJE.};

n =0.1.2 ....

(9)

The constant C is determined by the normalization condition (5.1.18), \vhence
C=

=

I

LcXp(-fJE.)

I

(10)

QN(fJ) ,

•
where QN(fJ) is the partition function of the system. In view of eqn . (5.1.12). see
Note 2 the density operator in this ensemble may be written as

•

P=

'"

1

~ 14>.} QN(fJl'

= QNI(fJ) e-pi!

-fiE,

(4),,1

~ 14>.}{4>.1
(II)
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for the operator L:n 14>" )(4)n 1 is identically the unit operator. It is understood ~
the operator exp (-fJH) in eqn. (11) stands for the sum

(1:
The expectation value (G )s of a physical quantity G, which is represented by
operator G, is now given by
(G )N = Tr (pC) =

=

1

QN(fJ )

Tr (Ge- fil )

Tr (Ge- pil )
~

Tr(rfH )

;

(13

the suffix N here emphasizes the fact that the averaging is being done over
ensemble with N fixed.

C. The grand canonical ensemble
]n this ensemble the density operator p opemtes on a Hilbert space with
indefinite number of particles. The densit} operator must therefore commute nonly with the Hamiltonian operator fi but also with a number operator n wOOooceigenvalues are (I , 1, 2, .... The precise form of the density operator can now be
obtained by a straightforward generalization of the preceding case, with the re

where
2!(/-t, V, T) =

L e- I'<E, - I'I',) = Tr {e- Jl(iI _n)}.

(1;

r,.'·

The ensemble average (G) is now given by

=

(1

where z (= cP-) is the fugacity of the system while (G )N is the canonical-<lnse
average, as given by eqn. (13). The quantity d Clt, V, T) appearing in th
formulae is, clearly, the grand partitiun ftmction of the system.
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5.3. Examples
A.

All

electro" in a magnetic field

Let us consider, for illustration, the case of a single electron which possesses an
intrinsic spin ~hq and a magnetic moment /LB. where;' is the Pauli spin operator
and IlB = ell/2mc. The spin of the electron can have two possihle orientations, t

or •• with respect to an applied magnetic field B. If the applied field is taken to
be in the direction of the z-axis, the configurational Hamiltonian of the spin takes
the form

if

(1)

= -!l8('" B) = -/1880,.

In the representation that makes

a:. diagonal, namely

. (0 I) . (0

(J"x=lO'

(2)

i

=

Oy

the density matrix in Ihe canonical ensemble would be
,
(p) =

(e- PH )

.
Tr (e- PH )
I

-

eP:;-I'-.-;;8:-+-e~P:-".
--;;B

We thus oblain for the expectation value

~

~

(3)

0

0 ..

ePllHR _

(a.) = Tr (p' a.) =

(

eP~BB

e- PIlBB

8
• 8 = tanh (/l!lBB).
erJ.l.8 + e ,-J.io
.R

(4)

in agreement with the findings of Sees 3.9 and 3.10.

B. A free particle ill a box

We now consider the caSe of a free particle, of mass m, in a cubical box of side
L. The Hamiltonian of the particle is given by

(a' + a' + il::'a') .

2
"
TI' 2
h
H = - 2", V = - 2111

at2

ay2

(5)

while the eigenfunctions of the Hamiltonian, which satisfy periodic boundary
conditions
¢(x

+ L , y. z) =

¢(x. y

+ L .~ ) =

¢(x. y, Z

= ¢(x, y. z),

+ L)
(6)

3re given by
¢E(r) =

I
3/2

L
the corresponding eigenvalues E being

exp Uk . r),

(7)

(8)
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with

(9)
the quantum numbers Il x , 11) and n z must be integers (positive, negative or zero).
Symbolically, we may write for the wave vector k

k

2IT
=-11

L

(10)

'

where II is a vector with integral components 0, ± 1, ±2, ....
We now proceed to evaluate the density matrix (p) of this system in the
canonical ensemble; we shall do so in the coo,.dinate representation. [n view
of eqn. (5.2.11), we have
(rle- fiH Ir') =

L (rIE)e- fiE (Elr')
E

=

L e-fiE¢ECr)¢~(r').

(11)

E

Substituting from (7) and making use of (8) and (10), we obtain
1 '""'
(rle- fiH'
Ir) = 3"
~ exp [{JTz2
- - k 2+ ik . (r - r ,)]

L

::::: -1(2IT)3

=

2m

k

J

,] d 3k
exp [flTZ2
- - k 2 + ik· (r - r)
2m

C:~h2) 3/ 2 exp [- 2;;,2 Ir -

r'12] ;

(12)

see eqns (B.4l, 42). It follows that
Tr (e- fiH ) = J(rle-fiHlr) d 3 ,.
m

)3/2.

= V ( 2IT flr,2

.

(13)

Expression (13) is indeed the partition function, Q\ (fl), of a single particle confined
to a box of volume V; see eqn. (3.5.19). Combining (12) and (13), we obtain for
the density matrix in the coordinate representation

[m

A' = -1 exp ---2Ir - r
(r lplr)
V

2flTr

'2]
I .

(14)

As expected, the matrix Pr.r' is symmetric between the states rand r'. Moreover, the diagonal element (rlplr), which represents the probability dellsity for
the particle to be in the neighborhood of the point r, is independent of r; this
means that, in the case of single free particle, all positions within the box are
equally likely to obtain. A nondiagonal element (r lplr'), on the other hand, is a
measure of the probability of "spontaneous transition" between the position coordinates rand r ' and is therefore a measure of the relative "intensity" of the wave

a
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Ir -r'l

packet (assoc. j with the particle) at a distance
from the centre of the
packet. The spatial extent of the wave packet, which in turn is a measure of the
uncertainty involved in locating the position of the particle, is clearly of order
11/(mkT)I/2; the latter is also a measure of the mean thermal wavelength of the
particle. The spatial spread found here is a purely quantum-mechanical effect;
quite expectedly. it tends to vanish at high temperatures. In fact, as fi ~ 0, the
behavior of the matrix element (14) approaches that of a delta function, which
implies a return to the classical picture of a point particle.
Finally. we determine the expedation value of the Hamiltonian itself. From
eqns (5) and (14), we obtain

I,' J{v'exp[-~lr-r'12]}
2m V
2fk

dr
= _1_ J {[3 - ~Ir -r'I '] exp [-~Ir -r'I']}
,Pr
2fJV
fll'2fllr
,='

(H ) =Tr{Hp)=-

3
3
= - = - AT
2fJ
2 '

3

,~,

(15)

which was indeed expected. Otherwise, too,
(16)

which, on combination with (I3). leads to the same result.

C. A linear harlllOiric oscillator
Next, we consider the case of a linear harmonic oscillator, whose Hamiltonian
is given by
,
ll-B1
-,
(17)
II = - - - + -/IlW2 q-,
2m aq2
2

,

A

with eigenvalues
Ell =

(11 + !) Trw;

Ir = O. 1,2....

(18)

and eigenfunctions
( 19)

where
~=

1IIW) 1/2 q
( - T,

(20)

and
(21 )
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The matrix elements of the operator exp (-

fliI) in the q-representation are given b\

:xc

(qle- tJH Iq') =

2: e-

tJEn ¢n (q)¢n (q' )

n=O

The summation over n is somewhat difficult to evaluate; nevertheless, the fin
result is3
(qle

- {3H '
[
mw
] 1/2
Iq}= 2rrhsinh(flhw)

x exp [- : : {(q + q' )2 tanh

(fl~W) + (q -

q' )2 coth

(~) } ],

(23

whence

J
00

Tr(e-{3H ) =

(qle-{3Hlq } dq

- DC

mw
]
= [
27th sinh (flhuJ)

1/2 JOC exp [mwq2
---tanh (flhUJ)]
dq
h

2

- 00

-

1

e-(112){3hw

2 sinh (!flhw)

1 - e- /3hw-

-

-----:-:--,--

Expression (24) is indeed the partition function of a linear harmonic oscillat
see eqn. (3.8.14). At the same time, we find that the probability density for'
oscillator coordinate to be in the vicinity of the value q i:; given by
A

(q lplq}

=

mwtanh (!flhw)
]
[
rrTc

1/2

exp [mwq2
- - - tanh
h

(flhW)]
-;
2

we note that this is a Gaussian distribution in q, with mean value zero and
mean-square deviation

q r.ms _

= [2mwtan~ (~flhw) ]

Ie

1/2

The probability distrihution (25) was first derived by Bloch in 1932. In the
sicallimit (f3hw« I), the distribution becomes purely thermal-free from quan
effects:
A

(qlp lq} ~

(

2
) 1/ 2
[mw2q2]
2rrkT
exp - 2kT '
mlll

§ 5.41
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with dispersion (kTlmw')I /'. At the other extreme (fJhw» 1), the distribution
becomes purely qIlGlIlu1II-mechanical-free from thermal effects:
(qlplq) '"

II'
[mwq']
rr/.
exp - - h (lIlW)

•

(28)

with dispersion (TI/2m<.v)1 /2. Note that the limiting distribution (28) is precisely the
one expected for an oscillator in its ground state (II = 0), viz. one with probability
density ¢~(q); see eqns (19)-(21).
In view of the fact that the mean energy of the oscillator is given by

(Z9)
we observe that the temperature dependence of the distribution (25) is solely
determined through the expectmion value (H). Actually, we can write
~

(qlplq)

')'1'exp [- "]
= (Zrr(H)
IIU1)-

m{ll-q

2(H)

with

q,.m.s. =

(H~).i2

(30)

(31)

1Ill1r

II is now straightforward to see that the mean value of the potential energy
dmw 2q 2 ) of thl;: oscillator is !<H}; accordingly. the mean valul.! of the kinetic

c~ergy (p2/2m) must also be the same.
S.4. Systems composed

or indistinguishable particles

We shall now formulate Ihe quamum-mechanical description of a system of N
idl.!ntical particles. To fix ideas, we consider a gas of nOIl-interactillg particles: the
findings of this study will be of considerable relevance to other systems as well.
Now, the Hamiltonian of a system of N non-interacting particles is simply a
sum of the individual single-particle Hamiltonians:
N

H(q.p) = ,£H,(q" p,);

(I)

i= 1

here, (qi. Pi) are the coordinates and momenta of the ith particle while if,
is its Hamiltonian. 4 Since the particles are identical, the Hamiltonians ii i(i =
I, 2 •... , N) are formally the same; they only differ in the values of their arguments. The time-independent Schrodinger equation for the system is
H</Ic(q) = El/Ic(q) .

(Z)

where E is an ~ .•value of the Hamiltonian and 1/J£(q) the corresponding eigenfunction. In view of (I), we can write a straightforward solution of the Schrodinger
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equation. namely
N

'h(q) =

I11/,;(q;).

(3)

i= l

with
(4)

the factor

if i(q"

li E; (qi )

in (3) is an eigenfunction of the single-particle Hamiltonian

Pi), with eigenvalue

C;:

(5)
rThus, a stationary state of the given system may be dt:scribed in terms of the
single-particle states of the constituent particles. In general, we may do so by
specifying the set of numbers {nd to represent a particular state of the system;
this would imply that there are IIi particles in the eigenstate characterized by the
energy v<llue Ej. Clearly. the distribution sct {lid must conform to the conditions

Lfli = N

(6)

Ln;E; = F..

(7)

and

Accordingly. the wave function of this state may be written as
nt + 1I 2

"I

>/Idq) =

I1I/,(m) I1
I/!::: l

I/' (m) .. . .

(8)

m = lIl + 1

where the symholllj(m) stands for the single-panicle wave function ltCi (qlll).
Now, suppose we effect a permutation among the coordinates appearing un the
right-hand side of (8); as a result, the coordinates (1 . 2 • . '" N) get replaced by
(Pl. P2 • ...• PN). say. The resulting wave function. which we shall call P>/Ic(q).
will be
"I

P>/I£(q) =

"I +"Z

I1I1' (Pm) I1
",= 1

IIz(Pm) ....

(9)

"'= "1 + 1

In classical physics, where the particles of a given system, even though identical,
are regarded as mutually distinguishable, any permutation that brings about an
interchange of particles in two differelll single-particle states is recognized to have
led to a neW, physically distinct microstate of the system. For example, classical
physics regards a microstate in which the so-called 5th particle is in the state lij
aml the so-called 7th particle in the state l( J (j # i) as diMinct from a microstate
in which the 7th particle is in the state It; and the 5th in the state Uj . 1llis leads to
N!

(10)
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(supposedly di
et) microstates of the system, corresponding to a given mode of
distribution {nil. The number (10) would then be ascribed as a "statistical weight
factor" to the distribution set In;}. Of course, the "correction" applied by Gibbs,
which has been discussed in Secs 1.5 and 1.6, reduces this weight factor to
(11)

And the only way one could understand the physical basis of that "correction"
was in terms of the inherent indistinguishability of the particles.
According to quantum physics, however, the situation remains unsatisfactory
even after the Gibbs correction has been incorporated, for, strictly speaking, an
interchange among identical particles, evell if they are in different single-particle
states, should not lead to a new microstate of the system! Thus, if we want to take
into account the indistinguishability of the particles properly, we must not regard
a microstate in which the "5th" particle is in the state II; and the "7th" in the state
II j as distinct from a microstate in which the "7th" particle is in the state II; and
the "5th" in the state II j (even if i =I- j), for the labeling of the particles as No.1,
No.2, etc. (which one often resorts to) is at most a mattcr of convenience - it is not
a matter of reality. In other words, all that matters in the description of a particular
state of the given system is the set of numbers ll; which tell us "how mally particles
there are in the various single-particle states II;"; the question "which particle is in
which single-particle state" has no relevance at all. Accordingly, the microstates
resulting from any permutation P among the N particles (so long as the numbers
11; remain the same) must be regarded as Olle alld the same microstate. For the
same reason, the weight factor associated with a distribution set {Il;}, provided tliat
the set is not disallowed on some other physical grounds, should be identically
cqual to unity, whatever the values of the numbers IIi:

Indeed, if for some physical reason the set In;} is disallowed, the weight factor
Wq for that set should be identically equal to zero; see, for instance, eqn. (19).
At the same time, a wave function of the type (8), which we may call Boltzmanllial! and denote by the symbol 1/IBouzCq). is inappropriate for describing the
state of a system composed of indistinguishable particles because an interchange
of arguments among the factors II; and Uj, where i =I- j, would lead to a wave function which is both mathematically and physically different from the one we started
with. Now, since a mere interchange of the particle coordinates must not lead to
a new microstate of the system, the wave function 1/Idq) must be constructed
in such a way that, for all practical purposes, it is insensitive to any interchange
among its arguments. The simplest way to do this is to set up a linear combination of all the N! functions of the type (9) which obtain from (8) by all possible
permutations among its arguments; of course, the combination must be such that
if a permutation of coordinates is carried out in it, then the wave functions 1/1 and
Pl/I must satisfy the property
(13 )
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This leads to the following possibilities:
(i)

PVr =

Vr

for all P,

(14)

which means that the wave function is symmetric in all its arguments, or

(ii)

PVr = { +Vr

- Vr

if P is an even pemlutation.
if P is an vdd permutation,

(15)6

which means (hat the wave function is alll;sYllllnctric in its arguments. We call
these wave functions Vrs and VrA, respectively; their mathematical structure is
given by

Vrs(q) = consl. 2:PVrBo"Aq)

(16)

/'

and

VrA(q) = consl.

L ~PPVrBoI,, (q).

(17)

p

where hp in the expression for WA is +1 Of -1 according as the permutatiun P is
even or odd.
We note that the function l/!A{q) can be written in the form of 3 Slater delel' ~
milium :
11,(1)
1I) (l)

11,(2)
IIj (2)

II,(N)
II/N)

VrA('l) = consl.

(18)

II/ (1)

II/ (2)

II/ (N)

where the leading diagonal is precisely the Boltzmannian wave function while
the other terms of the expansion are the various permutations thereof; positive
and negative sjgns in the combination (17) appear automatically as we expand
the determinant. On interchanging a pair of arguments (which amounts to interchanging the corresponding columns of the determinant). the wave function VtA
merely changes its sign, as it indeed should. However, if two or more particles happen to be in the same single-particle state, then the corresponding rows
of the determinant become identical and the wave function vanishes. 7 Such a
state is physically impossible to reali ze. We therefore conclude that if a system
composed of indistinguishahle particles is characterized hy an antisymmetric wave
function, then the particles of the system must all be in different single-particle
statcs- a result equivalent to Pauli's exclusion prillciple for electrons. Conversely,
a statistical system composed of particles obeying an exclmdon principle must be
described by a wave functi.on which is antisymmetric in its arguments. The statistics governing the behavior of such particles is called Fermi - Dirac, or simply
Fermi, statistics and the constituent particles themsel·. are referred to asfermiolls.
Inc statistical weight factor W F.O . {ll i } for such a sy~ .1 is unity so long as the II ;
in the distribution set are either 0 or 1; otherwise, it is zero:

5.5]
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\0 such problems arise for systems characterized by symmetric wave functions;

particular, we have no restriction whatsoever on the values of the numbers n;.
:"he statistics governing the behavior of such systems is called Bose-Einstein, or
...mply Bose, statistics and the constituent particles themselves are referred to as
ISOns. The weight factor WB.E.{n;} is identically equal to 1, whatever the values
. the numbers n;:
(20)
WB.dn ;} = 1; n j = 0. 1,2 . .. . .
It should be pointed out here that there exists an intimate connection between
e statistics governing a particular species of particles and the intrinsic spin of
particles. For instance, particles with an integral spin (in units of Fz, of course)
ey Bose-Einstein statistics, while particles with a half-odd integral spin obey
l:r·rmi-Dirac statistics. Examples in the first category are photons, phonons, 1'(-:Jcsons, gravitons, He4 -atoms, etc., while those in the second category are elec-ons, nucleons (protons and neutrons), I-l-mesons, neutrinos, He 3 -atoms. etc.
Finally, it must be emphasized that, although we have derived our conclusions
re on the basis of a study of non-interacting systems. the basic results hold for
teracting systems as well. In general, the desired wave function 1/J(q ) will not
_ expressible in terms of the single-particle wave functions Uj(qm): nonetheless,
will have to be either of the kind 1/Js(q), satisfying eqn. (14), or of the kind
-\ (q), satisfying eqn. (15).

5.5. The density matrix and the partition function of a system of free
particles9
Suppose that the given system, which is composed of N indistinguishable, nonleracting particles confined to a cubical box of volume V, is a member of a
:anonical ensemble characterized by the temperature parameter {3. The density
.trix of the system in the coordinate representation will be given by

(rl> .. . , rN I P~ I r i' • ... . rN')

=

1

Q,v({3)

(r I, .. .. rN 1e 13#1'
rI ,

1
. .. , rN)'

.

(1)

-.here QN({3) is the partition fun ction of the system:
QN({3) = Tr (e- f3#) =

J (r i • . .. • r Nl e- tlli Ir" ... , rN) d 3N r.

(2)

- ' r brevity, we denote the vector rj by the letter i and the primed vector r ; by i'.
: ..rIher, let 1/J£C1, . " • N) denote the eigenfunctions of the Hamiltonian, the suffix
- representing the corresponding eigenvalues. We then have
(1, .. . , Nle- f3H ll ', . .. , N ' ) =

L e-f3E [l/IECl. " " N)1/J;(I /, ... , N ' )] •
E

!:Iere the summation goes over all possible values of E; cf. eqn. (5.3.11).

(3)
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Since the particles constituting the given systen ;c non-interacting, we may
express the eigenfunctions tJt£(1 • ...• N) and the eigenvalues E in terms of the
single-particle wave functions llj(m) and the single-particle energies Cj. Moreover,
we find it advisable to work with the wave vectors k j rather than the energies £j;
so we write
(4)

where the kj on the right-hand side are the wave vectors of the individual particles. rmposing periodic boundary conditions, the normalized single-particle wave
functions are
1I,(r) = V- I / 2 exp (i(k ·r)},
(5)
with
(6)

here, Il stands for a three-dimensional vector whose components can have values
O. ±I, ±2 ..... 'The wave function 1/1 of the total system would then be, see
cqns (5.4. 16) and (5.4.17),
1/IK (1 ... . . N) = (N!) - 1/ 2

L 8 P {Ilk, (1) . .. lIkN(N}} •
p

(7)

f'

where the magnitudes of the individual k; are such that
(8)

The number fJ p in the expression for VrK is identically equal to +1 if the particles
are bosons. For fermions, it is +1 Or - ] according as the permutation P is even
Or odd. Thus, quite generally, we may write
(9)

where [1>1 denotes the order of the permutation; note that the upper sign in this
expression holds for bosons while the lower sign holds for fermions. The factor
(N!) - 1/2 has been inLroduced here to secure the normalization of the total wave
function.
Now, it makes no difference to the wave function (7) whether the permutations P are carried out on the coordinates 1, .. . • N or on the wave vectorS
k J ••• • , k N , because after all we are going to sum over all the N! permutations.
Denoting the permuted coordinates by PI, ... , PN and the permuted wave vectors
by Pk, . . .. • Pk N , eqn. (7) may be written as

L 8p{u.,(PI} .. . Itk.vU'N)}
= (N!) - 1/2 L 61' {ltPk, (1) ... ItPkN(N») .

1/IK(l . .. .. N ) = (N!)- ,/z

(lOa)

I'

p

Equations (10) may now be substituted into (3), with the result
(I . .... Nle -PHIl · .. ... N' ) = (N!)- I

Le-fIlh2 /
K

2m

x

(lOb)
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x

[~6P {Ilk, (Pl) ... Ilk,. (PN )} ~ ~p {lIi'k, (1') . .. lIj,k)N' )} ],

where P and
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(11)

P are any of the N! poSSible permutations. Now, since a permutation

among the k, changes the wave function", at most by a sign, the quantity [",,,,0]
in (11) is insensitive to such a permutation; the same holds for the exponential
factor as well. The summation Over K is, therefore, equivalent to (lI N !) times a
summation over all the vectors h l _ ... • kN indepe1ldently of one lIl/other. Next. in

view of the N-fold summation Over the kj , all the permutations P will make equal
contributions towards the sum (because they differ from one another only in the
ordering of the ki)' Therefore, we may considc:r only one of these permurations,
S.1Y the one for which h , = k" .. . • PkN = k,\' (and hence 8p = 1 for both kinds
of statistics), and include a factor of (N!) along. The net result is

~

(1 , ' " N ie- pili l ', " , ,N' ) = (N!) - '

kl .. ·.. k\·

e-I''''(li+'''+'~l/'m [~8p {Ilk, (PI )11.,(I') } , .. {Uk" (I'N )lIkN(N' ) }] , (12)
Substituting from (5) and noting that, in view of the largeness of V! the summ3tio n ~
over the ki may be replaced by integrations. clln. (12) becomes
(1" " . N le-PHII '. " " N')
=

N!(~rr)3N ~8p

[J e-/lh"il'm~'k,.(P'- " ) d3kl '"

J

e- fJll'!.k,~/2m+ik,\".(PN-N·) d3 kN1

(13)

= - ) , ( m , )~'I' ~ 8P(f(Pl - 1') ", f(PN - N' )] ,
N, 2rr~"
P

where

f(~) = exp (-~f)
2P,- ,

(14 )

(15)

Here, lise has been made of the mathematical result (5 .3.12), which is clearly a
special case of the present formula.
Jntroducing the mean thermal wavelength
A

iT

= (2m71kT)1 12

and rewriting our coordinates as

=

II

r l . ... , r N,

( 27f

fJ)

--;;;-

' /2

(1 6)

the diagonal elements amo ng (14)

take the fonn
(r" ' .. , rNle -Pi! Ir"

.. "

r,,) = Nil 3N
,J,.

~ 8"[f(l' r , -

r.) .. , f(l'r" - rN)] ,

P

( 17)
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where

I(r) = exp (-rr,.'j A').

(18

To obtain the partition fWlction of the system, we have to integrate (17) over
all the coordinates involved. However, before we do that, we wouJd like to make
some observations on the summation Lp, First of all, we note that the leading
tenn in this summation. namely the one for which Prj = Ti, is identically equal to
unity (because I(O) = 1). This is followed hy a group of terms in which ollly olle
pair interchange (among the coordinates) has taken place; a typical term in thi..
group will be I(rj - r j )I(r, - rJ) where i # j. This group of terms is followed
hy other groups of terme; in which more than one pair interchanges have tlIken
place. Thus, we may write
(19
p

i<j<lc

i <j

where / ij = I(ri - Tj): again Dok thal the upper (lower) signs in this expansion
pertain tu a system of bosuns (fermions). Now, the function Ii} vanishes rapid l~
as the dist;mcc r ij becomes much larger than the mean thennetl wavelength ),. II
follows that if the mean interparticle distance, (V I N)l /3, in the system is mud:;
larger lhan the mean thermal wavelength, i.e. if
nh3

-:=-="3"'"
(2rrmkT)
, «

1.

(20

where fl is the particle density in the system, then the sum L I' in (19) may b;:
approximated by unity. Accordingly, the partition function of the system become';
see eqn. (17).
(21

111is is precisely the result obtained earlier for the classical ideal gas~ se..
eqn. (3.5.9). Thus, we have obtained from our quantum-mechanical treatJUet.
the precise classicaJ limit for the partition fun ction QN(V . T) . lncirtentally, "
have achieved something more. Firstly, we have automatically recovered here the
Gibbs correction factor (l I N !) which was introduced into the classical trealrnen;
on an ad hoc, semi-empirical basis. We, of course, tried to understand its origi!
in terms of the inher~nL ir. " _.' :5uishability of the particles. Here, on the oth...
hano, we see it coming in a very natural manner and its source indeed lies in thr
symmetrization of the wave functions of the system (which is ultimately rdat~
to the indistinguishability of the particles); cf. Problem 5.4. Secondly. we fi ""
here a formal justification for compu ting the number 01 microstates of a syste
corresponding to a given region of its phase space by dividing the volume
that region into cells of a «suit able" size and then couilling instead the number
these cells. This correspondence becomes all the more trdnsparent by noting tJt.
fonnula (21) is exactly equivalent to the classical expression
(~:
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= h3N • Thirdly. in deriving the classical limit we have also evolved a

-iterion which enables us to determine whether a given physical system can be
-eated classically; mathematically, this criterion is given by condition (20). Now,
:a statistical mechanical studies, a system which cannot be trealed classically is
-..lid to be degenerate; the quantity (n A3 ) is, therefore, referred 10 as the degellacy di~criminant. Accordingly, the condition that classical considerations may
~ applicable to a given physical system is that "the value of the degeneracy
_iscriminant of the system be much less than unity".
Next, we note that, in the classical limit, the diagonal elements of the density
:natrix are given by
(r 1- . - . .r.\

Iplr., ---. r N)

~ (~)

IV

,

(23)

.. hich is simply a product of N factors, each equal to (ljV). Recalling that for a
.ingle particle in a box of volume V , (r lplr) = (l j V), see eqn. (5.3 .16), we infer
:bat in the classical limit there is no spatial correlation among the various particles
'f the system. In general, however. spatial correlations exist even if the particles
il'e supposedly non-interacting; they arise from the symmetrization of the wave
-unctions and their magnitude is quite significant if the interparticle distances in
he system are comparable with the mean them1al wavelength of the particles. To
xe this more clearly, we consider the simplest relevant case, namely the one with
\" = 2. The sum Lp is now exactly equal to 1 ± [/(rI2)]2 . Accordingly,
(24)
and hence

=~(~r [1±2;/2 (~)]

(25)

~~(~r

(2fi)

Combining (24) and (26), we obtain
~

1 [

(r1 . r2 Ipl rl.r2) ~ V~

2

. 0

1 ± exp (- 2rrr12 / A-)].

(27)

Thus, if r12 is comparable to A, the probability density (27) may differ considerably
from the classical value (1 / V)2. In particular, the probability density for a pair of
"oSOIlS to be a distance r apart is larger than the classical, r-independent value
by a factor of [1 + exp (- 2rrr2 /).2) 1which becomes as high as 2 as r -7 O. The
~orresponding result for a pair of fermions is smaller than the classical value by
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a factor of [1 - exp ( - 2rrr2 f A2 )] which becomes
iOW as 0 as r ~ O. Thus, we
obtain a positive spatial correlation among particles obeying Bose statistics and
a negative spatial correlation among particles obeying Fermi statistics; see also
Sec. 6.3.

+1

F.D.

i

~

~V>

0

O.

"'-

1.0

(rIA)

B.E.

-In 2
-1

FIG. 5.1. The statistical potential vs(r ) between a pair of p<lrtic1cs obeying Bose - Einstein
statistics or Fermi - Dirac stalistics.

Another way of expressing correlations (among otherwise non-interacting particles) is by introducing a statistical interparticle potential v., (r) and then treating
the particles classically (Uhlenbeck and Gropper, 1932). The potenkal v, (r) must
be such that the Boltzmann factor exp ( - {3v s) is precisely equal to the pair distribution function [... ] in (27), i.e.,
vs(r)

=

-kTln [1

± exp (-2rrr?fA ?]
-) .

(28)

Figure 5.1 shows a plot of the statistical potential v s(r) for a pair of bosons
or feffi}ions. In the Bose case, the potential is throughout attractive, thus giving
rise to a "statistical attraction" among bosons; in the Fermi case, it is throughout
repulsive, giving rise to a "statistical repulsion" among fermions. In either case,
the potential vanishes rapidly as r becomes larger than A; accordingly, its influence
becomes less important as the temperature of the system rises.

Problems

ax

5.1. Evaluate Ihe density matrix Pmn of an electron spin in the representation which makes
diagonal. Nexl, show that Ihe value of (Ol), resulting from this representation, is precisely the same
as the one obtained in Sec. 5.3.
Hillt : The representation needed here follows from the one used in Sec. 5.3 by carrying out a
transformation with the help of the unitary operator

i; = (
5.2. Prove that

1/./2 1/./2).
-1/'/2 1/./2
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Notes

where H (-ill oj iJq, q) is the HHmilloniall o f the system. in the q-representation, which formaUy operates upon tht; D trac delta function ~ (q - q' ). Writing the a-function in a suitable form . apply this result
10 (i) a free particle and (ii) a linear harmonic oscillator.
5.3. Derive the density matrix p for (i) a frce particle and (ii) a linear harmonic oscillator in the
momentum representation and study its mllin properties aJong the lines of Sec. 5.3.
5.4. Study the density matrix and the partition function of a system of free particles, using the
unsymmellized wave function (5.4.3) instead of the symmetrized wave fuoction (5.5.7). Show that.
following this procedure. one obtains neither tbe Gibbs' l-orrn..1ian factor (l j N !) nor a spatial correlation among the particles.
5.5. Show tbat In the first approximation the partition function of a system of N non-interacting,
indistinguishahle part icles is given by

where

~·~. (r) being 111e !iitati!iilical potential (5.5.28). Hence evaluate the first-order correl1iOD to the ctJuation
of state of this system.
5.6. Determine the values of the dege~mcy discriminant (n).J ) for hydrogen, helium and oxygen
at N.T.P. Make Itn estimate of the respective temperature range!! where the luagnitude of this quantity
becomes comparable to unity and hence quantum effeCT:r; become important.
5.7. Show that the quantum-mechanical paItitioo function of a systt:m of N ;rueractill8 particles
approache" the classio d form

Q \i(V T)= _1_. j

.'

N!h\....

e-flEiQ,p) (d 3Nqd 3Np)

as the mean thc:nnal wavelength). becomes much smaUer than (i) the mean interparticle dislanl't!
(V jN )I{3 and (ii) a characterist ic length ro of thc interparticle IXltential.IO

5.8. Prove the following theorem due to Peicr)s.1 1
"If if is Ihe hennitian Hamiltonian operator of a given phy!!kal s)Sie lll and (¢" I an arbitrary
orthoDOrmal set of wave functions satisfying the symmetry requirements and the bouudary conditions
of the problem, then the partition function of the !iiystem satisfies the foUowing inequality:
Q(fJ) ,.

L, <XP { -~ (¢" I ii l¢,, ) } ;

the equality holds wht;n {¢"J i:r; a compiele orthooormal set of eigenfunctions of the Hamilloniar1
itself."

Notes
1 For simplicity of notation, we suppres.<; the coordinates Ti in the argumc:nt of the wave fuoction VI.
It may be noted that in this (so-called energy) representalio n the rlensity operator P may be
written as
2

(12)

,
for then

,

"

3 The mathemllticlil details of thL<; derivation can be found in Knbo (1965), pp. 175-7.
4 We are StUdying here a !illiglc<OlIlponent sygem composed of "spin less" particles. Generalization
10 a system compo!iit:d o f particles with spin and to a sY!iilem composed of two or more components
is quite straightforward.
5 It Illay be mentionet1 here that a.. carly as in 1905 Ehrenicst pointed out lhat to obtliin Planck's
fo rmula for the black-body radiation one mU!ii1 assign equal a prior; probabilities to the various
states (nil.

Formulation of Quantum Statistics

126

6 An even (odd) permutation is one which can be arrived at from the original order by an even
(odd) number of "pair interchanges" among the arguments. For example, of the six permutations

(1,2, 3),

(2, 3, I),

(3, 1, 2),

(1. 3, 2).

(3, 2, I )

and

(2, 1,3),

of the arguments 1, 2 and 3, the first three are even permutations while the last three are odd. A single
interchange, among any two arguments, is clearly an odd permutation.
7 This is directly related to the fact that if we effect an interchange of two particles in the same
single-particle state, then Pl/JA will obviously be identical with l/JA. At the same time, if we also have:
Pl/JA = -l/JA, then l/JA must be identically zero.
S Note that the conditionL..,
" . ,,2I = N necessarily implies that all n . are either 0 or 1. On the other

I:i Iff

h.tnd. if any of the ni are greater than 1, the sum
is necessarily greater than N .
9 For a general survey of the density matrix and its applications, see ter Ham (196 1).
10 See HUdng (1\103), Sec. 10.2.
II R. E. Peierls (1938), Phys. ReI'. 5-1, 918. See also Huang (1963), Sec. 10.3.

CHAPTER 6

THE THEORY OF SIMPLE GASES

WE ARE now fully equipped with the formalism required for determining the
macroscopic properties of a large variety of physical systems. In most cases,
however, derivations run into serious mathematical difficulties, with the result
that one is forced to restrict one 's analysis either to simpler kinds of systems or
to simplified models of actual systems. In practice, even these restricted studies
hiahlv
a rc carried out in a series of stanes the first stage of the process beino
'"
i:::>.,
"idealized". The best example of such an idealization is the familiar ideal gas,
a study of which is not only helpful in acquiring facility with the mathematical
procedures but also throws considerable light on the physical behavior of gases
actually met with in nature. In fact, it also serves as a base 011 which the theory
of real gases can be founded; see Chapter 9.
In this chapter we propose to derive, and at some length discuss, the most b.asie
properties of simple gaseous systems obeying quantum statistics; the discussion will
include some of the essential features of diatomic and polyatomic gases as well.
~,

6.1. An ideal gas in a quantum-mechanical microcanonical ensemble
We consider a gaseous system of N non-interacting, indistinguishable particles,
confined to a space of volume V and sharing a given energy E. The statistical quantity of interest in this case is 0.(N , V, E) which, by definition, denotes the number
of distinct microstates accessible to the system under the macrostate (N. V. E).
While determining this number, we must remember that a failure to take into
account the indistinguishability of the particles in a proper manner could lead to
results which, except in the classical limit, may not be acceptable. With this in
mind, we proceed as follows.
Since, for large V, the single-particle energy levels in the system are very close
to one another, we may divide the energy spectrum into a large number of "groups
of levels", which may be referred to as the elle1gy cells; see Fig. 6.1. Let £; denote
the average energy of a level, and gi the (arbitrary) number of levels. in the ith
cell; we assume that all g, » 1. In a particular situation, \\ e may have nl particles
in the first cell, 11 2 particles in the second ceiL and so on. Clearly, the distribution
set {n;} must conform to the conditions
(1)
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g, ; n,

FIG. 6. L The grouping of the single-partIcle energy levels into ··cells».

and

(2)
Then
0.(N.

v. E) = L ' W{ll;}.

(3)

(n;)

where W {II;} is the number of distinct microstates associated with the distribution
set {II;} while the primed summation goes over all distribution sets that conform
to the conditions (1) and (2). Next,
W{II;}

=

n

(4)

wei).

where w(i) is the number of distinct microstates associated with the ith cell of
the spectrum (the cell that contains n; particles, to be accommodated among g;
levels) while the product goes over all the cells in the spectrum. Clearly, wei)
is the number of distinct ways in which the II; identical, and indistinguishable,
particles can be distributed among the g; levels of the ith cell. This number in the
Bose- Einstein case is given by, see eqn. (3.8.25),
.
(11; +g; -I)!
(I) - ..:........:-..:::..::..--=S.E.
n;!(g; - l)! •

W

so that

+
n,(
._
,
(n;

Ws.dll;} =

.

g; - l)!

n,. g,

1)1 .
.

(5)

(6)

In the Fermi - Dirac case no Single level can accommodate more than one parlicle;
accordingly, the number n; cannot exceed g; . The number wei) is then given by the
" number of ways in which the g; levels can be divided into two sUb-groups - one
consisting of II , levels (which will have one pdfticle each) and the other consisting
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of (gi - n;) levels (wbich will be unoccupied)". This number is given bY'
g"
In, !(gj -II, )!

n-F.D. (i) =

(7)

so that

WF.D.{n,} =

g"
IIin,." ('~
y
g, n, .

(8)

For completeness. we may include the classical-or what is generally known as
the Maxwell -Boltzmann-case as well. There the particles are regarded as distinguishable, with the result that any of the nj particles may be put into any of the gi
levels, independently of one another, and the resulting states may all be counted
as distinct: the number of these states is clearly (gi ti. Moreover. the distribution
set {nil is itself regarded as obtainable in

N!

(9)

nl!n2! ...

different ways which, on the introduction of the Gibbs correction factor, lead to a
"weight factor" of
1
1
(10)
ndn2!."

=

U
,

n;!;

see also Sec. 1.6, especially eqn. (1.6.2). Combining the two results, we obtain

WM.n.{n;} =

II.
I

(8-)"'

(ll)

- '-, .
n j.

Now. the entropy of the system would be given by

SeN. V. E) = kIn Q(N. V. E) = kIn

[2:'

W1n'lJ

(12)

In;)

It can be shown that, under the conditions of our analysis, the logarithm of the

sum on the right-hand side of (12) can be approximated by the logarithm of the
largest term in the sum; ct. Problem 3.4. We may, therefore. replace (12) by
S(N, v . E ) '" kin W{1l7l.

(13)

where {nil is the distribution set that maximizes the number W{nj}; the numbers
are clearly the most proboble values of the distribution numbers nj. The maxi mization, however, is to be carried out under the restrictions that the quantities N
and E remain constant. This can be done by the method of Lagrange's undetermined multipliers; cf. Sec. 3.2. Our condition for detcnnining the most probable
distribution set {nil turns out to be, see eqns (I), (2) and (13),

n;

8InW{nd-

[a:z,=8n;+.8~f'8n'] = 0.

(14)

For In WIn;}, we obtain from eqns (6), (8) and (11), assllming that not only all If'
but also all n , » 1 (so that the Stirling approximation In (x!) '" x Inx - x can be
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applied to all the factorials that appear),

In

W{II;} = Lin wei)
II .)] ,

g
) -~In
g
( l-a~
~L [Iljln ( ~-a
.
ti,
a
g,

(15)

•

where II = -1 for the B.E. case, +1 for the ED. case, and 0 for the M.B. case.
Equation (14) then becomes

c: -,,) -

~ [In

(16)

flE;L,,; hll; = O.

a-

In view of the arbitrariness of the increments 811 i in (16), we must have (for all i)

g; - {/ ) In ( ---;

ct -

(17)

fie; = 0,

"i

so that I

..

IIi

The fact that
the qualllily

"7

=

gi
fP +fJF ,'

(18)

+a.

turns oul to be dircccly proportional to g, prompts us to interprel
11~

1

•

(18a)

g;

which is actually the most probable number of particles per energy level in the
ilh cell, as the most probable number of particles in a single level of energy Ej.
Incidentally, our final result (18a) is totally independent of the manner in which
the energy levels of the particles are grouped into cells, so long as the number of
levels in each cell is sufficiently large. As shown in Sec. 6.2, formula (18a) can
al')o be derived without grouping energy levels into cells at all; in fact, it is only
then that this result becomes truly acceptable.
Substituting (18) into (15), we obtain for the entropy of the gas
-s
k

•

~lnW{tI;}

n;)]
8,

= "'[
L
Il i'] n (8;
~-a ) - 8;1
- n ( 1 - 0 -.

,.

=

a

11 ,

L. [II; (a + fiE;) + g;a In {I + ae-a- p,. }].

(19)

The first sum on the right-hand side of (19) is identically equal to aN while the
second sum is identically equal to fJE. For the third sum, therefore, we have
S

1

- Lg; ln{1 +ac-u-I'<;} = - -aN-fiE.
a .
"
Now, the physical interpretation of the parameters a and
precisely the same as in Sec. 4.3, namely
l'
a = --

kT'

(20)

fJ here is going to be
(21 )

All Ideal Gas in Other Quantum-mechanical Ensembles
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sec Sec. 6.2. TIle right-hand side of eqn. (20) is, Iherefore, equal to
S

k+

J.!N
£
kT - kT

=

G - (£ - TS)
kT

=

PV
kT·

(22)

The thermodynamic pressure of the system is, therefore, given by
kT
PV = a

L. [edn {I +ac-·-

P" } ] .

(23)

In the Maxwell - Boltzmann ca,e (a -> 0), egn. (23) takes the form
PV = kT

Le,e-

a flr
- ,

= kT

L II, = NkT.

(24)

which is the familiar equation of slate of the classical ideal gas. Note that eqo. (24)
for the Maxwell - Boltzmann case holds irrespective of the details of the energy
spectrum ti-

[t will be recognized that the expression a-I I:,f 1in eqn. (23), being equal to
the thermodynamic quantity (PV / kT). ought 10 be identical with the q-potcnlial
of the ideal gas. One muy, therefore, expect to obtain from this expression ,Ill the
macroscopic properties of this system. However, we prefer to first develop the
formal theory of an ideal gas in the canonical and grand canonical ensembles.

6.2. An ideal gas in other quantum-mechanical ensembles
In the canonical ensemble the thermodynamics of a given system is derived
from its partition function:
QN(V, T) =

L e- #E

(1 )

E

where E denotes the energy eigenvalues of the system while {3 = I j kT. Now, an
energy value E can be expressed in terms of the single-particle energies E; for
instance,
(2)

where Il l: is the number of particles in the single-particle energy state
of the numbers Il l: must satisfy the condition

E.

The values

(3)

Equation (1) may then be written as

Q,d V. T) =

L • g{n , )c-/J 1:'

11, £

.

(4)

Ind

where g{lIe} ( lC slatistic(I/wciglit factor appropriate to the distribution set {lid
and the sumrI1 .... 'on E' goes over all distribution sets that conform to the restrictive
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condition (3). The statistical weight factor in diffd
gB.E.fne}

= 1,

gF.D.{nd

=

cases is given by
(5)

if all n e = 0 or 1
h
.
ot erwlse,

I
0
{

(6)

and
(7)

Note that in the present treatment we are dealing with single-particle states as individl/al states, without requiring them to be grouped into cells; indeed, the weight
factors (5), (6) and (7) follow straightforwardly from their respective predecessors
(6.1.6). (6.1.8) and (6.1.11) by putting all gi = 1.
First of all, we work out the Maxwell - Boltzmann case. Substituting (7) into
(4), we get

(8)

Since the summation here is governed by condition (3), it can be evaluated with
the help of the multinomial theorem, with the result
Q,v (V, T)

= ~!
1

= N!

r

[~e-tlE

N

[QI(V.T)] .

(9)

in agreement with egn. (3.5.15). The evaluation of QI is, of course, straightforward:
one obtains, using the asymptotic formula (2.4.7) for the number of single-particle
states with energies lying between I> and I> + d l> ,

(10)

where A [= hl(2rrmkTJ 1/ 2 ] is the mean thermal wavelength of the particles. Hence
v ,v

QN(V, T)

= N!A 3N '

(11)

from which complete thermodynamics of this system can be derived; see, for
example, Sec. 3.5. Further, we obtain for the grand partition function of this system
C<:l

3 (z. V , T)

= I: ZN Qv(V, T)
N=O

= exp (:::V I A3);

(12)
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d. eqn. (4A

We know that the thermodynamics of the system follows equally
weIl from the expression for Pl.
In the Bose-Einstein and Fermi-Dirac cases we obtain, by substituting (5) and
(6) into (4),
, ( -/l2. II£E)
QN(V, T) =
e £
;
(13)

L

{lid

the difference between the two cases, B.E. and F.D., arises from the values that
the number n£ can take. Now, in view of restriction (3) on the summation :L', an
explicit evaluation of the partition function Qx is rather cumbersome. The grand
partition function .d, on the other hand, turns out to be more easily tractable;
we have
(14a)

(14b)
Now, the double summation in (14b) (first over the numbers 11 £ constrained by a
fixed value of the total number N, and then over all possible values of N) is equivalent to a summation over all possible values of the numbers n £, illdepelldently of
olle anothe,.. Hence, we may write
3 (z. V , T) =

L

0
[(ze- fleO )" (ze- fle l )"1

.J

nO·n 1•. '

Now, in the Bose-Einstein case the liE can be either 0 or 1 or 2 or ... , while in
the Fermi - Dirac case they can be only 0 or 1. Therefore,
in the B.E. case, with ::e- fle < 1 (16a)
d(z , V, T) =

in the F.D. case.

(16b)

The q-potential of the system is thus given by
q(z, V, T)

=PV
kT =In d (z, V, T)
= =F Lin

(1 =Fze-fle);

(17)

cf. eqn. (6.1.23), with all gi = 1. The identification of the fugacity z with the
quantity e- a of eqn . (6.1.23) is quite natural; accordingly, a = -Ji/kT. As usual,
the upper (Io\ver) sign in eqn. (17) corresponds to the Bose (Fermi) case.
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In the end, we may write our results for q in a form applicable to all three cases:
q(z, V, T)

1
- 'L" In

=-PV
=
kT

,

a

(1 + aze- Il')

(18)

•

where a = -1, + 1 or 0, depending upon the statistics governing the system. In
particular, the classical case (a ---'> 0) gives

q~!.B.

=ZL

e- Il£

= ZQI.

(19)

£

in agreement with egn. (4.4.4). From (18) it follows that

(a

and

q
~
)
=
N = z a;:.
V.T

'"
]
L Z- I ell'

-E = - (aaf3q ) _

'"

.. v

E

e

= L

z-Iell'

£

+a

(20)

+a .

(21)

At the same time, the mean occupation lIlimber (II,) of level
see egns (14a) and (17),
{I/ } = - 1 [ - -1
£

f3

d

(ad)
ae

-~ C~)

-

z. T •

• li other ,

E

turns out to be,

]

z. T . all other£

]

(22)
in keeping with egns (20) and (21). Comparing our final result (22) with its counterpart (6.L18a), we find that the meal! value {n} and the most probable value n*
of the occupation number n of a single-particle state are identical.

6.3. Statistics of the occupation numbers
Eguation (6.2.22) gives the mean occupation nllmber of a single-particle state
with energy e as an explicit function of the quantity (e - 11)/ kT :
( 11 ) , -

1
--,-c=-e ('- /1 ljkT
a'

+

(1)

The functional behavior of this number is shown in Fig. 6.2. In the Fermi - Dirac
case (a = + 1) the mean occupation number never exceeds unity, for the variable
11 , itself cannot have a value other than 0 or 1. Moreover, for e < 11 and
Ie - 111» kT, the mean occupation number tends to its maximum possible value
1. In the Bose- Einstein case (a = -1), we must have It < all e; see eqn.
(6.2.16a). [n fact, when 11 becomes egual to the 10( ·t value of e, saYeD, the
occupancy of that particular level becomes infinitl
ligh, which leads to the
phenomenon of Bose - Einstein condensation (see Sec. 7.1). For 11 < Eu, all values
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FIG. 6.2. The mean occupation number (1I £) of a single-particle energy state E in a system
of non-interacti ng particles: curve 1 is for fermi ons, curve 2 for bosons and curve 3 for
the Ma-xwell - Boltzmann p.uticles.

of (t: - J-L) are positive and the behavior of all (n ,) is nonsingul<lT. Finally, in
the Maxwell - Boltzmann case (a = 0), the mean occupation number takes the
familiar form
(2)
(1l,} M.B. = exp {(J-L - t:) / kT} ex exp (-t:/kT).
The important thing to note here is that the distinction between the quantum statistics (a = =j=l) and the classical statistics (a = 0) becomes imperceptible when, for
all values of t: that are of practical interest,
exp {(t: - J-L) / kT}

»

1.

(3)

In that event, eqn. (1) essentially reduces to (2) and we may write, instead of (3),

(4)
Condition (4) is quite understandable, for it implies that the probability of any of
the 11 , being greater than unity is quite negligible, with the result that the classical
weight factors g{nd, as given by eqn. (6.2.7). become essentially equal to 1. The
distinction between the classical treatment and the quantum-mechanical treatment
then becomes physically insignificant. Correspondingly, we find, see Fig. 6.2, that
for large values of (t: - J-L) / kT the quantum curves 1 and 2 essentially merge into
the classical curve 3. Since we already know that the higher the temperature of
the system the better the validity of the classical treatment, condition (3) also
implies that J-L, the chemical potential of the system, must be negative and large
in magnitude. This means that the fugacity z[= exp(J-L/ kT)] of the system must
be much smaller than unity; see also eqn. (6.2.22). One can see, from eqns (4.4.6)
and (4.4.29), that this is further equivalent to the requirement
N)..3

V «l ,
which agrees with condition (5.5.20).

(5)
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We shall now examine statistical fluctuations ir.

variable n£ . Going a step

further from the calculation that led to eqn. (6.2.22), we have

, 1[( f318)' ]

(n) = -

- --

!2

£

OE

9

(6)

z,T. all other

E

it follows that

=

[(_~i ) (n.)]

,.J"

{38e

.

(7)

For the relative mean-square fluctuation, we obtain (irrespective of the statistics

obeyed by the particles)
(11;) - (n ,)' =
(II,)'

(~i)
{3 de

{_I_}=

Z- tefJc :

(n,)

(8)

of course, the actual value of this quantity will depend upon the statistics of the

particles because, for a given particle density (N / V) and a given temperature T,
the value of l will be different for different statistics.
It seems more instructive to write (8) in the form

(9)

In the classical case (ll = 0). the relative fluctuation is normal, SO to say. Tn the
Fermi - Dirac case, it is given by 1/ (n t ) - 1, which is below normal and tends to
vanish as (11 £) --7 1. In the Bose - Einstein case. the fluctuation is clearly above
tlOrmal. 2 Obviously. this result would apply to a gas of photons and, hence, to the
oscillator states in the blnck-body radiation. In the latter context, Einstein derived
this result as early as 1909 following Planck's approach and even pointed out that
the term J in the expres.c;;ion for the fluctuation may be attributed to the wave character of the radiation and the term 1/(n£) to the particle character of the photons;

for details, sec Kittel (1958), ter Haar (1968). Closely related to the subject of fluctuations is the problem of "statistical correlations in photon beams" which have
been observed experimentally (see Hanbury Brown and Twiss. 1956-8) and have
been explained theoretically in tenns of the quantum-statistical nature of these
fluctuations (see Purcell, 1956; Kothari and Auluck, 1957). For further details,
refer to Mandel, Sudarshan and Wolf (1964); Holliday and Sage (1964).
For greater understanding of the statistics of the occupation numbers, we evaluate the quantity P£(n), which is the probability that there arc exactly 11 particles in
the state of energy e. Referring to eqn. (6.2.14b), we infer that p , (n) Q( (z.- I'<)".
On normalization , it becomes in the Bose - Einstein case

-

(n , ) )"
1
( (n , ) + 1
(n ,) + 1

«(n,) )"
«(n, ) + I),,+ t '

(10)
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.rae case, we get

In the Fermi

=

{I -

(n,)

(n,)

In the Maxwell- Boltzmann case, p , (n)
On normalization, we get

<X

for

n =0

for

J1

(11)

= 1.

(zc-fJt )"jn! instead; sec eqn. (6.2.8).

()I
_ (ze-"')" In! _ «n , ))" -(n,)
Pc II M.B. - exp (zc ,6t: ) n! e

(1 2)

Distribution (12) is clearly a Poisson dislributioll , for which the mean square
deviation of the variable is equal to the mean value itself; cf. eqo. (9), with a = O.
It also resembles the distribution of the total particle number N in a grand canonic::!1
ensemble consisting of ideal , classical system s; sec Problem 4.4. We also note th at
the ratio Pr(Il)/ Peen - I) in this case varies inversely with 11, which is "normal"
st<ltislica! behavior of uncorrelated events. On the other hand, the distribution in
the Bose- Einstein case is geometric, with a constant common ratio (Il £}/ «(Il £) +
1). This means that the probability of a state E acquiring onc more particle for
itself is independent of the number of particles already occupying that state; thus,
in comparison with the "normal" statistical behavior, bosons exhibit a special
tendency of "bunching" together, which means a positil'e statistical correlation. In
contrast, fermions exhibit a negative statistical correlation.

6.4. Kinetic considerations
The thermodynamic pressure of an ideal gas is given by e'ln. (6.1.23) or (6.2. 18).
In view of the largeness of volume V, the single-particle energy states E wou ld
be SO close to one another that a summation over them may be replaced by an
intcgration. One thereby gets

J
00

p = _
kT

a

,

In [I + aze-fJt(p)1-,
4rr:.:cp7-;-,..::d~p
It ]

II

4rrkT [p3
= - al1""
In [I

3

+ azc-I"(p)]

I'" + J~ 3

p3

II

0

a-e- /fr' p)

"t

1 + ' azrfJt( p, fJ dp dp

]

TIle integrated part vanishes at both limits while the rest of the expression
reduces to

J
00

p _ 4rr
-311 3

1

z-'eP,( p) +a

( ) dt )
f"p

p

2d

p.

(1)

o
Now, thc IOtal number of particles in the system is given by

(2)
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Comparing (1) and (2), we can write

N(de) = 1

1p = -

3V

p-

dp

- 1I(pU)

3

'

(3)

where 11 is the particle density in the gas and 1I. the speed of an individual particle.
If the relationship between the energy £ and the momentUIT! p is of the form
soc pS, then
(4)

The particular cases S = 1 and s = 2 are pretty easy to recognize. It should be
noted here that the results (3) and (4) hold independently of the statistics obeyed
by the particles.
The structure of formula (3) suggests that the pressure of the gas arises essentially from the physical motion of the particles; it should, therefore, be derivable
from kinetic considerations alone. To do this, we consider the bombardment, by
the particlc~ of the g:15, on the walls of Ihe container. Let us take, for example,
an element of area ciA on onc of the \v.JUS normal to the z-axis. sec Fig. 6.3, and
focus our attention on those particles whose velocity lies between II and II + dll;
the number of such particles per unit volume may be denoted by II f (u) dll, where

J

f(tt)dtt = 1.

(5)

:111 II

(udt)

FIG. 6.3. The molecular bombardment on one of the walls of the conta iner.

Now, the question is: how many of these particles will strike the area dA in lime
ill? The answer is: all those that happen to lie in 3. cylindrical region of base
dA and height It ilt, as shown in Fig. 6.3. Since the volume of this region is
(dA. tt)dt , the relevant number of particles would be {(dA· tt)dt x IIf(tt)t/tI}.
On reflection from the wall, (he normal COmponent of the momentum of a particle
would undergo a change from P: to - p~ ; as a result, the normal momentum
imp:lrted by these particles per unit time to a unit
"I of the wall would be
2p: llI~nf(1l)dll). Integrating this expression over a~ .levant II , we obtain the
10(.11 normal momentum imparted per unit time to a unit aTea of the wall by all
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the particles of the gas, which is, by definition, the kinetic pressure of the gas:
oc

.r

J

P= 2n

=

00

J

(6)3

Pl u.. /(Il)dJ(fdu y clu...

Since (i) j(lI) is a function of II alone and (ii) the product (p, IIJ is an even
function of u:.. the foregoing result may be written as

.r (p, II, )f(lI)dll .

P= n

all

(7)

II

Comparing (7) with (5), we obtain

P = Ii (p, IIJ

= Ii (I'" cos2/)

(8)

(9)

= !n(plI),

which is identical with (3).
In a similar manne r, we can determine the rate of effusion of the
through a hule (of un it area) in the wall. This is given by, ef. (6),
00

II =

'"J

.r

Ii

11..=- 00

14)"=-00

J'"

g;:tS

particles

(10)

ll:. f(1l )dul" dl/\. du:.

11~= 1l

'n rrJ/ 2 J (lIeosej(II)}(1I2 sinedlldedrj»;
J
0;..

= n

"",,0

(II)

14= 0

8 =fl

e

note that the condition ll ~ > 0 restricts the range of the angle between the values
Carrying out~ integrations over 8 and 4J, we obtain
.

o and rr/2.

R = '''' '"
J j(II)1I 3 dll .
o
In view of the fact that

(12)

co

J j(II)(41W2 dll) =

1,

(Sa)

o

eqn. (12) may be writlen as
II = !n (II ).

(13)

Again, this result holds independently of the statistics obeyed by the particles.
It is obvious that the velocity distribution among the effused particles is considerably different from the one among the particles inside the container. This is due
to the fact that, firstly, the velocity component u:. of the effused particles must
be positive (which introduces an clement of anisotropy into the distribution) and,
secondly, the particles with larger values of u:. appear with an extra weightage, the
weightage being directly proportional to the value of II, ; see eqn. (10). As a result
of this, (i) the effused particles carry with them a nct forward momentum, thus
causing the container to experience a recoil force, and (ii) they carry away a relatively larger ary
11 of energy per panicle, thus leaving the gas in the container at
not only a progh.. ~sively decreasing pressure and density but also a progressively
decreasing temperature; see Problem 6.13.
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6.5. Gaseou!Ii systems composed of molea

, with internal motion

In most of our studies so far we have considered only the translational part
of the molecular motion. 1l1Ough this aspect of motion is invariably present in a
gaseous system, other aspects, which are essentially concerned with the internal
motion of the molecules, also exist. It is only natural that in the calculation of the
physical properties of such a system, contributions arising from these motions are
also taken into account. In doing so, we shall assume here that (i) the effects of
the intermolecular interactions are negligihle and (ii) the nondegeneracy criterion
nll 3
--'----'--"=1'

(2rrmkT) -

«

(5.5.20)

1

is fulfilled; this maJ...es our system an ideal, Bo!tzmmm;(111 gas. Under these assumptions, which hold sufficiently well in a large number of applications. the partition
function of the syste m is given by
(1 )

where
QI(V, T) = {

I:

Ii-

(2rrmkT)'IZ} j(T);

(2)

the factor within the curly hrackets is the familiar translational partition function of
a molecule, while jeT) is the partition function corresponding to internal motions.
The latter may be written as

•

(3)

where Ej is the energy associated with a state of internal motion (characterized by
the quantum numbers i), while g; is the multiplicity of that state.
TIle contributions made hy the internal motions of the molecules to the various
thermodynamic properties of the system follow straightforwardly from the function
j(T). We oblain
Ai"' = -NkTlnj,
J.lint

(4)

= -krln j.

(5)

Si"' =NK (Inj+T a~lnj)

,a

.

Vi"' = NkT- aT In J

,

(6)

(7)

and
(8)

TIlliS, the central problem in this study is to derive an explicit expression for the
function jeT) from a knowledge of the internal states of the molecules. For this
purpose, we note that the internal stale of a molecule is determined by (i) the
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electronic st .. , , (ii) the state of the nudei, (iii) the vibrational state and (iv) the
rotational state. Rigorously speaking, these four modes of excitation mutually
interact; in many cases, however, they can be treated independently of one another.
We can then write
(3a)

with the result that the net contribution made by the internal motions to the various
thermodynamic quantities of the system is given by a simple sum of the four
respective contributions. There is one interaction, however, which plays a specilll
role in the case of homonudear molecules, such as AA, and that is between the
states of the nuclei and the rotational states. In such a case, we may write
(3b)

\Ve now examine this problem for various systems in the order of increasing
complexity.

A. Iv/anatomic moleclIles

For simplicity, we consider a monatomic gas at temperatures such that the
thermal energy kT is small in comparison with the ionization energy E iul1 ; for
different atoms, this amounts to the condition : T« Eiol1/k '" 10" - 105 K. At these
temperatures the number of ionized atoms in the gas would be insignificant. The
same would be true of atoms in the excited states, for the separation of any of the
excited states from the ground state of the atom is generally of the same order of
magnitude as the ionization energy itself. Thus, we may regard all atoms in the
gas to be in their (electronic) ground state.
Now, there is a special class of atoms, namely He, Ne, A, ... , which, in their
ground state, possess neither orbital angular momentum nor spin (L = S = 0).
Their (electronic) ground state is clearly a singlet: ge = 1. The nucleus, however,
possesses a degeneracy that arises from the possibility of different orientations of
the nuclear spin.4 If the value of this spin is Sn, the corresponding degeneracy
factor gn = 2S n + 1. Moreover, a monatomic molecule is incapable of having
any vibrational or rotational states. The internal partition function (3a) of such a
molecule is, therefore, given by

j(T)

= (g).,..l. = g,'g" = 2S" + L

(9)

Equations (4)-(8) then tell us that the internal motions in this case contribute only
towards properties such as the chemical potential and the entropy of the gas: they
do not contribute towards the internal energy and the specific heat.
If, on the other hand, the ground state does not possess orbital angular
momentum but possesses spin (L = 0, S # O- as, for example. in the case of alkali
atoms), then the ground state will still have no fine structure; it will. however, have
a degeneracy ge = 2S + 1. As a result, the internal partition function jeT) will get
multiplied by a factor of (2S + 1) and the properties such as the chemical potential
and the entropy of the gas will get modified accordingly,
In other cases, the ground state of the atom may possess both orbital angular
momentum and spin (L =F 0. S =F 0); the ground state would then possess a definite
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fine structure. The intervals of this structure are, in general, comparable with
kT; hence, in the evaluation of the partition function , the energies of the various
components of the fine structure will have to be taken into account Since these
components differ from one another in the value of the total angular momentum
1, the relevant partition function may be written as
jelec(T)

=

L(21 + l)e- tJ / kT .

(10)

J

The foregoing expression simplifies considerably in the following limiting cases:
(a) kT» all eJ; then
jelec (T)::::

L(21 + L) = (2L + 1)(2S + 1).

(lOa)

J

(h) kT

«

all eJ; then
. (T) :::: (21 0
Jelcc

+ 1)e- t o/kT ,

(lOb)

where 10 is the total angular momentum, and eo the energy, of the atom in the
lowest state. In either case, the electronic motion makes no contribution towards
the specific heat of the gas. Of course, at intermediate temperatures we do obtain
a contribution towards this property. And, in view of the fact that both at high and
low temperatures the specific heat tends to be equal to the translational value ~Nk,
it must pass through a maximum at a temperature comparable to the separation
of the fine structure levels. 5 Needless to say, the multiplicity (2S n + 1) introduced
by the nuclear spin must be taken into account in each case.

B. DiaTOmic molecules

•

Now we consider a diatomic gas at temperatures such that kT is small compared
with the energy of dissociation; for different molecules this amounts once again
to the condition: T« Ediss/ k ~ 104 _ 105 K. At these temperatures the number
of dissociated molecules in the gas would be insignificant. At the same time, in
most cases, there would be practically no molecules in the excited states as well,
for the separation of any of these states from the ground state of the molecule
is in general comparable to the dissociation energy itself. 6 Accordingly, in the
evaluation of j eT) , we have to take into account only the lowest electronic state
of the molecule.
The lowest electronic state, in most cases, is non-degenerate: 8e = 1. We then
need not consider any further the question of the electronic state making a contribution towards the thermodynamic properties of the gas. However, certain molecules
(though not very many) have, in their lowest electronic state, either (i) a nonze ro
orbital angular momentum (11 #: 0) or (ii) a nonzero spin (S #: 0) or (iii) both.
In case (i), the electronic state acquires a twofold degeneracy corresponding to
the two possible orientations of the oribital angular momentum relative to the
molecular axis;7 as a result, 8e = 2. In case (ii), the state acquires a degeneracy
2S + 1 corresponding to the space quantization of thl"' '\Pin. 8 In both these cases
the chemical potential and the entropy of the gas are (
lified by the multiplicity
of the electronic state, while the energy and the specific heat remain unaffected. In
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case (iii). we encounter a fine structure which necessitates a rather detailed study
because the intervals of this structure are generally of the same order of magnitude
as kT. In particular, for a doublet fine-structure term, such as the one that arises in
the molecule NO (fl 1j 2.3j 2 with a separation of 178 K, the components themselves
being A-doublets), we have for the electronic partition function
.

Jelec

(T)

= go + gle- /). jkT ,

(11)

where go and gl are the degeneracy factors of the two components while t...
is their separation energy. The contribution made by (11) towards the various
thermodynamic properties of the gas can be calculated with the help of formulae
(4) - (8). In particular, we obtain for the contribution towards the specific heat
(12)

We note that this contribution vanishes both for T « t... / k and for T » t.../k and
is maximum for a certain temperature ~ t.../k; cf. the corresponding situation in
the case of monatomic molecules.
We now consider the effect of the vibrational states of the molecule~ on the
thermodynamic properties of the gas. To have an idea of the temperature range
over which this effect would be significant, we note that the magnitude of the
corresponding quantum of energy, namely Tzw, for different diatomic gases is of
order 103 K. Thus, we would obtain full contributions (consistent with the dictates
of the equipartition theorem) at temperatures of the order of 104 K or more, and
practically no contribution at temperatures of the order of 102 K or less. Let us
assume that the temperature is not high enough to excite vibrational states of
large energy; the oscillations of the nuclei then remain small in amplitude and
hence harmonic. The energy levels for a mode of frequency ware then given by
the well-known expression (II + 4)hw.9 The evaluation of the vibrational partition
function j Yib (T) is quite elementary; see Sec. 3.8. In view of the rapid convergence
of the series involved, the summation may formally be extended to II = 00. The
corresponding contributions towards the various thermodynamic properties of the
system are then given by eqns (3.8.16) to (3.8.21). In particular.

T,W
8v= - .
k

(13)

We note that for T» 8 v , the vibrational specific heat is very nearly equal to
the equipartition value N k; otherwise, it is always less than N k. In particular, for
T
8v, the specific heat tends to zero (see Fig. 0.4); the vibrational degrees of
freedom are then said to be "frozen ".
At sufficiently high temperatures, when vibrations with large II are also excited,
the effects of anharmonicity and of interaction between the vibrational and the
rotational modes of the molecule can become important. \0 However, since this
happens only at large n, the relevant corrections to the various thermodynamic
quantities can ~ --letermined even classically; see Problems 3.29 and 3.30. One
finds that the fir. ,der correction to C yib is directly proportional to the temperature
of the gas.
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FIG. 6.4. The vibrational specific heat of a gas of diatomic molecules. At T = 8
specific heat is already about 93 per cent of the equipartition value.

11 ,

the

Finally, we consider the effect of (i) the states of the nuclei and (ii) the rotational
states of the molecule; wherever necessary, we shaH take into account the mutual
interaction of these modes. This interaction is of no relevance in the case of
lzeterOllllclear molecules, such as AB; it is, however, important in the case of
/1011l011uc!ear molecules, such as AA. We may, therefore, consider the two cases
separately.
The states of the nuclei in the heteronuc1ear case may be treated separately
from the rotational states of the molecule. Proceeding in the same manner as
for monatomic molecules, we conclude that the effect of the nuclear states is
adequately taken care of through a degeneracy factor gn' Denoting the spins of
the two nuclei by SA and S8,

+ 1)(2S8 + 1).

gn = (2SA

(14)

As before, we obtain a finite contribution towards the chemical potential and the
entropy of the gas but none towards the internal energy and the specific heat.
Now, the rotational levels of a linear "rigid" rotator, with two degrees of freedom
(for the axis of rotation) and the principal moments of inertia (I. 1,0), are given by
Erol

= l(l

+ 1)h 2 / 2/,

(15)

1 = 0, 1, 2, ... ;

JU5

here, I =
where 11[= lIZ(11l 2/ (lIZl + lIZ2)] is the reduced mass of the nuclei and
1'0 the equilibrium distance between them . The rotational partition function of the
molecule is then given by
j ro( T)

= 2.::(21 + 1)exp
00

{

-/(1

DC

1=0

}

21 T

1=0

= 2.::(21 + l)exp

~
+ 1)k

{

-I(l

+ 1) _8 ' } ;
T

ll 2

8, - 2/k'

(16)

§ 6.5]

Gaseous Systems Composed of Molecules with /llIerllal Motion

145

The values ot: " for all gases except the ones involving the isotopes Hand D,
are much smaller than the room temperature. For example. the value of 8 r for
HCI is about 15 K. for N,. 0, and NO it lies between 2 and 3 K. while for CI, it
is about one-third of a degree. On the other hand, the values of r for H 2 , D2 and
HD are, respectively. 85 K, 43 K and 64 K. These numbers give us an idea of the
respective temperature ranges in which the effects arising from the discreteness
of the rotational states are expeded to be important.
For T » r • the spectrum of the rotational states may be approximated by a
continuum. The summation in (16) is then replaced by an integration:

e

e

'"

j ru, (T) '" j(21

+ I)exp { -'I(I + 1)

i}

dl = ; , '

(17)

o
Thc rotational specific heat is then given by
(1 8)

(CV)<o' = Nk.

consistent with the equipartition theorem.
A bettcr evaluation of thc sum in (16) can be made with the help of the
Euler-Maclaurin formula , viz.
00

ex

L [(II) =

f

,,=0

0

[(x)dx

+ ~[(O) -

",['(0) + 7iof"'(D) - 30~,ttr (0 ) + .. .
(19)

Writing

[(xl = (2< + 1) exp (- x(x + l)8,ITJ.
one obtains

8 + -4 (8)'
_ c + .. .

jM(T) = -T
+ -i+l---'

8,

3

15 T

315

T

'

(20)

which is the so-called Mulhollalld's /ormula; as expected, the main term of this
formula is identical with the classical partition function (17). The corresponding
result for the specific heat is

(Cvl<o, =Nk

+ 945
-16 (8,)3
+ ... }
{1+ -I (8,)'
45

T

T

(21 )

which shows that at high temperatures the rotational specific heat decreases with
temperature and ultimately tends to the classical value NJ... TlIUS, at high (but
finite) temperatures the rotational specific heat of a diatomic gas is grealcr than
the classical value. On the other hand, it must go to zero as T --+ O. We therefore
conclude that it passes through at least one maximum. Numerical studies show
that there is only one maximum which appears at a temperature of about 0.8 (-)r
and has a value of about l.lNk; see Fig. 6.5.
In the other li miting case, when T « G r , one may rctain only thc first few
terms of the sum in (16); then
j,,,, (T) = 1 + 3e- W ,IT

+ 5e- 6fMT + ... ,

(22)
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FIG. 6.5. The rotatiunal specific heat of a gas of hctcronucIear diatomic molecules.

whence one obtains, in the lowest approximation,

(23 )
Thus. as T ~ 0, the specific heat drops exponentially to zero; see again Fig. 6.5.
We therefore conclude that at low enough temperatures the rotational degrees of
freedom of the molecules are also "frozen".
At this stage it appears worthwhile to remark that, since the internal motions
of the molecules do not make any contribution towards the pressure of. the gas
(AiDt being independent of V), the quantity (C p - C v ) is the same for a diatomic
gas as for a monatomic one. Moreover, under the assumptions made in the ver~
beginning of this sectiun, the value of this quantity at all temperatures uf interesl
would be equal to the classical value Nk. Thus. at sufficiently low temperature<
(when rotational as well as vibrational degrees of freedom of the molecules are
"frozen"), we have, by virtue of the translational motion alone,
Cv = ~Nk.

As
we
the
are

C p = ~NK;

Y

5
= .,.
~

(24

temperature rises, the rotational degrees of freedom begin to "loosen up" till
reach temperatures that are much larger than 8 r but much smaller than 8 1"
rotational degrees of freedom are then fully excited while the vibrational one<still "frozen". Accordingly, for G r « T « 8 v ,
Cv

= ~Nk,

Cp

= ~Nk;

7

Y = 5'

(2~

As temperature rises further, the vibrational degrees of freedom as well start loosening up, till we reach temperatures that are much larger than e·/}. Then, [hi
vibrational degrees of freedom are also fully excited and we have

C v = kNk,
~

C p = ~Nk;

_OJ

Y-'7'

(26

These features are displayed in Fig. 6.6 where the experimental results for C p are
plotted for three gases HD, HT and DT. We note that, in view of the considerable
difference between the values of e T and e v , the situation depicted by (25) obtains
over a considerably large range of temperatures. In passing, it may be pointed out
that, for most diatomic gases, the situation at room temperatures corresponds to
the one depicted by (25).
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fiG. 6.6. The rotational-vibrational specific heat. Cr. of the di.ltomic gd,es HD. HT and DT.

We now study the case of 1lO11101lllclear molecules, such as AA. To start with,
we consider the limiting case of high temperatures where classical approximation
is admissible. The rotational motion of the molecule may then be visualized as a
rotation of the molecular axis, i.e. the line joining the two nuclei, about an "axis
of rotation" which is perpendicular to the molecular axis and passes through the
center of mass of the molecule. Then, the two opposing positions of the molecular
axis, viz. the ones corresponding to the azimuthal angles ¢ and ¢ + Jr, differ simply
by an interchange of the two identical nuclei and, hence, correspond to only olle
distinct state of the molecule. Therefore, in the evaluation of the partition function,
the range of the angle ¢ should be taken as (U, Jr) instead of the customary (0,2:7).
Moreover, since the energy of rotational motion does not depend upon the angle
,p, the only effect of this on the partition function of the molecule would be to
reduce it by a factor of 2. We thus obtain, ill the classical approximation, II
.

Jnuc-rot (T)

= (2SA + 1)2 -T- .
2e T

C7)

Obviously. the factor 2 here will not affect the specific heat of the gas; in the classical approximation, therefore, the specific heat of a gas of homonuclear molecules
is the same as that of a corresponding gas of heteronuclear molecules.
In contrast, significant changes result at relatively lower temperatures v.here
the states of rotational motion have to be treated as discrete. These changes arise
fwm the coupling between the nuclear and the rotational states which in turn arises
from the symmetry character of the nuclear-rotational wave function . As discussed
in Sec. 5.4, ther 11 wave function of a physical state must be either symmetric
or antisymmetn . Jepending upon the statistics obeyed by the particles involved)
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with respect to an interchange of two identical pal
.;s. Now, the rotational wave
function of a diatomic molecule is symmetric or antisymmetric according as the
quantum number I is even or odd. The nuclear wave function, on the other hand,
consists of a linear combination of the spin functions of the two nuclei and its
symmetry character depends upon the manner in which the combination is formed.
It is not difficult to see that, of the (2S A + 1)2 different combinations that one
constructs, exactly (SA + 1 )(2SA + 1) are symmetric with respect to an interchange
of the nuclei and the remaining SA(2SA + 1) antisymmetric. 12 In constructing the
total wave function , as a product of the nuclear and the rotational wave functions,
we then proceed as follows:

4, .. .),

~,
as in the molecule H 2, the total
(i) If the nuclei are fermions (SA =
wave function must be antisymmetric. To secure this, we may associate any
one of the SA (2SA + 1) antisymmetric nuclear wave functions with anyone
of the even-/ rotational wave functions or anyone of the (SA + 1)(2SA + 1)
symmetric nuclear wave functions with anyone of the odd-/ rotational wave
functions . Accordingly, the nuclear-rotational partition function of such a
molecule would be

where
00

r even

=

L

(2/

+ l)exp {-

/(/

+ 1)8 r /T}

(29)

+ 1)8 r / T} .

(30)

1=0.2 •...

and
00

roud =

L

(21

+ l)exp {-

/(l

1=1. 3 .. ..

(ii) If the nuclei are bosons (SA = 0, 1, 2, . .. ), as in the molecule D'!" the total
wave function must be symmetric. To secure this, we may associate any
one of the (SA + 1)(2SA + 1) symmetric nuclear wave functions with any
one of the even-/ rotational wave functions or anyone of the SA(2SA + 1)
antisymmetric nuclear wave functions with anyone of the odd-/ rotational
wave functions. We then have

At high temperatures, it is the large values of I that contribute most to the sums
(29) and (30). The difference between the two sums is then negligibly small, and
we have
(32)

see eqns (16) and (17). Consequently,

j~~~':Jot ::: j~~~~~ol = (2SA + 1)2T /28 r •

(33)

in agreement with our previous result (27). Under these circumstances, the statistics
governing the nuclei does not make a significant difference to the thermodynamic
behavior of the gas.
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(

Things chah,- when the temperature of the gas is in a range comparable to
the value of 8 r • It seems most reasonable then to regard the gas as a mixture
of twO components, genera\1y referred to as ortho- and para-, whose relative
concentrations in equilibrium are determined by the relative magnitudes of the two
parts of the partition function (28) or (31), as the case may be. Customarily, the
name ortho- is given to that component which carries the larger statistical weight.
Thus, in the case of fermions (as in H 2 ), the ortho- to para- ratio is given by
11 ( F.O. )

= (SA

+ 1)rodd ,

(3..\.)

SAreven

while in the case of bosons (as in Dz), the corresponding ratio is given by
II IB.E.)

= (SA

+ l)reven .

(35)

SArodd

As temperature rises, the factor r odd ! reven tends to unity and the ratio 11, in each
case, approaches the temperature-independent value (SA + 1)! SA. In the case of
H2 , this limiting value is 3 (since SA = ~) while in the case of D2 it is 2 (since
S,\ = 1). At sufficiently low temperatures: one may retain only the main terms of
the sums (29) and (30), with the result that
r
rodd
- ::c::3exp ( -28
-)
reve n
T

(T

«

8

r ),

(36 )

which tends to zero as T _ O. The ratio 11, then, tends to zero in the case of
fermions and to infini'ty in the case of bosons. Hence, as T ~ 0, the hydrogen
gas is who\1y para-, while deuterium is who\1y ortho-; of course, in each case, the
molecules settle down in the rotational state I = O.
At intermediate temperatures, one has to work with the equilibrium ratio (34), or
(35), and with the composite partition function (28), or (31), in order to compute
the thermodynamic properties of the gas. One finds, however, that the theoretical
results so derived do not generally agree with the ones obtained experimentany. The discrepancy was resolved by Dennison (1927) who pointed out that
the samples of hydrogen, or deuterium, ordinarily subjected to experiment are not
in thermal equilibrium as regards the relative magnitudes of the ortho- and paracomponents. These samples are ordinarily prepared and kept at room temperatures
which are wen above 8 r , with the result that the ortho- to para- ratio in them
is very nearly equal to the limiting value (SA + I)SA. If now the temperature is
lowered, one would expect the ratio to change in accordance with eqn. (34), or
(35). However, it does not do so for the following reason. Since the transition of
a molecule from one form of existence to another involves the flipping of the spin
of one of its nuclei, the transition probability of the process is quite small. Actua\1y, the periods involved are of the order of a year. Obviously, one cannot expect
to attain the equilibrium ratio 11 during the short times available. Consequently,
even at lower temperatures, what one general1y has is a Iloll-equilibrium mixture
of two independent substances, the relative concentration of which is preassigned.
The partition functions (28) and (31) as such are, therefore, inapplicable; we rather
have directly for the specific heat
C(F.o.) _
SA
C
- 2S + 1 even
A

SA + 1
+ 2SA + 1 C odd

(37)
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and

SA + 1 C
- 2SA + 1 .-en

C(B.E.) _

SA

+ 2SA + 1

C
odd,

(38)

where
(39)

We have, therefore, to compute C even and C odd separately and then derive the net
value of the rotational specific heat with the help of the formula (37) or (38),
as the case may be. Figure 6.7 shows the relevant results for hydrogen. Curves
1 and 2 correspond to the para-hydrogen (C even ) and the ortho-hydrogen (Codd ),
respectively, while curve 3 represents the weighted mean, as given by eqn. (37).
The experimental results are also shown in the figure; the agreement between
theory and experiment is clearly good.
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(T/e,)FIG. 6.7. The Iheoret ical specific heat of a 1:3 mixlUre of para-hydrogen and orthohydrogen. The experimental points originate from various sources listed in Wannier
(\966).

Further evidence in favor of Dennison's explanation is obtained by performing
experiments with ortho- para mixtures of different relative concentration. This
can be done by speeding up the ortho-para conversion by passing hydrogen over
activated charcoal. By doing this at various temperatures, and afterwards removing
the catalyst, one can fix the ratio /I at any desired value. The specific heat then
follows a curve obtained by mixing C even and C odd with appropriate weight factors.
Further, if one measures the specific heat of the gas in such a way that the ratio 11,
at every temperature T, has the value given by the formula (34), it indeed follows
the curve obtained from expression (28) for the partition function.

C. Polyatomic molecules
Once again, the translational degrees of freedom of the molecules contribute
their usual share, ~k per molecule, towards the specific heat of the gas. As regards
the lowest electronic state, it is, in most cases, far below any of the excited states;
nevertheless, it generally possesses a multiplicity (d( 'flding upon the orbital and
spin angular momenta of the state) which can be tl ,I care of by a degeneracy
factor ge . As regards the rotational states, they can be treated classically because
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the large values of the moments of inertia obtaining tn polyatomic molecules make
the quantum of the rotational energy, 1/2 /2/" much smaller than the thennal energy.
kT, at practically all temperatures of interest. Consequently, the interaction between
the rotational states and the states of the nuclei can also be treated classically. As
a result. the nuclear-rotational partition function is given by the product of the
respective partition functions, divided by a symmetry number y which denotes the
number of physically indistinguishable configurations realized during one complete
rotation of the molecule: 13
' C (T)
.
(T) _ 8nuc} rOi
.
(40)
) nuc- rOi
,
y

cr. eqn. (27).

Here, j~1 (T) is the rotational partition function of the molecule
evaluated in the classical approximation (without paying regard to the presence of
'identical nuclei. if any); it is given by
(41 )

where I .. I"!. and I] arc the principal moments of inertia of the moll!cule; see
Problem 6.26. 14 The rotational specific heat is then given by

a{a
T' aT Inj~(T) }

3
= 'iNk,

C,ao =.Nk aT

(42)

consistent with the equipartition theorem.
As regards the vibrational states, we first nme that, unlike a diatomic molecule.
a polyatomic molecule has not one but several vibrational degrees of freedom ., In
particular, a non-collinear molecule consisting of n atoms has 311 - 6 vibrational
degrees of freedom, six degrees of freedom out of the total 3n having gone into
the translational and rotational motions. On the other hand, a collinear molecule
consisting of n atoms would have 31J - 5 vibrational degrees of freedom, for the
rotational motion in this case has only two, not three, degrees of freedom. The
vibrational degrees of freedom correspond to a set of nonnal modes characterized
by a set of frequencies Wj . It might happen Ihat some of these frequencies have
identical values; we then speak of degenerate frequencies. IS
In the harmonic approximation, these normal modes may be treated
independently of one another. l11e vibrational partition function of the molecule
is then given by the product of the partition functions corresponding to individual
normal modes, i.e.

T'Wi

8 j =-.

(43)

k

and the vibrational specific heat is given by the sum of the contributions arising
from the individual modes,
Cvib =Nf...

In general. Ihe \

8,)2
(
~{
(e8; /T _1)2
T

, 8,/T

}

.

(44)

ous 8, are of order leY K; for instance, in the case of CO:!.
which was cited in Note 15,8 1 = 8, = 960 K. 83 = 1~0 K and 8, = 3510 K.
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For temperatures large in comparison with all E>j,
specific heat would be given
by the equipartition value, namely Nk for each of the normal modes. In practice, however, this limit can hardly be realized because the polyatomic molecules
generally break up well before such high temperatures are reached. Secondly,
the different frequencies Wj of a poly atomic molecule are generalIy spread over a
rather wide range of values. Consequently, as temperature rises, different modes of
vibration get gradually "included" into the process; in between these "inclusions",
the specific heat of the gas may stay constant over considerably large stretches of
temperature.

Problems
6.1. Show that the entropy of an ideal gas in thermal equilibrium is given by the formula
S= k

L [(II, + 1) In (n, + 1) ,

(II , ) In (II.)]

in the case of bosolls and by the formula

S

= kL

,

[ -(1 - n ,) In (I - n ,) - (tI,) In (tI,)]

in the case of fermiolls. Verify that these results are consistenl with the general formula

S

= -k;;= { ;;= Mn) In p, (II) }

,

where p,(II) is the probability that there are exactly n particles in the energy state f.
6.2. Derive, for all three statistics, the relevant expressions for the quantilY (n;) - (n.)2 from the
respective probabilities p, (n). Show that, quite generally,

compare with the corresponding result, (4.5.3), for a system embedded in a grand canonical ensemble.
6.3 Refer to Sec. 6.2 and show that, if the occupation number n, of an energy level E is restricted
to the values 0 , I , ... , I, then the mean occupation number of that level is given by
I

(n E ) =

C 1efJ' -1

1+ 1

-

(z-'efJ'i+ -1
'

.

Check that while I = 1 leads to (n,)F.D, I -> 00 leads to (n ,) S.E.
6.4. The potential energy of a system of charged particles, characterized by particle charge e and
number density n (r), is given by
2

e
U=2

J

n(r)n(r')

Ir - r'l

,
drdr+e

J

n (r)¢ex.cr) dr ,

where ¢cxt (r) is the pmenlial of an external electric field . Assume that the entropy of the system, apart
from an additive constant, is given by the formula

S= -k

Jn(rjlnn(rJdr;

cf. formula (3.3.13). Using these expressions, derive the equilibrium equations satisfied by the number
density n(r) and the total potential ¢(r), the lalter being
¢cxt(r)+e

J

ll(r'j

Ir - r'l

,
dr .
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(
6.5. Show that
root-mean-square deviation in the molecular energy c, in a system obeying
Maxwell - Boltzmann distribution, is J(2 / 3) times the mean molcculdr energy E. Compare this resull
with that of Problem 3.18.
6.6. Show that, for any law of distribution of molecular speeds,
{ (u)

(~ ) } ~ 1.

Check that the value of this quantity for the Maxwellian distribution is 4/rr.
6.7. Through a small window in a furnace, which contains a gas at a high temperature T, the spectral
lines emiued by the gas molecules are observed. Because of molecular motions, each spectral line
exhibits Doppler broadenillg. Show that the varialion of the relative intensity I (A) with wavelength A
in a line is given by

where 111 is the molecular mass, c the speed of light and AO the mean wavekngth of the line.
6.8. An ideal classical gas composed of N particles. each of mass Ill, is enclosed in a vertical
cylinder of height L placed in a uniform gravitational field (of acceleration g) and is in thermal
equilibrium; ultimately, both Nand L --+ 00. Evaluate the partition function of the gas and derive
expressions for the major thermodynamic quanlilies. Explain why the specific heat of this system is
larger than that of a corresponding system in free space.
6.9. (a) Show that, if the temperature is uniform, the pressure of a classical gas in a uniform
gravitational field decreases with heigh! according to the barometric [orllluia
p(z) = PlO) exp

( -lIlg~/ kT) .

where the various symbols have their usual meanings. 10
(b) Derive the corresponding formula for an adiabatic atmosphere, i.e. the one in which (PIf ' ),
rather than (PV), stays constant. Also study the variation, with height, of the temperature
T and the density 11 of the atmosphere.
6.10. (a) Show that the momentum distribution of particles in a relativistic Boltzmannian g,,~. with
E = c(p2 + lIl~ c2)1 /2 , is given by

with the normalization constant
{3

c= .,

., ,

mjjcK 2 ({311l0C- )

K v(z) being a modified Bessel function.
(b) Check that in the nonrelativistic limit (kT« moc2 ) we recover the Maxwellian
distribution,

while in the extreme relativistic limit (kT

»

m02) we obtdin

({3C)3 -/3

[(P )dp = - - e
8:r

2

PC(4rrp dp).

(c) Verify th at, quite generally,
(pu) = 3kT.

6.11. (a) Considering the loss of translational energy suffered by the molecules of a gas on reflection
from a recedi/lg wall, derive, for a quasi-static adiabatic expansion of an ideal nonrelativistic gas, the well-known relation
PVY

= const..

where y = (3a + 2)/ 3a. a being the ratio of the total energy to the translationHI energy
of the gas.
(b) Show thdt, in the case of an ideal extreme relativistic gas, y = (3a + 1)/3".
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li.l2. (a) DClcrmine (he number of impacts made by gas molecules all a unit area of the wall in a
unit lime for which Ihe angle of incidence lies between 9 and () dO ,

+

(b) Delerminc Ihe number of impacis made by gas molecules on a unit area of Ihe wall in a
unil lime for which the speed of the molecules lies belw~n u and It + du .
(e) A molecule AB dissociates if it hits the surface of a solid calalyst wilh a lranslalional
energy gTealer Ihan 10- 19 J. Show Ihal (he falC of the dissociative reaction AB
A +B
is more Ihan doubled by raising the lempcrature of Ihe g.as from 300 K 10 310 K.
-0.

6.13. Consider the effusion of molecules of a Maxwellian gas Ihrough an opening of area a in (he
walls of a vessel of volume V.
(a) Show lhal, while (he molecules inside the vessel have a mean kinetic energy ~kT. the
e ffused ones havt= a mean kinetic t=nergy 2.l..T. T being the quasi-static equilibrium temper_
ature of the gas.
(b) A ...."uming thallhe effusion is so slow that the gas inside is always in a state of quasi-static
e'luilibrium. determine the manner in which the density. the temperature and the pressure
of the gas vary with lime.
6.1". A polyethylene balloon at an ahitude of 30,000 m is fillet! with helium g<ls at a pressure
of 10- 2 atm and a tempcrdlure of 300 K The balloon has a diameter of to m. and has numerou."
pinholes of diameter 10- 5 m each. How m.my pinholes per square meter of the surface must there be
if 1 per ccnl of the gas were to leak out in 1 hour?
(i. IS. Consider Iwo Dollzmannian gases A and B. al pn!s!>ures PA and P8 and temperatures TA and
1"8 respectively. contained in two regions of spaee that communicate through a very narrow opening
in the partitioning wall; sec fig. 6.8. Show that the dynamic equilibrium resulting from the mutual
effusion of the two kind:, of mulecules satisfies the conditiun

FIG. 6.8. The molecules of the gases A and B undergoing a two-way effusion.
rather than PA = P8 (which would be the Cd'iC if the equilibrium had resulted from a hydrodynamic
flow).
6.16. A small sphere, with initial temperature T . is immersed in an ideal Boltzmannian ga.<; at
temperature Tu. Aouuming that toc molecules incident on the Sphere are rust absorbed and then reemitted with the lemperdture of the sphere. determine the variation of the temperature of the sphere
with time.
(Note: The radius of the sphere rna) be assumed to be much smaller than the mean free path of the
molecutcs.J
6.17. Show that the mean value of the reilltil'e speed of two molecules in a Maxwellian gas is -/2
times the mean speed of a molecule with respect to the walls of the container.
[Note that a similar result for the root -mean-square speeds (in.c;tead of the mean speeds) holds under
much more general conditions.]
6.18. What is the probability that two molecules picked up at random from a M'lxwellian gas will
have a total energy between E and E + dE? Verify that (£) = 3kT.
6.19. The energy difference between the lo\\esl cleclronic state ISO and the first excited state 351
of the helium :dtom i" 159.843 cm- 1 • Evaluale the re lative fraction of the excitcO atoms in a sample
of helium g3S at :d temperature of 600Cl K.
6.20. Derive an expression for the equilibrium constanl K{T) for the reaction Hz + D2 ++ 2HD al
temperatures high enough to allow classica l approximation for the rotational motion of the molecules.
Show that K(Xl) = 4.
(Note: For the definition of the equilibrium constant, sec Problem 3.14.]
6.21. With Ihe help of the Euler-Maclaurin formula (6.5.19). derive high-temperature expan:,ions
for rmn and rodd. ac; defined by eqns (6.5.29) and (6.5.30). and oh!"V! corresponding cxpanc;ions for
CO'cn and COOd. as dermed by cqn. (6.5.39). Compare the matherr
I trend of these results with Ihe
nature of the corresponding curves in Fig. 6.7. Also study the It.
mperature behavior of the two
specific heats .md again compare your r~ults with the relevant pans of the aforementioned curvcs.
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6.22. The potential energy between the atoms of a hydrogen molecule is given by the (semiempirical) Morse potential
VCr) = Vo {e- 2(r- ro l/a _ 2e-(r- ro1 /a }.

where Vo = 7 x 10- 12 erg, ro = 8 x 10-9 cm and a = 5 x 10-9 cm. Calculate the rotational and
vibrational quanta of energ,v, and estimate the temperatures at v.hich the rotational and vibrational
modes of the molecules would begin to contribute to\\ards the specific heat of the hydrogen gas.
6.23. Show that the fractional change in the equilibrium value of the internuclear distance of a
diatomic molecule, as a result of rotation, is given by
t.,-,

_0

~

ro

2

11

_,_

( JLrow )

i(J

+ l) =4

,

(_r)
0
0

i(J

+ It

v

-

here, w is the angular frequency of the vibrational state in which the molecule happens to be. Estimate
the numerical value of this fraction in a typical case.
6.2-1. The ground state of an oxygen atom is a triplet. with the following fille strucllIrc:
£J=2

=

EJ=t -

158.5 cm- t =

EJ=O -

226.5 em- I.

Calcul,lte the relative fractions of the atoms occupying different i-levels in a sample of atomic OX) gen
at 300 K.
6.25. Calcul.tte the contribution of the fir~t excited electronic stale, viz. t t. with gc = 2, of the 01
molecule towards the Helmholtz free energy and the specific heat of oxygen gas at d temperature of
5000 K; the separation of this state from the ground state. \ iz. 3 L "ith ge = 3, is 7824 em-I. How
"auld these results be affected if the parameters 0 r and 0" of the 01 molecule had difierent values
in the two elcclronic states'
6.26. The rotational kinetic energy of a rot,ltor with three degrees of freedom can be \\ rinen as
}.f2
(

Crill

= 2/1

}.f1

~

Ml
{

+ 211 + 21 3'

where (~. 1). {) are coordinates in a rotating frame of reference whose axes coincide with the principal
axes of the rotator, while (,\1(. M~, Md are the corresponding angular momema. Carrying out imegmtions in the phase space of the rotator, derive expression (6.5 .41) for the partition function jrmlT)
in the classical approximation.
6.27. Determine the translational, rotational and vibrational contributions towards the molar
entropy and thc molar specific heat of carbon dioxide at N.T.P. Assume the ideal-gas formulde and
use the following data: molecular weight M = 44.01; moment of inertia 1 of a COl molecule =
71.67 x 10- 40 g cm1 ; wa~e numbers of the various modes of vibration: VI = "2 = 667.3 cm - I ,
V3 = 1383.3 cm- I and V4 = 2439.3 cm- I .
6.28. Determine the molar specific heat of ammonia at a temperature of 300 K. Assume the ideal-gas
formula and use the following data: the principal moments of inertia: II = 4.44 x 10- 40 g cm 2 , 11 =
13 = 2.816 x 10- 40 g cm1 ; wave numbers of the various modes of vibration: VI = ~ = 3336 cm- I ,
"3 =V4 = 950 cm - I ; V5 =3414 cm- I and V6 = 1627 cm- I .

Notes
I For a critique of this derivation, see Landsberg (1954a. 1961).
The special case of fluctuations in the ground state ocC:llpatiOIl nllmber, no. of a Bose- Einstein
system has been discussed b} Wergeland (1969) and by Fuji\\ara, ter Haar and Wergeland (1970).
3 Clearly, only those velocities are relevant for v.hich II: > O.
4 As is well kno\\ n, Ihe presence of the nuclear spin gives rise to the so-called liyperfille structure
in the electronic states. Howe~er. the int.:rvals of this structure arc such that for practical!} all temper·
atures of interest they are small in comparison with kT; for concreteness. these intenals correspond (0
T-values of the order of 10- 1 -100 K. Accordingly, in the e\'aluation of the partition function j (T).
the hyperfine splitting of the electronic state may be disregarded while the multiplicity imroduced b)
thc nuclear spin rna! . tdk.:n into account through a degencracy faclOr.
5 It seems worth'
to note here that the \ alucs of t.EJ /k for the components of the normal
triplel term of ox}gcn u.e 230 K and 3~O K, while those for the normal quintuplet term of iron rdn g~
from 600 K to 1400 K.
2
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6 An odd case arises with oxygen. The separation b~,
n its normal term 3L and the first
excited term I ~ is about 11,250 K, whereas the dissociation .ergy is about 55,000 K. The relevant
factor e - E ./kT , therefore, can be quite significant even when the factor e - E"",/kT is not, 5.1y for
T ~ 2000-6000 K.
7 Strictly speaking, the term in question splits into two levels-the so-called A-doublet. The separation of the levels, however, is such that we can safely neglect il.
8 The separation of the resulting levels is again negligible from the thermodynamic point of view;
as an example, one mdY cile the very narrow triplet term of 02.
9 It may be pointed out that the vibrational motion of a molecule is influenced by the centrifugal
force arising from the molecular rotation. This leads to an interaction between the rotational and the
vibrational modes. However, unless the temperature is [00 high, [his interaction can be neglected and
the two modes treated independently of one another.
III In principle, these two effects are of the same order of magnitude.
I. It seems instructive to outline here the purely classical derivation of the rotational partition
function . Specifying the rotation of the molecule by the angles (0, ¢) and the corresponding momenta
(PtJ . p~), the kinetic energy assumes the form
I

2

Ero. = 21 Pe

1

2

+ 21 sm-O p~.
.?

whence

For heteronuclear molecules <Pm:.' = 27[, while for homonuclear ones <PlOd' = 1r.
12 Sec, for example, Schiff (1968), sec. 41.
1.1 For example, the symmetry number y for H20 (isosceles triangle) is 2, for NH3 (regular triangul~r
pyramid) i[ is 3, while for CH~ ([etrahedron) and C6Hb (regular hexagon) it is 12. For heteronuclcar
molecules, the symmetry number is unity.
14 In thc case of a collinear molecule, such as N20 and C02, there are only two degrees of freedom
for rotation; consequently, j:;;'(T) is given by (2IkTI1l2), where I is the (common) value of the two
moments of inertia of the molecule; see eqn. (17). Of course, we must also take into account the
symmetry number y. In the examples quoted here, the molecule N20, being spatially asymmetric
(NNO), has symmetry number 1, while the molecule C02, being spatially symmetric (OCO), has
symmetry number 2.
15 For example, of the four frequencies characterizing the normal modes of vibration of the

t
collinear molecule OCO, two that correspond to the (transverse) bending modes, namely 0 CO,
.j,

.!

are equal, while the others that correspond to (longitudinal) oscillations along the molecular axis,
namely ~O C-4 ~O and +-0 C 0-4, are different; see Problem 6.27.
16 This formula was first given by Boltzmann (1879). For a critical study of its derivation, see
Walton (\969).
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CHAPTER 7

IDEAL .BOSE SYSTEMS

IN CONTINUATION of Sees 6.1 - 6.3, we shall now investigate in detail the physical
behavior of a class of systems in which, while the intermolecular interactions are
still negligible. the effects of quantum statistics (which arise from the indistinguishability of the particles) assume an increasingly important role. This means
that the temperature T and the particle density 11 of the system no longer conform
to the criterion
/lA'

==

nlJ]

(2rrmkT)3 /2

«

I.

(6.3.5)

where A {= hj(2.JnnkT)I /2) is the mean thermal wavelength of the particles. In
fact~ the quantity (11).,3) turns out to be a very appropriate parameter, in terms of
which the various physical properties of the system can be adequately express.ed.
In the limit (/l A') -7 0, all physical properties go over smoothly to their classical
counterparts. For small, but not negligible, values of (1l).3), the various quantities
pertaining to the system can be expanded as power series in this parameter; from
these expansions one obtains the first glimpse of the manner in which departure
from classical behavior sets in. When (n>..3) becomes of the order of unity, the
behavior of the system becomes significantly different from the clao,;sical onc and
i..o.; characterized by typical quantum effects. A study of the system under these
circumstances brings us face to face with a set of phenomena unknown in classical
statistics.
It is evident that a system is morc likely to display quantum behavior when it
is at a relatively low temperature and/or has a relatively high density of particles. I
Moreover, the smaller the particle mass the larger the quantum effects.
Now, when (1/)..3) is of the order of unity, then not only does the behavior of
a system exhibit significant departure from typical classical behavior but it is also
influenced by whether the particles constituting the system obey Bose- Einstein
statistics or Fermi - Dirac statistics. Under these circumstances, the properties of
the two kinds of systems are themselves very different. In the present chapter we
propose to consider systems belonging to the first category while the succeeding
chapter will deal with systems belonging to the second category.
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7.1. Thermodynamic behavior of an ideal Bose gas
We obtained, in Secs 6.1 and 6.2, the following formulae for an ideal Bose gas:

PF
kT

= In :!) =

-

2: In (1 -

(1)

ze-fJ£ )

<

and

(2)
where f3 = l/kT, while z is the fugacity of the gas which is related to the chemical
potential IL through the formula

z = exp (JL/kT) .

(3)

As noted earlier, ze- f3<, for all e, is less than unity. In view of the fact that, for large
V. the spectrum of the single-particle states is almost a continuous one, summations
on the righI-hand sides of egns (1) and (2) may be replaced by integrations. In
doing so, we make use of the asymptotic expression (2.4.7) for the density of
states aCe) in the neighhorhood of a given energy e, namely2

(4)
We, however, note that by substituting this expression into our integrals we are
inadvertently giving a weight zero to the energy level e = O. This is wrong because
in a quantum-mechanical treatment we must give a statistical weight unity to each
nondegenerate single-particle state in the system. It is, therefore, advisable to take
this particular state out of the sum in question before carrying out the integration.
We thus obtain

;. = -

~: (2m)3/ 2

J
00

e l / 2 ln (1 - ze- f3<) dE -

~ In (1 -

z)

(5)

o
and

J
DC

N
2rr
3 2
V = h 3 (2111) /

e

l 2
/

de
C I ef3< - 1

1

z

+ V 1-

.
z'

(6)

o
of course, the lower limit of the integrals can still be taken as 0, because the state
c = 0 is not going to contribute towards the integrals anyway.
Before proceeding further, a word about the relative importance of the last
terms in eqns (5) and (6). For z « 1, which corresponds to situations not far
removed from the classical limit, each of these terms is of order I/N and, therefore, negligible. However, as z increases and assumes values close to unity, the
term z/(1 - z)V in (6), which is identically equal to No/V (No being the number
of particles in the ground state c = 0), can well become a significant fraction
of the quantity N /V; this accumulation of a macroscopic fraction of the given
particles into a single state E = 0 leads to the phl
l cnon of Bose- Einsteill
condellsation. Nevertheless, since z/(1 - z) = No a. hence z = No/(No + 1),
the term {- V - I In (1 - z)} in (5) is equal to {V -I In (No + I)} , which is at most
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(N- 1 10 N); this term is, therefore. negligibJe for all values of z and hence may
dropped altogether.
We now obtain [rom eqns (5) and (6), on suhstituting f3e = p2/(2mkT) = x,

(7)

and

N-No
V

2Jr(2JnkT)3 12
3
h

J" z

o

Xl l' dx
J ,

e- -

- ..!.-8312

1 -

)3

,

(2) ,

(8)

where
A = h/ (2rrmkT) 112,

(9)

while 8L/ (Z) arc Bose- Einstein junctions defined by, see Appendix D,

(lU)

note that to write (7) in terms of the function gS/2(Z) we fi rst carried out an
integration by parts. Equations (7) and (8) are OIlT basic resuil"l; on elimination of
z. they would give us the equation ul state of the system.
The internal energy of this system is given by

U= - (~ln
.?J) •. v = kT2{ ~
(PV)}
aft
aT kT " v
(11)

here, usc has been made of eqn. (7) and of the ract that ).. ()( T - 112. Thus, quite
generany. our system satisfies the relationship

P= hU/ V)

( 12)

For small values of l., we can make use of expansion (10); at the: same time,
we can neglect No in comparison with N. An elimination of z between eqns (7)
and (8) can then be carried out by first inverting the series in (8) to obtain an
expansion for z in powers of (lIA 3 ) and then suhstituting this expansion into the
series appearing in (7). The equation of state thereby takes the fonn of the llirial
e>.panSlOfI,

PV
x
(A3)I-l
-NkT
=Lal
-v

(13)

1=1

where v(= l / n) is the volume per particle; the coefficients alt which are referred
to as the virial coefficienl~ of the system, tllfn out to be

160

Ideal Bose Systems

I

a2

= - 4J2 = -0.17678,

a3

= -

(9~ -

a,

= -

(:2 + 32~

D

= -0.00330,

-

(14)

2~) = -0.00011,

and so on. For the specific heat of the gas, we obtain

Cv = Nk1 (au)
aT

Nk

3

00

=2L

3{

=:1

N. I'

5 _ 31
2 (It

a(PV)}
N~

aT

v

(>.,)'
1
-;

1= 1

=

~ [1 + 0.0884 ( : ) + 0.0066 (~')

2

+ 0.0004 ( : ) , + .. .J . (IS)

As T .... 00 (and hence>. .... 0), both the pressure and the spccific heal of the gas
approach their classical values, namely IlkT and ~Nk. respectively. We also note
that at finite, but large, temperatures the specific heat of the gas is larger than
its limiting value; in other words, the (Cv. T)-curve has a negative slope at high
temperatures. On the other hand, as T -)0 0, the specific heal must go to zero.
Consequelllly, it must pass through a maximum somewhere. As seen later, this
maximum is in the nature of a cusp which appear.;; at a critical temper.tture Tc;
the derivative of the specific heat is found to be discontinuous at this temperature
(sec Fig. 7.4).
As the temperature of the system falls (and the value of the parameter >.3 Iv
grows), expansions such as (13) and (15) do not remain useful. We then have
to work wilh formulae (7), (8) and (11) as such. The precise value of z is now
obtained from eqn . (8), which may be rewritten as
N, = V

(2mllkT)'/ 2
I'
8'/2(Z),

,.

(16)

where N e is the number of particles in the excited states (E =1= 0); of course, unless z
gets extremely close to unity. N r '::::;:: N. 3 It is obvious that, for 0 ~ Z ~ 1, the function gJ/2 (Z) increases monotonical1y with z and is bounded, its larges t value being

83/,(1) = I

I I

(3)

+ 2'/' + 33/ ' + ... == , '2 "" 2.612;

see eqn. (D.5). Hence, for all

(17)

z of interest,
8,,'(Z):5 ,(~).

(18)

Consequently, for given V and T, the tolal (equilibrium) number of particles in
all the excited states taken together is also bounded. i.e .
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h'

(3)
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(19)

Now, so long as the actual number of particles in the system is less than this
limiting value, everything is well and good; practically all the particles in the
system are distributed over the excited states and the precise value of z is determined by eqn. (16), with Nt' ::::: N. However, if the actual number of particles
exceeds this limiting value. then it is natural that the excited slates will receive as
many of them as they can hold, namely

(3)
'"2'

• (2mnkT)' /2

N, = V

h'

whi1c the rest will be pushed ell masse into the ground state
under all circumSlitnCes. is prdctically unlimited):
No=N - { V

(20)
€

= 0 (whose capacity,

(2rrlllkT)3J2
,-.
h3
2

(21)

(3)}

The precise value of z is now determined by the formula

No
1
;;:- '
..... 1 - N o +! No'

(22)

which, for all practical purposes, is unity. This curious phenomenon of a macroscopically large number of particles accumulating in a single quantum state (E = 0)
is generally referred to as the phenomenon of Bose - Einstein condensation. In a
certain sense, this phenomenon is akin to the familiar process of a vapor condetlsing
into the liquid state, which takes place in the ordinary physical space. Conceptually, however, the two processes are very different. Firstly, the phenomenon of
Bose-Einstein condensation is purely of a quantum origin (occurring even in the
absence of intermolecular forces); secondly, it takes place at best in the momentum
space and not in the coordinate space. 4
The condition for the onset of Bose-Einstein condensation is
, (2rrmk)3J2
N > ~'T3/(
h3

(3)
2

(23)

or, if we hold N and V constant and vary T,

/.-' { N
T<Tc=-2rrmk V~

} ' J3

m

(24)'

here. T c denotes a characteristic temperature that depends upon the panicle mass
III and the particle density N IV in the system. Accordingly, for T < T c. the system
may be looked upon as a mixture of twO "phases":

(i) a normal phase, consisting of N~ {= N(T ITc)3!,:!.} particles distributed over
the excited States (0 oF 0), and
(ii) a condensed phase. consisting of No {= (N - N/,)} particles accumulated in
the ground state (0 = 0).
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Figure 7.1 shows the manner in which the complementary fractions (NeIN) and
(No IN) vary with T. For T > Tc, we have the normal phase alone; the number of
particles in the ground state, viz. zl(1 - z), is 0(1), which is completely negligible
in comparison with the total number N. Clearly, the situation is singular at T = T c.
For later reference, we note that, at T -+ T c from below, the condensate fraction
vanishes as follows :
(25)

2

1

OLL..----....L.-----

o

1.0
(T/Te) -

FIG. 7.1. Fractions of the normal phase and the condensed phase in an ideal Bose gas
as a fu nction of the temperature parameter (T I T c).

A knowledge of the variation of z with T is also of interest here. It is, however,
simpler to consider the variation of z with (v I A3 ), the latter being proportional
to T3f2 . For 0 .:::: (vI A3) < (2.612)- 1, which corresponds to 0 .:::: T .:::: T c, the parameter z ~ 1; see eqn. (22). For (v I A3) > (2.612)- 1, Z < 1 and is determined by
the relationship
g3/2 (Z) = (A 3 I v) < 2.612;
see eqn. (8). For (vI A3) » 1, we have: g3/2(Z) « ] and, hence, z « 1. Under these
circumstances, g3j2(Z) ~ z; see eqn. (10). Therefore, in this region, z ~ (vIA3)- 1,
in agreement with the classical case.? Figure 7.2 shows the variation of z with
(vIA3).

i

1.0

z 0.5
O'-----'----'-------'-----'------=-'

o

1
2.612

1.0

20

FIG. 7.2. The fugacity of an ideal Bose gas as a tun.:tion of (uI J.. 3 )
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Next, we examine the (P, T)-diagram of this system, i.e. the variation of P with
T, keeping v fixed. Now, for T < Teo the pressure is given by eqn. (7), with z
replaced by unity, i.e.
peT) =

:~ ~ ( ~ )

.

(27)

which is proportional to T 5/ 2 and is independent of v-implying infinite compressibility. At the transition point the value of the pressure is
PeTe) =

c:;)

3/ 2

(kTe)5/2~ (~ )

;

(28)

with the help of (24), this can be written as
PeTe) =

~ ~!~ (~kTe) ~ 0.5134 (~kTc) .

(29)

Thus, the pressure (exerted by the particles) of an ideal Bose gas at the transition
temperature T c is about one-half of that (exerted by the particles) of an equivalent
Boltzmannian gas.s For T > Teo the pressure is given by
P = N kTg5/2 (Z) ,
V g3/2 (Z)

(30)

where z(T) is determined by the implicit relationship
N
h3
g3/2(";.) = -; = V (2rrmkT)3/2'
>..3

(26a)

Unless T is very high, the expression for P cannot be expressed in any simpler
terms; of course, for T » T co the virial expansion (13) can be made use of. ' As
T --7 00, the pressure approaches the classical value NkT IV. All these features are
shown in Fig. 7.3. The transition line in the figure portrays eqn. (27). The actual
(P, T)-curve follows this line from T = 0 up to T = T c and thereafter departs,
tending asymptotically to the classical limit. It may be pointed out that the region
to the right of the transition line belongs to the normal phase alone, the line itself
belongs to the mixed phase, while the region to the left is inaccessible to the
system.
In view of the direct relationship between the internal energy of the gas and its
pressure, see eqn . (12), Fig. 7.3 depicts equally well the variation of U with T (of
course, with v fixed). Its slope should, therefore, be a measure of the specific heat
C v (T) of the gas. We readily observe that the specific heat is vanishingly small at
low temperatures, rises with T until it reaches a maxin.1llm at T = T e; thereafter,
it decreases, tending asymptotically to the constant classical value . Analytically,
for T:::: Teo we obtain [see eqns (15) and (27)]

C
v
3V(5) d (T) 15 (5) v
Nk = 2. N~ 2 dT >..3 = 4~ 2 >..3 '

(31)

which is proportional to T3 /2. At T = T e, we have
Cv(Te)
Nk
=

154 ~~ (1)
( ~ ) ~ 1.925,

(32)
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FIG. 7.3. The
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and the intern,,1 energy of :In ideal Bose gas as
temperature pnramelcr (T /T (").

~

function of the

which is significantly higher than the classical value 1.5. For T > Tel we obtain
an implicit formula . First of all,

Cv =
Nk

[~ (~Tg'/2(Z»)l
aT

2 83/ 2(l)

(33)
,.

see eqns (11) and (26). To carry out the differentiation, we need to know (a,/aT) ,,;
this can be obtained from eqn. (26) with the help of the recurrence relation (0.10).
On one hand, since g3/ 2(Z) ex T - 3/ 2,
(34)
on the other,

a

(35)

l a/3/ 2(l) = 81 /2 (l).

Combining the two results, we obtain

(az)
z aT

_~83/2 (Z)

1

(36)

2T 81/2(z)

11

Equation (33) now gives

cv

15 g'/2(Z)

Nk

4 83/ 2(l)

-= -

<) 83/ 2(Z)

--

.

(37)

4 g' /2(~)'

the value of Z, ali a function of T, is again to be determined from cqn. (26). In
the limit z --+ l, the second tcrm in (37) vanishes because of the divergence of
8t/2(z), while the first term gives exactly the result appearing in (32). The specific
heal is, therefore, continuous at the transition point. Its derivative is, however,
discontinuous, the magnitude of the discontinuity being

(-acaTv)

T =T."-O

-

(acv)
aT

(3)}2

= 27Nk { ~ T=Tc+O

16rrTc

2

-3665 -Nk '
_.
Tc '

(38)
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For T > T co the specific heat decreases steadily towards the

J.

(39)
Figure 7.4 shows all these features of the (C v. T)-relationship. It may be noted
that it was the similarity of this curve with the experimental one for liquid He 4
(Fig. 7.5) that promptcd F. Londtm to suggcst, in 1938, that the curious phase
transition that occurs in liquid He4 at a temperature of about 2.19 K might be
a manifestation of the Bose-Einstein corldel/salian taking place in the liquid.
Indeed, if we substitute, in (24), data for liquid He\ namely", = 6.65 x 10- 24 g
and V = 27.6 cm 3/mole, we obtain for T c a value of about 3.13 K, which is
not drastically different from the observed trans ition temperature of the liquid.
Moreover, the interpretation of the phase transition in liquid Hell as Bose- Einstein
condensation provides a theoretical basis for the two-fluid model of this liquid.
which was empirically put forward by Tisza (1938) in order to explain the physical
behavior of the liquid below the transition temperature. According to London,

1.925
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FIG. 7.4. The specific heat of an ideal Bose g.as ,IS a fun ction

or the temperature parameter (T f T c).
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FIG. 7.5 . The specific heat of liquid Hell under its own vapor pressure (after Kcc.som
and co-workers).
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the No particles that occupy a single, entropyless state (E = 0) could be identified
with the "superfluid component" of the liquid and the N. particles that occupy
the excited states (E t= 0) with the "normal componenf·. As required in the model
of Tisza, the superfluid fraction makes its appearance at the transition temperature T co and builds up at the cost of the normal fraction until at T = 0 the
whole of the fluid becomes superfluid; cf. Fig. 7.1. Of course, the actual temperature dependence of these fractions, and of other physical quantities pertaining to
liquid He 4 , IS considerably different from what the simple-minded ideal Bose gas
suggests. London had expected that the inclusion of intermolecular interactions
would improve the quantitative agreement. Although this expectation has been
partially vindicated, there have been other advances in the field which provide
alternative ways of looking at the helium problem; see Sec. 7.5. Nevertheless,
many of the features provided by London's interpretation of this phenomenon
continue to be of value.
Historically, the experimental measurements of the specific heat of liquid He\
which led to the discovery of this so-called He I-He II transition, were first made
by Keesom in ]927- 8. Struck by the shape of the (C v . T)-curve, Keesom gave
this transition the name A-transition; as a result, the term transition temperature
(or transition point) also came to be known as A-temperature (or A-point).
We shall now look at the isotherms of the ideal Bose gas, i.e . the variation
of the pressure of the gas with its volume, keeping T fixed. The Bose - Einstein
condensation now sets in at a characteristic volume 'l'n given by
(40)

see (23). We note that Vc ex T - 3 / 2 • For v <
dent of t· and is given by

Po

Vn

the pressure of the gas is indepen-

(5)

= kT
A3 ~ "2 :

(41)

see (27). The region of the mixed phase, in the (P. l,)-diagram, is marked by a
boundary line (called the transition line) given by the equation
PO V 5j 3
e

112
~ (~)
= __
2
= const.;
2rrllI{~(~)}5j3

(42)

see Fig. 7.6. Clearly. the region to the left of this line belongs to the mixed phase,
while the region to the right belongs to the normal phase alone.
Finally, we examine the adiabats of the ideal Bose gas. For this, we need
an expression for the entropy of the system. Making use of the thermodynamic
formula
(43)
U - TS + PV = Nfl
and the expressions for U and P obtained above, we get

~ g5 / 2(Z)

S
U+PV
-- -fl
Nf...
NkT
kT

_

2 g3j~(Z)

C)

5 v
2A3~
"2

In z

for

T> T e ,

(44a)

for

T :::: T c;

(44b)
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const.

FIG. 7.6. The isotherms of an ideal Bose gas.

again, the value of z(T), for T > Tc, is to be obtained from eqn. (26). Now,
a reversible adiabatic process implies the constancy of Sand N. For T > T c,
this implies the constancy of z as well and in tum, by (26), the constancy of
(V/A 3). For T:::: T c, it again implies the same. We thus obtain, quite generally,
the following relationshlp between the volume and the temperature of the system
when it undergoes a reversible adiabatic process:

v TC>' / -' = const.

(45)

The corresponding relationship between the pressure and the temperature is
P / T 5/ 2 = const.;

(46)

see eqns (7) and (27). Eliminating T , we obtain
Pr 5 / 3 = canst.

(47)

as the equation for an adiabat of the ideal Bose gas.
Incidentally, the foregoing results are exactly the same as for an ideal classical
gas. There is, however, a significant difference between the two cases, i.e. while
the exponent ~ in formula (47) is identically equal to the ratio of the specific heats
Cp and C v in the case of the ideal classical gas, it is not so in the case of the
ideal Bose gas. For the latter. this ratio is given by
y _ Cp =1+~CVg l /2(Z)

9 Nk g3/2(Z)

Cv

_ ~ g5/2 (Z)gl /2 (z) .

3

{g3/2(Z)}2

'

(48a)
(48b)

see Prohlems (7.4) and (7.5). It is onJy for T» Tc that y ==: ~ . At any finite
temperature, y > ~ and as T --7 Tc, y --7 00. Equation (47), on the other hand,
holds for all T.
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In the region of the mixed phase (T < T,). t·
written as

,n!ropy of the gas may be

5 ~m

S = N,' - k - (3) cxN,;

2 ~ ;;

(49)

see eqns (20) and (44b). As expected, the No particles (that constitute the "condensate") do not contribute towards the entropy of the system, while the Nt' particles
(that constitute the normal part) contribute an amount of ~k~( ~ )/{( ~) per particle.

7.2. Thermodynamics of the black·body radiation
One of the most important applications of Bosc - Einstein statistics is to investi-

gate the equilibrium properties of the black-body radiation. We consider a radial ion
cavity of volume V at temperature T. Historically, this system has been looked
upon from two, practically idemical but conceptually different. points of view:
assembly of harmollic oscillators with quantized cnergit:s
(li s + i)T'W.f I where n~ = 0, 1, 2, .. '. and w.~ is the (angular) frequency of
an oscillator, Of
(ii) as a gas of identical and indistinguishable quanta - the so-called photons
- the energy of a photon (corresponding to the frequency w, of the radiation
mode) being IIWs _

(i) as an

The first point of view is essentially the one adopted by Planck (1900), except
that we have also included here the zero-point energy of the oscillator; for the
thermodynamics of the radiation. this energy is of no great consequence and may
be dropped altogether. The oscillators, being distinguishable from one another (by
the very values of ws ). would obey Maxwell - Boltzmann statistics; however, the
expression for the single-oscilJator partition function Ql(V, T) would be different
from the classical expression because now the energies access ible to the oscillator
arc discrete, rather than continuous; cr. eqns (3.8.2) and (3.8.14). The expectation value of the energy of a Planck oscillator of frequency Ws is then given by
eqn. (3.8.20). excluding the zero·point term ~"w,:
(1 )

Now, the number of normal modes of vibration per unit volume of the cavity in
the frequency range (w , (J) + dw) is given b~ the Rayleigh expression

2 . 4rr

J:
(J:I)' d (1)

",'dw
= rr'c 3 '

(2)

where the factor 2 has been included to take into account the duplicity of the
transverse modes;9 the symbol c here denotes the speed of light. By eqns (1)
and (2), the energy density associated with the frequency range (w. w + dw) is
given by
It
wJdw
(3)
u(w) dw = rr 2 c3 " wlkT _ 1 '
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which is Ph ,{'s formula for the distribution of energy over the black-body
spectrum. Integrating (3) over all values of w, we obtain the total energy density
in the cavity.
The second point of view originated with Bose (1924) and Einstein (1924,
1925). Bose investigated the problem of the "distribution of photons over the
various energy levels" in the system; however, instead of worrying about the
allocation of the various photons to the various energy levels (as one would have
ordinarily done), he concentrated on the statistics of the energy levels themselves!
He examined questions such as the "probability of an energy level fs(= hws )
being occupied by lis photons at a time", .. the mean values of li s and fs", etc. The
statistics of the energy levels is indeed Boltzmannian; the mean values of lis and
f
however, turn out to be
"

(ns) =

f

II se-nsTlws/kT /

t

e -lIsTIWs/kT

115=0

ns=D

1
e'lw,-/kT -

(4 )

1

Jnd hence
(5)

identical with our earlier result (1). To obtain the number of photon states with
momenta lying between Tzw/c and hew + dw)/c, Bose made use of the connection
between this number and the "volume of the relevant region of the phase space",
with the result

V

g(w)dw~2'"3

h

Tldw )}
Vw ?d
- w
2(
=
{ (c )
4rr

hw
-

c

?

rr-c

3

•

which is also identical with our earlier result (2). Thus, he finally obtained the
distribution formula of Planck. It must be noted here that, although emphasis lay
elsewhere, the mathematical steps that led Bose to the final result went literally
parallel to the ones occurring in the oscillator approach!
Einstein, on the other hand, went deeper into the problem and pondered over
the statistics of both the photons and the energy levels, taken together. He inferred
(from Bose's treatment) that the basic fact to keep in mind during the process
of distributing photons over the various energy levels is that the photons are
illdistingllishable-a fact that had been implicitly taken care of in Bose's treatment.
Einstein's derivation of the desired distribution was essentially the same as given
in Sec. 6.1, with one important difference, i.e. since the total number of photons
in any given volume is indefinite, the constraint of a fixed N is no longer present.
As a result, the Lagrange multiplier Ct does not enter into the discussion and to
that extent the final formula for (n£) is simpler:Il

(n £ ) --

1
e £/kT -

.
l'

(7)

d. eqn. (6.1.18a) or (6.2.22). The foregoing result is identical with (4), with E
hws . The subsequent steps in Einstein's treatment were the same as in Bose's.
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Looking back at the two approaches, we note that there is a complete correspondence between them: "an oscillator in the eigenstate n .<, with energy (ns + !)Fzws"
in the first approach corresponds to "the occupation of the energy level hws by
n, photons" in the second approach, "the average energy (£s ) of an oscillator"
corresponds to "the mean occupation number (ns) of the corresponding energy
level", and so on.
Figure 7.7 shows a plot of the distribution function (3), which may be written
in the dimensionless form
I

u(x)dx=

~dx

e' - 1

(8)

,

where
and

2.0

I
I
I

t

~

(9)

kT

[x = 2.8214 ...)

I

/

I
I
I
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x=- .
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FIG. 7.7. The spectral distribution of energy in the black-body radiation. The solid curve
represents the quantum-theoretical formula of Planck. The long-wavelength approximation of Rayleigh-Jeans and the short-wavelength approximation of Wien are also shown.

For long wavelengths (x « 1 ), formula (8) reduces to the classical approximation
of Rayleigh (1900) and Jeans (1905), namely12
(10)

while for short wavelengths (x» 1), it reduces to the rival formula of Wien
(1896), namely
(11)

For comparison, the limiting forms (10) and (11) are also included in the figure.
We note that the areas under the Planck curve and the Wien curve are n 4 / 15
(:::: 6.49) and 6, respectively. The Rayleigh-Jeans curve, however, suffers from a
short-wavelength catastrophe!
For the total energy density in the cavity, we ohtain from eqns (8) and (9)
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(12)13

.

If there is a small opening in the walls of the cavity, the photons will "effuse"
through it. The net rate of flow of the radiation, per unit area of the opening. will
be given by, see eqn. (6.4.12),

1U

,,'k4

4V

60" c-

--C=
where
1f
0=

2 4

k

6Qt, 3c2

"T'=oT',

(13)

= 5.670 x 10- 8 W m-' K- '

(14)

Equalion (13) describes Ihe Stefan-Boltzmann law of black-body radialion, 0
being the Slefan COllstnnt. This law was deduced from experimental observations
by Stefan in 1879; five years later, Boltzmann derived it from thermodynamic
considerations.
For further study of thermodynamics, we eVHluate the grand partition function

of Ihe pholon gas. Using eqn. (6.2.17) wilh c = I, we oblain
In J (V, T)

PV

=-

= -

kT

L, In (I -

<-'lkT).

(15)

Replacing summation by integral ion and making usc of the extremf' relativistic
formula
4" p' {Ip
8"V,
(16)
o(E)dE= 2V
3
= - ,,E dE.
h·
h·c
we obtain, after an integration by parts,

In 3 V T = PV _ 8"V ~
( • ) - kT - 3h'c' kT

J
00

E' dE

<,ItT - I'

o

By a change of variable, this becomes

(17)

We Ihus obtain the well-known result of the radiation Iheury, i.e., the pressure
of the radiation is equal to one-third its energy density; see also eqns (6.4.3) and
(6.4.4). Nexl, since Ihe chemical polential of Ihe sySlem is zero, Ihe Helmhollz
free energy is equal 10 -PV:
A = -PV= -!U.

whence

(18)

t
S

_U-A

=

T

4U

= - - ()( VT
3T

3

(19)
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as)
(aT

and

,

Cy=T -

=3S.

(20)

y

If the radiation undergoes a reversible adiabatic change, the law governing the
variation of T with V would be, see (19),

vr3 ::; consl.

(21 )

Comhining (21) with the fact that P ex 7 4 , we obtain an equation for the adiabats
of the system, namely
PV 4 / 3 = ConSt.
(22)

It should be noted, however, that the ratio epiC v of the photon gas j~ not 4/3; it
is infinite!
Finally, we derive an expression for the equilibrium number N of photons in
the radiation cavity. \Vc obtain

(23)

Instructive though it may be, formula (23) cannot be taken at its face value because
in the prescnt problt:m the magnitude of the fluctuations in the variable N, which
is determined by the quantity (ap/V V) - ', is infinitely large; see eqll. (4.5.7).

7.3. The field of sound waves
A problem mathematically similar to the one discussed in Sec. 7.2 arises from
the vibrational modes of a macroscopic body, specifically a solid. As in the case of
black-body radiation, the problem of the vibrational modes of a solid can be studied
equally well by reg<uding the system as a collection of harmonic oscillators or by
regarding it as an enclosed region containing a gas of sound quanta - the so-called
phOIlOIlS. To illustrate this point, we consider the Hamiltonian of a classical solid
composed of N atoms whose positions in space are specified by the coordinates
(Xl . x 2 • ... • .{IN ) . In the state of lowest energy, the values of these coordinates
may be denoted by (XI. Xl, . . .• XJN). Denoting the displacements (x, - Xi) of the
"Itoms from their equilibrium positions by the variables ~i (i = 1,2, .. . • 3N), the
kinetic energy of the system in configuration (Xi) is given by
3N

, ·2
K :::; 2' m "
~Xj

3N
:::;

;=1

,

2m

"'ie2

~ '>i •

(1)

i= 1

and the potential energy by
<1>

= <1>(Xi) =

<1> (Xi)

+ L (a<1»
j

ax;

(Xi - Xi )
(.fj

)=(t,)

(2)
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The main tern
this expansion represents the (minimum) energy of the solid when
all the atoms are at rest at their mean positions Xj; this energy may be denoted
by the symbol <1>0. The next set of terms is identically zero because the function
<1>(Xj) has a minimum at (Xj) = (Xi) and hence all its first derivatives vanish there.
The second-order terms of the expansion represent the harmonic component of
the vibrations of the atoms about their mean positions. If we assume that the
overall amplitude of these vibrations is not large we may retain only the harmonic
terms of the expansion and neglect all successive ones; we are then working in
the so-called harmonic approximation. Thus, \\e may write

(3)

where

(4)
We now introduce a linear transformation, from the coordinates l;j to the so-called
1lormal coordinates q" and choose the transformation matrix such that the new
expression for the Hamiltonian does not contain any cross terms, i.e.
(5)

where wi(i = 1,2, ... , 3N) are the c1wracteristic frequencies of the normal modes
of the system and are determined essentially by the quantities aU or, in turn; by
the nature of the potential energy function <1>(Xj). Expression (5) suggests that the
energy of the solid, over and above the (minimum) value <1>0, may be considered
as arising from a set of 3N one-dimensional, non-interacting, harmonic oscillators
whose characteristic frequencies Wj are determined by the interatomic interactions
in the system.
Classically, each of the 3N normal modes of vibration corresponds to a wave
of distortion of the lattice, i.e. a sound wave. Quantum-mechanically, these modes
give rise to quanta, called phollons, in much the same \\ay as the vibrational
modes of the electromagnetic field give rise to photons. There is one important
difference, however, i.e. while the number of normal modes in the case of an
electromagnetic field is infinite, the number of normal modes (or the number of
phonon energy levels) in the case of a solid is fixed by the number of lattice sites. 1.t
This introduces certain differences in the thermodynamic behavior of the sound
field in contrast to the thermodynamic behavior of the radiation field; however,
at low temperatures, where the high-frequenc} modes of the solid are not very
likely to be excited, these differences become rather insignificant and we obtain a
striking similarity between the two sets of results.
The thermodynamics of the solid can now be studied along the lines of Sec. 3.8.
First of all, we note that the eigenvalues of the Hamiltonian (5) are
E{1lj} = <1>0

+L

(nj

+ 4) TIWj .

(6)
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where the numbers 11; denote the "states of excitation" of the various oscillators
(or, equally well, the occupation numbers of the various phonon levels in the
system). The internal energy of the system is then given by

V(T)

= { <1:>0 + ""I
L;- -ZhWi } + ""
L;- e"wi/hWi
kT -

1.

(7)

The expression within the curly brackets gives the energy of the solid at absolute
zero. The term <1:>0 is negative and larger in magnitude than the total zero-point
energy, Li ~T1Wi' of the oscillators: together, they determine the binding ellergy of
thc lattice. The last term in (7) represents the temperature-dependent part of the
energy, IS which determines the specific heat of the solid:

(8)
To proceed further, we need to know the frequency spectrum of the solid. To
obtain this from first principles is not an easy task. Accordingly, one obtains this
spectrum either through experiment or by making certain plausible assumptions
ahout it. Einstein, who was the first to apply the quantum concept to the theory
of solids (1907), assumed, for simplicity, that the frequencies Wi are all equal.
Denoting this (common) value by WE, the specific heat of the solid is given by
ev(T)

= 3NkE(x),

(9)

where E(x) is the so-called Eillstein functio1l:

•
(10)

with

.\ = TIWdkT =

(11)

edT.

The dashed curve in Fig. 7.8 depicts the variation of the specific heat with temperature, as given by the Einstein formula (9). At sufficiently high temperatures, where
T » e E and hence x
1, the Einstein result tends towards the clas~ical one,

«
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FIG. 7.8. The specific heat of a solid, according to the E.
according to the Debye model: _ _ . The circles denote \
copper.

model: - - - , and
xpcrimental results for

'Il

The Field of Sound Waves

§ 7.3]

175

viz. 3Nk.16 At sufficiently low temperatures, where T « G E and hence x» 1, the
specific heat falls exponentially fast and tends to zero as T -+ O. The theoretical
rate of fall, however, turns out to be too fast in comparison with the observed
rate. Nevertheless, Einstein's approach did at least provide a theoretical basis
for understanding the observed departure of the specific heat of solids from the
classical law of Dulong and Petit, whereby Cv = 3R ~ 5.96 calories per mole
per degree.
Debye (1912), on the other hand, allowed a continI/OilS spectrum of frequencies,
cut off at an upper limit WD such that the total number of normal modes of vibration
is 3N, that is
WD

Jg(w) dw =

(12)

3N,

o

where g(w)dw denotes the number of normal modes of vibration whose frequency
lies in the range (w, w + dw). For g(w), Debye adopted the Rayleigh expression (7.2.2), modified so as to suit the problem under study. Writing CL for the
velocity of propagation of the longitudinal modes and CT for that of the transverse modes (and noting that, for any frequency w, the transverse mode is doubly
degenerate), eqn. (12) becomes

J

WD V

(w2~~ + W2,d~) =

3N ,

(13)

3= 18rr2N- ( J1 + J2 )-1

(4)

o

2rr-cL

rr-c T

whence one obtains for the cut-off frequency
wD

Ct

V

c'r

Accordingly, the Debye spectrum may be written as
9N

g(w)

={

;1
-

w

2

for

wS

WD,

for

w>

WD .

(15)

Before we proceed further to calculate the specific heat of solids on the basis of
the Debye spectrum, two remarks seem to be in order. First, the Debye spectrum is
only an idealization of the actual situation obtaining in a solid; it may, for instance,
be compared with a typical spectrum such as the one shown in Fig. 7.9. While
for low-frequency modes (the so-called acollstic modes) the Debye approximation
is reasonable, serious discrepancies are seen in the case of high-frequency modes
(the so-called optical modes). At any rate, for "averaged" quantities, such as the
specific heat, the finer details of the spectrum are not very important. Second, the
longitudinal and the transverse modes of the solid should have their own cut-off
frequencies, WD.L and WD.T say, rather than a common cut-off at WD, for the simple
reason that, of the 3N normal modes of the lattice, exactly N are longitudinal and
2N transverse. Accordingly, we should have, instead of (13),

"'jD.T
o

V

w 2dw
.,l

rr-c

T

= 2N .

(16)
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FIG. 7.9. The normal-mode frequency distribution g(w) for aluminum . The solid curVe
is derived from x-ray scattering measurements (Walker, 1956) while the dashed curve
represents the corresponding Debye approximation.

We note that the two cut-offs correspond to a common wavelength Amin{ =
(4rrV j3N)1 /J ), which is comparable to the mean interatomic distance in the solid.
This is quite reasonable because, for wavelengths shorter than Amin, it would be
rather meaningless to speak of a wave of atomic displacements.
In the Debye approximation, formula (8) gives
Cv(T)

= 3NkD(xo},

(17)

where D (xo) is the so-called Debye functioll :
(18)

with
Xo

=

T,WD

kT

8D

(19)

= T'

8D being the so-called Debye temperature of the solid. Integrating by parts, the
expression for the Debye function becomes

J
xo

D(xo)

=-

For T» 8D, which means Xo
power series in Xo:

3·\"0
exo -1

«

+

-x123

o

0

3

x dx
.
et - l

(20)

1, the function D(xo) may be expressed as a
2

D (xo)

= 1-

xo

20

+ ....

(21)

Thus, as T -7 00 , Cv -7 3Nk; moreover, according to this theory, the classical
result should be applicable to within per cent so long as T > 38D . For T « 8D,
which means Xo » 1, the function D(xo } may be written as

4

•
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3

(22)

Thus, at low temperatures the specific heal of the solid follows the Debyc T='--law:
Cv

=

12rr' Nk
5

(.!..-)' =
8D

464.4

( ~)3

cal mole- tK-'.

8D

(23)

It is clear from cqn. (23) that a measurement of the low-temperature specific heat
of a solid should enable u S not onl)' (0 check the validity of Ihe T 3 _law but also
to obtain an empirical value of Ihe Ocbye temperature (~)D.17 The value of
can also be obtained by computing the cut-off frequency WD from a knowledge
of the parameters NIV, c/. and CT; sec eqlls (14) and (19). The closeness of these
cstim<ltcs is further evidence in favor of Debye 's theory. Once ef) is known, the
whole temperature range Can be covered theoretically by making usc of the tabulated values of the function D(.tO).18 A typical case was shown in fig. 7.8. \Ve saw
tha t not only was the T J-law obeyed at low temperatures, but also the agreement
between theory and experiment was gnnd throughout Ihe range of observations.
As another illustration of agreement in the luw-temperature regime , we include
here another plot, Fig. 7.10, which is based on data obtained with the KCI crystal
at temperatures below 5 K (Keesom and Pearlman, 1953). Here, the ohserved
values of CvlT are plotted against ]"' . It is evident that the data fall quite well
on a straight line from whose slope the value of eD can be determined. One
thus obtains, for Kel, D = 233 ± 3 K, which is in reasonable agreement with
the values of 230- 246 K coming from various estimates of the relevant clastic
constants.

eo

e
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4.0

o

s
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15

20

FIG. 7. 10. A plot of (Cv / T) versus r l for KCI. showing the validity of the DICbyc
r J·law. The experimcnt<ll points an: dUI! to Kc:csom and Pearlman (1953).

In Table 7.1 we list the values of eD for several crystals. as derived from the
specific heat measurements and from the values of the clastic constants.
In general, jf the specific heat measurement!; of a given system conform lO a
3
T -law one may infer that the (thermal) excitations in the system are accounted
for sulely by phonons. We expect something s imilar to happen in liquids as
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TABLE

7.1.

THE \~LUES OF TIlE DEBYE TEMPERATURE EJD FOR DIFFERENT CRYSTALS

-

Crystal

Ph

Ag

Zn

Cu

AI

C

NaCl

KCI

MgO

EJ D from the specific
heat measurements

88

215

308

345

398

~1850

308

233

~850

from the elastic
constants

73

214

305

332

402

320

240

~950

EJD

-

well, with two important differences. First, since liquids cannot withstand shear
stress they cannot sustain transverse modes of vibration; a liquid composed of
N atoms will, therefore, have only N (longitudinal) modes of vibration. Second,
the normal modes of a liquid cannot be expected to be strictly harmonic; consequently, in addition to phonons, we might have other types of excitation such as
vortex flow, turblliellce (or even a modified kind of excitations, such as rotOIlS in
liquid He 4 ).
Now, helium is the only substance that remains liquid at temperatures low
enough to exhibit the T 3 -behavior. In the case of the lighter isotope, He3 , the
results are strongly influenced by the Fermi - Dirac statistics; as a result, a specific
heat proportional to the first power of T dominates the scene (see Sec. 8.1). In
the case of the heavier isotope, He4 , the low-temperature situation is completely
governed by phonons: accordingly, we expect its specific heat to be given by, see
eqns (16) and (23),

.

4

4rr
Cv= Nk

5

(

-

kT

)3

(24)

hWD

•

where

(25)
c being the velocity of sound in the liquid. The specific heat per unit mass of the
liquid is then given by
(26)

where p is the mass density. Substituting p = 0.1455 glcm 3 and c = 238 m/sec,
the foregoing result becomes
(27)

The experimental measurements of Wiebes et af. (1957), for 0 < T < 0.6 K,
conformed to the expression
Cv

= (0.0204 ± 0 .0004)T3 joule g - l K- 1

The agreement between the theoretical result and tl
clearly good.

(28)

xperimental observations is
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7.4. Inertial density of the sound field
For further understanding of the low-temperature behavior of liquid He\ we
determine the "inertial mass" associated with a gas of sound quanta in thermal
equilibrium. For this, we consider "a phonon gas in mass motion", for then by
determining the relationship between the momentum P of the gas and the velocity
V of its mass motion we can readily evaluate the property in question. Now,
since the total number of phonons in the system is indefinite, the problem is free
from the constraint of a fixed N; consequently, the undetermined multiplier ex may
be taken to be identically zero. However, we now have a new constraint on the
system , namely that of a fixed total momentum P, additional to the constraint of
the fixed total energy E. Under these constraints, the mean occupation number of
the phonon level £(p) would be
(1/ (P»

=

1

exp (,8£ + y. p) - 1

.

0)

As usual, the parameter ,8 is equal to l / kT. To determine y it seems natural to
evaluate the drift velocity of the gas. Choosing the ;:-axis to be in the direction of
the mass motion, the magnitude 1· of the drift velocity will be given by ··the mean
value of the component /I~ of the individual phonon velocities":
v =

(/I

(2)

cosO}

Now, for phonons

= pc

£

and

II _

d£

-

dp

= c,

(3)

where c is the velocity of SOl/lid in the medium. Moreover, by reasons of symmetry.
we expect the undetermined vector y to be either parallel or antiparallel to the
direction of mass motion; hence, we may write
y.p = Yzpz

= y~ pcosO.

(4)

In view of eqns (1), (3) and (4), eqn . (2) becomes

DC 7r

I
V=

o

f[exp {,8pc(1

+

(yz/,8c) cos O)} - l] - I(ccosO)(p 2 dp 2rrsin Od B)

0

~~
OO~7r-----------------------

I

o

f[exp{,8pc(l

+ (y~ /,8c)cosB)} - l ] -

I(p 2 dp2rrsinOdO)

0

Making the substitutions
cosO = r; ,

p(l

+ (y~/,8c)r;) = p'

and cancelling away the integrations over p', we obtain
1

I (1 + ( yz/,8c ) r;)-3r;dr;
l'

=

- I

C

1

I (l + (yz/ ,8C )I]) -3 dry
-)

= -yj,8.

(5)
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II follows that

(6)

Y= -{3v.
Accordingly, the expression for the mean occupation number becomes
(n(p)) =

1
exp{{3(£ - v "p)}-1

.

(7)

A comparison of (7) with the corresponding result in the rest frame of the gas,
namely
1
(8)
(no(po)} =
({3) 1 '
exp £0shows that the change caused by the imposition of mass motion on the system is
nothing but a straightforward manifestation of Galilean trans/ormation between
the two frames of reference.
Alternatively, eqn. (7) may be wrillen as
(n~)} =

1

1

exp({3p'c) -

= exp{{3pc(l- (v/c) cos e)} -1 .
1

(9)

As such, formulJ (9) lays down a serious restriction on the drift velocity 1', i.e.
it must not exceed c, the velocity of the phonons, for otherwise some of the
occupation numbers would become negative! Actually, as our subsequent analysis
will show, the formalism developed in this section breaks down as V approaches
c. The velocity c may, therefore, be regarded as a criticall·clocit)' for the flow of
the phonon gas:
(10)

The relevance of this result to the problem of superfluidity in liquid helium II \\ ill
be seen in the following section.
Next we calculate the total momentum P of the phonon gas:
P = L(n(p)}p.

(11)

p

Indeed, the vector P will be parallel to the vector v, the latter being already in
the direction of the ;::-axis. We have, therefore, to calculate only the ;::-component
of the momentum:
p

= P: =

L(n(p» )p:
p

:x: rr

pcose

(
/ / e}.p{{3pc(1- (I"/C) cos e)} - 1

o

2

V p dp 2rrSinede)

11 3

0

( 12)

S of the gas is given by

The total ene,

E = L(n(p»)pc
p

J

J

o

0

ex::

2rrVc
= -1/r.
- V

-

1f

p'3 dp'
exp({3p'c)-1

{1- (v/c)cos8)-4sin8d8

4rr 5
1 + !V 2 /c 2
3
15h 3 c3 {34 ' -(1--'v'-:,2:-/-c2=-)-=-3'

(13)

It is now natural to regard the ratio P /v as the "inertial mass" of the gas. The
corresponding mass density p is, therefore, given by

16;r5 k-lT4
I
P
- -P45h 3 c5 (1 - v 2 / c2 )3 '
vV

For (l'/C)
given by

«

(14)

1, which is generally true, the mass density of the phonon gas

16rr5

(PO)ph

e

4

= 45h 3c5 T'" = -,
(Eo/V).
3c-

IS

(15)

Substituting the value of c for liquid He'" (at low temperatures), the phonon mass
density, as a fraction of the actual density of the liquid, is given by
(16)

thus, for example, at T = 0.3 K the value of this fraction turns out to be about
9.9 x 10- 7 , Now, at a temperature like 0.3 K, phonons are the only excitations

10"

10"

H,'
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040.506 0.810

TrOll<)

__

1S 2.q
T,

FIG. 7.11. The normal fraction (P./p). as oblained from experimental data on (i) the
velocity of second sound and (ii) the enlropy of liquid He " (after de Klerk. Hudson
and Pelldm. 1953).
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in liquid He 4 that need to be considered; the calculated result should, therefore,
correspond to the "ratio of the density Pn of the normal fluid in the liquid to
the total density P of the liquid". It is practicaIly impossible to make a direct
determination of a fraction as small as that; however, indirect evaluations that
make use of other experimentally viable properties of the liquid provide a striking
confirmation of the foregoing result; see Fig. 7.11.

7.5. Elementary excitations in liquid helium II
Landau (1941 , 1947) developed a simple theoretical scheme which explains
reasonably well the behavior of liquid helium II at low temperatures not too
close to the A-point. According to this scheme, the liquid is treated a~ a weakly
excited quantum-mechanical system, in which deviations from the ground state
(T = 0 K) are described in terms of "a gas of elementary excitations" hovering
over a quiescent background. The gas of excitations corresponds to the "normal
fluid", while the quiescent background represents the "superfluid". At T = 0 K,
there are no excitations at all (p" = 0) and the whole of the fluid constitutes the
superfluid background (p, = Pile). At higher temperatures, we may write

psCT)

= PH,(T) -

PII (T),

(1)

so that at T = T A, P" = PHc and Ps = O. At T > T), the liquid behaves in all
respects as a normal fluid, commonly known as liquid helium I.
Guided by purely empirical considerations. Landau also proposed an
energy - momentum relationship e(p) for the elementary excitations in liquid
helium II. At low momenta, the relationship between £: and p was linear (which
is characteristic of phonons), while at higher momenta it exhibited a nonmonotonic character. The excitations were assumed to be bosons and, at low
temperatures (when their number is not very large), mutually non-interacting;
the macroscopic properties of the liquid could then be calculated by fOllowing a
straightforward statistical-mechanical approach. It was found that Landau's theory
could explain quite successfully the observed properties of liquid heli!!..!:12 II over
a temperature range of about 0-2 K; however, it still remained to be verified that
the actual excitations in the liquid did, in fact, conform to the proposed energy
spectrum.
Following a suggestion by Cohen and Feynman (1957), a number of experimental workers set out to investigate the spectrum of excitations in liquid helium
II by scattering long-wavelength neutrons (A ~ 4 A) from the liquid. At temperatures below 2 K, the most important scattering process is the one in which a
neutron creates a single excitation in the liquid. By measuring the modified wavelength Af of the neutrons scattered at an angle ¢, the energy £: and the momentum
p of the excitation created in the scattering process could be determined on the
basis of the relevant conservation laws:
(2)

(3)

7.5]
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.. here Ai is the initial wavelength of the neutrons and m the neutron mass. By
arying 4>, or Ai, one could map the entire spectrum of the excitations.
The first exhaustive investigation along these lines was carried out by Yarnell
tat. (1959); their results, shown in Fig. 7.12, possess a striking resemblance to
e empirical spectrum proposed by Landau. The more important features of the
'oectrum, which was obtained at a temperature of 1.1 K, are the following:
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FIG. 7.12. The energy spectrum of Ihe elementary excilalions in liquid He II at 1.1 K
(after Yarnell et al., ] 959); the dashed line emanating from Ihe origin has a slope corresponding to the vdocit y of sound in the liquid. viz. (239±5) mfsec.

(i) If we fit a linear, phonon-like spectrum (E = pc) to points in the vicinity
of pi n = 0.55 ,1-1, we obtain for c a value of (239±5) m/sec, which is in
excellent agreement with the measured value of the velocity of sound in
the liquid, viz. about 238 m/sec.
(ii) The spectrum passes through a maximum value of Elk = (13.92 ± 0.10) K
at plh = (1.11 ± 0.02) k l.
(iii) This is followed by a minimum at p l h = (1.92 ± 0.01) A-I, whose neighborhood may be represented by Landau 's roton spectrum:
E(p ) = 6.

+ (p -

,
p o)-,

2JJ.

(4)

with
6.lk = (8.65 ± 0.04) K
pol h = (1.92 ± 0.01) ,1- 1

(5)19

and
I-L = (0.16 ± O.01)mHe.

(iv) Above pi n:::: 2.18 ,1- 1, the spectrum rises linearly, again with a slope
equal to c_
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Data were also obtained at ternperanlres of 1.6 K and 1.8 K. The spectrum was
found to be of the same general shape as at 1.1 K; only the value of 6. was
slightly lower.
]n a later investigarion, Henshaw and Woods (1961) extended the range of observation at both ends of tht: spectrum; their results are shown in Fig. 7.13. On the
lower side, they carried out measurement... down to p I ll = 0 .26 A-I and found that

the e,verimenlal points indeed lie on a straight line (of slope 237 mlsec). On the
upper side, they pushed their measurements up to pi T, = 2.68 A- ' and foond that.
ancr passing through a minimum at 1.91 A-I , (he curve rises with an increasing
slope up to .bout 2.4 A- I at which point the second derivntive if't/Bp' change<
sign; (he subsequent trend of the curve suggests the possible existence of a second
maximum in the spcctrum! 20
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FIC. 7.13. The energy spe<.:1rurn of the elementary excitations in lilluicl He II at Ll2 K
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r

To evaluate the tht:rmodynamics of liquid helium 11, we first of all note lila
at sufficit:ntly low temperatures we have only Jow-lying excitations, namely tht'
phonons. The thermodynamic behavior of the liquid is then governed by formul z
derived in Sees 7.3 and 7.4. At temperatures higher than about 0.5 K, the sec
group of excitations, namely the rotons (with momenta in the vicinity of Po), al
shows up. Between 0.5 K and about 1 K, the behavior of the liquid is gove~
by phonons and rotons together. Above 1 K, however, the phonon contribut'
to the various thermodynamic propenies of the liquid become rather unimpol14.ii
then, rotons are the only excitations that need to be considered.
We shall now study the temperature dependence of the roton contributions
the variou~ thermodynamic properties of the liquid. In view of the <.:ontinuit ~
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the energy spJ, .m, it is natural to expect that, like phonons, rotons also obey
Bose-Einstein statistics. Moreover, their total number N in the system is quite
indefinite; consequently, their chemical potential J1 is identically zero. We then
have for the mean occupation numbers of the rolons

1

(n(p») =

exp (tle(p)} - 1

(6)

,

where E:(p) is given by eqns (4) and (5). Now, at all temperatures of interest (viz.
T ~ 2 K), the minimum value of the term exp (tl£(p»), namely exp (6./kT), is
considerably larger than unity. We may, therefore, write
(7)

(fI(p») :: exp (-tlE:(p)} .

The grand potential of the system of rotons is, therefore, given by
q(V, T)

= -PV
kT

= -

L In[l -

exp{-tl£(p)J):::

L exp(-tlE:(p)} ::: -N,

p

p

where N is the "equilibrium" number of rotons in the system. The summation
p may be replaced by an integration, with the result

PV

V

-kT = N = -,,3
Substituting p = Po

(8)

Ie"'" {
-

,H (p - pol
211

2}j

0\ er

kT

(9)

(4rcp2 dp).

o

+ (2/dT)I /2x , we get

,

PV
4rrp" V
- = N=
u ekT
11 3

,

6./kT (2J1kT)I /-

I {
+ I/' }2
e-

t

2

1

(2J1kT) -

x

Po

d.\'.

(10)

The "relevant" range of the variable x, the one that makes significant contribution
towards the integral, is fairly symmetric about the value x = 0; consequently, the
net effect of the linear term in the integrand is vanishingly small. The quadratic
term too is unimportant because its coefficient (2jJ.kT)/ P6 « 1. Thus, all we ha\"e
to consider is the integral of exp (_x 2 ). Now one can readily verify that the limits
of this integral are such that, without seriously affecting the value of the integral,
they may be taken as -00 and +00; the value of the integral is then simply rrl :! .
We thus obtain
PV = N = 4rrp~V (2rrjJ.kT)I /2e -MkT.
(11) 21
kT
11 3
The free energy of the roton gas is given by (since J1 = 0)

A = -PV = -NkT ex T 3/ 2e- 6./kT ,

(12)

whence

s= _(aA ) = -A{2.+ ~ } = Nk{ ~+ ~}
+
(6. + ~kT)
aT

U= A

~'

TS = N

2T

kT2

2

kT

'

(13)
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and

Cv =

(au) _ {34" + " + (")'}
v = Nk

aT

kT

kT

.

(15)

Clearly, as T ~ 0, all these results tend to zero (essentially exponentially).
We shall now determine the inertia of the rolon gas. Proceeding as in Sec. 7.4,
we obtain for a gas of excitations with energy spectrum t:(p)

M = lim -I
Po= ~
V

v---+ Il V

J

d"p
n(E - v,p)p-,
11 3

(16)

where n(£ - v· p) is the mean occupation number of the state E(p), as observed
in a frame of reference K with respect to which the gas is in mass molion with a
drift velocity v. n For small v. the function 11(£ - V· p) might be expanded as a
Tflylor series in v and only the terms n(E) - (v· p) all(E)/dE retained. The integral
over the first part denotes the momentum density of the system, as observed in
the rest frame K(), and is identically zero. We are thus left with
I
Po = - 3

h-

J
J ae

an(E)
aE

.

p 2 cos 2 e - - (p 2 dp2rrsmBdB)

~

4rr
= - - 3h'

a/l(E) 4

- - I'dI',

(17)

f)

which holds for any energy spectrum and for any statistics. For phonons. in
particular, we oblHin

J
00

4rr
(Po)ph = -3J '
1- C

dn(p) ,
- lp
, -- P dp

o

-4:

3h -c

4 JOO

= 3c'

00

[11(P)

'1"1 0

n(p)' pc

-

J'" n(I')' 4 p

3 dP]

o

(4rrl"dP )
4
II' - = 3c' (EO)ph/ V ,

(18)

o
which is identical with our earlier result (7.4.15)_
For rotons, neE) co exp(-tie); hence, an (E)/aE co -tine, ). Accordingly,

J '

(Po)m, = 4rrti
3h'
ti

n(e)p dp

,N
P5N
) V :::: 3kT V

(19)

=

:3 (p

=

41Tf'a (21fJ.l) 1/ 2 e-tJ. /kT;
3h3

kT

,

At very low temperatures (T < 0.3 K), the roton cor
of the fluid is negligible in comparison with the phone

(20)

ution towards the inertia
_ontrihlltion. At relatively
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higher temperatures (T -... 0.6 K), the two contributions become comparable. At
temperatures above 1 K, the roton contribution is far mOTe dominant than the
phonon contribution; at such temperatures, the rolon density alone accounts for
the density Pn of the normal fluid.
It would be instructive 10 determine the critical temperature Tr: at which the
theoretical value of the density Pn became equal to the actual density PHc of the
liquid; this would imply the disappearance of the superfluid compollelll from the
liquid (and hence a transition from liquid He II to liquid He I). In this manner, we
find: Tc:::::::: 2.5 K, as opposed to the experimental value of T}" which is::: 2.19 K.
The comparison is not too bad, considering the fact that in the present calculation
we have assumed the roton gas to be a non-interacting system right up to the
transition point; in fact, due to the presence of an exceedingly large number of
excitations at higher temperatures, this assumption would not remain plausible.
Equation (19) suggests that a roton excitation possesses an effective mass
pa/ 3kT. Numerically, this is about 10 - 15 times the mass of a helium atom (and,
hence, orders of magnitude larger than the p<lT<~meter J.L of the roton spcctrum).
However, the more important aspect of the roton effective m~ss is that it is
inversely proportional to the temperature of the roton gas! Historically, this aspect
was firSt discovered empirically by Landflu (1947) on the basis of the experimental
data on the velocity of sCl:ond sound in liquid He II and its specific heat. Now,
since the effective mass of an excitfltion is generally determined by thc quantity
(p 2 }/3kT, Landflu concluded that the quantity (p'1) of the relevant excitations in
the liquid must be temperature-independent. Thus, as the temperature of the liquid
rises the mefln vfllue of p2 (of the excitations) must stay constant; this value
may be denoted by p~. The mean value of E, on thc other hand, must rise with
temperature. yhc only way to reconcile the t\.... o was to invoke a nonmonotollic
spectrum with a minimum at p = po.
Finfllly, we would like to touch upon the question of the critical velocity of
supernow. For this we consider a maSS M of excitation-free superfluid in mass
motion; its kinetic energy E and momentum P are given by iMv2 and Mv,
respectively_ Any changes in these quantities are relatcd as follows:
(21)

/jE = (v./jF).

Supposing that these changes carne about as a result of the creation of an excitation
£(p) in the fluid, we must have, by the principles of conservation,
/jE

= -E

and

/jF

= -po

(22)

Equations (21) and (22) lead to the result
E = (v.p) ~ "p.

(23)

Thus, it is impossible to create an excitation t:(p) in the fluid unless the drift
velocity v of the nuid is greater than, or at least equal to, the quantity (0 / pl.
Accordingly, if v is less than even the lowest value of £/ p, no excitation at all
can be created in the fluid, which will therefore maintain its superftuid character.
We thus obtain (l condition for the maintenance of supcrftuidity, viz.
(24)
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which is known as the Landau criterion for supcrf.
The velocity Ve is called
the critical \" e/odty of supcrftow; it marks an "upper limit" to the flow velocities
al which Ihe fluid exhibilS superfluid behavior. The observed magnilude of Ihe
critical velocity varies significantly with the geometry of the channel employed;
as a rule, the narrower the channel the larger the critical velocity. The observed
values of Vc range from about 0.1 em/sec to about 70 em/sec.
The theoretical estimates of Vc 3rc clearly of interesl. On one hand, we find
that if the excitations obey the ideal-gas relationship, viz. t = p2/2m, then the
critical velocity turns out to he exactly zero. A.ny velocity v is then greater than
the critical velocity; accordingly, no superfiow is possible at all. This is a very
significant result, for it brings out very dearly the fact that interatomic interactions
in the liquid, which give rise 10 an excitation spectrum different from the one
chamcteristic of the ideal gas, play a fundamental role in bringing about the
phenomenon of superfluidity. Thus, while an ideal Bose gas does undergo the
phenomenon of Bose- Einstein condensation, it cannot support the phenomenon
of slIpcrfluidilY as such. On Ihe olher hand, we find Ihal (i) for phonons,
Vc = c:::: 2.4 x 104 em/sec and (ii) for rotons, Vc = ((p~ + 2J.l6,)112 - PoJ/ JJ. ~
tJ. / po ~ 6.3 x 103 em/sec, which are too high in comparison with the observed
values of Vc . In f(let, there is another type of collective excitations which can
appear in liquid helium II, viz. qllolllized vor/cx rings, with an energy - momentum
relationship of the form: c ex p1 / 2. The critical velocity for the creation of these
rings turns out to be numerically consislent wilh the experimental findings; not only
that, the dependence of V c on the geometry of the channel can also be underStood
in terms of the size of the rings created.
For a review of this topic, especially in regard to Feynman's <.:ontrihutions, see
Mehra and Palhria (1994); see also Sees lO.4 - 1O.6 of Ihis lexI.

.
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Problems
7.1. By (;unsidcring the order of magnitude of Ihe occupation numbers ( n ~. ), show that it makes
nu differem;c 10 Ihe fin al results of Scc. 7.1 if we cumbine a finite number of (c '# O)-Icrms of Ihe
sum (7.1.2) with the (c = D)-part of eqn. (7.1.6) or include them in thc ir1tcgral ovcr £.
7.2. Deduce tJ1C virial expan!;ion (7.1.13) from cqns (7. 1.7) and (7.1.8), and verify the quoted valucs
of Ihc vi rial coeffic:ienls.
7.3. Combining eqns (7.1.24) and (7. L26), and making use of the fin-I two terms of formul a (D. 9),
show thai. as T approaches T c from above, the paNimeter a(= - llI z) of the ideal Bose gas assumes
the form

7.4. Show Ihat for an ideal Bose gas

cr. eqn. (7.1.36). Hence show thai

Cp

Y

==

(fJ ../ fJT)p
5 8S/2(1.)g,/2(:')
-C-\, = (J:./JT) v = 3' f.~·]/2(Z)J2 '

as in eqn. (7 . 1.48b). Check that, as T approachcs T(' from abuve, both y and C p diverge as (T - Tc)- I.
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7.5. (a) Show I
le isothermal compressibility KT and the adiabatic compressibility KS of an ideal
Bose ga~ are given by
1 8J/ 2(Z)

KT= -

----.

3 83/2(Z)
---,
5nkT 8s/2(Z)

KS= -

nkT 83/2(Z)

where 11 (= N IV) is the particle density in the gas. Note that, as z -:> 0, KT and KS approach
their respective classical values, viz. II P and 1I yP. How do they behave as z ~ I?
(b) Making use of the thermodynamic relations
(8P)2
Cp-Cv=T ( -8P) (8V)
= TVKT8T v 8T p
8T v

and

derive eqns (7.1.48a) and (7.1.48b).

7.6. Show that for an ideal Bose gas the temperature derivative of the specific heat C\· is given by

Using these results and the main term of formula (D.9), verify eqn . (7.1.38).
7.7. Evaluate the quantities (8 2 PI8T 2 )v. (8 2JJ. 18T2)" and (82/1 18T2)p for an ideal Bose gas and
check that your results satisfy the thermodynamic relationships
2
C~'=VT

-8 P) - NT ( -82 /1)
( aTl
8T2
v

v

and

Examine the behavior of these quantities as T -:> Te from above and from below.
7.8. The velocity of sound in a fluid is given by the formula
IV

= V(8Plap)s.

where p is the mass density of the fluid. Show that for an ideal Bose gas
w

2

= -5kT -85/2- (z)- = -5 (1/2)
3m 83/2 (z)

9

'

where (1/2 ) is the mean square speed of the particles in the gas.
7.9. Show that for an ideal Bose gas

being the speed of a particle. Examine and interpret the limiting cases z -:> 0 and z --+ 1; cf.
Problem 6.6.
7.10. Consider an ideal Bose gas in a uniform gravitational field (of acceleration 8). Show that the
phenomenon of Bose - Einstein condensation sets in at a temperature Tc given by
II

8

T c::=. TJ

1

[1+9d~)

rrmgL

(kT~)

1/2]
•
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where L is the height of the container and mgL «krj. Also show [hat the condensation is accompanied
by a discontinuity in [he specific heat C v of [he gas:

(l'.CV)T=T

c

~

9
3
mngL
--~
( - ) Nk - 8;r
2
( k~ )

112

see Eisenschitz (1958).
7.11. Consider an ideal Bose gas consisting of molecules with internal degrees of freedom. Assuming
th,lt, besides the ground state 1'0 = 0, only the first excited state Et of the illlernai spectrum needs to
he taken into account, determine the condensation temperature of the gas as a function of 1'1' Show
that, for (Etlkrj) » 1.

while, for (I' t ll..rj)

«

I,

[Hillt: To obt,lin the IdS 1 result. u<e the first two term< of formu!'1 (D.9).]
7.12. Consider an ideal Bose ga~ in the grdnd canonical ensemble and study fluctuations in the
tnt'll numher of particles N and the total energy E Discuss. in particul,lr. the situdtion when the ga~
hecumes highly degener,lte.
7.13. Consider an ideal Bose gas confined to a region of area A in h\"O dimension~. Express the
number of particles in the excited Slal"S, N e. and the number of pllfticles in the ground st,lte, No, in
term~ of :, T and A, and show that the system docs not exhibit Bose-Einstein condensation unless
T->-OK.
Refine your argument to show that, if the area A and the total number of p"rticles N are held fixed
and we require both N e and NOlO he of order N, we do achieve condensation when
T~

,,2

1

---mk/~ InN '

\\ here I[ ~ -/(AIN)j is the mean ill terp.trticle distance in the sy~tem . Of course, if both A and N ->- 00,
keeping I fi xed, then the desired T does go to zero.
7.1~. Consider an n-dimensional Bose gas whose single-particle energy spectrum is given by I' (X pS.
where s is some positive number. Discuss the onset of Bose-Einstein condensation in this system,
especially its dependence on the numbers II and s. Study the thermodynamic behavior of the system
and show that, quite generally,

P =~~. Cv(T->-OO)=~Nk.

and

Cp(T->-X)=(;+I)NI...

7.15. The (canonical) partition function of the black-body radiation may he written as

w

so that

x

In Q(V. T)

= Lin Qt(W. T) ~ J InQI (w, Tlg(w)dw;
w

0

here. QI (w. T) is the single-oscillator partition function gi\Cn by eqn. (3.8.14) and g(w) is the density
of states given by eqn. (7.2.2). Using this information, evaluate the Helmhohz free energy of the
sy<tem and derive other thermodynamic properties such as the pressure P and the (thermal) energy
density UIV. Compare your results with the ones derived in Sec. 7.2 from the grand potential of the
system.
7.16. Show that the mean energy per photon in a blad,-body r\
'1n cavity is very nearly 2.7kT.
7.17. Considering the volume dependence of [he frequencies
the vibr,lIional modes of the
radiation field. est,lblish relation (7.2.17) between the pressure P nnd the energy density U IV.

7.18. The sun may be regarded as a black body at a temperature of 5800 K. lis diameter is about
1.4 x 10° m while its distance from the earth is about 1.5 x lO" m.
(i) Calculate the total radiant intensity (in W/m2) of sunlight at the surface of the earth.
(ii) What pressure would it exert on a perfectly absorbing surface placed normal to the rays
(of the sun)?
(iii) If a flat surface on a satellite, which faces the sun, were an ideal absorber and emitter,
what equilibrium temperature would it ultimately attain?
7.19. Figure 7.14 is a plot of Cv(T) againsl T for a solid, the limiting value Cdoo ) being the
classical result 3Nk . Show that the shaded area in the figure, namely

J"" (C~, (oo) -

Cv(T)} dT.

o
is exactly equal to the zero-point energy of the solid. Interpret the

re~ult

phvsically.

i
T __
FtG. 7.14

}

7.20. Show that the total zero-point energy of a Debye solid is equ,llto ~Nk8D'
[Note that this implies. for eJch vibrational mode of the solid. a mean zero-point energy ~k8D' i.e.
= :t3 WD. 1
7.21. Show that, for T « eo. the quantity (C p - C v) of a Debye solid \ aries a' T 7 amJ hence the
ratio (C piC v) :: 1.
7.22. Determine the temperature T, in terms of the Debye temperature 8 D. at which one-half of
the oscillators in a Debye solid are expected to be in the excited states.
7.23. Determine the value of the parameter 8D for liquid He4 from the empirical result (7.3.28).
7.2-1. (a) Compare the " mean thermal wavelength" AT of neutrons at a t~pical room temperature
with the " minimum wdvelength" Amin of phonons in a typical crystal.
(b) Show that the frequency WD for a sodium chloride crystal is of the same ord~r of mJgnitude
as the frequency of an electromagnetic wave in the infrared.
7.25. Proceeding under the conditions (7.3.16) rather than (7.3.13). show that

W

C dT) = N k { D(xo.Ll + 2D(.ro. T ) }

•

",here xO.L = (T,wD.LlkT) and XOJ = (T!wD.T I kT) . Compare this result with eqn. (7.3 .17). and estimate
the nature .\Od the magnitude of the error involved in the latter.
7.26. A m~chanical sy~tem consisting of n identical masses (each of mass Ill) connected in a straight
line by identical springs (of stiffness K) has natural vibrational frequencies given by

Wr

=

2\1(K)
m

sin

(~. ::);
r =
2

1. 2....• (n - 1).

11

Correspondingly, a {inear molecule composed of n identical atoms mav be
tiona I spectrum giver
l'r

=

I 'e

sin

(~11

. ::) ; r = 1. 2. . ..

2

(/I -

1)

expecl~d

to

h3\~ a

vibcd-
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where Vc is a characteristic vibrational frequency of the molecu/ -'Jow that this leads to a vibrational
;nds to the limiting value (n - l)k
specific heal per molecule that varies as T I at low temperatures !.
at high temperatures.
7.27. Assuming the dispersion relation w = AkS, where w is the angular frequency and k the wave
number of a vibrational mode existing in a solid, show that the respective contribution towards the
specific heat of the solid at {ow temperatures is proportional to T 3 / , .
[Note that while s = I corresponds to the case of elastic waves in a lanice, s = 2 applies to spin
waves propagating in a ferromagnetic system.]
7.28. Assuming the excitations to be phonons (w = Ak), show that their contribution towards the
specific heat of an II-dimensional Debye system is proportional to Tn .
[Note that the elements selenium and tellurium form crystals in which atomic chains are arranged
in parallel, so that in a certain sense they behave as one-dimensional; accordingly, over a certain range
of temperatures, the T I-Iaw holds. For a similar reason, graphite obeys a T2-law over a certain range
of temperalures.j
7.29. The (minimum) potential energy of a solid, when all its atoms are "at rest" at their equilibrium
positions, may be denoted by the symbol ¢loW). where V is the volume of the solid. Similarly, the
normal frequencies of vibration, w,(i = 1. 2..... 3N - 6), may be denoted by the symbols Wj(V) .
Show that the pressure of the solid is given by
•

where U is the internal energy of the solid arising from the vibrations of the atoms. while y is the
Griilleisell COllstllnt:

oln w

I

~In

3

y =---~- .

V

Assuming th.lt, for V ~ Vu,
¢lu( V) =

(V

-

V)2
0

2KoVo
where KO and Vo are constants and KoCI, T
constant pressure P ~ 0) is given by
CX ""

~
V

«

Yo, show that the coefficient of thermal expansion (at

(aaTv)

Also show that

Cp

-

Cv =

= YKo C v
Vo

N .P

y2KO C~T

--,-~

Vo

7_10. Apply the general formula (6.4 .3) for the kinetic pressure of a gas, namely

P = !n (pu).
to a gas of rotons and verify that the result so obtained agrees with the Boltzmannian relationship
P = IIkT.

7.31. Show that the free energy A and the inertial density p of a roton
given by
sinh x

ga.~

in mass motioll are

A(v ) = AWl - -

x

and
p(vl = p (O)

3(x coshx - sinh

x

~)

3

where x = v Po/kT.
7.32. Integrating (7.5.1 7) by parts, show thaI the effective mass of an excitation, whose
energy-moment um relationship is denoted by c( p), is given by

Check the validity of this result by considering the examples of (i) an ideal-gas particle, (ii) a phonon
and (iii) a roton.
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Notes
I Actually it is the ratio n/T3/ 2, rather than the quantities" and T separately, that ddermine~ the
degree of degeneracy in a given syslem. For instance, white dwarf stars, even al temperature" of order
107 K. constitute slatislically degenerate system,,; "ee Sec. 8.4.
2 The theory of this section is restricted 10 a system of nOlrrelativ;Slic particles. For the general
case, see Kothari and Singh (1~1) and Lanmberg and Dunning-Davis (196S~
3 Remember that the large»t v<llm: l can h:we ill principle i" unil)'. In fact, as T -+ 0, .:: = No /<No +
1) -+ N /(N + I), which i" \'ery nearly unily (bul cerlainly on the right side of il).
4 Of cour.:;e, Ihe repereu""ions of this phenomenon in the coordinate space are no kss curious. It
prepares the stage for the on~1 of silperfillidity, a quantum m.lnifestation discussed in Sec. 7.5.
5 For a rigorous di~cussion of the on~t of i30se-Eill."tein condensation, see Land,,~rg (l95-tb).
where an attempt has also been made to coordinate much of the previou"ly published work on this
I0pic. For a more recent study, see Greell."poon and Pathria (1974).
6 An equivalent rcl.ltionship is: 83/2(::)/8]/2(1) = (Td T)3/2 < L
7 Equation (6.2. 12) ghes. for an ideal classical gas, In -" = .::Vf),3. Accordingly, tv =::
::(Jln _4/tk ) = .::(V/).3). with I~ resu lt that Z = p.J It').
S Actually, ror all T :::: Tc, we C'\II write
P(T) = P(T,)· (TI T, )'" '" O.513~(N.kTIV)

We infer that. whik panicles in the condensed phdsc do not exert any pressur..: at all. p.uticlcs in th~
excited state~ flrt:: about half as crf~ctive as in the Boltzlll3llni.1Il caS\:.
0; Ao;. i... well known, the longitudinal modes do not ap~3r in th~ C.l'oC of rmliation.
IU The factor 2 in this expr~s ion ari~es e~scllliJ.lI)' from th..: sam~ cause as in the Ra)kigh expressilln (2). However, in the present contexl, il would be more appmpri:lte to regard it a<; representing
the two st ... t..:s of polarization of the photon spin.
II Compared with the stdnd:lrd Bo~ - Einstcin result. say eqn. (7.1.2). formula (7) suggests Ih:ll
we arc dealing here wilh a casc for which z i" precisely ~qual to unit)'. 11 is not difficult to see th31
tbis is due to the fact Ih.:lt the lotallllllllbrr of p.1nicles in the present ca<;e IS illd<-jiflite. For then. their
equilihrium number N h:ls to be determined by tht: condition that the free energy of the ~yslem is a
minimum. i.e. {({M /8N )N=N lv,T = 0, which, by definition, implies th3t IJ = 0 and hcnc~ ~ = I,
12 The Raykigh - Jeans formula follows directly if we usc for (E l ) the equipartition \-alue kT rather
than the quantum-theoretical value (I).
D Here, use has been made of the fact that the value of the definite integral is 6{(4) = ;r"/ 15; see
Appendix D.
I" Of course, the number of phonons themselve" is ind~finite. A" a resu lt. the chemical potential
of the phonon gas is also zero.
15 The thermal energy of tht: "olid may as welt be writl~n as
{n, )llwi. where (n,)(= (I''''' /u -

L

1)- 1) is the me(ll! occtlptltiollllumber of the phonon le\'el £,. Clearly, the phonons, like photons, obey
Bose - Einstein statistics. with Jl = O.
1(, Actually, when Ihe temperature is high tnough, SO that all (llw;/kT)« I, the gencral formula
(8) itself reduce" to the classical one. This corre~ponds to Ihe ~!tu3tion when each of the 3.V modes
of vibration po»se"St:s a thermal energy k T.
17 It can be shown that. according to this theory. deviations from the T3_la\\ should not exceed 1:
per cent so long as T < 8 v /10. However, in the case of mCllIl.., one cannot e"pect to reach a true
TJ-region bccau~, well before that, the specific heat of the electron gas might become a dominant
contribution (sec Sec. 8.3); unless the two contributions are sep:lfat~d out. one is lik~ly to obt:l!n a
some\\ hal suppressed value of aD from Ihese observations.
18 Sec, for cxamplt:. Fowler and Guggenheim (t9bO), p. 144.
19 The term " roton" (or Ihest: cxcitations was coined b~ Landau who had originally dtought that
these excitations might. in some Wa}. repre5enllocal di"turbances of a rotatiOnal character in the liquid.
However, su~quenl theoretical work, e~pecially that of Fcynman (1953. 1954) and of Brueckner and
Sawada (1957). did not support this contention. Nevertheless, the name "roton" has stayed on.
20 This seems to confirm a prediction by Pitaevskii (1959) that an end point III the spectrum mi£ht
occur at a "critical" value PC" of the excitation momentum, where E,· is equal to 26. and (fJe /ap ), is zero.
21 Looking back at integral (9), what we have done here amounts to replacing'; in the integrand
by its mean value p~ and then carrying out integration 0\ er the "complete" rangt: of the variable
(p - pu).
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22 This result is highly suggestive of the fact that for £Otons there is only aile true degree of
freedom, namely the magllitude of the roton momentum, that is thermally effective!
2J The drift velocity v must satisfy the condition (v . p) ~ E, for otherwise some of the occupation
numbers will become negative! This leads to the existence of a critical velocity Vc for these excitations
such that for v exceeding Vc the formalism developed here breaks down. It is not difficult to see thai
this (critical) velocity is given by the relation: Vc = (E/ P)min, as in eqn. (24).

•

CHAPTER 8

IDEAL FERMI SYSTEMS

8.1. Thermodynamic behavior of an ideal Fermi gas
According to Secs 6.1 and 6.2, we obtain for an ideal Fermi gas
PV
kT -In d =

I: In (l +ze fJ

e

)

(1)

£

(2)

",here fi = l j kT and z = exp (l1 j kT). Unlike the Bose case, the parameter z in the
Fermi case can take on unrestricted values: 0 -<: z < 00 . Moreover, in view of the
Pauli exclusion principle, the question of a large number of particles occupying a
'ingle energy state does not even arise in this case; hence, there is no phenomenon
.ike Bose-Einstein condensation here. Nevertheless, at sufficiently low tempera"Ures, Fermi gas displays its own brand of quantal behavior, a detailed study of
'" hich is of great physical interest.
If we replace summations over E by corresponding integrations, eqns (1) and
2) become
P
g 1" ( "
kT = )..3 5/2 z)

(3 )

ilDd

(4)

iIohere g is a weight factor arising from the "internal structure" of the particles
such as spin), ).. is the mean thermal wavelength of the particles
A

..-mle

= h j (27TmkT)1 /2 ,

(5)

.f v(z) are Fermi-Dirac functions defined by, see Appendix E,
(6)
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Eliminating z between eqns (3) and (4), we obtai 'l e equation of state of the
Fermi gas,
The internal energy V of the Fermi gas is given by
V

:2)

= - (~ In

af3

=

~kTgVf
2

= kT2

Z,V

},,3

( ~ In
aT

3)

Z,V

~NkT!s/2(Z).

(7 =

5/2~)

2

h /2(Z) ,

(7)

thus, quite generally, this system satisfies the relationship
P

=

~(V I V).

(8)

The specific heat C v of the gas can be obtained by differentiating (7) with respect
to T, keeping N and V constant, and making use of the relationship
1

(a~ )

Z

3 h /2 (Z)

aT "

2T

f

1/ 2(Z) '

(9)

which follows from eqn, (4) and the recurrence formula (EA) . The final result is

Cv
Nk

15 !s /2 (Z)
4 f 3/2 (Z)

9 h /2 (:)
4 f 1/2(;::)

(10)

For the Helmholtz free energy of the gas, we get
A

NI1-PV = NkT{ln z - !s/2(Z)} .

(11)

-lnz} .

(12)

h /2 (z )

and for the entropy

s=

V - A

=Nk{~fs/2 ('Z)

T

2 h /2 (Z)

In order to determine the various properties of the Fermi gas in terms of the
particle density n (= N I V) and the temperature T , we need to know the functional
dependence of the parameter z on nand T; this information is formally contained
in the implicit relationship (4). For detailed studies, one is sometimes obliged to
make use of numerical tables of the functions f v(z) (see Appendix E); for physical
understanding, however, the various limiting forms of these functions serve the
purpose well.
Now, if the density of the gas is very low and/or its temperature very hjgh, then
the situation might correspond to
h / 2(Z)

=

nh 3
(2
kT" '/2
g mil' Y

«

1;

(13)

we then speak of the gas as being highly flondegeflerate. In view of the expansion
(6), this implies that z itself is much smaller than unity and, in consequence,
f ,, ( z ) ~ z. Expressions for the various thermodynamic properties of the gas then
become
(14)
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(15)

aod

s

S=Nk { 2- 10

(n>3)}
--f- .

(16)

If the parameter z is smiill in comparison with unity but not very small, then we
should make a fuller use of the series (6) in order to diminate z between eqns (3)
and (4). The procedure is just the same as in the corresponding Bose case, i.e. we
first invert the series appearing in (4) to obtain an expansion for z in powers of
(n)..3 / g) and then substitute this expansion intu the series appc.:aring ill (3). The
equation of state then takes the form uf the drial apclIJsiolJ
-

PV
00
.- = 'I;"""'(-I), - 'a,

L1= 1

NkT

(1-3)H
-

(17)

8"

where 1) = I In, while the coefficients af are the same as quoted in (7 .1.1.t). for
the specific heat, in particular, we obtain

3
00
3/ (1,
C v =-NkL(
- I) ,,52
,~'
2
=

(ie')'-'
gv

~Nk [1 _ 0.0884 ( _) ") + 0.0066 (_
ie') 2_0.0004 (_).l )3+ ...J .
2

gv

gv

En

(18)

Thus, at finite temperatures, the specific heat of the gas is smaller than its limiting
value ~Nk. ru will be seen in the sequel, the specific heat of the ideal Fermi
gas decreases monotonically as the temperature of the gac;; falls; see Fig. 8.2 and
compare it with the curresponding fig. 7.4 for the ideal Bose gas.
If the density n and the temperaturt; T are such that the parameter (Il>..3/ g) is
of order unity, the foreguing expansions cannot be of much USt; . Tn that case, one
I,
may have tu make recourse tu numerical calculation. However, if (n)..3/g
the functions involved cnn ~ expressed as asymptotic expansions in powers uf
(lnz)- I; we then speak of the gas as being degenerate. As (n}.3/g )~ 00, our
functions nssume a c1used form, with the result that the expressions for the vnrious
thermodynamic quantitit;s pertaining tu the system become highly simplified; we
then speak of the gas ns being completely degencrate. For simplicity, we shall first
discuss the main features of the system in a state uf complete degent;racy.
In the limit T -+ 0, which implies (n}.3 /g) ~ 00, the mean occupatiun numbers
of the single-particle state e(p) become

»>

(n , )

=

1

{ 1
c k " )' " + 1 =
0

for

for

(19)

where 1/.0 is the chemical potential of the system at T = O. The function (n€) is
thus a stcp fUllctioll which stays cunstant at the (highest) value 1 right from (; = 0
to £ = 11 0 and then suddenly drops to the (luwest) value 0; see the dotted line in

Ideal Fermi Systems

198

Fig. 8.1. Thus. at T = O. all singJe·particie states up to £ = /.1 0 are "completely"
filled, with one particle per state (in accordance with the Pauli principle), while all
single-particle states with [; > 1-'0 are empty. The limiting energy 11.0 is generally
referred to as the Fermi ellergy of the system tind is denoted by the symbol [;/-'; the
corresponding value of the single-particle momentum is referred to as the Fermi
momc"tllln and is denoted by the symbul PF . The defining equation for these
p,Jrametcrs is

t
"+
•

7

1.0 f - - - 0.5

'"

oL..._ _
o

~

_ - - '_

-'--'----'::"..-'----_

~- 4

x

~-2

~

~+2

~+4

•

FIG. 8.1. Fermi distribution at low temperatures, with x = £/kT and
rectang le

dcn()t c~

~ = MI n . The
the limilillg distribution n!; T _ O. in th;LI cu.'>c, the Fermi function is
unity for E < Ji ll anel zero ror e :> 1-/0 .

.,

ItI(e )de = N.

(20)

"

where (/(£) denutes the dellsity of stalcS uf the system and is given by the general
expression
gV
dp
ale ) = --4rrp' - .
(21)
de

,,3

We readily obtain
(22)

whence
PF

=

(~) 1/ 3 h .
4rrgV

(23)

•

accordingly, in the nonrclativistic case,
£1'

=

(~)2/3
4;rg V

112 = (6JT2 )2/3
J/

2m

g

112 .

2m

(24)

The ground-state, or zero-point, energy of the system is then given by
g
v
h·3

Eo = 4rr

j"'(
o

P' ) p'dp
2m

2rrgV 5
= Smh J PF'

(25)

whence

En
3p}
3
I
- = - - = - £F·
N
10m
5

(26)
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The ground-state pressure of the system g in turn given by

Po = ~(EojV) = ~lIcF.

(27)

Substituting for cF. the foregoing expression takes the form

Po =

6n2)
(g
-

2/ 3,,2 _
_11'/ 3

5m

ex n 5/ 3 .

(28)

The zero-point motion seen here is clearly a quantum effect arising because of the
Pauli principle, according to which, even at T = 0 K, the particles constituting the
system cannot settle down into a single energy state (as we had in the Bose case)
and are therefore spread over a requisite number of lowest available energy states.
As a result, the Fermi system, even at absolute zero, is quite live!
For a discussion of properties such as the specific heat and the entropy of the
system, we must extend our study to fillite temperatures. If we decide to restrict
ourselves to low temperatures, then deviations from the ground-state results will
not be too large; accordingly, an analysis based on the asymptotic expansions of
the functions f l'(~) would be quite appropriate. However, before we do that it
seems useful to carry out a physical assessment of the situation with the help of
the expression
1
(29)
(lid = e(E-J.l.)/ kT + 1 .
The situation corresponding to T = 0 is summarized in eqn. (I9) and is shown
as a steB/function in Fig. 8.1. Deviations from this, when T is finite (but still
much smaller than the characteristic temperature lJ.ojk), will be significant plIly
for those values of c for which the magnitude of the quantity (c - IJ. )jkT is of
order unity (for otherwise the exponential term in (29) will not be much different
from its ground-state value. viz. e±X); see the solid cUlVe in Fig. 8.1. We therefore
conclude that the thermal excitation of the particles occurs only in a narrow energy
range which is located around the energy value E = /LO and has a width O(kT). The
fraction of the particles that are thermally excited is, therefore, O(kT jCF )-the bulk
of the system remaining uninfluenced by the rise in temperature.! This is the most
characteristic feature of a degenerate Fermi system and is essentially responsible
for both qualitative and quantitative differences between the physical behavior of
this system and that of a corresponding classical system.
To conclude the argument, we observe that since the thermal energ> per
"excited" particle is O(kT), the thermal energy of the whole system will be
O(Nk'!.T 2 jsd; accordingly, the specific heat of the system will be O(Nk . kT jCF)'
Thus, the low-temperature specific heat of a Fermi system differs from the classical
value ~Nk by a factor which not only reduces it considerably in magnitude but
also makes it temperature-dependent (varying as Tl). It will be seen repeatedly
that the first-power dependence of C v on T is a typical feature of Fermi systems
at low temperatures.
For an analytical study of the Fermi gas at finite, but low, temperatures, we
observe that the v"lue of z, which was infinitely large at absolute zero, is now finite,
1 comparison with unity. The functions .f v(::) can, therefore,
though still lar~
be expressed as asymptotic expansions in powers of (Inz)- I; see Sommerfeld's
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rested in, namely ~. ~ and

lemma (E. 15). For the values of v we are presently

4, we have to the first approximation
!s/2(Z) =

h /2(Z) =

.

8

15rr l / 2

[5rr>
+ - (ln z)-2 + ...] .

(Inz)5/ 2 1

8

4
3/ 2 [ 1 + ~
rr2 (lnz) - 2 + ...]
~-(lnz)
3rr l / 2
8

(30)

(31)

and

f

1/2(Z)

2

1.

[ rr>

= rrlP (In z) 1/2 1 - 24 (In z)- 2 +...

(32)

Substituting (31) into (4), we obtain
4 ]'(g 2 m 3/2
N
3 2 [
IT 2
2
- = ~- -(kTlnz) / 1 + ~(lnz )(
)
V
3
112
8

+ ...] .

(33)

In the zeroth approximation, this gives

kTlno

= I" '"

3N )2/3 /,'
(4rrgV
2111

which is identical with the ground-stale result flo =
approximation, we obtain

kTln z

= fJ. '" EF

EF;

(34)

see (24). In the next

rr2 (kT) 2]
.
[ 1 - 12 EF

(35)

Substituting (30) and (31) into (7), we obtain

~ = ~(kTln Z) [1 +~2 (lnz}-2 +...];

(36)

with the help of (35), this becomes

U =
N

~E>
S

[1 + 12

Srr2 (kT)2

+ ..] .

(37)

EF

The pressure of the gas is then given by

p =

:32UV =

2

StiEF

[

5rr2(kT)2

1 + 12

EF

]
+ ....

(38)

As expected, the main terms of eqns (37) and (38) are identical with the groundstate results (26) and (27). From the temperature-dependent part of (37), we obtain
for the low-temperature specific heat of the gas

Cv

rr'kT

- = ~ -+""
Nk
2 EF

Thus, for T

(39)

« TF. where Td= f:,.. /J...) is the Fermi temperature of the system, the

specific heat vnrics as the first power of temperature; moreover, in magnitude, it

Magnetic Behavior of all Ideal Fermi Gas

§ 8.2]

20J

(
1.5

t

-- ---- -- ------ --• --

1.0

o~----~------~~----~o
1
2
3

(TITFl -

FIG. 8.2. The specific heal of an ideal Fermi gas; the dolled line depicts the linear
behavior at low Icmperatures.

is considerably smaller than the classical value ~Nk. The overall variation of C~·
with T is shown in Fig. 8.2.
The Helmholtz free energy of the system follows directly from eqns (35)
and (38):

(40 )

whence

S
1[2 kT
- = --Nk
2 eF

+.

(41)

Thus, as T -+ 0, S -+ 0, in accordance with the third law of thermodynamics.

8.2. Magnetic behavior of an ideal Fenni gas
We now turn our attention to studying the equilibrium state of a gas of noninteracting fermions in the presence of an external magnetic field B. The main
problem here is to determine the net magnetic moment M acquired by the gas
(as a function of Band T) and then calculate the susceptibility X(T). The answer
naturally depends upon the intrinsic magnetic moment J-L* of the particles and the
corresponding multiplicity factor (21 + 1); see, for instance, the treatment given
in Sec. 3.9. According to the Boltzmannian treatment, one obtains a (positive)
susceptibility X(T) which, at high temperatures, obeys the Curie law: X ex T - 1;
at low temperatures, one obtains a state of magnetic saturation. However, if we
treat the problem on the basis of Fermi statistics we obtain significantly different
results, especially at low temperatures. In particular, since the Fermi gas is pretty
live even at absolute zero, no magnetic saturation ever results; we rather obtain a
limiting susceptibility XO which is independent of temperature but is dependent on
the density of the gas. Studies along these lines were first made by Pauli, in 1927,
when he suggested that the conduction electrons in alkali metals be regarded as a
"highly degenerate Fermi gas"; these studies enabled him to explain the physics
behind the feeble and temperature-ill dependent character of the paramagnetism of
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metals. Accordingly, this phenomenon is referred to as Pauli paramagnetism -contmst to the classical Langevin paramagnetism.
In quantum statistics. we encounter yet another effed which is totally absent classical statistics. This is diamagnetic in character and arises from the quantizatic.
of the orbits of charged particles in the presence of an external magnetic field 01
one may say, from the quantization of the (kinetic) energy of charged particle'associated with their motion perpendicular to the direction of the field. Tht
existence of Ihis effect was first established by landau (1930); so, we refer to
it as Landau diamagneti.sm. This leads to an additional susceptibility X(T) which.
though negative in sign, is somewhat similar to the paramagnetic susceptibilil)
in thai it obeys Curie's law at high temperatures and tends to a temperatureindependent hut density-dependent limiting value as T ---+ O. In general, the
magnetic behavior of a Fermi gas is detennined jointly by the intrinsic magnetk
moment of the particles and the quanti7.(ltion of their orbits. If the spin-orbi[
interaction is negligible,. the resultant behavior is obtained by a simple addition of
the twu efIects.
A. Pauli paramagnetism

The energy of a particle, in the presence of an external magnetic field B,
given by
£

=

p' 2m

* ·B.

jJ,

i~

(I )

where #1* is the intrinsic magnetic moment of the particle and m its mass. For
simplicity, we aSSume that the particle spin is
the vector JL '" will then be either
parallel to the vcctor B or antiparaHeL We thus have two groups of particles in
the gas:

!;

(i) those having jJ,* parallel to B. with £ = P'/ 2m - jJ,"B. and
(ii) those having JL* antiparallel to R , with S = p 2J2m + p *-R.
At absolute zero, all energy levels up to the Fermi level f+ will he tilled, while all
levels beyond SF will be empty. Accordingly, the kinetic energy of the p<U'ticles
in the first group wi11 range between 0 and (EF + I1 *B), while the kinetic energy
of the particles in the second group will range bern'een 0 and (SF - 11*8). 111e
respective numbers of occupied ~nergy levels (and hence of particles) in the two
groups will. therefore. be
4rrV
N+ = -3-{2m(£F
3h

+ jJ,' B))3/'

(2)

4rrV
N- = - {2m(€F - ii'B)}3/'.
3,,3

(3)

and

The net magnetic moment acquired by the gas is then given by

We thus obtain for the low-field susceptibility (per unit volume) of the gas
.

~~I1J

Xo =

( M )
4;1Jt ·2(2m)J/2 E~2
VB =
h3

(5)

Making use of formula (8.1.24), with g = 2, the foregoing result may be written as
J
*'1
xo = 211/1
- eF·

(6)

For comparison, the corresponding high-temperature result
eqn. (3.9.26), with g = 2 and J =

IS

!:

given by

X:JO = 1l/1.~ IkT.

(7)

We note that xol Xo.o = O(kT lEd·
To obtain an expression for X that holds at all T, we proceed as follows.
Denoting the number of particles with momentum p and magnetic moment p.lrallel
(or antiparallel) to the field by the symbol II; (or II;), the total energy of the gas
can be written as

(8)
where N + and N - denote the total number of particles in the two groups. respectively. The partition function of the system is then given by

L'

Q(N) =

(9)

exp(- f3E ,,).

(nt l'("pl

where the primed summation is subject to the conditions

11; , 11; =

(10)

0 or 1,

and

(11)

LfI; + LII; =N+ +N- =N.
p

p

To evaluate the sum in (9), \\e first fix an arbitrary value of the number N + (which
that
automatically fixes the value of N - as \veIl) and sum over all n; and
conform 10 the fixed values of the numbers N+ and N- as well as to condition
(10). Next, we sum over all possible values of N+, viz. from N+ = 0 to N + = N .
We thus have

11;

Q(N)

t
"

=0

=

[ef3/L OB(2,\+-.\ I{L"exp (-f3 L 2mP'2Il+)L"' ex p(-f3 L 2m

p2 11 _ ) } ] :

p

(n;1

p

IlIp l

p

p

(12)
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n;

here, the summation L " is subject to the restriction Lp
= N I • while LIf! is
subject to the restriction Lp
= N - N+ .
Now, let Qo(}./) denote the partition function of an ideal Fermj gas of N
"spinless" particles of mass m; then, obviously,

n;

Qo(N) ~

I: 'exp(-f3I: -2mp'n
{"p {

p

)=

exp(-f3Ao(A/)}.

(13 )

p

where ~(N) is the free energy of this fictitious system. Equation (12) can then
be written as
N

I: [C~'BN+ QO(NT)Qo(N -

Q(N) ~ e-f"'BN

N+»).

(14)

N-=O

whence
1

N

- In Q(N)

N

~

1,"",

-f3JL B + -In L
't"

,V

[exp (2f3i,'BN+ - f3A0(N+) - f3Ao(N - N ')})

N+ = 0

(15 )

As before, the logarithm of the sum L N+ may be replaced by the logarithm of
the largest term in the sum; the crrOr committed in doing so would be negligible
in comparison with the term retained. Now, the value N+. of N+, which corresponds to the largest term in the sum. can be ascertained by setting the djfferential
coefficient of the general term, with respect to N+. equal to zero; this gives

2p"11-

[Mo(N I)]
iJN+

_[aAo(N-N

)]

aN+

N \ =N!

~O,

1
N + =N+

that is
(16 )

where ll-u(.N') is the chemical potential of the fictitious system of /v "spinle..o;;s··
ferrnions.
The foregoing equation contains the general solution being sought for. To obtain
an explicil expression for X, we introduce a dimensionless parameter r, defined by

M

~

,"' (N + - N-)

~

,"'(2N+

N)

~

JL' Nr

(0

< r S I);

(17)

eqn. (16) then becomes
JLIJ

(I+r)
- 2- N

- po

(I-r)
-2-N

.

~ 2JL R

(18)

If B = 0, r = 0 (which corresponds to a completely random orientation of the
elementary moments). For small R. r would also be small; so, we may carry out
a Taylor expansion uf the left-hand side of (18) about r ~ O. Retaining only the
first term of the expansion, we obtain
(19)
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..ceptibility (per unit volume) of the system is then given by
M

2t1/l-· 2

f1. *Nr

X = VB =

---vB =

a/-lo(xN)

ax

I
.(=;;

(20)
1/2

which is the desired result.
For T ----+ 0, the chemical potential of the fictitious system can be obtained from
eqn. (8.1.34), with g = 1:

3XN)"3 II'
( -4rrV -2m,

/-lo(xN) =

whence
a/-lo(xN)
ax

I

= 2'/3 ( 3N ) ' / 3 ", .
3

x=I/2

4rrV

(21 )

2m

On the other hand, the Fermi energy of the actual system is given by eqn.
with g = 2:
'F = ( 3N ) 2/ 3 ,,' .

8rrV

(8.1.~4).

(22)

2m

Making use of eqns (21) and (22), we obtain from (20)
(23)

in complete agreement with our earlier result (6). For finite but low lempemllires.
one has to use eqn. (8.1.35) instead of (8.1.34). The final result turns out to be

']

[

rr- kT X :" XO 1 - - , ( - )
.
12 'F'

(24)

On the other hand, for T --» 00, the chemical potential of the fictitious system

follows directly from eqn. (8.1.4), with g = I and /J,,(:) :"

z:

/-lo(xN) = kT In (xNA'IV),

whence
(25)

Equation (20) then gives
(26)

in complete agreement with our earlier result (7). For large but finite temperatures,
One has to take J J/'(Z):O: l - (:' 123/ '). The final result then turns out to be
X:" Xx

(

n),3) ;

I - 251'

(27)

the correction term here is proportional to (T f}T)Jr1 and tends to zero as T -.

X>.

200

[den! Fermi Systems
B. Lalldall diamagnetism

\Ve now study the magnetism arisi ng from the quantization of the orbital motion
of (charged) partic1es in the presence of an external magnetic field. In a uniform
field of intensity R. directed along the z-axis, a charged particle would follow
a helical path whose axis is parallel to the z-axis and whose projection on the
(x , y)-plane is a circle. Motion along the z-direction has a constant linear velocity
ll:. while that in the (x , y)-plane has a constant angular velocity eB/ mc; the latter
arises from the Lorentz force, e(lI x B)fe, experienced by the particle. Quantunlmechanically. the energy associated with the circular motion is quantized, in units
of er,B/me. The energy associated with the linear motion along the z-axis is also
quantized but, in view of the smallness of the energy intervals, this may be taken
as a continuous variable. 'vVe thus have for the total energy of the particle2
£ =

.TtB(J+
. -1) + -p;

-

me

2

2m

(j = U, 1, 2, . .. ).

(2R)

Now, these quantized energy levels are degenerate because they result from a
"coalescing together" of an almost continuous set of the zero-field levels. A little
rcllection shows that .111 those levels for which the value of the qUi.lIltity (P.; +
1'~ )/21l1 lay between ellBj f mc and eT1I3(j + I )/ me now "coalesce together" into a
single level characterized by the quantum number j. The number of these levels
is given by

1
"

-2

J

[ .1.8 (j
dxdydpx dp ,. = -LxL,.
2-· 1T 2m .
II
me

+ I) -

j} ]

eH
. he

(29)

= LxL\.- ,

which is independent of j. The multiplicity factor (29) is a quantum-mechanical
measure of the freedom available to the particle for the centre of its orbit to be
" located" anywhere in the total area LxL J of the physical space. Figure 8.3 depicts
8 -0

j=4
j-3

j=2
j-1

-8

me

FIG. 8.3. The single-particle energy levels, for a two-dim
absence of an external magnetic field (B = 0) and (ii) in l
magnetic field (8 > 0).

j-O
ional motion, (i) in the
}re ~ncc of an external
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the manner in which the zero-field energy levels of the particle group themselves
into a spectrum of oscillator-like levels on the application of the external magnetic
field .
The grand partition function of the gas is given by the standard formula

+ ze- fJE ),

In 9 = Lin (1

(30)

£

where the summation has to be carried over all single-particle states in the system.
Substituting (28) for e, making use of the multiplicity factor (29) and replacing
the summation over Pc by an integration, we get

In ,h

14:p,[t, ( :~)
L,L,

In { [

+ ,,-1"""+""liIm,-'" 12m}]

.

(3 [)

At high temperatures, z « 1; so, the system is effectively Boltzmafllliafl. The grand
partition function then reduces to

(2rrm)
1/2 {2 sinh ({3ehB) }-I
{3

= zVeB
h2c

2111c

(32)

The equilibrium number of particles N and the magnetic moment AI of the gas
are then given by
N =

(z a~a. In 3)

.(33)

B,v.T

and

M \ aH)
aB
= / -

=

~ (~ In
{3

aB

d) ,

(34)

z. \'. T

where H is the Hamiltonian of the system; cf. eqn. (3.9.4). We thus obtain
zV x
N= - - ).3 sinhx

and
zV

M = - /1 ff
A~ e

{I

(35)

XCOShX}
sinh2 x '

- - - ---,,--

sinh x

(36)

where A{= h/ (2mnkT)1 /2 } is the mean thermal wavelength of the particles. while

x = {3/1cffB

(Ileff = ell / 4rrmc) .

(37)

Clearly, if e and m are the electronic charge and the electronic mass, then /1eff is
the familiar Bohr magneton /1 B' Combining (35) and (36), we get
M = - N /1eff L (x) ,

(38)

where L(x) is the Langevin function :
1
L(t) = cothx - -.

x

(3Y)
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This result is very similar to the one obtained in t~
mgevin theory of paramagnetism; see Sec. 3.9. The presence of the negative ::"5n, however, means that the
effect obtained in the present case is diamagnetic in character. We also note that
this effect is a direct consequence of quantization; it vanishes if we let h ---+ O.
This is in complete accord with the Bohr-vall Leeuwen theorem, according to
which the phenomenon of diamagnetism does not arise in classical physics; see
Problem 3.43.
If the field intensity B and the temperature T are such that /leffB «kT, then
the foregoing results become
zV
N~ 
(40)
}..3

and

-

2

M ~ -N/lerrB/3kT.

(41)

Equation (40) is in agreement with the zero-field formula
leads to the diamagnetic counterpart of the Curie law:
Xx

M
- 2
= VB
= -n/l
cff/ 3kT ;

z ~ n}..3, while (41)
(42)

d. egn. (3.9.12). It may be notcd here that the diamagnetic character of this
phenomenon is independent of the sign of the charge on the particle. For an
elcctron gas, in particular, the net susceptibility at high temperatures is given by
the sum of expression (7), with /l . replaced by /lB, and expression (42):
11

(/l1 -

X::xo =

kT

j /l~)

'

(43)

where Jl~ = eh/4rrm'c, fIl ' being the effective mass of the electron in the given
system.
We shall now look at this problem at all temperatures, though we will continue
to assume the magnetic field to be weak, so that /leffB « kT. In view of the latter,
the summation In (31) may be handled with the help of the Eu[er summation
formula,
00

?=f(j +4)

~

co

Jf(x)dr+ 14 f

'(0).

(44)

0

J=O

with the result
[n

cd =

The first part here is independent of B, which can be seen by changing the variable
from x to .t ' = Bx. The second part, with the substitution (Jp;/2m = y, becomes
3 ,

_ rrV(2m) 1-

6h3

B 2 1/ 2
(/leff) {J

Jz-'e +
00

,

)'-1 / _ dy
Y

u

1.

(46)

!i

h ..1 J

The low-field

J IlC £'leLlfUIl Uti,) UZ I t'lt:IUI.l

,ceptibility (per unit volume) of the gas is then given by
x

=

M

VB

1

= f3V B

(avB In .d ). v

.. .T

(2rrm )3/2fL 2
3h 3 f31 / 2 eff f 1/ 2(Z),

(47)

which is the desired result. Note that, as before, the effect is diamagnetic in
character- irrespective of the sign of the charge on the particle.
For z « I, ft /2 (Z) ~ Z ~ 11).3; we then recover our previous result (42). For
1 (which corresponds to T « T F)' f 1/2(:) :::::: (2/;r1 /2 )(ln :)1 /2; we then get

;: »

Xo

~

~

-

2 el / 2
2rr(2m )3/2fL cff
F

312

1 0_ j .
= - "2"fL eff eF,

(--1-8)

here, use has also been made of the fact that (f3- ' In z) ~ eF. Note that. in magnitude, this result is precisely one-third of the corresponding paramagnetic result,
see eqn. (6), provided that we take the {J. * of that e;\.pression to be equal to the
11 cff of this one.

8.3. The electron gas in metals
One physical system where the application of Fermi - Dirac statistics helped
remove a number of inconsistencies and discrepancies is that of conduction electrons in metals. Historically, the electron theory of metals was developed by Drude
(1900) and Lorentz (190--l - 5)"who applied the statistical mechanics of M<lx\,\ ell
and Boltzmann to the electron gas and derived theoretical results for the various
properties of metals. The Drude- Lorentz model did provide a reasonable theoretical basis for a partial understanding of the physical behavior of metals; howe\·er.
it encountered a number of serious discrepancies of a qualitative as \\ ell as quantitative nature. For instance, the observed specific heat of metals appeared to be
almost completely accountable by the lattice vibrations alone and practically no
contribution seemed to be coming from the electron gas. The theory. howe\ er,
insisted that, on the basis of the equipartition theorem, each electron in the gas
should possess a mean thermal energy ~kT and hence make a contribution of ~k
to the specific heat of the metal. Similarly, one expected the electron gas to exhibit
the phenomenon of paramagnetism arising from the intrinsic magnetic moment fLn
of the electrons. According to the classical theory, the paramagnetic susceptibility
would be given by (8.2.7), with fL* replaced by fLB. Instead, one found that the
susceptibility of a normal nonferromagnetic metal was not only independent of
temperature but had a magnitude which, at room temperatures, was hardly 1 per
cent of the expected value.
The Drude - Lorentz theory was also applied to study transport properties of
metals, such as the thermal conductivity K and the electrical conductivity o . While
the results for the individual conductivities were not ver) encouraging. their ratio
did conform to the empirical law of Wiedemann and Franz (1853), as formulated
by Lorenz (1872), namely that the quantity K loT was a (universal) constant. The
theoretical value of this quantity, which is generally known as the Lorenz nllmber,
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turned out to be 3(kle)2 ~ 2.48 x 10- 13 e.s.u.ldeg 2 ; the corresponding experi_
mental values for most alkali and alkaline- earth metals were, however, found
to be scattered around a mean value of 2.72 x 10- 13 e.s.u.!deg 2 . A still more
uncomfortable feature of the classical theory was the uncertainty in assigning an
appropriate value to the mean free path of the electrons in a given metal and
in ascribing to it an appropriate temperature dependence. For these reasons, the
problem of the transport properties of metals also remained in a rather unsatisfac_
tory state until the correct lead was provided by Sommerfeld (1928).
The most significant change introduced by Sommerfeld was the replacement of
Maxwell - Boltzmann statistics by Fermi - Dirac statistics for describing the electron gas in a metal. And, with a single stroke of genius, he was able to set most of
the things right. To see how it worked, let us first of all estimate the Fermi energy
CF of the electron gas in a typical metal, say sodium. Referring to eqn. (8.1.24),
with g = 2, we obtain
CF

=(

3N ) 2/ 3 1z2 ,
8rrV
2m'

(1)

\\ here Ill' is the effective mass of an electron in the gas.3 The electron density
N I V, in the case of a cubic lattice, may be written a~
N

1l,.fl a

(2)

v =7 '

where /I e is the number of conduction electrons per atom, fla the number of
atoms per unit cell and a the lattice constant (or the cell length).4 For sodium,
ll e = 1, ll a = 2 and a = 4.29 A. Substituting these numbers into (2) and writing
Ill' = O.98me, we obtain from (1)
(CF)Na

= 5.03 X

10- 12 erg

= 3.14 eV.

(3)

Accordingly, we obtain for the Fermi temperature of the gas
4

(T F ) Na = (1.16 X 10 )

= 3.64 x 104 K .

x CF (in eV)

(4)

which is considerably larger than the room temperature T( ~ 3 X 102 K). The ratio
T I T F being of the order of 1 per cent, the conduction electrons in sodium constitute a highly degenerate Fermi system. This statement, in fact, applies to all metals
because their Fermi temperatures are generally of order lnt _ 105 K.
Now, the very fact that the electron gas in metals is a highly degenerate
Fermi system is sufficient to explain away some of the basic difficulties of the
Drude - Lorentz theory. For instance, the specific heat of this gas would no longer
be given by the classical formula, ell = ~Nk, but rather by eqn. (8.1.39), viz.
(5)

obviously, the new result is much smaller in value because, at ordinary temperatures, the ratio (kTlcF) = (TITd = 0(10- 2 ) . It is \
hardly surprising that, at
ordinary temperatures, the specific heat of metals is aBuost completely determined

S O.-'J
by the vibrational modes of the lattice and very little contribution comes from the
conduction electrons. Of course, as temperature decreases, the specific heat due
to lattice vibrations also decreases and finally becomes considerably smaller than
the classical value; see Sec. 7.3, especially Fig. 7.8. A stage comes when the two
contributions, both nonclassical, become comparable in value. Ultimately, at very
low temperatures, the specific heat due to lattice vibrations, being proportional to
r3, becomes even smaller than the electronic specific heat, which is proportional
to rl. In general, we may write, for the low-temperature specific heat of a metal,

(6)
\ where the coefficient y is given by eqn. (5), or better by the general formula stated
in Problem 8.13, while the coefficient 0 is given by eqn. (7.3.23). An experimental
determination of the specific heat of metals at low temperatures is, therefore,
expected not only to verify the theoretical result based on quantum statistics but
also to evaluate some of the parameters of the problem. Such determinations have
been made, among others, by Corak et af. (1955) who worked with copper, silver
and gold in the temperature range 1- 5 K. Their results for copper are shown
in Fig. 8.4. The very fact that the (C v I T) vs. T2 plot is well approximated by
a straight line vindicates the theoretical formula (6). Furthermore, the slope of
this line gives the value of the coefficient 0, from which one can extract the
Debye temperature
of the metal. One gets for copper: eo = (343 .8 ± 0.5) K,
which compares favorably with Leighton's theoretical estimate of 345 K (based
on the elastic constants of the metal). The intercept on the (C v I T)-axis yields the
value of the coefficient y, viz. (0.688 ± 0.002) millijoule mole- l deg- 2 , which
agrees favorably with Jones' estimate of 0.69 millijoule mole- I deg- 2 (based on
a density-of-states calculation).
.
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FIG. 8.4. The observed specific heat of copper in the temperature range 1- 4 K (after
Corak et al. , 1955).

The general pattern of the magnetic behavior of the electron gas in nonferromagnetic metals can be understood likewise. In view of the highly degenerate
nature of the gas, the magnetic susceptibility X is given by the Pauli result (8.2.6)
plus the Landau r('"ult (8.2.48). and not by the classical result (8.2.7). In complete
vation, the new result is (i) independent of temperature and
agreement with (i
(ii) considerably smaller in magnitude than the classical one.
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As regards transport properties K and u, the nF 'heory again led to the
Wiedema1l1J-Franz law; the Lorenz number, howt ~ • became (rr2 /3}(k/e)2.
instead of the classical 3(k/e)2. The resulting theoretical value, viz. 2.71 x 10- 13
e.s.u./deg1 , turned out to be much closer to the experimental mean value quoted
earlier. Of course, the situation regarding individual conductivities and the mean
free path of the electrons did not improve until Bloch (1928) developed a theory
that took into 3<.:count interactions among the electron gas and the ion system in
the metal. 111C theory of metals has steadily become more and more sophisticated;
the important point, however, is that its development has all along been governed
by the new statistics!
Before leaving this topic, we would like to give a brief account of the phenomena
of thermionic and photoelectric emission (of electrons) from metals. In vicw of the
fact that electronic emission does not take place spontaneously. we infer that the
electrons inside a metal find themselves caught in some sort of a "potential well"
created by the ions. The detailed features of the potential energy of an electron
in this well must depend upon the structure of the given metal. For a study of
electronic emission, however, we need not worry about these details and m.IY
assume instead that the potential energy of an electron stays constant (at a negative
value, - W, s<\y) throughout the interior of the metal and changes discontinuously
to zero at the surface. Thus, while inside the metal, the electrons move about freely
and independently of one another; however, as soon as anyone of them approaches
the surface of the metal and tries to escape, it encounters a potential barrier of
height W. Accordingly, only those electrons whose kinetic energy (associated with
the motion pelpelldicular to the surface) is greater than W C<tn expect to escape
through the surface barrier. At ordinary temperatures, especially in the absence
of any external stimulus, such electrons are too few in any given metal, with
the result that there is practically no spontaneous emission from metals. At high
temperatures, and more so if there is an external stimulus present, the population
of such electrons in a given metal could hecome large enough to yield a sizeable
emission. \Ve then speak of phenomena such as thermionic effect and photoelectric
effect.
Strictly speaking, these phenomena are not equilibrium phenomena because
electrons are flowing out steadily through the surface of the metal. However, if
the number of electrons lost in a given interval of time is small in comparison
with thdr total population in the metal, the magnitude of the emission current may
be calculated on the assumption that the gas inside continues to be in a state of
quasi-static thermal equilibrium. The mathematical procedure for this calculation
would be very much the same as the one followed in Sec. 6.4 (for determining
the rate of effusion R of the particles of a gas through an opening in the walls of
the container). There is one difference, however: whereas in the ca",c of effusion
any particle that reached the opening with It:;. > 0 could eo;;cape unquestioned, here
we must have: u: > (2W /m )I /2. so that the particle in question could successfully
cross over the potential harrier at the surface. Moreover, even jf this condition
is satisfied. there is no guarantee that the particle )'",ill really escape because the
possibility of an inward reflection cannot be ruled out. In the following discussion,
we shall disregard this possibility; however, if one is looking for a numerical
comparison of theory with experiment, the results derived here must be multiplied
by a factor (J - r), where r is the reflection coefficielll of the surface.

The Electron Gas in Metals
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Thermionic emission (the Richardson effect)
The number of electrons emitted per unit area of the metal surface per unit time
is given by
'--00

R=

00

00

J J J

(7)

pz=(ZmlV )I/2 px=-oo Py= -oo

cf. the corresponding expression in Sec. 6.4. Integration over the variables Px and
p y may be carried out by changing over to polar coordinates (p', ¢), with the
result

J
OG

pz
- dpIII

'

2rr p' dp'
exp{[(pr:!/2m)+(p~/2111) - J1] /kT} + 1

p'=o

'

OJ

4rrkT

h3

J
J
00

= 4mnkT
h3

de~ In [1

(.

+ e /l-Ez)/k T].

(8)

Ez= 1V

It so happens that the exponential term inside the logarithm, at all temperatures
of interest, is much smaller than unity; see Note s. We may, therefore, write
In (1 + x) ~ x, with the result

Jde~e(/l-Ez)/kT
00

4mnkT
R = --:--

h3

Ez = 1V

Z 2

4;rmk T (/l-IV)/ kT
--..,--e
h3

(9)

The thermionic current density is then given by
J = eR = 4rrmek

h3

z

T~e(ll-IV)/AT

(10)

It is only now that the difference between the classical statistics and the Fermi
statistics really shows up. In the case of classical statistics, the fugacity of the gas
is given by (see eqn. (8.1.4), with h /z (z) ~ ;:)

z

/l /k T

e

3

nA
=-

g

2(2;rmkT)3/2 '

(11)

accordingl y,

k )

J elass

= n e ( -?_rr11l

1/2

T l / 2 e-¢fkT

(¢ = W) .

(12)
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In the case of Fermi statistics, the chemical potential of the (highly degenerate)
electron ga<; is practically independent of temperature and is very nearly equal to
the Fermi energy of the gas (I' '" lJ.o = EF); accordingly,

100.0. =

4rrmek

,,3

2

2 - ¢/kT

T e

(¢

= II' -

EFl·

(13)

The quantity 4> is generally referred to as the work fUlJction of the metal. According
to (12), ¢ is exactly equal to the height of the surface barrier; according to (13),
it is the height of the harrier over alld obove the Fermi level (see Fig. 8.5).
Outside

Outside

W

!
Fermi Level
-------------------ft

~L-___Fe_'_m_;_s_ea____

_lJl

HG. 8.5. lbc work function rp of a melal represents thc height of Ihe surface b;lrrilor
0I'('r (lmll/bon: Ih e Fermi lel'c/.

The theoretical results embodied in eqns (12) and (13) differ in certain important
respects. The most striking difference seems to be in regard to the temperature
dependence of the thermionic current density 1. Actually. the major dependence
here comes through the factor exp (- ¢lkT) - so much so that whether we plot
In (J IT' /2 ) against (liT) or In(J IT2) against (liT) we obtain, in each case,
a fairly good straight-line fit. Thus, from the point of view of the temperature
dependence of J, a choice between formulae (12) and (13) is rather hard to make.
However. the slope of the experimental line should give U!i directly the value of
IV if formula (12) applies or of (IV - Ed if formula (13) applies! Now, the value
of HI can be determined independently. for instance, by studying the "refractive
index of a given metal for de Broglie waves associated with an electron beam
impinging upon the metal". For a beam of electrons whose initial kinetic energy
is E. we have
and

"

r

A;" = -J "'[2"",,-'
, (-=
E-+-=IC-:
)
VC7

(14)

so that the refractive ifll]ex of the metal is given by
11 = A""I =
Ai"

(E + IV) 1/'
E

(15)

By studying electron diffraction for different values of E, one can derive the
relevant value of HI . In this manner, Davisson and Germer (1927) derived the
value of IV for a number of metals. For instance, they obtained for tungsten:
W :::: 13.5 eV. The experimental results on thermionic emission from tungsten are
shown in Fig. 8.6. The value of ¢ resulting from the slope of the experimental line
was about 4.5 eV. Tht: large difference between thest
'J values clearly shows that
the classical formula (12) does not apply. That the q" , .• um-statistical formula (13)
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(104/Tin K-l) - - . .
fI G. 8.6. Thermionic current from lung;lcn as a funct ion of the temperature of the metal.
The continuous line corresponds to r = ~ while the broken linc corrcsponcl~ to r = n.
r be ing the reflection-coeffic ient uf the surf.!cc.

applies is supporled is shown by the fact that the Fermi energy of tungsten is very
nearly 9 cV; so, the value 4.5 eV for the work function of tungsten is correctly
given by the difference between the depth W of the potential well and the Fermi
energy Er- To quote another example, the experimental value of the \",ork [unerion
for nickel wa<;j found to he ahout 5.0 eV, while lhe theoretical estimate for its Fermi
energy turns out to be about J 1.8 eV. Accordingly, the depth of the potential well
•
in the case of nickel should be about 16.8 eV The experimental value of ,W,
obtained by studying electron diffraction in nickel. is indeed (17 ± 1) eV.5
The second point of difference between formulae (12) and (13) relates to the
actual value of the current obtained. in this respect, the classical formula turns
out to be a complete failure while the quantum-statistical formula fares re<tsOllavly
well. The value of the constant factor in the latter formula is
~

4."Tmck 2

-~)~ = 120.4 amp cm- 2 oeg-';

II

( 16)

of course, this has yet to be multiplied by the transmission coe/fidem (1 - r). The
corresponding experimental number, for most metals with clean surfaces, turns out
to be in the range 60- 120 amp cm- 2 ueg- 2 .
Finally, we examine the influence of a moderalCly strong electric field on the
thermionic emission from a metal - the so-called Schottky effect. Denoting the
strength of the electric field by F and assuming the nelu to be uniform and
directed perpendicular to the metal surface, the difference f'j, between the potential
energy of an electron at a distance x above the surface and of one inside the metal
is given by
e-o
L'. (x) = IV - eFx - (x > 0),
(17)
4x
where the first
' arises from the potential ' . . . ell of the metal, the second from
the (attractive) nl-,,J present and the third from the attraction between the departing
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electron and the " image" induced in the metal; see
the function !lex) occurs at x = (e/4F)I /2, so that

r

8.7. The largest value of

!l max -- HI - e 3 / 2 F 1/ 2 ,•

(18)

thus, the field has effectively reduced the height of the potential barrier by an
amount e 3/ 2Fl /2. A corresponding reduction should take place in the work function
as well.
F

tt

I

F

I
I

x'I
I

I+e

FIG. 8.7. A schcm.lt ic diagram to illustrate the Schottky effect.

Accordingly, the thermionic current density in the presence of the field F would
be higher than the one in the absence of the field:
(19)

A plot of InCh/io) against (F 1/ 2 /T) should, therefore, be a straight line, with
slope e3/ 2 /k. Working along these lines, de Bruyne (1928) obtained for the electronic charge a value of 4.84 x 10- 10 e.s.u., which is remarkably close to the
actual val ue of e.
The theory of the Schottky effect, as outlined here, holds for field strengths
up to about 106 volts/cm. For fields stronger than that, one obtains the so-called
cold emission, which means that the electric field is now strong enough to make
the potential barrier practically ineffective; for details, see Fowler and Nordheim
(1928).

B. Photoeleccric emission (the Hallwaclls effect)
The physical situation in the case of photoelectric emission is different from that
in the case of thermionic emission, in that there exists now an external agency,
the photon in the incoming beam of light, that helps an electron inside the metal
in overcoming the potential barrier at the surface. The condition to be satisfied by
the momentum component Pc of an electron in order that it could escape from the
metal now becomes

where LJ is the frequency of the incoming light (assumed monochromatic).
Proceeding in the same manner as in the case of thermionic emission, we obtain,
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instead of (8),

J
<Xl

4mnkT
R= --=-h3

[1 + e (J1 -E:)/kT j

dEz In

•

(21)

We cannot, in general, approximate this integral the way we did there; the integrand
here stays as it is. It is advisable, however, to change over to a new variable x,
defined by
(22)
x = (E z - W + hl')/ kT ,
whereby eqn. (21) becomes
~

- 4mn(kT)~
R3
h

J
ex

1-

- vo)
}]
In [ 1 + exp { h(1' kT
-x ,

~_\

(23)

o

where
l/l'o = HI - fJ- :::: HI -

EF

=

4>.

(2-+)

The quantity 4> will be recognized as the (thermionic) work function of the metal;
accordingly, the characteristic frequency vo(= 4>/ h) may be referred to as the
threshold frequency for photoelectric emission from the metal concerned. The
current density of photoelectric emission is thus given by
J

4rrlllek- ~
J =
" Th~

J
X

dx In (1

+i

-

--\ ),

(25)

o
where
8 = h(v - vo)/ l..T.

(26)

Integrating by parts, we find that
X

0:::

J

dxln(l + i - ')=

o

J

oldx

eX -

8

+ 1 =h ci);

(27)

0

see eqn. (8.1.6). Accordingly,

J =

4n:mce ~
8
T- h (e ).

r

1~

(28)

For h(v - vo)>> kT, e8 » 1 and the function h(e8 ) ~ 8'2/2; see Sommerfeld's
lemma (E.15). Equation (28) then becomes

J

~

2mne
- h- (v -

~
1'0 )- ,

(29)

which is completely independent of T; thus, when the energy of the light quantum
is much greater than the work function of the metal, the temperature of the electron
gas becomes a "dead" parameter of the problem. At the other extreme, when v < 1'0
and hlv - vol » kT, then e8 « 1 and the function h(e8 ) ~ e8 • Equation (28) then
becomes
2
4rrmck 2 _(hl'-¢l/kT
(30)
J ~
3
Te
,
h
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which is just the thermionic current density (13), enhanced by the photon factor
exp (/w/kT); in other words, the situation now is very much the same as in the caSe
of thermionic emission, except for a diminished work function cJ>'(= cJ> - hl)). At
the threshold frequency (I) = 1)0),0 = 0 and the function h(e~) = h(l) = rr2/12;
see eqn. (E.14), with j = 1. Equation (28) then gives
(31)
Figure 8.8 shows a plot of the experimental results for photoelectric emission
from palladium (cJ> = 4.97 eV). The agreement with theory is excellent. It will
be noted that the plot includes some observations with I) < 1)0. The fact that We
obtain a fillite photo-current even for frequencies less than the so-called threshold
frequency is fully consistent with the model considered here. The reason for this
lies in the fact that, at any fillite temperature T, there exists in the system a
reasonable fraction of electrons whose energy e exceeds the Fermi energy CF
by amounts O(kT). Therefore, if the light quantum hI) gets absorbed by one of
these electrons, then condition (20) for photo-emission can be satisfied even if
1l1' < (W - cF) = Irl'o. Of course, the energy difference h(l)o - I) must not be
much more than a fe\\ times kT, for otherwise the availability of the right kind
of electrons will be extremely low. We therefore do expect a finite photo-current
for radiation with frequencies less than the threshold frequency, provided that
Jz(l)o - v) = O(J...T).

o 305 K
£>.

400 K

o 830K
•

1008 K
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o
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FIG. 8.8. Photoelectric current from palladium as a function of the quantity h{ ~ - L'U l jkT.
The plot includes data taken at severdl temperatures T for different frequencies ~.

The plot shown in Fig. 8.8, viz. InC] /T2) vs. 0, is generally known as the
"Fowler plot". Fitting the observed photoelectric data to this plot, one can obtain
the characteristic frequency Vo and hence the work function cJ> of the given metal.
We have previously seen that the work function of a metal can be derived from
thermionic data as well. It is gratifying to note that th
is complete agreement
·unction of the various
between the two sets of results obtained for the we
metals.
pro
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8.4. Statistical equilibrium of white dwarf stars
Historicali y, the first application of Fermi statistics appeared in the field of
astrophysics (Fowler, 1926). It related to the study of thermodynamic equilibrium
of white dWGlf stars-the small-sized stars which are abnormal!y faint for their
(white) color. The general pattern of color-brightness relationship among stars is
such that, by and large, a star with red color is expected to be a "dull" star, while
one with white color is expected to be a ··bril!iant" star. However, white dwarf
stars constitute a glaring exception to this rule. The reason for this lies in the fact
that these stars are relatively old ones whose hydrogen content is more or less used
up, with the result that the thermonuclear reactions in them are now proceeding
at a rather low pace, thus making these stars a lot less bright than one would
expect on the basis of their color. The material content of white dwarf stars, at the
present stage of their career, is mostly helium. And whatever little brightness they
presently have derives mostly from the gravitational energy released as a result of
a slow contraction of these stars - a mechanism first proposed by Kelvin, in 1861,
as a "possible" source of energy for all stars!
A typical, though somewhat idealized, model of a white dwarf star consists of a
mass M(~ 1033 g) of helium, packed into a bal! of mass density p(~ 107 g cm- 3 ),
at a central temperature T(~ 107 K). Now, a temperature of the order of 107 K
corresponds to a mean thermal energy (per particle) of the order of 103 e V, which is
much greater than the energy required for ionizing a helium atom. Thus, practical!y
the whole of the helium in the star exists in a state of complete ionization. The
microscopic constituents of the star may, therefore, be taken as N electrons (each
of mass /11) and
helium nuclei (each of mass:::: 4I1lp). The mass of the star is
then given by

!N

(1)
\

and, hence, the electron density by
II

N
M/211lp
= - ::::
V
M /p

P
2/1l p

== - -.

(2)

A typical value of the electron density in white dwarfs would, therefore, be 0(10 3°)
electrons per cm 3 . We thus obtain for the Fermi momentum of the electron gas
(see eqn. (8.1.23), with g = 2)
PF =

(!:)

1/ 3"

= 0(10-

17 )

g cm sec- I.

(3)

which is rather comparable \\ ith the characteristic momentum mc of an electron. The Fermi energy EF of the electron gas will, accordingly, be comparable
with the rest energy mc2 of an electron, i.e. E F = 0(10 6 ) e V and hence the
Fermi temperature T F = 0(10 10 ) K. In view of these estimates, we conclude that
(i) the dynamics of the electrons in this problem is relatidstic and (ii) the electron gas, though at a temperature large in comparison with terrestrial standards,
is, statistically speaking, in a state of (almost) complete degeneracy: (T /T d =
0(10- 3 ). The sec 1 point was fully appreciated, and duly taken into account, by
Fowler himself; t
first one was taken care of later, by Anderson (1929) and by
Stoner (1929 - 30). The problem. in ful! generality, was attacked by Chandrasekhar
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(1931-35) to whom the final picture of the theo(
- white dwarf stars is chiefly
due; for details, see Chandrasekhar (1939), where <1 complete bibliography of the
subject is also given.
Now, the helium nuclei do not contribute as significantly to the dynamics of
the problem as do the electrons; in the first approximation, therefore, we may
neglect the presence of the nuclei in the system. For a similar reason, we may
neglect the effect of the radiation as welL We may thus consider the electron gas
alone. Further, for simplicity, we may assume that the electron gas is ulliformly
distributed over the body of the star; we are thus ignoring the spatial variation of
the various parameters of the problem-a variation that is physically essential for
the very stability of the star! The contention here is that, in spite of neglecting the
spatial variation of the parameters involved, we expect that the results obtained
will be correct, at least in a qualitative sense.
Let us then study the groulld-statc properties of a Fermi gas composed of N
relativistic electrons (g = 2). First of all, we have

j
h3 p dp
PF

N =

8rrV

2

8rrV 1
= 311 3 PF'

(4)

o
whence
PF

=

311)

(8rr

1/ 3

(5)

II.

The energy - momentum relationship for a relativistic particle is
E

+ (p / mctl If?- -

~

~

= 11Ic- [{I

I) ,

(6)

the speed of the particle being
dE
- dp - {I

1/ = - -

(p/m)
.
+ (p/mc)2j1 /2'

(7)

here, m denotes the rest mass of the electron. The pressure Po of the gas is then
given by, see eqn. (6.4.3),
~

PF

p=!N U =8rrj
o 3 V (p )o 3113
{I
o

(p- / m)
2d
+ (p/mcf.J1 /2 p 'P .

e, defined by
mc sinh e,

(8)

We now introduce a dimensionless variable
p =

(9)

which makes
1I

= c tanh

e.

(10)

Equations (4) and (8) then become

8rrVm 3 c3
N=
3
311

. h3
SIn

eF =

8rrVm 3 c3 3
1
x
311-

(11)
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(

and

(12)
where
(13)

with
x

= sinh 8F =

PF/mc

= (3n/8rr)1 /3(h / mc) .

(14)

The function A(x) can be computed for any desired value of x. However, asymptotic results (for x « 1 and x » 1) are often useful; these are given by (see Kothari
and Singh, 1942)
A(x) = ~x5

-

= 2l:4 -

+ ~x9 - 12xll + ..
2\"2 + 3 (In2l: - 172 ) + ~l:-2 + ...
~x7

for

x« 1 }

for

x»

(15)

1

We shall now consider, somewhat crudely. the equilibrium configuration of this
model. In the absence of gravitation, it will be necessary to have "external walls"
for keeping the electron gas at a given density 11 . The gas will exert a pressure
Po(11 ) on the walls and any compression or expansion (of the gas) will involve
an expenditure of work. Assuming the configuration to be spherical. an adiabatic
change in V will cause a change in the energy of the gas, as given by
dEo = -Po(n)dV = -Po(R). 4rrR2 dR.

(16)

In the presence of gravitation, no external walls are needed, but the change in the
kinetic energy of the gas, as a result of a change in the size of the sphere, will still
be given by formula (16); of course, the expression for Po, as a function of the
"mean" density 11, must now take into account the nonuniformity of the system - a
fact being disregarded in the present simple-minded treatment. However, eqn. (16)
alone no longer gives us the net change in the energy of the system; if that were the
case, the system would expand indefinitely till both 11 and PO(II) ~ O. Actually,
there arises now a change in the potelllial energy as well: this is given by
dE8

=

dE 8 )
dR
( dR

=a

GM2
R2 dR,

(17)

where M is the total mass of the gas, G the constant of gravitation, while a is a
number (of the order of unity) whose exact value depends upon the nature of the
spatial variation of 11 inside the sphere. If the system is in equilibrium, then the
net change in its total energy (Eo + E 8 ), for an infinitesimal change in its size,
should be zero; thus, for equilibrium,

a Gill!.
Po(R) = - - - .
4rr R~

(18)

For Po(R) we may substitute from eqn. (12), where the parameter x is now
given by

x

= (311) 1/ 3 ~
8rr

me

= (

9N,)

1/ 3

32rr-

h/mc
R
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or, in view of (1), by
x

= ( 9~
64rr-l1l p

=

) 1/3 h/me
R

(9rrM) 1/3 l1/ mc
Snip
R

(19)

Equation (IS) then takes the form

A ({ 9rrM }1/3 'I / me)
811l p

=

3ah

3

GM

2

4rr 2 m4 e 5 R4

R

Tz / me)3 GM2/R
= 6n:a ( - ~;
R
me-

(20)

the function A(t) is given by eqns (13) and (15).
Equation (20) establishes a one-to-one correspondence between the masses M
and the radii R of white dwarf stars; it is, therefore, generally known as the
mass- radills relatiollship for these stars. It is rather interesting to see the combinations of parameters that appear in this relationship; we have here (i) the mass
of the star in terms of the proton mass, (ii) the radius of the star in terms of the
Compton wavelength of the electron, and (iii) the gravitational energy of the st<lr
in terms of the rest energy of the electron. This relationship, therefore, exhibits a
remarkable blending of quantum mechanics, special relatively and gravitation .
In view of the implicit character of relationship (20), we cannot express the
radius of the star as an explicit function of its mass, except in two extreme cases.
For this, we note that, since M ~ 10 33 g, nil' ~ 10- 24 g and h / mc ~ 10- 11 cm,
the argument of the function A(x) will be of the order of unity when R ~ 10 8 cm .
We may, therefore, define the two extreme cases as follows:
(i) R» 108 cm, which makes .\

R~

(ii) R « 108 cm, which makes
result

~

1 and hence A(x) ~ ~ \:5, with the result

3(9rr)2/3 Tz 2 M - I / 3

~

R~

«

40a

ex M - I / 3

Gmlll;f3

x» 1

and hence A(x) ~ 2x4 - 2x 2 , with the

(M

(9rr)I /3 11 (M) I/3{
)2/3}1/2
1-2 me tn p
Mo

where
Mo =

~
64

(21)

(3rr)1 /2 (Tte/G)3/2

a3

m 2p

(22)

(23)

We thus find that the greater the mass of a white dwarf star, the smaller its size.
Not only that, there exists a limiting mass Mo, given by expression (23), that corresponds to a vanishing size of the star. Obviously, for M > M o, our mass- radius
relationship does not possess any real solution. We therefore conclude that all
white dwarf stars in equilibrium must have a mass less than Mo -a conclusion
fully upheld by observation.
nerall y referred to as the
The correct limiting mass of a white dwarf star i(
,ence of this limit is that
ClIOIldrasekhar limit. The physical reason for the t
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for a mass exceeding this limit the ground-state pressure of the electron
(h
.
gas t al
arises from the fact that the electrons obey the Pauli exclusion principle) would
not be sufficient to support the system against its "tendency towards a gravitational
collapse". The numerical value of the limiting mass, as given by expression (23),
turns out to be ~ 1033 g. Detailed investigations by Chandrasekhar led to the
result:

5.75

M u =-z-0,

(24)

Ile

where 0 denotes the mass of the sun, which is about 2 x 1033 g, while Ile is a
number that represents the degree of ionization in the gas. By definition, Ile =
M /NmH; cf. eqn. (1). Thus, in most cases, Ile :::: 2. Accordingly, M 0 :::: 1.440.
Figure 8.9 shows a plot of the theoretical relationship between the masses and
the radii of white dwarf stars. One can see that the behavior in the two extreme
regions, viz. for R »1 and R « I, is simulated quite well by formulae (21) and
(22) of the treatment given here.
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1.5
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0.5

o

0.1 0.2 0.3 0.4 0.50.6 0.70.8 0.9 1.0

(M/Mo) - - FIG. 8.9. The mass- radius rcl,ltionship for \\hite d\\arf~ (after Chandrasekhar. 1939).
The masses are expressed in lerms of Ihe limiting m$5 M 0 and the radii in lerms of a
characteristic length I, which is given by 7.71/1;1 x lOs em ::: 3.86 x lOs em.

8.5. Statistical model of the atom
Another application of the Fermi statistics \\ as made b} Thomas (1927) and
Fermi (1928) for calculating the charge distribution and the electric field in the
extra-nuclear space of a heavy atom. Their approach was based on the observation
that the electrons in this system could be regarded as a completely degenerate
Fermi gas of lIOIl-ulliform density n(r). By considering the equilibrium state of the
configuration, one arrives at a differential equation whose solution gives directly
the electric potential cptr) and the electron density 11 (r) at the point r. By the very
nature of the IT!
" which is generally referred to as the Thomas-Fermi model of
the atom, the n.:"ulting function II (r) is a smoothly varying function of r. devoid
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of the upeaks" that would remind one of the electr
rbits of the Bohr theory.
Nevertheless. the model has proved quite useful in O\..lIving composite properties
such as the binding energy of the atom. And, after suitable modifications, it has
been successfully applied to molecules, solids and nuclei as well. Here, we propose
to outline only the simplest treatment of the model, as applied to an atomic system;
for further details and other applications, see GombOs (1949, 1952) and March
(1957), where references to other contributions to the subject can also be found .
According to the statistics of a completely degenerate Fermi gas, we have exactly
two electrons (with opposite spins) in each elementary cell. of the phase space,
with P:::: PF; the Fenni momentum PF of the electron gas is determined by the
electron density II, according to the formula
(1 )

In the system under study, the electron density vCiries from point to point; so
would the v~llue of PF. We must, therefore, speak of the limiting momentum PF
as a function of r, which is clearly a " quasi -classical" description of the situation.
Such a description is justifiable if the de Broglie wave length of the electrons in a
given region of space is much smaller th a n the distance over which the functions
Pf(r), II (r) and ¢(r) undergo a significant variation; later on. it will be seen that
thi s requirement is satisfied reasonably well by the heavier atoms.
Now, the lOlal energy E of an electron a1 the top of the Fermi sea at the p oint
r is given by
I
E(r) = - p}(r) - e¢(r) .
(2)
2111
where e denotes the magnitude of the electronic charge. \Vhen the system is in a
stlltiOlWry state, the value of E'(r) should be the same througho ut, so that electrons

anywhere in the system do not have an overall tendency to "flow away" towards
other parts of the system. Now, at the boundary of the system, PF must be zero;
by a suitable choice of the zero of energy. we can also have ¢ = 0 there. Thus,
the value of £ at the boundary of the system is zero; so must, then, be the value
of £ throughout the system. \Ve thus have, for all r,
1

,

- Pie(r) - e¢(r) =
2111

O.

(3)

Substituting from (I) and making use of the Poisson equation,

,

= -4rrp(r) = 4rrell(r) .

(4)

V'¢(r) = 4e(2I11e)'/2 {¢(r)}'/'.

(5)

V-¢(r)

we obtain

3",,'

A<Slllning spherical symmetry, eqn. (5) takes the form

~~
, dr

r-

{r2

~

r} =

d r ¢( )

4e(2I11e)3/2 { (r)}3/2
3"
¢
,
rt,1

(6)
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which is kno'
S fhe Thomas - Fermi equation of the system. Introducing dimensionless variables x and <1>, defined by

x=2

(

4

3"

)2/3

mel
ZIl3_,_ ,=
T!-

ZI /3

0_885340.

r

(7)

and
<1>(,) = ¢(r) •

(8)

Ze/r
where Z is the atomic number of the system and
hydrogen atom, eqn_ (6) reduces to

dB

the first Bohr radius of the

<1>3/ 2
;el/ 2 .

(9)

Equation (9) is the dimensionless Thomas-Fermi equation of the system. The
boundary conditions on the solution to this cquLltion can be obtained as follows.
As we approach the nucleus of the system (r ----)0 0), the potential ¢(r) approaches
the unscreened value Zel,.; accordingly, we must have: <I>(x --+ 0) = 1. On the
other hand, as we approach the boundary of the system (r --+ ' 0), ¢(r) in the case
of a neutral atom must tend to zero; accordingly, we must have: 4>(x ~ xo} = O.
In principle, thcse two conditions are sufficient to determine the function <1>lx)
completely . However, it would be helpful if one knew the initial slope of the
function as well, which in turn would depend upon the precise location of the
boundary. Choosing the boundary to be at infmity (ro ::- (0), the appropriate initial
slope of the function <1>(r) turns out to be very nearly -1.5886; in fact, the nature
of the solution near the origin is
<I>(x) = 1 - 1.5886-,

+ 1-,31 2 + ---

(10)

For x> 10, the approximate solution has been determined by Sommerfeld (1932):

,,'}-I/A
C44)
{
1+

<I>(x) '"

(11)

where
Ie = "

'(73) - 7
'" 0.257 _
6

(12)

As x ~ 00, the solution tends to the simple form : 4>(x) R:; 144/x 3 . The complete
solution, which is a monotonically decreasing function of x, has been tabulated by
Bush and Caldwell (193]). As a check on the numcrical results, \\c note that the
solution must satisfy the integral condition

J
OG

<1>3/' x ii' dx = 1.

(13)

o
which expresses the fact that the integral of the electron densit} ,,(r) over the
whole of the space available to the system must be equal to Z. the total number
of electrons present.
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From the function <1>(x), one readily obtains the electric potential ¢(r) and the
electron density nCr):
Ze (
¢ (r) = -<1>
r

13

)
rZ /
O.88534ali

IX Z 4/3

(14)

Z2.

(15)

and
(2me)3/2

nCr) =

3rr2T1 3

?

{¢(r)}3/-

IX

Figure 8.10 shows a Thomas-Fermi plot of the electron distribution function
D (r){= nCr) .4rrr2} for an atom of mercury; the actual "peaked" distribution,
which conveys unmistakably the preference of the electrons to be in the vicinity
of their semi-classical orbits, is also shown in the figure.
To calculate the binding energy of the atom, we should determine the total
energy of the electron cloud. Now, the mean kinetic energy of an electron at the
point r would be ~ eF(r) ; by eqn. (3), this is equal tu ~e¢(r). The total kinetic
energy of the electron cloud is, therefore. given by
~e

x

I ¢ (r)n (r) . 4rrr2dr.

(16)
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FlO. 8.10. The electron distribution function D(r) for an atom of mercury. The distance
r is expressed in terms ot the atomic unit of length a(= h2 / mil).

For the potential energy of the cloud, we note that a part of the potential ¢(r) at the
point r is due to the nucleus of the atom while the rest of it is due to the electron
cloud itself; the former is clearly (Zel r), so the latter must be {¢(r) - Zel r}. The
total potential energy of the cloud is, therefore, given by
-e

[ze
1 {
ze}]n(r)· 4rrr dr.
- ; + 2" ¢(r) - -;:

1
00

o

2

(17)
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Wo thus obtain for the total energy of the cloud
Eo =

"'{
1
r"

.

lZe'} lI(r)· 4rrr-dr;
,

- e¢(r) - - 10
2 r

(18)

of course, the electron density lI(r), in terms of the potential function ¢ (r), IS
given by eqn. (15).
Now, Milne (1927) has shown that the integrals
"-

II¢(r)}'/'r' dr

I'" I¢(r)}'/'r dr ,

and

o

(1 9)

o

that appear in the expression for Eo. can be expressed directly in terms of the initial
slope of the function <I>(x), i.e. in terms of the number -1.5886 of eqn. (10). After
a little calculus, one finds that

E = 1.5~~6
o 0.88534

(i' )Z
2n"

7i 3

(~

_

7

1)

'

(20 )

whence one obtains for the (Thomas- Fermi) binding elfergy of the ato m:
1':"

=-

Eo = 1.538Z 7I3 X.

(21 )

where X(= e2/2a8 ::: 13.6 eV) is the (actual) binding energy of the hydrogen ato m.
It is clear that our statistical result (21) cannot give us anything more than ju~t the
first term of an " asymptotic expansion" of the binding energy Elj in powers of the
parameter Z - I/3. For practical values of Z. other terms of the expansion are also
important; however, they cannot be obtained from the simple-minded treatn1cnt
given here. The interested reader may refer to the review article by March (1957).
In the end we observe that, since the total energy of the electron cloud is
proportional to Z7/3 , the mean energy per electron would be proportional to Z ·"3;
accordingly, the mean de Broglie wavelength of the electrons in the cloud would be
pro}Xlrtionai to Z - 2/3. At the same time. the overall linear dimensions of the cloud
are proportional to Z·- I/3; see eqn. (7). We thus find that the quasi ~c1ass ical description adopted in the Thomas- Fermi model is more appropriate for heavier atoms
(so that Z -2/3 «Z- I/3). Otherwise, too, the statistical nature of the approach
demands that the number of particles in the system be large.

Pcoblems
8.1. LId the Fermi distribution ar low h'mpl! ratu n~!i he re prc.~ ent cd by a brokt'/1 lillc. as shm\ n in
Fig. S. ll , the line hei ng tangenlial to the actual curve at r = It. Show that thil. approximate represcntation yidd<; a "correct" rcsult for the low-tl!mperalUrc specific heat of the F~rm i gas, (''(cept t h~ t
the numerical factor turns out 10 be smalle r hy a fac tor of 4/rr"!.. D iscuss. in a qualitative nlanner. the
origin of the numerica l disc repancy.
8.2. For a Fermi- Di rac gas, we may defi ne a temperature To at \\ hich Ihe chemical potential of
the gas is zero (.:;: = I ). Express Til in terms of the Fermi lemper:l.lure T F of Iht' ga~.
[Hillt: Usc cqn. (E. 14).)
8.3. Show that for an ideal Fermi g,Is
t
,

(a, ) __
aT

p -

~
2T

h:,(,)
h ,(oj"
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FIG. 8.11. An approximate representation of the Fermi distribution at low temperatures:
here, x = E/kT and Ii = /J. /kT .
cf. eqn. (8.1.9). Hence show that

5

fs/2(~)h/2(Z)

"3

[f 3/2(Z»2

Check that at low temperdtures

(kT)
2
EF

7[2
y ~ I+ -

3

8.... (.t) Show that the isothcrnldl compressibility KT and the adiabatic compressibil ity KS of an
ideal Fermi g,!S are given by

lid:)
IlkT I 3/2(~ )
I

K T = - -- - ,

3

h/2(z}

KS=--

51lkT 1 5/2(Z)

•

where 11 (= N I V) is the particle density in the gas. Check that at low temperatures

-3- [ 1 - -7[2 (kT)2]
- 21l EF
12 EF
.

KT~

3
[ 1- -57[ 2 (kT)2]
KS--- 21l EF
12
EF

(b) Making use of the thermodynamic relat ion

Cp - Cy

=T

ap ) (av)
( -aT y -aT p

= TVKT

( -ap )2
aT y

show that

Cp - Cy
4 C y I t/2(Z )
Cy
= 9 Nk 13/2(:)

~_

7[ 2

3

(kT)2
EF

«

(kT

EF ).

(c) Finally, making use of the thermodynamic relation y = KT/KS, verify the results of
Problem 8.3.
8.5. Evaluate (alp/aT!)", (a 2 /J./aT 2 ),. and (a 2 /1/aTl)p of an ideal Fermi ga, and check that your
results satisfy the thermodynamic relations

C ~. = VT

_-_
a' p)
( aT2

-NT

(0' )
- /J.

aT2

L'

and

a2/J.)
Cp = -NT ( aT2 p .
Examine the low-temperature behavior of these quantities.

'L'

Problems
8.6. Show

tr
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, velocity of sound w in <In ideal Fermi gas is given by

where (1,12) is the mean square speed of the particles in the gas. Evaluate
compare it with the Fermi velocity /,IF.
8.7. Show .hat fot an ideal Fermi gas
(u)

in the limit z ~ co and

(~)=~fr(')h(l) .

"
tI

tv

" 1!J/2(,>I'

being the speed of a particle. Further show that at low temperatures
(It)

1+ ,,'
- (kT)']
;
( 1) 9l
8
12
-

:::-

f.:F

1/

cr. Problem 6.6.
8.8. Obtain numerical estimates of the Fermi energy (in eV) and the Fermi temperature (in K) for
the following systems:

(i) conduction electrons in silver, lead and aluminum,
(ii) nucleons in a heavy nuclt!us, such as R1 Hg 200 , and
(iii) HeJ atoms in liquid helium three (atomic volume: 63 A~ pt:r alOm).
8.9. Makins usc of another term of the Sommerfeld lemma (E.15), show that in the secolIIJ npprOX'
the chemical polential of a Fermi gas at low temperatures is given hy

illllJtiul!

It ::::: £F

[ ",12 (kT)' "'SO (kT)']
1- -

-

FF

- -

-

(8.1.35a)

£O F

and the mean energy per particle by

U'" 5~£, [1 + 5"'12 (kT)' _,,'16 (kT)'] .
N

EF

(H.1.;l7.)

f.: F

Hence determine the T3·correction to the clC>tomary T'·result for the specific heat of an e lectron gas.
Compare the magnitude of the T3. tt!nn, in a typical mew! such as copper, with the low-tcmptrdture
specific heat arising from the Debye modes of the lattice. For further term s of these expansions, see
Kiess (1987).
8.10. Consider an ideal Fermi gas, with energy spectrum E ex V, Luntained in a he" of "\'olume"
V in a space of " dimension... Shew. that, for this system.

.

s

(0) PV = -U;

"

v
(ii) C . =
NIc

(iii)

Cp

1) I("I-~l+ '(:) _ (~)2
Cv = (S(\,)21(1I/~1-1
~ (~+
s

-

f "ls(:)

s

s

I,, /s (z)

;

/ ("Is)' tC.::)

(z);

Nk

tlNJ..

f II/S(Z )

(iv) the equation of an (Idinbm is: PV '+(s/n) = canst.,

+

(v) the index (l
(s/ n» in the foregOing equation agrees with tht: ratio (Cp / Cv) of the gas only
when T » TF . On the other hand, when T « TF . the ratio (Cp/ Cy) ::::: t + (1f2 / 3)CkT/Ed'!.,
irrespective of the values of sand".

8.11. Examine results (ii) and (iii) of the preceding problem in the high-temperature limit (T » T F)
as well as in the low-temperature limit (T « T F) , and compare the resulting expressions with the
oncs pertaining to a nuntelativistic gas and an eXtreme rclativb,tic gas in three dimensions.
8.12. Show that, in two dimensions, the specific heat CdN, T) of an ideal Fermi gas is identical
with the spedfil: heat of an ideal &sc ga:,,>, for all Nand T.
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[Hint : It will suffice to show that, for given Nand T , the thermal energies of the tWO systems
differ at most by a constant. For this, first show that the fugacities, IF and lB , of the two systems are
mutually rel ated:

Next, show that the functions !2 (ZF ) and g 2(ZB) are also related:

IF

=g2 ( - -

1 + ZF

)

+-1 In2 ( I+ ZF )·
2

It is now straightforward to show that

Ed N . T) = EB (N . T)

+ const..

the constant being EF (N. 0). ]
8.13. Show that, quite gellerally, the low-temperature behavior of the chemical potcntial, the specific
he.lt and the entropy of an ideal Fermi gas is given by

Jl::O:: Er

Tf2

[

1- -

(Oln at€) )

6

aIn E

E~EF

(kT)
2]
EF

and

where a CE) is the del/sity of (tlze smgle-pllrucle) stlltes in the system. Exam ine these re,ults for a gas
with energy spectrum E ex p', con fined to a space of II dimensions, and discuss the special cases:
s = I and 2, with II = 2 and 3.
[Him: Use eqn. (E. 16).]
8.14. Investigate the Pauli param agnetism of an ideal gas of ferm lOns with intrinsic magnetic moment
J.L ' and spin JT!(J =
~
and derive expressions for the low-temperature and high-temperature
susceptibil ities of the gas.
8.15. Show that expression (8.2.20) for the paramagnetic susceptibility of an ideal Fermi gas can
be written in the form

!. .... ),

Using this resu lt, verify eqns (8.2.2-1) and (8.2.27).
8.16. The observed val ue of y. see eqn. (8.3.6), for sodium is 4.3 x 10- 4 cal molc- 1 K- 2 . Evaluate
the Fermi energy E F and the number density /I of the conduction electrons in the sodium metal.
Compare the lattcr result with the number density of atom; (gi ven that, for sodium. p = 0.95-1 g cm- 3
and !vl = 23).
8.17. Calcu latc the fraction of the conduction electrons in tungsten (EF = 9.0 cV) at 3000 K whose
kinetic energv E(= ~ mlf2 ) is greater th~n W(= 13.5 eV ). Also calculate the fraction of the electrons
whose kinetic energy associated with the ~·component of their motion, namely ( ~mlfn, is greater
than 13.5 eY.
8.18. Show that the ground-state energy Eo of a relativistic gas of electrons is given by

whe re
A(x) and x be ing given by eqns (8.4.13) and (8.4. 14). Check that the foregoing result for Eo and

eqn. (8.4.12) for Po satisfy the

thermodyn~ m ic

Eo + PoF = N/lU

relations
and

Po = -(IJEo/u\' )v.

NOles
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8.19. Show that the low-temperature specific heat of the relativisitic Fermi gas, studied in Sec. 8.4,
is given by
c~· = rr2 (r2 +,1)1/2 kT,
:r- Nk
xme·
me

(

PF)

Check that this formula gives correct results for the nonrelativistic casc as well as for the extreme
relativistic case.
8.20. Express the integrals (8.5.19) in terms of the initial slope of the function 4>(r), and verify
cqn. (8.5.20).
8.21. The total energy E of the electron cloud in an atom can be \uitten as

where K is the kinetic energy of the electrons, V" e the interaction energy between the electron,
and the nucleus, and l'le the mutual interaction energy of the electrons. Show that, according to the
Thomas-Fermi model of a neutral atom,
K

= -E.

V"'

= +~E

and

Vee =

-1E.

th,lt total V = (V lie + V ,, ) = 2E. Note thJI these results are consistent with the "irialtheorem: see
problem 3.20, \\ ith II = -1.

<;0

Notes
I We therefore speak of the tot.llity of the energ~ levels tilled at T = 0 as "Ihe Fermi sea" Jnd the
small fraction of the particles that arc excited ncar the top, when T > 0, as a "mist ahO\'e the sea".
Physically speaking, the origin of this behavior again lies in the PJuli e"clusion principle. according
[0 which a fermion of energy E cannot absorb a quantum of thermal excitation ET if the energy level
E + ET is already filled. Since ET = O(kT) , only those fermions which occupy energy levels near thc
top level EF, up to a depth O(kT), can be thermally excited to go over to the available energy levels.
2 Sec, for instance, Gol'dm'lI1 et al. (l960); Problem 6.3.
3 To justify the assumption that "the conduction electrons in a metal may be treated as :fr.:c·
electrons", it is necessary to ascribe to them an effective mass m' -I m. This is an indirect \\ ay of
accounting for the fact that the electrons in a metal are not really free; the ratio Ill' fill accordingly
depends upon the structural details of the metal and, therefore, varies from metal to metal. In sodium.
/II' fill ~ 0.98.
4 Another way of expressing the electron density is to write: N jV = f pjM, \\here f is the valenc}
of the metal, p its mass density and M the mass of an atom (pj M , thus, being the number density of
the atoms).
5 In the light of the numbers quoted here, one can readily see that the quantit} efp.-E,)/kT in eqn. (8).
being at most equal to e(p.o-W)/kT == e-¢/kT, is, at all temperatures of interest, much smaller than unit} .
This means that we are operating here in the (Maxwellian) tail of the Fermi - Dirac distribution and
hence the approximation made in going from eqn. (8) to eqn. (9) is justified.
6 In writing this condition, we have tacitly assumed that the momentum components p, and p ,. of
the electron remain unch.Inged on the absorption of a photon.

CHAPTER 9

STATISTICAL MECHANICS OF INTERACTING SYSTEMS:
THE METHOD OF CLUSTER EXPANSIONS

the systems considered in the previous chapters were composed of, or could
be regarded as composed of, lIoll-interacting entities. Consequently, the results
obtained, though of considerable intrinsic importance, may have limitations when
applied to systems that actually exist in nature . For a real contact between the
theory and experiment, one must take into account the interparticle imeractions
operating in the system. This can be done with the help of the formalism developed in Chapters 3- 5 which, in principIc, can be applied to an unlimited variety
of physical systems and problems; in practice, however, one encounters in most
cases serious difficulties of analysis. These difficulties are less stringent in the case
of systems such as low-density gases, for which a corresponding non-interacting
system can serve as an approximation. The mathematical expressions for the
various physical quantities pertaining to such a system can be written in the form of
series expansions, whose main terms denote the corresponding ideal-system results
while the subsequent terms provide corrections arising from the interparticle interactions in the system. A systematic method of carrying out such expansions, in
the case of real gases obeying classical statistics, was developed by Mayer and his
collaborators (1937 onward) and is known as the method of cluster expa1lSions.
Its generalization, which applies to gases obeying quantum statistics, was initiated by Kahn and Uhlenbeck (1938) and was perfected by Lee and Yang (1959a,
b; 19GOa,b,c).
ALL

9.1. Cluster expansion for a classical gas
We start with a relatively simple physical system, namely a single-component,
classical, monatomic gas whose potential energy is given by a sum of two-particle
interactions lIi j . The Hamiltonian of the system is then given by
H

=L

(~ p~) + L..

. , 2m
I

lI;j

(i. j

= 1. 2.. ... N) ;

(1)

l< }

the summation in the second part goes over all the N(N - 1)/ 2 pairs of particles
in the system. In general, the potential lI;j is a function of the relative position
232
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vector rij(= rj - r i ); however, if the two-body force is a central one, then the
function u ij depends only on the interparticle distance rij.
With the above Hamiltonian, the partition function of the system would be given
by, see eqn. (3.5.5),

QN(V. T)=

11 3N
N.h

I { ,( z) ,}
exp

- fJL -1Pi
.
I

-fJLU'j

2m

. .
1< ]

d 3Npd 3Nr .

(2)

Integration over the momenta of the particles can be carried out straightforwardly,
with the result
QN (V . T)

=

1 3 '-'
ND. '

I

exp

[-fJ~. U;i]d 3Nr = N!)"1 3NZN (V . T).

(3)

1<]

where A{= h / (2nmkT)1/Z} is the mean thermal wavelength of the particles,
while the function ZN(V, T) stands for the integral over the space coordinates
rl, r2, . . . , rN :

ZN(V , T) =

I

3N
exp [-fJt;;Uij] d r =

In

(e- tluif )

d

3N
r.

(4)

1<]

The function ZN(V, T) is generally referred to as the configuration integral of the
system. For a gas of non-interacting panicles, the integrand in (4) is unity; we
then have
N
(0)
V
(5)
and QN (V,T)= N!)..3N '
in agreement with our earlier result (3.5.9).
To treat the non-ideal case we introduce, after Mayer, the two-particle function
fij, defined by the relationship

f

"u··
ij = e - "']
-

1.

(6)

In the absence of interactions. the function fi j is identically zero; in the presence
of interactions, it is nonzero but at suffiCiently high temperatures it is quite small
in comparison with unity. We therefore expect that the functions f ij would be
quite appropriate for carrying out a high-temperature expansion of the integrand
in (4).
A typical plot of the functions u ij and f ij is shown in Fig. 9.1; we note that
(i) the function f;j is everywhere bounded and (ii) it becomes negligibly small
as the interparticle distance r ij becomes large in comparison with the "effective"
range, ro, of the potential.
Now, to evaluate the configuration integral (4), we expand its integrand in
ascending powers of the functions f i/
ZN(V , T)

=

In(1+
1<)

f ii ) d3rl ... d3rN
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~. 1.

A Iypical plot of the tv.u-Ixxly potential function
Mayer function lij -

IIi)

and the corrnponding

A co nvenient way of enumerating the various term s in (7) is to associate each
term with a corresponding N -particle graph. For ins tance, if N were R, the temlS
IA

= J f34f 68 dJr, ... dJI"B

and

tB

= J i,2i'4i., d 3 r, ... d'rR

(8)

in the expansion of the configuration integral Z8 could be associated with the
8-partic1e graphs

CD ® ® 0]

l

® ~ ®-®

and

®JD],
®'® @J@

l

CR®

(9)

respectively. A closer look at the terms fA and In (and at the corrcsp()nding g raphs)
SllggC.~ ts that we oetter regard these terms as s uitably factorized (and the graphs
correspondingly decomposed), that is,
IA =

Jd JI",J d'r,I dJl"s J dJ,.,I i 34 dJrJd'r,J i6s d' r.d' r,

- [CDJ· [@J. [@J·[0J·[@---€>J·[®-@J

(10)

and similarly
In

== J if]/:, J (/ 31"5 Jd 3 ,s J f

3
12/ 14 dJ'1 dJr], d '4.r f 67 d3 r6 d 3' 7

:; [®J.[®J.[@J.[@---0J.[

>Q

®@

J.

(11)

We may then say that the term fA in the expansion of the integral Z8 represents
one particle each and two
a "configuration" in which there are four "clusters'
" c1ustcni" o f two particles each, whi le the term In I"'vrescnts a "configurat ion" in

C1Ll~{er
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which there arc three "clusters" of onc particle each. onc j'c1uster" of two particles
and one "cluster" of three particles.
In view of this, we may introduce the notion of an N-parlicle graph which,
by definition, is a "collection of N distinct circles, numbered 1,2,. _. • N, with a
number of lines linking somc (or al1) of the circles"; if the distinct pairs (of circles).
which are linked through these lines. are denoted by the symbols a, {J, ... , A (each
of thl.'Sc syrnools denoting a distinct pair of indices out of the set 1, 2 •. .. , N),
then the graph represents the term
(12)

or the expansion (7). A graph having the Same numhcr of linked pairs as this one
but y.~th the sct (ai, fl, ... • }..') distinct from the set (a . /3•. .. ,),,) will he counted
as it distinct graph, for it represents a different term in the expansion; of course,
these terms will belong to one and the same group in the exp<:tnsion. Now, in \'iew
of the onc-to-one correspondence betwecn the various terms in the expansion (7)
and thc various N-particle graphs, we Iwve
ZN(V, T) = slim of all distinct N-particle graphs.

(13)

Further, in view of the possible factorization of the vmious terms (or the possible
decomposition of the various graphs), we may introduce the notion of an I-clUSTer
which, by definitiun, is an " I-particle graph in which each of the I circles, numbered
1, 2, . . . , I, is directly or indirectly linked with every other circle". As an example,
we wri te here a 5 particle graph which is also a 5-c1usler:
w

It is ofwious thaI a cluster cannot be decomposed into simpler graphs inasm uch
as the corresponding term cannot be factorized into simpler tenns. Furthermore, a
group of I particles (except when 1=1 or 2) Ctin lead to <i v<:triety of i-clusters,
some of which may he equal in value; for insHlnce, a group of three p<irticles leads
10 four different 3-clusters, namely

-

and

A.

(15)

of which the first three arc equal in value. In view of the variety of ways in which
tin i-cluster Can appear, we may introduce the notion of a clUSTer integral hi,
defined hy
I
b,(V, T) = "'1'"' A""''3t'' ""'tC""'V"""' x (the sum of all possible {-clusters).

(16)

So defined, the cluster integral b/ (V, T) is dimensionless and, in the limit V ---+ 00,
approaches a finite value, -b/(T), which is independent of the size and the shape of
the container
less the latter is unduly queer). The first property is obvious. The
second one flJ •.0WS by noting that if we hold one of the I particles fixed, at the
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point T, say, and carry out integration over the coord
S of the remaining (I - t)
particles, then, hecause of the fact that the functions J ij extend only over a small
finite range of distances. this inregration WQuid extend only over a limited region of
the space available-a region whose linear dimensions arc of the order of the range
of the functions fij;' the result of this integration will be practically independent
of the volume of the containcr. 2 Finally. we integrate over the coordinates T, of
the particle that Was held fixed and obtain a straight faclor of V; this cancels
out the V in the denominator of lhe defining formula (16). Thus, the dependence
of the cluster integral b/(\'. T) On the size of the container is no more than a
mere "surface effect" - an effect that disappears as V ----+ 00, and we end up with
a volume-independent number iJt(T).
Some of the simpler cluster integrals are
(17)

1", = IJ!

b , = 2A3vl~J= 2A 3 V

3
["d'1
rld
r2

J
NO

= 2"
).3

(e- lI (r) / IT -l)r2 dr.

(18)

6: JJ

(19)

o

=

2b~ +

[1,[IJ[nd3rl2d3rI3.

6

and so on.
We now proceed to evaluate the expression in (13). Obviously. an N-particle
graph will consist of a number of clusters of which, say, Ill, arc I-clusters, Ill'!.
are 2-c1usters, 1113 are 3-c1usters, and so on; the numhers {md Jl1U~t satisfy the
condition

"

Llml=N.

mt=O.1.2 ..... N.

(20)

1= 1

However, a given set of numbers {mt} lloes not specify a unique, single graph; it
represents a "collection of graphs" the sum total of which may be denoted by the
symbol S{m,J. We may then write
ZN(V. T)

= ~ ' Sf",,}.

(21)
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where the. .ned summation ~' goes over all sets {nil} that conform to the
restrictive condition (20). Equation (21) represents a systematic regrouping of the
graphs, as opposed to the simple-minded grouping that first appeared in (7).
Our next task consists of evaluating the sum S{md. To do this, we observe that
the "collection of graphs" under the distribution set {tnl} arises essentially from
the following two causes:
(i) there are, in general, many different ways of assigning the N particles of
the system to the ~I Inl clusters, and
(ii) for any given assignment, there are, in general, many different ways of
forming the various clusters, for even with a given group of I particles an
I-cluster (if I > 2) can be formed in a number of different ways; see, for
example, the four different ways of forming a 3-c1uster with a given group
of three particles, as listed in (15).
For cause (i), \\ e obtain a straightforward factor of
N!

N!

(22)

TI(l!)"'/ .

(1 !)"'1 (2! )"'~ ...

I

Now, if cause (ii) were not there, i.e. if all/-clusters were unique in their formation,
then the sum S{IIlI} would be given by the product of the combinatorial factor (22)
with "the value of anyone graph in the set-up, viz.

11 (the value of an l-cluster)III"/.

(23)

I

further corrected for the fact that any two arrangements which differ merely in the
exchange of all the particles in one cluster with all the particles in another cluster
of the same size, mllst flot be counted as distinct, the corresponding correction
factor being
(24)
A little reflection now shows that cause (ii) is completely and correctly taken care
of if we replace the product of the expressions (23) and (24) by the expression 3

11 [(the slim of the values of all possible l-dusters)lII/ /1IIt!]

(25)

I

which, with the help of eqn. (16), may be written as

11 [(bl/! A3(/-IJV)"'/ /1II1!]

(26)

I

The sum S{ml} is now given by the product of the factor (22) and the expression
(26). Substituting the result into (21). we obtain for the configuration integral
3N

ZvW. T) = N! A

l..:' [11 {(hi A~)"'/ ~}] .
Imil

I

1111·

(27)
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Here, use has been made of the fact that

II ()..3/r' = A3I~, lm, =

A3N ;

(28)

I

see the restrictive condition (20). The partition function of the system now follows
from eqns (3) and (27), with the result
(29)
The evaluation of the primed sum in (29) is complicated by the restrictive
condition (20) which must be obeyed by every set (md. We therefore move over
to the grand partition function of the system:
00

.d(z, V, T)

=L

ZN Q",(V , T) .

(30)

N =O

Writing

(31)
I

substituting for QN(V. T) from (29), and noting that a restricted summation over
sets {ml }, subject to the condition L , 1m, = N, followed by a su=ation over all
values of N (from N = 0 to N = (0) is equivalent to an unrestricted summation
over all possible sets {ml}, we obtain

and, hence,
1
1 :x;
-In
d
=
'"' biz' .
V
)..3L

(33)

1=1

In the limit V

--+ 00,

we write
(34)

and
(35)
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Equations (34) and (35) constitute the famous cluster expansions of the
Mayer-Ursell formalism. Eliminating the fugacity parameter z among these
equations, we obtain the equation of stale of the system.

9.2. Vidal expansion of the equation of state
The approach developed in the preceding section leads to rigorous results only
if we apply it to the gaseous phase alone. If we attempt to include in our study the
phenomena of condensation, the critical point and the liquid phase, we encounter
serious difficulties relating to (i) -the limiting procedure involved in eqns (9.1.34)
and (9.1.35), (ii) the convergence of the summations over I, and (iii) the volume
dependence of the cluster integrals b,. We therefore restrict our study to the gaseous
phase alone. The equation of state may then be written in the form
p

00

....!!.
= "~
kT

a, ().3)'-1
v
(T)

(1)

-

' =1
where v(= V IN) denotes the volume per particle in the system. Expansion (I).
which is supposed to have been obtained by eliminating z between eqns (9.1.34)
and (9.1.35), is called the virial expansion of the system and the numbers a,(T)
the )'irial coefjicicnts. 4 To determine the relationship between the coefficients a,
and the cluster integrals V" we invert eqn. (9.1.35) to obtain;: as a power serie~
in ().3 Iv) and substitute this into (9.1.34). This leads to elIn. (I), with
(2)

I

'X

a2

=

- Ih = -

~:

(e - U(r)/ kT

-1) r 2 dr,

(3)

o

II
X

a3

= 4b ~z -

.
2V3

=-

1
3).6

o
a4

=

-20b~

IX

!

I d 13! 23 d-3 r12

d'1 r/3.

(4)

0

+ 18b2b3 - 3h4 = ...

(5)

and so on; here, use has also been made of formulae (9.1.17-19). We note that
is completely determined by the quantities hI> hz, . . . , b" i.e. by
the coefficient
the sequence of configuration integrals 2 1 .22 .... ,2,; see also eqns (9.4.5 - 8).
From eqn. (4) we observe that the third virial coefficient of the gas is deter-

a,

~ mined solely by the 3-c\uster

A

. This suggests that the higher-order vi rial
2
3
coefficients may also be determined solely by a special "subgroup" of the various
I-clusters. This is indeed true, and the relevant result is that, in the limit of infinite
volumeS,
I- I
(6)
= - - -{3'-1 (l > 2).

0,

I
where {3'- 1 is the so-called irreducible cluster integral. defmed as

fh - I -

1
(l - I)!)..

3(1

-

I)

V

x (the sum of all irreducible I-clusters);

(7)

,
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by an irreducible I-cluster we mean an "I-particl!:
I.ph which is muItiplyconnected (in the sense that there are at least two entirely independent,
non-intersecting paths linking each pair of circles in the graph)". For instance, of
the four possible 3-clusters, see (9.1.15), only the last one is irreducible. Indeed,
if we express eqn. (4) in terms of this particular cluster and make use of the
definition (7) for fh. we obtain for the third virial coefficient

(8)
in agreement with the general result (6).6
The quantities fJl - b like bl, are dimensionless and, in the limit V ~ 00,
approach finite values which are independent of the size and the shape of the
container (unless the latter is unduly queer). Moreover, the two sets of quantities
are mutually related; see eqns (9.4.27) and (9.4.29).

9.3. Evaluation of the virial coefficients

If a given system does not depart much from the ideal-gas behavior, its equation
of state is given adequately by the first few virial coefficients. Now, since {II = 1,
the lowest-order vi rial coefficient that we need to consider here is {/2, which is
given by eqn. (9.2.3):

J(1 00

{l2

= -b2 = ~:

e- lI (r)/ kT) r2 dr,

(1)

o

being the potential energy of interparticle interaction. A typical plot of the
function lI(r) was shown in Fig. 9.1 ; a typical semi-empirical formula is given by
(Lennard-Jones, 1924)
/I(r)

lI(r) = 4e [

C) 12- C) 6]

(2)

It wiII be noted that the most significant features of an actual interparticle potential
are well simulated by the Lennard-Jones formula (2). For instance, the function
u(r) given by (2) exhibits a "minimum", of value -e, at a distance ro(= 21 /6a )
and rises to an infinitely large (positive) value for r < a and to a vanishingly small
(negative) value for r » a. The portion to the left of the "minimum" is dominated
by repllisive interaction that comes into play when two particles come too close to
One another, while the portion to the right is dominated by attractive interaction
that operates between particles when they are separated by a respectable distance.
for most practical purposes, the precise form of the repulsive part of the potential
is not very important; it may as well be replaced by the crude approximation

u(r) =

+00

(for r < ro).

(3)

which amounts to attributing an impenetrable core, of diameter ro, to each particle.
The precise form of the attractive part is, however, important; in view of the fact
that there exists good theoretical basis for the sixth-power attractive potential (see
Problem 3.36), this part may simply be written as

l/(r) = - uo(ro / d

(r ~ rv).

(4)
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The potential
.:n by expressions (3) and (4) may, therefore, be used if one is
only interested in a qualitative assessment of the situation and not in a quantitative
comparison between the theory and experiment.
Substituting (3) and (4) into (1), we obtain for the second virial coefficient

The first integral is straightforward; the second one is considerably simplified if
we assume that (ull/kT)« 1, which makes the integrand very nearly equal to
-(uo / kT)(1"0 / 1")6. Equation (5) then gives

(6)
Substituting (6) into the expansion (9.2.1), we obtain a first-order improvement on
the ideal-gas law, viz.

kT. { 1 +
2rrl"6
P-::::.- ( I - -u() ) }

3,'

I'

= -kT

{

l'

1+

B2

(7a)

kT

(T)} , say.

(7b)

l'

The coefficient B 2 , which is also sometimes referred to as the second virial coefficient of the system, is given by

=a,A-

B,

3

2rrro3

(1 -

-::::. - -

3

-I/o ) .
kT

(8)

In our derivation it was explicitly assumed that (i) the potential function u(r) is
given by the simplified expressions (3) and (4), and (ii) (l/o / kT) « I. We cannot,
therefore, expect formula (8) to be a faithful representation of the second virial
coefficient of a real gas. Nevertheless, it does correspond, almost exactly, to the
1'011 del" }Vtwls approtimatioll to the equation of state of a real gas. This can be
seen by re"" riting (7a) in the form

( P+

2rrrbll0)
,
_~ -kT
3u-

v

2rrr6) ~_kT- ( 1 -Zirr6)
--

( 1+--

3v

- I

3c

l'

which readily leads to the van der Waals equation of state

(p +:2) (v -

(9)

b) -::::. kT.

where
and

b

2m· 3

= __0
3

=4vo.

(10)

We note that the parameter b in the van der Waals equation of state is exactly four
times the actual molccular valu11lc 1"0. the latter being the "volume of a sphere
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of diameter ro"; cf. Problem 1.4. We also note that in this derivation we have
assumed that b « v, which means that the gas is sufficiently dilute for the mean
interparticle distance to be much larger than the effective range of the interparticle
interaction. Finally, we observe that, according to this simple-minded calculation,
the van der Waals parameters a and b are temperature-independent, which in reality
is not true.
A realistic study of the second virial coefficient requires the use of a realistic
potential, such as the one given by Lennard-Jones, for evaluating th~ integral in (1).
This has indeed been done and the results obtained are shown in Fig. 9.2, where
the reduced coefficient B 2(= Bz/r~) is plotted against the reduced temperature
T' (= kT j e):
00

B; (T') = 2n J(l - e- II'(r')/T')r'2dr' ,

(11)

o
with
(2)

1.5

o

i

- 1.5

;:;;;
~
~

-3.0

• Ar
N2

o

Classical

• CH4

'" Ne
- 4.5

• H2
• He

- 6.0

'-_.L.---'-_ _<----'-_-'-_--'---1

1

2

5
(kT!£)

10

20

50 100

--+

FIG. 9.2. A dimensionless plot showing the temperature dependence of the second vi rial
coefficient of several gases (after Hirschfelder et al.• 1954).

r' being equal to (rjro); expressed in this form, the quantity B2 is a universal function of T'. Included in the plot are experimental results for several gases. We note
that in most cases the agreement is reasonably good; this is especially sat~sfying
in view of the fact that in each case we had only two adjustable parameters, ro
and e, against a much larger number of experimental points available. In the first
place, this agreement vindicates the adequacy of the Lennard-Jones potential for
providing an analytical description of a typical interparticle potential. Secondly, it
enables one to derive empirical values of the respective parameters of the potential;
for instance, one obtains for argon: ro = 3.82 A and ej k = 120 K.7 One cannot
fail to observe that the lighter gases, hydrogen and helium, constitute exceptions
to the rather general rule of agreement between th,
~ory and experiment. The
reason for this lies in the fact that in the case of the::._ gases quantum-mechanical
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effects assume considerable importance-more so at low temperatures. To subs tan·
tiate this point, we have included in Fig. 9.2 theoretical curves for I h and He
taking into account the quantum-mechanical effects as well; as a result, we find
once again a fairly good agreement between the theory and experiment.
As regards higher-order vi rial coefficients (l > 2), we confine our discussion to
a gas of hard spheres alone. We then have
/l(r) =

TO}

(13)

r <

TU} .

r>

TO

(14)

+00 for r
0

for

<
r> ru

and, hence.
f(r) = -1

0

for
for

The second viTial coefficient of the gas is then given by
(15)

d. (0). The third viTial coefficient can be determined with the help of
eqn. (9.2.4), viz.

(16)

To evaluate this integral, we first fix the positions of particles 1 and 2 (such that
r12 < 1"0) and let particle 3 take all possible positions so that we can effeq an
integration over the variable '13; see Fig. 9.3. Since our integrand is equal to - 1

2

FIG. 9.3.

) when each of the distances 'n and rn (like
we have

I"I :! )

is less than ro and is 0 otherwise.

(17)

where the primed integration arises from particle 3 taking all JX>Ssible positions of
interest. In view of the conditions 1'13 < ro and '23 < roo this integral is precisely
equal to the "volume commOn to the spheres SI and S2. each of radius roo centered
al Ihe fIXed p
; 1 and 2"; see Fig. 9.4. This in lurn can be oblained by calculaling
the "vol ume :0. •• ~pt by the shaded area in the figure on going through a complete

The Method of Cluster Expansions

244

revolution about the line of centres". One gets:

{

V[rJ -(rl2 / 2)2]

J'd 3 rI3

J

=

{2(r6 - l ) I/ 2 - r12}2rrydy.

(18)

o

y

' 12

.1.'0-' 12
2

FIG. 9.4.

While the quantity within the curly brackets denotes the length of the strip shown
in the figure, the element of area 2rr\' dy arises from the revolution; the limits of
integration for y can be checked rather easily. The evaluation of the integral is
straightforward; we obtain

'
3.
J

dl I3

4rr

{3

=] ro -

3r6r12
4

ri2 } .
+16

Substituting this into (17) and carrying out integration over

(19)
r12,

we finally obtain

5rr2 r 6
5
a = __
0 = _ a2
3
18A 6
8 2·

(20)

The fourth virial coefficient of the hard-sphere gas has also been evaluated exactly.
It is given by (Boltzmann, 1899; Majumdar, 1929)8

= { 1283

a
4

8960

~ . 73J(2) + 1377{tan- J(2) - rr/4} } a3
2
1120rr
2
1

+

= 0. 28695a~ .

(21)

The fifth and sixth virial coefficients of this system have been computed numerically, with the results (Ree and Hoover, 1964)
a5

=

(0.1103 ± O. OO3){/~

(22)

an

=

(0.0386 ± 0.004 )a~.

(23)

and
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Ree and Ho _r's estimate of the seventh virial coefficient is 0.0127 a~ , but the
error in the evaluation of this coefficient has not been specified.

9.4. General remarks on cluster expansions
Shortly after the pioneering work of Mayer and his collaborators, Kahn and
Uhlenbed. (1938) initiated the devcIopment of a similar treatment for quantummechanical systems. Of course, their treatment applied to the limiting case of
classical systems as well but it faced certain inherent difficulties of analysis, some
of which were later removed by the formal methods developed by Lee and Yang
(1959a, b; 1960a,b,c). We propose to examine these developments in the remaining
sections of this chapter. First, however, we would like to make a few general observations on the problem of cluster expansions. These observations, due primarily
to Ono (1951) and Kilpatrick (1953), are of considerable interest insofar as they
hold for a very large class of physical systems. For instance, the system may
be quantum-mechanical or classical , it may be a multi-component one or singlecomponent, its molecules may be polyatomic or monatomic, etc. All we have to
assume is that (i) the system is gaseous in state and (ii) the partition functions
QN(V, T) , for some low values of N, can somehow be obtained. We can then
calculate the "cluster integrals" b f, and the virial coefficients 01, of the system in
the following straightforward manner.
Quite generally, the grand partition fUlictioll of the system can be written as
(1)

where we have introduced the "configuration integrals" ZN(V. T), defined in
analogy with eqn. (9.1.3) of the classical treatment:

(2)
Dimensionally, the quantity ZN is like (a volumet; moreover, the quantity Zo
(like Qo) is supposed to be identically equal to 1. while Zl(- ).3Qd is identically
equal to V. We then have. in the limit V ~ oc.

P

kT

= V1 In d =
=

ZI(Z)1
). + Z2(Z)2
2! ).
+ ... }

1 {
V In 1 + 1!

1 x
Lhl::.I, say.

).3

3

3

(3)

(4)

1=1

Again, the last expression has been written in analogy with the classical expansion
(9.1.34); the coefficients b l may, therefore, be looked upon as the cluster integrals
of the given system. Expanding (3) as a power series in ::. and equating respective
coefficients with the VI of (4), we obtain
1

Vl=VZI - 1,

(5)

(6)
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(7)
(8)

and SO on. We note that, for all I > I, the Sum of the coefficients appearing within
the parentheses is identically equal to zero. Consequently, in the case of an ideal
classical gas, for which Zj = Vi t see eqn. (9.1.4), all cluster integrals with / > 1
vanish. This, in turn, implies the vanishing of all the viTial coefficients of the gdS
(except, of course, 0, which is idenlically equal to unity).
Comparing eqns (6) - (8) with eqn. (9.1.16), we find that the expressions
involving the products of the various Zj that appear within the parentheses play
the same role here as "the sum of all possible I-clusters" does in the classical
case. \Ve therefore expect that, in the limit V ---7 00, the 1;1 here would also be
independent of the size and the shape of the container (unless the latter is unduly
queer). This, ill turn, requires that the various combinations of the Zj appearing
within the parentheses here must all be proportional to the first power of V.
This observation It: ads to the very interesting result, first noticed by Rushbrooke,
namely
h, =

1

-

3(
,_
I

I! A - )

x (the coefficient of V' in the volume expansion of Z,).

(9)

At this stage, it seems worthwhile to point out that the expressions appearing
within the parentheses of eqns (6) - (8) are well known in mathematical statistics
as the semi-im'uriallls of Thiele, TIle general formula for these expressions is

(... ), == lid/! A3 (1- I)V}
=

I' 2:::,<_I)L,m
", [(L'
[m, J

III, -

I

l)! n. {(Z'/7'"
}]
mi'

(10)

I

where the primed summation goes over all sets {m,} that conform to the condition

,

Limj=l;

(11 )

m, = O,1.2 ....

1=1

Relations inverse to (10) can be written down by referring to eqn. (9.1.29) of the
classical treatment; thus
Z .\1=

M'. A~\I Q, H
- M.I A3.11 ,~
,'

n {(Vb
"'--"-'-,:-'-M

Imt! 1=1

/A3)m, }
I '

(12)

III/ •

where the primed summation goes over all sets {md that conform to the condition
M

Llm,=M;

111/=0.1 , 2 . . .

(13)

1= 1

The calculation of the virial coefficients lI/ now com
of a straightforward step
that involves a use of formulae (5) - (8) io conjunction with formulae (9.2.2. - 5). It
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appears, however, of interest to demonstrate here the manner in which the general
relationship (9.2.6) between the virial coefficients al and the "irreducible cluster
integrals" f31 - 1 arises mathematically. As a bonus, we will acquire yet another
interpretation of the f3k.
Now, in view of the relations

P = Lim
-kT
I'-x

(1)
1"'V/~/
d
- In
V

=

00

).3

(14)

~

1= 1

and
(15)

we can write
P(~)

J
z

1 d~

(16)

= 11).3 = ).3/t".

(17)

kT =

v (~)~·

o

We introduce a new variable x, defined by
t

In terms of this variable, eqn. (15) becomes
x

x(z) =

L Ib/~/,

(18)

1=1

the inverse of which may be written as (see Mayer and Harrison, 1938; also
1938)
~(x) = x exp {-¢(.\"»).

K~hn,

(19)

In view of the fact that, for z « 1, the variables ~ and x are practically the same,
the function ¢(x) must tend to zero as x ~ 0; it may, therefore, be expressed as
a power series in x:
:x::

¢(x) =

L f3kxk .

(20)

k=1

It may be mentioned beforehand that the coefficients f3k of this expansion are ultimately going to be identified as the "irreducible cluster integrals" f31-1. Substituting
) from eqns (17), (19) and (20) into eqn. (16), \ve get
P(x)

kT =

J
x

x

1

).3 {:;

I

-¢(X)} dx=

o

1
).3

[

x-

JX{XlL
0

k f3Al

} dt1

k=1

(21)

Combining (17) and (21), we obtain
(22)
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Comparing this result witb the virial expansion (9.2.1), we arrive at the desired
relationship:
/- 1
(23)
a/ = ---13/-1 (l > 1).
I

In view of the generality of the present approach, the 13k appearing here may be
regarded as a generalization of the irreducible cluster integrals of Mayer.
Finally, we would like to derive a relationship between the 13k and the fJ/ . For
this, we make use of a theorem due to Lagrange which, for the present purpose,
states that "the solution x(z) to the equation

.;:(x)
is given hy

= xl f

[d
x(z) = L ".,
J.
x

_j

j

l

-

dl=j - l
5

j=l

(24)

(x)

U(m

j] "

(25)

;

~=O

it is obvious that the expression within the square brackets is (j - I)! times "the
coefficient of ; j -l in the Taylor expansion of the function {f(;)}j about the point
~ = 0". Applying this theorem to the function

f(x)

= exp {¢(x)} = exp

{t

f3k X"}

=

fi

exp (f3k Xk ).

(26)

we obtain

x(z)

=

f

~~ (j -

) =1

I)! x {the coefficient of

~j-l in the Taylor expansion

J.

of

IT

exp (jf3kt) about

~ = o} .

Comparing this with eqn. (18), we get

hj

1 x { the coefficient of ~). l in
= -:z
]

=

II L ]'13
:x:

k=1

..!..
'2

, I'II'l

L-

(mkl k=1

]

[

(

ml:?::

0

k )'nk
,
mk.

~kmk

(j 13k )mk
, '

1}
(27)

mk·

where the primed summation goes over all sets {mk} that eonform to the condition
j-I

Lkmk

=j

- I;

mk

= 0, I , 2, .. .

(28)

k= l

Formula (27) was fust obtained by Mrs Mayer in 1937. Its inverse, however,
was established much later (Mayer, 1942: Kilpatrick, 1953):
JJ.

1-11 - 1

I

....

= L ( - 1) .£.. ·",· - 1
I

f~ I

I

(I - 2., r I·m I·) !

(1- 1)!

II (jh)m;
I

.

I

,

/IIi!

(29)
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summation goes over all sets {mil that conform to the condition
I

L(i - l)m; = I -

1;

m; = 0, 1, 2, . . . .

(30)

;= 2

It is not difficult to see that the highest value of the index i in the set {11l;} would
be I (the corresponding set having all its 111; equal to 0, except ml which would
be equal to 1); accordingly, the highest order to which the quantities V; would
appear in the expression for f31 - 1 is that of VI. We thus see once again that the
virial coefficient al is completely determined by the quantities hi, V2 , ... , VI.

9.5. Exact treatment of the second vi rial coefficient
We now present a formulation, due originally to Beth and Uhlenbeck (1936,
1937), that enables us to make an exact calculation of the second virial coefficient
of a quantum-mechanical system from a knowledge of the two-body potential
lI(r)Y In view of eqn. (9.4.6),

v,- =

1

ry

-a1 = - - ( Z, - Z - ).

-

2)...3V

-

(1)

1

For the corresponding non-interacting system, one would ha\·e
v (O)

=

2

_ a (O)

2

= _ 1_ (Z (O) _ Z (0 )2).
2)...3V 2
I
'

(2)

the superscript (0) on the various symbols implies that they pertain to the noninteracting system. Combining (1) and (2), and remembering that ZI = Z~O) = V,
we obtain
Vry - v(U) = -1- (Z, _ z (O»
(3)
-

2

2)...3v

-

2

which, by virtue of the relation (9.4.2), becomes
)...3

)...3

_

-(Ol

V2 - viO) = - (Q2 - Q~O) = - Tr (e - fJH2 - e-fJH2 ).
(4)
V
V
For evaluating the trace in (4), we need to know the eigenvalues of the two-body
Hamiltonian which, in turn, requires the solving of the Schrodinger equation lO
(5)

where

(6)
Transforming to the centre-oJ-mass coordinates R {= ~ (rl
coordinates r{= (r2 - rd)' we have
-

+ r2)}

and the relative

IJ!a (R , r) = ,I'
·(R),I, (r) = { _ I_ e;(Pj.R)/Tl } 1!; (r)
'of' J
'of' n
V l i :!
. II
,
with

p~

E a --

J

2(2m)

+ CIl·

(7)

(8)
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Here, P denotes the total momentum of the two panicles and 2m their total mass
•
while E denotes the energy associated with the relative motion of the particles; the
symbol ex refers to the set of quantum numbers j and II that determine the actual
values of the variables P and E. The wave equation for the relative motion will be

{-

(~'

2 "2111

) '17; + lI(r)} 1/!.. (r) =

E.. 1/!" (r).

(9)

4111 being the reduced mass of the particles; the normali zation condition for the
relative wave function will be
(10)

Equation (4) thus becomes

~L
•

ih - 'bin) =

{e- f3Ea

_

°) }

e- fJE1

3

" - pl"I'm ' " { _""
= -A '~
e J
~ e I"''' - e

V

j

_0,/0) }
1'"

•

(11 )

/I

For the first sum we oblClin

L

J
00

-IW~/4111 4JTV
e , '" - 1z3-

_R.IJ'!./4m

e"

1 2

8 / \/
P dP = - ),3 '
2

(12)

0

J

so that eqn. (11) becomes
1;2 -

jj~O) =

L {e-

jjE " _

SIP

.

e-P£~OI }

.

(13)

The next step consists in examining the energy spectra, Ell and £~~). of the two
systems. In the case of a non-interacting sys tem, all we have is a "continuum"
c(O)

..

= .L

2(~1n)

= h' k'
In

(14)

(k = pl h).

with the standard density of s tates g(O) (k). In the case of an interacting system,
we may have a sct of discrete eigenvalues £R (that correspond to "bound" states),
along with a "continuum"
En

II'k'
= - -

(5)

(k = pi li).

In

with a characteristi c density of states g(k). Consequently, cqn. (13) can be
written as

v, - !J~O) = 8 ' /' L
R

00

e-""

+ 8 )/' f e- IJI"" I" (g (k) -

g<O)(k)} dk.

(16)

o

where the summation in the first part goes over all b(
the two-body interaction.

j

states made possible by
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The next thing to consider is the density of states g(k). For this, we note that,
since the two-body potential has been assumed to be central, the wave function
¥rll (r) for the relative motion may be written as a product of a radial function x(,.)
and a spherical harmonic y(iI, \0):
(17)

Moreover, the requirement of symmetry, namely ljJ(-r) = 1/I(r) for bosons and
1/I(- r) = - lfr(r) for fermions, imposes the restriction that the quantum number I
be even for bosons and odd for fermions. The (outer) boundary condition on the
wave function may be written as

X,,(Ro) = 0,

(18 )

where Ro is a fairly large value (of the variable r) that ultimately goes to infinity.
Th~ asymptotic form of the function Xk1 (r) is well known:

XkI(r) ex sin {kr - ' ;

+ ~' (k)} ;

(19)

accordingly, we mllst have

kRo -

Irr

2 + ~,(k) =

nrr ,

II

= 0, 1,2.. ..

(20)

TIle symbul TJI (k) here stands for the scattering phase shift, due to the two-body
potential u(r), for the Ith parlial wave of wave number k .
Equation (20) determines the full spectrum of the partial waves. To obtain an
expression for the respective density of state g, (k), we observe Ihal Ihe wa'"e
number difference tJ.k between two consecutive slales II and Ii + I is given by rhe
formula
R
d~' (k)} D.k = rr
(21)

{ 0+

so Iha(
g, (k) =

dk

'

21 + 1
21 + 1 {
a~' (k)}
=
Ro +
;
D.k
rr
ak

(22)

the factor (21 + 1) has been included here to take accounl of Ihe facl Ihal each
eigenvalue k perlaining lu an llh parlial wave is (21 + I)-fold degenerate (because
the magnetic quantum number m can take any of the values I. (I - 1) •... . -I,
) without affecting the eigenvalue). The total density of states, g(k), of all partial
waves of wave numbers around the value k is Ihen given by

,,'

1 '\~'

g(k) = ~ Ii, (k) = rr ~ (21

,

,

+ 1) { Ro + a~,uk(k)} ;

(23)

o.

note Ih al the primed summation L ' goes over I =
2. 4 .... in the case of
bosons and over I = 1. 3 , 5 .. "" in the case of fennion s. For the corresponding
nun -interacting case, we have (since all T)r(k) = 0)

,' (21
g(O' (k) = -Ro ,
LI[

,

+ 1).

0-1)
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Combining (23) and (24), we obtain
g(k) - g (O) (k)

1~'

L, (21 + 1) ory,ok(k) .

= -

"

(25)

Substituting (25) into (16), we obtain the desired result

which, in principle, is calculable for any given potcntialu(r) through the respective
phase shirts ry, (k).
Equation (26) can be used for determining the quantity b 2 - hiO) . In order
to determine hz itself, we must know the value of b~O). This h(ls already been
obtained in Sec. 7.1 for bosons and in Sec. 8. I for fermions; see eqns (7.1.13) and
(8.1.17). Thus
(01

b2 =

{OJ

- (12

J

(27)

= ±2S/ 1 '

where the upper sign holds for bosons and the lower sign for ferrnions. It may be
noted that the foregoing result can be obtained directly frum the rdationship
I}U) = _ 1_ (2 (0) _ 2 (0) 2) = A)
2

2A)V

2

(Q(O) _ ~Q(O)')

V'

I

2

I

by substituting for Q~U' the exact expression (5.5.25):

.(0) II
}.) [{I2 (V)'
1 (V)'}
I (V)']
}.) ± 25/2
}.)
- 2 }.)

li2 =

1

= ±25/"

(28)"

It is of interest to note that this result can also be obtained by using the classical
formula (9.1.18) and substituting for the two-body potential 11(1") the "statistical

potential" (5.5.28): thus
bioI =

~~

J'"
°
J'"

(e-"'(' l/kT - 1)1"' dl"

e- 2rr,.2 p.2 ,.2 dr = ± _1_
25/ 2 '

::::: ± 2.rr
A)

(29)

o
As an illustration of this method, we shall calculate the second virial coefficient
of a gas of hard spheres. The two-body potential in this case may be written as
u(r)

= +00
=0

for
for

r < ro}

r>"o

(30)

The scattering phase shifts 'U(k) can now be detennincd by making use of the
(inner) boundary condition, namely that x(r) = 0 for all I" < ro and hence it
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vanishes as r -+ ro from above. We thus obtain (see, for example. Schiff, 1968)
Til (k) = t an

- 1

it(kro)
n l(krO)

(31)

,

where j l (x) and nl (x) are, respectively, the "spherical Bessel functions" and the
"spherical Neumann functions" ;
sinx
,
x

j a(X) = -

sinx -xcosx

il (X) = ----=--Z
x

h ex) =

(3 - xZ)sinx - 3xcosx
3

x-

and
cosx
x

na(x) = - - - .

n I (x) = -

cosx+xsinx

7lZ(x) =

?

'

x, . -.

Accordingly,
Tla(k) = tan- I
Tll(k) = tan-

{-

I {

tan (kro)} = -kro ,

-

(32)

tan (kro) - kro }
I
= - {kro - tan- (kro)}
1 -r kro tan (kra)

(kro)3

Ckro)5

3

5

= - - - + - - - ...
T)z(k ) = tan- I {

=_

(33)

tan (kro) - 3 (kro)/[3 - (kroP] }
1 + 3 (kro ) tan (kro)/(3 - (krO)2]

{kro _ tan- 1

r
3(kro ), } = _ (k O)5
3 - (kro)45

+ " ',

(34)

and so on. We now have to substitute these results into formula (26). However,
before doing that we should point out that, in the case of hard-sphere interaction,
(i) we cannot have bound states at all and (ii) since, for alll, Til (0) = 0, the integral
in (26) can be simplified by a prior integration by parts. Thus, we have

(35)

Substituting for l = 0 and 2 in the case of bosons and for I = 1 in the case of
fcrmions, we obtain (to fifth power in rotA)
iJ2 -

iJ~O) = - 2 ( ~ ) 1 = -orr

rr2

103

(~

f -'"

(~)3 + 18rr2(~)5 _ ...

(Bose)

(36)

(Fermi),

(37)

which may be compared with the classical result -(2rr/ 3 )(ro/A)3.
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The Method of Cluster Expansions

9.6. Cluster expansion for a quantum-mechanical system
When it comes to calculating b 1 for I > 2 we have no fonnula comparahle
in simplicity to formula (9.5.26) for V2' This is due to the fact that we hav~
no treatment of the I-body problem (for I > 2) which is as neal as the phaseshift analysis of tht: two-body problem. Nevertheless. a formal theory for tht!
calculation of higher-order "cluster integrals" has been developed by Kahn and
Uhlenbeck (1938); an elabordlion by Lee and Yang (1959a, b; 1960a,b,c) has

made this theory almost as good for treating a quantum-mechanical system a....
Mayer's theory has been for a classical gas. TIle basic approach in this theory is
to evolve a scheme for expressing the grand partition function of the given system
in essentially the same way as Mayer's cluster expansion docs for a classical gas.
However, because of the interplay of quantum-statistical effects and the dfeds
arising from interparticle interactiuns, the mathematical structure of this theory is
cunsiderably involved.
We consider here a quantum-mechanical system of N identical particles enclosed
in a box of volume V. The Hamiltonian of the system is assumed 10 be oflhe form

""" 'Vi + '".
2

H, N = -

2m

N

L

L u(rij).

i=1

1< ]

(1)

Now, the partition function of the system is given by

u

=

L J{WZ(1"", N)e-ffi" Wu(1. , .. , N)} d

3N

r,

(2)

a V

where the functions 'lIa are supposed to form a complete set of (properly
symmetrized) orthonolTTlal wave functions of the system. while the numbers
1, ... , N denote the position coordinates r i ' .. . , r N. respectively. We may as well
introduce the probability density operator W", of the system through the matrix
elements
(1 ' , . " , N'}W Nil, ' .. , N )

= N! ),3N I: [WaO ' , .. "

N' )e-fi'NW~(1, ' .. , N)}

a

a

We denote the diagonal clements of the operator
W N(l , ' , , , N); thus

WN

by the symbols

W oV ( l, ' .. , N) = N! A3N L{Wa (1 , ''' , N)W~ (l , ... , N)}e- fE .,

(4)

a

whence eqn. (2) takes the form
(5 )
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A comparison of eqn. (5) with eqns (9.1.3) and (9.4.2) shows that the "trace
of the probability density operator ~V N" is the analogue of the "configuration
integral " Z lv , and the quantity W NO, . . .. N ) d 3N r is a measure of the probability
that the "configuration" of the given system is found to be within the interval
[ (ri, ... ,IN), (n + drl, ... , r.v + dr.v)].
Before we proceed further, let us acquaint ourselves with some of the basic
properties of the matrix element.. (3):
(i)

<l'rW

11) = ).3
I

L
p

{_I_
~V

1_
~V

ei (P.r ; l/ h _

2m
e - i (P'TI l/h} e-{3p2 /

(6)

d . eqn. (5.3.14) for the density matrix of a single particle. The
foregoing result is a manifestation of the quantum-meChanical, not
quamum-statistical, correlation between the positions rand r ' of a given
particle (or, for that matter, any particle in the system). This correlation
extends over distances of the order of A which is, therefore, a measure
of the linear dimensions of the wave packet representing the particle. As
T -+ x , and hence }. -+ 0, the matrix element (6) tends to zero for all
finite values of Ir; - r ii.

(7)

(ii)
consequently, by equ. (5),

(8)

(iii) Whatever the symmetry character of the wave functions Ill, the diagonal elements W N(1 . .... N) of the probability density operator IV >I are
symmetric in respect of a permutation among the arguments (1, ... , N).
(iv) The elements W N(I , ... , N) are invariant under a unitary transformation
of the set {w,,),
(v) Suppose that the coordinates rl • ... , r ,\ ' arc such that they can be divided
into two groups, A and B, with the property that any two coordinates, say
r i and r j , of which one bclongs to group A and the other to group B, satisfy
the conditions that
(a) the separation rij is much larger than the mean thermal wavelength A
of the particles, and
(b) it is also much larger than the effective range ro of the two-body
potential, then

(9)
where rA and rB denote collectively the coordinates in group A and group B,
respectively. It is not easy to furnish here a rigorous mathematical proof of
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this property, though physically it is quite un
tandabIc. One can see this
by noting that, in view of conditions (a) and \,,, ), there docs not exist any
spatial correlation between the particles of group A on one hand and the
particles of group R on the olher (either by virtue of statistics or by virtue of
interparticle interactions). The two groups, therefore, behave towards each
other like hvo independent entities. It is then natural that , to a very good
approximation, the probability density W N of the composite configuration
be equal to the product of the probability densities W A and W B.
\Ve now proceed with the fonnulation. First of all, to fix ideas about the approach
to be foHowed, we may consider the case with N = 2. In that case, as rl Z -+- co,
we expect, in view of property (v) above, that
(10)

In general, however, IV,(I , 2) will be different from 1V,(I)W,(2). Now, if we
denote the difference between IV,( I. 2) and IV, (I) IV ,(2) by the symbol U,(I . 2).
then, as I'I Z --) co,
U,(1. 2) --+ O.
(11 )

It is not difficult to see that the quantity Vz(l, 2) is the quantum-mechanical
analogue of the Mayer fUnction f jj. With this in mind, we introduce a sequenc!:
of cluster functiolls VI defined by the hierarch y l2
(I ' I", til) = ([' IVdl),

(12)

(I ' . 2'1",,11. 2) = (1' IVdl ) (2' JVd2) + (I' . 2'IV,ll. 2).

(13)

(l '. 2' . 3'. 1"'311. 2.3) = (1 ' JVdl ){2' IVd2){3' JUd3)

+ (l'IUdl){2'. 3' IV,12. 3)
+ (2' IVd2){I '. 3' IV,II. 3)
+ (3' IUd3){ 1'. 2' IU,II. 2)
+ (I '. 2'. 3'J V3 11. 2. 3).
VI is thus defined with the

(14)

and so On. A particular function
help of the first I
equations of the hierarchy. The last equation in the hierarchy will be (writing only
the diagonal clements)

IV N (1 ..... N) =

L' {L [U,O .. . U,O](U, O· · · U,OJ ... } .
{mil

p

ml faL10rs

(15)

f112 £aclors

where the primed summation goes over all sets {mJ} that conform to the condition
N

Llml=N;

m/= 0.1.2. .. .

(16)

1= 1

Moreover, in selccting the arguments of the various VI appearing in (15), out of the
numbers 1. '.' , N, One has to remember that a permutation of thc arguments within
the same bracket is not regarded as leading to anything distinctly different from
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Lp then denotes a summation

~efore the permutation; the symbol

over all disltuct ways of selecting the arguments under the set {In,}.
Relations inverse to the ones written above are easy to obtain. One gets

(l'IDlll) = (l' II""I ),

(17)

(1', 2'IVzII, 2) = (r, 2' II"zll, 2) - (1' IIVIII)(2' IWll2),

(18)

(I ' , 2'. 3'I D311 , 2, 3) = (I ' , 1', 3' IW 3 11, 2, 3)

- (l' IIV,I1)(t.3' IW z I2,3)
- (2' 1li' ,,2)(I', 3' II"z ll,3 )
- (3' IIV"3 ) (I', 2' liv z ll, 2)

I"

+ 2(1 ' IIV II 1)( 2' 1

(19)

112)(3' 11" .13).

and so on; compare the right-hand sides of these equations with the expressions

appearing within the parentheses in eqns (9.4.5 - 7). We note that (i) the coefficient
of a general term here is

(_1)1"" -'
where

LI""

(~I11' - I}.

(20)

is the number of the WII in the term, and (ii) the sum of the coefti-

cien,s of all the terms on the right-hand side of eqns (18), (19), .. . is identically
zero. Moreover, the diagonal elements U, (1, .. .. I) , just like the diagonal elements
of the operators WII' are symmetric in respect of permutations among the arguments (I , . .. , /), and are determined by the sequence of the diagonal elements
IV" IV 2 , ••. , IV,. Finally, in view of the property (v) of the IV", as embodied in
formula (9), the U J possess the following property:

U,(I. . .. , I) '" 0

(21 )

rij» )" ro;

if

here, rij is the separation between any two of the coordinates (1. .. . . /).13
We now define the «cluster integral" bl by the formula

b,(V, T) = II )3(11 ')v

J

(22)

U,(I, . .. . /)d 3/ r;

cf. eqn. (9.1.16). Clearly, the quantity b, (V , TJ is dimensionless and, by virtue of
property (21) of the elements U,(l, .. . , I) , is practically independent of V (so long
as V is large). In the limit V -----}o co, bl(V , T) tends to a finite volume-independent
value, which may be de no led by 'hl (T). \Ve then obtain for the partition function
of the system, see eqos (5) and (15).
QN(V , 1') = NI

~.3.v J

d

3N
r

{I:'[I:
t/lll }

P

[U, ... U,J[U, . .. U,J ...

J}

(23)

(24)
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In writing the last result we have made use of the fact that. since a pennutation
among the arguments of the functions VI does not affect the value of the integral concerned, the ~ummation over P may be repl aced by anyone tenn of the
summa tion. multiplied by the number of distillct permutations allowed by the sel
IIII/} ; cf. Ihe corresponding producl of Ihe numbelS (9.1.22) and (9. 1.24). Making
usc of the definilion (22), eqn. (24) can be written as

>.:.v I:' [rrlbIA3(1-llv)ml/III/ !}]

Q,dV , 1") =

1",, 1 I= J

=

E,[N
g{(

V)",I

b1 ).,3

1 }]
IIlI !

;

(25)

ag3in, usc has been made of the fact that

n

(A 3/ ),",

J Lim/
1

= A

= A3.v,

(26)

I

Equalion (25) is formally identical wilh eqn. (9.1.29) of Mayer's theory. The
subsequent development of the formalism. leading to the equation of state of the
system, win also be formally identical with that theory. Thus. we finally obtain

PI'"

- =- ~bl.)
kT
A' L- -.

and

(27)

I-I

There are. however, important physical differences. We may recall that the
calculation of the cluster integrals h i in the classical case involved the evaluation
of a number of finite, 31-dimensional integrals. The corresponding calculation in
the quantum-mechanical case requires a knowledge of the functions VI and hence
of all WI!' with 1/ ~ I ; this in turn requires solutions of the II-body Schr6dinger
equation for all 1/ ~ /. The Q:lSC I = 2 can be handled neatly, as was done in
Sec. 9.5. For I > 2, the mathematical procedure is rather cumbersome. Nevertheless, Lee and Yang (1959a, b, 1960a,b,c) have evolved a scheme Ihal enables us
to calculate the higher '/)1 in successive approximations. According to this scheme,
the functions V, of a given system may be evaluated by "separating out" the
effects of statistics from those of interparticle interactions, i.e. we may first take
care of the statistical aspect of the problem and then tackle the dynamical aspect
of it. Thus, the whole feat is accomplished in two steps. First, the V-functions
pertaining to the given system are expressed in terms of V-functions pertaining
to a corresponding qllalllllm-mechallical system obeying Boltzmanll statistics, i.e. a
(fictitious) system described by zmsymmetrized wa\'e functions . This step takes care
of the statistics of the given system, i.e. of the symmetry properties of the w ave
functions describing the system. Next, the V-functions of the (fictitious) Boltzmannian system are expanded, loosely speaking, m powers of a hinary ker"e1
H (which is obtainable from a soluti on of Ihe Iwo-body problem wilh Ihe given
interaction). A commendable feature of the method is th~1 it can be applied even
~. even if the potential
if the given interaction contains a singular, repulsive co~
energy for certain configurations of the system becomes 1I1finitely large. Though
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the method is admirably systematic and fairly straightforward in principle, its
application to real systems is quite complicated. We therefore turn to a more practical method-the method of quantized fields-which has been highly useful in the
study of quantum-mechanical systems cpmposed of interacting particles. For an
exposition of the (binary collision) method of Lee and Yang, see Secs 9.7 and 9.8
of the first edition of this book.
In passing. we note yet another important difference between the quantummechanical case and the classical case. In the latter, if interparticle interactions are
absent, then all bJ, with [ > 2, vanish. This is not true in the quantum-mechanical
case; here, see Sees 7.1 and 8.1,
f)~O) = (±1)1-'[-5f2,

(28)

of which eqn. (9.5.27) was a special case.
P('oblcms
9.1. For imperfec'-gas calculations one sometimes emplo)s the SII/II/:rlllll/lpo/ellliLlI
I/(r) =

ex.

= _£(0/ 1")6

for

r < I"u

for

I"

>

I"u.

Using this potenti.lI. determine the second virial coefficient of a c1.lssic,11 gas. Also determine first-ord~r
corrections to the gas la\\ and to the various thermodyn.lmic properlies of the system.
9.2. According to Lennard-Jones, the physical behavior of most real gases can be well understood
if the intermolecular potential is assumed to be of Ihe form
11(1")

r\

= -

r ill

B

- -,
rn

",here II is very nearly equal to 6 v.hile III ranges between 11 and 13. Determ ine the second \irial
cocfficienl of a Lennard-Jones gas and compare your result with that for a van der Waals gas; see
eqn. (9.3.8).
9.3. (a) Show that for a gas obeying van der Waals' equation of stale (9.3.9)
Cp-Cv=Nk

'_a

{

,

1 - --(t'-b)-

kTt· 3

(b) Also show that, for a van der Waals gas with
process conforms to the equal ion

COlIS/ali/

}-l

specific heal C v, an adiJbatic

(! _ b )Tc vlNk = const;

)

cr. eqn. (1.4.30).
(c) Further show that the tempcrature ch,mgc rcsulling from an expansion of the g.!S (into
vdcuum) from volume V , to volume \/2 is given by
2

N a ( I
1 )
T2- T I=C
V2-V. ·
V

9.... The coefficient of ~olume expansion a and the isothermal bull.. modulus B of a gas are gi\en
by the empirical expressions

1
a=-

T

(

3a'
1+,·T2
-)

and

B= P

(1 + a',)-I
..T -

.,.,here a' is a consta". parameter. Sho\\ that thesc ""pre"ions are muluall) comp"tible. Also derive
the equation of state of this gas.
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9.S. Show that the first-order Joule-Thomson coefficient of a

I

;~

~

3
aT) =
(TiJ(a 2A ) _ a A3 )
( ap H
Cp
aT
2

given by the formula

•

where a2(T) is the second vi rial coefficient of the gas and H its enthalpy; see eqn. (9.2.1). Derive an
explicit expression for the Joule - Thomson coefficient in the case of a gas with interparticle interaction

+oo
u(r) =

for
for
for

-110

{ o

0 < r < roo

ro < r < q .
q < r < 00 .

and discuss the temperature dependence of this coefficient.
9.6. Assume that the molecules of the nitrogen gas interact through the potential of the previous
problem. Making use of the experimental data given below, determine the " best" empirical values for
the parameters roo q and 1I0/k:

T (in K)
lIzA 3 (in K per atm)

I - 100
1.80

200
-4.26 x 1O-

300
-5.49 x 10- 2

t

400

+ 1.12 X

10- 1

500
+2.05 X lO-

t.

9.7. Determine the lowest-order corrections to the ideal-gas values of the Helmholtz free energy.
the Gibbs free energy. the entropy, the internal energy. the enthalpy and the (constant-volume and
const,mt-pressure) specific heats for a real gas. Discuss the temperature dependence of these corrections
in the case of a g,!S whose molecules interact through the potential of Problem 9.5.
9.11. TIle molecules of a solid attract one another with a force F(r) = er([ / r)5. Two semi-infinite
solids composed of II molecules per unit volume are separated by a di,tance d , i.e. the solids fill the
whole of the space with x ~ 0 and x ~ d. Calculate the force of attraction. per unit area of the surfdce.
between the two solids.
9.9. Referring to eqn. (9.5.31) for the phase shifts 1}/ (k ) of a hard-sphere ga,. show that for kro « I
(kro)21+t

1}/ (k) ~

(21

+ 1)(1.3 ... (21-1 »)2 '

9.10. Using the wave functions
It

(r ) = -

P

1

Jv

.
T
e'(p·T)'

to describe the motion of a free particle, write down the symmetrized wave functions for a pair of
non-interacting bosons/fermions, and show that

9.11. Show that for a gas composed of particles with spin J

v~ (J ) = (J + 1)(21 + l)bi(O) + J (21 + 1)01(0 )
and
vi(J) = J (21 + 1)V~(0) + (J + 1)(21 + 1)D~(O).

9.12. Show that the coefficient tJ2 for a quant um-mechanical Boltzmalllziall gas composed of "spinless" particles satisfies the following relations:

tJz = Lim {
J ~""

1 JV~(J )} = Lim {
1 ztJi(J)}
(21 + 1)J~oo
(21 + 1)

= ~ (V~(O ) +v~(O»).

Obtain the value of V2, to fifth order in (ro/A), by using the Beth - Uhlenbeck expressions (9.5.36,
37), and compare your result with the classical value of vz. namely -(2rr/3)( ro/A)3.
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Notes
Hence the name "cluster".
Of course, some dependence on the geometry of the container will arise if the fixed particle
happens to be close to the walls of the container. This is, however, unimportant when V ---> 00 .
3 To appreciate the logic of this replacement, consider expression [ 1 in (25) as a multinomial
expansion and interpret the various terms of this expansion in terms of the variety of the I-clusters.
4 For various manipulations with the vi rial equation of state, see Kilpatrick and Ford (1969).
5 For proof, see Hill (1956), Sees 24 and 25; see also Sec. 9.4 of the text.
6 It may be mentioned here that a 2-cluster is also regarded as an irreducible cluster. Accordingly, fh = 2b2; see eqns (9.1.16) and (9.2.7). Equation (3) then gives: a~ = -b2 = -!t1I, again in
agreement with the general result (6).
7 Corresponding values for various other gases have been summarized in Hill (1960). p. 484.
~ See also Katsura (1959).
9 For a discussion of the third virial coefficient, see Pais and Uhlcnheck (1959).
IV For simplicity, we assume the particles to he "spinkss". For the influence of spin, see Prob lems
9.11 and 9.12.
11 This calculation incidentally verifies the general formula (9.4.9) for the case I = 2. By Ihat
formula , the "cluster integral" fj2 of a given system would be equal to 1/(2).3) times the coefficient
of VI in the volume expansion of the "configuration integral" Z2 of the system. In the case under
study, this coefficient is ±A 3/ 23/ 2; hence the resul t.
12 The functions VI were first introduced b} Ursell. in 1927, in order to simplify the cIdssical
configuration integral. Their introduction into the quantum-mechani ca l treatment is due to Kahn and
Uhlenbeck (193R).
!J This can be seen by examining the break-up of the structure on the right-hand side of any
equation in the hierarchy (18. 19, ... ) when one or more of the I coord inates in the "cluster"' get
sufficient! y separated from the rest.
I
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CHAPTER 10

STATISTICAL MECHANICS OF INTERACTING SYSTEMS:
THE METHOD OF QUANTIZED FIELDS

IN THIS chapter we present another method of dealing with systems composed
of interacting particles. This method is based on the concept of a quantized field
which is characterized by the field operators 1/1" (r), and their hermitian conjugates
1/I"t (r) , that satisfy a set of well-defined commutation rules. In terms of these
operators, one defines a number operator if and a Hamiltonian operator iI that
provide a suitable representation for a system composed of any finite number of
particles and possessing any finite amount of energy. In view of its formal similarity with the Schr6dinger formulation, the formulation in terms of a quantized
field is generally referred to as the second quantization of the system. For convenience of calculation, the field operators 1/1" (r) and 1/1"t (r) are often expressed as
superpositions of a set of single-particle wave functions {u",(r)}, with coefficients

a!;

a", and
the latter turn out to be the annihilation and creation operators which
again satisfy a set of well-defined commutation rules. The operators if and iI then

.

find a convenient expression in terms of the operators a" and aJ , and the final
formulation is well suited for a treatment based on operator algebra; a<; a result,
many calculations, which would otherwise be tedious, can he carried out in a more
or less straightforward manner.

10.1. The formalism of second quantization
To represent a system of particles by a quantized field, we invoke the field operators 1/1" (r) and 1/1"t (r), which are defined for all values of the position coordinate
r and which operate upon a Hilbert space; a vector in this space corresponds to a
particular state of tile quantized field. The values of the quantities t/f and 1/1" t , at all
r, represent the degrees offreedom of the field; since r is a continuous variable,
the number of these degrees of freedom is innumerably infinite. Now, if the given
system is composed of bosons, the field operators 1/1" (r) and 1/1"t (r) are supposed
to satisfy the commutation rules

.

[1/1" (r) , 1/1"t (r')l

= <5 (r ~ r ' )

[1/1" (r) , 1/1" (r' )] = [1/I"T(r ), 1/I"t(r' )]
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(1 a)

= 0,

(lb)
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where the symbol [A, B] stands for the commutator (AB - BA) of the given operalors A MIHJ H. If, on the olher hand, the given system is composed of fermions,

then the field operators are supposed to satisfy the rules

"
{>/r(r),>/r'(r')}
=o(r-r')
I

...

(20)
...

I

{>/r (r), >/r (r )} = {>/r' (r), >/r' (r )} = 0,

(2b)

where the symbol {A , lI} stands for the anticommutator (All + lIA) of the gi\'en
•
operators A and B. In the case of fermions, the operators 1.jr (r) and Vr' (r) possess
certain explicit properties \vhich follow directly from (2b), namely
>/r(r)>/r(r' )=->/r(r')>/r(r),

.. >/r(r)>/r(r)=O

rorallr;

(2c)

similarly,

Clearly, no such property holds for the field operators pertaining to hosans . In
the sequel we shall see that the mathematical difference between the commutation
rules (J) for the boson field operators and rules (2) for the fermion field operators
is intimntely related to the fundamentnl difference in the symmetry properties of
thc respective wave functions in the Schrodingcr formulation. or coursc, in their
own place, both sets of rules, (I) nnd (2), are essentially axiomatic.
We now introduce two hermitian operators, the pafJicle-lIlunher operator Nand
the HamiItoniQf~ Opcr{ltor if, through definitions that hold for bosons as well a!\
fermions:
(3)

and

,

if = -~

2m

+~
v~:here lI(r" r2)

3
j d r>/rt(r)'(I0>/r(r)

If

d'r,d"2 >/r t (rd >/r t (r, ) lI(rl' ro) >/r (r2)>/r (r,),

(4)

denotes thc t\vo-body interaction potential in the given system . It is

quite natural to interpret the product l/It (r)I/I (r) as the 11lImher dellsity operator of
the field. The similarity between the foregoing definitions and the expressions for
tbe expeclation values of the corresponding physical quantities in the Schrodinger
formulation is fairly obvious. Hov,lever, the similarity is only "formal" because,
while there we are concerned \\lith the wave functions of the given system (\vhich
are c-m{mbers), here \\le are concerned with Ihe operators of the corresponding
matter field. We can easily verify that, irrespective of the commutation rules obeyed
by the operators

l/I (r)

and

l/I t (r),

the operators

[N,H] =0;

N and if

commute:
(5 )

accordingly, the operators N and if can be diagonalized simultaneously.
'ic a complete orthonormal hasis of the Hilbert space, such that
We now ci
any vector It. 1<1 among the basis is a simultaneous eigenstate of the operators

The Method o/Qualltized Fields

264

N and it.

We may, therefore, denote any particular I
symbol I'IINd, wilh Ihe properties

lber of the basis by the
(6)

and
(7)

The vector IWoo). which represents the vacuum stale of the field and is generally
denoted by the symbol 10), is assumed to be unique; it possesses the obvious
properties
NIO) = if 10) = 0 and (010) = I.
(8)
Next we observe that, regardless of \vhether we employ the boson commutation

.

~

rules (1) orlhe fermion rules (2), Ihe opera lor Nand Ihe operalors
satisfy the commUlation properties

>It (r) and >It I (r)
(9)

whence it follows that

and

Clearly, the stale tJr (r) I'llNF. ) is also an eigenstate of the operator iv, bul with
eigenvalue (N - 1); Ihus, the applicalion of Ihe operalor >It (r) on 10 Ihe slale
[\liNd of the fi eld annihilates onc particle frorn the field . Similarly. the state

>Itt (r) I'IINEl

is an eigenslale of Ihe operalor

N,

wilh eigenvalue (N

+ 1);

Ihus,

Ihe applicalion of Ihe operator >Itt (r) on 10 Ihe slalc I'IINE) of Ihe field aeales a
particle in the field. In each case, the process (of annihilation or creation) is tied
down to the point' of the field; however, the energy associated \\,Iith the process,
which also means the change in the energy of the field, remains undetermined;
see eqns (18) and (19). By a repealed appliealion of the operalor >Itt on 10 Ihe
vacuum state IO}, we find that the eigenvalues of the operator Narc 0, L. 2, . . "
On Ihe other hand , the application of the operalor >It On to the vacuum slate 10)
gives nothing but Zero because, for obvious reasons, we canna I admit negative
eigenvalues for the operator N. Of course, if we apply the operator l/I on to the
state IWNE} repeatedly N times, we end up with the vacuum state; we then have,
by virtue of the orthonormality of the basis chosen,
(12)

unless the state I<l>n} is itself the vacuum s tate, in which case we would obtain a
nonzero result inslead. In terms of thi s latter result, we may define a function of
the N coordinates '1 . '2 .. ... rN, namely
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Obviously, tt
lIlction \}INdrl. ...• TN) has something to do with «an assemblage
of N particle~ ..,\;aled at the points rl •... , rN of the field" because their annihilation
from those points of the field has led us to the vacuum Siale of the field. To
obtain the precise meaning of this function, we first note that in Ihe case of
bosons (fcrmians) this function is symmetric (antisymmctric) with respect 10 an
interchange of any two of the N coordinates; sec cqns (lb) and (2b), respectively.
Secondly. its norm is equal to unity, \.... hich can be seen as follows.
By the very definition of <VNdr" .. ., rN),

f d 3N r<V;:'E(r" ... , rN )<VNE(r" ... , rN)
= (N!)- ' f d 3N r {'I'NEb,lrt (rN)" . 1'1 t (rd IO){OIVr (rd·· . 1'1 (rN )1<VNE)
= (N!)- ' f d 3N r L;" (<VNE IVrt (rN) .. . 1'1 t (rdl<1>,, )(<1>,,1 1'1 (rd· · . 1'1 (rN ) I<VNEJ
= (NI) -'

.r d 3N r (<VNE I1'1t (rN) ... 1'1t (r,)Vr t (r.JVr (rdVr (r, ) ... 1'1 (rN)1 <VNEJ;

here, usc has been made of cqn. (12) which holrls for all I¢,,) except for the
vacuum state, and of the fact that the summation of 1¢/J){¢/I1 over the complete
orthonormal set of the basis chosen is equivalent to a unit operator. We now carry
out integration over rl, yielding the factor

Nexl, we carry out illlegration over r2, yielding the factor

see eqn. (10). By iteration, we obtain

.r d 3N ,. Y'NE(rl • ...• TN )\lI,vF.Crl • ...• TN)
I

"

"

~

= (N!) - ( <VNEIN(N - I}(N - 2) ... lip to N factorsl<VNE)
= (N!) - 'N! (<VNEi <VNE) = I.

(14)

Finally, we can show that, for bosons as well as fermions, the function
WNI:(rl •...• TN) satisfies the differential equation, see Problem 10.1,
(15)

\vhich is simply the Scilrodinger equation of an N-particle system. The function WNE(TI • . ..• rN) is, therefore, the Schrodinger wave function of the system,
with energy eigenvalue E; accordingly, the product lJ1,t'EIJ1NE is the probability
density for the particles of the system to be in the vicinity of the coordjnates
(TI • ... • TN), when the .system happens to be in an eigenstate with energy E. This
establishes the desired correspondence between the quantized field formulation and
the Schrodinger formulation. In passing, we place on record the quantized-field
expression for the function WNE(r l •...• TN). which is the complex conjugate of
the wave function WNE(r" •..• TN), viz.
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We now introduce a complete orthonormal set of single-particle wave functions
11" (r), where the suffix a provides a label for identifying the various singleparticle states; it could, for instance, be the energy eigenvalue of the state (or
the momentum p, along with the spin component a pertaining to the state). In
view of the orthonormality of these wave functions,
(17)

The field operators

1/1 (r) and 1/1 t (r) may now be expanded in terms of the functions

1I,, (r ):
(18)

1/I(r) = Ea"ll,,(r)

"
and
.L

1/1' (r)

,,"""",.L

= La~ll~(r).

(19)

"
Rclations inverse to (18) and (19) are
a" =

J d 3 ,.1/I (r)l/~(r)

(20)

and
(21)
.L

.L

The coefficients a" and a~ , like the field variahles 1/1 (r) and 1/1' (r), are operators which operate upon the elements of the relevant Hilbert space. Indeed, the
.L

operators a" and a~ now take over the role of the degrees of freedom of the field .
Substituting (18) and (19) into the set of rules (I) or (2), and making use of the
elosure property of the II", viz.

E lIa (r)u~(r' ) = 8 (r "
we obtain l for the operators

I

r ' ).

(22)

a" and at
(23a)

[a". aj] = 8"fJ
.f..

.L

faa. aJl ] = [a~, a~] = 0

(23b)

in the case of bOSOIlS, and
(24a)
.f..

{a" , afJ }

.L

= {a~, a~ } = 0

(24b)

in the case of ferm;olls . In the latter case, the operators a" and
explicit properties which follow directly from (24b), namely

aJ possess certain
(24c)

similarly

I

i u. all

Ci.

(24d)
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No such property holds for operators pertaining to bosons. We will see very shortly
that this vital difference between the commutation rules for the boson operators and
those for the fermion operators is closely linked with the fact that while fermions
have to conform to the restrictions imposed by the Pauli exclusion principle, there
are no such restrictions for bosons.
We now proceed to express operators N and H in terms of a" and aJ . Substituting (18) and (19) into (3), we obtain
A

N =

~

A

I d 3 r L a!afltl~(r)tlfl(r) =

L a!afl 8ufl

a·fl

,,·fl

(25)

It seems natural to speak of the operator at Ga as the particle-number operator
pertaining to the single-particle state u . We denote this operator by the symbol N a:

(26)
It is easy to verify that, for bosons as well as fe rmions, the operators N" commute
with one another; hence, they can be simultaneously diagonalized. Accordingly,
we may choose a complete orthonormal basis of the Hilbert space in such a way
that any vector belonging to the basis is a simultaneous eigenstate of all the
operators N.,.2 Let a particular member of the basis be denoted by the vector
Ino , nl, . .. , n a , . •• ), or by the shorter symbol l4>n) , with the properties

(27)
and
( 4)n 14>,,) =

1:

(28)

the number nm being the eigenvalue of the operator N " in the state I4>n ) of the
field, denotes the number of particles in the single-particle state a of the given
system. One particular member of the basis, for which n" = 0 for all a , will
represent the vacuum state of the field ; denoting the vacuum state by the symbol
14>0), we have
N" I4>o) = 0

for all a .

and

(4)014>0) = 1.

(29)

Next we observe that. regardles'> of whether we employ the boson commutation
~

A

rules (23) or the fermion rules (24), the operator N a and the operators a" and
satisfy the commutation properties
[a" , N,, ] = aa

and

aJ

(30)

whence it follows that
N"aa l4>,, ) = (a"N" - a,, )I4>n) = (na - l)a" l4>n)

(31)

and
(32)
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Clearly, the state uul<I>n} is also an eigenstate of the op
If Nu • but with eigenvalue (nO' - 1); thus, the application of the operator act on to the state 1¢l1I} of
the field annihilates one particle from the field. Similarly, the state 011<1>/1) is an
eigenstate of the operator Net> with eigenvalue (nu + 1); thllS, the application of
the operator aJ on to the state

01

I(}>n)

creates

a particle in the field. The operators

and
are, therefore, referred to as the anllihilation and creation operators.
Of course, in cac.:h case the process (of annihilation or creation) is tied down to
the single-particle state a; however, the precise location of the happening (in the
coordinate space) remains undetermined; sec cqns (20) and (2]). Now, since the
Gu

•

application of the operator au or aJ on to the state l<1>n} of the field does not affect
the eigenv~lues of the particle-nllmber operators other than Nu , \VC rna y \vrite

and

at

Ino,

111 , ••. , Ilu , .•. )

= B(ll u )lll o, III ,

•.. , flu

+ 1, ... ),

(34)

where the factors A(ll u ) and R(fl u} can be determined \vith the help of the commutation rules governing the operators

(/0.

and

(/1. For bosons,

(35)

consequently, if we regard the state 1<1>/1) to have arisen from the vacuum state
I$ 0) by a repeated application of the creation operators. we can \. . 'fite
1<1> II ) =

v

I(

r

r1

r ) (a ot)",, ( a t)",
I

lIu·Il J··· ·!l a ····

In the case of fermions, the operators

- al a!:

.. .

(t)""
oil'
. . . 1<1» o·

(36)

at anticommute, with the result that aX ot =

consequently, there would remain an uncertainty of a phase factor ±1

unless the order in \vhich the at operate on the vacUllm state is specified. To

at

arc arranged in
be definite, let us agree that, as indicated in eqn. (36), the
the order of increasing subscripts and the phase faetor is then +1. Secondly,

at

since the product
lIj now vanishes, none of the lIa in (36) can exceed unity;
the eigenvalues of the fermion operators Nu are, therefore, restricted to 0 and 1.
which is precisely the requirement of the Pauli exclusion principle. 3 Accordingly,
the factor [D,, (n " !)]-1 /2 in (36) would be identically equal to unity. In passing.
\ve note that in the case of fermians operation (33) has meaning only if fl O' = 1
and operation (34) has meaning only if na = O.
Finally, the substitution of expressions (18) and (19) into (4) gives for the
Hamiltonian operator of the field
(37)

wherc
(38)
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II dJr, dJr, u~(r, )u;(r')"""y(r,)/I, (r,).

Now, if the single-particle wave functions are chosen

u.(r) =

10

(39)

be

Jve;pa.r1h,

(40)

where po denotes the momentum of the particle (assumed "spinless"), then the
matrix clements (38) and (39) become

(aIV'ltJ)
and

(a,8ltllyJ..) =

2.V jdJre- ;Po.r/h (- p~)
c;,,·rll, =
,,-

=

:2 f.r , 3

rl

dJ,z

e -· j(Pcr - P;..)·q /fI ll(r2

-

T)

}e-

(41)

i(Pjl-Py}· T2j11.

(42)

In view of the fact that the total momentum is conserved in each collision.
Pa

+N =Py +p,.

(43 )

the matrix clement (42) takes the form

JJ
~J
~2

(a.Blulyi..) =

=

dJr. dJr2 ei(py-pp ).(r 2 - r d / "u(r2 - 'I)

(Pre/p ·r /h u(r),

(4~)

where p denotes the momentum trafl:,!er during the collision:
P = (py - p~ ) = - (p, - Pa) .

(45)

Substituting (41) and (44) into (37), we finally obtain
A

H

pl.J..

= ' " ~ apl{/p

LZm

l,"t'

+ -2 ~
ll~::~aPI,QT,
GpzOPI '
L
Pz

(46)

P

where u:i :: i denotes the matrix elemenl (44), \vith
P = (p, - p;) = -(PI - p;);

(47)

note that the primed summation in the second term of (46) goes ollly uvt,;r lhost"
values of PI. P2. p~ and pi that conserve the total momentum of the particles:
P; + pi = PI + Pl- It is obvious that the main term in (46) represents the kitretic

•

energy of the field (oJ lip being the particle-number operator pertaining to the
single-particle state p), while the second tenn represents the potential energy.
In the case of spin-half fermions, the single-particle states have to be characterized not only by the value P of the particle momentum but also by Ihe value a of
the z-componenl of its spin; accordingly, the creation and annihilation operators
would carry double indices. Thc operator if then takes the form
(48)
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the summation in the second term now goes only over those states (of the two
particles) that conform to the conditions of both momentum conservation and spin
conservation.
In the following sections we shall apply the formalism of second quantization to
investigate low-temperature properties of systems composed of interacting particles. In most cases we shall study these systems under the approximating conditions
a/ A « 1 and nd' « 1, where a is the scattering length of the two-body interaction, A the mean thermal wavelength of the particles and n the particle density
in the system. Now, the effective scattering cross-section for the collision of two
particles, each of mass 111, is primarily determined by the "scattering amplitude"
a(p), where

=~

a(p)

4nk

J

lI(r)eip . r / TJ d 3 r,

(49)

p being the momentum transfer during the collision; if the potential is central,

egn. (49) takes the form

I

cc

a(p)

=

III

--2

47T11 .
u

lI(r)

sin (kr)
kr

47Tr2 dr

(50)

For low-energy scattering (which implies "slow" collisions), we have the limiting
result

a

/lllIa
= --"

47TTc

110

=

J

lI(r)d 3 r,

(51)

the quantity a being the scatterillg length of the given potentia\.4 Alternatively,
one may employ the S-wave scattering phase shift 110Ck), see Sec. 9.5, and write
on one hand

J
DO

tan 110(k) ~

mk

--2

47Th

u(r)

o

sin2(kr)
?

(kr)-

47Tr2 dr

(52)

and on the other

1
cot 110(k) = - ka

1 *
+ zkr
+ ... ,

(53)

where a is the "scattering length" and r * the "effective range" of the potential.
For low-energy scattering, eqns (52) and (53) once again lead to (51). In passing,
we note that a is positive or negative according as the potential in question is
predominantly repulsive or predominantly attractive; unless a statement is made
to the contrary, we shall assume a to be positive.

10.2. Low-temperature behavior of an imperfect Bose gas
The Hamiltonian of the quantized field for spinless
, ,bosons is given by the
expression (10.1.46), where the matrix element II;: : ;~ is a function of the
momentum p transferred during the collision and is given by formula (10.1.44).
At low temperatures the particle momenta are small, f we may insert for the
matrix elements u(P) their value at p = 0, namely 110 / t , where 110 is given by
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eqn. (10.1.51). At the same time, we may retain only those terms in the sum
that pertain to a vanishing momentum transfer. We then have

~

_

p2

t

H - ~ -apap
~2m
p

+ 2rraTz
mV

2

[

2:'

t t

~ apapapap
L
p

(1)

where the summation

L * goes over all PI

and P~ such that P I

L(Il~

Latatapap = I:>t(apat -l)ap =
p

p

- lip) =

i= P2 . Now

L/~

- N,

(2 )

Il~,

(3)

p

p

whereas

L *ot/lt!ap~, 0PI =
PI ·P2

L *Il PI Il P! = L "pi (N PI
PI ·P2

II PI

)= N

2

-

L
p

the same being true of the sum over the exchange terms atotl 0p!OP I' Collecting
these results, the energy eigenvalues of the system turn out to be

+ 2rraTz

E{/lpJ = ~ II p -[12

L

p

::::

L
p

2m

III

p2

+

IIp -

2m

2

V

2rroTz2
III V

[

2N-, - N - ~ II;~]

L

p

,
~
(2N- - I1jj).

We first examine the ground state of the given system, which corresponds to
the distribution set
N for P = a
11
(5)
P - { a for P i= 0,
~

with the result that

2rraT?N 2
mV

Eo ~--

(6)

The ground-state pressure is then given by

)

Po= _ (a£o)
av

N

(7)
III

where 11(= N j V) is the particle density in the system. This leads to the velocity
of sound, Co, given by
,
2
1 dP o
4rraTni
(8)
Co = m -d-'-I = -'-11-2Inserting numbers relevant to liquid He\ viz. a:::: 2.2 A, n = 1jv where
l' :::: 45 A3 per particle and /1l ~ 6.65 X 10- 2-1 g, we obtain: Co ~ 125 mls. A
e actual velocity of sound in the liquid, which is about 2ol0 mJS,
comparison wi~
should not be tou disheartening, for the theory developed here was never intended
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to be applicable to a liquid. Finally, the chemical potel
turns out to be

. of the system at T = 0 K

aEo) v

110 = ( aN

(9)

m

At finite temperatures the physical behavior of the system may be studied
through its partition function
Q(N , V , T) =

L exp (-,8E{llp})
[lip I

= Lexp -,8
[

pL1Ip+
2111

2lfaTI -N ~

?

{

?

III V

P

[ lip }

?

2)
}]
--%
.
N11

(

2-

(10)

In the lowest approximation, the quantity (/loi N) appearing here may be replaced
by its ideal-gas value, as given in Sec. 7.1, viz.
110

).~

N

).3

- = 1- -

[). =

l'

=1 - -

[

Vc

1'

=

-(2-lf-'-/l~-1T- )-:-I/=2'

(l1a)

V

(llb)

N'

We thus obtain, to first order in a,

In Q(N, V. T)

~

In Qil/(N. V. T) - ,8

2lfatl'?N?- (

mV

?)

2v

1+ -

u-

-?

Vc

(12)

.

Vc

The Helmholtz free energy, per particle, is then given b y6

1

1

- A(N , V . T) :::::: - AiAN, V. T) +
N
N

The pressure P and the chemical potential

P=

_

(aA)
av

= _
N .T

11

N

(1

- + -2
V

In

v,

v )
-? .

(13)

Vc

11 now follow straightforwardly:

=

Pid +2lfah (~ + ~) .

T

+ P v = l1id +

v-

In

and
A
= -

2

2

(a(AIN»)
av

2lfaTz

4lfaTz

2

III

Vc

(1- + -1).
V

(14)

(15)

Vc

which may be compared with the ground-state results (7) and (9) that pertain to
Vc

= 00 .

At the transition point (where v =
chemical potential l1 e turn out to be

Vc

and ),

= ).c ) ,

the pressure

Pc

and the

(16)

and
(17)
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19 value of the fugacity, Ze. is given by

(18)

For a slightly different approach, see Problem 10.2.

10.3. Low-lying states of an imperfect Bose gas
In the preceding section we examined first-order corrections to the lowtemperature behavior of an imperfect Bose gas arising from interparticle
interactions in the system. One important result emerging in that study was a
nonzero velocity of sound, as given by eqn . (10.2.8). This raises the possibility
that phonons, the quanta of sound field, might play an important role in determining
the low-temperature behavior of this system - a role not seen in Sec. 10.2. To look
into this question we explore the nature of the low-lying states of an imperfect
Bose gas, in the hope that we discover an energy-momentum relation t:(p) obeyed
by the elementary excitations of the system of which phonons may be an integral
part. For this, we have to go a step beyond the approximation adopted in Sec. 10.2
which, in turn, requires several improvements. To "eer matters simple, we confine
ourselves to situations in which the fraction of particles occupying the state \\ ith
P = 0 is fairly close to I while the fraction of particles occupying states \\ ith
P f. 0 is much less than l.
Going bac" to eqns (10.2.1) - (10.2.4), we first write
(1)

Next, we retain another set of terms from the sum
that involve a nonzero momentum transfer, viz.

L'

in eqn. (10.1.46) - terms

'"
t Oo +00tt
00 opo _pJ .
~ I/(p)[optO_pOO

(2)

p"lO

Now, since ot 0 0 = no = O(N) and (aoot - ot 00) = 1 «N, it follows that

+ 1):::: otoo.

The operators 00 and aJ may, therefore, be treated as
c-numbers, each equal to 1I~/2::::::: N 1/ 2 • At the same time, the amplitude I/(p ) in
the case of low-lying states may be replaced by I/o/V, as before. Expression (2)
then becomes
auot = (IIU

(3)

In view of these results, the Hamiltonian of the system assumes the form
(.t )

Our next task consists in determining an improved relationship between the
quantity I/o and the scattering length o. While the (approximate) result stated in
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eqn. (10.1.51) is good enough for evaluating the term involving N Lp,co, it is not
so for evaluating the term involving N 2• For this, we note that "if the probability of
a particular quantum transition in a given system under the influence of a constant
perturbation V is, in tht: fir!;t approximation, determined by the matrix element
then in the second approximation we have instead

vg

V"
Vo
n 0

° ,
VO + L

'*0

II ,

Eo - En

'

the summation going over the various states of the unperturbt:d system", In the
present case, we are dealing with a collision process in tht: two-particle system
(with reduced mass ~ m), and the role of
is played by the quantity
00
uoo

=

1/

V

vg

u(r)d·~ r

Uo
= \I;

see eqn. (10.1.44) for the matrix element /l~i:~~. Making use of the other matrix
elements, we find that in going from fi rst to second approximation we have to
replace uo/ V by
110
1
II d 3r cip.r /T' u(r) 12
_+_,

V

V2 L
p,co

- p2/m

u

,,-,~

V

-

_ _112om ,

V2 L

p~u

_1
p2·

(5)

Equating (5) with the standard expression 4nah 2 /mV, we obtain. instead
of (10.1.51),
IIU::::: - -

m

1+
(

4:;rah
V

2

,

1)

Lz'
p ""U P

(6)

Substituting (6) into (4), we get

(7)

To evaluate the energy levels of the system one would like to diagonalize the
Hamiltonian (7). whic~ can be done with the help of a linear trans/onnation of
first employed by BogoJiuhov (1947):
the operators p and

a

aJ,

t

b _ u--,p,-;--+_(X....:.p_a-::-_,-P
p J(l - Ct~ ) •

(8)

where
(9)
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with
(10)

clearly, each

up

< 1. Relations inverse to (8) are

(11)

It is straightforward to check that the new operators

commutation rules as the old operators

and

fip

at

bp and bj satisfy the same

did, namely
( 12a)

[bp • bJ.] = 8pp '
[lip , Iip' l = [ht . ht,]

= o.

(12b)

Substituting (11) into (7), we obtain our Hamiltonian in the diagonalized fOTm:
(13)

where

Eo =

2rral,'N'
m\/

{
+ -21",
~
p ,"o

P'

E(P) - 2m

4rrall'N
IIlV

+

(4rrall'N) '
mV

Ill}

-p2 ,

(1~)

In view of the commutation rules (12) and expression (13) for the Hamiltonian
,
"
operator H. it seems natural to infer that the operators bp and bJ are the annihilation
and creation operators of certain "ljuasi-particles"-which represent elementary
excitations of the system - with the energy - momentum relation given by (10): it
is also clear that these quasi-particles obey Bose- Einstein statistics. The quantity
h2'bp is then the particle-number operator for the quasi-parlicles (or elementary
excitations) of momentum p, whereby the second part of the Hamiltonian (13)
becomes the energy operator corresponding to the elementary excitations present
in the system, The first part of the Hamiltonian, given explicitly by eqn. (14), is
) therefore the ground state energy of the system. Replacing the summation over p
by an integration and introducing a dimensionless variable x , defined by
V

x = P(
"l
8rrall- N

) 1/'

we obtain for the ground state energy of the system
1/ ' J~
rrV
dx
r1+ ( 128Na3)

o

[(
x'

,
'V(x'+ 2)-x-l + I, 2
2

)l]
(15)
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The value of the integral turns out to be (128)1/2/15, with the result
2

Eo _ 2rruh n [
128
3 1/2]
1 + 15lT 1 ' 2 (na )
,
N m

(16)

J

where 11 denotes the particle density in the system. Equation (16) represenLs the
first two terms of the expansion of the quantity Eo/N in terms of the low-density
parameter Cna3 )1/2; the first term was already obtained in Sec. 10.2.7
The foregoing result was first derived by Lee and Yang (1957) using the binary
collision method; the details of this calculation, however, appeared somewhat
later (see Lee and Yang. 1960a; see also Problem 10.6). Using the pseudopotential
method, this result was rederived by Lee, Huang and Yang (1957).
The ground state pressure of the system is now given by
Po

= _ ( 8Eo) = n 2 8CE o/N)
8V

_ 2lTaTln
m

8n

N

2[

~

3

1 + 5IT I ' ? (na )
J -

1/2] ,

(17)

whence one obtains for the velocity of sound

~ dPu -_ 4lTah2 n [ 1+ ~,
1/2]
1/2 (ntr)
In dn
III
IT .
2

2 _

co -

(18)

.

Equations (17) and (18) are an improved version of the results obtained in
Sec. 10.2.
The ground state of the system is characterized by a total absence of excitations;
.L
accordingly, the eigenvalue of the (number) operator b~ bp of the "quasi-particles"
must be zero for all p f. 0. As for the real particles, there must be some that
possess nonzero energies even at ab~olute zero, for otherwise the system cannot
have a finite amount of energy in the ground state. The momentum distribution
of the real particles can be deLermined by evaluating the ground-state expectation
.L
values of the number operators u~ up. Now, in the ground state of the system,
apillio)

1

t

= y /(1- (Xp)2 (bp -

(Xpb_p)I%) =

t
' b_p l%)
Y (1 - (Xji)
/

-(Xp

(19)

because bpl%) = O. Constructing the hermitian conjugate of (19) and remembering that (Xp is real, we have
...
( Iliol a~

-(Xp

~ (Iliol b_p.
(1 - (Xji )

= .j

(20)

The scalar product of expressions (19) and (20) gives
?

~

(Ilio lapt up 1,T.
..... 0 ) = 1 _(X;(X2 (,T.
'¥uIb - pbl-p I,T.
'¥o ) = 1 _(X;(X2 '.
P

(21)

P

here, use has been made of the facts that (i) bpb: - b;bp = 1 and (ii) in the ground
state, for allp f. 0, b%bp = 0 (and hence bpb; = 1). Thus, for p f. 0,
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J

(22)

2'

P

where x = p(8rraTl 2 n )-1/2. The total number of "excited" particles in the ground
state of the system is, therefore, given by

L

p ~O

n

1 (?
x- + 1
?
- 1)
L
L
2 x.J(x + 2)
P#O
p
exp
1- ex 2

p -

-

-

2

<> 0

(X2+1

'::::. N { -32 (lIa 3 ) }1 /2(OO d r[ ; Z . J 1
rr
.
x (xu

+ 2)

-

)] .

1

(23)

The value of the integral turns out to be (2)1 / 2/3, with the result

"'_ ~
8
3 1/2
L lip - N 3rr l / 2 (na) .

(2-l )

p#O

Accordingly,
no

= N -

L

np '::::.

N [I -

3~/2 (na 3 )1/2 ] •

(25 )

p#o

The foregoing result was first obtained by Lee, Huang and Yang (1957), using
the pseudopotential method. It may be noted here that the importance of the realparticle occupation numbers np in the study of the ground state of an interacting
Bose system had been emphasized earlier by Penrose and Onsager (1956).

10.4. Energy spectrum of a Bose liquid
In this section we propose to study the most essential features of the energy
spectrum of a Bose liquid and to examine the relevance of this study to the problem
of liquid He4 • In this context we have seen that the low-lying states of a low-density
gaseolls system composed of weakly interacting bosons are characterized by the
presence of the so-called elementary excitations (or "quasi-particles"), which are
themselves bosons and whose energy spectrum is given by
(1)

where
II

= (4rr{11I)1 /2(hl m) ;

(2)

see eqns (10.3.10, 12 and 13).8 For p «mil, i.e. p «"(an)I /2, the spectrum is
essentially linear: E '::::. pll. The initial slope of the (E, p)-curve is, therefore, given
by the parameter II which is identical with the limiting value of the velocity of
sound in the system; compare (2) with (10.3.18). It is then natural that these lowmomentum excitations be identified as phonons -the quanta of the sound field . For
p »mll, the spectrum approaches essentially the classical limit: E '::::. p 2/2m +
6.., where 6.* = mll 2 = 4rranTl 2 lm . It is important to note that, all along, this
energy-momentum relationship is strictly monotonic and does not display any

278

The Method of Quantized Fields

"dip" of the kind propounded by Landau (for liquid He4 ) and observed by Yarnell
et al. and by Henshaw and Woods; see Sec. 7.5. Thus, the spectrum provided by
the theory of the preceding sections simulates Landau spectrum only to the extent
of phonons; it does not account for rotons. This should not be surprising, for the
theory in question was intended only for a low-density Bose gas (lla3
1) and
4
3
not for liquid He (na ::::: 0.2).
The problem of elementary excitations in liquid He4 was tackled suceessfully
by Feynman who, in 1953- 54, developed an atomic theory of a Bose liquid at low
temperatures. In a series of three fundamental papers starting from first principles,
Feynman established the following important results. 9

«

(i) In spite of the presence of interatomic forces, a Bose liquid undergoes a
phase transition analoguus to the momentum-space condensation occurring
in the ideal Bose gas; in other words. the original suggestion of London
(1938a,b) regarding liquid He4 • see Sec. 7.1, is essentially correct.
(ii) At sufficiently low temperatures, the only excited States possible in
the liquid are the ones related to compressional waves, viz. phollons.
Long-range motions, which leave the density of the liquid unaltered (and
consequently imply nothing more than a simple "stirring" of the liquid),
do not constitute excited states because they differ from the ground state
only in the " permutation" of certain atoms. Motions on an atomic scale are
indeed possible, but they require a minimum energy 6. for their excitation;
clearly, these excitations would shuw up only at comparatively higher
temperatures (T ~ 6. / k ) and might well turn out to be Landau's rotons.
(iii) The wave function of the liquid, in the presence of all excitation, should
be approximately of the form
(3)

where I]> denotes the ground state Wave function of the system while the
summation of f (r,) goes over all the N coordinates rt , . . . , rN ; the wave
function III is, clearly, symmetric in its arguments. The exact character
of the function f er) can be determined by making use of a variational
principle which requires the energy of the state \lJ (and hence the energy
associated with the excitation in question) to be a minimum.
The optimal choice for

f (n turns out to be, see Problem 10.8,
fer)

= exp i (k

. r ),

(4)

with the (minimized) energy value

,,2e
e(k) - -2m-S-(k-)

(5 1

where S (k ) is the structure factor of the liquid, i.e. the Fourier transfonn of the
pair distribution /unctioll g(r ):
S(k) =

I g(r) expi(k . r) d 3r;

(6 1

it ma) be recalled here that the function g(r2 - rl) denotes the probability density
for finding an atom in the neighborhood of the point r2 when another one is known
to be at the point rl. The optimal wave function is. therefore, given by
(7)

Now the momentum associated with this excited state is 11k because
(8)

pcp being identically equal to zero. Naturally, this would be interpreted as the
momentum p associated with the ell.citation. One thus obtains, from first principles,
the energy - momentum relationship for the elementary excitations in a Bose liquid.
On physical grounds one can show that, for small k, the structure factor S(k)
rises linearly as Tlf.. . j2I1lc, reaches a maximum near k = 2rrjro (corresponding to
a maximum in the pair distribution function at the nearest-neighhor spacing roo
which for liquid He4 is about 3.6 A) and thereafter decreases to approach, with
1.5
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FIG. 10.1. The energy speclrum of the elementary excitations in liquid He~ . The upper
portion shows the structure factor of the liquid, as derived by Henshaw (1960) from
experimental data on neutron diffraction. Cun.e 1 in the lower portion sho\~s the
energy-momentum relationship based on the Feynman formula (5) while curve 2 is
based on,' :'JlprO\ed formula due to Feynman and Cohen (1956). For comparison, the
e"p~rime .
esuhs of Woods (1966) obtained directly from neurron scallcring are also
includ~d.
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minor oscillations (corresponding to the subsidiary I
'rna in the pair distribution
function at the spacings of the next nearest neighbul"), the limiting value 1 for
large k; the limiting value 1 arises from the presence of a delta function in the
expression for g(r) (because, as rz --+ rJ, one is sure to find an atom thereVO
Accordingly, the energy e(k) of an elementary excitation in liquid He4 would
start linearly as Ilkc, show a "dip" at ko ~ 2A-1 II and rise again to approach
the eventual limit of Tlk z/2m. These features are shown in Fig. 10.1. Clearly,
Feynman's approach merges both phonons and rotons into a single, unified scheme
in which they represent different parts of a common (and continuous) energy
spectrum e (k), as determined by the structure of the liquid through the function
S(k). Since no motion of a rotational character is involved, the name "rotan" is
clearly a misnomer.
It seems appropriate to mention here that, soon after the work of London
which advocated a connection between the phase transition in liquid He4 and the
phenomenon of Bose-Einstein condensation, Bijl (1940) investigated the mathematical structure of the wave functions appropriate to an interacting Bose gas
and the excitation energy associated with those wave functions. His picture corresponded very closely to Feynman's and indeed led to the wave function (7). Bijl
also derived an expression for e(k) which was exactly the same as (5). Unfortunately, he could not make much use of his results-primarily because he leaned
heavily on the expansion

(9)
which, as we now know, represents neither phonons nor rotons.
10.5. States with quantized circulation
We now proceed to examine the possibility of "organized motion" in the ground
state of a Bose fluid. In this context, the most important concept is embodied in the
circulation theorem of Feynman (1955), which establishes a physical basis for the
existence of "quantized vortex motion" in the fluid. In the case of liquid helium
II, this concept has successfully resolved some of the vital questions which had
been baffling superfluid physicists for a long time.
The ground state wave function of a superfluid, composed of N bosons, may be
denoted by a symmetric function <I> (rl, ... , rN); if the superfluid does not partake
in any organized motion, then <I> will be a pure real number. If, on the other
hand, it possesses a uniform mass-motion with velocity v" then its wave function
would be
(1)

where P s denotes the total momentum of the fluid and R its center of mass:

(2)
Equation (1) gives the desired wave function exactly if the drift velocity v, is
uniform throughout the fluid. If Vs is non-uniform, then the present wave function
would still be good locally-in the sense that the phase change £::..¢ resulting from
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a "set of loc.
splacements" of the atoms (over distances too small for velocity
variations to be appreciable) would be practically the same as the one following
from expression (1). Thus, for a given set of displacements /),rj of the atoms
constituting the fluid, the change in the phase of the wave function would very
nearly be
n1,,",
/j,¢ = - L...(vsj·/j,ri).
(3)
T1 I.
where v s is now a function of r.
The foregoing result may be used for calculating the net phase change resulting
from a displacement of atoms along a ring, from their original positions in the
ring to the neighboring ones, so that after displacement we obtain a configuration
which is physically identical with the one we started with; see Fig. 10.2. In view
of the symmetry of the wave function, the net phase change resulting from such a
displacement must be an integral multiple of 2rr (so that the wave function after
the displacement is identical with the one before the displacement):

.,
m L...
""" (vsj·/j,rj) = 2ml.
11

n = O. ±l. ±2.... ;

(4 )

.

I

FIG. 10.2. The wave function of the fluid must not change as a result of a permutation
of the atoms If all the atoms are displaced around a ring, as shown, the phase change
must be a multiple of m.

the summation L ' here goes over all the atoms constituting the ring. We note that
for the foregoing result to be valid it is only the individual /),rj that have to be
small,lIot the whole perimeter of the ring. Now, for a ring of a macroscopic size,
one may regard the fluid as a continuum; eqn. (4) then becomes

f

Vs.dr =

n~,

n = 0, ±l. ±2 .....

(5)

111

The quantity on the left-hand side of this equation is, by definition, the circulation
(of the flow) associated with the circuit of integration and is clearly quantized,
the "quantum of circulation" being him. Equation (5) constitutes the circulatiol!
theorem of Feynman; it bears a striking resemblance to the quantum condition of
Bohr, namely
(6)
f pdq = nh,
though the region of application here is macroscopic rather than microscopic. I:!
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By Stokes's theorem, eqn. (5) may be written as

js (curl v s)·dS

h

= n m'

n = 0."';"'1, ±2. . . . ,

(7)

where S denotes the area enclosed by the circuit of integration. If this area is
"simply-connected" and the velocity V s is continuous throughout the area, then
the domain of integration can be shrunk in a continuous manner without limit. The
integral on the left-hand side is then expected to decrease continuously and finally
tend to zero. The right-hand side, however, cannot vary continuously. We infer
that in this particular case the quantum number n must be zero, i.e. our integral
must be identically vanishing. Thus, "in a simply-connected region, in which the
velocity field is continuous throughout, the condition

curlvs = 0

(8)

holds everywhere". This is precisely the condition postulated by Landau (1941),
which has been the cornerstone of our understanding of the hydrodynamic behavior
of superfluid helium. 13
Clearly, the Landau condition is only a special case of the Feynman theorem. It
is quite possible that in a "multiply-connected" domain, which cannot be shrunk
continuously to zero (without encountering singularities in the velocity field), the
Landau condition may not hold everywhere. A typical example of such a domain is
provided by the flow of a vonex, which is a planar flow with cylindrical symmetry
such that
K
(9)
v </J = - - , V;: = 0,
Vp = O.
2:rp

where P is the distance measured perpendicular to the axis of symmetry while K
is the circulation of the flow:

§ v·dr = § u</J(pd¢) =

(10)

K;

note that the circuit of integration in (10) must enclose the axis of the vortex.
Another version of the foregoing result is
j(CUriV).dS

s

=

j

{~:p(P'U</J )}(2npdP) =K.

(11)

s

Now, at all p =1= 0, curl v = 0 but at p = 0, where v </J is singular. curl v appears to
be indeterminate; it is not difficult to see that, at p = 0, curl v diverges (in such
a way that the integral in (11) turns out to be finite). In this context, it seems
worthwhile to point out that if we carry out the integration in (10) along a circuit
which does not enclose the axis of the vortex, or in (11) over a region that does
not include the point p = 0, the result would be identically zero. At this stage we
note that the energy associated with a unit length of a classical vortex is given by
b

,f =
L

j ~{2npdp(mno)}
(~)
2
2np

a

2

2

= mlloK
4n

In (b/a).

(12)
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Here, (mno ) is the mass density of the fluid (which is assumed to be uniform),
the upper limit b is related to the size of the container while the lower limit a
depends upon the structure of the vortex; in our study, a would be comparable to
the interatomic separation.
In the quantum-mechanical case we may describe our vortex through a selfconsistent wave function 1fr(r) which, in the case of cylindrical symmetry, see
eqn. (9), may be written as
(13)
so that
(14)

As P ~ 00, f s(p ) ~ 1, so that n* becomes the limiting particle density in the
fluid in region& far away from the axis of the vortex. The velocity field associated
with this wave function will be
Tz
vCr ) = 2im( 1fr*1fr) (1fr* V'1fr -1fr V'1fr*)
=

~ V'(s¢) =

m

(0,s~,
0) .
mp

Comparing (15) with (9), we conclude that the circulation K in the present case
is shi m; by the circulation theorem, s must be an integer:

s = O. ±1, ±2, ... .

(16)

Clearly, the value 0 is of no interest to us. Furthermore, the negative values of
s differ from the positive ones only in the "sense of rotation" of the fluid. It is,
therefore, sufficient to consider the positive values alone, viz.
s = 1, 2, 3, .. . .

(17)

The function fAp ) appearing in eqn. (13) may be determined with the help of
a Schrodinger equation in which the potential term is itself 1fr-dependent, viz.
( - ; : V'2 + 110 11fr12) 1fr = e1fr,
where

UD

(18)

is given by eqn. (10.1.51):
UD

= 4nah

2

lm,

(19)

a being of the scattering length of the interparticle interaction operating in the fluid.
The characteristic energy E follows from the observation that at large distances
from the axis of the vortex the fluid is essentially uniform in density, with n(r ) ~
n*; eqn. (18) then gives
(20)
which may be compared with eqn. (10.2.9). Substituting (20) into (18) and remembering that the flow is cylindrically symmetrical, we get
1 dp
d {d
'
- [P
p dpfsCp) }?
- p2 f s(p) ]-t- 8n an * f~(p)
= 8nan* J s(p).

(21)
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Expressing p in terms of a characteristic length I,

p = Ip'

{I = (8rrall')- 1/2 },

(22)

we obtain

d'!,
df,
(
s2 )
+ -p'1 -+
1-dpll
dpl
pl2

3

f , - f = 0.

(23)

,J

Towards the axis of the vortex, where p ~ 0, the very high velocity of the fluid
(and the very large centrifugal force accompanying it) will push the particles
outward, thus causing an enormous decrease in the density of the fluid. Conse·
quently, the function Is should lend to zero as p -» O. This will make the last
term in eqn. (23) negligible and thereby reduce il to Ihe fami liar Bessel's equation.
Accordingly, for small p,
fAp') - J,(p' ) - p',

(24)

being the nrdinary Bessel junc/ioll of order s. For p' » I,
first IWo lerms of eqn. (23) become negligihle, with Ihe result

J.~

f s ::: 1;

then, (he

s2
fAp ) '" I - 2 ".
,

(25)

p-

The full solution is obtained by integrating the equation numerically~ the results so
obtained are shown in Fig. 10.3 where solutions for oS = I, 2 and 3 are displayed.

1.0 - ----- --- --------- - ---- --- ----0.8

t
f,(P1

5

6

7

8

p'-

FIG. 10.3. Solutions of cqn. (23) for various values of s (after Kawalra and Pathria, 1966).

We thus find that our model of an imperfect Bose gas does allow the presence
of quantized vortices in the system. Not only that, we do not have to invoke here
any special assumptions regarding the nature of the "core" of the vortex (as one
has to do in the classical theory); our treatment naturally leads to a continual
diminution of the particle density n as the axial tine is approached, so that there
does not exist any specific distribution of vorticity around this line. The distance
scale, which governs the spatial variation of n, is provided by the parameter 1 of
eqn. (22); for liquid He', I '" 1 A.
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Pitaevskii
61). who was among the first to demonstrate the possibility of
obtaining 801 ... .Ion5 whose natural interpretation lay in quantized vortex motion
(see also Gross 1961; Weller 1963). also evaluated the energy per unit length of
the vortex. Employing the wave function (13). with known values of the functions
f ,(pl. Pitaevskii obtained the following results for the energy per unit length of
the vortex, with s = I, 2 or 3,
n*,,2

-

4rrtn

(lin (1.46Rjl).

41n (0.59Rjl).

91n (0.38Rjl)l,

(26)

where R denotes the outer radius of the domain involved. The above results may
be compared with the "semi-classical" ones, viz.

nolt 2

-

4rrlJl

(lin (Rja),

4In(Rja),

9In(Rja)l,

(27)

which obtain from formula (12). with K replaced by shjlli and b by R. It is obvious
that vortices with s > 1 would be relatively unstable because energetically it would
be cheaper for a system to have s vortices of unit circulation rather than a single
vortex of circulation s.
The existence of quantized vortex lines in liquid helium II has been demonstrated convincingly by the ingenious experiments of Vtnen (1958-61) in which
the circulation K around a fine wire immersed in the liquid was measured through
the influence it exerts on the transverse vibration.c:; of the wire. Vinen found that
while vortices with unit circulation were exceptionally stable those with higher
circulation too made appearance. Repeating Vinen's experiment with thicker wires,
Whitmore and Zimmermann (1965) were able to observe stable vortices with circulation up to three quantum units. For a survey of this and other aspects of the
superfiuid behavior. see Vinen (1968) and Bells (1969).
.
For the relevance of quantized vortex lines to the problem of "rotation" of the
superfluid, sec Sec. 10.7 of the first edition of this book.
10.6. Quantized vortex rings and the breakdown of superfluidity
Feynman (1955) was the first to suggest that the formation of vortices in liquid
helium n might provide the mechanism responsible for the breakdown of superfluidity in the liquid. He considered the flow of liquid helium II from an orifice of
diameter D and, by tentative arguments, found that the velocity Vo at which the
flow energy available would just be sufficient to create quantized vortices in the
liquid is given by
Vo = -

h

(1)
In (Df/) .
mD
Thus, for an orifice of diameter 10- 5 em, va would be of the order of 1 m/s. 15 It
is tempting to identify va with V e , the critical velocity of superftow through the
given capillary, despite the fact that the theoretical estimate for Vo is an order of
magnitude higher than the corresponding experimental values of Ve; the latter, for
instance, are 13 cm/s, 8 cm/s and 4 cm/s for capillary diameters 1.2 x 10-5 em,
7.9 x 10- 5 em and 3.9 x 10- 4 em, respectively. Nevertheless, the present estimate
is far more desirable than the prohibitively large ones obtained earlier on the basis
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of n possible creation of phonons or rolons in the liquid; sec Sec. 7.5. Moreover,
onc obtains here a definitive dependence of the critical velocity of superflow On
the width of the capillary employed which, at least qualitatively, agrees with the
trend seen in the experimental findings. In what follows, we propose to develop
Feynman's idea further along the lines suggested by the preceding section.
So far we have been dealing with the so-called Iillear \'orfices whose velocity
field possesses cylindrical symmetry. More generally, however, a vortex line need
not he straight- it may be curved and, jf it does nOI terminale on the walls of the
conraincr or on the free surface of the liquid, may close on itself. We then speak
of a "ortex ring, which is very much like a smoke ring. Of course, the quantization
condition (10.5.5) is as valid for a vortex ring as for a vortex line. However, the
dynamic,,1 properties of a ring are quite different from those of a lin e; see, for
instance, Fig. 10.4 which shows schematically a vOrtex ring in cross-section, the
radius,. of the ring being much larger than the core dimension I . The flow velocity
V I at any point in the Held is determined by a superposition of the now velocities
due to the variolL'i elements of the ring. It is not difficult to See th at the velocity
field of the ring, including the ring itself. moves in a direction perpendicular to
the plane of the ring, with a vcloci ty l6
tI '"

(2)

Tr/ 2mr;

v

v

"

,,,
,,

"
"

""
1-.1"~1'01(

r

••

r

,,

,, 1

FIG. 10.4. Schematic iIIustratiun of a quantized vortex ring in cross-scctiCln.

see egn. (10.S.15), with s = 1 and p - 2,.. An estimate of the energy associated
with the /low may be obtained from expression (\0.5.12), with L = 2"1", K = hi m
and h - r; thus
(3)

Clearly. the dependence of £ on r arises mainly from the factor r and only
slightly from the factor In (rll). Therefore, with good approximation tJ 0: £ - 1,
i.e. a ring with larger energy moves slower! The reason behind th is somewhat
startling result is that firstly the larger the ring the larger the distances between
:.IS reducing the velocity
the various circulation-carrying elements of the rin£(
impmted by one element to another) and secondly a 'o.I. rger ring carries with it a

§ 10.6]

Qua1ltized Vortex Rillgs alld tire Breakdown oj ~uperjtlll{llty

L~J

larger amount of the fluid (M ex r3), so the total energy associated with the ring is
also larger (essentially proportional to Mv 2 , i.e. ex r). The product V€, apart from
the slowly-varying factor In (rll), is thus a constant, v.hich is equal to JT"!.1I 31l01m"!..
It is gratifying that vortex rings such as the ones discussed here have been
observed and the circulation around them is found to be as close to the quantum
hi m as one could expect under the conditions of the experiment. Figure 10.5
shows the experimental results of Rayfield and Reif (1964) for the velocity-energy
relationship of free-moving, charge-carrying vortex rings created in liquid helium
II by suitably accelerated helium ions. Vortex rings carrying positive as well as
negative charge were observed; dynamically, however, they behaved alike, as one
indeed expects because both the velocity and the energy associated with a vortex
ring are determined by the properties of a large amount of fluid carried along
with the ring rather than by the small charge coupled to it. Fitting experimental
results with the notion of the vortex rings, Rayfield and Reif concluded that their
rings carried a circulation of (1.00 ± 0.03) x 10- 3 cm 2/s, which is close to the
Onsager- Feynman unit 111111(= 0.997 x 10- 3 cm"!./s); moreover, they seemed to
have a core radius of about 1.2 A, which is comparable with the characteristic
parameter I of the ftuid.
140
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80

0'
<lJ
.!!'. 60
E
u

~

,.

40
20

0

/

30
10
20
E(in electron volts) _

40

50

FtG. 10.5. The velocity - energy rclutionship of the \ortex rings formed in liquid helium
II (after Ra~field and Re if, 19M). The poi nts indicate the experimental dJta, while the
curve represents the theoretical relationship based on the " quantum of circulation" "/111.

We shall now show that the dynamics of the quantized vortex rings is such that
their creation in liquid helium II does provide a mechanism for the breakdowll of
sllperfillidity. To see this, it is simplest to consider the case of a superftuid ftm\ ing
through a capillary of radius R. As the velocity of flow increases and approaches
the critical value V c> quantized vortex rings begin to form and energy disSipation
sets in, which in turn brings about the rupture of the superflow. By symmetry,
the rings will be so formed that their central plane will be perpendicular to the
axis of the ca
uy and they will be moving in the direction of the main flow.
Now, by the L .lIIdau criterion (7.5 .24), the critical velocity of superftow is directly
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determined by the energy spectrum of the

excitation~

'8ted:

We therefore require an expression for the momentum p of the vortex ring. In
analogy with the classical vortex ring, we may take
(5)

which seems satisfactory because (i) it conforms to the general result: v ::::: (CJsjCJp),
though only to a first approximation, and (ii) it leads to the (approximate) dispersion relation: c ex p1 /2, which has been separately verified by Rayfield and Reif
by subjecting their rings to a tra,nsverse electric field. Subslituting (3) and (5) into
(4), we obtain
Vc -

{.!'....In(r/I)}
.
mr
min

(6)

Now, since the r-dcpendence of the quantity f/ p arises mainly from the factor
l /r, the minimum in (6) will obtain when r has its largest value, namely R, the
radius of the capillary. We thus obtain
Il

V,. -

- In (R//),
mR

(7)

which is very much the same as the original estimate of Feynman - with D replaced
by R. Naturally. then, the numerical values of V c obtained from the new expression
(7) continue to be significantly larger than the corresponding experimental values;
however, the theory is now much better founded.
felter (1963) was the first to account for the fact that, as the rodius r of the
ring approaches the radius R of the capillary, the influence of the "image vortex"
becomes important. The energy of the flow now falls below the asymptotic value
given by (3) by a factor of 10 or so which, in turn, reduces the critical velocity
by a similar factor. The actual rc..'!mlt obtained by Fetter was

v,::: -11 -" = 0.46 -" .
24mR
mR

(8)

Kawatra and Pathria (1966) extended Felter's calculation by taking into account
the boundary eflects arising explicitly from the walls of the capillary as well as
the ones arising implicitly from the "image vortex"; moreover, in the computation
of c, they employed actual wave functions, obtained by solving cqn. (10.5.23),
rather than the analytical approximation employed by Fetter. They obtained
vc::: 0.59 -

"

mR

,

(9)

which is about 30 per cent higher than Fetter's value; for comments regarding the
"most favorable" location for the formation of the vortex ring in the capillary, see
the original reference.

Low-lying Slales of an Imperfect Fermi Gas
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1.7. Low-lying states of an imperfect Fermi gas

+4 or -~)

TIle Hamiltonian of the quantized field for spin-half fermions (0 =
is given by eqn. (10.1.48), viz.

- _ ~ p2 t

H - L- 2-apoapo
m
p.o

P;", .P;'" t t
+ -21~'
L "PI"I . P2f1Zap'o,
ap' o , op202GPIOI·
I I
2 2

(1)

where the matrix elements u are related to the scattering length a of the two-body
interaction; the summation in the second part of this expression goes only over
those states (of the two particles) that conform to the principles of momentum and
spin conservation. As in the Bose case, the matrix elements u in the second sum
may be replaced by their values at p = O. i.e.

(2)
Then, in view of the anlisymmetric character of the product GpIO,Up202' see
eqo. (1O.1.24c), all those terms (of the second sum) which contain identical indices
01 and 02 vanish on summation over PI and P 2. Similarly, all those terms which
vanish on summation over p; and pi. 17 Thus.
contain identical indices a~ and
for a given set of values of the particle momenta, the only choices of the spin
components remaining in the sum are

a;

,
,
(ii) a, = +2 '
,
(iii) a, (i) a,

= +2 '
2'

- !2 '
(iv) a, -

°2

= -~;

°2 =

a 2 -a2

=

-!;

,

a ' --

,

a,

,

+2'

=- 4,

,
+ 2'
1. a', - 2'
+4; a,, =+2',

,

(12

,

=-2

, +''2
,
,
°2 = +2
,
,
°2 =

°'2= -2'

It is not difficult to see that the contribution arising from choice (i) will be identically equal to the one arising from choice (iii), while the contribution arising from
choice (ii) will be identically equal to the one arising from choice (iv). We may,
therefore, write

(3)
where
110
V

0+.0-

O- ,D+

(4 )

= (uo+.o_ - uO+,o_ ),

+4

-4.

while the indices + and - denote the spin stales a =
and a =
respectively; the summation in the second part of (3) now goes over all momenta that
conform to the conservation law

,

p,

,
+ P2 =

p,

+ P2·

(5)

To evaluate the eigenvalues of the Hamiltonian (3) we shall employ the techniques
of the perturbation theory.
First of all. we nole that the main term in the expression for if is already
diagonal. and its eigenvalues are
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2

E (O)

= '~
" ~n
2m p u .

(6)

p .u

where IIpu is the occupation number of the single-particle state (p , a) ; its mean
value, in equilibrium, is given by the Fermi distribution function
np u

1
= Zo I exp (p2 j 2mkT)

(7)

+ 1.

The sum in (6) may be replaced by an integral, with the result (see Sec. 8.1, with
g= 2)
3kT
_
- V ).3 fs /2 ("'0 ),

(0) _

E

(8)

where). is the mean thermal wavelength of the particles,
). = h j (2mnkT) I/2.

(9)

while / ,. (zo) is the Fermi - Dirac function

J
C0

1
/ ,. (:0 ) = rev)

o

X l'- 1

Z- I
ex
0

1

()()

dx

+1 =

L( _ 1)1- 1 ;~;
7

(10)

/= 1

the ideal-gas fugacity : 0 is determined by the total number of particles in the
system:
2
(11)
N =
npu = V ).3 13/2 (ZO)·

L

p ,"

The first-order correction to the energy of the system is given by the diagonal
elements of the interaction term, namely the ones for which P; = PI and P2 = P2;
thus
(12)

where N + (N - ) denotes the total number of particles with spin up (down). Suhstituting the equilibrium values N + = N - = !N, we obtain
E

(I)

uo

2

uo {

= 4VN = V ).6

}'

(13)

h /2 (zo ) - .

Substituting lIo ::::: 4naTz2fill , see eqn. (10.1.51), we obtain to first order in a
(I)

EI

nal/ N

2kT (a) {

= ----;;;- l , N = V ).3

A

}'

h/ko ) - .

(14)

The second-order correction to the energy of the system can be obtained with
the heIp of the formula
(15)

Low-lying States of an Imperfect Fermi Gas
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simple calculation yields
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- 2 V2

E

pertain to the unperturbed states of the system. A

L

n p , + n p2 _(1

PI . Pl, P1

'
(p-+
I

u~

(2) _
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,

- n p ; + )(l - np~ )
2
"
"
,
p - p~
- p-)/ 2m
2
1
2

(16)

where the summation goes over all PI , P2 and p ~ (the value of P; being fixed by the
requirement of momentum conservation); it is understood that we do not include
in the sum (16) any terms for which
+ p~ = p~2 + pl. It will be noted that the
numerator of the summand in (16) is closely related to the fact that the squared
matrix element for the transition (Pl . P2) -+ (P; , p~ ) is directly proportional to the
probahility that "the states PI and P2 are occupied and at the same time the states
pi and pi are unoccupied" . Now, expression (16) does not in itself exhaust terms
of second order in a . A contribution of the same order of magnitude arises from
expression (12) if for Uo we employ an expression more accurate than the one
just employed. The desired expression can be obtained in the same manner as in
tile Bose case; check the steps leading to eqns (10.2.5,6). In the present case, we
obtain
2
,
4nGn ~ Uo 2 uii '""
1
mV - 11 + V2 L , (p2 + p; _ p'2 - p'f)/2m '

pi

I

PI. P2. PI

-

1

-

whence it follows that
Uo ~

4nGn
m

2
[

1-

8nGn

L

2

mV

?

+ p22 _
1

, (p-

PI ' P:, P,

1'

P2
1

"

-

P - )/ 2m

1
•

(17)

2

Substituting (17) into (J 2), we obtain, apart from the first-order term already given
in (14), a second as in eqn. (18), (19) + (20) order term. namely
(1) _

_

E2 -

(4nGn2)
2

2
llp l + n p2 -

'""

L

mV

2

I

PI, Pl , P]

(PI

'

+ P::;- - pr" -

'2

P2 )/ 2m

E2 - 2

(4nah2)
mV

2

(18)

uo::::: 4nGTz2 /m

For the second-order term as given in (16), the approximation
suffices, with the result
(2) _

.

L

IlpI+npz_ (1 - np;+)(I-11p~ _)
2
2
'2
. (Pl + P2 - P l - p z- )/2m
PI. PZ ·P,
'7

(19)

Combining (18) and (19), we obtain l 8
E 2 = E~l

)

2)

+ E~ = - 2 (

4nGn2)
mV

2
llprr llPz- ( n pl, + +np;_ )

'""

L

2

, (P l

m , p2·~

?

+ Pi -

'2

'2 -

(20)

Pl - p, )/ 2m
-

To evaluate (20), we prefer to write it as a symmetrical summation over the
four momenta PI, pz, pi and pi by introducing a Kronecker delta to take care of
the momentum conservation; thill>
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(21)

It is obvious that the two parts of the sum (21), one arising from the factor
and the other from the factor
may therefore write

np~ _ '

npi +

would give identical results on summation. We

(22)

The sum in (22) can be evaluated by following a procedure due to Huang, Yang
and Luttinger (1957), with the result 19

8kT
E2 = V):3

(0 2) F (zo).

(23)

).2

where
:x:

F(zo)

=-

(

'L"

r.s. I=1

•

)r+s+l

-.:.0

.J(rst)(r ..... s)(r + t )

.

(24)

Combining (8), (14) and (23), we obtain to second order in a

E

= V kT
).3

[

2a
2
3h/2(ZO }+ ;:-{f3/2 (ZO)}

]
+ &?
)..2 F(z.o ) .

(25)

where Zo is det~rmined by (11).
It is now straightforward to obtain the ground state energy of the imperfect Fermi
gas (zo - x) ; we have only to know the asymptotic behavior of the functions
involved. Fof the f v we have from the Sommerfeld lemma (see Appendix E)

f v(to) ~

(Inzo)" I r (v + 1),

(26)

so that

.) ""
f 5/2 (<.0
"'"

8

- )5/ 2.
15rr1/ 2 (In .cO
•

(27)

Equation (11) then gives

n

= NV

8

~ 3nl/ 2;.,3 (lnzo)

3/2

,

(28)

so that
(29)

The asymptotic behaviour of F (zo) is given by
F (ZO) ~

16(11-2In2)
(lnz )7/ 2.
105n3/ 2
0
,

(30)

Energy Spectrum of a Fermi Liquid
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see Problem 10.12. Substituting (27) and (30) into (25), and making use of the
relation (29), we finally obtain
Eo
-,
IV

= -3-(3n-nr/ + - - n {6
m
m
h

2

)

10

J

3

nah

1

1-'- -(11- 2 1n2)
35

(3)
-

1/

3

n 1/3 a } .

(31 )

7r

The ground state pressure of the gas is then given by
J

B(Eu / N )

Po = n - ----'---c:'-'-----'-

an

We may also calculate the velocity of sound, which directly involves the compressibility of the system, with the result
2

Co

=

BPo
B(mn)

The leading terms of the foregoing expressions represent the ground-state results
for an ideal Fermi gas, while the remaining terms represc.nt corrections arising
from the interparticle interactions.
The result embodied in eqn. (31) was first obtained by Huang and Yang (1957)
by the method of pseudopotentials: Martin and De Dominicis (1957) were the
first to attempt an estimate of the third-order correction. 20 Lee and Yang (1957)
obtained (31) on the basis of the binary collision method; for the details of their
calculation, see Lee and Yang (1959b, 1960a). T he same result was derived later
by Galitskii (1958) who employed the method of Green's functions.
10.8. Energy spectrum of a Fermi liquid: Landau's phenomenological
tbeory21
In Sec. 10.4 we discussed the main features of the energy spectrum of a Bose
liquid; such a spectrum is generally referred to as a Bose type spectrum. A liquid
consisting of spin-half fermions, such as liquid He3 , is expected to have a different
kind of spectrum which, by contrast, may be called a Fermi type spectrum. Right
away we should emphasize that a liquid consisting of fermions may not necessarily
possess a spectrum of the Fermi type; the spectrum actually possessed by such a
liquid depends crucially on the nature of the interparticle interactions operating in
the liquid. For instance, if the interparticle interactions are such that they tend to
associate particles into "pairs", then in a particular limit we may expect to obtain a
"molecular" liquid whose constituents possess "integral" spin and hence a "Bose
type" spectrum. This indeed happens with the electron gas in superconductors
which, at low temperatures, displays a remarkahle preference for the formation of
the so-called "Cooper pairs" of electrons. The formation of these pairs is essentially
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due to the electron-phonon-e1ectron interaction operating in the material and
lends to the electron gas the same properties of "superftuidity" as are witnessed
in the case of liquid He4 (which, as we know, is a Bose liquid). For the details of
the mechanism of pair formation, reference may be made to the original papers of
Cooper (1956) and of Bardeen, Cooper and Schrieffer (1957); a simpler version of
the theory is given in Cooper (1960). In the present section we propose to discuss
the main features of a spectrum which is characteristically of the Fermi type.
According to Landau (1956), whose work provides the basic framework for our
discussion, the Fermi type spectrum of a quantum liquid is constructed in analogy
with the spectrum of an ideal Fermi gas. As is well known, the ground state of the
ideal Fermi gas corresponds to a "complete filling up of the single-particle states
with P ~ PI' and a complete absence of particles in the states with p > PI''' ; the
excitation of the system corresponds to a transition of one or more particles from
the occupied states to the unoccupied states. The limiting momentum PF is related
to the particle density in the system and for spin-half particles is given by
(1)

In a liquid, we cannot speak of quantum states of individual particles. However, as
a basis for constructing the desired spectrum, we may assume that as interparticle
interactions are gradually "switched on" and a transition made from the gaseous to
the liquid state, the ordering of the energy levels (in the momentum space) remains
unchanged. Of course, in this ordering. the role of the gas particles is passed on
to the "elementary excitations" of the liquid (also referred to as "quasi-particles")
whose number coincides with the number of particles in the liquid and which also
obey Fermi statistics. Each "quasi-particle" possesses a definite momentum p, so
we can speak of a distribution function n (p) such that
In(p)dr=N/V,

(2)

where dr = 2d 3 p/1t 3 • We then expect that the specification of the function n(p)
uniquely determines the total energy £ of the liquid. Of course, £ wiII not be given
by a simple sum of the energies E (P) of the quasi-particles; it will rather be a
functiollal of the distribution function tl (P) . In other words, the energy £ will not
reduce to the simple integral I E(p)n(p)V dr, though in the first approximation a
variation in its value may be written as

8£

=

V

I E(p)8n (P) dr,

(3)

where 8n (p) is an assumed variation in the distribution function of the "quasiparticles". The reason why £ does not reduce to an integral of the quantity E(p)n (P)
is related to the fact that the quantity E(P) is itself a functional of the distribution
function . If the initial distribution function is a step function (which corresponds to
the ground state of the system), then the variation in E(P) due to a small deviation
of the distribution function from the step function (which implies only low-lyi1lg
excited states of the system) would be given by a li1lear functional relationship :
8E (P)

=I

f(P, p')81l(p' ) dr'.

(4)

Thus, the quantities c(p) and f (p, p') are the first and sq (J functional derivatives
of £ with respect to n (p). Inserting spin dependence, \, ~ may now write

§ 10.8]
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= I>(p , a)on(p, a) + 2V
p .a

L
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f(P, a;p', a' )8n(p, a)8n(p' , a ' ),

(5)

p . 0'; p', a'

where on are small variations in the distribution function n (P) from the step
function (that characterizes the ground state of the system); it is obvious that these
variations will be significant only in the vicinity of the limiting momentum PF,
which continues to be given by eqn. (1) . It is thus understood that the quantity
Efp, a) in (5) corresponds to the distribution function /l(p , a) being infinitesimally
close to the step function (of the ground state). One may also note that the function
f(p, a; p ', a ' ), being a second functional derivative of E, must be symmetric in
its arguments; often, it is of the form a + b .\\ . Sl , where the coefficients a and
b depend only upon the angle between the momenta p and p'.22 The function f
plays a central role in the theory of the Fermi liquid; for an ideal gas, f vanishes.
To discover the formal dependence of the distribution function n (P) on the
quantity E(P) , wc note that, in view of the one-to-one correspondence between the
energy levels of the liquid and of the ideal gas, the number of microstates (and
hence the entropy) of the liquid is given by the same expression as for the ideal
gas; see eqn. (6.1.15), with all g, = I and (l = + 1, or Problem 6.1 :

~k = -

"{nlnn
L

+ (1 -

n)ln(I - Il)}

~ - v JInlnn + (1-n ) ln (l

- n)}dr.

p

(6)

Maximizing this expression, under the constraints oE
for the equilibrium distribution function
11

=

= 0 and oN = 0, we obtain

1
--~~----~~--

exp {(E - J1)l kT}

+1

. (7)

It should be noted here that. despite its formal similarity with the standard expression for the Fermi - Dirac distribution function , formula (7) is different insofar
as the quantity E appearing here is itself a function of n; consequently, this
formula gives only an implicit. and probably a very complicated, expression for
the function n.
A word may be said about the quantity E appearing in eqn. (5). Since this E
corresponds to the limiting case of n being a step function, it is expected to be
a well-defined function ofp . Equation (7) then reduces to the usual Fermi - Dirac
distribution function, which is indeed an explicit function of E. It is not difficult
t9' see that this reduction remains valid so long as expression (5) is valid. i.e.
so long as the variations On are small, which in turn means that T« T F . As
mentioned earlier, the variation Oil will be significant only in the vicinity of the
Fermi momentum PF ; accordingly, we will not have much to do with the function
E(P) except when p ~ PF . We may, therefore, write

E (P ~ PF) =EF+ (aE )
(P - PF)+ ···~ EF+UF« (I - PF).
ap P= PF

(8)

where UF denotes the "velocity" of the quasi -particles at the Fermi surface. In the
case of an idel as (E = p2 12m), UF = P FI m . By analogy, we define a parameter
1Il* such that
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m

* = -PF = ----=--PF
UF

(9)

(B£/Bp)P=PF

and call it the effective mass of the quasi-particle with momentum PI' (or with
p:::::: PF). Another way of looking at the parameter m* is due to Brueckner and
Gammel (1958), who wrote

p2

£(p :::::: pp) = -

2m

+ yep) = -

V

2m*

+const.;

(10)

the philosophy behind this expression is that "for quasi-particles with p :::::: PF, the
modification, yep), brought into the quantity £ (p) by the presence of interparticle
interactions in the liquid may be represented by a constant term while the kinetic
energy, p2; 2m, is modified so as to replace the particle mass In by an effective,
ql!asi-particle mass m*" ; in other words, we adopt a mean field point of view.
Differentiating (10) with respect to P and setting P = PF. we obtain

~* = ,~ + :F (d:~P») P=PF .

(11)

The quantity m*, in particular, determines the low-temperature specific heat of
the Fermi liquid. We can readily see that, for T « T F , the ratio of the specific
heat of a Fermi liquid to that of an ideal Fermi gas is precisely equal to the ratio
m* / m :
(C v) real
111*
(12)
(C v) ideal
111
This follows from the fact that (i) expression (0) for the entropy S, in terms of the
distribution function II, is the same for the liquid as for the gas, (ii) the same is
true of relation (7) between n and e, and (iu) for the evaluation of the integral in
(6) at low temperatures only momenta dose to PF are important. Consequently.
the result stated in Problem 8.13, namely
l[2

C v :::::: S :::::: 3k2Ta(eF ),

(13)

continues to hold- with the sale difference that in the expression for the density of
states a( eF), in the vicinity of the Fermi surface, the particle mass m gets replaced
by the effective mass m*; see eqn. (8.1.21).
We now proceed to establish a relationship between the parameters m and m'" in
terms of the characteristic function f. In doing so, we neglt:ct the spin-dependence
of f , if any; the necessary modification can be introduced without much difficulty.
The guiding principle here is that, in the absence of external forces. the momentum
density of the liquid must be equal to the density of mass transfer. The former is
given by I pl1 dT , while the latter is given by m I (8e/ tJp}n dT, (B£/ Bp) being the
"velocity" of the quasi-particle with momentum p and energy e.23 Thus

J

pndT = m

J:;

ndT.

(14)

Varying the distribution function by Oil and making use of eqn. (4), we obtain

J

pfin d T = m

J

Be fin dT
Bp

+m

if

{ilf(P,P'
Bp ) fin I dT ' } n dT

§ 1O.8J
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1aE

-8I1d<-11I

ap

11' all'
j(p.p) -

ap'
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,
8ndTdT;

(15)

in obtaining the last expression, we have interdumged the variables p and pi and
have also carried out an integration by parts. In view of the arbitrariness of the
variation 811, eqn. (15) requires that
p

-

III

aE-

= -

8p

1

, all' dr.,

j(p.p )-

(16)

Bpi

We apply this result to quasi-particles with momenta dose to PF; at the same
time, we replace the distribution function n ' by a "step" function, whereby

Bn'
p'
I
- = - - 6(p - PF).
p'
ap'
This enables us to carry out integration over the magnitude pi of the momentum,
so that
all' 2p" d p' (tw'
2PF
. j(p,p) "P'
II'
= -0
j(O)PF dw .
(17)

1 "

'
f

dw' being the element of a solid angle; note that we have contracted the arguments
of the function f because in simple situations it depends only upon the angle
between the two momenta. Inserting (17) into (16), with P = PF, making a scalar
product with PF and dividing by p}. we obtain the desired result

f

-1 = -I + -PF3 ·4
III
m·
211
.

'

j(O)cos Odw.

(18)

If the function f depends upon the spins SI and S2 of the particles involved, -then
the factor 4 in front of the integral will have to be replaced by a summation over
the spin variables.
We now derive a formula for the velocity of sound at absolute zero. From first
principles, we have 24

,

Co =

apo

a(mN IV)

V' (apo)

= - mN

av

N '

In the present context, it is preferable to have an expression in terms of the
chemkal potential of the liquid. This can be obtained by making use of the formula
NelllO= V dP •• see Problem 1.16. whence it follows that L'

) = _ V(allo)
( aIlO
aN v
N
av
and hence

= _
N

llo )
cl -m
- N (aaN
\,.

V' (apo)
N'

av

N

(19)

Now, lio = E(PF) ::; £F; therefore, the change ~IJ.O arising from a change lJN in
the total number of particles in the system is given by
(20)
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The first part in (20) arises from the fact that a change in the total number of
particles in the system inevitably alters the value of the limiting momentum PF;
see eqn. (I), whence (for constant V)

oPFlpF = ~oNIN
and hence

at ,

-

CJPF

OPF = -

p} oN
-

3m· N

·

(21)

The second part arises from eqn. (4) . It will be noted that the variation lin'
appearing in the integral of CQIl. (20) is significant only for p'::::: PF; we may,

therefore, write

!

.

",

!(P,.. ,p )011 dr '" -oN
4rrV

J

'

(22)

J

'

(23)

!(O)dw .

Suhstituting (21) and (22) into (20), we obtain
.=
(-"110)
aN v

p} + 1-

3m· N

4nV

!(O)i/w .

Making use of eqns (18) and (I), we finally obtain

N
c ? =-

o

m

)
(a/l
- .-O

aN v

p~ · 4
=p~.
-2 + -3
3m

Gmh

J

'

!(O)(I-cosO)dw.

(24)

Once again, if the function f depends upon thc spins of the particles, then the
faLicr 4 in front of the integral will have to be replaced by a summation over the
spin variables .
for illustration, we shall apply this theory to the imperfect Fermi gas studied in
Sec. 10.7. To calculate f(P, a ;p' , a ' ), we have to differentiate twice the sum of
expression (10.7.12). with lto = 47Tah'- / m, and expression (10.7.22) with respect to
the distribution function II(P, a) and then substitute p = p'
PF . Performing the
desired calculation, then changing sllmmations into integrations and carrying out
integrations by simple means, we find that the function f is spin-dependent - the
spin-dependent term being in the nature of an eJochange term, proportional to
S'l . 5'2 . The complete result, a<"'"t:ording to Abrikosov and Khalatnikov (1957), is

=

!

(p, ,,;p ' , ,,' ) = A(O) + 8(0)., . s"

(25)

where

A(O) = _2rr
_a_,,_' [1 + 2n

(_3N_) II' {2 +
"V

III

cosO
In 1 + sin (0/ 2)}]
2sin (0/ 2)
1 - sin (0/ 2)

and

8(0) = _ Rrra'"
III

[I + 2n

(_3
N) II' {I _ 2~ sin (Ii2. ) In .,...1I _-+-,Sisincn-~(012)
( 0:-c/2:-,-)}]
rrV
,
e

a being the scattering length of the two-body potentv nd the angle between
the momentum vectors PF and p' , . Substituting (25) i,m' formulae (18) and (24),
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in which the factor 4 is now supposed to be replaced by a summation over ahe
spin variables, we find that while the spin-dependent term B(e)sl . Sl docs not
make any contribution towards the final reSulL'i, the spin-independent term A(O)
leads t0 26
1
1
8
- = - - -(7ln2 - 1) a2
(26)
m"
III
15m
rrV

(3N)2/3

and

[ 4

p~.
2rrah2 N
c --+-c;0 - 3m2
m2 V 1 + 15(11 - 21n2)
2

(3N)'/J]
"V

a

(27)

the latter result is identical with expression (10.7.33) derived in the preceding
section. Proceeding backward, one can obtain from eqn. (27) corresponding expressions for the ground-state pressure Po and the ground-state energy Eo. namely
eqns (10.7.32) and (10.7.31), as well as the ground-state chemical potential J10,"
quoted in Problem 10.15.

Problems
to.1. (a) Show that, for bosons as well
[ VJ(r j ). H ]

where

if

= (-

a~

rcrmions,

~'j:' V] +

!

tf3rJJ/

(r)lf(r . r j )V/(r )) V' (rj).

is the Hamiltoni<m operalor defined by eqn. (10.1.4).

(b) Mtlking usc or the fo regoing ,esult, show Ihat the equation
J
_
I
-, ;

N!

(01 ,,(r,) ... ,,(rN )HI 'l',vE) = E-,;

N!

=

(Ol,,(r,) ... ,,(roY II'l'NE)

•

E\l.INE(rl . ... r ,v)

i!> equivalent to Ihe SchrOdinger equation (10.1.15).
10.2. Tht grand partit ion function of a gaseous system compostd of mutually imeracting bosons is
siven by
In .d

5. -PV

kT

,n (n' )]

= -V, [ 85/2 (;:) - 2{SJ/2(.;:)} - + 0
-:;
J..
J..).-

.

Study the anal),tic behaviuf of this expres.<;ion neolf Z = I and show Ihat the systtm exhibils the
phenomtnon of Bose-Einstein condtnSaTion when its fugacity aSSumeS the critical value

"'= I +4(' (~)~
+ o(a:)
2 J.. c
Ac
Furtht:) show .Ihilt the pressure of the gas al the critic-dl point is given by (Let and Yang 1958, 1960b)

~=2,
['(~)+2{'
(~)}'
~Ac +()(,,: )] ;
kTc
Ac
2
2
A~

cr. eqns (1O.2.16-18).
10.3. For Ihe impcrftct Hose gas studied in Sec. 1D.2. cakulak the specific heal Cv ntar ab!>o lute
2ero and show that. as T _ 0, Ihe specific helll vanishes in a milllOCJ" chmac.1Clblic uf a !>)"!.ttm with
an " energy gap" 6 = 4ncJ,"J.n j m.
lOA. (a) Show that, to first onitr in the scaHering le ngth D, the discontinuity in Ihe specific hta!
C~, of all imptrfect Bose gas al the trans ition temperature Tc is given by

9a
(C v IT_T, _ - (C V IT~T,. = Nk V}(3/21.
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while the discontinuity in the bulk modulus K is gi'

'>y
4rrah2

(KlT=T - - (KlT=T + =
C

C

---2-'
mvc

(b) Examine the discontinuities in the quantities (8 2p / 8T2 )v and (82/1/8T2) v as well, and

show that your results are consistent with the thermodynamic relationship
Cv=VT

-a2p)
( 8T2

-NT (82/1)
8T2

v

v

10.5. (a) Complete the mathematical steps leading to eqns (1O.3.1S) and (10.3.16).
(b) Complete the mathematical steps leading to eqns (10.3.23) and (10.3.24).
10.6. The ground·state pressure of an interacting Bose gas turns out to be (see Lee and Yang, 1960a)
Po =

/1~m

8rrah2

[1 _ 64 /1~/2ml/2a + ...] ,
ISrr

h

where /10 is the ground-state chemical potential of the gas. It follows that

and
En

-

V

==

(nJ-LU - Po)

=

/1~1/I

[

--1

8rrllT,-

32 /1~/211l1/2 a
Srr
TI

I - -

]

+ . .. .

Eliminating ILU, derive eqns (10.3.16) and (10.3.17).
10.7. Show that the mean occupation number lip of the real particles and the mean occupation
number N p of the quasi -particles, in an interacting Bose gas, are cunnec/ed by the relationship

1 - ctP2

(p

i- 0),

where ct p is given by eqns (10.3.9) and (10.3.10).
NO/e that eqn. (10.3.22) corresponds to the special case N p = o.
10.8. The excitation energy of liquid He 4 , carrying a single excitation above the ground state, is
determined by the millimum value of the quantity

where Eo denotes the ground-state energy of the liquid while 1jJ, according to Feynman, is given by
eqn. (10.4.3). Show that the process of minimization leads to expression (lO.4.S) for the energy of
excitation.
[Him: First express E in the form

Then show that E is minimum when !(r) is of the form (10.4.4).]
10.9. Show that, for a sufficiently large momentum hk (in fact , such that the slope d E/dk of the
energy spectrum is greater than the initial slope he), a state of double excitation in liquid He4 is
energetically more favorable than a state of single excitation, i.e. there exist wave vectors kl and k 2
such that, while kl + k 2 = k,t:(k,) + t:(k2) < E(k).
10.10. Using Fetter's analytical approximation,
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for the solut}
f eqn. (10.5.23) with l' = 1. calculate the energy (per unit length) associated with a
quantized VOl
line of unit cirrulatioo. Compare your result with the one quoted in (10.5.26).
10.11. (a) Study the nature of the velocity field arising from a pair of parallel vortex lines, with
l·. = + 1 and 52 = -I, separated by a distan~ d. Derive and discuss the general equation
of the stream lines.
(b) Again, using Fetter's analytical approximation for the functions !(P'.) and !~), caku·
late the energy (per unillength) of the system and show that its limiting value, as d -+ 0,
is 111r1J2n o/12m. Making usc of this result, derive expression (10.6.8) for the critical
velocity of superflow.
10.12. E.<;tablish the a!<iymptollc form ula (10.7.30) for the function F(ZO)'
(Hint: Write the coefficientlhat appears in the expansion (10.7.24) in the form

Insert this expression into (10.7.24) and carry oul summations ovcr r, s :md t, with the result

In the limit m _

00,

the integrand is essentially equal

X2

+ ~+ 'I

y2 +~

< In Z{j .

<:

10

I in the region R delined by

In :.(l

and

Z2

+ 'I

In :();

<:

outside thi!<i region, it is essentially O. Hence, the dominant term of the asymptotic expansion is

rr~/2 11. dXdYdZd~ dl],
which, in tum, reduces to the double illlegrOlI

1f~f2

JJ

(Jnzo -

~-

r])I (! (ln 1:0 -

~)'/2(1n ZO -

1])1 /2

d~ d l];

the limits of integr:ltion here are such that not only ~ < (In :o) and I] <: (In zo) but aL<;() (~+ 1]) <: (In ::o ).
Thc resl of the calculation is straightforward.1
10.13. The grand partition fun ction of a gaseous system composed of mutually interacting. spin·half
fcrmions has been evaluatcd by Lee and Yang (1957), with the rcsult 27
In d ~

kT

PV

1

z

V [
'In
,40'
,!la
= ,,' 2/,{Z(z) - TIIl,z(zll- + ,,' f"z(z)lh,,( , )J- - A'

F(z) +, ,- -

wherc 1: is the fugacity of the actual system (not of the corresponding non-intcracting sy!'itcm. which
was denoted by zo in the text); the functions! .. (z) and Hz) arc defmed in a manner !<i.imilar to
cqns (10.7.10) and (10.7.24). From here, one can derive exptession.~ for the quantities E (~. V, TI and
N(z. V. 1) by using the formulae
E(, V T)

• •

~ kT2 -'BOn
-::a;;CTd-') and N (z. V , T)

==::

D(ln d ) {2V

aOn z)

=

- 3

"

h r1. (zu)

}

.

(a) Eliminating z between these two results, derive eqn. (10.7.25) for E.
(b) Obtain the zero-point value of the chemica l potential p.., correct 10 second order in (a/}..) , and
verify, with the help of eqns (10.7.31, 32), that
(E

+ PV)T=O =

N(I1)T=tJ.

[Wm: At T = () K, 11 = (aE/BN)v.]
(e) Show that the low-temperaturc specific heat and the low-temperature entropy of the gas are
given by (sec Pathria and Kawatra, 1962)

Cv

rr' (kT)
[1 + --~
8 (7In2 - l)(kFU)2 + ....
1
£F
15n-

'" - S :::: Nk
Nk
2

The Method of Qualltized Fields

302

where kF = (3"2" )1 /3. Clearly, the factor within long brackets is to be identified with the ralio

11/" /11/; see eqns (10.8.12, 26).
(Hint : To determine Cv to the first power in T, we must know E to the secolld power in T .
For this, we require higher-order terms of the asymptotic expansions of the functions f .,(z ) and
F(z); these are given by
fs/2(Z) =

" 3f2
(In d/ 2 + - (ln z) I/ 2 + 0 (1).
15 "
3

- 8J
4

rr3/2

f 3/ 2(Z) = 3J" (In z)3/2 + 6
h /2(Z )

=

(In Z)-1/2 + O(ln :)- 5/2.

2
"3/2
J rr (In d /2 - ---u-(1nz)-3/2

+ Oiln z)-7/2

and

The first three results follow from the Sommerfeld lemma (E. 15); for the last one, see Y,mg (1962).
10.14. The energy ~pectrum E( p) of mutually interacting. spin-half fcrmions is given by (Galitskii,
1958; Muh ling. 1961)
E( p )

,

Pi· / 2111
x

?

~."--

+-

4

3rr

(kFa)

4

,

+ --, (kF a)15"-

In ,
- 10 (I)
x - - In 1\,+11
-- [11 + 2,.4,r2
\x-- l \
x
x-I

(2 _ r2)5/2 In (I + XJ(2 -,r2?
»)]'
x
1 -,r J (2-x-)

where x = p/ PF :':: J2 and k = p/TI. Show that, for k close to kF, this spectrum reduces to
p )-E(
,-

P'F/ 2m

~

x-?

4
4 (kFa )",
+ -(J'Fa)
+ --,

3"

[ ( 11 - 21n 2) - 4(71n2 - 1) ( -k - 1)] .

15"-

kF

Using eqns (10.8.10, 11), check that this expression leads to the result
"~8

-

111

~

,

1 + - - , (71n2 - 1)(kFa )-.
15"-

10.15. In the ground state of a Fermi system, the chemical potential IS identical with the Fermi
energy: (/J. )T=O = E(PF). Making use of the energy spectrum E( p ) of the previous problem. we obtain

Integrating this result, rederive eqn. (10.7.31) for the ground-state energy of the system.
10.16. The energy levels of an imperfect Fermi gas in the presence of an external magnetic field
B , to first order in a, may be written as

see eqns (8.2.8) and (10.7.12). Using this expression for En and following the procedure adopted in
Sec. 8.2A, study the magnetic behavior of this gas-in particular, the zero-field susceptibility X(T).
Also examine the possibility of spontaneous magnetization arising from the interaction term with a >
O.

Notes
I Alternat ively, one may employ eqns (20) and (21), and make (
eqn. (17).

f rules (1) or (2) along with

Notes
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2 This representation of the field is generally referred to as the plIrt1c1c-mmlber represelllation.
3 This can also be seen by noting that the fermion operators fI" satisfy the idt:ntity

111C same would be true of the eigenvalues n". Hence. II; = II" which means that n" = 0 or 1.

4 This result is consistent with the pseudopote/ltilll approocli of Huang and Yang (1957) in which
I/(r) is repla/Xd by the singular potential (41laT, 2/m )8(r), so the integral Ito bccomes 41CmI 2/m. For

an exposition of the pseudopotential approach. see Chapter iO of the first edition of this book.
~ In the I<lst step we h<lve repbced the sum
1l~ by the single term
neglecting the parti<ll

E

"6.

p

sum

L II; in comp;:!rison with the number (2/I,1'! -

nij).

Justification for this lies in the faci that, by

pt O
thc theory of fluctuations . the neglected part will be O(N) and not O(N'!).
6 This and the subsequcnt rt:sults wert: derived by Let: and Yang (1958, 196Oc) using the binary
collision method and hy Huang (1959, 19(0) using the pseudopolt:ntial method.
7 The evaluation of higher-order terms of this expansion ne!..."Cssitdtes considerdtion of three-body
collisions as well; hence. in gene!'.!!, they CMnot be expres."ed in temlS of the scattering length alone.
lllC exceptional case of a hard-sphere gas has been studicd by Wu (1959). who obtained (lLsing the
pseudovotential method)

-E u = 21Cah
N

11/

2
Jl

[

3 1/2 + 8 (-h 1 + - 128
' f " (lIa)
15ir
3

.j)'
3
lin
(,UI'

,) +

(1~;lII{r

,1

O {tlu-) ,

h

which shows that the expansion docs not procced in simple powers of (1111'1 )1/2.
R Spectrum (I) was first obtained by RogoliubO\' (19-l7) by the method outlined in the preceding
section~. Using the pseudopotential method, it was rederived by I£e. Huang Rnd Yang (1957).
') The reader interested in pursuing Feynman 's li ne of argument should refer to feynman's original
papers or to a recent review of Ft:ynman 's work on supcrfluidity by Mehra and Pathria (1994).
1U For a microscopic study of the structure factor S(k), see Huang and Klein (196...); also Jackson
and Feenberg (1962).
11 It is natural that at some value of k < ku, the (E, k)-curve pa...."cs through a maximllm ; this
happens when dS/dJ.. = 2S/k.
12 That the vortices in a superfluid may be quantized, the quantum of circul ation being !J/m, was
first suggested by Dnsager (1949) in a footnote to a paper dealing ..... ith the classical vonex theory and
the theory of turbulence!
IJ Drawing upon the well-known analogy between the phenomena of superfluidity and superconductivity, and the resulting correspondence between the mcchflnical momentum "n.:I of a superfluid
particle and the electromagnetic momentum 2eA /c of a Cooper pair of electrons, wc observe that the
rdevant counterpart of the Landau condition, in superconductors, would be
curIA = B = 0 .

which is precisely the Meissner effect; furthermore, the appropri:ue counterpart of the Feynman
theorem would be

J

8 ·dS =

n!':.
'he'

(7a)

S

which leads iOl1le "quantization of the magnetic !lux". the qU<lntum of fl ux being he/2e.
l.t It is of interest to see that thc angular momentum per particle in the fluid is given by

this is again reminiscent of the quantum condition of Bohr.
15 We have taken here: I ~ I A., so that In(D/ I) ~ 7.
16 1l1is result would be exact if we had a pair of oppositely directed linear vortices, with the same
cross-section as cl." wn in Fig. 10.4. In the case of a ring. thc velocity would be somewhat larger.
J7 Physically
means thai. in the limiting case of .~low collisions, only particles with opposite
spins interact wi I" vne another.

18 We have omitted here terms containing a "product of four n •
·r the following reason: in view
of the fact that the numerator of such a term would be symmetric
the denominator antisymmetric
with respect to the exchange operation (P1 . P1) +-> (P1'.P2'), its sum over the variables Pt . p~ . PI' (and
P!' ) would vanish identically.
19 For a direct evaluation of the sum (22). in the limit T _ 0, see Abrikosov and Khalatnikov
(1957). See also Problem 10.12.
20 The third-order correction has also been discussed by Mohling (1961).
21 For a microscopic theory of a Fermi liquid. see Nozieres (1964); see also Tuttle and Mohling
(1966).
22 Of course, if the functions involved are spin-dependent. then the factor 2 in the element dr (as
well as in dr /) must be replaced by a summation over the spin variable(s).
23 Since the total number of quasi-particles in the liquid is the same as the total number of real
particles. to obtain the net transport of mass by the quasi-particles one has to multiply their number
by the mass", of the real particle.
24 At T = 0, S = 0; so there is no need to distinguish between the isothermal and adiabatic
compressibilities of the liquid.
25 Since 110 is an intensive quantity and, therefore, it depcnd~ upon N and V only through the ratio
NIV, we can write: 110 = 110(N IV). Consequently,

al1o) _ I (a(NIV») _ I.!.
( aN v - 110 aN v - 110 V
and

aI1O) _ (a(NIV») __ ~
( av N - 110 av N - 110 y 2
I

Hence

I

= _ y (a I1O )
( aI1O)
aN v
N av N

In a dense system. such as liquid He 3 , the ratio "," 1m would be significdntly larger than unity.
The experimental work of Roberts and Sydoriak (1955), on the specific heat of liquid He 3 , and the
theoretical work of Brueckner and Gammel (1958), on the thermodynamics of a dense Fermi gas,
suggest that the ratio (Ill" Im)HeJ ::::: 1.85.
26

27 For the details of this calculation, see Lee and Yang (1959b) where the case of bosons, as well as
of fermions, with spin J has been treated using the binary collisioll method. The second-order result
for the case of spill less bosons was first obtained by Huang. Yang and Luttinger (1957) using the
mcthod of pseudopotelltials.

CHAPTER 11

PHASE TRANSITIONS: CRITICALITY, UNIVERSALITY
AND SCALING

VARIOUS physical phenomena to which the formalism of statistical mechanics has
been applied may, in general, be divided into two categories. [n the first category, the microscopic constituents of the given system are, or can be regarded as,
practically non-interacting; as a result, the thermodynamic functions of the system
follow straightforwardly from a knowledge of the energy levels of the individual
constituents. Notable examples of phenomena belonging to this category arc the
specific heats of gases (Secs 1.4 and 6.5), the specific heats of solids (Sec. 7.3),
chemical reactions and equilibrium constants (Problem 3.14), the condensation of
an ideal Bose gas (Sec. 7.1), the spectral distribution of the black-body radiation
(Sec. 7.2), the elementary electron theory of metals (Sec. 8.3), the phenomenon
of paramagnetism (Secs 3.9 and 8.2), etc. [n the case of solids, the interatomic
interaction does, in fact, play an important physical role; however, since the actual
positions of the atoms, over a substantial range of temperatures, do not depart
significantly from their mean values, we can rewrite our problem in terms of the socalled normal coordinates and treat the given solid as an "assembly of practically
non-interacting harmonic oscillators". We note that the most significant feature
of the phenomena falling in the first category is that, with the sole exception of
Bose-Einstein condensation, the thermodynamic functions of the systems involved
are smooth and continuous!
Phenomena belonging to the second category, however, present a very different
situation. [n most cases, one encounters analytic discontinuities or singularities in
the thermodynamic functions of the given system which, in turn, correspond to the
occurrence of various kinds of phase transitions. Notable examples of phenomena
belonging to this category are the condensation of gases, the melting of solids,
phenomena associated with the co-existence of phases (especially in the neighborhood of a critical point), the behavior of mixtures and solutions (including the
onset of phase separation), phenomena of ferromagnetism and anti ferromagnetism ,
the order- disorder transitions in alloys, the superfluid transition from liquid He
[ to liquid He II, the transition from a normal to a superconducting material,
etc. The characteristic feature of the interparticle interactions in these systems
is that they cannot be "removed" by means of a transformation of the coordinates of the problem; accordingly, the energy levels of the total system cannot, in
any simple manner, be related to the energy levels of the individual constituents.
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One finds instead that, under favorable circumstances, a large number of microscopic constituents of the system may exhibit a tendency of interacting with
one another in a rather strong, cooperative fashion. This cooperative behavior
assumes macroscopic significance at a particular temperature T c, known as the
critical temperature of the system, and gives rise to the kind of phenomena
listed above.
Mathematical problems associated with the study of cooperative phenomena are
quite formidable. I To facilitate calculations, one is forced to introduce models in
which the interparticle interactions are considerably simplified, yet retaining characteristics that are essential to the cooperative aspect of the problem. One then
hopes that a theoretical study of these simplified models, which still involves
serious difficulties of analysis, will reproduce the most basic features of the
phenomena exhibited by actual physical systems. For instance, in the case of
a magnetic transition, one may consider a lattice structure in which all interactions other than the ones among nearest-neighbor spins are neglected. It turns out
that a model as simplified as that captures practically all the essential features of
the phenomenon-especially in the close neighborhood of the critical point. The
inclusion of interactions among spins farther out than the nearest neighbors does
not change these features in any significant manner, nor are they affected by the
replacement of one lattice structure by another so long as the dimensionality of
the lattice is the same. Not only this, these features may also be shared, with little
modification, by many other physical systems undergoing very different kinds
of phase transitions, e.g. gas-liquid instead of paramagnetic-ferromagnetic. This
"unity in diversity" turns out to be a hallmark of the phenomena associated with
phase transitions - a subject we propose to explore in considerable detail in this
and the following two chapters. but first a few preliminaries.

11.1. General remarks on the problem of condensation
We consider an N-particle system, obeying classical or quantum statistics, with
the proviso that the total potential energy of the system can be written as a sum
of two-particle terms u(rij}, with i < j. The function lI(r) is supposed to satisfy
the conditions
lI(r}

= +00

0> lI(r} >
lI(r) = 0

-£

for
for
for

r < a,
}
a < r < r*. ;
r > r*

(I)

see Fig. 11.1. Thus, each particle may be looked upon as a hard sphere of diameter
a, surrounded by an attractive potential of range r* and of (maximum) depth £.
From a practical point of view, conditions (1) do not entail any "serious restriction"
on the two-body potential, for the interparticle potentials ordinarily met with in
nature are not materially different from the one satisfying these conditions. We
therefore expect that the conclusions drawn from the use of this potential will not
be very far from the realities of the actual physical phenomena.
Suppose that we are able to evaluate the exact part;t;on function, QN(V. T), of
the given system. This function will possess certai..
.perties which have been
recognized and accepted for quite some time, though a rigorous proof of these was

t
U(r)

,.

01----+-------==-'"---;":--_,

-E

-----------

FIG. 1l.1. A sketch of the interparticle potentialll(r), as given by eqn. (I).

first altempted by van Hove as late as in 1949. 2 These properties can be expressed
as follows:
(i) In the thermodynamic limit, i.e. when N and V -4 00 while the ratio N /V
stays constant, the quantity N- 1 In Q tends to be a function only of the
specific volume v(= V /N) and the temperature T; this limiting form may
be denoted by the symbol f(v, T). It is natural to identify f(1', T) with
the illtensive variable -A/NkT, where A is the Helmholtz free energy of
the system. The thermodynamic pressure P is then given by

P(V,T)=_(OA)
oV

=kT(Of) ,
N .T

OU

(2)

T

which turns out to be a strictly nOll-llegative quantity.
(ii) The function f(v, T) is everywhere concave, so the slope (oPot'h of the
(P, v)-curve is never positive. While at high temperatures the slope is negative for all v, at lower temperatures there can exist a region (or regions) in
which the slope is zero and, consequently, the system is infinitely compressible! The existence of such regions, in the (P, v)-diagram, corresponds to
the co-existence of two or more phases of different density in the given
system; in other words, it constitutes direct evidence of the onset of a phase
transition in the system. In this connection it is important to note that, so
long as one uses the exact partition function of the system, isotherms
of the van der Waals type, which possess unphysical regions of positive
slope, never appear. On the other hand, if the partition function is evaluated under approximations, as we did in the derivation of the van der Waals
equation of state in Sec. 9.3, isotherms with unphysical regions may indeed
appear. In that case the isotherms in question have got to be "corrected",
by introducing a region of "flatness" (oP/au = 0), with the help of the
Maxwell construction of equal areas; see Fig. 11.2.3 The real reason for the
appearance of unphysical regions in the isotherms is that the approximate
evaluations of the partition function introduce, almost invariably (though
implicitlv), the restraint of a uniform density throughout the system. This
restra
:Iiminates the very possibility of the system passing through states
in whicn there exist, side by side, two phases of different densities; in other
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tp
B

1

/5(1)

i

I
V3

v,

v,
v--+

Flo. 11.2. An unphysiC'"dl isotherm corrected with the help of the Maxwell construction;
the horizontal line is such that the areas A and B are equal. The "corrected" isothcnn
corresponds to a phase transition, taking p1ace at pressure P(T), with dens ities 11j' and

1.: 31 of the respective phases.
words, the existence of a region of "flatness" in the (P, v )-diagram is
automatically ruled oul. On the other h.md, an exact evaluation of the
partition function must allow for all possible configurations of the system,
including the ones characterized by a simultaneous existence of two or
more phases of different densities. Under SUilftblc conditions (for instance,
when the temperaturc is sufficiently low), such a configuration might turn
out to be the equilibrium cOlljigurtltioll of the system, with the result that
the system shows up in a mu Itiphase, rather than a single~ phase, state. We
should, in this context, mention that if in the evaluation of the partition
function one introduces no other approximation except the assumption of
a uniforrn density in the system, then the resulting isotherms, corrected
with the help of the Maxwell construction, would be the exact isotherms
of the problem.
(iii) The presence of an absolutely flat portion in an isotherm, with mathematical
singularities at its ends, is, strictly speaking, a consequence of the lirniting
process N ..... 00. If N were fillite, and if the exact partition function were
uscd , then the quantity P' , defined by the relation
P' =kT(8InQ)

ay

,

(3)

N.T

would be free frorn mathematical singularities. The ordinarily sharp corners
in an isotherm would be rounded off; at the samc tirne, the ordinarily flat
portion of the isotherm would not be strictly flat - it would have for large
N a small, negative slope. In fact, the quantity pi in this case would not
be a function of l ' and T alone; it would depend on the numbcr N as well,
though in a thermodynamically negligible manner.

If we cmploy the grand partition function d , as obtained from the exact partition
functions QN, viz.
d (z, Y, T) =
QN(Y, T)ZN,
(4)

L

N?:.O
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a similar pici
results. To see this, we note that for real molecules, with a given
V, the variab, _ _I will be bounded by an upper limit, say N m, which is the number
of molecules that fill the volume V "tight-packed"; obviously, N m ~ V la3 • For
N > N m, the potential energy of the system will be infinite; accordingly,
(5)

Hence, for all practical purposes, our power series in (4) is a polynomial in z
(which is 2: 0) and is of degree N m' Since the coefficients QN are all positive and
Qo == 1, the sum 9 > 1. The thermodynamic potential In 9 is, therefore, a weI/behaved function of the parameters z, V and T. Consequently, so long as V (and
hence N I1l ) remains finite, we do not expect any singularities or discontinuities in
any of the functions derived from this potential. A non-analytic behavior could
appear only in the limit (V, N m ) ~ 00.
We now define p' by the relation

,

kT

(7)

P = - In ;z
V

(V finite);

(6)

since 9 2: 1, p' 2: O. The mean number of particles and the mean square deviation
in this number are given by the formulae

- (aa 9)
In
Inz

N =

(7)

vT

and

N2 - -2
N =(N - N)-') = (aN)
-a In z

-

(8)

,
V.T

respectively; see Sees 4.2 and 4.5. Accordingly,
(

aln g )

aN

V.T

(alng)
=
alnz V .T

On the other hand, writing

v for V IN

a In g)

( aN

V,T

=

V
kT

N

j(aN)
alnz

VT -

N2_N

2

(9)
'

and using (6), we have

(aP')
aN

V ,T

2

(apr)
= - kT av
v

(10)
V,T'

Comparing (9) and (10), we obtain

ap,)
( av

_

kT

-3

N

(11)

V,T

which is clearly non-positive. 4 For finite V, expression (11) will never vanish;
accordingly,
will never be strictly constant. Nevertheless, the slope
can, in a certain region, be extremely small - in fact, as small as O(I / N); such
a region would hardly be distinguishable from a phase transition because, on a
macroscopic scale, the value of p' in such a region would be as good as a constant.5
If we now define the pressure of the system by the limiting relationship

p'

P(v, T) = Lim P'(V, T; V) = kT Lim
v ->eX)
V -->:xl

(ap'lav)

(~In
V

0 (z, V, T») ,

(12)
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then we can expect, in a set of isotherms, an absolutely flat portion (ap/av = 0),
with sharp corners implying mathematical singularities. The mean particle density
Ti would now be given by
_n - LIm
. [1
-

a In 12(z, V,

- v->00 V a I n z

T)]

.

'

(13)

it seems important to mention here that the operation V -+ 00 and the operation
a/a Inz cannot be interchanged freely .
In passing, we note that the picture emerging from the grand partition function
.':2, which is supposed to have been obtained from the exact partition functions
QN , remains unchanged even if one had employed a set of approximate QN. This
is so because the argument developed in the preceding paragraphs makes no use
whatsoever of the actual form of the functions QN . Thus, if an approximate QN
leads to the van der Waals type of loop in the canonical ensemble, as in Fig. 11.2,
the corresponding set of QN, when employed in a grand canonical ensemble, would
lead to isotherms free from such loops (HilI, 1953).
Subsequent to van Hove, Yang and Lee (1952) suggested an alternative approach
that enables one to carry out a rigorous mathematical discussion of the phenomenon
of condensation and of other similar transitions. In their approach one is primarily
concerned with the analytic behavior of the quantities P and Ti, of eqns (12) and
(13), as functions of z at different values of T. The problem is examined in terms
of the "zeros of the grand partition function J} in the complex z-plane", with
attention focused on the way these zeros are distributed in the plane and the
manner in which they evolve as the volume of the system is increased. Since for
real, positive z, 9 > 1, none of the zeros will lie on the real, positive axis in the
z-plane. However, as V -+ 00 (and hence the degree of the polynomial (4) and,
with it, the number of zeros itself grows to infinity), the distribution of zeros is
expected to become continl/ous and, depending on T, may in fact converge upon
the real, positive axis at one or more points Zc. If so, our functions P(z) and n(z),
even with z varied along the real axis only, may, by virtue of their relationship
to the function In .J }, turn out to be singular at the points z = Zc. The presence of
such a singularity would imply the onset of a phase transition in the system. For
further details of this approach, see Secs 12.3 and 12.4 of the first edition of this
book. See also Griffiths (1972), pp. 50-58.

11.2. Condensation of a van der Waals gas
We start with the simplest, and historically the first, theoretical model that
undergoes a gas-liquid phase transition. This model is generally referred to as
the van der Waals gas and obeys the equation of state, see eqn. (9.3.9),

RT
a
P- - - - - 2
- v- b
v '

(1)

v being the molar volume of the gas; the parameters a and b then also pertain to
one mole of the gas. We recall that, while a is a measure of the attractive forces
among the molecules of the system, b is a measure I
he repulsive forces that
come into play when two molecules come too close tLl one another; accordingly,
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b is also a measure of the "effective space" occupied by the molecules (by virtue
of a finite volume that may be associated with each one of them). In Sec. 9.3,
the equation of state (1) was derived under the express assumption that V» b;
here, we shall pretend, with van der Waals, that this equation holds even when v
is comparable to b.

P
CRITICAL POINT

P(7J

"-

CO-EXISTENCE
CURVE

./

T<T;,
V

vI

Vc

Vg

FIG. 11.3. The isothenns of a van der Waals system; those for T < T c are "corrected"
with the help of the Maxwell construclion, thus leading to the co-existence curve at the
top of which sits the critical point.

The isotherms following from eqn. (1) are shown in Fig. 11.3. We note that,
for temperatures above a critical temperatllre T e, P decreases monotonically with
v. For T < T e, however, the relationship is non-monotonic, so that over a certain
range of v we encounter a region where (ap / av) > 0; such a region is unphysical
and must be "corrected" with the help of the Maxwell construction,6 leading to an
isotherm with a flat portion signalling transition from the gaseous state with molar
volume vgCT) to the liquid state with molar volume VI (T) at a constant pressure
peT). For VI < V < v g, the system resides in a state of mixed phases-partly
liquid, partly gaseous-and, since the passage from one end of the flat portion to
the other takes place with ;:.,. v f:. 0 but ;:"'P = 0, the system is all along in a state
of infinite compressibility; clearly, we are encountering here a brand of behavior
that is patently singular. As T increases towards T co the transition takes place at a
comparatively higher value of P, with Vg less than and VI more than before- so that,
as T ~ Te, both Vg and VI approach a common value Ve which may be referred to
as the critical volume; the corresponding value of P may then be designated by Pc,
and we find ourselves located at the critical point of the system. The locus of all
such points as VI (T) and vg(T) is generally referred to as the co-existence curve,
for the simple reason that in the region enclosed by this curve the gaseous and the
liquid phases mutually co-exist; the top of this curve, where VI = v g, coincides
with the critical point itself. Finally, the isotherm pertaining to T = Te which, of
course, passes} Jugh the critical point is referred to as the critical isotherm of
the system; it i~ ::.traightforward to see that the critical point is a point of inflection
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of this isotherm, so that both (ap / aV)T and (a 2p / a2V)T vanish at this point. Using
(1), we obtain for the coordinates of the critical point

8a
T - - c - 27bR '

(2)

so that the number
1C - RTc/Pcvc = 8/ 3 = 2.666 ... .

(3)

We thus find that, while Pc> VC and Tc vary from system to system (through the
interaction parameters a and b), the quantity 1C has a common, universal value
for all of them -so long as they all obey the same, i.e. van der Waals, equation of
state. The experimental results for 1C indeed show that it is nearly the same over
a large group of substances; for instance, its value for carbon tetrachloride, ethyl
ether and ethyl formate is 3.677, 3.814 and 3.895, respectively - close, though not
exactly the same, and also a long way from the van der Waals value. The concept
of universality is, nonetheless, there (even though van der Waals equation of state
may not truly apply).
It is now tempting to see if the equation of state itself can be written in a
universal form. We find that this indeed can be done by introducing reduced
variables
T
P
V
(4)
P r = -, v, == - , T,=- .
Pc
Tc
Vc
Using (1) and (2), we readily obtain the reduced equation of state

( Pr +

: ;) (3v r -1 ) = 8T"

(5)

which is clearly universal for all systems obeying van der Waals ' original equation
of state (1); all we have done here is to rescale the observable quantities P, v and
T in terms of their critical values and thereby "push the interaction parameters
a and b into the background". Now, if two different systems happen to be in
states characterized by the same values of v, and Tn then their P, would also
be the same; the systems are then said to be in "corresponding states" and, for
that reason, the statement just made is referred to as the "law of corresponding
states". Clearly, the passage from eqn. (1) to eqn. (5) takes us from an expression
of diversity to a statement of unity!
We shall now examine the behavior of the van der Waals system in the close
neighborhood of the critical point. For this. we write

Pr = l+ n ,

Vr

= 1 +1/1,

T r =l+t.

(6)

Equation (5) then takes the form

n (2 + 71/J + 81/12 + 31/13) + 31/13 = 81(1

+ 21/1 + ",2) .

(7)

First of all, along the critical isotherm (t = 0) and in the close vicinity of the
critical point (ln l, 11/11« 1), we obtain the simple, asymptotic result

(8)

Condensation of a van der Waals Gas
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which is indic.
of the "degree of flatness" of the critical isothenn at the critical
point. Next, we examine the dependence of ljI on t as we approach the critical
point from below. For this, we write (7) in the form
3lj13

+ S(n -

t)ljI2

+ (7n -

1()t)ljI + 2(n - 41) ::::::: O.

(9)

Now, a close look at the (symmetric) shape of the co-existence curve near its top
(where It I
1) shows that the three roots ljII. ljI2 and ljI3 of eqn. (9), which arise
from the limiting behavior of the roots VI> V2 and V3 of the original equation of
state (1) as T -+ T c - , are such that IljI21 « IljII.31 and 11/111 ::::::: IljI31. This means
that, in the region of interest,

«

1f ~

(0)

41,

so that one of the roots, say ljIz, of eqn. (9) essentially vanishes while the other
two are given by
(9a)
ljI2 + 8tljl + 4t ::::::: O.
We expect the middle term here to be negligible (as will bc confirmed by the end
result), yielding
(11 )

note that the upper sign here pertains to the gaseous phase and the lower sign to
the liquid phase.
Finally, we consider the isothermal compressibility of the system which , in
tcrms of reduced variables, is determined essentially by the quantity - (al/l/a;r),.
Retaining only the dominant terms, we obtain from (7)

-

al/l)
( an , ~

2
7n + 9lj1'2 - 161 .

(2)

For 1 > 0, we approach the critical point along the critical isochore (ljI
eqn. (12), with the help of eqn. (10), then gives

=

0);

(13)

For 1 < 0, we approach the critical point along the co-existence curve (on which
ljI2 ~ -4t); we now obtain
(14)

For the record, we quote here results for the specific heat,
gas (Uhlenbeck, 1966; Thompson, 1988)
(CV)idcal

Cv

~

{

(C V )ideal

+ ~Nk (1 + ~~t)

c,., of the van der Waals

(t:::: 0)

05a)

(I > 0) .

(15b)

which imply a finite jump at the critical paint.
Equations (8), (11), (13), (14) and (15) illustrate the nature of the critical
behavior displayed by a van der Waals system undergoing the gas - liquid transition. While it differs in several important respects from the critical behavior of real

314

Phase Transitions: Criticality, Universality and Scaling

physical systems, it shows up again and again in studies pertaining to other critical
phenomena that have apparently nothing to do with the gas-liquid phase transition. In fact, this particular brand of behavior turns out to be a bench mark against
which the results of more sophisticated theories are automatically compared.
11.3. A dynamical model of phase transitions
A number of physico-chemical systems which undergo phase transitions can
be represented, to varying degrees of accuracy, by an "array of lattice sites, with
only nearest-neighbor interaction that depends upon the manner of occupation of
the neighboring sites". This simple-minded model turns out to be good enough
to provide a unified, theoretical basis for understanding a variety of phenomena
such as ferromagnetism and anti ferromagnetism, gas - liquid and liquid - solid transitions, order-disorder transitions in alloys, phase separation in binary solutions,
etc. There is no doubt that this model considerably oversimplifies the actual physical systems it is supposed to represent; nevertheless, it does retain the essential physical features of the problem - features that account for the propagation
of long-range order in the system. Accordingly, it does lead to the onset of a
phase transition in the given system, which arises in the nature of a cooperative
phenomenon.
We find it convenient to formulate our problem in the language of ferromagnetism; later on, we shall establish correspondence between this language and the
languages appropriate to other physical phenomena. We thus regard each of the N
lattice sites to be occupied by an atom possessing a magnetic moment /-L, of magnitude gf-tB.J[J(1 + 1)], which is capable of (21 + 1) discrete orientations in space.
These orientations define "different possible manners of occupation" of a given
lattice site; accordingly, the whole lattice is capable of (21 + l)N different configurations. Associated with each configuration is an energy E that arises from mutual
interactions among the neighboring atoms of the lattice and from the interaction
of the whole lattice with an external field B. A statistical analysis in the canonical
ensemble should then enable us to determine the expectation value, M(B, T), of
the net magnetization M . The presence of a spontaneolts magnetization M(O, T)
at temperatures below a certain (critical) temperature T e and its absence above
that temperature will then be interpreted as a ferromagnetic phase transition in the
system at T = Te.
Detailed studies, both theoretical and experimental, have shown that, for all
ferromagnetic materials, data on the temperature dependence of the spontaneous
magnetization, M (0, T), fit best with the value J =
see Fig. 11.4. One is, therefore, tempted to infer that the phenomenon of ferromagnetism is associated only
with the spins of the electrons and not with their orbital motions. This is further
confirmed by the gyromagnetic experiments (Barnett, 1944; Scott, 1951, 1952), in
which one either reverses the magnetization of a freely suspended specimen and
observes the resulting rotation or imparts a rotation to the specimen and observes
the resulting magnetization; the former is known as the Einstein - de Haas method,
the latter the Barnett method. From these experiments (lne can derive the relevant
be very close to 2; this,
g-value of the specimen which, in each case, turns 01
as we know, pertains to the electron spin. Therefore, In discussing the problem

!;
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fiG. 11.4. Spontaneous magnetization of iron, nickel and cobalt as a function uf
temperature. Theoretical cl.:rves are based on the Weiss theory of fcrromagnelism.

of ferromagnelism. we may specifically lake: I' = 21'8J[.«. + 1)], where s is Ihe
quantum number associated with the electron spin. With s = ~, only two orientations are possible for each Janice site, namely Sl. =
(with II I = +/1.B) and
Sz = -~ (with /.1z = -JJ-B)' The whole lattice is then capable of 2N configurations;
one such configuration is shown in Fig. 11.5.
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possible configurntions of a system cum posed of N spins: here, N = 25.

We now consider the nalure of the interaction energy between two neighboring
spins Sj and Sj. According to quantum mechanics, this energy is of the form
Kij ± Jij, where Ihe upper sign applies 10 "anliparallel" sp ins (S = 0) and Ihe
lower sign to " parallel" spin.o:.; (S = 1). Here, Kij is the direct or Coulomb energy
between the two spins, while lij is the eXChange energy between them :
(1)

while

(2)
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being the relevant interaction potenlial. The energ" ';fferencc belween a slale
of "parallel" spins and one of "antiparallel" spins is ~ .n by
llij

'II - '11 = -2J ij .

(3)

If J ij > 0, the state tt is energetically favored against the state t~; we then look
for Ihe possibility of ferromagnetism. If, on the other hand, J ij < 0, Ihe situation
is reversed and wc see the possibility of antiferromagnetism.
It seems useful to express the interaclion energy of the two states, tt and -1,-1"
by a single expression; to do this, we consider the eigenvalues of the scalar product
S; 'Sj

= ~{(S, +Sj)2 _Sj2

-s;l

=~S(S+I)-s(s+l),

(4)

which equals +~ if S = 1 and -~ if S = 0. We may, therefore, write for the
interaction energy of the spins i and j
Eij

= consl. - 2Jij(Sj . Sj).

(5)

which is consistent with the energy difference (3). The precise value of the constant
here is immaterial becausc the pOlcntial encrgy is arbitrary to the extent of an
addilive constant anyway. Typically, the exchange interaction Jij falls off rapidly
as Ihe separation of the two spins is incrcased. To a first approximation, therefore,
we may rcgard J ij as negligible for all but nearest-neighbor pairs (for which its
value may be denoted by the simpler symbol J). The interaction energy of the
whole lattice is Ihen given by
E = const. - 2J ~(Si·

(6)

Sj) ,

n .n.

where the summation goes over all nearest-neighbor pairs in the lattice. The model
based on exprcssion (6) for the interaction energy of the lattice is known as the
Heisenberg lIIodel (1928).
A simpler model rcsults if we use, instead of (6), a truncated expression in
which the product (s;' Sj), which is equal to the sum (Si:cSj :c S;ySjy + SizSj,), is
rcplaced by a single term s;l.Sj=.; one reason for adopting this simpler model is that
it does not necessarily require a quantum-mechanical treatment (because all the
variables in the truncated expression for E commute), Expression (6) may now be
written as
E = const. - J )~UjUj,
(7)

+

n .n .

where the new symbol Ui (or Uj) = +1 for an "up" spin and - 1 for a "down" spin;
note thai, with the introduction of the new symbol, we still have: £tt - Eu. = -2/.
The model based on expression (7) is known as the Ising model; it originated with
Lenz (1920) and was SUbsequently investigated by his student Ising (1925).7
A different model results if we suppress Ihe z-components of the spins and
retain the x- and y-components instead. This model was originally introduced by
Matsubara and Matsuda (1956) as a model of a quantum lattice gas, with possible
relevance 10 the superfluid transition in liquid He 4 • The critical behavior of this
so-called X - Y model has been investigated in detail by BellS and co-workers,
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who have alsc 1phasized the relevance of this model to the study of insulating
ferromagnets ("_,, Betts et aI., 1968-74).
It seems appropriate to regard the Ising and the X - Y models as special cases of
an anisotropic Heisenberg model with interaction parameters J x, J y and J z; while
the Ising model represents the situation J x , J y « J z, the X - Y model represents
just the opposite. Introducing a parameter n, which denotes the number of spin
components entering into the Hamiltonian of the system, we may regard the Ising,
the X - Y and the Heisenberg models as pertaining to the n -values 1, 2 and 3,
respectively. As will be seen later, the parameter n, along with the dimensionality
d of the lattice, constitutes the basic set of elements that determine the qualitative
nature of the critical behavior of a given system. For the time being, though, we
confine our attention to the Ising model which is not only the simplest one to
analyze but also unifies the study of phase transitions in systems as diverse as
ferromagnets, gas - liquids, liquid mixtures, binary alloys, etc.
To study the statistical mechanics of the Ising model, we disregard the kinetic
energy of the atoms occupying the various lattice sites, for the phenomenon of
phase transitions is essentially a consequence of the interaction energy among
the atoms; in the interaction energy again, we include only the nearest-neighbor
contributions, in the hope that the farther-neighbor contributions would not affect
the results qualitatively. To fix the z-direction, and to be able to study properties
such as magnetic susceptibility, we subject the lattice to an external magnetic field
B, directed " upward"; the spin Uj then possesses an additional potential energy
_ pBUj.8 The Hamiltonian of the system in configuration {UI, Uz , ... , UN} is then
given by

H{Uj} = -J LU;Uj - pB L

(8)

Uj ,

n.n.

and the partition function by

= L

L ...

01

02

L exp [PJ L UjUj + pfJ-B ~ U;] .
n .n .

ON

(9)

r

The Helmholtz free energy, the internal energy, the specific heat and the net
magnetization of the system then follow from the formulae
A(B. T) = - kT In QNCB. T) .
V(B T) = - T 2 - a
,
aT

av =
-

C(B T) =
,
aT

-

(A)
T

(lO)

= kT 2 - a In QN

aT

(11)

•

2
a
A
T-

(12)

aT2 '

and

L:

-M(B,T)=fJ- ( " 'u )
-aB ={J1
; = (aH)

(a aB

InQN)

T

= - (aA)
aB T

·

(13)
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Obviously, the quantity M (O. T) gives the spontaneous magnetization of the
system; if it is nonzero at temperatures below a certain critical temperature T c,
the system would be ferromagnetic for T < T c and paramagnetic for T > Tc. At
the transition temperature itself, the system is expected to show some sort of a
singular behavior.
It is obvious that the energy levels of the system ao; a whole will be degenerate,
in the sense that the various configurations {a; } will not all possess diSTinct energy
values. In fact, the energy of a given configuration does not depend upon the
detailed values of all the variables 17;; it depends only uJXln a few numbers such
as the total number N + of "up" spins, the total number N ++ of "up-up" nearestneighbor pairs, and so on. To see this, we define certain other numbers as well, e.g.
N as the total number of "down" spins, N __ as the tmal number of "down- down"
nearest-neighbor pairs and N + _ as the total number of nearest-neighbor pairs with
opposite spins. The numbers N I and N _ must satisfy the relation
(14)

And if q denotes the coordination number of the lattice, i.e. the number of nearest
neighbors for each lattice site,9 then we also have the relations
qN+ = 2N++ +N+_ ,

(15)

qN_ = 2N __ +N+_.

(16)

With the help of these relations, we can express all our
two of them, say N + and N -'-T' Thus
N_

=N

- N+,

N+_

= qN-,-

- 2N-,-+.

N __

=

number~

~ qN - qN+

in terms of any

+ N++;

(17)

it will be noted that the total number of nearest-neighbor pairs of all types is given.
quite expectedly, by the expression
(18)

Naturally, the Hamiltonian of the system can also be expressed in terms of N+
and N +-,-; we have from (8), with the help ofthe relationo; establ ished above,
HN (N,. N++) = - l eN ++

+ N __ -

N-,-_) - IlB(N+ - N _ )

= -1 (iqN - 2qN+ + 4N -'-+) - fJ.B(2N + - N).

(19)

Now, leI giVeN + , N ++) be "the number of distinct ways in which the N spins of
the lattice can be so arranged as to yield certain preassigned values of the numbers
N + and N _ + ". The partition function of the system can then be written as
QN(B. T) =

2:'
N+.N++

thal is,

gl\·(N+. N_+)exp{-{iH:v(N+. N++ ) }.

(20)
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where the primed summation in (21) goes over all values of N++ that are consislent
with a fixed value of N + and is followed by a summation over all possible values of
N +. i.e. from N + = 0 to N + = N. The central problem thus consists in determining
the combinatorial function gN(N+. N ++) for Ihe various latliccs of interest.

11.4. The lattice gas and the binary alloy
Apart from ferromagnels, the Ising model can be readily adapted to simulate the

behavior of certain other systems as well. More common among these are (i) the
lattice gas and (ii) the binary alloy.
(i) TIle lilt/ice gas. Though it had already been recognized that the results derived
for the Ising model would apply equally wcll to a system of "occupied" and
"unoccupied" lattice siles, i.e. to a system of "aLoms" and "holes" in a lattice, it
was Yang and Lee (1952) who first used the term "Iallice gas" to describe such
a system. By definition, a lattice gas is a collection of atoms, N n in number,
which can occupy only discrete positions in space-positions that constitute a
lauice structure with coordination number q. Each lattice site can be occupied
by at most one atom, and the interaction energy between two occupied sites is
nonzero, say - EO. only if the sites involved constitute a nearest-neighbor pair.
The configurational energy of the gas is then given by
E = - EoN {ItI>

(I)

where N no is the total number of nearest-neighbor pairs (of occupied sites) in
a given configuration of the sysrem. Lei gN(N o, N oo ) denote "the number of
distinct ways in which the N n atoms of the gas. assumed indistinguishable. can
be distributed among Ihe N siles of the Jauice so as to yield a certain prcassigped
value of the number N nn ". The partition function of the system, neglecting the
kinetic energy of thc atoms, is then given by
QN{I (N. T) =

L' gN(N". Noa)e/ko,v{la,

(2)

Nutl

where the primed summation goes over all values of NOlI that are consistent with
the given values of No and N; clearly, the number N here plays the role of the
"total volume" available to the gas.
Going over to the grand canonical ensemble. we write for the grand partition
function of the system
N

..1(z, N, T) =

L: zN"QN,, (N, T).

(3 )

Nu = O

The pressure P and the mean number No of (he atoms in the gas are (hen given by
N

,!'PN

=

L: 1'" L:' 8.v (N., N•• ),froN

oo

(4 )

and

(5)
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here, v denotes the average volume per particle of ttT
s (measured in terms of
the "volume of a primitive cell of the lattice").
To establish a formal correspondence between the lattice gas and the
ferromagnet, we compare the present formulae with the ones established in the
with formula
The first thing
preceding section-in particular, formula
we note here is that the canonical ensemble of the ferromagnet corresponds to the
grand canonical ensemble of the lattice gas. The rest of the correspondence IS
summarized in the following chart:

(4)

(11.3.21).

The ferromagnet

The lattice gas
Na,N-Na
eo

++

N+,N-N+(=N _ )

++

41

z

++

exp{ -2fl(q1 - JlB)}

- (~ +~q1

P

~ (=~)

- JlB)

:+(=~{':+1})'

where

(6)
We also note that the ferromagnetic analogue of formula (5) would be
N+
N

=~
kT

{a

(AjN + 4q1 - JlB)}
2fla(q1 - JlB)
T

=! [__1_ (aA)
2

N Jl

aB

+ 1]

(7)

T

which, by eqn. (11.3.13), assumes the form

:+=~(::+l).

(8)

It is quite natural to ask: does lattice gas correspond to any real physical system

in nature? The immediate answer is that if we let the lattice constant tend to
zero (thus going from a discrete structure to a continuous one) and also add, to
the lattice-gas formulae, terms corresponding to an ideal gas (namely, the kinetic
energy terms), then the model might simulate the behavior of a gas of real atoms
interacting through a delta function potential. A study of the possibility of a phase
transition in such a system may, therefore, be of some value in understanding phase
transitions in real gases. The case eo > 0, which implies an attractive interaction
among the nearest neighbors, has been frequently cited as a possible model for a
gas-liquid transition. On the other hand, if the interaction is repulsive (eo < 0),
so that configurations with alternating sites being "occupied" and "unoccupied"
are the more favored ones, then we obtain a model which arouses interest in
connection with the theory of solidification; in such a study, however, the lattice
constant has to stay finite . Thus, several authors have pursued the study of the
antiferromagnetic version of this model, hoping that this might throw some light
on the liquid-solid transition. For a bibliography of these pursuits, see the review
article by Brush (1967).

(ii) The l
y alloy. Much of the early activity in the theoretical analysis of
the Ising mooel was related to the study of order-disorder phenomena in alloys.
In an alloy-to be specific, a binary alloy-we have a lattice structure consisting
of two types of atoms, say 1 and 2, numbering N I and N 2, respectively. In a
configuration characterized by the numbers Nil, N 22 and N 12 of the three types of
nearest-neighbor pairs, the configurational energy of the alloy may be written as

(9)
where ell, e22 and en have an obvious meaning. As in the case of a ferromagnet,
the various numbers appearing in the expression for E may be expressed in terms
of the numbers N, N 1 and N II (of which only N II is variable here). Equation (9)
then takes the form
E = ellN ll

+ e22 OqN -

qN 1 + N ll )

+ edqN 1 -

2N ll )
(10)

The correspondence between this system and the lattice gas, in the canonical
ensemble, is now straightforward:

The lattice gas

The binary alloy

Na.N-N a

N I ,N-N 1 (=N2)
(ell + e22 - 2e12 )
A - ~qe22N - q(el2 - e22)N 1

-eo
A

The correspondence with a ferromagnet can be established likewise; in particular,
this requires that ell = e22 = -} and en = +1.
.
At absolute zero, our alloy will be in the state of minimum configurational
energy, which would also be the state of maximum configurational order. We
expect that the two types of atoms would then occupy mutually exclusive sites, so
that one might speak of atoms I being only at sites a and atoms 2 being only at
sites b. As temperature rises, an exchange of sites would result and, in the face of
thermal agitation, the order in the system would start giving way. Ultimately, the
two types of atoms would get so "mixed up" that the very notion of the sites a
being the "right" ones for atoms 1 and the sites b being the "right" ones for atoms
2 would break down; the system would then behave, from the configurational
point of view, as an assembly of N 1 + N 2 atoms of essentially the same species.
11.5. Ising model in the zeroth approximation
In 1928 Gorsky attempted a statistical study of order- disorder transitions in
binary alloys on the basis of the assumption that the work expended in transferring
an atom from an "ordered" position to a "disordered" one (or, in other words, from
a "right" site to a "wrong" one) is directly proportional to the degree of order
prevailing in the system. This idea was further developed by Bragg and Williams
(1934, 1935) who, for the first time, introduced the concept of long-range order in
the sense we understand it now and, with relatively simple mathematics, obtained
results that could explain the main qualitative features of the relevant experimental
data. The basic assumption in the Bragg - Williams approximation is that the energy
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of an individual atom in the given system is determined by the (average) degree of
order prevailing in the entire system rather than by the (fluctuating) configurations
of the neighboring atoms. In this sense, the approximation is equivalent to the mean
molecular field (or the internal field) theory of \Veiss, which Was put forward in
1907 to explain the magnetic behavior of ferromagnetic domains.
It seems natural to call this approximation the zeroth approximation, for its
features are totally insensitive to the detailed structure, or even to the dimensionality, of the lattice. We expect that the results following from this approximation
will become more reliable as the number of neighbors interacting with a given
atom increases (i.e. as q --+ 00). thus diminishing the importance of local. fluctuating influences.10
We define a long-range order parameter L in a given configuration by the very
suggestive relationship
L

= ~ '" 0, = _N-'-+-c--,-N_- = 2 N_+ NL-

N

N

whence
and

1

(-1

~

L < +1),

N
N_=-(l -L) .

2

(1)

(2)

The magnetization M is then given by
M = (N+ - N_)p = NpL

(- NIJ.

~

M

~

+Np);

(3)

the parameter L is, therefore, a direct meaSure of the net magnetization in the
system. For a completely random configuration, N + = N _ = !N; the expectation
values of both Land M are then identically zero.
Now, in the spirit of the present approximation, we replace the first part of the
aj, i.e. for a given aj, we
Hamiltonian (11.3.8) by the expression - } UqO')
replace each of the qaj by (j while the factor ~ is included to avoid dupliL-ation
in the counting of the nearest-neighbor pairs. Making use of eqn. (1), and noting
that 0' == L, we obtain for the total configurational energy of the system

Li

E = -~(qJI)NL - (pB)NL.

(4)

The expectation value of E is then given by
1

-2

-

U = -, qJNL -IJ.BNL.

(5)

In the same approximation, the difference l!J.e between the overall configurational energy of an "up" spin and the overall configurational energy of a "down"
spin-specifically. the energy expended in changing any "up" spin into a "down"
one-is given by, see again eqn. (11.3.8),
fj,£ =

-J(q<f)fj,o - pBfj,a

=2pe~<i+B),

(6)

for fj,a = -2 here. The quantity qJ<f//l thus plays the I
of the internal (moleclllar) field of Weiss; it is determined by (i) the mean vat" " of the long"range order
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prevailing in the system and by (ii) the strength of the coupling, qJ, between a
given spin i and all its q nearest neighbors. The relative values of the equilibrium
numbers N + and N _ then follow from the Boltzmanll principle. viz.

N _/N+

= exp(-M/kT) = exp{ - 2M(B' +8)/kT},

(7)

wllere B' denotes the internal molecular field:
8'

= qJa/M = qJ(M /NM 2).

(8)

Substituting (2) into (7), and keeping in mind eqn. (8), we obtain for L
1- L

~

I+L

_
= exp{-2(qJL + 1,8)/kT}

(9)

or, equivalently,
qJL+/18
I 1+1:
- 1= - In ~ = tanh L.
kT
2 1- L

-'----ccc"--

(10)

To investigate the possibility of spontaneous magnetization, we let 13 -> 0,
which leads to the relationship

-Lo = tanh (qJLo)
kT
.

(II)

Equation (11) may be solved graphically; see Fig. 11.6. For any temperature T,
the appropriate value of Lo(T) is determined by the point of intersection of (i) the
straight line y = Lo and (ii) the curve y = tanh (qJLo / kT). Clearly, the solution
Lo = 0 is always there; however, we are interested in nonzero solutions, if any.
For those , we note that, since the slope of the (:urve (ii) varies from the initial
value qJ / kT to the final value zero while the slope of the line (i) is throughout
unily, an intersection other than the one at the origin is possible if, and only if,

qJ/kT> 1,

11----z::::=.--

--. ..•. 11 .6. The graphical solution or cqn. (11), with Tr =:= qJ /k.

(12)
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that is, if

T < qJ/k = T"

say.

(13)

We thus obtain a critical temperature T et below which the system can acquire
a nonzero spontaneous magnetization and above whicll it canllot. It is natural to
identify TC' with the Curie temperature of the system-the temperature that marks
a transition from the ferromagnetic to the paramagnetic behavior of the system or
vice versa.
It is clear from Fig. 11.6, as well as from eqn. (11), that if Lo is a solution of the
problem, than -La is also a solution. TIle reason for this duplicity of solutions is
that, in the absence of an external field, there is no way of assigning a "positive".
as opposed to a "negative", direction to the alignment of spins. In fact, if B were

zero right from the beginning, then the positive solution of eqn. (11) would be
as likely to occur as the negative one-with the result that the true expectation
value of Lo(T) would be zero. If. on the other hand, B were nonzero to begin
with (to be definite, say 8 > 0), then eqn. (10) for L(8, T) would admit only
positive solutions and. in the limit B -7 0+. we would obtain a positive Lo(T).
The "up-down symmetry" will thus be broken and we will see a lIet alignment
of spins in the "up" direction. I I
The precise variation of Lo(T) with T can he obtained by solving eqn. (11)
numerically; the general trend, however. can be seen from Fig. 11.6 as well. We
note that at T = qJ Ik(= T,) the straight line y = 4 is tangential to the curve
}" = tanh (qJ4/kT) at the origin; the relevant solution then is: Lo(T, ) = O.l\s T
decrealies, the initial slope of the curve becomes larger and the relevant point of
intersection moves rapidly away from the origin; accordingly. Lo(T) rises rapidly
as T decreases below TC'. To obtain an approximate dependence of Lo(T) on T near
T = T" we write (11) in the form Lo = tanh (LoTclT) and use the approx imation
tanhx ::::: x - x3 /3, to obtain

4(T) "" (3(1 - T I T, )}'!2

(T:O; T e , 8 --> 0).

(14)

On the other hand, as T -7 O. Lo ~ 1, in accordance with the asymptotic relationship
(15)
Lo(T) "" 1 - 2 exp (-2TdT) (TIT,)« I}.

Figure 11.7 shows a plot of Lo(T) versus T, along with the relevant experimental
results for iron, nickel, cobalt and magnetite; we find the agreement not too bad.
The field-free configurational energy and the field-free specific heat of the system

are given by, sec eqn. (5),
,

-2

(16)

VolT) = -,qJNLo

and

-

- 2

- dL o
NkLQ
ColT) = - qJNLo dT = (TIT,/
1- L~

T'

(17)

T,

where the last step has been carried au' with the help of eqn. (11). Thus, for all
T> T" both VolT) and ColT) are identically zero. However, the value of the
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AG. 11.7. The spontaneous magnetizAtion of a Wcis.."i ferromagnet as a function of
temperature. The experimental points (after Becker) arc for iron (x), nickel (0), cobalt
(A) and magnetite (+).

specific heat at the transition temperature T c. as approached from below, turns out
to be, see eqns (14) and (17),

Co(Tc-) = Lim
x~o

1

N; ·3x
(l-x)

"---~

1-3x

- (1 - x)

I ~Nk.
=

2

( 18)

The specific heat, therefore, displays a discontinuity at the transition point On the
other hand, as T ---+ 0, the specific heat vanishes, in accordance with the formula,
see eqns (15) and (17),
1'

CorTi '" 4Nk ( ;

)2 exp (-2Tc/T).

(19)

The full trend of the function CorTi is shown in Fig. 11.8.

2.0

t

1.5

Co(T)INk 1.0

0.5
0
2

0
(TI Tc)-~

FIr.. 11.8. The field-free specific heal of a Weiss ferromagnet as a function of temperature

It is important to note that the vanishing of the configurational energy and the
specific heat of the system at temperatures above Tc is directly related 10 the
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fact that, in the present approximation, the configurational order prevailing in the
system at lower temperatures is completely wiped out as T -Jo Te. Consequently,
the configurational entropy and the configurational energy of the system attain their
maximum values at T = Te; beyond that, the system remains thennodynamically
"inert". As a check, we evaluate the configurational entropy of the system at

T = Tc; with the help of eqns (11) and (17), we get

J
Tc

SofT,)

=

CoCi

o

J; d4J
0 _

dT

= - qJN

,

,

= NkJ(tanh- ' Lo)dlo = Nk In2,

(ZO)

o

precisely the result we expect for a system capable of ZN equally likely
microstates.1 2 The fact that all these microstates are equally likely to occur is
again related to the fact that for T ~ Te there is no (configurational) order in the
system.
We now proceed to study the magnetic susceptibi lity of the system. Using

eqn. (10), we get
aM)

x(l], T) = ( aB

For

I

T -

-

N/J.

(aI)
all

T -

N/J.'
1-L'(8.T)
-k T- T , (I - L'(B.T))·

(ZI)

« 1 (which is true at high temperatures for a wide range of B but is also

true near Tc if B is small), we obtain the ClIrie - Weiss law
(ZZa)

which may be compared with the Curie law derived earlier for a paramagnetic
system; see eqn. (3.9.12). For T less than, but close to, T, we utilize eqn. (14) as

well and get
xo(T) '" (NI1'/Zk)(Tc - Tf'

(T :S Teo B -+ 0).

(ZZb)

Experimentally, one finds that the Curie- Weiss law is satisfied with considerable
accuracy, except that the empirical value of Tc thus obtained is always somewhat
larger than the true transition temperature of the material; for instance, in the
case of nickel, the empirical value of Te obtained in this manner turns out to be
about 650 K while the actual transition takes place at about 631 K. In passing. we
add that, as T ~ D, the low-field susceptibility vanishes, in accordance with the

formula
4N /J.2
Xo(T) '" - - exp (-2Tc/T) .

(Z3)

kT

Finally. we examine the relationship between I and B at T = Teo Using, once
again, eqn. (10) and employing the approximation tanh- ' x :::: x + x 3 /3, we get

L '" (3/J.BlkT, )' /3

(T = T" B

-->

0).

(24)

At this point we wish to emphasize the remarkable sill]
ity that exists between
the critical behavior of a gas-liquid system obeying vall der Waals equation of
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state and that of a magnetic system treated in the Bragg-\Villiams approximation.
Even though the two systems are physically very different, the level of approximation is such that the exponenls governing power-law behavior of the various
physical quantities in the critical region turn out to be the same; compare, for
instance, eqn. (14) with (11.2.11), eqns (22a, b) with (11.2.13,14), eqn. (24) with
(I1.2.8)-along with Ihe behavior of the specific heat as well. This sort of similarity will be seen again and again whenever we employ an approach similar in
spirit to the mean field approach of this section.
Before we close our discussion of the so-called zeroth approximation, we would
like to demonstrate that it corresponds exactly to the random mixingapproximatioll
(which waS employed originally in the theory of binary solutions). According to
eqn. (11.3.19), the mean configurational energy in the absence of the external field
is given by
(25)
Vo = -} (4qN - 2qN+ + 4N++ ).
On the other hand, eqns (2) and (16) of the prcscnt approach give
(26)
Combining (25) and (26), we obtain
-

I

N++ = sQN(l

+ -Lo)2 ,

(27)

so that

N++ = (N+)'
4QN
N

(28)

Thus, the probability of having an "up- up" nearest -neighbor pair of spins in the
lattice is precisely equal to the square of the probability of having an "up" spin;
in other words, there does not exist, in spite of the presence of a nearest-neighbor
interaction (characterized by the coupling constant J), any specific correlation
between the neighboring spins of the lattice. Put differently, there does not exist
any shorl-range order in the system, apart from what follows statistically from
the long-range order (characterized by the parameter I). It follows that, in the
present approximation, our system consists of a specific number of "up" spins,
viz. N(l + I)/2. and a corresponding number of "down" spins, viz. N(l - I)/2,
distributed over the N lattice siles ill a completely random manlier-similar to the
mixing of N(l + I)/2 atoms of one kind with N(l - I)/2 atoms of another kind
in a completely random manner to obtain a binary solution of N atoms; see also
Problem 11.4. For Ihis sort of mixing, we obviously have

_
1
N++ = ZQN
_
N+_

=

_)2

l+L
-2-

(

_
1
N __ = ZqN

1
(l+I)(l-L)
2. ZQN
-2--2-'

( -)'
1-L

-2-

(29a)

(29b)

with the result that

1
4

(30)
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11.6. Ising model in Ihe firsl appro'

1Iion

The approaches considered in the preceding section have a natural generalization
towards an improved approximation. The mean field approach leads naturally to the
Bethe approximation (Bethe, 1935; Rushbrooke, 1938), which treats the interaction
of a given spin with its nearest neighbors somewhat more accurately. The random
mixing approach, on the other hand, leads to the quasi-chemical approximation
(Guggenheim, 1935; Fowler and Guggenheim, 1940), whieh takes into account
the specific short-range order of the lattice-over and above the one that follows
statistically from the long-range order. As shown by Guggenheim (1938) and by
Chang (1939), the two methods yield identical results for the Ising model. It seems
worthwhile to mention here that the extension of these approximations to higher
orders, or their application to the Heisenberg model, does not produce identical
results.
In the Bethe approximation, a given spin Go is regarded as the central member
of a group, which consists of this spin and its lj nearest neighbors, and in writing
down the Hamiltonian of this group the interaction between the central spin and the
q neighbors is taken into account exactly while the interaction of these neighbors
with other spins in the lattice is taken into account again through a mean molecular
field, B' say, Thus
q

H q+ l = -llBaa - /-L(B + B' )

q

L aj - J L aOaj,
j= l

(1)

j= l

B being the external magnetic field acting on the lattice. 1l1e internal field B'
is determined by the condition of self-consistency, which requires that the mean
value, 0'0. of the central spin be the same as the mean value. Uj. of any of the q
neighbors. 1be partition function Z of this group of spins as a whole is given by
Z=

UO'~±1 [k~ {/-LBaO + /-L(B +
exp

ua.~±1

exp [aao + (a

+ a' )

B')

t t
aj

t t
aj

+Y

+J

aoa j ] ,

aaaj } ]

(2)

where
J
/-LB'
and Y= kT'
(3)
kT
kT
Now, the right-hand side of (2) can be written as a sum of two terms, one pertaining
to Go = +1 and the other to Go = - 1, i.e.
11B

a = -,

I

a = --

where

z± =

U~1 exp [±a+ (a +a' ±

= e±u [2eosh (a

+ a' ± y) j" .

y)

t

aj]

(4 )
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1f the central spin is then given by

The mean va]

(5)
while the mean value of anyone of its neighbors is given by, see (2),

" J = ~q~J
(~a) = qZila'
~ (~

az)

J= l

'+y)+Z _ tanh(et+et, -y) }.
= -1I
Z+tanh(a+a
Z

(6)

Equating (5) and (6), we get
Z+{l- tanh (a + a' + y)} = Z_ll + tanh (a + a' - y)} .

(7)

Substituting for Z + and Z_ from (4), we finally obtain
eW =

{COSh (et + a' + y) }q-I

(8)

cosh (et + a ' - y)

Equation (8) determines a' which, in turn, determines the magnetic behavior of
the lattice.

To study the possibility of spontaneous magnetization, we set a(= /lB / kT) = O.
Equation (8) then reduces to

, q- 1
a = - - In
2

{COSh (a' + y)}

'(9)

cosh (a' - y)

In the absence of interactions (y = 0), a ' is clearly zero. In the presence of interactions (y f:. 0), a' may still be zero unless y exceeds a certain nitical value, Yc

say. To determine this value, we expand the right-hand side of (9) as a Taylor
series around

(x'

= 0, with the result

(10)

We note that, for all V, (;i' = 0 is onc possible solution of the problem; this,
however, does not interest us. A nonzero solution requires that

(q-I)tanhy> "
that is,

y > Yc = tanh - I ( - '- ) =
'1-1

~2 In

(-q-)
q- 2

'

(11)

In tenns of temperature, this means that

T<Tc =21jln( _ q ),
k
'1 - 2

(12)
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which detennines the Curie lemperalllre of the lattice . From (10), it also follows
that for temperatures less than, but close to, the Curie temperature

vi '" (3 cosh' y,[(q - 1) tanh y - I]} 1/ 2

'"

(3(q - l)(y _ y,)} 1/2

I)-='- (1 _~) }1/2

'" {3(q -

kTc

(13)

Tc

The parameter L, which is a measure of the long-range order in the system, is, by

definition, equal to

G.

From eqns (5) and (7), we get

L = (Z+/2-) - 1 =
sinh (2C1 + 2a' )
(Z+/Z_) + 1
cosh (2a + 2a') + exp (-2y)

(14)

In the limit B ---+ 0 (which means a ---+ 0) and at temperatures less than, but close
to, the Curie temperature (y 2:, Yc; a' ~ 0), we obtain

_

1.0

sinh (2a')
2a'
q ,
= cosh (2a') + exp (-2y) '" 1 + (q _ 2) / q = q _ 1 CI .

(15)

Substituting from (12) and (13), we get

Ie '"

q {'L In (-q )} (1 - ~)l
[3q- l

2

q- 2

T,

1/ '

(16 )

We note that, for lJ » I, eqns (12) and (16) reduce to their zeroth-order counterparts (11.5.13) and (11.5.14), respectively; in either case, as T ~ T, from below,
Io vanishes as (Tc - T)I/2. We also note that the spontaneous magnetization curve
in the present approximation has the same general shape as in the zeroth approximation; see Fig. 11.7. Of course, in the present case the curve depends explicitly
all the coordination number q, being steepest for small q and becoming less steep
as q increases - tending ultimately to the limiting form given by the zeroth approximation.
We shall now study correlations that might exist among neighboring spins in
the lattice. For thiS, we evaluate the numbers N ++ . N __ and N +_ in tenns of
the parameters a, d and y, and compare the resulting expressions with the ones
obtained under the mean field approximation. Carrying out summations in (2) over
all the spins (of the group) except 00 and G" we obtain
Z=

L

[exp (Cll1n + (CI + CI' )OI + YGoG.!(2cosh(CI+CI' + YGoW - lj.

(17)

ll{). nl =± l

Writing this as a sum of three parts pertaining, respectively, to the cases (i) ao
01 = +1, (ii) Go = GI = -1 and (iii) "n = - GI = ±1, we have

=

(18)
where, naturally enough,

N++: N __ : N +_ :: Z++: Z __ : Z "_ .

We thus obtain, using (8) as well,

(19)
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++ ()( e(2a+o'+y) (2 cosh (a + a' + y)}q-l,

+ ex' - yW- 1
e(-2a- 3u'+r)12cosh (a + a' + y)}"- I ,

N __ ()( e(- 2a - u'+ r)12cosh(a
=

and
N +_ ()( e(- U'-y) 12 cosh (a

+ a' + yW- 1 + e(U'- r)12 cosh (a + a ' - yW- 1

= 2e(-o'-y) (2 cosh (a

+ a' + y)} q- I.

Normalizing with the help uf the relatiullship
(20)

we obtain the desired results

whence

(22)

The last resuit differs significantly from the one, namely (11.5.30), that followed
from the random mixing approximation. The difference lies in the extra factor

exp (41/kT) which, for 1> 0, favors the formation of parallel-spin pairs tt and
t t, as opposed to antiparallei-spin pairs t t and t t. In fact, one may regard the
elementary process

tt+U{}2tt,

'
(23)

which leaves the total numbers of "up" spins and "down" spins unaltered, as a
kind of a "chemical reaction" which, proceeding from left to right, is endothermic
(requiring an amount of energy 41 to get through) and, proceeding from right
to left, is exothermic (releasing an amount of energy 41). Equation (22) then
constitutes the law of mass actioll for this reaction, the expression on the righthand side being the eqUilibrium COllstant of the reaction. Historically, eqn. (22)
was adopted by Guggenheim as the starting point of his "quasi-chemical" treatment
of the Ising model; only later on did he show that his treatment was equivalent to
the Dethe approximation studied here.
Equation (22) tells us that, for ] > 0, there exists among like neighbors (t and
t or .!- and J..) a positive correlation and among ulllike neighbors (t and .J,) a
negative correlation, and that these correlations are a direct consequence of the
nearest-neighbor interaction. Accordingly, there must exist a specific short-range
order in the system, over and above the one that follows statistically from the
long-range order. To see this explicitly, we note that even when long-range order
disappears (a + a ' = 0) some short-range order still persists; from eqn. (21), we
obtain
(24)
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which, only in the limit y --+ 0, goes over to the rand
(11.5.29) with I = o.

nixing result, see eqn.

(25)
In the zeroth approximation. eqn. (25) is supposed to hold at all temperatures
above T c; we now find that a better approximation at these temperatures is provided
by (24).
Next, we evaluate the configurational energy U o and the specific heat Co of the
lattice in the absence of the external field (a = 0). In view of eqn. (11.5.25).
(26)

The expression for N ++ is given by eqn. (21) while that for N + can be obtained
from (14):
_

1

_

(N+ ).=o = :iN(I

I

exp (2d) + exp (- 2y)

+1.0) =:i N cosh(la')+exp(-2y)'

(27)

Equation (26) then gives
1

cosh (la' ) - exp (-2y)

2

cosh (la' ) + exp (- 2y)

Uo = --qlN

where a' is determined by eqn. (9) . For T > Tc, a'

I
1- exp(- 2y)
Uo = -- qlN
2
1 +exp(- 2y)

=

,

(28)

0, so

1

= --qlNtanh y.
2

(29)

Obviously, this result arises solely from the short-range order that persists in the
system even above T c. As for the specific heat, we gel
Co/Nk = ~qy' sech' y

(T> T , ).

(30)

As T --+ 00, Co vanishes like r- 2 . We note that a nonzero specific heal above
the transition temperature is a welcome feature of the present approximation, for
it brings our model somewhat closer to real physical systems. In this connection.
we recall that in the previous approximation the specific heat was zero for all
T> Te. Figure 11.9 shows the specific heat of an Ising lattice, with coordination
number 4, as given by the Bethe approximation; for comparison, the result of the
previous approximation is also included .
We are now in a position to study the specific heat discontinuity at T = T e. The
limiting value of Co. as T approaches T t· from above, can be obtained from eqn.

(30) by letting y

-7

y,. One obtains. with the help of eqn. (I I).
(31)

To obtain the corresponding result as T approaches Tc from below, we must use
the general expression (28) for Uo. with a' 4 0 as y -7 y,. Expanding (28) in
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FIG. 11.9. The field-fret: specific heal of an Ising lattice wilh coordil13tinn number
4. Curve 1 obtains in the Bethe approximation. ('llrve 2 in the Brngg- Williams

approximation.

powers of the quantities (y - Yc ) and a', and making use of eqn. (13), we obtain
for (I - TIT,)« 1
Un = --I qJN [ I
2
('I-I)

=

_ ~ qIN
2

[1

('1 - 1)

+ q(q -

2) (y - y, ) + '1('1- -ct
2)" + ...
('1 - 1)'
(q-l)'

+

q(q-2)(3q-2) J

('1 - 1)2

kT,

1

(I-~) + ...
T,

J.

(32)

Differentiating with respect to T and substituting for T c. we obtain
_I C T _ = ~ '1' ('1 - 2)(3'1 - 2) {In ( _ '1_ )}'
N k o( , ) 8
('1 - I)'
q- 2

(33)

which is (3'1 - 2) times larger than the corresponding result for T = T ,+; cf.
eqll. (31). The specific-heat discontinuity at the transition point is, therefore,
given by
- I 6Co= -3 q'(q - 2) { In ( -q- ) } '
Nk
8 (q-I)
q-2

(34)

One may check that, for q » 1. the foregoing results go over to th e ones following
from the zeroth approximation.
Finally, we examine the relationship between Land B at T = Te. Using eqns (8)
and (14), with both ct and ct' « 1 while y = y" we get

r. "" (3<!/LBI(q -

I)(q - 2)kT, } 1/ 3

(T = Tn B -> 0).

(35)

For the behavior of Xo, see Problem 1l.l6.
In passing, we note that, according to eqn. (12), the transition temperature for
a lattice with q = 2 is zero, which essentially means that a one-dimensional Ising
chain does /lot undergo a phase transition. This result is in complete agreement
with the one following from an exact treatment of the one-dimensional lattice;
see Sec. 12.1. In fact, for a lattice with q = 2, any results following from the
Bethe approximation are completely identical with the corresponding exact results
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. (see Problem 12.3); on the other hand, the Bragg-Williams approximation is least
reliable when q = 2.
That Tc for q = 2 is zero (rather than 2J /k) is in line with the fact that for all
q the first approximation yields a transition temperature closer to the correct value
of T c than does the zeroth approximation. The same is true of the amplitudes that
determine the quantitative behavior of the various physical quantities near T = T c.
though the exponents in the various power laws governing this behavior remain the
same; cf., for instance, eqn. (16) with (11.5.14), eqll. (35) with (11.5.24) as well as
the behavior of the specific heat. In fact. one finds that successive approximations
of the mean field approach. while continuing to improve the theoretical value of
Tc and the quantitative behavior of the various physical quantities (as given by
the amplitudes), do not modify their qualitative behavior (as determined by the
exponents). For an account of the higher-order approximations, see Domb (1960).
One important virtue of the Bethe approximation is that it brings out the role
of the dimensionality of the lattice in bringing about a phase transition in the
system. The fact that T c = 0 for q = 2 and thereon it increases steadily with q
leads one to infer that, while a linear Ising chain does not undergo phase transition
at any finite T. higher dimensionality docs promote the phenomenon. One may,
in fact, argue that the absence of a phase transition in a one-dimensional chain
is essentially due to the fact that. the interactions being severely short-ranged,
"communication" between any two parts of the chain can be completely disrupted
by a single defect in between. The situation remains virtually unaltered even if
the range of interactions is allowed to increase- so long as it remains finite. Only
when interactions become truly long-ranged, with j ij "" Ii - jl - (l+o)(a > 0), does
a phase transition at a finite T become possible-but only if a < 1; for a > 1. we
are back to the case of no phase transition, while the borderline case a = 1 remains
in doubt. For more details, see Griffiths (1972), pp. 89 - 94.
Peierls (1936) was the first to demonstrate that at sufficiently low temperatures
the Ising model in two or three dimensions must exhibit a phase transition. He
considered the lattice as made up of two kinds of domains, one consisting of "up"
spins and the nther of "down" spins, separated by a set of boundaries between
the neighboring domains, and argued on energy considerations that in a two- or
three-dimensional lattice the long-range order that exists at 0 K wnuld persist at
finite temperatures. Again, for details, see Griffiths (1972), pp. 59-(:>6.

11.7. The critical exponents
A basic problem in the theory of phase transitions is to study the behavior
of a given system in the neighborhood of its critical point. We know that this
behavior is marked by the fact that the various physical quantities pertaining to
the system possess singularities at the critical point. It is customary to express these
singularities in terms of power laws characterized by a set of critical exponellts
which determine the qualitative nature of the critical behavior of the given system.
1b begin with, we identify an order parameter m, and the corresponding ordering
field h, such that, in the limit h -+ 0, In tends to a limiting value mo. with the
magnetic system, the
property that 1110 = 0 for T ::: T c and l' 0 for T < T c. Ii:
natural candidate for m is the parameter [(= 0') of Sec, 11.5 and 11.6, while h
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is identified with the quantity J.LB/kTc ; for a gas-liquid system, one may adopt
the density differential (Pi - Pc) or Ipg - Pel for In and the pressure differential
(P - Pc) for h. The various critical exponents are then defined as follows.
The manner in which mo ~ 0, as T ~ Tc from below, defines the exponent f3:
(1 )

The manner in which the low-field susceptibility XO diverges, a<.; T -+ Tc from
above (or from below), defines lhe exponent y (or y'):
for

h --> 0, T

~

T,

(2a)

(2b)

in the gas - liquid transition, the role of XO is played by the isothermal compressibility, KT = p- t(Op/BP)T, of the system. Next, we define an exponent b by the
relation

(3 )
in the case of a gas-liquid system, f) is a measure of the "degree of flatness" of
the critical isotherm at the critical point, for then
(4 )

Finally, we define exponents a and a f on the basis of the specific heat, C v, of the
gas-liquid system:
for

T.?: T{.

(Sa)

for

T;S Teo

(5b)

In connection with the foregoing relations, especially eqns (5), we wish to
emphasize that in certain cases the exponent in question is rather small in value;
it is then more appropriate to write
J(t) -

IW'-l
J..

(It I «

1).

(6)

Now, if A> 0, the function f(t) would have a power-law divergence at t = 0 ; in
case A -+ 0, the function f (I) would have a logarithmic divergence instead:
J(t) - In(l/ltD

(It I «

1).

(7)

In either case, the derivative r(t),...., Itl -(l +}").
A survey of the results derived in Sees 11.2- 11.6 shows that for a gas- liquid
system obeying the van der Waals equation of state or for a magnetic system treated
in the mean field approximation (it does not matter what order of approximation
one is talking about), the various critical exponents are the same:

fJ --

I
2'

Y = y' = 1,

II = 3,

a = cl = O.

(8)

In Table 11.1 v
ave compiled experimental data on critical exponents pertaining
to a variety of ::.. . ~i.ems including the ones mentioned above; for completeness, we

TABLE 11.1. EXPERIMENTAL DATA O~ CRmCAL EXPOI\'E!'.IS

Critical
exponents
a,a'

f
Y

,

y'

v

•

Magnetic
systems fa )

Gas-liquid
systems(b)

0.0-0.2
0.30-0.36
\.2- 1.4
1.0-1.2
4.2-4.8

0.1 - 0.2
0.32-0.35
1.2- 1.3
1.1-1.2
4.6-5.0

Binary
fluid
mixtures(t)
0.05-0.15
0.30-0.34
1.2-1.4

Binary
alloys(d)

Ferroelectric

0.305 ± O.DOS
1.24 ± O.DlS
1.23 ± 0.Q25

0.33-0.34
1.0 ± 0.2
1.23 ± 0.02

0.65 ± 0.02
0.03-0.06

0.5-0.8

syslems{~ )

4.0-5.0

0.62-0.68
0.03-0.15

Stiersladt el al. (1990).
Varonel (1976); Rowlinson and Swinton (1982).
It) RO'wJinson and Swinton (1982).
(dl 1. A1s-Nielsen (1976); dala pertain 10 beta-brass only.
(~ ) Kadanoff er al. (1967); Lines and Glass (1977).
I f) Ahl", (1980).

$uperfluid
He4 (/ )

Mean field
results

-0.026

0
1/2
I
I
3

inaccessible
inaccessible
inaccessible
0.675

1/2
0

(a )
(b)

,
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have included · '! data on another two exponents, v and J], which will be defined
in Sec. 11.12. . _ find that, while the observed values of an exponent, say {J, differ
very little as one goes from system to system within a given category (or even
from category to category). these values arc considerably different from the ones
following from the mean field approximation. Clearly, we need a theory of phase
transitions which is basically different from the mean field theory.
To begin with, some questions arise:
(i) Are these exponents completely independent of one another Dr are
they mutually related? In the latter case, how many of them afe truly
independent?
(ii) On wh<lt characteristics of the given system do they depend? This includes
the question why, for systems differing so much from onC another, they
differ so little.
(iii) How can they be evaluated from first principles?
The answer to question (i) is simple: yes, th e various exponents do obey certain
relations and hence are lIot completely independent. These relations appear in
the form of ineqlJalities, dictated by the principles of thermodynamics, which
will be explored in Sec. 11.8; in the modern theory of phase transitions, see
Secs 11.1 0 - J 1.12 and Chap. 13, the same relatioos turn up as equalities, and
the number of these (restrictive) relations is such that, for most situations, only
two of the exponents are tmly independent.
As regards question (ii), it turns out that our exponents depend upon a very slIlall
number of characteristics, or p<lrameters, of the problem, which explains why they
differ so little from one system to another in a given category of systems (~nd
also from one category to another, even though systems in those categories are
so different from one another). The characteristics that seem to matter are (a) the
dimeru;ionality, d, of the space in which the system is embedded, (b) the number
of components, Ii, of the order parameter of the problem, and (c) the range of
microscopic interactions in the system.
Insofar as interactions are concerned, all that matters is whether they are
shorl-ranged (which includes the special case of nearest-neighbor interactions)
or long-ranged. In the former case, the values of the critical exponents resulting
from nearest-neighbor interactions remain unaltered-regardless of whether furthcrneighbor interactions are included or not; in Ihe latter case, assuming J ij ~
li- JI- ld+n ) with a> 0, the critical exponents depend on u. Unless a statement is
made to the contrary, the microscopic interactions operating in the given system
will be assumed to be short-ranged; the critical exponents then depend only on
d and l1 - both of which, for instructional purposes, may be treated as continuous
variables.
Insofar as d is concerned, we recall the Bethe approximation which highlighted
the special role played by the dimensionality of the lattice through , and only
through, the roordination number q. We also recall that, while the theoretical
value of Tc and the various amplitudes of the problem were influenced by q. the
critical exponents were not. In more accurate theories we find that the critical
exponents depend more directly on d and only indirectly on q; however, for a
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given d, they do not depend on the structural details of the lattice (which includes
the number q).
Insofar as fl is concerned, the major difference lies between the Ising model
(n = 1) with discrete symmetry (Ui = +1 or -1) and other models (n > 2) with
continuous symmetry (-1 < Uia < +1 for a = 1, .... n, with lUi I = 1). In the
former case, T e is zero for d < 1 and nonzero for d > 1; in the latter, T e is zero
for d < 2 and nonzero for d > 2.13 In either case, the critical exponents depend
on both d and fl, except that for d > 4 they become independent of d and n, and
assume values identical with the ones given by the mean field theory; the physical
reason behind this overwhelming generality is examined in Sec. 11.13. In passing,
we note that, for given d and n, the critical exponents do not depend on whether
the spins constituting the system are treated classically or quantum-mechanically.
As regards question (iii), the obvious procedure for evaluating the critical exponents is to carry out exact (or almost exact) analysis of the various models - a task
to which the whole of Chap. 12 is devoted. An alternative approach is provided
by the renormalization group theory, which is discussed in Chap. 13. A modest
attempt to evaluate the critical exponents is made in Sec. 11.9, which yields results
far below our expectations but teaches us quite a few lessons about the shortcomings of the so-called classical approaches.

11.8. Thermodynamic inequalities
The first rigorous relation linking critical exponents was derived by Rushbrooke
(1963) who, on thermodynamic grounds, showed that for any physical system
undergoing a phase transition

Ca' + 2fJ + y') > 2.

(1)

The proof of inequality (1) is straightforward if one adopts a magnetic system as an
example. We start with the thermodynamic formula for the difference between the
specific heat at constant field CHand the specific heat at constant magnetization
CM (see Problem 3.40)

C H -CM

=-T(~~)M (~~)H = Tx- I {(~;)Hr

(2)

Since C M > 0, it follows that
(3)

Now, letting H ---+ 0 and T ---+ Te from below, we get

D I (T e - T) - a' >
_D
2Te(T
e - T)y'+2(P- I) ,

(4)

where DI and D2 are positive constants; here, use has been made of power laws
(11.7.1, 2b and 5b)Y Inequality (4) may as well be writt!'n as
(5)
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Since (T c - T) can be made as small as we like, (5) will not hold if (el + 2fJ +
y') < 2. 1be Rushbrooke illequality (1) is thus established.
1b establish further inequalities, one utilizes the convexity properties of the
Helmholtz free energy A(T, M). Since dA = -S dT + H dM,

. (a"A)
aT M = -5, aT' M = ( 0.4)
and

(as)
aT

hi

=

eM ::; 0
-T

_H(a"A)
_ (aH)
_ 2.X >- 0.
( ~)
aM
aM2
aM
T -

,

T -

T -

(6a, b)

(7a, b)

It follows that A(T, M) is concave in T and convex in M. We now proceed to
establish the Griffiths illeqllality (1965a, b)

0/ + fJ(8 + 1) :': 2.

(8)

Consider a magnetic system in zero field and at a temperature T1 < Te. Then,
by (7a), A(T, M) is a function of T only, so we can write
A(T"M)=A(T"O)

(- M,::;M ::;M,),

(9)

where M I is the spontaneous magnetization at temperature T 1; see Fig. '1 L10.
Applying (6a) to (9), we get
S(T"M)=S(T"O)

(-M,::;M ::;M,).

(10)

M

(T" M,)--':,

,,

o~--------~:+-~~~T

FlG. 11.10. Magncli7.ation. M(T, H), of a magnetic system for H > 0, H < 0 lind H --+ O.
Here, M I denotes the spontaneous magnetization of the system CIt i! temperature

T\ < Te.

We now define two new functions
(11 )

and
S'(T,M) = S(T, M) - Sc.

(12)
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where Ac = A(Tc, 0) and Sc = S(Tc, 0). It follows th,
aA*) =
( aT M

2
a A*) =_(as*) =_CM <0.
( aT2 M
aT M
T-

- s"
'

(13a,b)

Thus, A* is also concave in T. Geometrically, this means that, for any choice of
T!, the curve A*(T), with M fixed at M J. lies below the tangent line at T = T 1, i.e.
A*(T,Md::::A*(TbMd+ ( -aA*)
(T-Td;
aT MI .T= T\

(14)

see Fig. 11.11. Letting T = Tc in (14), we get

(15)

A*(Tc, M 1 ) < N(Tb Md - S*(Tb M1)(Tc - Tt}

N(T)

/

/
/
/

/
/
/
/

~----------~----~/r'--------~-------------T,

__.-T

FIG. ll.ll. The function A* (T . M ) of a magnetic system, with magnetization M fixed
at MI . The slope of this curve is S(T c. 0) - S(T . M I ), which is positive for all T :::: T e.

which, in view of eqns (9) - (12), may be written as
A* (Tc, Md < A* (TI . 0) - S*(T\ , O)(Tc - Td.

(16)

Utilizing, once again, the concavity of the function N(T) but this time at T = Tc
[with M fixed at zero and the slope (aA* f aT) vanishing], we get, see (14),

(17)
Now, letting T

=T\

in (17) and noting that A* (T c. 0)

= 0 by definition, we get

A*(T\ . 0) :::: O.

(18)

Combining (16) and (18), we finally get
A*(Tc, Md:::: - (Tc - TdS* (T\, 0).

valid for all T \ < Te.

(19)
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T c -, so that M t -+ 0 and along

(20)
while

(21 )
where D, D' and D" are positive constants; here, use has been made of power
laws (11.7.1,3 and 5b). Substituting (20) and (21) into (19), we get
(22)

Again, since (T, - T d can be made as small as we like, (22) will not hold if
rI + (3(8 + 1) < 2. 'Ibe Griffiths inequality (8) is thus established. It will be noted
that unlike the Rushbrooke inequality, which related critical exponents pertaining
only to T < Tel the present inequality relates two such exponents, a' and fl. with
one, viz. 8, that pertains to the critical isotherm (1' = T c ).
While inequalities (1) and (8) are thermodynamically exact, Griffiths has derived
several others that require certain plausible assumptions on the system in question.
We quote two of them here, without proof:

y'

~

(3(8 - I)

(23)

y

~

(2-a)(8 -1) / (8+ 1).

(2~)

.

For a complete list of sllch inequalities, see Griffiths (1972), p. 102, where referenees to original papers are also given.
Before proceeding further, the reader may like to verify that the experimental
data on critical exponents, as given in Table 1 L 1, do indeed conform to the
inequalities proved or quoted in this section. It is important in this connection to
note that the mean field exponents (a = a' = 0, (3 = 1/2, Y = y' = 1 and 8 = 3)
satisfy all these relations as equalities.

11.9. Landau's phenomenological theory
As early as 1937 Landau attempted a unified description of all second-order
phase transitions - second-order in the sense that the second derivatives of the free
energy, namely the specific heat and the magnetic susceptibility (or isothermal
compressibility, in the case of fluids), show a divergence while the first derivatives, namely the entropy and the magnetization (or density. in the case of fluids),
are continuous at the critical point. He emphasized the importance of an order
parameter mo (which would be zero on the high-temperature side of the transition
and nonzerO on the low-temperature side) and suggested that the basic features of
the critical behavior of a given system may be determined by expanding its free
energy in powers of 1110 [for we know that, in the close vicinity of the critical
point, mo « 1). He also argued that in the absence of the ordering field (h = 0)
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the up-down symmetry of the system would require that the proposed expansion
contain only even powers of mo. Thus, the zero-field free energy 1/10(= Ao /NkT)
of the system may be written as
1/10 (/, mo )

= q (t).J... r(T)m~ + s(t)m~ + ' "

(T

=

T

;cTc,It I « 1) ;

(1)

at the same time, the coefficients q(t). ret). s(t) .. . may be written as
q(t)

= L qkl ,

=L

ret)

r k tk ,

set) =

L

Sk tk , . . . •

(2)

The equilibrium value of the order parameter is then determined by minimizing
1/10 with respect to mo; retaining terms only up to the order displayed in (1), which
for thermodynamic stability requires that s(t) > 0, we obtain
r(t)mo + 2s(t)m~

= O.

(3)

The equilibrium value of mo is thus either 0 or :!:.J[ -r(t)/2s(t)]. TIle first solution
is of lesser interest, though this is the only one we will have for t > 0; it is the
other solutions that lead to the possibility of spontaneous magnetization in the
system. To obtain physically sensible results, see eqns (9)-(11), we must have in
eqn. (2): ro = 0, rl > 0 and So > 0, with the result

lmol

~ [(rI/ 2so)ltI]I/2

(t;:S 0),

(4)

giving f3 = 1/ 2.
The asymptotic expression for the free energy, viz.
1/Io(t. mo) ~ qo + rltm5 + som~

(rl, So > 0),

(5)

is plotted in Fig. 11.12. We see that, for t 2: 0, there is only one minimum, which
is located at mo = 0: for 1 = 0, the minimum is rather flat. For t < 0, on the
other hand, we have two minima. located at mo = ±ms, as given by expression
(4), with a maximum at mo = O. Now, since 1/10 has to he convex in mo, so
that the susceptibility of the system be non-negative. see eqn. (11.8.7b), we must
replace the nonconvex portion of the curve. that lies between the points mo =
-ms and mo = + m" by a straight line (along which the susceptibility would be
infinite). This replacement is reminiscent of the Maxwell construction employed
in Secs 11.1 and 11.2.
We now subject the system to an ordering field h, assumed positive. If the field is
weak, the only change in the expression for the free energy would be the addition
of a term -Izm. Disregarding the appearance of any higher powers of (hm) as well
as any modifications of the coefficients already present. we may now write
1/Ih(t, m)

= -hm + q(t) + rlt)m 2 + s(t)m4.

(6)

The equilibrium value of m is then given byl5
-h + 2r(t)m

+ 4s(t)m3 =

O.

(7)

The low-field susceptibility of the system, in units of N j.<2 / kT, thus turns out to be

x=

1

(Oh)-l _
am

I

2r(t)

+ 12s(t)m2 '

(8)
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t>o

t- 0

1<0

,,
,,

,,
,,

- no
ftG. 11 .12. The free energy lfo(t. mo ) of the Landau theory, shown as a function of
mo. for three different values of I . The da"hcd curve depicts sp0nlancous magnetization
tnJ,(t), while the horizontal line for t < 0 provides the Maxwell oonstruction.

valid in the limit h ---+ O. Now, for t > 0, III

-----).

0 and we get

(9)
gIVing

Y = 1. On Ihe olher hand, for 1 < 0,

1/1

-->

v'lirI/2soWIl,

See (4); we

then get

x "" 1/4rdll

(t;S 0),

(lU)

giving y' = 1. Finally, if we set [ = 0 in (7). we obtain the following relation
between hand m:
,
(11)

giving h = 3.
We shall now Jook at the specific healS Ch and m - If I > 0, then II ---+ 0 implies
m ---+ 0, so in this limit thc:re is no difference between C h and
Equation (1)
(hen gives, in units of Nk,

e

2wO

( -a, - )

Ch = Cm = -

BI-

= - (lin

em-

+ 6q31 + ...)

(t ~ 0) .

(12)

m---+O

For t < 0, we have

[(2q, + 6q31 + ...) + (2r, + ...)m; + ..J

Cm = -

[2q, + {6q3

= -

- (rlr,lso} 1+ ... J

(I ;S 0).

(13)

Nexl, using eqn. (11.8.2) along with (4) and (10), we have
Ch - C

m=

(.'am,
!!!.) {(am)
}' '" Zsorl
3t

(I

;S 0).

(14)

h

em

It follows thal, while
possesses a cusp-like: singularity at t = O. C h undergoes
a jump discontinuity of magnitude
(Ch)HO- - (Ch)HO+ '" rillso .

II foliows Ihat " = a' =

o.

(15)
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The most striking feature of the Landau theory is r it gives exactly the same
critical exponents as the mean field theory of Secs L . and 11.6 (or the van der
Waals theory of Sec. 11.2). Actually it goes much further, for it starts with an
expression for the free energy of the system containing parameters qk. rk. Sk. ... ,
which represent the structure of the given system and the interactions operating in
it, and goes on to show that, while the amplitudes of the various physical quantities
near the critical point do depend on these parameters, the critical exponents do
not! This ulliversality (of critical exponents) suggests that we are dealing here
with a class of systems which, despite their structural differences, display a critical
behavior that is qualitatively the same for all members of the class. This leads to
the concept of a universality class which, if Landau were right, would be a rather
large one. The fact of the matter is that the concept of universality is very much
overstated in Landau's theory; in reality, there are many different universality
classes-each defined by the parameters d and n of Sec. 11.7 and by the range of
the microscopic interactions-such that the critical exponents within a class are the
same while they vary from one class to another. The way Landau's theory is set
up, the parameter n is essentially equal to 1 (because the order parameter mo is
treated as a scalar), the parameter d plays no role at all (though later on we shall
sce that the mean field exponents are, in fact, valid for all Il if d > 4), while the
microscopic interactions are implicitly long-ranged. 16
An objection commonly raised against the Landau theory is that, knowing fully
well that the thermodynamic functions of the given system are going to be singular
at t = 0, a Taylor-type expansio1l of the free energy around m = 0 is patently a
wrong start. While the objection is valid, it is worth noting how a regular function,
(1) or (6), leads to an equation of state, (3) or (7), which yields different results for
t -+ 0- from the ones for t -+ 0+, the same being true of whether h -+ 0+ or 0-.
The trick lies in the fact that we are not using eqn. (1) or (6) as such for all t; for
t < 0, we use instead a modified form, as "corrected" by the Maxwell construction
(see Fig. 11.12). The spirit of the singularity is thereby captured, though the nature
of the singularity, being closely tied with the nature of the original expansion,
could not be any different from the mean-field type. The question now arises: how
can the Landau theory be improved so that it may provide a more satisfactory
picture of the critical phenomena? Pending exact analyses, one wonders if some
generalization of the Landau approach, admitting more than one universality class,
would provide a better picture than the one we have at present. It turns out that the
scaling approach, initiated by Widom (1965), by Domb and Hunter (1965) and by
Patashinskii and Pokrovskii (1966), was the next natural step in the right direction.

11.10. Scaling hypothesis for thermodynamic functions
The scaling approach, which took the subject of phase transitions far beyond
the mean field theory, emerged independently from three different sources-from
Widom (1965) who searched for a generalization of the van der Waals equation
of state that could accommodate nonclassical exponents, from Domb and Hunter
(1965) who analyzed the behavior of the series expansions of higher derivatives of
the free energy with respect to the magnetic field at the critical point of a magnetic
system, and from Patashinskii and Pokrovskii (1966) who studied the behavior of
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multi-correlati
'~lnctions for the spins constituting a system. All three were led
to the same fm ... of the thermodynamic equation of state. Subsequently, Kadanoff
(1966a) suggested a scaling hypothesis from which not only could this equation
of state be derived but one could also obtain a number of relations among the
critical exponents, which turned out to be equalities consistent with the findings of
Sec. 11.8. This approach also made it clear why one needed only two independent
numbers to describe the nature of the singularity in question; all other relevant
numbers followed as consequences.
To Set the stage for this development, we go back to the equation of state
following from the Landau theory, viz. eqn. (11.9.7), and write it in the asymptotic
form
(1)

In view of the relationship (11.9.4), we rewrite (1) in the form

h(t. m)

~ :l:' It I'" [ ,gn
2

(t)

(;j:: It;7/2 ) + -(:;:' It~" rJ

(2)

It follows that
1/2
m(t, h) ~ ~ /2 1t11 /2 x a function of
So

r

(3)

and, within the context of the Landau theory, the function appearing here is
ulliversal for all systems conforming to this theory. In the same spirit, the relevant part of the free energy 1/1,,(1, m)-the part that determines the nature of the
singularity - may be written in the form

(4)
S 1/2
m)

(
1/2

+(

;r/2It~/2

)4]

( s 1/2

nl

r:12 \t11 /2 + sgn (t) r:12Itjl /2

.

)

2

(5)

Substituting (3) into (5), one gets

r2

1/I(S) (t , h) ~ -.lt 2 x a function of
(
So

1/2

h

;~/2 Itl3/2

)

(6)

where, again, the function appearing here is llnh·ersal. As a check, we see that
differentiating (6) with respect to h we readily obtain (3).
The most notable feature of the equation of state, as expressed in (3), is that,
instead of being the usual relationship among three variables m, hand t, it is now a
relationship among only two variables, viz. m/ ltl l / 2 and 1z11113 / 2. Thus, by scaling
m with \1\l/2 and h with \t\3/ 2 , we have effectively reduced the total number of
variables by one. Similarly, we have replaced eqn . (4) by (6), which expresses the
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singular part of the free energy"" scaled with t 2 as a function of the single variable
h scaled with ItI 3 / 2 • This reduction in the total number of effective variables may
be regarded as the first important achievement of the scaling approach.
The next step consists in generalizing (6), to write
2

",,(S)(t, h) ~ Fltl - J(Gh/ltI
a

6)

(7)

where Ci and t,. are universal numbers common to all systems in the given (universality) class, J(x) is a universal function which is expected to have two different
branches, f + for t > 0 and J _ for t < 0, while F and G (like r] and so) are nonuniversal parameters characteristic of the particular system under consideration.
We expect Ci and t,. to determine all the critical exponents of the problem, while
the amplitudes appearing in the various power laws will be determined by F, G
and the I imiting values of the function J (x) and its derivatives (as x tends to zero).
Equation (7) constitutes the so-called scaling hypothesis, whose status will become
much more respectable when it acquires legitimacy from the renormalization group
theory; see Secs 13.1 and 13.3.
First of all it should be noted that the exponent of Itl, outside the function J(x)
in eqn. (7), has been chosen to be (2 - Ci), rather than 2 of the corresponding mean
field expression (6), so as to ensure that the specific heat singularity is correctly
reproduced. Secondly, the fact that one must not encounter any singularities as
one croSSeS the critical isotherm (t = 0) at nonzero values of h or III requires that
the exponents on the high-temperature side of the critical point be the same as on
the low-temperature side, i.e.
Ci'

= Ci

and

,

(8)

y = y.

From eqn. (7) it readily follows that
met, h) = -

and
x(t, h) = -

B1/J("» )
( - Bh-

~ _FGltI 2- a- 6 J ' (Gh/ltll"»

(9)

I

(B:~~S» ) ~ _FG2ItI2-a- 26 !"(Gh/ltll"».
I

(10)

Letting h ---+ 0, we obtain for the spontaneolls magnetization

U:S 0),

m(t, 0) ~ BltlfJ

(11)

where
B

= -FGJ'--(O) , fJ = 2 -

Ci -

(12a, b)

t,. ,

and for the low-field susceptibility

xU, 0)

~ Itl - r{ C+
C_

for

t> 0
~

(13a)

for

t

< 0,

(13b)

~

where

C± = -FG 2 J~ (O),

y=

Ci

+ 2t,. -

2.

(14a, b)

Combining (12b) and (14b), we get
t,. =

fJ + y

= 2-

Ci -

fJ,

(15)
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a+2,8+y=2.

(16)

so that
To reCOVer h, we write the function f'(x) of eqn. (9) as xP/ ~g(x), so that
mel, h) '" -FG(I+Pl6)hN~g(Gh/ltl~) .

(17)

Inverting (17), We can write

III "" G1 /~ hl /~

x a function of (FG(1+N~)hPl~/m).

(18)

It follows that, along the critical isolherm (t = 0). the argument of the function
appearing in (18) would have a universal value (which makes the function vanish),
with the result thai
(19)

Comparing (19) with (11.7.3), we infer that
(20)

h = l:!./,8.
Comhining (20) with the previous rclations, viz. (12b) and (15). wc get

(21)

and
y=,8(h - I) .

(22)

Finally, combining (21) and (22), we have
y = (2 - a)(h - 1)/{h

+ 1).

For compleleness. we wrill;! down for the specific heat

C~){t, 0) = -

a21/1t.,)
,

at-

"" -(2 - a){1 - a)Flll-

a

(23)

e" at h =

0

{ I , (D)

for

r ~ 0 (24a)

1 _(0)

for

( ;S O. (24b)

We thus see that the scaling hypothesis (7) leads to a number of relations
among the critical exponents of the system, emphasizing the fact that only /11/0
of them are truly independent. Comparing these relations with the corresponding

onCS appearing in Sec. 11.8, viz. (16), (21), (22) and (23) with (11.8.1, 8, 23 and
24), we feci satisfied that they are mutually consistent, though the present Diles
are far more restrictive than the ones in Sec. 11 .8. Besides exponent relations, we
also obtain here relations among the various amplitudes of the prohlem; though
individually these amplitudes are non-universal. certain combinations thereof turn
out to be universal. For instance. the combination (FC±/B2 ). which consists of

coefficients appearing in eqns (7), (11) and (13), is universal; the same is true of the
ratio C+/C _ . For furtht:r information on this question. St!t: the original papers by
Watson (1969) and a recent review hy Privman, 1I0henberg and Aharony (1991).
We now pose the question: why do "universality classes" exist in the first place?
In other words, what is the reason thai a large variety of systems differing widely
in their struct
. should belong to a single universality class and hence have
common critic... . .;xponcnts and common scaling functions? The answer lies in the
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"correlations among the microscopic constituents of t~ "stem which, as T ~ T e ,
become large enough to prevail over macroscopic di~",'lceS in the system and in
turn make structural details at the local level irrelevant". We now turn our attention
to this important aspect of the problem.
11.11. The role of correlations and fluctuations
Much can be learned about criticality by scattering radiation-light, x-rays,
neutrons, etc. -off the system of interest. In a standard scattering experiment, a
well-collimated beam of light, or other radiation, with known wavelength A is
directed at the sample and one measures the intensity, 1(8), of the light scattered at an angle 8 away from the "forward" direction of the beam. The radiation
undergoes a shift in wave vector, k, which is related to the parameters 8 and A by

\k\

4rr

= -

A

I
sin -8.

2

(1)

Now, the scattered intensity 1(8) is determined by the fluctuations in the medium.
If the medium were perfectly uniform (i.e. spatially homogenous), there would be
no scattering at all! If one has in mind light scattering from a fluid, then the relevant fluctuations correspond to regions of different refractive index and, hence, of
different particle density 11 (r). For neutron scattering from a magnet, fluctuations
in the spin or magnetization density are the relevant quantities, and so on. We
need to study here the normalized scattering intensity 1(8; T, H)/lideal(8), where
1(8; T, H) is the actual scattering intensity observed at angle 8, which will normally
depend on such factors as temperature, magnetic field, etc., while lideal(8) is the
scattering that would take place if the individual particles (or spins) that cause the
scattering could somehow be taken far apart so that they no longer interact and
hence are quite uncorrelated with one another. Now, this normalized scattering
intensity turns out to be essentially proportional to the quantity
g(k) =

J g(r)e,k., dr,

(2)

which represents the Fourier transform of the appropriate real-space correlation
function g(r), which will be defined shortly.
As the critical point of the system (say, a fluid) is approached one observes
an enormously enhanced level of scattering, especially at low angles which corresponds, via eqns (1) and (2), to long wavelength density fluctuations in the fluid.
In the critical region the scattering is so large that it can be visible to the unaided
eye, particularly through the phenomenon of critical opalescence. This behavior
is, by no means, limited to fluids. Thus if, for example, one scatters neutrons
from iron in the vicinity of the Curie point one likewise sees a dramatic growth
in the low-angle neutron scattering intensity, as sketched in Fig. 11.13. One seeS
that for small angle scattering there is a pronounced peak in 1(8; T) as a function
of temperature, and this peak approaches closer and closer to Te as the angle
is decreased. Of course, one could never actually observe zero-angle scattering
directly, since that would mean picking up the oncoming beam itself, but one can
extrapolate to zero angle. When this is done one finds that the zero-angle scattering 1(0; T), actually diverges at Te. This is the most dramatic manifestation of
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SMALL e

I
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FIG. 11.13. Schematic plot of the clastic scattering intensity of neutrons scallercd at
an angle (} from a magnetic system. such as iron, in the vicinity of the critical point
Te_ The small arrows mark the smoottJIy rounded maxima (at fixed 0) which occur at a
temperature T", ~){(B) that approadJcs T,- as () ---+ O.

the phenomenon of critical opalesa:llce and is quite general, in that it is observed
whenever appropriate scattering experiments can be performed. Empirically, one
may write for small-angle scattering
(3 )

so that

//

i ma, (G) (T m,;(G) - T, }'I /' , = const.

(4)

I [ere, AI and >"2 are positive exponents (which, as will be seen later, are determined
by the universality class to which the system belongs), while k, for a givt!n
is
determined by eqn. (1); note that, for small k is essentially proportional to G.
The first real insight into the problem of critical scallering in fluids was provided
by Ornstein and Zernike (1914, 1916) who emphasized the difference between the
direct influence of the microscopic interactions among the atoms of the fluid, which
are necessarily short-ranged, and the indirc:ct (bul mort! crucial) influence of the
density - density correlations which become long-ranged as the crilicallemperature
is approached; it is the latter that are truly responsible for the propagation of longrangt! order in Iht! system and for praelically everylhing else thai goes with it.
UnfOTlUnalely, the original work of Omslein and Zernike makes difficult reading;
moreover, it is based on the classical theory of van der Waals. NeveTlheless, the
subject has been neatly clarified in the review articles by Fisher (1964, 1983) and
Domh (19R5), to which Ihe reader may turn for fUTlher details. Here we shall kt!ep
to the language of the magnetic syslems and work out the most essential pans of
tht! theory in somewhat general terms.
We define Ihe spin - spin correlation fu.nction g(i , j), for the pair of spins at
sites i and j, by tht! standard ~~finition

e,

e,

(5)
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For i = j, expression (5) denotes the "mean-square fluctuation in the value of the
variable a at site i"; on the other hand, as the separation between the sites i and j
increases indefinitely, the spins a, and aj get uncorrelated, so that ajaj ~ aiaj and
the function g(i, j) ~ O. In view of the fact that expression (5) can be written as
(6)

the function g(i, j) may also be looked upon as a measure of the "correlation
among the fluctuations in the order parameter of the system at sites i and j".
This makes sense because aj may, quite appropriately, be regarded as the locally
fluctuating order parameter linked to site i, just as a is the order parameter for the
whole system. We shall now establish connections between the function g(i, j)
and certain thermodynamic properties of the system.
We start with the partition function of the system, see eqn. (11.3.9),
QN (H, T) =

L exp [fJJ L aiaj + fJ/1 H ~ ai] ,
(ad

n.n.

(7)

,

where the various symbols have their usual meanings. It follows that

~
(InQN) = fJ/1 (Lai)
BH
,.

(8)

= fJM.

where M (= f.i. Li ai) denotes the net magnetization of the system. Next, since

(9)
we obtain for the magnetic susceptibility of the system
X

aM

=-

aH

-~-2

= fJ(M- -M )

(lOa)

~ fi~2 { (~>,)' - (~»

}

fi"'

p;=

g(i, j)

(lOb)

Equation (lOa) is generally referred to as afillctuation-dissipation relation; it may
be compared with the corresponding relation for fluids, namely (4.5.7), which
connects isothermal compressibility KT with density fluctuations in the system.
Equation (lOb), on the other hand, relates X to a summation of the correlation
function g(i, j) over all i and j; assuming homogeneity, this may be written as
(11)
r

Treating r as a continuous variable, eqn. (11) may be written as
X = NfJ/1
ad

2

J

g(r)dr,

(12)

where a is a microscopic length, such as the lattin·
:stant, so defined that
d
Na = V, the volume of the system; for a similar res,:lt appropriate to fluids,
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see eqn. (14.2.11). Finally, introducing the Fourier transfonn of the function g(r),
through eqn. (2), we observe that
N (JJ-i2 _
X=

a

d

g(O).

(13)

Our next task consists in determining the mathematical form of the functions g(r)
and g(k). Pending exact calculations, let us see what the mean field theory has to
offer in this regard.
Following Kadanoff (1976b), we consider a magnetic system subject to an
external field H which is lion-uniform, i.e. H = {H;}, where H; denotes the field
at site i. Using mean field approximation, the thermal average of the variable a,
is given by, see eqn. (11.5.10),
(14)
where
(15)
n.n.

note that, for obvious reasons, the product (qa) of eqn. (11.5.10) has been replaced
by a sum of aj over all the nearest neighbors of spin i. If a varies slowly in
space, which means that the applied field is not too non-uniform, then (15) may
be approximated as
H eff

'::::.

H;

+ (qJ 1J-i)a; + (cJ0 21J-i)"I;2a; .

(16)

where c is a number of order unity whose actual value depends upon the structure
of the lattice, while 0 is an effective lattice constant; note that the term involving
Va; cancels on summation over the q nearest neighbors which are supposed to be
positioned in some symmetrical fashion around the site i. At the same time, the
function tanh x, for small x, may be approximated by x - x 3 /3. Retaining only
essential terms, we get from (14)
{JJ-iH; = (1 - q{JJ)a;

+ ~ (qfJJ)3a ; -

cfJl0 2 V 2a;.

(17)

Now, the condition for criticality is: [{H;} = 0, qfJc1 = 1]; see eqn. (11.5.13). So,
near criticality, we may introduce our familiar variables
h; = {JJ-iH;.

{= (T - T c)/Tc '::::. ({Jc - {J) / {Jc;

(18)

eqn. (17) then reduces to
(19)
where c' is another number of order unity. Equation (19) generalizes eqn. (11.10.1)
of Landau's theory by taking into account the non-uniformity of a.
Differentiating (19) with respect to hi> we get
3a;

(t + a~r - c a-V-)3h =
_ 7

,

??

0

o· o.
I.}

(20)

}

The "response function" 3a ;j3h j is identical with the correlation function g(i , j); 17
eqn. (20) rna'· "erefore, be written as
(21)
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For t > 0 and {hi}

~

0, ai

~

0; eqn. (21) then bec.

2
(t - c'a V 2 )g(i, j)

Assuming homogeneity, so that g(i, j)
Fourier transforms, eqn. (22) gives
(t

"

= Di.j '

(22)

= g(r) where r = rj -

ri, and introducing

+ c'a2 e)'g(k) = const;

(23)

it follows that g(k) is a function of the magnitude k only (which is not surprising
in view of the assumed symmetry of the lattice). Thus
_

1

g(k)

~

t

(24)

+ c'a2k2'

which is the famous Ornsrein- Zernike result derived originally for fluids. Now,
taking the inverse Fourier transform of g(k), we obtain (disregarding numerical
factors thaI are not so essential for the presenl argument)
g(r)

~

J+

ik

e-

t

.:?

dd (ka)

(25a)

c'a- k-

00

~

J+
o

t

ad

( 1 ) (d- 2)/2
?

c'a-k

2

i (d_2)/2(kr)e- 1 dk;

-

kr

(25b)

see eqns (8) and (11) of Appendix C. The integral in (25b) is tabulated; see
Gradshteyn and Ryzhik (1965), p. 686. We get
g(r)

~

G:)

(d - 2)/2 K(d- 2)/2

G)

K J1 (x) being a modified Bessel function . For x

(26)

»

1. K J1 (x)

~ x-

1 2
/ e-

\ eqn. (26)

then gives

ttI- 2

g(r) ~ ~(d-3)/2r(d- l)/2 e

On the other hand, for x

«

1. KJ1(x) , for

f-L

-r/~

(r

»

~).

(27)

> O. ~ x - J1 ; eqn. (26) then gives

ad - 2
g(r) ~ - d

r -2

(r« ~;d > 2).

(28)

In the special case d = 2, we obtain instead
g(r) ~ In(~j r)

(r«~;

(29)

d = 2).

It is worth noting that eqn. (26) simplifies considerably when d
K 1/ 2 (x) = (rrj2x)1 / 2e- X for all x,

= 3.

Since

(30)
for all r . Equation (30) is another famous result of Ornstein and Zernike.
Clearly, the quantity ~ appearing here is a measure of the "distances over which
the spin-spin (or density- density) correlations in the system extend"-hence the
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1]

name corre' In length. So long as T is significantly above T c , I; = O(a); see
(26). Howev _., as T approaches T c , I; increases indefinitely- ultimately diverging
at T = T c. The resulting singularity is also of the power-law type:
I; ~ at- I / 2

(t ~ 0).

(31)

The divergence of 1;, at T = Tn is perhaps the most important clue we have for our
general understanding of the critical phenomena. As I; -+ 00, correlations extend
all over the system, paving the way for the propagation of a long-range order (even
though the microscopic interactions, which are at the root of the phenomenon, are
themselves short-ranged). Moreover, since correlations extend over macroscopic
distances in the system, any structural details that differentiate one system from
another at the microscopic level lose significance, leading thereby to some sort of
a universal behavior!
Going back to eqns (13) and (24), we see that the singularity in X is indeed of
the type expected in a mean field theory, viz.
X ~ g(O) ~

,-1 (t ~ 0).

(32)

In view of the foregoing results, one may write

~ ~.!. (1 +t;2 e).

g(k)

(33)

X

In a so-called Ornstein - Zernike analysis, one plots I j g(k) [or 111(k), where I(k)
is the intensity of the light scattered at an angle B, see eqn. (1)] in the critical region
versus k 2 • The data for small k (ka ~ 0.1), for which the above treatment holds,
fall close to a straight line whose intercept with the (k 2 = O)-axis determines xU).
As , -+ 0, this intercept tends to zero but the successive isotherms remain !pore
or less parallel to one another; the reduced slope evidently serves to determine
t;(t). For , :::::: 0, these plots show a slight downward curvature, indicating departure
from the k2 -law to one in which the power of k is somewhat less than 2. Finally,
as regards the plot I (B; T) of Fig. 11.13, the maximum in the curve, according
to eqn. (24), should lie at , = 0 for all B and the height of the maximum should
be ~ k- 2 , i.e. essentially ~ B- 2 ; thus, according to the mean field expression for
g(k), the exponent Al in eqn. (3) should be 2 while A2 should be O.
11.12. The critical exponents v and

1]

According to the mean field theory, the divergence of t; at T = T c is governed
by the power law (11.11.31), with a critical exponent
We anticipate that the
experimental data on actual systems may not conform to this law. We therefore
introduce a new critical exponent, v, such that

4.

(1)

In the spirit of the scaling hypothesis, see Sec. 11.10, the corresponding exponent
v' appropriate to t ~ 0 would be the same as v. IS Table 11.1, of Sec. 11.7, shows
experimental results for v obtained from a variety of systems; we see that the
observed values of v, while varying very little from system to system, differ
considerably from the mean field value.
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As regards the correlation function, the situation for t 2, 0 is described very well '
by a law of the type (11.11.27). viz.
g(r) "-

e - r / I;(r)

(t 2, 0).

x some power of r

(2)

where !;(t) is given by (1). The variation of g(r) with r in this regime is governed
primarily by the exponential, so g(r) falls rapidly as r exceeds I; [which is typically
O(a)-may be a few times the lattice constant]. As t --+ 0 and hence I; --+ 00, the
behavior of g(r) would be expected to be like eqn. (11.11.28 or 29). A problem now
arises: we do have an exact expression for g(r) at T = Tc for a two-dimensional
Ising model (see Sec. 12.3), according to which
g(r) ~ r -

1 4
/

(d

= 2, n = 1. 1 = 0).

(3)

which is quite different from the mean field expression (11.11.29). We therefore
generalize our classical result to
g(r) ~ r -(d-2+1)

(t = 0).

(4)

which introduces another critical exponem, TJ . Clearly, TJ for the two-dimensional
which can even be confirmed by experiments on (effectively)
Ising model is
two-dimensional systems. Table 11.1 shows experimental values of TJ for some
systems in three dimensions; typically, TJ turns out to be a small number, which
makes it rather difficult to measure reliably.
We shall now derive some scaling relations involving the exponents v and TJ .
First of all let us write down the correlation function g{/"; t, h) and its Fourier
transform g(k; t. h) in a scaled form. For this, we note that , while II scales with
tl'. , the only natural variable with which r will scale is 1;; accordingly, r will scale
with t- v. We may, therefore, write

!.

_

g{k; t . h) ~

G(k/t". h/tl'.)
P -1)

•

(5a, b)

where the functions C(x, y) and G(z, y) , like the exponents 6. , v and TJ, are
lIlIiversal for a given (universality) class; in expressions (5), for simplicity, we have
suppressed non-universal parameters which vary from system to system within a
class. In the absence of the field (h = 0), expressions (5) reduce to
g(r ; t , 0) ~

Co(rtV)

0 - 2+1)'

_

g(k;t,O) ~

CoCk/tV)
k 2 - 1) '

(6a, b)

where C o(x) and GO(2) are again universal. At the critical point (II = 0, t = 0),
we have simply
_
1
gc(k)

~

- ?- .

k--1)

17a, b)

We now recall eqn. (11.11.12), which relates X to an integral of g(r) over dr,
and substitute expression (6a) into it. We get, ignoring non-universal parameters
as well as numerical factors,
X ~

C o{rtV)

J

r d- 2 +1) r

d-l

dr.

(8)
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By a change of variables, this gives
(9)

Invoking the standard behavior of X, we obtain
y

= (2 -

(10)

T])v.

Note that the same scaling relation can also be obtained by appealing to eqns
(11.11.13) and (6b); the argument is that, in the limit k ~ 0, the function (;0(<')
must be Z2-~ (so that k is eliminated), leaving behind a result identical with (9).
In passing, we note that in the critical region
'V

X

'V

e-~ .

(11 )

Relation (10) is consistent with the Fisher inequality (1969)

y:::

(2 -I])v,

t

and is obviously satisfied by the mean field exponents (y = 1, v =
I] = 0); it
also checks well with the experimental data given in Table 11.1. In fact, this
relation provides a much better method of extracting the elusive exponent 1], from
a knowledge of y and v, than determining it directly from experiment. Incidentally,
the presence of I] explains the slight downward curvature of the Ornstein - Zernike
plot, l/g(J...) vs k~, as k ~ 0, for the appropriate expression for l/g(k) now is
(12)
rather than (11.11.33).
We shall now derive another exponent relation involving v, but first notice that
all exponent relations derived so far have no e.\plicit dependence on the dimensionality d of the system (though the actual values of the exponents do depend on
d). There is, however, one important relationship which does involve d explicitly.
For this, let us visualize what happens inside the system (say, a magnetic one)
as t ~ 0 from above. At some stage the correlation length ~ becomes significantly larger than the atomic spacings, with the result that magnetic domains, of
alternating magnetization, begin to appear. The closer we get to the critical point.
the larger the size of these domains; one may, in fact, say that the volume Q
of any such domain is ~ ~d. Now, the singular part of the free energy density
of the system-or, for that matter, of anyone of these domains- is given by, see
eqn. (11.10.7) with h = 0,
(13)
which vanishes as t ~ O. At the same time, the domain volume Q diverges. It
seems natural to expect that f rsl, being a density, would vanish as I j Q, i.e .,
(14)

Comparing (13) Rnd (14), we obtain the desired relationship
dv = 2 -

O!,

(15)
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which is generally referred to as a hyperscaling rele ' I - to emphasize the fact
that it goes beyond and cannot be derived from the \.;. _.nary scaling formulation
of Sec. 11.10 without invoking something else, such as the domain volume n.
Relation (15) is consistent with the Josephson inequalities (1967)

dv ~ 2-a,

dv' > 2-a' ,

(16a, b)

proved rigorously by Sokal (1981); of course, the scaling theory does not distinguish between exponents pertaining to t > 0 and their counterparts pertaining to
t < O. It is important to note that the classical exponents (v =
a = 0) satisfy
(15) ollly for d = 4, which shows that the hyperscaling relations, (15) and any
others that follow from it, have a rather different status than the other scaling
relations (that do not involve d explicitly). The renormalization group theory, to
be discussed in Chap. 13, shows why the hyperscaling relations are to be expected
fairly generally, why typically they hold for d < 4 but break down for d > 4; see
also Sec. 11.13. The reader may check that relation (15) is satisfied reasonably
well by the experimental data of Table 11.1, with d = 3; it is also satisfied by
the exponents derived theoretically by solving different models exactly, or almost
exactly, as in Chap. 12.
Combining (15) with other scaling relations, see Sec_ 11.10, we may write

4,

dv

= 2 - a = 2,8 + y = ,8(8 + 1) = y(8 + 1)/ (8 -

n

(17)

It follows that

2-

T]

=

y/ v

= d(8 -

1)/ (8 + 1),

(18)

which is consistent with the Buckingham - GlInton inequality (1969)
2-

T]

< d(8 - 1)/ (8

+ 1).

(19)

Notice that the experimental observation that 8 < 4.8, for magnetic systems in
three dimensions, implies through this inequality that T] ~ 0.034.

11.13. A final look at the mean field theory
We now return to the question: why does the mean field theory fail to represent the true nature of the critical phenomena in real systems? The short answer
is - because it neglects fluctuations! As emphasized in Sec. 11.11, correlations
among the microscopic constituents of a given system are at the very heart of the
phenomenon of phase transitions, for it is through them that the system acquires
a long-range order (even when the microscopic interactions are themselves shortranged). At the same time, there is so direct a relationship between correlations and
fluctuations, see eqn. (11.11.6), that they grow together and, as the critical point
is approached, become a dominant feature of the system. Neglecting fluctuations
is, therefore, a serious drawback of the mean field theory _
The question now arises: is mean field theory ever valid? In other words,
can fluctuations ever be neglected? To answer this question, we recall the
fluctuation - dissipation relation (11.11.lOa), viz_
(1)
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"Ie form

(2)
Now, in order that the neglect of fluctuations be justified, we must have:
-2

kTX «M .

(3)

(3) is generally referred to as the Ginzburg criterion (1960); for a
'----- Requirement
more detailed discussion of this criterion, along with physical ill ustrations, see
Als-Nielsen and Birgeneau (1977).
We apply condition (3) to a domain, of volume n ~ ~d, close to but below the
critical point; we are assuming here a system of the Ising type (II = 1), so that ~
is finite for t < O. Invoking the power-law behavior of X and M, we have

(4)
where A and B are positive constants. Since I;
Itl d v- 2 /l- Y

In view of the scaling relation

ct

~

altl - we get
V

,

«B2 a d /AkT c .

+ 2f3 + y

(5)

= 2, we may as well write

Itl d v-(2- a) «

D,

(6)

where D is a positive number of order unity.19 For the mean field theory (with
v = ct = 0) to be valid, condition (6) assumes the form

4,

Itl(d-4)/2

«

D.

(7)

.

Now, since It I can be made as small as we like, condition (7) will be violated
unless d > 4. We therefore conclude that the mean field theory is valid for d > 4;
by implication, it is inadequate for d ~ 4.
The above result has been established for scalar models (1/ = 1) only. In
Sec. 12.4, we shall see that in the case of the spherical model, which pertains
to the limit n ---+ 00, the mean field results do apply when d > 4. This means that,
once again, fluctuations can be neglected if d > 4. Now fluctuations are supposed
to decrease with decreasing n; the validity of the mean field theory for d > 4
should, therefore, hold for all II,
Ordinarily, when a system is undergoing a phase transition, expression (2),
which is a measure of the relative fluctuations in the system, is expected to be
of order unity. Condition (6) then suggests that the exponents v and ct obey the
hyperscaling relation
dv = 2 - ct.
(8)
Experience shows that this relation is indeed obeyed when d < 4. At d = 4"the
mean field theory begins to take over and thereafter, for all d > 4, the critical
exponents are stuck at the mean field values (which are independent of both d and
n). The dimensionality d = 4 is often referred to as the upper critical dimension
for the kind of systems under consideration.
An alternative way of looking into the question posed at the beginning of this
section is to examine the specific heat of the system which, according to the mean
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field theory, undergoes a jump discontinuity at the critical point whereas in real
systems it shows a weak divergence. The question now arises: what is the source
of this divergence that is missed by the mean field theory? The answer again lies
in the "neglect of fluctuations". To see it more explicitly, let us look at the internal
energy of the system which, in the absence of the field, is given by
(9)

In the mean field theory, one replaces (Ji rTj by O'i O'j (= 0'2), see eqn. (11.5.5),
which leads to the jump discontinuity in the specific heat of magnitude ~ /Nk; see
eqn. (11.5.18). The fluctuational part of U, which is neglected in the mean field
theory, may be written as
(10)
n.n.

D.n.

where g(r) is the spin-spin correlation function, for which we may use the
mean field expression (11.11.26); thus, we will be using the mean field theory
itself to predict its own shortcomings! Since the nearest-neighbor distances rij
in (10) are all much smaller than 1;, one may be tempted to use for g(rij ) the
zeroth-order approximation (11.11.28). This, however, produces a temperatureindependent term, which does not contribute to the specific heat of the system.
We must, therefore. go to the next approximation, which can be obtained by using
the asymptotic formulae
! r(J1 ) (!x)-JL

KJL(x)lx«l

~

x -I

+ !1(-J1) (! x)1'

+ (!x) in (!x)

1 ) (12x )- JL - z1f(J1 - 1) (1
21(J1
2x )2- JL

for

0 < J1 < 1(11a)

for

J1 = 1

(lIb)

for

J1 > 1.

(llc)

with J1 = (d - 2)/ 2 and x = rij/I;. The temperature-dependent part of U f comes
from the second term(s) in (11); remembering that I; here is ~ at- 1/ 2 , we get 20

( UtlNJ )lberrnal~

t (d-2 )! 2

for

2 < d < 4

(12a)

tin (l / t )

for

d=4

(12b)

t

for

d > 4.

(l2c)

The fluctuational part of the specific heat thus turns out to be

CtlNk~

t (d-4 )!2

for

2< d < 4

(13a)

In(l / e)

for

d=4

(13b)

const.

for

d> 4.

(13c)

It follows that the specific-heat singularity for d > 4 is indeed a "jump discontinuity", and hence the mean field theory remains applicable in this case. For d = 4,
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on the other hand, C f shows a logarithmic divergence and for d < 4 a power-law
divergence, making mean field theory invalid for d < 4.
ft is rather instructive to see what part of the fluctuation - correlation spectrum, g(k), contributes significantly to the divergence of the specific heat at t = O.
For this, we examine the quantity -Bg(rij )jBt which essentially determines the
behavior of C f near the critical point; see eqn. (10). Using eqn. (11.11.25a),
we have
_ Bg(rij)
Bt

~ ad

J

ik rij
e- .
{2 (1
~2k2)2

+

e-

I

dk
.

(14)

Now, the values of k that are much larger than ~ - I contribute little to this integral:
the only significant contributions come from the range (0, kmax ), where kmax =
O(~-l); moreover, since rij « ~, the exponential for these k is essentially equal
to 1. Expression (14) may, therefore, be written as
Bg(rij)
at

~a

d

J

tl I

k - dk
t2(1 + ek2)2

(15)

which, for d < 4, is ~ (aj~)d ( - 2 ~ cld- 4)/2, as in (13a). We thus see that the mOSI
significant contribution to the criticality of the problcm ariscs from flucl uations
whose length scale, k- 1, is of order ~ or longer and hardly any contribution comes
from fluctuations whose length scale is shorter. Now, it is only the latter that are
likely to pick up the structural details of the system at the atomic level; since they
do not play any significant role in bringing about the phenomenon, the precise
nature of criticality remains independent of the structural details. This explains
why a large variety of systems, differing so much in their structures, may, insofar
as critical behavior is concerned, fall into a single universality class.

Problems
11.1. Assume that in the vi rial expansion

(9.4.22)

where the {3 j are the irreducible cluster integrals of the system, only terms with j = 1 and j = 2 are
appreciable in the critical region. Determine the relationship between {31 and {32 at the critical point.
and show that kTc / Pcvc = 3.
11.2. Assuming the Dietrici equation of state,
P(v - b) = kT exp ( - a/ kTv),

evaluate the critical constants P co Vc and T c of the given system in terms of the parameters a and b.
and show that the quantity kTdPevc = e2 /2 ::O 3.695.
Further show that the following statements hold in regard to the Dietrici equation of state:
(a) It yields the same expression for the second virial coefficient B2 as the van der Waals equation
does.
(b) For all values of P and for T ::,,: Te, it yields a unique value of v.
(c) For T < Te , there are three possible values of v for certain values of P and the critical volume
Ve is always intermediate between the largest and the smallest of the three volumes.
(d) The Dietrici equation of state yields the same critical exponents as the van der Waals equation
does.
11.3. Con.
a non-ideal gas obeying a modified van der Waals equation of state
(P+a / vn)(v-b) = RT

(n>I) .
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Examine how the critical constants PCo Vc and T c, and the critic:
system depend on the number n.
11.4. Following expressions (11.5.2), define
p = (1

+ L)/2

and

q = (1- L)/2

'onents {3, y, y' and lJ, of this

(-I::; L::; I)

(1)

as the probabilities that a spin chosen at random in a lattice composed of N spins is either "up" or
"down". The partition function of the system may then be written as
Q{B. T) =

I: g(L)i

lN

(!q}L2 +I'BL) ,

(2)

L

where geL) is the "degree of degeneracy" associated with a particular value of L, i.e.
geL) = N!/{Np)!(Nq)!;

(3)

note that in writing the Hamiltonian here we have made the assumption of rOluiom mi.xing, according
to which
(0) Determine the value, L" of L that ma.Xlmizes the summand in (2). Check that C is identical
with the mean value, I, given by eqn. (11.5.10).
(b) Write down the free energy A and the internal energy U of the system, and show that the
entropy S conforms to the rclalion
S(B, T) = -NJ.(p· In p*

+ q*ln q*).

where p' = p(C) and q* = q(C).
] 1.5. Using the correspondence established in Sec. 11.4. apply the results of the preceding problem
to the case of a lattice gas. Show, in particular, that the pressure, P, and the volume per particle, v,
are given by

( -2)

-2
1
1- L
1
+ L ) - - kT In - 8 2 4

P = JLB - -qEo(l

and

i)

Check that the critical constants of this system are: Tc = qEo/4k, Pc = kTc(ln 2 and Vc = 2, so
that the quantity kTc/Pcvc = 1/(ln4 - 1) ::0 2.589.
11.6. Consider an Ising model with an infinite-range interaction such that each spin imeracts equally
strongly with all other spins:
H = -c I:a;aj - JLB
a; .

I:

i<j

;

Express this Hamiltonian in tenns of the parameter L(= N - 1 r;a;) and show that, in the limit N -+ 00
and c -> 0, the mean field theory, with J = N c / q, is exact for this model.
11.7. Study the Heisenberg model of a ferromagnet, based on the interaction (11.3.6), in the mean
field approximation and show that this also leads to a phase transition of the kind met with in the
Ising model. Show, in particular, that the transition temperature Tc and the Curie - Weiss constant C
are given by
qJ 2S(S + 1)
T c = --":"""--'k
3
Note that the ratio Tc/CV = 2qJ / N(gJLB)2 is the molecular field constant of the problem; cr. eqn.
(11.5.8).
1 ].8. Study the spontaneous magnetization of the Heisenberg model in the mean field approximation
and examine the dependence of Io on T (i) in the neighborhood of the critical temperature where
(l - T / T c> « 1, and (ii) at sufficiently low temperatures where T /Tc « I. Compare these results
with the corresponding ones, viz. (11.5.14 and 15), for the Ising model.
[In this connection, it may be pointed out that, at very low temperatures, the experimental data do
not agree with the theoretical formula derived here. We find instead a much better agreement with the
formula Io = (l - A(kT/J)J/2 /, where A is a numerical constant (equal to 0.1174 in the case of a
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I
simple cubic ¥
l This formula is known as Bloch's T 3/ 2 _law and is derivable from the spin-wave
theory of ferro •. ouetism; see Wannier (1966), sec. 15.5.]
11.9. An antiferromagnet is characterized by the fact that the exchange integral 1 is negative, which
tends to align neighboring spins anti parallel to one another. Assume that a given lattice structure is
such that the whole lattice can be divided into two interpenetrating sub-lattices, a and b say, so that
the spins belonging to each sub-lattice, a as well as b, tend to align themselves in the same direction,
while the directions of alignment in the two sub-lattices are opposite to one another. Using the Ising
as well as Heisenberg type of interaction, and working in the mean field approximation, evaluate the
paramagnetic susceptibility of such a lattice at high temperatures.
11.10. The Neel temperature TN of an anti ferromagnet is defined as that temperature below which
the sub-lattices a and b possess nonzerO spontaneous magnetizations M a and M b . Determine TN for
the model described in the preceding problem.
Il.ll. Suppose that each atom of a crystal lattice can be in one of several intemal scates (which
may be denoted by the symbol a) and the interaction energy between an atom in Slale a' and its
nearest neighbor in state a U is denoted by uta'. 0" )1= u(a", a ' )}. Let f(a) be the probability of an
atom being in the particular state a , independently of the states in which its nearest neighbors arc.
The interaction energy and the entropy of the lattice may then be written as

E = !qN

L

11(0', a " )f(a')f(a" )

0 ', 0 "

and
SI Nk = -

L

f(a ) In f(a) ,

a

respectively. Minimizing the free energy (E - TS) , show that the equilibrium value of the functi on
f (a) is determined by the equation
f(a) = C expl- (ql kTlEo'" (a. a ' )f(a' )} ,

where C is the constant of normalization. Further show that, for the special case u(a', a " ) = -la'a " ,
where the a can be either +1 or - 1, this equation reduces to the Weiss eqn. (11.5.Il), with f (a) =
I
'i (l + Loa).
- 11.12. Consider a binary alloy containing NA atoms of type A and NB atoms of type B, so that
the relative concentrations of the two components are: XA = N A/ (N A + N B) ~ and TB = N BI (N A +
NB) :::
The degree of IOllg-rallge order, X, is such that

i

!.

[~]

= iNxA(I+X).

[!] = iN(XB -XAX),
where N = N A

+ N B, while the symbol [~]

[~]

=

~ NxA(1-X),

[~ ] = ~N(XB + XAX) ,

denotes the number of atoms of type A occupying sites

of the sub-lattice a, and so on. In the Bragg- Williams approximaliol., the number of nearest-neighbor
pairs of different kinds can be written down straightaway; for instance,

[~]

= !qN ' XA(1 + X} ·.q(l - X) .

and so on. The configurational energy of the lattice then follows from eqn. (11.4.9). In the same
approximation, the entropy of the lattice is given by S = kIn W , where

W=

Minimizing the free energy of the lattice, show that the equilibrium value of X is determined by the
equation
q
- - -X- : - = tanh -XAE
-X) ;
XB + XAX2
kT

(2

Note that, in the special case of equal concentrations (XA
familiar form
= tanh ( qE
2kT

x

= XB =

!). this equation assumes the more

x)

Further show that the transition temperature of the system is given by

where ~(= qE/2J..) is the transition temperature in the case of equal concentrations.
[Note: In the Kirkwood approximation [see Kubo (1965), problem 5.19), ~ turns out to be (E/k)!1 v'[1 - (4/q))J - I, which may be wrillen as (qE/2k)(l - l/q + ... ). To this order, the Bethe approximation also yields the same result.)
11.13. Consider a two-component solution of N A atoms of type A and N B atoms of type B, which
are supposed to be randomly distributed over N(= NA +NB) sites of a single lallice. Denoting the
energies of the nearest-neighbor pairs AA, BB and AB by Ell, E22 and E\2. respectively. write down the
free energy of the system in the Bragg- Williams approximation and evaluate the chemical potentials
/1A and JtB of the two components. Next, show that if E = (EI\ + E~2 - 2E12) < 0, i.e. if the atoms
of the same species display greater affinity to be neighborly, then for temperatures below a critical
temperature Te. which is given by the expression q1E1/2t., the solution separates out into two phases
of unequal relative concentrations.
[Note: For a study of ph.,se separation in an isotopic mixture of hard-sphere bosons and fermions,
and for the relevance of this study to the actual behavior of HeJ - He4 solutions, see Cohen and van
Leeuwen (1960, 1961).
11.14. Modify the Bragg-Williams approximation (11.5 .29) to include a short-ral/ge order parameter S, such thdt
-

1

N++=ZqNy

-

_)2

1 +L
-2-

(

(l+s),

-

I (I +I) (I-I)

N+_ =2· ZqNy

-2-

--2-

1

N -- = ZqNy

( -)2
l-L
-2-

(I

+ s),

(I-s).

(1I) EV.lluate y from the condition that the total number of nearest-neighbor pairs is !qN.
(b) Show that the critical temperature Te of this model is (l - s~ )qJ /k.
(c) Determine the nature of the specific-heat singularity at T = T e , and compare your result with
both the Bragg- WiIIi.lms approximation of Sec. 11.5 and the Bethe approximation of Sec. 11.6.
11.15. Show that in the Betlre approximatiol/ the entropy of the Ising Ian ice at T = Te is given by
the expression
-Se = In 2 + -q In ( 1 - - - q(q - 2) In ( I - - .
Nk
2
q
4(q - 1)
q

I)

2)

Compare this result with the One following from the Bragg- William, approximatiol/, viz. (11.5.20).
11.16. Examine the critical behavior of the low-field susceptibility, Xo, of an Ising model in the Bethe
approximation of Sec. 11.6, and compare your results with eqns (11.5.22) of the Bragg-Williams
approximation.
11.17. A function f(x) is said to be COl/cat'e over an interval (a, b) if it satisfies the property
flAxI

+ (1

- A)X21 ~ Af(Tt)

+ (1

- A)f(x~),

where XI and X2 are two arbitrary points in the interval (a, b) while A is a positive number in the
interval (0, I). This means that the chord joining the points Xt and X2 lies belolV the curve f(t). Show
that this also means that the t.lngent to the curve f(x) at any point X in the interval (a, b) lies abo"e
the curve f(x) or, equivalently, that the second derivative 8~ f /8x 2 throughout this interval ~ O.
11.18. In view of the thermodynamic relationship

for a fluid, /1 being the chemical potential of the system, Yang and Yang (19M) pointed out that, if
Cv is singular at T = T" then either (a2P/8T 2 )v or UP/1/8T2 )v or both will be singular. Define an
exponent e by writing
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and show that (Griffiths 1965b)

e ::: a' + fJ

and

e::: (2 + a'[,)/([, + 1).

11.19. Determine the numerical values of the coefficients rl and so of eqn. (11.9.5) in (i) the
Bragg-Williams approximation of Sec. 11.5 and (ii) the Bethe approximation of Sec. 11.6. Using
these values of rl and So, verify that eqns (11.9.4, 9-11, and 14) reproduce correctly the results
obtained in the zeroth and the first approximation, respectively.
11.20. Consider a system with a modified expression for the Landau free energy, viz.
1/fh(t, m)

= -hili + q(t) + r(t)m 2 + S(I)1II4 + u(t)m6,

with 11ft) a fixed positive constant. Minimize 1/f with respect to the variable m and examine the Spontaneous magnetizalion mo as a function of the parameters rand s. In particular, show the following:21
(a) For r > 0 and s > -(3I1r)t/2, mo = 0 is the only real solution.
(b) For r> 0 and -(4I1r)I/ 2 < s::: - (3I1r)I/2,mo = 0 or ±nll, where III~ =

.j(s2 - 311r) - s

.

311
However, the minimum of 1/f at mo = 0 is lower than the minima at mo = ±mt, so the ultimate
equilibrium value of mu is O.
(c) For r > 0 and s = _(4I1r)t/2, 111() = 0 or ±(r/ II)I /4. Now, the minimum of", atl1l() = 0 is of
the same height as the ones at 1110 = ±(r/II) 1/4, so a nonzero spontaneous magnetization is as
IiI-ely to occur as the zero One.
(d) For r > 0 and s < _(4I1r)t/2, 1110 = ±11I1-which implies a first-order phase transition (because
the two possible states available here differ by a fillite amount in /II). The line s = -(4I1r)I / ~.
with r positive, is generally referred to as a "line of first-order phase transitions".
(e) For r = 0 and s < 0, 1110 = ±(2Isl/311)1 /2.
(f) For r < 0, 1110 = ±11I1 for all s. As r .... 0, nil .... 0 if s is positive.
(g) For r = 0 and s > 0, 1110 = 0 is only solution. Combining this result with (f), we conclude thai
the line r = 0, with s positive, is a "line of second-order phase transitions", for the two st.lles
available here differ by a .-allis/rillg amount in III.
The lines of first-order phase transitions and second-order phase transitions meet at the point (r =
0, s = 0), which is commonly referred to as a tricritictll poillt (Griffiths, 1970).
11.21. In the preceding problem, put s = 0 and approach the tricritical point along the r -axis, selling
r ~ rlt. Show that the critical exponents pertaining to the tricritical point in this model are
a

= ~. fJ = !. y =

I alld [, = 5.

11.22. Consider a fluid near its critical point, with isotherms as sketched in Fig. 11.3. Assume thai
the singular part of the Gibbs free energy of the fluid is of the form

where :rc = (P - Pc) / Pc, t = (T - Tc)/Tc while g(x) is a IIIrh'erstll function , with branches g+ for
t > 0 and g_ for t < 0; in the laller case, the function g_ has a point of il/fillite curvature at a value
of:rc which varies smoothly with t, such that rr(O) = 0 and (iJrr/iJt)r-o = const.
(a) Using the above expression for C(S), determine the manner in which the densities, PI and Pg,
of the two phases approach One another as t .... 0 from below.
(b) Also determine how (P - Pc ) varies with (p - p,.) as the critical point is approached along
the critical isotherm (t = 0).
(c) Examine as well the critical behavior of the isothermal compressibility KT, the adiabatic
compressibility KS, the specific heats Cp and Cv, the coefficient of volume expansion ap
and the latent heat of vaporization I .
11.23. Consider a model equation of state which, near the critical point, can be wrillen as
h ~ am(t + bm 2 )"

(I < e < 2; a, b > 0).

Determine the critical exponents fJ, y and [, of this model, and check that they obey the scaling relation
( 11.10.22).
11.24. Assuming that the correlation function g( ri, r) is a function only of the distance r = Ir) - r. I,
show that g(r) for r of- 0 satisfies the differential equation
d 2g

d - I dg

I

-,
+ -r -dr
- -,g=O.
dr~-
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Check tkat expression (11 . 11 .27) for g(r) satisfies this equation in It
-ime r
~. while expression
(11.11.28) does so in the regime r <t:: ~.
11.25. Consider the correlation function g(r; I , h) of Sec. I t.Jl with h > (J.n Assume thm this
function has the following behavior:
R(r) - e - r/ f (t,h) x some power of ", ~ 0),

such that ~(O. h) ...... h- v . Show thai iF = 'II/A .
Next, assume thai the susceptibility X(O . h) -.. h- r . Show thai Y = y/ II = (6 - 1)/ 6.
11.26. Liquid Hc 4 undergoes a superfluid transition at T =::: 2.17 K The order parameter in this casc
is 3. complex number lJI, which is related to Ihe Bose COtJdcnsalc dcnloity PO as
pO _

(, :s 0).

1<1<1' _ 1'1"

The superfl uid density p$, on the other hand, behaves as
Pl ....,

Ill"

(I:S 0 ).

Show that the ralio 23
11.27. TIle surface tension , a , of a liquid approaches zero as T
exponent J1 by writing

o _ III,I

~

1'c from below. Define an

(t.5 0).

IrJentirying a with the " fret: energy assoc iated with a unit area ur the liquid - vOlpor interface", argue
(d- I)u (2 - a)(tJ -Ol d.
that II
(Note: Analysis of the cxperimental d:lta 011 surf:lCC tcnsiun yielrJs: II = 1.27 ± 0.02, which agrees
wilh the fact th~'t for most Ouid...,; a ::::: U. l.]

=

=

Notes
I In this connection, one should f10te that the mathemalical schemes developed in Chapters 9 and

10 give reliable resules only if the interal."tions among the microscopic conSlituents of the given system
are sufficiently weak - in fact. too weak 10 bring about coopPr a ri l'e traILsitions.
2 1-'or historical details. see Griffiths (1972). p. 12.
) The physical hasis of Ihe Maxwell construction can he seen with the help or the Gibbs free
- SliT + v dP and along the "corrected" isotherm dP tiT = 0,
energy density g(T, Pl. Since dg
it follows that 81 = gJ; sec Fig. 11.2. To achieve the same rC$uh from the theoretical isotherm (along
which tiT = () bUI liP i:- 0), we clearly require that the quantity vdP . integraced along the isotherm
fro m state 1 10 sli.lte 3, must vanish; this leads to the " theorem of equal areas".
4 Compare eqn. (11). which has been derived here nOtHiJermOlIYIILlmically. with eqn. (4.5.7)
derived earlier.
2
2
S The presence of such a region entails that (N2 - N ) be 0(N ). Thi~ implies thilt the flucruations
in the variable N be mm:rosc:opically large, which in turn implies equally large fl uctuations in the
variahle l' within the system and hence the CQ-existellcc of two or more ph<lses with different values

=

=

of 'ii. tn a single-phase state, (N2 - ti) is o (Fi); the slope (aP'I Ofi) is then 0(71\ as an intensive
quantily should be.
6 A mOle precise formulation of the van der Waals theo ry, as the limit of a theory with an infiniterange potential , has been formulated by Kac, Uhtenbcck and Hemmer (1963). They considered the
potential
for r!: (1
for

r > 0,

~

so that the integral

JI/(r ){/r
•

is simply - exp(- .Ie'o); when .Ie' --+ 0 the potentia l becomes infinite in

range bUI infinitesimally weak. Kac et af. showed that in this limit the model becomes essentially
Ihe same as van der Waals' - with one noteworthy improvement. i.e. no unphys ical regions in the
(P. t.·)·diagram appear and hence no need for the Maxwell construction arises.
7 Fo r an historical account of the origin and development or the Lenz- lsing model. sec the review
article by Brush (1967). 'Ihis review gives a large number of other refcren~s as well.
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8 Henceforth.
Ise the symhol Ii instead of 'iB .
9 The coordin.. . 1 number q for a linear chain is obviously 2; for two-dimensional lattices, viz.
honeycomb, square and triangular, it is 3, 4 and 6, respcctively; for three-dimensional lallices, viz.
simple cubic, body-centered Cllhic and face-centered cubic, it is 6, 8 and 12, respectively.
10 In connection wilh thc prescnt approximation, we may as well mention thai early attcmpts to
construct a theory of binary solutions were based on Ihe assumption thai the atoms in Ihc solUlion
mix randumly. One finds that the resulL<;; following from this assumption of random mixing arc mathematically equivalent to the ones following from the mean field approximation; see Problems 11.12
and 11 .13.
II The concepl of "broken symmctry" plays a vital role in this and many olher phenumena in
physics; fur details. see Fisher (1m) and Anderson (1984).
t2 Recall eqn. (3.3.14), whercby S = klnn.
t3 The special case 11 = 2 with d = 2 is qualitatively different from others; fordetails, see Sec. 12.6.
t4 Recalling the correspondence between a gas-liquid system and a magnet, one might wunder
why we have employed CH . rather than CM . in place of Cv . The reason is that, since we are lelting
/I ----T 0 and T ----T Te-. M ----T 0 as wcll. So, as argued by Fisher (1967), jn thc liOlit considered hcre,
CII and CM display thc same singular behavior. In fact, il can be shown that if the ratio CM /Cu __ 1
as T ----T Te. Ihcn (a' + 2fJ +;/ ) must be greater than 2; on the other hand, if this ratio tends to a
value less than 1. then (a' + 2fJ +;/) = 2. For details, see Stanley (1971), Sec. 4.1.
15 It may be mentioned here that the passage from cqn. (I) to (6) is equivalent to effecting a
Legendre transformation from the Helmholtz frec energy A to Ihc Gihhs free energy G (= A - HM),
and e'ln. (7) is analngnus 10 the TroIalj,m (ClA /flM)T = II .
Hi In certain systems such as superconductors. the effective interactions (which. for instance. lead 10
thc formation of Cooper pairs of electrons) are, in fact, long-ranged. The crilieal exponents pertaining
to such system" tum out to be the same as one gets from Ihe mcan field thcory . For details, see Tilley
and Tilley (I 990).
17 Remembcring that M = pLiGi, we change the field {Hi} to {H. + ljHi}, with the result that

Now. for simplicity, we let all ljH j he thc same; we then get
(;M I;H ) ~ I'

L L(OOil aH j ).
j

Comparing Ihis with (10), we infcr that (OOi/fJH j ) = fJlig (i. j) and hence (aa;jallj ) = R(i, D.
18 It turns out that the exponent '; is relevant only for scalar models. for which II = I; fo r vcct(l r
models (n ~ 2). t is infinite at all T ~ T c and hence v' is irrelevant.
19 To see this. we note that A "-' N1j2/nkTr while B "-' N It / n. with the result that D "-' NcI If!. =
0(1).

20 Note that the negative sign in (10) cancels the implicit negative sign of r(-J1) in (lla). Ihat of
In
in (Ilb) and the explicit negative sign in (Hc).

Ox)

21 To fix ideas, it is helpful to use (r, .f)-planc as our "paramcter space".
21 For more detailS, sec Tarko and Fisher (1975).
2J The correspond ing ratio for a mit..~netic system is M6/r. where 1.40 is the spontancous magnetization and r the helicity modulus of the systcm; for details, sec Fisher, Barher and Jasnow (1973).

CHAPTER 12

PHASE TRANSITIONS: EXACT (OR ALMOST EXACf)
RESULTS FOR THE VARIOUS MODELS

IN THE preceding chapter we saw that the onset of a phase transition in a given
physico-chemical system is characterized by (singular) fcatures whose qualitative
nature is determined by the universality class to whicf1 the system belongs. In this
chapter we propose to consider a variety of model systems belonging to different
universality classes and analyze them theoretically to find out how these features
arise and how they vary from class to class. In this context we recall that the
parameters distinguishing one universality class from another aTC: (i) the space
dimensionality d, (ii) the dimensionality of the order parameter, often referred to
as the spin dimensionality. II and (iii) the range of the microscopic interactions.
As regards the latter, unless a statement is made to the contrary, we shall assume a
short-range interaction which, in most cases, will be of the nearest-neighbor type;
the only parameters open for selection will then be d and II.
We shall start our analysis with the Ising model (11 = l) in one dimension,
followed by a study of the general ll-vector models (again in one dimension). We
shall then return to the Ising model-this time in two dimensions - and follow it
with a study of two models in general d but with II -+ 00. These studies will give
us a fairly good idea as to what to expect in the most practical, three-dimensional
situations for which, untortunately, we have no exact solutions, though a variety
of mathematical techniques have been developed to ohtain almost exact results
in many cases of interest. For completeness, these and other results of physical
importance will be visited in the last section of this chapter.

12.1. The Ising model in one dimension
In this section we present an exact treatment orlhe Ising model in one dimension.
This is important for several reasons. First of all, there do exist phenomena, such
as adsorption on a linear polymer or on a protein chain, the elastic properties of
fibrous proteins, etc., that can be looked upon as one-dimensional nearest-neighbor
problems. Secondly, it helps us evolve mathematical techniques for treating lattices
in higher dimensions, which is essential for understanding the critical behavior of
a variety of physical systems met with in nature. Thirdly: ' enables us to estimate
the status of the Bethe approximation as a "possible" thel .if the Ising model, for
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it demonstrates mathematically that at least in one dimension this approximation
leads to exact results.
In a short paper published in 1925, Ising himself gave an exact solution to this
prohlem in one dimension. He employed a combinatorial approach which has by
now been superseded by other approaches. Here we shall follow the transfer matrix
method, first introduced by Kramers and Wannier (1941). In the one-dimensional
case this method worked with immediate success. Three years later, in 1944, it
became, through Onsagcr's ingenuity. the first method to treat successfully the
field-free Ising model in two dimensions. To apply this method, we replace the
actual lattice by one having the topology of a closed, endless structure; thus, in
the one-dimensional case we replace the straight, open chain hy a curved one such
that the Nth spin becomes a neighbor of the first (see Fig. 12.1). This replacement
eliminates the inconvenient end effects; it docs not, however, alter the thermodynamic properties of the (infinitely long) chain. The important advantage of this
replacement is that it enahles us to write the Hamiltonian of the system,
N

fIN{U,} = -1 L
n.n.

,,"

/

(1 )

U,Uj -/lB Lu,.
;= 1

-- --...... ,

'

N·3

,,
5

N·2

4

"U-..-o--o-...q---q;
2
3
N 1

N-1

FIG. 12.1. An Ising chain wilh a closed, endless stru<..1ure.

in a symmetrical form, namely
N

N

UiUi+l - ~/lB L(Ui

fI N{U;} = -1 L
;=1

because

VN+l

QN(B, T) =

= VI. TIle
L
ul=±1

+ u,+ d,

(2)

;= 1

partition function of the system is then given by

... L

cxp

ON=± 1

[fl t

{.Iaioi+1

+ i/lB (Oi + OiH)

l]

(3a)

1= 1

where P denotes an operator with matrix elements

that is,

efi(J +11 8 )
(P) = (
e- Pi

(4)
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According to the rules of matrix algebra, the summat;

over the various

0'1

in

eqn. (3b) lead to the simple result
QN(B. T)

=

L

(OIIPN/OI)

= Trace (pN) = A~ + Ar,

(5)

ol =± 1

where AI and A2 are the eigenvalues of the matrix P. These eigenvalues arc given
by the equation
(6)

that is, by

A' - lAefJl cosh (tJILB)

+ 2 sinh (2tJj) =

O.

(7)

One readily obtains

(~;)

= tli cosh (tJltB) ± /e- 2fJl

+ e'fJl sinh'(tJpB)}I /'.

(8)

Quite generally, A2 < AI; so, (A2/AdN ~ 0 as N ~ 00. Thus, it is only the larger
eigenvalue, AI. that determines the major physical properties of the system in the
thermodynamic limit; see eqn. (5). It follows that
(9)

= III [e Pi cosh (tJltB) + (e-'Pi

+ e'fJl sinh\tJ/.tB)}I/'].

(10)

The Helmholtz free energy then turns out to be
A(B, T) = -NJ - NkTin [cosh (tJIIB)

+ (e-'Pi + sinh'(tJIIB») II' ].

(J I)

The various other properties of the system follow readily from eqn. (11). Thus,
U (B T)
,

=-T-, -aTa (A)
= -N J T

N lIB sinh (fl,..B)
:-:-;;-;--,...,..,0"-:'--=:-;-;:0
(e-'Pi

+ sinh'(flllB») II'

2NJe- ,pi
+ ~----~--.--~~~~-.--

[cosh (tJllB)

+ (e- 'fJl + sinh'(tJILB)}I/'j{e- 'Pi + Sillh'(tJpB)J'/2'
(12)

from which the specific heat can be derived, and
_
M(B, T)

= - (aA)
DB

T

Nil sinh (tJpB)
,
,
{e 'Pi + sinh-(tJltB)}I/'

(13)

from which the susceptibility can be derived.
Right away we note that, as B -> 0, M (for all linite tJ) -> O. This rules out the
possibility of spontaneous magnetization, and hence of a ph:dse transition, at any
finite temperature T . Of course, al T = 0, M (for any value of B) i~ equal to the
saturation value NJ.t, which implies perfect order in the system. This means that
there is, after all, a phase transition at a critical temperature T c, which coincides
with absolute zero!
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figure 12.2
vs the degree of magnetization, M, of the lattice a',; a function
of the parameto, ((h,B) for differenl values of (fJ.I). For J = 0, we have the
paramagnetic result M = N I' lanh Cfll-'B); cf. eqn. (3.9.27). A posilive J cnhances
magnetization and, in turn, leads to a faster approach towards saturation. As fU ----*
00, the magnetization curve becomes a step function - indicative of a singularity
at T = O. The low-field susceptibility of the system is given by the initial slope
of the magnetization curve; one obtains
I

(14)

13.1> 0
(J.J - 0

~=~=-----i

-,

FIG. 12.2. TIle degree of magnetization of an Ising chain as

<t

function of the pardmeter (/3118).

which diverges as T ---+ O. It should be noted that the singularity here is not of the
power-law type; it is exponential instead.
The zero-field energy and the zero-field specific heat of the system follow from
eqn. (I2); one gets
UoCT) = -N.Jlanh CflJ)
(15)
and

,

,

CoCT) = NkC{J.I)- sech-C{J.').

(16)

Figure 12.3 shows the variation of the specific heat Co as a function of temperature. Although it passes through a maximum, Co is a smooth function of T,
vanishing as T -> O. ,Nole Ihat eqns (15) and (16) are idenlical with Ihe corresponding equations, (1'\.6.29) and (11.6.30), of Ihe Belhe approximalion, with
coordination number 2 fpr which T c = O. It turns out that for a one-dimensional
chain the Bethe approximation, in fact, yields exact results; for a fuBer demon. 0 f this, sec Prohlem
I
stratlon
12.3.
At this stage it seems instructive to express the free energy of the system, near
its critical IXJint, in a scaled form, as in Sec. 11.10. Unfortunately, there is a
problem here. Since T (. = 0, the conventional definition, t = (T - T c)jTc, does
not work. A closer look at eqns (11) and (14), however, suggests that we may
instead adopt the definition
t =

e - pJl kT

CP > 0)

(J 7)

so that, as T --+ Teo t --+ 0 as desired while for temperatures close to T c. t is much
less than unity. TIle definition of h remains the same, viz. p.BJkT. The free energy
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t

0.5

Co (T) /Nk

Flc. 12.3. The zero-field specific heat of an Ising chain as a function of temperature.

function (A

+ NJ)/NkT

then takes the form

r

1/I(')(t, h) = - in cosh h + (I'/ P + sinh' h) 1/')
'" - (t' / p + h 2)' /2

(t, h

«

I),

(18a)

(l8b)

which may be written in the scaled form
1/Ic')(t, II) '" t'/ p f(h/t'/ P).

(19)

At the same time, eqn. (14) becomes
Xo(T)

'" t-'/ p.

(20)

(N ,,'/kT)

Comparing these results with the scaling formulation of Sec. ) 1.10, we infer that
for this model

a

=2 -

2/ p ,

t;

= 2/ P

and

y = 2/ p,

(21)

in conformity with the exponent reiacion (11.l0.14b). Note that the exponents

fl

and ~ for this model cannot be defined in the normal , conventional sense. One
may, however, write eqn. (13) in the form

m = sinh h/(t'/ p + sinh' h)' /'
'" h/(t'/ P + h')' /'

(t, II

«

(22a)
1)

= _to /'(h / t'/ P) ,

suggesting that

fJ

(22b)
(22c)

may formally be taken as zero. At the same time, since

mi,=",

= 1,

(23)

which is ..... hO, the exponent ~ may formally be taken as infinite.
We shall now study spin-spin correlations in the Ising chain. ror this We set
B = 0 but at the same time generalize the interaction parameter.l to become sitedependent (the reason for which will become clear soon). The partition function
of the system is then given by
QN(T) =

L .. L II e,f31,U,ui+';
OI=±1

O'N=±I

(24)

i

ct. eqn. (3a). With B = 0, it is simpler to work W
In open chain, which has
only (N - ]) nearest-neighbor pairs; the advantage vf this choice is that in the
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summand of (24) the variables Ul and UN appear only once! A summation over
either of these can be carried out easily; doing this over UN , we have

L

e~N-IUN-JUN

= 2 cosh C{3JN-IUN- d = 2 cosh Cf3hv-d,

(25)

UN = ±1

regardless of the sign of U 7'I-l. We thus obtain the recurrence relation

By ireration, we get

n

N-l

QN(T)

=

{2cosh ({3Ji)}

L

n

lV- I

1 = i'

;=1

cosh C{3Ji),

(27)

;=1

so that
1
1
N In QN(T) = [n2 + N

N -1

L In cosh ({3Ji),

(28)

i =1

which may be compared with eqn. (9)-remembering that, in the absence of the
field, Al = 2 cosh ({3f). We are now ready to calculate the correlation function,
g(r), of the Ising chain.
It is straightforward to see from eqn. (24) that
(29)
Substituting from eqn. (28), and remembering that lh = 0 at all finite temperatures,
we obtain for the nearest-neighbor correlation function
(30)

For a pair of spins separated by r lattice cunstants, we get

gk(r) =

UkUHr -

(UkUHl )(UHIUH2) ... (uHr-lUHr )

1 (17J 8ha) (1~

= Q,v

n

a)

8J k+ 1

. ..

(1~ 8ha
Ir

1

(since all

df = 1)

) QN

k+ r-l

=

(31)

tanh ({3h ).

i=k

Reverting to a common J, we obtain the desired result

g(r) = tanhr ({3J).

(32)

which may be written in the standard form

g(r) = e-r/~ ,
For {3J

»

with

~ = [lncoth({3JW 1.

(33a, b)

1,
(34)
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which diverges as T -* O. In terms of the variable t,
~ '" t- Zl p

defined in eqn. (17),

(t« 1),

(35)

giving IJ = 2/ p. And since our g(r) does not contain any power of r, we infer that
(d - 2 + 'f}) = 0 - giving 'f} = -1; one may check that the same result follows from
eqn. (11.12.10) or (11.12.11). In passing, we note that, regardless of the choice of
the number p in defining t, we have for this model

y

= lJ = 2-a.

(36)

We further note that, since d = 1 here, the hyperscaling relation, dIJ = 2 - a, is
also obeyed.
Finally, we observe that expression (33b) for ~ is in conformity with the general
result
~- 1 = In (Ar!A2),
(37)
where A1 is the largest eigenvalue of the transfer matrix P of the problem and
AZ the next largest; for a derivation of this result, see Yeomans (1992), Sec. 5.3.
In our case, AI = 2 cosh ({31) and AZ = 2 sinh ({31) , see (8), and hence expression
(33b) for ~.
12.2. The n-vector models in one dimension
We now consider a generalization, of the Ising chain, in which the spin variable
Uj is an n-dimensional vector of magnitude unity, whose components can vary
continuously over the range - 1 to +1; in contrast, the Ising spin Uj could have
only a discrete value, +1 or -1. We shall see that the vector models (with n ~ 2),
while differing quantitatively from one another, differ rather qualitatively from the
scalar models (for which n = 1). While some of these qualitative differences will
show up in the present study, more will become evident in higher dimensions.
Here we follow a treatment due to Stanley (1969a,b) who first solved this problem
for general n.
Once again we employ an open chain composed of N spins constituting (N - 1)
nearest-neighbor pairs. The Hamiltonian of the system, in zero field, is given by
N- I

HN(ud

=-

L l ju j ' Uj+I

(1)

j= 1

We assume our spins to be classical, so we do not have to worry about the commutation properties of their components. And since the components Uja (a = 1, ... , n)
of each spin vector U j are now continuous variables, the partition function of the
system will involve integrations, rather than summations, over these variables.
Associating equal a priori probabilities with solid angles of equal magnitude in
the n-dimensional spin-vector space, we may write
QN

=

J

N-I

dQ 1

Q(n)

• ••

dQN

II

Q(n) .

,=1

efJJjClj'Clj+ 1
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where r1(n 1· the total solid angle in an II-dimensional space; see eqn. (7b) of
Appendix C, .Iich gives
r1(n) = 2"n/2 Ir(1I 12).

We first carry out integration over
integral to do is
_1r1(n)

For

UN

UN.

(3)

keeping the other

J.!'1 N-ION- I·ON

Cfj

fixed. The relevant

drl .

(4)

N

we employ spherical polar coordinates, with polar axis in the direction of

while for dQ N we use expression (9) of Appendix C. The integration over
angles other than the polar angle 0 yields a factor of

"N-to

(5)

The integral over the polar angle is
rr

J

ef'l

N- I "", 0

. n- 2
Sin

_ ,,1 /2 rl(1I - 1)/2}
I
(n 2)/2/ (n- Z)/2 ({3JN-.J.

OdO-

o

(6)

(,/JJN- .)

where I"(x) is a modified Bessel function; sec Abramowitz and Stegun (1964),
formula 9.6.18. Combining (3), (5) and (6), we obtain for (4) the expression
rentZ)

(7)

- - -'--'--,'
(n-';2)"/ ZI
' (n - 2)/2({JJ N-I 1.
-----\-}{JJ N- .)
regardless of the direction of ON -

I'

By iteration, we get
(8)

the last integration, over dQI. gave simply a factor of unily.

Expression (8) is valid for all II - including n = I, for which it gives: Q.\. =
cosh ({JJ i ). This last ~ differs from expression (27) of the preceding section

9

by a factor of 2 N; the reaso;' for this difference lies in the fact that the QN of
the present study is lIormafized to go to unity as the {JJ i go to zero [see eqn. (2)]
whereas the QN of the preceding section. being a sum over 2N discrete states [see
eqn. (12.1.24)] goes to 2N instead. This difference is important in the evaluation of
the entropy of the system; it is of no runsequence for the calculations thal follow.

FilSt of all we observe that the panition function QN is analytic at all {J-except
possibly at {J = DC where the singularity of the problem is expected to lie. Thus,
no long-range order is expected to appear at any finite temperature T -except at
T = a where, of course, perfect order is supposed to prevail. In view of this. Ihe
correlation function for the nearc..o;;t-neighbor pair

(Ok, O.H I>

is simply

Ok ·OHI

and

is given by, see eqns (2) and (8),
8,(n .II.)

1 (1-81,-8)

=-

QN

(J

QN

=

I n / 2({Jh)
1(n- Z)/ 2({Jh)

.

(9)

,j
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The internal energy of the system turns out to be

B

N- l

U = - - InQ ) - - \.~ J . 1,, /2 ({3J,) .
0B(3(
N L.' I
«(3:J.) ,
;=1

(11 - 2)/ 2

(10)

I

not surprisingly, Uo is simply a sum of the expectation values of the nearestneighbor interaction terms -1 j(J, • (Jj+ 1t which is identical with a sum of the
quantities -1j8j(n.II.) over alJ nearest-neighbor pairs in the system.
The calculation of gdr) is somewhat tricky because of the vector character of
the spins, but things are simplified by the fact that we are dealing with a onedimensional system only. Let us consider the trio of spins Ok. O'k+1 and O'k+ 2. and
suppose for a moment that our spins are 3-dimcnsional vectors; our aim is to
evaluate Uk . Uk +2 . We choose spherical polar coordinates with polar axis in the
direction of U' + I ; let the direclion of Uk be defined by Ihe angles (00 .4>0) and thai
of Uk +2 by (0,. <Pz). Then

U, .

"<+2

Now, with

= oosO(k. k

+ 2) =

cos lJo cos 8 2 + sin 00 sin 8, cos (4)0 - <Pz).

(11)

fixed, spins Ok and 0.1: + 2 will orient themselves indepelldently
%lle allother because, apart from U.l + h there is no other channel of interaclion belween them. Thus, Ihe poir of angles (00. <Po) and Ihe pair (8,. (p,) vary
independently of one anolher; Ihis makes cos(</>o - </>,) = 0 and cos 80 cos 8, =
cos ()u cos ()2. It follows that
0'1. + 1

(12)

Extending this argumt::nt to general" and to a segment of length r, we get
k+ r- I

g,(r) =

IT

t+r- I

g,(n.n.) =

IT

1,, /2({3J , )/ I (.. -21/2«(3Jil.

(13)

;=k

Wilh a common J, eqns (9), (10) and (13) lake Ihe form
(14)

g(n.n.) = 1.. /, «(3J)/ I,.. -2 ,/2«(3J) .

(15)

U o = - (N -1)JI .. /2«(3J)/ I ,.. .. 2>/zl{3J)

and
(16)

The last result here may be written in the standard form e - r /{ , with
(17)

For n = I, we have: 1, /2(x)/I _,/2 (x) = lanhx; Ihe resulis of Ihe preceding seclion
are then correctly recovered.
For a study of the low-temperature behavior, where (31 » I, we invoke the
asymptotic expansion
2

I" (x) =

f!'

.j(2rrx)

[

1 - 4/1 - 1

8x

1

+ ...

»

I) .

(18)
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with the result that
-1
2(Ji '

11

g(n.n.) "" 1 -

(14a)

V o "" -(N - I)i [ 1 -

-1]

n
2fJJ

(ISa)

and
(17a)

Clearly, the foregoing results hold only for 11 > 2; for II = I, the asymptotic expansion (18) is no good because it yields the same result for J1 = ~ as for J1 =
In
that case one is obliged to usc the closed form result, g(n.n.) = tanh «(Ji), which
for (Ji » 1 gives

-i.

g(n.n.) "" 1 - 2e-2{JJ

(14b)

Vn "" -(N - 1)1[1- 2e- 2N l

(ISb)

and
(17b)

in complete agreement with the results of the preceding section. For completeness,
we write down for the low-temperature specific heat of the system
Co'" (N _ I){

~(n -1)k

4k «(Ji)2e- 2fJ

for no> 2
for" = 1.

(19a)
(19b)

The most obvious distinction between one-dimensional models with cOIlJimlOlis
symmetry (n ::: 2) and those with discrete symmetry (n = 1) is in relation to the
nature of the singularity at T = O. While in the case of the former it is a power-law
singularity. with critical exponents'

a = I,

" = I,

ry = I,

and hence

y = 1,

(20)

in the case of the latter it is an exponential singularity. Nevertheless, by introducing the temperature parameter I = e- pfji, see eqn. (12.1.17), we converted this
exponential singularity in T into a power-law singularity in I, with

a = 2 - 2/ p,

y = " = 2/ p,

ry = 1.

(21)

However, the inherent arbitrariness in the choice of the number p left an ambiguity
in the values of these exponents; we now see that by choosing p = 2 we can bring
exponents (21) in line with (20).
Next we observe that the critical exponents (20) for n ::: 2 turn out to be independent of n -a feature that seems peculiar to situations where Tc = O. In higher
dimensions, where Tc is finite, the critical exponents do vary with n; for details,
see Sec. 12.6. In any case, the amplitudes always depend on n. In this connection
we note that, since each of the N spins comprising the system has n components,
the total numb
f degrees of freedom in this problem is Nn. It seems appropriate
that the extensl1o~ quantities, such as Vo and Co. be divided by Nn, so that they
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are expressed as per degree of freedom. A look at eqr,
Sa) now tells us that Our
parameter J must be of the form '11', so that in the tho.•nodynamic limit
Vo

- '" -J
Nil

,

It -

1

+ --kT
211

(22)

and, accordingly,

Co
11 - 1
"'--k.
Nil
211

(23)

2n J '
--- .

(24)

Equation (17a) then bemmes

~'"

n - 1 kT

Note that the amplitudes appearing in eqns (22)- (24) are such that the limit
T! ~ 00 exists; this limit pertains to the so-called spherical model, which will
be studied in Soc. 12.4.
Figure 12.4 shows the normalized energy "0( = Vo/NIlJ') as a function of
temperature for several values of n, including the limiting case n = 1. We note
that Uti lwhich, in the thermodynamic limit, is equal and opposite to the nearestneighbor correlation function g(n.n.)] increases monotonically with n -implying
that g(n.n.), and hence g(r), decrease monotonically as It increases. nlis is consistent with the fact that the correlation length ~ also decreases as n increases; see
eqn. (24). The physical reason for this behavior is that an increase in the number
of degrees of freedom available to each spin in the system effectively diminishes
the degree of correlation among any two of them.
Anothtr feature emerges here that distinguishes vector models (n > 2) from
the scalar model (n = 1); this is related to the manner in which the quantity
l'O approaches its ground-state value -1. While for 11 = 1, the approach is quite
slow- leading to a vanishing specific heat, sce eqns (JSb) and (19b)-for /I ;::
2, the approach is essentially linear in T, leading to a finite specific heat; see
eqns (ISa) and (19a). This last result violates the third law of thermodynamic,;,
acoording to which the specific heat of a real system must go to zero as T ~ O.
The resolution of this dilemma lies in the fact that the low-lying states of a system
with contillllous symmetry (n !:: 2) are dominated by long-wavelength excitations.
known as Goldstone modes, which in the case of a magnetic system assume the
form of "spin waves", characterized by a particle-like spectrum: w(k) ""' k 2 • The
very low-temperature behavior of the system is primarily governed by these modes,
and the thermal energy associated with them is given by
V

.h",n.l

hw
ii-I dk _ T 'd+2 )/2.
exp (hw/kBT) - J
'

J

(25)

this results in a specific heat . . . . yd!2. which indeed is consistent with the third law.
For a general account of the Goldstone excitations. see Huang (1987); for their
role as "spin waves" in a magnetic system, see Plischke and Bergersen (1989).
For further information on one-dimensional models, see Lieb and Mattis (1966),
and Thompson (1972a, h).
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FIG. 12.4. The nonnlllil.ed energy ft(l(= Vo /N"J') ora one-dimmsion<11 chain as a function of the temperature parameter kT Il' (or several values of " (after Stanley. 1969a,b).

12.3. The Ising model in two dimensions
As stated earlier, Ising (1925) himself carried out a combinatorial analysis of
the one-dimensional model and found that there was no phase transition at a
finite temperature T. This led him to conclude, erroneously though, that his model
would not exhihit a phase transition in higher dimensions either. In fact, it was
this "supposed failure" of the Ising model that motivated Heisenberg to develop,
/ in 1928. the theory of ferromagnetism based on a more sophisticated interaction
among the spins; compare the Heisenberg interaction (lL3.6) with the Ising interaction (IL3.7). It was only after some exploitation of the Heisenberg model that
people returned to investigate the properties of the Ising model.
The first exact. quantitiltive result for the two-dimensional Ising model was
obtained by Kramers and Wannier (1941) who successfully located the critical
temperature of th e system. They were followed by Onsager (1944) who derived
an explicit expression for the free energy in zero field and thereby established the
precise nature of the specific-heat singularity. These authors employed the transfer
matrix method which was introduced in Sec. 12.1 to solve the corresponding onedimensional problem; its application to the two-dimensional model, even in the
absence of the field, turned out to be an extremely difficult task. Although some of
these difficulties were softened by subsequent treatments due to Kaufman (1949)
and to Kaufman and Onsager (1949), it seemed very natural to look for simpler
approaches.
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One such approach was developed by Kac and Ward (1952), later refined by
Potts and Ward (1955), in which rombinatorial arguments were used to exprcss
the partition function of the system as the determinant of a certain matrix A.
This method throws special light on the "topological conditions" which give rise
to an exact solution in two dimensions and which are clearly absent in three
dimensions; a particularly lucid account of this method has been given by Baker
(1990). In 1960 Hurst and Green inrroduced yet another approach to investigate
the Ising problem; this involwd the use of "triangular arrays of quantities closely
related to antisymmetric determinants" and became rightly known as the method
of Pfaffians. This method applies rather naturally to the study of "configurations
of dimer molecules on a given lattice" which, in tum, is closely related to the
Ising problem; for derails, see Kasteleyn (1963), Montroll (1964), and Green and
Hurst (1964). A pedagogical account of the approach through Pfaffians is given
in Thompson (1972b), where a comprehensive treatment of the original, algebraic
approach can also be found. Another combinatorial solution, which is generally
regarded as the simplest, was obtained by Vdovichenko (1965) and by Glasser
(1970), and is readily accessible in Stanley (1971). For an exhaustive account of
the two-dimensional Ising model, see McCoy and Wu (1973).
We analyze this problem with the help of a combinatorial approach assisted,
from time to time, by a graphical representation. The zero-field partition function
of the system is given by the familiar expression
Q(N. T)

= LIT eKUWj
{U;}

(K

= J / kT).

(1)

U.D.

Our first step consists in carrying out a high-temperature and a low-temperature
expansion of the partition function and establishing an intimate relation between
the two.
(i) High-temperature expansion: Since the product (O";aj) can only be +1 or
-1, we may write
eKu,uJ

= roshK

+ O"jO"j sinhK =

coshK(l

+ O"iO"j V).

v = tanhK.

(2)

The product over all nearest-neighbor pairs then takes the form
(3)
D .D .

D .D .

_ I ' being the total number of nearest-neighbor pairs on the lattice; for a lattice with
periodic boundary conditions, _ , . = ~qN where q is the coordination number. The

partition function may then be written as
Q(N.T) = (coshK)-"

L .,. L
"1 =od

[1+ l' Lo"iO"j

"N=od

+

v

2

L

(i , j)

L

O"jO"jO"kO"/

+ ...J.

(4)

(i. j) (k./ )
(i. j li'(k.l )

Now we represent each product (O"jO"j ) appearing in (4) by a "bond connecting sites
i and j on the given lattice"; then, each coefficient of v T in the expansion would be
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represented by a «graph consisting of r different bonds on the lattice". Figure 12.5
shows all possible graphs. with r = 1 and 2, on a square lattice. Notice that in
each ca"e we have some of the Ui appearing only once in the term, which makes
all these terms vanish on summation over {Ui}. The same is true for r = 3. Only
when we reach r = 4 do we receive a nonvanishing contribution from terms of the
type (UjUjUjUkUkO/U/Oj) = 1 which, on summation over {ai}, yield a contribution
of 2N each. It is obvious that a nonvanishing term corresponds to a graph in which
each vertex is met by an even number of bonds-making the graph necessarily a
closed one; see Fig. 12.6, where some other closed graphs are also shown. In view
of these observations, expression (4) may be written as
Q(N, T)

= 2N(rosh K) ' "

L n(r)v'

[n(O)
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FIG. 12.5. Grdphs with r = 1 and r = 2 on a square lattice
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FIG. 12.6. Examples of dosed grdphs with r bonds on a square lattice.

where n(r) is the number of graphs that can be drawn on the given lattice using
r bonds such that each vertex of the graph is met by an even number of bonds.
For simplicity, we shall refer to these graphs as closed graphs. Our problem thus
reduces to one of enumerating such graphs on the given lattice.
Since v = tanh (J jkT), the higher the temperature the smaller the v. Expansion
(5) is, therefore, particularly useful at higher temperatures (even though it is exact
illustration, we apply this result to a one-dimensional Tsing chain.
for all T). A~
In the case v ... n open chain, no closed graphs are possible, so all we get from
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(5) is the term with r

= 0; with

=N

JV

- I, this 8

Q(N, T) = 2N(coshK)N- ',

(6)

which agrees with our previous result (12.1.27). In the case of a closed chain, we
do have a closed graph-the one with r = N; we nOw get (with ,A' = N)

which agrees with expression (12.1.5), with ().')B~ = 2coshK and ().2)B~ =
2sinh K.
(ii) Low-temperature expansion: We start with the observation that the ground
state of the system consists of all spins aligned in the same direction, with the
total energy Eo :;:: -J . . . 1-. As one spin is flipped, q unlike nearest-neighbor pairs
are created at the expense of like ones, and the energy of the system increases by
an amount 2qJ. It seems appropriate, therefore, that the Hamiltonian of the system
be written in terms of the number, N +_ , of unlike nearest-neighbor pairs in the
lattice, i.e.

TIle partition function of the system may then he written as
Q(N, T) = ,f. I ' Lm(r)e- 2K'

[m(O) = 1],

,

(9)

where m(r) denotes the "number of distinct ways in which the N spins of the lattice
can be so arranged as to yield r unlike nearest-neighbor pairs". It is obvious that
the first nonzero term in (9), after the one with r = 0, would be the one with r = q.
A graphical representation of the number m(r) is straightforward. Referring to
Fig. 12.7, which pertains to a square lattice, we see that each term in expansion
(9) can be associated with a closed graph that cordons off region(s) of "up" spins
frorn those of "down" spins, the perimeter of the graph being precisely the number
of unlike nearest-neighbor pairs in the lattice for that particular configuration.
Our problem then reduces to one of enumerating closed graphs, of appropriate
perimeters, that can be drawn on the given lattice.
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Now, since
lansion (9) is a power series in the variable e- 2K which increases
as T increases, this expansion is particularly useful at lower temperatures (even
though it is exact for all T). We shall now establish an important relation between
the coefficients appearing in expansion (5) and the ones appearing in (9).
(iii) The duality transformation: To establish the desired relation we construct
a lattice dual to the one given. By definition, we draw right bisectors of all the
bonds in the lattice, so that the points of intersection of these bisectors become
the sites of the new lattice. The resulting lattice may not be similar in structure
to the one we started with; for instance, while the dual of a square lattice is itself
a square laltice, the dual of a triangular lattice (q = 6) is, in fact, a honeycomb
lattice (q = 3), and vice versa; see Figs 12.8 and 12.9. The argument now runs as
follows:
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We start with the given lattice on which one of the n (r) closed graphs, with r
bonds, is drawn and construct the lattice dual to this one, placing spins of one sign
on the sites inside this graph and spins of opposite sign on the sites outside. Then
this graph represents precisely a ronfiguration with r unlike nearest-neighbor pairs
in the dual lattice and hence qualifies to be counted as one of the mer) graphs on
the dual lattice. Conversely, if we start with one of the mer) graphs, of perimeter
r, representing a configuration with r unlike nearest-neighbor pairs in the original
lattice and go through the process of constructing the dual lattice. then this graph
will qualify to be one of the n(r) closed graphs, with r bonds, on the dual lattice.
In fact, there is a one-fo-one rorrespondence between graphs of one kind on the
given lattice and graphs of the other kind on the dual lattice; d. Figs 12.6 and
12.7. It follows that
n(r) = mD(r)

and

where the suffix D refers to the dual lattice.

m(r) = nD(r),

(lOa, b)

382 Phase Transitions: Exact (or Almost Exact) Res!:lts for Various Models

FIG. 12.9. A honeycomb lattice (q

= 3) and its dual, which is triangular (q = 6).

With relations (10) established, we go back to eqn. (9) and introduce another
temperature variable K*(= J /kT*) such that
(11)
note that eqn. (11) can also be written in the symmetrical form
sinh (2K) sinh (2K*) = 1.

(12)

Substituting (lOb) and (11) into (9), we get

Q(N , T) = eK o1oLnD(r)v*r,

v' = tanhK*.

(13)

r

At the same time we apply eqn. (5) to the dual lattice at temperature T*, to get
(14)
r

where ND = qN/qD; see again Fig. 12.9. Comparing (13) and (14), we arrive at
the desired relation

which relates the partition function of the given lattice at temperature T to that of
the dual lattice at temperature T*. Equation (15) constitutes the so-called duality
transformation.
(iv) Location of the critical point: For a square lattice, which is self-dual, there
should be no distinction between Q and QD . With q = 4, and hence I . = 2N,
eqn. (15) becomes
v

(

Q(N, T) = [sinh (2K*W N Q(N , 1

- ),

(16)
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which may also be written as
[sinh (2K )r

N 2
/ Q(N,

T) = [sinh (2K*)r

N 2
/ Q(N,

T*).

(17)

It will be noted from eqn. (11) or (12) that as T --7 00, T * -7 0 and as T -7 0,
T* -7 00; eqn. (17), therefore. establishes a one-to-one correspondence between
the high-temperature and the low-temperature values of the partition function of
the lattice. It then follows that if there exists a singularity in the partition function
at a particular temperature Tn there must exist an equivalent singularity at the
corresponding temperature T;. And in case we have only one singularity, as indeed
follows from one of the theorems of Yang and Lee (1952), it must exist at a
temperature Tc such that T; = Te. The critical temperature of the square lattice
is, therefore, given by the equation, see formula (12),
sinh (2Kc) = 1,

(18)

whence
K c = ~ sinh- 1 1

= ~ In (-/2 + 1) = ~ In cot (;r/ 8) ~ 0.4407.

(19)

For comparison, we note that for the same lattice the Bragg - Williams approximation gave K c = 0.25 while the Bethe approximation gave K c = In2 ~ 0.3466.
The situation for other lattices such as the triangular or the honeycomb,
which are not self-dual, is complicated by the fact that the functions Q and
QD in eqn. (15) are not the same. One then needs another trick-the so-called
star-triangle tramformation-which was first alluded to by Onsager (1944) in his
famous paper on the solution of the square lattice problem but was written down
explicitly by Wannier (1945); for details, see Baxter (1982). Unlike the duality
transformation, this one establishes a relation between a high-temperature model
on the triangular lattice and again a high-temperature model on the honeycomb
lattice, and so on. Combining the two transfonnations, one can eliminate the dual
lattice altogether and obtain a relation between a high-temperature and a lowtemperature model on the same lattice. The location of the critical point is then
straightforward; one obtains for the triangular lattice (q = 6)

!

Kc

. -1
= -1 sinh

1

~

0. 2747,

(20)

! sinh- -/3 ~ 0.6585.

(21)

2

/
,,3

and for the honeycomb lattice (q = 3)
Kc =

1

The numerical values of Kn given by eqns (19)- (21), reinforce the fact that
higher coordination numbers help propagate long-range arder in the system more
effectively and hence raise the critical temperature T c.
(v) The partition function and the specific-heat singulariry: The partition function
of the Ising model on a square lattice is given by, see references cited at the
beginning of this section,
rr /2

~ lnQ(T) =

N

In {21/ 2 cosh (2K)}

+.!:.
IT

J

d¢ln {l

o

+ V (1-K2 sin2 ¢)},

(22)
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where
K

(23)

= 2 sinh (2K)/ coshz(2K).

Differentiating (22) with respect to -{3, one obtains for the internal energy per spin
1
1 ( KdK)
-Uo(T)=-2!tanh(2K
) +x

N

d{3

rr

7r/ 2

. .,

sm"¢
d¢ {1 + .J(I- KZ sinz ¢)}.J(1 - KZ sinz ¢).

J
o

(24)

Rationalizing the integrand, the integral in (24) can be written as

:Z {-; + K 1(K)} ,

(25)

where K I (K) is the complete elliptic integral of the first kind, K being the modulus
of the integral:
:rj 2

KI(K) =

J

d¢

(26)

.J(1 - KZ sin 2 ¢)"

o

Now, a logarithmic differentiation of (23) with respect to (3 gives
1 dK
--d = 2!{coth (2K) - 2 tanh(2K)}.
K
(3

(27)

Substituting these results into (24), we obtain
(28)
where tc' is the complementary modulus:
K' = 2 tanh2 (2K) - 1

(K2

+ Kt2 =

1).

(29)

Figure 12.10 shows the variation of the moduli K and /(' with the temperature
parameter (kT /1) = K- I • We note that, while K is always positive, K' can be
positive or negative; actually, K lies between 0 and 1 while K' lies between -1
and 1. At the critical point, where sinh (2Kc) = 1 and hence K;1 ~ 2.269, the
moduli K and K' are equal to 1 and 0, respectively.
To determine the specific heat of the lattice, we differentiate (28) with respect
to temperature. In doing so, we make use of the following results:
dtc'
2
d{3 = 8J tanh (2K){1 - tanh (2K)}

dK

d{3

(30)

and
dK1(K)
1
t2
dK
= K,ZK {EI(K) - K K 1(K)},

where E 1(K) is the complete elliptic integral of the
n/ 2

El(K) =

I

o

J (I-K

2

~econd

sin2 ¢)d¢.

(31)
kind:
(32)
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FIG. 12.10. Variation

or the moduli

I(

and II with (kTI}).

We finally obtain

~Co(T) =
Nk

2 {K cnth (2K))' [2{K, (K) - E, (K)} - (1 - K')
rr

{IT2 + K' K, (K)}].

(33)
Now, the elliptic integral K I (K) has a singularity at K = 1 (i.c. at K' = 0), in the
neighborhood of which
(34)

Accordingly, the specific heat of the lattice displays a logarithmic singularity at
a temperature Tn given by the condition: K (" = 1 (or
= 0), which is ident.ical
with (18). In the vicinity of the critical point, eqn. (33) reduces to

<-

!

~k Co(T) '" K~ [In {4/1K'1l at the same time, the parameter

K'

( 1 +~)]

;

(35)

reduces to. sec eqn. (30).
(36)

The specific heat singularity is, therefore, given by

~k Co(T) '" !K~ [- In 11 - ;c I+ {In ( ;~) '" - 0.4945 In

11 -

;c I+

const.,

( 1 + :) } ]
(37)

signalling a logarithmic divergence at T = T c'
Figures 12.11 and] 2.12 show the temperature dependence of the internal energy
and the specific heat of the square lattice, as given by the Onsager expressions (28)
and (33); for comparison, the results of the Bragg-Williams approximation and of
the Bethe approximation (with q = 4) are also included. TIle specific~heat singularity, given correctly by the Onsager expression (37), is seen as a (logarithmic)
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12.12. The specific heat of a square lallice (q = 4) according to (1) the Onsager
solution, (2) the Bethe approximation and (3) the Bragg- Williams approximation.

FIG.

peak in Fig. 12.12, which differs markedly from the jump discontinuity predicted
by the mean field theory. We conclude that the critical exponent a = d = 0 (log).
In passing. we note that the internal energy of the lattice is contilluous at the
critical point, having a value of -.J2J per spin and an infinite, positive slope;
needless to say, the continuity of the internal energy implies that the transition
takes place without any latent heat.
(vi) Other properties: We now consider the temperature dependence of the order
parameter, i.e. the spontaneous magnetization, of the lattice. An exact expression
for this quantity was first derived by Onsager (1949), though he never published
the details of his derivation . The first published derivation is due to Yang (1952),
who showed that
_
Lo(T)

=

1 __
-M(O, T) =
Nil

{

(1 - (sinh(2KW'] 1/8

for

T

~

Te (38a)

0

for

T

~

Te, (38b)
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where K, as usual, is J /kT. In the limit T -+ 0,
Lo(T) '" 1 - 2exp (-81 /kT).

(39)

which implies a very slow variation with T. On the other hand, in the limit
T --+ T c -,
Lo(T) '"

(T)' /B
c
'" 1.2224 1 - T,
{8../2K, (1 - TT)}'/B

(40)

which indicates a very fast variation with T. The detailed dependence of Lo on
T is shown in Fig. 12.13; for comparison, the results of the Bragg-Williams
approximation and the Bethe approximation are also included. We infer that the
critical exponent ~ for this model is A. which is so different from the mean field
value of ~.

t

[ ofT) 0.5
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0.5
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(TITd -...

FIG. 12.13. Tht: spontaneous magneliz..'ltion of a square lattice (q = 4) actuding 10
<I) the Onsagtr solution, (2) the Belhe approximation and (3) the llragg - Williams

approxim:llion.

Onsagcr also calculated the correlation length ~ of the lattice which showed that
the critical exponent v :::;: v' = 1 - in sharp contrast with the classical value of
Finally. he set up calculations for the correlation function g(r) from which one
could infer that the exponent 1] = ~. again in disagreement with the classical value
of zero. Precise asymptotic expressions for the correlation function in different
regimes of temperature were derived by later authors (Fisher, 1959; Kadanoff.
19600; Au-Yang and Perk, 1984):

i.

(4(K, - K»)' /4 _' If
g(r) '"

23IB(rrr/~)1/2

e

•

~ = (4(K, -

Kn- '

(41 )

for T > Te.
g( r) '"

(4(K - K,)}' /4 _" If
22J IB7f( r/~)2

e

•

(42)

for T < Te. and

2' / '2 exp (3,' (- I))
g(r) '"

r ' /4

(43)
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at T = T c; in the last expression, ~'(x) denotes the dr Itive of the Riemann zeta
function. We note from expressions (41) and (42) th ..• the correlation length t
while diverging at T = T c, is finite on both sides of the critical point. This feature
is peculiar to the scalar model (n = 1) only, for in the case of vector models
(n > 2), ~ turns out to be infinite at all T < T c.
The zero-field susceptibility of this system has also been worked out (see
Barouch et al., 1973; Tracy and McCoy, 1973; Wu et aI., 1976); asymptotically,
one finds that
for

t

>0

(44a)

for

t;:S 0,

(44b)

~

where t, as usual, is (T - T c) IT c while the constants C + and C _ are about 0.96258
and 0.02554, respectively. We see that the critical exponent y = y' = ~,as opposed
to the mean field value of 1, and the ratio C+IC _ ~ 37.69, as opposed to the mean
field value of 2. Assembling all the exponents at one place, we have for the twodimensional Ising model
ex = ex' = 0 (log),

f3

= ~,

,

7

Y = Y = 4'

v = v' = 1,

1'}

1

= 4·

(45)

Since this model has not yet been solved in the presence of a field, a direct
evaluation of the exponent l5 has not been carried out. Assuming the validity of
the scaling relations, however, we can safely conclude that l5 = 15 - again very
different from the classical value of 3. All in all, the results of this section tell us
very clearly, and loudly, how inadequate the mean field theory can be.
Before we close this section a few remarks seem to be in order. First of all, it
may be mentioned that for the model under consideration one can also calculate
the interfacial tension s, which may be defined as the "free energy associated,
per unit area, with the interfaces between the domains of up spins and those of
down spins"; in our analogy with the· gas-liquid systems, this corresponds to the
conventional surface tension u. The corresponding exponent /-L, that determines the
manner in which s ~ 0 as T ~ T c - , turns out to be 1 for this model; see Baxter
(1982). This indeed obeys the scaling relation J.L = (d - l)v, as stated in Problem
11.26. Secondly, we would like to point out that, while the solution of the twodimensional Ising model was the first exact treatment that exposed the inadequacy
of the mean field theory, it was also the first to disclose the underlying universality
of the problem. As discovered by Onsager himself, if the spin-spin interactions
were allowed to have different strengths, J and J', in the horizontal and vertical
directions of the lattice, the specific-heat divergence at T = T c continued to be
logarithmic-independently of the ratio i' I J -even though the value of T c itself
and of the various amplitudes appearing in the final expressions were modified.
A similar result for the spontaneous magnetization was obtained by Chang (1952)
who showed that, regardless of the value of J'li, the exponent f3 continued to be
~ . Further corroborative evidence for universality came from the analysis of twodimensional lattices other than the square one which, despite structural differences,
led to the same critical exponents as the ones listed in (45).

The Sp/iericul Model in Arbitrary Dimensions
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1.4. The spherical model in arbitrary dimensions

In the wake of Onsager's solution to the two-dimensional Ising problem in
zero field. several attempts were made to go beyond Onsager-by solving either
the three-dimensional problem in zero field or the two-dimensional problem with
field. None of these attempts succeeded; the best onc could accomplish was to
redcrivc the Onsager solution by newer means. This led to the suggestion that one
may instead consider certain "adaptations" of the Ising model, which may turn
out to be mathematically tractable in more than two dimensions and hopefully
throw some light 011 the problem of phase transitions in more realistic situations
(where d is generally 3). One sudl adaptation was devised by Kac who, in 1947,
considered a model in which the spin variable aj, instead of being restricted to the
discrete choices -lor + 1 , could vary contilluously, from -00 to +00, subject
to a Gaussian probability distribution law,
pta,) da, = (A/rr), /ze- Aaf (fa,

aI,

(i = 1, ___ , N),

(1 )

so that
on an average, = 1/(24.). Clearly, for conformity with the standard
= I , the constant A here should be equal to ~; we may, however,
practice, viz.
leave it arbitrary for the time being. The resulting model is generally referred to
as the Gaussian model, and its partition function in the presence of the field is
given by the multiple integral

al

+ 00

QN =

J f(
...

_

A)N/2e-AEo,Z+KEoi"j+hE o, II daj

rr

- 00

(K = {JJ, h = fJIlB)-

I

11.11_

I

_

'

(2)

The exponent in the integrand is a symmetric, quadratic function in the ai; using
standard techniques, it can be diagonalized. Integrations over the (transformed) aj
can then be carried out straightforwardly-and in any number of dimensions; for
details, see Berlin and Kac (1952) or Baker (1990)_
One finds that for d > 2 the Gaussian model undergoes a phase transition at a
finite temperature Tc which, for a simple hypercubic lattice, is detennined by the
condition K t " = A/ d; note that, with A = ~, this result is precisely the one predicted
by the mean field theory (with q = 2d)_ There are differences, though_ First of all,
the present model does not exhibit a phase transition at a finite temperature for
d ~ 2. Secondly, the critical exponents for 2 < d < 4 are nonclassical, in the sense
that some of them are d-dependent, though for d > 4 they do become classical.
More importantly, at temperatures below T c , where K exceeds A/d, the integral in
(2) diverges and the model breaks down! This led Kac to abandon this model and
invent a new one in which the spins were again continuous variables but subject
to an overull constraint,
(3)
rather than to individual {:onstraints, af = 1 for each i, or to an arbitrary probability
distribution law. Constraint (3) allows individual spins to vary over a rather wide
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range, _N 1/ 2 to +N 1/ 2 , but restricts the super spin vector (a;) to the "surface of an
N-dimensional hypersphere of radius N 1/ 2 ,,; in the Ising model, the same vector is
restricted to the "corners of a hypercube inscribed within the above hyperspherc".
The resulting model is generally referred to as the spherical model.
Constraint (3) can be taken care of by inserting an appropriate delta function in
the integrand of the partition function. Using the representation
(4)

the partition function of the spherical model is given by

J eN J. . .J

x+;oo

1
QN = - .
2m

+00

dz

e

x- ioo

2

- z 1: u + K 1: ujUj+h 1: ITj
j

I

n.n.

i

IT da;.
.

-00

(5)

'

For a fixed z, the integral over the ai can be carried out in the same manner as in
the Gaussian model; see eqn. (2). Let the result of that calculation be denoted by
the symbol ZN(K, h; z). The partition function QN of the spherical model is then
given by the complex integral

J

x+ioo

QN = -1.
2m

dze zN ZN(K, h;z),

(6)

x-ioe

which can be evaluated by the saddle-point method - also known as the method
of steepest descent; see Sec. 3.2. One finds that the saddle point of the integrand
in (6) lies at the point z = xo, where Xo· is determined by the condition

a
az

- {zN + InZN(K, h;z»)

= 0,

(7)

t =xo

with the result that, asymptotically,
1
-In QN

N

R;

Xo

1

+ -lnZN(K
, h;xo).
N

(8)

The thermodynamic properties of the system can then be worked out in detail.
It turned out that many a physicist felt uncomfortable at the necessity of using
the method of steepest descent, so a search for an alternative approach seemed
desirable. In this connection Lewis and Wannier (1952) pointed out that while the
ensemble underlying the model of Berlin and Kac was canonical in the variable
E it was microcanonical in the variable Li a'f. They proposed that one consider
instead an ensemble which is canonical in both E and L i al; the method of
steepest descent could then be avoided. All one requires now is that the constraint
(3) be obeyed only in the sense of an ensemble average,

(9)
rather than in the original sense that was comparativ~
lore rigid. The resulting
model is generally referred to as the mean spherical mudel.
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Constraint (9) can easily be taken care of by modifying the Hamiltonian of the
i.e. writing
system by including a term proportional to L i

at,

(10)
D.O .

where;" is the so-called spherical field, and requiring that

«oH l o).)} =

N.

(11)

The partition function of the revised model is thus given by

QN =

j -""j e
...

fJ).. 'La; +K 'L aj(J"j+h 'L a,

'

D. O.

II

•

dUj

(12a)

•

(12b)

with the constraint

1 a InZN (K , h; fJA)
=-N.
{J
(JA

-

(13)

Comparing (13) with (7), we readily see that the parameter xo of the spherical
model is precisely equal to the parameter (J). of the mean spherical model. The
free energy resulting from (12). however, differs a little from the one given by (8),
which is not surprising hecause the transition from a model that was microcanonical in the variable ./2(= L i a"f) to one that is canonical modifies the nature of
the free energy-it goes from "being at constant ./" to "being at constant A". The
two free energies are connected by the Legendre transformation
AA = A./

+ ;..(./2) = A./ + AN ,

(14)

so that
(15)

This is precisely the difference arising from the use of expression (8) or (12).
We shall now proceed to examine the thermodynamic propenies of the (mean)
spherical model, especially the nature of its critical behavior in arbitrary dimensions. The importance of these results will be discussed towards the end of this
section.
(i) The thennodynamic functions: We consider a simple hypercubic lattice, of
dimensions Ll x . .. X L d , subject to periodic boundary conditions. The partition
function of the system, as given by eqn. (12a), then turns out to be (see Joyce,
1972; Barber and Fisher. 1973)
ZN (K , h; (3A)

= II

J[

[

fJ(A

~ Jl.k)

]

1/ 2

~h2/4f30.-IlO),

(16)

k

where Jl.k are the eigenvalues of the problem,
d

Jl.k = J

L cos (kja) ,

(17a)

j =l

N j = Ljl a,

N =

II N j .
j

(17b)
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. A)" is then given by

and a the lattice constant of the system. The free ent

A). = _I L:ln fJ(A - Jlk) _
2fJ k

1f

2
NJl2B ,
4(1. - Jlo)

(18)

while the parameter).. is determined by the COllstraint equation, see (13),

I
I
2fJ L: (A - Jlk)
k

+

NJl 2B 2
4(1. _ Jlo)2

=

(19)

N.

The magnetization M and the low-field susceptibility XO follow readily from (18):2
NJl2B

_

M=

2(1. - Jlo)

, xo=

NJl2

2(1. - Jlo)

.

(20a,b)

Introducing the variable m(= M/NJl), the constraint equation (19) may be written
in the form

L:
k

1

(A-Jlk)

= 2NfJ(1 - m2 ).

(21)

Next, the entropy of the system in zero field is given b y3

So = -(aA/aT)", .• =<! = ~kR L:[1 - In (fJ(A - Jlkll]

(22)

k

and Ihe corresponding specific heat by

Co =

T (aso)
aT

= ~k
2

'\;"' [1 - T(aA/aT)o] = N [~k - (aA)].
R";:
(A _ Jlkl
2'
aT
0

(23)

'

here, use has been made of eqn. (19), with B = O.
To make further progress we need to determine ).., as a function of Band T,
from the constraint eqn. (19). BUI first nOle, from eqn. (18), that for Ihe free energy
of the system to be well-behaved, ).. must be Jarger than the largest eigenvalue
Jlo-which, by (17a), is equal to Jd. At the same time, eqn. (20b) tells us thallhe
singularity of the problem presumably lies at A = Jlo. We may thus infer thaI, as T
decreases from higher values downward, ).. also decreases and eventually reaches
its lowest possible value, 11-0, at SOme critical temperature, Tn where the system
undergoes a phase transition. The condition for criticality, therefore, is

A,. = Jlo = Jd,

(24)

which suggests Ihat we may inlroduce a "reduced field ", <p, by Ihe definition

<p = (A - Ae)/J = (AjJ) - d;

(25)

the condition for criticality then becomes

<Pe = O.

(26)

It follows that, as we approach the critical point from above, the parameter t:/>
becomes much smaller than unity; ultimately, it becomes zero as Tc is reached
and stays so for all T < T,.,
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uting for the eigenvalues J-tk into the sum appearing in eqns (19)
Now, SUI
and (21), afl~ making use of the representation
(27)
we have

ej

»

1, the summation over n j may be replaced by an integration; writing
= 2rrnj/Nj. one gets

For N j

(29)
where lo(x) is a modified Bessel function. Multiplying over j, one finally gets

N

1

L

A

k

- J-tk

(30)

= -) Wd(¢),

where W d(¢) is the so-called Watson ftlllctioll, defined by4

J
00

W d(¢) =

e-q,X [e-X1o (x)]d dx.

(31)

o
Equations (19) and (21) now take the form

W (¢) = 2K _ (f3J-tB)2
d

(32a)

2K¢2

= 2K(1 - m2 ).

(32b)

The asymptotic behavior of the function W d(¢), for ¢« 1, is examined in
Appendix F.
(ii) The critical behavior: We now analyze the various physical properties of
the mean spherical model in different regimes of d.
(a) d < 2. For this regime we take expression (7a) of Appendix F and substitute
it into eqn. (32a), with B = O. We obtain
R:;

¢IB=O

[r(2_d)/2}]2/(2- d l ~ (kBT)2/(2- dl
2(2rr)d/2K

)

(33)

We see that ¢ in this case goes to zero only as T --+ O. The phase transition,
therefore, takes place at T c = o. Equations (20b), (23), (24) and (25) then give for
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the low-temperature susceptibility
Xo

=

NJ.1-z '" NJ.1-z (kBT) - Z/(Z- d)
2/¢
J
J

(34)

and for the low-temperature specific heat

1
Co - - NkB
2

(b) d

= 2.

(kBT)d /(Z- d)
= -NJ (04))
'" -NkB aT 0
J

(35)

We now use expression (7b) of Appendix F and obtain
¢IB=o '" exp (-4rrJ / kBT) ,

(36)

so that once again T c = 0 but now at low temperatures
2
Xo'" (NJ.1- /l)exp(4rrJ/kBT)

(37)

and
(38)

(c) 2 < d < 4. We now substitute expression (7c) of Appendix F into eqn. (32a),
with the result
(39)
The critical point is now determined by setting B
condition for criticality then reads
Kc

=0

and letting ¢

--+

=4 Wd(0).

0; the
(40)

The variation of ¢ with T as one approaches the critical point is given by
~ [2(2rr)d/2(K c _ K)] 2/ (d- Z)
¢IB=o

(41a)

jr{(2 - d)/2}1

We also note that once ¢ becomes zero it stays so for all temperatures below, i.e.
¢IB=o

=0

(41b)

(K > K c).

It now follows that
Xo ~ (Kc - K) - 2/(d- Z) ~ (T - T c )- z/(d- 2)

(T

2: T c )

(42)

and is infinite for T < T c. At the same time
(43)
and it vanishes for T ~ T c. The spontaneous magnetization is determined by eqns
(32b), (40) and (41b); we obtain a remarkably simple result
mo=(1-Kc/K)I /2=(1-T/Tc )I /2

FinalIy, if in eqn. (39) we retain B but set T
¢ c. '" B 4 /(d+2)

= Tc,

(T

(TSTc).

(44)

we get

= T c); (

(45)
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eqn. (20a) then gives
m

e

=

J.LB ~ B(d-2)/(d+2)

(46)

2J<Pe

The foregoing results give, for the critical exponents of the system,

d-4

a=--

Y=

d - 2'

2
d - 2'

d+2
8= d _ 2

(2 < d < 4).

(47)

(d) d > 4. In this regime we employ expression (8) of Appendix F. The condition for criticality remains the same as in (40); the variation of <P with T as we
approach the critical point is, however, different. We now have:
(48)
The subsequent results are modified accordingly:
Xo ~ (T - Te) - l.

<Pc ~ B2/ 3 ,

Co - ~NkB ~ (T - T e)o

(49)

me ~ B 1/ 3

(50)

Equations (41b) and (44) continue to apply as such. We therefore conclude that

a=O,

,B=~,

8=3

y=l ,

(51)

(d > 4).

(e) d = 4. For this borderline case, we use expression (12) of Appendix F. Once
again, the condition for criticality remains the same; however, the variation of <P
with T as one approaches the critical point is now determined by the implicit
relation
(52)

Introducing the conventional parameter
(53)

t = (T - T e)I Te = (Ke - K) I K.

we get, to leading order in t,

<PIB=O~ tl In (lIt)

(0

< t

«

(54)

1).

It follows that

Xo ~ t- lln (lIt),

Co ~ II In (lIt)

<pe ~B2/3/{ln(I IB)}1/3,

(0

< t

«

1)

me ~{Bln(1 I B)}1 /3

(55)

(t=O).

(56)

(iii) Spin - spin correlations: Following the procedure that led to eqns (16) - (19),
we obtain in the absence of the field
G(r. r ' )

= a(r)a(r' ) =

L

_ 1_
exp liCk . R)}
2N,B k
A - J.Lk

(R

=r

- r ' );

(57)

cf. eqn. (19~ ;th B = O. The summation over k in (57) can be handled in the
same manner as was done in (28); however, the resulting summation over n j now
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turns out to be
2r.

I)-") '"

J

exp (iRjOj/a)e-x+XOO,Bj ~; dO j

0

,I j

= N je- XlRjla(x);

(58)

ce. (29). 'This leads to the result

J
00

G(R) =

2~

(59)

e-"'IIle-XlRjla(X)jdx;

u

}

cf. eqn. (32a), with B = O. For the functions l,,(x) we may use the asymptotic
exprcssion (see Singh and Pathria, 1985a)
(60)
so that, for

Vr « I,

J
00

G(R) '"

1

2(2rr)"/2K

e- ¢x-R'rlA', [ "/ 2 dx

u
2
(a ) (d- 2)/2

1

~R

= (2rrjdf2K

(R)
Kld- 21/2

~

(61)

,

where KIJ.(x) is the other modified Bessel function while
~ = a/(2<p)' /2.

(62)

For R»~, we may use the asymptotic rcsult K"(x) '" (rr/2x)' /2e- ,; eqn. (61)
then becomes
G(R) '"

2K~(d

a"- 2
RII
•
JI/2(2rrR)(d-1l/2 e-

(63)

which identifies; as the correlation length of the system.

Now, comparing (62) with (20b), we find that
Nt-'2

Nt-'2

Xu = V<p = Ja 2

~2.

(64)

In view of the fact that; ...... X~/2. we infer that. in all regimes of d , the exponent
v
and hence, by relations (11.12.10 and 11), the exponent ry O. To obtain
this last result directly from (61), we observe that, as T --+ Tc from above, the

= !r

parameter <p -> 0 and hence ~ ->

=

00.

We may then use the approximation

R/~

«1

and employ the formula
(J.I. > 0),
to

(65)

obtain

(66)

The Spherical Model in Arbitrary Dimensions

§ 12.4]

397

The power
R appearing here clearly shows that fJ = O. Finally, substituting
(41a) into (b_ h we get

~

~ !a [1f{(2 - d)/2}1] 1/(d-2)
2

4rrd/ 2(K e

-

(67)

K)

which shows that for 2 < d < 4 the critical exponent J) = l/(d - 2).
For T < Te we expect the function G(R) to affirm the presence of long range
order in the system, i.e. in the limit R ---7 00, it should tend to a limit, (j2, that is
nonzero. To demonstrate this property of G(R), we need to take a closer look at
the derivations of this sub-section which were carried out with the express purpose
of obtaining results valid in the thermodynamic limit (N ---7 (0). This resulted in
"errors" that were negligible in the region T 2:, Te but are not so when T < Te. The
first such error crept in when we replaced the summations over (n j) in eqn. (28)
by integrations; that suppressed contribution from the term with n = O. Equation
(30), therefore, accounts for ollly the (k =I=- D)-terms of the original sum in (28),
and the missing term, l/J¢, may be added to it ad IIOC. 5 Equation (19), with
B = 0, then becomes
-

1 [1
-

2f3 J¢

N
] =N.
+-Wd(¢)

J

(68)

Now, when ¢ becomes very very small, W d(¢) may be approximated by W d(O)
which is precisely equal to 2Ke; eqn. (68) then gives
(69)
rather than zero! The correlation length then turns out to be
(70)

rather than infinite! Now, the same error was committed once again in going from
eqn. (57) to (59); so, the primary result for G(R), as given in eqn. (61), may
be similarly amended by adding the missing term 1/(2N{JJ¢) which, by (69), is
exactly equal to (1 - KcI K). Thus, for R
~, we obtain, instead of (66),

«

~
G(R) ~

(1 - KKc) + f{(d-2)/2}a
4rrdf2K
Rd- 2
d 2
-

(71)

Now if we let R ---7 00, G(R) does approach a nOllzero value (j2, which is precisely
given by eqn. (44). It is remarkable, though, that in the present
the same as
derivation the magnetic field B has not been introduced at any stage of the calculation, which underscores the fundamental role played by correlations in bringing
about long range order in the system.
In the preceding paragraph we have outlined the essential argument that led
to the desired expression, (71), for G(R). For a more rigorous analysis of this
problem, see Singh and Pathria (1985b, 1987a).
(iv) Physical significallce of the spherical model: With a constraint as relaxed
as (3), or even more so (9), one wonders how meaningful the spherical model
is from a physical point of view. Relief comes from the fact, first established by

m6
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Stanley (1968, 1969a,b), that the spherical model provides a correct representation
of the (n --+ oo)-limit of an n-vector model with nearest-neighbor interactions;
see also Kac. and Thompson (1971). This conm:ction arises from the very nature
of the constraint imposed on the model, which introduces a super spin vector J
with N degrees of freedom; it is not surprising that, in the limit N --+ 00 , the
model in some sense acquires the same sort of freedom that an n-vector model
has in the limit n --+ 00. In any case, this connection brings the spherical model
in line with, and actually makes it a good guide for, all models with continuous
symmetry, viz. the ones with n ~ 2. And since it can be solved exactly in arbitrary
dimensions, this model gives us some idea as to what to expect of others for which
n is finite. For instance, we have seen that, for d >- 4, the critical exponents of
the spherical model are the same as the ones obtained from the mean field theory.
Now, fluctuations are neglected in the mean field theory but, among the variety of
models we arc considering, fluctuations should be largest in the spherical model,
for it has the largest number of degrees of freedom. If, for d >- 4, fluctuations turn
out to be negligible in the spherical model, they would be even more so in models
with finite n . It thus follows that, regardless of the actual value of n , mean field
theory should be valid for all these models when d >- 4. See, in this connection,
Sec. 13.4 as well.
For d < 4, the final results depend significantly on n . The spherical model
now provides a starting point from which one may carry out the so-called (l / n)expansions to determine how models with finite n would behave in this regime.
Such an approacb was initiated by Abe and collaborators (1972, 1973) and independently by Ma (1973); for a detailed account of this approach, along with the
results following from it. see Ma (1976c).
Finally, for a comprehensive discussion of the spherical model. including the
one with long-range interactions, see the review article by Joyce (1972).
12.5. The ideal Bose gas in arbitrary dimensions
In this section we propose to examine the problem of Bose- Einstein condensation in an ideal Bose gas in arbitrary dimensions. As was first shown by Gunton
and Buckingham (1968), the phenomenon of Bose- Einstein condensation falls in
the same universality class as the pbase transition in the spherical model; accordingly, the ideal Bose gas too corresponds to the (n --+ 00 )-limit of an n-vector
model. It must, however, be borne in mind that liquid He4, whose transition
from a normal to a superfluid state is often regarded as a manifestation of the
"Bose- Einstein condensation in an interacting Bose liquid", actually pertains to
the case n = 2. Now, just as the spherical model turns out to be a good guide for all
models with continuous symmetry [including the X-Y model (for which n = 2)],
in the same way the ideal Bose gas has also been a good guide for liquid He4 •
We consider a Bose gas composed of N non-interacting particles confined to a
box of volume V(= L; x . .. x Ld ) at temperature T . Following the procedure of
Sec. 7.1, we obtain for the pressure P of the gas
(1)
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where A[= h/ ./(2rrmkB T)] is the mean thermal wavelength of the particles, z is
the fugacity of the gas which is related to the chemical pmential M through the
formula
(2)
z = exp (~M) < 1 (~ = 1/ kBT ).
while g v(z) are Bose- Einstein functions whose main properties are discussed in
Appendix D. The quantity Z is determined by the equation
N=

L (z- l e/lc _ l ) - l = No+Ne ,

(3)

c

where No is the mean number of particles in the ground state (c = 0),
Nu = z/ (1 - z).

(4)

while Ne is the mean number of particles in the excited states (e > 0):
V
N. = Adgd/Z(Z).

(5)

At high temperatures, where Z is significantly below the limiting value 1, No is
negligible in comparison with N ; the quantity z is then determined by the simplified
equation
V
(6)
N = ).dgd/Z(Z).
and the pressure P in tum is given by the expression

P = NkBT 8(d+2)/2(Z) .
V

gd/ 2(Z)

(7)

The internal energy of the gas may be obtained from the relationship

(8)

U = !d(PV );

see the corresponding derivation of eqn. (7.1.12) as well as of eqn. (6.4.4). Now,
making usc of the recurrence relation (D. 10) and remembering that the mean
thermal wavelength A <X T -l/2, we get from eqn. (6)
1
Z

(az)
_
aT ,.

and from eqn. (1)
1
Z

d

RdjZ(Z)

(()z) _
aT

(9)

2T g Cd- l )/Z(Z)

d

+ 2 g Cd+2)/2(Z)
2T

p

gd/ Z(Z)

(10)

It is now straightforward to show that the specific heats C v and C p of the gas are
given by the formulae
Cv

NkB

-

d(d

+ 2) g Cd+Z)/2(Z)

d 2 gd/ Z(Z)

4

4 g Cd- Zl/l(Z)

gd/2(Z)

(11)

and
(d

+ 2)2 (g(d+2)/Z(Z)}2g (d_Z )/Z(Z)
4

{g dj2(Z)P

d(d + 2) g Cd+Z)/Z(z)
4
gd/2(Z ) '

(1 2)
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respectively; it follows that the ratio
Cp
(d + 2) g(d+2)/2(Z)g(d-2)f2\Z)
Cv =
d
(gd/2(Z))2

The isothermal compressibility
to be
ap

g(d+2J/2(Z)g(d-2)!2 (z) 1

v (ap/azh

T

KS

and the adiabatic compressibility

1 (av /aZ)T

KT=_.!.(av)
v

KT

(13)

(8d/2(Z»)2

P

turn out
(14)

and

1 (av/aT),

d

1

v (ap/aT), - d

+ 2 p'

(15)

respectively; note that the ratio KT!Ks is precisely equal to the ratio Cp/C v, as is
expected thermodynamically.
As the temperature of the gas is reduced, keeping v constant, the fugacity z
increases and ultimately approaches its limiting value I-marking the end of the
regime where No was negligible in comparison with N. Whether this limit is
reached at a finite T or at T = 0 depends entirely on the value of d; see eqn. (6),
which tells us that if the function 8d/2(Z), as z --+ 1-, is boullded then the limit in
question will be reached at a finite T. On the other hand, if gd/2(Z), as z --+ 1-, is
unbounded then the desired limit will be reached at T = 0 instead. To settle this
question, we refer to eqns (D. 9) and (D. 11) which summarize the behavior of
the function g.,(z) as z --+ 1- (or as ct --+ 0+, where ct = -In z): we thus have

r

-2- ct-(2-d)/2 + const.
C-d)

for

d <2

(16a)

for

d=2

(16b)

for

2<d<4 (16c)

+ l}ct

for

d=4

(16d)

~(~) _~(d 2 2)ct

for

d > 4,

(16e)

In (l/ct)
gd/2(e- U )

~

~(~)
~(2)

+ ~ct

-lrC

2 d)lct(d- 2)/2

- {In (l/ct)

~(v) being the Riemann zeta function. Similarity with the spherical model is quite
transparent. We readily see that, for d > 2, ct --+ 0 at a finite temperature, T c> given
by the equation
(17)
A~ = v~(dI2),

with the result that
2

h
Tc = 2rrmkB

[

1

v~(d/2)

] 2/d

;

(18)

for d < 2, ct --+ 0 only as A --+ 00, so Tc = o. For brevity, we shall confine further
discussion only to d > 2.
(i) The critical behavior: As T approaches T c from above, the manner in which
ct --+ 0 is determined by substituting the appropriate eqn. (16) into (6) and utilizing
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the criticality condition (17). For 2 < d < 4, one gets asymptotically

Ire 2d) l a(d-2)/2~~(A~ -Ad) ~~s(~)[~

- 1].

(19)

For T (; T e, this gives

a ~ t2jid-2l

[t

= (T -

Tc)ITe, 0 < t« 1].

(20)

As T --+ T e . the specific heat C p and the isothermal compressibility KT diverge
because the fuJ1ction 8(d-2)/Z (Z) appearing in eqns (12) and (14), being ~ a- (4 -d )/2
[see eqn. (D.9)], becomes divergent; for smallt.
Cp

~

KT

~

t-(4- d)/(d-Z).

(21)

The specific heat C y , on the other hand. approaches a finite value,

CY)
(Nk8
T--+Tc+ -

d (d+2)Wd+2) / 2}

4

(22)

s(dI 2)

with a derivative that, depending on the actual value of d, might diverge:

_1_ (BCY) = ~ [d Z(d+2)8(d+Z)/Z(Z) _ d 2
Nk8

aT

!l

T

gd/Z(Z)

4 8 (d-z)/2(Z)

8d/Z(Z)
3

~

_ d {8dI 2(ZWg(d-4 l /2(Z)]
8
(g(d-2)/Z(Z»)3

(23a)

_t- 2(d-3)/(d-2)

(23b)

_a-(d-3)

~

(3 < d < 4).

Equating the exponent appearing here with (1 + a), we conclude 6 that the critical
exponent a for this system is (d - 4)/(d - 2); cf. eqn. (12.4.47). For a proper
appreciation of the critical behavior of C~" we must as well examine the region
T < Te, along with the limit T --+ Te- .
For T < T e , the fugacity z is essentially equal to 1; eqns (5) and (17) then give

N=;s(~) = N(~r =N(~r/2
e

It follows that

N o = N - Ne = N

[1 _(~)

d/2 ] .

(24)

(25)

Equation (4) then tells us that the precise value of z in this region is given by
z = No/(No

+ 1) ~ 1 -

11No ,

(26)

whence
a = -ln z

~

11N o•

(27)

rather than zero. Disregarding this subtlety, eqn. (1) gives
p = k8

T

Ad

s (d + 2) ex T (d+2)/2 .
2

(28)
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Since P bere is a function of T only, the quantities K T and C p in this region are
infinite; see, however, Problem 12.26. From cqns (8) and (28), we get

U~ ~iBT\'
I; (d + 2)
2
Ad
2
'

(29)

whence
Cv
NkB
As T

--'lo

~

d(d

+ 2) ~

(d

Ad I;

4

+
2

2) ~

+ 2)1;[(d + 2)/2) (~)dI2

d(d

l;(dI2)

4

(30)

T,

'l"c-, we obtain precisely the same limit as in (22)-showing that C v is

continuous at the critical point. Its derivative. bowever. turns out to be different
from the one given in (23). for now
_1_ (8C v ) ~ ~ d'(d+ 2) I;{(d +2)/ 2) (~) (d-2)/'
NkB
aT
T,
8
l;(dI2)
T,
>

1 d'(d + 2)1;{(d + 2)/2)
T,
8
l;(dI2)

(31a)

GOO

as T --'lo Tc-.
As for the condensate fraction, No/N, eqn. (25) gives

No
N

~

(T
1- Tc

)d12'" -d It I
2

[t < 0, ItI «1).

(32)

Now the order parameter in the present problem is a complex number, \110, such
that l'lIo l2 = No / V, the conden~ate particle density in the ~)'stem; see Gunton and
Buckingham (1968). We therefore expect that, for III « 1, No would be ~ 12~;
eqn. (32) rhen tells us that the critical exponent fJ in this case has the clao.;sical
value ~ for all d > 2. To determine rhe exponents y and fi, we must introduce a
"'complex Bose fIeld, conjugate to the ordt:r parameter \110" and examine quantities
such as the "Bose susceptibility" X as well as the variation of Wo with the Bose
field at T ~ T,. One obtains: y ~ 2/ (d - 2) and ~ ~ (d + 2)/(d - 2), jllst as for
the spherical modd.
(ii) The correlations: We now examine the correlation function of the ideal
Bose gas
eik -R
1
(33)
G(R) ~ V
e"+I"(k ) - 1'

L
k

As usual, we replace the summation over k by an integration (remembering that
this replacement suppresses the (k ~ D)-term which may, therefore, be kept aside).
Making usc of cqn. (C l l), we get
GR

( )

~

No
1
- , -V
(2.rr )(1

J

ik R
•
k2
ez+W / 2Jn -

e

d

1

d k

= No

+ ~ fe-ja-rrR2jp.2rd / 2

V

Ad

[A =11

(2:;)1/2];

(34)

j=l

cf. eqns (3)- (5) which pertain to the case R = O. For R > 0, one may extend
the summation over j from j = 0 to j = 00, for the term so added is identically zero. At the same time, the summation over j may be replaced by an
integration - committing errors O(e- R/ A ), which are negligible so long as R» A;
for details, see Zasada and Pathria (1976). We thus obtain

(35)
where KI' (x) is a modified Bessel function while
(36)

For T

~

T e , we may use expression (20) for 0'; eqn. (36) then gives
~

which means that

~

»

'" At- 1/(d-2)

A. Now, if R »
G(R) ~

~,

(0 < t

«

1),

(37)

eqn. (35) reduces to
1

A2 (2;r~) (d- 3 )/2 R(d- I)/ 2

e-Rf/;

•

(38)

which identifies ~ as the correlation length of the system. Equation (37) then tells
us that for 2 < d < 4 the critical exponent v of the ideal Bose gas is Ij(d - 2).
At T = Te. ~ is infinite; eqn. (35) now gives
G(R)

~

r{(d - 2)j2}
•
;r(d-2)/2 A2 Rd-2

(39)

e

which shows that the critical exponent I'} = O. For T < T e. ~ continues to be infinite
but now the condensate fraction, which is a measure of the long-range order in
the system. is nonzero. The correlation function then assumes the form
2

G(R)

A(T)

= IlJiol + Rd-2'

(40)

where
r{(d - 2)j2}
A(T) =

;r(d- 21/2 2

A

ex T;

(41)

d. the corresponding eqn. (12.4.71) of the spherical model.
In the paper quoted earlier, Gunton and Buckingham also generalized the study
of Bose- Einstein condensation to the single-particle energy spectrum £ '" k D ,
where 0 is a I :tive number not necessarily equal to 2. They found that the
phase transitiol , ... t a finite temperature T e , now took place for all d > 0, and the
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critical exponents in the regime a < d < 2a turned
Ci=

d - 2(J
,
d-a

1
2

f3 = -,

Y

1
,
v=
d-a

=

01 "

=2-

Jl vJd.>

be

HG}

,~ d-a

a
d -a '
T}

.')

Cui tv«;,

(42)

a.

While mathematically correct, these results left one with the awkward conclusion that the Bose gas in its extreme relativistic state (a = 1) was in a different
universality class than the one in the nonrelativistic state (a = 2). It was shown
later by Singh and Pandita (1983) that, if one employs the appropriate energy
spectrum E = c..j(m~c2 +h2k 2) and at the same time allows for the possibility of
particle-antiparticle pair production in the system, as had been suggested earlier
by Haber and Weldon (1981, 1982), then the relativistic Bose gas falls in the same
universality class as the nonrelativistic one.

12.6. Other models
In Sec. 12.3 we saw that a two-dimensional lattice model characterized by a
discrete order parameter (11 = 1) undergoes a phase transition, accompanied by a
spontaneous magnetization mo, at a finite temperature T ,,; naturally, one would
expect the same if d > 2. On the other hand, the spherical model, which is
characterized by a continuous order parameter (with 11 = 00), undergoes such
a transition only if d > 2. The question then arises whether intermediate models,
with n = 2, 3, ... , would undergo a phase transition at a finite T r if d were equal to
2. The answer to this question was provided by Mermin and Wagner (1966) who,
making use of a well-known inequality due to Bogoliubov (1962), established the
following theorem: 7
"Systems composed of spins with continuous symmetry (n > 2) and shortrange interactions do not acquire spontaneous magnetization at any finite
temperature T if the space dimensionality d ~ 2."
In this sense, systems with 11 > 2 behave in the same manner as the spherical
model-and quite unlike the Ising model.
The marginal case (11 = 2, d = 2), however, deserves a special mention. Clearly,
this refers to an X - Y model in two dimensions, which has a direct relevance to
superfluid He 4 adsorbed on a substrate. As shown by Kosterlitz and Thouless
(1972,1973), this model exhibits a curious phase transition in that, while no longrange order develops at any finite temperature T, various physical quantities such as
the susceptibility, the correlation length, the specific heat and the superfluid density
become singular at a finite temperature T c whose precise value is determined by
point defects, such as vortices or dislocations, in the system. The correlation length
t as T ~ Tc+, displays an essential singularity, viz.
(1 )

where b' is a non-universal constant; of course, the critical temperature itself is
non-universal and for a square lattice is given by

Kc = J /kTc = 2/rr.

(2)

The singular part of the specific heat shows a somewhat similar behavior, viz.
(3)

which, measured against a regular background, is rather in detectable. The superfluid density behaves rather strangely; it approaches a finite value, as T ~ T c - ,
preceded by a square-root cusp. The correlation function is no different; at T = T c,
Kosterlitz (1974) found a logarithmic factor along with a power law, viz.
g(r) ~

[In (r/a)]1/8
rl/4
'

while for T < T c we encounter a temperature-dependent exponent
1

g(r) ~ r~(T)

[1](T)

= T / 4Tc].

(4)
1]

such that
(5)

For further details of this transition, see Kosterlitz and Thouless (1978) and Nelson
(1983); for a pedagogical account, see Plischke and Bergersen (1989), Sec. 5.E.
For other exactly soluble models in two dimensions, see Baxter (1982), Wu
(1982), Nienhuis (1987) and Cardy (1987), where references to other relevant
literature on the subject can also be found.
We now proceed to consider the situation in three dimensions. Here no exact
solutions exist except for the extreme case n = 00, which was discussed in
Sec. 12.4. However, an enormous amount of effort has been spent in obtaining
approximate solutions which, over the years, have become accurate enough to be
regarded as "almost exact". Irrespective of the model under study, the problem has
generally been attacked along three different lines which, after some refinements.
have led to almost identical results. In summary, these approaches may be
described as follows:
(i) The method of series expa1lsions. In this approach, the partition function or
other relevant properties of the system are expanded as high-temperature series
such as (12.3.5), with expansion parameter v = tanh (f3J), or as low-temperature
series such as (12.3.9), with expansion parameter w = exp (- 2f31); in the presence
of an external field, one would have series with two expansion parameters instead
of one. In either case, the first major task involves the numerical computation of
coefficients, such as nCr) and mer), on the basis of graph theory and other allied
techniques, while the second major task involves analysis of these coefficients with
a view to determining the location and the nature of the singularity governing the
property in question. The latter task is generally accomplished by employing the
ratio method, which examines the trend of the ratio of two consecutive coefficients,
such as nCr) and nCr - 1), as r ~ 00, or by constructing Pade approximallts
which, in a sense, provide a continuation of the known (finite) series beyond
its normal region of validity up to its radius of convergence-thus locating and
examining the nature of the relevant singularity. Since their inception (in the mid1950s for the ratio method and the early 1960s for the use of Pade approximants),
these techniques have been expanded, refined and enriched in so many ways that it
would be hopeless to attempt a proper review here. Suffice it to say that the reader
may refer to vo!' 3 of the Domb-Green series. which is devoted solely to the
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method of series expansions-in particular, to the articles by Gaunt and Guttmann
(1974) on the asymptotic analysis of the various coefficients, by Domb (1974)
on the Ising model, by Rushbrooke, Baker and Wood (1974) on the Hcisenberg
model, by Stanley (1974) on the n-vector models, and by Betts (1974) on the X - Y
model. For more recent reviews. see Guttmann (1989) and Baker (1990), where
references to other relevant work on the subject are also available.
(ii) The renormalization group method. This method is based on the crucial
observation (Wilson, 1971) that, as the critical point is approached, the correlation
length of the system becomes exceedingly large-with the result that the sensitivity
of the system to a length transformation (or renormalization) gets exceedingly
diminished. At the critical point itself, the correlation length becomes infinite and,
with it, the system becomes totally insensitive to such a transformation. The fixed
point of the transformation is then identified with the critical point of the system,
and the behavior of the svstem parameters such as K and h, see eqn. (12.4.2), in
the neighborhood of the fixed point determines the critical exponents, etc. Since
very few systems could be solved exactly, approximation procedures had to be
developed to handle most of the cases under study. One such procedure starts with
known results for the upper critical dimension d = 4 and carries out expansions
in terms of the (small) parameter [; = 4 - d, while the other starts with known
results for the spherical model (n = DC) and carries out expansions in terms of
the (small) parameter lin; in the former cast;, the coefficients of the expansion
would be n-dependent. while in the latter case they would be d-dependent. Highly
sophisticated manipulations enable one to obtain reliable results for c as large as 1
(which corresponds to the most practical dimension d = 3) and for n as small a<;
1 (which corresponds to a large variety of systems that can be described through
an order parameter that is scalar). We propose to discuss this method at length in
Chapter 13; for the present, suffice it to say that the reader interested in details may
refer to voL 6 of the Domb-Green series, which is devoted entirely to this topic.
(iii) The Monte Carlo method~. As the name implies, these methods employ
"random numbers" to simulate statistical fluctuations in order to carry out numerical integrations and computer simulations of system~ with large numbers of
degrees of freedom. Such methods have been in vogue for quite some time and,
fortunately, have kept pace with developments along other lines of approach-so
much so that they have adapted themselves to the ideas of the renormalization
group as well (see Ma, 1976b). We do not propose to discuss these methods here;
the interested reader may refer to Binder (1986, 1987, 1992).
As mentioned earlier, the aforementioned methods lead to results that are mutually compatible and, within the stated margins of error, essentially identical.
Table 12.1 lists the generally accepted values of the critical exponents of a threedimensional system with n = 0, 1, 2, 3 and x. II includes all the major exponents
except ex, which can be determined by using the scaling relation ex + 2f3 + y =
2 (or the hyperscaling relation dv = 2 - ex); we thus obtain, for n = 0, 1, 2,
3 and 00, ex = 0.235, 0.111, -0.008, -0.114 and -1, respectively-of course,
with appropriate margins of error. The theoretical results assembled here may be
compared with the corresponding experimental ones listed in Table 11.1, remembering that, while all other entries there are Ising-like (n = 1), the case of superfiuid
He4 pertains to n = 2.

.~.

TABLE

fJ
Y
~

"

1)

12.1.

THEORETICAL VALUES OF THE CRITICAL EXPONENTS IN THREE DIMENSIONS
(AFTER BAKER. 1990)

n=O

n=1

n=2

n =3

n =00

0.302 ± 0.004
1.161 ± 0.003
4.85 ±0.08
0.588 ± 0.001
0.026 ± 0.014

0.324 ± 0.006
1.241 ± 0.004
4.82±0.06
0.630 ± 0.002
0.031 ± 0.011

0.346 ± 0.009
1.316 ± 0.009
4.81 ±0.08
0.669 ± 0.003
0.032 ± 0.015

0.362 ± 0.012
1.39 ±0.01
4.82±0.12
0.705 ± 0.005
0.031 ± 0.022

0.5
2.0
5.0
1.0
0.0

It will be noticed that Table 12.1 inclUdes exponents for the case n = 0 as
well. This relates to the fact that if the spin dimensionality n is treated as a
continuously varying parameter then the limit n ~ 0 corresponds to the statistical
behavior of self-avoiding random walks and hence of polymers (de Gennes, 1972;
des Cioizeaux, 1974). The role of t in that case is played by the parameter lIN
where N is the number of steps constituting the walk or the number of monomers
constituting the polymer chain; thus, the limit N ~ 00 corresponds to t ~ 0,
whereby one approaches the critical point of the system. Concepts such as the
correlation function, the correlation length, the susceptibility, the free energy, etc.
can be introduced systematically into the problem and one obtains a well-defined
model that fits neatly with the rest of the family. For details, see de Gennes (1979)
and des Cioizeaux (1982).8
Finally, we look at the situation with d ~ 4. As mentioned earlier, especially
towards the end of Sec. 12.4, critical exponents for d > 4 are independent of 11
and have values as predicted by the mean field theory. To recapitulate, they are:

ex

O f3 =.
- !2'
V -_ I2'

Y
./n

= 1,
=

O.

At the borderline dimensionality 4, two nonclassical features appear. First, the
nature of the singularity is such that it cannot be represented by a power law alone;
logarithmic factors are also present. Second, the dependence on n shows up in a
striking fashion. We simply quote the results [for details, see Brezin et al. (1976)]:
c(s ) ~
1110

X

lin t l(4- n )/(n +8)

1111/21 In 11113/(n + 8)
~ 1- l lln t l(n + 2 )/(n+8 )

~

h~

1113 1In 1111- 1

= 0, t ~ 0)
(h = 0, t
0)
(h = 0, t ~ 0)
(t = 0, h ~ 0),
(h

:s

(7)

(8)

(9)
(0)

along with the fact that YJ = 0 and hence ~ ~ X I / 2 • In the limit n ~ 00 , these
results go over to the ones pertaining to the spherical model; see Sec. 12.4.

Problems
12.1. Making use of expressions (11.3.17 - 19) and (12.1.12- 13), show that the expectation values
of the numbers N +. N _. N ++. N __ and N +_ in the case of an Ising chain are
P(fJ. B) ± sinh (fJJJ.B)
N ± - N _-"-'---=-=:-:-::--=:-,::..:.......c.
2P(fJ. B)
,
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N it

=

N __ =

N 1__ __

2D(~. B) efi" ' [P(jl. B)+sinh(~MB)l.
N

2D (~,

B)

N
D(~.

e-,pB[P(~.li)

sinh (~pB)l

e-4fJJ .
B)

where

,nd
DW B) = PW B)[P(~. Il) + cosh (~I, B )l ·

Check that (i) the above expressionc; satisfy the requirement that N +_ + N __ + N + _ = Nand (ii)
they agree witb the quasi-cbemical approximation (11.6.22), regardless of the value of B.
12.2. (a) Shov,· that the partition function of an Ising lattice C<:In be wriHen as

Q,v(B. T ) =

L'

8,v(N+, N + )exp {-{3HN(N .... N ... )) .

N ,_N ,
where
while the other symbols have theu usual meanings; ct. eqns (1 1.3.19. 2U).
(b) Next, determine the combinatorial factor g.v(N+. N+_) for an Ising chain (q = 2) and
~how that, asymptotically.

l.rJ gN(N_ .N,_):::O N ... lnN,

+ (N -

N+) ln(N -N+)

- (N + - !N+_)1n(N + - ~N+_)
- (N - N+ - !N+_) l.rJ(N -- N+ - }N+_)
- 2(t N +_ ) ln(!N +_).

2:'>.

Now, assuming that In QN :::0 (the logarithm of the largesl term in the sum
evaluate
the Helmholtz free energy A(R. T) of the system and show that this leads to precisely the
same results as the ones CjlJoted in the preceding problem as well as the ones obtaincd in
Sec. 12.1.
12.3. Using the approximate expression, see Fowler and Guggenheim (1940),

(hi N )!
(l\Ii!N z! ) '-'
RN(Nl ,N1Z) ::::
2
Nll!N21 ! [UN IZ) !]
N1
for evtllutlLing the partitiun funr..:lion of an Ising laltk-e. show that one is led 10 tbe sam~ n::~ults as th~
ones following from the Bethe approximatilJn.
[Note that, for q = 2, the quantity lu g h~re is (/')ympJol/ca ffy nact; cf. Problem 12.2(b). No wonder
that the Bethe appmximation gj\'es exact rcsults in tbe case of an Ising chain.]
12.4. Making u<;c of relation (12.L36), along with el[pr~ions ( 12.1.R) for the eigenvalues Al and
A2 of tbe transfer matrix
determine the correlation length I;(B. T) of the Ising chain in the presence
of a magnetic field. Evaluate tbe critical exponent IF, as defined in Probl~m 11.23, and cbeck that
if = v/ 6.. where v and 6. ~re standard exponents defiru:d in Sees lUO and IU2.
12.5. Consider a nnc-dimcnsional h;ing system in a fluctuating magnetic field B, so that

r.

witb ON+ I = 01. Note tbat when the system is vel)" large (i.e. N» 1) the typical value of B is very
Email; nevertheless,. the presence of this small fluctuating field leads to an order-diSOIder transition

in this one-dimensional systcm! Detennioe the critical temperature of this tran.sition.

Problems
12.6. Solve r
neighbor intera..

409

Iy the problem of a field-frec Ising chain with nearest-neighbor and m:xt-nearest'" so that
H(Ui) = -11l:U;U;+1 -Jzl:U;U;+2.
;

and examine the various properties of interest of this model.
(Hint: Introduce a new variable rj = 0;0,-+1 = ±1. with the result that
H(rj} = -J(

L

ri -12

L

I"jl"i+ 1o

;

which is formally similar to expression (12.1.1)]'
12.7. Consider a double Ising chain such that the nearest-neighbor coupling constant along either
chain is JI while the one Linking adjacent spins in the two chains is Jz . Then, in the absence of
the field,

Show that the partition function of this system is given by
_1_ In Q

2N

~ ~ In [2cosh Kz{cosh 2K I +
2

J(1 + sinh z 2K Itanh2 Kl )J].

where K r = f3J 1 and K z = Ph. Examine the various thennodynamic properties of this system.
[lfint: Express the Hamiltonian If in a .<;ymmelric form by writing the last term as - ~JZLi(O,U; +
o;+w;+ r) and use the transfer matrix method.]
12.8. Write down the transfer m:ltrix P for a one-dimensional spin-l Ising model in zero field.
described by the Hamiltonian
HN{Oi J =-JLojOi+ r

0;= - 1. 0. +1.

Show that the free energy of this model is given by

~A(T) ~ -kTln {~

[(1 + 2=hfill+ JI8 + 12=hfil - lJ' I]} .

Examine the limiting behavior of this quantity in the limits T -+ 0 and T -+ 00.
12.9. (a) Apply the theory of Sec. 12.1 to a one-dimen..ionallattice ga.. and show that the pressure
P and the volume per pttrticle l' are given by

,nd
1

1 [

; =2:

Y-l ]

1+ J[(y- 1f + 4 Y1]2] •

where y = zcxp(4,6J) and 1] = exp(-2I'1J), ;:: being the fugacity of the gas. Examine the
high and the low temperature limits of these expressions.
(b) A hllrd-core lattice gas pertains to the limit J -+ -00; this makes J -+ 0 and 1] ---... 00
such that the quantity yr?, which is equal to z:, stays fin ite. Show that this leads to the
equation of state

P)
P (I--1 - 2p

--In
kT

12.10. For a one-dimensional system, such as the ones discussed in Sees 12.1 and 12.2, the correlation function g(r) at all temperatures is of the form exp (-ra/~). where {1 is the lattice constant of
the system. Using the fluctuation-dissipation relation (11.11.11), show that the low·field susceptihility
of such a system is given by
Note that as T ---J" 0 and. along with it. ~ -+
the fact that the critical exponent T} = 1.

00,

Xo becomes directly proportional to l; -consistent with
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For an n-vector model (including the scalar case n = 1),
to the result

~

is given by eqn. (12.2.17), which leads

Check that for the special case n = 1 this resuli reduces to eqn. (12.1.14).
12.11. Sho", that for a one-dimensional, field-fre e Ising model

where k ::: I ::: m ::: n.
12.12. Recall the symbol nCr), of eqn. (12.3.5), which denotes the "number of closed graphs that
can be drawn on a given lattice using exactly r bonds". Show that for a square lattice wrapped on a
torus (which is equivalent to imposing pcriodic boundary conditions)
n(4)

=N,

n (6)

= 2N ,

n(8)

=

!N

2

+ ~N, ... .

Substituting these numbers into eqn. (12.3.5) and taking logs, une gets
In QCN, T)

{ In C2cosh2 K ) + v 4 + 2v 6 + ~ v8

=N

+ ... } , v = tanhK.

Note that the tcnn in N 2 has disappeared-in fact, all higher powers of N do the same. Why?
12.13. According to Onsager. the field-free partition function of a rectangular lattice (with interaction
parameters J and l' in the two perpendicular directions) is given by

2.. In Q(T) = In2 + ~
N

2IT-

j'j'ln
:r

o

"

{cosh (2y) cosh (2y' ) - sinh (2y) cosw - sinh (2y') cosw' ) dwdw' ,

0

where y = J / kT and y' = J I/kT. Show that if J ' = 0, this leads to expression (12.1.9) for the linear
chain with B = 0 while if l' = J , one is led to expression (12.3.22) for the square net. Locate the
critical point of the rectangular lattice and study its thermodynamic behavior in the neighborhood of
that point.
12.14. Write the elliptic integral K 1 (K) in the form

Show that, as K - . 1-, the first integral -. In 2 while the second '" In [2/ (1 - K2 )1/ 2]. Hence K 1 (K) '"
In (4/IK'IJ, as in '''In. (12.3.34).
[Hint: In the second integral. subsrirute cos¢ = x.l
12.15. Using eqns (12.3.22) and (12.3.28) at T = T,.. show that the entropy of the two-dintensional
Ising model on a square lattice at its critical point is given by
Sc

2G

Nk

rr

1
2

- = - + -ln2 -

.j2Kc :::: 0.3065;

here, G is Catalan's constant which is approximately equal to 0.915966. Compare this result with
the ones follo",ing from the Bragg- Williams approximation and from the Bethe approxintation; see
Problem 11.15.
12.16. The spontaneous magnetization of a two-dimensional Ising model on a square lattice at
T < T e is given by eqn. (12.3.38a). Express this result in the form BIIIII(I + bil l +"'J, where B
and ~ are stated in eqn. (12.3.40) while b = (1 - 9K cI.j2) j K As usual. t = (T - Te)/ T e < 0 and
ItI « 1.
12.17. Apply the theory of Sec. 12.3 to a two-dimensional lattice gas and show that, at T = T e, the
quantity kTclP eve :::: 10.35.
12.18. Show that for the spherical model in one dintension the free energy at constant J,. is given by

Problems
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while J.. is determined by the constraint equation
1

IL 28 2

2(3..j(J..2 _ J2)

4(J.. - J)"

------+
In the absence of the field (8
given by

,=1.

= 0), J.. = J(1 + 4(32 J2) + /2(3;

the free energy at constant Jis then

12.19. Starting with expression (12.2.8) for the partition function of a one-dimensional n-vector
model, with J i = nJ' , show that
Lim - 1 In QN(nK) = -1 [ V / (4K 2
n.N -+oo liN
2

+ 1) -

1 -In { J(4K

2

+ 1) + 1 }]
2

,

where K = (3J '. Note that, apart from a constant term, this result is exactly the same as for the spherical
model; the difference arises from the fact that the present result is normalized to give Q,v = 1 when
K=O.
Hint: Use the asymptotic formulae (for v» 1)

rev) "" (2rr/ v)I /2( v/e)"
and
where
TJ = ..j(ZZ + 1) -In [( ..j(Z2 + 1) + 11/ z].

12.20. Show that the low·field susceptibility, xo, of the spherical model at T < Tc is given by the
asymptotic expression
xo "" (N IL2 / k8T ) . N1II6( T).

where 1IIo(T) is the spontaneous magnetization of the system; note that in the thermodynamic limit
•
the reduced susceptibility, k8Txo/NlL2, is infinite at all T < Te. Compare Problem 12.26.
12.21. In view of the fact that only those fluctuations whose length scale is large playa dominant
role in determining the nature of a phase transition, the quantity (J.. - ILk) in the expression for the
correlation function of the spherical model, see eqn. (12.4.57), may be replaced by

J..-ILk=J.. - JtcoS(kja)~ J
j =1

[¢+

2 2
k a ] ,

2

where ¢ = (A / J) - d . Show that this approximation leads to the same result for G (R) as we have in
eqn. (12.4.61), with the same I; as in eqn. (12.4.62).
For a similar reason, the quantity [exp (a + (3e) - 1] in Ihe correlation function (12.5.33) of the
ideal Bose gas may be replaced by
ea+{J< - I ~ a

+ (3e =

a

+ «(31I 2 / 2111 )k2 ,

leading to the same G(R) as in eqn. (12.5.35), with the same I; as in eqn. (12.5.36).9
12.22. Consider a spherical model whose spins interact through a long-range potential varying
as (a/ r)d+a (a > 0), r being the distance between two spins. This replaces the quantity (J.. - ILk) of
eqns (12.4.16) and (12.4.57) by an expression approximating J[¢ + (ka)a] for a < 2 and J[q, +
(ka) 2] for a > 2; note that the nearest-neighbor interaction corresponds to the limit a -;. 00 and
hence to the latter case.
Assuming a to be less than 2, show that the above system undergoes a phase transition at a finite
temperature T c for all d > a . Further show that the critical exponents for this model are

!

!

d - 2a
0' = - - d-a '

a

Y =--,
d-a
1
V=-- ,
d - a

TJ=2 - a

d+a
lJ= - - ,
d - a
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forq <d < 20, and
a=

O,

R_ 1

P-l '

~=3.

y=l.

I

v = -.
q

1j=2 - q

for d > 20.
12.23. Refer to Sec. 12.5 on the ideal Bose gas in d dimensions. and complete the steps leading 10
eqns (12.5.9)-(12.5.15) and (12.5.23).
12.24. Show that for an ideal Bose ga... in d dimensions and al T > Te

and

where /t( = kTlnz) is the chemicl:il JXltenlial of the gas while other symbols hl:ive the same meanings
as in Sec. 12.5. Note that these quantities satisfy the thermodynamic relationship

Also note thai. since P here equals (2U /d V), the quantities (8P/8T)v l:ind (fJ'lP/ BT2) /J 3re directly
JBT), respectively. Fin:llly. examine the singular behavior of these quan ·
proportional 10 C" l:ind
tities as T -4 T £' from above.
12.25. Show that for any given fluid

(ae"

and
Cv = V1"(oP/ oTls(oP/ oT)vKS .
where the various symbols have their usua] me<tnings. In the two-phase region, these formulae take
the fOfm
respectively. Using the last of these results, rederive eqn. (12.5.30) for
12.26. Show tluit for any given fluid

ell

at T < T£,.

where p(= N j V) is the particle density and IJ.- the chemical potential of the fluid . For the idea] Bose

gas at T < Te.
P=Po + P~ ::::::

kBT
VI'

--

~(d/2l

+ -).-,- .

Using these results, show that'O

note that ill the thermodynamic limit the reduced compressibility, k DTKT / 1!t is infinite at all T < T£"
Compare Problem 12.20.
12.27. Consider an ideal relativistic Bose gas composed of Nt particles and N z antiparticles, each
of rest mass mo. with occupation numbers

1
exp IP(e -

I'ill -

1

and

1
exp IP(s - I"ll - 1 .

respectively. and the energy spectrum E = C J(pz + m~c2). Since particles and antiparticles are
supposed to be created in pairs, Ihe system is constrained by the conservation of the number Q(=
NI - N z ). mther than of N, and Nz separately; accordingly, IJ.-I = -IJ.-z = 11. say.

NOles

41~

Set up the the
'.Iynamic functiom of this system in three dimensions and examine the onset of
Bose-Einstein c
~lsalion as T approache... a critical value, Te. determined by Ihe "number density"
Q/ V. Show thallhe nature of the singularity al T = T~ is such Ihat. regardless of the severity of the
relativistic effects, this system (aJls in the same universality class as Ihe nonrelalivistic one.

Notes
I Note Ihal, since T~ = 0 here, the assertion thai the free energy function", E: (A/NkT)-'"
(T - Tcf-« implies that, near T = Tc ill the present case, A ..... TJ-a; accordingly. Ihe specific heal
Co"'" T2-a . Comparison with expression (19a) would be inappropriate because Co, in Ihe limit T _ 0,
cannot be nonzero; Ihe result quoted in (19a) is an artifice of the mooel considered, which must
somehow be "subtraaed away", The next approximalion yields a result proportional to the first power
ill T, giving a = 1. For a p!rnllel silualion, see eqn. (12.4.35) for the spherical model (which pertains
to the case n = 00).
2 Note, however. that in order 10 calculate the field-dependent susceptibility, (aM jaB).r r. subjCd
to the spherical constraint (19). one must keep in mind the field dependence of ). whi1~ 'differenti
ating (20a).
3 We denote Boltzmann's constant by (he symbol ks so as to avoid confusion with the wave
number k.
4 Note that our definition of the function Wd(¢) differs slightly from the one adopted by Barber
and Fisher (1973); this diffcrence ari.-.es (rom Ihe fael Ihal our J is twice, and OUf ¢ is one-half, of
theirs.
5 This is reminiscent of a similar problem, and a similar all hoc solulion, encountered in thc study
of Dose-Einstein condensation in Sec. 7.1; sec also Sec. 12.5.
6 We equate thi." exponcnt with (1 +a) because jf Cy ......
thcn OCyjfH '" , - 0 - 1. We hastcn 10
add thatlhc critical exponent a should not be confused wilh the physical quantity denoted by the same
symbol, viz. a(= -Jnl), which was introduced jusl before eqns (16) and has been used Ihroughout
this seelion.
7 For a review of this theorem and other allied questions, see Griffiths (19n). pp. 84 - 89.
8 Values of n other than the ones appearing in Thble 12.1 are sometimes encountered. For instance,
ccrtain anliferromagnetic order - disorder transilions require for thcir de."cription an order parameter
with n = 4, 6 8 or 12; see Mukamel (1975), and Bak, Krinsky and Mukamcl (1976). Another example
of this is provided by Ihe superfluidity of liquid Be3 which Stems to require an order paramcter with
n = 18; see, for instance. Anderson (1984), and \t)l1hardt and Wolfle (19'Xl).
9 A comparison with the mean field resulls (11 . 11 .25, 26) brings oul a close similarity thai exists
between these models and the mean field piclure of a phase Iransition; for instance, they all share a
common critical exponent 11. which is zero. There are, however, significant differences; for one, the
correlation length ~ (or these models is dlaracterized by a critical exponent v which is noncllJ.'i...kai - in
the sense Ihal it is d-dependent whereas in thc mean field case it is independent of d.
10 111is remarkable relationship between the isothermal compressibility of a fimte-sized Bose gas
and the condcnsale density in the corresponding bulk system was first noticed by Singh and Palhria
(J987b).
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CHAPTER 13

PHASE TRANSITIONS: THE RENORMALIZATION
GROUP APPROACH

IN THIS chapter we propose to discuss what has turned out to be the most successful
approach to the problem of phase transitions. This approach is based on ideas first
propounded by Kadanoff (1966b) and subsequently developed by Wilson (1971)
and others into a powerful calculational tool. The main point of Kadanoffs argument is that, as the critical point of a system is approached, its correlation length
becomes exceedingly large-with the result that the sensitivity of the system to a
length transformation (or a change of scale, as one may call it) gets exceedingly
diminished. At the critical point itself, the correlation length becomes infinitely
large and with it the system becomes totally insensitive to such a transformation.
It is then conceivable that, if one is not too far removed from the critical point
(i.e. Itl, h « 1), the given system (with lattice constant a) may bear a close resemblance to a transformed system (with lattice constant a' = la, where I > 1, and
presumably modified parameters t' and h'), renormalized so that all distances in it
are measured in terms of the new lattice constant a'; clearly, the rescaled correlation length ~' (in units of a') would be one-lth of the original correlation length ~
(in units of a). This resemblance in respect of critical behavior is expected only
if ~' is also much larger than a', just as ~ was in comparison with a, which in
turn requires that I « (~/a); by implication, It'l, h' would also be « 1. These
considerations lead to a formulation similar to the one presented in Sec. 11.10,
with the difference that, while there we had to rely on a (scaling) hypothesis, here
we have a convincing argument based on the role played by correlations among
the microscopic constituents of the system which, in the vicinity of the critical
point, are so large-scale that they make all other length scales, including the one
that determines the structure of the lattice, essentially irrelevant. Unfortunately,
Kadanoff's approach did not provide a systematic means of deriving the critical
exponents or of constructing the scaling functions that appear in the formulation. Those deficiencies were remedied by Wilson by introducing the concept of
a renormalization group (RG) into the theory.
We propose to discuss Wilson's approach in Secs 13.3 and 13.4, but first we
present a formulation of scaling along the lines indicated above and follow it
with an exploration of simple examples of renormalization which pave the way
for establishing Wilson's theory. Finally, in Sec. I~'" we outline the theory of
finite-sizing scaling which too has benefitted greatlj Jm the RG approach.
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13.1. The conceptual basis of scaling
The scale change in a given system can be effected in sever<l) different ways,
the earliest one being due to Kadanoff who suggested that, when large-scale correlations prevail, the individual spins in the system may be grouped into "blocks of
spins", each block consisting of
original spins. and let each block play Ihe role
of a "single spin" in the transformed system; see Fig. 13.1, where a block-spin
transformation with I = 2 and d = 2 is shown. The spin variable of a block may be
denoted by the symbol a', which arises from the values of the individual spins in
the block, but a rule has to be established so that d too is either +1 or -1, just as

,d

the original ", were. 1 The transformed system then consists of N ' "spins", where

(1)
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(a)

(b)

FIG. 13.1. A block-spin transformation, with I = 2 and d = 2. The original lattice has
N(= 36) spins, the transformed olle has N ' (= 9); after rescaling, the laller looks Ver}'
much Ihe same as the former, especially in the limit N , N ' _ 00.

occupying a lattice structure with lattice constant a' = lao Tn order to preserye the
spatial density of the degrees of freedom in the system, all spatial distances must
be rescaled by the factor t, so that for any two "spins" in the transformed system
(2)

A second way of effecting a scale change is to write down the partition function
of the system,
Q=

L exp [-/lHN(a,}).

(3)

{ail

and carry ~
ummation over a subset of (N - N' ) spins, such that one is left with
a summatk,,", over the remaining N' spins. which can (hopefully) he expressed in
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a form similar to (3), namely
Q

=L

(4)

exp [-,8H N ,{a;}].

(a;l

If the desired passage, from expression (3) to (4), can be accomplished with some
degree of accuracy, we should expect a close resemblance between the critical
behavior of the original system represented by eqn. (3) and the transformed one
represented by (4); see Fig. 13.2, where an example of this procedure with I = ..12
and d = 2 is shown. We note that this procedure forms the very backbone of the
Wilson approach and is generally referred to as "decimation", though the fraction
of the spins removed, (N - N ' )/N, is rarely equal to 1/10. Other ways of effecting
a scale change will be mentioned later.

(a)

(b)

® SPINS SUMMED OVER
•

SPINS THAT REMAIN

fIG. 13.2. A scale transformation by "decimation", with I = ../2 and d = 2. The original lattice has N(= 36) spins, the transformed one has N'(= 18); the latter is yet to
be rescaled (and rotated through an angle 1£/ 4) so that it looks very much the same as the
former, especially in the limit N, N' ..... 00.

It is quite natural to expect that the free energy of the transformed system (or,
at least, that part of it which determines the critical behavior) is the same as that
of the original system. The singular parts of the free energy per spin of the two
systems should, therefore, be related as
(5)

so that
(6)
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Now, siner
th / and /' are small in magnitude, one may assume that they are
linearly rel~ ..... o,J. i.e.

l=fYtt,

(7)

where y,. as yet, is an unknown number. Similarly, one may assume that
h' = [Yhh.

(8)

with the resull that
(9)

y,.

the number Yh is also unknown at this stage of the game.
like
\Ve now assert that the function 1/I(S). which governs much of the critical behavior
of the system, is essentially insensitive to a change of scale; we should, therefore,
be able to eliminate the .scale factor I from expression (9). This essentially forces
liS to replace the variables (' and h' hy a single, I-independent variable

h'

I/' /" /Y,

=

h

I/IYhiY'

~.
1/1 6

=

say

(t>. =

Yyh,) ;

(10)

at the same time, it requires us to write
>/1(')(/'. h') =

1/'ld /Y',jJ(h'/1/'1 6 ).

(11)

I/l d / Y',jJ(h/1/1 6 );

(12)

leading to the identical result
>/1(')(/. h) =

note that, as of now, the function ;p is also unknown. 2 Comparing (12) with
eqn. (11.10.7). we readily identify the oTitical exponent a as

a = 2 - (dfy,);

(13)

mOre imJXJrtantly, the present considerations have led (0 the same scaled form
for the free energy density of the system as was hypothesized in Sec. 11.10. We
have thus raised the status of expression (11.10.7) from being a mere hYPOlhl:sis
to being a well-founded result whose conceptual basis lies in the prevalence of
large-scale correlations in the system. As in Sec. 11.10. we infer that the exponents
fJ. y and lJ are now given by
{J = 2 - a -

t>. =

(14)

(d - Yh)/Y,

Y = -(2 - a - 2t>.)

= (2Yh -

d)/y,

(15)

and

8 = t>./{J

= Yh/(d -

Yh).

(16)

As remarked earlier, the rescaled correlation length 1;' of the transformed system
and the original correlation length ~ of the given system are related as
(17)

At the same time. we expect I;' to be -

1/'1- ". just as ~ - 1/1- ". II follows that
(18)
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Comparing (17) and (18), we conclude that
(19)

v = l lYt
and hence, by (13),
dv = 2 -

(20)

0' .

We thus obtain not only a useful expression for the critical exponent v but also
the hyperscaling relation (11.12.15) on a basis far sounder than the one employed
in Sec. 11.12.
Finally we look at the correlation functions of the two systems. At the critical
point we expect that for the transformed system
g(r\, r'2) = (cr'(r\)a'(r'2 )} ~ (r' )- (d-2+1]) ,

(21)

just as for the original system
g(r}, r2) = (a(rda(rz») ~ r -(d-2+1]).

(22)

In order that eqns (21) and (22) be mutually compatible, we must rescale the spin
variables such that
a ' (r' ) = l (d-2+1Jl/2 a (r).
(23)
As for

'f},

we may use the scaling relation y = (2 'f}

'f})v,

to get

= d + 2-2Yh .

(24)

13.2. Some simple examples of renormalization
A. The Ising model in one dimension
We start with the partition function (12.1.3a) of a closed Ising chain consisting
of N spins, viz.
QN(B.T)= Lexp
lUi)

[f.

{Ko

+ Klaiai+J +!K2(ai +CTi+I)}]

i=1

(Ko = 0, K l =

W, K2

= fhl-B);

(1)

the parameter Ko has been introduced here for reasons that will become clear in
the sequel. For simplicity, we assume N to be even and carry out summation in
(1) over all ai for which i is even, i.e. over az. a4 . .. .; see Fig. 13.3. Writing the
summand in (1) as
N

II exp {Ko --'- KlaWi+I + !K2 (ai + ai+1)}
;=1

!N
2

=

II exp { 2Ko + K l (a2j - la2j + a2jCT2j+l )
j=1

(2)

Some Simple Examples of Renormalizatioll
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N-3
5

2

1

FIG. 13.3. A closed Ising chain to be '"decimated" by carrying out summations over al. a~ • ....

the summations over a2j(= +1 or - 1) can be carried out straightforwardly, with
the result

j =1
(3)

Denoting alj-I by aj, the partition function QN assumes the form

!N
2

QN(B, T) =

LIT exp (2Ko) . 2 cosh {KI (aj + aj+l) + K 2)
{a'.} j=1
}

. expHK 2 (aj

+ aj+I>}'

(4)

The crucial step now consists in expressing (4) in a form similar to (1), viz.
QN(B. T) =

L exp
la'.}

[t {K~

+

K~ajaj+I + ~K;(aj + aJ+ I ) }].

(5)

j=1

}

This requires that, for all choices of the variables

aj and aJ+ I ,

I I +:2I K'2 (a'j + aj+I
I)}
exp {K '0 + K'lapj+1

I
'
Th e vanous
ch'
OIces b'
emg a '
j = aj+l
±1, we obtain from (6)

exp(K~

+ K 'I +

exp(K~

+ K~

= +1,

a jI

= aj+l = -1
I

an d a j/

= -uj + 1 =

+ K 2 )· 2 cosh (2K I + K 2 ) .

(7a)

- K;) = exp(2Ko - K 2 )· 2 cosh (2KI - K 2 )

(7b)

K;) = exp(2Ko

and
exp (K~ - K 'I ) = exp (2K o)' 2coshK 2 .

(7c)

Solving for

K~, K~

and K 2, we get

eKO = 2ezKO(cosh (2K 1+ K2) cosh (2KI - K2)cosh 2 K2}1/4,

(8a)

eK~ = (cosh (2K 1 + Kz)cosh (2K 1

(8b)

-

K2)/ cosh 2 K2}1/4

and
(Bc)

We may now remark on the need to have the parameter K 0 included in expression (1) and, accordingly, K~ in (5). Since we end up having three eqns (7a), (7b)
and (7c), to determine the parameters appropriate to the transformed system, the
problem could not be solved with K I and K 2 only; thus, even if K 0 were set equal
to zero, a K~ I- 0 is essential for a proper representation of the transformed system.
To highlight the role played by this parameter in determining the free energy of
the given system, we observe on the basis of eqns (1) and (5) that, with Ko = 0,
(9)

and hence for the free energy (in units of kT)
AN(KJ, K2) = -N'K~ +AN, (K~, K;).

(10)

Since N' = 4N, we obtain for the free energy per spin the recurrence relation
(11)
which relates the free energy per spin of the given system with that of the transformed system; the role played by K~ is clearly significant. For example, in the
limit T ---+ 00, when (K J, K 2 ) and along with them (K~, K;) tend to zero, eqns (8)
and (11) give
(12)
1(0,0) = -K~ = -ln2,
which is indeed the correct result (arising from the limiting value of the entropy,
Nk In 2, of the system).
We note that the parameter Ko does not appear in eqns (8b) and (Be) which
determine Ki and K; in terms of K 1 and K 2 • As will be seen in Secs 13.3 and
13.4, it is these two relations that determine the singular part of the free energy of
the system and hence its critical behavior; the parameters Ko and K~ affect only
the regular part of the free energy and hence play no direct role in determining the
critical behavior of the system. We might hasten to add that, while renormalization
is generally used as a technique for studying the properties of a given system in
the vicinity of its critical point, it can be useful over a much broader range of the
variables K I and K2 . For instance, in the absence of the field (K2 = 0), eqns (8)
and (11) give

K~

= In (2J[cosh (2K d]).

=0

(13)

= -! In (2J[cosh (2KdlJ + U(ln J[cosh (2Kd]. 0);

(14)

K;

= In J[cosh (2K d].

K;

and hence
I(K\. 0)

.4 hZ]
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the functional

1.

(14) has the solution
f(K 1 , 0)

=

-In (2coshKt>,

(15)

valid al all K I. On the other hand, in the paramagnetic case (K 1 = 0), we get
(16)

and hence
f(O, K2) = -~ In (2 cosh K2)

+ !f(O, K2),

(17)

with the solution
f(O, K2) = -In (2coshK 2 ),

(18)

valid al all K 2. The case when both K 1 and K 2 are present is left as an exercise for
the reader; see Problem 13.2. The critical behavior of this system will be studied
in Sec. 13.4.
B. The spherical model ill olle dimellSioll

We adopt the same topology as in Fig. 13.3 and write down the partition function
of the one-dimensional spherical model consisting of N spins, see eqn. (12.4.12a),
QN

=

J.~. J

exp [[; {Ko

+ K1ajaj+l + Kzaj

-

Aat}]

dal ··· daN

- 00

(Ko

= 0, K 1 = {Jl, Kz =

{JpB, A

= (JA),

(19)

where A is chosen so that

(tal) = - a~

InQN

= N;

(20)

1=1

see eqns (12.4.9) and (12.4.13). Assuming N to be even, we carry out integrations
over az, a4, .... For this, we write our integrand as
N

II exp {Ko + K1ajaj+l + Kzaj -

Aa;}

j=1

!N
2

= II exp {2K o + K 1 (aZj- 1aZj + aZjaZj+ .)
j=1

(21)

and integrate over a2j. using the formula
(22)
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(23 )

Denoting a2j -l by
QN =

J.~. J

oj, expression (19) may be written in the renormalized form

exp

-00

[f {K~

+ K~ ajaj+l + K ; aj

- A' a j2 }] da; ...

da,~"

)=1

(24)
where

(IT) + 2Ko+ 4A
K~
'

,
1
Ko = 2 1n A

, KI

K -1 - 2A '

A'=A-

and, of course, N'

= ! N . It follows

that, with Ko

(2Sa, b)

K2

(2Sc, d)

_1

2A

= 0,

QN(Kl , Kz, A) = eN'K~ QN' (K~. K ;. A')

(26)

and hence for the free energy per spin (in units of kT) we have the recurrence
relation
(27)
The critical behavior of this system will be studied in Sec. 13.4. Presently we
would like to demonstrate how the free energy of the system, over a broad range
of the variables Kl and K2, can be determined by using the recurrence relation
(27) along with the transformation eqns (25).
First of all we identify lWO invariants of the transformation. viz.
(28a)

and
(28b)
It turns out that precisely these combinations appear in the constraint equation of
the system as well; see Problem 12.18. It follows that the constraint eqn. (20) is

RG-invariant, i.e. once it is satisfied in the original system, its counterpart

(ta

jZ ) =N'

(29)

J=l

is automatically satisfied in the transformed system-without any need to rescale
the spin variables.3 Now, in the absence of the field (K2 = 0), eqns (25) and
(27) give

(IT) '

,
1
K o = 2 1n A

, Ki
K =-,
1

2A

/\ ' =A -

KZ
2A

_ 1

(30)
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and hence
(31)
The functional eqn. (31) has the solution

1 [11.
f(K], 11.) = -In

2

Ki)] ,

+ V(1I. 2 -

2IT

(32)

valid at all K 1; the appropriate value of 11. is given by the constraint equation
that is

A=

Note that the invariant (28a) in this case is equal to
paramagnetic case (K 1 = 0), we get
K , = -1 In

o

2

1

2:

v +4Kt).
(l

!. On the other hand, in the

(IT)
K~
- +11.

A' = 11.

411. '

and hence
f(K2, 11.) =

-41 1n (IT)
11.

K~

- 811.

with the solution
f(K 2 , 11.) =

1
+ 2f(K2,
11.),

IT) -

1

- 2 1n (A

(33)

K~

4A'

(34)

(35)

(36)

valid at all K2; the appropriate value of 11. is now given by
that

.

IS

11. =

V(l+4K~)+ 1
.
4

(37)

The case when both K 1 and K 2 are present is left as an exercise for the reader;
see Problem 13.3.
C. The Ising model in two dimensions

As our third example of renormalization, we consider an Ising model on a square
lattice in two dimensions. In the absence of the field, the partition function of this
system is given by
QN(T) = Lexp
la; )

{LKai(Jj} (K = {3J) ,

(38)

D.D.

where the summation in the exponent goes over all nearest-neighbor pairs of spins
in the lattice ·riting the summand in (38) as a product of factors pertaining to
different pair;" Jf spins, we may highlight those factors that contain a particular
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spin, say as , and carry out summation over this spin (see Fig. 13.4):

L II ···
os=±l

=

0
,!COZ 5 • e K0405 • eKr15r16 •

,!C05"g .. .

(39)

ll .1l.

II'... r2eosh

K (a2

+ a4 + a6 + a s)] ··· .

(40)

n.n.

0

•
0

•

0

•

7

8

9

0

•

0

4

5

6

•

0

•

1

2

3

0

•
0

•

0

•

0

•

o

•

o

•

o

FIG. 13.4. A section of the two-dimensional Ising lattice. The summed-over spins are
denoted by open circles, the remaining ones by solid du~. We cun(.-enlrate un summation
over

Uj _

where the primed product goes over the remaining nearest-neighbor pairs in the
lattice. This procedure of summation is supposed to be continued till one-half of
the spins, shown as open circles in Fig. 13.4, are all summed over. Clearly, this
will generate a host of factors of the type shown in expression (40) but the real task
now is to express these factors in a form similar, or at least as close as possible,
to the factors appearing in the original expression (38); moreover, this mode of
expression should be valid for all possible values of the remaining spins, namely
a2 , a4 • .. . =

± l.

For the factor explicitly displayed in (40), there are 16 possible values for the
spins involved, of which only 4 tum out to be non-equivalent; they are

= a4 = a6 = as .
= a4 = a6 = -aH,
a2 = a4 = -a6 = -as.
a2 = -a4 = -a6 = a8·

(i) a2
(ii) a2
(iii)

(iv)

(41a)
(41b)
(41c)
(41d)

However, even 4 are too many to accommodate by a factor of the form
exp fA+ B(a2a4 + a Za6 + a4aS + a6aS)} •
which contains only nearest-neighbor interactions in the transformed lattice and
hence only two parameters to choose. Clearly, we need two more degrees of
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t turns out that these are provided by the next-nearest-neighbor
interactions .....J by interactions among a quartet of spins sitling on the corners of
freedom, ar

an elementary square in the new lattice. Thus, we are obliged to set

2 cosh K

(0"2

+ 0"4 + 0"6 + 0"8) =

exp

{Ko + !K' (UZ0"4 + 0"20"6 + U40"g +

(X60"g)

+L'("2'" + "'''.) + M'U2<1,<16U.};

(42)

!

the reason why we have written K', rather than K'. will become clear shortly.
Now, the four possibilities listed above require that

2cosh4K = exp (Ko + 2K' + 2L' + M' ),

(43.)

2 cosh 2K = exp (Ko - M'),

(43b)

2 = exp (Ko - 2L' + M'J,

(43c)

2 = exp (Ko - 2K' + 2L' + M ' ).

(43d)

KO =

In2+ ~ Incosh2K + ~ Incosh4K.

(44)

K' =

i Incosh4K.

(45)

L' = ~ Incosh4K.

(46)

with the result that

M' = ~ In cosh 4K - ~ In cosh 2K.
Continuing the process, we find that Ihe factor exp

(47)

(4 K'"2(4) appears once again

when summation over"t is carried out, the factor exp UK'U206) appears once
again when summation over (J3 is carried out, and so on; no further factors
involving the products U2US, (14(J6 and (12U4U6US appear. The net result is that
the partition function (38) assumes the form

QN = eN",

~ exp {K' ~ "]<1; H ' "~. <1]<1; + M' ~ U]<1;";"~'} ,

(48)

J

where N' = !N.
Clearly, we have not been able to establish an exact correspondence between
the transformed system and the original one (in which no interactions other than
the nearest-neighbor ones were present). It seems more reasonable now that we
redefine the original system as one having all the interactions appearing in expres-

sion (48), but with L = M = O. We may then write
(49)

HOd hence for the free energy per spin (in units of kT)

f(K, 0, 0) = - !Ko

+ !fCK' , L', M'),

(50)

where K~, K', L' and M' are given by eqns (44)-(47). In view of the appearance
of new parameters, L' and M', in the recurrence relation (50). no further progress
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can be made without introducing some sort of an approximation, for which see
Sec. 13.4. But one thing is clear: when renormalization is carried out in dimensions two or more, the connectivity of the lattice requires that the Hamiltonian
of the decimated system contain some higher-order interactions not present in
the original system, in order that the latter be represented correctly on transformation. It is obvious that further renormalizations would require more and more
such interactions, and hence the need for more and more parameters would grow
without limit. It may then be advisable that the Hamiltonian of the given system
be regarded as a function of an "infinitely large number of parameters" (all but
a few of which are zero to begin with), such that the number of parameters with
a nonzero value grows indefinitely as renormalization transformations are carried
out in succession and the number of degrees of freedom of the system steadily
reduced.
We now present a formulation of the renormalization group approach to the
study of critical phenomena.

13.3. The renormalization group: general formulation
We start with a system whose Hamiltonian depends on a large number of parameters K 1• K2 .... (all but a few of which are zero to begin with) and on the spin
configuration {a;} of the lattice. The free energy of the system is then given by
exp (-,8A) =

L exp [-,8H (a;) ({Ka })]

Ct

= 1.2, ....

(1)

(a;)

We now effect a "decimation" of the system which reduces the number of degrees
of freedom from N to N' and the correlation length from ~ to ~', such that
(2a, b)

Expressing the Hamiltonian of the transformed system in a form similar to the one
for the original system, except that we now have new parameters K~, along with
the additional K a, and new spins aj, eqn. (1) takes the form
exp(-,8A) =

exp(N'K~) Lexp [-,8H(ajl({K~})]

,

(3)

(ujl

so that the free energy per spin (in units of ,8- 1) is given by
f({Ka}) =

[-d

[-K~

+ f({K~})]

.

(4)

We now look closely at the transformation (Kal -+ (K~) by introducing a vector
space .K in which the set of parameters K a is represented by the tip of a position
vector K; on transformation, K changes to K', which may be looked upon as a
kind of "flow from one position in the vector space to another". This flow may be
represented by the transformation equation

K ' = £7A[(K),

(5)

where .;n[ is the renormalization-group operator app~ ·ate to the case under
consideration. A repeated application of this process leao" (0 a sequence of vectors
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K ' ,K" , ... , such that
K(n) = 02[(K(n-l» = ... = 02i (K(O»

n = 0, 1,2, ... ,

(6)

where K(O) denotes the original K. At the end of this sequence, the correlation
length I; and the singular part of the free energy f s are given by
f~n) =

I;(n) = l-nl;(O),

lnd f~O);

(7a, b)

see eqns (2b) and (4).
Now, the transformation (5) may have a fixed point, K*, so that
02[(K*) = K*.

(8)

Equation (2b) then tells us that 1;(K*) = l-ll;(K*), which means that I;(K*) is
either zero or infinite! The former possibility is of little interest to us, so let us
dwell only on the latter (which makes the system with parameters K = K* critical);
in simple situations, the fixed point, K*, will correspond to the critical point, Kc, of
the given system. Conceivably, an arbitrary point K, on successive transformations
such as (6), may end up at the fixed point K *. Since the correlation length I; can
only decrease on transformation, see eqn. (7a), and is infinite at the end of this
sequence of transformations, it must be infinite at K as well (the same being
true for all points intermediate between K and K*). The collection of all those
points which, on successive transformations, flow into the fixed point, constitutes
a surface all over which I; is infinite; this surface is generally referred to as the
critical surface. All flow lines in this surface are directed towards, and terminate
at, the fixed point, while points off this surface may initially move towards the
fixed point but eventually their flow lines veer away from it; see Fig. 13.5. Reasons
behind this pattern of flow will become clear soon.
For the analysis of the critical behavior we examine the pattern of flow in the
neighborhood of the fixed point K*.4 Setting
K=K*+k,

(9)

we have by eqns (5) and (8)
K' = K*

+ k' =

02[(K*

+ k) =

K*

+ 02[(k) ,

(10)

so that
k ' = 02[(k) .

Assuming {ka }, and hence

{k~},

(11)

to be small, we may linearize eqn. (11) to write

k ' = ~c:{tk,

(-12)

where sIt is a matrix arising from the linearization of the operator ~/i[ around
the fixed point K*. The eigenvalues Ai and the eigenvectors tP, of the matrix s'it
playa vital role in determining the critical behavior of the system.
If the vectors tPi form a complete set, we may expand k and k ' in terms of tPi,

k =
with the res" " that
I

L UitPi ,

u; = Ai Ui

k' =

L U;tPi,

i = I, 2, ... ;

(13a,b)

(14)
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the coefficients Uj appearing here are generally referred to as the scaling fields
of the problem. Under successive transformations (all in the neighborhood of the
fixed poinl). these fields are given by
(15)

11 is obvious that the fields Uj are certain linear combinations of the original parameters ka ; they may, therefore, be looked upon as the "generalized coordinates"
of the problem. The relative influence of these coordinates in determining the
critical behavior of the system depends crucially on the respective eigenvalues Aj.
With
given by (15), we have three possible courses for a given coordinate Uj.

lit)

(a) If Ai > I, the coordinate Itj grows with n and. with successive transformations, becomes more and more significant. Clearly, lIj in this case is a
relevalll variable which, by itself. drives the system away from the fixed
point- thus making the fixed point unstable. By experience, we know that the
temperature parameter t[= (T - T,)/T,) and the magnelie field parameter
11[= J.l.B/kTc1 are two basic quantities that vanish at the critical point and
are clearly relevant to the problem of phase transitions. We therefore expect
that our analysis will produce at least two relevant variables, lil and 1I2 say,
which could be identified with t and II, respectively, so that
"l

= at + 0(12),

"2

with both Al and A2 greater than unity.

= bh + 0(,,2),

(16, 17)

§ 13.3]

The Renormalization Group: General Formulation

429

(b) If A, < 1, the coordinate Ui decays with n and, with successive
transformations, becomes less and less significant. Clearly, Ui in this case is
an irrelevant variable which, by itself, drives the system towards the fixed
point. Now, if all the relevant variables are set at zero, then successive
transformations (by virtue of the irrelevant variables) will drive the system
to the fixed point. We must then be cruising on the critical sudace itself
(where all trajectories are known to flow into the fixed point). It follows
that on the critical .s udace all relevant variables of the problem are zero;
furthermore, the divergence of the correlation length is also tied to the
same fact .
(c) (f Ai = 1, the coordinate Ui, in the linear approximation, stays constant;
it neither grows nor decays very rapidly unless one enters the nonlinear,
beyond-scaling, regime of the variable U" Quite appropriately, Ui in this
case is termed a marginal variable; it does not affect the critical behavior of
the system as significantly as a relevant variable does, but it may throw in
logarithmic factors along with the conventional power laws. The ability to
identify such variables and to predict the consequent departures from simple
power-law scaling is one of the added virtues of the RG approach.
The above considerations enable us to understand the pattern of flow shown in
Fig. 13.5. While the points on the critical sudace flow into the fixed point, those
off this sudace flow towards the fixed point by virtue of the irrelevant variables
and, at the same time. away from it by virtue of the relevant variables; the net
result is an initial approach towards but a final recession away from the fixed
point. Points close to the fixed point and in directions "orthogonal" to the critical
sudace have only relevant variables to contend with, so right away they move
away from the fixed point. It is this part of the flow that determines the critical
behavior of the given system.
Disregarding the irrelevant variables, we now examine the manner in which the
correlation length. ~, and the (singular part of the) free energy, I s, of the system
are affected by the transformation (15). In view of eqns (7), we have
(18)
and
(19)

Identifying Ul with t, as in (16), and remembering the definition of the critical
exponent v, we obtain from (18)
(20)

with the result that

v

= Inl/ lnAJ.

(21)

At first sight one might wonder why v should depend on t. In fact, it doesn't
because of the following argument. On physical grounds we expect that two
successive transformations with scale factors II and 12 would be equivalent to
a single transformation with scale factor 1112 , Le. s
(22)
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This forces the eigenvalues l i to he of the form p i , for
l~i l;i = (/}i 2 »)'i .

(23)

v = 1/ y,.

(24)

Relation (21) then hecomes
manifestly independent of I.
Equation (19) may now be written as

( II • . . . ) -- J-nal s (In 'l t. /nY'h . . .. ).
I st.

(25)

To ensure that the above relationship is independent of the choice of I , we follow
the same line of argument as in Sec. 13.1, an~r eqn. (13.1.9), with lhe result
t:,.
I,(t. 11 ....) = It Idv1,(I1/
ltl ....).

(26)

where
l!. =

(27)

)'2/)'1,

Equation (26) is formally the same as the scaling relationship po...;;tulated in
Sec. 11.10 and, one might say. argued out in Sec. 13.1. The hig difference here is
that not only has this relationship been derived on a firmer basis but now we also
have a recipe for evaluating the critical exponents v. f::J., etc. from first principles.
What one has to do in this approach is to determine [he RG operator .?J?l for the
given problem, linearize it around the appropriate fixed JXlml K"' , determine the
eigenvalucs ).,i(= Pi) and use cqns (24) and (27) to evaluate 1J and D.. At the same
time, recalling the definition of the critical exponent (1, we infer from (20) that
2-

(1

= dv;

(28)

the remaining exponents folluw with the help of the scaling relations
{J

= (2 -

a) -l!..

y

= 2l!. -

(2 - aJ.

/j

= l!./{J.

~

=2-

(y/ v).

(29)

We find that the hyperscaling relation (28) is an integral part of the RG formulation; it comes out naturally-with no external imposition whatsoever. It is, however,
disconcerting that, according to the above argument, this relation should hold for
all d-notwithstanding the fact that, for d > 4, all critical exponents are "stuck"
at the mean field values and the relation (28) gets replaced by
2-

Ct

= 4v

(d > 4).

(30)

with QI = 0 and v = ~. The reason for this peculiar behavior is somewhat subtle; it
arises from the fact thai in certain situations an "irrelevant variable" may well raise
its "dangerous" head amI affect the outcome of a calculation in a rather significant
manner. To see how this happens, we may consider a continuous spin model, very
much like the one considered in Sec. 12.4, with the probability distribution law
(31)

d . eqn. (12.4.1). The free energy of the system then depends on the parameter
as well as on t and h, and we obtain instead of (25)

u

(32)
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Now, using the RG approach, one finds (see Fisher, 1983; Appendix D) that, for
d> 4,
Yl = 2, Y2 = d + I, Y3 = 4 - d,
(33)

!

u

showing very clearly that, for d > 4, the parameter is an irrelevant variable. One
is, therefore, tempted to ignore and arrive at eqn. (26), with

u

v =!

f1 = (d

and

+ 2)/4.

(34)

The very fact that f1 turns out to be d-dependent shows that there is something
wrong here. It turns out that though, on successive transformations, the variable ii
does tend to zero, its influence on the function f s does not. It may, therefore, be
prudent to write
(35)

where

Y3
4-d
¢ = - = -.
Yl
2

(36)

Now, by analysis, one finds that
Limfs(v , w)

~

U'--+ O

1
lr
- F( uw -),

(37)

h'

where F(VI\'I / 2) is a perfectly well-behaved function. The singularity of
changes the picture altogether, and we get in the desired limit
f sCt ,Iz, ii)

~ Itldl'+</> F

(hl1t IM !</> ) .

Js

in

II·

(38)

The "revised" val ue of f1 now is

d+2
4-d
3
+ -- = - ,
442

f1 rev = - -

which is indeed independent of d and agrees with the corresponding mean field
value. At the same time, the "revised" form of the hyperscaling relation now is
2-

d

Q'

= -

2

4-d

+ -2

= 2.

(39)

as stated in (30).
The lesson to be learnt here is that the standard derivations of the scaling
relations rest on assumptions, often left unstated, about the nonsingular or nonvanishing behavior of various scaling functions and their arguments. In many
cases these assumptions are valid and may even be confirmed by explicit calculations or otherwise; in certain circumstances, however, they fail - in which case
a scaling relation may change its form . Fortunately, such circumstances are not
too common.

13.4. Applications of the renormalization group
We start

Oll

.msiderations with the models examined in Sec. 13.2.
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A. The Ising model in one dimen"

'I

The renormalization group transformation in this case is given by eqns (13.2.8b
and c), viz.

+ Kz)cosh (2K 1 -

K; = lIn [cosh (2K1

K2)] -

! IncoshK

2

(la)

and

+! In [cosh (2K1 + Kz)/ cosh (2K 1 - K2)] ,
(lb)
= J /kT and Kz = J-LB/kT. It is straightforward to see that this transforK~ = Kz

where KJ
mation has a "line of trivial fixed points", with Kl = 0 and K2 arbitrary. These
fixed points pertain to either J = 0 or T = 00; in either case, one has a correlation length that vanishes. There is also a nontrivial fixed point at K 1 = 00 and
K 2 = 0, which may be realized by first setting B = 0 and then letting T ~ 0; the
correlation length at this fixed point will be infinite. In the vicinity of this point,
we have
(lab)

Now, since Kj = 00, K J is not an appropriate variable to carry out an expansion
around the fixed point. We may instead adopt a new variable, see eqn. (12.1.17),
namely
(3)
t=exp(-pKl) (p > 0).
so that t* = 0; now, in the vicinity of the fixed point, we have
t' :::= 2 P/ 2 t .

(4)

Identifying K2 as the variable h, and remembering that the scale factor I here is
2, we readily obtain from eqns (2b) and (4)
Yl

= p/2, n = 1.

(5)

The critical exponents of the model follow straightforwardly from (5); we get
v=

2/ p,

t1 =

2/ p,

(6)

whence, see eqns (13.3.28 and 29),
a = 2 - 2/ p,

f3

= 0,

y = 2/ p,

[; =

00 ,

T)

= 1,

(7)

in complete agreement with the results found in Sec. 12.1. As for the choice of
p, see remarks following eqn. (12.2.21).

B. The spherical model in one dimension

The RG transformation in this case is given by eqns (13.2.25b, c and d), viz.

K' _ Ki
1 -

211.'

(8a, b, c)

where Kl = J /kT , K2 = J-LB/kT and A = A/kT, A being the "spherical field" that
enabled us to take care of the constraint on the model. The nontrivial fixed point is
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again at T = 9 'vhere A = J [see eqn. (12.4.24), with d = 1] and hence 11.
Equations (8)
1 reduce to the linearized form (valid for small T)
!

A' ~
A
1\ 21\.

~ IK 1,
K '1 -:2

= K I.

(9a, b, c)

Equations (9a) and (9c) contain essentially the same information, viz. T' ~ 2T.
Clearly, T itself is a good variable for expansion in this case-giving YI = 1.
Equation (9b), just like (2b), gives Y2 = 1, and we obtain
II

=

1,

l:!.

=

(10)

1,

whence

ex

= 1,

fJ = 0,

y

=

1,

8 = 00,

1)

= 1,

(11)

in complete agreement with the results for one-dimensional models with n ::: 2,
as quoted in eqn. (12.2.20).

C. The Ising model ill two dimensions
The RG transformation in this case is given by eqns (13.2.45 - 47), viz.

K' = ~ Incosh4K,

(12)

L' = AIn cosh 4K

(13)

and
M'

= AIn cosh 4K -

! Incosh2K.

(14)

It will be recalled that, in effecting this transformation, we started only with
nearest-neighbor interactions (characterized by the parameter K = f3J) but, due to
the connectivity of the lattice, ended up with more, viz. the next-nearest-neighbor
interactions (characterized by L') and the four-spin interactions (characterized by
M'), in addition to the nearest-neighbor interactions (characterized by K'). On
subsequent transformations, still higher-order interactions come into the picture
and the problem becomes formidable unless some approximations are introduced.
In one such approximation, due originally to Wilson (1975), we discard all interactions other than the ones represented by the parameters K and L, and at the
same time assume K and L to be small enough so that eqns (12) and (13) reduce
to
(15a, b)

Now, if the parameter L had been introduced right in the beginning, the transformation equations in the same approximation would have been
(16a,b)
We shall treat eqns (16) as if they were the exact transformation equations of the
problem and see what they lead to.
It is straightforward to see that the transformation (16) has a nontrivial fixed
point at
K* !
L* !
(17)
- 3'
- 9·
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Linearizing around the fixed point, we get

k~

= ~kl + k2 ,

= ~kl'

k;

(18)

where kl and k2 represent deviations of the parameters K and L from the fixed-point
values K* and L*, respectively. The transformation matrix -I? of eqn. (13.3.12)
is thus given by

r{* -_( ~2

(19)

~';j2

3

whose eigenvalues are
(20a, b)
and whose eigenvectors are
(21a. b)
The scaling fields
sion, gives

Ui

are then determined by eqn. (13.3. 13 a) which, on inver(22a, b)

Clearly, the field Ur, with Al > 1, is the relevant variable of the problem, while
the field U2 is irrelevant. The "critical curve" in the (K , L)-plane is determined
by the condition Ul = 0, while the linear part of this curve, in the vicinity of the
fixed point (u = 0), is mapped by the relation (22a). In terms of the variables kl
and k2 , this segment of the critical curve is given by the equation
.J1O+2
3

k1 .

(23)

which represents a straight line of slope -1.7208; see Fig. 13.6.
To determine the physical critical point of this model we have to locate on the
critical curve a point with L = 0, for the original problem had no interactions other
than the one represented by the parameter K; the corresponding value of K would
be our K ef' This requires a mapping of the critical curve right up to the K-axis.
While this has been done numerically (Wilson, 1975), a crude estimate of Kc can
be made by simply extending the straight-line segment (23) down to the desired
limit. One thus obtains7
1
K(, = 3

+

3
4 + v'1O
=
= 0.3979.
9 v'1O + 2
18
.
1

(24)

which may be compared with the exact result found in Sec. 12.3. viz. 0.4407.
Another quantity that can be estimated here is the critical exponent v. From
eqns (13.3.21) and (20a), one obtains

v=

In.J2
In [(2 + .J1O)/3]

= 0.6385,

(25)
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L

0.2

0.1

0.0

FIG. 13.6. A section of the critical curve for the two-dimensional Ising model near
the nontrivial fixed point (K* = j , L ' =
Points on the critical curve flow into the
fixed point, while those off it flow away towards the trivial fixed point (K* = L' = 0) or
(K * = L* = ::>0).

b).

which may be compared with the exact value 1. Although a comparison of the
results obtained here with the ones following from exact analysis is not very
flattering, the basic merits of the RG approach are quite obvious.
One important aspect of critical phenomena. viz. their universality over a large
class of systems, is manifest even in this simple example. Imagine, for instance,
that in the case of the given system a next-nearest-neighbor interaction Lo were
indeed present. Our approximate treatment would then lead to the same fixed point
and the same critical curve as above, but our physical critical point would now
be given by that "point on the critical curve whose L-value is Lo"; we may denote
this critical point by KcCLo ). As for the critical behavior, it will still be determined
by an expansion around the fixed point, for that is where the "relevant part" of
the flow is; see again Fig. 13.6. Clearly, the critical behavior of the given system,
insofar as exponents are concerned, will be the same, regardless of the actual value
of La. And, by extension, the same will be true of any two systems which have the
same basic topology but differ only in the details of the spin-spin interactions.
As for the accuracy of thc results obtained, improvements are needed in several
important respects. First of all, the exclusion of all interaction parameters other than
K and L constitutes a rather inadequate approximation; one should at least include
the four-spin interaction. represented by the parameter M. and may possibly ignore
the ones that appear on successive transformations. Next, the assumption that the
parameters K and L are small is also unjustified-especially for K; this makes
a numerical approach to the problem rather essential. Thirdly, we disregarded
the renormalization of the spins, from the original a (r) to a ' (r' ), as required by
eqn. (13.1.23); in the present problem, this would amount to introducing a factor
In thc actual treatment, one may have
of (-J2)~/2 , i.c. 2 1/ 16 , for YJ here is
to introduce an unknown parameter, p, and determine its "true" value by analysis

±.
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(see Wilson, 1975). Highly sophisticated procedures ha"p been developed over the
years to accommodate (or circumvent) these problems,
iing to very accurate- in
fact, almost exact-results for the model under considerations. For details, see the
review article by Niemeijer and van Leeuwen (1976), where references to other
pertinent literature on the subject can also be found .8

D. The t:-expansion
Application of the RG approach to systems in higher dimensions, viz. with
d > 2, presents serious mathematical difficulties. One is then forced to resort to
approximation procedures such as the t:-expansion, first introduced by Wilson
(1972); see also Wilson and Fisher (1972). This procedure was inspired by the
observation that the field-theoretic calculations of the RG formulation become
especially simple as the upper critical dimension, d = 4, is approached; it therefore
seemed desirable to introduce a parameter t: (= 4 - d) and carry out expansions of
the various quantities of interest around t: = O. The model adopted for these calculations was the same as the one referred to in Sec. 13.3, namely the continuous,
n-vcctor spin model, with the probability distribution given by eqn. (13.3.31).9
An important advantage of using continuous spins u(r) (= 0 (/1) (r), It = 1, . .. , n },
with - 00 < u (/1 ) < 00, is that one can introduce Fourier transforms u(q) and
make use of the "momentum shell integration" technique of Wilson (1971). The
parameters of interest now are (see Fisher, 1983)
r

=

T - To
2

ToRo

to

(26a, b)

= Ro
2'

and, of course, the magnetic field parameter h; here, To denotes the mean-field
critical temperature qJ /k (q being the coordination number), Ro is a measure of the
range of interactions, a the lattice constant whereas is the real-space parameter
appearing in eqn. (13.3.31). The transformation equations, with a scale factor I,
turn out to be

u

r' = [2r
u' = (1

+ 4(12 - 1)c(n + 2)u -

+ t:ln/)u -

(n

[21n I(n

+ 2)(2Jr2)- 1TIl ,

+ 8) In/(2]12)- lu 2 ,

(27a)
(27b)

and

h' = 1\1 - iEln/)h,

(27c)

correct to the orders displayed; the parameter c in eqn. (27a) is related to a cut-off
in the momentum space which, in turn, is a reflection of the underlying lattice
structure.
Transformation (27) has two fixed points- the so-called GallsslQn fixed
point, with
(28)
r * =u * = h* =0,
and a nOll-Gaussian fixed point, with

8]12c(n + 2)
r = (n + 8) t:,

2]12

*

II

*

= (n

+ 8) t:,

h* = O.

(29)
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We now exav' ~ two distinct situations.
(i) d ;::: 4, Sc ,at e is a small negative number: One readily sees from eqn. (27b)
that the parameter u in this case decreases on transformation, so on successive
transformations it will tend to zero. Clearly, only the Gaussian fixed point is
the one appropriate to this case. Linearizing around this point, we obtain for the
transformation matrix

.91;

4(12 -l)c(n
1 + dnl

+2»)

(30)

'

with eigenvalues
Ar =

z2.

Au = (1

+ dn l)

(31)

< 1

and, of course,
(32)

It follows that

y, = 2,

Y2

~

~

3 - 'le,
1

(33)

as in eqn. (13.3.33). Note that the parameter u in this case is an irrelevant variable
but, as discussed at the end of Sec. 13.3, it is a dangerously irrelevallt variable
which does eventually affect the results of the calculation in hand.
(ii) d ;; 4, so that e is a small positive number: The parameter /I now behaves
very differently. If it is already zero, it stays so; otherwise, it moves away from
that value, carrying the system to some other fixed point-possibly the nonGaussian one, with coordinates given in (29). The resulting pattern of flow in the
(r, u)-plane is shown in Fig. 13.7; clearly, the Gaussian fixed point is no longer
appropriate and the problem now revolves around the non-Gaussian fixed point

u

u""----

"

(0.0)

,

FIG. 13.7. A section of Ihe critical curve and a sketch of the RG flows in the (r. u)-plane
for 0 < f: « 1. Note that the critical curve is straight only to order f:.
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instead. Linearizing around the latter, we obtain
4(12 - 1)c(n

+

2)) ,

(34)

1- £Inl
with eigenvalues
12{I_n+zelnl}
n +8

and

(1-elnl)<1.

(35)

We note that of the "generalized coordinates" Uj and U2, which aryl certain linear
combinations of the parameters D.r(= r - r*) and tHl(= II --n*), only 1/1 is a
relevant variable of the problem. 1O Identifying UI with the temperature parameter
t, we obtain
n +2
Yr ~Z- - - e.
(36)
n+8
Combining this with expression (33) for Yh. viz.
\)/ ~ 3 - !e
2 '

(37)

.,f,'

we obtain, see eqns (13.3.24, 27, 28 and 29),
n+2
~ 2: + 4(n +8)e,
I

\!

D.~;!.+
2

n-1
e
2(n + 8) ,

(38)

whence
4-n

ex ~ Z(n

1

+ 8) e, fJ ~ 2 -

o~ 3 + e,

T} ~

3
Z(n

+ 8) e,

n+2

Y ~1+
~
2(n

+ 8) e,

0,

(39)
(40)

correct to the first power in e.
For obvious reasons the value of e of greatest interest to us is e = 1, for which
the above results are totally inadequate; they do show the correct trends, though.
For better numerical accuracy it is essential to extend these calculations to higher
orders in e. Considerable progress has been made in this direction, so that we now
have expressions available that include terms up to e3 and, in some cases, even
e4 ; for details, see Wallace (1976). One wonders if that degree of extension would
be enough for obtaining reliable results for e as large as 1. The answer is yes,
and we will illustrate it with an example. For the spherical model we know exact
values of the various critical exponents which may, for the purpose of illustration,
be expressed as power series in e. Thus, for instance,
2
1 _I
1
1 2 1 3
Y = - - = (1 - -e) = 1 + -e + -e + - e
d- 2
2
2
4
8

1 4
+ -e
+ .. ..

16

(41)

Since the radius of convergence of this series is 2, the value 1 of e is not really
as large as it seems. In fact, the terms displayed in (41) already give y = 1.9375,
as opposed to the correct value Z. The situation is clearly encouraging and, with
better methods of summing up diagrams, the convergence of the e-expansions can
be improved greatly. In fact, some of the entries in ( Ie 12.1 were originally
obtained (or at least rechecked) with the help of this m",ood.
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Before closing this sub-section we would like to point out a somewhat unusual
piece of information contained in the first-order results obtained above. This refers
to the exponent ex, for which we note the prediction that for large n it is negative
and hence the (singular part of the) specific heat vanishes at T = T, (which we
know to be the case with the spherical model) whereas for small 1/ it is positive
and hence the specific heat diverges (which we know to be the case with Ising-like
systems). The inversion, from one case to the other, takes place at n = 4 where a.
according to the first-order expression (39), vanishes. The inclusion of the secondorder term in € upholds this prediction qualitatively but changes it quantitatively_
We now have

4- n

a~

2(n

+ 8)

£-

(n

+ 2)2(n + 28) £ 2
4(11 + 8)3
•

(42)

so that, with E = 1, the inversion takes place between n = 1 and n = 2- in agreement with the more accurate results quoted in Sec. 12.6.

E. The 1/11 expansioll
Another approach to the problem of determining critical exponents, as funclions
of d and 11, is to adopt the limiting case n = 00 as the starting point and carry
out expansions in powers of the small quantity 1/1!. Clearly, the leading terms in
these expansions would pertain to the spherical model, which has been studied in
Sec. 12.4, and the correction terms would enable us to get some useful infonnation
on models with finite II. We quote some first-order results here:"
_ 4(4 - d)Sd 1
-n
d

1] -

1)
+ 0 ( -:;.
n-

2 - { 1 -6Sd
Y=- +0 ( -12 )} .
d - 2
n
n

and

cr = _

4- {I _
2
d

d-

where

8(d - l)Sd ~
4 - d /I

sin {K(d - 2)/2} red - 1)
Sd =
2rr{r(d/2)}2

+

0(2..)}
.
n'

(2 < d < 4).

.

(43)
(4-1)

(45)

(46)

We note that the coefficients of expansion in this approach are functions of d just as
the coefficients of expansion in the preceding approach were functions of n ~ in this
sense, the two expansions are complementary to one another. Unfortunately. there
has not been much progress in the evaluation of further terms of these expansions
(except for the one mentioned in the note); accordingly. the usefulness of this
approach has been rather limited.

F. Other topics
As mentiop
~arlier. the renormalization group approach has provided a very
clear explanah....... of the concept of universality, in that it arises when several
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physical systems, despite their microscopic structural c· -"'rences, are governed by
a common fixed point and hence display a common crih, behavior. Typically, this
behavior is linked to the dimensionality d of the physical space, the dimensionality
n of the spin vector 0', the range of the spin-spin interaction, etc. Now, depending
on the precise nature of the Hamiltonian -and the relative importance of the various
parameters therein, it is quite possible that under certain circumstances the critical
behavior of the system may "cross over" from being characteristic of one fixed
point to being characteristic of another fixed point. For instance, we may write for
the spin - spin interaction in the lattice
Hin' =

-4 L

Lrll(r - r')d'(r)O'Il(r')

a, fJ = 1, .. . , n.

(47)

r.r' u.1l

If the given interaction is isotropic in the physical space but anisotropic in the spin
components (assumed three in number), so that Jull = J U 8ull , then the system is
ordinarily supposed to be a Heisenberg ferromagnet; however, the anisotropy of
the interaction may finally drive the system towards an Ising fixed point (if one of
the JU dominates over the other two) or towards an X - Y fixed point (if two of the
r are equally strong and dominate over the third one). In either case, we encounter
what is generally referred to as a crossover phenomenon. Similarly, anisotropy in
the physical space, J(R) = J(Rj )8ij or K(R)RjRj> may result in a crossover from
a d-dimensional behavior to a d'-dimensional behavior (where d' < d). In the
same vein, one may consider a long-range interaction, J(R) ~ R-d - C1 8ij, leading
to a critical behavior which, for a < 2, is quite seriously a-dependent; see, for
instance, Problem 12.22. However, as a goes over from the value 2- to 2+,
the system crosses over to the universality class characterized by a short-range
interaction and remains in that class for all a > 2. Crossover phenomena constitute
a very fascinating topic in the subject of phase transitions but we cannot pursue
them here any more; the interested reader may refer to an excellent review by
Aharony (1976).
Another topic of considerable interest deals with the so-called interfacial phase
transitions in both magnets and fluids. In his seminal paper of 1944, Onsager
included in his model a row of "mismatched spins", calculated the boundary
tension (or what is more commonly referred to as the interfacial free energy)
of this row and examined how this quantity vanished as T approached Te. In
the case of a fluid system, this corresponds to the disappearance of the meniscus
between the liquid and the vapor and hence to the vanishing of the conventional
surface tension as T --+ Te-; see, in this connection, Problem 11.27. A theoretical study of such an interfacial layer involves consideration of the free energy of
an inhomogeneous system, which has been a subject of considerable research for
quite some time. We refer the interested reader to two review articles - by Abraham
(1986) and by Jasnow (1986)-for further reading on this topic.
A major ingredient employed by the RG approach is the fact that the critical
behavior of a system is invariant under a scale transformation. It did not take
very long to realize that an important connection exists between this transformation and the well-known conformal transformation (in a complex plane), for the
latter too is, roughly speaking, a scale transformation in which the scale factor I
varies continuously with position. Though, in principle, this connection could be
relevant in all dimensions, the most fruitful applications have been in the realm
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of two dimen.f'· "5 (where the conformal group consists of analytic functions of
a complex va. -Ie). Among the important results emerging from the conformal
transformation approach, one may mention the form of the many-point correlation
functions, the critical behavior of finite-sized strips of different sizes and shapes,
and the nature of the surface critical effects. For details, see the review article by
Cardy (1987).
Another area of interest pertains to the so-called mlllticritical points, for which
reference may be made to Lawrie and Sarbach (1984) for theoretical studies and
to Knobler and Scott (1984) for experimental results.

13.S. Finite-size scaling
In our study of phase transitions so far, we generally worked in the thermodynamic limit, i.e. we started with a lattice of size LI x ... X Ld • containing
Nt x . . . X Nd spins (where N j = Lj/a. a being the lattice constant), but at some
appropriate stage of the calculation resorted to the limit L j --+ 00. This limiting
process is crucial in some important respects; while it simplifies sUbsequent calculations, it also generates singularities which. as we know, are a hallmark of systems
undergoing phase transitions. It is of considerable interest. both theoretically and
experimentally, to find out what happens (or does not happen) if some of the L j
are allowed to stay finite. The resulting analysis is quite complicated. hut considerable progress has been made in this direction during the last twenty-five years
or so. Accordingly, a whole new subject entitled "finite-size scaling" has emerged.
of which only a brief summary will be presented here. The reader interested in
further details may refer to Barber (1983), Cardy (1988) and Privman (1990).
To fix ideas, we start with a d-dimensional bulk system ("bulk" in the sense
that it is infinite in all its dimensions) that undergoes a phase transition at a /illite
critical temperature Tc(oo); clearly, the dimensionality d must be greater than
the ulower critical dimension" d <. We also assume that d is less than the "upper
critical dimension" d >. so that the critical exponents of the system are d-dependent
and obey the hyperscaling relation
dv = 2 -

Ct

= 2f3 + y.

(1)

We now consider a similar system which is infinite in only d' dimensions, where
d' < d, and finite in the remaining dimensions; the geometry of this system may
be expressed as Ld- d' x ood', where L» a and, for simplicity, is taken to be the
same in all finite dimensions. We may expect this system to be critical at a finite
temperature T(.(L), not very different from Tc(oo) . ]n reality, this is so only if d '
too is greater than d <; otherwise, the system continues to be regular at all finite
temperatures and the criticality sets in only at T = 0. 12 The cases d' > d < and
d' < d < , therefore, merit separate treatments.
Our primary goal here is to determine the L-dependence of the various physical
quantities pertaining to the system when the system is undergoing a phase transition. We attain this goal by setting up a /illite-size scaling law that generalizes
eqn. (11.10.7) or eqn. (13.3.26) to systems with a finite L. Now, since the only
relevant length in the region of a phase transition is the correlation length ~ of the
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system, it is natural that we scale L

with)~-leading to the combination

(L/~) ~ dv

= (L1/"t)v.

(2)

At the same time. the combination (hit"') appearing in the bulk scaling law may
be written as
(3)
The appropriate combinations of L with t and h, therefore, are L I/vt and L"'Iv h,
respectively. The "singular" part of the free energy density of the system may then
be written in the form (see Privman and Fisher, 1984)
A (s)

j (s)(t " h- L)

where

XI

and

Xz

= -VkT ::::: L- dy(x 10 x)
Z •

(4)

are the scaled variables of the system, viz.
Xl

= CILl/v t •

Xz

with
h

= CzL"'/ vh.

= liB
kT

(Sa. b)

Itl. h « 1,

(6a, b)

while C I and C z are certain non-universal scale factors peculiar to the system
under study. Expressed in terms of the variables XI and Xz, the function Y is
expected to be a lIniversal function - common to all systems in the same universality class as the system under study. Of course, the definition of the universality
class will now include (apart from the conventional parameters d, n and the range
of the spin-spin interaction) the parameter d' as well as the nature of the boundary
conditions imposed on the system (which, unless stated otherwise, will be assumed
to be periodic).
We note that, in the limit L ~ 00, expression (4) indeed reduces to
eqn. (11.10.7), provided that the function Y has the asymptotic form
Y(XI,XZ)::::: IXlld Vj±(xz/ lxII "')

IxIl.xz»

1.

(7)

Cf"

thus identifying the non-universal parameters F and G with
and Cz/C~,
respectively. This enables us to write C I and C2 in terms of F and C, viz.
CI

~ F1 /( Z- a ).

Cz ~

(8a, b)

F (P+ y)/(Z- a )c,

which provides a means of determining the non-universal parameters C I and C2
from a knowledge of the bulk parameters F and G; any other factors appearing in
(8) would be universal. Once C I and C2 are known, no more non-universal amplitudes are needed to describe the behavior of the system - regardless of whether it
is finite-sized or infinite in extent. We are now in a position to examine the consequences of the scaling law (4).
With appropriate differentiations, we obtain from eqn. (4) the following expressions for the zero-field susceptibility per unit volume and the "singular" part of
the zero-field specific heat per unit volume:
2
t'L =
A(S») ::::: _ kTJ1.2C~L2"'lv-d 2Y(x 1. x 2
Xo(,)
V
aB2 8 = 0
(kT)2
axi
x2=0

_2. (a

J1. 2C 2U 1v

k~

(a

Y x (Xl) ,

»)

(9)
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( (t'L) = _ _T (02A
(.!» )
coS)
__

,

rJr 2

V

~

B=D

2 2
C 1L_
Zjv-d
_ kT
_ ---::-.:...
_ ([PY(XIZ' X2»)
~(OO)
aX j
X2=O

kT 2 Ci L a jV
,

T~loo)

(10)

Y r(X»,

where YAXI) and Y c(XI) are appropriate derivatives of the universal function
y(Xb X2) and, hence, are themselves universal. We may, for further analysis,
supplement the ahove results with the corresponding ones for the correlation length
of the finite-sized system, viz.
(11)

and
~o (t; L)

= LS(xd ,

(12)

where S (XI ) = S(X] , 0); note that the functions S(XI, X2) and S(Xl) are also
universal. We shall now focus our attention on eqns (9), (10) and (12), and see
what messages they deliver in different regimes of the variables T and L.

Case A: T

2: Tc(oo)

With t > 0 and L »a, the variable Xl in this regime would be positive and
much greater than unity. The functions Yx' Yc and S are then expected to assume
the form
(13a, b, c)

so that we recover the standard bulk results
~

Xo~

/J-zrc-I Y c22
kTc(oo)

t

- y

(14a, b, c)

.

complete with non-universal amplitudes and universal factors. The effect of L
in this regime appears only as a correction to the bulk results; under periodic
boundary conditions, such correction terms turn out to be exponentially small, i.e.
O(e-Lj~O ) where ~o ~ a.B

Case B: T::: Tc(oo)
This case refers to the "core region" where IXI I is of order unity and hence
It I is of order L -l jv ; the bulk critical point, t = 0, is at the heart of this region.
Equations (9), (10) and (12) now yield the first significant results of finite-size
scaling, viz.
(15a, b, c)
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Case C: T < Tc(oo)

Here we must distinguish between the cases d' > d < and d' < d <. In the first
case, the system becomes critical at a temperature Tc(L) which is not too far
removed from Tc(oo); in the second, the system remains regular at all finite
temperatures and becomes critical only at T = O.
(i) d' > d<. In view of the fact that the system is now singular at T = Tc(L)
rather than at T c( 00), it seems natural to define a shifted temperature variable;
such that
(16)

ct. (6a). Thus, for any temperature T,
(17)

which prompts us to define a shifted scaled variable
C I L 1/ vt· --

. -Xl

XI -

X

X -- C I LIlvT,.

(18)

cf. (Sa). Clearly, the scaling functions governing the system would be singular at
XI = 0, i.e. at Xl = X. With no other arguments present, we presume that IXI will
be of order unity; the shift in T c is this given by
(19)

Now, as T --* Tc(L), the correlation length of the system approaches
infinity-with the result that, insofar as the qualitative nature of the critical behavior
is concerned, the variable L, however large, becomes essentially unimportant. The
behavior of the system, in the immediate neighborhood of T c(L), would, therefore,
be characteristic of a d'-dimensional bulk system rather than of ad-dimensional
one; accordingly, it would be governed by the critical exponents eX, ~, •.. pertaining
to d' dimensions rather than by the exponents <Y, {3, ... pertaining to d dimensions.
We therefore expect that, as Xl --* 0, the functions Y x' Yc and S of eqns (9), (10)
and (12) assume the form
Y x(XI) ~ rx~Y,

Yc(XI) ~ Ax~a,

S(XI) ~ Nx~;',

(20a, b, c)

[J.i 2/kTc (00)] rC~YC~L(Y- Y)IVi-Y,

(21a)

with the result that
Xo ~

c~S) ~ kACi-itL(a-it)lvi-it,

(21b)

and
(21c)
0 but such that lil« 1, the same results would
hold-except that i would be replaced by Iii.
Expressions (21), insofar as the dependence on Land i is concerned, have been
verified by direct calculation on a variety of systems over the years; for details,
see the review articles by Barber (1983) and Privman (1990) cited earlier. More
recently, Allen and Pathria (1989) have verified the non-universal amplitudes as
It is obvious that, for

i<
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well by carryir ')ut an explicit calculation for the spherical model (n = (0) in
general geome. _ L d-d' X OOd' , with both d and d' great~r than d <. Remarkably
enough, they found that, just as the critical exponents it, /3, ... are the same functions of d' as the exponents ct, /3, ... are of d, the universal coefficients t, A, ...
too are the same functions of d' as the coefficients r, A, .. . are of d; the same is
true of the coefficients appearing in the presence of a magnetic field (see Allen
and Pathria, 1991). One wonders if this would be the case for general n too!
(ii) d' < d<. In this case the singularity of the problem lies at T = 0, so that
at all finite temperatures the system is regular and hence expressible by smooth,
analytic functions. We may, therefore, generalize the scaling law (4) to apply at
all temperatures down to T = 0 by simply allowing the scale factors C I and C 2
to become T-dependent and writing (after Singh and Pathria, 1985b, 1986a)

Xl = C1(T)L1fvc.

X2

(22a, b)

= C 2 (T)L6./v h.

leaving t and h unchanged; the quantities C1 and C2 must be such that, as T ---).
T e( (0) from below, they approach the quantities C I and C 2 of (5). Expressions
(9) and (10) now take the form
(23)

and

c~S)(t;L) = kT z [a~(Clt)r La/v YC(XI) ,

(24)

respectively, while expression (12) remains formally the same. Now, as we
approach the critical temperature T c (which is zero here), we again expect the
quantities XO, c~S) and ~o to behave in a manner characteristic of a d '-dimensional
bulk system. Let us assume that, in that limit, our scale factors behave as
(25a, b)
and our universal functions as
Yx(xd ~ Ixd

l

,

Yc(XI) ~ Ixd"',

Sex)~ ~ IXll

a

(XI ---). -00).

(26a, b, c)

The resulting T-dependence of Xo, c~s) and ~o then is
XO ~ T Zs -

1+6r,

c~S) ~ T (Z+4>Jr ,

~o ~ Tar .

(27a. b, c)

The corresponding results for n-vector, d' -dimensional models (with n ::=: 2 and
d' < d < , where d < = 2) are 14
XO

~

T

- 2/(2-d' )

~o ~

•

T- 1/(2- d' ) .

(28a. b, c)

Comparing (27) with (28), we infer that

e = !r

[1 _2s _ 2 -2d'] •

A. _
'I' -

d'
- 2
r(2 - d' )
,

-1

a =--r(2 - d' )

(29a, b, c)

Very shortly we shall find, see eqns (44), that
r = -l/v(d - 2),

s = /3lv(d - 2),

(30a, b)

446

Phase Transitions: the Rellormalizatioll Group Approach

with the resul ts

e --

2fi +

_"d-,,'(,--d_-",2-,-)
(2 - d') •

t/J =

vd'(d -2)
(2 _ d') - 2.

-

<J

=

-::"(~d----;2:7)

(31a. b. c)

(2 - d' )

The accompanying L-dependence of the various quantities turns out to be
XO ""' L (y+6)/" ........ L 2(d-d'l!(2- d')

(32a)

c~S) ....... L (a + ¢)!1J ...... L -2(d - d')J(2- d'l

(32b)

and

c -... L 1+0/11

sO

,..".,

I ,d-d' l/(2- d' )
'

(32c)

.

[t is remarkable that in these last expressions the critical exponents pertaining to
d dimensions have disappeared altogether and the resuhing powers of L depend
emirely on the geometry of the system. Expression (32a) agrees with the earlier
results for XO pertaining to a "block" geometry (d' = 0) and to a "cylindrical"
geometry (d' = 1), viz.

Ld
Xo -

{ L 2(d-l )

for

d' = O

(33a)

[or

lI' = 1;

(33b)

see Fisher and Privman (1985). For d ' = 2, the L-dependence of the various quan·
lities studied here becomes exponential instead of a power law.
To obtain results valid for all T in the range 0 < T < Tc(oo), we need to know
the full T-depcndencc of the scale factors C, and (;2. [t turns out that this too can
be determined from the properties of the corres ponding bulk system-in particular,
from the field-free hulk correlation function G(R , T) , which is known to possess
the following form s:
(34)
and
G(R . T) = m~(T ) +A(T)R- (d- ')

T < T ,.(oc) .

(35)

where mo(T) is the order parameter of the bulk system and A(T) another systcmdependent pararneter. 15 Now, the correlation function of the finite-sized system
may be written in the scaled form
(36)

x,

x,

are give n by eqns (22) while
= R / L; as
where the scaled variables XI and
usual, the scale factor iJ(T) is non-universal while tbe function Z(XI. X2 . X3) is
universal. Expression (36) already conforms to (34), with XI =
= = O. For
conformity with (35), the function Z must possess the following asymptotic form:

X, X,

2(xl . x,. x, ) "" 2 1(lxtI 'x,)d-'~"

+ 2, (lx tl'x, )"

XI ->

-:xl.

X,= U. x] -> O.
(37)

with

(38a, b)
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It follows that

CI (T)i!i ~

] 1/"ld- 2)

2

_
D(T) -

morT)
[ A(T)

[Af(T)

j2 M d- 2)

11lo"" (T)

.
,

(39a, b)

here, use has been made of the fact that
v(d - 2 +~) = (2 - a) - y = 2f3.

(40)

We shall now establish a relationship between the scale factors (;2 and

D.

For this,

we utilize the fluctuation-dissipation relation (11.11.12) which, with the help of
expression (36), gives for the zero-field susceptibility per unit volume

r

.

_ fA. D(T)

Xo(t, L) -

2d

J

Z(x" 0, RIL)

R"

a kT

2+

"

d

d R

fA.2iJ(T) L 2- ,Z ( . )

llukT

x 'xl

(41)

,

where Zx is another universal function. Comparing (41) with (23), we get
iJ(T) - o2d C~(T).

(42)

CAT) - a - d IAf(T)lm;'(T)]l j ' ld-2).

(43)

Equation (39b) now gives

Equations (39) and (43) give us the full T-dependence of the scate factors CI> C 2
and

iJ

for all T in the range 0 < T < T{.,(oo); these equations were first derived

by Singh and Pathria (1987a).
Before utilizing these results we note that since, in the limit T -> 0, mo(T)
approachcs a constant value while A(T) ~ T, exprcssions (39a) and (43) yicld

(44a. b)
exactly as stipulated in eqns (25) and (30). As for the T-dcpendence of the quantities Xo. C~f) and ~o, we observe that, regardless of whether we keep L fixed and let
T -7 0 or keep T fixed and let L -7 00, in either case XI -7 - 00; the asymptotic
forms (26) of the universal functions Y x' Y c and S, therefore, apply throughout
the region under study. Now, with e, <p and (J given by eqns (31), our final results
f
for xo. c6· ) and 1;0 turn out to be

2 [2 j2/(2-d L2Id-d')/(2-d' )
fA. A(T) m,,(T)
l

_

)

xo

c(') _

o

a"MkT

k

T~

{

aT

A(T)

] - (4-d')/12- d') L -2Id-d' )/(2-d' )
2 ] }2[2
morT)

mo(T)
A(T)

[

(45)

,

A(T)

,

(46)

and

~o

_

2

"'o(T)
[ A(T)

] 1/12 - d')

(d-d')/(2-d')
L

,

(47)
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complete with non-universal amplitudes. Comparing
in the regime under study,

'~)

with (47), we find that,

(48)

a function of T only. In the case of the spherical model, since A(T) is
proportional to T at all T < Tc(oo}, see eqn. (12.4.71), the quantity Xoj~5 is
a constant - independent of both T and L; see also eqn. (12.4.64).
It is important to note that the above formulation ties very neatly with the one
provided by the scale factors C I and C2 of eqns (5) that covered cases A and B
pertaining to the regions T ;::, Tc(oo) and T::::: Tc(oo), respectively. To see this, we
observe that as T ---* Tc(oo) from below, mo(T) becomes ~ Itlll and A(T) ~ IW~;
expressions (39a) and (43) then assume the form

CI (T)ltl

~ Itl(21l -

VlJ )j1I(d-

2) ~

Itll

(49a)

and
(49b)
Clearly, C 1 (T) and C2(T) now tend to some constant values which may be identified with C I and C2-thus providing a unified formulation, through the same
universal functions Y (x], X2), S(x" X2} and Z (Xl, XZ, X3), covering the regions of
both first-order and second-order phase transition. Remarkable though it is, this
finding is not really surprising because, with L finite and d' ~ d <, the system
is critical only at T = 0 and analytic everywhere else; so, it should indeed be
expressible by a single set of functions throughout. Of course, as L ---* 00, the
criticality spreads all the way from T = 0 to T = Tc(oo) .
As regards the spin dimensionality n, our results for cases A, Band C(i) are
quite general; only in case C(ii) did we specialize to systems with continuolls
symmetry (n ~ 2). With a slight modification, the case of discrete symmetry
(n = 1) can also be taken care of. The net result essentially is the replacement of
the number 2 in eqns (28) and henceforth by the "lower critical dimension", d < ,
of the system-leading to results such as 16
(s) ~

Co

L - I;

'

(50a, b, c)

with l; = d « d - d' )j(d< - d' ); cf. eqns (32). Once again, the L-dependence of
the various quantities of interest follows a power law, which changes to an exponential at d' = d <; in the case of scalar models, this happens at d' = l.
Throughout this discussion we have assumed that the total dimensionality d
of the system is less than the "upper critical dimension" d > . The case d > d >
presents some special problems but the net result is that, while the situation in the
region T < Tc(oo) is described by the same set of expressions as above, that in
the region T ::::: Tc(oo) is considerably modified. For instance. one now gets in the
region T ::::: Tc(oo), for d > d> and d' < d<,
(51a, b, c)
which may be compared with the corresponding results, (15a, b, c), for d < d >.
Furthermore, if d = d > and/or d ' = d <> factors conta ining In L appear along with
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the power " . displayed in (51). For details, see Singh and Pathria (1986b, 1988,
1992).
Finally we would like to emphasize the fact that finite-size effects in a given
system are quite sensitive to the choice of the boundary conditions imposed on
the system. For simplicity, we assumed the boundary conditions to be periodic. In
real situations there may be reasons to adopt different boundary conditions such as
antiperiodic, free, etc. This, in general, changes the mathematical character of the
finite-size effects and the finite-size corrections in not only the singular part(s) of
the various quantities studied but in their regular part(s) as well. For comparison
between theory and experiment, this aspect of the problem is of vital importance
and deserves a close scrutiny. For lack of space we cannot go into this matter any
further here; the interested reader may refer to a review article by Privman (1990),
where other references on this topic can also be found. An allied subject in this
context is the "critical behavior of surfaces", for which reference may be made to
Binder (1983) and Diehl (1986).
Problems
13.1. Show that the decimation transformation of a one-dimensional Ising model, with I = 2. can
be wrinen in terms of the transfer matrix P as
P(K ' } = p 2 (K} .

(1)

where K and K ' are the coupling constants of the original and the decimated lattice, respectively.
Next show that, with P given by

(2)
see eqn. (12.1.4), relation (1) leads to the same transformation equations among K and K ' as (13.2.8a,
b, and e).
13.2. Verify that expression (15) of Sec. 13.2 indeed satisfies the functional eqn. (14) for the fieldfree Ising model in one dimension. Next show (or at least verify) that, with the field present, the
functional eqn. (11), with K ' given by (8), is satisfied by the more general expression
j(Kl , K2) = - In

[1"1 coshKz + {e- 2K1 + eZK 1 sinhz Kz} 1/2 ] .

13.3. Verify that expression (32) of Sec. 13.2 indeed satisfies the functional eqn. (31) for the fieldfree spherical model in one dimension. Next show (or at least verify) that, with the field present, the
functional eqn. (27), with K ' given by (25), is satisfied by the more general expression

1 [A + V(AZ - Ki)]

j(Kl , K z, A) = - In
2

21f

4(A - KIl '

where A is determined by the constraint equation

13.4. Consider the field-free spherical model in one dimension whose partition function is given
by eqn. (13.2.24) a:; well as by (13.2.19), with K; = Kz = O. Substituting oj = (2A/KIlI /2s~ in the
former and comparing the resulting expression with the latter, show that
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where N ' = iN and 11' = (2/\ 2 1K d - K I. This leads to the functional relation
j(KI. A)

1
= --In
4

(2IT)
+ -1 j (KJ, /\ , ).
KI

2

Check that expression (13.2.32) satisfies this relation.
13.5. An approximate way of implementing an RG transformation on a square laltice is provided by
the so-called Migdal-Kadanoff transformation 17 shown in Fig. 13.8. It consists of two essential steps:

J
,)

2J

J
J

2J

_ .

,

J'

_.

*
*
1

1

.l

(a)

(e)

(b)

FIG. 13.8. Migdal-Kadanoff lIansformation on a square lattice.
(i) First, one-half of the bonds in the lattice are simply removed so as 10 change the length scale
of the lattice by a factor of 2; to compensate for this, the coupling strength at the remaining
bonds is changed from J to 2J. This takes us from Fig. 13.8(a) to Fig. 13.8(b).
(ii) Next, the sites marked by crosses in Fig. 13.8(b) are eliminated by a set of one-dimensional
decimation transformations, leading to Fig. 13.8(c) with coupling strength J'.
(a) Show thaI the recursion relation for a spin-~ Ising model on a square lattice. according to the
above transformation, is
x' = 2~2 1(1 +x4 ),
where x = exp ( - 2K) and x' = exp (- 2K'). Disregarding the trivial fixed points "
x* = 1, show that the nontrivial fixed point of this transformation is

x·

=

~ [-1+ 2·hsinh

H

sinh-

1

=0

and

2~2}] ~ 0.5437;

cf. the actual value of Xc. which is (../2 - 1) ~ 0.4142.
(b) Linearizing around the nontrivial fixed point, show that the eigenvalue A of this transformation is
A = 2(I-x' )lx' ~ 1.6785
and hence the exponent v = In 2/ In A ~ 1.338; cf. the actual value of v, which is 1.
13.6. Consider the linearized RG transformation (13.3.12), with
c ... _
c ct I -

(all
aZI

such that (all a22 - ai2azl) # O. We nOw introduce the "generalized coordinates" III and uz through
eqns (13.3.13); clearly, UI and Uz are certain linear combinations of the system parameters kl and k2.
(a) Show that the slopes of the lines UI = 0 and uz = 0, in the (k 1• k2 )-place, are
and

"'2

=

a?1

AI -au

Al - alZ

au

-

sI;.

respectively; here, AI and AZ are the eigenvalues of the matrix
Verify that the product
= -a21Ia 12 and hence the two lines are mutually perpendicular if and only if an = a21.
(b) Check that in the special case when alZ = 0 but aZI # 0, the above slopes assume the
simple form
"'I = DC and ml = a21 / (all - a2z )
"'1"'2

whereas in the special case when
"'I

a21

=0

= (a22 -

but au

an )/ai2

note that Fig. 13.7 pertains to the latter case.

*

0, they become

and

"'2

= 0;
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(e) fuamine as well the eases where either all or fl22 is zero; Fig. 13.6 pertains 10 the laller of
the~ ca.~.

13.7. a lock that the critical exponents (13.4.38)-(13.4.40) in the limit
corresponding eXpOnents for the spherical model of Sec. 12.4 with d:S 4.
13.8. Show. from eqns (13.4.43)-(13.4.46), that for d ;S 4

II

--+- 00 agree with the

where £ = (4 - d)« 1. alcck that these re~ l ts agree with the ones following from cqns (13.4.38)(13.4.40) for n » 1.
13.9. Using the various scaling relations, derive from eqns ( 13.4.43)-(13.4.45) oomparable expres·
sions for the rema ining exponents fJ. 0 and LI. Repeat for Ihese exponents the exercise suggested in
the preceding problem .

Notes
t For simplkity. we employ the language of the scalar mcxlcl here.
2 Some aulhors derive eqn. (1 2) from (9) by choosing 110 be r - t h~. As will be seen shortly, see
eqn. (19), this amounts to leuing J be O(Un). which violales the requirement. I «~/a, meOlioned

earlier.
3 This is further related 10 the fact that the critical exponent YJ in this case is equal 10 I ; scc
eqn. (13. 1.23) whit:h, with d
I , gives: o'(r ')
a(r).
4 In general, the vector K * will contain components nO( prescnt in the original problem. In s uch
a cac;c, one has to locate. on thc critic:,1 surface. a point Kc that is free of these "u nncces.~a ry"
components; since ~ is infinite at K = Kc· as well. the latter m<ly be identified as the critical point o f
the given system. As will be seen in the sequel, the critical behavior of (he syslem is still determined
by the flow pallern in the neighborhood of the fixed point.
S This requirement make... the sci of opcmtors :1f, a semi-group - not a grollp becau!OC the inverse
of .nt docs not exist. The reason for the non-existence of ~f l is tholt oncc a number of degrees o f
freedom of fhe system are summed over there i~ no definitive way of reerealing them.
6 Rememher that at each and every point on the critical surface - in this ea<;e, the critit:al curve-the
l"Orrclation length is infinite; accordingly. each and every such point is qualified to be a critical pnint.
The physical critit:<l1 point is one that is free of unnecessary parameters.
1 The r~u l t obtained through numerical an<llysis was 0.3921.
8 In this reference one can also find a syslematic method of eonstrucling the sl'tlling function
f ,(ul . U2.··· ) from <I knowledge of the regular function
of eqn. (1 3.3.4).
9 It can be shown that, by a suitable transformation, the Ising model (n = 1). which is a di.~crete
(mther than a contillllolL") model, can also be rendered "eonlinuous" with a probability distribution
sim il ar to (13.3.3 1). For details. see Fisher (1983), Appendix A.
10 It can be seen qui te easily that the generalized coordinate tt2 is directly proportional to l:!.u,
making II an irrelev<lnt Variable of the problem; see Problem 13.6, with U2 1 = o.
It In the special ca<;e d = 3, the expansion for "fJ is known to a higher order. viz.

=

=

Ko

8 (8)'
1- + 0( -1)
3
,rI,,2

ij- - - -

- 3rr211

-

n3

•

12 For the special ca..c d' = O. when the system is fully finite, this point has already been emphasized
in Sec. 11.1. Here we as.<:ert th<lt, even when some of the system dimensions arc infinite (and hence
the total number of spins is infinite). a Jinire·tempero.ture singularity docs nOI ari.<it: unless the number
0( those infinite dimensions exceeds d <.
13 See, for insrnnce, Luck (1985) and Singh and Pathria (1985b, 1987a).
14 For the spherical model (n = 00). these results appear in Sec. 12.4; see eqns (12.4.34. 35 and
(4). Since the criticality in this case occurs at absolute zero, these resulis hold for all models with
continuous symmetry. i.e. with n :: 2. Sec, for instance. Sec 12.2. where n is general bul d' = I .
ts Note that the exponent YJ appears only in eqn. (34) and not in (35); for details, see Schultz 1:1 al.
(1964) and fisher et al. (1973).
16 Sec. for instrmce, Singh and Patltria (198Gb).
t7 Sec Kaclan
1976a).

CHAPTER 14

FLUCTUATIONS

IN THIS course we have been mostly concerned with the evaluation of statistical
averages of the various physical quantities; these averages represent, with a high
degree of accuracy, the results expected from relevant measurements on the given
system in equilibrium. Nevertheless, there do occur deviations from, or fluctuations
about, these mean values. Though they are generally small, their study is of great
physical interest for several reasons.
Firstly, it enables us to develop a mathematical scheme with the help of which
the magnitude of the relevant fluctuations, under a variety of physical situations,
can be estimated. Not surprisingly, we find that while in a single-phase system
the fluctuations are thermodynamically negligible they can assume considerable
importance in multi-phase systems, especially in the neighborhood of a critical
point. In the latter case, we obtain a rather high degree of spatial correlation
among the molecules of the system which, in tum, gives rise to phenomena such
as critical opalescence.
Secondly, it provides a natural framework for understanding a class of
phenomena that come under the heading "Brownian motion"; these phenomena
relate properties such as the mobility of a fluid system, its coefficient of diffusion,
etc. with temperature through the so-called Einstein relations. The mechanism
of Brownian motion is vital in formulating, and in a certain sense answering,
questions as to how "a given physical system, which is not in a state of equilibrium,
finally approaches such a state" while "a physical system, which is already in a
state of equilibrium, persists to stay in that state".
Thirdly, the study of fluctuations, as a function of time, leads to the concept of
certain "correlation functions" that play a vital role in relating the dissipative
properties of a system, such as the viscous resistance of a fluid or the electrical resistance of a conductor, with the microscopic properties of the system
in a state of equilibrium; this relationship (between irreversible processes on one
hand and equilibrium properties on the other) manifests itself in the so-called
fluctuation-dissipation theorem. At the same time, a study of the "frequency spectrum" of fluctuations, which is related to the time-dependent correlation function
through the fundamental theorem of Wiener and Khintchine, is of considerable
value in assessing the "noise" met with in electrical circuits as well as in the
transmission of electromagnetic signals.
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14.1. Thermodynamic fluctuations
We begin by deriving a probability distribution/ow for the fluctuations of cenain
basic thermodynamic quantities pertaining to a given physical system; the meall
square f/IICtllatiolls

can then be evaluated, in a straightforward manner, with the

help of this law. We assume that the given system, which may be referred to as
1, is embedded in a reservoir, which may be referred to as 2, such that a mutual
exchange of energy, and of volume, can take place between the two; of course,
the overall ellergy E and the overall volume V arc supposed to be fixed. For
convenience, we do not envisage an exchange of particles here, so the numbers
N 1 and N2 remain individually constant. The equilibrium division of E into E I
and £2, and of V into V I and V2, must be such that parts 1 and 2 of the composite
system (1 + 2) have a common temperature T· and a common pressure P\ see
Secs 1.2 and 1.3, especially eqn. (1.3.6). Of course, the entropy of the composite
system will have its largest value in the equilibrium state; in any other state, such
as the one characterized hy a fluctuation, it must have a lower value. Let f"1S
denote the deviation, in the entropy of the composite system, from its equilibrium
value So. Then
b.S - S - So = kin QJ - k In Qo.

(1 )

where Qf (or Qo) denotes the numher of distinct microstates of the system (1 + 1)
in the presence (or in the ahsence) of a fluctuation from the equilihrium state;
see eqn. (1.2.6). The prohahility that the proposed fluctuation may occur is then
given by
(2)
pO<. QJ ()( cxp (b.S/k);
see Sec. 3.1, especially eqn. (3.1.3). ]n terms of other thermodynamic
we may write

quanti~ies,

(3)
note that the pressure P 2 and the temperature T 2 of the reservoir may, in principle,
vary during the huild-up of the fluctuation. Now, even if the fluctuation is sizable
from the point of view of system 1 it wil1 he small from the point of view of 2.
Ine "variables" P 2 and T 2 may, therefore, be replaced hy the constants p. and
T", respectively; at the same time, the increments dE 2 and dV 2 may he replaced
by - dE, and -dV" respectively. Equation (3) then becomes

(4)
Accordingly, formula (2) takes the form
p ()( exp{ - (b.E,- T' b.S, +P' b.Vd/ kT'}.

(5)

Clearly, the probability distrihution law (5) docs not depend, in any manner, on the
peculiarities of the reservoir in which the given system was supposedly embedded.
Formula (5), therefore, applies equally well to a system that attained equilibrium
in a statistical ensemhle (or, for that matter, to any macroscopic part of a given
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system itself). Cons~quent1y, we may drop the suffix 1 from the symbols
/::,.S1 and /::,. Vb and the star from the symbols p. and T*, and write

/::,.E l,

p ex exp {-(!::.E - T/::,.S +P /::,.V)/kT}.

(6)

In most cases, the fluctuations are cxceedingly small in magnitude; the quantity
!::.E may, therefore, be expanded as a Taylor series about the equilibrium value
(/::"E )o = 0, with the result

6.E = (aE)
as 0

6.S +

(aE)
av 0

6. V

2
as av

+! [(a2~) (6.S)2+2( a E) 6.SLW+ (a2~) (6.V)2] + ... (7)
2 as

0

av

0

0

Substituting (7) into (6) and retaining terms up to second order only, we obtain
p ex exp

{-(!::.T 6.S - 6.P /: ,. V)/2kT};

(8)

here, use has been made of the relations

= T . ( aE) =_P
( aE)
av 0
•
as 0

.

(9)

and of the fact that the expression within the long brackets in (7) is equivalent to

/::,.( aE) 6.S +6(aE) !::.V=6.T6.S-6.P6.V.
as 0
av u

(10)

With the help of (8), the mean square fluctuations of various physical quantities.
and the statistical correlations among different fluctuations, can be readily calculated. We note, however, that of the four 6. terms appearing in this formula only
two can be chosen independently; the other two must assume the role of "derived
quantities". For instance, if we choose !::.T and 6. V to be the independent variables,
then /::,.S and !::.P can be written as

/::,.S= (as) !::.T+ (as) !::.V=
(JT v
av T

y

/::"T+ ( ap) 6.V

(11)

(ap) 6T + (ap) 6V = (ap) 6T _ _l_/::,.v.
aT v
av T
aT v
KT V

(12)

C
T

aT v

and
!::,.p

=

being the isothermal compressibility of the system. Substituting (11) and (12)
into (8), we get

KT

p ex exp {-

Cv,

2kT-

(/::,.T)2 _

1

2kTKrV

(6. V)2}

.
.

(13)

which shows that the fluctuations in T and V are statistically independent, Gaussian variables. A quick glance at (13) yields the results

(14a)
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(14b)

Similarly, if we choose 6.S and 6P as our independent variables, we arc led to
the distribution law
I , - -KSV (L'.P) '} •
P ex exp { ---(1'.5)
2kCp
2kT

whence

(L'.S)2 = kCp.

kT
(L'.P)' = - .

(15)

(16a)

KSV

while
(L'.S t;P) = 0;

(16b)

here, KS denotes the llt/jabalic compressibility of the system.
\Ve note that, in general, the mean square fluctuation of an extensive quantity is
directly proportional to the size of the system while that of an intensive quantity
is inversely proportional lO the same; in either case. the relative, rool-mean-square
fluc/uatioll of any quantity is inversely proportional to the square root of the size
of the system, TIlliS, except for situations such as the ones met with in a critical
region, nonnal fluctuations are thermodynamically negligible. This does not mean
that fluctuations are altogether irrelevant to the physical phenomena taking place in
the system; in fact, as will be seen in the sequel, the very presence of fluctuations
at the microscopic level is of fundamental importance to several properties of the
system displayed at the macroscopic level!
With the help of the foregoing results, we may evaluate the mean square fluctuation in the energy of the system. With T and V as independent variables. we h,ave
t;E=

(-aTaE) v t;T+ (aE)
av

t;V.

(17)

T

Squaring this expression and taking averages, keeping in mind eqns (14), we get

(t;E)2=kT2CV+kTKTV{(~F.)
}'
av ,.
= kT'C v +kTKT

(~') {(:~)

J

(18)

Now, the results derived in Ihe preceding paragraphs determine the fluctuations of
the various physical quantities pertaining to any macroscopic sub-system of a given
system, provided that the number of particles in the sub-system remains fixed. The
expression (14a) for (~V)2 may, therefore, be used to derive an expression for
the mean square fluctuation of the variable ti (the volume per particle) and the
variable n (the part ide density) of tbe sub-system. We readily obtain
(L'.v)' = kTK,.V/N'.

1 ..,..,-"
(t;n)' = .(L'.v)' = kTK TN'/V 3;

v

(19)

note that the ' t result obtained here is in complete agreement with eqn. (4.5.7),
which was dt. . . . ed on the hasis of the grand canonical ensemble. A little reflection
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shows that this result applies equally well to a suh-sys' ... ..., with a fixed volume V
and a fluctuating number of particles N. The mean Sql
fluctuation in N is then
given by
(20)

Substituting (20) into (18), we obtain once again the grand canonical result for
(tJ.£)', namely
(21)

cf. eqn. (4.5.14).
In passing, we note that the first part of expression (21) denotes Ihe mean square
fluctuation in the energy E of a sub·system for which both N and V arc fixed, just
as we have in the canonical ensemble (N, V, T). Conversely, if we assume the
energy E to he fixed, then the temperature of the suh-system will fluctuate, and
Ihe mean square value of Ihe quanlily tJ.T will be given hy (kT'C v ) divided by
the square of the thcmlal capacity of the sub-system. TIle net result will, therefore,
be (kT' IC v), which is Ihe same as in (14a).
14.2. Spatial correlations in a Iluid
It is well known that the particles constituting a homogeneolls, isotropic system,
such as a liquid or a gas, are equally likely to be at any point r in the space available to them. This statement applies to each individual particle, on the condition
Ihal Ihe posilions of all olher particles in Ihe syslem are complelely arbilrary. If,
however, we consider two particles at a time, then, for a givell position of one
particle, differenl posilions of Ihe olher parlicle may no longer be equally likely 10
ohtain. In fact, because of the interparticle interactions and the symmetry properties of the wave functions, different values of the relative position (T2 - TI) of any
two particles in the system do not occur with equal likelihood. In other words,
there exists a correlatioll between the simultaneous positions T. and r2 of the
two particles. Interestingly enough, there also exists a simple and straightforward
relationship between the space integral of the relevant correlation function on one
hand and the mean square fluctuation in Ihe particle density of the system on
the other.
To study the precise nature of these correlations, we first introduce a few
definitions. To begin with, we have the configurational distribution function
F N(rt. " ' , TN) which appears in the nature of a probability denSity and satisfies
the normalization condition
fFN(r" ... , rN ),t'r, ... d'rN = 1.

(I)

v
Integrating F N(r) • .. .• TN) over the coordinates r2 , ... , rN and multiplying the
result by N, we obtain a single-pm·tide distribution fun ctioll
F, (r,) = N f F N( r" ... ,rN )eI'r, ... d'rN = tI(r,).
v

(2)

The function F I (r) represents the particle density at the point T), for
JF 1 (r) d 3rl = N; for a homogeneous system, F 1(r.) is a constant (which may be

v
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ymboln). The two-particle distriblliioll julletioll is now defined as

F 2(r,o rz) = N(N - l)JF N(r,o ...• rN)d'r3 ... ,J'rN =

11

2g(r).

(3)

v

where r = (r2 - rd. Equation (3) defines the pair distribution t"lletion g(r) of
the system; clearly, the product g(r)d 3 r determines the probability of finding a
particle in the volume element d 3 r around the point r when we already have a
particle at the point r = O. In the absence of spatial correlations, which only holds
for a classical gas composed of Iloll-illleraclillg particles, the function g(r) is
identically equal to unity; for real systems, gIrl is generally different from unity.
It is then natural to introduce a function v(r), defined by the formula
vCr) = g(r) -

I.

(4)

as a measure of the degree of spatial correlation in the system; the function v(r)
is generally referred to as the fXlir correlalion functioll. In the absence of spatial
correlations, v(r) would he identically equal to zero,!
We now consider a t1111croscopic region V A in the fluid and evaluate the mean
square fluctuation in the number N A of the particles occupying this region. To
do this, we introduce a function J1.(r) such that J.l.(r) = 1 (or 0) according as the
point r lies inside (or outside) the region VA. TIle number N A, which is indeed
fluctuating, is then given by the formula
N

NA = L

(5)

/l(r;) .

;= 1

where the summation goes over all the N particles in the system. It follows that
N

-NA = "'J
L
/l(r;)FN(r' •...• r,v )tI·'N r
;= 1

v

= N J /l(r,) tl 3 r, F N(r,o ... rN )d3(N-Il r
0

\.

= JJi(rIlF,(rIld 3 r, = J F,(r),!'r.
v
VA

(6)

Substituting from (2), we obtain for a homogeneous system

NA = "VA_

(7)

Next, we write
N

N~ = L
i=1

N

Ji(r;) L

/l(rj)

j= l

= LJi(r;)/l(rj)

+ LJi(r;);

(8)

iIi

in writing the last term, we have made use of the fact that, for all i, J.l.(rj)J1.(r,) =
Ji(r;). Accordingly,
2
NA = NA

"
+ 'L..,JJi(r;)Ji(rj)FN(r,o
... o rN)ti 3N r
i i- j

v
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=NA

+ Ip,(rt )/-L(r2)F2(rl,r2 ) d 3 r1 d 3 rz
~'

= NA

+ nZV A I g(r)d 3r.

(9)

VA

Combining (4), (7) and (9), we obtain the desired result
(10)

Equation (10) brings out the intimate relationship that exists between the density
fluctuations and the spatial correlations in any fluid system. 2
Making use of eqn. (14.1.20), as applied to the region V A of the given system,
eqn. (10) yields the fundamental relationship
3
( V(r ) d r =

.

~ (nkTKT -1) ,
n

(11)

which may be compared with the corresponding result for a magnetic system, viz.
eqn. (11.11.12). For a classical ideal gas, PV = NkT ; therefore,
1
P

-

I

nkT

(12)

Accordingly, the space integral of the function vCr) vanishes. This is in keeping
with the fact that, in the absence of interparticle interactions and (quantummechanical) symmetry effects, there do not exist any spatial correlations among
the particles of a given system.
At this stage, a mention may be made of an important connection that exists
between the density fluctuations in a fluid and the scattering of electromagnetic
waves by the fluid. It has been known for a long time that the scattering of
electromagnetic waves is entirely due to the density fluctuations in a given fluid;
in fact, if fluctuations were absent, the waves scattered by various molecules of the
fluid would exactly cancel out by interference and no net scattering would result.
For light waves, the scattered intensity is directly proportional to expression (10);
for x-rays, on the other hand, it is proportional to the more general expression

1 + n ( vCr)
.

sin (sr)
sr

d 3 r.

(13)

Here, s (= k - k o) is the vector difference between the scattered and the incident
wave vectors; hence, S = (4rrsin8)/ J.., where). is the wavelength and 8 the angle
of scattering. 3 Denoting (13) by the symbol i(s ), we have
:xl

sties ) - I} = 4rrn I{g(r) - I } sin (sr)r dr,

o

(14)
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whence
(g(r) - I}=

00

!

2rr
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11 r

jS(i(S)-I}Sin(Sr)dS.

(15)

o

Formula (15) enables us to derive the pair distribution function g(r) from the
experimental values of the quantity i(s), i.e. from the intensity distribution of the
scattered waves over various values of the variable s.
At this fXJint we note that in the region of phase transitions, especially near
a critical point, the isothermal uJmpressihility of a nuid and, with it, the level
of density fluctuations in the system hecome ahnonnal1y high. Consequently, the
intensity of the scattered waves also heoJmes ahnormally large, which gives rise
to the spectacular phenomenon of criliclll 0Plllescence.4 Analysis shows that under
these circumstances the correlation function vCr), which is ordinarily shorl-ranged
and is roughly given by the fonnula
kT

v(r) ex -

r

cxp (-r/s),

(16)

the correlation length ~ being of the order of the mean interparticle distance in the
system, heoJmes long-ranged and is roughly given by the formula
kT

v(r) ex - .

r

(17)

That spatial correlations among the molecules of a nuid should extend over macroscopic distances is a feature that typifies the onset of long-range order in the
system.
14.3. The Einstein-Smoluchowski theory of the Brownian motion
The term "Brownian motion" derives its name from the botanist Robert Brown
who, in 1828, made careful observations on the tiny pollen grains of a plant under
a microscope. In his own words: "While examining the form of the particles
immersed in water, I observed many of them very evidently in motion. These
motions were such as to satisfy me ... that they arose neither from currents in
the fluid nor from its gradual evaporation, but belonged to the particle itself." \Ve
now know that the real source of this motion lies in the incessant, and more or
less random, bomhardment of the Brownian particles, as these grains (or, for that
matter, any colloidal suspensions) arc usually referred to, by the molecules of the
surrounding fluid. It was Einstein who, in a numher of papers (beginning 1905),
first provided a sound theoretical analysis of the Brownian motion on the basis
of the so-called "random walk prohlem" and therehy established a far-reaching
relationship hetween the irreversible nature of this phenomenon and the mechanism
of molecular fluctuations.
To illustrate the essential theme of Einstein's approach, we flIst consider the
problem in one dimension. Let x(t) denote the position of the Brownian particle
at time I, given that its position coincided with the point x = 0 at time I = O. To
we assume that each molecular impact (which, on an average,
simplify mattf'
takes place ai. a time r+) cause.."i the particle to jump a (small) distance I - of
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magnitude - in either a JX>sitive or negative direction along the x-axis. It
seems natural to regard the possibilities ill = +1 and t:u = - I as equally likely;
though somewhat less natural, we may also regard the successive impacts DO, and
hence the successive jumps of, tbe Brownian particle to be mutl/ally wlcorrelated.
The probahility that the particle is found at the pojIlt x at time t is then equal
to the probabilily that, in a series of n(= t f T· ) successive jumps, the panicle
makes m(= x / I) more jumps in the positive direction of the x-axis than in the
negative, i.c. it makes ~(n + m) jumps in the positive direction and ~ (11 - m) in
the negative. 5 The desired prohability is given by the binomial expression

COllstant

)"~,

} (_21)n
, (II+m) ! , (II - m) !

(1)

m=O and m2 =n .

(2)

Pn(m) = {'
whence it follows that

Thus. for t

»

r* , we have for the net displacement of the partic1e
x(1) = 0

and

- zl
,.2(1) = I -

C(

,
I .

(3)

"

Accordingly, the root-mean-square displacement of the particle is proportional to
the square root of the time elapsed:
(4)

It should be noted that the proportionality of the net overall displacement of the
Brownian particle to the square root of the total number of elementary steps is a
typical consequence of the random nature of the steps and it manifests itsc.lf in
a I arge variety of phenomena in natuJC. I n contrast. if the successive steps were
fully coherent (or else if the motion were completely predictable and reversible
over the time interval t),6 then the net displacement would have been proportional
to rl.
Smoluchowski' s approach to the problem of Brownian motion. which appeared
in 1906, wa~ essentially the same as that of Finstein; the difference lay primarily
in the mathematical procedure. Smoluchowski introduced the probability func/ion
Pn (xolx) which denote...;; the "probability that, after a series of n steps. tbe Brownian
particle, initially at the point xO~ reaches the point x"; the number x here denotes
the distance in terms of the length of the elementaTY step. Cleady.
x

p,,(xolx) =

I: Pn- l(xolz)p,(z lx)

(11 2: 1);

(5)

;:=-:)0

moreover, since a single step is cljually likely to take the particle to lhe right or
to the left,
(6)

while

Pn(z lx) = 8,., .

(7)

The Einstein-Smoluchowski Theory of the Brownian Motion

§ 14.3]

461

Equation (5) i< . ' own as the Smoluchowski equation. To solve it, we introduce a
generating ftm. ,n Qn (~),
00

Qnm

L

=

(8)

Pn(xolxW- xo,

x=-oo

whence it follows that
00

oc

x=-oo

x= - oo

(9)

Substituting (6) into (5), we obtain
(10)

Pn(xo lx) = 4Pn - l(xolx - I) + 4Pn-I(Xolx+ 1).

Multiplying (10) by

~t -Xo

and adding over all x, we obtain the recurrence relation

QII(~) = H~+ (1/~)lQII- I(~) ,

(11)

so that, by iteratiun,

QII(~)

= IH~ + (l /~)]J"QO(S) = (1/2)"[~ + (1/~)J" .

(12)

Expanding this expression binomially and comparing the result with (8), we get
PII(xul x )

= (-l)n . 1
2

II!

h(1l

+X -

for

1

xo)}! h(1l - x +xo)}!

Ix - xol .:::: n

(13)

o

for

Ix - xo l >

11.

Identifying (x - xo) with m, we find this result to be in complete agreement with
our previous result (1).7 Accordingly, any conclusions drawn from the Smoluchowski approach will be the same as the ones drawn from the Einstein approach.
To obtain an asymptotic form of the function Pn (m), we apply Stirling's formula,
n! "" (2n:n )1/2 (n /e)", to the factorials appearing in (1), with the result
In PII(m) "" (n

+ ~) Inn -

4(11

+ m + 1) In{4(n + m)}

- 4(n -m+ l)ln {4(n -m)} - llln2 -

For m «n (which is generally true because m
n » 1), we obtain
2

=0

and

2

Pn (m) "" .j
exp (_m /211).
(2n:n)

4In (2n:) .

f1lr.m .s.

= ,,1 /2

while

(14)

Taking x to be a continuous variable (and remembering that Pn(m ) = 0 either for
even values of m or for odd values of m, so that in the distribution (14), /::"m = 2
and not 1), we may write this result in the Gaussiall form :

dx
x dxex (X2
- -)
- .j(4n:Dt ) p
4Dt'

(15)

= 12/2r*.

(16)

p( )

where
D

462

FlucJuulivn:!

Later on we shall see that the quantity D introduced here is identical with the
diffusion coefficient of the given system; eqo. (16) connects it with the (microscopic) quantities I cmd T "' . To appreciate this connection, one has simply to note
that the problem of Brownian motion can also he looked upon as a prohlem of
"diffusion" of Brownian particles through the medium of the fl uid; this point of
view is also due to Ein."itein. However, before we embark upon these considerations, we would like to present here the results of an actual observation made on
the Brownian motion of a spherical particle immersed in water; sec Lee, Sears and
Turcotte (1963). It was found that the 403 values of the net displacement b.x of
the parti cle, observed after successive intervals of 2 seconds each, were distributed
as follows:

Displacement ~x, in units of /1 (= 10
less than -5.5
between -5.5 and -4.5
between -4.5 and -3.5
between -3.5 and -2.5
between - 2.5 and -1 .5
between -1.5 and - 0.5
between -0.5 and +0.5
between + 0.5 and + 1.5
between + 1.5 and +2.5
behveen + 2.5 and +3.5
between + 3.5 and + 4.5
greater than + 4,5

em)

4

F requem,y

0/ occurrence n

o
1
2

15
32
95

111
87
47
8
5

o

The mean square value of the displacement turns out to be: (LuV = 2.09 X
10- 8 cm2 • The observeu frequenc y distribution has been ploUed as a "block
diagram" in Fig. 14.1. \Ve have included. in the figure, a Gaussian curve based on
the observed value of the rnt:an square displacement; we find that the experimental
data fit the theoretical curve fairly well. \Ve can also derive here an experimental
value for the diffusion l:odficient of the medium; we obtain: D = (tu)2 j 2t =
5.22 x 10- 9 em'/ sec·

n(.1X)

--6

-5

--4

-3

-2

-1

-0

,

2

3

4

5

6

ill
~

FIG. 14.1. The statistical ui!.lribuliun of lhe slll'cessiw displ2cernents, fix, of a Brownian
particle i.rnrntrsW in water: (UJ:")r.m.8. ~ 1.45 J.i.
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\Ve now tum to the study of the Brownian motion from the point of view of
diffusion. \Ve denote the number density of the Brownian particles in the fluid
by tbe symbol 1/(r, I) and their current density by j(r, I){= n(r, I)v(r, I)); then,
according to Fick's law,
j(r, I) = -D'I111(r, I),
(17)
where D stands for the diffusion coefficient of the medium. We also have the
equation of continuity, viz.
'I1.j(r,I)+

an(r,l)

ill

=0.

(18)

Substituting (17) into (IB), we obtain the diffusion equation
2
1 all(r, I)
'V n(r,I)- =0.

a,

D

(19)

Of the various possible solutions of this equation, the one relevant to the prest:nl
problem is
n(r, I) =

(4rr~t)3/' exp ( - :~,) ,

(20)

which is a spherically symmetric solution and is already normalized:
00

Jn(r, t)4rrr' dr =

N,

(21 )

o

N heing the total number of (Brownian) particles immersed in the fluid . A compar-

ison of the (three-dimensional) result (20) with the (one-dimensional) result (15)
brings out most vividly the relationship between the random walk problem on one
hand and the phenomenon of diffusion on the other.
It is clear that in the last approach we have considered the motion of an
"ensemble" of N Brownian particles placed under "equivalent'· physical conditions, rather Ihan considering the motion of a single particle over a length of
time (as was done in the random walk approach). Accordingly, the averages of
the various physical quantities ohtained here will he in the nature of "ensemble
averages"; they must, of course, agree with the long-time averages of the same
quantities ohtained earlier. Now, by virtue of the distrihution (20). we obtain

J
00

(r(I» ) = 0;

(r'(,)) =

~

n(r , 1)4rrr' dr = 6D1 ex I'.

(22)

o
in complete agreement with our earlier results, namely
x(l) = 0;

x'(t) = ("/r· = 2DI ex I' .

(23)

Thus, the "ensemhle" of the Brownian particles, initially concentrated at the origin,
"diffuses out" as time increases, Ihe nalure and the exlent of its spread at any time
I being given by eqns (20) and (22). respectively. The diffusion process, which is
dearly irrever.!-.
gives us a fairly good picture of the statistical behavior of a
single particle ill Ihe ensemhle. However, the important thing to bear in mind is
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that, whether we focus our attention on a single particl ' 1 the ensemble or look
at the ensemble as a whole, the ultimate source of th. rl1enomenon lies in the
incessant, and more or less random, impacts received by the Brownian particles
from the molecules of the fluid. In other words, the irreversible character of the
phenomenon ultimately arises from the random, fluctuating forces exerted by the
fluid molecules on the Brownian particles. This leads to another systematic theory
of the Brownian motion, viz. the theory of Langevin (1908). For a detailed analysis
of the problem, see Uhlenbeck and Ornstein (1930), Chandrasekhar (1943, 1949),
MacDonald (1948-49) and Wax (1954).

14.4. The Langevin theory of the Brownian motion
We consider the simplest case of a "free" Brownian particle, surrounded by a
fluid environment; the particle is assumed to be free in the sense that it is not acted
upon by any other force except the one arisiI1g from the molecular bombardment.
The equation of motion of the particle will be

dv

M- =
dr

~fi

(1)

(t),

where M is the particle mass, v(t) the particle velocity and §(t) the force acting
upon the particle by virtue of the impacts from the fluid molecules. Langevin
suggested that the force ?T (t) may be written as a sum of two parts: (i) an
"averaged-out" part, which represents the viscolls drag, -vIB, experienced by
the particle (accordingly, B is the mobility of the system, i.e. the drift velocity
acquired by the particle by virtue of a unit "external" force)9 and (ii) a "rapidly
fluctuating" part F (t) which, over long intervals of time (as compared to the
characteristic time r*), averages out to zero; thus, we may write

dv

v

- -

F(t) = O.

Mdt = - B +F(t);

(2)

Taking the ensemble average of (2), we obtain 10
(3)

whence
(v(t)}

= v(O) exp (-tlr)

(r

= M B).

(4)

Thus, the mean drift velocity of the particle decays, at a rate determined by the
relaxation time r, to the ultimate value zero. We note that this result is typical
of the phenomena governed by dissipative properties such as the viscosity of the
fluid; the irreversible nature of the result is also evident.
Dividing (2) by the mass of the particle, we obtain an equation for the instantaneolls acceleration, viz.

dv

v

dt

r

- =--

+A(t);

A(t)

= O.

(5)

We construct the scalar product of (5) with the instantaneous position r of the
particle and take the ensemble average of the product. In doing so, we make use
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of the facts th·
(iii) (r. A) = v.

';) r· v = !(dr2/dl), (ii) r· (dv/dl)
We obtain

d2

- , (r')

dr

1d
+ __
(r2)
t dl

= 2(v').

= 4(d2r2/dr2) -
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v 2, and

(6)

If the Brownian panicle has alreauy attained thermal equilihrium with the
molecules of the fluid, then the quantity (v 2 ) in this equation may be replaced
by its equiparlition value 3kT1M. The equation is then readily integrated, with
the result
2
(r') = 6k:t {~ _ (J _ e- fl ')} ,
(7)
where the constants of integration have been so chosen that at I = 0 heth (r2) and
its first time-derivative vanish. We observe that, for t « r.
(r') '"

3kT
_I'
=
M

(v' )r',

(8)"

which is consistent with tht: reversible equations of motion whereby one should
simply have
r

On the other

han~,

for r

»

=

(9)

Vf .

t,

6kTr
(r') '" - - r = (6BkT)r,
M

(10)"

which is essentially the same as the Einstein-Srnoluchowski result (14.3.22);
incidentally, we obtain here a simple, but important, relationship between the
coefficient of diffusion D and the mobility B, viz.
.
(11)

D=BkT,

which is generally referred to as the Einstein re/mioll. The irreversible character of
eqn. (10) is self-evident; it is also clear that it arises essentially from the viscosity
of the medium. Moreover, the Einstein relation (11), which connects the coefficient of diffusion D with the mobility B of the system, tells us that the ultimate
source of the viscosity of the medium (as well as of diffusion) lies in the random ,
fluctuating forces arising from Ihe incessant motion of the fluid molecules; see
also the fluctuation - dissipation theorem of Sec. 14.7.
In this context, if we consider a particle of charge e and mass /vi moving in a
viscous fluid under the influence of an external electric field of intensity E, then
the "coarse-grained" motion of the particle will he determined by the equation

d

I

M dl (11) = -li(V)

+ eE;

(12)

cf. eqn. (3). The "terminal" drift velocity of the particle would now be given by
the expression (eB)E , which prompts one to define (eB) as the "mobility" of the
system and denote it by the symbol M. Consequently, one ohtains, instead of (11),

kT

D = -M,

e

(13)
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which is, in fact, the original version of the Einstein relation; sometimes this is
also referred to as the Nernst relation .
So far we have not felt any direct influence of the rapidly fluctuating term
A (t) that appears in the equation of motion (5) of the Brownian particle. For this,
let us try to evaluate the quantity (vz(t» which, in the preceding analysis. was
assumed to have already attained its "limiting" value 3kT1M. For this evaluation
we replace the variable t in eqn. (5) by u, multiply both sides of the equation by
exp (uI T), rearrange and integrate over du between the limits u = 0 and u = t;
we thus obtain the formal solution
t

J

vet ) = v(O)e- t /< + e-t/"r eU/<A(u) duo

(14)

o
Thus, the drift velocity vet) of the particle is also a fluctuating function of time;
of course, since (A(u» = 0 for all u, the average drift velocity is given by the
first term alone, viz.
(v(t» = v(O)e- t/ r ,

(15)

which is the same as our earlier result (4). For the mean square velocity (u 1 (t»,
we now obtain from (14)

r

Zt
(v z(t» = vZ(O)e- /< + 2e- Zt /< v(O)

·f

1

euf< (A(u» du

t t

+ e-Zt /<JJe(U1+U2 )/T{A (uIJ .A(uz»

dUI duz.

(16)

00

The second term on the right-hand side of this equation is identically zero, because
(A(u» vanishes for all u. In the third term, we have the quantity (A(UI) ·A(uz»,
which is a measure of the "statistical correlation between the value of the fluctuating variable A at time Ul and its value at time uz"; we call it the autocorrelation
junction of the variable A and denote it by the symbol KA (Uj. U2) or simply by
K(Ul, uz). Before proceeding with (16) any further, we place on record some of
the important properties of the function K(UI , uz).
(i) In a stationary ensemble (i.e. one in which the overall macroscopic behavior
of the systems does not change with time), the function K(uJ, uz ) depends
only on the time interval (U2 - Ul) . Denoting this interval by the symbol
s, we have
K(U l , III

+ s) -

(A(ur) .A(UI

+ s»

= K(s), independently of

Ul.

(17)

(ii) The quantity K(O), which is identically equal to the mean square value of
the variable A at time UI , must be positive definite. In a stationary ensemble,
it would he a constant, independent of Ul :
K(O) = const. >

o.

(18)

(iii) For any value of s, the magnitude of the function K(s) cannot exceed K(O).
Proof Since
2
(IA(Ul ) ±A(uz)1 ) = (Az(ud)

= 2{K (O)

+ (A 2 (U2» ± 2(A(ud · A(U2»

± K(s)}

~

0,
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the function K(s) cannot go outside the limits -K(O) and +K(O); consequently,
IK(s)1 < K(O) for all s.
(19)
(iv) The function K(s) is symmetric about the value s = 0, i.e.
K( -s)

= K(s) = K(/s!) .

(20)

Proof
K(s)

=

(A(1It> ·A(ul

+ s)} =

= (A(UI) ·A(lIl - s)}

(A(UI - s) .A(ud}14

= K(-s) .

(v) As s becomes large in comparison with the characteristic time r., the values
A(lId and A(ul + s) become un correlated, that is
K(s)

=(A(lIt> ·A(lIl + s)}

---+) (A(UI)}' (A(1I1

+ s) } =

O.

(21)

In other words, the "memory" of the molecular impacts received during a given
interval of time, say between III and III + dUb is "completely lost" after a lapse
of time large in comparison with r* . It follows that the magnitude of the function
K(s) is significant only so long as the variable s is of the same order of magnitude
as r*.
Figures 14.7- 14.9 show the s-dependence of certain typical correlation functions K(s); they fully conform to the properties listed above.
We now evaluate the double integral appearing in (16):
I I

I =

JJe (III + 112)/TK(U2 -

dU2.

(2f)

s = (U2 - UI),

(23)

III) dill

00

Changing over to the variables

+ U2)

S = !(1I1

and

the integrand becomes exp (2S/ r)K(s), the element (dul dU2) gets replaced by
the corresponding element (dS ds) while the limits of integration, in terms of the
variables Sand s, can be read from Fig. 14.2; we find that, for 0 ~ S ::::: t/2, s goes
from -2S to +2S while, for t/2 ::::: S < t, it goes from -2(t - S) to + 2(t - S).
Accordingl y,
1/ 2

1=

J e2S /
o

+ 2S
T

dS

+ 2(I - S)

I

J K(s)dS + J e2S/
1/ 2

-2S

T

dS

J

K(s)ds .

(24)

- 2(I - S)

In view of property (v) of the function K(s), see eqn. (21), the integrals over s
draw significant contribution only from a very narrow region, of the order of r*,
around the value s = 0, i.e. from the shaded region in Fig. 14.2; contributions
from regions with larger values of Is/ are negligible. Thus, if t » r*, the limits of
integration for s may be replaced by -(X) and +00, with the result

J
I

I

~c

e2s / TdS =

o

C~(il/T -

1),

(25)
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FIG. 14.2. limits of integration, of the double integral I , in terms of the variables Sand s.

where
00

J K(s)ds.

C=

(26)

-00

Substituting (25) into (16), we obtain

(27)
Now, as t -+

00,

(v 2 (/») must tcnd to the equipartition value 3kT/M; therefore,

C = 6kTIMr

(28)

and hence

We note that if v'(O) were itself equal to the equipartition value 3kT 1M, then
(v 2 (t)} would always remain the same, which shows that statistical equilibrium,
once attained, has a natural tendency to persist.
Substituting (29) into the right-hand side of (6), we obtain a more representative
description of the manner in which the quantity (,2) varies with Ij we thus have
d2
1d
_(r2 ) + - -(r') = 2v'(Oje-"/'
dl 2
rdl

+ -6kT
( 1 - e- '*),
M

(30)

with the solution

(r') = v 2(0)r'(1 _ ,-'I')' _ 3kT r2(1 _ ,-'/')(3 _ , - 'I') + 6kTr I.

M

M

(31)

Solution (31) satisfies the initial conditions that both (rl) and its first timederivative vanish at t = 0; moreover, if we put V2(O) = 3kT 1M, it reduces to
solution (7) obtained earlier. Once again, we note the reversible nature of the
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motion for t

«

T,

with (r2) ::::::: V2(O)p, and its irreversible nature for t
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» T, with

(r2 ) ::::::: (6BkT)t.

Figures 14.3 and 14.4 show the variation, with time, of the ensemhle averages

(v 2(t» ) and (r2 (t» ) of a Brownian particle, as given by cqns (29) and (31), respec-

tively. All important features of our results are manifestly evident in these plots.
2.---- ---r-------,------,

i

2

<V2(t) >

3kTI M

3

---

o

t

2

3

T

FIG. 14.3. The mean square velocity of a Brownian particle as a function of time. Curves
1,2 and 3 correspond, respectively, to the initial conditions ,,2 (0 ) = 6kT j M, 3kT/ M
and O.
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1
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o

o

1

2

3

4

.!.T - FIG. 14.4. The mean square displacement of a Brownian particle as a function of time.
Curves 1, 2 and 3 correspond, respectively , to the initial conditions ,,2 (0) = 6kT j M,
3kT j M and O.

14.5. Approach to eqUilibrium: the Fokker-Planck equation
In our analysis of the Brownian motion we have considered the behavior of
a dynamical variable, such as the position ret) or the velocity vet) of a Brownian particle, from the point of view of fluctuations in the value of the variable.
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To determine the average behavior of such a variable, we sometimes invoked an
"ensemble" of Brownian particles immersed in identical environments and undergoing diffusion. A treatment along these lines was carried out towards the end
of Sec. 14.3, and the most important results of that treatment are summarized in
eqn. (14.3.20) for the density function n(r , t) and in eqn. (14.3.22) for the mean
square displacement (r 2 (t» ).
A more generalized way of looking at "the manner in which, and the rate at
which, a given distribution of Brownian particles approaches a state of thermal
equilibrium" is provided by the so-called Master Equation. a Simplified version
of which is known as the Foller-Planck equation. For illustration, we examine
the displacement, x(1), of the given set of particles along the x-axis. At any time
t , let I (x, t) dx be the probability that an arbitrary particle in the ensemble may
have a displacement between x and x + dx. The function I(x, t) must satisfy the
normalization condition
:x;

J f(x , t)dx =

1.

(1)

-:x;

The Master Equation tht:n reads:

ilf~:, 1)

oc

_

.f {-

f(x , t)W(x, x' ) + f(x', t)W(x', x )} dx' ,

(2)

- :x;

where W (x, x' ) dx' 81 denotes the probability that in a short interval of time 8t
a particle having displacement x makes a "transition" to baving a displacement
between x' and x · + dx'.16 The first part of the integral corresponds to all those
transitions that remove particles from the displacement x at time t to some other
displacement x' and, hence, represent a net loss to the function f(x , t); similarly, tbe second part of the integral corresponds to all those transitions that hri ng
particles from some other displacement x' at time 1 to the displacement x and,
bence, represent a net gain to the function f(x , 1),17 The structure of the Master
Equation is thus founded on very simple and straightforward premises. Of course,
under certain conditions, this equation, or any generalization thereof (such as the
one including velocity, or momenrum, coordinates in the argument of f), can be
reduced to the simple form
ilf

f - fo

at

r

(3)

whicb has proved to be a very useful first approximation for studying problems
related to transport phenomena. Here, f 0 denotes the equilibrium distribution fimction (for of j at = 0 when f = f o), while r is the relaxation time tbat determines
the rate at which the fluctuations in the system drive it to a state of equilibrium.
In studying Brownian motion on the basis of eqn. (2), we can safely assume
that it is only transitions between "closely neighboring" states x and x' that have
an appreciable probability of occurring; in other words, the transition probability
function W (x, x' ) is sharply peaked around the value x' = x and falls rapidly to
zero away from x. Denoting the interval (x' - x) by ~, we may write
W(x, x' ) -+ W(x; ~). W(x' , x) -+ W(x'; -~)

(4)
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where W(x; ,) and W(x'; -~) have sharp peaks around the value, = 0 and ran
rapidly to zero elsewhere. 1R This enables us to expand the right-hand side of (2) as
a Taylor series around ~ = O. Retaining terms up to second order only, we obtain
ilf(x, I)
il
ill
= - ilx (I-'l(x)f(x,

III

1 il2
+ '2 ilx' (I-',(x)f(x,

Ill,

(5)

where
(6)
-00

and

'
J
00

,

,W(x; ,)d, =

1-'2(X) =

«bx) )"

bl

,

(7)

-00

Equation (5) is the so-called Fokker-Planck equation which occupies a classic
place in the field of Brownian motion and fluctuations.
We now consider a specific system of Brownian particles (of negligible mass),
each particle being acted upon by a linear restoring force, Fx = -AX. and having
mobility B in the surrounding medium; the assumption of negligible mass implies
that the relaxation time r(= !vIB) of eqn. (14.4.4) is very small, so the time there
may be regarded as very large in comparison with that L The mean viscous force,
- (v~J IB, is then balanced hy the linear restoring force, with the result that
_ (v x )
B

+ F, =

0

(8)

-ABx.

(9)

and hence
(v,)

= 1-'1 (x) =

Next, in view of eqn. (14.4.10), we have

(bxl')

-'-'-;c'-'- - I-',(x) = 2BkT;
bt

(10)

it will be noted that the influence of 'A on this quantity is being neglected here.
Suhstituting (9) and (10) into (5), we ohtain

af

iii =

a

AB ax (xt)

iJ' f

+ BkT ax' .

(ll)

We now apply eqn. (11) to an «ensemble" of particles, initially concentrated at
the point x = xo. To begin with, we note that , in the absence of the restoring force
('A = 0), eqn. (11) reduces to the one-dimensional diffusion equation
ilf

iJ'f

- = D-

(D = BkT) ,
(12)
ill
ilx'
which conforms to our earlier results (14.3.19) and (14.4.11). The present derivation shows that the process of diffusion is essentially a "random walk, at the
molecular level". In view of eqn. (14.3.20), the function f(x, I) here would be

1
f(x, I) = (4rrDI)1 /2 exp

{(X-X
u)2}
4DI
'

(13)
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with

-2
x

and

= xo2 + 2v"

(14)

the last result shows that the mean square distance traversed by the particle(s)
increases linearly with time, without any upper limit on its value. The restoring
force, on the other hand, puts a check on the diffusive tendency of the particles.
For instance, in the presence of such a force (A i= 0), the terminal distribution f 00
(for which af lat = 0) is determined by the equation

a

a

kT 2f 00
ax 2

T

ax (xf 00) +

= 0,

(15)

whence
(16)

with

x= 0

and

x2

= kT IA .

(17)

The last result agrees with the fact that the mean square value of x must ultimately
comply with the equipartitioll theorem, viz. (~Ax2 )00 = ~kT. From the point of
view of equilibrium statistical mechanics, if we regard Brownian particles, with
kinetic energy p;j2m and potential energy ~ Ax2, as loosely coupled to a thermal
environment at temperature T, then we may directly write
(18)
On integration over Px, expression (18) leads directly to the distribution function
(16).
The general solution of eqn. (11), relevant to the ensemble under consideration,
is given by
f(x , r)

={

A

2rrkT(1 _ r2AB1)

}

{A(X - xoe- AB1 )2 }

1/ 2

exp

- 2kT(1 _

e- 2AB1 )

,

(19)

with

(20)
in the limit A -7 0, we recover the purely "diffusive" situation, as described
by eqns (13) and (14), while for t » (AB)- I, we approach the "terminal" situation, as described by eqns (16) and (17). Figure 14.5 shows the manner in which
an ensemble of Brownian particles approaches a state of equilibrium under the
combined influence of the restoring force and the molecular bombardment; clearly,
the relaxation time of the present process is ~ (ABrl.
A physical system to which the foregoing theory is readily applicable is provided
by the oscillating component of a moving-coil galvanometer. Here, we have a coil
of wire and a mirror which are suspended by a fine fiber, so they can rotate about
a vertical axis. Random, incessant collisions of air molecules with the suspended
system produce a succession of torques of fluctuating intensity; as a result, the
angular position (7 of the system continually fluctuates and the system exhibits an
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FIG. 14.5. The distribution function (19) at limes 1=0, I = 1/(2),,8) and

I

=

00.

IInsteady zero. This is clearly another example of the Brownian motion! The role
of the viscous force in this case is played by the mechanism of air damping (or,
else, electromagnetic damping) of the galvanometer, while the restoring torque,
N e = -c8, arises from the torsional properties of the fiber. In equilibrium, we
expect that
-2
kT
1 ,) = -kT
1
(21)
-c8that
is
8
=
;
(2
2'
C

cf. eqn. (17). An experimental determination of the mean square deflection, 8 2 , of
such a system was made by Kappler (1931) who, in tum, applied his results to
derive, with the help of eqn. (21), an empirical value for the Boltzmann constant
k (or, for that matter, the Avogadro number N A). The system used by Kappler
had a moment of inertia I = 4.552 X 10- 4 g cm 2 and a time period of oscillation
l' = 1379 sec; accordingly, the constant c of the restoring torque had a value given
by the formula l' = 2][(llc)1 /2, so that

c

= 4][2(111'2) = 9.443 X

10-9 g cm2 sec- 2 /rad.

The observed value of 8 2 , at a temperature of 287.1 K, was 4.178 x 10-6 . Substituting these numbers in (21), Kappler obtained: k = 1.374 X 10- 16 erg K- 1 • And,
since the gas constant R is equal to 8.31 x 107 erg K- I mole-I, he obtained for
the Avogadro number: N A = Rlk = 6.06 x 1023 mole- I.
One might expect that by suspending the mirror system in an "evacuated" casing
the fluctuations caused by the collisions of the air molecules could be severely
reduced. This is not true because even at the lowest possible pressures there still
remain a tremendously large number of molecules in the system which keep the
Brownian motion "alive". The interesting part of the story, however, is that the
mean square deflection of the system, caused by molecular bombardment, is not at
all affected by the density of the molecules; for a given system ill equilibrium, it
is determined solely by the temperature. This situation is depicted. rather dramatically, in Fig. 14.6 where we have two traces of oscillations of the mirror system,
the upper one having been taken at the atmospheric pressure and the lower one at
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a pressure of 10- 4 mm of mercury. The TOot-mean-square deviation is very nearly
the same in the two cases! N!::vertheless, one does note a difference of "quality"
between the two traces which relates to the "frequency spectrum" of the fluctuations and arises for the following reason. When the density of the surrounding
gas is relatively high, the molecular impulses come in rapid succession, with the
result that the individual deflections of the system are large in number but small
in magnitude. As the pre~sure i~ lowered, the time intervals between successive
impulses become longer, making the individual deflections smaller in number but
larger in magnitude. However, the overall deflection, observed over a long interval
of time, remains essentially the same.

FIG. 14.6. Two traces of the thennal oscillations of a mirror system suspended in air;
the upper trace was taken at the atmospheric pressure, the lower one at a pressure of
10-4 mm of mercury.

14.6. Spectral analysis of Huctuations: the Wiener-Khintchine theorem
We have already made reference to the (spectral) quality of a fluctuation pattern.
Referring once again to the patterns shown in Fig. 14.6, we note that, even though
the mean square fluctuation of the variable e is the same in the two cases,
the second pattt::rn is far more "jagged" than the first: in other words, the high
frequency components are far more prominent in the second pattern. At the same
time, there is a lot more "predictability" in the first pattern (insofar as it is represented by a much smoother curve); in other words, the correlation function, or
the memory function, K (s) of the first pattern extends over much larger values of
s. In fact, these two aspects of a fluctuation process, viz. its time-dependence on
one hand and its frequency spectrum on the other, are very closely related to one
another. And the most natural course for studying this relationship is to carry out
a Fourier analysis of the given process.
For this study we consider only those variables, yet), whose mean square value,
(y2 (t», has already attained an equilibrium, or stationary, value:
(l(t)}

= const.

(1)

Such a variable is said to be statistically stationary. As an example of such a
variable, we may recall the velocity vet ) of a "free" Brownian particle at times
t much larger than the relaxation time T, see eqn. (14.4.29), or the displacement
X(l) of a Brownian particle moving und!::r the influence of a restoring force (Fx =
-Ax) at times t much larger than (AB)-J. see eqn. (14.5.20). Now, if the variable
y(t) were strictly periodic (and hence completely predictable), with a time period
T = 1/ 10, then we could write
x

yet) = ao

+L
n=l

::>c

an cos (2rrnlot )

+L
n=)

bn sin (2ml/ot),

(2)
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where
ao

=

~

T

J

(3)

y(t)dt,

°

an

= ~

T

J

y(t} cos (2rrnlot)dt

(4)

°

and

J .
T

bn

=

T2

y(t)sm (27r11/ot)dt;

(5)

°

in this case, the coefficients a and b would be completely known and would
define, with no uncertainty, the frequency spectrum of the variable y(t). If, on the
other hand, the given variable is more or less a random function of time, then the
coefficients a and b would themselves be statistical in nature. To apply the concept
of periodicity to such a function, we must take the "time interval of repetition" to
be infinitely large, i.e. we let 10 -+ O.
In the proposed limit, eqn. (3) would read

J
T

ao

=

Lim

T ..... oo

2.T

y(t)dt - (y(t»);

(6)

°

thus, the coefficient aQ, which represents the mean (or d.c.) value of the vari~ble
y, may be determined either by taking a time average (over a sufficiently long
interval) of the variable or by taking an ensemble average (at any instant of time t).
For convenience, and without loss of generality, we take ao = 0; in other words,
we assume that from the actual values of the variable y(t) its mean value, (y(t»),
has already been subtracted. 19 Taking the ensemble average of eqns (4) and (5),
we obtain, for all n,
(7)

However, by taking the ensemble average of eqn. (2) squared, we obtain

n

=

n

L ! {{a~) + (b~)} = const.

(8)

n

!

The term
{{a~) + (b~)} represents the respective "share", belonging to the
frequency nlo, in the total, time-independent value of the quantity (y2(t»). Now,
in view of the randomness of the phases of the various components, we have, for
all n, (a~) = (b;,); consequently, eqn. (8) may be written as
(9)
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where

that

.

w(n/o)

IS

=

1
/0

(a~);

(10)

the function w(/) defines the power spectrum of the variable yet).
We shall now show that the power spectrum w(/) of the fluctuating variable
yet) is completely determined by its auto-correlation function K(s). For this, we
make use of eqn. (4) which gives

(a~)

= 4/6

lifo 1/10

f

o

f (y(tI)Y(t2) } cos(2:rrn/oldcos(2:rrn/ot2)dtldt2.

(11)

0

Changing over to the variables
S

=

~(tl

+ (2) and

=

s

(t2 - II),

and remembering that the interval T over which the integrations extend is much
larger than the duration over which the "memory" of the variable y lasts, we obtain
(a;')

-::::::2/6

1/10

f

00

K(s) (cos (2:rrn/os)

f

s=o s=- oo

+ cos (4:rrn/oS)} dSds;

(12)

cf. the steps leading from eqn. (14.4.22) to (14.4.25,26). The second part of the
integral vanishes on integration over S; the first part gives
00

(a;')

= 4/of K(s) cos (2:rrnf os) ds.

(13)

o

Comparing (13) with (10), we obtain the desired formula
00

w(f) = 4 f K(s) cos (2:rr/s) ds.

(14)

o
Taking the inverse of (14), we obtain
00

K(s) = fW(f) cos (2:rr/s)d/.

(15)

o
For s = 0, formula (15) yields the important relationship
00

K(O) = fW(f)d/ = (l);

o

(16)

see eqn. (9) as well as the definition of the autocorrelation function of the variable y, viz. K(s) = (y(tl)y(tl + s) }. Equations (14) and (15), which connect the
complementary functions w(/) and K(s), constitute a theorem that goes after the
names of Wiener (1930) and Khintchine (1934).
We shall now look at some special cases of the variable y(t) to illustrate the
use of the Wiener - Khintchine theorem .
(i) If the given variable yet) is extremely irregular, and hence unpredictable,
then its correlation function K(s) would extend over a negligibly small range of
the time interval s.20 We may then write
K(s) = c8(s) .

(17a)
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gives:
w(/) = 2c

for all

I.

(17b)

A spectrum in which the distribution (of power) over different frequencies is
uniform is known as a "flat" or a "white" spectrum. We note, however, that if
the uniformity of distribution were literally true for all frequencies, from 0 to 00,
then the integral in (16), which is identically equal to (I). would diverge! We
therefore expect that, in any realistic situation, the correlation function K (s) will
not be as sharply peaked as in (17a). Typically, K(s) will extend over a small
range, O(a), of the variable s, which in turn will define a "frequency zone", with
I = O(l/a), such that the function w(!) would undergo a change of character as
f passes through this zone; towards lower frequencies w(!) ~ const. =j:. 0, while
towards higher frequencies w(f) ~ const. = O. One possible representation of
this situation is shown in fig. 14.7 where we have taken, rather arbitrarily,
K(s) = K(O) SIn (as)

(a> 0) ,

as

(18a)

K(s)

G

i

- 1

w(t) t--_ _ _--t_-----'G'-------'2=------,

I

o

1
f2"
__

"

FIG. 14.7. The autocorrelation function K(s) and the power distribution funct io n w(f}
of a given variable y(t); the parameter a appears in terms of an arbitrary unit of (time)- I.

for which
2rr

w(!) = -K(O)
a

o
In the limit a ~

00,

for
for

f

a

<2rr

a

1> -.
2rr

eqns (18) reduce to (17), with c = rra- I K(O) .

(18b)
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(ii) On the other hand, if the variable y(t) is extremely regular, and hence
predictable, then its correlation function would extend over large values of s; its
power spectrum would then appear in the form of "peaks", located at certain "characteristic frequencies" of the variable. In the simplest case of a monochromatic
variable, with characteristic frequency f*, the correlation function would be
K(s) = K(O) cos (2rrj*s),

(19a)

w(f) = K(0)8(f - j*);

(19b)

for which

see Fig. 14.8. A very special case arises when j* = 0; then, both y(t) and K(s)
are constant in value, and the function w(n is peaked at the d.c. frequency j = O.
K(s)

,.
-1

o

t

wet)

o

f*

t ----.

FIG. 14.8. The autocorrelation function K(s) and the power distribution function w(f)
of a monochromatic variable yet), with characteristic frequency f'.

(iii) If the variable yet) represents a signal that arises from, or has been filtered
through, a lightly-damped tuned circuit (a "narrow-band" filter), then its power
will be distributed over a "hump" around the mean frequency j*. The function
K(s) will then appear in the nature of an "attenuated" function whose time scale,
a, is determined by the width, b.j, of the hump in the power spectrum. A situation
of this kind is shown in Fig. 14.9.
The relevance of spectral analysis to the problem of the actual observation of
a fluctuating variable is best brought out by examining,
power spectrum of
the velocity vet) of a Brownian particle. Considering the o..-.:omponent alone, the
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K(s)

t
w(f)

o

J

f'

r+-2~~
f_

FIG. 14.9. The autocorrelation function K(s) and the power distribution function wIt>
of a variable that has been filtered through a lightly-damped tuned circuit, with mean
frequency
and width bf ~ (l / a).

r

autocorrelation function K vx(s), or simply K(s), is given by
K(s)

= kT e-Isl/r

(i = M B);

(20)

M

see eqn. (14.7.10). The power spectrum w(n is then given by the expression

J
00

4kT
w(f) = M

o

1

4kTi

e- s1r cos(2rrfs)ds = - 2'
M 1 + (2rrfi)

(21)

which indeed satisfies the relationship
00

J

2kT

w(f)df = -

o

rrM

tan- l (2rrfi)

00

0

(22)

in agreement with the equipartition theorem (as applied to a single component of
the velocity v). For f « i - I, the power distribution is practically independent of
f, which implies a practically "white" spectrum, with
4kTi
w(f) :::: - - = 4BkT.
M

(23)
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We can then write for the velocity fluctuations in the freqr
with f« .-',

' y range (f.

f +

"!).
(24)

-

In general, our measuring instrument (or the eye, in the case of a visual examination'
of the particle) has a finite response time TO, as a consequence of which it is unable
to respond to frequencies larger than, say, TOI . The observed fluctuation is then
given by the "pruned" expression

J
I/ TO

(v;)"", '"

w(!) df = 2kT tan-'
1fM

o

(2IT~) ,

(25)

TO

instead of the "full" expression (22). In a typical case, the mass of the Brownian
particle M '"'-' 10- 12 g. its diameter 2a '" 10- 4 ern and the coefficient of viscosity
of the fluid ~ - 10- 2 poise, so that the relaxation time T = M /(6",]a) - 10- 7 sec.
However, the response time roo in the case of visual observation, is of the order
of 10- ' sec; clearly, T/TO - 10- 6
I. Equation (25) then reduces t02 '

«

4kTT
(Vx)ob; - MTo
2

«

kT
M;

(26)

thus, in view of the finiteness of the response time TO. the observed root-mean-

square velocity of the Brownian particle will be down by a factor of 2(T/ TO)'{2 10- 3 ; numerically. this takes us down from a root-mean-square value which, at
room temperatures, is '" 10- 1 cm/s to a value'" 10- 4 cm/s. It is gratifying to
note that the outcome of actual observations of Brownian particles is in complete
agreement with the latter result; for a more detailed analysis of this question, see

MacDonald (1950). The foregoing discussion highlights the fact that, in the process
of observing a fluctuating variable, our measuring instrument picks up signals over
only a limited range of frequencies (as determined by the response time of the
instrument); signals belonging to higher frequencies are simply left out.
The theory of this section can be readily applied to fluctuations in the motion
of electrons in an (L, R) circuit. Corresponding to eqns (21)- (24), we have for
fluctuations in the electric current I

4kTr'

w(!) = - L -

1

1+ (2ITf T' )2

(i

=

L
-R ) ,

(27)

so that
~

J

w(ndf

=

kT

L

2

(28)

= (/ ) .

o

in agreement with the equ;parlit;on theorem: (~U2) = ~kT. For

f«

lIT',

eqn. (27) reduces to

4kT
w(!) '" I i '

(29)

which. once again, implies "white" noise; accordingly, for low frequencies,
2

4kT

("I )U./+l>fI '" w(n"f - I i " f .

(30)
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obtain for fluctuations in the voltage
(6 V

2

)(/.f+6f) ""

(31)

(4RkT)6[.

Equation (31) constitutes the so-called Nyquist theorem, which was first discovered
empirically by Johnson (1927-8) and was later derived by Nyquist (1927-8) on
the basis of an argument involving the second law of thermodynamics and the
exchange of energy between two resistances in thermal equilibrium 22

14.7. Tbe fluctuation-dissipation theorem
In Sec. 14.4 we obtained a result of considerable importanoe, namely

6;T JK
~

=

F (,,)

(1 )

d,,;

-~

see eqns (14.4.4, 26 and 28). Here, KA(s) and KF(S) are, respectively, the autocorrelation functions of the fluctuating acceleration A(t) and the fluctuating force
F(/) experienced by the Brownian parlicle:
KA(S)

1

1

= (A(O).A(s» = M,(F(O).F(s» = M2KF(s).

(2)23

Equation (I) establishes a fundamental relationship between the coefficient, 'I /B,
of the "averaged-out" pari of the total force c7(/) experienced by the Brownian
particle due to the impacts of the fluid molecules and the statistical character of the
"fiuc(uating" part, F(/), of that force; see Langevin's equation (14.4.2). In other
words. it relates the coefficient of viscosity of the fluid, which represents dissipative
forces operating in the system, with the temporal character of the molecular fluctuations; the content of eqn. (1) is, therefore, referred to as a fluctuation - dissipation
theorem. The most striking feature of this theorem is that it relates, in a fundamental manner, the fluctuations of a physical quantity pertaining to the equilibrium
state of the given system to a dissipative process which, in practice, is realized
only when the system is subject to an external force that drives it aJI,.'UY from
equilibrium, Consequently, it enables us to detemline the non~equilibrium properties of a given system on the bao;;is of a knowledge of the thermal fluctuations
occurring in the system when the system is in one of its equilibrium states! For an
expository account of the fluctuation - dissipation theorem, the reader may refer to
Kubo (1966).
At this stage we recall that in eqn. (14.4.11) we obtained a relationship between
the diffusion coefficient D and the mobility B, viz. D = BkT. Combining this with
(I), we get

J
~

1

I

D = 6(kT)2

Kr(s)ds.

-~

(3)
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Now, the diffusion coefficient D can be related directly to the autocorrelation function K ,, (s) of the fluctuating variable vet). For this, one starts with the observation
that, by definition,
I

ret) =

Jv(u ) du ,

(4)

o

whence
(r

2

I

U»

=

t

JJ(V(U l ) • v (uz» dUl duz.

(5)

00

Proceeding in the same manner as for the integral in eqn. (14.4.22), one obtains
(r2(t »

1/ 2

+ 2S

t

+ 2(1-S)

o

-2S

tl2

-2(I- S )

= J dS J K l, {s) ds + J dS J

(6)

K ,,(s)ds;

cf. eqn. (14.4.24).
The function K v {s) can be determined by making use of expression (14.4.14)
for v(t) and following exactly the same procedure as was followed for determining
the quantity (v 2 {t) , which is nothing but the maximal value, K vCO), of the desired
function. One obtains
for

s> 0

(7)

for

s < 0;

(8)

cf. eqn. (14.4.27). It is easily seen that formulae (7) and (8) can be combined into
a single formula, viz.
K l' {S) = v2(0)e- ISI/T + {3: _ V2( 0)} (e- ISI/T - e- (2t+s)/T )

for all s;

(9)

cf. eqn. (14.4.29). In the case of a "stationary ensemble",
K ,, (s) =

3:

e-Isl/ r,

(10)

which is consistent with property (14.4.20). It should be noted that the time scale
for the correlation function K v {s) is provided by the relaxation time r of the
(Brownian) motion, which is many orders of magnitude larger than the characteristic time T'" that provides the time scale for correlation functions KA (s) and
Kp(s).
It is now instructive to verify that the substitution of expression (10) into (6)
leads to formula (14.4.7) for (r 2), while the substitution of the more general
expression (9) leads to formula (14.4.31); see Problem 14.20. In either case,
(11)

In the same limit, eqn. (6) reduces to
(r 2) ~

t:x;

00

J dS J K ,, (s)ds = t J K v (s)ds .
o

-:x;

-oc

(12)
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Comparing the two results, we obtain the desired relationship:
00

J Kv(s)ds.

D = ~

(13)

- 00

In passing, we note, from eqns (3) and (13), that
00

00

-00

-co

i

J Kv(s)ds J K,·(s)ds =

(6kT)2;

(14)

sce also Problem 14.10.
It is not surprising that the equations describing a fluctuation - dissipation
theorem can be adapted to any situation tbat involves a dissipative mechanism. For
instance, fluctuations in the motion of electrons in an electric resistor give rise to a
"spontaneous" thermal e.mJ., which may be denoted as :13(t). In the spirit of the
Langevin theory. this c.mJ. may be split into two parts: (i) an "averaged-out" part,
- IU (0, which represents the resistive (or dissipative) aspect of the situation, and
(ii) a "rapidly fluctuating" part, V (c), which, over long intervals of time, averages
out to zero. The "spontaneous" current in the resistor is then given by the equation

dl
d(

L-

=-

/U

+ V (I) ;

(V (I»

= O.

(15)

Comparing this with the Langevin equation (14.4.2) and pushing the analogy
further, we infer that there exists a direct relationship between the resistance R
and the temporal character of the fluctuations in the variable V (t). In view of
eqns (1) and (13), this relationship would be
00

R= _1_ j(V(O)' V(s»ds

(16)

6kT

-00

or, equivalently,

j (I
00

1

1

R = 6kT

(17)

(0)· I (s» ds.

- 00

A generalization of thc foregoing result has been given by Kubo (1957, 1959);
see, for instance, Kubo (1965). problem 6.19, or Wannier (1966). sec. 23.2. On
generalization, the electric Cllrrent density j (t) is given by the expression

,

j;(t) =

I: J E((I')$(,(I (

I') dr'

(i. I = x.

v. z);

(18)

- 00

here, E (t) denotes the applied electric field while
(19)
Clearly, the qU 4 ies kT¢/i(s) arc the components of the autocorrelatIon tellsor of
the fluctuating v . . ~ ~orj(t). In particular, if We consider the static case E = (E. O. 0),
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we obtain for tbe conductivity of the system
,

J<I>~(t
~T J

a~'" ~

=

00

- t')dt' =

-00

J<I>~(.,)d-,
0

00

=

(20)

Ux(O)jx(s» ds,

-00

which may be compared with eqn. (17). If, on the other hand, we take E =
(E COS WI, 0,0), we obtain instead
(21)
-00

Taking the inverse of (21), we get

J
00

..
kT
(r,(O)]x(s»
= --;;

;""

axAw)e

dw.

(22)

-00

If we now assume that u.u(w) docs not depend on

lJJ

(and may, therefore, be

denoted by the simpler symbol a), then
UAO)jx(s» = (2kTa)8(s) ;

(23)

cf. note 23. A reference to eqns (14.6.17) shows that, in the present approximation, thermal fluctuations in the electric current are charaterizcd by a "white"
nOlsc.

14.8. The Onsager relations
Most physical phenomena exhibit a kind of symmetry, sometimes referred to as
reciprocity. which arises from certain basic properties of the microscopic processes
that operate behind the (observable) macroscopic situations. A notable example of
this is met with in the thermodynamics of irreversible processes where one deals
with a variety of flow processes, such a, heat flow, electric current, mass transfer,
etc. 111ese flows (or "currents") are driven by "forces", such as a temperaturc
difference, a potential difference, a pressure differcnce. etc., which come into play
because of a natural tendency among physical systems. which happen to be out of
equilibrium, to approach a state of equilibrium. If the given state (of the system)
is not too far removed from a state of equilibrium, thcn onc might assume a lillear
relationship between the forces X j and the currentS Xi:
Xj =YijX j •

(1)

where the Yij are referred to as the killetic coefficients of the system.24 Simple
examples of such coefficients arc thermal conductivity, electrical ronductivity,
diffusion coefficient, etc. TIIcre are, however, nondiagollal elemellls, Yij(i '# j),
as well which mayor may not vanish; they are responsible for the so-called cross
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effects. It is ti'ymmetry properties of the matrix (Yij) that form the subject
matter of this ~ ~ . •ion.
The most obvious way to approach this problem is to consider the entropy,
S(Xi), of the system in the disturbed state in relation to its maximal value, SCi;).
in the relevant state of eqllilibrillln. It is the natural tendency of the function Sex;)
to approach its maximal value S(.Xi) that brings into play the driving forces Xi;
these forces give ri se to currents Xi. which take the "coordinates" Xi towards their
equilibrium values Xj. If the deviations (x; - Xi) are small, then the function S(Xi)
may be expressed as a Taylor series around the values Xj = Xi; retaining terms up
to the second order only. we have
S(X;) = S(Xi)+

(ax,as)

(Xi-Xi)+-1 (

-.

2

X,' =Xi

a'S)
ax/at)
.

.

(Xi - Xi)(Xj - Xj) .
X'

'.

J:=i' .
' ,J

(~)

In view of the fact that the function S(Xi) is nlllximum at Xi = Xj, its first derivatives
vanis h; we may, therefore, write

(3)
where
(4 )

TIle driving forces X j may be defined in the spirit of the second law of thermodrnamics, i.e.

Xi =

(ax;as) =

_

(5)

- (3ij(Xj - Xj),

We note that in the present approximation the forces Xi depend linearly on the
displacements (x,- - x;); in the state of equilibrium, they vanish. Now, in view of
eqn. (14.1.2), the ensemble average of the quantity xiX j is given by

J
~fJij(Xi
n
Jexp{- 2~fJij(Xi-Xj)(Xj-;j)} n
00

(Xi X j)exp { -

(XiXj) =

- X;)(Xj - Xj)}

- 00

'

00

dXi
(6)

dXi

- 00

'

the limits of integration in (6) have been extended to - 00 and +00 because the
integrals here do not draw any significant contribution from large values of the
variables involved. In the same way,
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xi

Differentiating (7) with respect to
(and remembering that the integral in the
denominator is a constant, independent of the actual values of the quantities Xi).
and comparing the resulting expression with (6), we ohtain the remarkable result

(8)
We now proceed towards the key point of the argument. FirSt of all, we note
that, though eqns (1) are concerned with irreversible phenomena, the microscopic
processes underlying these phenomena obey time reversal, which means that the
temporal correlations of the relevant variables are the same whether measured
forward Of backward. Thus
(X;(O)xj(S)) = (X; (O)x/ -s) );

(9)

also, by a shift in the zero of time,
(x;(O~rj(-s) )

= (x;(s)xj(O)) .

(10)

Combining (9) and (10), we obtain
(x;(O)Xj (s) ) = (x;(s)Xj(O)).

(11)

If we now subtract, from both sides of this equation, the quantit y (Xi(O)Xj(O)},

divide the resulting equation by s an d let s --+ 0, we obtain

Substituting from (1) and making use of (8), we obtain on the left-hand side

= -kYj/8u = -

(x;(O)Yj/X/(O))

kYj ;

and on the rigbt·hand side

It follows that
Yij

=

(13)

Yji.

Equations (13) constitute the On!iager reciprocity relations; they were first derived
by Onsager in 1931 and have become an essential basis for the thermodynamics
of irreversible phenomena.
In view of eqns (1) and (13), the currents Xi may be written as

.

af

x·r OXi'

(14)

where the generating function / is a quadratic function of the force s X i:

/=

~YijXiXj.

(15)

The function / is especially imponan t in that it determines directly the rate at
which the entropy of the system changes with time:

.

as

S= -

,

Bf

Xi = XjXi = X i = 2/.
al"j
oX;

(16)
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As the system approaches the state of equilibrium, its entropy must increase
towards the equilibrium value SCx;). The function f must, therefore, be positive
definite, which places certain restrictions on the coefficients )lijAnalogous to eqn. (1), we could also write
(17)
the quantities ~ij being another set of coefficients pertaining to the system. From
eqns (1) and (5), on the other hand, we obtain

Xi =

-f3j/Kj

= -{3ij(yjI Xd = -{3ijYjd-(3lm(Xm - xm)}
(18)

Comparing (17) and (18). we obtain a relationship between the new coefficients
~ij and the (ki.netic) coefficients Yij:

(19)
Further. in view of the symmetry properties of the matrices

f3

and Y. we get
(20)

thus, the coefficients ~ij, introduced through the phenomenological eqns (17). also
obey the reciprocity relations. It then follows that the quantities Xi may bc written
a., cf. eqn. (14),

.

af'

X1
·- '1_ •

(21)

(J.Ai

whcre

f' =

~Sjj(Xi

-

Xi )(Xj

-

XJ ).

(22)

The entropy change dS may now be written as

(23)

so that

as

_

aX = (Xi - Xi);
i

(24)

clearly. the entropy S is now regarded as an explicit function of the forces Xi
(rather than of the coordinates Xi). The time derivative of S now takes the form
a~.
s. = -ax;
X i = (Xi -

af',

ax; = 2/ .

Xi)-

(25)

Comparing (16) and (25), we conclude that the functions / and f' are, in fact,
the same; they are only expressed in terms of two different sets of variables.
It seems important to mention here that Onsager's reciprocity relations have
an mtImate COl
-tion with the fluctuation-dissipation theorem of the preceding
section. Follow, .. ,; eqns (14.7.18) and (14.7.19), and adopting the summation
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convention, we have in the present context
t

Xj(t) =

J

~

E/ (tl)(X/(t')ij(t») dt'

(26)

Edt - s){x/(t - s)(Xj(t») ds;

(27)

kT

-00

or, setting (t - t ' )

= s,

J
00

Xj(t)

=

:T

o
cf. eqn. (1). Interchanging the indices i and I, we obtain
00

x/{t) =

~
kT

J

Ej(t - s)(Xj(t - s)x/(t») ds .

(28)

o

The crucial point now is that the correlation functions appearing in eqns (27) and
(28) are identical in value:
(x/(t - S)Xi(t»)

= (.t/(O)Xi (S» ) = (X/(O)Xi( - S» ) =

(X/(t)Xi(t - s» );

(29)

in establishing (29), the first and third steps followed from "a shift in time"
while the second step followed from the "principle of dYllamical reversibility of
microscopic processes". The equivalence depicted in eqn. (29) is, in essence, the
content of Onsager's reciprocity relations. In particular, if the correlation functions
appearing in (27) and (28) are sharply peaked at the value S = 0, then these equations reduce to the phenomenological eqns (1), and eqn. (29) becomes synonymous
with the Onsager relations (13).
In the end, we make some further remarks concerning relations (13). We recall
that, in arriving at these relations, we made an appeal to the in variance of the
microscopic processes under time reversal. The situation is somewhat different in
the case of a "system in rotation" (or a "system in an external magnetic field"), for
then the invariance under time reversal holds only if there is also a simultaneous
change of sign of the angular velocity n (or of the magnetic field B). The kinetic
coefficients, which in this case might depend upon the parameter n (or B), will
now satisfy the relations
(13a)
and
(13b)
Secondly, our proof rested on the implicit assumption that the quantities Xi
themselves do not change under time reversal. If, however, these quantities are
proportional to the velocities of a certain macroscopic motion, then they will
also change their sign under time reversal. Now, if both Xi and Xj belong to this
category, then eqn. (12), which is crucial to our proof, would remain unaltered;
consequently, the coefficients Yi j and Yji would continue to be equal. However, if
only one of them belongs to this category while the other does not, then eqn. (12)
would change to
(12' )
(Xj(O)Xj(O») = - (Xj (O)Xj(O») ;
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the coefficients

and

Y ij

Yll

would then satisfy the relations
(13')

For the application of Onsager's relations to different physical problems, reference
may be made to the monographs by de Groot (1951), de Groot and Mazur (1962)
and Prigogine (1967).

Problems
14.1. Making nse of expressions (14.1.11) and (14.1.12) for I'>S and I'>P, and expre~'ion' (14.1.14)
for (I'>T)2. (I'> 11)2 and (I'>TI'> \I), show that
(ii) (D.P I'> II) = -kT :

(i) (I'>TI'>S ) =kT;

(iv) ( D.PI'>T) = kT2 C ,/FJP/ iJT )v.

(iii) (MI'> II) = kT(BII /BTjp ;

[Note that results (i) and (ii) give: (I'>TI'>S - I'>PI'>II ) = 2kT, which follows directly from the
probability distribntion function (14.1.8).]
14.2. Establish the probability distrib ution (14.1.15), which leads to expressions (14.1.16) for (I'>S)2 ,
(I'>P)2 and (I'>SI'>P ). Show that these results can also be obtained by tollowing the procednre of the
preceding problem.
14.3. If we choose the quantities E and V as "independent" variables, then the probability distnbution function ( 14.1.R) docs not reduce to a form as simple as (14.1.13) or (14.1.15); it is marked instead
by the presence, in the exponent, of a cross term proportional to the product I'>EI'>II. Consequently,
the variables E and II are not statistically independelll: (I'>E I'> \I ) t= O.
Show that
(6E6V ) = k T { T ( : : t

+ p( :~) J :

verify as well cxprc.<;.,ions (14.1.14) and (14.1.18) for (I'> 11)2 and (I'>E r.
[Note that in the case of a two-dimensional normal distribution, viz.
pix, y ) ex exp{

- ! (ax

2

+ 2bx)' + ci )} ,

the quantities (x2 ), (xy) and ( vl) can be obtallled in a straightforward manner by carrying ont a
logarithmic differentiation of the formula
oc

JJ {
:x;

exp

>+ 2bxy + cy->} dx dy =

I
- - (ax2

2rr
,=====
J(ac -b2)

- x -x

with respect to the parameters a, band c. This lead. to the covariance matrix of the distribution,
namely
xl ) (Xy
1
( (yx) (i ) = (ae - b2) -b
a

( c -h)

»)

If b = 0, then
(.<2 )

= 1/ 0.

(x}' )

=

o.

(i )

= l / c.]25

14.4. A string of length I is stretched, under a constant tension F , between two fixed points A and
B. Show that the mean square (fluctuational) dlsplacement yl.>CJ at the point P, distant x from A, is
given by
--

kT

(y(x»)2 = - x(l -x).
Fl

Further show that, for

X2 :::: Xl ,
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[Hint: Calculate the energy, <l>, associated with the fluctuation in question; the desired probability
distribution is then given by p DC exp (-<l> / kT), from which the required averages can be readily
evaluated.]
14.5. How small must the volume, V.4, of a gaseous sub-system (at normal temperature and pressure)
be, so that the ruot-mean-square deviation in the number, N A, of particles OCL"Upying this volume be
1 per cent of the mean value N A?
14.6. Consider a gas. of infinite extent. divided into regions A and B by an imaginary sheel running
through the system. The molecules of the gas are supposed to be interacting through a potential energy
function u(r). Show that the net force F experienced by all the molecules on the A-side of the sheet
due to all the molecules on the B-side is perpendicular to the plane of the sheet and its magnitude
(per unit area) is given by

F

- = -2ml2
-A
3

J"" (dU)
dr

3

g(r)r dr.

o
where the quantity 1l 2 g(r) is defined in eqn. (14.2.3). Compare this result with eqn. (3.7.17), which
was derived on the basis of lhe virial theorem.
14.7. Show that for a gas of non-interacting bosons, or fermions, the corre/atioll /uIlCtiOIl vCr) is
given by the expression
1

where g (= 2s + 1) is the spin multiplicity factor while the other symbols have their usual meanings;
note that the upper sign here applies to bosons, the lower one to fermions,z6
[Hint: To solve this problem, one may use the method of second quantization, as developed in
Chapter 10. The particle dellsity operator ;; is then given by the sum, see eqn. (10.1.25),

2:>!a.Bu~(r)u.B(r),
".f!

whose diagonal terms are directly related to the mean panicle density II in the system. The nondiagonal
terms give the dellSity jluctllatioll operator (n - II), etc.]
14.8. Show that, in the case of a degenerate gas of fermions (T « T F), the correlation function
vCr), for r »h/ P£, reduces to the expression
vCr) = _ 3 (mkTi {Sinh
4p~hr2

Note thai, as T

->

(rrmkp~~r) }-z
,Tl

0, this expre"ion lends to the limiting form
v(r) =-

3h
i
,
rDC "4 '
4rr- PF
r

14.9. Pospisil (1927) observed the Brownian motion of soot particles, of radii 0.4 x 10- 4 em,
immersed in a water-glycerine solution. of viscosity 0.0278 poise, at a temperature of i8.8°C. The
observed value of x l , in a iO-second time interval, WdS 3.3 x 10-~ cmz . Making use of these data,
determine the Boltzmann constant k.
14.10. In the notation of Sec. 14.4, show that for a Brownian particle
(vCt) . F (t» = 3kT (T.

while

(v(t). "''' (t» = O.

On the other hand,
(r(T) • 36(t)) = -3kT,

while

(rCt )· F

(1»

=

o.

14.11. Integrate eqn. (14.4.14) to obtain
r et) = v(O)r(i - e- t/' ) + r

t

J{l - et.- tJ/'}A(u )du,
o
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so that reO) = O. Taking the square of this expression and making use of the autocorrelation function
KA (s), derive formula (14.4.31) for (r 2(t» .
14.12. While detecting a very feeble current with the help of a moving-coil galvanometer, one must
ensure that an observed deflection is not just a stray kick arising from the Brownian motion of the
suspended system. If we agree that a deflection e, whose magnitude exceeds 4B,.m.s.[= 4(kT/c)1/2],
is highly unlikely to be due to the Brownian motion, we obtain a lower limit to the magnitude of the
current that can be reliably recorded with the help of the given galvanometer. Express this limiting
current in terms of the time period r and the critical damping resistance Rc of the galvanometer.
14.13. (a) Integrate Langevin's equation (14.4.5), for the velocity component 11.. , over a small
interval of time lJt, and show that

=

lJt

and

r

Mr

lJt

(b) Now, set up the Fokker-Planck equation for the distributioll fUllctioll f( v" t) and,
making usc of the foregoing results for III (v.. ) and 1l2("x ), derive an explicit expression
for this function. Study the various cases of interest, especially the one for which t » r .
14.14. The Langevin equation for a particle, of mass M, executing Brownian motion, under a
restoring force -Ax, would be (Kappler, 1938)
d 2x

M- 2
dt

cr. eqn. (14.4.2) for which A =

1 dx

+ - - +Ax =
B dt

F(t);

O. Derive, on the basis of this cquation, expressions for the quantities

(x 2 (t» and (v;(t)), and show that, in the limit A -> 0, these expressions reproduce eqns (14.4.29) and
(\4.4.31) while, in the limit M -> 0, they lead to the relevant results of Sec. 14.5.

1".15. Generalize the Fokker-Planck equation to the case of a particle executing Brownian motion
in three dimensions. Determine the general solution of this equation and study its important features.
14.16. The autocorrelation function K(s) of a certain sea/istiea/ly statiollary variable yet ) is given by

,

(i) K(s) = K(O)e- a.r cos (mrs)
or by
(ii) K(s) = K(O)e- alsl cos (2rrrs),
where ex > O. Determine, and discuss the nature of, the power spectrum w(f) in both these cases, and
0 and (c) both ex and
O.
investigate its behavior in the limits (a) ex ...... 0, (b)
14.17. Show that if the autocorrelation function K(s) of a certain statistically stationary variable
yCt) is given by
sin (as) sin (bs)
K(s) = K(O)
(a > b > 0),
as
bs

r ...

r_

then the power spectrum w(f) of that variable is given by
for

a-b
0 < / < --,
- 2rr

{a+b
2rr
-K(O)
- - - rrf }
ab
2

for

a-b
a+b
--</<-2rr - 2rr '

o

for

2rr
w(f) = -K(O)
a

a+b

2;"""

~

/

< 00.

Verify that the function w(f) satisfies the requirement (14.6.16).
[Note that, in the limit b· ...... 0, we recover the situation pertaining to eqns (14.6.18).]
14.18. (a) Show that the mean square value of the variable yet ), defined by the formula
u+t

y et ) =

J Y( II) du ,
u

where yCu) is a statistically stationary variable with power spectrum w(f), is given by

J
00

,
(Y-(t))

=

1
-2
2rr

-w(f)
2-[I - cos(2rr/t)Jdf ;
/

o
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and, accordingly,
00

w(n = 41Tf

f

a.

at (y2(t» Sin (21Tft)dt

o

For details, see MacDonald (1962), sec. 2.2.1. A comparison of the last result with eqn.
(14.6.14) suggests that

(b) Apply the foregoing analysis to the motion of a Brownian panicle, taking), to be the
velocity of the particle and Y its displacement.
14.19. Show that the power spectra w v(f) and U"A(f) of the fluctuating variables v(t) and A(t)
that appear in the Langevin equation (14.4.5) are connected by the relation

r heing the relaxation time of the problem. Hence, U"A(f) = 12kT/Mr.
14.20. (a) Verify eqns (14.7.7)-(14.7.9).
(b) Substituting expression (14.7.9) for K v (s) into eqn. (14.7.6), derive formula (14.4.31)
for (r2(t» .

Notes
I Some of the statements made here are true only for r f. 0; for r = 0, they have to be modified.
This is due to the fact that "the possibility of finding a particle at the point r -> 0, when we already
know that there is a particle at the point r = 0, tends to be rather a certainty". This (sillgular) situation
may be taken care of by including in the expression for g(r), and hence in the expression for v(r), a
term with a delta function at r = O. Now, eqn. (3) tells us that, since the integral F 2(rl . 1"2) d 3 r l d 3 r2

J

is equal to N (N - 1), the integral

Jg(r ) d 3 r must be equal to V(I -

V

I / N ). Therefore, in the absence

v

of spatial correlations, we should have
g(r) = l - ll- 18(r).

rather than g (r ) = 1; correspondingly, the correlation function vCr) should be -ll - 18(r), rather than
zero.
Ir follows that the statements made in the text become applicable to all r (including r = 0) if we
add to the functions g (r) and vCr ), as defined in eqns (3) and (4), an ad hoc term ll - 18(r).
2 Compare eqn. (10) with eqns (3.7.17) and (3.7.18), which connect the pressure P and the
internal energy U of a system of interacting particles with the pair distribution function g (r ). See
also Problem 14.6.
3 We note that for light waves, since J.. is relatively large, for all values of r for which the pair
distribution function g(r ) is significantly different from unity, the product (sr) « 1; consequently,
sin (sr) / (sr) ~ 1. Expression (13) then reduces to (10).
4 For a discussion of critical f!uctuatiO/ls , see Kle in and Tisza (1949).
5 Since the quantities x and t are macroscopic in nature while I and r' are microscopic, the numbers
II and 111 are much larger than unity; consequently, it is safe to assume that they are illtegral as well.
6 The term "reversible" here is related to the fact that the Newtonian equations of motion, which
govern this class of phenomena, preserve their form if the direction of time is reversed (i.e. if we
change t to - t, etc.); alternatively, if at any instant of time we reverse the velocities of the particles in
a given mechanical system, the system would "retrace" its path exactly. This is not true of equations
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describing "ir
, ible" phenomena, such as the diffusion equation (19), with which the phenomenon
of Drownian L
.In is intimately related_
7 It is easy to recognize the additional result that if n is even. then p,,(m) e: 0 (or odd m, and i(
" is odd, then PI! (m) == 0 for even ffl_
8 In the next section we shall sec that, (or a spherical pafticle, D = kTI61r'1a where '1 is the
coefficient of viscosity of the medium and a the radius of the Brownian particle. In the case under
study, T ::: 300 K, " ::: 10- 2 poise and a := 4 x 10- 5 cm. Substituting these values, we obtain for the
Boltzmann constant: k ::: 1 .3 x 10- 16 efg/ K.
9 If Stokes's law is applicable, then B = 1/ (6"'10), whefc '1 is the coefficient of viscosity o f the
fluid and a the radius of the particle (assumed spherical).
10 The process of "averaging over an ensemble" implies that we are imagining a large numbe r of
systems similar to the one originally under con.o;ideration and are taking an average over this collection
at al/)' time t. By the very nature of the function F(t ), the enscmble average (F(t») must be zero at
all times.
II This is so because we have no reason to expect a statistical correlation betwee n the (XlSitiOll ret)
of the Drownian particle and the force F(t) excrted on it by the molecules of thc fl uid; see, however,
Munoliu and Kittel (1979). Of course, we do expect a correlation between the variables 11(t ) and F(1) ;
consequently. (v· F) =F 0 (see Problem 14. 10).
12 Note thaI the limiting solution (8) corresponds to "dropping out" the second term on the left-hand
s ide of eqn. (6).
I) Note that the limiting solution (10) corresponds to "dropping out" the first te rm on the left-hand
side of eqn. (6).
14 This is the only crucial step in the proof. II involves a "shifl", by an amount s, in both instants
of the measurement process; the equality results from the fact thai the e nsemble is supposed to b:
slation<lry.
IS One may check that

where t,2(00) = 3k.TI M and .6. (t,2(t») is the "deviation of Ihe quantity concerned from its equilibrium
value", In this form of the equation, wc have a typical example of a "relaxalion phenomenon", with
relaxatioll timc T/2.
•
10 We are weitly assuming here a "Markovian" situation where the transitiOlI probability {wlction
W(l", x') depends only on the present position x (and. of course, the subsequent position X) of the
particle but IIOT on the previous history of the p.:1rticle,
\7 In the case of fermions, an account must be taken of the POf/1i eXc/U!iiOlI prillciple which controls
the "occupation of single-pa rticle states in the system"; faT instance, we cannot, in that e,lse, consider
a trans ition that lends [Q transfer a particle to a sta te which is already occupied. This requires an
appropriate modification of the Master Equation.
18 Clearly, this assumption limits our analysi... to w hat may be called the "Brownian molion approximation", in which the object under considcration is presumed to be on a very different scale of
magnitude than the molecules constituting the environment , I! is obvious that if one tries to apply this
SOrt of ana lysis to " understand" the behaviour of molecules themsell'cs, one cannOI hope for an~-thing
but a "crude. semi-quantitativc" outcomc .
19 Obviously, this docs 110t affect the spectra l quality of the fluctuations, except Ihal now ,,;e do
not have a componen t with freque ncy zerO. To repreSent the actual situation, one may h.1\'e to add. to
the resulting spectrum, a suitably weighted 8(f)-term .
20 Tllis is ~ssenlially true of the rapidly fluctuating force F (/) experienced by a Drownian particle
due 10 the incessant molecular impulses received by it.
21 It wi ll he noted thai the fluctuatiOns constituting this result belong ctttire(r to the region of the
"while" noise, w ith .6./:::: l i TO; see eqn. (24). wilh B = 'tI M .
22 We note that the foregoing results are essentia lly equivalent to Einstein's origin.ll.result for
charge fluctuations in a conductor, viz.

compme, as wcll, the Brownian-particle result: (Xl), = 2BkTt.
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23 We note that the functions KA (s) and KF (s), which are nonzero only for s = OCr'), see eqn.
(14.4.21), may, for certain purposes, be written as

KA(s)

6kT

=-

2- 15(s)

MB

and

KF(s)

6kT

= -15(s).
B

In this form , the functions are nonzero only for s = o.
24 In writing eqn. (1), and other subsequent equations, we follow the summation convention which
implies an automatic slunmation over a repeated index.
25 For the covariance matrix of an n -dimensional normal distribution, see Landau and Lifshitz
•
(1958), sec. 110.
26 Note that, in the classical limit (h -> 0), the infinitely rapid oscillations of the factor
exp (i(P . r)l h) make the integral vanish . Consequently, for an ideal classical gas, the function v(r) is
identically zero.
It is not difficult to see that, for nA 3 « 1 where A = hi J(2rrmkT),
vCr) ~

1

± - exp ( - 2rrr21}.2);
g

cf. eqn. (5.5.27). We also note that v(0) is identically equal to ± l /g, which is ± 1 if s =

o.

APPENDIXES

A. InHuence of boundary conditions on the distribution of quantum states
In this appendix we examine, under different boundary conditions, the asymptotic distribution of single-particle states in a bounded continuum. For simplicity,
we consider a cuboidal enclosure of sides a, band c. The admissible solutions of
the free-particle SchrOdinger equation
(1)

which satisfy Dirichlet boundary conditions (namely,
boundary), are then given by
1/1111/11 (r)

1/1 = 0 everywhere at the

. (lrrX)
. (mrry) Sm. ("rrz)
~ Sm b
--;;- •

ex Sm

(2)

with
I,

111 , II

= I , 2, 3, .. . .

(3)

Note that in this case none of the quantum numbers l, m or n can be zero, for
otherwise our wave function would identically vanish. If, on the other hand, we
impose Neumann boundary conditions (namely, o1/l/on = 0 everywhere at the
boundary), the desired solutions turn out to be
1/IIml1 (r) ex cos

IrrX) cos (mrrv)
b cos (nrrz)
--;;- .
(~

(4 )

with
I, m, n

= 0, 1, 2, . "

;

(5)

clearly, the value zero of the quantum numbers is now allowed! In each case,
however, the negative-integral values of the quantum numbers do not lead to any
new wave functions.
The total number g(K) of distinct wave functions 1/1, with wave number knot
exceeding a given value K, may be written as
g(K)

= Z=' t(l , III , n),
I ,m .t!
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where f (I, m, n) = 1 for the numbers (I, m, n) belong
to the set (3) or (5), as
the case may be; the summation 2:' in each case is resl"cted by the condition
(7)

We now define a sum
G(K) =

L ' /"(/, m, n),

(8)

l ,m . 11

where f*(/, nI, n) = 1 for all integral values of I, Tn and n (positive, negative or
zero), the restriction on the numbers (I, m, n) being the same as stated in (7). One
can then show. by setting up correspondence of terms, that

'\~'

" " f • (I,m,n)
~n f(l,m , n)= 81 [~n

Of {

t'

/"(1, m, 0)+

~'/"(I, 0, n)+ ~' /"(O, m, n)}

+ {L' /"(1, 0, 0)+ L' /"(0,111 , 0) + L' /"(0,0, n)}Of 1];
I

111

II

(9)

the upper and the lower signs correspond, respectively, to the Dirichlet and the
Neumann boundary conditions.
Clearly. the first sum On the right-hand side of (9) denotes the number of lattice
points in the ellipsoid (X'j,,' + Y'jb' + Z'je' ) = K' j rr' ,1 the next three sums
denote the numbers of lattice points in the ellipses which arc cross-sections of
this ellipsoid with the Z-, Y- and X-planes, while the last three sums denote the
numbers of "Jttice points on the principal axes of the ellipsoid. Now, if a, band
c are sufficiently large in comparison with rr/K, one may replace these numberS
by the corresponding volume, areas and lengths, respectively, with the result

K3
K'
K
I
g(KJ = - ?(abe) Of -(ab + ea + be) + -(a + b + cJ Of 6rr-

8rr

4rr

8

+ E(K);

(10)

the term E(K) here denotes the net error committed in making the aforementioned
replacements. We thus find that the main term of our result is directly proportional
to the volume of the enclosure while the first correction term is proportional to its
surface area (and, hence. represents the "surface effect"); the next-order term(s)
appear in the nature of an "edge effect" and a "corner effect".
Now, a reference to the literature dealing with the determination of the "number
of lattice points in a given domain" reveals that the error term £(K) in eqn. (10)
is O(K") where 1 < a < 1 A; hence, expression (10) for g(K) is safe only lip to
the surface term (inclusive). In view of this, we may write
g(K) =

K3

K'

V Of - -S
6rr16rr

-

?

+ a lower-order remainder;

(11)
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~ere

8mL 2

E*

=

4L2

~E: = h2

L2

p2 =

rr2K2 •

(12)

eqn. (11) reduces to eqns (1.4.15) and (1.4.16) of the text.
[n the case of periodic boundary conditions, namely

",(x, y, z) = "'(x

+ a, y, z) =

",(x, y + b, z) = ",(x, y, z + c),

(13)

the appropriate wave functions are

"",,,,(r) ex exp (i(k . r)}.
with

n)

I rIII- - - '
k=2r
( (l' b' c '

(14)

I, III, n = 0, ±1, ±2, ....

(15)

The number of free-particle states g(K) is now given by
g(K) =

L

,
(16)

j"U,III , n),

1,111 ,"

such that

(17)
This is precisely the nurnber of lattice points in the ellipsoid with scrniaxes Ka j 2:r,
KbJ2rr and Kc/27f, which, allowing for the approximation made in the earlier

cases, is just equal to the volume term in (ll). Thus, in the case of periodic
boundary conditions, we do not obtain a surface term in the expression for the
density of states.

For further information on this topic, see Fedosov (1963, 1964), Pathria (1966),
Chaba and Pathria (1973) and Baltes and Hilf (1976).
B. Ce11ain mathematical functions
In this appendix we outline the main properties of certain mathematical functions
which are of special importance to the subject matter of this text.
We start with the gamma function rev), which is identical with the factorial
function (v - I)! and is defined by the integral

r(v)

= (v -

00

I)! =

J e-'x·'- I dx;

v> O.

(1)

o

First of all we note that

r(1)

0'=1.

Next, integrating by parts, we obtain the recurrence formula

1

r(v) = - r(v
v

+ 1),

(3)

whence it follows that

r(v+1)=v(v-l) ... (l+p)pr(p),

0<1'::01,

(4 )
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p being the fractional part of
familiar representation,
~

['en

on the other hand, if
[' (m +

l'

IJ.

For integral values of v (v = n , say), we have the

1) _ n!

= n(n -

1) . . . 2.1;

is half-odd integral (v = m

D =(m -

(5)

+ ~ , say), then

~)! = (m -~) (m - ~) ... ~ . ( ~)

r

(~)

= (2m - 1)(2m - 3), , , 3· 1 rrl / 2,

(6)

2m
where use

ha~

been made of the fact that. see eqn, (21),

(7)
By repeated application of the recurrence formula (3), the definition of the function
rev) can be extended to all v, except for v = 0, - I , -2, . .. where the singularities
of the function lie. The hehavior of rev) in the neighborhood of a singularity can
be determined by setting v = -n + f , where n = 0, 1, 2, , .' and If I « 1, and
using formula (3) n + 1 times, with the result

+ f) =

r(-n

::::::

1

+ f)( - n + 1 + f) . . . (-1 + f) f

(- n

['(1

+ f)

( _I )n
(8)

-'--~

n! e

Replacing x by a y 2, eqn. (1) takes the form
:)0

J e-uyLy 2v-1dy ,

re v) = la'

0

v> O.

(9)

v
Thus, we obtain another closely related integral, namely

'

00

I ' "- 1

-

=j e
o

_u \,z

' -v

2" - 1 dy

1

= -la" ['( v ) ',

LJ

> 0;

(10)

v> -1.

(11)

by a change of notation, this can be written as
x

I

=
v -

J

e- u -,.2

,v
}

-

dy -

1
2a(1'+1)f2

['

(V+l)
2
'
__

o

One can easily see that these integrals satisfy the relationship

a
aa

I v+2 = - - Iv.

(12)

The integrals I" appear so frequently in our study that we write down the values
of some of them explicitly:
_ 1
Iv - '2

(TC) 1/ 2
a

'

_ 1
12 -

4:

(TC) 1/2
a3

'

14 =

~

( ; ) 1/ 2 __ , ,

(13a)
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I

(13b)

=2a"

13

In connection with these integrals. it may also be noted Ihat
00

f

e~'" y' dy

= 0

if v is an odd integer

= 21 v

if v is an even integer.

- 00

(14)

Next we consider the product of two gamma functions, say r(ll) and r(v}_
Using representation (9), with ex = 1. we have
0000

r(I')r(v) = 4 f

f

o

0

2
e-(X

+Y')x2" - Iy" - 1 dxdy.

I' > 0, v > O.

(15)

Changing over to the polar coordinates (r, B), egn. (15) becomes
n/ 2

00

r(I')f(v) = 4 f e-? r 2(" + , )- 1 dr

f

o

COS'"- I Bsin',- I

BdB

0

= 2r(I'

"/1

+ v) f

COS 2" -1

Bsio',- I BlIB.

(16)

o
Defining the bela fUllclion B(I' , v) by the integral

B(I', v) = 2

"I'

f

COS," - I

8sin',-1 8d8,

I' > 0, v > 0,

(17)

o
we obtain an important relationship;

r(I')r(v)

B(I', v) =

r(I'

+ v)

= B(v, 1').

(18)

Substituting cos2 8 = ~, eqn. (17) takes the standard form
1

B(I', v) =

f

~"- I(l - ~)'- I d~,

I' > 0, v > 0,

(19)

o

while the special case J1.

=

v=

! gives

B(H)

=2

"I'
f d8= rr;

(20)

o

coupled with eqns (2) and (18), this yields

rO)

=rr l !2

(21 )

(i). Slirling 's formula for v!
We nOw derive an a<iymptotic expres.<oion for the factorial function
00

v!

= f e-Xx
o

lJ

dx

(22)
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for 1) » 1. [t is not difficult to see that, for v» 1, the n
~ contribution to this
integral comes from that region of x which lies around th .... reint x = v and has a
width of order -./v. In view of this, we invoke the substitution
x = v

+ (~v)u,

(23)

whereby egn. (22) takes the form
(24)

The integrand of (24) attains its maximum value, unity, al Ii = 0 and Qn both
sides of the maximum it falls rapidly to zero, which suggests that it may be
approximated by a Gaussian. We therefore expand the logarithm of the integrand
around II = 0 and then reconstruct the integrand by taking the exponential of the
resulting expression; this gives
(25)

If v is sufficiently large, the integrand in (25) may be replaced by the single factor
exp (_u 2 / 2); moreover, since the major contribution to this integral comes only
from that range of u for which lui is of order unity, the lower limit of integration
may be replaced by -00. We thus obtain the Stirling formula

v! '" v(2rrv)(v/ e)',

v» 1.

(26)

A more detailed analysis leads to the Stirling series

v' = v(2rrv)

1
I
(~V)" [1 + 12v
+ 288v2

139
571
- 51840v' - 248832011'

1

+ ....

(27)

Next, we consider the function In (v!). Corresponding to formula (27), we have,
for large v,

In(v!) =

(v+~) Inv- v+ ~ In (2rr)
1

+ [ 12v -

1

36Ov3

I- I
I
1680v' + ... ,

+ 1260'"

(28)

For most purposes. we may write

In(v') "" (vlnv- v).

(29)

We note that formula (29) can be obtained very simply by an application of the
Eulcr- Maclaurin formula. Since v is large. we may consider its integral values

only; then, by definition,

"

In(n!) = Y)ini).
;=1
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lion by an integration, we obtain

" (In x) dx = (x In x - X)l::~~'
In (n!) ::: J
I

~

(n Inn - n),

which is identical with (29).
We must, however, be warned that whereas approximation (29) is fine as it is,
it would be wrong to take its exponential and write v! ~ (vjet, for that would
affect the evaluation of v! by a factor O(Vl / 2), which can be considerably large;
see (26). In the expression for In (v!), the corresponding term is indeed negligible.

(ii) . The Dirac a-filllction
We start with the Gaussian distribution function
1

,

,

p(x, Xo, 0) = - ; - - - e -(r-x u)-/2(r
.J(2rr)o
'

(30)

which satisfies the normalization condition
00

J p(x, Xo, 0) dx =

(31)

1.

- 00

The function p(x) is symmetric about the value Xo where it has a maximum; the
height of the maximum is inversely proportional to the parameter 0 while its width
is directly proportional to 0, the total area under the curve being a constant. As 0
becomes smaller and smaller, the function p(x) becomes narrower and narro\ver
in width and grows higher and higher at the central point Xo, condition (31) being
satisfied at all 0; see Fig. B. L
In the limit 0 -7 0, we obtain a function whose value at x = Xo is infinitely
large while at x #- Xo it is vanishingly small, the area under the curve being still
equal to unity . This limiting form of the function p(x, Xo. 0) defines the a-function
p(x- x oJ

4

3 0=1 /10

I

2

0- 1
-2

- 1.5

-1

1.5

FIG. R l.

2
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of Dirac. Thus, we may define this function as the one satisfying the following
properties:

(i) 8(x - xo) = 0

for all x

# xo

(32)

and
00

(ii)

J 8(x -

(33)

xo) dx = 1.

-00

Conditions (32) and (33) inherently imply that, at x = Xo, 8(x - xo) = (X) and that
the range of integration in (33) need not extend all the way from - (X) to +00; in
fact, any range that includes the point x = Xo would suffice. Thus, we may rewrite
(33) as
B

J 8(x -

if A < Xo < B ;

xo) dx = 1

(34)

A

it follows that for any well-behaved function

lex)

B

J !(x)8(x-xo)dx=!(xo)

(35)

if A <Xo <B.

A

Another limiting process frequently employed to represent the 8-function is the
following:
8(x - xo) = Lim
y ?
y--+o n{(x - xo)-

?

+ y-}

(36)

.

To see the appropriateness of this representation, we note that, for x # Xo, this
function vanishes (like y) while, for x = Xo, it diverges (like y - I); moreover, for
all y,

1
00

- - - - - - 'y----,-----c-

n{(x - xo?

+ y2}

dx =

~

[tan -

I

(x - x o)] 00

y

n

= 1.

- oo

(37)

- 00

An integral representation of the 8-function is

1
00

8(x - xo) =

2~

(38)

eik(x-xo ) dk,

- 00

which means that the 8-function is the " Fourier transform of a constant". We note
that, for x = Xo , the integrand in (38) is unity throughout, so the function diverges.
On the other hand, for x # Xo, the oscillatory character of the integrand is such
that it makes the integral vanish. And, finally, the integration of this function, over
a range of x that includes the point x = Xo, gives

2~

-L roL
DC

[XO+L

1

eiklx-xo) dx

00

dk =

eikL -e -ikL

1
1

2n(ik)

dk

-00

DC

=

sin(kL)

- 00

independently of the choice of L.

nk
I

I

dk = 1
'

(39)
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It is instructive to see how the integral representation of the 8-function is related

to its previous representations. For this, we introduce into the integrand of (38) a
factor exp (-yk 2 ) , where y is a small, positive number. The resulting function, in
the limit y -+ 0, should reproduce the 8-function; thus, we expect that

J
00

8(x - xo) =

~ Lim
2IT

y ..... O

e ik (x -xOl- yk

2

dk.

(40)

-00

The integral in (40) is easy to evaluate when we recall that
(41)

while
00

J sin (kx)e- yk2 dk =

O.

(42)

-00

Accordingly, eqn. (40) becomes
(43)

which is precisely the representation we started with. 2
Finally, the notation of the 8-function can be readily extended to spaces with
more than one dimension. For instance, in 11 dimensions,

.

(44)

8(r) = 8(Xl ) ... 8(xlI ) .

so that
(i) 8(r) = 0

for all r

-I 0

(45)

and
00

(ii)

00

J ... J 8(r)dxl ... dXIl
-oc

-

(46)

= 1.

ex)

The integral representation of 8(r) is

J...J
00

8(r) = _ 1_
(2n)"

Xl

ei(k .r l

-oc

d"k.

(47)

-00

Once again, we may write

J. .J
00

8(r) = _1_ Lim
(2IT)" y-+O

ei(k.rl-yk~ d" k

-00

= Lim

y ..... O (

1
-4ITY

00

),,/2

-

(48)

ex)

e - ,2 /4y.

(49)
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c. "Volume" and "surface area" of an n-dimension

phere of radius R

Consider an n-dimensional space in which the position of a point is denoted by
the vector r, with Cartesian components (XI, . . . , xn) . The "volume element" dV 11
in this space would be
11

dllr

= II(dxi);
i =1

accordingly, the "volume" VII of a sphere of radius R would be given by
(1)

Obviously, VII will be proportional to R" , so let it be written as
VII(R) = C " RII,

(2)

where C" is a constant which depends only on the dimensionality of the space.
Clearly, the "volume element" dV" can also be written as
dV" = S,, (R)dR = nC"R,,- 1dR,

(3)

where S" (R) denotes the "surface area" of the sphere.
To evaluate C", we make use of the formula
DC

J exp(- x2)dx =

rrl /2.

(4)

- 00

Multiplying

II

such integrals, one for each

X i,

we obtain

00

= J exp (-

R2 )nC" R,,-1dR

o

= nC"2
. -1 r (n)
-2 = (n)
-2 !C
here, use has been made of formula (B.ll), with ex

=

.

(5)

11'

1. Thus

C II =rr"/2 /(~)! ,

(6)

whence
rr" / 2

V (R) "
-

(n/2)!

R"

and

SIl (R) =

2rr" / 2
r(n / 2)

RII -

I

,

(7a,b)

which are the desired results.
Alternatively, one may prefer to use spherical polar coordinates right from the
beginning - as, for instance, in the evaluation of the Fourier transform
l(k)

=

J !(r)eik .r d"r.

(8)

App. C]

"Volume" and "Surface Area" of an n-dimensional Sphere

505

In that case
d n r = r n - 1 (sin 81 )n - Z . .. (sin 8 n- Z )1 drd8 1 ••• d8n- z d¢,

(9)

where the 8j range from 0 to n while ¢ ranges from 0 to 2n. Choosing our polar
axis to be in the direction of k, eqn. (8) takes the form
I(k) =

J f(r)eikrCOsfhrn - 1(sin 8t>n-Z ... (sin8n _2)ldrd8 1 ... d8n_ 2 d¢.

Integration over the angular coordinates 8 1 ,82 ,83 , ... , 8n nl /2r (n

B

21) (~)

2

(10)

and ¢ yields factors

(n - 2)/2 J(n - 2)/2(kr) X

(~
~). B (~
~) ... B
2 ' 2
2 '2

(1 ~).

2rr
'2'

where J v (x) is the ordinary Bessel function while B(jJ. , v) is the beta function ; see
eqns (B.17) and (B.18). Equation (10) now becomes
OO

I(k) = (2rr)" /2

(

J

fer)

1 ) (n-2)/2
1
kr
J (I _2)/2(kr)r" - dr,

(11)

o

which is our main result.
In the limit k -+ 0, J v(kr) -+ (4krr

/r(v + 1), so that

J
00

2rrn/ 2

1(0) =

f(r)r,, - I dr,

f(1l/2)

(12)

o

consistent with (3) and (7b). On the other hand, if we take fer) to be a constant,
say 1/(2rr)", we should obtain another representation of the Dirac 8-function in n
dimensions; see eqns (8) and (BA7). We thus have, from (11).
8(k) =

1
(2rr)n

/2

Joo (

1)

(n - 2 )/2

J (Il _21/2(kr)r

-

kr

o

n

-

1

dr.

(13)

As a check, we introduce a factor exp (-exr2) in the integrand of (13) and obtain
8(k) = Lim
a -+ 0

1
/2
(2rr)"

Joo
o

e- a ?

(

1)
-

(n - 2 )/2

kr

J (n_2)/2(kr)r n - 1 dr

(14)

in complete agreement with (BA9). If, on the other hand, we use the factor
exp (-exr) rather than exp (-exr 2 ), we get
8 k = Lim
()

which generalizes (B.36).

a-+O

r

(n +2 1) {rr(F +

ex
ex2 )}(n+ I)/2'

(15 )
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D. On Bose- Einstein functions
In the theory of Bose-Einstein systems we come across integrals of the type
ex:

Gv(z) =

x ,,- l dx

z- 1eX· -

/

o

(0

1

~ z

< 1, v > 0; Z = 1, v > 1).

(1)

In this appendix we study the behavior of G ,,(z ) over the stated range 3 of the
parameter z. First of all, we note that
ex:

Lim G ,,(z)

= J ze-" x v - 1 dx =

(2)

z f(v) .

0

Z-+O

Hence, it appears useful to introduce another function, Rv(z), such that
(3)

For small z, the integrand in (3) may be expanded in powers of z, with the result

71

x

.,.2

~

~

.,3

~

= L -=z
+ -2" + -+
.. ··'
Iv
3'

(4)

1= 1

thus, for z « 1, the function g,,(z), for all v, behaves like z itself. Moreover, g,,(z) is
a monotonically increasing function uf z whuse largest value in the physical range
of interest obtains when z -7 1; then, for v > 1, g,, (z) approaches the Riemann
zeta function l;( v):
x
1
(5)
g,,(1) =
IV = l;( v) tv > 1).

L

1= 1

The numerical values of some of the (v ) are
4

rr6

l,'( 4 ) = 90 :::: 1. 082,

l,'(6) = 945 :::: 1.017,

l;(~ ) ::::1.341 ,

l,' (D ~ 1.127,

rr2

l;(2) = -

:::: 1.645,

6
l,' ( ~) ~ 2.612,

rr

and, finally,
t(3) ~ 1.202,

l,'(5):::: 1.037,

l,'(7) :::: 1.008.

For v ~ 1, the function g,, (z) diverges as Z -7 1. The case v = 1 is rather simple,
for the function g,, (z) now assumes a closed form:
00

g1 (Z) =

-1

/

o

z

dx
eX-I

= In (1- ze-X )

ICC
0

= -In (1 - z).

(6)
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As z -;. 1, g1(Z ) diverges logarithmically. Setting z = e-a , we have
(7)

For v < 1, the behavior of gv(e-a), as a

~

0, can be determined as follows :
oc

00

1 jXV- 1dX
gv (e-") = - r(v )
e"+x - l

1

~
~--

rev)

o

jXV-1dX
.
a+ x
0

Setting x = a tan2 e and making use of eqn. (B.17), we obtain
r(1- v )

a 1- v

8v(e-") :::::;

(0 <

v<

(8)

1).

Expression (8) isolates the singularity of the function gv(e-cr ) at a = 0; the
remainder of the function can be expanded in powers of a, with the result (see
Robinson,

1951)

gv(e- cr) =

r (1 -

a

1

- v

Ii)

+L(_l)i
-r (
z!
ox;

.

_
' =<l

., V _ I.) ex I •

t(S) being the Riemann zeta function analytically continued to all

(9)
S

#- 1.

A simple differentiation of g ,,(z ) brings out the recurrence relation

a
zaz[gv(z)]

==

a

(10)

a(lnz)gv(z) = g v- 1(Z).

This relation follows readily from the series expansion (4) but can also be derived
from the defining integral (3), We thus have

Integrating by parts. we get

The integrated part vanishes at both limits (provided that v > 1), while the part
yet to be integrated yields precisely g. _ I (z ), The validity of the recurrence relation
(10) is thus established for all v > 1.
Adopting (10) as a part of the definition of the function 8v(Z). the notion of this
function may be extended to all Ii, including v ::s O. Proceeding in this manner,
Robinson showed that eqn. (9) applied to all v < 1 and to all non-integral Ii > l.
For Ii = rn, a positive integer, we have instead
8",(e-

a

(_1)m- 1

)

= (m _ 1)'.

["'L-11
]a
-;- -Ina
_I
r=

I

m 1
-

+

L -(- ,-,l)i- t(rn oc

_~

' ~I

;~m-l

l.

_

00" .

(11)
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Equations (9) and (11) together provide a complete de:

Ition of the function

8v(e-") for small a; it may be checked that both these eXI>.vssions conform to the

recurrence relation

a

-gv(e-") = -8v-l(e-").

(12)

oa

For the special cases v = ~, ~ and

!, we obtain from (9)

85/2(a) = 2.36a3/ 2 + 1.34 - 2.61a - 0.730a 2

(13a)

83/2(a) = -3.54a l / 2 + 2.61

(13b)

+ 1.46a 1.46 + 0.208a -

81/2(a) = 1.77a- 1/ 2 -

+ 0.0347a3 + ... ,
0.104a 2 + 0.00425a3 + ... ,
0.0128a 2 + ...

(13c)

The terms quoted here are sufficient to yield a better than I per cent accuracy for
all a < 1. The numerical values of these functions have been tabulated by London
(1954) over the range 0 .:::: a .:::: 2.

E. On Fermi-Dirac functions
In the theory of Fermi-Dirac systems we come across integrals of the type
00

F v(z) =

J

x v- I dx

z-I e \' + 1

(0 .:::: z <

1

J
r(v)

00,

v > 0).

(1)

o
In this appendix we study the behavior of F v(z) over the entire range of the
parameter z. For the same reason as in the case of Bose-Einstein integrals, we
introduce here another function, 1 v(z), such that
00

I"(z)

=

f(v/

iz ) =

1

v I
x - dx

c1eX+1·

(2)

o
For small z, the integrand in (2) may be expanded in powers of z, with the result

J
00

I "(z) =

r;v)

00

v I
x - L(-l)/-' (ze-x)' dx

o

00

"

1=1
_I

1- 1 <.

= L..) -1) p; = z -

Z2_3
<.
2v + 3"
- ... ;

(3)

1=1

thus, for z « 1, the function 1 "(z), for all v, behaves like z itself.
The functions 1 "(z) and 1 "- I (z) are connected through the recurrence relation

a

z oZ [I "(z)]

a

=oOn z) 1 v(z) = 1"-1 (z);

(4)

this relation follows readily from the series expansion (3) but can also be derived
from the defining integral (2).
To study the behavior of Fermi-Dirac integrals for large z, we introduce the
variable
(5)
~ = lnz,
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so that
(6)

For large~, the situation in (6) is primarily controlled by the factor (e'- ( + I)-I,
whose departure from its limiting values-namely, zero (as x ~ 00) and almost
unity (as x 4 O)-is significant only in the neighborhood of the JXlint x =~; see
Fig. E.!. The width of this "region of significance" is 0(1) and hence nmch smaller
than the total, effective range of integration, which is O(~). Therefore, in the lowest
approximation, we may replace the actual curve of Fig. E.l by a step function, as

shown by the dotted line. Eqn. (6) then reduces to

(7)

t

1.0

x

•
FIG. E.1.

and, accordingly,

() --

.r, (e

~'

r(v

(8)

+ 1)

For a better approximation, we rewrite (6) as

( J( x

F ,,(e ) =

, -I [

1- ~

1

x

1

1

+1

( + 1 dx

(9)

o
and substitute in the respective integrals
x

=~-

~I

and

x

= ~ + ~2 .

(10)

with the result

Since ~ » 1 while our integrands are significant only for 1J of order unity, the
upper limit in the first integral may be replaced by 00. Moreover, one may use
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the same variable

1)

in both the integrals, with the result
~v

F " (e~ ) ~ -

v

+J
:xJ

(~+

1)"-1 e~

o

~ ': + 2j~~'

('

(~-

1))"-1

+1
j

(12)

dl}

1) [,.-H

1,.:1d'l ;

(13)

in the last step the numerator in the integrand of (12) has been expanded in powers
of 1). Now,

J
DC

1

ru + 1)

•

T} .1

e~ + 1 dT} = 1 -

1

1

2 j+l

+ 3 j -+']

-' "

o
(14)

see eqns (2) and (3), with v = j
obtain

f . vt)

+ 1 and z =

~ rc,(~ II [1 2, j~~' { (,
+

=

~v

rev+

][2

[

1. Substituting (14) into (13), we

- 1)

(, - j)

(1 - ~) ~:,l)}1

1

7][4

1

]

1 + v(v -1 ) - - + v(v -l)(v - 2)(v - 3 ) - - + ...
1)
6 ;-2
360 ~4
'
(15)

which is the desired asymptotic formula-commonly known as Sommerfeld's
lemma (see Sommerfeld, 1928).4
By the same procedure, one can derivc the following asymptotic result, which
is clearly a generalization of (15):

""J
o

(x) dt
~,----e-t-~ .j.. 1
¢.

= J~ ¢(x)dx+ -][2
0

6

(d¢)
-

dx x~~

+-

7][4

360

(d- ¢)
3

dx3 x=~
(16)

where ¢ (x) is any well-behaved function of x. It may be noted that the numerical
coefficients in this expansion approach the limiting value 2.
Blakemore (1962) has tabulated numerical values of the function f v(e) in the
range - 4 ::: ~ < +10; his tables cover all integral orders from 0 to +5 and all
half-odd integral orders from -~ to +~.

F. On Watson functions

In this appendix we examine the asymptotic behavior of the functions
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for 0 ~ ¢ « 1. First of all we note that if we set ¢ = 0 the resulting integral
converges only if d > 2. To see this, we observe that, with ¢ = 0, convergence
problems may arise in the limit of large x where the integrand
(2)

Clearly, the integral will converge if d > 2; otherwise, it will diverge. We therefore
conclude that
(3)

exists for d > 2.
Next we look at the derivative

W~(¢) = -

00

J e - ¢x [e-X1o(x) ] d xdx.

(4)

o
By the same argument as above, we conclude that
W~(O) = -

co

J [e - X1o(x»)"

xdx

(5 )

o

exists for d > 4. The manner in which W~(¢) diverges for d < 4, as ¢ ---* 0, can
be seen as follows:

f{(4 - d)/2}
(2rr)d/Z¢(4-d)/Z'

(6)

Integrating (6) with respect to ¢, and remembering the comments made earlier
about W d(O), we obtain the desired results:
C2rr)- d/Zf{ (2 - d)/2}¢-(Z- d)/Z + const.
WdC¢)~

C2rr)- lln (1/¢)+const.
{

WdCO) - C2rr)- d/zlf{(2 - d)/211¢(d- Z)/2

for

d < 2

(7a)

for

d= 2

(7b)

for

2 < d < 4.

C7c)

For d > 4, we have a simpler result,

(8)
for in this case both WdCO) and W~CO) exist.
The borderline case d = 4 presents some problems which can be simplified by
splitting integral (4) into two parts:
00

I

00

J=J+J.
o 0

(9)
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The first part is clearly finite; the divergence of the fun
1 W~(¢), as ¢
arises from the second part which, for ¢ « 1, can be wrilwll as

~

0,

00

~

je- ¢X(2rrX)- 2XdX =

~EI(¢)'
4rr

(10)

1

where E 1(¢) is the exponential integral; see Abramowitz and Stegun (1964).
Chap. 5. Since E 1 (¢), for ¢ « 1, ~ -In ¢, we conclude that
1

W~(¢) ~ 4rr2 In¢.

(11)

Integrating (11) with respect to ¢, we obtain
1

W 4 (¢) ~ W 4 (O) - 4rr2 ¢ln (1/¢).

(12)

Equations (7), (8) and (12) constitute the main results of this appendix.
For the record, we quote some numbers:
W 3(0)

= 0.50546,

W4(0)

= 0.30987.

(13)

Notes
I By the term "in the ellipsoid" we mean "not external to the ellipsoid", i.e. the lattice poims "on
the ellipsoid" are also included. Other such expressions in the sequel carry a similar meaning.
2 The reader may check thm the inlroduction into (38) of a factor exp (- ylkl), rather than
exp ( _ >*2), leads to the reprcsemation (36).
3 The behavior of G v(z) for z > 1 has been discussed by C1unie (1954).
4A more careful analysis carried out by Rhodes (1950), and followed by Dingle (1956), shows that
the passage from eqn. (11) to (12) omits a term which, for large~, is of order e-~. This term turns out
to be cos (v - 1)1T}F v (e-~ ) == cos (v - 1)1T}F v(l / z). For large z, this would be very nearly equal
to cos {( v - 1)1Tl!z and hence negligible in comparison with any of the terms appearing in (IS). Of
course, for v = ~ . ~ , ~ .... , which are the values occurring in most of the important applications of
Fermi- Dirac statistics, the missing term is identically zero.
For v = 2, the inclusion of the missing term leads to the identity

which is relevant to the contents of Sec. 8.3B.
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Adiabatic processes 17, 21, 28, 153, 259
Adiabats
of a Bose gas 167
of a Fenni gas 229
of black-body radiation 172
Adsorption 103
Anhannonic oscillators 86, 87
Antiferromagnetism 316, 320, 361
Autocorrelation functions 466-7, 474 - 9,
481-4, 491-2

Brownian motion 452, 459-69, 470-4, 490-2
observatiun of 462, 480, 490
of a suspended mirror 472-4, 490

Barometric fonnula 153
Beta function 499
Beth-Uhlenbeck fonnalism 249-53, 260
Bethe approximation to the Ising lattice
328-34,362,369, 3 ~3, 3~6 -7,40~, 410
Binaryalloys 321, 361 -2
Binary collision method 258-9, 276, 293, 303,
304
Binding energy of a Thomas-Fenni atom
226-7, 231
Black-body radiation 168- 72, 190- 1
Bloch's T3 / 2 _law 360
Block-spin transfonnation 415
Bogoliubov transformation 274-5
Bohr-van Leeuwen theorem 88., 208
Boltzmann factor 2,61-2,87, 135, 153
Boltzmannian svstems
classical 16: 3U. 56, 129 - 32, 135. 137,
232- 45
~___
quantum-mechanical 258, 260
Bose-Einstein condensation 160- 8, 187,
188-90, 193, 400-3
with interactions 270- 3, 278, 299- 300
Bos~-Einslein functions 159, 5U6- ~
Bose-Einstein statistics 5, 6, 119, 127-37,
148-9
Bose-Einstein svstems 120-4, 127-37,
157- 94, 249- 60, 490
multi-dimensional 190, 192, 398-404
nonuniform 283-5
Bose gas, imperfect 270-7, 299 - 300
Bose liquids, energy spectrum of 277-80, 300
Boundary conditions 449. 495 -7
Bragg-Williams approximation to the Ising lattice
321-7, 332, 333, 360-2, 383, 386- 7, 410
Brillouin function 75 - 6
Broken symmetry 324, 365

Canonical distribution 34, 45, 51, 53, 55
Canonical "ns~mble 34. 43-56, 60-3, 83. 85,
109 - 10. 131-3
Canonical transfonnations 40. 64
Chandrasekhar limit 222
Chemical potential 14, 54, 90 - 2
of a Bose gas 272-3
of a classical gas 24 - 5
of a Fermi gas 200, 204-5, 214, 227-30
of a Fermi liqnid 297, 302
of a gas of phonons 193
of a gas of photons 193
see also Fngacity
Circulation, quantized 280-8, 300-1, 303
Classical limit 26, 122, 135, 14U, 160, 193,
196-7
Classical systems 15-25, 30-34.56-60
in the canonical ensemble 56-60, 132
in the grand canonical ensemble 132- 3
in the microcanonical ensemble 131
interacting 63-6, 232-45
Cluster expansions
classical 232-9
general 245 - 9
quantum-mechanical 254-8
Cluster functions 256-7, 260
Cluster integrals 235 - 6, 239, 246, 248, 257,
260
irreducible 239, 248, 261, 359
Complexions see Microstates
Compressibility
adiabatic 189, 22~, 412
isothennal 101, 189, 228, 412, 454, 458
Condensation 306-10
of a van der Waals gas 310-4
scaling hypothesis for 363
Yang-Lee theory of 310
see also Bose-Einstein condensation
Conductivity
electrical 209, 212, 484
thennal 209, 212
Configuration integral 233-7, 245-6, 254-5
Configurational distribution functions 456- 8
Conformal transformation 440- 1
Cooperative phenomena see Phase transitions
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Coordination number 318, 365
Correlation function 349 51 , 354-5, 364, 4111
in the mean-field approximation 351 - 3, 35~,
363
in the scaled form 354, 446
of a Bose ga, 402-3, 411
of a t1uid 457- 9
nf an n -vector model 373- 5
of the Ising model 371, 387 -8, 410
of the spherical model 395 -7, 411
of the X -Y model 405
Correlation length 353, 355. 364. 406.414, 417
in the mean-field approximation 352- 3, 359
of a Bose gas 403, 411
of an n-veetor model 374- 6, 409
of the Ising model 371 - 2, 3117 -8, 40~, 409
of the spherical model 3% - 7, 411
of the X -Y model 404 - 5
Correlations
spatial 123-4, 452, 456-9
spin-spin 289, 331
statistical 123-4, 137, 490, 494
Corresponding states, law of 312
Covariance matrix 489, 494
Critical lJehavior
of a Bose gas 161 - 5, 400 - 2, 412-3
of a fluid 363
of a magnetic system 342-3,346 - 7, 351-3,
363
of a van der Waals gas 311- 14, 359
of the Ising model 324-6, 329-33, 370-2.
383, 385-8, 410. 432, 434-6. 450
of the spherical model 392-5_ 411. 433
of the X-Y model 404-5
Critical curve 435,437, 451
Critical dimension
lower 404,441, 445. 448
upper 357, 398, 441. 448
Critical exponems 334-8. 353- 6. 362. 363.
3M. 451
experimental values of 336
hyperscaling relation among 355-7, 406
mean-field values of 335. 342-3. 353- 5.
4lf7, 430-1
of a Dose gas 401-4
of an n-veetor model 375_ 407. 437, 438 - 9.
451
of polymers 407
of the Ising model 370. 372. 388. 407, 432.
434
of the spherical model 395-7, 407. 411 -1 2.
433
scaling relatiol15 among 346- 7, 355-6. 364,
406

theoretical values of 406 - 7
thermodynamic inequalities fur 338-41.
355- 6,362
Critical opalescence 101, 452, 459
Cri tical surface 427-9, 451
Critical trajectories 428
Critical velocity of superlIow lBO, 187-8, 194.
285 -8, 301
Crossover phenomena 440
Curie temperature 324, 329- 30, 360

Curie's law 73, 75, 203, 205, 208
Curie-Weiss law 326, 343, 353, 360
Darwin-Fowler method 47-52
Debye funclion 176, 191
Debye temperature 176-8. 191, 211
Debye's theory of specific heats 175-8, 191-2
Decimation transformation 415 - 18. 418- 26,
426 - 31. 449
Degeneracy criterion 122-3. 140. 157, 193
see also Oassical limit
Deltd function 501-3, 5U5
Density t1uclUations 100-1, 455 -6, 458, 490
in the critical region 459
Density function in phase space 4, 31-4
Den,ity matrix 6, 104-10, 124-5, 126
of a free particle III - 13, 255
of a linear harmonic oscillator 113-15
of a system of free particles 119-24
of a system of interacting particles 254- 6
of an electron 111. 124
Density of states 20, 56, 59-60, 230, 250 - 2
for a free particle 37, 230, 495 - 7
for a system of harmonic oscillators 68, 70
Detailed balancing 106
Diamagnetism, Landau 202, 20fi - 9
Diatomic molecules 87 - 8, 103, 142-50, 154-6
Diclrici equation of state 35'J
Diffusion, Brownian mlltion in terms of 463 - 4
Diffusion coefficient 463, 465, 471, 481- 3
Diffusion equation 4b3, 471
Dipole-dipole interaction 88
Dirac delta function 501 - 3, 505
Di~sipative phenomena 452, 464, 481 - 4
Di.tribution functions, confignrational 456-8
Doppler broadening 153
Duality transformation 381-2
Dulong-Petit law 175
€-expansion 436-9
Edge effects 496
Effective mass 187, 192, 208, 210, 231, 2Y6-7,
299, 302. 304
Effusion 139, 154
of electrons fmm metals 213 - 1G, 216 - 18
of photons from a radiation cavity 171
Einslein function 174
Einstein-Smoluchowski theory of the Brownian
motion 459-62
Einstein's relations 452, 465-6
Electron gas in metals 5-6, 209-18
Electrons in a magnetic field 111, 206 - 9
Elementary excitations
in a Bose liquid 277-BO, 280-5, 2XS-Il,
300-1
in a Fermi liquid 293-9,302
in an imperfect Bose gas 273- 7, 300
in liquid helium II 1~2-~, 192,279-80, 285,
2!17
Energy cells 127 - 30
Energy fluctuations GO- 3, 85, 101-2, 455 - 6
Ensemble average 31, 35, 105, 107
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Ensemble of B(
\ an particles 463, 470- 2,
482
Ensemble theory 3-4, 6. 30-6, 43-55, 60-3.
90-5,100-2.104- 10
Enthalpy 15
Entropy 12- 13, 20, 22 - 4, 27, 36. 54-5, 71,
95, 166. 196
in nonequilibrium states 453-5,485-7
of an Ising ferromagnet 326, 361, 362, 410
of mixing 22-4
statistical interpretation of 13, 54 - 5, 102,
108
Equation of Slate
of a Bose gas 159- 60, 253, 272
of a Fern)i gas 197, 253
of a laltice gas 360, 409, 410
of classical systems 16, 21, 65-6, 238-45.
247-9.359
of quantum-mechanical systems 247-9,258,
299. 301
reduced 312
see also van der Waals equation of state
Equilibrium
approach to 11 - 12, 13 - 14. 452. 469 - 72.
485
deviations from 453 - 6, 489 - 90
persistence of 468
Equilibrium constant 85. 154, 331
Equipartition theorem 63 - 5,86, 151. 153.465,
468,472,473,479
failure of 65, 143, 145-6. 149, 151. 165,
174- 5, 200- 1, 209
Ergodic hypothesis 41
Exchange interaction 315-6
Exclusion principle 5, 29, 118, 128, 198. 231.
267, 268. 493
Extensive variables 9 - 10, 22, 24. 28
FaClorial function 497-501
Fermi-Dirac functions 195, 508-10
Fermi-Dirac statistics 5. 6. 118 - 19. 127- 37.
148-9
Fermi-Dirac systems 120-4, 127-37,
195 - 231 , 249-60, 490
n-dimensional 229
Fermi energy 198, 200,202. 205. 210. 214 - 15,
219,229 - 30
Fermi gas, imperfecl 289-93.297-9. 301 - 2
Fermi liquids, energy spectrum of 293 -9, 302
Fermi momentum 198,219,220,224.231. 294,
302
Fermi oscillators 87
Fermi temperature 200. 210, 219. 227, 229
Fermi velocity 229, 295
Ferromagnetism 314- 16,320,323-6,329-30
see also Spontaneous magnetization
Feynman's circulation theorem 281
Feynman's theory of a Bose liquid 278-82,
285, 300
Fick's law of diffusion 463
Field-theoretic approach 262 - 70
Finite-size effects 18 - 19, 190. 397,411, 412,
413, 441-9, 495 - 7
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Finite-size scaling 441-9
Fixed point 406, 427 -8, 432-3, 435, 450
Gaussian 436-7
non-Gaussian 436- 7
Fluctuation-dissipation theorem 350, 354, 356,
409.447.452.481-4,487
Fluctuations 452-94
critical 101,459, 492
frequency spectrum of 474-81
in a muhiphase system 364
in an electrical resistor 483-4
in an (L, R)-circuit 480- 1
in the canonical ensemble 51 - 2.60-3,85
in the grand canonical ensemble 100-2. 103
of occupation numbers 7. 136- 7, 155
thermodynamic 453-6,489-90
see also Brownian motion; Phase transitions
Flux quantization in superconductors 303
Fokker-Planck equation 469-72, 491
Fourier analysis of fluctuations 474-81,491-2
Fowler plot 218
Free volume 84-5
Fugacity 94.98-9, 110,213.238-9,247-8
of a Bose gas 161-2. 273, 299
of a Fermi gas 200, 227. 292, 30 I
of a gas of phonons 193
of a gas of photons 193
of a lattice gas 319 - 20, 409
of a two-phase system 98-9
see also Chemical potential
Gamma function 497 - 501
Gaussian model 389
Gibbs free energy 15. 24 - 5. 54
Gibbs paradox 22- 5, 25-6
Ginzburg criterion 357
Goldstone modes 376
Grand canonical ensemble 90-5, 100- 3, 110
Grand partilion function 94-5, 110
of a laltice gas 319
of a multiphase system 308-10
of an ideal gas 133-4, 158. 195
of an imperfect gas 238, 245, 299. 301
Ground-stale properties
of a Bose gas 270-2,273-7.300
of a Fermi gas 197-9, 202-3, 205, 209.
220-1, 226-7, 230, 231, 292-3. 297-9.
301 - 2
H-theorem 3
Hard sphere gas 1,27,86,243 -5.252-3,303
Harmonic approximation 173
Harmonic oscillators 27,37-8, 41,66-71.86,
97-8, 168-9, 173-8
Heisenberg model 316, 360
Helicity modulus 365
Helmholtz free energy 15, 25, 53, 95
Hyperscaling relation 355 - 7, 430-1
Ideal gas
classical
96-7

15-25, 36 - 7, 57 - 60, 62- 3, 65,
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of bosons 158-68, 398-404. 412-13
of fermions 195-209
quantum-mechanical 115 - 24, 127-39
lndistinguishability
of particles 5,25-6,96,117-19,117-9
of photons 5, 169
Inertial density of excitations 179-82, 186, 192
Integrating factor for heal 94
Intensive variables 10, 28
Internal molecular field 323. 328. 360
see aim Ferromagnetism
Internal motions of molecules 140-52, 154 - 5.
190
Irrelevant variahles 429, 434, 437. 451
dangerously 4311-1. 437
Irreversible phenomena 3, 452, 459, 463 -5.
469, 484-9, 493
Ising model 316, 319, 321-34, 360, 362
in one dimension 366-72, 4117-<), 41X-21 ,
432
in two dimensions 377-~8, 411l, 423-tJ,
433-6
in three dimensions 4D5 - 7
Isothermal processes 21
see also Compressibility
Isotherms
of a Bose gas 166
of a multiphase system 307 8, 310
of a van der Waals gas 311
Joule-Thomson coefficient 160
Kinetic coefficients 484
Kinetic pressure 1-2, 138- 9,192
Kirkwood approximation 362
Kramers' q-potential 93, 103
see also q-potential
Kubo's theorem 484, 487
Lagrange multipliers, method of 47, 89, 129
Lambda-transilion in liquid He' 165-6, 187
[andau diamagnetism 202, 206- 9
Landau's condilion for superflow 282
.ee also Critical velocity of superflow
I~ndau's spectrum for elementary excitations in
a Bose liquid 182-4, 278
Landau's Iheory of a Fermi liquid 293-9
Landau's theory of phase transitions 341-4,
363
Langevin function 72-3, 207
I~ngevin's theory of the Brownian motIOn
464 -1}, 41}0-1

a, applied to a ,,:sis Lor 483
Langm uir eq uation 103
Lattice gas 319-21,360,409,410
Law of mass action 85, 331
Length transformation 406, 414-18, 418-26,
426-31
Lennard-lImes potential 240, 242, 259
Light scattering by a fluid 348-9, 353, 458-9
Liouville's theorem

classical 32-4
quantum-mechanical 106
Liquid He3 , specific heat of 178, 304
Liquid He4
elementary excitations in 182-8, 192
normal fraction in 181-2. 186-7
specific heat of 165-6, 178, 186
see also Superfluid density
Long-range interactions 334, 337, 365. 398,
411, 440
Long-range order 314, 321 , 459
in a binary alloy 361-2
in a Bose gas 403
in a square lattice 386-7
in the Bethe approximation 329-30
in the Heisenberg model 360
in the spherical model 397
in the Weiss ferromagnet 323-5
see also Spontaneous magnetization
Lorenz number 209-210,212
Macrostates 9-10, 34, 43
Magnetic systems, thermodynamics of 71 83,
88, 103
see also Diamagnetism; Ferromagnetism;
Paramagnetism
Marginal variables 429
Markovian processes 493
Mass motion 179-82, 186, 187-8, 192
nonuniform 280-8, 300-1
Mass-radius relationship for white dwarfs
221- 3
Master equation 470, 493
Maxwell-Boltzmann statistics 2-3, 5, 129, 131,
132 - 3, 135. 137, 153
see also Classical limit; Classical systems
Maxwell's construction 307-8, 311, 342, 344,

364
Mayer'S function 86,233-4, 243, 256
Mayer' s theory of cluster expansion, 232-40,
248-9
Mean field theories 321-7, 328-34, 360-2,
365
timitations of 356 - 9
Mean values, method of 47 - 52, 93
Meissner effect in supercunduclors 303
Memory functions see Autocorrelation functions
Mermin-Wagner theorem 404
Microeanonical ensemble 34- 6, 55, 60-1, 63,
107-<), 127-31
MiLTtlsLates lO-15, 17-20, 37, 107, 116-17,
127-30
··correcL" enumeration of 25 - 6
of a binary alloy 361
of an Ising ferromagnet 326, 360, 408
~I1gdal-Kadanoff transformation 450
Mobility 464-5, 471-2, 481
Monte-Carlo methods 406
Most probable distribution 46-7, 92, 129-30,
408
Most probable values, method of 46-7, 129
Mulholland's formula 145

Index
Neel temperature 361
Negative temperatures 80 - 3, 88
Nernst heat theorem see Third law of
thermodynamics
Nernst relation 465 - 6
Noise 452
in an (L , R)<ircuit 480-1
white 476-7. 479- !!1. 484, 493
Nonequilibrium properties 481 , 484 - 9
see also Fluctuation-dissipation theorem
Normal modes
of a liquid 178
of a solid 173- 6, 191-2
Nyquist theorem 481
Occupation numbers 25-6, 116-19, 127-37,
169, 197-9
Onsager relations 484-9
Order parameter 341-2, 346, 364. 386 - 7, 44ti
Ortho- and para-components 149-50
Pade approximants 40S
Pair correlation function 457-9, 490, 492, 494
see also Correlation function; Correlations
Pair distribution function 66, 86, 123 -4,
457- 9, 492, 494
Paramagnetism 71-7, 201- 5, 230, 302, 368 -9,
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interfacial 440
Landau's theory of 341-4, 363
second-order 341. 363, 448
see also Critical behavior
Phonons 172-8
effective mass of 192
in a Bose fluid 277, 280
in liquid helium II 178, 181-2, 183
in mass motion 179- 81, 186
Photoelectric emission from metals 212,
216-18
Photons 5, 39-40, 168- 72, 190-1
Poisson equation 224
Polyatomic molecules 150-2, 155, 191
Pu"tulate of equal a priori probabilities 10, 34,
107- 9
Postulate of random a priori phases 108-9
Power spectrum of a stationary variable
475 -81. 491 - 2
Predictability of a variable 474, 476, 478
Probability density operator 254- 6
see also Density matrix
Probability distribution
for Brownian particles 459 -62, 470-3, 491
for thermodynamic fluctuations 453 -6,
489-90
Pseudopotential approach 276, 277, 293, 303,
304

4OY-1O

Particle-number representation 263 - R 303
Partition function 53. 55 -6. 62. 109. 119-23,
125, 131-2
of a Boo.e gas 272
of a classical ideal gas S7 -9, 84, 85, 96, 132
of a Fermi gas 203 - 4
of a system of free particles 112, 119-23,
131 -3, 140
of a system of harmonic oscillators 67, 68,
70,97, 114
of a system of magnetic dipoles 72, 75, 77,
82,88
of a two-pha,e system 306-9
of an interacting system 233-8. 245. 249,
254-8.
of an n -vector model 372-3, 411
of the Ising model 317- 18, 367-8, 378-83,
408- 10, 418-20, 423-5
of the lattice gas 319
of the spherical model 389- 91. 421 - 2, 449
Pauli para magnetism 202-5, 230
Pauli's exclusion principle see Exclusion
principle
Perturbation theory 274, 290
Phase separation in binary mixtures 362
Phase space 3, 30-4, 36- 40, 41, 57. 122
Phase transition" 305-451
a dynamical model of 314-19
and correlations 330- 1, 348-53, 406, 414,
452,458-9
and fluctuations 101, 348- 53, 356- 9, 39R,
40R, 45R - 9
first-order 363, 448
in finite-sized systems 441-9

m

q-potential 93-5, 102
of a two-phase system 309 - 1 0
of an ideal gas L33 -4
see also Grand partition function
Ouantized circulation in a Bose fluid 188.
2RO - R, 300 - 1, 303
Quantized fields, method of 262-77, 289- 93,
299, 300
Ouantized flux 303
Quantum statistics 5-6, 26, 104-24. 127-39,
147 -50
see also Bose-Einstein ,y"tems; Fermi-Dirac
systems
Quasi<hemical approximation to the Ising lattice
328, 331, 408
see also Betbe approximation to the Ising
lattice
Q uasi-particles see Elementary excitations
Random mixing approximation 327, 332. 360,
361. 362, 365
see also Mean field theories
Random walk problem 459- 61, 471
Randomness of phases 108- 1}. 475
Ratio method 405
Rayleigh-Jeans law 170
Relativistic gas 27, 39-40. 41, 85, 153
of bosons 193, 404. 412-3
of electrons 220- 3, 230
of fermions 231
Relaxation time 464, 470, 480, 482, 492, 493
Relevant variables 428, 434
Renormalization group approach 406, 414-41
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general formulation of 426 - 31
to the Ising model 418-21,423-6,432,
433-6,449
to the spherical model 421-3, 432-3, 449
Renormalization group operator 426, 451
linearized 427, 450
Response time 480
Richardson effect 213-15, 230
Riemann zeta function 506- 7
Rigid rotator 40, 144-50, 151, 155
Rotons
in a Bose fluid 278-80
in liquid helium II 183 - 8, 192, 193-4
Sackur-Tetrodc equation 24
Saddle-point method 47 - 52, 83, 390
Scalar models 365,366 - 72,375-6,404
Scaling fields 428, 434
Scaling hypothesis 344 - 8, 354, 363
Scaling relations 346-7.355 - 6.364.417 - 18,
430 - 1
Scaling theory 415 - 18, 429 - 31
Scattering of e.m. waves by a fluid 348-9,353,
458 - 9
Schottky effect 215 - 16
Schonky specific heat 79
Second quantiz<llion 262-70
see also Quantized fields
Short-range order 327, 331. 332. 362
Singularities in the thermodynamic functions
IM - 6, 189, 190, 272-3, 299, 300
see also Critical behavior; Specific-heat
singularity
Smoluchowski equation 460-1
Solid-vapor equilibrium 98 - 100, 103
Sommerfeld's lemma 199- 200,292, 302,510,
512
Sommerfeld's theory of metals 210
Sound waves 172-8
inertial density of 179-82
see also Phonons
Specific heat 15, 54, 61, 454, 455, 456
of a Bose gas 160, 163-5, 167, 188-9,
399- 402, 412
of a classical gas 21
of a Fermi gas 197,200- 1, 210-11,228 - 30
of a system of harmonic oscillators 67, 69,
87. 174- 8, 191
of an imperfect gas 299, 300. 301
of an Ising lattice 324-5, 332-3, 369 - 70,
383 - 6
of an n -vector model 375 - 6
of black-body radiation 172
of diatomic gases 143 - 50
of liquid helium II 165. 178
of magnetic materials 77. 79, 83, 88
of polyatomic gases 151
of solids 174-8,191 , 211
of the spherical model 392 - 5
of the X - Y model 405
Specific-heat singularity 164 - 5, 189-90, 299.
325, 333, 385 - 6, 394- 5, 401-2,405
Spectral analysis of fluctuations 474 - 81 , 491 - 2

Spherical const.
389,390, 392- 3,411,421,
422, 449
Spherical field 391
reduced 392- 7
Spherical model 376,389-98, 410 - 12,421 - 3,
432 - 3,449
Spin and statistics 6, 119, 148- 50,260. 269
Spontaneous magnetization 314-15, 318, 346,
365
in the Ising model 323-4, 329-30, 386 - 7.
410
in the spherical model 394, 397, 411
see also Long-range order
Square-well potential 260
Stationary ensembles 4, 32. 33, 35, 106, 466,
482
Stationary variables, Fourier analysis of
474-81 , 491 - 2
Statistical potential 124, 252
Steepest descent, method of 47 - 52. 83, 390
Stefan-Boltzmann law 171
Stirling' s formula 499 - 501
Stokes law 493
Structure factor of a liquid 278- 80, 303
Superfluid in mass motion 187-8, 280-5,
286-7
Superfluid density ncar critical point 364
Superfluid transition in liquid Hc4 165, 187, 364
Superfluidity
breakdown of 187-8,285-8
Landau's criterion for 187-8,287 - 8
see also Critical velocity of superflow
Surface effects 495-7
Surface tension near critical point 364, 388
Susceptibility, magnetic 73, 75, 346, 350-1,
353, 355, 356-7
of a Fermi gas 203, 205, 208-9, 230, 302
of an n-vector model 410
of the Ising model 326, 343, 362, 369, 388,
410
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