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Preface

Quantum ﬁeld theory is at the basis of a notable part of the theoretical developments
of twentieth century physics. The model that describes all fundamental interactions,
apart from gravitation, at the microscopic scale, is a quantum ﬁeld theory. Perhaps
more surprisingly, quantum ﬁeld theory has also led to a complete understanding
of the singular macroscopic properties of a wide class of phase transitions near the
transition point as well as statistical properties of some geometrical models.
However, unlike Newtonian or non-relativistic quantum mechanics, a quantum
ﬁeld theory in its most direct formulation leads to severe conceptual diﬃculties due
to the appearance of inﬁnities in the calculation of physical observables. Eventually,
the problem of inﬁnities was solved empirically by a method called renormalization.
Only later did the method ﬁnd a satisfactory interpretation, in the framework of
the renormalization group. The problem of inﬁnities is related to an unexpected
phenomenon, the non-decoupling of very diﬀerent length-scales in some physical
situations.
It is within the framework of statistical physics and continuous phase transitions
that the discussion of these conceptual problems is the simplest. This work thus
tries to provide an elementary introduction to the notions of continuum limit and
universality in physical systems with a large number of degrees of freedom. We will
emphasize the role of Gaussian distributions and their relations with the mean-ﬁeld
approximation and Landau’s theory of critical phenomena. We will show that quasiGaussian or mean-ﬁeld approximations cannot describe correctly phase transitions
in two and three space dimensions. We will assign this diﬃculty to the coupling of
very diﬀerent physical length-scales, even though the systems we will consider have
only local, that is, short-range interactions. To analyse the problem, a new concept
is required: the renormalization group, whose ﬁxed points allow understanding the
universality of physical properties at large distance, beyond the quasi-Gaussian or
mean-ﬁeld approximations.
Renormalization group arguments then lead to the idea that, in critical systems,
correlations at large distance near the transition temperature can be described by
local statistical ﬁeld theories, formally quantum ﬁeld theories in imaginary time.
This work corresponds to a course delivered, in various forms, for three years at
the University of Paris 7 and ﬁrst published in French [1]. It is organized in the
following way.
Chapter 1 contains a short, semi-historical, introduction that tries to describe
the evolution of ideas from the ﬁrst works in quantum ﬁeld theory [2–5] to the
application of renormalization group methods to phase transitions.
In Chapter 2, we have collected a number of technical results concerning generating functions, Gaussian measures and the steepest descent method, which are
indispensable for the understanding of the work.
Chapter 3 introduces several basic topics of the work: the notions of continuum
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limit and universality, through the examples of the central limit theorem and the
random walk. We show that universality originates from the small probability of
large deviations from the expectation value in probability distributions, which translates into an hypothesis of locality in random walks. In both examples, universality
is related to the appearance of asymptotic Gaussian distributions. We then show
that, beyond a direct calculation, universality can also be understood as resulting
from the existence of ﬁxed points of transformations acting on the space of probability distributions. These very simple examples will allow us to introduce immediately
the renormalization group terminology. Finally, the existence of continuum limits
leads naturally to a description in terms of path integrals.
In Chapter 4, we begin the study of classical statistical systems, the central topic
of this work, with the example of one-dimensional models. This enables us to
introduce the terminology of statistical physics, like correlation functions, thermodynamic limit, correlation length, and so on. Even if one-dimensional systems with
short-range interactions do not exhibit phase transitions, it is nevertheless possible to deﬁne a continuum limit near zero temperature. Moreover, in the case of
short-range interactions, these systems can be solved exactly by the transfer matrix
method, and thus provide interesting pedagogical examples.
The continuum limit of one-dimensional models again leads to path integrals. We
describe some of their properties in Chapter 5 (for a more systematic discussion see,
for example, Ref. [6]).
In Chapter 6, we deﬁne more general statistical systems, in an arbitrary number of space dimensions. For convenience, we use the ferromagnetic language, even
though, as a consequence of universality, the results that are derived in this work
apply to much more general statistical systems. In addition to complete and connected correlation functions (whose decay properties at large distance, called cluster
properties, are recalled), which we have already deﬁned in the preceding chapters,
we introduce vertex functions, which are related to the thermodynamic potential.
The free energy and thermodynamic potential, like connected correlation functions
and vertex functions, are related by a Legendre transformation of which we discuss
a few properties.
Chapter 7 is devoted to the concept of phase transition, a concept that is far
from being trivial in the sense that a phase transition requires the interaction of an
inﬁnite number of degrees of freedom. We ﬁrst solve exactly a particular model in
the limit in which the number of space dimensions becomes inﬁnite. In this limit,
the model exhibits a behaviour that the analysis presented in the following chapters
will identify as quasi-Gaussian or mean-ﬁeld like. Then, we discuss, in general
terms, the existence of phase transitions as a function of the space dimension. We
emphasize the diﬀerence between models with discrete and continuous symmetries
in dimension two.
In Chapter 8, we examine the universal properties of phase transitions in the
quasi-Gaussian or mean-ﬁeld approximations. We study the singularities of thermodynamic functions at the transition point as well as the large-distance behaviour
of the two-point correlation function. We summarize the universal properties in the
form of Landau’s theory [7]. We stress the peculiarities of models with continuous
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symmetries at low temperature due to the appearance of Goldstone modes. Finally,
we evaluate corrections to the quasi-Gaussian approximation and show that the approximation is only consistent in space dimension larger than 4 (following the lines
of Ref. [8]). We mention the possible existence of tricritical points.
In Chapter 9, we introduce the general concept of renormalization group [5] in
the spirit of the work [9]. We study the role of ﬁxed points and their stability
properties. We exhibit a particular ﬁxed point, the Gaussian ﬁxed point, which
is stable in dimension larger than 4. We identify the leading perturbation to the
Gaussian ﬁxed point in dimension ≤ 4. We discuss the possible existence of a
non-Gaussian ﬁxed point near dimension 4.
In Chapter 10, using the assumptions introduced in Chapter 9, we show that it
is indeed possible to ﬁnd a non-Gaussian ﬁxed point in dimension d = 4 − ε [10],
both in models with reﬂection and rotation symmetries. We brieﬂy introduce the
ﬁeld theory methods [11, 12] that we will describe more thoroughly in the following
chapters. Finally, we present a selection of numerical results concerning critical
exponents and some universal amplitude ratios [13–17].
Chapter 11 contains a general discussion of renormalization group equations and
the properties of the corresponding ﬁxed points, for a whole class of models that
possess more general symmetries than the reﬂection and rotation groups considered
so far, generalizing somewhat the results presented in [8, 18]. In particular, the
analysis leads to an interesting conjecture, relating decay of correlation functions
and stability of ﬁxed points [8, 19].
With Chapter 12, we begin a more systematic presentation of ﬁeld theory methods. Beyond a simple generalization of the perturbative methods already presented
in the preceding chapters, several new concepts are introduced like the loop expansion, dimensional continuation and regularization [20].
With these technical tools, we can then justify, in Chapter 13, the asymptotic
renormalization group equations as they appear in ﬁeld theory [4, 21–25]. General
universality properties follow, as well as methods of calculating universal quantities
as an expansion in powers of the deviation ε = 4 − d from dimension 4.
A class of ﬁeld theories with an O(N ) orthogonal symmetry can be solved in the
N → ∞ limit, as we show in Chapter 14. All universal properties derived within
the framework of the ε-expansion can also be proved at ﬁxed dimension, within the
framework of an expansion in powers of 1/N [26–36].
In models with continuous symmetries, phase transitions are dominated, at low
temperature and large distance, by the interaction between Goldstone (massless)
modes. The interaction can be described by the non-linear σ-model. Its study,
using the renormalization group, allows generalizing the scaling properties of the
critical theory at the transition to the whole low-temperature phase and studying
properties of the phase transition near dimension 2 [37–40].
The renormalization group of quantum ﬁeld theory has an interpretation as an
asymptotic renormalization group when the relevant ﬁxed point is close to the
Gaussian ﬁxed point. Quite early, more general formulations of the renormalization
group have been proposed, which do not rely on such an assumption [41–42]. They
lead to functional equations that describe the evolution of the eﬀective interaction,
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but which are much more diﬃcult to handle than the equations arising in ﬁeld
theory. They have been used to prove renormalizability without relying on a direct
analysis of Feynman diagrams, unlike more traditional methods [43]. Moreover,
more recently, they have inspired a number of new approximation schemes, diﬀerent
from the perturbative scheme of ﬁeld theory [44]. Thus, for both pedagogical and
practical reasons, we have decided to describe then in this work.
Finally, in the appendix, we have collected various technical considerations useful for a better understanding of the material presented in the work, and a few
additional remarks.
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1 Quantum ﬁeld theory and the renormalization group

Without a minimal understanding of quantum or statistical ﬁeld theories (formally
related by continuation to imaginary time), the theoretical basis of a notable part
of twentieth century physics remains incomprehensible.
Indeed, ﬁeld theory, in its various incarnations, describes fundamental interactions at the microscopic scale, singular properties of phase transitions (like liquid–
vapour, ferromagnetic, superﬂuid, separation of binary mixture,...) at the transition
point, properties of diluted quantum gases beyond the model of Bose–Einstein condensation, statistical properties of long polymeric chains (as well as self-avoiding
random walks), or percolation, and so on.
In fact, quantum ﬁeld theory oﬀers at present the most comprehensive framework
to discuss physical systems that are characterized by a large number of strongly
interacting local degrees of freedom.
However, at its birth, quantum ﬁeld theory was confronted with a somewhat
unexpected problem, the problem of inﬁnities. The calculation of most physical
processes led to inﬁnite results. An empirical recipe, renormalization, was eventually
discovered that allowed extracting from divergent expressions ﬁnite predictions. The
procedure would hardly have been convincing if the predictions were not conﬁrmed
with increasing precision by experiment. A new concept, the renormalization group
related in some way to the renormalization procedure, but whose meaning was only
fully appreciated in the more general framework of the theory of phase transitions,
has led, later, to a satisfactory interpretation of the origin and role of renormalizable
quantum ﬁeld theories and of the renormalization process.
This ﬁrst chapter tries to present a brief history of the origin and the development
of quantum ﬁeld theory, and of the evolution of our interpretation of renormalization
and the renormalization group, which has led to our present understanding.
This history has two aspects, one directly related to the theory of fundamental
interactions that describes physics at the microscopic scale, and another one related to the theory of phase transitions in macroscopic physics and their universal
properties. That two so vastly diﬀerent domains of physics have required the development of the same theoretical framework, is extremely surprising. It is one of
the attractions of theoretical physics that such relations can sometimes be found.
A few useful dates:
1925 Heisenberg proposes a quantum mechanics, under the form of a mechanics
of matrices.
1926 Schrödinger publishes his famous equation that bases quantum mechanics
on the solution of a non-relativistic wave equation. Since relativity theory was already well established when quantum mechanics was formulated, this may surprise.
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In fact, for accidental reasons, the spectrum of the hydrogen atom is better described by a non-relativistic wave equation than by a relativistic equation without
spin,∗ the Klein–Gordon equation (1926).
1928 Dirac introduces a relativistic wave equation that incorporates the spin 1/2
of the electron, which describes much better the spectrum of the hydrogen atom,
and opens the way for the construction of a relativistic quantum theory. In the
two following years, Heisenberg and Pauli lay out, in a series of articles, the general
principles of quantum ﬁeld theory.
1934 First correct calculation in quantum electrodynamics (Weisskopf) and conﬁrmation of the existence of divergences, called ultraviolet (UV) since they are due,
in this calculation, to the short-wavelength photons.
1937 Landau publishes his general theory of phase transitions.
1944 Exact solution of the two-dimensional Ising model by Onsager.
1947 Measurement of the so-called Lamb shift by Lamb and Retherford, which
agrees well with the prediction of quantum electrodynamics (QED) after cancellation between inﬁnities.
1947–1949 Construction of an empirical general method to eliminate divergences
called renormalization (Feynman, Schwinger, Tomonaga, Dyson, et al).
1954 Yang and Mills propose a non-Abelian generalization of Maxwell’s equations
based on non-Abelian gauge symmetries (associated to non-commutative groups).
1954–1956 Discovery of a formal property of quantum ﬁeld theory characterized by the existence of a renormalization group whose deep meaning is not fully
appreciated (Peterman–Stückelberg, Gell-Mann–Low, Bogoliubov–Shirkov).
1967–1975 The Standard Model, a renormalizable quantum ﬁeld theory based on
the notions of non-Abelian gauge symmetry and spontaneous symmetry breaking,
is proposed, which provides a complete description of all fundamental interactions,
but gravitation.
1971–1972 After the initial work of Kadanoﬀ (1966), Wilson, Wegner, et al,
develop a more general concept of renormalization group, which includes the ﬁeld
theory renormalization group as a limit, and which explains universality properties
of continuous phase transitions (liquid–vapour, superﬂuidity, ferromagnetism) and
later of geometrical models like self-avoiding random walks or percolation.
1972–1975 Several groups, in particular Brézin, Le Guillou and Zinn-Justin,
develop powerful quantum ﬁeld theory techniques that allow a proof of universality
properties of critical phenomena and calculating universal quantities.
1973 Using renormalization group arguments, Politzer and Gross–Wilczek establish the property of asymptotic freedom of a class of non-Abelian gauge theories,
which allows explaining the free-particle behaviour of quarks within nucleons.
1975–1976 Additional information about universal properties of phase transitions are derived from the study of the non-linear σ model and the corresponding
d − 2 expansion (Polyakov, Brézin–Zinn-Justin).
∗

intrinsic angular momentum of particles, that takes half-integer (fermions) or
integer (bosons) values in units of .
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1977–1980 Following a suggestion of Parisi, Nickel calculates several successive
terms of the series expansion of renormalization group functions, by ﬁeld theory
methods. Applying summation methods to these series, Le Guillou and Zinn-Justin
obtain the ﬁrst precise estimates of critical exponents in three-dimensional phase
transitions from renormalization group methods.
1.1 Quantum electrodynamics: A quantum ﬁeld theory
Quantum electrodynamics (QED) describes, in a quantum and relativistic framework, interactions between all electrically charged particles and the electromagnetic
ﬁeld. QED is not a theory of individual particles, as in non-relativistic quantum
mechanics, but a quantum ﬁeld theory (QFT). Indeed, it is also a quantum extension of a classical relativistic ﬁeld theory: Maxwell electromagnetism in which the
dynamical quantities are ﬁelds, the electric and magnetic ﬁelds. Moreover, the discovery that to the electromagnetic ﬁeld were associated quanta, the photons, which
are massless spin one particles, has naturally led to the postulate that all particles
were also manifestations of quantum ﬁelds.
But such a theory diﬀers radically from a particle theory in the sense that ﬁelds
have an inﬁnite number of degrees of freedom. Indeed, a point particle in classical
mechanics has three degrees of freedom; it is characterized by its three Cartesian
coordinates. By contrast, a ﬁeld is characterized by its values at all space points,
which thus constitutes an inﬁnite number of data. The non-conservation of the
number of particles in high-energy collisions is a manifestation of such a property.
Moreover, the ﬁeld theories that describe microscopic physics have a locality property, a notion that generalizes the notion of point-like particle: they display no
short-distance structure.
The combination of an inﬁnite number of degrees of freedom and locality explain
why QFT has somewhat ‘exotic’ properties.
Gauge symmetries. In what follows, we mention gauge symmetry and gauge theories, the simplest example being provided by QED. In non-relativistic quantum
mechanics, in the presence of a magnetic ﬁeld, gauge invariance corresponds simply
to the possibility of adding a gradient term to the vector potential without aﬀecting the equations of motion. In non-relativistic quantum mechanics, physics is not
changed if one multiplies the wave function by a phase factor eiθ (corresponding
to a transformation of the Abelian, or commutative, group U (1)). In the case of a
charged particle, in the presence of a magnetic ﬁeld, one discovers a much larger
symmetry, a gauge symmetry: it is possible to change the phase of the wave function
at each point in space independently,
ψ(x) → eiθ(x) ψ(x),
by modifying in a correlated way the vector potential.
Unlike an ordinary symmetry that corresponds to transforming in a global way
all dynamical variables, a gauge symmetry corresponds to independent transformations at each point in space (or space-time). Gauge symmetry is a dynamical
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principle: it generates interactions instead of simply relating them as an ordinary or
global symmetry. To render a theory gauge invariant, it is necessary to introduce a
vector potential coupled in a universal way to all charged particles. In a relativistic
quantum theory, this vector potential takes the form of a gauge ﬁeld corresponding
to a spin-one particle, the photon in the case of QED.
Units in relativistic quantum theory. The phenomena that we evoke below are characteristic of a relativistic and very quantum limit. It is thus physically meaningful
to take the speed of light, c, and Planck’s constant, , as units. As a consequence,
in a relativistic theory mass-scales M , momenta p and energies E can be related by
the speed of light c:
E = pc = M c2
and, thus, expressed in a common unit like the electron volt (eV). It is then equivalent to talk about large momenta or large energies.
Moreover, in a quantum theory momentum-scales p can be related to length-scales
 by Planck’s constant,
p =  .
As a consequence, high-energy experiments probe properties of matter at short
distance.
1.2 Quantum electrodynamics: The problem of inﬁnities
The discovery of the Dirac equation in 1928 opened the way to the construction
of a quantum and relativistic theory, allowing a more precise description of the
electromagnetic interactions between protons and electrons. This theory, whose
principles were established by Heisenberg and Pauli (1929–1930), was a QFT and
not a theory of individual particles, because the discovery that the electromagnetic
ﬁeld was associated to quanta suggested that, conversely, all particles could be
manifestations of the existence of underlying ﬁelds.
After the articles of Heisenberg and Pauli, Oppenheimer and Waller (1930) published independent calculations of the eﬀect of the electromagnetic ﬁeld on the
electron propagation, at ﬁrst-order in the ﬁne structure constant, a dimensionless
constant that characterizes the intensity of the electromagnetic interactions,
α=

e2
≈ 1/137 ,
4πc

(1.1)

where e is the electron charge, deﬁned in terms of the Coulomb potential parametrized as a function of the separation R as e2 /4πR. Since this constant α is numerically small (a meaningful statement because it is a dimensionless quantity), a
ﬁrst-order calculation is reasonable.
The physical process responsible of this contribution is a process typical of a
QFT, the emission and absorption by an electron of energy-momentum (or quadrimomentum) q of a virtual photon of quadri-momentum k, as represented by the
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Fig. 1.1 Feynman diagram: A contribution to electron propagation, dotted line for
photon, full line for electron.

Feynman diagram in Figure 1.1 (a representation proposed by Feynman several
years later).
One possible motivation for undertaking such a calculation was a determination
of the ﬁrst corrections to the electron mass in QED and the solution of the puzzle of
the ‘classical model’ of the electron. In a relativistic theory, the mass of a particle
is proportional to its rest energy. This thus includes the potential self-energy. But
it was well-known that the classical model of the electron as a charged sphere of
radius R led to a result that diverged as e2 /R in the zero R limit. It could have
been hoped that quantum mechanics, which is a theory of wave functions, would
solve the problem generated by the point-like nature of the electron.
However, the ﬁrst results were paradoxical. Not only was the contribution to the
mass still inﬁnite, but it diverged even more strongly than in the classical model:
introducing a bound Λc2 on the photon energy (this is equivalent to modifying the
theory at a short-distance R = /cΛ), one found a quadratic divergence Λ2 ∝ 1/R2 .
In fact, it was soon discovered that these results were wrong. Indeed, perturbative
calculations with the technical tools of the time were laborious. The formalism
was not explicitly relativistic; the role of the ‘holes’ in Dirac’s theory (predicted
to be anti-electrons or positrons in 1931 and experimentally discovered in 1932)
was unclear, and gauge invariance was at the origin of additional diﬃculties. Only
in 1934 was the correct result published by Weisskopf (after a last error had been
pointed out by Furry). It conﬁrmed that the contribution was deﬁnitively inﬁnite,
even though it diverged less strongly than in the classical model. The quadratic
divergence was replaced by a less severe logarithmic divergence and the contribution
to the electron mass at order α was found to be given by
δmQED = −3

α
m ln(mRc/),
2π

where m is the electron mass for α = 0.
The divergence is generated by the summation over virtual photons of arbitrary
high momenta (due to the absence of a short-distance structure), which explains
the denomination of ultraviolet (UV) divergences. Moreover, conservation of probabilities implies that all processes contribute additively.
The conclusion was that QFT was less singular than the classical model. Nevertheless, the problem of inﬁnities was not solved and no straightforward modiﬁcation
could be found to save QFT.
These divergences were understood to have a profound meaning, seeming to be
an unavoidable consequence of unitarity (conservation of probabilities) and locality
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(point-like particles with contact interactions). Moreover, it appeared extremely
diﬃcult to conceive of a consistent relativistic theory with extended particles.
The problem thus was very deep and touched at the essence of the theory itself.
QED was an incomplete theory, but it seemed diﬃcult to modify it without sacriﬁcing some fundamental physical principle. It was possible to render the theory
ﬁnite by abandoning unitarity and, thus, conservation of probabilities (as proposed
by Dirac (1942)), but the physics consequences seemed hardly acceptable. What is
often called Pauli–Villars’ regularization, a somewhat ad hoc and temporary procedure to render the perturbative expansion ﬁnite before renormalization (see below),
has this nature. It seemed even more diﬃcult to incorporate the theory into a relativistic, non-local extension (which would correspond to giving an internal structure
to particles), though Heisenberg proposed in 1938 the introduction of a fundamental length. In fact, it is only in the 1980s that possible candidates for a non-local
extension of QFT were proposed in the form of superstring theories.
The crisis was so severe that Wheeler (1937) and Heisenberg (1943) proposed
abandoning QFT altogether in favour of a theory of physical observables, in fact
scattering data between particles: the S-matrix theory, an idea that became quite
fashionable in the 1960s in the theory of strong interactions (those that generate
nuclear forces).
Inﬁnities and the problem of charged scalar bosons. After the ﬁrst QED calculations,
some pragmatic physicists started calculating other physical quantities, exploring
the form and nature of inﬁnities. Let me mention here another important work of
Weisskopf (1939) in which the author shows that logarithmic divergences persist
to all orders in the perturbative expansion, that is, in the expansion in powers of
α. But he also notes that in the case of scalar (i.e., spinless) charged particles the
situation is much worse: the divergences are quadratic, which is disastrous. Indeed,
if the divergences are suppressed by some momentum cut-oﬀ Λ = /Rc related to
some new, unknown, physics and if Λ/m is not too large (and for some time 100
MeV, which is the range of nuclear forces, seemed a plausible candidate), then the
product α ln(Λ/m) remains small: a logarithmic divergence produces undetermined
but nevertheless small corrections, but this is no longer the case for quadratic divergences. This result could have been understood as an indication that scalar
particles cannot be considered as fundamental.
Note that the problem is more relevant than ever since the Standard Model that
describes all experimental results up to the highest available energies in colliders,
contains a scalar particle, the Higgs boson, and is now called the ﬁne tuning or hierarchy problem. Indeed, to cancel inﬁnities, it is necessary to adjust one parameter
of the initial theory with a precision related to the ratio of the physical mass and
the large-momentum cut-oﬀ, something that is not natural. The problem has now
become specially severe since physicists have realized that mass-scales as large as
1015 (the so-called uniﬁcation mass) or 1019 GeV (Planck’s mass) can be involved.
It is one of the main motivations for the introduction of supersymmetry (a symmetry that, surprisingly, relates bosons to fermions). The experimental discovery of
the Higgs boson and the understanding of its properties are among the main goals
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of the new proton accelerator, the Large Hadron Collider or LHC, presently under
construction at CERN near Geneva (ﬁrst beam expected in late 2007).
1.3 Renormalization
Calculating a number of diﬀerent physical quantities, physicists noticed that, although many physical quantities were divergent, it was always the same kind of
divergent contributions that appeared. One could thus ﬁnd combinations that were
ﬁnite (Weisskopf 1936). However, the physical meaning of such a property, the cancellation of inﬁnities, was somewhat obscure. In fact, in the absence of any deeper
understanding of the problem, little progress could be expected.
Each time physicists are confronted with such conceptual diﬃculties, some clue
must eventually come from experiment.
Indeed, in 1947 Lamb and Retheford measured precisely the separation between
the 2s1/2 2p1/2 levels of the hydrogen atom, while Rabi’s group at Columbia measured the anomalous moment of the electron. Remarkably enough, it was possible
to organize the calculation of the Lamb shift in such the way that inﬁnities cancel
(ﬁrst approximate calculation by Bethe) and the result was found to be in very
good agreement with experiment. Shortly after, Schwinger obtained the leading
contribution to the anomalous magnetic moment of the electron.
These results initiated extraordinary theoretical developments (earlier work of
Kramers concerning the mass renormalization of the extended classical electron
proved to be important to generalize the idea of cancellation of inﬁnities by subtraction, to the idea of renormalization), and in 1949 Dyson, relying in particular
on the work of Feynman, Schwinger and Tomonaga, gave a proof of the cancellation
of inﬁnities to all orders in the perturbative expansion. What became known as the
renormalization theory led in QED to ﬁnite results for all physical observables.
The general idea is the following: one begins with an initial theory called bare,
which depends on parameters like the bare mass m0 and the bare charge e0 of the
electron (mass and charge in the absence of interactions), or equivalently bare ﬁne
structure constant α0 = e20 /4πc. Moreover, one introduces a large-momentum cutoﬀ cΛ (which corresponds to modifying in a somewhat arbitrary and unphysical way
the theory at a very short distance of order /cΛ). One then calculates the physical
values (i.e., those one measures), called renormalized, of the same quantities (as the
observed charge e and, thus, the ﬁne structure constant α, and the physical mass
m) as functions of the bare parameters and the cut-oﬀ:
α = α0 − β2 α20 ln(Λ/m0 ) + · · · ,
m = m0 − γ1 m0 α ln(ΛC1 /m0 ) + · · · .
(β2 , γ1 and C1 are three numerical constants.) One inverts these relations, now
expressing bare quantities as functions of the renormalized one. In this substitution,
one exchanges, for example, the bare constant α0 with the physical or renormalized
constant α as the expansion parameter:
α0 = α + β2 α2 ln(Λ/m) + · · · ,
m0 = m + γ1 mα ln(ΛC1 /m) + · · · .
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One then expresses any other observable (i.e., any other measurable quantity),
initially calculated in terms of bare parameters, in terms of these physical or renormalized quantities. Most surprisingly, in the limit of inﬁnite cut-oﬀ Λ, all physical
observables then have a ﬁnite limit.
This a priori somewhat strange procedure, renormalization, has allowed and
still allows calculations of increasing precision in QED. The remarkable agreement
between predictions and experiment convincingly demonstrates that renormalized
QFT provides a suitable formalism to describe electrodynamics in the quantum
regime (it is even the domain in physics where agreement between theory and experiment is veriﬁed with the highest precision).
Moreover, renormalization theory has led to the very important concept of renormalizable theories. Only a limited number of ﬁeld theories lead to ﬁnite results by
this procedure. This severely restricts the structure of possible theories.
Finally, let us point out that for more than 15 years theoretical progress had been
stopped by the problem of divergences in QFT. However, once experiment started
producing decisive information, in two years a complete and consistent framework
for perturbative calculations was set up.
The mystery of renormalization. Though it was now obvious that QED was the correct theory to describe electromagnetic interactions, the renormalization procedure
itself, allowing the extraction of ﬁnite results from initial inﬁnite quantities, had
remained a matter of some concern for theorists: the meaning of the renormalization ‘recipe’ and, thus, of the bare parameters remained obscure. Much eﬀort was
devoted to try to overcome this initial conceptual weakness of the theory. Several
types of solutions were proposed:
(i) The problem came from the use of an unjustiﬁed perturbative expansion and
a correct summation of the expansion in powers of α would solve it. Somewhat
related, in spirit, was the development of the so-called axiomatic QFT, which tried
to derive rigorous, non-perturbative, results from the general principles on which
QFT was based.
(ii) The principle of QFT had to be modiﬁed: only renormalized perturbation
theory was meaningful. The initial bare theory with its bare parameters had no
physical meaning. This line of thought led to the BPHZ (Bogoliubov, Parasiuk,
Hepp, Zimmerman) formalism and, ﬁnally, to the work of Epstein and Glaser,
where the problem of divergences in position space (instead of momentum space)
was reduced to a mathematical problem of a correct deﬁnition of singular products
of distributions. The corresponding eﬀorts much clariﬁed the principles of perturbation theory, but disguised the problem of divergences in such a way that it seemed
never having existed in the ﬁrst place.
(iii) Finally, the cut-oﬀ had a physical meaning and was generated by additional
interactions, non-describable by QFT. In the 1960s some physicists thought that
strong interactions could play this role (the cut-oﬀ then being provided by the range
of nuclear forces). Renormalizable theories could then be thought as theories somewhat insensitive to this additional unknown short-distance structure, a property
that obviously required some better understanding.
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This latter point of view is in some sense close to our modern understanding,
even though the cut-oﬀ is no longer provided by strong interactions.
1.4 Quantum ﬁeld theory and the renormalization group
In the mid 1950s, several groups, most notably Peterman and Stückelberg (1953),
Gell-Mann and Low (1954) and Bogoliubov and Shirkov (1955–1956), noticed that
in the limit of a QED of photons and massless electrons, the renormalized perturbative expansion has a peculiar formal property, a direct consequence of the
renormalization process itself.
In a massive theory, the renormalized charge can be deﬁned through the electric
interaction of particles at rest (Coulomb force). This deﬁnition is no longer applicable to massless particles, which always travel at the speed of light. It becomes
then necessary to introduce some arbitrary mass (or energy or momentum) scale
µ to deﬁne the renormalized charge e: it is related to the observed strength of the
electromagnetic interaction in particle collisions at momenta of order µ. One can
then call the renormalized charge the eﬀective charge at scale µ. However, since
this mass-scale is arbitrary, one can ﬁnd other couples {e , µ } which give the same
physical results. The set of transformations of the physical parameters associated
with the change in scale µ and necessary to keep the physics constant was called
the renormalization group (RG). Making an inﬁnitesimal change of scale, one can
describe the variation of the eﬀective charge by a diﬀerential (ﬂow) equation
µ



dα(µ)
= β α(µ) ,
dµ

β(α) = β2 α2 + O(α3 ),

(1.2)

where the function β(α) can be calculated as a series expansion in powers of α.
Actually, even in a massive theory one can introduce this deﬁnition of the renormalized charge. This eﬀective charge then has the following physical interpretation.
At large distance, the intensity of the electromagnetic force does not vary and the
charge has the value measured through the Coulomb force. However, at distances
much shorter than the wavelength /mc associated with a particle (one explores in
some sense the ‘interior’ of the particle), one observes screening eﬀects. What is
remarkable is that these short-distance eﬀects have a direct relation with renormalization.
Since one main concern was the large-momentum divergences in QFT, Gell-Mann
and Low tried to use the RG to study the large-momentum behaviour of the electron
propagator, beyond perturbation theory, in relation with the large cut-oﬀ behaviour
of the bare charge. The bare charge can indeed be considered as an eﬀective charge
at the cut-oﬀ scale. If the function β(α) were to have a zero with a negative slope,
the zero would have been the ﬁnite limit at inﬁnite cut-oﬀ of the bare charge, beyond
perturbation theory.
Unfortunately QED is a so-called IR-free theory (β2 > 0), which means that the
eﬀective charge decreases at low momentum, and conversely at large momentum
increases until the perturbative expansion of the β-function is no longer reliable.
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(This variation is observed in experiments since the eﬀective value of α measured
near the Z vector boson, i.e., at about 100 GeV, is about 4% larger than its low-energy value.)
It is quite striking that if they were to have turned the argument around, they
would have found that, at ﬁxed bare charge, the eﬀective charge goes to zero as
1/ ln(Λ/mel. ), which is acceptable for any reasonable value of cut-oﬀ and may even
account for the small value of α, but their hope of course was to get rid of the
cut-oﬀ.
Note some related speculations: Landau and Pomeranchuk (1955) noticed that if,
in the calculation of the electron propagation in an electromagnetic ﬁeld, one sums
the leading terms at large momentum at each order, one predicts the existence of a
particle of mass M ∝ m e1/β2 α . This could have corresponded to a boundstate, but
unfortunately this particle has unphysical properties leading to non-conservation
of probabilities, and thus was called the Landau ‘ghost’. For Landau, this was
obviously the sign of some inconsistency of QED, though of no immediate physical
consequence, because α is so small that this mass is of the order of 1030 GeV.
Bogoliubov and Shirkov correctly pointed out that this result amounted to solving
the RG equation (1.2) at leading order, that is, for small eﬀective charge. Since the
eﬀective charge becomes large at large momenta, perturbation theory can eventually
no longer be trusted. It is amusing to note that, in the modern point of view, we
believe that Landau’s intuition was basically correct, even though the argument, as
initially formulated, was somewhat too naive.
1.5 A triumph of QFT: The Standard Model
QFT in the 1960s. After the triumph of QED, the 1960s were a time of doubt and
uncertainty for QFT. Three outstanding problems remained, related to the three
other known interactions:
(i) Weak interactions (related to the weak nuclear force) were described by the
non-renormalizable four-fermion Fermi (–Feynman–Gell-Mann) interaction. Since
the coupling was weak and the interaction was of a current–current type, as in
QED when the photon is not quantized, it was conceivable that the theory was, in
some way, the leading approximation to a QED-like theory, but with at least two
very heavy (of the order of 100 GeV) photons, because the interaction was essential
point-like. Classical ﬁeld theories containing several photons, called non-Abelian
gauge theories, that is, theories in which interactions are generated by a generalized
symmetry principle called gauge symmetry, had been proposed by Yang and Mills
(1954). However, their quantization led to new and diﬃcult technical problems.
Moreover, gauge theories, like QED, have a strong tendency to produce massless
vector ﬁelds. So a few theorists were trying both to quantize the so-called Yang–
Mills ﬁelds and to ﬁnd ways to generate mass terms for them, within the framework
of renormalizable QFTs.
(ii) On the other hand, many thought that, in the theory of strong interactions,
the case for QFT was desperate: because the interactions were so strong, no perturbative expansion could make sense. Only a theory of physical observables, called
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S-matrix theory, could provide the right theoretical framework, and strict locality
had to be abandoned. One can note the ﬁrst appearance of string models in this
context.
(iii) Finally, since gravitational forces are extremely small at short distance, there
was no immediate urgency to deal with quantum gravity, and the solution to this
problem of uncertain experimental relevance could be postponed.
The triumph of renormalizable QFT. Toward the end of the 1960s, the situation
changed quite rapidly. At last, methods to quantize non-Abelian gauge theories
were found (Faddeev–Popov, De Witt 1967). These new theories could be proved
to be renormalizable (’t Hooft, ’t Hooft–Veltman, Slavnov, Taylor, Lee–Zinn-Justin,
Becchi–Rouet–Stora, Zinn-Justin, 1971–1975) even in the broken symmetry phase
in which masses could be generated for vector bosons (the Higgs mechanism, Higgs,
Brout–Englert, Guralnik–Hagen–Kibble 1964) and fermions. These developments
allowed constructing a quantum version of a model for combined weak and electromagnetic interactions proposed earlier by Weinberg (1967) and Salam (1968). Its
predictions were soon conﬁrmed by experiment.
In the rather confusing situation of strong interactions, the solution came as often
in such circumstances from experiments: deep inelastic scattering experiments at
SLAC, probing the interior of protons or neutrons, revealed that hadrons were
composed of almost free point-like objects, initially called partons and eventually
identiﬁed with the quarks that had been used as mathematical entities to provide
a simple description of the symmetries of the hadron spectrum.
To understand this peculiar phenomenon, RG ideas were recalled in the modernized version of Callan and Symanzik (1970), valid also for massive theories, but the
phenomenon remained a puzzle for some time until ﬁeld theories could be found
in which interactions became weak at short distance (unlike QED) such as to explain SLAC results. Finally, the same theoretical advances in the quantization of
non-Abelian gauge theories which had provided a solution to the problem of weak
interactions, allowed constructing a theory of strong interactions: quantum chromodynamics (QCD). Indeed, it was found that non-Abelian gauge theories, with a
limited number of fermions, were asymptotically free (Gross–Wilczek, Politzer 1973).
Unlike QED, the ﬁrst coeﬃcient β2 of the β-function there is negative. The weakness of the interactions between quarks at short distance becomes a consequence of
the decrease of the eﬀective strong charge.
Therefore, around 1973–1974, a complete QFT model for all fundamental interactions but gravity was proposed, now called the Standard Model, which has
successfully survived all experimental tests up to now, more than 30 years later,
except for some minor recent modiﬁcations to take into account the non-vanishing
neutrino masses. This was the triumph of all ideas based on renormalizable QFT.
At this point it was tempting to conclude that some kind of new law of nature
has been discovered: all interactions can be described by a renormalizable QFT
and renormalized perturbation theory. The divergence problem had by then been
so well hidden that many physicists no longer worried about it.
A remaining potential issue was what Weinberg called the asymptotic safety con-
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dition: the consistency of QFT on all length-scales seemed to require the existence
of a UV ﬁxed point, in the formalism of equation (1.2) a solution of
β(α) = 0 with

β  (α) < 0 ,

(one of the options already considered by Gell-Mann and Low). Asymptotically
free ﬁeld theories share of course this property, but scalar ﬁelds (as required by
the Higgs mechanism) have a tendency to destroy asymptotic freedom. Finally,
it still remained to cast quantum gravity into the renormalizable framework and
this became the goal of many theorists in the following years. The failure of this
programme eventually led to the introduction of string theories.
1.6 Critical phenomena: Other inﬁnities
The theory of critical phenomena deals with continuous, or second-order, phase
transitions in macroscopic systems. Simple examples are liquid–vapour, binary
mixtures, superﬂuid He and magnetic transitions. The simplest lattice model that
exhibits such a phase transition is the famous Ising model.
These transitions are characterized by a collective behaviour on large scales near
the transition temperature (the critical temperature Tc ). For example, the correlation length, which characterizes the scale of distance on which a collective behaviour
is observed, becomes inﬁnite at the transition. Near Tc , these systems thus depend
on two very diﬀerent length-scales, a microscopic scale given by the size of atoms,
the lattice spacing or the range of forces, and another scale dynamically generated, given by the correlation length. To the latter scale are associated non-trivial
large-distance or macroscopic phenomena.
It could then have been expected that physics near the critical temperature could
be described, in some leading approximation, by a few eﬀective macroscopic parameters, without explicit reference to the initial degrees of freedom. This idea leads to
mean ﬁeld theory (MFT) and in its more general form to Landau’s theory of critical
phenomena (1937). Such a theory can be called quasi-Gaussian, in the sense that
it assumes implicitly that the remaining correlations between stochastic variables
at the microscopic scale can be treated perturbatively and, thus, that macroscopic
expectation values are given by quasi-Gaussian distributions, in the spirit of the
central limit theorem.
Among the simplest and most robust predictions of such a theory, one ﬁnds
the universality of the singular behaviour of thermodynamical quantities at the
critical temperature Tc : for instance, the correlation length ξ always diverges as
(T − Tc )−1/2 , the spontaneous magnetization vanishes like (Tc − T )1/2 , and so on,
these properties being independent of the dimension of space, the symmetry of the
system, and of course the detailed microscopic dynamics.
Therefore, physicists were surprised when some experiments as well as numerical
calculations in simple lattice models started questioning MFT predictions. An
additional blow to MFT came from Onsager’s (1944) exact solution of the 2D Ising
model which conﬁrmed the corresponding lattice calculations. In the following
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years, empirical evidence accumulated that critical phenomena in two and three
space dimensions could not be described quantitatively by MFT. In fact, the critical
behaviour was found to depend on space dimensions, symmetries and some general
properties of models. Nevertheless, there were also some indications that some
universality survived, but in a more limited sense. Some speciﬁc properties were
important, but not all details of the microscopic dynamics.
The non-decoupling of scales. To understand how deep the problem was, one has
to realize that such a situation had never been met before (except, perhaps, in turbulence): indeed, the main ingredient in Landau’s theory is the hypothesis that, as
usual, physical phenomena on too diﬀerent length-scales decouple. Let us illustrate
this idea with a simple example. Naively, one derives the period τ of the pendulum,
up to a numerical factor, from dimensional analysis,
τ ∝


 /g ,

where  is the length of the pendulum and g is the gravitational acceleration. But
in this argument is hidden a deeper and essential hypothesis: the internal atomic
structure of the pendulum, the size of the earth or the distance between earth
and sun are irrelevant because these length-scales are either much too small or
much too large compared to the size of the pendulum. One expects that they
lead to corrections of order the ratio λ = (small scale/large scale), which, thus, are
totally negligible. Of course, one can ﬁnd mathematical functions of the ratio λ
that decrease only slowly with λ like, for example, 1/ ln λ. But these functions are
singular and we have reasons to believe that, in general, nature is not perverse and
does not introduce singularities where they are not absolutely needed.
In the same way, in Newtonian mechanics, to describe the motion of planets one
can forget, to a very good approximation, the existence of other stars, the size of
the sun and the planets, which can be replaced by point-like objects. Again in
the same way, in non-relativistic quantum mechanics, one can ignore the internal
structure of the proton to calculate with a very good precision the energy levels of
the hydrogen atom.
The failure of MFT has demonstrated, on the contrary, that the decoupling of
scales is not always true in the theory of critical phenomena, a new and totally
unexpected situation. In fact, if one tries to calculate corrections to MFT, one
ﬁnds divergences at the critical temperature. These divergences are generated by
contributions that depend on the ratio of the correlation length and the microscopic
scale. This situation is reminiscent of particle physics, except that in the early
interpretation of QFT, it is the microscopic scale that goes to zero, while here it is
the macroscopic scale (the correlation length) that becomes inﬁnite.
The divergences met in QFT, as describing microscopic physics, and in the theory
of critical phenomena, have actually a common origin: the non-decoupling of very
diﬀerent physical scales. The inﬁnities appear when one tries to ignore, as one does
usually and is generally justiﬁed, the existence of other length-scales where relevant
physical laws may be very diﬀerent.
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Therefore, one could have feared that macroscopic physics would be sensitive to
the details of the short-distance structure, that large-scale phenomena would depend
on the detailed microscopic dynamics and, thus, would essentially be unpredictable.
The emergence of a surviving universality, even more limited, was therefore even
more surprising. To understand these observations, a new conceptual framework
obviously had to be invented.
1.7 Kadanoﬀ and Wilson’s renormalization group
In 1966, Kadanoﬀ proposed a strategy to deal with the problem: calculate physical
observables by summing recursively over short-distance degrees of freedom. One
then obtains a sequence of eﬀective models that have all the same large-distance
properties. Following Kadanoﬀ, we use the Ising model to illustrate the idea, but
take a more general viewpoint.
Example: The Ising model. The Ising model is a statistical lattice model. To each
lattice site i is associated a random variable Si that takes only two values ±1, a
‘classical’ spin. Thermodynamic quantities are calculated by averaging over all spin
conﬁgurations with a Boltzmann weight e−Ha (S)/T /Z, where T is the temperature,
a the lattice spacing, Ha (S) a conﬁguration energy corresponding to some short-range interactions (for example, only nearest-neighbour spins on the lattice are
coupled) and Z is a normalization factor of the probability distribution called the
partition function. Note that phase transitions can only occur in the inﬁnite-volume
limit, called the thermodynamic limit.

Fig. 1.2 Initial lattice (full line) and lattice with doubled spacing − − −.

Of course, in general expectation values cannot be calculated exactly. But, one
would like, at least, to understand the origin of universality. The idea then is to
sum over spins Si at ﬁxed average on a lattice of spacing 2a. For example, on
a square lattice one groups spins on a set of disjoint squares (inside the circles in
Figure 1.2), and ﬁxes the average over each square. After summation, the statistical
sum is given by a summation over conﬁgurations of these average spins (which now
take more than two values) belonging to a lattice of double spacing. To these spins
corresponds a new conﬁguration energy H2a (S) called the eﬀective interaction at
scale 2a.
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This transformation can then be iterated,
H2n a (S) = T [H2n−1 a (S)] ,

(1.3)

as long as the lattice spacing remains small compared to the correlation length, that
is, the scale of the macroscopic phenomena of interest. If the repeated application
of the transformation produces an eﬀective interaction whose asymptotic form is,
to a large extent, independent of the initial interaction, one has found a mechanism
that explains the remaining universality. Such asymptotic interactions will be ﬁxed
points or belong to ﬁxed surfaces of the transformation T :
H∗ (S) → H2n a (S) ,
n→∞

H∗ (S) = T [H∗ (S)] .

Eventually, Wilson (1971) transformed this initial, somewhat vague, idea into a
precise operational scheme, unifying ﬁnally Kadanoﬀ’s renormalization group (RG)
idea with the RG of QFT. This led to an understanding of universality, as being a consequence of the existence of large-distance (IR) ﬁxed points of a general
RG. It even became possible to develop systematic methods to calculate universal quantities, with the help of partially preexisting QFT techniques (Brézin–Le
Guillou–Zinn-Justin 1973).
Continuum limit and QFT. A ﬁrst step consists in understanding that the iteration
(1.3) leads asymptotically to a ﬁeld theory in continuum space, even if the initial
model is a lattice model and the dynamical variables take only discrete values.
For example, in the Ising model it is clear that, after many iterations, the eﬀective
spin variable, which is a local average of a large number of spins, takes a dense
discrete set of values and can be replaced by a continuum variable. Similarly, the
spacing of the initial lattice becomes arbitrarily smaller than the spacing of the
iterated lattice. One can thus replace the eﬀective spin variable by a ﬁeld S(x) in
continuum space. The sum over spins becomes an integral over ﬁelds (generalization
of Feynman’s path integral), formally analogous to the ﬁeld integrals that allow
calculating physical observables in QFT.
The Gaussian ﬁxed point. On can verify that one RG ﬁxed point has the form of a
Gaussian distribution (a property in direct relation with the central limit theorem
of probabilities). At the critical temperature, in the large-distance limit, the Gaussian ﬁxed point takes the form of a free (scalar) QFT (particles do not interact).
Moreover, the theory is massless (the correlation length plays the role of an inverse
mass) in the language of microscopic physics. The weakly perturbed Gaussian model
(quasi-Gaussian approximation) reproduces all universal results predicted by MFT.
A ﬁner analysis shows, however, that a small perturbation of the Gaussian ﬁxed
point generates inﬁnite contributions, at least in space dimensions smaller than, or
equal to 4. Below four dimensions, the Gaussian ﬁxed point then corresponds to an
unstable point ﬁxed of the RG.
Moreover, the most singular terms are generated by a renormalizable QFT whose
large-distance properties can be studied. This is a very striking result since it
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indicates that renormalizable QFTs can emerge as eﬀective theories describing the
large-distance properties of critical phenomena. The RG of QFT then appears as
an asymptotic form of the general Wilson–Kadanoﬀ RG.
Conversely, one is then strongly tempted to apply the ideas that have emerged in
the theory of phase transitions to the QFT that describes the physics of fundamental
microscopic interactions.
1.8 Eﬀective quantum ﬁeld theories
The condition that fundamental microscopic interactions should be described by a
renormalizable QFT has been used as a basic principle for constructing the Standard
Model. From the success of the programme, it could have been concluded that the
principle of renormalizability was a new law of nature. This would have implied that
all interactions including gravity should be describable by such theories. The failure,
so far, to exhibit a renormalizable version of quantum gravity has shed doubts on
the whole programme itself. Indeed, if the Standard Model and its natural possible
extensions are only approximate theories, it becomes diﬃcult to understand why it
should obey such an abstract principle.
The theory of critical phenomena, with the natural appearance of renormalizable
QFTs, has led to another simpler and more plausible explanation. One can now
imagine that fundamental interactions are described at distances much shorter than
those presently accessible to experiment (uniﬁcation, Planck’s scales?), and thus at
much higher energies, by a ﬁnite theory that does not have the form of a local QFT.
Although this theory is entirely deﬁned at the microscopic scale, for reasons that
can be better understood only when we get a more precise idea about this more
fundamental theory, it generates, by a cooperative eﬀect of a large number of degrees
of freedom, a non-trivial large-distance physics with eﬀective interactions between
very light particles. In phase transitions, it is the experimentalist that adjusts the
temperature at its critical value to make the correlation length diverge (i.e., the
mass vanish). In particle physics, this must happen automatically, otherwise one is
confronted with the famous ﬁne tuning problem. Since Planck’s mass, for example,
is at least of the order of 1013 times larger than the mass of the Higgs particle,
whose existence is conjectured by the Standard Model, this would imply that one
parameter of the theory is accidentally close to some critical value with a precision
of 10−13 .
A few possible mechanisms are known, that generate massless particles, spontaneously broken continuous symmetries that generate massless scalar bosons (Goldstone bosons), gauge symmetries that generate massless vector bosons like the photon, chiral symmetry that produces massless fermions. But none of these mechanisms solves the problem of the Higgs particle.
Assuming this problem has been solved, then one can imagine that, as a consequence of the existence of a large-distance ﬁxed point, low-energy or large-distance
physics is described by an eﬀective QFT. This ﬁeld theory comes naturally equipped
with a cut-oﬀ, a reﬂection of the initial microscopic structure, and contains all local
interactions allowed by the ﬁeld content and symmetries. If the free or Gaussian ﬁeld
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theory is not too bad an approximation (at least in some energy range), which implies that the ﬁxed point is close enough to the Gaussian ﬁxed point, the interactions
can be classiﬁed according to the dimensions of their coeﬃcients. Then, interactions
of non-renormalizable type, which have to be excluded in the traditional viewpoint,
are automatically suppressed by powers of the cut-oﬀ (Einstein’s gravitation corresponds presumably already to this class). Renormalizable interactions, which are
dimensionless, evolve only slowly with the scale (logarithmically) and, thus, survive
at large distance. They determine low-energy physics. The super-renormalizable
interactions (this include possible mass terms), which are considered innocuous in
the traditional presentation of QFT because they generate only a ﬁnite number of
divergences, must be naturally absent or much suppressed because they grow as a
power of the cut-oﬀ. The bare theory is then also a version of the eﬀective theory in
which all non-renormalizable interactions have already been omitted. QFT is not
required to be physically consistent at very short distance where it is no longer a
valid approximation and where it can be rendered ﬁnite by a modiﬁcation that is,
to a large extent, arbitrary.
Of course, such an interpretation has no immediate inﬂuence on perturbative
calculations and one could thus consider the whole issue as somewhat philosophical.
But this is not completely true!
We have mentioned above that taking the bare theory seriously, leads, in particular, to a confrontation with the ﬁne tuning problem in the case of masses of
scalar particles (and thus the Higgs boson) and, thus, forces us to look for solutions
(supersymmetry, bound state of more fundamental fermions?).
This interpretation also solves the problem of triviality: renormalized interactions
decreasing logarithmically with the cut-oﬀ are acceptable because the physical cutoﬀ is ﬁnite. For example, let us consider QED and reverse Gell-Mann and Low’s
argument. At ﬁxed bare charge, the eﬀective charge at a mass-scale µ decreases
like 1/ ln(Λ/µ), which is acceptable for any sensible value of the cut-oﬀ Λ if, for
instance, µ is of the order of the electron mass. This decrease may even explain the
small value of the ﬁne structure constant.
This interpretation also suggests that quantized Einstein gravitation is a surviving
non-renormalizable interaction. Moreover, other non-renormalizable interactions
could also be detected through very small symmetry violations. Indeed, the theory
of critical phenomena provides examples of a possible mechanism. There, one ﬁnds
situations in which the theory reduced to renormalizable interactions has more
symmetry that the complete initial theory (cubic symmetry on the lattice leads to
rotation symmetry at large distance).
This modern viewpoint, deeply based on RG ideas and the notion of scaledependent eﬀective interactions, not only provides a more consistent picture of
QFT, but also a framework in which new physics phenomena can be discussed.
It implies that QFTs are somewhat temporary constructions. Due to an essential
coupling of very diﬀerent physical scales, renormalizable QFTs have a consistency
limited to low-energy (or large-distance) physics. One uses the terminology of effective QFT, approximations of an as yet unknown more fundamental theory of a
radically diﬀerent nature.

This page intentionally left blank

2 Gaussian expectation values. Steepest descent
method

In this work, Gaussian integrals and Gaussian expectation values play a major role.
They appear naturally in probability theory because the average of a large number
of independent random variables often has a Gaussian distribution. In statistical
physics, in the theory of phase transitions and critical phenomena, somewhat similar
considerations lead to the quasi-Gaussian model, which reproduces all the results
coming from the mean-ﬁeld approximation or Landau’s theory. Thus, we recall
in this chapter a few basic mathematical results that we will use, in a suitably
generalized form, in this work.
It is ﬁrst convenient, for technical reasons, to introduce the notion of generating
function of the moments of a probability distribution. We then calculate Gaussian
integrals and prove Wick’s theorem for Gaussian expectation values, a result that
is simple but of major practical importance.
The steepest descent method provides asymptotic evaluations, in some limits, of
real or complex integrals. It leads to calculations of Gaussian expectation values,
which explains its presence in this chapter. Moreover, the steepest descent method
will be directly useful in this work
Finally, let us emphasize that the results we derive in this chapter are valid for
integrals involving an arbitrary number of variables and can, thus, be generalized
to the limit where this number becomes inﬁnite, as in path or ﬁeld integrals.
Notation. In what follows, we use systematically boldface characters to indicate
matrices or vectors, and the corresponding italic characters, with indices, to indicate
the corresponding matrix elements or vector components.
2.1 Generating functions
Let Ω(x1 , x2 , . . . , xn ) be a positive measure or a normalized probability distribution,
deﬁned on Rn . In what follows, we use the notation

F  ≡ dn x F (x)Ω(x) ,
n
where dn x ≡ i=1 dxi , for the expectation value of a function F (x). By deﬁnition,
1 = 1.
It is convenient to introduce the Fourier transform of the distribution, which is
also the generating function of its moments. Here, we consider a special class of
distributions whose Fourier transforms are analytic functions that can be deﬁned
even for imaginary arguments. We then deﬁne

n



Z(b) = eb·x = dn x Ω(x) eb·x where b · x =
bi xi
(2.1)
i=1
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with b real. The beneﬁt of considering this particular function, rather than the
Fourier transform, is that the integrand is still a positive measure.
The function Z(b) then is a generating function of the moments of the distribution, that is, of expectation values of monomials. Indeed, one recognizes, expanding
the integrand in powers of the variables bk , the series
Z(b) =

∞

1
!
=0

n


bk1 bk2 . . . bk xk1 xk2 . . . xk  .

k1 ,k2 ,...,k =1

Expectation values can thus be obtained by diﬀerentiating the function Z(b) with
respect to its arguments. Diﬀerentiating both sides of equation (2.1) with respect
to bk , one obtains

∂
Z(b) = dn x xk eb·x Ω(x).
(2.2)
∂bk
Diﬀerentiating repeatedly and taking the limit b = 0, one thus ﬁnds
xk1 xk2 . . . xk  =

∂
∂
∂
···
Z(b)
∂bk1 ∂bk2
∂bk

.

(2.3)

b=0

This notion of generating function is quite useful and in Section 5.1.1 will be extended to the limit where the number of variables becomes inﬁnite.
2.2 Gaussian expectation values. Wick’s theorem
For many reasons, among them the central limit theorem, Gaussian probability
distributions play an important role in probability theory and in physics. Moreover,
they have remarkable algebraic properties that we now recall. Although we derive
all properties only for real integrals, most results generalize to complex Gaussian
integrals.
2.2.1 Even Gaussian integrals
We consider the Gaussian integral

Z(A) =

dn x e−A(x) ,

(2.4)

where A is the real quadratic form
A(x) =

n
1 
xi Aij xj .
2 i, j=1

(2.5)

The integral converges only if the real symmetric matrix A with elements Aij is
positive (and thus all its eigenvalues are strictly positive). Then, various methods
allow proving
(2.6)
Z(A) = (2π)n/2 (det A)−1/2 .
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Here, we prove the result only for real matrices, but since the expression (2.6) is
an algebraic function of all matrix elements, the result also extends to complex
integrals, with an appropriate determination of the square root.
Proof. The simple integral can easily be calculated by considering its square. For
a > 0,
 +∞

2
dx e−ax /2 = 2π/a .
(2.7)
−∞

More generally, the real symmetric matrix A in integral (2.4) can be diagonalized
by an orthogonal transformation and, thus, can be written as
A = ODOT ,

(2.8)

where O is an orthogonal matrix and D a diagonal matrix with elements Dij :
OT O = 1 ,

Dij = ai δij ,

ai > 0 .

Then, one changes variables, x → y, in the integral (2.4):
xi =

n

j=1

Oij yj

⇒



xi Aij xj =

i,j



xi Oik ak Ojk xj =



ai yi2 .

i

i,j,k

The Jacobian of the transformation is |det O| = 1. The integral then factorizes:
n

Z(A) =



2

dyi e−ai yi /2 .

i=1

Since all eigenvalues ai of the matrix A are positive, each integral converges and is
given by the result (2.7). It follows that
Z(A) = (2π)n/2 (a1 a2 . . . an )−1/2 = (2π)n/2 (det A)−1/2 .
The proof based on diagonalization, used for real matrices, has a complex generalization. Complex symmetric matrices A have a decomposition of the form
A = UDUT ,
where U is a unitary matrix and D a diagonal positive matrix.
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2.2.2 General Gaussian integral
We now consider the general Gaussian integral


dn x e−A(x)+b·x,

Z(A, b) =

(2.9)

where A(x) is the quadratic form (2.5).
To calculate Z(A, b), one looks for the minimum of A(x) − b · x:
⎛

n


∂ ⎝
1
xi Aij xj −
∂xk i, j=1 2

n


⎞
bi xi ⎠ =

i=1

n


Akj xj − bk = 0 .

j=1

Introducing the inverse matrix
∆ = A−1 ,
one can write the solution as
xi =

n


∆ij bj .

(2.10)

j=1

After the change of variables xi → yi where
xi =

n


∆ij bj + yi ,

(2.11)

j=1

the integral becomes


Z(A, b) = e∆(b)

where we have set
∆(b) =

dn y e−A(y) ,

n
1 
bi ∆ij bj .
2 i,j=1

(2.12)

(2.13)

The change of variables has reduced the calculation to the integral (2.4). It follows
that
−1/2 ∆(b)
e
Z(A, b) = (2π)n/2 (det A)
.
(2.14)
Remark. The Gaussian integral has a remarkable property: if one integrates over a
subset of variables, one still obtains a Gaussian integral. This structural stability
explains the special role of Gaussian probability distributions.
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2.2.3 Gaussian expectation values and Wick’s theorem
When the matrix A is real and positive, the Gaussian function can be considered
as a positive measure over Rn or a probability distribution. The expectation value
of a function of the variables xi is given by

F (x) ≡ N (A)

dn x F (x) e−A(x) ,

(2.15)

where the normalization N is chosen such that 1 = 1 and thus
N (A) = Z −1 (A, 0) = (2π)−n/2 (det A)

1/2

The function



.


eb·x = Z(A, b)/Z(A, 0),

(2.16)

where Z(A, b) is the function (2.9), thus is a generating function of the moments of
the Gaussian distribution, which are expectation values of monomials (see Section
2.1). The expectation values can be obtained by diﬀerentiating expression (2.16)
with respect to the variables bi ,
−n/2

xk1 xk2 . . . xk  = (2π)


(det A)

1/2


∂
∂
∂
···
Z(A, b)
∂bk1 ∂bk2
∂bk

b=0

and replacing Z(A, b) by the explicit expression (2.14),

xk1 . . . xk  =

∂
∂
e∆(b)
···
∂bk1
∂bk


.

(2.17)

b=0

More generally, if F (x) has a series expansion in the set of variables xi , its expectation value is formally given by the identity


F (x) = F (∂/∂b) e∆(b)

b=0

.

(2.18)

Wick’s theorem. Identity (2.17) leads to Wick’s theorem. Each time a derivative
acts on the exponential in the right-hand side, it generates a factor b:
∂ ∆(b) 
e
=
∆kk bk e∆(b) .
∂bk

k

Another derivative has to act later on the same factor, otherwise the corresponding
contribution vanishes in the b = 0 limit. One concludes that the expectation value
of the product xk1 . . . xk with the Gaussian measure e−A(x) /Z(A, 0) is obtained
in the following way: one considers all possible pairings of the indices k1 , . . . , k (
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must thus be even). To each pair kp kq , one associates the element ∆kp kq of the
matrix ∆ = A−1 . Then,


xk1 . . . xk  =

∆kP1 kP2 . . . ∆kP−1 kP ,

(2.19)

xkP1 xkP2  . . . xkP−1 xkP  .

(2.20)

over all possible
pairings P of {k1 ...k }



=

over all possible
pairings P of {k1 ...k }

Equations (2.19) and (2.20) are characteristic properties of all centred (xi  = 0)
Gaussian measures. They are known under the denomination of Wick’s theorem
and are, in a form adapted to quantum mechanics or to quantum ﬁeld theory, the
basis of perturbation theory. The simplicity of the result should not, however, hide
its major practical relevance. Note also that the proof is completely algebraic and,
thus, extends to complex matrices A with non-vanishing determinant. Only the
interpretation of Gaussian functions as measures or probability distributions then
disappears.
Examples. One ﬁnds successively
xi1 xi2  = ∆i1 i2 ,
xi1 xi2 xi3 xi4  = ∆i1 i2 ∆i3 i4 + ∆i1 i3 ∆i2 i4 + ∆i1 i4 ∆i3 i2 .
More generally, the expectation value of a product of 2p variables is the sum of
(2p − 1)(2p − 3) . . . 5 × 3 × 1 diﬀerent terms.
2.3 Perturbed Gaussian measure. Connected contributions
Even in the favourable situations in which the central limit theorem applies, the
Gaussian measure is only the limiting distribution. It is thus useful to study the
eﬀect of corrections to the Gaussian distribution.
2.3.1 Perturbed Gaussian measure
We consider a more general normalized distribution e−A(x,λ) /Z(λ) where the function A(x, λ) is the sum of the quadratic form (2.5) and a polynomial λV (x) in the
variables xi :
A(x, λ) = A(x) + λV (x),
(2.21)
the parameter λ > 0 characterizing the amplitude of the deviation from the Gaussian distribution and the polynomial V being chosen such that the integral converges.
The normalization Z(λ) is given by the integral

Z(λ) =

dn x e−A(x,λ) .

(2.22)
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The integral can be calculated by expanding the integrand in a formal power series
in λ and integrating term by term:
Z(λ) =


∞

(−λ)k
k=0

dn x V k (x) e−A(x) = Z(0)

k!

∞

(−λ)k  k 
V (x) 0 ,
k!

(2.23)

k=0

where •0 means expectation value with respect to the Gaussian measure deﬁned
by equation (2.15). Each term in the expansion, which is the Gaussian expectation
value of a polynomial, can then be calculated with the help of Wick’s theorem
(2.19).
Using equation (2.18) with F = e−λV , one also obtains the formal representation
of the normalization (2.22),

Z(λ)/Z(0) = exp −λV

∂
∂b


e∆(b)

.

(2.24)

b=0

Example. Consider the perturbation
1  4
x .
4! i=1 i
n

V (x) =

(2.25)

At order λ2 , one ﬁnds (∆A = 1)


1   4
1
2
λ
xi 0 +
x4i x4j 0 + O(λ3 )
λ
4! i
2!(4!)2
i
j



2
2
2
1
1
= 1 − 8λ
∆ii + 128 λ
∆ii
∆2jj

Z(λ)/Z(0) = 1 −

i

2

+λ



i
2
1
16 ∆ii ∆jj ∆ij

+

j

4
1
48 ∆ij



+ O(λ3 ).

(2.26)

i,j

A simple veriﬁcation of the factors is obtained by specializing to the case of only
one variable. Then,
Z(λ)/Z(0) = 1 − 18 λ +

35 2
384 λ

+ O(λ3 ).

The alternating sign in all expansions corresponding to the example (2.25) is pro4
duced by the alternating sign in the expansion of the exponential function e−λx .
2.4 Feynman diagrams. Connected contributions
To each perturbative contribution generated by Wick’s theorem, one can associate a
graph called a Feynman diagram. All contributions can be derived from a subclass
that contains only connected terms, represented by connected diagrams.
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Fig. 2.1 Feynman diagram: x4 vertex in example (2.25).

2.4.1 Feynman diagrams
Each monomial contributing to a perturbation V (x) is represented by a point (a
vertex) from which originates a number of lines equal to the degree of the monomial
and each pairing is represented by a line joining the vertices to which belong the
corresponding variables.
In example (2.25), V (x) is a homogeneous polynomial of degree 4 and to vertices
are thus attached four lines (see Figure 2.1).
The contribution of order λ to the normalization Z(λ) (2.22) then contains one
vertex and the four lines originating from the vertex are connected pairwise as
displayed in Figure 2.2.

i
˙ ¸
Fig. 2.2 Feynman diagram: Contribution to x4 0 of order λ in example (2.25).

The order λ2 involves the three diagrams displayed in Figures 2.3 and 2.4. They
contain two vertices and are of two types, in the sense of graphs. In Figure 2.3 is
displayed the contribution in which all pairings are internal either to the factor x4i
or to the factor x4j . It factorizes and is not connected in the sense of graphs.

i

j

¸
˙
Fig. 2.3 Feynman diagram: Non-connected contribution coming from x4i x4j 0 at order
2
λ in example (2.25).

In Figure 2.4 are displayed the two other contributions, which are connected.

i

j

i

j

¸
˙
Fig. 2.4 Feynman diagrams: Connected contributions coming from x4i x4j 0 at order λ2
in example (2.25).

We have indicated explicitly the indices i and j corresponding to summations in
expressions (2.26). In what follows, we will no longer indicate summation indices.
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2.4.2 Connected contributions
We have observed that at second order, Feynman diagrams can be separated into
connected and non-connected contributions. We now examine this question more
systematically.
Considering expression (2.26), one notices that the two ﬁrst terms can be exponentiated in such a way that ln Z contains only connected contributions, that is,
contributions that cannot be factorized into a product of sums and, thus, in the
sense of graphs are connected:



2
4
3
1
1
∆2ii + λ2
ln Z(λ) − ln Z(0) = − 81 λ
16 ∆ii ∆jj ∆ij + 48 ∆ij + O(λ ). (2.27)
i

i,j

In the logarithm, the non-connected contribution of Figure 2.3 has cancelled.
The property that only connected terms contribute to ln Z is a general
property.

To prove it, in the calculation of the Gaussian expectation value V k (x) , we distinguish the contributions of Wick’s theorem that contain pairings between all the
k factors V (x), from all others that can be factorized into products of expectation
values of powers of V (x) smaller than k. We use below the subscript (c) to indicate
the connected part of an expectation value. With this notation, for example,
 2   2 
2
V (x) = V (x) c + V (x)c
V (x) = V (x)c ,


 3   3 
3
V (x) = V (x) c + 3 V 2 (x) c V (x)c + V (x)c , . . .
More generally, at order k, one ﬁnds
 k 
 k 
1
1
k! V (x) = k! V (x) c + non-connected terms .
A non-connected term is a product of the form
 k1   k2 


V (x) c V (x) c . . . V kp (x) c ,

k1 + k2 + · · · kp = k ,

with a coeﬃcient 1/k! coming from the expansion of the exponential, multiplied
by a combinatorial factor corresponding to all possible ways to group k objects in
subsets of k1 + k2 + · · · + kp objects, when all ki are distinct. One ﬁnds
k!
1
1
×
=
.
k! k1 !k2 ! . . . kp !
k1 !k2 ! . . . kp !
When m powers ki are equal, one must further divide by an additional combinatorial
factor m! because the same term has been counted m! times.
One then notices that the perturbative expansion can be written as
W(λ) = ln Z(λ) = ln Z(0) +

 (−λ)k 

V k (x) c ,
k!

(2.28)

k

providing conﬁrmation that the cancellation observed in expression (2.27) is general.

28

Gaussian expectation values. Steepest descent method

2.5 Expectation values. Generating function. Cumulants
The moments of the distribution e−A(x,λ) /Z(λ) where A(x, λ) is the polynomial
(2.21),
A(x, λ) = A(x) + λV (x),
that is, the expectation values xi1 xi2 . . . xi λ , are given by the ratios
xi1 xi2 . . . xi λ = Z −1 (λ)Zi1 i2 ...i (λ),

Zi1 i2 ...i (λ) = dn x xi1 xi2 . . . xi exp [−A(x, λ)] .

(2.29a)
(2.29b)

In the language of statistical physics, they are called -point functions.
2.5.1 The two-point function
The two-point function xi1 xi2 λ involves the calculation of the integral

Zi1 i2 (λ) = dn x xi1 xi2 exp [−A(x, λ)] .
In example (2.25) at order λ2 , one ﬁnds

 
1
Zi1 i2 (λ)/Z(0) = ∆i1 i2 − 24
x4i 0 − 12 λ
λ∆i1 i2
∆ii1 ∆ii ∆ii2
i

i

 4 4
 
λ2 
λ2 
x
+
∆
x
+
∆ii1 ∆ii ∆ii2 x4j 0
i
i
1 2
i j 0
2
2!(4!) i,j
2!4! i,j

2
3
1
1
+ λ2
4 ∆ii1 ∆ii2 ∆ij ∆jj + 6 ∆i1 i ∆ji2 ∆ij
i,j

+ 14 ∆i1 i ∆ji2 ∆ij ∆ii ∆jj



+ O(λ3 ).

In the ratio of the two series
xi1 xi2 λ = Zi1 i2 (λ)/Z(λ),
the non-connected terms cancel and one obtains


1
∆ii1 ∆ii ∆ii2 + λ2
xi1 xi2 λ = ∆i1 i2 − 12 λ
4 ∆i1 i ∆ji2 ∆ij ∆ii ∆jj
i

i,j

+ 41 ∆ii1 ∆ii2 ∆2ij ∆jj

+

3
1
6 ∆i1 i ∆ji2 ∆ij



+ O(λ3 ).

(2.30)

The Feynman diagrams corresponding to the contributions of order 1 and λ are
displayed in Figure 2.5.

i1

i2
i1
(a)

i2
(b)

Fig. 2.5 The two-point function: Contributions of order 1 and λ in example (2.25).
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(c)

(d)
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(e)

Fig. 2.6 The two-point function: Contributions of order λ2 in example (2.25).

The diagrams of Figure 2.6 represent the three successive contributions of order
λ2 .
As an illustration, let us justify, for example, the factor 1/6 in front of diagram (e).
At second order, the expansion of the exponential leads to the Gaussian expectation
value


1
xi1 xi2 x4i x4j 0 ,
2
2! (4!) i,j
which can be obtained from Wick’s theorem.
First, xi1 can be paired with any factor x in the product x4i x4j ; one has eight
equivalent choices and one of the two vertices is distinguished. Then, xi2 must
be paired with a factor x of the remaining vertex: four choices. The remaining
x3 factors in the two vertices can be paired in all possible ways: 3! equivalent
possibilities. Collecting all factors, one ﬁnds
1 1
1
× 8 × 4 × 3! = .
2
2 (4!)
6
It is worth mentioning that the factor 1/6 that multiplies the diagram (e) also has
an interpretation in terms of the isomorphisms of the graph. It is the inverse of the
number 3! of permutations that exchange the three lines that join the two vertices.
One can ﬁnd general expressions that relate the combinatorial factors that multiply
each diagram to the symmetries of the graph.
One could calculate by the same method the four-point function, the expectation
value of a generic monomial of degree 4. One would ﬁnd a large number of contributions. But the expressions of the cumulants of the distribution are much simpler.
For this purpose, it isconvenient to ﬁrst deﬁne a generating function of moments
or expectation values xi1 xi2 . . . xip λ .
2.5.2 Generating functions. Cumulants
We consider the function

Z(b, λ) = dn x exp [−A(x, λ) + b · x] ,

(2.31)

which generalizes the function (2.9) of the Gaussian example. It is proportional to
the generating function of the expectation values (2.29a) (see Section 2.1),
 b·x 
e
= Z(b, λ)/Z(λ),
λ
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which generalizes the function (2.16). By diﬀerentiating, one ﬁnds
xi1 xi2 . . . xi λ = Z −1 (λ)

∂ ∂
∂
···
Z(b, λ)
∂bi1 ∂bi2
∂bi

.

(2.32)

b=0

We now introduce the function
W(b, λ) = ln Z(b, λ).

(2.33)

In a probabilistic interpretation, W(b, λ) is the generating function of the cumulants
of the distribution. As a consequence of equation (2.28), the perturbative expansion
of cumulants is much simpler since it contains only connected contributions. In
particular, all contributions to the normalization (2.26) are contained in W(0, λ).
Finally note that, in the Gaussian case, W(b) reduces to a form quadratic in b.
Remark. In the framework of statistical physics, the cumulants
()

Wi1 i2 ...i =

∂ ∂
∂
···
W(b, λ)
∂bi1 ∂bi2
∂bi

,
b=0

are called connected -point correlation functions.
Examples. Expanding relation (2.33) in powers of b, one ﬁnds that the one-point
functions are identical:
(1)
Wi = xi λ .
For the two-point function, one ﬁnds
(2)

Wi1 i2 = xi1 xi2 λ − xi1 λ xi2 λ = (xi1 − xi1 λ ) (xi2 − xi2 λ )λ .

(2.34)

Thus, it is the two-point function of the initial variables from which their expectation
values have been subtracted.
In the case of an even perturbation, V (x) = V (−x), as in example (2.25),
(2)

Wi1 i2 = xi1 xi2 λ ,
(4)

Wi1 i2 i3 i4 = xi1 xi2 xi3 xi4 λ − xi1 xi2 λ xi3 xi4 λ − xi1 xi3 λ xi2 xi4 λ
− xi1 xi4 λ xi3 xi2 λ .
The connected four-point function, which vanishes exactly for a Gaussian measure,
provides a ﬁrst evaluation of the eﬀect of a deviation from the Gaussian measure.
In example (2.25), at order λ2 one then ﬁnds (see Figure 2.7)


(4)
Wi1 i2 i3 i4 = −λ
∆i1 i ∆i2 i ∆i3 i ∆i4 i + 12 λ2
∆i1 i ∆i2 i ∆i3 j ∆i4 j ∆2ij
i

+

1 2
2λ

+

1 2
2λ


i,j


i,j

i,j

∆i1 i ∆i3 i ∆i2 j ∆i4 j ∆2ij

+ 12 λ2



∆i1 i ∆i4 i ∆i3 j ∆i2 j ∆2ij

i,j

(∆ii ∆ij ∆i1 i ∆i2 j ∆i3 j ∆i4 j + 3 terms) + O(λ3 ) .

(2.35)
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i2

i3

i4
(f)

(g)

(h)

Fig. 2.7 Feynman diagrams, connected four-point function: Contributions of order λ and
λ2 in example (2.25).

2.6 Steepest descent method
To evaluate certain types of contour integrals in the complex domain, the steepest
descent method, which reduces their evaluation to a succession of Gaussian expectation values, can sometimes be used.
We ﬁrst describe the method in the case of a real simple integral, then generalize
to the complex case. Finally, we generalize the method to an arbitrary number of
variables.
2.6.1 Real integrals
We consider the integral



b

I(λ) =

dx e−S(x)/λ ,

(2.36)

a

where the function S(x) is a real function, analytic in a neighbourhood of the
segment (a, b), and λ a positive parameter. The goal is to evaluate the integral in
the limit λ → 0+ .
In this limit, the integral is dominated by the maxima of the integrand and thus
the minima of S(x). Two situations can arise:
(i) The minimum of S(x) corresponds to a boundary of the integration domain.
One then expands S(x) near the minimum and one integrates. This is not the
situation we are interested in here.
(ii) The function S(x) has one or several minima in the interval (a, b). Since the
function is regular, the minima correspond to points xc characterized by
S  (xc ) = 0 ,

(2.37)

where generically S  (xc ) > 0 (the case S  (xc ) = 0 requires a separate analysis).
For reasons that will become apparent later, these points are called saddle points
(see the discussion of Section 2.6.2 and Figure 2.8). When several solutions are
found, the leading contribution is given by the absolute minimum of S(x).
An important remark is the following: if one neglects relative corrections of order
exp[−const./λ], one can restrict the integration to a vicinity (xc − ε, xc + ε) of xc ,
with ε arbitrarily small but ﬁnite. Indeed, the contributions outside the interval,
divided by the leading contribution, are bounded by
(b − a) e−(S(x)−S(xc ))/λ ∼ (b − a) e−S



(xc )ε2 /2λ

,
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where we have used the condition ε√ 1 and equation (2.37). More precisely, the
domain that contributes is of order λ. It is thus convenient to change variables,
√
x → y = (x − xc )/ λ .
The expansion of the function S then reads
√
S(x)/λ = S(xc )/λ + 12 y 2 S  (xc ) + 16 λS  (xc )y 3 +

(4)
1
(xc )y 4
24 λS

+ O(λ3/2 ).

At leading order, one can keep only the quadratic term. This reduces the calculation
to a Gaussian integral over a ﬁnite interval:
I(λ) ∼

√

λe

−S(xc )/λ



√
ε/ λ

√
−ε/ λ

dy e−S



(xc )y 2 /2

.

In this integral, one can then extend
√ the integration domain to [−∞, +∞]. Indeed,
the contributions from |y| > ε/ λ again are exponentially negligible. At leading
order, the calculation thus reduces to a usual Gaussian integral and one ﬁnds

(2.38)
I(λ) ∼ 2πλ/S  (xc ) e−S(xc )/λ .
To calculate higher order corrections, one expands the integrand in powers of λ and
one integrates term by term. Setting

I(λ) = 2πλ/S  (xc ) e−S(xc )/λ J (λ),
one ﬁnds, for example, at next order
 
λ (4)  4 
λ
S
y +
S 2 y 6 + O(λ2 )
2
24
2×6

 2
λ
S (4)
S
=1+
5 3 − 3 2 + O(λ2 ),
24
S
S

J (λ) = 1 −

where • means Gaussian expectation value.
Remarks.
(i) The steepest descent method generates a formal expansion in powers of λ:

Jk λk ,
J (λ) = 1 +
k=1

which, in general, diverges for all non-vanishing values of the expansion parameter.
Nevertheless, the series is useful because, for λ small enough, one can prove that
the partial sums satisfy
∃ λ0 > 0 , {MK } :

∀ K and 0+ ≤ λ ≤ λ0

J (λ) −

K

k=0

Jk λk ≤ MK λK+1 ,
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where the coeﬃcients Mk generically increase like k!. Such a series is called an
asymptotic series. At λ ﬁxed, if K is chosen such that the bound is minimal, the
function is determined up to an error of order exp[−const./λ]. Note that such a
bound can be extended to a sector in the complex λ plane, |Arg λ| < θ.
The divergence of the series can easily be understood: if one changes the sign
of λ in the integral, the maximum of the integrand becomes a minimum and the
selected saddle point can no longer give the leading contribution to the integral.
(ii) Often integrals have the more general form

I(λ) = dx ρ(x) e−S(x)/λ .
Then, provided ln ρ(x) is analytic at the saddle point, it is not necessary to take
the factor ρ(x) into account in the saddle point equation. Indeed, this factor would
induce a shift of order x − xc to the saddle point position, a solution of
S  (xc )(x − xc ) ∼ λρ (xc )/ρ(xc ),
and, thus,
√ of order λ while the contribution to the integral comes from a region of
order λ, which is much larger than the shift.
One can thus expand all expressions around the solution of S  (x) = 0. At leading
order, one ﬁnds

I(λ) ∼ 2πλ/S  (xc )ρ(xc ) e−S(xc )/λ .
To illustrate the method, we now apply it to two classical examples, a function
related to Airy’s functions and a representation of the Γ-function, which generalizes
n! to real and complex arguments.
Examples.
(i) Consider the integral, related to Airy functions,

1 ∞ −t3 /3+tx
e
dt ,
Hi(x) =
π 0
in the limit x → +∞.
The integrand does not
√ have immediately the canonical form, but the simple
change of variables t → t x leads to
√  ∞
3/2 3
x
e−x (t /3−t) ,
Hi(x) =
π 0
and x3/2 then plays the role of 1/λ.
In the notation of the general analysis S(t) = t3 /3 − t. The saddle point is given
by
S  (t) = t2 − 1 = 0 ⇒ t = tc = 1 .
Then,
S(tc ) = −2/3 ,

S  (tc ) = 2tc = 2 .
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The leading order result is
3/2
1
Hi(x) ∼ √ x−1/4 e2x /3 .
π

(ii) The asymptotic evaluation of the function


∞

Γ(s) =

dx xs−1 e−x ,

0

(generalization of (s − 1)! to real and complex values) for s → +∞ is a classical
application of the steepest descent method. If s is not a positive integer, the integrand is singular at x = 0, but the contribution of the neighbourhood of the origin
is negligible in this limit and thus the steepest descent method is applicable.
The integral has the canonical form (2.36) only after a linear change of variable,
x → x = x/(s − 1), and one also sets s − 1 = 1/λ. Then,

Γ(s) = (s − 1)s−1

∞

dx e−(x−ln x)/λ

0

and, thus, S(x) = x − ln x. The saddle point position is given by
S  (x) = 1 − 1/x = 0 ⇒ xc = 1 .
The second derivative at the saddle point is S  (xc ) = 1. The result at leading order
thus is
√
√
2π(s − 1)s−1/2 e1−s ∼ 2πss−1/2 e−s ,
(2.39)
Γ(s) ∼
s→∞

an approximation also called Stirling’s formula.
The complex steepest descent method, which we explain later, allows extending
the result to s complex with | arg s| < π.
2.6.2 Complex contour integrals
We consider the integral


I(λ) =

dx e−S(x)/λ ,

(2.40)

C

where S(x) is an analytic function of the complex variable x and λ a real positive
parameter. The contour C joins the point a to the point b in the complex plane,
and is contained in the analyticity domain of S. As a limiting case, one can consider
the situation where the points a and b go to inﬁnity in the complex plane.
One wants to evaluate the integral for λ → 0+ . One could think a priori that,
again, the integral is dominated by the points where the modulus of the integrand
is maximum and thus the real part of S(x) is minimum. However, the contribution
of the vicinity of such points can cancel because the phase varies very rapidly (an
argument that leads to the stationary-phase method).
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The steepest descent method consists in deforming the contour C in all possible
ways within the domain of analyticity of the function (without crossing a singularity)
in order to minimize the maximum modulus of the integrand along the contour, that
is, maximize the minimum of Re S(x) along the contour.
If it is possible to deform the contour C into an equivalent contour on which
Re S(x) is monotonic, then the integral is dominated by a boundary of the contour.
Otherwise, the real part has a minimum. If the minimum on the optimal contour
is not reached on the boundary of the domain of analyticity, it corresponds to a
regular point. Then, these conditions imply that near the saddle point, Re S(x) has
indeed a saddle point structure. As we show below, this can only happen at a point
xc where the derivative of S vanishes:
S  (xc ) = 0 .
The structure of the integrand can be better understood if one remembers that the
two set of curves Re S constant and Im S constant form two sets of bi-orthogonal
curves. The only double points on these curves are singularities or saddle points.
Indeed, let us expand the function at xc ,
S(x) − S(xc ) ∼ 12 S  (xc ) (x − xc )

2

⇒ Re[S(x) − S(xc )] ∼ 12 |S  (xc )|(u2 − v 2 ),

where the real coordinates u, v are deﬁned by
u + iv = (x − xc ) eiArgS



(xc )/2

.

Close to the saddle point, one can identify the contour with a curve Im S = constant,
locally v = 0 and, thus, the phase of the integrand remains constant: cancellations
are no longer possible. The integral is dominated, up to relative corrections smaller
than any power of λ, by the vicinity of the saddle point. The rest of the argument
and the calculation are then the same as in the preceding real case, the real Gaussian
integral being replaced by a complex Gaussian integral, which forces us to determine
carefully the determination of the square root in expression (2.7).
The notion of saddle point. Let us describe more precisely the function S(x) near
the saddle point and justify the denominations steepest descent method and saddle
points. For this purpose, we examine the modulus of the integrand of the function
Re[S(x) − S(xc )], in the complex plane near the saddle point x = xc . After a
rotation, in the coordinates u, v, the curves of constant modulus of the integrand
are locally the curves u2 − v 2 constant, that is, equilateral hyperbolae. The curve
that passes through the saddle point degenerates into two straight lines. The saddle
point, thus, is a double point (see Figure 2.8). Saddle points are the only regular
double points. The modulus of the integrand has a saddle point structure in a
topographical sense and the contour corresponds to leaving the saddle point by the
steepest descent path.
Example. Hermite polynomials, which are related to eigenfunctions of the quantum
harmonic oscillator, have an integral representation of the form

√
1
dp px−p2 /4
e
,
Hn (x) = 2n/2 (n!/ π)1/2
2iπ C pn+1
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v

u

Fig. 2.8 Curves of constant modulus of the integrand near u = v = 0, which corresponds
to the vicinity of the saddle point x = xc .

where C is a closed simple contour enclosing the origin and oriented in the positive
direction.
√
We want to evaluate the polynomial Pn (z) = Hn (z 2n) for n → ∞ and z real
ﬁxed by the steepest descent method. The polynomials Hn (x) being even or odd,
Hn (−x) = (−1)n Hn (x),
we can restrict the study to x ≥ 0.
The integrand is a meromorphic function with, as the only singularity, a multiple
pole at p = 0. To reduce the integral√to the standard form of the steepest descent
method, it is convenient to set p = s 2n, which leads to


√ 1/2 1
ds 2nsz−ns2 /2
−n
e
.
Pn (z) = n! n / π
2iπ C sns+1
We also set
S(s) = 12 s2 − 2sz + ln s .
The saddle points are given by
S  (s) = s − 2z + 1/s = 0 ⇒ s± = z ±


z 2 − 1.

Also,
S  (s) = 1 −

1
.
s2

It is then necessary to distinguish between the two cases 0 ≤ z < 1 and z > 1 (z = 1
requires a special analysis).
(i) z > 1. It is convenient to set z = cosh θ with θ > 0. Then,
s± = e±θ ⇒ S(s± ) = − 21 e±2θ ±θ − 1 ,

S  (s± ) = 1 − e∓2θ .
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By moving the contour, it is simple to verify that the relevant saddle point is s−
because the contour near the saddle point is parallel to the imaginary axis and thus
S  must be negative. Taking into account the additional factor 1/s in the integrand,
one concludes


(2n)−1/4
Pn (z) ∼ 
exp 12 n(e−2θ +1) + nθ ,
−2θ
n→∞
π(1 − e )
where Stirling’s formula (2.39) has been used.
(ii) |z| < 1. By contrast, in this case both saddle points, which are complex
conjugate, contribute. Setting z = cos θ, one ﬁnds
s± = e±iθ ,

S(s± ) = − 12 e±2iθ ±iθ − 1 ,

S  (s± ) = 1 − e∓2iθ .

One concludes


(2n)−1/4
exp 12 n(e2iθ +1) − niθ + complex conjugate.
Pn (z) ∼ 
n→∞
π(1 − e2iθ )
2.7 Steepest descent method: Several variables, generating functions
We now generalize the steepest descent method to the case of several variables, a
generalization that in the case of complex integrals, technically, is not completely
trivial.
2.7.1 Steepest descent method
We consider the general integral over n variables

1
I(λ) = dn x exp − S(x1 , . . . , xn ) ,
λ

(2.41)

where, to simplify, we ﬁrst assume that S is a real entire function in all variables
and that the initial integration domain is Rn .
In the limit λ → 0+ , the integral is dominated by the absolute minimum of the
integrand, which is a saddle point solution of
∂
S(x1 , x2 , . . . , xn ) = 0 ∀i .
∂xi

(2.42)

To calculate the leading contribution of a given saddle point xc , we change variables,
setting
√
x = xc + y λ .
We then expand S(x) in powers of λ (and thus of y):
1
1
1  ∂ 2 S(xc )
S(x1 , . . . , xn ) = S(xc ) +
yi yj + R(y)
λ
λ
2! i,j ∂xi xj

(2.43)
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with
R(y) =

∞

λk/2−1

k!

k=3


i1 ,i2 ,...,ik

∂ k S(xc )
yi . . . yik .
∂xi1 . . . ∂xik 1

(2.44)

The change of variables is such that the term quadratic in y is independent of λ.
The integral becomes
I(λ) = λn/2 e−Sx

c

⎡

⎤
2
c

1
∂ S(x )
yi yj − R(y)⎦ .
dn y exp ⎣−
2! i,j ∂xi ∂xj


)/λ

(2.45)

√
We then expand the integrand in powers of λ: at each order, the calculation
reduces to a Gaussian expectation value of polynomials. At leading order, one ﬁnds

−1/2
c
e−S(x )/λ ,
I(λ) ∼ (2πλ)n/2 det S(2)
c
λ→0

(2.46)

(2)

where Sc is the matrix of partial second derivatives at the saddle point whose
determinant is assumed not to vanish:
[S(2)
c ]ij ≡

∂2S
∂xi ∂xj

.
x=xc

(2)

The situation det Sc = 0 requires a special analysis.
Complex integrals. In the complex case, when several saddle points exist, one must
classify the saddle points according to the values of Re S. The leading saddle point
is often the one that corresponds to Re S minimum. However, this is not always
true because all saddle points do not necessarily contribute. To ﬁnd out, one must
proceed by deformation of the initial integration domain, an operation that is not
always simple. In the case of several variables, it can be diﬃcult to select the
relevant saddle points.
2.7.2 Calculation of generating functions
We introduce the generating function

Z(b, λ) =

1
dn x exp − (S(x) − b · x) ,
λ

(2.47)

where S(x) is a real regular function. We deﬁne
N = 1/Z(0, λ).
The function Z(b, λ) has the general form (2.31), and is proportional to the generating function of the moments of the distribution N e−S(x)/λ .
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The expectation values of polynomials with the measure N e−S(x)/λ ,

xk1 xk2 . . . xk  ≡ N dn x xk1 xk2 . . . xk e−S(x)/λ ,

(2.48)

are related to derivatives of Z by (see equation (2.32)):
xk1 xk2 . . . xk  = λ N

∂
∂
∂
···
Z(b, λ)
∂bk1 ∂bk2
∂bk

.
b=0

Steepest descent calculation. We now apply the steepest descent method to the
integral (2.47) and calculate the two ﬁrst orders. The saddle point equation is
bi =

∂S
∂xi

∀ i.

(2.49)

We expand S(x) at the saddle point xc as explained in Section 2.6 and use the
result (2.46):

−1/2
1
Z(b, λ) ∼ (2πλ)n/2 det S(2)
exp − (S(xc ) − b · xc )
c
λ→0
λ
with
[S(2)
c ]ij ≡

∂2S
∂xi ∂xj

.

(2.50)

x=xc

We now introduce W(b, λ), the generating function of the cumulants of the distribution, which are also the connected correlation functions (equation (2.33)), with
a convenient normalization,
W(b, λ) = λ ln Z(b, λ).
Using the result (2.46) and the identity (A8), ln det M = tr ln M, valid for any
matrix M, one ﬁnds
2
W(b, λ) = −S(xc ) + b · xc + 12 nλ ln(2πλ) − 12 λ tr ln S(2)
c + O(λ ).

Since
xk1 xk2 . . . xk c = λ−1

∂
∂
∂
···
W(b, λ)
∂bk1 ∂bk2
∂bk

(2.51)

,
b=0

the successive derivatives with respect to b of expansion (2.51) (remembering that
xc is a function of b through equation (2.49)), calculated at b = 0 yield the expansions of the connected correlation functions. At leading order, for example,
xi  = xci + O(λ),
−1
2
xi xj c = λ [S(2)
c ]ij + O(λ ),
(2)

where Sc

is the matrix (2.50).
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Exercises
Exercise 2.1
One considers two random correlated variables x, y with a Gaussian probability
distribution. One ﬁnds the following ﬁve values
 2
 2
y = c.
x = y = 0 ,
x = a , xy = b ,
  
 
 
 

Infer the expectation values x4 , x3 y , x2 y 2 , xy 5 , x3 y 3 .
Which conditions must the coeﬃcients a, b, c satisfy to be possible expectation
values?
Determine the Gaussian distribution that leads to these values in the special case
where the coeﬃcients are related by ac − b2 = 1.
Solution. The expectation values are, respectively,
3a2 ,

3ab ,

ac + 2b2 ,

15bc2 ,

6c3 + 9bac .

Since clearly a, c > 0, for the matrix

A=

a
b

b
c



to be positive, it must in addition satisfy the condition det A = ac − b2 > 0.
The corresponding distribution in the case ac − b2 = 1 is
1 −(cx2 −2bxy+ay2 )/2
e
.
2π
Exercise 2.2
One considers three correlated random variables x, y, z with a Gaussian probability
distribution. One ﬁnds the nine following expectation values
 2   2   2
x = y = z = 0 ,
x = y = z = a,
xy = b ,

xz = zy = c .

 4  6  3   2 2
Infer,
as
functions
of
a,
b,
c,
the
expectation
values
x , x , x y , x y ,
 2 
x yz .
Determine for a = 2, b = 1, c = 0 the Gaussian distribution that leads to these
values.
Solution.
 4
 6
 3 
 2 2
x = 3a2 ,
x = 15a3 ,
x y = 3ab ,
x y = a2 + 2b2 ,
 2 
x yz = ac + 2bc .
For a = 2, b = 1, c = 0 the Gaussian distribution that leads to these values is
 1  2

exp − 12
4x + 4y 2 + 3z 2 − 4xy .
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Exercise 2.3
Recursive derivation of result (2.6). The determinant of a general n × n complex
(n)
matrix A(n) , with elements Aij , can be calculated recursively by subtracting to
all rows a multiple of the last row in order to cancel the last column (assuming
(n)
Ann = 0, otherwise one must choose another row and column). The method leads
to the relation between determinants
(n−1)
,
det A(n) = A(n)
nn det A

where A(n−1) is an (n − 1) × (n − 1) matrix with elements
(n−1)

Aij

(n)

(n)

(n)

= Aij − Ain Anj /A(n)
nn ,

i, j = 1 . . . n − 1 .

(2.52)

Use the evaluation of the simple integral


+∞

dx e−ax

2

/2+bx

=


2
2π/a eb /2a

−∞

to recover expression (2.6).
Solution. We now consider the integral (2.4). We integrate over the variable xn
(assuming Re Ann > 0), using the result (2.7):



dxn exp − 21 Ann x2n − xn

n−1



Ani xi

=

i=1

⎞
⎛
n−1
 Ain Anj
2π
exp ⎝ 12
xi xj ⎠ .
Ann
A
nn
i, j=1

The remaining Gaussian integral becomes the integral over n − 1 variables
⎞
⎛

 n−1
n−1



2π
−1
1
⎠.
dxi exp ⎝−
Z(A) =
2 xi Aij − Ain Ann Anj xj
Ann
i=1
i, j=1
Comparing with the √
identity (2.52), one observes that the result is consistent with
the calculation of 1/ det A. One concludes
Z(A) = (2π)n/2 (det A)−1/2 .
Exercise 2.4
Evaluate, using the steepest descent method, the modiﬁed Bessel function
 π
1
dθ eiνθ ex cos θ ,
Iν (x) =
2π −π
(= Jν (ix)) with ν ≥ 0 integer, for x → +∞.

(2.53)
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Solution. The integral has a canonical form for the application of the steepest
descent method (x = 1/λ), and the integrand is an entire function. To determine
the position of the saddle point, one can omit the factor eiνθ .
The saddle points then are given by
sin θ = 0 ⇒ θ = 0

(mod π) .

For x → +∞, the leading saddle point is θ = 0. One expands at the saddle point
x cos θ = x − 12 xθ2 +

4
1
24 xθ

+ O(θ6 ).

√
The region contributing to the integral is of order θ = O(1/ x). Thus,



2
1 x ∞
1
e
Iν (x) =
dθ eiνθ e−xθ /2 1 + 24
xθ4 + O(ex /x2 )
2π
−∞
 

1
1
1 − 4ν 2
x
√
e
+O
=
1+
.
2
8x
x
2πx
Exercise 2.5
Evaluate by the steepest descent method the Bessel function
 π
1
dθ eix cos θ ,
J0 (x) =
2π −π
x real, x → +∞.
Solution. The saddle points are the same as in the preceding exercise:
sin θ = 0 ⇒ θ = 0

(mod π) .

All saddle points now contribute, θ = 0 and the two halves of θ = ±π, which by
periodicity is equivalent to a complete saddle point, for example θ = π.
We ﬁrst expand the integrand at the saddle point θ = 0:

2
1 ix +ε
e
dθ e−ixθ /2 .
2π
−ε
To cross the saddle point following a line of constant phase, one must set
θ = e−iπ/4 s .
The contribution of the saddle point becomes

2
1
1 ix−iπ/4
e
eix−iπ/4 .
ds e−xs /2 = √
2π
2πx
The second saddle point yields the complex conjugate contribution. One thus ﬁnds
J0 (x)

∼

x→+∞

2
cos(x − π/4).
πx
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Exercise 2.6
Evaluate the Bessel function of the third kind given by the integral

1 ∞
Kν (z) =
dt tν−1 e−z(t+1/t)/2 ,
2 0
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(2.54)

(Re ν > 0) using the steepest descent method, for z → +∞.
Solution. One sets
S(t) = 12 (t + 1/t) .
The saddle point tc is given by
S  (tc ) = 12 (1 − 1/t2c ) = 0 ⇒ tc = 1 .
Then,

S  (tc ) = 1/t3c = 1 .

One concludes
Kν (z)

∼ (π/2z)1/2 e−z .

z→+∞

Exercise 2.7
Evaluate by the steepest descent method the integral
 +π/2
1
dθ (cos θ)n einθ tanh s
In (s) =
2π −π/2
as a function of the real parameter s in the limit n → ∞. One will verify that the
function is real.
Solution. One introduces the function
S(θ) = −iθ tanh s − ln cos θ .
The function is analytic except at the points θ = π/2 mod (π). The locations of
the saddle points are given by
S  (θ) = −i tanh s + tan θ = 0 ,
and at the saddle point
S  (θ) = 1 + tan2 θ = 1 − tan2 s =

1
.
cosh2 s

The equation has the solution
θ = is + mπ ,

m ∈ Z.

One infers
S(θ) = −i(is + mπ) tanh s − ln cosh s − imπ ⇒ Re S(θ) = s tanh s − ln cosh s .
For all saddle points, the integrand thus has the same modulus, but after contour
deformation, one veriﬁes that only the saddle point m = 0 contributes. Thus,
1
In (s) ∼ √
(cosh s)n+1 e−ns tanh s .
2πn
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Exercise 2.8
Adapt the steepest descent method to the calculation of the integral
 π
(x/2)ν
dθ(sin θ)2ν ex cos θ
Iν (x) = √
πΓ(ν + 1/2) 0
for x → +∞, where the expression generalizes the modiﬁed Bessel function deﬁned
in Exercise 2.4 to complex values Re ν > −1/2.
Solution. For x → +∞, the integral is dominated by the vicinity of θ = 0. One can
thus expand the integrand:
 π
dθ(sin θ)2ν ex cos θ
0
 ∞


2
1
= ex
dθ θ2ν 1 − 13 νθ2 + 24
xθ4 e−xθ /2 +O(ex /xν+5/2 )
0 ∞


ds (2s)ν−1/2 1 − 23 νs + 16 xs2 e−xs +O(ex /xν+5/2 )
= ex
0
 
1
1 − 4ν 2
ν−1/2
−ν−1/2 x
e 1+
+O
Γ(ν + 1/2)x
.
=2
8x
x2
One veriﬁes that this expression is a continuation of the expression obtained for the
function Iν in exercise 2.4.
Exercise 2.9
Evaluate by the steepest descent method the integral (see also deﬁnition (A5))
 1
tsα−1 (1 − t)sβ−1 dt , α, β > 0 ,
Fα,β (s) =
0

(α, β > 0) for s → +∞.
Solution. The integrand is singular at t = 0 and t = 1 but, as we shall verify,
the saddle point is at a ﬁnite distance from the boundary and the vicinity of these
points does not contribute. Then, we rewrite the integrand as
tsα−1 (1 − t)sβ−1 =

1
e−sS(t)
t(1 − t)

with
S(t) = −α ln t − β ln(1 − t).
The saddle point is given by
α
, S(tc ) = (α + β) ln(α + β) − α ln α − β ln β
S  (tc ) = 0 ⇒ tc =
α+β
and, ﬁnally, from S  (tc ) = (α + β)3 /αβ,
!
2π(α + β) −sS(tc )
e
.
Fα,β (s) ∼
αβs

3 Universality and the continuum limit

We now begin the discussion of two of the main topics of this work, the related
questions of universality and macroscopic continuum limit in random systems with
a large number of degrees of freedom.
We ﬁrst explain the notion of universality using the classical example of the
central limit theorem in probability theory. Then, we discuss the properties of the
random walk on a lattice, where universality is directly related to the continuum
limit.
In both examples, we are interested in the collective properties of an inﬁnite
number of random variables in a situation where the probability of large deviations
with respect to the mean value decreases fast enough.
They diﬀer in the sense that a random walk is based on a spatial structure that
does not necessarily exist in the case of the central limit theorem.
From the study of these ﬁrst examples emerges the importance of Gaussian distributions, and this justiﬁes the technical considerations of Chapter 2.
We then introduce some transformations, acting on distributions, which decrease
the number of random variables. We show that Gaussian distributions are attractive ﬁxed points for these transformations. This will provide us with the ﬁrst,
extremely simple, applications of the renormalization group (RG) ideas and allow
us to establish the corresponding terminology.
Finally, in this context of the random walk, a path integral representation is
associated to the existence of a continuum limit.
3.1 Central limit theorem of probabilities
Elementary probability theory provides a ﬁrst example of universality: the central
limit theorem, which we prove here in a strong version under conditions that are
rather restrictive, but well adapted to the questions we want to investigate later.
We consider a real random variable q characterized by a probability distribution
ρ(q) ≥ 0.
We choose, for reasons of technical simplicity, ρ(q) to belong to one of the two
classes that will be useful later:
(i) ρ(q) is a positive function (and not only a distribution), piecewise diﬀerentiable
with a summable derivative.
(ii) ρ(q) is a discrete distribution, q taking only integer values.
Moreover, in both cases, we assume ρ(q) to be bounded with asymptotic exponential decay: we assume that there exists two positive constants M, A such that
ρ(q) ≤ M e−A|q| ,

A > 0.

(3.1)

46

Universality and the continuum limit

With this assumption, large values of |q| have a very small probability.
With these assumptions (rather restrictive from the sole viewpoint of the central
limit theorem), one proves that, when n → ∞, the asymptotic distribution of the
mean value of n independent random variables, with the same distribution ρ, is a
Gaussian distribution.
3.1.1 Fourier transformation
We ﬁrst consider the situation where the distribution ρ(q) is a positive function,
piecewise diﬀerentiable with a summable derivative,

(3.2)
dq |ρ (q)| < ∞ ,
and with bounded
variation as a consequence of positivity and the normalization
"
condition dqρ(q) = 1.
We denote by f  the expectation value of a function f (q):
 +∞
 +∞
dq ρ(q)f (q), 1 =
dq ρ(q) = 1 .
(3.3)
f  ≡
−∞

−∞

To prove the theorem, it is convenient to introduce the Fourier transform ρ̃(k) of the
function ρ(q), which is also a generating function of the moments of the distribution,
as well as the function w(k) = ln ρ̃(k), which is the generating function of the
cumulants.
Fourier transform. The Fourier transform


1
−ikq
ρ̃(k) = dq e
ρ(q) ⇒ ρ(q) =
(3.4)
dk eikq ρ̃(k)
2π
of the distribution ρ(q) satisﬁes (∗ denotes here complex conjugation)
ρ̃∗ (k) = ρ̃(−k),

ρ̃(k = 0) = 1 ,

|ρ̃(k)| ≤ 1

and, moreover, with our assumptions, |ρ̃(k)| = 1 is possible only for k = 0.
With the bound (3.1), the integral deﬁning ρ̃(k) also converges for k complex in
the domain
| Im k| < A .
The function ρ̃(k) is, moreover, diﬀerentiable in this strip and, thus, is analytic.
Fourier transforms analytic in a strip of this form correspond to distributions with
exponential decrease. This property illustrates the duality between the asymptotic
behaviour of a function and the regularity of its Fourier transform. It plays an
important role in the study of universality and continuum limit.
In particular, ρ̃(k) has a Taylor series expansion convergent for |k| < A. It is also
a generating function of the moments of the distribution ρ(q) since
ρ̃(k) = 1 +

 (−i)p
p=1

p!

q p  k p
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with
q p  =

dq q p ρ(q),

| q p  | <
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2M
p! .
Ap+1

Finally, the diﬀerentiability properties of ρ(q) and the assumptions (3.2) imply
that ρ̃(k) decreases like 1/k for |k| → ∞.
It is also convenient to introduce the function
w(k) = ln ρ̃(k) =

 (−i)p
p=1

p!

wp k p ,

(3.5)

(note that w∗ (k) = w(−k)) which is a generating function of the cumulants of the
distribution:
w1 = q ,

 
w2 = q 2 − (q)2 ,

 
 
w3 = q 3 − 3 q 2 q + 2 (q)3 . . . .

The function w satisﬁes
w(0) = 0 ,

Re w(k) < 0 for k = 0 .

The coeﬃcient w2 , which can also be written as


w2 = (q − q)2 ≥ 0 ,
(the square of the mean quadratic deviation) is positive, except for a certain distribution, which we exclude. In the case of a Gaussian distribution, all cumulants wp
with p > 2 vanish since ρ̃(k) is also a Gaussian function.
The singularities of the analytic function w(k) are the singularities of ρ̃(k) and
its zeros. Since ρ̃(0) = 1, there exists a zero-free disk centred at the origin in which
w(k) is analytic.
3.1.2 Central limit theorem and consequences
We now consider n independent random variables qi with the same distribution
ρ(q).
Distribution of the sum of n variables. We ﬁrst recall the following result: if Q1 and
Q2 are two independent random variables with distributions ρ1 and ρ2 , respectively,
the sum Q = Q1 + Q2 has the distribution

R(Q) =

dQ ρ1 (Q )ρ2 (Q − Q ).

(3.6)

The distribution of the sum of n variables is given by
Pn (Q) = q1 + q2 + · · · + qn 

with

n

i=1

qi = Q .
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Using the result (3.6), one can infer the distribution Pn+1 of n + 1 variables from
the distribution Pn of n variables and the distribution ρ of the last variable. The
distribution Pn thus satisﬁes the recursion relation
Pn+1 (Q) = q1 + q2 + · · · + qn + qn+1 

=

with

n+1


qi = Q

i=1

dQ ρ(Q )Pn (Q − Q ).

(3.7)

After Fourier transformation, this convolution equation takes an algebraic form.
Setting

P̃n (k) = dQ eikQ Pn (Q),
one ﬁnds
P̃n+1 (k) = ρ̃(k)P̃n (k)
and, thus,
P̃n (k) = ρ̃n (k) = enw(k) .
One infers
1
Pn (Q) =
2π


dk e

ikQ

1
P̃n (k) =
2π


dk eikQ+nw(k) .

(3.8)

The function P̃n (k) thus decreases like 1/|k|n for |k| → ∞, in such a way that Pn (Q)
is n − 1 times diﬀerentiable.
Asymptotic distribution. Since Re w(k) < 0 for k = 0, the contribution of the
vicinity of k = 0 dominates the integral (3.8). In the limit n → ∞, one can thus
restrict the integration to a domain |k| ≤ ε, ε > 0 arbitrarily small but ﬁxed,
neglecting corrections decreasing exponentially with n. As in the steepest descent
method, one can thus replace the analytic function w(k) by the ﬁrst terms of its
Taylor series expansion (3.5):



1
dk exp iQk − inw1 k − 12 nw2 k 2 + O(k 3 ) .
(3.9)
Pn (Q) =
2π
The Gaussian integration yields
2
1
e−n(Q/n−w1 ) /2w2 (1 + O(1/n)) ,
Pn (Q) = √
2πnw2

(3.10)

where terms decreasing exponentially with n have been neglected.
At Q ﬁxed, the probability converges exponentially to zero for all w1 = 0.
By contrast, the random variable Q = (q1 + q2 + · · · + qn )/n, the mean value of
the n variables, has the asymptotic distribution
Rn (Q) = nPn (nQ) ∼

n→∞

2
n
e−n(Q−w1 ) /2w2 .
2πw2

(3.11)
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The mean of the n variables is thus a random variable that converges toward a
certain value, which is the expectation value
1
qi  = q = w1 .
n i=1
n

Q =

(3.12)

Finally, the random variable

X=

1
qi − w1
n i



√
n,

(3.13)

and thus X = 0, has, as limiting distribution, the Gaussian distribution
Ln (X) =

√

√
2
1
e−X /2w2 .
nPn (nw1 + X n) ∼ √
2πw2

Universality. The asymptotic distribution of the mean of the n independent random
variables of vanishing expectation value is a Gaussian distribution, independent
of the initial distribution (in some class); in particular, it depends only on one
parameter w2 = (q − q)2 . This independence from the initial distribution is a
ﬁrst example of universality. It shows a collective property of an inﬁnite number of
random uncorrelated variables.
It is easy to calculate corrections to the asymptotic result. If w3 = 0, the main
correction is of order n−1/2 and one ﬁnds
2

e−X /2w2
w3
Ln (X) = √
1 + (X 3 /6 − w2 X/2) 3 √ + O
w2 n
2πw2

 
1
.
n

The cumulants wp , p > 2, then characterize the approach to the Gaussian distribution limit, the ﬁrst non-vanishing cumulant giving the leading correction. They
modify the Gaussian distribution by relative polynomial corrections.
Remarks.
(i) Since terms decaying exponentially in n have been neglected, numerically the
asymptotic Gaussian form is a good approximation for n large but ﬁnite only for
|X|

√
n

for

n  1.

(ii) Only a special aﬃne function, with coeﬃcients depending explicitly on n, of
the sum of the n initial random variables admits a non-trivial limiting distribution.
The aﬃne transformation (3.13) is a ﬁrst example of a renormalization.
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3.1.3 Various remarks
Steepest descent method. From the representation
# (3.8), one infers the representation of the distribution of the mean value Q = qi /n

n
dk einQk+nw(k) .
(3.14)
Rn (Q) =
2π
Since w(k) is an analytic function, the integral can be calculated, for n → ∞, by
the steepest descent method. The saddle point equation is
w (k) + iQ = 0 .
The steepest descent method can only be justiﬁed if the saddle point is in the
vicinity of the origin. In this case, one obtains
Rn (Q) ∼

n
einQk+nw(k) .
−2πw (k)

(3.15)

The combination iQk + w(k), where k is a solution of the saddle point equation, is
proportional to the Legendre transform of w (see Section 6.1.2).
If the saddle point is asymptotically close to the origin, one can expand w. The
saddle point equation becomes


−iw1 − w2 k + iQ = O(k 2 ) ⇒ k = i(Q − w1 )/w2 + O (Q − w1 )2 .
Substituting in expression (3.15), one recovers the evaluation (3.11).
Cumulants of a distribution. The Fourier transform R̃n (k) of the distribution Rn (Q)
is inferred from expression (3.14) by changing k into k/n. One obtains
R̃n (k) = enw(k/n) .

(3.16)

The cumulants of the distribution Rn (Q) are thus obtained simply from the cumulants (3.5) of the distribution ρ(q),
ln R̃n (k) =

 (−i)p
p=1

p!

Ωp k p ,

Ωp = n1−p wp .

This expression shows that, for n → ∞, all cumulants of Rn (Q) with p > 1 go
to zero, which corresponds to the property that the mean value Q = Q becomes
certain. Note that the behaviour of the moments of the distribution Rn is much
less simple.
Similarly, the Fourier representation of the distribution Ln (X) can be written as
Ln (X) =

√ 
√
n
dk eik(X n+nw1 ) enw(k) .
2π
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√
After the change of variables κ = k n, one recognizes the Fourier transform L̃n (κ)
of Ln (X):
√
√
1
(−i)3 w3 3
ln L̃n (κ) = nw(κ/ n) + iw1 κ n = − w2 κ2 +
κ
2
3! n1/2
(−i)4 w4 4
κ + ···
+
4! n
and, thus, a generating function of the cumulants of the distribution of X. The cumulants converge toward the cumulants of a universal Gaussian distribution. Since
the relations between moments and cumulants are algebraic, the same result applies to moments. Let us point out that the proof of this convergence requires only
weaker assumptions.
Examples and counter-examples.
(i) The distribution uniform on the segment [−1, +1] and vanishing outside,


 
ρ(q) = 12 sgn(q + 1) − sgn(q − 1) , ⇒ q = 0 , q 2 = 13 ,
(sgn is the sign function) is centred around zero and satisﬁes the hypotheses of the
central limit theorem. Its Fourier transform is

sin k
1 1
.
dq eiqk =
ρ̃(k) =
2 −1
k
The generating function of cumulants has the expansion
w(k) = ln(sin k/k) = − 61 k 2 −

4
1
180 k

+ O(k 6 ).

The coeﬃcient of k 4 characterizes the leading deviation from the asymptotic Gaussian distribution. This example
shows clearly that the Gaussian form is not a good
√
approximation for |X| > n where the exact distribution vanishes.
(ii) The distribution
ρ(q) = 12 m e−m|q| ,

q ∈ R, m > 0,

also satisﬁes all hypotheses. Its Fourier transform is
m2
⇒ w(k) = −k 2 /m2 + k 4 /2m4 + O(k 6 ).
+ m2
(iii) On the contrary, the Cauchy–Lorentz distribution
1 1
ρ(q) =
q ∈ R,
π 1 + q2
provides an example of a distribution that does not satisfy the conditions of the
central limit
theorem, even in its weakest form. It has no second moment since the
"
integral q 2 ρ(q)dq diverges. Its Fourier transform
ρ̃(k) =

k2

ρ̃(k) =

1
2

e−|k| ,

is not diﬀerentiable at k = 0. Notice that
[ρ̃(k/n)]n =

1
2

e−|k|

and, thus, R(Q) = ρ(Q). This distribution is the asymptotic distribution of another
universality class.
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3.1.4 Random variables taking integer values
The central limit theorem, in the restricted form we have presented, can be extended
to the situation where random variables take only integer values. The integrals are
replaced by sums and Fourier transforms become Fourier series.
Let q be a random variable taking integer values whose probability measure ρ(q) ≥
0 again satisﬁes the exponential bound (3.1).
One then introduces the convergent Fourier series
 π

1
−ikq
e
ρ̃(k) =
ρ(q) , ρ(q) =
dk eikq ρ̃(k),
2π −π
q∈Z

and the function w(k) = ln ρ̃(k).
With the bound (3.1), the periodic function ρ̃(k), with period 2π, is also analytic
in the strip | Im k| < A.
Moreover,
|ρ̃(k)| ≤ 1 .
In general, in the interval −π ≤ k ≤ π, the maximum ρ̃(k) = 1 is reached only for
k = 0 except if ρ(q) is non-vanishing only on a subset of the form
q = a + mb

with a, b ﬁxed and b > 1 ,

m ∈ Z.

A simple example of such a situation, with a = 1, b = 2, is
ρ(q) =

1
2

for q = ±1 .

In a ﬁrst analysis, we exclude this situation and comment on it later.
Then, the Fourier series has the properties required to prove the central limit
theorem.
The distribution of the sum of n independent variables,


Pn (Q) =
ρ(qi ) with
qi = Q ,
q1 ,q2 ,...,qn ∈Z i

i

satisﬁes the discrete form of the recursion relation (3.7):

ρ(Q )Pn (Q − Q ).
Pn+1 (Q) =
Q ∈Z

The corresponding Fourier series
P̃n (k) =



e−ikq Pn (q) ,

q∈Z

Pn (q) =

1
2π

satisﬁes the recursion relation
P̃n+1 (k) = ρ̃(k)P̃n (k)



π
−π

dk eikq P̃n (k),

(3.17)
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and, thus,
P̃n (k) = ρ̃n (k) = enw(k) .
In the Fourier representation, the situation thus is analogous to the one considered
in Section 3.1.2. The random variable (q1 + q2 + · · · + qn )/n converges toward a
certain value, the expectation value w1 = q.
The distribution of the random variable


√
1
X=
qi − w1
n,
(3.18)
n i
converge toward a universal Gaussian distribution characterized by the parameter
w2 .
Let us point out, however, that the distribution Ln (X) has no limit in the sense
of functions, since it is non-vanishing only on a discrete set. By contrast, in the
sense of measures or distributions, the initial discrete character is not relevant and,
in the limit n → ∞, one ﬁnds the same Gaussian limit.
From a physics viewpoint, one can interpret X as a macroscopic variable, the
average of a large number of microscopic variables, which is measured only with a
ﬁnite precision ∆X. The concept of convergence
in the sense of measures is then
√
appropriate. Moreover, as soon as 1/ n  ∆X the discrete character of the q
variables is no longer relevant. One can then consider X as a continuous variable.
We thus introduce the notion of continuum limit, the continuous function toward
which the points of Ln (X) converge. The Gaussian distribution, considered as a
continuous function, is the continuum limit of Ln (X).
Example.
$
s/2
for q = ±1
ρ(q) =
1 − s for q = 0
with 0 < s < 1. Then,
ρ̃(k) = 1 − s + s cos k
varies between 1 and 1 − 2s and has modulus 1 only for k = 0. One infers
w(k) = ln(1 − s + s cos k) = − 12 sk 2 +

1
24 s(s

− 3)k 4 + O(k 6 ).

The limiting Gaussian distribution then is
2
1
e−X /2s .
L∞ (X) = √
2πs

Other maxima. Let us consider the preceding example in the limit s = 1. In this
case, the maximum of the modulus of ρ̃(k) = cos k is reached for the two values
k = 0 and k = π. This reﬂects the property that, depending on the parity of
n, only even or odd values of n have a non-vanishing probability. However, when
calculating expectation values of continuous functions with the measure L∞ (X),

54

Universality and the continuum limit

one veriﬁes that the maximum corresponding to k = 0, which generates oscillatory
terms, does not contribute. More precisely,
√  +π
√
n
Ln (X) =
dk (cos k)n eikX n
2π −π
√  +∞
√
2
n
∼
dk e−nk /2+ikX n
2π −∞



√
√
× 1 + (−1)n e−iπX n θ(k) + eiπX n θ(−k)
 +∞



√
√
2
1
dk e−k /2+ikX 1 + (−1)n e−iπX n θ(k) + eiπX n θ(−k) ,
∼
2π −∞
where θ(t) is the step function: θ(t) = 1 for t > 0, θ(t) = 0 for t < 0. One √
observes
that the two additional contributions oscillate with X with a period 2/ n and,
thus, have for n → ∞ a vanishing expectation value on any ﬁnite interval.
This analysis generalizes to any other maximum.
3.2 Universality and ﬁxed points of transformations
We now derive the universality property, that is, the existence of a limiting Gaussian distribution that is independent of the initial distribution, by a quite diﬀerent
method.
It is convenient to assume that initially the number of independent variables is
of the form n = 2m . One then averages recursively pairwise over these variables,
decreasing the number of variables by a factor 2 at each iteration. This provides a
ﬁrst, very simple, application of RG ideas to the derivation of universality properties.
Moreover, this example will allow us to introduce for the ﬁrst time the relevant RG
terminology.
The distribution of the sum of two independent random variables with the same
distribution ρ is given by the transformation (equation (3.6))

[T ρ](q) = dq  ρ(q  )ρ(q − q  ).
One combines this transformation with a renormalization of the sum depending on
a parameter 1/λ, λ > 0, and this leads to the transformation

[Tλ ρ](q) = λ dq  ρ(q  )ρ(λq − q  ).
For example, λ = 1 corresponds to the sum and λ = 2 to the mean of the two initial
variables.
For the distribution ρ(q), the form of the transformation is somewhat complicated
but applied to the function w(k) (deﬁned by equation (3.5)), it becomes a linear
transformation. Indeed, introducing the Fourier representation (3.4), one obtains



λ
dq  dk1 dk2 eik1 q +ik2 (λq−q ) ρ̃(k1 )ρ̃(k2 ).
[Tλ ρ](q) =
2
(2π)
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The integral over q  yields 2πδ(k1 − k2 ), where δ(k) is Dirac’s distribution. Integrating over k2 , changing k1 = k/λ, one ﬁnds

1
dk eikq ρ̃2 (k/λ) ⇒ [Tλ ρ̃](k) = ρ̃2 (k/λ).
[Tλ ρ](q) =
2π
In terms of w(k) = ln ρ̃(k), the transformation can be simply written as
[Tλ w](k) ≡ 2w(k/λ).
This linear transformation has a property important for what follows: it is independent of m. In the language of dynamical systems, its repeated application generates
a stationary, or invariant under time translation, Markovian dynamics. Our goal is
to study the properties of the iterated transformation Tλm for m → ∞ as a function
of the parameter λ.
3.2.1 Generic situation
A limiting distribution necessarily is a ﬁxed point of the transformation. Thus, it
corresponds to a function w∗ (k) (where the notation ∗ is not related to complex
conjugation) that satisﬁes
[Tλ w∗ ](k) ≡ 2w∗ (k/λ) = w∗ (k).
For the class of distributions considered in this chapter, the functions w(k) are
regular at k = 0. Thus, one can expand w∗ (k) in powers of k, setting (w(0) = 0)
w∗ (k) = −iw1 k − 12 w2 k 2 +

 (−ik)
=3

!

w .

At order k, one ﬁnds the equation
2w1 /λ = w1 .
In the generic situation w1 = 0, the equation implies λ = 2 and, thus, identifying
the terms of higher degree,
21− w = w ⇒ w = 0 for  > 1 .
Therefore,
w∗ (k) = −iw1 k .
The ﬁxed points form a family depending on one parameter w1 , which can be
absorbed (if w1 = 0) into a normalization of the random variable q.
The choice λ = 2 corresponds to calculating the asymptotic distribution of the
mean. As expected, ﬁxed points then correspond to the certain distribution q =
q = w1 . Indeed,

1
dk eikq−iw1 k = δ(q − w1 ).
ρ∗ (q) =
2π
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Convergence and ﬁxed point stability. One can now study the convergence of an
arbitrary initial distribution toward the ﬁxed point.
For a general non-linear transformation, it is in general impossible to perform a
global analysis. One can only linearize the transformation near the ﬁxed point and
perform a local study.
Here, this is not necessary since the transformation is linear. Setting
w(k) = w∗ (k) + δw(k),
then,
Tλ w = Tλ w∗ + Tλ δw = w∗ + Tλ δw .
Since δw is a regular function, one can expand it in a Taylor series:
δw(k) =

 (−ik)
=1

!

Then,
[Tλ δw](k) = 2δw(k/λ) = 2

δw .

 (−ik)
=1

!

λ− δw .

This expression shows that the functions k  , where  is a positive integer, are the
eigenvectors of the transformation Tλ and the corresponding eigenvalues are
τ = 2λ− = 21− .

(3.19)

Since at each iteration the number of variables is divided by two, one can relate the
eigenvalues to the behaviour as a function of the initial number n of variables. One
deﬁnes an associated exponent
l = ln τ / ln 2 = 1 −  .
After m iterations, the component δw is multiplied by nl− . Indeed,
Tλm k  = 2m(1−) k  = n1− k  .
The behaviour, for n → ∞, of a component of δw on the eigenvectors thus depends
on the sign of 1 − .
Since the transformation Tλ provides the simplest example of an RG transformation, a concept that we discuss in a more general framework in Chapter 9 in
the framework of statistical physics, we now adopt the RG language to discuss
eigenvalues and eigenvectors.
Let us examine the diﬀerent values of :
(i)  = 1 ⇒ τ1 = 1, l = 0. If one adds a term δw proportional to the eigenvector
k to w∗ (k), δw(k) = −iδw1 k, one changes
w1 → w1 + δw1
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and, thus, the ﬁxed point. Let us point out that this change has an interpretation
as a simple linear transformation on k and, thus, on the random variable q.
An eigen-perturbation corresponding to the eigenvalue 1 and, thus, to a vanishing
exponent, is called marginal.
More generally, the existence of a one-parameter family of ﬁxed points implies
the existence of an eigenvector associated to the eigenvalue τ = 1 and, thus, the
exponent l = 0. Indeed, let us assume the existence of a one-parameter family of
ﬁxed points w(α),
T w(α) = w(α) ,
where w(α) is a diﬀerentiable function of the parameter α. Then,
T

∂w
∂w
=
.
∂α
∂α

(ii)  > 2 ⇒ τ = 21− < 1, l < 0. The components of δw on such eigenvectors
converge to zero for n or m → ∞.
In the RG language, the eigen-pertubations that correspond to eigenvalues smaller
in modulus than 1 and, thus, to negative exponents (more generally with a negative
real part), are called irrelevant.
Universality, in this formalism, is a consequence of the property that all eigenvectors, but a ﬁnite number, are irrelevant.
Dimension of a random variable. To the random variable that has a limiting distribution, one can attach a dimension dq deﬁned by
dq = ln λ/ ln 2 .

(3.20)

Here, one ﬁnds dq = 1.
3.2.2 Centred distribution
For a centred distribution, w1 = 0, the ﬁrst equation is trivial, and one can expand
to next order. At order k 2 , one then ﬁnds the equation
w2 = 2w2 /λ2 .
Since the variance w2 is strictly positive, except
√ for a certain distribution, a case
that we now exclude, the equation implies λ = 2. Again, the coeﬃcients w vanish
for  > 2 and the ﬁxed points have the form
w∗ (k) = − 12 w2 k 2 .
Therefore, one ﬁnds the Gaussian distribution
ρ∗ (q) =

1
2π


dk eikq−w2 k

2

/2

2
1
e−q /2w2 .
= √
2πw2
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Since, in the transformation T , the number n of variables is divided
by two, this
√
value of the renormalization factor λ corresponds to the factor n in the transformation (3.13). One can assign to the random variable the dimension (deﬁned in
(3.20))
dq = ln λ/ ln 2 = 12 .
Fixed point stability. The value of λ and, thus, the transformation Tλ being determined, it is easy to again study the ﬁxed point stability. One sets
w(k) = w∗ (k) + δw(k),
and looks for the eigenvectors and eigenvalues of the transformation
√
[Tλ δw](k) ≡ 2δw(k/ 2) = τ δw(k).
Clearly, the eigenvectors still have the form
δw(k) = k  ⇒ τ = 21−/2 .
In terms of the number n of variables, this value corresponds to exponents
l = ln τ / ln 2 = 1 − /2 .
Let us examine the diﬀerent cases:
√
(i)  = 1 ⇒ τ1 = 2, l = 12 . This corresponds to an unstable direction; a
component on such a vector diverges for m → ∞.
In the RG language, a perturbation corresponding to a positive exponent l is
called relevant. Each iteration increases its amplitude and, thus, such a perturbation
moves away from the ﬁxed point.
Here, this result has a simple interpretation: a perturbation linear in k violates
the condition w1 = 0. The relevant transformations and ﬁxed points then are those
studied in Section 3.2.1.
(ii)  = 2 ⇒ τ2 = 1, l2 = 0. A vanishing eigenvalue characterizes a marginal
perturbation. Here, this perturbation only modiﬁes the value of w2 . Again, this
has an interpretation as a linear transformation on the random variable.
(iii)  > 2 ⇒ τ = 21−/2 < 1 , l = 1 − /2 < 0. Finally, all perturbations  > 2
correspond to stable directions in the sense that their amplitudes converge to zero
for m → ∞ and are irrelevant.
Remarks.
(i) In the examples examined here, the marginal perturbations correspond to simple changes in the normalization of the random variables. In many problems, this
normalization plays no role. One can then consider that ﬁxed points corresponding
to diﬀerent normalizations should not be distinguished. In such a situation, in each
case one has found here really only one ﬁxed point and the perturbation corresponding to the vanishing eigenvalue is no longer called marginal but redundant, in the
sense that it changes only an arbitrary normalization.
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(ii) By changing the value of λ, it is easy to ﬁnd other ﬁxed points of the form
|k|α , 0 < α < 2 (α > 2 is excluded because the coeﬃcient of k 2 is strictly positive).
But these ﬁxed points are not regular functions of k and correspond to distributions
that are less concentrated around the mean value. In particular, these distributions
have no second moment q 2  and variance.
In the RG language, they correspond to other universality classes, that is, other
sets of distributions, which converge toward these ﬁxed points.
Integer random variables. In this case, the initial function w(k) is periodic with
period 2π. At each iteration, the period is multiplied by λ, and the possible values
of the random variable q is divided by λ. The ﬁxed point w∗ (k) corresponds to
a function that is no longer periodic and thus, to a random variable q taking real
values. This reﬂects the property that there is convergence only in the sense of
measures.
3.3 Random walk and Brownian motion
We now consider a stochastic process, a random walk, in discrete times, ﬁrst in Rd ,
then on the lattice Zd of points with integer coordinates.
Such a process is speciﬁed by a probability distribution P0 at initial time n = 0
and a density of transition probability ρ(q, q ) from the point q to the point q,
which we assume independent of the time n.
These conditions deﬁne a Markov chain, a Markovian process, in the sense that
the displacement at time n depends only on the position at time n, but not on the
positions at prior times, and homogeneous or stationary, that is, invariant under
time translation.
Our goal is to show, ﬁrst in the continuum, then on a lattice, that asymptotically
in time, for the class of local random walks, a notion that we deﬁne below, one again
recovers universal asymptotic Gaussian distributions.
This will allow us also introducing the notions of continuum limit and path integrals.
3.3.1 Walk in continuum space
Terminology. In what follows, because there will be no real ambiguity, we speak
often of probabilities while obviously we mean probability densities.
Let Pn (q) be the probability for a walker to be at point q at time n. For a
stationary Markov chain, the probability distribution Pn (q) satisﬁes an evolution
equation or recursion relation of the form

Pn+1 (q) = dd q  ρ(q, q )Pn (q ), ρ(q, q ) ≥ 0 ,
(3.21)
(in other ﬁelds also called the master equation) of Chapman–Kolmogorov type.
Probability conservation implies the condition

dd q ρ(q, q ) = 1 .
(3.22)
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One then veriﬁes, integrating equation (3.21) over q,



d
d
d q Pn+1 (q) = d q Pn (q) = dd q P0 (q) = 1 .

(3.23)

More generally, an iteration of equation (3.21) yields

Pn (q) = dd q0 dd q1 . . . dd qn−1 ρ(q, qn−1 ) . . . ρ(q2 , q1 )ρ(q1 , q0 )P0 (q0 ).

(3.24)

3.3.2 Translation invariance and locality
Translation symmetries. We have already assumed that the random walk transition
probability is invariant under time translation by choosing ρ independent of n. We
now assume, in addition, that the transition probability is invariant under space
translation and, thus,
(3.25)
ρ(q, q ) ≡ ρ(q − q ).
As a consequence, the recursion relation now takes the the form of a convolution
equation,

(3.26)
Pn+1 (q) = dd q  ρ(q − q )Pn (q ),
a generalization of equation (3.7).
Locality. We consider only transition functions that generalize the distributions
of Section 3.1, that is, piecewise diﬀerentiable and with bounded variation in each
variable, and satisfying a property of exponential decay called locality in the random
walk interpretation: qualitatively, large displacements have a very small probability.
More precisely, we assume that the transition probabilities ρ(q) satisfy a bound of
type (3.1),
(3.27)
ρ(q) ≤ M e−A|q| , M, A > 0 .
Moreover, we assume that the initial distribution P0 (q) is also local, that is, satisﬁes
the same exponential bound, at least for |q| large enough:
P0 (q) ≤ M e−A|q|

for |q| > R .

(3.28)

As a limiting case, we admit certain initial distributions of the form
P0 (q) = δ (d) (q − q0 ),
where δ (d) is Dirac’s distribution in d dimensions.
Fourier representation. Equation (3.26) is a convolution equation that simpliﬁes
after Fourier transformation. We thus introduce

(3.29)
P̃n (k) = dd q e−ik·q Pn (q) ,
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which is also a generating function of the moments of the distribution Pn (q).
From the reality of Pn (q) and the condition (3.23), it follows that
P̃n∗ (k) = P̃n (−k),
Similarly, we introduce


ρ̃(k) =

P̃n (k = 0) = 1 .

dd q e−ik·q ρ(q),

(3.30)

which is also a generating function of the moments of the distribution ρ(q). With
the notation

(3.31)
f (q) ≡ dd q f (q)ρ(q),
the expansion in powers of k can be written as
ρ̃(k) =

∞

(−i)
=0

!



kµ1 kµ2 . . . kµ qµ1 qµ2 . . . qµ  .

(3.32)

µ1 ,µ2 ,...,µ

From the reality of ρ(q) and the condition (3.22), it follows that
ρ̃∗ (k) = ρ̃(−k),

ρ̃(0) = 1 .

Taking the modulus of equation (3.30), one ﬁnds the bound
|ρ̃(k)| ≤ 1 .

(3.33)

Moreover, the bound is reached only at the origin k = 0. Finally, the decay condition
(3.27) implies that the function ρ̃(k) is a function analytic in the strip | Im k| < A.
Eigenvectors and eigenvalues. Note that the Fourier representation (3.30) can be
written as


dd q  ρ(q − q ) e−ik·q = ρ̃(k) e−ik·q
(3.34)
and, thus, the functions e−ik·q and ρ̃(k) can be considered as the eigenvectors and
eigenvalues, respectively, of ρ considered as an integral operator. The operator
has a continuous spectrum and the condition (3.33) is in agreement with the more
general analysis of Section 3.4.1, but for somewhat diﬀerent reasons: the moduli
of the eigenvectors are not integrable. In particular, the eigenvector corresponding
to the largest value ρ̃(k = 0) = 1 is P (q) = 1 whose integral over q does not
exist. With the hypothesis of translation invariance, the distribution Pn (q) does
not converge for n → ∞ toward a limiting distribution. Like in the example of the
central limit theorem, a renormalization of q is required.
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3.3.3 Generating function of cumulants
It is also convenient to introduce the function
w(k) = ln ρ̃(k) ⇒ w∗ (k) = w(−k),

w(0) = 0 ,

(3.35)

a generating function of the cumulants of ρ(q). The regularity of ρ̃ and the condition
ρ̃(0) = 1 imply that w(k) has a regular expansion at k = 0. Setting
w(k) = −iw(1) · k −

d
1  (2)
w kµ kν + O(|k|3 )
2 µ,ν=1 µν

and identifying the coeﬃcients of the expansion of w with the moments of the
distribution ρ(q), one obtains the relation (2.34):
(2)
= (qµ − qµ ) (qν − qν ) .
wµν

The matrix w(2) is strictly positive, except for a certain distribution that we exclude.
Indeed, for all vectors |K| = 1,
%&
'2 (


(2)
Kµ wµν Kν =
Kµ (qµ − qµ )
> 0,
µ,ν

µ

as expectation value of a strictly positive quantity.
The decrease of P0 and P̃0 (0) = 1 imply that ln P̃0 (k) is analytic at k = 0. We
also set
ln P̃0 (k) = −iq0 · k + O(|k|2 ),
where q0 is the mean initial position.
3.3.4 Random walk: Asymptotic behaviour
In terms of Fourier components, equation (3.26) takes the form
P̃n+1 (k) = ρ̃(k)P̃n (k) ⇒ P̃n (k) = ρ̃n (k)P̃0 (k).
It follows that

1
Pn (q) =
(2π)d


dd k eik·q ρ̃n (k)P̃0 (k).

(3.36)

We now study the asymptotic behaviour of the distribution Pn (q) for n → ∞.
With the hypotheses satisﬁed by P0 and ρ, the asymptotic behaviour can be
derived from arguments very similar to those leading to the central limit
√ theorem.
For n → ∞, the integral (3.36) is dominated by a vicinity of order 1/ n of k = 0
and, thus,
&
'

d
1
n  (2)
d
(1)
Pn (q) ∼
w kµ kν
d k exp iq · k − iq0 · k − inw · k −
(2π)d
2 µ,ν=1 µν
&
'
1 
1
(2) −1
√
exp −
Qµ [w ]µν Qν
=
2n µ,ν
(2πn)d/2 det w(2)
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with
Q = q − q0 − nw(1) .
The distribution has no limit since it goes to zero everywhere, but only an asymptotic behaviour.
Again,
the neglected terms are of two types, multiplicative corrections of order
√
1/ n and additive corrections decreasing exponentially with n.
The probability of ﬁnding the walker is concentrated around the straight uniform
trajectory
qn = q0 + nw(1) ,
and w(1) thus has an interpretation as a mean velocity.
The random variable that characterizes the deviation with respect to the mean
trajectory,
√
X = Q n,
has a universal limiting Gaussian distribution:
&
'
1
1
1
√
Ln (X) ∼
exp −
Xµ [w(2) ]−1
µν Xν .
n→∞ (2π)d/2
2 µ,ν
det w(2)

(3.37)

Only the interpretation diﬀers here slightly from the central limit theorem, because
n is a time variable. The result implies that the mean deviation from the mean
trajectory increases as the square root of time. This is a characteristic property of
Brownian motion.
3.3.5 Continuum time limit
To simplify the discussion, we now assume ρ(q) = ρ(−q) and thus w1 = 0, and we
perform an aﬃne change of coordinates such that


Qµ [w(2) ]−1
µν Qν →

µ,ν

1 2
q ,
w2

where w2 is a positive number.
The limiting Gaussian distribution becomes
Pn (q) ∼

2
1
e−q /2nw2 .
(2πnw2 )d/2

By changing the time-scale and by a continuous interpolation, one can deﬁne a
diﬀusion process or Brownian motion in continuous time.
Let t and ε be two real positive numbers and n an integer such that
n = [t/ε] ,

(3.38)

where [•] denotes an integer part. One then takes the limit ε → 0 at t ﬁxed and
thus n → ∞.
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If the time t is measured with a ﬁnite precision ∆t, as soon as ∆t  ε, time can
be considered as a continuous variable for what concerns all continuous functions
of time.
One also performs the change of distance-scale
√
(3.39)
q = x/ ε.
Since the Gaussian function is continuous, the limiting distribution takes the form
ε−d/2 Pn (q) ∼ Π(t, x) =
ε→0

2
1
e−x /2tw2 .
d/2
(2πtw2 )

(3.40)

(The change of variables q → x implies a change of normalization of the distribution.) This distribution is a solution of the partial diﬀerential equation
∂
Π(t, x) = 12 w2 ∇2x Π(t, x),
∂t

(3.41)

which has the form of a diﬀusion or heat equation. In the limit n → ∞ and in
adapted macroscopic variables, one thus obtains a random process that can entirely
be described in continuous time.
The limiting distribution Π(t, x) implies a scaling property characteristic of the
Brownian motion. The moments of the distribution satisfy

 2m 
x
(3.42)
= dd x x2m Π(t, x) ∝ tm .
√
The variable x/ t has time-independent moments. As the change (3.39) also indicates, one can thus assign to the vector x a dimension 1/2 in unit of time (this also
corresponds to assigning a Hausdorf dimension 2 to a Brownian trajectory).
3.3.6 Corrections to the continuum limit
It is simple to study how perturbations to the limiting Gaussian distribution decrease with ε.
We choose the boundary condition
P0 (q) = δ (d) (q − q0 ),
where δ (d) (q) is Dirac’s d-dimensional distribution. Then (equation (3.36))

1
Pn (q) =
dd k eik·q enw(k) .
(2π)d
We assume below that ρ(q) is such that w1 = 0 and we have chosen a system of
coordinates such that the expansion in powers of k of the regular function w(k)
deﬁned in (3.35) can be written as
  ir
1
wµ(r)
k . . . kµr .
w(k) = − w2 k2 +
1 ...µr µ1
2
r!
r=3 µ ,...,µ
1

r
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After the√change of scales (3.38), (3.39), which for the Fourier variables corresponds
to k = κ ε, one ﬁnds
nw(k) = tω(κ),

 ir
w2
ω(κ) = − κ2 +
wµ(r)
εr/2−1
κ . . . κµr .
1 ...µr µ1
2!
r!
µ ,...,µ
r=3
1

r

One observes that, when ε = t/n goes to zero, the contributions decrease faster
when the powers of κ increase.
In the continuum limit, the distribution becomes

1
dd κ e−iκ·x etw(κ) .
Π(t, x) =
(2π)d
Diﬀerentiating with respect to time t, one veriﬁes that Π(t, x) satisﬁes the linear
partial diﬀerential equation
&
'
w2 2  r/2−1  ir (r)
∂
∂
∂
Π(t, x) =
∇ −
w
ε
···
Π(t, x),
∂t
2! x r=3
r! µ1 ...µr ∂xµ1
∂xµr
µ ,...,µ
1

r

where the property has been used that multiplication by κ of the Fourier transform
corresponds to diﬀerentiation with respect to x of the function.
In the expansion, the contributions that contain more derivatives decrease
faster
√
to zero, since each additional derivative implies an additional factor ε.
3.3.7 Random walk on a lattice
Very often a random walk is discussed on a lattice. We thus consider the d-dimensional lattice of points with integer coordinates q ≡ (q1 , . . . , qd ).
We deﬁne Pn (q) as the probability for a walker to be at point q at time n. The
probability Pn (q) satisﬁes a recursion relation of type (3.21) where integrals are
replaced by sums:

Pn+1 (q) =
ρ(q, q )Pn (q ).
(3.43)
q ∈Zd

Conservation of probabilities implies the conditions



P0 (q) = 1 ,
ρ(q, q ) = 1 ⇒
Pn (q) = 1 .
q∈Zd

q∈Zd

(3.44)

q∈Zd

Moreover, we assume that the process is ergodic in the sense that there exists a
non-zero probability to connect two arbitrary points on the lattice.
Translation invariance. Again, we restrict the analysis to transition probabilities
invariant under space translations and, thus,
ρ(q, q ) ≡ ρ(q − q ).

(3.45)
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Then, the recursion relation takes the form of a convolution equation,

Pn+1 (q) =
ρ(q − q )Pn (q ),

(3.46)

q ∈Zd

a generalized form of equation (3.17).
Locality. We assume that the transition probability ρ(q) has a locality property,
that is, satisﬁes a bound of type (3.27):
ρ(q) ≤ M e−A|q| ,

M, A > 0 .

This includes the classical example where motion is restricted to nearest neighbours
on the lattice.
Moreover, we assume that the initial distribution P0 (q) is also local, that is,
satisﬁes the same exponential bound:
P0 (q) ≤ M e−A|q| .
A special case is a non-random initial position q = q0 and, thus,
P0 (q) = δqq0 .
Symmetry. For simplicity reasons, we assume that the transition probability ρ(q)
possesses the symmetries of the lattice corresponding to linear isometries, that is,
is invariant under the cubic group, a ﬁnite group with 2d d! elements generated by
transpositions and one reﬂection
)
ρ(q1 , . . . , qµ+1 , qµ , . . . , qd ) = ρ(q1 , . . . , qµ , qµ+1 , . . . , qd ) ∀µ ,
(3.47)
ρ(−q1 , . . . , qd ) = ρ(−q1 , . . . , qd ).
The cubic group is a subgroup of the orthogonal group O(d) (rotations–reﬂections
in Rd ). It admits as subgroups the symmetric or permutation group qµ → qP (µ)
generated by transpositions, as well as all reﬂections qµ → −qµ . For example, for
the square lattice, its action on a point (q1 , q2 ) generates the eight elements
(1 q1 , 2 q2 )

and (2 q2 , 1 q1 ),

with 1 = ±1, 2 = ±1.
All directions on the lattice thus are equivalent.
Theorem. With these assumptions,√one proves that in the asymptotic limit n → ∞,
the random variable X = (q − q0 )/ n, where q0 depends on the initial distribution
at time n = 0, again has a limiting Gaussian distribution given by
L(X) =

2
1
e−X /2w2 ,
(2πw2 )d/2

(3.48)

where w2 depends on the transition probability. The proof of the result relies on a
straightforward generalization of the method used in Section 3.3.4.
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3.3.8 Fourier series
In the case of a transition probability invariant under space translations, the distribution Pn (q) can be calculated by Fourier transformation. We set
P̃n (k) =



e−ik·q Pn (q) ⇒ P̃n∗ (k) = P̃n (−k),

P̃n (k = 0) = 1 ,

(3.49)

q∈Zd

and
ρ̃(k) =



e−ik·q ρ(q) ⇒ ρ̃∗ (k) = ρ̃(−k),

ρ̃(0) = 1 ,

(3.50)

q∈Zd

where the properties (3.44), (3.45) have been used. The functions P̃n and ρ̃ are
periodic functions of the components kµ of the vector k and these components can
thus be restricted to −π ≤ kµ < π (a domain called in physics a Brillouin zone).
Taking the modulus of both sides of the deﬁning equation, one ﬁnds the bound
|ρ̃(k)| ≤ 1 .

(3.51)

If in the Brillouin zone the bound is reached for k = 0, the asymptotic contributions
from the other maxima yield oscillatory asymptotic contributions that vanish on
average (see the discussion at the end of Section 3.1.4). We consider in what follows
only the maximum at k = 0.
The exponential bound (3.27) again implies that the function ρ̃(k) is analytic in
| Im k| < A. We set
ρ̃(k) = ew(k) ⇒ w∗ (k) = w(−k),

w(0) = 0 .

(3.52)

The regularity of ρ̃ and the condition ρ̃(0) = 1 then imply that w(k) has a convergent expansion at k = 0.
One veriﬁes that, because k · q has the form of a scalar product, the function
ρ̃(k) is invariant under the group of transformations (3.47) applied to the vector
k. The symmetry (3.47) implies that the function ρ̃(k) is symmetric and even in
all components of the vector k and, in particular, real. No term odd in k can be
even in all vector components. Only one quadratic term is symmetric, the squared
length of the vector. The function w(k) admits a Taylor series expansion at k = 0,
which we parametrize as
w(k) = −w2 k2 /2 + O(k 4 ),

w2 > 0 ,

the positivity of w2 resulting from inequality (3.51).

(3.53)
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3.3.9 Asymptotic behaviour. Continuum limit
After Fourier transformation, equation (3.46) leads to
P̃n+1 (k) = ρ̃(k)P̃n (k) ⇒ P̃n (k) = ρ̃n (k)P̃0 (k).
Therefore,
Pn (q) =

1
(2π)d


dd k eik·q ρ̃n (k)P̃0 (k).

(3.54)

For n → ∞, the integral (3.54) is dominated by the maximum values of |ρ̃(k)| and,
as explained in Section 3.1.4, only the vicinity of the maximum at k = 0 contributes
in the sense of measures.
√ Because w(k) has the form (3.53), for k → 0, only the
values of k of order 1/ n contribute to the integral (3.54). We can thus neglect
terms of order k 4 in w(k).
Moreover, with the assumption (3.28) ln P̃0 (k), where P̃0 (k) is the Fourier series
associated to the initial distribution, is regular and we set


P̃0 (k) = exp −ik · q0 + O(k 2 ) ,
where q0 is the mean initial position. Terms of order k 2 or higher are negligible.
For the same reasons as in the steepest descent method, in the limit n → ∞, in
(3.54) one can integrate, in the Gaussian approximation, over all real values of k
without restriction to a period (Brillouin zone). One obtains the asymptotic form
Pn (q) ∼

1
(q − q0 )2
exp
−
.
2w2 n
(2πw2 n)d/2

(3.55)

The situation is now very similar to the one encountered in Section 3.3.2. For
n → ∞, the probability Pn (q) takes a universal asymptotic Gaussian form that
again depends only on general properties of the transition function ρ(q − q ).
Remarks.
(i) As in the case of the central limit theorem of probabilities discussed in Section
3.1.4, convergence toward the Gaussian distribution is only a convergence in the
sense of measures.
(ii) The asymptotic distribution has a rotation symmetry (it depends only on the
modulus of the vector (q − q0 )) and thus admits a symmetry group larger than the
transition function ρ(q), which has only a discrete lattice symmetry.
(iii) The asymptotic Gaussian form is valid at large times and for distances |q|
n.
Continuum limit. We now rescale time and distance, setting
t = nε ,

√
x = (q − q0 ) ε ,

(3.56)

and take the limit ε → 0 at t and x ﬁxed and, thus, n = O(1/ε) (more precisely n
and the components of q−q0 are the integer parts of the corresponding expressions).
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As we have already pointed out, if the macroscopic variables t and x are measured
with a ﬁnite precision, from the viewpoint of any continuous function, they can be
considered as continuous variables. The limiting distribution, deﬁned for all real
values by continuity, takes the form (3.40):
Π(t, x) =

2
1
e−x /2w2 t .
d/2
(2πw2 t)

(3.57)

The time t and the coordinates x are the variables that describe, at the macroscopic
scale, the Brownian motion generated by the microscopic dynamics (3.46) on the
lattice. Universality has allowed deﬁning a continuum limit, because the lattice
structure and the details of the elementary process have disappeared.
Finally, the distribution (3.57) is a solution of equation (3.41), an equation of
diﬀusion or heat type, isotropic in continuum space Rd ,
∂
Π(t, x) = 12 w2 ∇2x Π(t, x) .
∂t
Example. The properties derived in this section, can be veriﬁed in the example of
the random walk with a motion limited to the nearest neighbours on the lattice. In
this example, ρ(q) vanishes except if q = ±eµ , where eµ is the unit vector in the
direction µ = 1, . . . , d. In the latter case ρ(q) has the value 1/2d. Then,
ρ̃(k) =

d
d
 1
1   −ik·eµ
e
+ eik·eµ =
cos kµ ⇒ w(k) = −k2 /2d + O(k 4 ),
2d µ=1
d µ=1

where kµ are the components of the vector k. We assume a certain starting point
q = 0 and, thus,
P0 (q) = δq,0 ⇒ P̃0 (k) = 1 .
Again, ρ̃(k) has another maximum in the Brillouin zone, corresponding to k1 =
k2 = · · · = kd = π. But this maximum does not contribute in the sense of the
measure convergence. Therefore, the limiting distribution is

Π(t, x) =

d
2πt

d/2

e−dx

2

/2t

.

3.3.10 Time-scale dilatation and ﬁxed points
By generalizing the strategy used in Section 3.2 in the framework of the central
limit theorem, one can directly justify the universal properties of the asymptotic
behaviour of Pn (q) for n → ∞.
Here, the natural idea is to change the time-scale by a factor 2. More precisely,
one starts from n = 2m and, at each iteration, one replaces p by T p:

ρ(q − q )ρ(q − q ).
(T ρ)(q − q ) ≡
q ∈Z d
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This corresponds, in the Fourier representation, to the transformation
(T w)(k) ≡ 2w(k).
Expanding in powers of k, one veriﬁes that such a transformation has, with our
assumptions, only the trivial ﬁxed point w(k) ≡ 0. But the study of Section 3.2 has
revealed that a larger class of ﬁxed points becomes available if the transformation
is combined with a renormalization of the distance-scale, q → λq, with λ > 0. We
thus consider the transformation
(Tλ w)(k) ≡ 2w(k/λ) .
Again, let us point out that at each iteration the periods of the functions w(k) in all
components kµ are multiplied by λ, which from the viewpoint of the set of values
of the coordinates q corresponds to a lattice whose spacing has been divided by λ.
The ﬁxed points w∗ of the transformation are solutions of
2w∗ (k/λ) = w∗ (k).
With the condition of cubic symmetry (equation (3.53))
w∗ (k) = − 12 w2 k2 + O(|k|4 ).
For |k| → 0, the ﬁxed point equation implies
2w2 /λ2 = w2 ,
√
which has a non-trivial solution only for λ = 2. Then, the coeﬃcients of the terms
of higher degree vanish. One ﬁnds the ﬁxed points
w∗ (k) = − 12 w2 k 2 ,
which correspond to Gaussian transition probabilities.
Following the example of Section 3.2 in the case of distributions for variables
with vanishing mean value, one can then study the stability of a ﬁxed point and
the decay of perturbations with time. The discussion is very similar, the only
notable diﬀerence being that the eigenvectors are homogeneous even polynomials of
d variables, invariant under the action of the cubic group. For example, beyond the
marginal term associated with a translation of w2 , the most important irrelevant
terms are the polynomials of degree four

kµ4 , (k2 )2 .
µ

Finally, since a scale transformation of time
√ by a factor 2 corresponds to a scale
transformation
of
distances
by
a
factor
2, the scaling property (3.42) follows,
√
|x| ∝ t, which has an interpretation as assigning the dimension 1/2 in time units
to position variables.
The two essential asymptotic properties of the random walk, convergence toward
a Gaussian distribution and the scaling property, are thus reproduced by this RGtype analysis.
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3.4 Random walk: Additional remarks
To complete this study, a few general remarks concerning stationary Markov chains,
in the spirit of the Perron–Frobenius theorem, are useful. In this section, we assume
that the stochastic process is ergodic and aperiodic, assumptions that are satisﬁed,
for example, if the condition ρ(q, q ) > 0 for all pairs q, q is fulﬁlled.
3.4.1 Asymptotic distribution
Asymptotically for n → ∞, the behaviour of the Pn (q) solution of equations (3.21)
or (3.43) depends on the eigenvalues of largest modulus of ρ(q, q ) considered as an
integral operator. We consider the lattice situation and, thus, equation (3.43), but
the generalization to continuum space is simple.
The eigenvectors V and eigenvalues r of ρ satisfy the equation

ρ(q, q )V (q ) = rV (q).
(3.58)
q ∈Rd

Summing over q and using the condition (3.44), one infers


V (q ) = r
V (q),
q ∈Rd

q∈Rd

provided the sum converges. Moreover, if the sum does not vanish, the eigenvalue
r = 1. Taking the absolute values, one obtains the inequality

ρ(q, q )|V (q )| ≥ |r| |V (q)|
q ∈Rd

and, thus, summing over q, if the sum converges,


|V (q)| ≥ |r|
|V (q)|,
q∈Rd

q∈Rd

which implies |r| ≤ 1. If |r| = 1, |V (q)| is a stationary distribution. Moreover,
V (q) must have a constant phase and can be chosen positive. Therefore, only the
eigenvalue r = 1 has modulus 1 and the stationary solution of equation (3.43) is
the asymptotic limit of Pn for n → ∞, with an exponential convergence.
In the case of transition functions invariant under space translations, the condition
of summability is not satisﬁed, which explains the diﬀerence in behaviour.
3.4.2 Detailed balance
To prepare for Chapter 4, we brieﬂy present a class of random processes that satisfy
a condition of detailed balance, although this topic is not directly useful here. This
condition expressed in terms of the transition probability ρ(q, q ), takes the form
of a relation between a process and its time reversal:
ρ(q, q )P∞ (q ) = ρ(q , q)P∞ (q),

(3.59)
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where P∞ is a probability distribution:



P∞ (q) ≥ 0 ,

dd q P∞ (q) = 1 .

Integrating equation (3.59) over q and using the condition (3.22), one obtains

P∞ (q) = dd q  ρ(q, q )P∞ (q ).
Thus, the distribution P∞ (q) is the asymptotic distribution of the process (3.21)
when n → ∞.
If P∞ (q) is strictly positive, which, for example, is implied by the condition
ρ(q, q ) > 0, one can deﬁne the kernel
−1/2
1/2 
(q)ρ(q, q )P∞
(q ) = T (q , q),
T (q, q ) = P∞

which corresponds to a real symmetric operator. With a few additional weak technical conditions, this operator has a discrete real spectrum and plays the role of the
transfer matrix of Section 4.1.2, the time of the stochastic process becoming the
space of the statistical lattice model.
In the translation-invariant example of Section 3.3.2, the condition of detailed
balance is formally satisﬁed if ρ(q) = ρ(−q), but then the function P∞ = 1 is not
normalizable. Nevertheless, the spectrum of ρ is still real.
3.5 Brownian motion and path integrals
If one is interested only in the asymptotic properties of the distribution, which
have been shown to be independent of the initial transition probability, one can
obtain them, in the continuum limit, starting directly from Gaussian transition
probabilities of the form (assuming rotation symmetry)
ρ(q) =

2
1
e−q /2w2 .
d/2
(2πw2 )

In the case of a certain initial position q = q0 = 0, an iteration of the recursion
relation (3.43) then leads to (equation (3.24))

1
Pn (q) =
(3.60)
dd q1 dd q2 . . . dd qn−1 e−S(q0 ,q2 ,...,qn )
(2πw2 )nd/2
with qn = q and
S(q0 , q2 , . . . , qn ) =

n

(q − q−1 )2
=1

2w2

We then introduce macroscopic time variables,
τ = ε ,

τn = nε = t ,

.
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and a continuous, piecewise linear path x(τ ) (Figure 3.1)
x(τ ) =

√
τ − τ−1
ε q−1 +
(q − q−1 )
τ − τ−1

for τ−1 ≤ τ ≤ τ .

One then veriﬁes that S can be written as (with the notation ẋ(τ ) ≡ dx/dτ )


1
S x(τ ) =
2w2



t


2
ẋ(τ ) dτ

(3.61)

0

with the boundary conditions
x(0) = 0 ,
Moreover,
1
Pn (q) =
(2πw2 )d/2

x(t) =
 n−1
=1

√
εq = x .

dd x(τ )
(2πw2 ε)d/2


e−S(x) .

(3.62)

In the continuum limit ε → 0, n → ∞ with t ﬁxed, expression (3.62) becomes a
representation of the distribution of the continuum limit
Π(t, x) ∼ ε−d/2 Pn (q)
in the form of a path integral, which we denote symbolically

Π(t, x) = [dx(τ )] e−S(x(τ )) ,

(3.63)

"
where [dx(τ )] means sum over all continuous paths that start from the origin
at time τ = 0 and reach x at time t. The trajectories that contribute to the
path integral correspond to a Brownian motion, a random walk in continuum time
and space. This representation of the Brownian motion by path integrals, initially
introduced by Wiener, is also called the Wiener integral.
x(τ )

xn−1

x

x
x1

x2

x0

x+1

x−1

xn−2

τ
0

τ1

τ2

τ−1

τ

τ+1

τn−2

τn−1

t

Fig. 3.1 Path contributing to the integral (3.60) (d = 1) with x ≡ x(τ ).
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Calculation of the path integral. We have introduced the formal concept of path integral. One could fear that its calculation requires returning always to its deﬁnition
as a limit of integrals with discrete times. Fortunately, this is not the case. The
path integral can often be calculated without referring to a limiting process, except
for a global normalization. This is what we want now to show in this example.
To calculate the integral, we change variables,
x(τ ) → r(τ ) = x(τ ) − f (τ ),
where f (τ ) is the solution of the variational equation
⇔

δS = 0

ẍ(τ ) = 0

satisfying the boundary conditions x(0) = 0, x(t) = x.
Here τ must be regarded as an index taking continuous values and f (τ ) as a set
of constants parametrized by the index τ . For each time τ , the change of variables
is a translation and, thus, the Jacobian is 1.
The path f (τ ) corresponds to a uniform rectilinear motion that joins the origin
to the point x, in the time t:
f (τ ) = x τ /t .
The path r(τ ) then satisﬁes the boundary conditions
r(0) = r(t) = 0 .
The translation leads to
x2
1
S=
+2
2w2 t





t

dτ ṙ(τ ) · x/t +
0

t


2
ṙ(τ ) dτ .

0

The term linear in r can be integrated explicitly and vanishes due to the boundary
conditions. One infers
2
Π(t, x) = N e−x /2w2 t ,
where the normalization N is given by the path integral

N =

[dr(τ )] e−S(r)

with r(0) = r(t) = 0. This normalization cannot be calculated in the continuum,
but no longer depends on x and thus is a function of t that is determined by
probability conservation.
The path integral thus allows calculating the probability distribution in the continuum limit, by continuum methods.
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Important remark.
(i) The notation ẋ seems to imply that paths contributing to the path integral
are diﬀerentiable. This is not the case. In the continuum limit, we know that
*



2

[x(τ ) − x(τ )]



+
=

dx (x − x )2 Π(|τ − τ  |, x − x ) = w2 |τ − τ  |.

Therefore, typical paths are continuous since the left-hand side vanishes for τ → τ  .
The expectation value of the derivative squared is obtained by dividing by (τ −τ  )2
and taking the limit |τ − τ  | → 0. The right-hand side then diverges. We conclude
that typical paths of the Brownian motion are continuous but not diﬀerentiable;
they only satisfy a Hölder condition of order 1/2:
|x(τ ) − x(τ  )| = O(|τ − τ  |1/2 ).
Nevertheless, the notation ẋ is useful because the paths that yield the leading
contributions to the path integral are in the vicinity of diﬀerentiable paths.
(ii) As expression (3.62) shows, in the symbol [dx(τ )] is hidden a normalization
that is independent of the trajectory, but that is diﬃcult to handle in the continuum
limit. Therefore, one calculates, in general, the ratio of the path integral and a
reference path integral whose value is already known.

Exercises
Exercise 3.1
One considers a Markovian random walk on a two-dimensional square lattice. At
each time step, the walker either remains motionless with probability 1 − s, or
moves by one lattice spacing in one of the four possible directions with the same
probability s/4, where 0 < s < 1. At initial time n = 0 the walker is at the point
q = 0.
Determine the asymptotic distribution of the walker position after n steps when
n → ∞.
Solution. The general study has shown that the asymptotic distribution is simply
related to the Fourier series associated with the transition probability
ρ̃(k) = 1 − s + 12 s cos k1 + 12 s cos k2 .
Then,



w(k) = ln ρ̃(k) = − 41 s k12 + k22 + O(k 4 ).

One infers the asymptotic Gaussian distribution (q ≡ |q|)
Rn (q) ∼

1 −q2 /ns
e
.
πns
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Exercise 3.2
One considers a Markovian random walk on a cubic lattice, that is, in Z3 . At each
step the walker either remains motionless with probability 1 − s, or moves by one
lattice spacing in one of the six possible directions with the same probability s/6,
where 0 < s < 1. At initial time n = 0 the walker is at the point q = 0.
Determine the asymptotic distribution of the position of the walker after n steps
when n → ∞.
Solution. The Fourier series associated with the transition probability is now
ρ̃(k) = 1 − s + 13 s cos k1 + 13 s cos k2 + 13 s cos k3 .
Then,



w(k) = ln ρ̃(k) = − 61 s k12 + k22 + k32 + O(k 4 ).

One infers the asymptotic Gaussian distribution

3/2
2
3
e−3q /2ns .
Rn (q) ∼
2πns
Exercise 3.3
Study the local stability of the Gaussian ﬁxed point, corresponding to the probability distribution
2
1
ρG (q) = √ e−q /2
2π
by the method of Section 3.2, but applied directly to the equation

[Tλ ρ](q) = λ dq  ρ(q  )ρ(λq − q  ).
(3.64)
First determine the value of the renormalization factor λ for which the Gaussian
probability distribution ρG is a ﬁxed point of Tλ .
Setting ρ = ρG + δρ, expand equation (3.64) to ﬁrst order in δρ. Show that the
eigenvectors of the linear operator acting on δρ have the form
 p
d
δρp (q) =
ρG (q), p > 0 .
dq
Infer the associated eigenvalues.
√
Solution: A few indications. One recovers λ = 2. One linearizes the equation.
One notes that probability conservation implies




dq δρ(q) = 0 .
1 = dq ρ(q) = dq [ρG + δρ(q)] = 1 + dq δρ(q) ⇒
Setting



[Tλ (ρG + δρ)] = ρG + Lδρ + O δρ2 ,

where the action of the linear operator L on a function δρ is given by

[Lδρ](q) = 2λ dq  ρG (q  )δρ(λq − q  ),
one veriﬁes that the eigenvectors of L have the proposed form by integrating several
times by parts.
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Exercise 3.4
Random walk on a circle. To exhibit the somewhat diﬀerent asymptotic properties
of a random walk on compact manifolds, it is proposed to study random walk on a
circle. One still assumes translation invariance. The random walk is then speciﬁed
by a transition function ρ(q − q  ), where q and q  are two angles corresponding to
positions on the circle. Moreover, the function ρ(q) is assumed to be periodic and
continuous. Determine the asymptotic distribution of the walker position. At initial
time n = 0, the walker is at the point q = 0.
Solution. Due to translation invariance, the evolution equation is still a convolution, which simpliﬁes in the Fourier representation. But, since the function ρ(q) is
periodic and continuous, it admits a Fourier series expansion of the form
ρ(q) =



eiq ρ̃

∈Z

with
ρ̃ =

1
2π



+π

dq e−iq ρ(q)

−π

and, thus,
ρ̃0 = 1/2π ,

|ρ̃ | < 1/2π

for

 = 0 .

Thus, at time n the distribution of the walker position can be written as
Pn (q) =



eiq ρ̃n .

∈Z

For n → ∞, the sum converges exponentially toward the contribution  = 0 and,
thus,
1
Pn (q) =
,
n→∞ 2π
which is a uniform distribution on the circle.
The maximum value of |ρ̃ | for  = 0, which yields the leading correction, deﬁnes
a time
1
,
τ = max −
=0
ln |ρ̃ |
which characterizes the exponential decay of corrections, called the relaxation time.
Exercise 3.5
One considers a Markovian process in continuum space with, as transition probability, the Gaussian function


1
ρ(q, q  ) = √ exp − 12 (q − λq  )2 ,
2π
where λ is a real parameter with |λ| < 1.
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Show that ρ(q, q  ) satisﬁes the condition of detailed balance (3.59). Infer the
asymptotic distribution at time n when n → ∞. Associate to ρ(q, q  ) a real symmetric operator as explained in Section 3.4.2. To determine the eigenvalues of the
operator ρ of modulus smaller 1, one may then use the results of Section 4.6.1.
Solution. The ratio ρ(q, q  )/ρ(q  , q) can be factorized in a ratio of two functions of q
and q  that correspond to normalizable distributions. One infers (equation (3.59))
the asymptotic distribution
P∞ (q) =


2 2
(1 − λ2 )/2π e−(1−λ )q /2 .

One then introduces the real symmetric operator that has the same spectrum as ρ
(see Section 3.4.2):


1
T (q, q  ) = √ exp − 14 (1 + λ2 )(q 2 + q 2 ) + λqq  .
2π
For λ > 0, one can set λ = e−θ , θ > 0 and, after a linear transformation on q, q 
one recovers expression (4.33) and, thus, the eigenvalues are
τk = e−kθ ,

k ≥ 0.

The case λ < 0 can be studied, for example, by setting λ = − e−θ and the spectrum
is
τk = (−1)k e−kθ , k ≥ 0 .
More directly, one can study the action of ρ on the functions
ψk (q) =

dk
P∞ (q).
(dq)k

The result is then obtained by successive integrations by parts.

4 Classical statistical physics: One dimension

In this chapter, within the framework of classical statistical mechanics, we discuss
a family of models deﬁned on one-dimensional lattices. Although from the physics
viewpoint, some of these models are somewhat artiﬁcial, they have a practical utility
as simpliﬁed versions of models in higher space dimensions and, thus, bring us a
little closer to the physics that we want to investigate. In addition, their study will
enable us to introduce a number of deﬁnitions and concepts needed in the following
chapters.
These models are deﬁned in the following way. To each site of the lattice, one
associates one or several real random variables. The probability distribution of these
random variables are then speciﬁed by a Boltzmann weight. The lattice structure
is reﬂected in the form of the coupling between diﬀerent lattice sites.
The quantities of physical interest are related to the partition function and, more
generally, include correlation functions, which are the expectation values of products
of random variables in diﬀerent sites.
Again, the concept of locality, which we will deﬁne more precisely in the following
chapters, plays an essential role: the direct couplings between diﬀerent sites induced
by the Boltzmann weight must decrease suﬃciently fast with distance.
In this chapter, we study the simplest local examples: models that involve only
interactions between nearest neighbours on the lattice. For such models, correlation
functions can be calculated by a transfer matrix formalism.
Thus, we ﬁrst describe some general properties of transfer matrices in one-dimensional models. We use this formalism to establish various properties of correlation
functions, like the thermodynamic or inﬁnite volume limit, the large-distance behaviour of the two-point correlation function, and introduce the very important
concept of correlation length.
Connected correlation functions, cumulants of the distribution, play a particularly important role. Indeed, these functions satisfy the cluster property, which
characterizes their decay at large distance.
We apply the transfer matrix formalism to the example of a Gaussian Boltzmann
weight, which we study in detail. We calculate the partition function and correlation
functions explicitly. We observe that, in the low-temperature limit, the correlation
length diverges, which makes it possible to deﬁne a continuum limit.
We show that the results of the continuum limit can be reproduced directly
by solving a partial diﬀerential equation in which all traces of the initial lattice
structure have disappeared.
Finally, we exhibit a slightly more general class of models which share the same
properties: divergent correlation length and continuum limit.
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4.1 Nearest-neighbour interactions. Transfer matrix
We consider the one-dimensional lattice of points with integer coordinates on the
real line. To each point k ∈ Z of the lattice, we associate one or more real variables
qk (e. g., the deviation of a particle from its equilibrium position). In what follows,
we restrict the discussion to one variable per site, but the generalization to several
variables is simple.
We ﬁrst deﬁne systems on a lattice of ﬁnite size n, k ∈ [0, n], imposing for
convenience periodic boundary conditions: qn = q0 , which give to the lattice a
circle structure and makes it possible to construct a sequence of translation-invariant
models. But our goal is to study the inﬁnite size n → ∞ limit, also called in this
context the thermodynamic limit.
Statistical models are then speciﬁed by a statistical weight (a probability distribution), which we parametrize in the particular form
ρn (q) = e−Sn (q) /Zn ,

q ≡ {qk } ∈ Rn ,

(4.1)

where Zn is a normalization, called the partition function, which is determined by
the condition

  n
dqk ρn (q) = 1
k=1

and, thus,

 



n

Zn =

dqk

e−Sn (q) .

(4.2)

k=1

One may wonder why one singles out such a normalization, which is not a physical quantity. In fact, the partition function is useful for the following reason: its
logarithmic derivatives with respect to diﬀerent physical parameters (like the temperature) are expectation values and, thus, are physical quantities.
4.1.1 Nearest-neighbour interactions
The function Sn (q) can often be written as the sum of one-site terms ω(Q), which
specify the distribution of the variables qk in the absence of interactions, and of an
interaction energy En (q) that couples the sites:
Sn (q) =

n

k=1

ω(qk ) +

En (q)
,
T

(4.3)

the parameter T having a physical interpretation as the temperature.
For a translation-invariant system on a lattice, En (q) is invariant under the substitution qi → qi+1 . In addition, the interaction is local if the coupling between two
sites decreases suﬃciently fast with the distance. Interactions of the form
En (q) =

n

k=1

E(qk , qk+1 , . . . , qk+m ),

m > 0,
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with the convention qk ≡ qk if k = k  (mod n), are called ﬁnite-range interactions
and provide an example of local interactions. Besides, such a particular form of the
interaction gives a meaning to the concept of lattice and distinguishes the position
k from a simple index describing one among n variables.
The particular example that we study in detail here is the nearest-neighbour
interaction, which corresponds to m = 1, where each variable qk is directly coupled
only to the variables attached to the nearest-neighbour sites on the lattice. In this
case, the function Sn (q) takes the particular form
Sn (q) =

n


S(qk−1 , qk )

(4.4)

k=1

with S(q  , q  ) = S(q  , q  ).
Moreover, we assume S(q, q  ) piecewise continuous and, to ensure the convergence
of the integrals, we impose
S(q, q  ) ≥ µ(|q| + |q  |),

µ > 0.

(4.5)

This restriction is rather strong, but convenient for the systems that we want to
study.
Remark. With the assumption (4.4), the partition function is given by an expression
very similar to the probability distribution (3.24), apart from the periodic boundary
conditions.
4.1.2 Transfer matrix and partition function
To discuss the physical properties of classical statistical models on a lattice in the
case of nearest-neighbour interactions, a tool proves particularly useful: the transfer
matrix.
Let us point out that the transfer matrix formalism can be generalized to classical statistical systems on lattices with arbitrary space dimensions and ﬁnite-range
interactions (with a ﬁnite number of coupled sites).
We introduce the operator T associated with the real symmetric kernel
[T](q  , q  ) = e−S(q



,q )

.

(4.6)

The operator T is called the transfer matrix of the statistical model. This denomination comes from examples where the variable q takes only a ﬁnite number of
values and thus T is a matrix.
In the kernel representation, the product of two operators O1 and O2 represented
by the kernels O1 (q  , q) and O2 (q  , q) is given by

(4.7)
[O2 O1 ](q  , q) = dq  O2 (q  , q  )O1 (q  , q).
The trace is deﬁned by


tr O ≡

dq O(q, q),

(4.8)
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a linear expression that, indeed, satisﬁes the cyclic property tr O2 O1 = tr O1 O2 ,
as one can verify using the product rule (4.7).
The bound (4.5) implies, as one can verify, that the traces of all powers of T then
exist.
Partition function. With these deﬁnitions, the partition function (4.2) can be expressed in terms of the transfer matrix as (q0 = qn ):


n

Zn =

dqk [T](qk−1 , qk ) = tr Tn .

(4.9)

k=1

4.1.3 Hilbert space and transfer matrix
In this chapter, the properties of the transfer matrix are studied by methods directly
inspired by quantum mechanics. In particular, for what follows, it is convenient to
introduce an auxiliary Hilbert space H: the real vector space of square integrable
functions of a real variable q. The scalar product of two functions f, g is deﬁned by

dq f (q)g(q).
(f, g) =
R

Hilbert spaces (but in general complex) play a central role in the construction of
quantum mechanics.
The action of an operator O on functions is deﬁned by

[Oψ](q) = dq  [O](q, q  )ψ(q  ),
a deﬁnition consistent with the product rule (4.7).
From the existence of tr T4 , one infers that, if f belongs to H,
Tf 2 ≤ f 2 (tr T4 )1/2
and, thus, Tf is also square integrable. Moreover, in H the operator T is bounded.
The operator T is real symmetric. It is diagonalizable in H, its spectrum is
real and its eigenvectors real and orthogonal. Since the trace of T2 is ﬁnite, the
spectrum is discrete and the eigenvalues have zero as the only accumulation point.
Below, we denote by ψν (q) the real normalized eigenvectors of T, associated to
the (all real) eigenvalues τ0 ≥ |τ1 | ≥ |τ2 | · · ·:





dq [T](q, q )ψν (q ) = τν ψν (q),
dq ψν2 (q) = 1 .
Finally, [T](q, q  ) can then be expressed as a linear combination of projectors on
eigenvectors in the form
[T](q, q  ) =

∞

ν=0

τν ψν (q)ψν (q  ).

(4.10)
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The partition function can also be expressed in terms of eigenvalues (equation (4.9))
as
∞

Zn = tr Tn =
τνn .
(4.11)
ν=0

Position operator. To study correlation functions, it is useful to also introduce
the (unbounded) operator Q̂, an analogue of the position operator in quantum
mechanics, which acts multiplicatively as
⇒

[Q̂ψ](q) = qψ(q)

[Q̂T](q, q  ) = q [T](q, q  ).

(4.12)

The kernel δ(q − q  ), where δ(q) is Dirac’s distribution, satisﬁes

dq δ(q  − q)O(q, q  ) = O(q  , q  )
and, thus, is the kernel of the identity operator. The kernel corresponding to Q̂ is
then
[Q̂](q, q  ) = q δ(q − q  ).
4.2 Correlation functions
Correlation functions: Deﬁnition. We now deﬁne the correlation functions of the
variables qk . In what follows, the notation •n means expectation value of • with
respect to the measure e−Sn /Zn . With this notation, we deﬁne the p-point correlation function as the moment of the distribution (q0 = qn )

  n


q1 q2 . . . qp n ≡ Zn−1
dqs q1 q2 . . . qp e−Sn (q) .
(4.13)
s=1

4.2.1 One-point function and transfer matrix
The one-point function, which is the expectation value of q , is given by

  n
q n = Zn−1

q e−Sn (q) .

dqs
s=1

The integral can be written as

  n
dqs

q e−Sn (q) =




dq q

s=1





−1

s=1
n−1

×

[T](qs−1 , qs )
s=1

n

dqs
s=+1



dqs

dqn

[T](qs−1 , qs ).
s=+1
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Integrating over all variables except q , one ﬁnds

Zn q n =

dq q [Tn ](q , q ).

Then, introducing the operator (4.12), one notices
[Q̂ T](q, q  ) = q[T](q, q  )
and, thus,

(4.14)


Zn q n =

dq [Q̂ Tn ](q , q ).

The remaining integral yields the trace of the product of operators (equation (4.8)).
The one-point function can thus be written as
q n = tr Q̂ Tn / tr Tn .

(4.15)

Translation invariance. The expression (4.15) shows that the expectation value is
independent of the point . This is a direct consequence of two properties: the
transfer matrix is independent of the points on the lattice; we have chosen periodic
boundary conditions that have given to the lattice the structure of a circle. This
induces translation invariance on the lattice.
4.2.2 Multi-point correlation functions and the transfer matrix
The two-point correlation function, the expectation value of the product of the
values of q in two points 1 , 2 of the lattice, is deﬁned by
q1 q2 n ≡

 

Zn−1



n

q1 q2 e−Sn (q) .

dqs
s=1

(2)

The function Zn (1 , 2 ) is symmetric in the exchange 1 ↔ 2 . We assume, for
example, 2 ≥ 1 . One can then write the expression as
q1 q2 n =

Zn−1





q1 dq1 q2 dq2



1 −1
s=1

2 −1

×



2

dqs
s=1 +1

1

dqs

dqn

[T](qs−1 , qs )
s=1

n−1

[T](qs−1 , qs )
s=1 +1

n

dqs
s=2 +1

[T](qs−1 , qs ).
s=2 +1

Integrating over all variables except q1 and q2 , one ﬁnds
q1 q2 n = Zn−1



q1 dq1 q2 dq2 [T]n−2 +1 (q2 , q1 )[T]2 −1 (q1 , q2 ).
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Using then again the remark (4.14), one ﬁnds
q1 q2 n =

Zn−1



dq1 dq2 [Q̂ T]n−2 +1 (q2 , q1 )[Q̂ T]2 −1 (q1 , q2 )

= tr Q̂ Tn−2 +1 Q̂ T2 −1 / tr Tn .

(4.16)

In particular, the two-point function depends only on the distance between the
two points on the lattice, a property that, more directly, follows from translation
invariance.
More generally, if one assumes the ordering 1 ≤ 2 ≤ . . . ≤ p ,


q1 q2 . . . qp n = Zn−1

 



n

dqs
s=1
n−p +1

= tr Q̂ T

q1 q2 . . . qp e−Sn (q)

Q̂ T2 −1 Q̂ T3 −2 . . . Q̂ Tp −p−1 / tr Tn . (4.17)

Generating function. As we have explained in Chapter 2, it is useful to introduce
the generating function of correlation functions
∞

1
Zn (b) =
p!
p=0





b1 b2 . . . bp q1 q2 . . . qp n =

1 ,2 ,...,p

%
exp




(
b q

. (4.18)
n

It is proportional to the partition function of a system where a term linear in q,
diﬀerent on each site, has been added to the conﬁguration energy.
4.3 Thermodynamic limit
We now evaluate the partition function and correlation functions in the inﬁnite volume limit, called in this context the thermodynamic limit. In one space dimension,
the volume reduces to the size n of the lattice.
4.3.1 Partition function
The thermodynamic limit involves directly the spectrum and the eigenvectors of
the operator T in the space H of square integrable functions.
Leading eigenvalue of the transfer matrix. For the one-dimensional systems that we
study here, one shows that τ0 , the eigenvalue of T with largest modulus, is positive
and simple, and the unique eigenvector ψ0 (q) can be chosen positive (see Appendix
A3.1).
Thermodynamic limit. For n → ∞, the partition function, expressed in terms of
eigenvalues of the transfer matrix (equation (4.11)), is dominated by the eigenvalue
with largest modulus τ0 and thus
Zn ∼ τ0n .
n→∞
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The quantity
Wn = T ln Zn ,

(4.19)

where, in the context of statistical physics, T is the temperature and Wn the free
energy, is thus asymptotically proportional to the length n and Wn /n, the free
energy density, has the ﬁnite limit
lim

n→∞

1
Wn = T ln τ0 .
n

(4.20)

In several space dimensions, for the class of systems in statistical physics that satisfy
the cluster property (see Section 4.4), this property has a generalization: in the
thermodynamic limit, the free energy is proportional to the volume. More directly,
this property is a consequence of the short range of interactions.
In what follows, we often omit the proportionality factor T , necessary for the
physical interpretation but which, generally, plays no role for the questions we want
to investigate.
4.3.2 One-point function
We now use expression (4.15) to evaluate the expectation value of q. In the thermodynamic limit n → ∞, the operator Tn is dominated by its largest eigenvalues.
Then, from expansion (4.10), one infers
[Tn ](q, q  ) = τ0n ψ0 (q)ψ0 (q  ) + O(τ1n )
n→∞

and, thus,


n

tr Q̂T

∼ τn
n→∞ 0

dq q ψ02 (q).

The expectation value of q has the ﬁnite limit

q  = lim tr Q̂Tn / tr Tn =
n→∞

dq q ψ02 (q).

Spontaneous symmetry breaking. In general, the expectation value q  plays no
special role since it can be cancelled by the simple translation
q → q = q − q  .
It is only when one value of q is privileged that the situation is diﬀerent, for example,
if a system is invariant under the reﬂection q → −q. This situation occurs when
the interaction satisﬁes
S(q  , q  ) = S(−q  , −q  ) ⇒ [T](q  , q  ) = [T](−q  , −q  ).
A non-vanishing expectation value then indicates a spontaneous symmetry breaking
(see Chapter 7). In one dimension with short-range interactions, such a spontaneous
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symmetry breaking is impossible. The argument is the following: the expectation
value

q  = dq q ψ02 (q)
can only be diﬀerent from zero if the function ψ02 (q) is not symmetric, that is, not
even. The eigenvalue τ0 then is degenerate (here double) because the symmetric
state ψ0 (−q) is an independent eigenvector:





τ0 = dqdq ψ0 (q )[T](q , q)ψ0 (q) = dqdq  ψ0 (−q  )[T](q  , q)ψ0 (−q).
However, with the hypotheses of this chapter, one can prove that in one dimension
the eigenvalue τ0 cannot be degenerate (cf. A3.1).
Since reﬂection symmetry cannot be spontaneously broken, a phase transition
with order is impossible.
4.3.3 Two-point function and correlation length
Thermodynamic limit. For the two-point function expressed by equation (4.16), the
same argument implies

1
(4.21)
dq dq  ψ0 (q)[Q̂T|2 −1 | Q̂](q, q  )ψ0 (q  ).
q1 q2  = | − |
τ0 2 1
Large-distance behaviour. We now examine the behaviour of the two-point function
at large distance  = |1 − 2 | → ∞ (assuming for simplicity |τ2 | < |τ1 |). Using the
expansion (4.10),
[Tn ](q, q  ) = τ0n ψ0 (q)ψ0 (q  ) + τ1n ψ1 (q)ψ1 (q  ) + O(τ2n ),
n→∞

one obtains



2
q q0  = q + A21 (τ1 /τ0 ) + O (τ2 /τ0 )


with
A1 =

dq q ψ1 (q)ψ0 (q).

The leading term is a constant, the square of the expectation value of q. As noticed
above, it can be eliminated by the shift of the variables
qk → qk = qk − q
as well as

Q̂ = Q̂ − q .

The two-point function of q  then decreases exponentially for  → ∞ (assuming
A1 = 0, otherwise one must take into account the next term):


q q0  = (q − q)(q0 − q) = A21 (τ1 /τ0 ) + O (τ2 /τ0 ) .
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In general, one characterizes this decay by the correlation length
ξ = lim −
→∞

Here, one ﬁnds


.
ln(|q0 q |)

ξ −1 = ln(τ0 /τ1 ) .

(4.22)

(4.23)

Continuum limit. Let us assume that the transfer matrix depends on a parameter
in such a way that, for some value of the parameter, the correlation length diverges.
Then, as we show explicitly in the Gaussian example, it is possible to deﬁne a
continuum limit, and correlation functions in the continuum limit can be calculated
by solving a partial diﬀerential equation or from a path integral (see Chapter 5).
4.4 Connected functions and cluster properties
In general, expression (4.17) shows that the p-point function has the thermodynamic
limit (for 1 ≤ 2 ≤ · · · ≤ p )



1
(4.24)
dq dq  ψ0 (q)[O](q, q  )ψ0 (q  )
q1 q2 . . . qp = p −1
τ0
with

O = Q̂ T2 −1 Q̂ T3 −2 . . . Q̂ Tp −p−1 Q̂.

The problem that we have solved in the case of the two-point function arises more
generally: to identify the combination which decays at large distance and to characterize the decay of correlations when the correlation length is ﬁnite.
We have shown in Section 4.3.3 that it is the two-point function of the variable
from which the expectation value has been subtracted,
(q1 − q1 ) (q2 − q2 ) = q1 q2  − q1  q2  ,
that vanishes at large distance. This combination, which is the second cumulant of
the distribution, is also called the connected two-point function and will be denoted
by
q1 q2 c ≡ q1 q2  − q1  q2  .
The property of exponential decay generalizes to cumulants of higher degree. For
example, the cumulant of degree three or three-point connected correlation function,
is given by
q1 q2 q3  = q1  q2  q3  + q1 q2 c q3  + q2 q3 c q1  + q3 q1 c q2 
+ q1 q2 q3 c .
Using the explicit expressions (4.24), one veriﬁes that q1 q2 q3 c decreases exponentially when |2 − 1 | or |3 − 2 | go to inﬁnity.
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More generally, using the techniques of Section 2.5.2, one introduces the generating function of cumulants,
W(b) = ln Z(b),

(4.25)

where Z(b) is the thermodynamic limit of the generating function (4.18). By deﬁnition, it is the generating function of connected correlation functions:
W(b) =

∞

1
p!
p=0





b1 b2 . . . bp q1 q2 . . . qp c .

1 ,2 ,...,p

Let us point out that it is also the free energy of a system where a term coupled
linearly to q, diﬀerent at each site, has been added to the conﬁguration energy.
Cluster property. It is the connected correlation functions that vanish at large
distance, a property called the cluster
property.


More precisely, we denote by q1 q2 . . . qp c the connected p-point function. We
then group the p points 1 , 2 , . . . , p into two non-empty, disjoint sets I and J. We
call the distance between the two sets the quantity
D=
Then,
lim

D→∞

min

i ∈I ,j ∈J

|i − j |.



q1 q2 . . . qp c = 0 .

(4.26)

More speciﬁcally, with the hypotheses of the chapter, one can show that connected
correlation functions decay at least as e−D/ξ , where ξ is the correlation length (4.23).
This result is valid for statistical systems more general than those studied here.
The proof starting from the explicit form (4.24) is analogous to the combinatorial
argument in Section 2.4.2.
4.4.1 Expectation value and thermodynamic limit
It is instructive to study the behaviour of moments of the mean random variable
1
q
n
n

Q=

=1

in the thermodynamic limit n → ∞.
First, from translation invariance,
Qn = qn .
The second moment is related to the two-point function and, thus, to the two-point
connected function. Indeed,
 2
1 
1
Q n= 2
q1 q2 n =
n
n
1 ,2


=1 −2

2

q0 q n = qn +

1
(q0 q n )c .
n
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In the thermodynamic limit, the connected two-point function decays exponentially
for || → ∞ with a rate determined by the correlation length. If the correlation
length is ﬁnite, the sum over  converges. The second cumulant of the Q distribution
then goes to zero:


1
q0 q c .
(Q − Qn )2 n ∼
n→∞ n


More generally, we introduce the generating function


Zn (b) = enbQ n
of the moments of the sum nQ. Comparing with expressions (4.1), (4.2) and (4.4),
one veriﬁes that Zn (b) can be expressed in terms of the partition function Zn (b)
associated to the function
S(q, q  ; b) = S(q, q  ) − 12 b(q + q  )
as
Zn (b) = Zn (b)/Zn (0).
For |b| small enough, the analysis of the thermodynamic limit still holds and, thus,
asymptotically
ln Zn (b) ∼ nW (b),
n→∞

where the function W (b) is related to the generating function of connected correlation functions (4.25) by
W (b) = W(b = b)/n .
Moreover, this equation relates the coeﬃcients of the expansion in powers of b to
sums of connected correlation functions. The cluster property implies, at least if
the correlation length is ﬁnite, that all sums converge but one that corresponds to
translation invariance and gives a factor n. The function W (b) thus is expandable in
powers of b at b = 0. One ﬁnds results quite analogous to the central limit theorem
(see equation (3.8) with the correspondence b = ik). When the correlation length
is ﬁnite, the moments of the mean of the variables q , have the behaviour predicted
by the central limit theorem, although the variables q are not independent. This
result indicates that a collective behaviour with strong correlations is only possible
when the correlation length diverges.
4.5 Statistical models: Simple examples
Before discussing more thoroughly the Gaussian example, we illustrate the preceding
analysis by a few other simple examples.
(i) Inﬁnite temperature or independent variables. In expression (4.3), when the
conﬁguration energy E vanishes or the temperature T is inﬁnite, variables at diﬀerent sites become independent. The transfer matrix factorizes,


[T](q, q  ) = e−ω(q)/2 e−ω(q )/2 ,
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and becomes a projector on the vector e−ω(q)/2 . Thus, the eigenvalue corresponding
to this vector is positive and all other eigenvalues vanish. Not surprisingly, the
correlation length vanishes.
(ii) Translation invariant systems. The opposite limit corresponds to choosing
S(q, q  ) = E(q − q  )/T,
where E(q) is an even function.
In this example, the bound (4.5) is not satisﬁed and we replace it by
E(q) ≥ µ|q|.
We then recognize a version of the random walk studied in Section 3.3, in one
dimension in continuum space, the transfer matrix playing the role of the transition
probability. The transfer matrix is diagonalized by a Fourier transformation:


[T](q, q  ) = dk eik(q−q ) τ (k)
with

1
τ (k) =
2π



dq e−iqk−E(q)/T .

Thus, the transfer matrix has a continuous spectrum with eigenvalues τ (k). The
thermodynamic limit is dominated by the vicinity of k = 0. The correlation length
is inﬁnite. One can then deﬁne a continuum limit that is directly related to the
brownian motion of Section 3.3.1. In the statistical physics context, time is replaced
by position on the lattice and the transition probability by the transfer matrix.
(iii) Low-temperature limit. Consider now the example
S(q, q  ) = 12 (q − q  )2 /T +

1
2

(ω(q) + ω(q  )) .

where T , in the physical interpretation, is proportional to the temperature and
the function ω(q) is a regular function (e.g. a polynomial) positive with a unique
minimum at q = q0 :


ω(q) = 12 ω2 (q − q0 )2 + O (q − q0 )3 .
For T → 0, the leading conﬁguration to the partition function corresponds to all qk
equal. The p-point function reduces to
,

p
p −nω(q)
q n = dq q e
dq e−nω(q) .
Then, for n → ∞, only the vicinity of the conﬁguration q = q0 contributes and
q p n → q0p . To calculate connected functions, one can introduce the generating
function
 
Zn (b) = ebq n .
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The limit n → ∞ can be evaluated by the steepest descent method. One can thus
approximate ω(q) by 12 ω2 (q − q0 )2 . The generating function is given by

2
2
Zn (b) ∝ dq e−nω2 (q−q0 ) /2+bq ∝ ebq0 +b /2nω2
and, thus, the generating function of connected functions by
Wn (b) = bq0 + b2 /2nω2 ,
a result analogous to the central limit theorem. In particular, since the two-point
function is a constant, the correlation length is inﬁnite, a result that can be easily understood because the conﬁguration energy is dominated by the translation-invariant
term.
Finally, to study the vicinity of T = 0, one can also replace ω(q) by a quadratic
approximation. One is then led to a Gaussian distribution that we now discuss.
4.6 The Gaussian model
We now study more thoroughly the example of a Gaussian Boltzmann weight corresponding to a quadratic function (4.3).
To each point k ∈ Z of the lattice there is associated a real variable xk (e.g., the
deviation of a particle from its equilibrium position) and a statistical distribution
ρn (x) = e−Sn (x) /Zn ,
where we choose the function Sn (x) of the special form
Sn (x) =


k

J
1
2
(xk − xk−1 ) + ω 2 x2k ,
2T
2

ω,J > 0.

(4.27)

In the physical interpretation, the positive parameter T is the temperature, the
constant J characterizes the strength of the interaction between nearest neighbours
and ω characterizes the distribution for T = +∞, which can be generated by a
harmonic potential V (x) = 12 ω 2 x2 corresponding to a force of return to equilibrium.
Following the analysis of Section 4.5, one expects that a collective behaviour
can show up only at low temperature, where the coupling between neighbouring
points is the strongest. Indeed, for T → 0, the leading conﬁguration is obtained by
minimizing the energy and corresponds to all xk equal.
It is convenient to change the normalization of q, setting
xk = λqk

with

λ2 =

2

,
2
ω ω + 4T /J

and introducing a parameter θ > 0 deﬁned by
cosh θ = 1 + ω 2 T /2J ,

(4.28)
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√
T for T → 0:
θ ∼ ω
T →0


T /J .

In these new variables, the function Sn (equation (4.3)) becomes
Sn (q) =

n


S(qk , qk−1 )

(4.29)

k=1

with, in the notation (4.4),
 2

1
(q + q 2 ) cosh θ − 2qq  .
2 sinh θ

S(q, q  ) =

(4.30)

We ﬁrst calculate quantities of interest for a ﬁnite lattice k ∈ [0, n], imposing periodic boundary conditions: qn = q0 , and then study the limit of the inﬁnite system,
n → ∞.
To simplify expressions, it is also convenient to change the normalization of the
partition function and write the probability distribution as
ρn (q) =

1
1
e−Sn (q) .
Z(n, θ) (2π sinh θ)n/2

(4.31)

The partition function is then given by
 

n

√

Z(n, θ) =
k=1

dqk
2π sinh θ


exp [−Sn (q)] .

(4.32)

4.6.1 Gaussian transfer matrix: Algebraic properties
The transfer matrix T is now associated to the kernel (for more details see Section
4.1.2):
 2

1
1
[T](q, q  ) = √
(q + q 2 ) cosh θ − 2qq  .
exp −
2
sinh
θ
2π sinh θ

(4.33)

The operator T is real symmetric. The kernel [T](q, q  ) satisﬁes the bound (4.5)
and, thus, the traces of all powers of T exist. Its spectrum is discrete, real and
bounded and its eigenvectors are orthogonal.
Moreover, one veriﬁes that T is positive (see also Section 4.8). Indeed, using the
identity
1
2π





2

dp eip(q−q ) e−p

sinh θ/2

 2
1
e−(q−q ) /2 sinh θ ,
=√
2π sinh θ

(4.34)
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one ﬁnds, for all functions f in Hilbert space H,
1
(f, Tf ) =
2π


dp e

−p2 sinh θ/2



dq eipq e− tanh(θ/2)q

2

2
/2

f (q)

> 0.

The eigenvalues of T thus are positive.
In what follows, we use directly the notation and results of Section 4.3. In particular, we denote by ψν the eigenvectors of T and by τν the corresponding eigenvalues.
We also introduce the position operator Q̂, deﬁned by equation (4.12), and which
acts multiplicatively on the functions in Hilbert space:
[Q̂ψ](q) = q ψ(q).
For reasons that become clearer later, eigenvectors and eigenvalues of T can be
determined by an algebraic method inspired from the solution of the quantum harmonic oscillator.
Annihilation and creation operators. In the language of quantum mechanics, Q̂ is
the position operator. It is useful to also introduce the operator D̂, the generator
of q-space translations (and proportional to the momentum operator P̂ of quantum
mechanics), which acts on the dense subset of diﬀerentiable vectors in Hilbert space
by
dψ
.
(4.35)
[D̂ψ](q) =
dq
One veriﬁes the commutation relation (with the notation [U, V] ≡ UV − VU)
[D̂, Q̂] = 1 ,
where 1 is the identity operator. Using the notation
gation, with the deﬁnition for all operators Ô:

†

to indicate Hermitian conju-

(f, Ôg) = (Ô† f, g),
one notes that

Q̂ = Q̂† ,

D̂ = −D̂† ,

T = T† .

For example,

(f, D̂g) =

dq f (q)g  (q) = −

One then deﬁnes two operators

 √
A = D̂ + Q̂ / 2 ,



dq f  (q)g(q) = −(D̂f, g).


 √
A† = −D̂ + Q̂ / 2 ,

(4.36)

called, in the quantum language, annihilation and creation operators, respectively.
Conversely,

√
Q̂ = A + A†
2.
(4.37)
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The commutator of A and A† is
[A, A† ] = 1 .

(4.38)

Transfer matrix and operators A, A† . Using the explicit form (4.33), one ﬁrst
veriﬁes the equation


∂
∂

[T](q, q  ) = 0 .
−
q
+ q + e−θ
∂q
∂q 
Acting then with the operators AT and TA on an arbitrary vector ψ, one obtains



√
∂
+ q [T](q, q  )ψ(q  )
2ATψ](q) ≡ dq 
∂q



∂
= e−θ dq  ψ(q  ) q  −  [T](q, q  )
∂q



√
∂

+
q
ψ(q  ) ≡ 2 e−θ [TAψ](q),
= e−θ dq  [T](q, q  )

∂q
after an integration by parts. One infers the commutation relations
AT = e−θ TA ⇒ A† T = eθ TA† .

(4.39)

4.6.2 Transfer matrix. Eigenvectors and eigenvalues
The commutation relations (4.39) allow a simple determination of the spectrum and
the eigenvectors of the transfer matrix.
If ψν is the eigenvector of T associated to the eigenvalue τν , then,
A† Tψν = τν A† ψν = eθ TA† ψν .
Thus, if A† ψν does not vanish and is square integrable, A† ψν is also an eigenvector,
associated to the eigenvalue e−θ τν < τν .
Let us show that the ﬁrst condition is always satisﬁed. The equation A† ψ = 0
can be written explicitly as
−ψ  (q) + qψ(q) = 0 .
The solution is
ψ(q) ∝ eq

2

/2

,

which is not square integrable. Thus, there exists no vector ψ in H such that
A† ψ = 0.
The same argument, applied to A, yields
ATψν = τν Aψν = e−θ TAψν .
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Thus, if Aψν is square integrable and does not vanish, Aψν is also an eigenvector,
associated to the eigenvalue eθ τν > τν .
But since the operator T is bounded, there necessarily exists a maximum eigenvalue τ0 . The corresponding eigenvector ψ0 is thus such that
Aψ0 = 0 .

(4.40)

Writing equation (4.40) in a more explicit form, one ﬁnds the diﬀerential equation
ψ0 (q) + qψ0 (q) = 0 ,
whose solution

ψ0 (q) ∝ e−q

is square integrable.
One infers that the vectors

2

/2

 ν
ψν ∝ A† ψ0 ,

which, as one veriﬁes, are normalizable, are the eigenvectors of T associated to the
eigenvalues
τν = e−νθ τ0 .
Calculating the trace of T in two diﬀerent ways, one then ﬁnds

∞

1
τ0
tr T = dq [T](q, q) =
=
τν =
.
2 sinh(θ/2) ν=0
1 − e−θ
One infers the eigenvalues
τν = e−(ν+1/2)θ ,

ν ≥ 0.

(4.41)

1
2

(4.42)

Hamiltonian operator. The operator
H = A† A +

is analogous to the Hamiltonian operator of the quantum harmonic oscillator (in
units where Planck’s constant  = 1 and with unit frequency). It commutes with
the transfer matrix since (relations (4.39))
A† AT = e−θ A† TA = TA† A ,
and thus has the same eigenvectors. To determine the corresponding eigenvalues,
one acts with A† A on an eigenvector:
A† A(A† )ν ψ0 .
Commuting the operator A systematically with the operators A† placed to its right
with the help of relation (4.38), and ﬁnally using equation (4.40), one infers
Hψν = (ν + 12 )ψν .

(4.43)

From these eigenvalues, one then derives the relation between the transfer matrix
and the quantum Hamiltonian
T = exp (−θH) .

(4.44)

Finally, one notes that H, expressed in terms of the operators Q̂ and D̂, takes the
form
(4.45)
H = − 12 D̂2 + 12 Q̂2 .
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4.6.3 Partition function. Correlation functions
Partition function. The partition function can be written as (Section 4.1.2):
Z(n, θ) = tr Tn =



e−nθ(ν+1/2) =

ν=0

e−nθ/2
.
1 − e−nθ

(4.46)

Correlation functions. Since the measure is Gaussian, it suﬃces to calculate the
one- and two-point functions, other functions following from Wick’s theorem.
The explicit calculation is based on a few simple identities. First, using the
commutation relations (4.39) and the cyclic property of the trace, one ﬁnds
tr Tn Am = tr Tn A†m = 0 for

m > 0.

With the same ingredients, one obtains
tr AA† Tn = enθ tr A† A Tn .
Using the commutation relation (4.38), one ﬁnally obtains
tr A† A Tn =

2
tr Tn .
enθ −1

One-point function. The relation (4.37) implies that the one-point function is proportional to
tr Q̂Tn ∝ tr(A + A† )Tn = 0 .
Actually, this result directly follows from the symmetry [T](q, q  ) = [T](−q, −q  ).
Two-point function. The two-point function is given by (equation (4.16))
q0 q n = tr Tn−|| Q̂T|| Q̂/ tr Tn .
Using equation (4.46), the relation (4.37) and the commutation relations (4.39), one
obtains the explicit result


1 cosh (n/2 − ||)θ
.
(4.47)
q0 q n =
2
sinh(nθ/2)
Thermodynamic limit. In the thermodynamic limit n → ∞ (see Section 4.3), the
partition function (4.46) behaves like
Z(n, θ) ∼ e−nθ/2
and, thus, the free energy density (deﬁned by equation (4.19)) W/n has the ﬁnite
limit
T
θ
1
lim W ≡ ln Z = −T .
n→∞ n
n
2
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In the low-temperature limit T → 0, the relation (4.28) leads to θ ∼ ω
thus

1
1
lim W ∼ − ωT T /J .
n→∞ n
2
Similarly, the two-point function becomes
q0 q  =

1
2

e−θ|| .


T /J and

(4.48)

Large-distance behaviour. Expression (4.48) shows that the two-point function decays exponentially at large distance. One characterizes this behaviour by the correlation length (deﬁned by (4.22)), which here is given by
ξ = lim −
→∞

1
1

=
= ,
ln(|q0 q |)
ln(τ0 /τ1 )
θ

in agreement with the general result (4.23) and the spectrum (4.41).
For T → 0, that is, at low temperature,
ξ=

1
1
∼
θ
ω

and thus the correlation length diverges.
Moreover,

q0 q  =


J
T

1
,
2 tanh(θ/2)

and thus the distribution Rn (Q) of the mean variable Q =
totic Gaussian form (Section 4.4.1)
Rn (Q) ∼

#

 q /n

has the asymp-


2
n tanh(θ/2)/π e−n tanh(θ/2)Q .

4.7 Gaussian model: The continuum limit
Since for θ → 0, the correlation length diverges, we introduce the macroscopic scale
β = nθ and take the limit n → ∞, θ → 0 at nθ = β ﬁxed. This corresponds to
ﬁxing the length of the system in units of the correlation length, since n ∼ βξ. This
limit is called the continuum limit, in the sense that for quantities deﬁned at the
correlation length-scale, all traces of the initial lattice have disappeared.
Actually, in the Gaussian model all functions already have, on the lattice, their
continuum form, provided one chooses the proper parametrization. For example,
from equation (4.46) one infers
Z(n, θ) = Z(β) ≡

e−β/2
=
lim
θ→0 , nθ=β
1 − e−β

ﬁxed

Z(n, θ).

(4.49)
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4.7.1 Continuum limit and quantum Hamiltonian
The relation (4.44) between the Hamiltonian operator of the quantum harmonic
oscillator (4.45) and the transfer matrix shows, similarly, that
Tn = e−βH =

lim

θ→0 , nθ=β ﬁxed

Tn .

The partition function in the continuum limit can then be written as
Z(β) = tr e−βH .

(4.50)

Quite remarkably, the function tr e−βH , which coincides with the continuum limit
of a classical partition function, is also the quantum partition function associated
with the Hamiltonian operator H. In the quantum interpretation, β becomes the
inverse of the temperature in a unit system where Boltzmann’s constant kB = 1
and Planck’s constant  also equals 1.
Finally, in terms of the macroscopic position variable t = θ,  ∈ Z, the two-point
function (4.47) takes the form
q(0)q(t) =

1 cosh(β/2 − |t|)
.
2 sinh(β/2)

(4.51)

Therefore, it is equal to its limit when θ → 0,  → ∞ with t = θ ﬁxed, a limit
that again corresponds to ﬁxing the distance between two points in units of the
correlation length:  ∼ tξ.
We conclude that the partition function and correlation functions have a limit in
which all traces of the initial lattice have disappeared, thus called the continuum
limit. It has been possible to deﬁne such a continuum limit only because there
exists a limit in which the correlation length diverges.
Finally, in the continuum limit, the transfer matrix, expressed in terms of the
Hamiltonian quantum, T(β) = e−βH , has a quantum interpretation: it is the density
matrix at thermal equilibrium at the temperature 1/β, which is used to calculate
thermal expectation values. The equation
∂
T(β) = −HT(β),
∂β
written in terms of kernels in the representation where the operator Q̂ (position
operator in quantum mechanics) acts multiplicatively, takes the form of the partial
diﬀerential equation (see equation (4.45)):


∂
1
∂2
2
[T(β)](q, q  ) = −
+
q
(4.52)
[T(β)](q, q  )
−
∂β
2
(∂q)2
with the boundary condition
[T(0)](q, q  ) = δ(q − q  ).
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This is a diﬀusion or heat type equation, or a Schrödinger equation in ‘imaginary
time’.
Divergence of the correlation length and continuum limit. We have just exhibited a
ﬁrst example of the continuum limit associated with the divergence of a correlation
length. The existence of a continuum limit implies universality properties. In the
limit θ → 0 (here low temperature), the macroscopic properties of the statistical
model are independent of the detailed form of the transfer matrix. We could have
somewhat complicated the nearest-neighbour interaction and the distribution at
each site and have obtained the same continuum limit. Finally, the result is expressed in terms of the solution of a diﬀusion equation in continuum space in which
all traces of the initial lattice have disappeared.
Thermodynamic limit. In the continuum limit, the limit β → ∞ corresponds to the
thermodynamic limit of the classical statistical model and thus
1
1
ln Z(β) = − .
β→∞ β
2
lim

This is also the zero-temperature limit of the quantum model. In this limit, the
quantum partition function is dominated by the smallest eigenvalue, that is, the
ground state energy, of the quantum Hamiltonian. The study of the thermodynamic
limit of the classical system is thus related to the study of the ground state of the
quantum system.
In this limit, the two-point function reduces to
q(t)q(0) =

1
2

e−|t| .

(4.53)

Classical and quantum statistical physics. We have exhibited, in the continuum
limit, a relation between quantum statistical mechanics in zero dimension (only one
particle) and classical statistical mechanics in one dimension. Indeed, in the limit
θ → 0, nθ = β ﬁxed, the classical partition function tends, except for a trivial
normalization, toward the partition function of a quantum particle. This type
of relations is not special to the Gaussian example, extends to some correlation
functions and generalizes to higher dimensions: quantum statistical mechanics in
(d−1) dimensions of space has relations, in the low-temperature limit, with classical
statistical mechanics in d dimensions. Therefore, although in this work, we are
interested mainly in classical statistical mechanics, its study in the continuum limit
leads to results transposable to quantum theory.
4.7.2 Decimation and the continuum limit
One again considers the transfer matrix [T](q, q  ) (equation (4.33)). From the representation (4.44), one infers
T(θ)T(θ ) = T(θ + θ ),
where T(θ) is the operator with kernel [T](q, q  ) and parameter θ, a result that one
can also verify directly by explicit calculation.
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To calculate the partition function, one can then use a method known as decimation which consists in recursively grouping the sites of the lattice pairwise. It is
the analogue, for this problem, of the transformations discussed into Section 3.2.
Decimation amounts for the transfer matrix to the transformation
T → T2 .
In the Gaussian example, since
T2 (θ) = T(2θ),
the parameter θ transforms into 2θ and the iteration of the transformation generates
the sequence Tm (θ) = T(2m θ).
A ﬁxed point must satisfy
T(2θ) = T(θ),
an equation that has only the solution θ = 0 and thus T = 1 (leaving aside the
ﬁxed point θ = ∞, which corresponds to independent sites and vanishing correlation
length). This is the limiting situation of vanishing temperature, where all random
variables are equal and the correlation length is inﬁnite, which we have discussed
in example (iii) of Section 4.5.
One then notes that, for θ > 0, the correlation length, which is ﬁnite, is divided
by two at each iteration and thus converges to zero. Iterations move away from the
ﬁxed point that corresponds to an inﬁnite correlation length and the parameter θ
is thus associated to an unstable direction, that is, to a relevant perturbation.
However, universality reduced to one point θ = 0 is of limited physical relevance.
On the other hand, we have proved the existence of a continuum limit possessing
universality properties. We now show how to recover, in this context, asymptotic
universality in the vicinity of a ﬁxed point, here for 0 < θ
1, using an idea that
will play an important role later in this work.
1,
The idea is to iterate the transformation m times such that 2m  1, but 2m θ
that is, such that the correlation length after m iterations is still large with respect
to the lattice spacing. One way to realize this situation is to divide θ by two at
each iteration and, thus, to multiply by two the initial correlation length. This
corresponds to the combined transformation
Tm (θ) → Tm+1 (θ) = T2m (θ/2)

(4.54)

and, thus, Tm (θ) = T(θ).
This transformation is such that the correlation length of the transformed system
remains constant, but diverges in the initial lattice scale.
In the Gaussian model, the transformation (4.54) is the identity. This reﬂects the
property that even on the lattice, in this model, irrelevant perturbations are absent.
The strategy of adjusting the initial amplitude of a relevant perturbation in such
a way that the iterated amplitude remains ﬁnite, has a direct analogue in quantum
or statistical ﬁeld theory, where it takes the form of a mass renormalization. The
analogue of the asymptotic universality that we have just deﬁned will then be the
universality in the critical domain (see Section 9.4.4).
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4.8 More general models: The continuum limit
The results obtained in the Gaussian example generalize to a particular class of
functions (in the representation (4.4))
S(q  , q) = (q − q  )2 /2ε + 12 εV (q) + 12 εV (q  ),

(4.55)

where
√ V (q) ≥ 0 is, for example, a polynomial and ε a parameter that plays the role
of T in the Gaussian example. We are then interested in the ε → 0 asymptotic
behaviour.
We deﬁne the transfer matrix by

1
e−S(q ,q) .
[T](q  , q) = √
2πε

(4.56)

The partition function (always with the periodic boundary condition q0 = qn ) is
given by
Zn (ε) = tr Tn .
By using, in particular, identity (4.34) one can express the operator T in terms of
the operators (4.12) and (4.35). One ﬁnds
2

T = e−εV (Q̂)/2 eεD̂

/2 −εV (Q̂)/2

e

,

where again
T = UU† ,

2

U = e−εV (Q̂)/2 eεD̂

/4

,

a form that also shows that the operator T is positive.
The trace of T is ﬁnite if V (q) tends to inﬁnity fast enough for |q| → ∞. Indeed,


tr T = dq [T](q, q) = dq e−εV (q) .
Thus, the sum of the eigenvalues τk of T (which are positive) is bounded,
tr T =


k

τk < ∞ ⇒ τk → 0 ,
k→∞

and this implies that eigenvalues accumulate to zero.
Continuum limit ε → 0. Since T is positive, one can deﬁne the Hermitian operator
ln T (it has the same eigenvectors as T and has ln τk as eigenvalues).
For ε → 0, T tends toward the identity operator and, thus, ln T → 0. To
determine the leading behaviour of ln T, it suﬃces to estimate T − 1. Expanding
the product, one ﬁnds


T − 1 = −ε − 12 D̂2 + V (Q̂) + O(ε2 ).
(4.57)
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One infers
H = − lim

ε→0

2
1
ln T = − 12 D̂2 + V (Q̂) ⇒ T = e−εH+O(ε ) .
ε

The operator H is the quantum Hamiltonian of a particle with unit mass, inside a
potential V (q) (in a unit system where  = 1). In the limit ε → 0 at nε = β ﬁxed,
one thus ﬁnds
Z(β) = tr e−βH .
Again, the classical partition function, in the continuum limit, tends toward the
quantum partition function of a one-particle system. In the thermodynamic limit
1
ln Z(β) = −E0
β→∞ β

W = lim

and, thus, the classical free energy density is proportional to the energy E0 of the
quantum ground state.
This continuum limit is associated with the divergence of the correlation length
ξ. Indeed,
ξ −1 = ln(τ0 /τ1 ) ∼ ε(E1 − E0 ),
where E0 < E1 are the two lowest eigenvalues of H.
Again, the continuum limit can be reached by a generalization of the transformation (4.54), used in the Gaussian example. Here, the natural choice is
Tm (ε) → Tm+1 (ε) = T2m (ε/2),

T0 (ε) = T(ε),

which, asymptotically, corresponds to a constant correlation length in the transformed models. In a technical sense, the transformation also corresponds to Trotter’s formula eA = limm→∞ (eA/m )m . The iteration of this transformation suppresses irrelevant corrections since in the expansion of ln T in powers of ε, the
coeﬃcients of terms of degree larger than one all go to zero:
lim Tm (ε) = e−εH .

m→∞

Finally, we could have chosen a transfer matrix without irrelevant corrections, like
in the Gaussian example, by solving the equation
∂
T(ε) = −HT(ε),
∂ε
which, in terms of the associated kernel, takes the form of the partial diﬀerential
equation


∂
1 ∂2
[T(ε)](q, q  ) = − −
+
V
(q)
[T(ε)](q, q  ).
∂ε
2 (∂q)2
Let us point out that, since to each quantum Hamiltonian is associated a continuum
limit, the ﬁxed point T = 1 has an inﬁnite number of relevant perturbations.
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Exercises
Exercise 4.1
The segment. Consider a function S(q − q  ) (equation (4.4)) of the form
S(q, q  ) = |q − q  |/T .
where q belongs to the interval [−1, 1] and T is a positive parameter that, from the
physics viewpoint, has the interpretation of a temperature.
The eigenvectors ψ(q) of the transfer matrix corresponding to an eigenvalue τ
then satisfy

+1



dq  e−|q−q |/T ψ(q  ) = τ ψ(q).

(4.58)

−1

(i) Determine the eigenvectors and eigenvalues of the transfer matrix. It will prove
useful to diﬀerentiate the eigenvalue equation.
(ii) Infer the correlation length. What can be said of the limit T → 0?
Solution. The eigenvectors are even or odd functions.
Diﬀerentiating once equation (4.58), one ﬁnds


+1
−1



dq  sgn(q  − q) e−|q−q |/T ψ(q  ) = T τ ψ  (q),

where sgn(q) is the function sign of q: sgn(q > 0) = 1, sgn(q < 0) = −1.
For q = ±1, one can relate the values of the function ψ and its derivative. One
ﬁnds
q=1:

ψ(1) = −T ψ  (1),

q = −1 :

ψ(−1) = T ψ  (−1).

(4.59)

Diﬀerentiating again and using equation (4.58), one obtains the diﬀerential equation
−2T ψ(q) + τ ψ(q) = τ T 2 ψ  (q).
It is convenient to set
k2 =

1
2
2T
− 2 ⇒ τ=
.
Tτ
T
1 + k2 T 2

The solutions satisfying the boundary conditions (4.59) are
ψ+ (q) = cos kq with
ψ− (q) = sin kq with

kT tan k = 1 ,
tan k = −kT .

Combining the two equations, one ﬁnds the spectral condition
tan(2k) = −

2kT
.
1 − k2 T 2
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The interesting situation is T → 0 where correlations are the largest. Then (m
positive integer),
k = 12 mπ(1 − T ) + O(T 2 ),

m > 0 ⇒ τm−1 =

2T
+ O(T 4 ).
1 + T 2 m2 π 2 /4

One infers the correlation length
1
4
∼ 2 2.
ln(τ0 /τ1 )
3π T

ξ∼

The correlation length diverges for T → 0. The complete spectrum of − ln T in this
limit takes the form
− ln(τm /2T ) ∼ (m − 1)2 π 2 T 2 /4 .
The divergence of the correlation length allows deﬁning a continuum limit and a
path integral of random walk type, but with reﬂection boundary conditions on two
walls located at q = ±1.
Exercise 4.2
The circle. We now consider the situation where the random variable q belongs to
a circle of unit radius and the transfer matrix is a periodic function deﬁned by
S(q, q  ) = − cos(q − q  )/T .
This model possesses an O(2) orthogonal symmetry, corresponding to the group of
rotation–reﬂections in the plane:
S(q + a, q  + a) = S(q, q  ),

S(−q, −q  ) = S(q, q  ).

(i) Determine the eigenvectors and eigenvalues of the transfer matrix.
(ii) Infer the correlation length. Study the limit T → 0.
(iii) In this context, it is natural to consider correlation functions of periodic functions of the variable q, since q is deﬁned only mod 2π. Therefore, calculate the
expectation values of products of the functions e±iq for one and two points, ﬁrst
at ﬁnite size, then in the thermodynamic limit.
√
Solution. The eigenfunctions are eiνq / 2π with ν integer. Indeed, these functions
diagonalize the transfer matrix:
1
2π



+π

dq dq  eiνq−iν

 

q

ecos(q−q

−π




)/T

= δνν 

+π

dq eiνq ecos q/T
−π

and, thus, the eigenvalues are given by

τν = τ−ν =

+π

−π

dq eiνq ecos q/T = 2πIν (1/T ),
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where the function Iν is a modiﬁed Bessel functions (see Exercise 2.4). The transfer
matrix can then be expanded as
[T](q, q  ) =


1 
τν eiν(q−q ) .
2π ν

In the limit T → 0, the eigenvalues can be evaluated by the steepest descent method.
One ﬁnds (see Exercise 2.4)




√
2
2
τν = 2πT e1/T e−T (ν −1/4)/2 +O(T 2 ) = τ0 e−T ν /2 +O(T 2 ) .
(ii) In the low-temperature limit T → 0, the correlation length (equation (4.23))
2
1
∼
ln(τ0 /τ1 )
T

ξ∼

diverges. One can deﬁne a continuum limit, which corresponds to the brownian
motion on the circle.
Finally, let us point out that the asymptotic spectrum is the exact spectrum of
another transfer matrix on the circle that can be written as


2
e−(q−q +2mπ) /2T .
[T](q, q  ) =
m∈Z

Then,



+π

dq eiνq [T](q, 0) =
−π


m∈Z
+∞



(2m+1)π

dq eiνq−q

/2T

(2m−1)π

dq eiνq−q

=

2

2

/2T

=

√
2
2πT e−T ν /2 .

−∞

(iii) Translation invariance on the circle implies
 ±iq 
e  =0


and, moreover, that the only non-vanishing two-point function is eiq1 e−iq2 . Using expression (4.16), one ﬁnds ( = |1 − 2 |)
Zn(2) () = Zn−1 tr eiQ̂ T e−iQ̂ Tn−






1
eiν (q−q ) eiq τν eiν(q −q) e−iq
= Zn−1 2
τνn−
dq dq 

4π
ν,ν 

n−
= Zn−1
τν−1 τν .
ν

In the thermodynamic limit
Z (2) () = (τ1 /τ0 ) = e−/ξ .
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Exercise 4.3
Ising model: One dimension. In the Ising model, the random variables Si at each
lattice site i, called spins, take only two values ±1. The model also has a Z2 reﬂection symmetry corresponding to spin reversal Si → −Si . The partition function of
the Ising model in one dimension, with nearest-neighbour interactions, and in the
presence of a uniform magnetic ﬁeld h breaking the Z2 symmetry, is given by


Z =

exp [−βE(S)]

(4.60)

{Si =±1}

with the conﬁguration energy
E(S) = −

n


JSi Si+1 − hSi ,

J > 0.

(4.61)

i=1

Solve the model by the transfer matrix method. Calculate the free energy and the
correlation length.
Solution. The transfer matrix is a 2 × 2 matrix that can be written as
 

[T](S , S) = exp β JSS  + 12 h(S + S  ) , or T =




eβ(J+h)
e−βJ

e−βJ
eβ(J−h)


, (4.62)

where the matrix elements correspond to the values ±1 of S and S  .
The two eigenvalues are
τ± = eβJ cosh(βh) ±

sinh2 (βh) + e−4βJ .

The thermodynamic limit corresponds to the limit  → ∞. The partition function
is related to the largest eigenvalue of the transfer matrix. The free energy density
then is
W = βJ + ln cosh(βh) +

sinh2 (βh) + e−4βJ .

The correlation length is related to the ratio of the two eigenvalues (the two largest,
but there are only two):
ξ −1

⎡
 ⎤
2
−4βJ 1/2
e
sinh βh +
⎦.
= ln(τ+ /τ− ) = 2 tanh−1 ⎣
cosh βh

(4.63)

The correlation length diverges only in zero ﬁeld, at zero temperature: ξ(β, h =
0) ∝ e4βJ .
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Exercise 4.4
The O(ν) model: One space dimension. We now consider a (classical) spin model
with O(ν) symmetry (the orthogonal group of rotations–reﬂections in ν space dimensions) and nearest-neighbour interactions in one space dimension, a generalization of the O(2) example of Exercise 4.2.
More speciﬁcally, at each lattice site the random variables form a ν-component
spin vector S with unit length (S belongs to the sphere Sν−1 ). One then considers
the partition function


n

dSi δ(S2i − 1) exp [−βE(S)]

Z =

(4.64)

i=1

where the symbol dS δ(S2 − 1) means uniform measure on the sphere and the
conﬁguration energy is
E(S) = −J




Si · Si+1 ,

J > 0.

(4.65)

i=1

Determine the two leading eigenvalues of the transfer matrix at low temperature.
Some relevant geometric remarks on the O(ν) group can be found in Exercise 8.1.
In particular, we consider the integral

(4.66)
z(h) = dS δ(S2 − 1) eS·h ,
where h is an arbitrary vector. Due to rotation invariance, one can always choose
h = (0, h) and, for α < ν, use the parametrization Sα = nα sin θ, where 0 and n
are (ν − 1)-component vectors with n2 = 1, and Sν = cos θ, 0 ≤ θ < π. Then,
S · h = h cos θ. For ν = 2,
 π
z(h) = 2
dθ eh cos θ .
0

More generally,
dS δ(S2 − 1) = dn δ(n2 − 1)dθ (sin θ)ν−2 ,
where (sin θ)ν comes from the change of variables and 1/ sin2 θ from the δ function.
After integration over n, which yields the surface of the sphere Sν−2 , one obtains
the measure
2π ν/2−1/2

 dθ(sin θ)ν−2
Γ 12 (ν − 1)
for the O(ν) group and, thus,
2π ν/2−1/2

z(h) =  1
Γ 2 (ν − 1)



π

dθ(sin θ)ν−2 eh cos θ .
0
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Solution. The transfer matrix now corresponds to the kernel (setting v = βJ)


[T](S , S) = evS·S ,
with, as integration measure, the uniform measure on the sphere S2 = 1.
For any transfer matrix function only of the scalar product S · S , the eigenvectors
follow from purely geometric considerations. They are related to the irreducible
representations of the O(ν) group, here, symmetric tensors with vanishing partial
traces derived from tensor products of the vector S. The eigenvector corresponding
to the largest eigenvalue is invariant under the group O(ν) and thus is a constant.
Identifying vS with h in (4.66), one ﬁnds




dS δ(S2 − 1) evS·S
 π
2π ν/2−1/2

= 1
dθ(sin θ)ν−2 ev cos θ = (2π)ν/2 v 1−ν/2 Iν/2−1 (v),
Γ 2 (ν − 1) 0

τ0 =

where cos θ = S · S and Iν (v) is a modiﬁed Bessel function (generalized to ν non-integer).
For v → ∞, the integral can be evaluated by a slightly adapted version of the
steepest descent method (Exercises 2.4 and 2.8). One ﬁnds

τ0 (v) ∼

2π
v

(ν−1)/2



ev 1 − 18 (ν − 1)(ν − 3)/v + O(1/v 2 ) .

The second eigenvalue corresponds to an eigenvector proportional to the vector S.
One veriﬁes


τ1 (v)S = dS δ(S2 − 1) evS·S S .
Taking the scalar product with S, one infers the eigenvalue
 π
2π ν/2−1/2


τ1 (v) =
dθ(sin θ)ν−2 cos θ ev cos θ = τ0 (v)
Γ 12 (ν − 1) 0


= τ0 1 − 12 (ν − 1)/v + O(1/v 2 ) .
The behaviour of the correlation length follows:
ξ ∼

v→∞

v
.
2(ν − 1)
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Exercise 4.5
Gaussian model. In the case of the Gaussian model, the partition function is given
by a Gaussian integral that can thus be calculated directly. For this calculation, it
is suggested to ﬁrst determine the eigenvalues of the symmetric matrix associated
with the quadratic form (4.29).
Solution. The integral (4.32) is Gaussian. Denoting by Λij the matrix such that
expression (4.29) can be written as
Sn (q) =
one ﬁnds

n

1
Λij qi qj ,
2 sinh θ i,j=1

Z(n, θ) = (det Λ)−1/2 .

One can calculate the determinant as a product of the eigenvalues λ of the matrix
Λ. The eigenvalue equation reads
n


Λjk qk = sinh θ

k=1

∂Sn
≡ 2 cosh θqj − qj+1 − qj−1 = λqj ,
∂qj

with the condition qn = q0 . Due to the translation symmetry of the lattice with
periodic boundary conditions, the eigenvectors have the form qi = ri where the
constant r satisﬁes rn = 1 and
λ = 2 cosh θ − r − r−1 .
The parameter r is a root of 1, r = e2iπ/n , and thus


λ = 2 cosh θ − cos(2π/n) ,

0 ≤  < n.

One infers the partition function
&n−1
Z(n, θ) =

'−1/2


2 cosh θ − cos(2π/n)
.

(4.67)

=0

It is possible to calculate the product explicitly. Using the parametrization (4.28),
one ﬁnds the identity
n−1



2 cosh θ − cos(2π/n) = 2 (cosh nθ − 1) = 4 sinh2 (nθ/2).

=0

(This can be proved by comparing the roots and normalization of the two polynomials in the variable cosh θ.) One then recovers the explicit form (4.46) of Z(n, θ).

5 Continuum limit and path integrals

In Chapter 4, we have studied statistical models deﬁned on one-dimensional lattices. In particular, in Section 4.7 within the framework of the Gaussian model, we
have shown that in the limit of divergent correlation length, it is possible to deﬁne
a continuum limit provided one considers only quantities deﬁned at a distance-scale
proportional to the correlation length. The quantities characteristic of the continuum limit can then be calculated using a formalism of quantum mechanics type, in
which any trace of the initial lattice structure has disappeared.
For example, the classical partition function of the Gaussian model (equation
(4.32)) converges, in the corresponding limit, toward the partition function of the
quantum harmonic oscillator.
Finally, we have shown that the Gaussian example can be generalized and that
for a whole class of transfer matrices a continuum limit can be deﬁned. Again, the
continuum limit has an interpretation in terms of a quantum partition function.
We show now that, as in the case of the random walk, one can associate to the
continuum limit a path integral, which generalizes the path integral (3.63) of the
Brownian motion. We ﬁrst study the Gaussian example which is simpler, and then
the general case. However, the purpose of this chapter is not to present a thorough
introduction to path integrals, and the interested reader is referred to the specialized
literature.
5.1 Gaussian path integrals
The partition function of the Gaussian model on a one-dimensional lattice, with
length n and periodic boundary conditions, can be written as (equation (4.32))
 n
dqk
√
exp [−S(n, θ, q)]
Z(n, θ) =
2π sinh θ
k=1
(qn = q0 ) with
S(n, θ, q) =

n


S(qk , qk−1 )

(5.1)

k=1

and (equation (4.30))
 2

1
(q + q 2 ) cosh θ − 2qq  .
2 sinh θ
In the same limit θ → 0, S(n, θ, q) reduces to
S(q, q  ) =

S(n, θ, q) ∼

n

(qk − qk−1 )2
θ
+ qk2 .
2θ
2
k=1

(5.2)
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We now associate to the positions k on the lattice the values of a real coordinate t
with
tk = kθ , tn = nθ = β .
Notice that if θ → 0 at t = kθ ﬁxed, then k is proportional to ξ = 1/θ, that is, the
positions tk on the lattice are proportional to the correlation length.
We also introduce the function
q(t) = qk−1 + (qk − qk−1 ) (t − tk−1 )/θ

for

tk−1 ≤ t ≤ tk ,

which provides a linear interpolation between the points qk , as in the example of
Figure 3.1.
The following two identities

n
1  (qk − qk−1 )2
1 β
=
dt q̇ 2 (t),
2
θ
2 0
k=1

as well as, for θ → 0,
θ

n

k=1


qk2 ∼

β

dt q 2 (t),
0

allow taking the formal continuum limit, θ → 0 at nθ = β ﬁxed. One ﬁnds
 β


lim
S(n, θ, q) =
dt 12 q̇ 2 (t) + 12 q 2 (t) .
S0 (q) =
θ→0 , nθ=β ﬁxed

(5.3)

0

The partition function is then given by the Gaussian path integral

lim
Z(n, θ) = [dq(t)] exp[−S0 (q)]
(5.4)
Z0 (β) =
θ→0 , nθ=β ﬁxed
"
with q(0) = q(β) (periodic boundary conditions), where the notation [dq(t)] means
the sum over all paths.
The quantity S0 (q), which is proportional to the classical action of a harmonic
oscillator in imaginary time, is also called, in the framework of quantum physics,
the Euclidean action. The path integral also yields directly the partition function
(4.49) of the quantum harmonic oscillator.
This path integral representation can be generalized to the kernel associated to
the statistical operator e−βH in the case of the more general quantum Hamiltonians
considered in Section 4.8.
Remark. Here, as in the example of the path integral (3.63), the notation q̇ seems to
indicate that generic paths contributing to the path integral are diﬀerentiable. For
the same reasons, this is not the case. For θ → 0, the typical paths that contribute
satisfy
[q(t + θ) − q(t)]2 /θ = O(1),
θ→0

like Brownian paths.
" In particular, [dq(t)] does not represent a measure over paths.
The factor exp[− 12 q̇ 2 dt] belongs to the measure and speciﬁes the space of paths
that contribute to the integral.
Nevertheless, the notation is useful because the paths that yields the leading contributions to the path integral are in the vicinity of classical paths, which themselves
are diﬀerentiable.
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5.1.1 Generating functional. Functional derivative. Correlation functions
As in the case of discrete variables, to discuss the algebraic properties of correlation
functions, it is useful to introduce the concepts of generating functional, a generalization of the generating functions introduced in Section 2.1, and of functional
derivatives.
Generating functional. We ﬁrst introduce the notion of generating function (also
called in this context the generating functional) of correlation functions.
Let {F (n) (t1 , . . . , tn )}, n = 0, 1, . . ., be a sequence of functions symmetric in all
their arguments. We introduce an additional function of one variable f (t) and
consider the following formal series in f :

∞

1
dt1 . . . dtn F (n) (t1 , . . . , tn )f (t1 ) . . . f (tn ).
F (f ) =
n!
n=0

(5.5)

One calls F (f ) the generating functional of the sequence of functions F (n) .
More generally, we will admit distributions also for the F (n) ’s. In such a case,
the function f (t) must belong to the corresponding class of test functions and thus
be considered implicitly as continuous or even suﬃciently diﬀerentiable.
Functional derivative. To calculate a function F (n) starting from F (f ), we then
need the notion of functional derivative, denoted in this work by δ/δf (t).
The functional derivative is deﬁned by the properties that it satisﬁes the usual
algebraic rules of a diﬀerential operator:
δ
δ
δ
[F1 (f ) + F2 (f )] =
F1 (f ) +
F2 (f ),
δf (t)
δf (t)
δf (t)
δ
δ
δ
[F1 (f )F2 (f )] = F1 (f )
F2 (f ) + F2 (f )
F1 (f )
δf (t)
δf (t)
δf (t)

(5.6)

and, moreover, for any function G(t),
δ
δf (u)


dt G(t)f (t) = G(u).

(5.7)

The derivative of F (f ), for example, is

∞

1
δ
F (f ) =
dt1 . . . dtn F (n+1) (u, t1 , . . . , tn )f (t1 ) . . . f (tn ).
δf (u)
n!
n=0

(5.8)

Then, by diﬀerentiating p times and taking the limit f ≡ 0, one ﬁnds
)
F

(p)

(t1 , . . . , tp ) =

p

δ
δf (ti )
i=1

 .
F

.
f ≡0

(5.9)
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Correlation functions. In what follows, we calculate correlation functions of the
form
Z (n) (t1 , . . . , tn ) = q(t1 ) . . . q(tn ) ,
where q(t) is the value of the random function q at point t, and • indicates
expectation value with respect to some functional measure for the paths q(t).
It is then convenient to introduce the generating function of correlation functions
(continuum generalization of the generating functions introduced in Section 2.1)
 1 
Z(f ) =
dt1 . . . dtn Z (n) (t1 , . . . , tn )f (t1 ) . . . f (tn )
n!
n=0
 1 
=
dt1 . . . dtn q(t1 ) . . . q(tn ) f (t1 ) . . . f (tn )
n!
n=0
/
0

= exp
dt q(t)f (t) .
(5.10)
One notes
δ
exp
δf (t1 )
and, thus,

)




dt q(t)f (t) = q(t1 ) exp

n

δ
δf
(ti )
i=1



.


exp

dt q(t)f (t)

n

dt q(t)f (t)

=
f ≡0

q(ti ).
i=1

Applied to the functional (5.10) and combined with the identity (5.9), this yields
)

n

δ
δf (ti )
i=1



.
Z(f )

= Z (n) (t1 , . . . , tn ) = q(t1 ) . . . q(tn ) .

(5.11)

f ≡0

Remark. The formalism can also be extended to the situation where the F (n) are
no longer functions but general distributions. For example,
δ
f (t) = δ(u − t),
δf (u)

δ df (t)
δ d
=
dz δ(t − z)f (z)
δf (u) dt
δf (u) dt
d
= δ(t − u),
dt
where δ(t) is Dirac’s function (more exactly distribution).
In this way, it is possible to derive the equations of the classical motion, in the
Lagrangian formalism, by acting on the action with a functional derivative and the
variational calculation then takes a purely algebraic form.
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Consider, for example, the action, the integral of the Lagrangian,

S(q) =

 
2


1
q̇(t)
−
V
q(t)
.
2

dt

Its functional derivative is
δS
=
δq(τ )


dt q̇(t)





d
δ(t − τ ) − V  q(t) δ(t − τ ) = −q̈(τ ) − V  q(τ ) .
dt

The equation δS/δq(τ ) = 0 is the equation of the classical motion.
5.1.2 Gaussian correlation functions
In Section 5.1, we have introduced the formal notion of path integral. In Section
2.2, we have shown that the Gaussian integral with a linear term is a generating
function of expectation values of polynomials with a Gaussian measure. We now
generalize the method to the path integral.
It is convenient to replace the interval [0, β] by [−β/2, β/2], which corresponds to
a simple time translation, t → t − β/2, but leads to a more transparent discussion
of the thermodynamic limit.
We thus consider the path integral

ZG (b, β) =

[dq(t)] exp[−SG (q, b)]

(5.12)


(t) + 12 q 2 (t) − b(t)q(t) .

(5.13)

q(β/2)=q(−β/2)

with


SG (q, b) =

β/2

dt
−β/2

1

2 q̇

2

Deﬁning the expectation value of any functional of q(t) by
F(b) ≡

Z0−1 (β)


[dq(t)]F (b) exp [−S0 (q)] ,
q(β/2)=q(−β/2)

we can write ZG (b, β) as
%
ZG (b, β) = Z0 (β) exp

&

β/2

'(
dt b(t)q(t)

.

−β/2

Therefore, ZG (b, β), as a functional of b(t), is a generating function of correlation
functions, generalizing the generating function (2.1) (for details see Section 5.1.1).
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5.1.3 Gaussian integral: Explicit calculation
Generalizing the calculation of the Brownian motion, we now show that the Gaussian path integral (5.12) can be calculated without reference to the limit of a discrete
process, up to normalization.
To eliminate the term linear in q in SG (q, b), one changes variables (a translation
for any time t):
q(t) → r(t) = q(t) − qc (t),
where the function qc (t) is a solution of the classical equation of motion
δSG
δq(t)

= −q̈c (t) + qc (t) − b(t) = 0 ,

(5.14)

q=qc

with the periodic boundary conditions
qc (β/2) = qc (−β/2),

q̇c (β/2) = q̇c (−β/2).

(5.15)

The boundary conditions imply r(β/2) = r(−β/2). Then,

SG (q, b) = S0 (r) + SG (qc , b) +

β/2

−β/2

dt [ṙ(t)q̇c (t) + r(t)qc (t) − b(t)r(t)] .

One integrates by parts the term linear in ṙ:




β/2
−β/2

dt ṙ(t)q̇c (t) = r(β/2)q̇c (β/2) − r(−β/2)q̇c (−β/2) −

β/2

−β/2

dt r(t)q̈c (t).

The conditions (5.15) imply that the integrated term vanishes. The term linear
in r(t) then vanishes because the function qc (t) is the solution of the diﬀerential
equation (5.14).
The solution of equation (5.14) can then be written as

qc (t) =

β/2

−β/2

∆(t − u)b(u)du ,

(5.16)

where the function ∆(t) is also the solution of the diﬀerential equation
¨
−∆(t)
+ ∆(t) = δ(t)
(δ is Dirac’s function) with the periodic boundary conditions
∆(β/2) = ∆(−β/2),

˙
˙
∆(β/2)
= ∆(−β/2).

The equation (5.16) is the continuum analogue of equation (2.10) and the kernel
∆(t − u) is the inverse of the diﬀerential operator −d2t + 1 with periodic boundary
conditions.
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The solution of the diﬀerential equation is
∆(t) =

1
cosh(β/2 − |t|),
2 sinh(β/2)

(5.17)

where one recognizes the two-point function (4.51).
This can be veriﬁed either by inserting the expression into equation (5.16), or
directly, in the sense of distributions (sgn(t) is the sign function),
sgn(t)
sinh(β/2 − |t|)
2 sinh(β/2)
δ(t)
¨
∆(t)
= ∆(t) −
sinh(β/2 − |t|) = −δ(t).
sinh(β/2)

˙
∆(t)
=−

One then infers

SG (qc , b) =

β/2

dt

1

2
2 q̇c (t)

−β/2



β/2

=
−β/2

1
=−
2




+ 12 qc2 (t) − b(t)qc (t)



dt qc (t) − 12 q̈c (t) + 12 qc (t) − b(t)
β/2

1
dt qc (t)b(t) = −
2
−β/2



β/2
−β/2

dt du b(t)∆(t − u)b(u).

The remaining integral

N =

[dr(t)] exp[−S0 (r)],
r(β/2)=r(−β/2)

where S0 is the function (5.3), cannot be evaluated completely in the continuum
(see also the discussion of Section 3.5). However, it depends only on β and is equal
to the partition function Z0 (β) of the harmonic oscillator (equations (4.49) and
(4.50)). Thus,
ZG (b, β) = Z0 (β) e−SG (qc ,b)
& 
'
1 β/2
= Z0 (β) exp
du dv ∆(v − u)b(v)b(u) .
2 −β/2

(5.18)

Thermodynamic limit. The function ∆(t) simpliﬁes in the thermodynamic limit,
that is, when β → ∞. One then ﬁnds
∆(t) =

1 −|t|
1
e
=
2
2π



+∞

dκ
−∞

eiκt
.
+1

κ2

(5.19)
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5.2 Gaussian correlations. Wick’s theorem
Diﬀerentiating twice expression (5.18), one ﬁnds the two-point correlation function
q(t)q(u) = Z0−1 (β)

δ2
ZG (b, β)
δb(t)δb(u)

= ∆(t − u).

(5.20)

b≡0

More generally,
p

q(t1 )q(t2 ) . . . q(tp ) =
j=1

1
δ
exp
δb (tj )
2


du dv ∆(v − u)b(v)b(u)

.
b≡0

Each functional derivative, acting on the exponential of the quadratic form, generates a new factor b:

1
δ
exp
du dv ∆(v − u)b(v)b(u)
δb(t1 )
2


1
= du1 ∆(t1 − u1 )b(u1 ) exp
du dv ∆(v − u)b(v)b(u) .
2
Wick’s theorem. The arguments of Section 2.2 apply here again. The only terms
that survive in the limit b ≡ 0 correspond to all possible pairings of functional
derivatives. One recovers the general property of the centred Gaussian measure: all
Gaussian correlation functions can be expressed in terms of the two-point function
in a way speciﬁed by Wick’s theorem:
q(t1 )q(t2 ) . . . q(t ) =


all possible pairings
P of {1,2,...}

=



∆(tP1 − tP2 ) . . . ∆(tP−1 − tP )


q(tP1 )q(tP2 ) . . . q(tP−1 )q(tP ) .

all possible pairings
P of {1,2,...}

(5.21)

5.3 Perturbed Gaussian measure
In various situations, we will be led to study the eﬀect of small deviations from the
Gaussian measure. Moreover, we have indicated in Section 4.8 how more general
continuum limits can be generated.
For instance, the partition function with periodic boundary conditions, corresponding in the continuum limit to the quantum Hamiltonian
H = 12 P̂2 + 12 Q̂2 + VI (Q̂),

(5.22)
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is given by the path integral
) 

Z(β) = [dq] exp −

β/2

−β/2

1

2 q̇

2

(t) +

1 2
2 q (t)



+ VI q(t) dt
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(5.23)

with q(−β/2) = q(β/2).
In what follows, we assume that the perturbation

VI (q) =
vn q n
n=1

is a polynomial in the variable q, even if some results generalize to all functions
expandable in powers of q.
The expansion of the integrand (5.23) in powers of VI (q), leads to
% 
(
 (−1)k

 k
Z(β)
=
dt VI q(t)
Z0 (β)
k!
k=0
0
 (−1)k 
 



dt1 dt2 . . . dtk VI q(t1 ) . . . VI q(tk ) 0 ,
=
k!
k=0

where •0 means expectation value with respect to the Gaussian measure e−S0 /Z0
(equation (5.3)) with periodic boundary conditions. The arguments given in Section
2.2 apply here also. If VI (q) is a polynomial, the successive terms of the expansion
can be calculated systematically with the help of Wick’s theorem (2.20) in the form
(5.21). This provides the basis of perturbation theory.
Remark. It is possible to give a perturbative justiﬁcation of the path integral (5.23)
by taking the continuum limit order by order in the discrete perturbative expansion.
The Gaussian two-point function and Wick’s theorem being identical in both cases,
it is enough to show that sums converge toward integrals.
Perturbative expansion and minimum of the potential. The path integral really
depends only on the sum
(5.24)
V (q) = 12 q 2 + VI (q),
called the potential in the quantum context. To each decomposition of the function
V (q) into a sum of a quadratic term and a remainder VI (q), is associated a perturbative expansion. However, the integrand is maximum in the vicinity of the paths
that minimize the action. Clearly, the periodic functions that "minimize the action
are constant functions q(t) ≡ q0 , to minimize the kinetic term q̇ 2 , whose value q0
minimizes the potential V (q) and thus
V  (q0 ) = 0 ,

V  (q0 ) ≥ 0 .

The optimal decomposition then consists in setting
V (q) = V (q0 ) + 12 V  (q0 ) (q − q0 )2 + VI (q),
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if V  (q0 ) > 0. Special problems are associated with the case V  (q0 ) = 0 as well as
to situations where the potential V (q) has several degenerate minima.
Correlation functions. Correlation functions can be expanded in the same way as
the partition function. For example, the expansion of the two-point function can
be written as
Z0 (β)
q(t)q(u) =
q(t)q(u)0 −
Z(β)






dτ q(t)q(u)VI q(τ ) 0 +

1
2

··· .

The expansion of correlation functions can also be derived from the expansion of
the generating function corresponding to the perturbed Gaussian measure. This
involves expanding directly the path integral

Z(b, β) =

[dq(t)] exp[−S(q, b)]

(5.25)

q(β/2)=q(−β/2)

with


S(q, b) =

β/2

dt

1

2 q̇

−β/2

2




(t) + V q(t) − b(t)q(t) .

(5.26)

Again, the function
W(b, β) = ln Z(b, β)
generates the connected correlation functions, which have cluster properties (Section
4.4) in the thermodynamic limit β → ∞.
5.4 Perturbative calculations: Examples
We consider the distribution e−S(q) /Z, where

S(q) =

β/2

dt
−β/2

1 2
2 q̇ (t)

+ 12 q 2 (t) +

1 4
λq (t) ,
4!

(5.27)

and Z is the partition function:

Z(β, λ) =

[dq] exp [−S(q)] .

Again, we choose periodic boundary conditions.
As an application of Wick’s theorem, we calculate the ﬁrst terms of the expansion
of the partition function and of the two- and four-point functions in powers of the
parameter λ.
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5.4.1 Partition function
The algebra is the same as in Section 2.3. Applying Wick’s theorem, at order λ one
ﬁnds (see expression (2.26) and Figure 2.2)


Z(β, λ) = Z0 (β) 1 − (λ/24) × 3 × β∆2 (0) + O(λ2 )



 
1
1 − β(λ/32) cotanh2 (β/2) + O λ2 ,
=
2 sinh(β/2)
where the expression (5.17) of the Gaussian two-point function has been used.
In the thermodynamic limit, one can neglect terms decreasing exponentially for
β → ∞ and the expression simpliﬁes drastically:


1
βλ + O(λ2 ).
Z(β, λ) = e−β/2 1 − 32
In particular,
1
1
W(β, λ) ≡ ln Z(β, λ) = − 21 −
β→∞ β
β
lim

+ O(λ2 ).

1
32 λ

At next order, one ﬁnds (see expression (2.26))

Z(β, λ)/Z0 (β) = 1 − 18 λβ∆2 (0) +

+

1 2
48 λ β

β/2

2 2 4
1
128 λ β ∆ (0)

+

2 2
1
16 βλ ∆ (0)

β/2

dt ∆2 (t)
−β/2

 
dt ∆4 (t) + O λ3 ,

(5.28)

−β/2

where the periodicity of ∆(t) has been used.
In the logarithm, the non-connected terms, which behave like β 2 for β → ∞,
cancel. One ﬁnds (see expression (2.27) and Figure 2.4)
W(β, λ) = ln Z(β, λ)
= W0 (β) −



2
1
8 λβ∆ (0)


+

1 2
48 λ β

β/2

+

2 2
1
16 βλ ∆ (0)

β/2

dt ∆2 (t)
−β/2

 
dt ∆4 (t) + O λ3 ,

−β/2

where W0 (β) = ln Z0 (β).
For β → ∞, one can replace the function ∆ by its asymptotic form (5.19) because the corrections are exponentially small. Moreover, one can integrate over
t ∈ (−∞, +∞) with, again, exponential errors since ∆(t) decreases exponentially
for t → ∞. One ﬁnds
1
W(β, λ) = − 21 −
β→∞ β
lim

1
32 λ

+

2
7
1536 λ

+ O(λ3 ).
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5.4.2 Correlation functions
Two-point function. We now calculate the two-point function q(t)q(u)λ corresponding to the measure speciﬁed by the function (5.27), at order λ2 , and in the
limit β → ∞. We perform the calculation with the same periodic boundary conditions.
The algebra is the same as in Section 2.5.1.
Order λ. The expansion at order λ can be written as
Z (2) (t, u) ≡ q(t)q(u)λ
&
Z(β, 0)
∆(t − u) −
=
Z(β, λ)


1
24 λ

β/2

−β/2

'

dτ q(t)q(u)q 4 (τ ) 0 + O(λ2 ),


where the partition function Z(β, λ) has been calculated at this order above and
∆(t) is given in (5.17).
An application of Wick’s theorem and the cancellation of non-connected terms
in the ratio lead to the expansion at order λ of the expression (2.30), the matrix ∆
being replaced by the function ∆(t) and sums being replaced by integrals:
∆i1 i2 −→ ∆(t1 − t2 ),




−→

i

β/2

dτ .
−β/2

One infers (see also Figure 2.5)

Z (2) (t, u) = ∆(t − u) − 12 λ∆(0)

β/2
−β/2

dτ ∆(t − τ )∆(τ − u) + O(λ2 ).

In the limit β → ∞, using the form (5.19) of ∆, one ﬁnds
Z (2) (t, u) =

1
2



e−|t−u| 1 − 18 λ(1 + |t − u|) + O(λ2 ).

It has been shown quite generally in Section 4.3.3 that at large distance
Z (2) (t, u)

∼

|t−u|→∞

A e−|t−u|/ξ .

One infers the correction to the correlation length:
ξ −1 = 1 + 18 λ + O(λ2 ).
One concludes that the two-point function can, at this order, be written as
Z (2) (t, u) = 12 (1 − 18 λ) e−|t−u|/ξ +O(λ2 ).

(5.29)
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Fourier representation. At this order, the two-point function still has the form of
the Gaussian model. Its Fourier transform can be written as

1
(2)
Z̃ (κ) = dt e−iκt Z (2) (t, 0) = 2
+ O(λ2 ).
(5.30)
κ + 1/ξ 2
Order λ2 . The order λ2 can also be derived directly from expression (2.30). One
ﬁnds (see Figure 2.6)
 β/2

dτ1 dτ2 14 ∆2 (0)∆(t − τ1 )∆(τ2 − τ1 )∆(τ2 − u) + 14 ∆(0)∆2 (τ2 )∆(t − τ1 )
−β/2


×∆(u − τ1 ) + 16 ∆(t − τ1 )∆3 (τ2 − τ1 )∆(τ2 − u) .

In the limit β → ∞, it is convenient to pass directly to the Fourier representation:

 2
−3 1

−2
1 2
+ 4 ∆(0) dτ ∆2 (τ ) κ2 + 1
4 ∆ (0) κ + 1


−2
+ 16 κ2 + 1
dτ e−iκτ ∆3 (τ )
=

1
16

 2
−3
κ +1
+

1
32

 2
−2
κ +1
+

The expansion then takes the form
Z̃

(2)

λ/4
1
λ2 /16
− 2
(κ) = 2
+
κ + 1 (κ + 1)2
(κ2 + 1)3

1
8

 2
−2  2
−1
κ +1
κ +9
.


1+

2
1
2 (κ

κ2 + 1
+ 1) + 2 2
κ +9


+ O(λ3 ).

One shows, quite generally, that the two-point function can be written as a sum of
simple poles in κ2 with positive residues and that the sum of residues is 1. Here
one veriﬁes
1 − λ2 /512 λ2 /512
Z̃ (2) (κ) = 2
+ O(λ3 ),
+ 2
κ + 1/ξ 2
κ +9
with
ξ −2 = 1 + 14 λ −

3 2
64 λ

+ O(λ3 ) ⇒ ξ −1 = 1 + 18 λ −

1 2
32 λ

+ O(λ3 ).

Connected four-point function. The form of the connected four-point function can,
for example, be inferred from expression (2.35). One ﬁnds (see also Figure 2.7)
W (4) (t1 , t2 , t3 , t4 )

= −λ dτ ∆(t1 − τ )∆(t2 − τ )∆(t3 − τ )∆(t4 − τ )

1
+ 12 λ2 dτ1 dτ2 ∆2 (τ1 − τ2 ) [∆(t1 − τ1 )∆(t2 − τ1 )∆(t3 − τ2 )∆(t4 − τ2 )
+ ∆(t1 − τ1 )∆(t3 − τ1 )∆(t2 − τ2 )∆(t4 − τ2 )
+∆(t1 − τ1 )∆(t4 − τ1 )∆(t2 − τ2 )∆(t3 − τ2 )]
+∆(0)∆(τ1 − τ2 ) [∆(t1 − τ1 )∆(t2 − τ2 )∆(t3 − τ2 )∆(t4 − τ2 ) + 3 terms]}
(5.31)
+ O(λ3 ) .
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The integrals can be evaluated explicitly, but a more interesting expression is obtained after the Fourier transformation. Since the function W (4) (t1 , t2 , t3 , t4 ) is
invariant under translation, it is determined by its value at t4 = 0. One then sets

2 (4) (κ1 , κ2 , κ3 , κ4 ) = dt1 dt2 dt3 ei(κ1 t1 +κ2 t2 +κ3 t3 ) W (4) (t1 , t2 , t3 , 0),
W
(5.32)
where the variable κ4 = −κ1 −κ2 −κ3 has been introduced to restore the permutation
symmetry between the four points (see Section 6.2.2). One then ﬁnds
1
2 (4) (κ1 , κ2 , κ3 , κ4 ) =
W
2
2
(κ1 + 1)(κ2 + 1)(κ23 + 1)(κ24 + 1)
$


1
1
1
1 2
+
+
× −λ + 2 λ
(κ1 + κ2 )2 + 4 (κ1 + κ3 )2 + 4 (κ1 + κ4 )2 + 4

 3
1
1
1
1
1
+ 2
+ 2
+ 2
(5.33)
+ O(λ3 ).
+
2
2 κ1 + 1 κ2 + 1 κ3 + 1 κ4 + 1
The four last terms combined with the term of order λ have the eﬀect of replacing
κ2 + 1 by κ2 + 1/ξ 2 in the denominators.

Exercises
Exercise 5.1
One considers the measure associated with the function
 β/2


S(q) =
dt 12 q̇ 2 (t) + 12 q 2 (t) + λγq 3 (t) + 12 λ2 q 4 (t) ,
−β/2

where γ is an arbitrary constant. Determine the free energy density in the thermodynamic limit (which is the opposite of the ground state energy of the corresponding
quantum Hamiltonian) at order λ2 .
Solution. Expanding in powers of λ, one ﬁnds
 τ /2
 β/2




Z(β)/Z0 (β) = 1 − γλ
dt q 3 (t) − 12 λ2
dt q 4 (t)
−β/2



+ 12 γ 2 λ2

β/2

−β/2

−β/2



dt1 dt2 q 3 (t1 )q 3 (t2 ) + O(λ3 ),

where Z0 (β) is given by equation (5.4). Since the Gaussian measure is even,
q 3 (t) = 0. Introducing the two-point function (5.17) and applying Wick’s theorem, one obtains
 β/2
Z(β)/Z0 (β) = 1 − 32 λ2
dt ∆2 (0)
−β/2


+ 12 γ 2 λ2
=1−

β/2

−β/2



dt1 dt2 6∆3 (t1 − t2 ) + 9∆(t1 − t2 )∆2 (0) + O(λ4 )

2
3 2
2 λ β∆ (0)



β/2

2 2

+ 3γ λ β
−β/2



dt ∆3 (t) + 32 ∆(t)∆2 (0) + O(λ4 ),
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where the periodicity of ∆(t) has been used. Then,
lim

β→∞

1
ln Z(β) = − 12 − 18 (3 − 11γ 2 )λ2 + O(λ4 ).
β

Exercise 5.2
Determine the free energy density in the thermodynamic limit at order λ for

S(q) =

Solution.

β/2

dt

1

2 q̇

−β/2

2


(t) + 12 q 2 (t) + λq 6 (t) .

1
ln Z(β) = − 12 −
β→∞ β
lim

15
8 λ

+ O(λ2 ).

Exercise 5.3
One considers now the action

S(q) =

β/2

dt
−β/2

1

2
2 q̇ (t)


+ 12 q2 (t) + 14 λ(q2 )2 ,

where q is a two-component vector (q1 , q2 ) and q2 its length squared. Determine the
Gaussian two-point function (i.e., for λ = 0) qi (t)qj (u). Then, apply Wick’s theorem to the calculation of the Gaussian four-point function qi (t1 )qj (t2 )qk (t3 )ql (t4 ).
Expand the path integral at ﬁrst order in λ and calculate the free energy density
in the thermodynamic limit.
Solution. The Gaussian two-point function is
qi (t)qj (u) = δij ∆(t − u),
where ∆ is the function (5.17).
Then,
qi (t1 )qj (t2 )qk (t3 )ql (t4 ) = δij δkl ∆(t1 − t2 )∆(t3 − t4 ) + δik δjl ∆(t1 − t3 )∆(t2 − t4 )
+ δil δjk ∆(t1 − t4 )∆(t2 − t3 ) .
Finally,
1
ln Z(β) = −1 − λ/2 + O(λ2 ) .
β→∞ β
lim
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6 Ferromagnetic systems. Correlation functions

We now apply a number of concepts and tools that we have presented in the preceding chapters to more general models in classical (i.e., non-quantum) statistical
physics, in particular, in arbitrary space dimensions.
The concept of generating functions (or functionals) of correlation functions will
again be very useful. This chapter thus introduces various types of correlation
functions together with the corresponding generating functions, and recalls some of
their properties.
In Section 4.4, we have already mentioned that connected correlation functions,
in one space dimension for systems with ﬁnite range interactions, have a cluster
property. This property generalizes to arbitrary dimensions for systems with short-range interactions (a concept that we will deﬁne).
To study phase transitions, it is particularly useful to introduce the thermodynamic potential, Legendre transform of the free energy. Let us recall that the
relation between the Lagrangian and Hamiltonian in classical mechanics also has the
form of a Legendre transformation. The relation by Legendre transformation between free energy and potential thermodynamic generalizes to a relation between the
generating function of connected correlation functions and the generating function
of vertex functions (also called proper vertices in the literature). Vertex functions,
which, from the viewpoint of Feynman diagrams, receive only one-line irreducible
contributions, are also called in quantum ﬁeld theory 1PI functions (for one-particle
irreducible). In the Fourier representation, these functions are more regular than
the connected correlation functions from which they are derived, which explains
why they are privileged quantities to study.
Finally, we examine the relation between the Legendre transformation and the
steepest descent method. We calculate the ﬁrst terms of the expansions of the twoand four-point vertex functions in a simple example.
Starting with this chapter we adopt, for convenience, a ferromagnetic language,
even though many physical systems to which these considerations also apply, are
not magnetic.
6.1 Ferromagnetic systems: Deﬁnition
We consider statistical models deﬁned on a lattice, restricting the discussion to the
Zd lattice of points with integer coordinates (the generalization of square and cubic
lattices) in d-dimensional space. The lattice can represent a physical crystal, but
can also be a technical tool in situations where it is useful to approximate continuum
space by a lattice.
To each lattice site are associated one or several real random variables, now called
spins (but ‘classical’ spins) and denoted by Si where the subscript i characterizes a
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site on the lattice and is a symbolic notation for the d integer coordinates:
i ≡ (n1 , n2 , . . . , nd ),

nµ ∈ Z .

We denote by E(S) the conﬁguration energy of the spins in zero external magnetic
ﬁeld, β the inverse of the temperature and ρ(S) the (normalized) spin distribution
which weights the spin conﬁgurations at each site.
The conﬁguration energy contains interaction terms that couple spins from different sites. We assume that the interactions are short range or local, a notion
that we deﬁne more precisely later, but for which nearest-neighbour interactions
provide a simple example. Moreover, we assume that the conﬁguration energy is
translation-invariant on the lattice.
Finite volume. We ﬁrst deﬁne systems on a ﬁnite subset C of the lattice Zd , which
we will call a cube irrespective of the space dimension d, of the points of integer
coordinates
0 ≤ nµ < L , for 1 ≤ µ ≤ d , L ∈ Z .
The number of points of C (the volume) thus is Ω = Ld . Moreover, except if stated
explicitly otherwise, we assume periodic boundary conditions in all directions in
such a way that translation invariance is preserved for L ﬁnite.
In what follows, all expressions are written for one variable per lattice site but
the generalization to several variables is simple.
The partition function, in a uniform magnetic ﬁeld H/β and for a cube C of Ω
sites, can then be written as
 
ZΩ (H) =



&
exp −βE(S) + H

ρ(Si )dSi



'
Si .

(6.1)

i

i∈C

We assume that the statistical distribution is such that the partition function exists,
for a ﬁnite volume Ω and for all values of H. Then, the partition function ZΩ (H)
is an entire function of H.
The expectation values of functions of the spins are given by
1
Φ(S)Ω =
ZΩ



 
ρ(Si )dSi

&
Φ(S) exp −βE(S) + H

i∈C



'
Si ,

i

where •Ω means expectation value in a volume Ω.
Remark. One may wonder why we single out the partition function, which is only the
normalization of the statistical distribution? The reason is that, if ZΩ indeed has no
direct physical meaning, its logarithmic derivatives with respect to all parameters
are expectation values, as the coming section will illustrate.
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6.1.1 Mean-spin distribution and free energy
On a ﬁnite lattice with Ω sites, the moments of the distribution of the mean spin
on the lattice
1 
σ=
Si ,
(6.2)
Ω
i∈C

corresponding to the partition function (6.1), are given by
σ n (H)Ω = Ω−n ZΩ−1 (H)

∂ n ZΩ (H)
.
(∂H)n

The expectation value σΩ is the magnetization.
We have assumed translation invariance on the inﬁnite lattice. Moreover, in
the case of a cube C with periodic boundary conditions, translation invariance is
preserved on the ﬁnite lattice and, thus, the expectation value Si  is independent
of the site i. One infers
1
σΩ =
Sj Ω = Si Ω ∀i .
Ω
j∈C

The corresponding free energy density WΩ (H) (our deﬁnition of the free energy
diﬀers from usual deﬁnitions, here and later, by a temperature factor because it is
generally irrelevant for the questions we want to study) is deﬁned by
WΩ (H) =

1
ln ZΩ (H).
Ω

(6.3)

The positivity of the partition function implies that the function WΩ (H) is also
inﬁnitely diﬀerentiable on a ﬁnite lattice. It is a generating function of the cumulants
(σ n Ω )conn. of the mean spin distribution. One veriﬁes
(σ n Ω )conn. = Ω1−n

∂ n WΩ (H)
,
(∂H)n

(6.4)

In particular,
σΩ = (σΩ )conn. =

∂WΩ (H)
.
∂H

Positivity. As we have already shown, the second derivative ∂ 2 WΩ /(∂H)2 , proportional to the second cumulant of the distribution of the mean spin, is strictly
positive. Indeed, the second derivative can be written as

2
∂ σΩ
∂ 2 ZΩ
∂ZΩ
∂ 2 WΩ
−1
−1 −1
−1
=
Ω
=
Z
(H)
−
Ω
(H)
Z
Ω
Ω
(∂H)2
∂H
(∂H)2
∂H
+
*
2
= Ω (σ − σΩ )
.
(6.5)
Ω

The second derivative vanishes only for a certain value of σ, a trivial situation that
we exclude.
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6.1.2 Legendre transformation
As we show in Chapter 7, in the study of phase transitions, it is more convenient
to work at ﬁxed magnetization than at ﬁxed magnetic ﬁeld. It is then natural to
pass from the free energy to the thermodynamic potential G(M ). The two functions
W (H) and G(M ) are related by a Legendre transformation, a transformation that
is discussed in more general terms in Section 6.3.
The concept of Legendre transform appears also in other parts of statistical mechanics or, more generally of physics, as in classical mechanics where it relates the
Hamiltonian and Lagrangian. The conjugate variables then are the velocity q̇(t)
and the conjugate momentum p(t):
L(q̇, q) + H(p, q) = p(t)q̇(t),

p(t) =

∂L
.
∂ q̇(t)

Legendre transformation: Global deﬁnition. Let W (H) be a function of H, everywhere deﬁned and having a continuous and strictly positive second derivative. One
calls the Legendre transform of W (H), the function G(M ) deﬁned by the following
relations
W (H) + G(M ) = HM ,
∂W (H)
.
M=
∂H

(6.6a)
(6.6b)

With the hypothesis about the second derivative,
∂H
=
∂M



∂M
∂H



−1
=

∂2W
(∂H)2

−1

exists. The transformation then is an involution. Indeed, the ﬁrst relation implies
∂H ∂
∂G(M )
=H+
∂M
∂M ∂H



HM − W (H) .
M

Equation (6.6b) then implies that the second term vanishes. Thus,
H=

∂G(M )
.
∂M

(6.7)

Moreover, diﬀerentiating equation (6.6b) with respect to M and using equation
(6.7), one ﬁnds
∂2W ∂2G
= 1.
(6.8)
(∂H)2 (∂M )2
The second derivative of G(M ) is thus also continuous and positive.
Where it is deﬁned, the Legendre transformation is bijective since the function
W  (H) is increasing and continuous. Let us point out, however, that in contrast
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with W (H), the function G(M ) is not necessarily deﬁned for all values of M but
since W  (H) is continuous, the domain where it is deﬁned is connected.
Stationarity. An important algebraic property of the Legendre transformation is
the following: Let us assume that W (H) is a diﬀerentiable function of an additional
parameter ε. Then,

∂G(M )
∂ 
=
HM − W (H)
∂ε
∂ε
∂W (H) ∂H ∂
+
[HM − W (H)]
=−
∂ε
∂ε ∂H
and, thus, from (6.6b)
∂W (H) ∂G(M )
+
= 0.
∂ε
∂ε

(6.9)

In particular, if W (H) is expandable at ε = 0,
W (H) = W0 (H) + εW1 (H) + O(ε2 ),
and if G0 (M ) is the Legendre transform of W0 (H) and H (0) (M ) its derivative, then


G(M ) = G0 (M ) − εW1 H (0) (M ) .
Application. In the physical systems we are studying, the variable M is the expectation value of the spin or magnetization:
M = σ .
The function G(M ) is the thermodynamic potential density. At ﬁnite volume, the
free energy W (H) is a regular function and equation (6.5) implies that its second
derivative is positive. The Legendre transformation is then globally deﬁned and
invertible.
Thermodynamic limit. In the case of local interactions, in the limit of inﬁnite
volume Ω (or thermodynamical limit): C → Zd , the free energy density W (H) has
a ﬁnite limit, a property that generalizes the result obtained in one dimension. From
the relation (6.4) between cumulants and derivatives of W (H), one concludes, in
particular, that the mean spin tends toward a certain value σ(H). Moreover, for
the distributions and values of H for which the second derivative of W (H) is ﬁnite,
the cumulants of the σ distribution have the behaviour predicted by the central
limit theorem, even though the spins are not independent variables.
We have seen (Section 4.4.1) that in one dimension this condition is satisﬁed if
the correlation length is ﬁnite and we will show that this property is general.
This question has a direct relation with the invertibility of the Legendre transformation and is intimately connected to the problem of phase transitions. Indeed,
if the second derivative of W (H) diverges for some values of H (this implies, in
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particular, that the correlation length, deﬁned in (6.13) diverges), G  (M ) vanishes
and the relation (6.7)
∂G(M )
,
H=
∂M
no longer has necessarily a unique solution in M .
Another situation can be realized: the derivative of W (H) has discontinuities,
and the domain where G(M ) is deﬁned, is not connected. Then, the Legendre
transformation is no longer bijective: this is the situation realized in systems having
a phase transition, in the several-phase region.
6.1.3 Mean-spin distribution and thermodynamic potential
the mean spin (6.2) is the Fourier transform of the exThe distribution RΩ (σ) of #
pectation value of exp[−ik i Si ] (see Section 3.1):
Ω
RΩ (σ) =
2π



# +
*
dk eikΩσ e−ik i Si .

This expectation value is obtained directly from WΩ (H) by analytic continuation:
*

e−ik

#
i

Si

+

= ZΩ−1 (H) eΩWΩ (H−ik) .

Thus,
Ω −1
Z (H)
RΩ (σ) =
2π Ω


dk eΩ[iσk+WΩ (H−ik)] .

In the thermodynamic limit Ω → ∞, WΩ (H) tends toward a ﬁnite limit W (H) that
remains analytic at least if the correlation length remains ﬁnite (see Section 6.2.1).
The integral can thus be calculated by the steepest descent method (Section 2.6).
The saddle point is given by the equation
σ = W  (H − ik).
The equation has a solution at least for σ and H small enough. At leading order,
the distribution RΩ (σ) then reads
RΩ (σ) ∼ ZΩ−1 (H)
Ω→∞



Ω

2πW (H − ik)

1/2
eΩHσ eΩ[−(H−ik)σ+W (H−ik)] .

Comparing these expressions with equations (7.3), (7.13) and (7.14), one infers

RΩ (σ) ∼ ZΩ−1 (H) ΩG  (σ)/2π eΩ[Hσ−G(σ)] ,
Ω→∞

(6.10)

which is an asymptotic relation between the thermodynamic potential and the
mean-spin distribution. Let us point out, however, that this relation is valid only
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in the domain in which G(σ) is deﬁned, a subtlety important in the case of phase
transitions.
In the thermodynamical limit, the value of σ tends toward a certain value which
is the magnetization M , the absolute minimum of Hσ − G(σ) and thus a solution
of
H = G  (M ).
If the second derivative G  (M ), which is always non-negative, does not vanish, the
distribution can be approximated by a Gaussian distribution
RΩ (σ) ∼

Ω→∞



2
ΩG  (M )/2π e−ΩG (M)(σ−M) /2 ,

(6.11)

and σ behaves like the mean of independent random variables. We will show that
this condition is fulﬁlled if the correlation length is ﬁnite (see equation (6.13)). Exceptions to this behaviour, inﬁnite correlation length and degenerate saddle points,
are all related to the existence of phase transitions.
6.2 Correlation functions. Fourier representation
We consider the partition function Z(H) of a classical ferromagnetic system of the
kind deﬁned in Section 6.1 (equation (6.1)), but with a site-dependent magnetic
ﬁeld:

&
'
 

Z(H) =
ρ(Si )dSi exp −βE(S) +
Hi S i .
(6.12)
i∈C

i∈C

We assume that the statistical distribution is such that the partition function exists
for all values of H.
The partition function Z(H) is a generating function of spin correlation functions
in a space-dependent ﬁeld. Indeed,
Si1 Si2 . . . Sin  = Z −1 (H)

∂ n Z(H)
.
∂Hi1 ∂Hi2 . . . ∂Hin

In what follows, we consider only correlation functions in a uniform ﬁeld, which
correspond to the limit Hi = H and, in particular, in zero ﬁeld, Hi = 0.
6.2.1 Connected functions and cluster property
The associated free energy
W(H) = ln Z(H)
(we recall that our deﬁnition of free energy diﬀers from the usual deﬁnitions by a
temperature factor) is then the generating function of connected correlation functions (see Section 4.4):
(n)

Wi1 i2 ...in (H) = Si1 Si2 . . . Sin connected =

∂ n W(H)
∂Hi1 ∂Hi2 . . . ∂Hin

.
Hi =H
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In a constant ﬁeld, the function W(H) diﬀers from the function W (H) deﬁned in
Section 6.1 by a volume factor.
(n)

Cluster property. We now consider the connected n-point function Wi1 i2 ...in , n > 1
in the thermodynamic limit, that is, in inﬁnite volume: C → Zd . We separate
the points i1 , i2 , . . . , in into two disjoint, non-empty, subsets E, E  . We deﬁne the
distance D between these subsets by
D=

min

i∈E , i ∈E 

|i − i |,

where we have denoted by |i − i | the distance between the points i and i . Then,
the correlation function goes to zero when the separation D diverges:
(n)

lim Wi1 i2 ...in = 0 ,

D→∞

a property called the cluster property.
In the absence of a phase transition, or in the disordered phase, the decay is
exponential when the separation goes to inﬁnity: one calls the correlation length the
inverse ξ of the smallest decay rate. In terms of the connected two-point function,
it can be deﬁned by
ln | Si Sj conn. |
1
= max lim −
,
ξ
|i−j|→∞
|i − j|

(6.13)

a deﬁnition that generalizes the deﬁnition (4.22). When a transfer matrix can be
deﬁned (see Sections 7.6 and 7.7) and its largest eigenvalue is not degenerate, it is
still given by equation (4.23).
By contrast, in a statistical system where a phase transition occurs, at the transition temperature and in the several-phase region, the decay of correlations may
be only algebraic (this corresponds to a divergent correlation length).
When the correlation length ξ is ﬁnite, it follows from the deﬁnition (6.2), equation (6.5) and translation invariance on the lattice, that
W  (H) =


1
Si Sj conn. =
Si Sj conn. < ∞ .
Ω i,j
i

When the correlation length is ﬁnite, the second derivative W  (H) is thus ﬁnite.
The property of exponential decay generalizes to all connected correlation functions. In the case of ﬁnite-range interactions, for which a transfer matrix can be
deﬁned, the representation (4.17) generalizes and provides again a starting point
for a proof.
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6.2.2 Translation invariance and Fourier representation
In what follows, we assume that the thermodynamic limit has been taken. Moreover,
we now denote by x1 , x2 , . . . ∈ Zd the points on the d-dimensional lattice. We
explicitly use the translation invariance of the statistical model, which implies that
for all a ∈ Zd , the connected n-point correlation function satisﬁes
W (n) (x1 + a, . . . , xn + a) = W (n) (x1 , . . . , xn ).
We introduce its Fourier transform

⎛



F (n) (p1 , . . . , pn ) =

x1 ,...,xn

W (n) (x1 , . . . , xn ) exp ⎝i
∈Zd

n


⎞
xj · pj ⎠ ,

j=1

where the function F (n) is periodic, with period 2π, in all components of the vectors
pj .
Using translation invariance, we take as arguments xn and yj = xj −xn for j < n:
W (n) (x1 , x2 , . . . , xn ) = W (n) (x1 − xn , . . . , xn−1 − xn , 0) = W (n) (y1 , . . . , yn−1 , 0).
After this change of variables, the sum becomes
 
W (n) (y1 , . . . , yn−1 , 0)
F (n) (p1 , . . . , pn ) =
xn y1 ,...,yn−1

⎛

× exp ⎝i

n−1


yj · pj + ixn ·

j=1

n


⎞
pj ⎠ .

j=1

In the sense of distributions


einθ = 2πδ(θ),

n∈Z

where here δ(θ) is Dirac’s distribution on the circle, concentrated at θ = 0 mod
(2π).
In d dimensions,


eixn ·P = (2π)d δ (d) (P ) with P =
pi ,
xn ∈Zd

i

where the δ (d) function has for each component Pµ of P the support Pµ = 0 mod
(2π).
We then factorize Dirac’s distribution δ (d) (p1 + p2 + · · · + pn ), which is a direct
consequence of translation invariance, and set
 n 

(n)
d (d)
pi W̃ (n) (p1 , . . . , pn ),
F (p1 , . . . , pn ) = (2π) δ
i=1
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where the function
⎛



2 (n) (p1 , . . . , pn ) =
W

W (n) (x1 , . . . , xn−1 , 0) exp ⎝i

x1 ,...,xn−1

n−1


⎞
xj · pj ⎠

(6.14)

j=1

#
is deﬁned only on the surface i pi = 0.
Since one point is ﬁxed, the connected function W (n) (0, x2 . . . , xn ) goes to zero
2 (n) (p1 , . . . , pn ) has regularity properties in the variwhen xi goes to inﬁnity and W
ables pi .
Finally, the relation between the n-point function and its Fourier transform can
be written as
 n 

d (d)
2 (n) (p1 , p2 , . . . , pn )
pi W
(2π) δ
i=1



=

⎛
W (n) (x1 , x2 , . . . , xn ) exp ⎝i

x1 ,x2 ,...,xn

n


⎞
xj · pj ⎠ .

(6.15)

j=1

Terminology. In what follows, as a reference to the quantum formalism, we often
call momenta the arguments pi of the Fourier transforms.
Fourier representation and free energy in a uniform ﬁeld. We ﬁrst consider a periodic cube C containing Ω points. In this notation, the generating function WΩ (H)
can be expanded in the form
WΩ (H) =

∞

1
n!
n=0



(n)

WΩ (x1 , . . . , xn )H(x1 ) . . . H(xn ).

x1 ,...,xn ∈C

In a uniform ﬁeld H, due to translation invariance, the expression becomes
WΩ (H) =
=

∞

Hn
n!
n=0


x1 ,...,xn ∈C

∞


Hn
n!
n=0

=Ω

∞


(n)

WΩ (x1 , . . . , xn )



(n)

WΩ (y1 , . . . , yn−1 , 0)

y1 ,...,yn−1 ,xn ∈C

Hn
n!
n=0



(n)

WΩ (y1 , . . . , yn−1 , 0).

y1 ,...,yn−1 ∈C

In the limit Ω → ∞, if the sums converge, using the deﬁnition (6.14) one obtains
W (H) = lim WΩ (H)/Ω =
Ω→∞

∞

H n 2 (n)
W (0, . . . , 0).
n!
n=0

(6.16)
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6.3 Legendre transformation and vertex functions
It is useful to generalize the Legendre transformation to the case of local (spacedependent) magnetic or magnetization ﬁelds and, thus, to deﬁne the Legendre transform for an arbitrary number of variables. This allows, in particular, deﬁning generalized correlation functions called vertex functions (also proper vertices), which play
an important technical role in statistical or quantum ﬁeld theory as a consequence
of their regularity properties.
6.3.1 Legendre transformation: Generalization
Let W(H) be a function of some variables Hi , everywhere deﬁned and having continuous second partial derivatives, such that the matrix
(2)

Wij (H) =

∂2W
∂Hi ∂Hj

is strictly positive:


(2)

Xi Wij (H)Xj > 0 ∀ X with

|X| = 1 .

i,j

One calls the Legendre transform of W(H), the function Γ(M) deﬁned by the
following relations:
W(H) + Γ(M) =



Hi M i ,

(6.17a)

i

Mi =

∂W(H)
.
∂Hi

(6.17b)

One veriﬁes immediately that this transformation is an involution. Indeed, the
matrix ∂Hj /∂Mi exists and the ﬁrst relation then implies
'
&
 ∂Hj ∂

∂Γ(M)
= Hi +
Hk Mk − W(H) .
∂Mi
∂Mi ∂Hj
j
k

Using (6.17b), one ﬁnds that the second term vanishes. Thus,
Hi =

∂Γ(M)
.
∂Mi

(6.18)

Note, however, that unlike W(H), the function Γ(M) is not necessarily deﬁned for
all values of M. But, due to the continuity of ﬁrst derivatives, the domain in which
it is deﬁned is simply connected.

138

Ferromagnetic systems. Correlation functions

From the Legendre transformation, one derives a relation between second derivatives. Diﬀerentiating equation (6.17b) with respect to Mj and using equation (6.18),
one ﬁnds
 ∂2W
∂2Γ
= δij .
(6.19)
∂Hi ∂Hk ∂Mk ∂Mj
k

The matrix of second derivatives of Γ(M) is thus also strictly positive.
Stationarity. The algebraic property (6.9) of the Legendre transformation generalizes immediately. If W(H) depends in a diﬀerentiable way on a parameter ε,
then
∂W(H) ∂Γ(M)
+
= 0.
(6.20)
∂ε
∂ε
Invertibility. The Legendre transformation, where it is deﬁned, is bijective. This
property is true locally because the matrix of second derivatives is strictly positive.
To prove it globally, we assume that two values H and H correspond to the same
value of M. We introduce the linear interpolation
H(t) = H + t (H − H)

⇒





M H(1) = M H(0) .

We then consider the function


Φ(t) = W H(t) .
Its derivative is given by


 ∂W H(t)



Φ (t) =
(H − H)i =
Mi H(t) (H − H)i .
∂Hi
i
i


It thus satisﬁes
Φ (1) = Φ (0) .
The second derivative


Φ (t) =


i,j

(Hi




∂ 2 W H(t)  
Hj − Hj > 0 ,
− Hi )
∂Hi ∂Hj

is positive since the matrix is positive. The function Φ (t) is thus strictly increasing
and the condition Φ (1) = Φ (0) cannot be satisﬁed.
Statistical physics. On a ﬁnite lattice, all the preceding hypotheses are satisﬁed.
The function W(H) is indeﬁnitely diﬀerentiable. Moreover,
1 ∂Z
∂W(H)
=
∂Hi
Z(H) ∂Hi

Ferromagnetic systems. Correlation functions

139

and thus
(2)

Wij (H) =

∂ 2 W(H)
∂2Z
∂Z ∂Z
= Z −1 (H)
− Z −2 (H)
.
∂Hi ∂Hj
∂Hi ∂Hj
∂Hi ∂Hj

Using the deﬁnition (6.12), one ﬁnds that the connected two-point function can be
written as (see also the relation (2.34) and Section 3.3.3)
(2)

Wij (H) = (Si − Si ) (Sj − Sj ) ,
where • means expectation value in the presence of the ﬁeld Hi . Taking the
expectation value of this symmetric matrix in a non-vanishing vector Xi , one ﬁnds


(2)
Xi Xj Wij (H)

=

%&


i,j

'2 (
Xi (Si − Si )

≥ 0,

(6.21)

i

equality being possible only for a certain value of S, a trivial situation that we
(2)
exclude. The matrix Wij (H) is thus strictly positive, which implies that all its
eigenvalues are strictly positive.
Thermodynamic limit. In the thermodynamic limit, the invertibility question becomes more subtle and is intimately related to the existence of phase transitions.
(2)
Indeed, Wij (H) can have eigenvalues that accumulate at inﬁnity for some values
of H. This corresponds to a phase transition point. Then, ∂ 2 Γ(M)/∂Mi ∂Mj can
have vanishing eigenvalues and the relation (6.18)
Hi =

∂Γ(M)
,
∂Mi

is no longer locally invertible.
Another situation can be realized where the partial derivatives of W(H) have
discontinuities. Then, the Legendre transformation is no longer bijective: this is
the situation realized in systems having a phase transition in the several-phase
region.
6.3.2 Vertex functions
The coeﬃcients of the expansion of the thermodynamic potential in powers of the
local magnetization M (x),
Γ(M) =

 1

Γ(n) (x1 , x2 , . . . , xn )M (x1 )M (x2 ) . . . M (xn ),
n!
x ,x ,...,x
n=0
1

2

(6.22)

n

are called in this work vertex functions. They are also called 1-irreducible correlation
functions (for reasons that will be explained in Chapter 12), or proper vertices.
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In models with short-range interactions (i.e., the statistical models we consider in
this work), these functions have better decay properties than connected correlation
functions and thus, for translation-invariant systems, their Fourier transforms

(2π)d δ

n



pi

⎛



Γ̃(n) (p1 , . . . , pn ) =

Γ(n) (x1 , . . . , xn ) exp ⎝i

x1 ,...,xn

i=1

n


⎞
xj pj ⎠

j=1

(6.23)
have better regularity properties.
Two-point functions. In a translation-invariant system, an application of the relation (6.14) to the case n = 2, yields
2 (2) (p) =
W



W (2) (0, x) eix·p ,

(6.24)

x

where the second argument −p is generally omitted.
The positivity condition simply becomes
2 (2) (p) > 0 .
W
Similarly,

4 (2) (p) =
Γ



Γ(2) (0, x) eix·p .

(6.25)

x

The relation between Fourier transforms is then algebraic:
2 (2) (p)Γ
4 (2) (p) = 1 .
W

(6.26)

Remark. This property generalizes to the n-point function. In a translationinvariant system, in the Fourier representation, the relations between connected
and vertex functions involve no momentum integration.
Thermodynamic potential in a uniform ﬁeld and Fourier representation. Using the
arguments of Section 6.2.2, which have led to the representation (6.16), one relates
the thermodynamic potential density and Fourier components:
∞

M n (n)
Γ̃ (0, . . . , 0).
G(M ) =
n!
n=0

(6.27)

6.3.3 Gaussian model
We consider the partition function given by the Gaussian integral
 



Z(H) =

dSi
i

&
exp −H(S) +


i

'
Hi S i
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1
Sij Si Sj ,
2 i,j

(6.28)

where the matrix Sij is strictly positive. Then,

 1   −1 
Hi S ij Hj .
W(H) − W(0) = ln Z(H)/Z(0) =
2 i,j
One infers the local magnetization
Mi =


∂W(H)   −1 
S ij Hj ⇒ Hi =
=
Sij Mj .
∂Hi
j
j

Finally, the thermodynamic potential is given by
Γ(M) = −W(0) +

1
Mi Sij Mj .
2 i,j

The Legendre transform of a quadratic form is again a quadratic form. Moreover,
Γ(M) is directly related to the quadratic form (6.28) that appears in the initial
integral, up to an additive constant. Indeed,
Γ(M) = −W(0) + H(M).
Translation invariance. In a translation-invariant system and in a uniform ﬁeld
Hi = H, the magnetization is uniform. Moreover, for a cube C in Zd with volume
Ω and periodic boundary conditions
Sij ≡ S(xi − xj ).
The thermodynamic potential density is then
G(M ) =

1 
1
1
Γ(M ) = G(0) +
S(x − x )M 2 = G(0) +
S(x)M 2 .
Ω
2Ω 
2
x,x ∈C

x∈C

If the sum over x converges, one can take the limit of inﬁnite volume. Introducing
the Fourier transform of the function S(x),
S̃(k) =



eik·x S(x),

x

one can rewrite the expression as
G(M ) = G(0) + 12 S̃(0)M 2 .

(6.29)
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6.4 Legendre transformation and steepest descent method
The relation between the Legendre transformation and the steepest descent method
explains partially the important role played by the thermodynamic potential.
We consider the partition function in an external ﬁeld Hi ,

 
#
dSi e−H(S)+ i Hi Si ,
Z(H) =
i

where H, as a function of the variables Si , has analytic properties such that the
steepest descent method is applicable to the calculation of the integral.
The saddle points are given by (see Section 2.7.2)
Hi =

∂H
.
∂Si

(6.30)

We assume that the equation has a unique solution. The leading order is obtained
by replacing S in the integrand by its saddle point value. One ﬁnds

W(H) = W0 (H) = −H(S) +
Hi S i ,
i

where S is a function of H through the saddle point equation (6.30). One observes
that the relation between H and W is a Legendre transformation. Moreover,
Mi =

∂W
= Si (H)
∂Hi

and, thus,
Γ(M) = Γ0 (M) = H(M).
The second order of the steepest descent method is then given by the Gaussian
integration (equation (2.51)). Neglecting factors 2π, one obtains
∂2H
1
.
W1 (H) = − tr ln
2
∂Si ∂Sj
Using the stationarity property (6.20), one infers
Γ1 (M) =

∂ 2 H(M)
1
tr ln
.
2
∂Mi ∂Mj

(6.31)

Applied to the Gaussian example, the steepest descent method is clearly exact.
More generally, the functionals W(H) and Γ(M) can be expanded to all orders
of the steepest descent method:


W (H), Γ(M) =
Γ (M).
W(H) =
=0

=0

We shall see in Section 12.4 that, from the viewpoint of Feynman diagrams,  then
counts the number of loops of diagrams.
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6.5 Two- and four-point vertex functions
We have exhibited the relation between connected and vertex two-point functions.
We now establish, as an exercise that will be useful later, the relation between
four-point functions in the case of spin distributions invariant under the reﬂection
Si → −Si .
One starts from the previously established identity

k

∂2Γ
∂2W
= δij .
∂Mi ∂Mk ∂Hk ∂Hj

One diﬀerentiates with respect to Ml ,

k

 ∂2Γ
∂3Γ
∂ 2W
∂3W
∂2Γ
+
= 0,
∂Ml ∂Mi ∂Mk ∂Hk ∂Hj
∂Mi ∂Mk ∂Hm ∂Hk ∂Hj ∂Mm Ml

(6.32)

k,m

where the relations
Hm =

∂Γ
∂Hm
∂2Γ
⇒
=
,
∂Mm
∂Ml
∂Mm ∂Ml

have again been used. Identity (6.32) can then be rewritten as

∂3Γ
∂3W
=−
∂Mi1 ∂Mi2 ∂Mi3
∂Hj1 ∂Hj2 ∂Hj3
j ,j ,j
1

2

3

3

k=1

∂2Γ
.
∂Mjk ∂Mik

(6.33)

We introduce the notation
(4)

Wi1 i2 i3 i4 =
(4)

Γi1 i2 i3 i4 =

∂4W
∂Hi1 ∂Hi2 ∂Hi3 ∂Hi4

,
H=0

∂4Γ
∂Mi1 ∂Mi2 ∂Mi3 ∂Mi4

.
M=0

One again diﬀerentiates (6.33) with respect to M and takes the limit M = 0. Due
to reﬂection symmetry, correlation functions in zero ﬁeld of an odd number of spins
vanish in the symmetric phase. This applies here to the three-point function. One
infers
4

(4)
(4)
(2)
Γi1 i2 i3 i4 = −
Wj1 j2 j3 j4
Γik jk ,
(6.34)
j1 ,j2 ,j3 ,j4

k=1

or equivalently
(4)

Wj1 j2 j3 j4 = −


i1 ,i2 ,i3 ,i4

4
(4)

(2)

Γi1 i2 i3 i4

Wik jk .
k=1
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The general identity, including a non-trivial three-point function, has the graphic
representation displayed in Figure 12.4 in Section 12.1.
Example. In Section 2.5, we have expanded the connected two- and four-point
correlation functions with the distribution e−H(x) /Z, where
n


H(x) =

1
2 xi Aij xj

+

i,j=1

n
1  4
λ
x ,
4! i=1 i

(6.35)

up to order λ2 . We have expressed them in terms of the two-point function ∆ of
the Gaussian limit, the inverse of the matrix A with elements Aij :
∆ = A−1 .
The application of identity (6.34) to the perturbative expansions (2.30) and (2.35)
of the two- and four-point functions leads to
⎛
⎞

(2)
∆jj + 16 ∆3i1 i2 ⎠ + O(λ3 ).
Γi1 i2 = Ai1 i2 + 12 λδi1 i2 ∆i1 i1 − λ2 ⎝ 14 δi1 i2 ∆2i1 j
j
(4)
Γi1 i2 i3 i4

= λδi1 i2 δi1 i3 δi1 i4 − 12 λ2 δi1 i2 δi3 i4 ∆2i1 i3 − 12 λ2 δi1 i3 δi2 i4 ∆2i1 i4
− 12 λ2 δi1 i4 δi2 i3 ∆2i1 i2 + O(λ3 ) .

(6.36)

One notes that in the vertex functions all one-reducible Feynman diagrams, that is,
diagrams that can be disconnected by cutting only one line, have cancelled (Figures
2.5, 2.6, 2.7).
If the subscripts are associated with the sites of a cubic lattice with coordinates
x and if translation invariance is assumed,




Aij ≡ A x(i) − x(j) ⇒ ∆ij ≡ ∆ x(i) − x(j) ,
the equations can be rewritten as

Γ

(2)

(x) = A(x) +

1
2 λδ(x)∆(0)

−λ

2

1
4 δ(x)∆(0)




2

∆ (y) +

1 3
6 ∆ (x)

+ O(λ3 )

y

and
Γ(4) (x1 , x2 , x3 , x4 ) = λδ(x1 − x2 )δ(x1 − x3 )δ(x1 − x4 )
− 12 λ2 δ(x1 − x2 )δ(x3 − x4 )∆2 (x1 − x3 )
− 12 λ2 δ(x1 − x3 )δ(x2 − x4 )∆2 (x1 − x4 )
− 12 λ2 δ(x1 − x4 )δ(x2 − x3 )∆2 (x1 − x2 ) + O(λ3 ) .
Introducing the Fourier representation of the Gaussian two-point function,


1
1
d
−ip·x ˜
e
∆(p),
A(x)
=
∆(x) =
p
d
dd p e−ip·x Ã(p),
(2π)d
(2π)d

(6.37)
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and thus
˜
Ã(p)∆(p)
= 1,
(the components of the vector p vary in the interval of size 2π), one can rewrite the
expansions, in the Fourier representation, as
4 (2) (p) = Ã(p) + 1 λO − 1 λ2 OB(0) − 1 λ2 C(p) + O(λ3 ),
Γ
2
4
6
Γ̃

(4)

(p1 , p2 , p3 , p4 ) = λ −

1 2
2λ
3

(6.38a)

[B(p1 + p2 ) + B(p1 + p3 ) + B(p1 + p4 )]

+ O(λ )

(6.38b)

with

1
˜
dd k ∆(k),
(2π)d

1
˜ ∆(p
˜ − k),
B(p) =
dd k ∆(k)
(2π)d

1
˜ 1 )∆(k
˜ 2 )∆(p
˜ − k1 − k2 ).
C(p) =
dd k1 dd k2 ∆(k
(2π)2d
O=

(6.39a)
(6.39b)
(6.39c)

Exercises
Exercise 6.1
Steepest descent method and perturbative expansion. Recover the contributions to
the two- and four-point vertex functions at order λ and λ2 , respectively, in the
expansion (6.36), by expanding in powers of λ expression (6.31), derived by the
steepest descent method.
Solution. In example (6.35), expression (6.31) reads
Γ1 (M) =



∂ 2 H(M)
1
1
tr ln
= tr ln Aij + 12 λMi2 δij .
2
∂Mi ∂Mj
2

Since tr ln = ln det,
tr ln AB = tr ln A tr ln B

⇒

tr ln(A + B) = tr ln A + tr ln(1 + BA−1 ) .

Thus,
Γ1 (M) − Γ1 (0) =

1
2



tr ln 1 + 12 λK

with (∆A = 1)
Kij = Mi2 ∆ij .
Using
tr ln(1 + 12 λK) = 12 λ tr K − 18 λ2 tr K2 + O(λ3 ),
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one obtains
Γ1 (M) − Γ1 (0) = 14 λ



Mi2 ∆ii −

1 2
16 λ

i



Mi2 ∆2ij Mj2 + O(λ3 ).

i,j

Diﬀerentiating ﬁrst twice then four times with respect to Mi , one recovers, in the
limit Mi = 0, the contributions of order λ to Γ(2) and λ2 to Γ(4) in (6.36):
∂ 2 Γ1
∂Mi1 ∂Mi2

M=0

∂ 4 Γ1
∂Mi1 ∂Mi2 ∂Mi3 ∂Mi4

M=0

= 12 λ∆i1 i1 δi1 i2 ,
= − 21 λ2 δi1 i2 δi3 i4 ∆2i1 i3 − 12 λ2 δi1 i3 δi2 i4 ∆2i1 i4
− 12 λ2 δi1 i4 δi2 i3 ∆2i1 i2 .

7 Phase transitions: Generalities and examples

Before beginning the study of continuous or second-order phase transitions within
the framework of classical statistical mechanics, we want to point out a few subtleties of the general concept of phase transition. For what follows, it is useful, but
not essential, to have some knowledge of the elementary phenomenology of phase
transitions in simple systems like liquid–vapour or magnetic systems.
A ﬁrst important remark is that phase transitions are possible only in inﬁnite
volume systems, that is, systems having an inﬁnite number of degrees of freedom.
This shows already that the concept of phase transitions is in itself not completely
trivial.
The models that we will examine, and which exhibit phase transitions, have the
following property: according to the value of a control parameter, in general the
temperature, the system can be in a region with one or several phases. These phases
are characterized by diﬀerent sensitivities to boundary conditions. The region with
only one phase does not keep track of the speciﬁc way the thermodynamic limit,
that is, the inﬁnite volume limit, is taken. The situation is diﬀerent in the region
with several phases where, for example, some correlation functions depend on the
way the thermodynamic limit is taken. Each distinct limit corresponds to a phase.
For the simple models that we will study, it is possible to ﬁnd local observables
whose values discriminate between the various phases. Such observables are called
order parameters. For example, the spin is an order parameter for ferromagnetic
transitions.
Moreover, in these models, the phase transition is associated with a spontaneous
breaking of symmetry. For example, the statistical distribution of the Ising model
does not change when all spins are reversed. One would thus expect that the
expectation value of a spin vanishes.
However, if one adds to the interaction energy a term which breaks the symmetry of the system explicitly (a magnetic ﬁeld for a ferromagnetic system), one
takes the inﬁnite volume limit and then the limit of vanishing breaking term, two
situations may occur: in the single-phase region, symmetry is restored in the sense
that all correlation functions have the symmetry of the model; on the contrary, in
a phase with spontaneous symmetry breaking, the thermodynamic limit and the
limit of vanishing breaking term do not commute. In the case of spins, one ﬁnds a
non-vanishing spin expectation value, that is, a spontaneous magnetization. The direction of the spontaneous magnetization depends on the direction of the magnetic
ﬁeld when it goes to zero.
Another simple and rather general characterization of a phase transition is dynamical. One calls here conﬁguration space the whole set of possible conﬁgurations
of a system. For example, in the Ising model, a lattice model with classical spins that
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can take only two values ±1, the conﬁguration space for Ω spins has 2Ω elements.
Then, we consider random or deterministic dynamics in the space of conﬁgurations that admits, as an asymptotic distribution (one also speaks of an equilibrium
distribution), the Boltzmann weight of a model exhibiting a phase transition. An
example of such dynamics is the evolution equation (3.21) of the random walk,
which leads to a Gaussian distribution (but which does not exhibit a phase transition). The transitions which we will consider then have the following property: as
long as the volume of the system is ﬁnite, any element in conﬁguration space has
a non-vanishing probability to be reached during time evolution and this for any
temperature (if the system is not discrete as in the Ising model, any element must
be replaced by any arbitrarily small volume in conﬁguration space) and for any
starting point. One calls the system ergodic. If the system then converges toward
a thermodynamic state of equilibrium, that is, a probability distribution invariant
under the dynamics, time averages tend toward averages calculated by summing
over all conﬁgurations in conﬁguration space with the Boltzmann weight.
By contrast, in the inﬁnite volume limit (with ﬁxed density for a system of particles), according to the values of the temperature, the system can either remain
ergodic, or on the contrary undergo a breaking of ergodicity. In the latter case,
conﬁguration space breaks up into disjoint subsets. When the system is prepared
initially in one of these subsets, it remains. For example, for an Ising type system below the critical temperature, the two subsets correspond to the two opposite
values of the spontaneous magnetization.
Our goal is to analyse the behaviour of thermodynamic quantities in the vicinity
of a transition, in particular their singularities as functions of the temperature. We
have already pointed out the role of the correlation length. The transitions that we
will study in this work are those for which the correlation length diverges at the
transition.
However, before discussing phase transitions with more elaborate methods, we
illustrate some elementary aspects of the general properties described above by
studying the behaviour of some simple ferromagnetic systems on a lattice. We
begin the study of phase transitions with a simple, but slightly pathological model,
corresponding, depending on the interpretation, to a limit of a space of inﬁnite
dimension or to long-range forces. This model can be solved by elementary methods
and presents a phase transition of mean-ﬁeld ﬁeld type, sharing some properties with
the quasi-Gaussian model that will be discussed in Chapter 8.
We exhibit the universal behaviour at the transition (called critical behaviour) of
several thermodynamic quantities.
We then examine the properties of a ferromagnetic system with nearest-neighbour
interactions at ﬁxed space dimension. Such a system does not admit an exact
solution in general. However, low- and high-temperature arguments (which can be
made rigorous) make it possible to convincingly demonstrate, in the limit of inﬁnite
volume, the existence of phase transitions in Ising type systems, that is, with a
reﬂection symmetry.
In the case of nearest-neighbour interactions, a transfer matrix can be deﬁned.
The thermodynamic (or inﬁnite volume) limit is then dominated by the largest
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eigenvalue of the matrix. The possibility of a phase transition is related to the
divergence of the correlation length and, thus, to a degeneracy of the leading (multiple) eigenvalue.
The Ising model is a characteristic example of models with discrete symmetries,
that is, corresponding to ﬁnite groups. We then extend the analysis to ferromagnetic
systems with continuous symmetries, whose properties are diﬀerent in low space
dimensions. An important conclusion, which relies on intuitive arguments (but
which can be made rigorous) is the following: phase transitions with short-range
interactions and spontaneous symmetry breaking, of the kind we want to study, are
not possible below dimension 2 for discrete symmetry groups and 3 for continuous
groups.
Ferromagnetic models of Ising type. The examples that we study in this chapter
belong again to the class of classical ferromagnetic models introduced in Chapter
6. To each site of the cubic lattice are associated (real) random variables, classical
spins Si , where the index i characterizes the site of the lattice (i is a symbolic
notation for the whole d coordinates, that is, an element of Zd ).
These classical spins are already spins averaged over a physical volume large at
the scale of microscopic interactions (which justiﬁes their classical character), but
small on the scale of the phenomena we want to investigate. In particular, this
justiﬁes also admitting spins with a continuous distribution even when the initial
distribution is discrete.
The spin statistical distribution, or Boltzmann weight, has the form


&
'

−1
ρ(Si ) exp −βE(S) + H
Si
Z (H)
i

i

where β is the inverse temperature and H, the magnetic ﬁeld, includes a temperature factor, βH → H. ρ(S) is the (normalized) spin distribution in each site
and E(S) is the interaction energy of the spins in zero ﬁeld. Finally, Z(H) is the
partition function (see expression (6.1))

&
'
 

ρ(Si )dSi exp −βE(S) + H
Si .
(7.1)
Z(H) =
i

i

Moreover, we assume,
(i) that the model in zero ﬁeld has a reﬂection Z2 symmetry and, thus, E(S) =
E(−S) together with ρ(S) = ρ(−S),
(ii) that the spin distribution ρ(S) decreases, for |S| → ∞, faster than a Gaussian
function:
 ∞
α
ρ(S  )dS  ≤ K e−µS , µ > 0 , α > 2 .
(7.2)
S

Later in the chapter, in Section 7.5.2, we generalize the analysis to systems where
the spin is a ν-component vector and the symmetry group Z2 is replaced by the
orthogonal group O(ν) of rotations–reﬂections in ν-dimensional space.
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7.1 Inﬁnite temperature or independent spins
To implement the preceding theoretical concepts, to establish some notation and a
few elementary properties, we ﬁrst consider a model at inﬁnite temperature (β = 0)
or without interaction. We are then led to a set of independent spins and thus to
a situation similar to the central limit theorem of Section 3.1, but within a more
speciﬁc framework.
7.1.1 One-site model
The partition function of a one-site model is

z(h) = ds ρ(s) esh ,

z(0) = 1 .

(7.3)

It is obtained from the Fourier transform of the spin distribution by analytic continuation h → ih (see also Section 2.1). It is a generating function of the moments
of the distribution in a ﬁeld h.
For example, for the Ising model where s takes only two values, s = ±1, with
probability 1/2, one ﬁnds
z(h) = cosh h .
The bound (7.2) implies that the integral converges for all h real or complex and
z(h) is thus an entire analytic function. It is even, due to the symmetry s → −s of
the distribution, and positive for h real. Moreover,


z  (h) = ds ρ(s)s esh = ds ρ(s)s sinh(sh) ⇒ hz  (h) ≥ 0 .
The function z(h) increases for h > 0 and decreases for h < 0.
Finally, the bound (7.2) implies that the integral

α
K(λ) = ds ρ(s) eλ|s|
converges for λ < µ. Thus,

α
α
α
z(h) = ds ρ(s) eλ|s| e−λ|s| +hs ≤ K(λ) max e−λ|s| +|h||s|
{s}


≤ K(λ) exp const. |h|α/(α−1) .

(7.4)

Since α > 2, one ﬁnds the inequality
α/(α − 1) < 2 .
The generating function of cumulants
A(h) = ln z(h),

(7.5)
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is even and, since z(h) is strictly positive, analytic in the vicinity of the real axis.
Its derivative is odd and vanishes at h = 0. Moreover, the remark (6.5) implies
A (h) > 0 and the function A(h) is thus convex. It increases for h > 0.
Finally, as a consequence of condition (7.2), for a large class of distributions ρ(s),
the random variable s tends toward a certain value s(h) when |h| → ∞ and A (h),
the second cumulant in a ﬁeld, thus, goes to zero:
lim A (h) = 0 .

|h|→∞

(7.6)

In what follows, we restrict the discussion to this class.
We now parametrize the expansion of A at h = 0 as
A(h) =

 a2p
p=1

2p!

h2p ,

a2 > 0 .

(7.7)

The value m = A (h) is the magnetization in a ﬁeld h.
In addition to these functions, already introduced in Section 3.1, we also deﬁne
the Legendre transform B(m) of A(h) by
B(m) + A(h) = mh ,

m = A (h),

(7.8)

In the example of the Ising model (s = ±1), one ﬁnds
B(m) = 12 (1 + m) ln(1 + m) + 12 (1 − m) ln(1 − m).

(7.9)

The function B(m) is even. The magnetization m has the sign of h.
The relation (6.8) implies
B  (m) = 1/A (h).

(7.10)

Because A(h) is a convex function of h, B(m) is also convex. It is analytic in a
neighbourhood of the origin. We can thus parametrize it as
B(m) =

 b2p
p=1

2p!

m2p ,

b2 > 0 .

(7.11)

The coeﬃcients bp are related to the coeﬃcients (7.7) of the expansion of A(h). For
example,
b2 = 1/a2 , b4 = −a4 /a42 .
In the Ising model, one ﬁnds
b2 = 1 ,

b4 = 2 .

Finally, the condition (7.6) implies either that |m| is bounded or that B(m) increases
faster than m2 for |m| → ∞.
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7.1.2 Independent spins
Partition function. In the absence of interactions (E = 0), or for β = 0 (that is,
at inﬁnite temperature), the partition function (7.1) can be calculated immediately
and one ﬁnds
 



Z0 (H) =

exp H

ρ(Si )dSi




i


Si


dSi ρ(Si ) eHSi

=

i

dSi ρ(Si ) eHSi

=




Ω
= z(H) ,

i

(7.12)

i

where Ω is the number of sites and z(h) the function (7.3).
Free energy. The density free energy is then
W0 (H) =

1
ln Z0 (H) = A(H),
Ω

(7.13)

where A(h) is deﬁned in (7.5). The magnetization follows:
M=

1 
Si  = A (H).
Ω i

Thermodynamic potential. The thermodynamic potential density is the Legendre
transform of W0 (H):
G0 (M ) = M H − W0 (H)

with M = W0 (H),

(7.14)

and, thus, G0 (M ) = B(M ) (deﬁnition (7.8)).
Mean-spin distribution and thermodynamic potential. In Section 6.1.3, we have related the distribution RΩ of the mean spin σ on the lattice to the thermodynamic
potential, with a regularity hypothesis for the free energy and the thermodynamic
potential. This hypothesis is always satisﬁed in a ﬁnite volume, and also for independent spins. The function B  (M ) is always positive. The asymptotic evaluation
(6.11) yields here
RΩ (σ) ∼

Ω→∞



2
ΩB  (M )/2π e−ΩB (M)(σ−M) /2 ,

where M is the magnetization. In zero ﬁeld, M = 0 and the width of the Gaussian
distribution is related to B  (0) = b2 .
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7.2 Phase transitions in inﬁnite dimension
We now discuss a simple, slightly pathological model, but which can be solved exactly. In this model, all spins interact pairwise. The model has two interpretations.
If the dimension of space is ﬁnite, it is a model with inﬁnite-range interactions, that
is, quite diﬀerent from those we want to study. But it has also the interpretation
of a model with nearest-neighbour interactions, in the limit where the dimension of
space becomes inﬁnite. Indeed, in inﬁnite dimension, a site on a cubic lattice has
an inﬁnite number of neighbours.
In the model, each spin is coupled to an inﬁnite number of other spins. We show
that the interaction can be replaced by the action of a mean magnetic ﬁeld, and in
such a model, the so-called mean-ﬁeld approximation is exact.
The model. The interaction energy, in zero ﬁeld, of the model is given by
βE(S) = −

Ω
v 
Si Sj ,
Ω i,j=1

(7.15)

where the parameter v is proportional to β, the inverse temperature. We choose
v > 0, which favours aligned spins: one calls such an interaction ferromagnetic.
In the model, the spatial distribution of spins plays no role and, thus, we number
them simply i = 1, . . . , Ω. Moreover, because the number of terms that couple the
spins is of order Ω2 , the thermodynamic limit exists only if the interaction is divided
by a factor Ω.
We assume a normalized, even spin distribution at each site, ρ(S) = ρ(−S), which
has all the properties described in Section 7.1.1, in particular, which decreases faster
than a Gaussian function for |S| → ∞.
Since the spatial spin distribution plays no role, the only physically relevant
quantity is the partition function in an external magnetic ﬁeld H, which we calculate
exactly in the thermodynamic limit Ω → ∞.
7.2.1 Mean-spin distribution. Thermodynamic functions
The interaction energy (7.15) can also be written as
v
βE(S) = −
Ω

 Ω


2
Si

.

i=1

We then introduce the mean spin on the lattice
σ=
The function
RΩ (σ) = Ω e

Ωvσ2

1 
Si .
Ω i

(7.16)

 

 
ρ(Si )dSi
i

δ

Ωσ −


i


Si

(7.17)
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is, up to normalization, the distribution of the mean spin σ.
It is possible to integrate over the spins by introducing the Fourier representation
as in the case of the central limit theorem (representation (3.8)). One uses
& 

'




1
dk exp ik Ωσ −
Si =
Si
.
δ Ωσ −
2π
i
i
Introducing the transform (7.3) of the distribution and its logarithm (equation
(7.5)),

z(λ) = ds ρ(s) eλs , A(λ) = ln z(λ),
one derives the representation
RΩ (σ) =

Ω Ωvσ2
e
2π


dk eΩ[ikσ+A(−ik)] .

(7.18)

In the thermodynamic limit Ω → ∞, this integral can be evaluated by the steepest
descent method. The saddle point is given by
σ = A (−ik).
At leading order of the steepest descent method, and using the deﬁnition (7.8) with
h = −ik, m = σ and the relation (7.10), one ﬁnds

 

(7.19)
RΩ (σ) ∼ ΩB  (σ)/2π exp Ω vσ 2 − B(σ) .
Setting
G(σ) = B(σ) − vσ 2 ,

(7.20)

one can rewrite the expression as

RΩ (σ) ∼ ΩB  (σ)/2π exp [−ΩG(σ)] .

(7.21)

Thermodynamic functions. The partition function in a ﬁeld is deﬁned by

&
'
 
Ω

ρ(Si )dSi exp −βE(S) + H
Si .
ZΩ (H, v) =
i

Using equation (7.17), one then veriﬁes that it is given by

ZΩ (H, v) = dσ RΩ (σ) eΩHσ
and, thus, for Ω → ∞,
ZΩ (H, v) ∼

(7.22)

i=1


dσ


ΩB  (σ)/2π eΩ[Hσ−G(σ)] .

(7.23)
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For Ω → ∞, the integral can also be evaluated by the steepest descent method. At
leading order, in the case of a unique leading saddle point, the free energy density
is given by
1
ln ZΩ (H, v) = Hσ − G(σ)
(7.24)
W (H, v) = lim
Ω→∞ Ω
with
H = G (σ).
(7.25)
This expression naturally has the form of a Legendre transform. The spin expectation value M , or magnetization, is then (using equation (7.25))
1 
∂W (H, v)
= σ(H) .
Si  =
Ω i
∂H

M = Si  =

(7.26)

The thermodynamic potential density follows immediately:
G(M, v) = HM − W (H, v) = −vM 2 + B(M ) = G(M ).

(7.27)

The magnetization M is also a solution of
H=

∂G
= −2vM + B  (M ).
∂M

(7.28)

This relation between magnetic ﬁeld, magnetization and temperature is called the
equation of state.
We now analyse the solutions of the saddle point equation (7.25) and discuss their
physical interpretation, as functions of the two parameters v and H.
7.2.2 Low- and high-temperature limits
The nature of the saddle points is related to the sign of the second derivative
G (σ) = B  (σ) − 2v.
The function B  (σ) is positive, continuous and, with our assumptions, tends toward
inﬁnity when |σ| → ∞.
High temperature. For v → 0, that is, at high temperature from the physics viewpoint and, more precisely, for
v ≤ min 12 B  (σ) ,
σ



the second derivative G (σ) is always positive and the saddle point equation has a
unique solution, which corresponds to a maximum of the integrand.
For H = 0, it reduces to the trivial solution σ = 0. For H → 0, the position of
the saddle point and, thus, the magnetization M , become (in the parametrization
(7.11))
1
H + O(H 2 ),
M = σ(H) =
b2 − 2v
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which thus vanish in zero ﬁeld. Note that the limits H → 0 and Ω → ∞ here
commute.
Low temperature. In zero ﬁeld, H = 0, the solution σ = 0 corresponds to a local
maximum of the integrand as long as
v < vc ,

vc = b2 /2 ,

but, for v > vc , the second derivative becomes negative at σ = 0 and this solution
corresponds to a minimum. By contrast, for |σ| → ∞, B  (σ) goes to inﬁnity and
the second derivative is always positive. Thus, for v > vc , G (σ) has at least one
zero and since it is an even function, it has at least two. The two opposite zeros
correspond to a maximum of the integrand. One ﬁnds two degenerate leading saddle
points ±σc that yield the same contribution to W (0, v).
For H = 0, the two solutions ±σc are displaced, but the essential point is that the
two saddle points are no longer degenerate however small |H| is. For Ω → ∞, only
one saddle point contributes and one ﬁnds a non-vanishing induced magnetization.
Then, taking the limit H → 0, one ﬁnds
∂W (H, v)
= sign (H)|σc | .
H→0 Ω→∞
∂H

lim M ≡ Si  = lim lim

H→0

Here, the limits no longer commute since the limits taken in the reverse order lead
to a vanishing value for symmetry reasons.
The physical conditions of the problem single out the non-trivial result: indeed,
the symmetric point is the equivalent of an unstable equilibrium point in classical
mechanics. Any symmetry breaking term, however small, leads to one of the two
non-vanishing solutions.
The model thus displays a phase transition that takes place at a value of v ≤ vc
between a situation with a unique and symmetric phase, and a situation with two
diﬀerent phases related by the symmetry. In the latter situation, one speaks of
spontaneous symmetry breaking.
Let us point out that, in this situation, the thermodynamic potential density
G(M, v) given by equation (7.27), is apparently non-convex, contradicting the general results (6.5), (6.8). In fact, it is not deﬁned for values of M such that G (M ) <
0. Indeed,
∂2W
∂M
=
> 0.
∂H
(∂H)2
As a consequence, one always has |M (H)| ≥ |σc | and the intermediate values |M | <
|M (0)| cannot be reached.
7.2.3 Mean-spin distribution and phase transition
We now examine, in more detail, the thermodynamic properties in zero magnetic
ﬁeld.
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Fig. 7.1 Thermodynamic potential: First-order phase transition.

The analysis of saddle points then reduces to the study of the function RΩ , which
is proportional to the distribution of the mean spin σ, in the asymptotic form (7.21):
RΩ (σ) ∼


ΩB  (σ)/2π exp [−ΩG(σ)]

and, thus, of the function G(σ).
In the thermodynamic limit, the spontaneous magnetization M is given by the
absolute minima of G(σ) (equation (7.26)), whose location has to be determined
when the parameter v, which is inversely proportional to the temperature T , varies.
First-order phase transition. The property (7.6) implies that for |σ| large enough,
G(σ) is an increasing function. For v small (i.e., high temperature) vσ 2 is negligible
and the right-hand side of equation (7.20) is convex. The minimum of G(σ) is σ = 0;
the magnetization vanishes. When v increases, in general, one meets a value of v
for which other local minima appear, which then may become absolute minima of
G(σ) (Figure 7.1). When this happens, the magnetization M jumps discontinuously
from zero to a ﬁnite value corresponding to one of these new absolute minima. The
system undergoes a ﬁrst-order phase transition. Fluctuations around the saddle
point are governed by the value of the second derivative of the potential at the
minimum. In this situation the second derivative is strictly positive.
Although ﬁrst-order phase transitions are common, we will not discuss them in
this work. One reason is that the mean-ﬁeld approximation or the quasi-Gaussian
model (Chapter 8 and, more speciﬁcally, Section 8.10), which share many properties with the model in inﬁnite dimension, give in general a satisfactory qualitative
description of the physical properties.
Continuous or second-order phase transition. By contrast, if no absolute minimum
appears at a ﬁnite distance from the origin, eventually at a critical temperature Tc ,
corresponding to the value
(7.29)
vc = 12 B  (0) = 12 b2
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of v, the origin ceases to be a minimum of G and, below this temperature, two minima move continuously away from the origin (Figure 7.2). Since the magnetization
remains continuous at vc , the phase transition is called continuous or second order.
This is the situation that we analyse systematically from now on.
4
At the transition, the mean-spin distribution behaves near σ = 0 like e−Ωb4 σ /24 .
This implies b4 ≥ 0 otherwise σ = 0 would not be a minimum and a ﬁrst-order
transition would have been encountered at a higher temperature. We examine
below only the generic situation where the parameter b4 is strictly positive. The
special situation b4 = 0 but with b6 > 0 requires a special analysis and corresponds
to a so-called tricritical point.
4
The behaviour e−Ωb4 σ /24 at the transition is clearly diﬀerent from the behaviour
of a sum of independent variables. The correlation between the inﬁnite number of
spins thus plays a crucial role.

G(σ)

T > Tc
T = Tc
T < Tc
T < Tc
σ

Fig. 7.2 Thermodynamic potential: Second-order phase transition.

Remark. In zero ﬁeld, in a situation of continuous transition, exactly at the transition the simple steepest descent method does not apply since the function G(σ) is
of order σ 4 . But this aﬀects, for Ω → ∞, only corrections to the thermodynamic
functions and not the leading order.
7.3 Universality in inﬁnite space dimension
We now examine the behaviour of a few important thermodynamic quantities when
the temperature T approaches Tc , that is, v approaches vc in the case of a continuous transition. We verify in Chapter 8 that the universal results obtained in the
framework of these models in inﬁnite dimension are identical to those obtained in
the framework of the quasi-Gaussian or mean-ﬁeld approximations.
The magnetization goes to zero for T → Tc and H → 0. In this limit we can
expand G(M, v) (equation (7.27)), which like B(M ) is a regular even function, in a

Phase transitions: Generalities and examples

159

Taylor series in M . In the parametrization (7.11),
G(M, v) = −vM 2 +

b2 2 b4 4
M + M + ··· ·
2!
4!

(7.30)

The convexity of B(M ) implies that b2 is positive. We have shown above that the
assumption of a generic continuous phase transition also implies that the parameter
b4 is strictly positive.
For v close to vc and weak, uniform, applied magnetic ﬁeld H, the ﬁrst terms
contributing to the equation of state (7.28) are


H = 2(vc − v)M + 16 b4 M 3 + O M 5 .

(7.31)

Spontaneous magnetization. In zero ﬁeld, the equation of state reduces to
∂G(M )
= 0.
∂M
For v > vc but |v − vc |

1, this equation has two solutions
1/2

M ∼ ± [12(v − vc )/b4 ]

for |v − vc | → 0 ,

(7.32)

which are the two possible values of the spontaneous magnetization. At the critical
temperature Tc , the magnetization thus has the universal power-law behaviour
β

M ∝ (Tc − T )

with

β = 1/2 ,

(7.33)

where the value β = 12 of the magnetic exponent is also the quasi-Gaussian, or
mean-ﬁeld, or classical value of the exponent.
Magnetic susceptibility. The inverse of the magnetic susceptibility χ (i.e., the response of the magnetization to a change of the magnetic ﬁeld) is given by
χ

−1


=

∂M
∂H

−1
=

∂H
= 2(vc − v) + 12 b4 M 2 + O(M 4 ).
∂M

In zero ﬁeld, one ﬁnds
χ−1
+ = 2 (vc − v)

T > Tc ,

χ−1
−

T < Tc ,

= 4 (v − vc )

(7.34)

where the equation (7.32) has been used below Tc . The magnetic susceptibility thus
diverges at Tc with the universal magnetic susceptibility exponents γ, γ 
χ+ ∼ C+ (T − Tc )−γ ,
−γ 

χ− ∼ C− (Tc − T )

γ = 1,
, γ = 1 ,

(7.35)
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and the amplitude ratio of singularities has the universal value
C+ /C− = 2 .

(7.36)

Equation of state. We now return to the general equation (7.31). At Tc (v = vc )
for H → 0, one ﬁnds
(7.37)
H ∝ M3 .
Quite generally, one parametrizes the universal behaviour of H at Tc for M → 0 as
H ∝ Mδ .

(7.38)

Here, the critical exponent δ has the quasi-Gaussian, or mean-ﬁeld (or classical)
value
δ = 3.
(7.39)
More generally, for H, T − Tc → 0 and thus M → 0, after a change of the normalizations of magnetic ﬁeld, temperature and magnetization, the equation of state takes
the universal scaling form


(7.40)
H = M δ f (T − Tc )M −1/β ,
which shows that the ratio H/M δ is not a function of the variables T and M
independently, but only of the combination (T − Tc )/M 1/β .
The function f (x) can be cast into the form
f (x) = 1 + x .

(7.41)

The value x = −1, where H vanishes with M = 0, corresponds to the coexistence
curve in the two-phase region, and yields again the spontaneous magnetization.
Speciﬁc heat. In zero ﬁeld, the derivative with respect to β (the inverse of the
temperature) of the free energy density yields the average energy. Since v is proportional to β, one can diﬀerentiate with respect to v (a change of temperature
unit). We have shown for any parameter (equation (6.9)), and this applies thus to
v, the relation
∂G(M ) ∂W (H)
+
= 0.
∂v
∂v
It follows that
∂W (H)
= M 2 (H = 0).
∂v
H=0
One ﬁnds that above Tc the average energy vanishes and that below Tc it is proportional to the square of the spontaneous magnetization. The derivative of the
average energy with respect to the temperature is the speciﬁc heat C. Calculating the derivative with respect to v at vc , one obtains a result proportional to the
speciﬁc heat. Using expression (7.32), one ﬁnds
C(T → Tc+ ) = 0 ,

C(T → Tc− ) = 12/b4 .

(7.42)
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In this model, like in the mean-ﬁeld approximation, the speciﬁc heat has a discontinuity at Tc , which has a non-universal value.
Remarks.
(i) Other models can be solved in inﬁnite dimension by the same method. For
example, the spin can be a vector in RN and the model invariant under the transformations of the O(N ) orthogonal group, rotations–reﬂections in N space dimensions.
One veriﬁes that most universal properties still hold. In inﬁnite dimension, universal
properties depend very little on the symmetry group.
(ii) More generally, one can deﬁne models with ﬁnite-range interactions in space
dimension d and calculate thermodynamic quantities in the form of 1/d expansions.
The corrections to the d = ∞ model do not aﬀect universal quantities.
7.4 Transformations, ﬁxed points and universality
As we have done in Chapters 3 and 4, we now associate the universality properties
to the ﬁxed points of a transformation. Since all thermodynamic properties can
be derived from the thermodynamic potential density G(M ), we express here the
transformation directly on G. We proceed in the following way: we group the
spins pairwise, and for each pair we integrate over one spin, the mean of the two
spins being ﬁxed. We use the representation (7.18) that expresses the mean-spin
distribution as an integral over independent spin models. We have already noted
that in this case, the generating function of cumulants has a simple transformation
(see Section 3.2). Here, one ﬁnds
T :

Ω → Ω/2 ,

v → 2v ,

A(h) → 2A(h/2).

The Legendre transform B(M ) of A is then multiplied by a factor 2. It follows that
the transform of the thermodynamic potential is
[T G](M ) = 2G(M ).
As in Section 3.2, we combine this decimation of the number of random variables
with a renormalization of the magnetization: M → ζM and the general transformation becomes
[T G](M ) = 2G(ζM ).
The ﬁxed point equation thus is
G∗ (M ) = 2G∗ (ζM ).
Gaussian ﬁxed point. Since the function G(M ) is analytic at M = 0, it can be
expanded in a Taylor series. Identifying the coeﬃcients of M 2 , one obtains
v − b2 /2 = 2(v − b2 /2)ζ 2 .
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√
For v = vc = b2 /2 and the choice ζ = 1/ 2, one ﬁnds the ﬁxed point
G∗ (M ) = (b2 /2 − v)M 2 .
Note that ζ < 1, which explains why the ﬁxed point corresponds to the ﬁrst term
of the expansion in powers of M .
The spin distribution corresponding to the ﬁxed point is a Gaussian distribution,
which is a singular limit in the class of distributions that we have assumed. Moreover, the ﬁxed point makes sense only for v < vc , a region in which the spontaneous
magnetization vanishes.
The ﬁxed point is stable in the sense that the coeﬃcient b2p of the term of order
M 2p is multiplied by 21−p < 1 for p > 1. All perturbations to the Gaussian model,
even in the spins are thus irrelevant.
Fixed point at the critical temperature. For v = vc , it becomes necessary to expand
up to fourth order and for ζ = 2−1/4 one ﬁnds the ﬁxed point
G∗ (M ) =

b4 4
M .
4!

Again, one notes that ζ < 1.
The coeﬃcient b2p becomes
T b2p = 21−p/2 b2p .
From the stability analysis, one then concludes:
(i) An M 2 term is related to a relevant perturbation.
(ii) An M 4 term is related to a redundant perturbation.
(iii) All other terms correspond to irrelevant perturbations.
Universality in the critical domain. Following the strategy that has already been explained in Section 4.7.2, it is possible to establish asymptotic universality properties
in an inﬁnitesimal neighbourhood of the critical point, called the critical domain.
One modiﬁes the transformation T by renormalizing also the diﬀerence
√
v − vc → (v − vc )/ 2 .
This corresponds to decreasing the initial value of v − vc at each iteration. In this
way, the coeﬃcient of M 2 remains constant while the coeﬃcients of all irrelevant
terms go to zero. Asymptotically,
G(M ) = (vc − v)M 2 +

b4 4
M .
4!

Remark. In the interpretation of the system as a spin model in dimension d with
inﬁnite-range interaction, the number of spins is proportional to Ld where L characterizes the linear size of the lattice. Dividing the number of spins by 2 corresponds
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to dividing L by 21/d . It is then convenient to express the behaviour of the various
variables in terms of the inverse of a unit length (in order for the dimension of
relevant variables to be positive). In this unit, considering the value of ζ and the
renormalization of v − vc , one infers that the magnetization has a dimension d/4,
v − vc a dimension d/2 and G(M ) is a linear combination of terms of dimension d.
This concludes the analysis for H = 0.
Transformation in a ﬁeld H. One adds to the free energy the term HM , which
becomes 2ζHM and, then,
T H = 2ζH = 23/4 H .
The magnetic ﬁeld is thus a relevant perturbation with dimension 3d/4. Again, in
order for the magnetic ﬁeld term to have a ﬁnite limit, H must be renormalized into
H2−3/4 . This corresponds to decreasing the initial magnetic ﬁeld at each iteration.
Finally, taking into account the dimensions of H, v − vc , M , one veriﬁes that
the scaling property (7.40) of the equation of state also follows from dimensional
analysis.
7.5 Finite-range interactions in ﬁnite dimension
We now examine the problem of phase transitions in models with ﬁnite-range interactions in ﬁnite-dimensional space. Since such models can no longer, in general, be
solved exactly, we ﬁrst use low- and high-temperature arguments to establish the
existence of transitions and to deduce some of their properties.
We ﬁrst consider models on ﬁnite lattices C belonging to Zd , that is, containing
the points of Rd with integer coordinates satisfying
r ∈ C ⇔ 0 ≤ rµ ∈ Z < L ,

µ = 1, . . . , d .

It is convenient to choose periodic boundary conditions in the d dimensions, which,
preserve on a ﬁnite lattice the translation invariance of the systems that we will
study.
To illustrate the formalism by concrete examples, we consider spin models with
nearest-neighbour interactions on the lattice, but the results obtained in this way
are, more generally, valid for all systems with ﬁnite-range interactions. An important result that emerges from the heuristic analysis that follows, is the importance
of the symmetry groups and, in particular, of their discrete or continuous nature.
7.5.1 Discrete symmetries: The Ising model
An example of a model with a discrete symmetry is the Ising model, where the spins
take only the values ±1, with a nearest-neighbour interaction on the lattice. The
model has a Z2 reﬂection symmetry, corresponding to reversing all spins: S → −S.
The results that we derive below will be more generally valid for any model with
a reﬂection symmetry and ﬁnite-range interactions, and representative of models
with discrete symmetries.
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The partition function of the Ising model in zero ﬁeld in d dimensions with nearest-neighbour interactions (n.n.) can be written as
ZΩ (β) =


{Sr = ±1}


exp β




Sr Sr ,

(7.43)

r,r n.n.∈C

where β, the inverse of the temperature, also includes a factor characterizing the
strength of the interaction, assumed ferromagnetic, and Ω is the number of sites in
C: Ω = Ld . The number of spin conﬁgurations is then 2Ω .
In the two limits of high and low
# temperatures, it is possible to evaluate the
distribution of the mean spin σ = i Si /Ω in the thermodynamic limit.
Mean-spin distribution: High temperature. In the high-temperature limit (β → 0),
spins become independent variables. The mean-spin distribution thus follows from
the central limit theorem and has an asymptotic Gaussian form centred around
σ = 0, a situation described in Section 7.1.2. For Ω = ∞, σ = 0 is a certain value
and the magnetization in zero ﬁeld vanishes.
Low temperature. Since the total number of conﬁgurations is 2Ω , at low temperature
(β → ∞), the mean-spin distribution is dominated by the interaction energy. The
two most probable conﬁgurations correspond to all spins aligned: Si = S = ±1. In
the limit Ω → ∞, in order for the mean-spin distribution not to reduce to σ = ±1,
conﬁgurations must exist with + and − spins occupying both a ﬁnite proportion
of the volume Ω = Ld , which have a non-vanishing probability. Let us assume
that most spins have value +1. The relative probability of a conﬁguration of the
type represented in Figure 7.3 for the dimension 2, with respect to the probability
of conﬁgurations with spins all aligned, is, at low temperature, of the order of
N e−β∆E , where ∆E is the variation of interaction energy and N the corresponding
number of conﬁgurations.

Fig. 7.3 Spin − domain in a spin + background, for d = 2.

With respect to the reference conﬁguration with all spins equal to +1, the probability of a domain of spins −1 is proportional to e−2βA , where A is the measure of
the domain boundary. In d dimensions, the minimal boundary domain is a sphere.
In terms of its radius , the measure of the boundary is of order Σd d−1 (Σd is the
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measure of the boundary of the sphere Sd−1 with unit radius) and the probability
d−1
is of order N () e−2Σd β . Moreover, one can verify that the number of conﬁgud−1
rations N () is bounded by eK , where K is a constant, in such a way that for
β large enough, the energy term always dominates.
In the thermodynamic limit, in order for the corresponding average spin to be
smaller than 1, /L must remain ﬁnite. The conclusions thus are:
(i) For d = 1, the probability of |σ| < 1 remains ﬁnite and no phase transition is
possible.
(ii) By contrast, for d > 1, the probability of |σ| < 1 goes to zero for L →
∞ and thus, at low temperature, the distribution reduces to σ = ±1. This is
a situation that we have already examined in the case of the model in inﬁnite
dimension. It corresponds to a two-phase region with non-vanishing spontaneous
magnetization. Indeed, the addition of a magnetic ﬁeld term changes the energy by
±HLd, favouring one of two conﬁgurations for arbitrarily small H. The limiting
distribution is concentrated around only one value of σ, which is the spontaneous
magnetization.
Clearly, in the inﬁnite volume limit, there is no analytic continuation possible
between a unique phase at high temperature and a region with two phases at low
temperature and, thus, the thermodynamic quantities must have at least one singularity in β at a ﬁnite value βc .
7.5.2 Continuous symmetries: The orthogonal group
We now brieﬂy discuss a family of models with a continuous symmetry, to exhibit
a few important diﬀerences with the case of discrete symmetries.
We again consider a classical spin system, but where the spins Sr are ν-component
vectors with unit length, with two-spin nearest-neighbour ferromagnetic interactions. The partition function takes the form

 
 2

dSr δ Sr − 1 exp [−βE(S)]
(7.44)
Z(β) =
r

where dSδ(S − 1) is the uniform measure on the sphere Sν−1 and where we choose
the conﬁguration energy

E(S) = −
Sr · Sr .
2

r,r n.n.

The model then has a continuous symmetry corresponding to the O(ν) orthogonal
group of rotations–reﬂections in ν-dimensional space acting on the vectors Sr . We
consider below ν arbitrary and unrelated to the dimension d of space.
At high temperature (β → 0), like in the case of the Ising model, the model tends
toward a system of independent spins and the mean-spin distribution has a limit
given by the central limit theorem. In particular, the spontaneous magnetization
vanishes.
At low temperature, again the mean-spin distribution is dominated by minimal
energy conﬁgurations, that is, where all spins are aligned in a given direction and
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thus |σ| = 1. In order for the conﬁgurations with |σ| < 1 to have a non-vanishing
probability in the thermodynamic limit, spin conﬁgurations must exist that interpolate between two possible spin directions. The essential diﬀerence with the case
of a discrete symmetry is that it is possible to interpolate between two asymptotic
directions diﬀering by an angle α by rotating the spins of an angle α/ between
adjacent sites. This must be contrasted with the case of a discrete symmetry, where
the transition occurs between only two sites (or, more generally, a ﬁxed number of
sites). Thus, considering a sphere centred at r = 0 and calling θ(r = |r|) the angle
of the spins in the plane formed by the initial and ﬁnal spin directions, one chooses
θ(r) = αr/ ,

0 ≤ r ≤ .

For  large, the variation of the scalar product Si · Sj between neighbour spins is
proportional to 1−cos(δθ(r)) ∝ α2 /2 (δr)2 . The total variation of the conﬁguration
energy thus is proportional to
α2 −2 × d = α2 d−2 .
Again, the spin expectation value is modiﬁed only if, in the inﬁnite volume limit
L → ∞, the ratio /L remains ﬁnite. One concludes:
(i) For d ≤ 2, the variation of the energy remains ﬁnite and, thus, the mean-spin
distribution has non-trivial support in the unit sphere. As a consequence, even at
low temperature the spontaneous magnetization vanishes.
(ii) By contrast, in dimension d > 2, at low temperature the spin distribution
reduces to the sphere |σ| = 1. Again, an arbitrarily small magnetic ﬁeld selects a
spin direction and determines the direction of the spontaneous magnetization.
7.6 Ising model: Transfer matrix
In order to analyse more thoroughly the question of phase transition, we study again
the Ising model with nearest-neighbour interactions, but within the transfer matrix
formalism. We ﬁrst consider a model on a ﬁnite lattice in which, in dimension
d > 1, we distinguish one direction that we call the time direction, for convenience,
when no confusion is possible. The lattice then corresponds to the points of integer
coordinates r = (t, ρ) with
0 ≤ t ≤ ,

0 ≤ ρµ ≤ L

for 1 ≤ µ ≤ d − 1 .

It is convenient to choose periodic boundary conditions in the (d − 1) transverse
dimensions.
7.6.1 Transfer matrix
When interactions have a ﬁnite range, one can introduce the transfer matrix formalism that we have already discussed in Section 4.1.2, in the special case of onedimensional statistical models.
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We deﬁne the transfer matrix in the time direction. In terms of the transfer
matrix T that relates time t to time t + 1, the partition function, in an arbitrary
dimension d, with a periodic boundary condition in the time direction, then reads
Z(, L) = tr T .

(7.45)

We assume an isotropic interaction, which allows choosing a symmetric transfer
matrix.
In the example of the Ising model in d dimensions with nearest-neighbour interactions, whose partition function is given by expression (7.43), the elements of the
corresponding transfer matrix are



1  


 
[T](S , S) = exp β
Sρ Sρ +
Sρ Sρ + Sρ Sρ
,
(7.46)
2 
ρ
ρ,ρ n.n.

where ρ is the position on the transverse (d − 1)-dimensional lattice and S represents the set of all spins of the transverse lattice. A vector is associated to a spin
distribution in the transverse (d − 1)-dimensional space. For a lattice of transverse
d−1
size L, the vector space has dimension 2L .
Symmetry Z2 . The Ising model is characterized by a discrete Z2 symmetry, a
reﬂection corresponding to changing the sign of all spins. Acting on the preceding
vector space, the reﬂection is represented by a symmetric matrix P, whose elements,
in the notation (7.46), are
[P](S , S) =
ρ

δSρ ,−Sρ .

(7.47)

It satisﬁes P2 = 1 and its eigenvalues are ±1.
The matrix P commutes with the transfer matrix,
[T, P] = 0
and, thus, P and T can be diagonalized simultaneously: the eigenvectors of T can
also be chosen eigenvectors of P.
We thus denote by τ±,n the eigenvalues of T corresponding to eigenvectors ψ±,n
such that
P ψ±,n = ±ψ±,n , T ψ±,n = τ±,n ψ±,n .
The partition function can then be expressed in terms of eigenvalues as
Z(, L, β) =

∞

 


τ+,n + τ−,n
.

(7.48)

n=0

It is useful for the discussion that follows to also introduce the partition function
with anti-periodic boundary conditions in the time direction
Za (, L, β) = tr PT =

∞


n=0




τ+,n
.
− τ−,n

(7.49)

168

Phase transitions: Generalities and examples

Order parameter. The spin Sσ at site σ on the transverse lattice is an order parameter, in the sense that in the region where several phases coexist, its expectation value
discriminates between the phases. Indeed, the corresponding matrix Sσ , whose elements between two spin conﬁgurations are
[Sσ ](S , S) = Sσ
ρ

δSρ Sρ ,

(7.50)

is odd under reﬂection:
P−1 Sσ P = −Sσ .

(7.51)

Limit L ﬁnite,  → ∞. If the size of the transverse lattice is ﬁnite, the general
analysis of Section 4.1.2 remains valid. The unique eigenvector of the transfer
matrix associated with the largest eigenvalue is symmetric
Pψ+,0 = ψ+,0 .
Indeed, all components of the eigenvector ψ+,0 are positive and equation (7.47)
shows that P does not change the sign of the basis vectors.
As a consequence, the spin expectation value vanishes:
S = (ψ+,0 , Sσ ψ+,0 ) = −(ψ+,0 , P−1 Sσ Pψ+,0 ) = −(ψ+,0 , Sσ ψ+,0 ) = 0 .

(7.52)

The symmetry S → −S remains unbroken at all temperatures.
Moreover, no level crossing is possible and the free energy W, which in the limit
 → ∞ is given by
(7.53)
W ∼  ln τ+,0 ,
is a regular function of the temperature T = 1/β for T > 0. From this analysis,
one concludes that in a spin model with ﬁnite-range interactions and reﬂection
symmetry no phase transition is possible even without symmetry breaking; the free
energy is a regular function of the temperature, and the correlation length ξ (deﬁned
by equation (6.13)) can diverge only at zero temperature. These results generalize
to all short-range interactions.
Correlation length. The correlation length in the time direction, as deﬁned by
equation (6.13), is still given by equation (4.23):
ξ −1 = ln(τ0 /τ1 ) ,
where τ0 > τ1 are the two largest eigenvalues of the transfer matrix.
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7.6.2 Inﬁnite transverse dimension limit: Phase transitions
When the transverse dimension L diverges, new phenomena can occur, which an
analysis of the high- and low-temperature limits reveals.
High temperature. At high temperature (β → 0), spins on diﬀerent sites decouple.
At inﬁnite temperature, spins become independent variables; all elements of the
T matrix become equal and T becomes a projector on the eigenvector ψ0 that has
equal components on all spin conﬁgurations. All eigenvalues except one vanish. The
correlation length also vanishes. These properties are independent of the volume
and, thus, remain valid even for L inﬁnite. At high temperature one ﬁnds, as expected, a disordered phase where S = 0 and the reﬂection symmetry is unbroken.
Low temperature. At low temperature, that is, for β → ∞, the leading contributions
to the partition function correspond to two conﬁgurations where all spins are equal
either to +1 or to −1:
Sr = S = ±1 ∀r .
It follows that
Z(, L, β) = tr T ∼ 2 eβdL

d−1

,

(7.54)

where the factor 2 corresponds to the two conﬁgurations.
At low temperature, the leading contributions to the partition function (7.49)
with anti-periodic boundary conditions correspond to a region with spins +1 separated from a region with spins −1. With respect to the uniform contributions that
dominate Z(, L, β), the variation of the energy is proportional to the measure of
the surface that separates the two regions. The minimal surface is a plane t = t0
with 1 ≤ t0 ≤ . The ratio Za /Z is then
r(, L) =

d−1
Za (, L, β)
tr P T
∼  e−βL ,
=
tr T
Z(, L, β)

(7.55)

where the factor  corresponds to all possible positions of the interface.
For  → ∞, the partition functions are dominated by the largest eigenvalues of
the transfer matrix. Expression (7.54) shows that two eigenvalues dominate the
sum (7.48). Since Za (, L, β) is asymptotically much smaller than Z(, L, β), the
two eigenvalues must be asymptotically equal and correspond to even and odd
eigenvectors. Thus,
r(, L) =



τ+,0
− τ−,0
Za (, L, β)
∼ 
.

Z(, L, β)
τ+,0 + τ−,0

(7.56)

In terms of the correlation length ξL = 1/ ln(τ+,0 /τ−,0 ),
1
τ+,0
−1 ∼
ξL →∞ ξL
τ−,0
and thus
r(, L) ∼

d−1

∼  e−βL
⇒ ξL ∼
2ξL

1
2

eβL

d−1

.

(7.57)
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Starting from the conﬁgurations where all spins are aligned, and taking into account
conﬁgurations where a ﬁnite number of spins have been reversed, one can then
determine eigenvalues and eigenvectors as low-temperature expansions. But the
qualitative behaviour is not modiﬁed.
Phase transitions. For L ﬁnite, the correlation length ξL diverges only at zero
temperature, like in one dimension. No phase transition is possible.
By contrast, for d > 1, at ﬁxed suﬃciently low temperature, the correlation
length diverges in the limit L → ∞, and the largest eigenvalue of the transfer
matrix is double. The thermodynamic limit then depends on boundary conditions.
In particular, an inﬁnitesimal symmetry breaking selects not an even eigenvector
but one of the eigenvectors corresponding to aligned spins. Then, the magnetization
no longer vanishes. The two possible phases correspond to the two possible opposite
values of the spontaneous magnetization.
In the inﬁnite volume limit, the thermodynamic functions must have at least one
singularity at a ﬁnite value βc of β separating a high-temperature region with one
phase from a low-temperature region with two phases.
Let us point out that the correlation length ξL has a meaning only in a ﬁnite volume. Indeed, it assumes a summation over all possible conﬁgurations. However, in
a broken symmetry phase (a pure phase), the partition function must be calculated
by summing only over a subset of conﬁgurations, the conﬁgurations for which the
magnetization has a deﬁnite sign. The divergence of ξL is a precursor of the property that the two-spin correlation function in the inﬁnite volume limit no longer
vanishes at large distance, but converges toward the square of the spontaneous
magnetization.
Remarks
(i) This analysis of the inﬁnite volume limit is qualitatively correct in the whole
low-temperature phase. However, at βc the situation changes; an inﬁnite number
of eigenvalues accumulate at the same value τ+,0 .
(ii) We have seen that the ratio (7.55) provides a criterion for spontaneous symmetry breaking. This analysis can be generalized to other symmetry groups. One
then considers the ratio
tr R T
r(, L) =
,
(7.58)
tr T
where R is an element of the symmetry group.
In the symmetric phase, the leading eigenvector of the transfer matrix is invariant
under the transformations of the symmetry group and, thus, r( = ∞, L) = 1.
On the contrary, if the symmetry is spontaneously broken, R shifts degenerate
eigenvectors and, thus, r( = ∞, L) vanishes in the inﬁnite volume limit L → ∞.
Another limit of this ratio, r(L, L) for L → ∞, is interesting. It corresponds to a
thermodynamic limit in which the sizes diverge in the same way in all dimensions.
One is then led to calculate the ratio of two partition functions on a d-dimensional
lattice of linear size L with diﬀerent boundary conditions: the denominator corresponds to periodic boundary conditions in the time direction, the numerator corresponds to boundary conditions on the two sides that diﬀer by transformations of
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the symmetry group. In Ising type systems, the only non-trivial group element is
the reﬂection P and, thus, these boundary conditions are anti-periodic. This limit
provides, at low temperature, a direct criterion of spontaneous symmetry breaking.
The probability is then of order
r(L, L) =

d−1
tr P TL
∼ e−βL
.
tr TL

(7.59)

7.7 Continuous symmetries and transfer matrix
We again discuss the family of models with orthogonal symmetry introduced in
Section 7.5.2, to exhibit the diﬀerences between continuous and discrete symmetries
in the framework of the transfer matrix formalism.
We consider classical spin systems whose partition function is given by expression
(7.44). The spins Sr are ν-component vectors with unit length with two-spin,
nearest-neighbour, ferromagnetic interactions.
These models have a continuous symmetry corresponding to the orthogonal group
O(ν) of rotations–reﬂections in ν-dimensional space.
Transfer matrix. Here also, one can express the partition function (7.44) in terms
of a transfer matrix T, whose elements are



1  




[T](S , S) = exp β
Sρ · Sρ +
,
(7.60)
Sρ · Sρ + Sρ · Sρ
2

ρ
ρ, ρ n.n.
where ρ is the position in the (d − 1)-dimensional transverse space.
At high temperature (β → 0), like in the case of the Ising model, the eigenvector
of the transfer matrix corresponding to the largest eigenvalue has uniform components on all conﬁgurations and thus is invariant under the transformations of the
orthogonal O(ν) group.
To discuss the low-temperature phase, following the example of the Ising model,
we introduce the generalization of the ratio (7.55). The symmetry operation is here
a rotation R(α) of angle α. We deﬁne
Z(α, , L, β) = tr R(α)T

(7.61)

with periodic boundary conditions in all transverse directions. We study the behaviour of the ratio
Z(α, , L, β)
(7.62)
r(α, , L) =
Z(0, , L, β)
for β  1 in the limit L → ∞.
The function Z(α, , L, β) is the partition function on a d-dimensional lattice,
with the modiﬁed boundary conditions in the time direction
St=,ρ · St=0,ρ = cos α .

(7.63)
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At low temperature, minimal energy conﬁgurations correspond to taking the spins
aligned in (d − 1) dimensions, and rotating by an angle α/ between two adjacent
sites along the time axis. This must be contrasted with the case of a discrete
symmetry, where the transition between conﬁgurations forced by the boundary
conditions occurs between only two sites (or, more generally, a ﬁnite number of
sites).
The variation of the energy ∆E resulting from the rotation is then
∆E =  × Ld−1 × [cos (α/) − 1]
and, thus,

(7.64)




r(α, , L) ∝ exp βLd−1 cos (α/) − 1 .

For   1, one can expand


r(α, , L) ∝ exp − 21 βLd−1 α2 / .

(7.65)

The result is the same as for a O(ν) model in one dimension, at low temperature, with β → βLd−1 . Exercise 4.4 presents the calculation of the corresponding
correlation length. Applying the result to the present example, one ﬁnds
ξL ∼

βLd−1
.
2(ν − 1)

(7.66)

An equivalent calculation consists in replacing, at low temperature, all spins Sρ and
all spins Sρ in the transfer matrix by two constant spins. Again, the result is the
transfer matrix of a one-dimensional model, with an interaction β → βLd−1 .
The result seems to indicate, again, that the correlation length diverges for any
dimension larger than or equal to 2, like in the discrete case. However, this property
holds only in dimensions larger than 2.
In dimension 2, the estimate predicts that the correlation length increases linearly
in L, that is, that ξL /L goes to a constant. This is a subtle situation where the
ﬂuctuations around the constant conﬁgurations aﬀect the calculation even at low
temperature and which must be studied with more reﬁned arguments. Actually,
the property holds only for ν = 2 (the case where the rotation group SO(2) is
Abelian, i.e, commutative). For ν > 2, the correlation length diverges only at zero
temperature.
Moreover, even for ν = 2, although the correlation length diverges, because ξL /L
remains ﬁnite, the spontaneous magnetization in the low-temperature phase vanishes, S = 0, and the symmetry O(2) is not broken. One ﬁnds a low-temperature
phase characterized by an algebraic decay of connected correlation functions (the
so-called Kosterlitz–Thouless phase). As an argument of ergodic type suggests, the
spin expectation value can only be non-vanishing if ξL /L → ∞ for L → ∞.
Remark. As a symmetry breaking criterion, one can also use the ratio of partition
functions (7.65) for  = L. One ﬁnds


(7.67)
r(α, L, L) ∝ exp − 21 βLd−2 α2 .
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Therefore, in the case of a continuous symmetry, it is easier passer to pass from
one energy minimum to another. This property has, as a direct consequence, that
it is more diﬃcult to break the symmetry and that Goldstone modes appear in the
broken symmetry phase (see Section 7.8). For d ≤ 2, r(α, L, L) has a ﬁnite limit
and the symmetry is never broken. This result, which we have justiﬁed by heuristic
arguments, can be proved rigorously (the Mermin–Wagner–Coleman theorem).
For d > 2, by contrast, the symmetry is broken at low temperature. There must
exist a ﬁnite temperature Tc , where a phase transition takes place.
7.8 Continuous symmetries and Goldstone modes
If the initial spin variable Sr is a ν-component vector and if both the interaction
and the spin distribution have a continuous symmetry (associated with a compact
Lie group), the appearance of several functions and correlation lengths when the
magnetization is diﬀerent from zero, induces a few new properties. In particular, in
zero ﬁeld, for all temperatures below Tc , some correlation lengths, associated with
modes called Goldstone modes diverge.
Again, we illustrate these remarks with the example of O(ν) (ν > 1) symmetric
models.
Goldstone modes: O(ν) symmetry. The orthogonal symmetry O(ν) implies that
the thermodynamic potential density G(M) in a uniform ﬁeld is a function of the
square of the magnetization vector and, thus, can be written as (|M| = M )
G(M) = G(M 2 /2).
As a consequence, the relation between components Hα and Mα of the magnetic
ﬁeld and the magnetization, respectively, takes the form
Hα = Mα G (M 2 /2)

(7.68)

|H| ≡ H = M G (M 2 /2).

(7.69)

and, thus, for the moduli,

The connected two-point function is now the ν × ν matrix
Wαβ (r − r ) = Sα (r)Sβ (r )conn. .
(2)

In the Fourier representation, the vertex function, the inverse of the connected
two-point function, at vanishing argument, is given by (see equation (6.27))
(2)

Γ̃αβ (k = 0) =

∂2G
= Mα Mβ G (M 2 /2) + δαβ G (M 2 /2).
∂Mα ∂Mβ

(7.70)
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The matrix Γ̃αβ (k = 0) has two eigenspaces corresponding to the vector Mα and
to the (ν − 1) vectors Xα orthogonal to Mα :




(2)
Γ̃αβ (0)Mβ = Mα M 2 G (M 2 /2) + G (M 2 /2) ,

β



Γ̃αβ (0)Xβ = Xα G (M 2 /2).
(2)

β
(2)

(2)

Denoting by Γ̃L , Γ̃T the corresponding eigenvalues, respectively, one ﬁnds
Γ̃L (0) = M 2 G (M 2 /2) + G (M 2 /2),
(2)

(2)
Γ̃T (0)



2

= G (M /2) = H/M ,

(7.71)
(7.72)

where in (7.72), equation (7.69) has been used.
2 (2) (k = 0) are the inverses
The eigenvalues of the connected two-point function W
of those of Γ̃(2) . The transverse eigenvalue of the connected two-point function at
vanishing argument is thus

−1
2 (2) (k = 0) = Γ̃(2) (k = 0)
W
= M/H .
T
T

(7.73)

Goldstone modes. Above Tc , the magnetization vanishes linearly with H and the
two-point function has a ﬁnite limit for H → 0. On the contrary, below Tc , when
H goes to zero, M has the non-vanishing spontaneous magnetization as a limit
and, thus, the transverse two-point function diverges. This implies the divergence
of the transverse correlation length corresponding to ν − 1 modes, called Goldstone
modes (massless particles in the sense of the theory of fundamental microscopic
interactions).
Another argument. This result can also be derived in the following way. In zero ﬁeld,
below Tc , the magnetization does not vanish although the potential is symmetric.
If a vector M corresponds to a minimum of the potential, any vector deduced from
M by a rotation (an orthogonal transformation), also corresponds to a minimum.
This implies that the thermodynamic potential is minimum on a sphere |M| = M .
An inﬁnitesimal rotation corresponds to adding to M a vector tangent to the sphere
and thus orthogonal to M. Denoting by X such a vector, |X|
1, and expanding
the minimality condition to ﬁrst order in X, one obtains the condition
0=

∂G(M + X)  ∂ 2 G(M)
=
Xβ .
∂Mα
∂Mα ∂Mβ
β

One recovers the ν − 1 eigenvectors with zero eigenvalue, corresponding to the
Goldstone modes.
Mathematical remark. More generally, one can consider models with a symmetry
corresponding to a continuous group (Lie group) G and such that this symmetry is
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spontaneously broken by a non-vanishing expectation value M of the order parameter. Let H be the subgroup of G that leaves the vector M invariant (the residual
symmetry group). In the preceding example, G ≡ O(ν) and H ≡ O(ν − 1). Finally,
let g and h be the numbers of generators of the Lie algebra of G and H, respectively.
A simple generalization of the preceding arguments shows that there exists g − h
Goldstone modes, associated with the generators of G that do not belong to H. In
the orthogonal example
g = 12 ν(ν − 1),

h = 12 (ν − 1)(ν − 2) ⇒ g − h = ν − 1 .

Exercises
Exercise 7.1
A model with O(3) orthogonal symmetry in inﬁnite dimension. One wants to generalize the study of Section 7.2 to a model where the spins S are three-component
vectors belonging to the sphere S2 with the same isotropic distribution as in Section
7.7, but with an interaction energy of the O(3) invariant form
−βE(S) =

Ω
v 
Si · Sj ,
Ω i,j=1

v > 0.

(i) Calculate ﬁrst the one-site partition function in a ﬁeld, the corresponding free
energy A and thermodynamic potential B. Expand B up to fourth order in the
three-component magnetization vector.
(ii) It is then suggested to introduce the distribution of the mean-spin σ, a threecomponent vector. Calculate the critical value vc of v.
Solution. The one-site partition function (see Exercise 4.4) is given by
z(h) =

1
2



π

dθ sin θ eh cos θ =
0

sinh h
.
h

Then, the one-site free energy is
A(h) = ln(sinh h/h) = 16 h2 −

4
1
180 h

+ O(h6 ).

The Legendre transform B(M) is a function only of the length m = |M| of the
magnetization vector. One veriﬁes
B(m) = mh − A (h),

m = A (h).

For m → 0, one ﬁnds the expansion
B(m) = 32 m2 +

4
9
20 m

+ O(m6 ).
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The interaction energy can then be expressed in terms of the mean spin σ as
−βE(S) = Ωvσ 2 .
The mean-spin distribution is proportional to

RΩ (σ) =

Ω
2π

3
eΩvσ



2

d3 k eΩ[ik·σ+A(−ik)] ,

where A(h = |h|) = ln z(h) is the free energy of the one-site model, derived from
For Ω → ∞, this integral can be calculated by the steepest descent method. The
saddle point is given by
σ = kA (−ik)/k .
Then, one needs
∂2B
B  (σ) 
σα σβ 
σα σβ
+ B  (σ) 2 ,
δαβ −
=
∂σα ∂σβ
σ
σ2
σ
and thus
∂ 2B
det
=
∂σα ∂σβ



B  (σ)
σ

2

B  (σ).

It follows (σ = |σ|) that

RΩ (σ) ∼

Ω
2π

3/2

[B  (σ)]

1/2

B  (σ) Ωvσ2 −ΩB(σ)
e
.
σ

Again, the result can be expressed in terms of the Legendre transform B of the
function A. The critical value of v thus is
vc =

3
2

.

Exercise 7.2
A model with orthogonal symmetry in inﬁnite dimension. Generalize the preceding
exercise to a model with spins S belonging now to the sphere Sν−1 with the same
isotropic distribution as in Section 7.7, but with an interaction energy sum of the
O(ν) invariant term
−βE(S) =

Ω
v 
Si · Sj ,
Ω i,j=1

and the coupling to a magnetic ﬁeld
H·


i

Si .

v > 0,
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It is suggested to introduce the mean-spin distribution σ, a ν-component vector.
Solution. The one-site partition function is now given by (see Exercise 4.4)
z(h = |h|) =

2π ν/2−1/2


Γ 12 (ν − 1)



π

dθ (sin θ)ν−2 eh cos θ .
0

The expansion of the free energy A(h) = ln z(h) of the one-site model is then
A(h) =

h4
h2
−
+ O(h6 ).
2ν
4ν(ν + 2)

The Legendre transform has the expansion
B(m) =

ν2
ν 2
m +
m4 + O(m6 ).
2
4(ν + 2)

The interaction energy can still be expressed in terms of the mean spin σ as
−βE(S) = Ωvσ 2 . The mean-spin distribution is proportional to

RΩ (σ) =

Ω
2π

ν
eΩvσ

2


dν k eΩ[ik·σ+A(−ik)] .

For Ω → ∞, this integral can be calculated by the steepest descent method. The
saddle point is given by σ = kA (−ik)/k. Again, the result can be expressed in
terms of the Legendre transform B of the function A.
In particular the critical value of v is vc = ν/2.
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8 Quasi-Gaussian approximation: Universality, critical
dimension

In this chapter, we continue the study of phase transitions in statistical systems
with short-range interactions begun in Chapter 7. We remain within the framework of ferromagnetic systems but, to a large extent, this is a restriction of terminology. Indeed, as a consequence of the universality property of critical phenomena,
a property that we will describe and analyse, the results that will be derived apply
to many other physical transitions that are not magnetic, like the liquid–vapour,
binary mixtures, superﬂuid helium, and so on. To this list, one can add a problem
that does not seem, at ﬁrst sight, to be related to critical phenomena, the statistical properties of polymers, or from a more theoretical viewpoint, of self-avoiding
random walk (SAW) on a lattice.
For reasons we have already explained, we are interested only in second-order
phase transitions, in the vicinity of the transition temperature. For these transitions, the correlation length, which characterizes the decay at large distance of
connected correlation functions, diverges at the transition (at the critical temperature). Thus, a distance scale, large with respect to the microscopic scales (range of
forces, lattice spacing), is generated dynamically. Then, a non-trivial macroscopic
or large-distance physics appears that has universal properties, that is, properties
independent to a large extent of the details of the microscopic interactions.
We have already shown that, as long as the correlation length remains ﬁnite,
macroscopic quantities, like the mean spin, have the behaviour predicted by the
central limit theorem; in the inﬁnite volume limit, they tend toward certain values with decreasing Gaussian ﬂuctuations. This result can be understood in the
following way: the initial microscopic degrees of freedom can be replaced by independent mean spins, attached to volumes having the correlation length as linear
size. Therefore, it is natural to ﬁrst study the properties of Gaussian models.
At the transition temperature Tc , and in the several-phase region, the arguments
are no longer valid. Nevertheless, one may wonder whether the asymptotic Gaussian measure can then be simply replaced by a perturbed Gaussian measure, that is,
whether the residual correlations between mean spins can be treated perturbatively.
Such an approximation can be called quasi-Gaussian. The quasi-Gaussian approximation predicts remarkably universal large-distance properties, independent to a
large extent of the symmetries, of the dimension of space, and so on. For homogeneous quantities, they coincide with those of the models in inﬁnite dimension that
we have studied in Section 7.2. But, in addition, the quasi-Gaussian approximation
predicts that the singular behaviour of correlation functions for T close to Tc and
in a weak magnetic ﬁeld is also universal.
In the ﬁrst part of the study, the discussion is restricted to models with a discrete symmetry. However, below Tc or in a magnetic ﬁeld, models with continuous
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symmetries have special properties due, in particular, to the presence of Goldstone
modes, which require a special analysis (see Section 7.8).
A systematic calculation of corrections to the quasi-Gaussian approximation allows the veriﬁcation of its consistency and the determination of its domain of validity. The special role of dimension 4 emerges, which separates the higher dimensions
where the approximation is justiﬁed, to lower dimensions where it cannot be valid.
The early and simplest description of phase transitions is the mean-ﬁeld theory
(MFT). It assumes that the inﬁnite number of microscopic degrees of freedom can be
replaced by a small number of macroscopic degrees of freedom and that the residual
eﬀects can be treated perturbatively. The MFT can also be qualiﬁed as quasiGaussian, in the sense that it predicts the same universal properties. The MFT
can be introduced by several methods: partial summation of the high-temperature
expansion, variational principle, leading order of the steepest descent method. The
last method allows calculating corrections to the mean-ﬁeld approximation and,
thus, discussing its domain of validity, which indeed is the same as for the quasiGaussian approximation.
Ising type ferromagnetic systems. Again, we consider classical spins Si on the ddimensional lattice of points with integer coordinates, where i represents a lattice
site. The partition function in a local magnetic ﬁeld H has the form (7.1):


 
Z(H) =

ρ(Si )dSi

&
exp −β E(S) +

i



'
Hi S i ,

(8.1)

i

where, again, H includes a factor β = 1/T .
Moreover, we assume that the spin ﬂuctuations around S = 0 are small and,
thus, that the local spin distribution ρ(S) satisﬁes the conditions of Section 7.1 and
decays for |S| → ∞ faster than a Gaussian function (condition (7.2)). Finally, we
assume that the spin distribution in zero ﬁeld has a reﬂection symmetry (of Ising
type), that is, is invariant when Si → −Si . In particular, the spin distribution at
each site is even: ρ(S) = ρ(−S). We also choose a pair ferromagnetic interaction
that generalizes the examples (7.22), (7.43), of the form
−βE(S) =



Vij Si Sj ,

(8.2)

i,j

where the pair potential Vij is a symmetric matrix with positive elements, invariant
under space translations and short range (a notion that we deﬁne more precisely
below).
The decay condition (7.2) implies that the partition function is deﬁned, at least
in a ﬁnite volume, for all pair interactions (8.2) and at any temperature.
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8.1 Short-range two-spin interactions
In the model of Section 7.2, space plays no role, the inﬁnite-range interaction connecting all spins. The systems we want to study, by contrast, have short-range
interactions, a notion that we deﬁne more precisely here in the case of two-spin
interactions.
We have assumed ferromagnetic pair interactions, which implies Vij = Vji ≥ 0.
Invariance under space translations implies that the pair potential Vij has the form
Vij ≡ V (ri − rj ) = V (rj − ri ) ≥ 0 ,
where ri and rj are the vectors joining the sites i and j to the origin.
We then deﬁne short-range interactions as interactions that decay exponentially
with distance. In the case of a two-spin interaction, this implies
V (r) ≤ M e−κ|r| ,

κ > 0.

(8.3)

It is convenient to introduce the parameter
v=



V (r) > 0 ,

(8.4)

r

which is proportional to β, the inverse of the temperature (in what follows, we
characterize the temperature by the value of 1/v) and the function
U (r) = V (r)/v .

(8.5)

Finally, we assume that U (r) satisﬁes the ergodicity condition of the class of transition probabilities of the random walk of Section 3.3.7. With this condition, the
minimum of the interaction energy is obtained for conﬁgurations where all spins
have the same sign.
For simplicity, we consider only potentials that have the symmetry of the cubic
lattice (as deﬁned in (3.47)). The normalized potential, that is, the function U (r),
thus belongs to the class of transition probabilities in Section 3.3.7.
This assumption of cubic symmetry is not essential; the reﬂection symmetry
V (r) = V (−r) suﬃces since, in the continuum limit, it remains always possible to
perform linear coordinate transformations.
The interaction being translation invariant, it is natural to introduce the Fourier
transforms

V (r) exp (ik · r) .
(8.6)
Ṽ (k) = v Ũ (k) =
r∈Zd

The function Ṽ (k) is even and periodic in all components kµ of the vector k. One
can thus restrict the components to what is called a Brillouin zone: −π < kµ ≤ π.
The vector k is sometimes called the momentum vector in analogy with quantum
mechanics where position and momentum are dual in the Fourier transformation.
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The short-range condition (8.3) implies that the Fourier transforms Ṽ (k) and
Ũ (k) are analytic for |Im k| < κ. Moreover, the positivity of the coeﬃcients Vij
implies

|Ũ (k)| ≤
U (r) = Ũ (0) = 1 .
(8.7)
r∈Zd

For k → 0, the function Ũ (k) thus has an expansion of the form
 
Ũ (k) = 1 − a2 k 2 + O k 4 ,

(8.8)

where k is the length of the vector k and a is a positive constant.
Example: Nearest-neighbour interactions. A nearest-neighbour interaction on a
lattice is an example of a short-range interaction. Denoting by eµ the d unit vectors
corresponding to the links on the lattice, we can write the pair potential as
V (r) =

d

v 
δr,eµ + δr,−eµ ,
2d µ=1

where δ is here the Kronecker symbol. Its Fourier transform is then

v 
Ṽ (k) =
V (r) exp (ik · r) =
[exp (ik · eµ ) + exp (−ik · eµ )]
2d µ
d
r∈Z

=

d
v
cos kµ ,
d µ=1

where kµ are the components of the vector k. It is an analytic, entire function of
all components kµ .
For |k| → 0,
d
k 2  kµ4
Ũ (k) = 1 −
+
+ O(kµ6 ).
2d µ=1 24d
High-temperature expansion. It is possible to calculate the partition function and
correlation functions by expanding expression (8.1) in powers of the potential Vij
and by evaluating the successive terms (high-temperature expansion). The expansion involves moments of the local distribution (Section 7.1)

n
∂
n
−1
z (Hi ) .
(8.9)
Si  = z (Hi )
∂Hi
Like in the case of perturbations to the Gaussian measure, the free energy has a
simpler expansion than the partition function because ‘non-connected’ contributions
cancel:

1 
W(H) − W0 (H) =
Vij Si  Sj  +
Vij Vkl Si Sj Sk Sl c + · · ·
(8.10)
2!
i,j
i,j,k,l
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where, for example,


Vij Vkl Si Sj Sk Sl c =
Vij Vkl [Si Sj Sk Sl  − Si Sj  Sk Sl ] .
i,j,k,l

i,j,k,l

In the diﬀerence, all terms where the four indices i, j, k, l are diﬀerent cancel. This
property is related to the extensiveness of the free energy.
The high-temperature expansion diverges at the critical temperature where thermodynamic functions are singular. When one is able to calculate enough terms
of the expansion, one can use it, combined with various mathematical techniques
to analyse series (ratio method, Neville table extrapolation and generalizations,
logarithmic Padé approximants, diﬀerential approximants, and so on), to obtain
numerical information about the critical behaviour.
Remark. It is technically convenient, in the frameworks both of the high-temperature expansion and the mean-ﬁeld approximation (see Section 8.10) to assume that
Vii vanishes (invariance under translation implies that Vii is independent of the site
i). This can be done without loss of generality since the corresponding one-site
contribution can always be included in the measure ρ(S).
8.2 The Gaussian model: Two-point function
We ﬁrst discuss ferromagnetic systems in the disordered phase T > Tc . As we have
already pointed out in Section 6.1.3, because the correlation length then is ﬁnite, one
expects to be able to describe their macroscopic properties in terms of classical spins
σi that are already averages of microscopic spins over small volumes. Moreover, one
expects, in the spirit of the central limit theorem, that the ﬂuctuations of the spins
σi are small and that their distribution, at leading order, is Gaussian. These ideas
lead to the model Gaussian that we now study.
A more formal derivation based on these ideas will be presented in Section 8.10.
Gaussian model. Since in the disordered phase spins ﬂuctuate around an expectation
value that vanishes as a consequence of the σ → −σ symmetry, a local one-site
Gaussian distribution takes the form
ρ(σ) = e−b2 σ

2

/2

,

b2 > 0 .

A two-spin interaction of the form (8.2) is directly quadratic. It can be considered
as the ﬁrst term in an expansion in powers of σ. With this interaction, the Gaussian
partition function in a ﬁeld can be written as

&
'
 

dσi exp −H(σ) +
Hi σi ,
(8.11)
Z(H) =
i

where
H(σ) =

1
Sij σi σj ,
2 i,j

i

Sij = b2 δij − 2Vij

(8.12)
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and Vij has the form discussed in Section 8.1. In particular, Sij depends only on
ri − rj , where ri , rj are the positions of the sites i and j:
Sij ≡ S(ri − rj ).
The model is deﬁned only if the matrix Sij is strictly positive. In the thermodynamic limit, the eigenvalues of the matrix S belong to a continuous spectrum given
by the Fourier transform

eik·r S(r).
S̃(k) =
r

Indeed, this equation can be rewritten as the eigenvalue equation (see equation
(3.34))


eik·r S(r − r ).
S̃(k) eik·r =
r

With the deﬁnitions (8.6), (8.5), one ﬁnds
S̃(k) = b2 − 2v Ũ(k)

(8.13)

and, as a consequence of the bound (8.7), the matrix positivity condition is thus
1
2 b2

≡ vc > v .

(8.14)

As we shall verify, this condition implies that the correlation length is ﬁnite, and is
consistent with the assumptions that have led to the Gaussian model.
We can then use the results of Section 6.3.3. The thermodynamic potential is
simply
b2  2 
Mi −
Vij Mi Mj .
(8.15)
Γ(M ) = Γ(0) +
2 i
i,j
8.2.1 Homogeneous quantities
In a uniform magnetic ﬁeld Hi = H, the magnetization M is uniform. The function
Γ(M ) is then proportional to the number of sites Ω, and we set
Ω−1 [Γ(M ) − Γ(0)] ≡ G(M ) = 12 (b2 − 2v)M 2 ,

(8.16)

where the deﬁnition (8.4)
# has been used.
The mean spin σ = i Si /Ω distribution is Gaussian and given by
RΩ (σ) =


2
(b2 − 2v)/2π eHσ−(b2 −2v)σ /2 .

(8.17)

Again, the special value (8.14), vc = b2 /2, appears. For v < vc , G(M ) is minimum
at M = 0 and, thus, the magnetization vanishes in zero ﬁeld:
M = σi H=0 = 0 .
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The high-temperature phase is a disordered phase.
For v = vc , the magnetization is undetermined and at lower temperature the
model is meaningless since the distribution RΩ (σ) is not summable.
The equation of state is linear:
H = G  (M ) = (vc − v)M .
The magnetic susceptibility, which is the derivative of the magnetization with respect to the magnetic ﬁeld, takes the form
χ=

∂M
1
=
.
∂H
vc − v

The magnetic susceptibility thus diverges for v = vc , a value that can be interpreted
as a transition point corresponding to a critical temperature Tc . The behaviour
χ ∝ (T − Tc )−1 ,
coincides with that obtained in Section 7.3 for the model in inﬁnite dimension and
zero ﬁeld.
One does not expect, in general, such a divergence in non-zero ﬁeld but, in the
Gaussian model, the susceptibility is independent of the applied ﬁeld.
8.2.2 Two-point function
The two-point function in zero ﬁeld, for v < vc ,
∆ij ≡ σi σj  = σi σj conn. =

∂ 2 W(H)
∂Hi ∂Hj

,
H=0

is the inverse of the matrix S (equation (8.12)):


∆ik Skj = δij .

(8.18)

k

Translation invariance implies that both Sij and ∆ij depend only on ri − rj , where
ri , rj are the positions of the sites i and j. Equation (8.18) thus is a convolution
equation that simpliﬁes after Fourier transformation. The Fourier transform
˜
∆(k)
=




eik·r ∆(r)

⇔

∆(r) =

r

dd k −ik·r ˜
e
∆(k).
(2π)d

is the inverse of the Fourier transform (8.13):

−1
˜
∆(k)
= S̃−1 (k) = b2 − 2Ṽ (k)
.

(8.19)
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For v < vc , the denominator does not vanish in a neighbourhood of the real axis.
˜
The function ∆(k)
is thus analytic in a strip and the function ∆(r) decreases exponentially for |r| → ∞, conﬁrming that the correlation length is ﬁnite.
By contrast, for v = vc (that is, at the transition temperature T = Tc ), the
denominator behaves for |k| → 0 like (using the parametrization (8.8))


2vc 1 − Ũ(k) = 2vc a2 k 2 + O(k 4 ).
Moreover, the bound (8.7) implies that the denominator can vanish only at zero
momentum. The correlation length then diverges, and this is consistent with the
interpretation of vc as corresponding to a transition temperature. The function
˜
∆(k)
is singular,
D
˜
∆(k)
∼
, D = 1/2vc a2 ,
(8.20)
|k|→0 k 2
and this leads to an algebraic decay of ∆(r) for d > 2.
For d = 2 and v = vc , the integral
∆(r) =

1
(2π)2



˜
d2 k e−ik·r ∆(k)

diverges at k = 0 and, thus, the Gaussian model cannot describe a transition point
T = Tc in dimension 2.
8.2.3 Critical behaviour
Although some properties of the Gaussian model at the critical point v = vc are
clearly pathological, let us examine the behaviour of the two-point function
1
∆(λr) =
(2π)d



˜
dd k e−iλk·r ∆(k),

with a scaled momentum r → λr, at the critical point, for d > 2, when λ →
+∞. The explicit calculation of the integral is presented in Section 8.4.3, but the
behaviour can be derived from simple arguments.
After the change k → k/λ, the integral becomes
1
λ2−d
∆(λr) =
(2π)d



˜
dd k e−ik·r λ−2 ∆(k/λ),

where now the components kµ of the vector k vary in the interval −λπ ≤ kµ ≤ λπ.
˜
Because ∆(k)
is regular for k = 0, one can take the limit λ → ∞ in the integrand
and the integration bounds and, thus,
∆(λr) ∼

λ→∞

1 λ2−d
(2π)d 2vc a2



dd k −ik·r
e
.
k2
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Since the denominator is now rotation-invariant, in the limit ∆(r) is a function only
of r = |r|. One infers
1
∆(r)
∝
.
(8.21)
r=|r|→∞ rd−2
The two-point function has an algebraic decay and, thus, the correlation length is
inﬁnite.
Moreover, asymptotically, ∆(r) has a O(d) rotation symmetry (extending r to
continuum space), which is larger than the discrete symmetries of the lattice (an
analogous property has been obtained in the case of the random walk in Section
3.3.9).
It will shown later that, for a much more general class of models, the two-point
function at the critical temperature T = Tc behaves, for r → ∞, like
∆(r)

∝

|r|→∞

1/rd−2+η ,

(8.22)

which corresponds, by the same arguments, for its Fourier transform to the behaviour
˜
∆(k)
∝ 1/k 2−η .
(8.23)
k→0

Here, from the forms (8.20) or (8.21) of the Gaussian two-point function, one infers
η = 0,

(8.24)

which is the Gaussian, or classical, value of the exponent η.
8.2.4 Critical domain
For v < vc , but vc − v → 0 and k of order (vc − c)1/2 (the so-called critical domain),
˜
the leading term of 1/∆(k)
is
2vc − 2v Ũ (k) = 2(vc − v) + 2vc a2 k 2 + O(k 4 , (v − vc )k 2 )
and, thus,
˜
∆(k)
∼

1
2

(8.25)


−1
vc − v + vc a2 k 2
.

˜
Again, in this limit, the expansion (8.8) implies that ∆(k)
has a O(d) rotation
symmetry, larger than the symmetries of the lattice.
Moreover, in this limit, the two-point function has the so-called Ornstein–Zernike
or free-ﬁeld form (see Section 8.4).
One infers that ∆(r) decays exponentially (equations (8.42) and (8.44)) with the
asymptotic behaviour
1
∆(r) ∝ (d−1)/2 e−r/ξ ,
r→∞ r
where the length correlation diverges for T → Tc like
ξ ∼ a(1 − v/vc )−1/2 ∝ (T − Tc )−1/2 .
v→vc
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More generally, in a large class of models one ﬁnds
ξ(T ) ∝ (T − Tc )−ν ,

(8.26)

and ν = 1/2, thus, is the Gaussian value of the correlation exponent.
In the restricted framework of the Gaussian theory on the lattice, we have derived
the universal behaviour of the two-point function at large distance at Tc and near
Tc when the correlation length is large with respect to the microscopic scale, as well
as the universal singularity of the correlation length at Tc .
These various universal behaviours will be recovered in the quasi-Gaussian approximation (Section 8.5), from the more general assumptions of Landau’s theory
(Section 8.7), or from the mean-ﬁeld approximation (Section 8.10).
8.3 Gaussian model and random walk
As an exercise, and because this property can be generalized, we show how the
Gaussian two-point function can be related to a form of random walk, as deﬁned in
Section 3.3.7.
We expand expression (8.19),

−1
˜
,
∆(k)
= 2vc − 2v Ũ (k)
in powers of v:

n
∞ 
1  v
˜
∆(k)
=
Ũ n (k).
2vc n=0 vc

(8.27)

Inverting the representation (8.6), we now express Ũ(k) in terms of its Fourier
transform:

e−ir·k U (r).
Ũ (k) =
r∈Zd

Then,

n 
∞ 
1  v
˜
∆(k)
=
U (r1 ) . . . U (rn ) e−ik·(r1 +···+rn ) .
2vc n=0 vc
r ,...,r
1

n

We now introduce an arbitrary initial point q0 on the lattice and change variables,
setting
r = q − q−1 , 1 ≤  ≤ n .
The expression becomes
n 
∞ 
1  v
˜
∆(k)
=
U (q1 − q0 ) . . . U (qn − qn−1 ) e−ik·(qn −q0 ) . (8.28)
2vc n=0 vc
q ,...,q
1

n
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We have already pointed out that the function U (r) has all the properties of the
transition functions of the translation invariant random walk. We then deﬁne the
corresponding random process by the evolution equation (see equation (3.43))
Pn (q) =



U (q − q )Pn−1 (q ),

q ∈Zd

where Pn (q) is the probability for a walker starting from point q0 at time 0 to be
at point q at time n.
An iteration of the equation leads to
Pn (q) =



U (q − qn−1 )U (qn−1 − qn−2 ) . . . U (q1 − q0 ).

q1 ,...,qn−2 ,qn−1

Expression (8.28) can thus be written as (qn → q)
n 
∞ 
1  v
˜
∆(k) =
Pn (q) e−ik·(q−q0 ) .
2vc n=0 vc
q

(8.29)

The coeﬃcient of v n thus is a generating function of the moments of the distribution
at time n. Also, the behaviour of the distribution Pn (q) for n → ∞ is related to
˜
the singularity of ∆(k),
as a function of v, closest to the origin. Here, comparing
with expression (8.27), one obtains directly
Ũ n (k) =



Pn (q) e−ik·(q−q0 ) .

q

One can then expand in powers of k. For example, the second moment is the
coeﬃcient of k2 :

2
1
Pn (q) k · (q − q0 )
na2 k2 =
2 q
and, thus,



Pn (q)(q − q0 )α (q − q0 )β = 2na2 δαβ .

q

One recovers, as was proved directly, that the asymptotic distribution of q − q0 is
isotropic and the expectation value of (q − q0 )2 increases linearly with time.
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8.4 Gaussian model and ﬁeld integral
In Chapter 5, we have shown that the large-distance properties of one-dimensional
lattice models can be described, when the correlation length diverges, by a path
integral. In arbitrary dimensions, the universal properties of the Gaussian model
on the lattice can be inferred from a statistical ﬁeld theory (which replaces the
distribution of spin conﬁgurations) in continuum isotropic space.
Let σ(x) be a ﬁeld in d-dimensional continuum space (Rd ) and H(x) an arbitrary
local magnetic ﬁeld.
We consider the Gaussian ﬁeld integral, or functional integral,


(8.30)
Z(H) = [dσ(x)] exp −H(σ) + dd x σ(x)H(x)
with
1
H(σ) =
2



&

'
d

2

2 2
∂µ σ(x) + m σ (x)
d x
d

(8.31)

µ=1

and the notation ∂µ ≡ ∂/∂xµ , where m > 0 is a parameter related to the deviation
from the critical temperature, as will be veriﬁed below. The functional H(σ) is
often called the Hamiltonian in the present context (a denomination borrowed from
the statistical theory of classical gases).
Field integrals are the generalization to d dimensions of path integrals, and the
symbol [dσ(x)] stands for integration over all ﬁelds σ(x).
In the framework of quantum ﬁeld theory that describes the fundamental interactions at microscopic scale, the Gaussian case corresponds to a free ﬁeld theory.
The form (8.31), quadratic in the ﬁelds, is then called the Euclidean action and the
parameter m is the mass of the particle associated to the ﬁeld σ.
As in the lattice case, when this seems necessary, we deﬁne the inﬁnite volume
or thermodynamic limit as the limit of a cube with periodic boundary conditions.
8.4.1 Maximum of the integrand and two-point function
The calculation of the Gaussian integral (8.30) is a simple generalization of the calculation of the path integral (5.13). One ﬁrst looks for a maximum of the integrand
and thus the minimum of

(8.32)
H(σ, H) = H(σ) − dd x σ(x)H(x).
One sets
σ(x) = σc (x) + ε(x)

(8.33)

and expands in ε. The ﬁeld σc (x) at the minimum is determined by the condition
that the term linear in ε vanishes:
& d
' 


d
2
∂µ σc (x)∂µ ε(x) + m σc (x)ε(x) + dd x ε(x)H(x) = 0 .
− d x
µ=1
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One integrates the term linear in ∂µ ε(x) by parts (with respect to xµ ). Then,
d 


d x ∂µ σc (x)∂µ ε(x) = −
d

µ=1

d 


2

dd x ε(x) (∂µ ) σc (x),

µ=1

because the integrated terms cancel due to periodic boundary conditions. One ﬁnds
the equation
(−∇2x + m2 )σc (x) = H(x),
where ∇2x is the Laplacian in d dimensions:
∇2x =



∂µ2 .

µ

The solution can be written as

σc (x) =

dd x ∆(x − y)H(y),

where ∆(x−y) is also the Gaussian two-point function in zero ﬁeld (equations (2.10)
and (2.19)):
σ(x)σ(y)H=0 = ∆(x − y).
It satisﬁes
(−∇2x + m2 )∆(x) = δ (d) (x),
where δ (d) is the Dirac distribution in d dimensions, as one veriﬁes by acting with
−∇2x + m2 on σc . The equation can be solved by Fourier transformation. In the
inﬁnite volume limit, one ﬁnds

1
˜
dd k e−ik·x ∆(k)
∆(x) =
(8.34)
(2π)d
with
˜
∆(k)
=

1
,
k 2 + m2

(8.35)

"
as one veriﬁes by acting with −∇2x + m2 on ∆(x) ( dd k e−ik·x = (2π)d δ (d) (x)).
Finally, the functional (8.32) for σ = σc , after integration by parts, takes the
form



H(σc , H) = dd x σc (x) − 12 ∇2x + 12 m2 − H(x) σc (x)

1
dd x σc (x)H(x)
=−
2

1
(8.36)
=−
dd x dd y H(x)∆(x − y)H(y).
2
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8.4.2 Gaussian integration
One now performs the change of variable (8.33), σ(x) → ε(x). The functional (8.32)
becomes
H(σ, H) = H(σc , H) + H(ε)
and, thus,
Z(H) = e

−H(σc ,H)



[dε(x)] e−H(ε) .

The remaining Gaussian integration over ε(x) yields a normalization,

Z(0) = [dε(x)] e−H(ε) ,
independent of H, and that can be explicitly evaluated only by replacing the continuum by a lattice (see also the discussion of Sections 3.5 and 5.1.3).
The generating functional of connected correlation functions is thus (equation
(8.36))

1
dd x dd y H(x)∆(x − y)H(y).
(8.37)
W(H) = ln Z(H) = W(0) +
2
In a uniform ﬁeld, the free energy density becomes
W (H) = (W(H) − W (0)) /volume

˜
= 12 H 2 /m2 ,
= 12 H 2 dd x ∆(x) = 12 H 2 ∆(0)
from which one infers the thermodynamic potential density
G(M ) = 12 m2 M 2 .

(8.38)

Comparing these expressions with the asymptotic universal parts of the corresponding expressions on the lattice, for example G(M ) with expression (8.16), one identiﬁes
(8.39)
m2 ∼ 2(vc − v) ∝ T − Tc .
8.4.3 Explicit calculation of the two-point function
We now calculate explicitly the two-point function in continuum space.
˜
At Tc , ∆(k)
= 1/k 2 and one must evaluate


dd k e−ik·r
1
d ˜
−ik·r
e
k
∆(k)
=
.
d
∆(r) =
(2π)d
(2π)d k 2
To calculate the integral, we use the identity
 ∞
2
1
=
dt e−tk .
k2
0
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The integral over k then becomes Gaussian. After integration,
 ∞
dt −r2 /4t
1
e
∆(r) =
.
d/2
(4π)
td/2
0
After the change of variables u = r2 /4t, the integration over u yields
∆(r) =

2d−2
1
Γ(d/2 − 1) d−2 .
r
(4π)d/2

(8.40)

For the function 1/(k 2 + m2 ) the strategy is the same. One then ﬁnds
1
∆(r) =
(4π)d/2


0

∞

dt
td/2

e−r

2

/4t−m2 t

2
=
(4π)d/2



2m
r

d/2−1
K1−d/2 (mr), (8.41)

where Kν (r) is a Bessel function of the third kind (see deﬁnition (2.54)). For
z → +∞, Kν (z) can be evaluated by the steepest descent method (see Exercise
2.6). One infers
1  m (d−1)/2 e−mr
∆(r) ∼
.
(8.42)
r→∞ 2m 2π
r(d−1)/2
The constant ξ = 1/m, which characterizes the exponential decay of the two-point
function, is the correlation length.
Remark. To get an idea of the class of typical ﬁelds that contribute to the ﬁeld
integral, one can evaluate the two-point function in the limit of coinciding points:
σ(x)σ(y)

∼

|x−y|→0

∆(x − y, m = 0) =

2d−2
1
Γ(d/2 − 1)
.
|x − y|d−2
(4π)d/2

One notices that this class of functions is so singular that the expectation value of
σ 2 (x) diverges, and with a rate that increases with the dimension of space d. This
singularity of the Gaussian measure corresponding to the Hamiltonian (8.31) will
later be the source of new diﬃculties.
For d = 2, the short-distance behaviour takes the form
σ(x)σ(y)

∼

|x−y|→0

−

1
ln(m|x − y|).
2π

8.4.4 Lattice and continuum limit
We now investigate how the two-point function on the lattice converges, at large
distance, toward the continuum function when the correlation length diverges.
At Tc , the function on the lattice reads

e−ik·r
1
dd k
∆(r) =
(8.43)
d
2 |kµ |≤π (2π) vc − Ṽ (k)


1
dd k −ik·r ∞
e
dt e−t[vc −Ṽ (k)] .
=
2 |kµ |≤π (2π)d
0
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If one restricts the integral over t to a ﬁnite interval t < tmax , the function


tmax

dt e−t[vc −Ṽ (k)]

0

is analytic in a strip and following the analysis of Section A2.2, its Fourier transform
decays exponentially for |r| → ∞. Thus, the neighbourhood of t = ∞, which
generates the singularity at k = 0, yields the leading contribution at large distance.
One can then use the steepest descent method. The saddle point is situated at
k = 0. One thus expands vc − Ṽ (k) for k → 0, and the leading term is proportional
to k 2 . Moreover, one can integrate freely over k. One thus recovers the continuum
result (8.40).
The analysis generalizes to the situation |v−vc |
1. After the change of variables
k = (1 − v/vc )1/2 k /a and thus (equation (8.25))


2vc − 2v Ũ(k) = 2(vc − v)(1 + k 2 ) + O (vc − v)2 ,
the integral (8.43) becomes
∆(r) ∼ (1 − v/vc )d/2−1
v→vc

1
2vc ad


|kµ |≤Λ

dd k e−ik·r/ξ
,
(2π)d 1 + k 2

(8.44)

where we have set
Λ = πa(1 − v/vc )−1/2 ,

ξ = a(1 − v/vc )−1/2 .

(8.45)

When v → vc , the upper-bound Λ → ∞ and one can thus integrate freely over
the components of the vector k. The calculation then becomes identical to the
continuum calculation and ξ can be identiﬁed with the correlation length.
8.5 Quasi-Gaussian approximation
Below the transition point, the Gaussian model is clearly no longer valid since the
quadratic form (8.12) is no longer positive and thus the Gaussian integral (8.11)
is not deﬁned. One also notices that the mean-spin distribution, in this quadratic
limit, is not summable (e.g., see equation (7.21)).
However, even in the framework of the central limit theorem, the Gaussian distribution is only asymptotic. The analysis of the Gaussian model shows that below the
transition point, corrections to the Gaussian distribution, that is, terms of higher
degree in the eﬀective spin distribution, even if their amplitude is small, can no
longer be neglected.
Here, we show that the steepest descent method leads naturally to a quasiGaussian approximation that reproduces, at leading order, the results of the model
in inﬁnite dimension. However, unlike the model in inﬁnite dimension, it allows also
studying the behaviour of correlation functions at the transition.
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Eﬀective model. To go beyond the Gaussian model, we thus consider a more general
one-site local distribution
ρ(σ) = e−B(σ)
where, following the analysis of the end of Section 7.1.2 (see equation (6.10)), we
choose a function B(σ) of the form (7.11), that is, the thermodynamic potential
of the one-site model. We have shown that such a function is analytic and we
parametrize its expansion at σ = 0 in the form
B(σ) =

 b2p
p=1

2p!

σ 2p ,

b2 > 0 .

(8.46)

We also assume b4 > 0 since we want to study continuous transitions.
The generating function of correlation functions can then be written as
 



Z(H) =

dσi

&
exp −H(σ) +

i



'
Hi σi ,

(8.47)

i

where the Hamiltonian H(σ) takes the form
H(σ) = −



Vij σi σj +



i,j

B(σi ).

(8.48)

i

Quasi-Gaussian approximation. Since the integral (8.47) is not Gaussian, it can
no longer be calculated exactly. But since B(σ) is analytic, one can evaluate the
integral over the spins by the steepest descent method. If one assumes that the
ﬂuctuations around the saddle point vary slowly, one can approximate the integral
by the leading contribution, an approximation which one can call quasi-Gaussian.
Such an assumption implies, in particular, that the spins σi are the sum of an
average value Mi and a weakly correlated ﬂuctuating part. This assumption goes
beyond the idea of the central limit theorem in the sense that the average value Mi
is no longer related only to the distribution in each site but also results from the
interactions.
Steepest descent method. The maximum of the integrand in the integral (8.47) is
given by a solution of the saddle point
Hi =

∂H
∂σi

and, at leading order,
W(H) = −H(σ) +

(8.49)

i

where σ is a function of H through (8.49).

σi Hi ,
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As we have already noticed, W(H) is the Legendre transform of H(σ). As a
consequence, the thermodynamic potential Γ(M ), the Legendre transform of W(H),
is simply


Γ(M ) = H(M ) = −
Vij Mi Mj +
B(Mi ).
(8.50)
i,j

i

In the case of the models invariant under space translations that we study, the
magnetization in a uniform ﬁeld is uniform. The thermodynamic potential density
is then
(8.51)
G(M ) = Ω−1 Γ(M ) = −vM 2 + B(M ),
where v is the parameter (8.4).
The equation of state follows:
H=

∂G
= −2vM + B  (M ).
∂M

(8.52)

We recover exactly the expressions (7.27) and (7.28) of the model in inﬁnite dimension. Homogeneous quantities thus have the universal properties already exhibited
in Sections 7.2 and 7.3.
8.6 The two-point function: Universality
Unlike the model in inﬁnite dimension, the quasi-Gaussian approximation generates
a non-trivial two-point function whose properties we now study.
Divergence of the correlation length and continuous transition. A continuous transition is characterized by the property
∂2G
(∂M )2

=0

(8.53)

M=0

and, thus, by the divergence of the magnetic susceptibility χ = ∂ 2 W/(∂H)2 in zero
ﬁeld. Moreover,
∂W
∂W (H)
=
∂H
∂Hi Hi =H
and, thus,

∂ 2 W (H)  ∂ 2 W
=
(∂H)2
∂Hi ∂Hj
j

=
Hi =H



(2)

Wij

j

(2)
Wij

where
is the connected two-point function. Translation invariance in a uniform
ﬁeld implies
(2)
Wij = W (2) (ri − rj ),
where ri and rj are the vectors joining the points i and j to the origin. Thus,
∂ 2 W (H)  (2)
=
W (r).
(∂H)2
r
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We now introduce the Fourier transforms of the connected and vertex functions

2 (2) (k) =
W
W (2) (r) exp (ik · r) ,
r

Γ̃(2) (k) =



Γ(2) (r) exp (ik · r) .

r

Then,

∂ 2 W (H)  (2)
2 (2) (k = 0) = 1/Γ̃(2) (k = 0),
=
W (r) = W
(∂H)2
r

(8.54)

where the latter
# equation follows from equation (6.26).
The sum r W (2) (r) diverges only if the correlation length diverges. The condition of continuous transition (8.53) thus implies the divergence of the correlation
length for vanishing magnetization.
Two-point function. More generally, from equation (8.50) one infers the relation
between local magnetic ﬁeld and magnetization
Hi =


∂Γ
= −2
Vij Mj + B  (Mi ).
∂Mi
j

(8.55)

By diﬀerentiating again, one obtains the two-point vertex function at ﬁxed magnetization
∂2Γ
(2)
= −2Vij + B  (M )δij
Γij ≡
∂Mi ∂Mj Mi =M
or, in a more explicit notation,
Γ(2) (r) = −2V (r) + B  (M )δ (d) (r) .

(8.56)

Its Fourier transform is given by
Γ̃(2) (k) = B  (M ) − 2Ṽ (k).

(8.57)

The Fourier transform of the connected two-point function follows (equation (6.26)):

−1
2 (2) (k) = 1/Γ̃(2) (k) = B  (M ) − 2Ṽ (k)
W
.

(8.58)

In zero ﬁeld, above Tc , the magnetization vanishes and one recovers the form (8.19)
of the Gaussian model
2 (2) (k) = 1 [vc − Ṽ (k)]−1 ,
(8.59)
W
2
where vc = b2 /2. If the transition is second order, the expression remains valid
up to v = vc (T = Tc ) where the correlation length diverges because the second
derivative of Γ(M ) vanishes, and this is the source of spatial universality properties. In particular, one recovers the Gaussian or classical values of the exponents
(deﬁnitions (8.22) and (8.26)), η = 0, ν = 1/2.
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More generally, for |v − vc |, |k|, M
1 (which also implies a weak magnetic
ﬁeld), in the parametrization (7.11), one ﬁnds


2 (2) (k) ∼ 2vc + 1 b4 M 2 − 2v(1 − a2 k 2 ) −1 .
W
2

(8.60)

The correlation function keeps an Ornstein–Zernike or free-ﬁeld form. Equations
(8.44) and (8.45) generalize immediately and the correlation length for M = 0
follows:

1 
2vc − 2v + 12 b4 M 2 .
(8.61)
ξ −2 =
2
2vc a
In zero magnetic ﬁeld, using below Tc the expression (7.32) of the spontaneous
magnetization, one ﬁnds
−2
ξ+
= a−2 (1 − v/vc )

for

T > Tc ,

−2
ξ−

for

T < Tc .

= 2a

−2

(v/vc − 1)

(8.62)

Introducing also quite generally a correlation length exponent ν  for T → Tc− , and
deﬁning the critical amplitudes f± for |T − Tc | → 0 by
−ν

ξ+ ∼ f+ (T − Tc )

,

−ν 

ξ− ∼ f− (Tc − T )

,

(8.63)

one infers from the relations (8.62) the quasi-Gaussian value of the exponent
ν =

1
2

and the amplitude ratio
f+ /f− =

,
√

2.

(8.64)

Notice that sometimes the correlation length is deﬁned in terms of the second mo(2)
ment ξ12 of Wij which is proportional to ξ 2 , and thus has the same universal
properties

−1


2 (2) (k)
Γ̃(2) (k) = W
∼ Γ̃(2) (0) 1 + k 2 ξ 2 + O(k 4 ) .
(8.65)
1

One can ﬁnd other universal amplitude ratios. For example, if for v = vc , H → 0,
we set
χ ∼ C c /H 2/3 ⇒ 3C c = (6/b4 )1/3
and, in zero ﬁeld,
M ∼ M0 (v − vc )1/2 ⇒ M02 = 12/b4 .
Then, the combination
Rχ = C + M02 (3C c )−3 = 1 ,
is universal.
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8.7 Quasi-Gaussian approximation and Landau’s theory
The universal results that we have obtained within the framework of the quasiGaussian approximation also follow from Landau’s theory, which we recall here.
Landau’s theory is based on general assumptions concerning the properties of systems with short-range interactions, of which we have used some to justify the quasiGaussian approximation.
We suppose that in zero ﬁeld the physical system is invariant under space translations. Landau’s theory then takes the form of several regularity conditions of
the thermodynamic potential as a function of temperature and local magnetization
(more generally of a local order parameter):
(i) The thermodynamic potential Γ(M ), a function of the local magnetization
M (r) (generated by an inhomogeneous magnetic ﬁeld), which is also the generating
function of vertex functions, is expandable in powers of M at M = 0.
(ii) We introduce the Fourier representation of the magnetization ﬁeld:

M (r) = dd k eik·r M̃ (k).
The thermodynamic potential Γ(M ) is then expandable in powers of M̃ (k) (see the
lattice deﬁnitions (6.22), (6.23)):
 1 
Γ(M ) =
dd k1 . . . dd kn M̃ (k1 ) . . . M̃ (kn )
n!
n
 
d (d)
× (2π) δ
ki Γ̃(n) (k1 , . . . , kn ),
i
(d)

where the Dirac δ functions are the direct consequence of translation invariance
which implies that the sum of Fourier variables must vanish.
Then, the vertex functions Γ̃(n) , that appear in this expansion, are regular at
ki = 0.
(iii) The coeﬃcients of the expansion are regular functions of the temperature for
T near Tc , the temperature at which the coeﬃcient of Γ̃(2) (k = 0) vanishes.
Finally, the positivity of Γ̃(4) (0, 0, 0, 0) is a necessary condition for the transition
to be of second order.
These conditions are motivated by some general assumptions: the eﬀective spins
are microscopic averages of weakly coupled variables whose ﬂuctuations can be
treated perturbatively. This is also expressed as a decoupling of the various scales
of physics, and leads to the conclusion that critical phenomena can be described,
at leading order, in terms of a ﬁnite number of eﬀective macroscopic variables, as
in the mean-ﬁeld approximation.
These remarks render even more puzzling the empirical observation that the universal results of the quasi-Gaussian or mean-ﬁeld approximations are in quantitative
disagreement (and sometimes even qualitative) with experimental results and with
results, exact or numerical, coming from lattice models. An examination of the
leading corrections to the Gaussian theory will indicate the origin of this diﬃculty.
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8.8 Continuous symmetries and Goldstone modes
If the initial spin variables Si are N -component vectors and if the interaction and
the local spin distribution have a continuous symmetry (corresponding to a compact
Lie group), most of the results obtained so far within the framework of the quasiGaussian approximation remain unchanged. However, the appearance of several
types of correlation functions and correlation lengths when the magnetization is
diﬀerent from zero, induces some new properties. In particular in zero ﬁeld, at
any temperature below Tc some correlation lengths, associated with modes called
Goldstone modes, diverge as we have shown quite generally in Section 7.8.
Let us verify these properties in the quasi-Gaussian approximation in the case of
models having an orthogonal O(N ) symmetry (N > 1), that is, invariant under the
group of space rotations–reﬂections in N dimensions acting on the N components
of the vector S.
Quasi-Gaussian approximation. The generalization of the quasi-Gaussian approximation to this more general situation is simple. The thermodynamic potential has
a structure analogous to expression (8.50), except that the local magnetization Mi
now is an N -component vector and the thermodynamic potential is invariant under
orthogonal transformations acting on the vectors Mi .
The O(N ) invariance implies that the thermodynamic potential can be expressed
in terms of scalar products and, thus, can be written as
Γ(M) = −


i,j

Vij Mi · Mj +



B(M2i ),

(8.66)

i

where the function B(X) is expandable in powers of X with properties analogous
to the function (7.11):
B(X) =

b4
b2
X + X 2 + · · · with b2 > 0 ,
2
4!

where the assumption of a continuous transition again implies b4 > 0.
Equation of state. In a uniform ﬁeld, the thermodynamic potential density then
reads
G(M) = −vM 2 + B(M 2 ).
The equation of state follows:
Hα =



∂G(M)
= Mα −2v + B  (M 2 ) .
∂Mα

Taking the modulus of both members, one obtains a form analogous to expression
(7.31):


(8.67)
H = M −2v + B  (M 2 ) ,
where H, M now are the lengths of the vectors H, M.
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The existence of a continuous phase transition at vc = b2 /2 and the universal
properties of the equation of state follow then from arguments identical to those
already presented in Section 7.3 in the case of the reﬂection symmetry Z2 .
Two-point function. Diﬀerentiating expression (8.66), one ﬁnds

∂Γ(M)
= −2
Vij Mα,j + 2Mα,i B  (M2i ),
∂Mα,i
j

(8.68)

where Mα,i (α = 1, ..., N ) are the components of the local magnetization vector Mi .
The derivative of equation (8.68) yields, for M uniform, the two-point vertex
function, the inverse of the connected function,
(2)

∂ 2 Γ(M)
∂Mα,i ∂Mβ,j Mi =M


= −2Vij + 2δij B  (M 2 ) δαβ + 4δij Mα Mβ B  (M 2 ).

Γαβ,ij ≡

(8.69)

The Fourier components of the two-point vertex function then are


(2)
Γ̃αβ (k) = −2Ṽ (k) + 2B  (M 2 ) δαβ + 4Mα Mβ B  (M 2 ) .

(8.70)

(2)

The function Γ̃αβ (k) remains a matrix in the N -vector space, and its inverse in the
2 (2) (k).
sense of matrices is the connected correlation function W
αβ
We introduce a unit vector along the direction of the magnetization:
M = M u with u2 = 1 .
(2)

The matrix Γ̃αβ has two eigenspaces corresponding to the vector u and the vectors
orthogonal to u. The function (8.70) can then be decomposed into transverse and
longitudinal parts:
(2)

(2)

(2)

Γ̃αβ = uα uβ Γ̃L + (δαβ − uα uβ ) Γ̃T ,
(2)

(8.71)

(2)

where Γ̃L , Γ̃T are the two eigenvalues, respectively. They are given by
Γ̃L (k) = 2B  (M 2 ) + 4M 2 B  (M 2 ) − 2Ṽ (k),
(2)

(2)
Γ̃T (k)



= 2B (M ) − 2Ṽ (k).
2

(8.72a)
(8.72b)

The expressions (8.72a) and (8.60) are similar. Using equation (8.67), one can
rewrite the second eigenvalue as


(2)
Γ̃T (k) = H/M + 2 Ṽ (0) − Ṽ (k) .

(8.73)
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(2)

(2)

This result clearly is consistent with the general result (7.72). Since Γ̃L , Γ̃T are
the eigenvalues of the matrix Γ̃(2) , the matrix of connected functions has the inverse
eigenvalues:

−1
2 (2) (k) = Γ̃(2) (k)
W
,
L
L


−1
2 (2) (k) = Γ̃(2) (k)
W
.
T
T

Goldstone modes. At any temperature T < Tc , the ratio H/M vanishes for H → 0.
This equation then shows that in zero ﬁeld in the ordered phase, the transverse
two-point correlation function diverges like 1/k 2 for k → 0, a result consistent with
the general analysis of Section 7.8 that implies the existence of N − 1 Goldstone
modes.
8.9 Corrections to the quasi-Gaussian approximation
To describe the low-temperature phase, it is necessary to go beyond the Gaussian
model. But the quasi-Gaussian approximation is justiﬁed only if the steepest descent method is justiﬁed. Formally, this condition seems to be satisﬁed if all the
coeﬃcients b2p of the expansion (7.11), except the coeﬃcient b2 of the quadratic
term, are in some sense small.
However, it is also necessary that the unavoidable corrections to the leading order
result change only the coeﬃcients of the expansion of the thermodynamic potential,
without aﬀecting its regularity properties.
This is what we want to verify by calculating the ﬁrst corrections to the second
derivative G  (M ) of the thermodynamic potential density in zero magnetization,
that is, in the disordered phase above Tc (v < vc ), and in zero ﬁeld.
We ﬁrst determine the value of v for which G  (0) vanishes, in order to ﬁnd
the ﬁrst correction to vc and thus to the critical temperature. The value vc not
being universal, this correction does not play any role. We then calculate the ﬁrst
correction to the behaviour of G  (0), which is also the inverse of the magnetic
susceptibility χ in zero ﬁeld, for v → vc , which is the interesting quantity.
8.9.1 Calculation of the correction
In the disordered phase v < vc , in zero ﬁeld, the magnetization M = σ vanishes
and the leading saddle point is simply σ = 0. The ﬁrst correction to the steepest
descent method then is also the ﬁrst correction to the Gaussian model.
The corrections to the Gaussian result are obtained by expanding expression
(8.47), separating in the Hamiltonian H(σ) the quadratic part from the remainder
called the perturbation:




H(σ) = −
B(σi ) − 12 b2 σi2
Vij σi σj +
B(σi ) = H0 (σ) +
i,j

with
H0 (σ) =

i

1
Sij σi σj ,
2 i,j

i

Sij = b2 δij − 2Vij .
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At leading order, the contributions come only from the quartic term in B(σ). It
thus suﬃces to consider the partition function

&
'
 
b4  4 
dσi exp −H0 (σ) −
σ +
Hi σi
Z(H) =
4! i i
i
i

'

&

 (−1)  1

4
b4 σi
=
dσi exp −H0 (σ) +
Hi σi
.
!
4!
i
i
i


The second derivative of the thermodynamic potential is also the inverse of the
Fourier transform of the connected two-point function, at vanishing argument. The
ﬁrst correction to the Gaussian form of the two-point function is given by the
contribution of order b4 . Moreover, since the magnetization vanishes, the connected
two-point function is equal to the complete two-point function. One can thus use
the general result (2.30) with λ ≡ b4 and ∆ = S−1 :
(2)

Wij = σi σj  = ∆ij − 12 b4



∆ik ∆kk ∆kj + O(b24 ).

k

The inverse of the connected two-point function (in the sense of matrices) is the
(2)
vertex function Γij (equation (6.19)). Here, one ﬁnds
(2)

Γij = Sij + 12 b4 ∆ii δij + O(b24 ).
Due to translation invariance, ∆ii is independent of the point i and thus ∆ii ≡
∆(r = 0).
In the Fourier representation (equations (8.13), (8.19)),

∆ii ≡ ∆(r = 0) =

1
dd p ˜
∆(p) =
d
(2π)
(2π)d



dd p
.
b2 − 2Ṽ (p)

(2)

The Fourier transform of Γij is then given by
Γ̃(2) (k) = b2 − 2Ṽ (k) + 12 b4

1
(2π)d



dd p
+ O(b24 ) .
b2 − 2Ṽ (p)

(8.74)

The coeﬃcient of M 2 in the expansion of the thermodynamic potential density
G(M ), which is also the inverse of the magnetic susceptibility in zero ﬁeld (see also
equation (6.19)), is given by
χ−1 (M = 0) =

∂2G
(∂M )2

=
M=0


j

b4
= −2v + b2 +
2(2π)d

(2)

Γij = Γ̃(2) (k = 0)


dd p
+ O(b24 ),
b2 − 2v Ũ(p)

(8.75)
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where we have introduced the Fourier transform Ũ = Ṽ /v of the function (8.5)
(equation (8.6)).
Steepest descent method: First correction. Alternatively, one can use the general
result (6.31), which yields the ﬁrst correction to the steepest descent method and
which, here, takes the form
Γ(M ) = −



Vij Mi Mj +

i,j



B(Mi ) +

1
2

tr ln [−2Vij + B  (Mi )δij ] .

(8.76)

i

If M is constant, translation invariance simpliﬁes the calculation. The matrix
Lij = ln [−2Vij + B  (M )δij ] ,
in more explicit notation, has the form
Lij = L(ri − rj ).
Thus, in a volume Ω,
tr L =



Lii = ΩL(0).

i

The thermodynamic potential density follows:
G(M ) = −vM 2 + B(M ) + 12 L(0).
In the inﬁnite volume limit, due to translation invariance, the matrices −2Vij +
B  (M )δij and Lij are diagonalized by a Fourier transformation (equation (8.57)).
The eigenvalues of Lij are the logarithms of the eigenvalues of −2Vij + B  (M )δij .
One infers
1
L(0) =
(2π)d




d

d p L̃(p) =



dd p

ln
−2
Ṽ
(p)
+
B
(M
)
.
(2π)d

One then obtains
G(M ) = −vM 2 + B(M ) +

1
2





dd p
ln −2Ṽ (p) + B  (M )
d
(2π)

and, for the second derivative at M = 0:
χ

−1

b4
(M = 0) = G (0) = −2v + b2 +
2(2π)d




dd p
+ O(b24 ),
b2 − 2v Ũ (p)

an expression that coincides with the result (8.75).

(8.77)
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8.9.2 The critical behaviour
The criticality condition is now
b4
G (0) = −2v + b2 +
2(2π)d




dd p
+ O(b24 ) = 0 .
b2 − 2v Ũ (p)

(8.78)

The ﬁrst eﬀect of the correction is to modify the critical value vc and, thus, the
critical temperature. In the term of order b4 , one can replace vc by b2 /2, its leading
order value, and the equation becomes
2vc = b2 +
For p → 0 (equation (8.8)),

b4
2b2



1
dd p
+ O(b24 ),
(2π)d 1 − Ũ (p)

1 − Ũ (p) ∼ a2 p2 .

One veriﬁes again the pathological character of the model in dimension d = 2 where
the integral diverges at p = 0: continuous phase transitions in dimension 2 cannot
be described by the Gaussian model and, thus, a perturbed Gaussian model.
One now diﬀerentiates G  (0) with respect to v:
∂G  (0)
= −2 + b4
∂v



Ũ(p)
dd p
2
 + O(b4 ) .

(2π)d b2 − 2v Ũ(p) 2

(8.79)

At this order, the value of the derivative for v = vc is obtained by replacing vc by
b2 /2 in the correction of order b4 . One ﬁnds
∂G  (0)
∂v

= −2 +
v=vc

b4
b22



Ũ (p)
dd p
2

 + O(b4 ) .
d
(2π) 1 − Ũ (p) 2

(8.80)

If the integral has a ﬁnite limit when v → vc , the derivative exists at v = vc and
the correction to G  (0), beyond the Gaussian contribution, remains proportional to
v − vc :
∂G  (0)
.
G  (0) ∼ (v − vc )
v→vc
∂v v=vc
Then, G  (0) still vanishes linearly at the critical point like v − vc or T − Tc , as in the
quasi-Gaussian theory, and only the non-universal coeﬃcient is weakly modiﬁed.
The special role of dimension 4. For p → 0, the numerator of the integral in
expression (8.80) tends toward 1 and the denominator behaves like p4 . The integral
thus converges only for d > 4. This analysis thus exhibits the special role of the
dimension 4:
For d > 4, the perturbation to the Gaussian theory is small, and modiﬁes only
non-universal quantities. The magnetic susceptibility still diverges like 1/(T − Tc )
and the critical exponent γ (deﬁnition (7.35)) keeps its Gaussian value: γ = 1.
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On the contrary, for 2 < d ≤ 4, the integral diverges when v → vc . Therefore,
however small the amplitude b4 of the ﬁrst correction to the Gaussian distribution
is, for d ≤ 4 when the correlation length ξ diverges the contribution of order b4
eventually becomes larger than the Gaussian term. Thus, the perturbative expansion cannot be valid close to Tc , and the universal predictions of the Gaussian model
and the perturbed Gaussian model are not conﬁrmed.
It is instructive to evaluate more precisely the behaviour of the integral (8.79)
when v → vc . One notes that the leading contribution comes from the vicinity of
p = 0. One can thus approximate 1 − Ũ (p) by a2 p2 :
b4
∂G  (0)
∼ −2 +
∂v
4(2π)d



dd p
+ O(b24 ) .
(vc − v + vc a2 p2 )2

For d < 4, the integral in this approximation converges at inﬁnity. An unrestricted
integration modiﬁes the result
 only by a negligible constant for v → vc . After the
change of variables p = p vc /v − 1/a, the integral becomes


dd p
1
= 2 d (1 − v/vc )d/2−2
(vc − v + vc a2 p2 )2
vc a



dd p
.
(1 + p2 )2

Calculating
the integral and introducing the Gaussian correlation length (8.45),

ξ = a/ vc /v − 1, one infers
&



G (0) = χ

−1

b4 Γ(1 − d/2)
= 2(vc − v) 1 + 2 d
ξ 1
8vc a (4π)d/2

 4−d '
ξ
+ O(b24 ).
a

(8.81)

For d = 4, the correction has a logarithmic divergence:
G  (0) = χ−1 = 2(vc − v) 1 −
ξ

1

b4
ln(ξ/a) + O(b24 ).
64π 2 vc2 a4

To summarize:
(i) For dimensions d > 4, the correction does not modify the universal predictions
of the quasi-Gaussian approximation. One ﬁnds some singular corrections but they
yield sub-leading contributions.
(ii) For dimensions d ≤ 4, singularities, also called ‘infra-red’ (IR), a denomination
borrowed from quantum ﬁeld theory, consequences of the large-distance behaviour of
the Gaussian two-point function (also called propagator), or at vanishing argument
of its Fourier transform, imply that the Gaussian predictions cannot be correct in
general.
An inspection of the higher order corrections conﬁrms these results. For d ≤ 4,
the corrections are increasingly singular when the order increases, whereas for d > 4
they are less and less singular, which conﬁrms the validity of the ﬁrst-order analysis.
The perturbative terms responsible for this diﬃculty involve the ratio ξ/a between
the correlation length and the microscopic scale. This gives some indication about
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the mechanism responsible for the failure of the quasi-Gaussian approximation:
physics at the microscopic scale does not decouple from physics at large distance.
Indeed, for d > 4, the contribution from arguments |p| ≤ ξ −1 is negligible when
ξ diverges, which means that in direct space the degrees of freedom corresponding
to distances of the order of the correlation length or larger play a negligible role.
On the contrary, for d ≤ 4, at Tc , all scales contribute. This is this property that
invalidates ideas based on the central limit theorem, namely that a small number
of degrees of freedom with a quasi-Gaussian distribution can replace the inﬁnite
number of initial microscopic degrees of freedom.
To solve this problem of coupling between all scales, a new tool has been introduced, the renormalization group.
Finally, note that the ﬁrst singular contribution depends only on the coeﬃcient
of σ 4 in the expansion (8.46) and on the asymptotic form of Ornstein–Zernike type
of the propagator (the Gaussian two-point function). The eﬀect of the lattice has
been limited to restrict the domain of integration in p to the Brillouin zone.
A systematic study then shows that the most singular terms in each order of
the perturbative expansion can be reproduced, in the critical limit, by a statistical
ﬁeld theory with an interaction of σ 4 type, in continuum Euclidean space. As a
consequence, if the sum of the most divergent terms suﬃces to determine the critical
properties of the models under study, then the existence of a continuum limit and
universal properties follow, since that it can be shown that the corresponding ﬁeld
theory depends only on a small number of parameters.
8.10 Mean-ﬁeld approximation and corrections
We now present a more systematic formalism, based on the steepest descent method,
which allows recovering the preceding results, starting from a rather general lattice
microscopic model of type (8.1) with the interaction (8.2).
At leading order, it leads to the mean-ﬁeld approximation which reproduces the
results of the quasi-Gaussian approximation. The following terms of the expansion
then allow studying the corrections to the mean-ﬁeld approximation. Again, the
leading corrections at the critical point and in its vicinity, the critical domain, have
the form exhibited by the corrections to the quasi-Gaussian approximation.
We consider the partition function in a site-dependent ﬁeld, the generating function of correlation functions,



 

ρ(Si )dSi exp −β E(S) +
Hi S i ,
(8.82)
Z(H) =
i

i

where we assume a pair interaction:
−βE(S) =



Vij Si Sj .

i,j

Note that here, as in the case of the high-temperature expansion, it is technically
convenient to assume that Vii vanishes. This implies no loss of generality since the
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corresponding one-site contribution can always be included in the local measure
ρ(S). Otherwise, it is necessary to slightly generalize the method that we explain
below.
8.10.1 Mean-spin representation and steepest descent method
Since the partition function can easily be calculated when all sites are decoupled, a
simple idea is to express the factor that in the sum over conﬁgurations couples the
spins of diﬀerent sites as an integral over a Boltzmann weight of decoupled spins.
More explicitly, we introduce Dirac’s δ-function, in its Fourier representation,

1
dλ eiλ(σ−S) ,
δ(σ − S) =
2π
in the representation (8.82) of the partition function. We use this identity for all
points i, replacing Si by σi in the interaction. The partition function then becomes

)
.
 

dλi
Z(H) =
exp −β E(σ) +
ρ(Si )dSi dσi
[Hi σi + iλi (σi − Si )] .
2π
i
i
(8.83)
The integration over the variables Si is then immediate. It leads to the replacement
of the local spin distribution by its Fourier transform. Introducing the free energy
A(h) of the one-site model, deﬁned in (7.5) (which is an analytic function), one
ﬁnds
'

&
 

Z(H) =
dσi dλi exp −β E(σ) +
[(Hi + iλi )σi + A(−iλi )] , (8.84)
i

i

Steepest descent method. We then evaluate the integral (8.84) by the steepest descent method, even though there is no associated parameter.
The derivatives with respect to λi and σi yield the two saddle point equations.
Setting hi = −iλi because the saddle point value is imaginary, one ﬁnds
σi = A (hi ),

Vij σj + Hi .
hi = 2

(8.85a)
(8.85b)

j

The free energy, in the mean-ﬁeld approximation, is then



W(H) ≡ ln Z(H) =
Vij σi σj +
(Hi − hi )σi + A(hi ) ,
i,j

=−


i,j

i

Vij σi σj +



A(hi ),

i

where σi , hi are the solutions of the saddle point equations (8.85).

(8.86)
(8.87)
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Since the expression (8.86) is stationary with respect to variations of σi and hi ,
the local magnetization Mi in the mean-ﬁeld approximation is given by the explicit
derivative with respect to H:
Mi =

∂W
= σi .
∂Hi

(8.88)

Discussion. Comparing equations (7.26) and (8.85a), one notes that hi has the
meaning of an eﬀective magnetic ﬁeld. Equation (8.85b) determines the eﬀective
ﬁeld as the sum of the applied ﬁeld and a mean ﬁeld generated by other spins. The
meaning of this approximation thus is that the interaction between spins has been
replaced by a mean magnetic ﬁeld. A detailed analysis shows that the approximation
becomes exact when the dimension d of space becomes large because a given site
has an increasing number of neighbours whose action can indeed be replaced by a
mean magnetic ﬁeld. One then recovers a limiting model of type 7.2.
The advantage of this algebraic formulation of the mean-ﬁeld approximation is
that it allows a systematic discussion of corrections, unlike other classical methods
like, for example, those based on variational principles.
Thermodynamic potential and phase transition. From equations (8.86) and (8.88)
one infers the thermodynamic potential, the Legendre transform of W(H),



Mi Hi − W(H) = −
Mi Vij Mj +
B (Mi ) ,
(8.89)
Γ(M ) =
i

i,j

i

where B(M ) is the Legendre transform (7.14) of A(H). The expression is identical
to expression (8.50). The mean-ﬁeld approximation, thus, has the same properties
as the quasi-Gaussian approximation, in particular, the same universal properties.
8.10.2 Steepest descent method: An expansion parameter
Before discussing the corrections to the mean-ﬁeld approximation, it is instructive
to introduce a parameter that characterizes the expansion around the mean ﬁeld.
We thus replace the coeﬃcients Vij in expression (8.2) by Vij and the spin S by a
mean spin σ of  independent spins with identical distribution ρ(S):
1  (k)
S .



σ=

k=1

The case  = 1 corresponds to the initial distribution. This modiﬁcation realizes
the idea that σ is an eﬀective macroscopic spin, the local average of many weakly
coupled microscopic spins.
By a method already used in the case of the central limit theorem, we express
the distribution R (σ) of the random variable σ in terms of the Fourier transform
of the distribution ρ and thus the function (7.5):


R (σ) =
dλ e[iλσ+A(−iλ)] .
2π
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The partition function then becomes (up to a trivial change of normalization)
)


Z(H) =

dσi dλi exp −β E(σ) + 
i



.
[(Hi + iλi )σi + A(−iλi )] ,

(8.90)

i

where we have assumed that the magnetic ﬁeld is coupled to the sum of the  spins.
This expression shows that the steepest descent method is formally justiﬁed a
priori in the limit  → ∞: the calculation of the partition function by the steepest
descent method generates a formal expansion in powers of 1/.
It is convenient to deﬁne the free energy by
W(H) ≡

1
ln Z(H),


(8.91)

in such a way that the leading order is independent of .
Perturbative expansion. A systematic calculation of corrections to the mean-ﬁeld
result is now obtained by expanding around the saddle point. It is convenient to
set

dλ e[A(−iλ)+iλσ] = N e−Σ(σ,)
(8.92)


with
N =

dλ eA(−iλ) .

As we have already noted several times, for the integral (8.92) the saddle point is
given by σ = A (−iλ), and the leading order of the steepest descent method thus
involves the Legendre transform of A. One infers
Σ(σ, ) = B(σ) + O(1/).
At order 1/, one thus ﬁnds two types of corrections:
First, the coeﬃcients b2 and b4 that appear in Γ(M ) are modiﬁed. In particular,
a correction to the critical temperature is generated. However, since the universal
properties that we have exhibited are independent of these explicit values, they are
not aﬀected.
To calculate the other corrections, one can replace Σ(σ, ) by B(σ). In this
approximation, and with a trivial change of normalization, the partition function
reduces to
&
'


dσi exp  −H(σ) +
Hi σi ,
(8.93)
Z(H) =
i

i

where the Hamiltonian takes the form


H(σ) = −
Vij σi σj +
B(σi ).
i,j

i

(8.94)
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In H(σ), we recognize the thermodynamic potential of the mean-ﬁeld approximation, which is also a thermodynamic potential having the properties assumed in
Landau’s theory.
For  = 1, one recovers the model (8.48), which has been studied in the√quasiGaussian approximation. For  = 1, after the change of variables σi → σi / , one
also recognizes the model (8.48) where the function B(σ) has modiﬁed coeﬃcients,
b2p → 1−p b2p . All coeﬃcients, except the Gaussian term b2 , tend toward zero for
 → ∞, and this formally justiﬁes a perturbative treatment.
Above Tc , in zero ﬁeld, the magnetization vanishes and the saddle point is σ = 0.
The expansion of the steepest descent method corresponds to ordinary perturbation
theory and the leading correction comes entirely from the quartic term of order σ 4
in B(σ), expanded at ﬁrst order. For example, expression (8.74) of the Fourier
transform Γ̃(2) (k) of the vertex two-point function becomes
Γ̃(2) (k) = b2 − 2Ṽ (k) +

b4
2



dd p ˜
∆(p) + O
(2π)d



1
2


.

(8.95)

For v close to vc and 2 < d < 4, the leading contribution (8.81) to the magnetic
susceptibility is replaced by
&

χ

−1

b4 Γ(1 − d/2)
= 2(vc − v) 1 + 2 d
8vc a  (4π)d/2

 
 4−d '
1
ξ
+O 2 .
a


One observes that however large  may be, for d ≤ 4, the correction to the mean-ﬁeld
contribution diverges for ξ → ∞.
8.11 Tricritical points
Up to now we have assumed that only one control parameter, in general the temperature, could be adjusted and, therefore, that the coeﬃcient b4 of the term M 4
in the expansion of Γ(M ) was generic, that is, a number of order unity. However,
there are situations where other physical parameters can be varied and, for example, both the coeﬃcients b2 and b4 of M 2 and M 4 can be cancelled. This happens,
for example, in He3 –He4 mixtures or in some metamagnetic systems. In the Ising
type models that we have studied so far, this can be achieved by adjusting the spin
distribution. If the coeﬃcient b6 of M 6 is positive, one ﬁnds a point called tricritical
and a new analysis is required. More generally, one can study the vicinity of the
tricritical point, where both the coeﬃcients of M 2 and M 4 are small:
Γ(M ) = −


i,j

Vij Mi Mj +

  b2
i

2!

Mi2


b4 4 b6 6
+ Mi + Mi + · · · .
4!
6!

(8.96)

In particular, for v = vc = b2 /2, if starting from a positive value, b4 decreases,
one ﬁnds a line of ordinary critical points until b4 vanishes at the tricritical point.
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After the tricritical point, b4 becomes negative and the phase transition becomes
ﬁrst order.
In the mean-ﬁeld approximation, the exponents of the tricritical point have values
diﬀerent from those found for an ordinary critical point, for example β = 1/4, δ = 5.
The corrections to the quasi-Gaussian or mean-ﬁeld tricritical approximations can
be studied by methods similar to that of Section 8.9. Analysing the perturbative
expansion, one ﬁnds that above three dimensions the quasi-Gaussian approximation
correctly predicts universal properties whereas it is deﬁnitively not valid in three
dimensions and below: the upper-critical dimension is 3. Moreover, for d ≤ 3, the
most singular corrections are reproduced by a statistical ﬁeld theory in continuum
space with the φ6 interaction.

Exercises
Exercise 8.1
Preliminary calculations.
One considers the normalized Gaussian measure
2
(2π)−N/2 dS e−S /2 , where S ∈ RN , invariant under the orthogonal group O(N )
(rotations–reﬂections in N dimensions). Calculate, using Wick’s theorem, the expectation values Sα Sβ G , Sα Sβ Sγ Sδ G , where the Sα are the components of the
vector S.
Introducing radial and angular coordinates, infer the same expectation values,
denoted below by •sph. , with the uniform measure on the sphere SN −1 . The
measure can be written as N dS δ(S2 − 1), where the normalization N is deﬁned by
the condition 1 = 1. Verify the results by relating Sα Sβ Sγ Sδ sph. to Sα Sβ sph.
and Sα Sβ sph. to 1sph. = 1.
Remark. Using the identity
 ∞
 ∞
2
dρ δ(ρ − S ) =
2RdR δ(R2 − S2 ),
1=
0

0

where δ is the Dirac distribution, one derives

 ∞
2RdR dS δ(R2 − S2 )f (S).
dS f (S) =
0

One then changes variables, setting S = RS . One notes
δ(R2 − S2 ) = R−2 δ(1 − S2 ).
The equation becomes (omitting primes)



dS f (S) =

∞

RN −1 dR


dS 2δ(1 − S2 )f (RS),

0

which corresponds to a factorization of the initial measure dS, in RN , into two
radial and angular (or on the unit sphere) measures.
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Solution. Directly,
Sα Sβ G = δαβ
and, thus, from Wick’s theorem,
Sα Sβ Sγ Sδ G = δαβ δγδ + δαγ δβδ + δαδ δβγ .
One then converts to radial–angular coordinates, setting S = S Ŝ with Ŝ2 = 1. One
obtains
Sα Sβ G = Sα Sβ sph. I1 /I0 ,
Sα Sβ Sγ Sδ G = Sα Sβ Sγ Sδ sph. I2 /I0


with

∞

Ip =

dS S N −1+2p e−S

2

/2

= 2N/2+p−1 Γ(N/2 + p),

0

where I1 /I0 and I2 /I0 are the radial expectation values.
In particular,
I1 /I0 = N , I2 /I0 = N (N + 2).
Thus, with the measure N dS δ(S2 − 1),
1
(δαβ δγδ + δαγ δβδ + δαδ δβγ ).
N (N + 2)
(8.97)
Summing the two expectation values for α = β over α and using S2 = 1, one veriﬁes
the normalizations.
Sα Sβ sph. =

1
δαβ ,
N

Sα Sβ Sγ Sδ sph. =

Exercise 8.2
The O(2) model. Determine the expansion of the thermodynamic potential of the
one-site model with an O(2) symmetry, that is, for a two-component spin S belonging to the circle S2 = 1 with a uniform measure on the circle, up to order
4.
Repeat the calculations for a model with an O(3) symmetry and a spin belonging
to the sphere S2 .
Solution. In the case of the O(N ) group, the one-site partition function can be
written as

z(h) = N dS δ(S2 − 1) eS·h ,
where the normalization N is deﬁned by the condition z(0) = 1.
Due to rotation invariance, one can always choose h = (0, h) and, for α < N , use
the parametrization Sα = nα sin θ, where 0 and n are (N − 1)-component vectors
with n2 = 1, and SN = cos θ, 0 ≤ θ < π. Then, S · h = h cos θ. For N = 2,
z(h) =

1
π


0

π

dθ eh cos θ = 1 + 14 h2 +

1 4
64 h

+ O(h6 ).
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More generally,
dS δ(S2 − 1) = dn δ(n2 − 1)dθ (sin θ)N −2 ,
where (sin θ)N comes from the change of variables and 1/ sin2 θ from the δ function.
After integration over n, one obtains the measure dθ(sin θ)N −2 for the O(N )
group. In particular, for O(3),
z(h) =

1
2



π

dθ sin θ eh cos θ =
0

1
2



+1

dt eth =
−1

sinh h
= 1 + 16 h2 +
h

4
1
120 h

+ O(h6 ).

An alternative method is based on a more geometric approach. Expanding,
z(h) = 1 +

1
2



hα hβ Sα Sβ sph. +

1
24

α,β



hα hβ hγ hδ Sα Sβ Sγ Sδ sph. + O(h6 ),

α,β,γ,δ

where •sph. means averaging over the sphere SN −1 with a uniform, O(N ) invariant,
measure. One can then use the results (8.97) that can also be inferred from rotation
invariance. One concludes that the ﬁrst terms of the expansions of W (h) = ln z(h)
and of B(m), its Legendre transform, are
1
1 2
h −
h4 + O(h6 ),
2
2N
4N (N + 2)
N2
N
m4 + O(m6 ).
B(m) = m2 +
2
4(N + 2)
W (h) =

Exercise 8.3
With the same distribution at each site as in the preceding exercise and in the case
of a two-spin interaction,
−βE(S) =



Vij Si · Sj ,

i,j

calculate the thermodynamic potential in the mean-ﬁeld approximation.
Solution. The result simply generalizes expression (8.89) and one ﬁnds
Γ(M) = −


i,j

Vij Mi · Mj +


i

B(|Mi |).
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Exercise 8.4
Calculate, in the same model, the ﬁrst correction to the mean-ﬁeld approximation
in the case of the two-point vertex function at vanishing argument, in the limit
T → Tc+ .
Solution. The two-point function is diagonal:
(2)

Γ̃αβ (0) = δαβ Γ̃(2) (0).
In the notation of Section 8.10, one then ﬁnds a result of the form
&
 4−d '
b4 (N ) Γ(1 − d/2) ξ
(2)
−1
Γ̃ (0) = χ = 2(vc − v) 1 + 2 d
,
8vc a  (4π)d/2
a
where here b4 (N ) = N 2 .
Exercise 8.5
Again, one considers a two-component spin on a lattice. One assumes that a statistical model has the symmetry of the square, that is, is invariant under the three
transformations
S1 ↔ −S1 , S2 ↔ −S2 , S1 ↔ S2 .
S1 ↔ S2 ,

S1 → −S1 .

Show that the densities W (H1 , H2 ) of the free energy and G(M1 , M2 ) of the thermodynamic potential then have the same symmetry.
Write, in the framework of the quasi-Gaussian or mean-ﬁeld approximation, the
most general thermodynamic potential density G(M1 , M2 ), in a uniform ﬁeld, having
the symmetry of the square, expanded up to fourth order in the magnetization
{M1 , M2 } for |M | → 0.
One then considers a special example of such a thermodynamic potential


G(M1 , M2 ) = 12 τ (M12 + M22 ) + 14 g M14 + M24 + 2 cos θM12 M22 ,
with τ ∝ T − Tc , g > 0, −π < θ < π. Calculate the spontaneous magnetization in
zero magnetic ﬁeld for τ < 0. Infer the matrix of second derivatives
Gαβ =

∂2G
∂Mα ∂Mβ

in this situation. One recalls that the matrix of magnetic susceptibilities
χαβ =

∂2W
,
∂Hα ∂Hβ

is the inverse of the matrix Gαβ . Infer the matrix χαβ in zero magnetic ﬁeld for
τ < 0. Show that a special value of θ can be found for which one of the eigenvalues
of χαβ diverges for all τ < 0. What is the interpretation of this special value?
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Solution. One ﬁnds the spontaneous magnetization
M12 = M22 = −

τ
.
g(1 + cos θ)

The matrix of second derivatives of elements Gαβ is
2τ
G=−
1 + cos θ



1
± cos θ

± cos θ
1


.

The eigenvalues of the matrix are
−2τ ,

−2τ

1 − cos θ
.
1 + cos θ

For the value θ = 0, the second eigenvalue vanishes and thus an eigenvalue of
χαβ diverges. One then notes that the corresponding model then has a larger
continuous symmetry corresponding to the group O(2). The divergence of the
transverse susceptibility is a manifestation of the Goldstone phenomenon.

9 Renormalization group: General formulation

In Chapter 8, we studied Ising type models (and, more generally, ferromagnetic
models with O(N ) symmetry) with short-range interactions and determined the behaviour of the thermodynamic functions near a continuous phase transition, within
the framework of the quasi-Gaussian or mean-ﬁeld approximations. We have shown
that these approximations predict a set of universal properties, that is, properties which are independent of the detailed structure of interactions or microscopic
Hamiltonians.
However, many experimental observations as well as numerical and analytical
results coming from model systems show that such results cannot be quantitatively
correct, at least in dimensions 2 or 3. For example, the exact solution of the Ising
model in two dimensions yields exponents like β = 1/8, η = 1/4 or ν = 1, clearly
diﬀerent from the predictions of the quasi-Gaussian approximation.
By examining the leading corrections to the Gaussian approximation, we have
identiﬁed the origin of the diﬃculty. We have found that above four dimensions
these corrections do not aﬀect universal quantities; on the contrary, below four
dimensions, the corrections diverge at the critical temperature and, thus, the assumptions which are at the basis of the quasi-Gaussian approximation (or mean-ﬁeld
theory) can certainly not be correct.
Moreover, this analysis indicates that the coupling of degrees of freedom corresponding to very diﬀerent scales of physics plays an essential role: it is impossible
to consider only eﬀective macroscopic degrees of freedom. One could then fear that
in dimension d ≤ 4 physics, even at large distance, is sensitive to the detailed microscopic structure of systems. Rather surprisingly, however, some universal properties survive, though diﬀerent from those of the quasi-Gaussian approximation.
But these properties are less universal in the following sense: the statistical systems
which have the same properties in the quasi-Gaussian approximation, divide into
universality classes characterized by the dimension of space, symmetries and some
other qualitative features.
To explain this somewhat paradoxical situation, a completely new tool, initially
suggested by Kadanoﬀ (1966), has been developed by Wilson (1971), Wegner and
then many other physicists: the renormalization group (RG). In Wilson’s approach,
the fundamental idea is to integrate successively over the degrees of freedom corresponding to the shortest scales. One thus obtains a succession of models which
all describe the same large-distance physics but in which the short-distance structure is gradually eliminated. If this sequence has a limit, which implies that the
RG transformations admit ﬁxed points, then universality properties are explained:
all statistical models which, after these transformations, converge toward the same
ﬁxed point, belong to the same universality class.
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In this chapter, we ﬁrst describe the fundamental ideas of the RG within a rather
general framework, even if the formulation is not very precise and the arguments
largely heuristic. The role of RG ﬁxed points will be emphasized.
In practice, this RG is very diﬃcult to construct since it acts on the inﬁnite dimensional space of all possible statistical models. Only Gaussian models can be
discussed systematically. We will thus identify the simplest ﬁxed point, the Gaussian ﬁxed point, which belongs to the class of Gaussian models discussed previously.
Moreover, a complete local analysis in the vicinity of this ﬁxed point is possible. It
allows classifying perturbations to the Gaussian model as relevant, that is, which
become increasingly important at large distance, irrelevant in the opposite case,
and marginal in the limiting situation.
The general ideas of RG, though a priori somewhat vague, are extremely suggestive and, indeed, have been implemented in many approximate forms and have
induced a large variety of practical calculations. Our goal here is not to review them.
However, in the more speciﬁc context of quantum ﬁeld theory, the assumptions at
the basis of the RG have been clariﬁed and veriﬁed in many examples of physical interest. The analysis has conﬁrmed quite directly the major relation, initially
recognized by Wilson, between the quantum ﬁeld theory describing the physics of
fundamental interactions at the microscopic scale and the theory of critical phenomena. (Actually, it is the quantum ﬁeld theory in imaginary time which is also
a classical statistical ﬁeld theory.)
9.1 Statistical ﬁeld theory. Landau’s Hamiltonian
In what follows, we discuss statistical models directly formulated in continuum
space, rather than on a lattice. Indeed, we have seen that even for models initially
deﬁned on the lattice, the universal properties of the quasi-Gaussian approximation
are related to the existence of a continuum limit. The same applies to the most
singular corrections which depend only on the properties of the Gaussian two-point
function at large distance. This indicates that lattice models can be replaced by a
classical statistical ﬁeld theory. In fact, the role of the lattice has been limited to
bound the arguments (momenta) of integrals in the Fourier representation. Within
the context of the statistical ﬁeld theory, this role is played by a cut-oﬀ, that is,
a large scale at which the contribution of momenta is cut (as we have already
explained, this denomination is borrowed from quantum ﬁeld theory where the
arguments of the Fourier transforms are momenta).
9.1.1 Eﬀective statistical ﬁeld theory
As in the Gaussian ﬁeld theory of Section 8.4, the local order parameter thus is a
ﬁeld, which we denote by σ(x) (x ∈ Rd ), and which plays the role of the lattice
variables σi of Sections 8.2, 8.5 and 8.10. The ﬁeld σ is a local mean spin and thus
a continuum variable, even if the initial microscopic spin takes only discrete values,
like in the Ising model.
The statistical model is then deﬁned by a local functional H(σ) of the ﬁeld σ,
generalization of the quadratic form (8.31), and of the form (8.48) of the quasi-
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Gaussian approximation on the lattice. The corresponding correlation functions
are obtained by integrating over the ﬁelds σ(x) with the weight e−H(σ) /Z,

1
σ(x1 )σ(x2 ) . . . σ(xn ) =
[dσ]σ(x1 )σ(x2 ) . . . σ(xn ) e−H(σ) ,
Z
where Z is the partition function in zero ﬁeld determined by the condition 1 = 1.
The partition function in an external variable ﬁeld H(x),


Z(H) = [dσ] exp −H(σ) + dd x H(x)σ(x) ,
(and thus Z ≡ Z(0)) generates correlation functions. The functional H(σ) is often
called the Hamiltonian in the context of statistical physics. It is also a generalization of the Euclidean action, that is, the classical action in imaginary time, of the
quantum theory of fundamental interactions.
It follows from the deﬁnition of the functional derivative that


δ
exp
dx σ(x)H(x) = σ(y) exp
dx σ(x)H(x) .
(9.1)
δH(y)
Correlation functions are thus obtained by acting with functional derivatives on
Z(H):
δ n Z(H)
σ(x1 ) . . . σ(xn ) = Z −1 (0)
.
δH(x1 ) . . . δH(xn ) H(x)≡0
9.1.2 Landau’s Hamiltonian
The Hamiltonian H(σ) is a functional of the ﬁeld σ(x). We assume that it has the
general properties of the thermodynamic potential of Landau’s theory (Section 8.7).
H(σ) thus generalizes the Hamiltonian of the quasi-Gaussian approximation or the
eﬀective Hamiltonian that leads to the mean-ﬁeld approximation.
This hypothesis is consistent with the analysis of Section 8.10. Indeed, we have
shown that the eﬀective Hamiltonian (8.94) in expression (8.93) has the properties
of the mean-ﬁeld thermodynamic potential, and the latter can be inferred from the
leading term in a calculation by the steepest descent method.
We thus assume that the Hamiltonian, which in this context is also called the
Landau–Ginzburg–Wilson Hamiltonian, has the following properties:
(i) The Hamiltonian H is a regular function of all thermodynamic parameters like
the temperature (except at zero temperature).
(ii) It is expandable in powers of the ﬁeld σ:
 1 
H(σ) =
(9.2)
dd x1 dd x2 . . . dd xn H(n) (x1 , x2 , . . . , xn )σ(x1 ) . . . σ(xn ).
n!
n=0
(iii) We will discuss, in general, only translation-invariant systems and thus
H(n) (x1 , x2 , . . . , xn ) = H(n) (x1 + a, x2 + a, . . . , xn + a) ∀a ∈ Rd .
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Then, the Fourier transforms of the coeﬃcients (functions or distributions) H(n)
take the form (see Section 6.2.2)

(2π)d δ (d)

n



pi

⎛



ddx1 . . . ddxn exp ⎝i

H̃(n) (p1 , . . . , pn ) =

i=1

n


⎞
xj pj ⎠

j=1

× H(n) (x1 , . . . , xn ).

(9.3)

(iv) The hypothesis of short-range interactions (with exponential decay), or of
locality in the sense of the quantum ﬁeld theory, implies that the coeﬃcients H̃(n)
are analytic in strips of the form | Im pi | < κ.
Note that in terms of the Fourier components of the ﬁeld σ:

σ(x) = ddk eikx σ̃(k),
the expansion of H reads
 1 
H(σ) =
ddk1 . . . ddkn (2π)d δ (d)
n!
n=0



n



ki

H̃(n) (k1 , . . . , kn )σ̃(k1 ) . . . σ̃(kn ).

i=1

(9.4)
Remark. One may wonder why one immediately considers such a general class
of Hamiltonians, whereas one seems unable to determine the critical behaviour of
much simpler systems. Of course, in this way the analysis will apply to a larger
class of systems. But the main reason is, as we shall see, that RG transformations
generate such Hamiltonians, even when the initial Hamiltonian is much simpler.
9.2 Connected correlation functions. Vertex functions
In Chapter 6, we have already introduced, on the lattice, several generating functionals of correlation functions. Here, we only extend deﬁnitions and relations to
generating functionals in continuum space. Most of the discussion of Chapter 6
applies also in the continuum.
In Section 6.2.1, we have introduced the generating functional (which is also the
free energy in an inhomogeneous external ﬁeld, up to a temperature factor)
W(H) = ln Z(H)
of connected correlation functions
W (n) (x1 , x2 , . . . , xn ) =

δ n W(H)
δH(x1 ) . . . δH(xn )

≡ σ(x1 ) . . . σ(xn )connected .
H(x)≡0

(9.5)
In what follows, we consider only connected functions because they have large-distance decay properties, called cluster properties (see Section 6.2.1).
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Fourier representation. We have assumed that the ﬁeld theory is translation invariant. This hypothesis implies that for all a ∈ Rd , the n-point connected correlation
function satisﬁes
W (n) (x1 + a, . . . , xn + a) = W (n) (x1 , . . . , xn ).
The relation between an n-point function and its Fourier transform can be written
as
 n 

d (d)
2 (n) (p1 , . . . , pn )
pi W
(2π) δ
i=1


=

⎛

ddx1 . . . ddxn W (n) (x1 , . . . , xn ) exp ⎝i

n


⎞
xj pj ⎠ ,

(9.6)

j=1

which is the form in the continuum of the representation (6.15). The connected
correlation function W (n) (x1 , x2 , . . . , xn ) satisﬁes a cluster property (Section 6.2.1),
which takes the form of decay properties when its arguments tends toward inﬁnity.
2 (n) (p1 , . . . , pn ) in the variables pi follow.
Regularity properties of W
Generating functional of vertex functions. In Section 6.3, we have also deﬁned by
Legendre transformation the generating functional Γ(M ) of vertex functions:
 1 
Γ(M ) =
dd x1 . . . dd xn Γ(n) (x1 , . . . , xn )M (x1 ) . . . M (xn ).
n!
n=0
In the continuum, the Legendre transformation takes the form

W(H) + Γ(M ) = dd x H(x)M (x),
M (x) =

(9.7a)

δW(H)
.
δH(x)

(9.7b)

In statistical physics, Γ(M ) is the thermodynamic potential, a function of the local
magnetization.
The Fourier transform of the n-point vertex function is deﬁned by (see deﬁnition
(6.23))
 n 

d (d)
(2π) δ
pi Γ̃(n) (p1 , . . . , pn )
i=1


=

⎛

dd x1 . . . dd xn Γ(n) (x1 , . . . , xn ) exp ⎝i

n


⎞
xj · pj ⎠ .

(9.8)

j=1

Vertex functions, due to the regularity properties of the Γ̃(n) , play a central role in
the general discussion of the perturbative expansion.
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9.3 Renormalization group: General idea
In Chapter 8, we have shown that universality properties emerge in the study of
the asymptotic behaviour, at large distance, of the Gaussian connected two-point
function in the vicinity of the critical point. Within the framework of a general
model, we thus want to explore the properties of the large-distance behaviour of
connected correlation functions.
9.3.1 RG equations
Technically, we want to determine the behaviour of the connected n-point function
W (n) (λx1 , . . . , λxn ), at the critical point, when the real positive dilatation parameter λ diverges. For reasons that will be understood later (but that are not unrelated
to the remark at the end of Section 8.4.3), it is necessary to assume that all points
xi are distinct.
The RG idea then is to construct a Hamiltonian function Hλ (σ) of the dilatation
parameter λ, such that
Hλ=1 (σ) ≡ H(σ),
(n)

and for which the corresponding correlation functions Wλ (xi ) satisfy
Wλ (x1 , . . . , xn ) − Z −n/2 (λ)W (n) (λx1 , . . . , λxn ) = Rλ (x1 , . . . , xn )
(n)

(n)

(9.9)

with
(n)

Wλ=1 (x1 , . . . , xn ) ≡ W (n) (x1 , . . . , xn ),

Z(1) = 1 ,

(n)

Rλ=1 (x1 , . . . , xn ) = 0 .

The RG equation (RGE) (9.9) involves functions R(n) that satisfy only one condition: for λ → ∞, they decay, for example, faster than any power of λ. In the
absence of such a term, one speaks of a linear RG (see Section 16.2.4 for details).
(n)
(λx1 , . . . , λx
The functions Z −n/2 (λ)W
n ) are the connected correlation func
tions of the ﬁeld σ(λx)/ Z(λ): the factor Z(λ) renormalizes the ﬁeld σ(x). One
notes here a diﬀerence with the situations that we have encountered so far: the
renormalization can a priori be an arbitrary function of λ and not only a power.
The Hamiltonian Hλ (σ) is also called the eﬀective Hamiltonian at scale λ and
the transformation H(σ) → Hλ (σ) is called the RG transformation.
Various RG transformations may diﬀer by the form of the functions R(n) and the
function Z(λ). In explicit constructions, the R(n) ’s are generated by the integration
over the large momentum modes of σ(x) (see Chapter 16). When R(n) ≡ 0 and
both space and ﬁelds are continuous variables, the RG transformation is realized
by a rescaling of space and ﬁelds:




Hλ σ(x) = Hλ=1 Z 1/2 (λ)σ(x/λ) .

(9.10)

However, except in the case of Gaussian models, such transformations have, in
general, no ﬁxed points and, therefore, it is necessary to consider more general
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transformations. Below, we omit the terms R(n) and, thus, the relations between
correlation functions must be understood modulo terms that decay faster than any
power of λ. We thus discuss an asymptotic linear RG.
Fourier representation. Equation (9.9), after Fourier transformation (equation
(9.6)) and neglecting Rn , can also be written as
 n 

2 (n) (p1 , . . . , pn )
pi W
(2π)d δ (d)
λ

i=1

= Z −n/2 (λ)



⎛
ddx1 . . . ddxn W (n) (λx1 , . . . , λxn ) exp ⎝i

n


⎞
xj pj ⎠

j=1

= Z −n/2 (λ)λ−nd



⎛

ddx1 . . . ddxn W (n) (x1 , . . . , xn ) exp ⎝i


= Z −n/2 (λ)λ−nd (2π)d δ (d)

n


n


⎞
xj pj /λ⎠

j=1



2 (n) (p1 /λ, . . . , pn /λ).
pi /λ W
λ

i=1

Using the property


δ

(d)

n



pi /λ


d (d)

=λ δ

i=1

n



pi

,

i=1

one infers
2 (n) (p1 /λ, . . . , pn /λ) .
2 (n) (p1 , . . . , pn ) = Z −n/2 (λ)λ(1−n)d W
W
λ

(9.11)

In particular, for n = 2,
2 (2) (p) = Z −1 (λ)λ−d W
2 (2) (p/λ).
W
λ

(9.12)

9.3.2 Generating functions and vertex functions
The asymptotic relation (9.9),
Wλ (x1 , . . . , xn ) = Z −n/2 (λ)W (n) (λx1 , . . . , λxn ),
(n)

translates also into the relation between generating functions


Wλ H(x)
 1 
=
dd x1 . . . dd xn Z −n/2 (λ)W (n) (λx1 , . . . , λxn )H(x1 ) . . . H(xn )
n!
n=0
 1 
=
dd x1 . . . dd xn Z −n/2 (λ)λ−nd W (n) (x1 , . . . , xn )H(x1 /λ) . . . H(xn /λ)
n!
n=0


= W λ−d Z −1/2 (λ)H(x/λ) .
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Then, for the local magnetization,
δWλ
δH(y)
 1 
dd x1 . . . dd xn Z −(n+1)/2 (λ)W (n+1) (λy, λx1 , . . . , λxn )H(x1 )
=
n!
n=0

M (y) =

× . . . H(xn )
and, thus,
M (y/λ) = Z −1/2 (λ)



δ
W λ−d Z −1/2 (λ)H(x/λ) .
δH(y)

(9.13)

The inversion of this relation, using a property of the Legendre transformation,
yields


δ
Γ Z 1/2 (λ)M (y/λ)
λ−d Z −1/2 (λ)H(x/λ) =
δM (x)
and thus
H(x/λ) = λd Z 1/2 (λ)
to be compared with
H(x) =



δ
Γ Z 1/2 (λ)M (y/λ) ,
δM (x)



δ
Γλ M (y) .
δM (x)

Then comparing with equation (9.13), one observes that the passage from W, H to
Γ, M corresponds also to the change λ−d Z −1/2 → Z 1/2 . One concludes




Γλ M (y) = Γ Z 1/2 (λ)M (y/λ) ,
which is consistent with relation (9.10) and, thus, also
(n)

Γλ (x1 , . . . , xn ) = Z n/2 (λ)λnd Γ(n) (λx1 , . . . , λxn ).
Replacing in equation (9.11) W by Γ and simultaneously λ−d Z −1/2 by Z 1/2 , one
obtains the form of the RGE for the Fourier transform of the n-point vertex function
(see the deﬁnition (9.8)):
(n)

Γ̃λ (p1 , . . . , pn ) = Z n/2 (λ)λd Γ̃(n) (p1 /λ, . . . , pn /λ).

(9.14)

In particular, for the two-point vertex function
(2)

Γ̃λ (p) = Z(λ)λd Γ̃(2) (p/λ),

(9.15)

2 (2) (p).
a form consistent with the relation (9.12) since Γ̃(2) (p) is the inverse of W
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9.3.3 Fixed-point Hamiltonian
A general local Hamiltonian depends on an inﬁnite number of parameters. The
parameters that appear in Hλ are functions of λ. Let us assume that there exists
an RG transformation such that, when λ → ∞, the Hamiltonian Hλ (σ) has a limit
(n)
H∗ (σ), which is a ﬁxed-point Hamiltonian. We denote by W∗ the corresponding
correlation functions. Then, equation (9.9) implies
(n)

W (n) (λx1 , . . . , λxn ) ∼ Z n/2 (λ)W∗ (x1 , . . . , xn ).
λ→∞

(9.16)

Introducing a second dilatation µ > 0, one can calculate W (n) (λµxi ) from equation
(9.16) in two diﬀerent ways:
(n)

W (n) (λµx1 , . . . , λµxn ) ∼ Z n/2 (λ)W∗ (µx1 , . . . , µxn )
λ→∞

(n)

∼ Z n/2 (λµ)W∗ (x1 , . . . , xn ).

λ→∞

Eliminating W (n) (λµxi ), one obtains the relation
(n)

n/2

(n)

W∗ (µx1 , . . . , µxn ) = Z∗ (µ)W∗ (x1 , . . . , xn )

(9.17)

Z∗ (µ) = lim Z(λµ)/Z(λ).

(9.18)

with
λ→∞

Equation (9.17) being valid for arbitrary µ, this immediately implies that Z∗ (λ)
forms a representation of the semi-group of dilatations:
Z∗ (λ1 )Z∗ (λ2 ) = Z∗ (λ1 λ2 ).

(9.19)

Thus, with reasonable assumptions, Z∗ (λ) has a power-law behaviour:
Z∗ (λ) = λ−2dσ .

(9.20)

This implies the scaling behaviour
W∗ (λx1 , . . . , λxn ) = λ−ndσ W∗ (x1 , . . . , xn ).
(n)

(n)

(9.21)

The positive number dσ that characterizes the power-law behaviour of correlation
functions at a ﬁxed point, is called the dimension of the ﬁeld, or order parameter,
σ(x), expressed in inverse length units.
From equation (9.18), one then concludes that Z(λ) also has asymptotically a
power-law behaviour. Finally, equation (9.16) implies that connected correlation
functions have a scaling behaviour at large distance of the form
W (n) (λx1 , . . . , λxn ) ∝ λ−ndσ W∗ (x1 , . . . , xn ),
(n)

λ→∞

(9.22)
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determined by the ﬁxed point.
Since the right-hand side of equation (9.22), which determines the critical behaviour of correlation functions, depends only on the ﬁxed-point Hamiltonian, the
correlation functions corresponding to all Hamiltonians that converge after RG
transformations toward the same ﬁxed point, have the same critical behaviour.
Such a universality property thus divides the space of Hamiltonians into universality classes. Universality, beyond the quasi-Gaussian approximation, relies on the
existence of large-distance (IR) ﬁxed points of the RG in the space of Hamiltonians.
Applied to the two-point function, this result shows, in particular, that if 2dσ < d,
the correlation length ξ diverges and thus the corresponding Hamiltonians are necessarily critical. Critical Hamiltonians deﬁne in the space of Hamiltonians the critical
surface, which is invariant under the RG. In the generic situation where ξ is ﬁnite,
the correlation length ξ/λ corresponding to Hλ goes to zero. The Fourier components of correlation functions become momentum independent and thus correlation
functions become δ-functions in direct space. This trivial ﬁxed point of independent
variables corresponds to 2dσ = d.
9.4 Hamiltonian ﬂow: Fixed points, stability
We now assume that there exists a transformation on the space of Hamiltonians
consistent with equation (9.9).
Moreover, we assume that this transformation is of Markovian type, that is, that
the transformation depends on Hλ but not on the trajectory that has led from H
to Hλ . In continuum space, λ, the dilatation parameter, can be varied continuously
(whereas on the lattice λ can only take a set of discrete values). Therefore, we can
write the transformation in a diﬀerential form in terms of a transformation T in the
space of Hamiltonians and a real function Dσ deﬁned in the space of Hamiltonians.
The RGE satisﬁed by the Hamiltonian then takes the general form
d
Hλ = T [Hλ ] ,
dλ
 
d
ln Z(λ) = −2Dσ Hλ .
λ
dλ
λ

(9.23)
(9.24)

We assume also that the Markovian process is stationary, in such a way that the
right-hand side depends on λ only through Hλ (and thus not on λ explicitly).
Finally, we assume, and this is also an important hypothesis, that the mapping T is
suﬃciently diﬀerentiable (for example, inﬁnitely diﬀerentiable). These assumptions
summarize the characteristic properties of these equations and are at the origin of
many results that will be derived later.
The appearance of the derivative λd/dλ = d/d ln λ reﬂects the multiplicative
character of dilatations or scale changes. The RGE thus deﬁnes a dynamical process
in the time ln λ.
An explicit example of a transformation (9.23) is provided by equation (16.51).

Renormalization group: General formulation

227

9.4.1 Fixed points and linearized ﬂow
A ﬁxed-point Hamiltonian H∗ is necessarily a solution of the ﬁxed-point equation
T [H∗ ] = 0 .

(9.25)

The dimension dσ of the ﬁeld σ is then
 
dσ = Dσ H∗ .

(9.26)

Linearized RGE. The RG ﬁxed point being determined, we apply the RGE (9.23) to
a Hamiltonian H close to the ﬁxed point H∗ . Setting Hλ = H∗ + ∆Hλ , we linearize
the RGE that then takes the form
λ

d
∆Hλ = L∗ (∆Hλ ) ,
dλ

(9.27)

where L∗ is a linear operator independent of λ, acting in the space of Hamiltonians.
It is then possible to study the RG ﬂow in a neighbourhood of the ﬁxed point and
infer the local stability properties of the ﬁxed point.
The formal solution of equation (9.27) is
∗

∆Hλ = λL ∆H1 .

(9.28)

Let us assume that L∗ has a discrete spectrum with eigenvalues i , corresponding
to a set of eigenvectors Oi . For λ → ∞, the ﬂow is dominated by the largest
eigenvalues (of largest real parts if they are complex). We then expand ∆Hλ on the
eigenvectors Oi of L∗ :

∆Hλ =
hi (λ)Oi .
(9.29)
i

The ﬂow equation (9.27) is equivalent to
λ

d
hi (λ) = i hi (λ),
dλ

(9.30)

hi (λ) = λi hi (1) .

(9.31)

which integrated yields

9.4.2 Classiﬁcation of eigenvectors
No general result implies that all eigenvalues i must be real. Nevertheless, for the
class of models that we study in this work, it is found by explicit calculation that
this is indeed the case. In what follows, we thus discuss only this situation.
The eigenvectors, or eigen-perturbations, Oi can then be classiﬁed into four families according to the sign of the corresponding eigenvalues (see Section 3.2):
(i) Positive eigenvalues. The corresponding eigenvectors are called relevant. If
∆Hλ has a component on such a vector, this component will grow with λ and Hλ
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will move away from H∗ . These vectors correspond to unstable directions in the
vicinity of the ﬁxed point. For example, the vectors associated with deviations from
criticality are clearly relevant since a dilatation decreases the eﬀective correlation
length.
(ii) Vanishing eigenvalues. The eigenvectors corresponding
to a vanishing eigen"
value are called marginal. In Section 9.5, we show that dx σ 4 (x) is marginal in
four dimensions. To solve the RGE (9.23) and determine the behaviour of the corresponding component, it is necessary to expand beyond the linear approximation.
Generically, one ﬁnds
d
(9.32)
λ hi (λ) ∼ Bh2i (λ) .
dλ
Depending on the signs of the constant B and hi , the ﬁxed point is then marginally
unstable or stable. In the latter case, for λ → ∞, the solution behaves like
hi (λ) ∼ −1/(B ln λ) .

(9.33)

The presence of a marginal eigenvector thus leads, in general, to a logarithmic
convergence toward the ﬁxed point.
An exceptional situation is provided by the XY model in two dimensions (a model
with a two-component spin and an O(2) symmetry) that, instead of an isolated ﬁxed
point, has a line of ﬁxed points. The eigenvector that corresponds to motion along
the ﬁxed line is clearly marginal (see Section 15.10.2).
(iii) Negative eigenvalues. The corresponding eigenvectors are called irrelevant.
The components of ∆Hλ on these eigenvectors decay for large dilatations.
(iv) Finally some eigenvectors do not aﬀect physical properties. An example is
provided by the eigenvector generating a constant multiplicative renormalization of
the dynamical variables σ(x). These eigenvectors are called redundant.
Fixed-point classiﬁcation. Fixed points can be classiﬁed according to their local stability properties, that is, the number of linearly independent relevant eigenvectors.
This number is also the number of parameters that it is necessary to ﬁx to impose
on a general Hamiltonian to belong to the surface that forms the basin of attraction
of the ﬁxed point. For a non-trivial ﬁxed point corresponding to general critical
Hamiltonians, it is the co-dimension of the critical surface.
9.4.3 RGE: Another form
Equation (9.9) can be written equivalently as (neglecting the remainder Rn )
(n)

Z n/2 (λ)Wλ (x1 /λ, . . . , xn /λ) = W (n) (x1 , . . . , xn ).

(9.34)

We now assume that the Hamiltonian Hλ is parametrized in terms of constants
hi (λ) (in general, in inﬁnite number). Then, one can change the notation and write


(n)
Wλ (x1 , . . . , xn ) ≡ W (n) {h(λ)}; x1 , . . . , xn
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where, here, {h(λ)} represents the set of all hi (λ). We then diﬀerentiate equation
(9.34) with respect to λ. The right-hand side does not depend on λ and thus


d  n/2
(9.35)
λ
Z (λ)W (n) {h(λ)}; x1 /λ, . . . , xn /λ = 0 .
dλ
We introduce the diﬀerential operator
DRG ≡

n

k=1

xk · ∇xk +



βi ({h})

i

∂
+ nDσ ({h}),
∂hi

with the deﬁnitions
d
hi (λ),
dλ
d
ln Z(λ).
2Dσ ({h}) = −λ
dλ
βi ({h}) = −λ

(9.36)
(9.37)

These two equations are equivalent to equations (9.23) and (9.24). The stationary
Markovian property implies that βi and Dσ do not depend on λ explicitly, but only
through the parameters hi (λ). Equation (9.35) can then be written as (using the
chain rule in the diﬀerentiation)


d  n/2
Z (λ)W (n) {h(λ)}; x1 /λ, . . . , xn /λ
− Z −n/2 (λ)λ
dλ


= DRG W (n) {h(λ)}; x1 /λ, . . . , xn /λ = 0 .
Finally, since in the new equation λ plays no explicit role anymore, we specialize
to λ = 1. The equation becomes the partial diﬀerential equation for correlation
functions
& n
'


∂
xk · ∇xk +
βi ({h})
+ nDσ ({h}) W (n) ({h}; x1 , . . . , xn ) = 0 , (9.38)
∂h
i
i
k=1

another standard form of RGE. In this formalism, ﬁxed points correspond to simultaneous solutions of all equations
βi ({h∗ }) = 0 ,
and equation (9.38) then implies the scaling behaviour already obtained directly
since
 n


xk · ∇xk + ndσ W (n) ({h∗ }; x1 , . . . , xn ) = 0 .
(9.39)
k=1

Similarly, from equation (9.14) one infers
& n
'


∂
pk · ∇pk −
βi ({h})
+ nDσ ({h}) − d Γ̃(n) ({h}; p1 , . . . , pn ) = 0 .
∂h
i
i
k=1
(9.40)
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9.4.4 The critical domain: Scaling properties
We have shown that the quasi-Gaussian approximation implies universality properties not only at the critical temperature where the correlation length is inﬁnite,
but also in a neighbourhood of the critical point, called the critical domain. The
critical domain is characterized by the property that the correlation length is large
1 and magnetic ﬁeld
with respect to the microscopic scale and, thus, |T − Tc |
|H|
1.
One expects that such universality generalizes also to other RG ﬁxed points.
Indeed, if the correlation length ξ is ﬁnite but large, one can perform scale transformations up to λ of order ξ. After these transformations, the correlation length
has a size of order 1. The transformed Hamiltonian Hλ is no longer critical and the
model can be solved by perturbative methods. But, simultaneously, all components
of Hλ on irrelevant eigenvectors vanish asymptotically for ξ → ∞. Thus, Hλ depends only on a number of parameters equal to the number of linearly independent
relevant eigenvectors (see also Sections 4.7.2 and 7.4).
Universality is a consequence of the decay for λ = O(ξ)  1 of all components on
irrelevant eigenvectors. Here, we have implicitly assumed the absence of marginal
perturbations that require a special analysis.
Technically, as we have already shown in examples, this universal asymptotic limit
is obtained by renormalizing the amplitudes of relevant perturbations to cancel the
eﬀect of dilatations.
For this purpose, we rewrite equation (9.9) in the form




W (n) {h(λ)}; x1 , . . . , xn = Z −n/2 (λ)W (n) {h(1)}; λx1 , . . . , λxn .

(9.41)

When λ → ∞, the components on irrelevant perturbations go to zero. Also, we
vary the initial components on relevant perturbations, as functions of λ, to cancel
the dilatation factors:
hi (1) → (hi )r λ−i ∀i ∈ E ,
where E is the set of relevant components.
Then, the functions W (n) ({h(λ)}; x1 , . . . , xn ) tend asymptotically toward func(n)
tions Wr ({h(λ)}; x1 , . . . , xn ) that depend only on the amplitudes (hi )r of relevant
terms. The asymptotic relation


λdσ W (n) hj (1), j ∈ E; (hi )r λ−i , i ∈ E; λx1 , . . . , λxn


∝ Wr(n) (hi )r ; x1 , . . . , xn
λ→∞

follows. This equation applies directly to the asymptotic form and, thus,




Wr(n) (hi )r ; x1 , . . . , xn = λdσ Wr(n) (hi )r λ−i ; λx1 , . . . , λxn .
(n)

This property of asymptotic universal correlation functions Wr
domain, is also called the scaling property.

(9.42)
in the critical
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9.5 The Gaussian ﬁxed point
Within a rather general framework, we have shown that the existence of RG ﬁxed
points, in the space of Hamiltonians, implies universality properties of the critical behaviour. It now remains to construct these transformations explicitly and to
determine their ﬁxed points. In a limited class of models (but which includes important universality classes from the physics viewpoint), it has been possible to exhibit
ﬁxed points and to study their local stability. However, even in these examples, a
complete analysis of the RG ﬂow is lacking.
There exists, however, a subspace of the space of Hamiltonians which can be explored completely and for which RG transformations can be constructed explicitly:
the subspace of quadratic Hamiltonians which corresponds to Gaussian models. In
this case, one can take R(n) ≡ 0 in the RG transformations.
The ﬁxed points can then be identiﬁed: the critical Hamiltonians converge toward
the Gaussian ﬁxed point whose predictions above Tc coincide with the mean-ﬁeld
approximation. As we will show, the discussion has much in common with that of
the random walk in Section 3.3.10. Note, ﬁnally, that in Gaussian models only one
connected correlation function is diﬀerent from zero, the two-point function, which
notably simpliﬁes the analysis.
9.5.1 The Gaussian ﬁxed point
In Section 8.4, we have shown that the universal predictions of the Gaussian model
can be inferred from the Hamiltonian
& d
'


2
1
d
2 2
HG (σ) =
d x
∂µ σ(x) + m σ (x) , m2 ∝ T − Tc ,
2
µ=1
(∂µ ≡ ∂/∂µ ) deﬁned in continuum space in d dimensions.
At Tc , the Hamiltonian reduces to
HG (σ)|m=0 =

1
2


dd x

d

2

∂µ σ(x) ,
µ=1

and the two-point function is given by equation (8.40):
W (2) (x) =

2d−2
1
Γ(d/2 − 1) d−2 .
d/2
|x|
(4π)

It has the scaling behaviour (9.21) characteristic of a ﬁxed-point Hamiltonian. Indeed, the transformation of the function in a dilatation x → λx takes the form
W (2) (λx) = λ2−d W (2) (x).
From equations (9.9) and (9.20), one then infers the renormalization of the ﬁeld
Z(λ) = λ−(d−2)

(9.43)
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and the dimension of the Gaussian critical ﬁeld

The Hamiltonian

dσ = 12 (d − 2).

(9.44)

∗
(σ) = HG (σ)|m=0 ,
HG

(9.45)

whose only non-vanishing connected correlation function has a scaling behaviour, is
thus a ﬁxed-point Hamiltonian: the Gaussian ﬁxed point. It is invariant under the,
here linear, RG transformations:
σ(x) → Z 1/2 (λ)σ(x/λ) = λ(2−d)/2 σ(x/λ).

(9.46)

Indeed, the substitution leads to ∂µ → ∂µ /λ, and thus

2−d

λ

d

d x

d


−2

λ


2
∂µ σ(x/λ) =

µ=1


dd x

d


2
∂µ σ(x) ,
µ=1

after the change of variables xµ → λxµ .
We have thus exhibited a ﬁxed point, the Gaussian ﬁxed point, whose predictions
coincide with the universal predictions of the mean-ﬁeld approximation.
9.5.2 General quadratic, isotropic Hamiltonian
We now consider a general Hamiltonian quadratic in σ, of the type envisaged in
Section 8.2. In the case of short-range interactions, the Fourier transform of the
coeﬃcient of the term quadratic in σ is regular and can be expanded in a Taylor
series. In direct space, this means that the term quadratic in σ can be expanded in
powers of the diﬀerential operator ∂µ . In continuum space, a Hamiltonian invariant
under space rotations–reﬂections can depend only on the Laplacian operator in d
dimensions, the square of the gradient operator ∇x , and thus takes the general form


1
2 r
HG (σ) =
u(2)
(9.47)
dd x
r σ(x)(−∇x ) σ(x),
2
r=0
(2)

where the coeﬃcients ur

are constants and
∇2x

≡

d


∂µ2 .

µ=1

A lattice Hamiltonian #
can also involve terms having the lattice symmetry but not
rotation invariant like µ ∂µ4 , for example.
The RG transformations (9.46), which have led to the Gaussian ﬁxed point, after
the change of variables xµ → λxµ now lead to


1
2
2 r
u(2)
Hλ (σ) = Z(λ) λd dd x
r σ(x)(−∇x /λ ) σ(x)
2
r=0


1
d
(2) 2−2r
=
ur λ
σ(x)(−∇2x )r σ(x).
d x
2
r=0
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This expression thus is directly an expansion on eigenvectors. The coeﬃcient of the
term with 2r derivatives transforms like
(2)
2−2r (2)
u(2)
ur .
r → ur (λ) = λ

(9.48)

(2)
ur (λ)

(equation (9.48)) with respect to λ, one ﬁnds the
Finally, diﬀerentiating
equivalent of equation (9.23), which is here identical to equation (9.27) because the
transformation T is linear, in the form (9.30):
(2)

dur (λ)
= r u(2)
r (λ) with r = 2 − 2r .
dλ
The complete RG ﬂow follows. In particular, for λ → ∞, the leading eigenvectors
have the smallest number of derivatives.
Relevant perturbation. For r = 0, 0 = 2 and the coeﬃcient u0 increases, which
is not surprising. The eigenvector is relevant for the Gaussian ﬁxed point since it
induces a ﬁnite correlation length. The addition of such a perturbation has the
eﬀect that the Hamiltonian then moves away from the ﬁxed point.
Redundant perturbation. For r = 1, 1 = 0 and the coeﬃcient u1 is invariant. The
eigenvector is proportional to the ﬁxed-point Hamiltonian and corresponds to a
simple renormalization of σ, without any physical eﬀect and thus is redundant.
Irrelevant perturbations. For r > 1, r < 0 and ur decays for λ → ∞. The
eigenvectors are thus irrelevant.
The conclusion is the following: the Gaussian ﬁxed point is stable in the class of
Gaussian critical models. In the general class of Gaussian models, it has only one
unstable direction, which corresponds to a deviation from the critical temperature.
Reﬂection symmetry breaking. Finally, if one extends the discussion
" to terms linear
in σ which break the Ising Z2 symmetry, one can add a term H dd x σ(x). In a
dilatation, this magnetic term becomes



(9.49)
H dd x σ(x) → Hλ(2−d)/2 λd dd x σ(x) = Hλd/2+1 dd x σ(x),
λ

and thus is also relevant with eigenvalue d/2 + 1 = d − dσ (see equation (9.64)).
Operators. In the framework of quantum ﬁeld theory, to the polynomials in the
ﬁeld σ(x) are associated quantum operators. For this reason, one often calls these
polynomials operators although here all ﬁelds are classical. For example, one speaks
of relevant, marginal, irrelevant, operators, a traditional language that we also
occasionally use.
Critical domain. The theory in the critical domain is obtained by renormalizing the
coeﬃcients of all relevant perturbations, in such a way that the RG transformed
coeﬃcients remain asymptotically constant. For example,
u0 → λ−2 u0 ,
(2)

(2)

H → Hλ−d/2−1 .

In this viewpoint, the coeﬃcients at scale λ are ﬁxed and one deﬁnes a ﬂow of the
initial parameters of the Hamiltonian. In the renormalization procedure of quantum
ﬁeld theory, this corresponds to ﬁxing the parameters of the renormalized theory.
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9.6 Eigen-perturbations: General analysis
We now study the transformation properties of general local functions, even in the
ﬁeld (i.e., having the Ising model Z2 symmetry). In this more general framework,
we cannot discuss the global RG ﬂow, but only its linearized version in the vicinity
of the Gaussian ﬁxed point.
9.6.1 Eigen-perturbations
The analysis of the preceding section, based on the assumption of short-range interactions, again allows performing a derivative expansion. One thus considers a
perturbation of the general form
∆H(σ) =

∞ 
∞ 


Oαn,r (σ),

n=2 r=0 α

where the Oαn,r (σ) are integrals of monomials Vαn,r (σ) in σ(x) and its derivatives,
of degree n (even) in σ and with exactly r derivatives (r being also even):



Oαn,r (σ) = dd x Vαn,r σ(x), ∂µ σ(x), . . . .
The subscript α is there to remind us that, in general, one can ﬁnd several linearly
independent homogeneous polynomials at n, r ﬁxed.
Beyond the quadratic terms already discussed, the terms Vαn,r (σ) of lowest degree
are, for example,
σ 4 (x),

σ 6 (x),


2
σ 2 (x) ∂µ σ(x) ,

σ 5 (x)∇2x σ(x) . . .

Applying the RG transformation (9.46) and after the change x → λx, one ﬁnds
Oαn,r (λ, σ) = Z n/2 (λ)λd−r Oαn,r (σ) = λd−n(d−2)/2−r Oαn,r (σ).

(9.50)

One sees the Oαn,r (σ) are eigenvectors, which can be classiﬁed according to decreasing eigenvalues n,r = d − n(d − 2)/2 − r:
"
(i) For n = 2 and r = 0, 2,0 = 2, and thus the perturbation σ 2 (x)dd x, is
relevant and corresponds to a deviation from the critical temperature.
(ii) The quadratic perturbation n = 2, r = 2, and thus 2,2 = 0, is redundant; it
corresponds to a simple renormalization of the ﬁeld σ.
(iii) Above dimension 4, for all other eigenvectors n,r < 0 and the perturbations
are irrelevant: on the critical surface (T = Tc ) the Gaussian ﬁxed point is thus
stable.
In dimension 4, the perturbation
n = 4, r = 0, and thus 4,0 = 4 − d = 0,
"
which is proportional to σ 4 (x)dd x, becomes marginal and all other perturbations
remain irrelevant. A linear analysis is no longer suﬃcient to determine the stability
properties of the Gaussian ﬁxed point. It becomes necessary to construct an RG
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that takes into account the deviations from the Gaussian theory in order to be able
to go beyond the linear approximation. If the Gaussian ﬁxed point is marginally
stable, one expects a logarithmic convergence. "
Below dimension 4, 4,0 = 4−d > 0 and thus σ 4 (x)dd x is relevant: the Gaussian
ﬁxed point is unstable. When the dimension decreases, new perturbations corresponding
to n,0 = d − n(d − 2)/2 also become relevant. For example, in dimension
"
3, σ 6 (x)dd x is marginal and for d < 3 relevant. However, let us point out that
this classiﬁcation is speciﬁc to the Gaussian ﬁxed point and has no reason to remain
valid for another ﬁxed point.
Finally, note that this analysis leads to conclusions consistent with the behaviour
of the leading corrections to the Gaussian approximation evaluated in Section 8.9.2.
Flow in diﬀerential form. Another form of equation (9.50) is obtained by expanding
∆Hλ on a ﬁxed basis, for example, the eigenvectors Oαn,r (σ), with scale-dependent
coeﬃcients:
∞ 
∞ 

∆Hλ (σ) =
h(n,r)
(λ)Oαn,r (σ),
α
n=2 r=0 α
(n,r)

where the coeﬃcients hα

(λ), as a consequence of equation (9.50), satisfy

h(n,r)
(λ) = λd−n(d−2)/2−r h(n,r)
(1).
α
α
The diﬀerential form
λ

d (n,r)
h
= L∗ h(n,r)
= n,r h(n,r)
α
α
dλ α

(9.51)

with
n,r = d − 12 n(d − 2) − r

(9.52)

provides an example of equation (9.30).
9.6.2 Fourier representation
In the Fourier representation, one obtains another diﬀerential form of RGE. We
introduce the Fourier representation of the ﬁeld

σ(x) = dd k eikx σ̃(k).
We then expand ∆H in powers of σ̃ (see equation (9.4)):
∆H(σ) =


∞
 

1
ki u(n) (ki ). (9.53)
dd k1 . . . dd kn σ̃(k1 ) . . . σ̃(kn )(2π)d δ (d)
n!
2

Following the same line of arguments as before, one veriﬁes that equation (9.9) leads
to the transformation ki → ki /λ and thus
 
 
u(n) (ki )δ d
ki → u(n) (ki /λ)λd δ (d)
ki ,
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as well as

σ̃(k) → Z 1/2 (λ)σ̃(k) = λ−(d−2)/2 σ̃(k).

One infers
(n)

uλ (ki ) = λd Z n/2 (λ)u(n) (ki /λ) = λd−n(d−2)/2 u(n) (ki /λ).

(9.54)

Diﬀerentiating with respect to λ, one ﬁnds the equivalent of equation (9.27), expanded in powers of σ̃(k). Using
n

d (n)
d (n)
λ u (k/λ) = −
ki
u (k/λ),
dλ
dk
i
i=1

one obtains
d (n)
λ uλ (k) =
dλ




∂
(n)
−
ki
+ d − 12 n(d − 2) uλ (k).
∂k
i
i=1
n


(9.55)

This equation is written for the RG transformations that admit the ﬁxed point
(9.43), (9.45). The eigenvalue equation is then

(n)
L∗ uλ (k)

=


∂
(n)
(n)
1
−
ki
+ d − 2 n(d − 2) uλ (k) = uλ (k).
∂k
i
i=1
n


(9.56)

Equation (9.56) shows that the eigenvectors are homogeneous functions of the dy(n)
namical variables σ (the uλ (k)’s for diﬀerent values of n are not coupled) and the
momenta ki (Fourier representations of the space derivatives).
(n)
We have assumed that the functions uλ (k) are regular (hypothesis of short-range
interactions). They can thus be expanded on a basis of homogeneous polynomials
(n,r)
of degree r in k:
Pα
n


ki

i=1

∂ (n,r)
P
(k) = rPα(n,r) (k) ,
∂ki α

the subscript α recalling that there exists, in general, several homogeneous polynomials of degree r. Setting
(n)

uλ (k) =



h(n,r)
(λ)Pα(n,r) (k),
α

r,α
(n,r)

one then ﬁnds that the coeﬃcients hα
n,r given by equation (9.52).

satisfy equation (9.51) with the eigenvalues
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9.7 A non-Gaussian ﬁxed point: The ε-expansion
We have shown that the Gaussian ﬁxed point is unstable for d < 4. We now assume
that, at least within the framework of a perturbative expansion around the Gaussian
ﬁxed point, the dimension of space d can be considered as a continuous parameter
(for technical details see Section 12.5). We then investigate the vicinity of dimension
4, considering the deviation ε = 4 − d from dimension 4 as an expansion parameter.
Moreover, we adjust one parameter (like the temperature) as a function of the
dimension, in such a way that the system under study remains critical (T = Tc ).
This has the eﬀect of suppressing the relevant perturbation that generates a ﬁnite
correlation length (n = 2, r = 0 in the case of the Gaussian ﬁxed point).
An additional assumption is also required, whose consistency, at least, will be
later veriﬁed in explicit calculations: we have already assumed that the RGE (9.23)
are expandable in the perturbations around ﬁxed points and thus, here, in the
deviations from the Gaussian theory. We assume, in addition, that the RGE are
expandable in the parameter ε = 4 − d.
9.7.1 Fixed points
We assume that the initial Hamiltonian is critical (T = Tc ) and is close enough
to the Gaussian ﬁxed point in such a way that, for not too large dilatations λ,
equation (9.23) can still be approximated by the linearized form (9.27), where ∆H
is the deviation from the Gaussian ﬁxed point.
As a consequence, the
" amplitudes hα (λ) of all irrelevant eigenvectors decrease.
Only the amplitude of dd x σ 4 (x), that we now denote by g(λ), increases. However,
for ε
1, g(λ) ∼ g(1)λε increases slowly. One can then ﬁnd values of λ large
enough such that the amplitudes hα (λ) become negligible with respect to g(λ), but
also small enough such that g(λ) remains small and the expansion of equation (9.23)
can still be used.
Note that for such values of λ, the condition that H(σ) is positive for large σ
(required for the σ-ﬁeld measure to be deﬁned), implies that g(λ) must be positive.
We can thus expand equation (9.23), projected on the corresponding eigenvector,
in powers of g(λ):
λ

dg(λ)
= (4 − d)g(λ) − β2 (d)g 2 (λ) + O(ghα , g 3 ),
dλ

(9.57)

and we redeﬁne the dilatation parameter λ in such a way that for λ = 1 this
asymptotic equation can already be used. The leading neglected terms are terms
of order g 3 and quadratic terms proportional to hα g. With our assumptions, the
terms proportional to hα hβ are even smaller.
In particular, if the coeﬃcients hα initially vanish, their derivatives are dominated
by terms of order at least g 2 . The neglected terms ghα are thus at least of order g 3 .
The coeﬃcient β2 depends on the dimension d. We assume that it is regular at
d = 4 and, thus, at leading order for ε → 0, one can replace it by its value at d = 4.
One immediately notes that the sign of β2 (4) plays a crucial role:
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(i) β2 (4) < 0. In this case, for d ≤ 4, the two terms have the same sign, the
derivative of g(λ) is positive and the Gaussian ﬁxed point is unstable. If initially
g(1) does not vanish, g(λ) grows with λ until the expansion in g(λ) is no longer
justiﬁed, and nothing more can be said. However, in dimension 4, the ﬂow initially
is slower than in lower dimensions. Indeed, for g(1) small, g(λ) increases ﬁrst only
logarithmically:


g(λ) = g(1) + |β2 (4)| g 2 (1) ln λ + O g 3 (1) .
For d > 4, and thus ε < 0, one ﬁnds a non-Gaussian ﬁxed point
g ∗ = ε/β2 (4) + O(ε2 ),
which is an unstable ﬁxed point. If initially g(1) < g ∗ , g(λ) converges toward the
Gaussian ﬁxed point. If g(1) = g ∗ , g(λ) = g ∗ for all λ. If g(1) > g ∗ , g(λ) increases
and, again, nothing more can be concluded in this approach.
An interesting situation is the following: if g(1) < g ∗ with g ∗ − g(1)
1, the
eﬀective amplitude g(λ) ﬁrst moves very slowly away from the unstable ﬁxed-point
value. One then ﬁnds a slow transition (also called a crossover) between a behaviour
of correlation functions ﬁrst dominated by the unstable ﬁxed point, and a behaviour
dominated by the stable ﬁxed point.
The case β2 < 0 is not realized in the statistical models under study here, but
is important for the physics of fundamental microscopic interactions (d = 4 in
this case). Moreover, an example of such a situation, but where the dimension 4
is replaced by the dimension 2, will be met in Section 15.7.1 in the study of the
non-linear σ model.
(ii) β2 (4) = 0. In this exceptional case, it becomes necessary to expand to next
order and to take into account the terms of order g 3 .
(iii) β2 (4) > 0. In this case, for d > 4, one ﬁnds only the Gaussian ﬁxed point,
which is stable.
"
In dimension 4, d4 x σ 4 (x) is marginal. The Gaussian ﬁxed point is now stable
since g(1) is positive and the approach to the ﬁxed point is then logarithmic,
g(λ) ∼

1
,
β2 (4) ln λ

in agreement with the general RG discussion.
On the contrary, for d < 4 (the relevant physical case), the Gaussian ﬁxed point
is unstable, but, for ε small, another ﬁxed point is found,
g ∗ = ε/β2 (4) + O(ε2 ),
which is stable. Indeed, if initially g < g ∗ , then g(λ) increases, and if g > g ∗ then
g(λ) decreases. This situation is specially interesting since one can then envisage
calculating universal quantities in the form of an ε-expansion. Actually, for the
models that we have studied so far, Ising type models and models with O(N )
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symmetries, this is the situation that is realized (Wilson and Fisher 1972). This can
be veriﬁed by calculating the ﬁrst corrections to the quasi-Gaussian approximation
contributing to the two- and four-point functions (see Section 10).
Linearizing equation (9.57) in the neighbourhood of the ﬁxed point, one ﬁnds
λ




d 
g(λ) − g ∗ ∼ −ω g(λ) − g ∗ ,
dλ

(9.58)

with (property of the parabola)
ω = ε + O(ε2 ) .

(9.59)

Thus, at least for ε small, ω is positive and
g(λ) − g ∗ ∝ λ−ω
λ→∞

goes to zero for λ → ∞, which
conﬁrms that the new ﬁxed point is stable with
"
respect to a perturbation of dd x σ 4 (x) type, unlike the Gaussian ﬁxed point.
The exponent ω characterizes the decay of the leading corrections to the universal
critical behaviour predicted by the ﬁxed-point Hamiltonian. It is also a universal
quantity.
Finally, in the quadratic approximation, the ﬂow equation (9.57) can be integrated
exactly:
 g(λ)
dλ
dg 
dg
=
,
⇒
ln
λ
=
εg − β2 g 2
λ
εg  − β2 g 2
g
and thus, for g ∗ ∝ ε

1,
g(λ) =

g∗g
.
g + λ−ε (g ∗ − g)

Field or order parameter dimension. Once the ﬁxed-point value g ∗ is determined,
one can calculate the dimension of the ﬁeld or order parameter dσ = Dσ (g ∗ ). The
calculation of the two-point function at second order in the parameter g shows that
the deviation
η(g) = 2Dσ (g) − d + 2
(9.60)
from the Gaussian value is of order g 2 and, thus, the deviation η ≡ η(g ∗ ) from the
Gaussian (or mean-ﬁeld) dimension of the ﬁeld is of order ε2 .
9.7.2 Other eigenvectors
We have shown that, for β2 (4) > 0, a stable ﬁxed point exists with g ∗ = O(ε).
But in the analysis we have neglected the components on the eigenvectors that are
irrelevant relative to the Gaussian ﬁxed point. The most important "near dimension
4 are such that the total number of derivatives and factors σ is 6, like dd x σ 6 (x). To
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show the consistency of the analysis, we now examine the eﬀect of these components
on the ﬂow.
(n,r)
The equations corresponding to the amplitudes of irrelevant eigenvectors hα
can depend on g starting from second order. We consider a parameter hα for which
this is the case. The ﬂow equation then takes the form
λ



d
hα (λ) ≡ Bα g(λ), {h(λ)} = α hα (λ) − βhα g2 g 2 (λ) + · · · ,
dλ

(9.61)

(α < 0) where the leading neglected terms are proportional to hα g. At leading
order in ε, one ﬁnds the ﬁxed-point solution
h∗α =

βh α g 2 ε 2
+ O(ε3 ),
β22 α

where βhα g2 , β2 and the Gaussian eigenvalue α can be replaced by their values in
dimension 4. Therefore, the amplitudes of irrelevant terms at the ﬁxed point are at
least of order ε2 . Returning to equation (9.57), which takes the more general form
λ



d
g(λ) = −β g(λ), {h(λ)} ,
dλ

one notes that the neglected terms like g 3 and ghα are all at least of order ε3 and
thus the corrections to g ∗ and to the slope ω are of order ε2 : at least the ε-expansion
is a consistent procedure and the ﬁxed point can be determined in the form of an
ε-expansion.
Let us point out, however, that the ﬁxed-point
Hamiltonian reduces to a linear
"
combination of the Gaussian term and of the dd x σ 4 (x) term only at leading order
in ε since the other coeﬃcients hα do not vanish at the ﬁxed point.
One can then calculate the eigenvalues corresponding to the ﬂow in the vicinity
of the new ﬁxed point. One veriﬁes that the eigenvalues diﬀer from the eigenvalues
associated with the Gaussian ﬁxed point at order ε. Thus, for 0 ≤ ε
1, the classiﬁcation of eigen-perturbations remains the same as in the Gaussian limit at d = 4
for all perturbations except one. Only one eigen-perturbation is very sensitive
to the
"
variation of the dimension: the perturbation that, at leading order, is dd x σ 4 (x),
because it is marginal at d = 4. Relevant, for d < 4, from the viewpoint of the
Gaussian ﬁxed point, it becomes irrelevant for the new stable ﬁxed point.
Perturbative RG. This analysis suggests that it should be possible to determine
the RG ﬂow equations from a perturbative expansion around the Gaussian model,
whereas we have veriﬁed that this is impossible for correlation functions.
Flow between ﬁxed points. In particular, it is then possible to determine perturbatively the RG trajectory that relates the Gaussian ﬁxed point to the stable non-Gaussian ﬁxed point. Assuming that the function g(λ) is invertible, g → λ = λ(g),
a condition that is fulﬁlled at least for ε
1, one can eliminate the dilatation
parameter λ in favour of the amplitude g in the ﬂow equations for the parameters
hα .
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In equation (9.61), on a RG trajectory, hα can be considered as a function of g
and, thus, using the chain rule,
λ

d ∂
∂
d
hα = Bα (g, {h}) = λ g hα = −β(g, {h}) hα .
dλ
dλ ∂g
∂g

The left-hand side of equation (9.61) is of order ε2 since the function β is of order
ε2 , ∂/∂g is of order 1/ε and hα of order ε2 at least. At leading order, the derivative
can thus be neglected, and one ﬁnds simply
hα (λ) = βhα g2 g 2 (λ)/α + O(ε3 ).
The derivative contributes only at next order. In this way, it is possible to determine the amplitudes of irrelevant eigen-perturbations as expansions in powers of g.
Substituting these expansions in the function β, one obtains a unique equation for
g(λ):


d
(9.62)
λ g(λ) = −β g(λ) ,
dλ
where β(g) now is a formal series in g only. The solution of the latter equation determines completely the ﬂow of the Hamiltonian. It depends only on one parameter,
the initial value g(λ = 1). The boundary conditions at λ = 1 for the amplitudes of
the irrelevant terms are then all related to g(1).
The zeros g ∗ of the function β(g) determine the ﬁxed points and the derivatives
ω = β  (g ∗ ) at ﬁxed points are universal quantities. For a stable ﬁxed point, ω
characterizes the leading corrections to the scaling behaviour.
We have outlined here the strategy that will also be used in practical calculations.
9.8 Eigenvalues and dimensions of local polynomials
Once the asymptotic behaviour of correlation functions is determined, one could
believe that one knows also the behaviour of expectation values of local polynomials
of the ﬁelds like, for example, σ k (x) or [∇σ(x)]2 , because they can be obtained as
limit of products of ﬁelds, for example,

 2
σ(y)σ(y  )σ(x1 ) . . . σ(xn ) .
σ (y)σ(x1 ) . . . σ(xn ) = lim

y →y

This is not the case because correlation functions corresponding to a ﬁxed-point
Hamiltonian (equation (9.21)) are in general singular when some arguments coincide
as examples will show (see also the remark at the end of Section 8.4.3).
However, there exists one exceptional ﬁxed point for which this property is true,
with some qualiﬁcation: the Gaussian ﬁxed point that we have studied in Section
9.6.
Even then, since the expectation values of, for example, σ 2 (y) is not deﬁned at
the ﬁxed point, it is necessary to ﬁrst subtract from the product σ(y)σ(y  ) a singular
function of y − y  to obtain a ﬁnite limit (a procedure called renormalization). This
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procedure generalizes to higher powers of the ﬁeld σ and to local functions involving
derivatives of the ﬁeld.
In Section 9.4, we have discussed the RG eigen-perturbations at a ﬁxed point.
The study of the Gaussian example indicates that these eigen-perturbations take
the form of integrals of local functions of the ﬁelds. Actually, due to the locality of
the theory, there exists also local eigen-perturbations Oα (σ, x) of the form of series
in σ(x) and its derivatives. They correspond to perturbations that break translation
invariance. Their space integrals then yield the eigen-perturbations that we have
discussed. These local functions O(σ, x) of ﬁelds have the following property: the
correlation functions
(n)

WO (y; x1 , . . . , xn ) = O(σ, y)σ(x1 ) . . . σ(xn )conn. ,
have an asymptotic power-law behaviour of the form
∗(n)

WO (λy; λx1 , . . . , λxn ) ∝ λ−ndσ −dO WO
(n)

λ→∞

(y; x1 , . . . , xn ),

(9.63)

where by deﬁnition dO is the dimension of the local operator O(σ, x).
We then consider the space integral

V(σ) = dd x O(σ, x).
Its correlation functions are obtained by integration:

(n)
dd y WO (y; x1 , . . . , xn ) = V(σ) σ(x1 ) . . . σ(xn )conn. .
With reasonable assumptions, but which have to be veriﬁed explicitly in examples,
from the relation


(n)
(n)
dd y WO (λy; λx1 , . . . , λxn ) = λ−d dd y WO (y; λx1 , . . . , λxn )
one infers, using the asymptotic behaviour (9.63),
V(σ)σ(λx1 ) . . . σ(λxn )conn. ∝ λd−ndσ −dO .
The right-hand side is the variation of the n-point function at ﬁrst order when one
adds a term proportional to V to the Hamiltonian:




[dσ]σ(x1 ) . . . σ(xn ) e−H−θV = [dσ]σ(x1 ) . . . σ(xn ) e−H 1 − θV + O(θ2 ) .
Comparing this term with the term of order zero, one observes that the perturbation
V has generated an additional factor λd−dO in the large-distance behaviour. This
factor thus is related to the eigenvalue V associated with the eigen-perturbation
V. We have thus established a general relation between the dimension of a local
eigen-operator and the eigenvalue of the corresponding perturbation (obtained by
integrating over space) to the Hamiltonian:
V + dO = d .

(9.64)

10 Perturbative renormalization group: Explicit
calculations

In Chapter 9, we have shown that, at least in the vicinity of dimension 4, with some
assumptions on the existence and properties of a renormalization group (RG) and
the existence of a dimensional continuation, one can reduce the study of the ﬂow of
a general Hamiltonian in the vicinity of the
" Gaussian ﬁxed point to the ﬂow of the
amplitude g of the relevant perturbation: dd x σ 4 (x).
In this chapter, we assume that the analysis of Chapter 9 applies. Then, it is
possible to determine the coeﬃcient β2 of the expansion of the function β(g), which
governs the ﬂow of g (see equation (9.62)) and whose sign is crucial for the existence
of a ﬁxed point. Indeed, we show how β2 can be inferred from a perturbative
calculation of the two- and four-point vertex functions to ﬁrst order in g beyond the
quasi-Gaussian approximation. The calculation involves the Gaussian integration
in the steepest descent method (see expression (6.31)) and thus corresponds to
one-loop Feynman diagrams.
The value of β2 being found to be positive in dimension d = 4, this implies the
existence of a non-Gaussian ﬁxed point for dimensions ε = 4 − d → 0, as we have
explained in Section 9.7. Having determined the ﬁxed point, we then show how to
determine the correlation exponent ν and the ﬁeld dimension at leading order for
ε → 0 from a two-loop calculation of the two-point function.
In Chapter 13, we will justify more generally that the perturbative expansion
combined with the dimensional continuation, allows an extension of these calculations to all orders in g and in ε.
In the last part of the chapter, we generalize one-loop calculations to models
with an O(N ) orthogonal symmetry and we conclude the chapter by displaying
some numerical results derived from higher order calculations.
10.1 Critical Hamiltonian and perturbative expansion
We consider correlation functions of a real ﬁeld σ(x), x ∈ Rd , associated to the
measure e−H(σ) /Z where

Z=

[dσ] exp [−H(σ)]

and the critical Hamiltonian H involves only the relevant perturbation to the Gaussian model in dimension d = 4 − ε, 0 < ε
1:



H(σ) = HG (σ) +

dd x


1
1
rc (g)σ 2 (x) + gσ 4 (x)
2
4!

(10.1)
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with
1
HG (σ) =
2










2
dd x
∂µ σ(x) +
uk+1
∂µ σ(x)(−∇2x )k ∂µ σ(x) . (10.2)
µ

µ

k=1

The parameter g characterizes the amplitude of the perturbation to the Gaussian
model. The parameter

rc (g) =
(rc ) g  ,
=1

is determined, order by order in g, by the condition that Γ̃(2) , the Fourier transform
of the two-point vertex function, satisﬁes
Γ̃(2) (p = 0, g) = 0

(10.3)

and, thus, that the model remains critical for all values of g. The introduction of
the parameter rc , called mass renormalization in quantum ﬁeld theory, is required
since, as we have already pointed out, the quartic perturbation modiﬁes the critical
temperature.
Finally, the Hamiltonian (10.2) diﬀers from the Hamiltonian of the Gaussian ﬁxed
point (9.45) by the addition of terms quadratic in σ with more than two derivatives
of the type σ(x)∇2k σ(x), with arbitrary coeﬃcients uk , which are irrelevant at
large distance. In the continuum, they provide a necessary substitute to the lattice
structure that bounds the arguments of the ﬁeld Fourier components to a Brillouin
zone.
In terms of the Fourier components of the ﬁeld σ,

σ(x) = dd p eipx σ̃(p),
HG takes the form
1
HG (σ̃) = (2π)d
2


dd p σ̃(p)H̃(2) (p)σ̃(−p)

with
H̃(2) (p) = p2 +



uk p2k .

(10.4)

(10.5)

k=2

A necessary condition for the ﬁeld integral to exist in any dimension d > 2, is that
the function H̃(2) (p) is positive for all p = 0.
Short-distance or large-momentum behaviour: ‘Ultraviolet’ (UV) divergences. Let
us add a few comments justifying the introduction of the irrelevant quadratic terms.
As we have already pointed out at the end of Section 8.4.3, the propagator of the
Gaussian ﬁxed point,

e−ipx
1
∆(x) =
dd p 2 ,
d
(2π)
p
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has short-distance singularities since
σ(x)σ(y) gaus.

∝

|x−y|→0

|x − y|2−d .

In the Fourier representation, this diﬃculty translates into large momenta divergences (also called ultraviolet for historical reasons related to quantum ﬁeld theory):
 d
1
d p
σ(x)σ(x) gaus. =
.
(2π)d
p2
This problem is generated by the transition to the continuum since, on the lattice,
distinct points are separated by at least one lattice spacing and, in the Fourier
representation, momenta belong to a ﬁnite Brillouin zone.
Expectation values of local monomials in the ﬁelds can only be deﬁned, at least
perturbatively, if the limits of correlation functions of products of ﬁelds at coinciding
points exist (see the discussion in Section 9.8). This implies that ∆(x − y), the
Gaussian two-point function also called the propagator, must be suﬃciently regular
˜
at short distance and, thus, its Fourier transform ∆(p)
must decrease suﬃciently
fast at large momenta. The modiﬁed propagator must cut the contributions of large
momenta, introducing a cut-oﬀ scale.
The necessity of introducing such modiﬁed propagators is another indication of
the non-decoupling of physics on very diﬀerent distance scales. It is impossible to
ignore the microscopic scale and to use directly a propagator that has the asymptotic
scaling form.
The quadratic Hamiltonian (10.2) corresponds to a two-point function of the form

1
˜
(10.6a)
dd p e−ipx ∆(p)
∆(x) =
(2π)d

˜ −1 (p) = H̃(2) (p) = p2 +
∆
uk p2k .
(10.6b)
k=2

˜
For the perturbative calculations that follow, a propagator ∆(p)
decaying like 1/p6
suﬃces. If one wants to construct an exact perturbative RG, it becomes necessary
to choose Gaussian two-point functions regular for p = 0 real and decreasing faster
than any power for |p| → ∞ (see Section 16.2).
Perturbative, asymptotic RG. We now use the analysis of Section 9.7. Moreover,
we express the RG equations (RGE) in the form (9.14), that is, in terms of Fourier
transforms Γ̃(n) (p1 , . . . , pn ) of vertex functions. We thus consider equation (9.14), in
which we neglect in the left-hand side any dependence other than in the coeﬃcient
g(λ) of σ 4 . In the vicinity of the Gaussian ﬁxed point and in the logic of the εexpansion, this amounts to neglecting the contributions to the asymptotic behaviour
of perturbations irrelevant relative to the Gaussian ﬁxed point. These contributions
decay faster, relative to the leading term, by at least a factor 1/λ2 up to powers of
ln λ, to any ﬁnite order in g and ε. Equation (9.14) then simpliﬁes and becomes
(n)

Γ̃λ (p1 , . . . , pn ) ∼ Γ̃(n) (p1 , . . . , pn ; g(λ))
∼ Z n/2 (λ)λd Γ̃(n) (p1 /λ, . . . , pn /λ; g),

|pi |→0

(10.7)
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where this equation is valid only in the asymptotic regime pi → 0 after a ﬁrst
dilatation pi → λ1 pi , λ1  1, which has eliminated the irrelevant terms (see the
discussion of Section 9.7). Moreover (equation (9.37)),
−λ



d ln Z
= 2Dσ g(λ) .
dλ

(10.8)

10.2 Feynman diagrams at one-loop order
In Exercise 6.1, we have derived the ﬁrst corrections to the leading terms in the
steepest descent method contributing to vertex functions (one-loop 1-irreducible
diagrams) from the contribution (6.31) to the generating function. All quantities
have been calculated on the lattice and we now describe the continuum version. In
particular, expression (6.31) then takes the form (see also Section A1.4 and equation
(12.26))
δ2H
1
.
(10.9)
Γ1 (M ) = tr ln
2
δM (x1 )δM (x2 )
We write the Hamiltonian symbolically as


1
g
H(σ) =
dd x dd y σ(x)H(2) (x − y)σ(y) +
dd x σ 4 (x).
2
4!
Then,
δ2H
= H(2) (x1 − x2 ) + 12 gσ 2 (x2 )δ (d) (x1 − x2 )
δσ(x1 )δσ(x2 )



= dd y H(2) (x1 − y) δ (d) (y − x2 ) + 12 g∆(y − x2 )σ 2 (x2 ) ,
where ∆ is the inverse of H(2) in the operator sense (equation (10.6)):

dd y H(2) (x1 − y)∆(y − x2 ) = δ (d) (x1 − x2 ).
Thus,
det

δ2 H
= det H(2) det(1 + 12 gK),
δσ(x1 )δσ(x2 )

where K is the operator associated to the kernel
K(x1 , x2 ) = ∆(x1 − x2 )σ 2 (x2 ).
Using the relation ln det = tr ln (see Section A1.4) and expanding the logarithm,
one infers
ln det(1 + 12 gK) = tr ln(1 + 12 gK) = −

∞

1  g n
−
tr Kn .
n
2
n=1
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More explicitly,


d
tr K = d x K(x, x) = ∆(0) dd x σ 2 (x),


tr K2 = dd x dd y K(x, y)K(y, x) = dd x dd y σ 2 (x)∆2 (x − y)σ 2 (y).
Substituting σ → M , one concludes

Γ1 (M ) − Γ1 (0) = 14 g∆(0) dd x M 2 (x)

1 2
− 16
g
dd x dd y M 2 (x)∆2 (x − y)M 2 (y) + O(g 3 ).
From this expression, one infers the one-loop contributions to the two- and four-point functions by successive functional diﬀerentiations with respect to M (x). For
example, setting

G4 =

dd x dd y M 2 (x)∆2 (x − y)M 2 (y),

one obtains successively,

δG4
= 4 dd y M (x1 )∆2 (x1 − y)M 2 (y),
δM (x1 )
2
δ G4
= 8M (x1 )∆2 (x1 − x2 )M (x2 )
δM (x1 )δM (x2 )

+ 4δ (d) (x1 − x2 ) dd y ∆2 (x1 − y)M 2 (y),
δ 3 G4
= 8∆2 (x1 − x2 )M (x1 )δ (d) (x2 − x3 ) + two terms
δM (x1 )δM (x2 )δM (x3 )
that are obtained by permuting x1 , x2 , x3 .
Completing the calculation, one ﬁnds
δ 2 Γ1
= 12 g∆(0)δ (d) (x1 − x2 ),
δM (x1 )δM (x2 ) M=0


(4)
Γ1 (x1 , . . . , x4 ) = − 21 g 2 ∆2 (x1 − x2 )δ (d) (x1 − x3 )δ (d) (x2 − x4 ) + 2 terms .
(2)

Γ1 (x1 , x2 ) =

After Fourier transformation (see also equation (6.38a)),


(2)
(2)
˜
Γ̃1 (p) = dd x eipx Γ1 (x, 0) = 12 g∆(0) = 12 g dd p ∆(p),

(10.10)

where we have inverted the relation (10.6a). Similarly (see equations (6.14) and
(6.38b)),
 3
(4)
(4)
Γ̃1 (pi ) =
dd xi ei(pi x1 +p2 x2 +p3 x3 ) Γ1 (x1 , x2 , x3 , 0)
i=1

=

− 21 g 2





dd x ei(p1 +p3 )x + ei(p1 +p4 )x + ei(p1 +p2 )x ∆2 (x)

= − 21 g 2 [B(p1 + p2 ) + B(p1 + p3 ) + B(p1 + p4 )]

(10.11)
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with the deﬁnition
B(p) =

1
(2π)d


˜ ∆(p
˜ − q).
dd q ∆(q)

Dimensional continuation. Dimensional continuation can be deﬁned using Gaussian
integrals (see Section 12.5). Below we need only the property


2

dd x e−x = π d/2 .

Then, introducing radial and angular variables, one ﬁnds


2

dd x e−x = Ad



∞

0

2

dr rd−1 e−r = 12 Ad Γ(d/2),

from which one infers the surface of the sphere Sd−1 : Ad = 2π d/2 /Γ(d/2).
10.3 Fixed point and critical behaviour
Since only two unknown functions have to be determined, β(g) governing the ﬂow
of g(λ) and
η(g) = 2Dσ (g) − d + 2
(introduced in (9.60)) related to Z(λ), it suﬃces to calculate two vertex functions.
It is especially convenient to choose the two- and four-point functions. More details
concerning perturbative calculations can be found in Chapter 12.
10.3.1 The two-point function
The calculation of the vertex two-point function of Section 8.9 remains valid (see
˜
equation (8.74)), provided one uses the propagator ∆(q)
of the continuum and one
integrates freely over the Fourier variables (momenta). Another form of the calculation on the lattice has been presented in Section 6.5 (equation (6.38a)). Directly
in the continuum, the ﬁrst correction to the Gaussian form has been calculated in
Section 10.2, and is given by equation (10.10). The function at order g follows:

g 1
˜
+ O(g 2 )
dd q ∆(q)
2 (2π)d

g 1
2
4
˜
+ O(g 2 ).
= p + O(p ) + g(rc )1 +
dd q ∆(q)
2 (2π)d

Γ̃(2) (p; g) = H̃(2) (p) + rc (g) +

(10.12)

The ﬁrst correction to the vertex two-point function Γ̃(2) is a constant. The criticality condition (10.3) determines the value of (rc )1 :
(rc )1 = −

1
2(2π)d


˜
dd q ∆(q).

(10.13)
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The two-point function becomes
Γ̃(2) (p; g) = p2 + O(p4 ) + O(g 2 )
and, thus, keeps the Gaussian behaviour for p → 0 at order g. Using, for p → 0,
the RGE (10.7) for n = 2,


Γ̃(2) p; g(λ) ∼ Z(λ)λd Γ̃(2) (p/λ; g),
which yields at this order
p2 = Z(λ)λd p2 /λ2 + O(g 2 ),
one ﬁnds that the renormalization Z(λ) keeps its Gaussian form,
Z(λ) = λ2−d + O(g 2 ),
and, thus, using equation (10.8),
2Dσ (g) = d − 2 + η(g) = −λ

d
ln Z(λ) = d − 2 + O(g 2 ).
dλ

The function η(g) is at least of order g 2 .
10.3.2 The four-point function
The algebraic part of the calculations leading to the ﬁrst correction to the quasiGaussian, or mean-ﬁeld, approximation, of the four-point vertex function has been
presented in Section 6.5 on the lattice (equation (6.38b)) and in Section 10.2 directly
in the continuum (equation (10.11)). In the Fourier representation,


Γ̃(4) (p1 , p2 , p3 , p4 ) = g − 12 g 2 B(p1 + p2 ) + B(p1 + p3 ) + B(p1 + p4 ) + O(g 3 ) (10.14)
with
B(p) =

1
(2π)d


˜ ∆(p
˜ − q).
dd q ∆(q)

(10.15)

This expression can also be obtained by expanding the continuum version of equation (6.31) (see Section 6.5).
˜
which is the Fourier transform of the Gaussian two-point
At Tc for q → 0, ∆(q),
function, behaves like 1/q 2 . Therefore, for d ≤ 4, the function B(p) diverges for
p → 0.
In Section 10.3.3, we need the quantity λ∂B(p/λ)/∂λ for λ → +∞. We thus
decompose
B(p/λ) = B+ (p/λ) + B− (p/λ)
with


1
˜ ∆(q
˜ + p/λ),
dd q ∆(q)
B+ (p/λ) =
(2π)d |q|>δ

1
˜ ∆(q
˜ + p/λ),
B− (p/λ) =
dd q ∆(q)
(2π)d |q|≤δ
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where δ is ﬁxed, but can be chosen arbitrarily small.
For B+ , the integrand is analytic in the integration domain, the integral can be
expanded in powers of 1/λ. The leading term is a constant and thus
lim λ

λ→+∞

∂B+ (p/λ)
= 0.
∂λ

˜
For B− , one can replace ∆(q)
by its asymptotic form for |q| → 0,
˜
∆(q)
∼ 1/q 2 ,
and thus
B− (p/λ) ∼

1
(2π)d


|q|≤δ

q 2 (q

dd q
.
+ p/λ)2

After the change of variables q → q  = λq, one obtains

1
dd q
B− (p/λ) ∼ λε
,
d
2
(2π) |q|≤λδ q (q + p)2
where we have set
ε = 4 − d.
Then,



1
dd q
∂
+ λε λ
q 2 (q + p)2
∂λ (2π)d



dd q
.
2
2
|q|≤λδ
|q|≤λδ q (q + p)
(10.16)
In the second term, the λ-dependence appears only in the bound on the integration
variables. For λ → +∞,


∂
∂
dd q
dd q
λ
∼
λ
2
2
∂λ |q|≤λδ q (q + p)
∂λ 1<|q|≤λδ q 4

∂
Ad
∼ Ad λ
dq q d−3 ∼
∂λ 1<q≤λδ
(λδ)ε
1
∂B− (p/λ)
∼ ελε
λ
∂λ
(2π)d

where we have introduced radial and angular variables. The integral over angular
variables yields the measure Ad of the surface of the sphere Sd−1 in d dimensions
which, by the rules of dimensional continuation (see Section 12.5.1), is given by
Ad =

2π d/2
= 2π 2 + O(ε).
Γ(d/2)

In the limit ε → 0, the ﬁrst term in (10.16) goes to zero and the second term yields
lim lim λ

ε→0 λ→+∞

1
∂B− (p/λ)
=
.
∂λ
8π 2

Therefore,
1
∂B(p/λ)
=
+ O(ε),
ε→0 8π 2
∂λ
˜
a result independent of the explicit form of ∆.
lim λ

λ→+∞

(10.17)
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10.3.3 Fixed point
We now apply to the four-point function the relation (10.7) between vertex functions
corresponding to the initial Hamiltonian and to the eﬀective Hamiltonian at scale
λ:
(10.18)
Γ̃(4) (p1 , . . . , p4 ; g(λ)) ∼ Z 2 (λ)λd Γ̃(4) (p1 /λ, . . . , p4 /λ; g),
where the expansion of Γ̃(4) is given by expression (10.14):
Γ̃(4) (p1 , p2 , p3 , p4 ; g) = g − 12 g 2 [B(p1 + p2 ) + B(p1 + p3 ) + B(p1 + p4 )] + O(g 3 ).
As we have seen (Section 10.3.1), Z(λ) = λ2−d + O(g 2 ) and thus
Γ̃(4) (p1 , . . . , p4 ; g(λ)) ∼ λε Γ̃(4) (p1 /λ, . . . , p4 /λ, g) + O(g 3 ),

(10.19)

(ε = 4 − d) where the neglected term is of order g 3 since the function Γ̃(4) is of order
g.
Diﬀerentiating both members with respect to λ, one ﬁnds
λ

dg ∂ (4)
Γ̃ (p1 , . . . , p4 ; g(λ)) = ελε Γ̃(4) (p1 /λ, . . . , p4 /λ, g)
dλ ∂g
d
+ λε λ Γ̃(4) (p1 /λ, . . . , p4 /λ, g) + O(g 3 ).
dλ

One then expands both members in g and ε with g = O(ε). In the right-hand side,
the ﬁrst term is of order εg and the second of order g 2 . Since ∂ Γ̃(4) /∂g is of order 1,
λdg/dλ is of order g 2 or εg. One can thus omit all higher order terms. At leading
order,
λ






d  
dg
= εg − 12 g 2 λ
B (p1 + p2 )/λ + B (p1 + p3 )/λ + B (p1 + p4 )/λ
dλ
dλ
+ O(g 3 , g 2 ε).

Then, using the evaluation (10.17), one ﬁnds
λ

3 2
dg
= εg −
g + O(g 3 , g 2 ε).
dλ
16π 2

The possible dependence in the variables pi , thus, has disappeared.
At leading order, the equation implies that the derivative of g(λ) vanishes and
thus
g(λ) = g(1) = g + O(g 2 , gε).
One infers
λ

dg(λ)
3 2
= εg(λ) −
g (λ) + O(g 3 (λ), g 2 (λ)ε).
dλ
16π 2

In particular, one veriﬁes that the right-hand side depends on λ only through g(λ),
a result consistent with the assumption (9.23).
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Introducing the traditional notation (9.62), one deﬁnes the function


dg(λ)
β g(λ) = −λ
.
dλ

(10.20)

Then,
3 2
g + O(g 3 , g 2 ε).
(10.21)
16π 2
It is thus the case (iii) envisaged in Section 9.7.1 that is realized here: the coeﬃcient of g 2 is positive. For d < 4, there exists a non-Gaussian stable ﬁxed point,
corresponding to the zero of order ε of the function β(g):
β(g) = −εg +

g∗ =

16π 2 ε
+ O(ε2 ).
3

(10.22)

The existence of this ﬁxed point can be conﬁrmed to all orders in ε, and allows a
proof of universality properties of correlation and thermodynamic functions. Universal quantities can be calculated in the form of an expansion in powers of ε inferred
from the perturbative expansion around the Gaussian model, following the method
introduced by Wilson and Fisher (see Chapter 13).
10.3.4 The ﬁeld dimension to order ε2
The ﬁrst correction to the dimension dσ of the ﬁeld σ requires a calculation of the
two-point function at order g 2 (two loops in the sense of Feynman diagrams, Figure
2.6 of Section 2.5.1). The two-point function at next order on the lattice is then
given by expression (6.38a). In the notation of the chapter and adjusting rc (g) at
order g 2 , one ﬁnds (see also expression (12.18))
Γ̃(2) (p; g) = H̃(2) (p) − 16 g 2 [C(p) − C(0)] + O(g 3 ),
where C(p), which corresponds to diagram (e) of Figure 2.6, is given by equation
(6.39c):

1
˜ 1 )∆(k
˜ 2 )∆(p
˜ − k1 − k2 ).
dd k1 dd k2 ∆(k
C(p) =
(2π)2d
It is then necessary to evaluate C(p) − C(0) for p → 0 and d → 4. One ﬁnds
(cf. equation (12.38))
C(p) − C(0) = −Kp2 ln(Λ/p) + o(1)

with K =

1
,
4(8π 2 )2

where the constant Λ depends on the speciﬁc form of ∆.
The RGE (10.7) for n = 2, in the limit p → 0, reads at this order


p2 + 16 Kg 2 (λ)p2 ln(Λ/p) = Z(λ)λd p2 /λ2 + 16 Kg 2 ln(Λλ/p)p2 /λ2 .
One infers



Z(λ) = λ2−d 1 − 16 Kg 2 ln λ + O(g 3 ),
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and, thus,
λ

∂ ln Z(λ)
= 2 − d − 16 Kg 2 (λ) + O(g 3 ).
∂λ

Quite generally, we have deﬁned (equations (9.24) and (9.60))
λ





∂ ln Z(λ)
= −2Dσ g(λ) = 2 − d − η g(λ) .
∂λ

Thus,
η(g) =

1 1
g 2 + O(g 3 ).
6 (4π)4

Field dimension: Correction to the Gaussian value. In the limit λ → ∞, g(λ) tends
toward g ∗ . The deviation from the Gaussian value is then characterized by the
value of the exponent
1 2
η ≡ η(g ∗ ) = 54
ε + O(ε3 ).
One infers the asymptotic behaviour
Z(λ) ∝ λ−2dσ
with
dσ ≡ Dσ (g ∗ ) = 12 (d − 2 + η) = 1 − 12 ε +

1 2
108 ε

+ O(ε3 ).

The application of this result to relation (10.7) determines the large-distance behaviour of vertex functions:
Γ̃(n) (p1 /λ, . . . , pn /λ; g) ∼ λ−d+ndσ Γ̃(n) (p1 , . . . , pn ; g ∗ ).
In the special case of the two-point function, one obtains
Γ̃(2) (p/λ; g) ∼ λ−2+η Γ̃(2) (p; g ∗ ) ⇒ Γ̃(2) (p; g) ∝ p2−η ,
|p|→0

(10.23)

which is consistent with the behaviour of the connected correlation function (see
equation (9.21))
W (2) (x) =

1
(2π)d




−1
dd p e−ipx Γ̃(2) (p; g)


∝

|x|→∞

dd p e−ipx pη−2 ∝

1
.
|x|2dσ
(10.24)
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10.4 Critical domain
In the general RG discussion, we have emphasized that if ﬁxed points exist, universality properties are expected not only for the critical Hamiltonian but also for
critical Hamiltonians inﬁnitesimally perturbed by relevant operators. This deﬁnes
the critical domain.
In the ferromagnetic
systems that we study here, the two relevant operators cor"
respond to σ(x)dd x that is coupled to the
" magnetic ﬁeld and breaks the reﬂection
symmetry σ → −σ, and to the operator σ 2 (x)dd x that is coupled to the temperature. We consider here the latter
" perturbation and add to the critical Hamiltonian
(10.1) a term proportional to σ 2 (x)dd x:
t
Ht (σ) = H(σ) +
2


σ 2 (x)dd x ,

(10.25)

where the parameter t characterizes the deviation from the critical temperature.
We choose t inﬁnitesimal in a sense that we have already explained: its initial value
is adjusted in such a way that, after a large dilatation λ, its eﬀective value t(λ) is
of order 1. In what follows, we choose t ∝ T − Tc positive, which corresponds to
the high-temperature phase.
10.4.1 Two-point function
˜ t) is now given by
The Fourier transform of the Gaussian two-point function ∆(q,
˜ t) = t + H̃(2) (q) = t + q 2 + O(q 4 ),
1/∆(q,
˜ 0) ≡ ∆(q),
˜
where ∆(q,
the function deﬁned by equation (10.6b).
At order g, the calculation is almost identical, up to the parametrization, to the
calculation of Section 8.9. The vertex two-point function becomes
Γ̃(2) (p) = t + p2 + O(p4 ) +

g
2(2π)d





˜ t) − ∆(q,
˜ 0) +O(g 2 ),
dd q ∆(q,

where (rc )1 has been replaced by its value given by equation (10.13).
The useful quantity is the derivative (see Section 8.9.2)
g
∂ Γ̃(2) (p)
= 1−
∂t
2



dd q ˜ 2
∆ (q, t) + O(g 2 ).
(2π)d

Also, in what follows, we need the function

F (t, λ) =


dd q  ˜ 2
˜ 2 (q, λ2 t)
∆
(q,
t)
−
∆
(2π)d

with λ > 0, in the limit t → 0, d → 4.

(10.26)
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√
In the integral, we change variables q = q  t and let t go to zero. Then,
√
˜
t, t) = t(1 + q 2 ) + O(t2 ).
1/∆(q
The integral obtained by retaining only the leading term converges for |q| → ∞ and
thus one can take the limit t → 0 in the integrand:

1
1
dd q
−ε/2
− 2
.
F (t, λ) ∼ t
d
2
2
(2π) (q + 1)
(q + λ2 )2
This expression has the limit, for d → 4,

1
d4 q
1
F (t, λ) ∼
− 2
(2π)4 (q 2 + 1)2
(q + λ2 )2
 ∞ 3
1
q dq
1
1
=
− 2
= 2 ln λ .
2
2 + 1)2
2 )2
8π
(q
(q
+
λ
8π
0
We conclude




d4 q  ˜ 2
˜ 2 (q, tλ2 ) = 1 ln λ.
∆
(q,
t)
−
∆
t→0 8π 2
(2π)4

(10.27)

10.4.2 Renormalization group
At leading order in ε, one must now take into account the ﬂow of g and t and thus
equation (9.15) becomes


(2)
Γ̃λ (p) ≡ Γ̃(2) p; t(λ); g(λ) = Z(λ)λd Γ̃(2) (p/λ; t; g).
At order g, Z(λ) has the Gaussian form and the RGE reduces to


Γ̃(2) p; t(λ); g(λ) = λ2 Γ̃(2) (p/λ; t; g) + O(g 2 ).

(10.28)

(10.29)

At order g 0 (the Gaussian approximation),
t(λ) = tλ2 .
This result agrees with the analysis of Section 9.6.
Let us point out that, in agreement with the general analysis of Section 9.4.4, we
assume here that t goes to zero before λ goes to inﬁnity in such a way that t(λ)
goes to zero.
Diﬀerentiating equation (10.29) with respect to t, one ﬁnds


∂t(λ)
∂t Γ̃(2) p; t(λ); g(λ) = λ2 ∂t Γ̃(2) (p/λ; t; g) + O(g 2 ).
∂t
At order g, for p = 0, the relation becomes (equation (10.26))


∂t(λ)
dd q ˜ 2
dd q ˜ 2
g
g(λ)
2
2
∆
∆ (q, t) + O(g 2 ).
(q,
tλ
)
=
λ
1
−
1−
d
∂t
2
(2π)
2
(2π)d
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From this equation, one infers ∂t(λ)/∂t. Since at this order g(λ) = g, one obtains
$

3
∂t(λ)
dd q  ˜ 2
g
2
2
2
˜
=λ 1−
∆ (q, t) − ∆ (q, tλ ) + O(g 2 ).
∂t
2
(2π)d
Using equation (10.27), one ﬁnds
g 2
∂t(λ)
= λ2 −
λ ln λ + O(g 2 , gε).
∂t
16π 2
Note that in the right-hand side the dependence on t has cancelled. Integrating,
one obtains


g
ln λ + O(g 2 , gε).
t(λ) = λ2 t 1 −
2
16π
In diﬀerential form, the ﬂow equation can be written as


d
g(λ)
2
λ t(λ) = t(λ) 2 −
+
O(g
(λ))
.
dλ
16π 2
In this form, the right-hand side thus depends on λ only through the functions g(λ)
and t(λ), a result consistent with the assumption (9.23).
Note that the ﬂow equation is linear in t because t is the coeﬃcient of a relevant
perturbation and we consider only inﬁnitesimal values of t.
Introducing the traditional notation
λ




d
t(λ) = t(λ) 2 + η2 g(λ) ,
dλ

one ﬁnds

g
+ O(g 2 ).
16π 2
For λ → ∞, g(λ) tends toward g ∗ and thus
η2 (g) = −

t(λ) ∝ tλdt ,

(10.30)

"

(10.31)

where dt is the eigenvalue corresponding to the eigen-operator dd x σ 2 (x) (at leading order) associated with a deviation from the critical temperature:
dt = 2 − 13 ε + O(ε2 ).

(10.32)

One observes that the result is universal, in the sense that it is independent of all
parameters of the Hamiltonian like the coeﬃcients uk in expression (10.2) and g.
From the general relation (9.64), one can derive the dimension of the operator
σ 2 (x):
dσ2 = d − dt = 2 − 23 ε + O(ε2 ).
(10.33)
One notes, in particular,
dσ2 − 2dσ = 13 ε + O(ε2 ) = 0 ,
which conﬁrms that, for a non-Gaussian ﬁxed point, the dimensions of local polynomials in the ﬁelds have no simple relation with the dimensions of the ﬁelds (see
Section 9.8).
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10.4.3 Two-point function: Scaling behaviour in the critical domain
The result (10.31) combined with the general expected behaviour (9.20),
Z(λ) ∝ λ−2dσ = λ−(d−2+η) ,
and RGE (10.28) for Γ̃(2) , implies


Γ̃(2) p; t(λ); g ∗ ∝ λ2−η Γ̃(2) (p/λ; t; g)
or, changing p into λp,


Γ̃(2) (p; t; g) ∝ λη−2 Γ̃(2) λp; t(λ); g ∗ .
Choosing the dilatation parameter such that
t(λ) = 1 ⇒ λ ∝ t−1/dt

(10.34)

(equation (10.31)), in agreement with the strategy explained in Section 9.4.4, one
obtains the relation
∝
tγ F (2) (pt−ν ),
(10.35)
Γ̃(2) (p; t; g)
t→0;|p|→0

where



F (2) (p) = Γ̃(2) const. × p; 1; g ∗ ,

which involves the exponents ν and γ:
ν = 1/dt = 12 (1 + ε/6) + O(ε2 ),

γ = ν(2 − η) = 1 + 16 ε + O(ε2 ).

One obtains the remarkable result that a function of three variables p, t, g can be
expressed in terms of a function of only one variable. One calls this property scaling
behaviour.
Since Γ̃(2) (p = 0; t; g) is the inverse of the magnetic susceptibility, γ is the magnetic susceptibility exponent deﬁned by (7.35).
Finally, the form (10.35) implies for the connected correlation function

1
dd p eipx
(2)
W (x, t) =
(2π)d
Γ̃(2) (p; t; g)

 d ipxtν
dd p eipx
d pe
νdσ
∝ t−γ
=
t
.
(2)
−ν
|x|→∞
F (pt )
F (2) (p)
It depends on the distance x only through the product xtν . The function t−ν is
thus proportional to the correlation length ξ(t):
ξ(t) ∝ t−ν .
According to the deﬁnition (8.26), this divergence of the correlation length implies
that ν is the correlation exponent.
In particular, one veriﬁes that the maximum dilatation (10.34) is of order of the
correlation length, in agreement with intuitive arguments.
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10.5 Models with O(N ) orthogonal symmetry
The preceding analysis generalizes directly to models where the ﬁeld or order parameter has N components, σα , α = 1, . . . , N , and which are invariant under the
O(N ) orthogonal group (rotation–reﬂection group in N space dimensions). Indeed,
the O(N ) symmetry implies that on the critical surface T = Tc there exists only
one relevant operator in dimension d = 4 − ε.
Properties of O(N ) symmetric models have already been studied in the framework
of the quasi-Gaussian approximation in Section 7.8.
The eﬀective Hamiltonian with O(N ) symmetry has the form
.
 ) 
1
1  2 2
1
2
2
[∂µ σ(x)] + (rc + t) σ (x) + g σ
(x) dd x , (10.36)
H(σ) =
2 µ
2
4!
where quadratic terms with more than two derivatives are implicit and rc is determined by a generalized condition (10.3). Indeed, in the case of a vanishing magnetization (T > Tc , H = 0), the two-point vertex function in the critical domain takes
the form
(2)
Γ̃αβ (p) = δαβ Γ̃(2) (p).
The RGE then have exactly the same form as for the N = 1 Ising type models.
Explicit results diﬀer from the case N = 1 only by polynomials in N multiplying
the various perturbative contributions. At order g, one ﬁnds



1
N +2
˜ t) − ∆(q,
˜ 0) +O(g 2 ),
Γ̃(2) (p) = t + p2 + O(p4 ) +
g
dd q ∆(q,
d
6
(2π)
and thus Z(λ) keeps its Gaussian form at this order.
The critical four-point function with four equal indices reads
Γ̃(4)
αααα (p1 , p2 , p3 , p4 ) = g −


N + 8 2
g B(p1 + p2 ) + B(p1 + p3 ) + B(p1 + p4 ) + O(g 3 ).
18

β-function and ﬁxed point. In the calculations of Section 10.3.3, it suﬃces to change
the coeﬃcient of g 2 . One then infers the β-function that describes the ﬂow of the
parameter g(λ) at order g 2 :
β(g) = −εg +



N +8 2
g + O g3 , g2ε .
2
48π

(10.37)

At ﬁrst order in ε, the non-trivial zero of the function β(g) is then
g∗ =

 
 
48π 2
ε + O ε2 ⇒ ω ≡ β  (g ∗ ) = ε + O ε2 > 0 .
N +8

(10.38)

The corresponding ﬁxed point is stable. Universality properties for all O(N ) symmetric models follow.
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Critical domain. Again, the calculations of the N = 1 case generalize. The coeﬃcient of the term of order g is multiplied by
" an N -dependent factor. The ﬂow of the
coeﬃcient t of the relevant perturbation dd x σ 2 (x) is described by the function
1
(N + 2)
= 2 + η2 (g) = 2 −
g + O(g 2 )
ν(g)
48π 2
and, thus,
dt =

N +2
1
6
=2−
ε + O(ε2 ) ⇒ dσ2 = d − dt = 2 −
ε + O(ε2 ).
ν
N +8
N +8

Field dimension: Correction to the Gaussian value. The diagram (e) of Figure 2.6
(Section 2.5.1), which determines the deviation from the Gaussian value, is now
multiplied by a factor (N + 2)/18. From its behaviour for p → 0 and d → 4, one
infers
N +2 1
g 2 + O(g 3 )
(10.39)
η(g) =
18 (4π)4
and, thus,
N +2 2
ε + O(ε3 ),
2(N + 8)2
N +2 2
dσ = 12 (d − 2 + η) = 1 − 12 ε +
ε + O(ε3 ).
4(N + 8)2
η ≡ η(g ∗ ) =

10.6 Renormalization group near dimension 4
A more systematic analysis requires the methods of quantum ﬁeld theory that we
brieﬂy describe in Chapters 12 and 13. These methods allow us, in the framework
of the ε = 4 − d expansion, itself based on an expansion around the Gaussian model,
to prove asymptotic RGE. Solutions of the RGE conﬁrm the existence of a stable
non-Gaussian ﬁxed point beyond the ﬁrst-order calculation that we have presented
here. A set of universal properties follow, such as scaling relations in the critical
domain (e.g., the form (10.35) of the two-point function) or relations between critical
exponents that had been conjectured in the framework of the phenomenological
scaling theory: all the critical exponents that had been introduced previously as
α, β, γ, δ, η, ν are functions only of two of them, for example,
α = 2 − dν ,

β = 12 ν(d − 2 + η),

γ = ν(2 − η),

β(δ − 1) = γ ,

relations valid except for the Gaussian ﬁxed point, thus for d < 4.
In this section,
within the framework of the double expansion in powers of g, the
"
coeﬃcient of dd x σ 4 (x), and ε, we brieﬂy describe the RGE satisﬁed by connected
correlation functions, asymptotic forms at large distance of the general RGE (9.38).
More details are given in Chapter 13.

260

Perturbative renormalization group: Explicit calculations

10.6.1 Critical Hamiltonian and RGE
One ﬁrst deﬁnes a perturbative expansion around the Gaussian theory, based on
the Hamiltonian (10.1),



H(σ) = HG (σ) +

d

d x


1
1 4
2
rc (g)σ (x) + gσ (x) ,
2
4!

that is, an expansion in powers of the parameter g, in generic non-integer dimension.
For the critical Hamiltonian, one then proves, to all orders in a double expansion in
powers of g and ε = 4−d, equations of the form (9.38), but with only one parameter
g that describes the trajectory that interpolates between the Gaussian ﬁxed point
and the stable ﬁxed point g ∗ :
&



'
n
∂
∂
+ Dσ (g) W (n) (g; x1 , . . . , xn ) ∼ 0 ,
x ·
+ β(g)
∂x
∂g
2

(10.40)

where the symbol ∼ indicates that contributions that decay faster at large distance
have been neglected.
The integrated RGE (9.9), the parameter g(λ) and the renormalization Z(λ) at
scale λ solutions of


d
β g(λ) = −λ g(λ),
dλ


d
ln Z(λ),
−2Dσ g(λ) = λ
dλ

(10.41)
(10.42)

then appear in the solution of equation (10.40) by the method of characteristics (see
Section 13.3.1).
The solution of the equation β(g ∗ ) = 0 gives the ﬁxed-point value and dσ =
Dσ (g ∗ ) the dimension of the order parameter.
In the case of an attractive ﬁxed point (ω = β  (g ∗ ) > 0), the asymptotic behaviour
of correlation functions is determined by the functions of the ﬁxed-point theory
g = g ∗ , which satisfy




∂
x ·
+ ndσ
∂x


W (n) (g ∗ ; x1 , . . . , xn ) = 0

and, thus,
W (n) (g ∗ ; λx1 , . . . , λxn ) =

1
W (n) (g ∗ ; x1 , . . . , xn ).
λndσ
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10.6.2 Critical domain
As we have already pointed out, in the whole critical domain ξ  1 universality
properties are expected. Universal quantities can be derived from the Hamiltonian

t
(10.43)
dd x σ 2 (x),
Ht (σ) = H(σ) +
2
where the constant |t|
1 parametrizes the deviation from the critical temperature.
One then proves the more general equation
DRG W (n) (g, t; x1 , . . . , xn ) ∼ 0 ,


 ∂
n
∂
∂
− 2 + η2 (g) t + Dσ (g),
x ·
+ β(g)
DRG =
∂x
∂g
∂t
2

(10.44)
(10.45)



where the
" additional function η2 (g) is directly related to the ﬂow of the coeﬃcient
t(λ) of dd x σ 2 (x). At the ﬁxed point g = g ∗ , the equation simpliﬁes since
DRG =




x ·

∂
∂
− dt t + ndσ
∂x
∂t

with
dt = 2 + η2 (g ∗ ) ≡

1
.
ν

The more general scaling property
W (n) (g ∗ , tλdt ; λx1 , . . . , λxn ) =

1
W (n) (g ∗ , t; x1 , . . . , xn )
λndσ

follows. Choosing λ such that tλdt = 1, one can rewrite the relation as
W (n) (g ∗ , t; x1 , . . . , xn ) = tnνdσ W (n) (g ∗ , 1; tν x1 , . . . , tν xn ).
This relation shows that connected correlation functions at the ﬁxed point and,
thus, all connected correlation functions asymptotically in the critical domain, do
not depend on the xi and the parameter t independently but only through the
product xtν . This is the general form of a scaling relation that we have already
exhibited in the case of the two-point function:
W (2) (g ∗ , t; x) = t2νdσ W (2) (g ∗ , 1; tν x),
as a direct consequence of equation (10.35). In the Fourier representation,
W̃ (2) (g, t; p) ∼ t−γ W̃ (2) (g ∗ , 1; p/tν )
with
γ = ν(2 − η).
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Above Tc , the two-point function decays exponentially and the scaling relation
implies that the correlation length ξ is proportional to t−ν . ξ(t) thus diverges at Tc
like
ξ(t)

∝

t∝T −Tc →0+

t−ν .

Equations in a ﬁeld or below Tc . It is further possible to include the eﬀect of a
weak magnetic ﬁeld, the relevant operator that breaks the reﬂection symmetry,
or of a ﬁnite magnetization. The corresponding equations allow then a continuous
transition from the ordered to the disordered phases, and a proof of the same scaling
relations below Tc . At ﬁxed magnetization M , one ﬁnds
DRG =




x ·



 ∂

∂
∂
∂
1
+ β(g)
− 2 + η2 (g) t + Dσ (g) n + M
.
∂x
∂g
∂t 2
∂M

Speciﬁc heat. A qualitative diﬀerence with the quasi-Gaussian model is the behaviour of the speciﬁc heat C, which is here the sum of a regular non-universal part
and a singular universal part
Csing. ∼ A± |t|−α ,

(10.46)

where α = 2 − dν is the speciﬁc-heat exponent.
10.7 Universal quantities: Numerical results
In addition to leading to a proof of general universality properties, the ﬁeld theory
methods and the corresponding RG allow also a calculation of universal quantities.
For the O(N ) symmetric models, the simplest ones, like critical exponents, some
amplitude ratios, and the equation of state in the scaling limit (but the latter only
for the models with Ising symmetry) have been precisely determined.
It is important to stress, here, that the most precise results do not come from the
ε-expansion, but from the perturbative expansion of the non-critical ﬁeld theory
(but in the critical domain) directly in d = 3 (following a suggestion of Parisi
(1973)), because the evaluation of the successive terms of the perturbative expansion
is easier. For example, the functions β(g), η(g) and η2 (g) are known up to order g 7
in d = 3, whereas the exponents are known only up to order ε5 in the ε-expansion.
This d = 3 method relies on an additional assumption, that we do not discuss here.
It also requires us to ﬁrst solve the ﬁxed-point equation β(g) = 0 numerically.
In all cases, it is necessary to confront the problem of the divergence of the perturbative expansion in ﬁeld theory (see Table 10.1), a generic problem of expansions
generated by the steepest descent method. One calls such perturbative expansions
asymptotic expansions. One notes that the partial sums seem ﬁrst to converge,
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Table 10.1
Partial sums of the ε-expansion for the exponents γ and η for ε = 1, N = 1.
k

0

1

2

3

4

5

γ

1.000

1.1667

1.2438

1.1948

1.3384

0.8918

η

0.0 . . .

0.0 . . .

0.0185

0.0372

0.0289

0.0545

Table 10.2
Successive results obtained by Borel transformation and conformal mapping: The zero g̃ ∗
of the function β(g) and the exponents γ and ν for d = 3, N = 1.
k

2

3

4

5

6

7

g̃ ∗

1.8774

1.5135

1.4149

1.4107

1.4103

1.4105

ν

0.6338

0.6328

0.62966

0.6302

0.6302

0.6302

γ

1.2257

1.2370

1.2386

1.2398

1.2398

1.2398

before diverging with increasing oscillations, a feature typical for asymptotic expansions.
Summation methods are needed to infer from these divergent expansions convergent sequences. The most precise results have been obtained by applying a Borel
transformation on the expansion, followed by an analytic continuation based on a
conformal transformation (see Table 10.2).
In Tables 10.3, 10.4, we display the values of critical exponents obtained by ﬁeld
theory methods, as a function of the integer N corresponding to the O(N ) symmetry
group. The results that we display are the values obtained by Guida and Zinn-Justin
(1998), improving the previous results of Le Guillou and Zinn-Justin (1977–1980).
Let us mention here a few examples of models or physical systems corresponding
to the diﬀerent values of N . For example, N = 0 corresponds to statistical properties
of polymers (from a more theoretical viewpoint, self-avoiding random walk or SAW),
N = 1 to the liquid–vapour transition, separation transitions of binary mixtures
or uniaxal antiferromagnetic transitions. The most signiﬁcant representative of
the N = 2 class is helium’s superﬂuid transition. Finally, N = 3 corresponds to
ferromagnetic transitions.
Table 10.3 is based on the perturbative expansion at ﬁxed dimension d = 3.
Therefore, we display the successive values of g ∗ obtained from a numerical solution
of the equation β(g) = 0. Also, to give a better idea of the size of the expansion
parameter, the values of the combination
∗
= (N + 8)g/(48π),
g̃Ni

264

Perturbative renormalization group: Explicit calculations

which is deﬁned in such a way that the two ﬁrst coeﬃcients of the expansion are
equal, are also displayed.

Table 10.3
Critical exponents of the O(N ) model, d = 3, obtained from the σ34 ﬁeld theory.
N

0

1

2

3

∗
g̃Ni

1.413 ± 0.006

1.411 ± 0.004

1.403 ± 0.003

1.390 ± 0.004

26.63 ± 0.11

23.64 ± 0.07

21.16 ± 0.05

19.06 ± 0.05

γ

1.1596 ± 0.0020

1.2396 ± 0.0013

1.3169 ± 0.0020

1.3895 ± 0.0050

ν

0.5882 ± 0.0011

0.6304 ± 0.0013

0.6703 ± 0.0015

0.7073 ± 0.0035

η

0.0284 ± 0.0025

0.0335 ± 0.0025

0.0354 ± 0.0025

0.0355 ± 0.0025

β

0.3024 ± 0.0008

0.3258 ± 0.0014

0.3470 ± 0.0016

0.3662 ± 0.0025

α

0.235 ± 0.003

0.109 ± 0.004

−0.011 ± 0.004

−0.122 ± 0.010

ω

0.812 ± 0.016

0.799 ± 0.011

0.789 ± 0.011

0.782 ± 0.0013

θ = ων

0.478 ± 0.010

0.504 ± 0.008

0.529 ± 0.009

0.553 ± 0.012

g

∗

For a comparison, we display also in Table 10.4 the results derived from the εexpansion after summation. The two versions ‘free’ and ‘const.’ correspond to a free
summation, and a summation where information about the exact behaviour when
d → 2, derived from the non-linear σ model (see Chapter 15) has been explicitly
incorporated.

Table 10.4
Critical exponents of the O(N ) model, d = 3, obtained from the ε-expansion.
N

0

1

2

3

γ (free)
γ (const.)
ν (free)
ν (const.)
η (free)
η (const.)
β (free)
β (const.)

1.1575 ± 0.0060
1.1571 ± 0.0030

1.2355 ± 0.0050
1.2380 ± 0.0050

1.3110 ± 0.0070
1.317

1.3820 ± 0.0090
1.392

0.5875 ± 0.0025
0.5878 ± 0.0011

0.6290 ± 0.0025
0.6305 ± 0.0025

0.6680 ± 0.0035
0.671

0.7045 ± 0.0055
0.708

0.0300 ± 0.0050
0.0315 ± 0.0035

0.0360 ± 0.0050
0.0365 ± 0.0050

0.0380 ± 0.0050
0.0370

0.0375 ± 0.0045
0.0355

0.3025 ± 0.0025
0.3032 ± 0.0014

0.3257 ± 0.0025
0.3265 ± 0.0015

0.3465 ± 0.0035

0.3655 ± 0.0035

ω

0.828 ± 0.023

0.814 ± 0.018

0.802 ± 0.018

0.794 ± 0.018

θ

0.486 ± 0.016

0.512 ± 0.013

0.536 ± 0.015

0.559 ± 0.017
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A comparison with the values obtained by other numerical methods (high-temperature series, Monte Carlo type simulations in lattice models), or with experimental
results, shows an excellent general agreement. As an illustration, we thus display
in Table 10.5 a short compilation of published numerical results obtained in lattice
models .
Table 10.5
Critical exponents of the O(N ) model evaluated by lattice methods.
N

0

1

2

3

γ

1.1575 ± 0.0006

1.2385 ± 0.0025

1.322 ± 0.005

1.400 ± 0.006

ν

0.5877 ± 0.0006

0.631 ± 0.002

0.674 ± 0.003

0.710 ± 0.006

α

0.237 ± 0.002

0.103 ± 0.005

−0.022 ± 0.009

−0.133 ± 0.018

β

0.3028 ± 0.0012

0.329 ± 0.009

0.350 ± 0.007

0.365 ± 0.012

θ

0.56 ± 0.03

0.53 ± 0.04

0.60 ± 0.08

0.54 ± 0.10

Finally, let us quote a few specially precise experimental results:
Based on a study of long polymeric chains, which correspond to the N = 0 class,
the value
ν = 0.586 ± 0.004 ,
has been reported.
Experiments on transitions in binary mixtures (N = 1) have led to the estimates,
for example,
ν = 0.625 ± 0.010 , β = 0.325 ± 0.005 .
But the most precise results have been obtained in the case of helium’s superﬂuid
transition, which corresponds to the N = 2 class (in micro-gravity experiments),
for example,
ν = 0.6807 ± 0.0005 .
Universal ratios of critical amplitudes. In Table 10.6, we display a few universal
ratios of critical amplitudes for T − Tc ∼ t → 0, in the case of the universality
class of the Ising model (N = 1) in three dimensions (Guida and Zinn-Justin 1996),
and a comparison with other available results. The various deﬁnitions are given in
(7.35) and (10.46) and in Sections 8.6 and 10.6.1. Moreover, Rc = αA+ C + /M02 .
The two ﬁrst lines correspond to calculations in ﬁeld theory. High-temperature
(HT) series are obtained from lattice models. The last three lines correspond to
experimental results, transitions in binary mixtures, in liquid–vapour and in anisotropic magnetic systems.
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Table 10.6
Amplitude ratios for N = 1, the Ising model class.
A+ /A−

C + /C −

Rc

Rχ

ε − exp.,

0.527 ± 0.037

4.73 ± 0.16

0.0569 ± 0.0035

1.648 ± 0.036

d=3

0.537 ± 0.019

4.79 ± 0.10

0.0574 ± 0.0020

1.669 ± 0.018

0.523 ± 0.009

4.95 ± 0.15

0.0581 ± 0.0010

1.75

HT series

0.560 ± 0.010

4.75 ± 0.03

bin. mixt.

0.56 ± 0.02

4.3 ± 0.3

0.050 ± 0.015

1.75 ± 0.30

liqu. − vap.

0.48–0.53

4.8–5.2

0.047 ± 0.010

1.69 ± 0.14

magn. syst.

0.49–0.54

4.9 ± 0.5

11 Renormalization group: N -component ﬁelds

In this chapter, we study more general models with an N -component ﬁeld (or order
parameter), from the viewpoint of the renormalization group (RG). Indeed, one
can ﬁnd interesting physical systems for which the Hamiltonian does not have the
O(N ) orthogonal symmetry of the models studied in Section 10.5.
A ﬁrst family of such models is characterized by the presence of several independent correlation lengths. This happens typically when the quadratic part of the
Hamiltonian involves several unrelated parameters. Generically, the diﬀerent correlation lengths then diverge for diﬀerent values of the temperature. The components
of the ﬁelds that are not critical decouple and can be ignored in the study of the
asymptotic large-distance behaviour (in the sense of the ﬁeld integral, they can be
integrated out). To classify the possible types of critical behaviour, one can thus restrict the discussion to models that, like the O(N ) model, have only one correlation
length in the disordered phase.
Models with only one correlation length. Generic models with only one correlation
length all correspond to Hamiltonians invariant under some symmetry group G
acting on the ﬁeld, a subgroup of the O(N ) group, which admits only one quadratic
invariant. This implies, in particular, that the ﬁeld transforms under an irreducible
representation of the group G.
As a consequence, the two-point correlation function in the disordered phase is
proportional to the identity matrix in component space. Denoting now by σα , the
N -component ﬁeld, we can express this condition as
σα (x)σβ (y) =

N

1
δαβ
σγ (x)σγ (y) .
N
γ=1

(11.1)

Moreover, we assume that the group G contains the reﬂection group Z2 , σ → −σ as
a subgroup and admits several, linearly independent, quartic invariants of σ 4 type,
as the example of the cubic anisotropy studied in Section 11.3 will illustrate.
For this class of models, the eﬀective Hamiltonians thus have the same quadratic
terms as the Hamiltonian (10.36), but
" diﬀer by the quartic contributions: they
contain several independent terms of dd x σ 4 (x) type, one of them always being
the isotropic term present in Hamiltonian (10.36).
In this chapter, we discuss rather generally the RG ﬂow of the relevant parameters
at Tc in dimension d = 4 − ε.
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11.1 Renormalization group: General remarks
We ﬁrst establish a few general properties of ﬁeld theories of σ 4 type in which the
ﬁeld is an N -component vector σ(x), which satisfy the condition (11.1) and thus
admit a unique correlation length.
Hamiltonian ﬂow. We assume that the Hamiltonian contains p > 1, linearly independent, quartic terms of σ 4 (x) type, with coeﬃcients ga , a = 1, . . . , p. The ﬂow
equations that replace the unique ﬂow equation (9.62), then take the general form
λ



dga
= −βa g(λ) .
dλ

(11.2)

With this convention, a dilatation λ → ∞ corresponds to the large-distance behaviour.
The vector tangent to an RG trajectory at a point ga is proportional to βa (g). It
is thus unique in each point where it is deﬁned. RG trajectories can intersect only
at points that are solutions of βa (g) = 0, that is, at ﬁxed points.
In the framework of the ε-expansion with ga = O(ε), at leading order the βfunctions can be written as
βa (g) = −εga + Ba (g),

(11.3)

where Ba (g) is a homogeneous, second-degree, polynomial. It thus satisﬁes the
identities
Ba (ρg) = ρ2 Ba (g),
p

∂Ba (g)
dBa (ρg)
=
gb
= 2Ba (g).
⇒
dρ
∂gb
ρ=1

(11.4a)
(11.4b)

b=1

Fixed points and stability. In the case of p parameters ga , the maximum number of
solutions ga∗ of the ﬁxed-point equations
βa (g ∗ ) ≡ −εga∗ + Ba (g ∗ ) = 0 ,

(11.5)

is 2p . The local stability of these ﬁxed points can be studied by linearizing equations
(11.2):

d
λ (ga − ga∗ ) =
L∗ab (gb − gb∗ )
dλ
b

with
L∗ab = −

∂βa (g ∗ )
∂Ba (g ∗ )
= εδab −
.
∂gb
∂gb

The local stability properties thus depend on the sign of the eigenvalues (one proves
that they are real, see Section 11.2.2) of the matrix L∗ of partial derivatives. If all
eigenvalues of L∗ are negative, the ﬁxed point is locally stable. Global properties
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depend on the complete solutions of equation (11.2), which determine, in the space
of parameters ga , the domain of attraction of each stable ﬁxed point.
Eigenvalue −ε. From the homogeneity property (11.4b) and from the ﬁxed-point
equation (11.5), one infers


L∗ab gb∗ = εga∗ − 2Ba (g ∗ ) = −εga∗ .

b

One concludes that all non-Gaussian ﬁxed points have at least one direction of
stability corresponding to the eigenvector ga∗ , with eigenvalue −ε + O(ε2 ).
Special RG trajectories. One can prove an even more general result. One looks for
special solutions of equation (11.2) of the form
ga (λ) = ρ(λ)ga∗ ,

g ∗ = 0 ,

ρ ≥ 0.

Introducing the Ansatz into equation (11.2), using the ﬁxed-point equation (11.5)
and the homogeneity property (11.4a), one infers
ga∗ λ



d
ρ(λ) = ερ(λ)ga∗ − Ba g ∗ ρ(λ) = ερ(λ)ga∗ − ρ2 (λ)Ba (g ∗ )
dλ
= ερ(λ)ga∗ − εga∗ ρ2 (λ).

The ﬂow equation is thus compatible with the Ansatz and the function ρ(λ) is a
solution of


d
λ ρ(λ) = ερ(λ) 1 − ρ(λ) .
dλ
In the approximation (11.3), the half-lines joining the Gaussian ﬁxed point to other
ﬁxed points are RG trajectories and on these trajectories non-Gaussian ﬁxed points
are stable.
11.2 Gradient ﬂow
It has been veriﬁed up to order ε5 (i.e., all known orders) that the functions β of
the general σ 4 models can be written as (see Section 11.4.3 for the leading order)
βa (g) =


b

Tab (g)

∂U
,
∂gb

(11.6)

where the matrix T with elements Tab is a symmetric positive matrix, and a regular
function of the ga . Equation (11.2) then deﬁnes a gradient ﬂow. Let us point out,
however, that the regularity and positivity properties of the matrix T can only be
veriﬁed, in this framework, in the vicinity of the Gaussian ﬁxed point ga = 0.
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11.2.1 Change of parametrization
The general form (11.6) is the only form of a gradient ﬂow consistent with the
transformation properties under reparametrization in the space of the coeﬃcients
ga (diﬀeomorphisms). Indeed, let us introduce new parameters γa and change variables, ga = ga (γ), in the ﬂow equations. The matrix ∂γb /∂ga must be invertible
at g = 0 for the mapping γa → ga to be invertible within the framework of the
ε-expansion.
The chain rule for partial derivatives then leads to
λ

 ∂γa d
d
γa =
λ gb ,
dλ
∂gb dλ

 ∂γb ∂U
∂U
=
.
∂ga
∂ga ∂γb

b

Then,
λ

b


d
 ∂U
γa = −
Tab
dλ
∂γb
b

with

=
Tab

 ∂γa
c,d

∂gd

Tdc

∂γb
.
∂gc

(11.7)

One veriﬁes that if the matrix T is symmetric and positive, the transformed matrix

T with elements Tab
is also symmetric and positive.
In particular, even if the matrix T is proportional to the identity matrix in one
special parametrization, this is in general no longer true in a diﬀerent parametrization.
Finally, since the matrix T is positive and transforms under reparametrization
as shown in (11.7), its inverse has the properties of a metric tensor.
11.2.2 Flow and potential
The property of gradient ﬂow has important consequences:
(i) The potential decreases along an RG trajectory and thus ﬁxed points are
extrema of the potential, stable ﬁxed points being local minima.
(ii) The eigenvalues of the matrix of ﬁrst-order partial derivatives at a ﬁxed point
are real.
Derivation. The variation of the potential U along a trajectory satisﬁes
λ

 ∂U
  ∂U dga
∂U
d 
U g(λ) =
=−
λ
Tab
.
dλ
∂ga dλ
∂ga
∂gb
a
a,b

Since the matrix T is positive, the right-hand side, which is the expectation value
of a negative matrix, is negative. Thus, the potential decreases along a trajectory.
The ﬁxed points g ∗ are extrema of the function U :
βa (g ∗ ) = 0 ⇔

∂U (g ∗ )
= 0.
∂ga
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A stable ﬁxed point is a local minimum of U (g).
At a ﬁxed point, the elements of the matrix L∗ of the derivatives of the functions
−β are given by
L∗ab = −


∂βa (g ∗ )
∂ 2 U (g ∗ )
=−
Tac (g ∗ )
,
∂gb
∂gc ∂gb
c

(11.8)

a relation that can be written more symbolically as
L∗ = −TU .

(11.9)

Since the matrix T is positive, it can be written as the square of a matrix X, also
symmetric and positive:
T = X2 , X > 0 .
The matrix

M = X−1 L∗ X = −XU X ,

has the same eigenvalues as L∗ , but since the matrices U and X are symmetric,
it is a symmetric matrix. The matrix L∗ , which has the same eigenvalues as a real
symmetric matrix, thus has also real eigenvalues.
The relation also shows that if the matrix U is positive, the matrix XU X is
positive (and conversely), and the corresponding ﬁxed point thus is locally stable.
11.2.3 Fixed points and stability
In the framework of the ε-expansion, we now prove two other consequences of the
property of gradient ﬂow: there exists at most one stable ﬁxed point; the stable
ﬁxed point corresponds to the lowest value of the potential.
Indeed, let us assume the existence of two ﬁxed points corresponding to the
parameters g ∗ and g ∗ . We then consider the parameters g of the form
g(s) = sg ∗ + (1 − s)g ∗ ,

0 ≤ s ≤ 1,

and the corresponding potential


u(s) = U g(s) .
Note that the positivity condition (11.12), which is veriﬁed by all ﬁxed points (see
Section 11.4.1) and thus for s = 0 and s = 1, is then also veriﬁed for all parameters
g(s) such that 0 ≤ s ≤ 1.
As the explicit form (11.28) shows, at leading order u(s) is a third-degree polynomial. The derivative
u (s) =


a

ga (s)





∂U
∂U
−1
=
(ga∗ − ga ∗ )
=
(ga∗ − ga ∗ )Tab
βb g(s)
∂ga
∂ga
a
a,b
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vanishes due to the ﬁxed-point conditions at s = 0 and s = 1:
u (0) = u (1) = 0 .
Since u (s) is a second-degree polynomial, it then necessarily has the form
u (s) = As(1 − s).
The second derivative u (s) is given in terms of the matrix of second partial derivatives of U and, thus, the partial derivatives of the functions β, by


u (s) =



(ga∗

−

∂
ga ∗ )

a,b



U g(s) ∗
(gb − gb ∗ ) = A(1 − 2s) .
∂ga ∂gb

2

In particular, for s = 0 and s = 1,
A=


a,b

(ga∗ − ga ∗ )

∂ 2 U (g ∗ ) ∗
(g − gb ∗ ) ,
∂ga ∂gb b

−A =



(ga∗ − ga ∗ )

a,b

∂ 2 U (g ∗ ) ∗
(g − gb ∗ ) .
∂ga ∂gb b

As we have shown in Section 11.2.2, at a stable ﬁxed point the matrix U of partial
second derivatives of U is positive. Thus, if g ∗ and g ∗ are stable ﬁxed points, A
and −A are both given by the expectation value of a positive matrix and thus are
both positive, which is contradictory: the two ﬁxed points cannot both be stable.
More generally, the sign of A characterizes, in some sense, the relative stability of
these two ﬁxed points. Let us assume, for example, that A < 0 which is consistent
with the assumption that g ∗ is stable. Then u (s) < 0 in [0, 1] and U (g(s)) is a
decreasing function. Thus,
U (g ∗ ) < U (g ∗ ).
In particular, if g ∗ is a stable ﬁxed point, it corresponds, among all ﬁxed points, to
the lowest value of the potential.
11.3 Model with cubic anisotropy
To illustrate the preceding results and before studying other properties of general
models with an N -component order parameter, we examine a model that is simple
but with interesting physics properties.
We consider an N -component ﬁeld σα , α = 1, . . . , N and a Hamiltonian invariant
under the cubic group, the ﬁnite group of transformations generated by
σα → −σα ,

σα ↔ σβ

for all α and β.

One hopes to describe by such models the critical properties of classical spin systems
in which the interactions are modulated by an underlying cubic lattice (see Section
3.3.7).
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The cubic symmetry group admits a unique quadratic invariant but two independent quartic invariants of σ 4 type. Using these symmetry properties, one veriﬁes
that a critical Hamiltonian in continuum space, truncated at order σ 4 as justiﬁed
by the analysis of relevant operators near dimension 4, has the general form
)



2
d
[∇σα (x)] + · · · + 12 rc (g, h)
σα2 (x)
Hc (σ) = d x 12
α

.
g  2  2
h  4
+
σ (x) +
σ (x) .
24 α α
24 α α

α

(11.10)

Since the model has a unique quadratic invariant, the condition (11.1) is satisﬁed,
the two-point function in the disordered phase is proportional to the identity matrix
and rc is determined by the condition (10.3): Γ̃(2) (p = 0) = 0.
The appearance of two quartic terms implies that, on the critical surface, the
RG in dimension d = 4 − ε now involves two parameters g, h corresponding to two
quartic relevant operators.
Positivity. Note that the two constants g, h must satisfy the two conditions g+h ≥ 0,
N g + h ≥ 0 to ensure that the Hamiltonian is positive for σ → ∞ and, thus, that
the transition is second order. The ﬁrst condition is obtained by choosing all σα
zero but one, the second by taking them all equal.
These conditions imply, in particular, that if the RG ﬂow leads to parameters
g(λ), h(λ) outside this domain, the terms of higher degree in the expansion of the
thermodynamic potential, a priori thought to be negligible, become important and
the transition, in disagreement with the predictions of the quasi-Gaussian or mean
ﬁeld approximation, is generically weak ﬁrst order.
11.3.1 RG and ﬁxed points
The ﬂow equations have the general form


dg
= −βg g(λ), h(λ) ,
dλ


dh
= −βh g(λ), h(λ) .
λ
dλ
λ

A simple calculation, analogous to the calculation presented in Section 10.3, determines the two β-functions at leading order for g, h = O(ε), ε → 0:


N +8 2
1
g + gh ,
βg (g, h) = −εg + 2
8π
6


1
3
βh (g, h) = −εh + 2 2gh + h2 .
8π
2
One has then to study the ﬂow of the parameters g and h as a function of the
dilatation parameter λ. One ﬁrst looks for the various ﬁxed points for ε = 4−d > 0,
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and discusses their stability for λ → ∞ as a function of the integer N . One then
tries to determine the nature of the transition as a function of the initial values
of g and h. It is also interesting to determine the symmetry of the Hamiltonians
corresponding to the various ﬁxed points, in particular, to the stable ﬁxed point
Fixed points. The equations βg = βh = 0 both factorize into two linear equations.
Combining them in the four possible ways, one ﬁnds:
(i) The Gaussian ﬁxed point
g = h = 0.
(ii) The decoupled ﬁxed point
g = 0,

h = 16επ 2 /3 ,

which corresponds to N identical and decoupled copies of an Ising type model with
a Z2 reﬂection symmetry.
(iii) The isotropic ﬁxed point
h = 0,

g = 48επ 2 /(N + 8),

which has an O(N ) symmetry, more extended than the cubic symmetry of the initial
Hamiltonian.
(iv) Finally, the last ﬁxed point
g=

16π 2 ε
,
N

h=

16π 2 (N − 4)ε
,
3N

is new and is called the cubic ﬁxed point.
All ﬁxed points belong to the half-plane g ≥ 0. Only the cubic ﬁxed point for
N < 4 is such that h < 0. However, for N ≥ 1, it satisﬁes the positivity condition
g + h ≥ 0 (and thus also N g + h ≥ 0). Thus, all ﬁxed points satisfy the positivity
condition (11.12), in agreement with the general result proved in Section 11.4.1.
11.3.2 Linearized ﬂow and eigenvalues
The local stability properties of the four ﬁxed points are determined by the eigenvalues of the matrix L∗ of the partial derivatives, with respect to g and h, of the
functions −βg , −βh . One ﬁnds
 N +8

1
g
3 g+h
L∗ = ε1 − 2
.
2h
2g + 3h
8π
For the diﬀerent ﬁxed points, the corresponding eigenvalues of the matrix L∗ are
Gaussian ﬁxed point: ε ,
ε,
−ε ,
Decoupled (Ising) ﬁxed point: 13 ε ,
N −4
ε , −ε ,
Isotropic ﬁxed point:
N +8
4−N
ε , −ε .
Cubic ﬁxed point:
3N
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The existence of the eigenvalue −ε is a general property of all non-Gaussian ﬁxed
points, which all have at least one stable direction (see Section 11.1).
The Gaussian ﬁxed point is unstable in all directions. The decoupled (Ising type)
ﬁxed point always has one direction of instability.
For the isotropic ﬁxed point, one ﬁnds a special example of a general result (see
Section 11.4.2): the isotropic ﬁxed point is stable for N < Nc with Nc = 4 + O(ε).
Finally, the cubic ﬁxed point is stable only if N > Nc . At N = Nc the two ﬁxed
points merge and then exchange roles.
Remark. For N < Nc , the stable ﬁxed point has an O(N ) symmetry. The asymptotic behaviour of correlation functions in the critical domain, the singularities of
thermodynamic quantities at Tc , thus exhibit more symmetry than the initial microscopic model.
We have already met a similar phenomenon: the cubic symmetry of the lattice
generates a continuous O(d) spatial symmetry at large distance or in the critical domain (see Sections 3.3.9 and 8.2). Only a study of the corrections to the asymptotic
critical behaviour reveals the more restricted symmetry of the microscopic model.
h

g

Fig. 11.1 Cubic anisotropy: RG ﬂow for N > 4.

The RG ﬂow. The RG trajectories can intersect only at a ﬁxed point. The lines
h = 0 and g = 0 and the half-line joining the origin to the cubic ﬁxed point are
stable lines for the RG, a special case of a general property proved in Section 11.1,
and thus cannot be crossed. In the planar case, these conditions ﬁx completely the
topology of the RG trajectories (Figure 11.1).
In particular, one can ﬁnd initial parameters g, h such that the RG trajectories
can reach no ﬁxed point but, instead, evolve toward unphysical regions, such as
g < 0 for all N and h < 0 for N > 4 or h < (N − 4)/3g for N < 4. These
parameters, generically, correspond to weak ﬁrst-order transitions: the correlation
length remains ﬁnite when T → Tc+ and, in microscopic units, takes a value that
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is of the order of the maximum dilatation parameter such that the parameters g, h
are still in the allowed region.
11.4 Explicit general expressions: RG analysis
A general Hamiltonian satisfying all assumptions can be written as

H(σ) =

& d
'
N


1
1
dd x
(∂µ σi )2 + (rc + t) σi2 +
2 i=1 µ=1
4!
)

N


.
gijkl σi σj σk σl ,

i,j,k,l=1

(11.11)
where gijkl is a tensor symmetric in its four indices ijkl that satisﬁes several conditions:
The Hamiltonian H must be positive for |σ| → ∞ (for the phase transition to be
continuous). This implies the condition


gijkl σi σj σk σl > 0

∀σi such that |σ| = 1 .

(11.12)

i,j,k,l

The positivity condition gives to the space of admissible parameters g the structure
of a convex cone.
As a consequence of the condition (11.1), which expresses that the connected two-point correlation function in the disordered phase is proportional to the identity
matrix,
(2)
(11.13)
σi (x)σj (y)conn. = Wij (x, y) = δij W (2) (x, y),
the tensor gijkl has special properties that take the form of successive constraints
on the tensor gijkl in the perturbative expansion.
11.4.1 RG functions
The ﬂow equation for the parameters gijkl (λ) in the Hamiltonian (11.11) now reads


d
gijkl (λ) = −βijkl g(λ) .
(11.14)
dλ
The large-distance behaviour of the ﬁeld theory is governed by ﬁxed points. These
are solutions of the equation
βijkl (g ∗ ) = 0 .
(11.15)
λ

The local stability properties of ﬁxed points are related to the eigenvalues of the
matrix
∂βijkl (g ∗ )
L∗ijkl,i j  k l = −
.
(11.16)
∂gi j  k l
RG functions as ε-expansions. It is not diﬃcult to calculate the RG functions
corresponding to a general σ 4 type theory. As in the example of the O(N ) symmetry,
calculations diﬀer from the case N = 1 only by some geometric factors.
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The function β, at leading order, is given by
βijkl (g) = −εgijkl +
 
+ O g3 .

1 
(gijmn gmnkl + gikmn gmnjl + gilmn gmnkj )
16π 2 m,n
(11.17)

The ﬁeld dimension can be inferred from the function

 
1
η(g) =
gijkl gijkl + O g 3 ,
6N (4π)4

(11.18)

i,j,k,l

a result that is, in particular, consistent with the general result of quantum ﬁeld
theory η ≥ 0.
The ﬂow equation for the deviation t of the critical temperature can be written
as
1
d

ln t(λ) = 
λ
dλ
ν g(λ)
with


 
1
1
=2−
giijj + O g 2 .
ν(g)
16π 2 N i,j

(11.19)

In the two equations (11.18) and (11.19), we have used explicitly the condition
(11.13), which implies


gijkk =

k

δij 
gkkll ,
N
k,l



giklm gjklm =

k,l,m

δij 
gklmn gklmn .
N

(11.20)

k,l,m,n

Moreover, at a ﬁxed point
ε


i,j,k,l

gijkl σi σj σk σl =

3
16π 2



σi σj gijmn gmnkl σk σl

i,j,k,l,m,n

⎛
⎞2
3  ⎝
=
σi σj gijmn ⎠ .
16π 2 m,n i,j

Thus, any non-Gaussian ﬁxed point satisﬁes the positivity condition (11.12).
11.4.2 Stability of the isotropic ﬁxed point
Among the possible ﬁxed points, one always ﬁnds, in addition to the Gaussian ﬁxed
point, the ﬁxed point corresponding to the O(N ) symmetric Hamiltonian. It is
possible to study its local stability at leading order in ε.
One can ﬁrst specialize the expressions (11.17)–(11.19) to the example of the
(σ 2 )2 ﬁeld theory with O(N ) symmetry. This amounts to substituting in these
equations
g
(11.21)
gijkl = (δij δkl + δik δjl + δil δjk ) .
3
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After a short calculation, one recovers the expressions (10.37) and (10.39) of the
β(g) and η(g) functions and the corresponding value of g ∗ .
The stability conditions are given by the eigenvalues of the matrix L∗ (equation
(11.16)). Setting
∗
gijkl = gijkl
+ sijkl ,
(11.22)
at leading order one ﬁnds
∗

(L s)ijkl

ε
= εsijkl −
N +8


δij




smmkl + 5 terms + 12sijkl

,

(11.23)

m

where the ﬁve terms are obtained by permutation of the indices i, j, k, l.
∗
, one recovers the exponent ω = β  (g ∗ ) of the
Taking sijkl proportional to gijkl
isotropic model. More generally, the eigenvectors can be classiﬁed according to their
trace properties. We thus parametrize sijkl in the form
∗
+ (vij δkl + 5 terms) + wijkl ,
sijkl = ugijkl

(11.24)

where the tensors vij and wijkl are traceless:

i

vii = 0 ,



wijkk = 0 .

(11.25)

k

The three eigenvalues corresponding to the components u, w, v are, respectively,
−ω, −ωanis. and −ω  with
 
 
 
4−N
8ε
ω = ε + O ε2 , ωanis. = ε
+ O ε2 , ω  =
+ O ε2 .
N +8
N +8

(11.26)

The perturbation proportional to vij does not satisfy the ﬁrst condition (11.20). It
lifts the degeneracy between the correlation lengths of the various ﬁeld components.
This induces a crossover to a situation where several components of the ﬁeld decouple. However, one easily veriﬁes that the corresponding eigenvalue ω  produces,
for ε small, sub-leading eﬀects compared to the eigenvalue corresponding to the
quadratic operator σi σj .
For the set of models satisfying the condition (11.20), the leading eigenvalue is
ωanis . One then ﬁnds the following interesting result (which generalizes a result
obtained in the example of the cubic anisotropy): the O(N ) symmetric ﬁxed point
is stable with respect to all perturbations for N smaller than a value Nc . The
calculation of ωanis. at order ε yields
 
Nc = 4 − 2ε + O ε2 .

(11.27)

This is a new example of a symmetry generated dynamically: for N < Nc , in the
critical domain, correlation functions have a large-distance behaviour that exhibits
more symmetry than the initial microscopic theory.
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11.4.3 Gradient ﬂow: Fixed points, stability and ﬁeld dimension
One veriﬁes that the expression (11.17) of the β-function derives from a potential.
Indeed,
∂U (g)
βijkl (g) =
∂gijkl
with
U (g) = −

ε 
1
gijkl gijkl +
2
(4π)2
i,j,k,l



gijkl gklmn gmnij .

(11.28)

i,j,k,l,m,n

Fixed-point stability and exponent η. In the framework of the ε-expansion, we now
show that the stable ﬁxed point (or at least the stablest) corresponds to the largest
value of the exponent η and thus to the correlation functions that have the fastest
decay at large distance.
For any ﬁxed point g ∗ , the equations β = 0 imply the relation


∗
gijkl
βijkl = 0 ⇒ ε

i,j,k,l



∗
∗
gijkl
gijkl
=

i,j,k,l

and, thus,
U (g ∗ ) = − 16 ε



3
(4π)2



∗
∗
∗
gijkl
gklmn
gmnij

i,j,k,l,m,n

∗
∗
gijkl
gijkl
+ O(g 4 ),

i,j,k,l

a negative value and thus lower than the Gaussian ﬁxed-point value
g ∗ = 0 ⇒ U (g ∗ ) < U (0),
in agreement with the analysis of Section 11.2.3.
Moreover, for a system with only one correlation length, at leading order the
exponent η is given by equation (11.18) and thus
η=

1  ∗ ∗
1
1
1
gijkl gijkl = −
U (g ∗ ).
4
6N (4π)
N ε (4π)4

(11.29)

i,j,k,l

As we have shown, the stable ﬁxed point corresponds to the lowest value of U . It
thus corresponds also to the largest value of the exponent η, that is, of the dimension
dσ of the ﬁeld σ: therefore, the correlation functions corresponding to the stable
ﬁxed point have the fastest large-distance decay.
The validity of this result, beyond the ε-expansion, remains a conjecture.
A bound on the exponent η. Let us derive, as an exercise, a general bound on the
coeﬃcient of the leading order ε2 contribution to η.
The ﬁrst condition (11.20) can be written as

k

gijkk = 8π 2 Gδij ,

G=

1 
gjjkk .
8π 2 N
j,k

(11.30)
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The function ν(g) can be expressed, at this order, in terms of G (equation (11.19)):
1
1
= 2 − G + O(g 2 ).
ν(g)
2

(11.31)

# 2
From a Gaussian expectation value with the measure e− σi /2 of inequality (11.12),
one infers (using Wick’s theorem)


gijkl σi σj σk σl  = 3
gikik > 0
i,j,k,l

i,k

and, thus,
G > 0.

(11.32)

Moreover, η is given by equation (11.18):
η=


1
(gijkl )2 .
4
6N (4π)

(11.33)

i,j,k,l

From the ﬁxed-point equation βijkl (g ∗ ) = 0, where βijkl is given at leading order
by equation (11.17), one infers
0=


1 2
1
1 
G
β
(g)
=
−εGδ
+
δ
+
giklm gjklm .
ijkk
ij
ij
8π 2
2
(8π 2 )2
k

(11.34)

k,l,m

At this order, the exponent η can thus also be expressed only in terms of G (and
thus of ν):
1  ∗ 1 ∗2 
η=
+ O(ε3 ).
εG − 2 G
24
This expression implies, in particular, that the coeﬃcient of order ε of G∗ is
bounded, 0 < G∗ < 2ε. One can improve this bound by using the decomposition
8π 2 G∗
∗
∗
gijkl
(δij δkl + δik δjl + δil δkj ) + g̃ijkl
=
,
N +2
# ∗
where i g̃iikl
= 0. Then,

i,j,k,l

∗
∗
gijkl
gijkl
=


3N (8π 2 )2 ∗2
∗
∗
G +
g̃ijkl
g̃ijkl
,
N +2
i,j,k,l

and combining this expression with equation (11.34):
1
3
εG∗ − G∗2 −
G∗2 ≥ 0 .
2
N +2
One infers
0 < G∗ ≤

2(N + 2)
ε ≤ 2ε .
N +8

(11.35)
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∗
The upper bound corresponds to a ﬁxed point such that g̃ijkl
= 0 and thus to a
ﬁxed point with O(N ) symmetry.
Finally, expression (11.33) shows that η is bounded by its value for G∗ = ε, if
this value of G∗ is allowed, and otherwise by the value corresponding to the largest
value of G∗ . One concludes
)
N +8
2
for N ≤ 4,
η ≤ 2(N
+8)2 ε

η≤

ε2
48

for N ≥ 4.

The bound for N ≤ 4 corresponds to the isotropic (i.e. O(N )-symmetric) ﬁxed
point. It follows also directly from the stability properties of the isotropic ﬁxed
point (Section 11.4.2) and the correspondence between the stable ﬁxed point and
the largest value of η.
11.5 Exercise: General model with two parameters
To illustrate the preceding results in a simpler situation, we consider a general
model with two parameters, which generalizes the example of the model with cubic
anisotropy examined in Section 11.3. Moreover, we assume that two non-Gaussian
ﬁxed points g1∗ and g2∗ , have been found, one of them being necessarily the isotropic
ﬁxed point with O(N ) symmetry, for example g1∗ . The space of allowed parameters
g being linear, g can take all values contained in the plane sg1∗ + tg2∗ . The positivity
condition is satisﬁed at least in the sector s, t ≥ 0.
At order ε3 , the potential U (g(s, t)) depends a priori on seven parameters. The
ﬁxed-point conditions for s = 1, t = 0 and s = 0, t = 1,
∂s U (s = 1, t = 0) = ∂t U (s = 1, t = 0) = 0 ,
∂s U (s = 0, t = 1) = ∂t U (s = 0, t = 1) = 0 ,
determine four parameters. The potential then takes the general form
U (s, t) = −

1

2
2 as


+ bst + 12 ct2 + 13 as3 + bst(s + t) + 13 ct3 ,

(11.36)

where a, b, c are three constants that, due to the positivity of


gijkl gijkl > 0 for gijkl ≡ 0 ,

i,j,k,l

satisfy the conditions
a > 0,

c > 0,

b2 − ac < 0 .

For example, in the model with cubic anisotropy, one ﬁnds
a = (8π 2 )2

12N (N + 2)ε3
,
(N + 8)2

b = (8π 2 )2

4N ε3
,
N +8

c = (8π 2 )2

4N ε3
9
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and, thus,
ac − b2 = (8π 2 )4

16N 2 (N − 1)ε6
.
3(N + 8)2

Expressing that, at the Gaussian ﬁxed point, the degenerate eigenvalue is ε, one
obtains the matrix T, which here is a constant matrix because the transformation
g → {s, t} is linear and in the parametrization (11.11) T = 1. Here,
1
T=
ac − b2



c
−b

−b
a


,

which, indeed, is a positive matrix. Its action on the vector (∂s U, ∂t U ) leads to the
ﬂow equations
1 ds
2b(b − c)
λ
= s − s2 +
st ,
ε dλ
ac − b2
1 dt
2b(b − a)
λ
= t − t2 +
st .
ε dλ
ac − b2
We set
α1 =

2b(c − b)
,
ac − b2

α2 =

2b(a − b)
.
ac − b2

In the model with cubic anisotropy
α1 =

2
,
3

α2 =

12
.
N +8

One then ﬁnds a fourth ﬁxed point
s = s4 ≡

1 − α1
,
1 − α1 α2

t = t4 ≡

1 − α2
.
1 − α1 α2

The matrix of partial derivatives of the functions −β is
L∗ = ε



1 − 2s − α1 t
−α2 t

−α1 s
1 − 2t − α2 s


.

The eigenvalues at the various ﬁxed points are
⎧
1, 1
⎪
⎨
−1, 1 − α2
ε×
−1,
1 − α1
⎪
⎩
−1, 1 − α3

for
for
for
for

s=t=0
s = 1, t = 0
s = 0, t = 1
s = s 4 , t = t4 ,

where we have set
1 − α3 = −

(1 − α1 )(1 − α2 )
⇔ 2 − α1 − α2 − α3 + α1 α2 α3 = 0 .
1 − α1 α2

(11.37)
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One notices that, from the algebraic viewpoint, the three ﬁxed points play a completely symmetric role.
The stability condition for a ﬁxed point is
αi > 1 .
Let us verify that, in agreement with the general result, the conditions α1 > 1 and
α2 > 1 are incompatible. For example, α1 > 1 implies
2b(c − b) > ac − b2 ⇒ c(c − a) > (b − c)2 ⇒ c > a .
It is clear that the condition α2 > 1 implies a > c, which is incompatible.
Moreover, the values of the potential at the ﬁxed points g1∗ and g2∗ , respectively,
are −a/6 and −c/6 and, thus, the stable ﬁxed point, indeed, corresponds to the
lowest potential value.
We now use the property that the isotropic ﬁxed point is always present. We
identify it with g1∗ :
(g1∗ )ijkl =

16π 2 ε
(δij δkl + δik δjl + δil δkj ) .
N +8

The value of a is the same as in the model with cubic anisotropy. The parameter b
is given by

6ε2
N G∗2 ,
(g1∗ )ijkl (g2∗ )ijkl = (8π 2 )2
b=ε
N +8
i,j,k,l

and, ﬁnally,
c=ε





(g2∗ )ijkl (g2∗ )ijkl = (8π 2 )2 N ε εG∗2 − 12 G∗2 2 .

i,j,k,l

At this order, all parameters can be expressed in terms of G∗2 . The parameters αi
become
12
α1 = G∗2 /ε, α2 =
N +8
One sees that α1 and α2 are positive and, as a consequence of the bound (11.35),
α1 + α2 < 2 .
Then, equation (11.37) implies
α3 > 0 ,

αi + αj < 2 for i = j .

Finally, equation (11.37) shows conversely that 0 < α1 , α2 < 1 implies α3 > 1.
Thus, there always exists a stable ﬁxed point. Like in the example of the model
with cubic anisotropy, if the fourth ﬁxed point is stable, s4 , t4 > 0.
Finally, notice that most of these considerations generalize to the next order in
ε.
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Exercises
Exercise 11.1
Cubic anisotropy. Using the explicit expressions of the β-functions given in Section
11.3, ﬁnd the matrices M such that one can write
∂U
= M11 βg + M12 βh
∂g
∂U
= M21 βg + M22 βh ,
∂h
and determine the corresponding potential function U . Calculate the values of the
potential for the diﬀerent ﬁxed points.
Solution. All matrices are proportional to
1
M=

3 (N

+ 2) 1
1
1


,

which is indeed a positive matrix for N > 1, and with this choice
8π 2 U (g, h) = −8π 2 ε

1

6 (N


+ 2)g 2 + gh + 12 h2 +

1
54 (N

+ 8)(N + 2)g 3

+ 16 (N + 8)g 2 h + 32 gh2 + 12 h3 .
The values are
2 3
2(N + 2) 3
ε , UO(N ) = −(8π 2 )2
ε ,
27
(N + 8)2
2(N − 1)(N + 2) 3
= −(8π 2 )2
ε .
27N 2

Ugaus. = 0 ,
Ucub.

UIs. = −(8π 2 )2

In particular, one veriﬁes that
UO(N ) − Ucub. = (8π 2 )2

2(N + 2)(N − 4)3 3
ε
27N 2 (N + 8)2

changes sign at N = 4, in correspondence with the change in ﬁxed-point stability.

12 Statistical ﬁeld theory: Perturbative expansion

An analysis of the leading corrections to the quasi-Gaussian (or mean-ﬁeld) approximation, as well as renormalization group (RG) arguments, have shown that at least
in dimension d = 4 − ε, that is, in an inﬁnitesimal neighbourhood of dimension 4,
the universal properties of second-order phase transitions can be entirely described
by a statistical ﬁeld theory in continuum space. In Chapter 10, we have used this
idea to determine the RG functions to the ﬁrst non-trivial order in ε and in the
σ 4 coeﬃcient. The calculation were based on assumptions that require some justiﬁcation. We thus give in this chapter, devoted to perturbative calculations, and
in the following where we relate renormalization theory to RG equations, a short
outline of the ﬁeld theory methods that allow, in the framework of the ε-expansion,
that is, in the sense of formal series, proving RG results and calculating universal
quantities.
In this chapter, we discuss the perturbative calculation of correlation or vertex
functions expressed in terms of ﬁeld (functional) integrals. The successive contributions to the perturbative expansion are Gaussian expectation values which can be
calculated with the help, for example, of Wick’s theorem and which have a representation in the form of Feynman diagrams (deﬁned in Section 2.4). We illustrate
diagrammatically the relations between the ﬁrst connected correlation functions and
the corresponding vertex functions.
Of course, these calculations have an algebraic structure which is analogous to the
calculations presented in Sections 2.3 and 2.5 for ordinary integrals, and in Section
5.3 in the case of path integrals.
We also show that the calculation of a ﬁeld integral by the steepest descent
method organizes the perturbative expansion as an expansion in the number of
loops in the Feynman diagram representation.
Finally, we have already introduced the idea of dimensional continuation of Feynman diagrams. We deﬁne here more generally dimensional continuation and introduce dimensional regularization.
12.1 Generating functionals
In Chapter 6, on the lattice, and in Sections 9.1.1 and 9.2 in the continuum, we
have already introduced the generating functional of correlation functions. For
convenience, we just recall here the deﬁnitions.
Let σ(x) be a random classical ﬁeld endowed with a probability distribution, a
normalized positive measure in the space of ﬁelds [dσ] e−H(σ) /Z, where H(σ) is the
Hamiltonian and Z the associated partition function.
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The n-point correlation function,
1
Z

σ(x1 )σ(x2 ) . . . σ(xn ) =



[dσ]σ(x1 )σ(x2 ) . . . σ(xn ) e−H(σ) ,

(12.1)

can be inferred from the generating functional of correlation functions



[dσ] exp −H(σ) + dd x H(x)σ(x)
/
0

= Z(0) exp dd x σ(x)H(x)

Z(H) =

(12.2a)
(12.2b)

(Z in (12.1) is identical to Z(0)) by functional diﬀerentiation. Indeed,
1
σ(x1 )σ(x2 ) . . . σ(xn ) =
Z(0)


i

δ
δH(yi )


Z(H)

.

(12.3)

H=0

The functional
W(H) = ln Z(H),

(12.4)

generates the connected correlation functions:
W(H) =

 1 
dd x1 . . . dd xn W (n) (x1 , . . . , xn )H(x1 ) . . . H(xn ).
n!
n=0

In local ﬁeld theories (continuum limits of statistical systems with short-range interactions) connected correlation functions satisfy the cluster property (see Section
6.2.1): W (n) (x1 , . . . , xn ) decays, algebraically or exponentially, when the points
x1 , x2 , . . . , xn belong to two largely separated non-empty subsets.
Generating functional of vertex functions. In Section 9.2, we have also deﬁned the
generating functional Γ(M ) of vertex functions (see also Section 6.3):
Γ(M ) =

 1 
dd x1 . . . dd xn Γ(n) (x1 , . . . , xn )M (x1 ) . . . M (xn ).
n!
n=0

Γ(M ) is the Legendre transform of W(H) (equations (9.7)):

W(H) + Γ(M ) =

dd x H(x)M (x),

M (x) =

δW(H)
.
δH(x)
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12.2 Gaussian ﬁeld theory. Wick’s theorem
In ﬁeld theory, as in other stochastic processes, the simplest measure is the Gaussian
measure. An example has been discussed in Section 8.4.
Gaussian ﬁeld theory. In the Gaussian case, a translation-invariant Hamiltonian
can, quite generally, be written as
HG (σ) =

1
2


dd x dd y σ(x)H(2) (x − y)σ(y).

(12.5)

The kernel H(2) (x − y) is symmetric, positive and local. In the simplest examples,
H(2) (x − y) is a diﬀerential operator, polynomial in the Laplacian ∇2x :
H(2) (x − y) ≡ K(−∇2x )δ (d) (x − y).
More precisely, one can write expression (12.5) in the form (see expression (10.2))

dd x dd y σ(x)H(2) (x − y)σ(y)
) d

.




d
2 k
2 2
∂µ σ(x) 1 +
uk+1 (−∇x ) ∂µ σ(x) + m σ (x) .
≡ d x
µ=1

k=1

The limit m = 0 corresponds to a critical theory (or massless theory in the language
of quantum ﬁeld theory). For m > 0 (massive theory), the correlation length ξ is
ﬁnite: ξ ∝ 1/m.
The ﬁeld integral,



[dσ] exp[−HG (σ)] exp
dd x σ(x)H(x)


= [dσ] exp −HG (σ) + dd x σ(x)H(x) ,

ZG (H) =

a functional of the external ﬁeld H(x), is proportional to the generating functional
of correlation functions corresponding to the measure e−HG (σ) /ZG (0),
/

0


exp

d

d x σ(x)H(x)
HG

= ZG (H)/ZG (0).

Calculation of the integral. The calculation of the ﬁeld integral is a simple generalization of the calculation presented in Section 8.4. Denoting by ∆ the inverse of
H(2) ,

(12.6)
dd z ∆(x − z)H(2) (z − y) = δ (d) (x − y),
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one change variables σ(x) → σ  (x) with

σ(x) = σ  (x) + dd y ∆(x − y)H(y).

(12.7)

This shift of σ(x) eliminates the term linear in σ in the exponential. The measure
is invariant and the integrand becomes


1
ZG (H) = exp
[dσ  ] exp[−HG (σ  )].
dd y H(x)∆(x − y)H(y)
2
The dependence in H is now explicit. The residual integral yields only a normalization. Its calculation may be diﬃcult but it cancels in the calculation of correlation
functions. Indeed, the measure must be normalized in such a way that 1G = 1,
where •G means Gaussian expectation value (or free ﬁeld in the context of quantum ﬁeld theory). One concludes
0
/

= ZG (H)/ZG (0)
exp
dd x σ(x)H(x)
G

1
= exp
dd x dd y H(x)∆(x − y)H(y) . (12.8)
2
The kernel ∆, the inverse of H(2) , is the Gaussian two-point function, and is also
called the propagator. In a translation-invariant theory, it is convenient to introduce
the Fourier representation:


1
(2)
d
−ip·x
(2)
(2)
H̃ (p), H̃ (p) = dd x eip·x H(2) (x), (12.9a)
d pe
H (x) =
(2π)d


1
d
ip·x ˜
˜
e
∆(p),
∆(p)
=
dd x eip·x ∆(x),
p
(12.9b)
∆(x) =
d
(2π)d
and thus
˜ H̃(2) (p) = 1 .
∆(p)
In order for the ﬁeld integral to exist, H̃(2) (p) must be positive for p = 0. If H(2) (x)
is rotation-invariant (the special orthogonal group SO(d)), the function ∆(x) is a
˜
function only of |x|, and ∆(p)
only of |p|.
Connected correlation functions. The generating functional of connected correlation
functions WG = ln ZG then reduces to a simple quadratic form:

1
WG (H) − WG (0) =
dd x dd y H(x)∆(x − y)H(y).
2
In the Gaussian case, connected functions with more than two points vanish.
Vertex functions. Finally, the Legendre transform ΓG (M ) is directly related to the
Hamiltonian (Section 6.1) since
ΓG (M ) = ΓG (0) + HG (M ).
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Wick’s theorem. Expression (12.8) combined with the arguments of Section 2.2,
leads to an immediate generalization of equations (2.15)–(2.20) or (5.21), which
expresses Wick’s theorem in ﬁeld theory:
% 2s

(

& 2s

σ(zi )
1

G

'
δ
exp [WG (H) − WG (0)]
=
δH(zi )
i=1
H≡0

=
∆(zi1 − zi2 ) . . . ∆(zi2s−1 − zi2s ).

(12.10)

all pairings
of {1,2,...,2s}

12.3 Perturbative expansion
We now consider a more general Hamiltonian of the form
H(σ) = HG (σ) + VI (σ),

(12.11)

where HG (σ) is the quadratic form (12.5) and VI (σ) is a polynomial in the ﬁeld,
which, in the context of quantum ﬁeld theory, is called an interaction. In a local
ﬁeld theory, that is, in the class that we have introduced in the preceding chapters,
VI (σ) is the space integral of a function of the ﬁeld and its derivatives:

VI (σ) =

dd x VI [σ(x), ∂µ σ(x), . . .].

(12.12)

Note that in quantum ﬁeld theory, the Hamiltonian H(σ) is sometimes also called
the Euclidean action in the sense that, in simple examples, it can be formally
obtained from a classical action by a continuation to imaginary times.
Although most results presented in this chapter will be illustrated only by Hamiltonians of type (10.1), these results apply to more general theories.
The generating functional of correlation functions is proportional to

Z(H) =


[dσ] exp −H(σ) +

dd x H(x)σ(x) .

(12.13)

12.3.1 Perturbative expansion
The perturbative expansion of correlation functions is obtained by expanding expression (12.13) in powers of H and of VI , keeping only the quadratic term H(2) in
the exponential. The interaction (12.12) is a sum of monomials called interaction
vertices. The expansion then reduces to the calculation of Gaussian expectation
values of products of ﬁelds of the form
0
/



(12.14)
σ(x1 ) · · · σ(xn ) dd y1 σ p1 (y1 ) dd y2 σ p2 (y2 ) · · · dd yk σ pk (yk )
G
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(to simplify, we have omitted possible derivatives) and, thus, to Wick’s theorem.
Wick’s theorem involves the Gaussian two-point function or propagator ∆ (equation
(12.6)). Each contribution takes the form of a product of propagators integrated
over all points corresponding to interaction vertices and has a graphical representation in terms of Feynman diagrams (see Section 2.4).
The perturbative expansion has a formal global representation. Using the property (9.1),
δ
exp
δH(x)




dd y H(y)σ(y) = σ(x) exp

dd y H(y)σ(y) ,

one can express Z(H) in terms of the Gaussian functional ZG (H) in the form

Z(H) = exp −VI

δ
δH


= ZG (0) exp −VI



δ
ZG (H) = exp −VI
exp [WG (H)]
δH


δ
1
exp
dd x dd y H(x)∆(x − y)H(y) .
δH
2


(12.15)

Combining identities (12.3) and (12.15), one can calculate correlation functions
of the ﬁeld σ as formal series in powers of the interaction VI , to use quantum
ﬁeld theory language. To each monomial contributing to VI there corresponds a
diﬀerential operator: a product of derivatives δ/δH that generates a product of
propagators ∆.
Remark. As we have already noted in Chapter 10, the kernel H(2) (x − y) cannot be
reduced to the Gaussian ﬁxed point form −∇2x δ (d) (x − y) because the perturbative
expansion then contains short-distance divergences. This is again a manifestation of
a coupling between the diﬀerent physical scales. These divergences have no physical
meaning in the theory of phase transitions since the ﬁxed-point two-point function
is only the asymptotic form at large distance, and the lattice, or more generally the
microscopic structure, regularizes the theory at short distance.
In the continuum, one must instead add to the Hamiltonian irrelevant terms with
higher order derivatives, to generate a propagator ∆(x − y) suﬃciently regular for
|x − y| → 0, in contrast with the Gaussian two-point function (Section 8.4.3). This
substitution is called a regularization.
In the Fourier representation, short-distance divergences become large-momentum
or ultraviolet (UV) divergences (in quantum ﬁeld theory the arguments of the
Fourier transform are momenta or energies). On the lattice, these divergences are
absent since momenta vary in a bounded domain, a Brillouin zone. Finiteness of the
˜
decays fast enough
perturbative expansion requires, in the continuum, that ∆(p)
for p → ∞. We thus assume, in what follows, that the large momentum decay
of the propagator, in the Fourier representation, is suﬃciently fast to render the
perturbative expansion ﬁnite to all orders.
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12.3.2 Feynman diagrams: Loops
Feynman diagrams have already been deﬁned in Section 2.4. To each monomial contributing to the interaction, one associates a vertex, a point from which originates
a number of lines equal to the degree of the monomial. A propagator is represented
by a line that joins the points that correspond to its arguments. These points are
either vertices, or points corresponding to arguments of a correlation function. In
what follows we call an internal line a line that connects two vertices. By contrast,
an external line joins a vertex to a point of a correlation function.
In a local Hamiltonian, a vertex corresponds to a space integral of a product of
ﬁelds and their derivatives (representation (12.12)). Each vertex, in a diagram, thus
corresponds to an argument on which one integrates.
After Fourier transformation, to each line is attached a momentum, the argument
of the propagator in the Fourier representation. This assumes an orientation of the
lines: changing the orientation changes the sign of the momentum attached to the
line. In the Fourier representation, due to translation invariance, at each vertex
the sum of the entering momenta vanishes: one ﬁnds Kirchoﬀ’s laws for current
intensities in an electric circuit. Finally, one integrates over all free momenta.
Remark. For any connected diagram, one proves the relation between the number
of loops L, the number I of internal lines, or propagators relating vertices, and the
number of vertices n:
L = I −n+1.
(12.16)
A method for establishing this relation is the following:
(i) When one cuts an internal line, one also suppresses one loop, thus L − I is a
constant.
(ii) A diagram without a loop is a tree. Each time one suppresses one vertex on
the boundary of a tree, one transforms an internal line into an external line, thus
I − n is a constant. Finally, any diagram is reduced in this way to a vertex, thus if
L = I = 0 then n = 1.
In the Fourier representation, L is also the number of free momenta over which
one integrates. Indeed, this number is equal to the number of propagators minus the
number of vertices, due to momentum conservation at each vertex, plus one because
the conservation of the total momentum entering in a diagram is then automatically
satisﬁed.
Remark. Local interactions can also contain derivatives of the ﬁeld σ(x). Then,
the evaluation of expression (12.14) involves also derivatives of the propagator. The
representation in terms of Feynman diagrams, as they have been deﬁned so far, is no
longer faithful since the presence of derivatives is not indicated. One can construct
a more faithful representation by splitting vertices and by placing arrows on lines.
12.3.3 Connected and 1-irreducible diagrams
In the Feynman diagram representation, the perturbative expansion of Z(H) contains non-connected contributions in the sense of graphs. It follows from the arguments of Section 2.3 that W(H), by contrast, is the sum of connected contributions.
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Finally, the functional Γ(M ) has the simplest perturbative properties: indeed, one
proves that its expansion contains only 1-irreducible diagrams, that is, diagrams
that cannot be decomposed into several connected components by cutting only one
line. These are the diagrams that are directly involved in the renormalization theory.
For illustration, we give a graphical representation of the ﬁrst relations between
connected and vertex functions.
2
1
W (2) =

3

Γ(n) =

,

n
Fig. 12.1 Representations of the connected two-point correlation function and the npoint vertex function.

In Figure 12.1, we deﬁne the graphical representation of W (2) and Γ(n) . In the
representation of Γ(n) , we have emphasized the property that no propagator is
attached to the points of the boundary of the graph, in contrast with the diagrams
contributing to connected functions.
The relation between two-point functions is

dd z W (2) (x − z)Γ(2) (z − y) = δ (d) (x − y).
It is convenient to set
Γ(2) (x − y) = H(2) (x − y) + Σ(x − y),
where we have separated the Gaussian contribution H(2) from the sum Σ of contributions generated by the interactions VI , also called the mass operator. In terms of
Σ, the perturbative expansion of W (2) can be organized as a geometrical series:

W (2) (x − y) = ∆(x − y) − dd z1 dd z2 ∆(x − z1 )Σ(z1 − z2 )∆(z2 − y) + · · · ·
Figure 12.2 displays one term of the sum expressed in terms of Σ, that is, of 1irreducible components.
Σ

Σ

Σ

Fig. 12.2 Contribution to the connected two-point function W (2) .

The graphical representations of the correlation functions W (3) and W (4) , for
example, in terms of the corresponding vertex functions and of W (2) are then given
in Figures 12.3 and 12.4, respectively.
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Fig. 12.3 The connected three-point function W (3) .

+ 2 terms.

Fig. 12.4 The connected four-point function W (4) .

12.3.4 Example: The σ 4 interaction
We now consider the example, specially useful from the viewpoint of critical phenomena, of the quartic interaction
VI (σ) ≡

1
g
4!


dd x σ 4 (x).

(12.17)

The ﬁrst non-trivial order in g of the RG functions can be derived from the expansion
of the two- and four-point functions up to order g 2 . One ﬁnds expressions whose
algebraic structure is identical to expressions (2.30) and (2.35) (see also Section
5.4.2).
Two-point function. The two-point function at order g 2 is given by
 
σ(x1 )σ(x2 ) = (a) − 12 g (b) + 14 g 2 (c) + 14 g 2 (d) + 16 g 2 (e) + O g 3 .
Note that three additional contributions that factorize in



 

σ(x1 )σ(x2 )G σ 4 (y) G ,
σ(x1 )σ(x2 )σ 4 (y1 ) G σ 4 (y2 ) G and


σ(x1 )σ(x2 )G σ 4 (y1 )σ 4 (y2 ) G ,
cancel after division by the partition function Z. In quantum ﬁeld theory, the
connected diagrams contributing to ln Z are also called vacuum diagrams, because
in the quantum context they contribute to the ground state (the vacuum) energy
(see equation (4.49)).
In the expansion, (a) is the propagator and (b) the Feynman diagram that appears
at order g, and both are displayed in Figure 2.5 (Section 2.5.1). The diagrams (c),
(d), (e) are displayed in Figure 2.6 (Section 2.5.1). More explicitly, one thus ﬁnds
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(here W (2) = Z (2) ) (see equation (2.30))

W

(2)

(x1 − x2 ) = ∆(x1 − x2 ) −
dd y ∆(x1 − y)∆(0)∆(y − x2 )


+ g 2 dd y1 dd y2 14 ∆2 (0)∆(x1 − y1 )∆(y1 − y2 )∆(y2 − x2 )
1
2g

+ 14 ∆(0)∆2 (y1 − y2 )∆(x1 − y2 )∆(x2 − y2 )

+ 16 ∆(x1 − y1 )∆3 (y1 − y2 )∆(y2 − x2 ) + O(g 3 ).
Only the diagram (c) is 1-reducible and it cancels in the Legendre transformation.
Also, the external propagators are removed. One then ﬁnds (see Section 6.5)
Γ(2) (x1 − x2 ) = H(2) (x1 − x2 ) + 12 gδ (d) (x1 − x2 )∆(0)

− 14 g 2 ∆(0) dd y ∆2 (y)δ (d) (x1 − x2 ) − 16 g 2 ∆3 (x1 − x2 ) + O(g 3 ),
which is a simpler expression.
Fourier transformation. As we have already pointed out, in a translation-invariant
theory the relations between correlation and vertex functions take simpler forms
in the Fourier representation. We thus introduce the functions deﬁned in (9.6),
(9.8) and the representations (12.9) of the propagator and of its inverse. With this
notation, the vertex two-point function becomes
Γ̃(2) (p) = H̃(2) (p) +
−

g2
6



g
2



g2
dd q ˜
∆(q) −
d
(2π)
4



dd q1 ˜
∆(q1 )
(2π)d



dd q2 ˜ 2
∆ (q2 )
(2π)d

dd q1 dd q2 ˜
˜ 2 )∆(p
˜ − q1 − q2 ) + O(g 3 ).
∆(q1 )∆(q
(2π)d (2π)d

(12.18)

The connected two-point function is then obtained by expanding the relation
2 (2) (p)Γ̃(2) (p) = 1 .
W
Four-point function. At order g 2 , the four-point function is given by (see equation
(2.35))
σ(x1 )σ(x2 )σ(x3 )σ(x4 )
g
= [ (a)12 (a)34 + 2 terms ] − [ (a)12 (b)34 + 5 terms ] − g (f)
2
1


9
+ g 2 (a)12 14 ((c)34 + (d)34 ) + 16 (e)34 + 5 terms
g2
g2
g2
[ (b)12 (b)34 + 2 terms ] +
[(g) + 3 terms ] +
[(h) + 2 terms ]
4 
2
2
+ O g3 .

+
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The diagrams (f), (g), (h) are displayed in Figure 2.7 (Section 2.5.2). The notation
(a)12 , for example, means diagram (a), contributing to the two-point function, with
arguments x1 and x2 . Finally, the terms that must be added in order to restore the
permutation symmetry of the four-point function are obtained by exchanging the
external arguments.
Diagrams such as a12 a34 , which are expressed in terms of two-point function
contributions, are not connected and factorize into a product of functions that
depend on disjoint subsets of variables. The origin of this property has already
been indicated in Section 2.3.
Again, as in the case of the two-point function, we have omitted non-connected
diagrams in which one factor has no external arguments. These diagrams are cancelled by the perturbative contributions of the partition function Z in expression
(12.3).
The connected four-point function, in a more explicit notation, reduces to
W (4) (x1 , x2 , x3 , x4 )

= −g dd y ∆(x1 − y)∆(y − x2 )∆(x3 − y)∆(x4 − y)

1 2
+ 2g
dd y1 dd y2 ∆(x1 − y1 )∆(x2 − y1 )∆(x3 − y2 )∆(x4 − y2 )∆2 (y1 − y2 )
+ 2 terms

+ 12 g 2 dd y1 dd y2 ∆(y1 − y1 )∆(y1 − y2 )∆(x1 − y1 )∆(x2 − y2 )∆(x3 − y2 )
× ∆(x4 − y2 ) + 3 terms + O(g 3 ).
The Legendre transformation is simple also for the four-point function in this theory:
here it suﬃces to remove the contributions of the two-point functions on the external
lines, an operation called an amputation, and to change the sign. One ﬁnds (see
Section 6.5)
Γ(4) (x1 , x2 , x3 , x4 ) = gδ (d) (x1 − x2 )δ (d) (x1 − x3 )δ (d) (x1 − x4 ) − 12 g 2 δ (d) (x1 − x2 )
× δ (d) (x3 − x4 )∆2 (x1 − x3 ) + 2 terms + O(g 3 ).
The respective Fourier transforms are then given by
2 (4) (p1 , p2 , p3 , p4 ) = ∆(p
˜ 1 )∆(p
˜ 2 )∆(p
˜ 3 )∆(p
˜ 4)
W
2 
d
d q ˜
g
˜
× −g +
∆(p1 + p2 − q)∆(q)
+ 2 terms
2
(2π)d

dd q ˜
g2 ˜
∆(q) + 3 terms + O(g 3 ),
+ ∆(p
1)
2
(2π)d
and
Γ̃(4) (p1 , p2 , p3 , p4 ) = g −

g2
2



dd q ˜
˜
∆(p1 + p2 − q)∆(q)+
2 terms+ O(g 3 ). (12.19)
(2π)d
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12.4 Loop expansion
The perturbative expansion can be organized in a diﬀerent way, based on a calculation by the steepest descent method of the ﬁeld integral (see Section 2.6). In the
example of the integral (12.2a), the saddle point σc is given by the minimum of the
functional

H(σ, H) = H(σ) − dd x H(x)σ(x),
and thus is solution of the equation
δH(σ, H)
δσ(x)

= 0.
σ=σc

After the change of variables σ → χ,
σ(x) = σc (H; x) + χ(x),
one expands H(σ, H) in powers of χ:
H(σ, H) = H(σc , H) +

1
2!


dd x1 dd x2 χ(x1 )

δ 2 H(σ)
δσ(x1 )δσ(x2 )

χ(x2 ) + O(χ3 ).
σ=σc

One keeps the term quadratic in χ in the exponential and expands the terms of
higher order in χ. This reduces the calculation of each term to a Gaussian expectation value. The two ﬁrst terms of such an expansion have already been given, in
a formalism with discrete variables, in Section 6.4.
12.4.1 Leading order: Tree diagrams
Approximating the ﬁeld integral by its value at the saddle point, one ﬁnds the
leading contribution to the connected functional

(12.20)
W0 (H) = −H(H, σc ) = −H(σc ) + dd x H(x)σc (x) .
One then veriﬁes that the Legendre transform Γ0 of W0 (H) is given by (Section
6.4)
(12.21)
Γ0 (M ) = H(M ).
The direct perturbative expansion is obtained by expanding the solution σc (H) in
powers of H. The diagrams generated in this way are tree diagrams (without loops).
In the example of the Hamiltonian (12.11), the expansion takes the form




δVI (σc )
δσ(y)


δVI
(∆H) + · · · ,
= dd y ∆(x − y)H(y) − dd y ∆(x − y)
δσc (y)

σc (x) =

d y ∆(x − y)H(y) −
d

dd y ∆(x − y)

(12.22)
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where the argument ∆H of VI represents the substitution

σc (x) → ∆H ≡ dd y ∆(x − y)H(y).
If, for example,
g
VI (σ) =
4!


dd x σ 4 (x),

the expansion of σc in powers of H takes the diagrammatic form shown in Figure
12.5.
H
σc (x) = x

H −

g
x
3!

H + ···
H

Fig. 12.5 Expansion of σc in powers of H.

12.4.2 Next order: One-loop diagrams
Keeping only the term quadratic in χ in the expansion of H(σ), one calculates the
Gaussian integral and one ﬁnds
Z(H) ∝ Z0 (H) det

δ2H
δσc (x1 )δσc (x2 )

−1/2

,

(12.23)

where the normalization, which is independent of H, depends on the continuum
limit of a speciﬁc lattice regularization. Setting
W(H) = W0 (H) + W1 (H) + · · · ,

(12.24)

one ﬁnds the next contribution to the connected functional (see expression (2.51))
1
δ2H
W1 (H) = − tr ln
,
2
δσc (x1 )δσc (x2 )

(12.25)

where the identity ln det = tr ln has been used. The functional W1 (H), expanded
in powers of H, generates all one-loop connected diagrams. Figure 12.6 exhibits a
typical contribution to W1 (H).

Fig. 12.6 Example of a connected one-loop contribution.
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Finally, as a consequence of property (6.20), the leading corrections to W and Γ
are opposite. The one-loop contributions to the functional Γ are thus generated by
(see equations (6.31), (10.9))
Γ1 (M ) =

δ2H
1
tr ln
,
2
δM (x1 )δM (x2 )

(12.26)

where M is the local magnetization.
More generally, the successive terms generated by the steepest descent method
correspond to Feynman diagrams with an increasing number of loops. The expansion is also called the loop expansion.
To establish this property, one introduces a parameter  and replaces H(σ, H) by
H(σ, H)/. The steepest descent method generates an expansion in powers of . It
is convenient to deﬁne
W =  ln Z
(12.27)
in such a way that the tree contributions to W and Γ are of order 0 . The introduction of the parameter  has the eﬀect of replacing the propagator ∆ by ∆ (it is the
inverse of the coeﬃcient of σσ) and to divide all vertices by . For a 1-irreducible
diagram, calling I the number of propagators and n the total number of vertices,
one thus ﬁnds a factor I−n+1 , the last factor  coming from the normalization
(12.27) of W. Using relation (12.16), one recognizes the factor L where L is the
number of loops.
M 2 (x2 )

M 2 (x3 )

M 2 (x1 )
M 2 (xn )
Fig. 12.7 Contribution to the 1-irreducible functional at one-loop.

Example. Again, we consider the σ 4 ﬁeld theory (equation (12.17)). The two ﬁrst
terms of the expansion have already been given in Section 10.2. Then, in symbolic
notation,


Γ1 (M ) − Γ1 (0) = 12 tr ln 1 + 12 g∆M 2 ,
where ∆M 2 is the operator associated with the kernel
[∆M 2 ](x, y) = ∆(x − y)M 2 (y).
Expanding in powers of M 2 (see also Section A1.4),
Γ1 (M ) − Γ1 (0) =



(−1)n+1

n=1

gn
tr(∆M 2 )n ,
n 2n+1
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one generates the one-loop, 1-irreducible diagrams of Figure 12.7:


n

dd xi M 2 (xi )∆(xi − xi−1 ) with xn = x0 .

tr(∆M 2 )n =

(12.28)

i=1

Introducing the Fourier representations (12.9b) and

dd p eipx M̃ (p),

M (x) =
one can rewrite the expansion as
tr(∆M 2 )n
⎛
  2n
=
dd pi M̃ (pi ) ⎝
i=1



  2n

⎞
d
d
q
j
˜ j )⎠
ei(xj (p2j +p2j−1 ) eiqj (xj−1 −xj ) ∆(q
dd xj
d
(2π)
j=1
n

d pi M̃ (pi ) δ (d)
d

=



i=1

i


pi

n

˜ j)
∆(q

dd q

(12.29)

j=1

with
q1 = q ,

qj+1 − qj = p2j−1 + p2j ,

qn+1 = q1 .

12.5 Dimensional continuation and regularization
A technique is specially useful in the study both of quantum ﬁeld theory as applied
to the theory of fundamental interactions, and of critical phenomena, the dimensional continuation of Feynman diagrams. It leads to a deﬁnition, but which is
purely perturbative, of a ﬁeld theory in generic, non-integer, dimension d. Dimensional regularization and, thus, minimal subtraction are based on it, but also the
ε-expansion that we have introduced in Chapter 10.
12.5.1 Dimensional continuation
The main idea that allows deﬁning a dimensional continuation of Feynman diagrams
consists in representing the propagator as a Laplace transform of the form

˜
∆(p)
=

∞

2

dt (tΛ2 ) e−t(p

+m2 )

,

(12.30)

0

where Λ is a parameter characterizing the short-distance scale and the function (t)
is positive and satisﬁes the condition
|1 − (t)| < C e−σt (σ > 0) for t → +∞ .
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A simple example is

$

(t) = 0 for t < 1,
(t) = 1 for t ≥ 1.

In the limit Λ → ∞, one recovers the two-point function of the Gaussian ﬁxed point
for m = 0 and, in general, the Gaussian two-point function in the critical domain
corresponding to the Hamiltonian (8.31).
˜
Moreover, one assumes that, for |p| → ∞, the propagator ∆(p)
decays suﬃciently
fast (i.e., faster than any power) to render all Feynman diagrams ﬁnite for all
dimensions for m = 0 and above some lower dimension dmin > 2 for the critical
theory. This implies that the function (t) vanishes faster than any power for
t → 0.
In Feynman diagrams, the loop integrations over free momenta then become
Gaussian integrations. The loop integrals can thus be calculated in any dimension
d. The dependence in the variable d then becomes explicit.
As a consequence of the condition of fast decay of the propagator, one obtains
meromorphic functions of d, analytic for Re d > dmin for critical theories (m = 0)
and entire if the correlation length is ﬁnite (massive theories).
12.5.2 Dimensional regularization
After dimensional continuation, one chooses d complex, Re d < dc such that naively
all initial integrals converge in the power counting sense. Then, the integrals have
limits, for Λ → ∞, which are independent of the function (t) and deﬁne meromorphic functions of the dimension. These functions have simple or multiple poles on
the real axis, corresponding to divergences of diagrams with a propagator of the
form 1/(p2 + m2 ). This construction is called the dimensional regularization.
Dimensional continuation and regularization satisfy the following important formal properties:
"
" d
translation
(i)
d p F (p + q)= dd p F (p)
" d
−d " d
(ii)
d p F (λp)= |λ|
dilatation
d p F (p)
" d
" d
" d d
(iii)
d p d q f (p)g(q)= d p f (p) d q g(q) factorization.
The two ﬁrst conditions imply invariance under aﬃne changes of variables. This
invariance plays an essential role in the preservation of the symmetries in some ﬁeld
theories.
In the example of the σ 4 theory in dimension d, dimensional regularization eliminates, in particular, automatically all contributions generating deviations from the
critical point. It also eliminates all irrelevant contributions. But it introduces divergences in the form of simple or multiple poles when ε = 4 − d → 0, which
replace contributions that diverge logarithmically when Λ → ∞, and that must be
eliminated by a renormalization, a topic discussed in Chapter 13.
A surprising consequence. One sometimes meets the integral

1
dd k k −2α ,
(2π)d
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in particular, in massless theories. The properties of dimensional regularization
(invariance under dilatation) imply


d
−2α
= 0 for α = d/2 ⇒
dd k k −2α ≡ 0 .
d kk
Let us examine the integral with a cut-oﬀ function (t), which renders it initially
convergent:

 ∞
2
1
1
d
Dα (Λ, d) =
dt (tΛ2 )tα−1 e−tk .
d k
(2π)d Γ(α)
0
By replacing (t) by 1 and after integration over t, one recovers the initial integral.
Integrating over k ﬁrst, one ﬁnds
 ∞
1
1
dt (tΛ2 )tα−1−d/2 .
Dα (Λ, d) =
(4π)d/2 Γ(α) 0
The integral now converges for Re d > 2α, the domain in which Dα (Λ, d) is an
analytic function of d. Changing tΛ2 into t, one obtains
 ∞
1
1
d−2α
dt (t)tα−1−d/2 .
Dα (Λ, d) = Λ
(4π)d/2 Γ(α) 0
The singularity of the integral is due to the behaviour for t → ∞. One can separate
the diﬀerent contributions
 ∞
 1


Λd−2α 1
α−1−d/2
Dα (Λ, d) =
dt
(t)t
+
dt (t) − 1 tα−1−d/2
d/2
Γ(α) 0
(4π)
1
+

Λd−2α 1
2
.
d/2
Γ(α) d − 2α
(4π)

(12.31)

The two integrals are entire functions of d and, thus, this representation deﬁnes
the function in the entire complex plane. The only singularity is the simple pole at
d = 2α. Following the procedure outlined above, we choose d complex, Re d < 2α
and take the Λ → ∞ limit: the limit then vanishes.
A simple example illustrates this somewhat strange result, and shows its consistency with dimensional regularization. The integral
1
I=
(2π)d



dd p
p2 (p2 + 1)

can be calculated in two diﬀerent ways. The ﬁrst relies on the decomposition



dd p

1
1
− 2
p2
p +1




=−

dd p
.
+1

p2
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Then,

 ∞

2
1
d
p
dt e−t(p +1)
d
d
(2π)
 ∞0
1
1
=−
dt t−d/2 e−t = −
Γ(1 − d/2).
d/2
(4π)
(4π d/2
0

I=

Alternatively, the ﬁrst calculation of Section 12.5.3 shows how the same result can
be obtained more directly.
Dimensional regularization and critical theories. This property must induce some
caution in the use of dimensional regularization in critical (i.e., massless) theories.
In such models
" (like the non-linear σ model of Chapter 15), one meets an integral
of this type: dd k/k 2 . In dimension 2, this integral is both divergent for k → 0
and k → ∞. In this case, a naive usage of dimensional regularization may have
undesirable consequences.
To understand this point, we ﬁrst deﬁne the integral by dimensional continuation
for d > 2 with a cut-oﬀ function of type (12.30). From expression (12.31), one infers


Λd−2
dd k
.
∝
2
k
d−2

When d → 2, the integral diverges. In models with continuous symmetries, this
divergence due to the singularity at k = 0 has a physical meaning: it forbids the
presence of Goldstone bosons (which are massless ﬁelds) in two dimensions and,
thus, the spontaneous breaking of continuous symmetries (Section 7.7).
By contrast, in a massive theory with mass m, one can ﬁrst deﬁne the theory for
Re d < 2 by dimensional regularization. For d → 2, one ﬁnds


Λ

k2

dd k
π
md−2
md−2 ∼ −Ad
,
= Ad
2
d→2
+m
2 sin(πd/2)
d−2

Ad =

2π d/2
.
Γ(d/2)

Here, the pole at d = 2 is a divergence for k → ∞ and the residue has a sign opposite
to the preceding IR pole. In dimension 2, a naive dimensional regularization yields a
vanishing result that results from a cancellation between a UV divergence (k → ∞)
and an IR divergence (k → 0), something that is physically unreasonable. In a
critical theory, the use of dimensional regularization is sensible only for dimensions
where no IR (i.e., zero momentum) divergences appear.
12.5.3 Examples
Two-point function at one-loop. The only one-loop diagram that contributes to the
two-point vertex function in the σ 4 ﬁeld theory is the diagram (b) of Figure 2.5
(Section 2.5.1):

1
dd k
(b) ≡ Ωd (m) =
.
(12.32)
d
2
(2π)
k + m2
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From this diagram, we subtract its value at m = 0 to ensure that the theory
remains critical for m = 0. Moreover, we modify the propagator at short distance
as indicated in (12.30):
 ∞


1
2
−tk2
−tm2
e
e
dt
(tΛ
)
−1
.
(12.33)
Ωd (m) − Ωd (0) =
(2π)d 0
The integration over k yields the dimensional continuation
 ∞


1
2 −d/2
−tm2
e
Ωd (m) − Ωd (0) =
dt
(tΛ
)t
−1
.
(4π)d/2 0
The integral converges for Re d > 2 where it deﬁnes an analytic function. We want
to investigate the behaviour in the limit m → 0, which is also the behaviour Λ → ∞,
for d = 4 − ε, ε positive and inﬁnitesimal. For d < 4 ﬁxed, the limit Λ → ∞ exists
and one can thus replace  by 1. The leading correction is of order Λ−ε , which
cannot be neglected in the limit ε → 0. One thus needs the ﬁrst two terms of the
expansion:
 ∞


1
−d/2
−tm2
e
dt
t
−1
Ωd (m) − Ωd (0) =
(4π)d/2 0
 ∞


 −d/2  −tm2
1
2
e
dt
(tΛ
)
−
1
t
−1
.
+
(4π)d/2 0
The ﬁrst integral converges for 2 < Re d < 4 and, after an integration by parts,
yields a Γ-function. The second integral is a function of m2 analytic at m = 0.
Only the ﬁrst term of the expansion is needed and, thus,
Ωd (m) − Ωd (0) =
with

Γ(1 − d/2) d−2
m
+ a(d)m2 Λd−4 + O(m4 Λd−6 )
(4π)d/2

1
a(d) =
(4π)d/2



∞



dt 1 − (t) t1−d/2 .

(12.34)

(12.35)

0

The leading term for m → 0 does not depend on the function  and thus of the
short-distance structure. The function a(d) depends on the function  explicitly,
but for ε = 4 − d → 0 has a pole whose residue is independent of  and which
cancels the pole of the coeﬃcient of md−2 :
1
.
d→4 8π 2 ε

a(d) ∼
In an expansion for ε → 0, one ﬁnds
Ωd (m) − Ωd (0)


Nd m2  −ε
Λ − m−ε + const.
m→0,d→4
ε
Nd m2 ln(m/Λ) + O(ε) + O(m4 ),
∼
∼

m→0,d→4
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where
Nd =

2
(4π)d/2 Γ(d/2)

=

1
+ O(ε),
8π 2

is a loop factor, an entire function of d, which one generally does not expand. Indeed,
the ratio Nd /N4 can be absorbed into a redeﬁnition of the expansion parameter.
The factor ln(Λ/m) is directly related to the factor ln λ of equation (10.27).
Finally, within dimensional regularization the expression reduces to
Ωd (m) = Ωd (m) − Ωd (0) =

Γ(1 − d/2) d−2
m .
(4π)d/2

(12.36)

Since the Γ-function is meromorphic, the expression is a meromorphic function of
d with a simple pole at d = 2 corresponding to the subtraction of the term with
a critical propagator, and poles at d = 4, 6, . . . that are direct consequences of the
large-momentum (ultraviolet, UV), or short-distance divergence of the Feynman
diagram in the limit Λ → ∞.
In the expansion in ε, the term m2 ln m is not aﬀected, but a term singular in
2
m /ε appears, which must be cancelled by renormalization.
Four-point function at one loop. We now consider the one-loop diagram contributing
to the vertex four-point function in the σ 4 theory (diagram (g) of Figure 2.7, Section
2.5.2). In dimensional regularization, one ﬁnds

1
dd q
Bd (p) =
(2π)d
(q 2 + m2 )[(p − q)2 + m2 ]
 ∞




1
d
=
q
dt1 dt2 exp −t1 (q 2 + m2 ) − t2 (p − q)2 + m2
d
d
(2π)
 ∞ 0


1
dt1 dt2
=
exp −p2 t1 t2 /(t1 + t2 ) − m2 (t1 + t2 ) .
d/2
d/2
(4π)
(t1 + t2 )
0
The dependence on d is now explicit and the integrand is deﬁned for all d. The
integral over the remaining variables, by contrast, converges only for Re d < 4 in
the absence of a cut-oﬀ.
After the change of variables t1 , t2 → t, s:
t2 = (1 − t)s ,

t1 = ts ,
the expression becomes
1
Bd (p) =
(4π)d/2





1

∞

dt
0

ds s1−d/2 e−st(1−t)p

2

−sm2

.

0

The integral over s yields
Bd (p) =

1
Γ(2 − d/2)
(4π)d/2


0

1

(d/2)−2

dt p2 t(1 − t) + m2
.
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For m = 0, the last integration over t can be carried out for Re d > 2 and leads to
the explicit result
Bd (p) =

1
Γ2 (d/2 − 1)  2 (d/2)−2
p
Γ(2
−
d/2)
.
Γ(d − 2)
(4π)d/2

(12.37)

Again, the expression is a meromorphic function of d with a pole at d = 2 corresponding to zero-momentum or large-distance singularities because we have specialized the calculation to the critical theory m = 0, and poles at d = 4, 6, . . . that are
direct consequences of the large-momentum behaviour of the Feynman diagram.
The expansion in ε leads to

Bd (p) ∼ Nd


1
− ln p + O(ε).
ε

Again, the simple dimensional continuation with a modiﬁed propagator leads to a
cancellation of the pole in ε and a substitution by ln Λ, up to an additive numerical
constant that depends on .
The result obtained here allows recovering the result (10.17).
Two-point function at two loops: Dimensional regularization. To determine the
leading correction to the ﬁeld dimension σ, one needs the diagram (e) of Figure 2.6
(Section 2.5.1), contributing to the two-point function Γ̃(2) (p), in the critical theory:
(e) =

1
(2π)2d



dd q1 dd q2
.
− q1 − q2 )2

q12 q22 (p

The Feynman diagram can be calculated more easily using the initial space variables.
In dimension d, as a function of the space variables, the propagator is given by
expression (8.40):
2d−2
∆(x) =
Γ(d/2 − 1)|x|2−d .
(4π)d/2
Moreover,


(e) =

eipx ∆3 (x)dd x .

This reduces the calculation to an integral of the general form

dd x

Φ(p) =

eipx
|x|α

with here α = 3d − 6. One uses the representation
1
1
=
|x|α
Γ(α/2)


0

∞

2

dt tα/2−1 e−tx .
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After, successively, an integration over x and the change of variables s = p2 /4t,
which reduces the integral to a representation of the Γ-function, one ﬁnds
Φ(p) =

π d/2
Γ(α/2)


0

∞

2

dt tα/2−1−d/2 e−p

/4t

=

  p α−d
π d/2 
Γ (d − α)/2
.
Γ(α/2)
2

The ﬁnal result is
(e) = −Nd2



1
3Γ(d/2 − 1)Γ(2 − d) 2d−6
1
|p|
= Nd2 p2 − + ln p + O(ε). (12.38)
2Γ(3d/2 − 2)
8ε 4

The diagram is a meromorphic function of d, with a double pole at d = 2, corresponding to large-distance singularities, and with simple poles at d = 3, 4, . . .
corresponding to short-distance singularities.
Cut-oﬀ. In the presence of a cut-oﬀ function , 1/ε is replaced by ln Λ plus a
non-universal constant.

Exercises
Exercise 12.1
Recover the result (12.37) by using the method explained in the case of the diagram
(e).

13 The σ 4 ﬁeld theory near dimension 4

In Chapter 10, we have shown
how perturbative calculations based on a local sta"
tistical ﬁeld theory of the dd x σ 4 (x) type, combined with the assumption of the
existence of a renormalization group (RG) of the form postulated in Section 9.7,
allow determining some universal properties of critical statistical models, at least
in the vicinity of dimension 4. Using the idea of the expansion in ε = 4 − d, where
d is the dimension of space, introduced by Wilson and Fisher, we have exhibited
a non-Gaussian ﬁxed point and calculated the corresponding critical exponents to
ﬁrst order in the deviation ε > 0 from dimension 4.
In this chapter, we explain how the asymptotic renormalization group equations
(RGE), introduced without too much justiﬁcation in Section 10.6, can be proved
within the framework of statistical (or
" quantum) ﬁeld theory, to all orders in a
double expansion in the coeﬃcient of dd x σ 4 (x) and ε = 4 − d. The proof is based
on the methods of perturbative statistical ﬁeld theory introduced in Chapter 12,
and a few assumptions that it is thus possible to clarify.
RGE, which are satisﬁed by correlation functions of statistical ﬁeld theory, are
a particular form of the general RGE (9.38) introduced in Section 9.1, within an
asymptotic limit in which the Hamiltonian can be described by a small number of
parameters. They appear as a consequence of the renormalizability of certain local
ﬁeld theories.
The renormalizability of a ﬁeld theory expresses, in a slightly formal way, its
relative insensitivity to the short-distance structure in the vicinity of the Gaussian
ﬁxed point and is, therefore, rather directly related to the universality of critical
phenomena. It is related to the nature of the divergences of Feynman diagrams
calculated with the critical propagator. Dimension 4 ﬁnds a simple interpretation
within this framework. Indeed, for d < 4, the Gaussian ﬁxed point is stable from
the viewpoint of large-momentum (ultraviolet) behaviour. This phenomenon ceases
at d = 4, the dimension where, by deﬁnition, the ﬁeld theory σ 4 is renormalizable.
When an IR stable ﬁxed point exists, the RGE of ﬁeld theory allow proving
universal properties of critical phenomena, determining the large-distance behaviour
of connected correlation functions or the singularities of thermodynamic functions.
In Chapter 10, postulating the existence of a RG, we have determined the nontrivial RG ﬁxed point at ﬁrst order in ε.
The solution of these RGE conﬁrms these results and enables generalizing them to
all orders in the ε-expansion, and then leads to the calculation of universal quantities
in the form of an ε-expansion.
In this chapter, we restrict the discussion to theories with an Ising type symmetry and the ﬁeld σ has only one component. Generalization to models with
N -component ﬁelds and O(N ) symmetry is simple.
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Remarks.
(i) The limitation of the methods used to derive universality properties resides
in their perturbative character: they are applicable only to situations where a ﬁxed
point is, in a sense that will become gradually clearer, close to the Gaussian ﬁxed
point.
(ii) The physics that one tries to describe corresponds to integer values of ε, ε =
1, 2. Although one can show the validity of the RG results only within the framework
of the ε-expansion, one thus assumes their validity beyond the inﬁnitesimal vicinity
of dimension 4. One is then confronted with another diﬃculty: the ε-expansion
is divergent for any value of ε. It is necessary to introduce suitable summation
methods to extract from it precise estimates of universal quantities. Alternatively,
it is also possible to sum the perturbative expansion at ﬁxed dimension.
A comparison between the results obtained after summation and experimental
or numerical data for a broad class of statistical models (see Section 10.7) then
provides a crucial test for the theory.
13.1 Eﬀective Hamiltonian. Renormalization
We thus continue the study of the statistical ﬁeld theory (SFT) whose Hamiltonian
takes the form (10.1) of Section 10.1 and, more generally, the form (10.25) of Section
10.4. This SFT is local, that is, the Hamiltonian depends only on the ﬁeld and its
derivatives, as a consequence of the assumption of short-range interactions.
We ﬁrst describe the properties of renormalizability of such a theory, which are
at the basis of the perturbative derivation of the RGE.
13.1.1 Eﬀective Hamiltonian
The eﬀective Hamiltonian has the general structure (12.11),
H(σ) = HG (σ) + VI (σ),

(13.1)

but with the more speciﬁc forms
1
HG (σ) =
2

&



1
VI (σ) = g
4!

dd x

d



∂µ σ(x) 1 +

µ=1


d




uk+1 (−∇2x )k

'
∂µ σ(x) + u0 σ 2 (x) ,

k=1

4

d x σ (x).

It is the sum of the Hamiltonian of the Gaussian ﬁxed point, of two relevant, even
perturbations to the Gaussian model and of terms quadratic in the ﬁeld with a
suﬃcient number of derivatives, in order to regularize all large-momentum (or shortdistance) divergences (called the Landau–Ginzburg–Wilson Hamiltonian). These
divergences are not present in lattice models because momenta are bounded by the
Brillouin zone. The parameter u0 is here the sum of the contribution rc (g) that
ensures that the Hamiltonian remains critical, and a relevant inﬁnitesimal deviation
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t ∝ T − Tc from the critical theory. Based on the analysis of the preceding chapters,
we assume that all parameters uk and g are regular functions of the temperature
for T close to Tc .
At leading order, such a Hamiltonian reproduces all the results of the quasiGaussian or mean-ﬁeld approximations. Beyond, it leads to a double, perturbative
and dimensional expansion of thermodynamic quantities. In particular, correlation
functions have a ﬁnite expansion to all orders in ε = 4 − d and g except at Tc at
zero momentum.
One also calls such a ﬁeld theory an eﬀective ﬁeld theory to emphasize that it is
not a microscopic model, but only a model that reproduces correctly the asymptotic behaviour at large distance (this denomination has nowadays become almost
a pleonasm in the sense that almost all quantum or statistical ﬁeld theories that
are encountered in physics have such an interpretation).
13.1.2 Gaussian renormalization
In Hamiltonian (13.1), it is convenient to rescale distances,
x = Λx ,

(13.2)

where Λ is a parameter that has a momentum dimension. Through this change, we
want to take as a reference scale the macroscopic scale relevant for large-distance
physics, rather than the initial microscopic scale. The latter is now characterized
by the parameter 1/Λ (related, for example, to the lattice spacing of an initial
statistical model). Instead of studying the large-distance limit, one then studies the
limit Λ → ∞.
We have seen that the dimension of σ(x) in the Gaussian model is (d − 2)/2. We
thus change the ﬁeld normalization correspondingly (the Gaussian renormalization):
σ(x) → σ  (x) = Λ(d−2)/2 σ(Λx) ⇒

∂σ(Λx)
∂σ  (x)
= Λd/2
,
∂xµ
∂xµ

(13.3)

in such a way that the Hamiltonian of the Gaussian ﬁxed point remains unchanged.
One recognizes the RG transformations (9.46) that lead to the Gaussian ﬁxed point.
In these new variables, the Hamiltonian then reads (now omitting primes)

1
(13.4)
H(σ) = HG (σ) + gΛ4−d dd x σ 4 (x),
4!



1
1
2
dd x
HG (σ) =
(∂µ σ(x)) + Λ2 u0 dd x σ 2 (x)
2
2
µ



1
dd x
uk+1 Λ−2k
∂µ σ(x)(−∇2 )k ∂µ σ(x) .
(13.5)
+
2
µ
k=1

In the context of quantum ﬁeld theory, the parameter Λ, which reﬂects the initial
microscopic structure, is called the cut-oﬀ.
Actually, this operation corresponds to the ﬁrst step in the construction of Section 9.7.1, where a ﬁrst dilatation suppresses (at leading order) the terms that are
irrelevant from the viewpoint of the ﬁxed Gaussian point, since, for g
1, the RG
ﬂow is ﬁrst dominated by the local ﬂow near the Gaussian ﬁxed point.
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13.1.3 Dimensional analysis and critical dimension
After the introduction of the Λ parameter, all quantities get a dimension in units
of Λ. Momenta have dimension 1, space coordinates dimension −1, the ﬁeld σ
has dimension 12 (d − 2), which is equal to its dimension from the viewpoint of the
Gaussian ﬁxed point. More generally, all monomials in the Hamiltonian have as
dimensions the eigenvalues of the corresponding eigenvectors of the RG ﬂow in the
linear approximation near the Gaussian ﬁxed point.
It is easy to verify that this property generalizes to interactions with higher powers
of σ and more derivatives, which we have omitted, since the transformations (13.2),
(13.3) are analogous to the transformations (9.46). With the introduction of the Λ
parameter, we have reduced the calculation of the dimension of the ﬁeld and the
analysis of the perturbations at the Gaussian ﬁxed point to dimensional analysis.
In particular, the Gaussian ﬁxed point is stable and the quasi-Gaussian model is
valid if the coeﬃcients of all terms in the Hamiltonian, but for the ﬁrst two in
expression (13.5), go to zero for Λ → ∞. For the quadratic terms with more than
two derivatives, this condition is always satisﬁed.
Moreover, we set
Λ2 u0 = Λ2 u0c (g) + t ,
where u0c (g) corresponds to the value of u0 for which the theory is critical (T = Tc ),
that is, at which the correlation length diverges or the mass vanishes:
u0 = u0c (g) ⇔ Γ̃(2) (p = 0) = 0 .
The parametrization
u0 − u0c → t/Λ2 ,
corresponds to a renormalization of the deviation to the critical temperature adapted
to the vicinity of the Gaussian ﬁxed point. Indeed, the σ 2 term is relevant and has
Gaussian dimension 2 and this renormalization thus cancels the scaling factor generated by the RG in the linear approximation.
After this change, correlation functions have a ﬁnite limit when Λ → ∞ at {pi , t}
ﬁxed if the Gaussian ﬁxed point is stable. This property generalizes to correlation
functions at ﬁxed magnetization. For d > 4, one can verify this property with a
perturbative calculation. As an example, we calculate the diagram (b) of Figure 2.5
(Section 2.5.1) to which its value at t = 0 has been subtracted (equation (12.33)).
For d > 4, the leading contribution is now linear in t (see also equation (12.34)):
 ∞


√
tΛd−4
1−d/2
d/2−1
.
ds
(s)s
+
O
t
Ωd ( t) − Ωd (0) = −
(4π)d/2 0
This contribution is multiplied by 12 gΛ4−d and thus (equation (12.18))
Γ̃(2) (p) = p2 + t − gt
Λ→∞

1
2(4π)d/2


0

∞

ds (s)s1−d/2 + O(g 2 ).
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Similarly, one veriﬁes that the contribution of order g 2 to the four-point function
has a ﬁnite limit. For d > 4, the eﬀect of the quartic interaction is to modify
(renormalize) the parameters of the quasi-Gaussian approximation and to generate
corrections due to the irrelevant operators encountered in the local RG analysis.
For d < 4, by contrast, one does not expect a ﬁnite limit since the dimensions of
the √
ﬁeld as well as u0 − u0c change. This is what one veriﬁes here since, for example,
Ωd ( t) − Ωd (0) has a ﬁnite limit when Λ → ∞, but the diagram is multiplied by
gΛ4−d , which diverges.
In four dimensions (the critical dimension) in an expansion in powers of g and,
more generally, in dimension d < 4, in a double expansion in powers of g and
ε = 4 − d, these divergences take the form of powers of ln Λ, the degree increasing
with the order in g and in ε.
Vertex functions. We also need the dimensions of the Fourier components of vertex
functions. The calculation follows from a few remarks. The dimension [σ̃] of the
Fourier components σ̃ of the ﬁeld can be inferred from the relation

σ(x) = dd p eipx σ̃(p) ⇒ [σ̃] = −(d + 2)/2 .
The vertex functions Γ̃(n) are obtained by expanding the thermodynamic potential
in powers of the local magnetization M (x) = σ(x) or rather its Fourier transform
M̃ (p):


 1 

d
d
(d)
Γ(M ) =
pi M̃ (p1 ) . . . M̃ (pn )Γ̃(n) (p1 , . . . , pn ).
d p1 . . . d pn δ
n!
n
i
One infers the dimension
[Γ̃(n) ] = −nd + n(d + 2)/2 + d = d − n(d − 2)/2 .

(13.6)

Comparing this result with equation (9.14) for Z(λ) = λ2−d , the Gaussian form,
one again veriﬁes that this dimensional analysis generates the dilatation factors of
the RG transformations adapted to the Gaussian ﬁxed point.
13.1.4 Renormalization theorem
First, we state explicitly the renormalization theorem for the critical theory t = 0.
It applies, in the sense of formal series, to the double series expansion in powers of
the coeﬃcient g of the quartic term (the interaction) and of ε = 4 − d.
To formulate the renormalization theorem, one introduces a momentum µ, called
the renormalization scale, and a parameter gr characterizing the eﬀective interaction
at scale µ, called the renormalized interaction. One can then ﬁnd two functions
Z(Λ/µ, gr ) and Zg (Λ/µ, gr ), which satisfy
Λ4−d g = µ4−d Zg (Λ/µ, gr )gr = µ4−d gr + O(gr2 ),
Z(Λ/µ, gr ) = 1 + O(gr ),

(13.7)
(13.8)
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calculable order by order in a double series expansion in powers of gr and ε, such
that all vertex functions
n/2
(gr , Λ/µ)Γ̃(n) (pi ; g, Λ),
Γ̃(n)
r (pi ; gr , µ, Λ) = Z

(13.9)

(n)

called renormalized, have, order by order, ﬁnite limits Γ̃r (pi ; gr , µ) when Λ → ∞
at pi , µ, gr ﬁxed.
Remarks.
(i) There is some arbitrariness in the choice of the renormalization constants Z
and Zg since they can be multiplied by arbitrary ﬁnite functions of gr . The constants
can be completely determined by renormalization conditions, for example,
d (2)
Γ̃ (p = µ, µ, gr ) = 1 ,
dp2 r
4−d
Γ̃(4)
gr ,
r (pi = µθi , µ, gr ) = µ

where the θi are four vectors with vanishing sum and such that
θi · θj = 43 δij −

1
3

.

Then, one proves, order by order in an expansion in powers of g and ε, that the
(n)
functions Γ̃r are unique, in the sense that they are independent of the special choice
of the coeﬃcients of the quadratic terms irrelevant with respect to the Gaussian ﬁxed
point in HG (σ). This result can be generalized: one can prove, in the sense of formal
series, that the contributions of all irrelevant perturbations, from the viewpoint of
the Gaussian ﬁxed point, go to zero.
(ii) In the language of quantum ﬁeld theory, the parameters or correlation functions of the initial theory are called bare parameters or bare correlation functions.
(iii) Physically, the momentum µ is the inverse of the macroscopic distance scale
and the parameter gr plays the role of g(Λ/µ), where Λ/µ is the dilatation parameter
(for more details, see Section 13.4).
(iv) Beyond the perturbative expansion, the interpretation of renormalized correlation functions is subtle. In formal renormalization theory, the parameters of the
renormalized theory are ﬁxed, and the initial parameters, which are the coeﬃcients
of all operators relevant or marginal with respect to the Gaussian ﬁxed point, are
adjustable parameters and thus vary when the scale factor Λ/µ varies. This corresponds to applying, in the vicinity of the Gaussian ﬁxed point and for d = 4 − ε,
a generalization of the strategy that has already been used for the coeﬃcient of σ 2
and which has allowed deriving universal properties in the critical domain.
In this sense, the existence of renormalized functions implies universal properties
in the largest possible critical domain near the Gaussian ﬁxed point.
However, the existence of such an extended critical domain beyond the perturbative expansion has to be investigated. The study of the RGE will provide some
information about this question.
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Finally, of course, the renormalization theorem has implications for the large-distance behaviour of statistical models only if the property of renormalizability
remains true at ﬁxed dimension.
Super-renormalizable ﬁeld theories. At ﬁxed dimension d < 4, the perturbative
expansion has no meaning for Λ → ∞, as indicated by the factor Λ4−d multiplying
the relevant σ 4 interaction. Actually, it can easily be shown that, even at Λ ﬁxed, in
the case of the critical or massless theory, the perturbative expansion does not exist
due to IR (zero momentum) divergences. For example, for d = 3, the contribution
of order g 4 to the two-point function diverges. In the framework of dimensional
continuation, for any ε = 4 − d > 0, one can ﬁnd an order k = O(1/ε) in the
expansion in powers of g such that some diagrams diverge.
By contrast, for t > 0 and g0 = gΛ4−d /t2−d/2 ∼ gΛ4−d ξ 4−d ﬁxed (ξ is the correlation length), correlation functions have a limit for Λ → ∞. This condition implies
decreasing g as a function of the dilatation parameter with a power appropriate to
the Gaussian ﬁxed point in order to cancel the dilatation factor, as we have done
systematically for the deviation to the critical theory due to the σ 2 operator. One
then obtains a ﬁnite perturbative expansion, and the corresponding SFT is called
super-renormalizable.
The interesting theory, from the viewpoint of statistical physics, then corresponds,
in general, to the limit g0 → ∞. However, there exists exceptional situations where
such a SFT has a physics application, for example, in the problem of cold and
very diluted quantum gases, where the parameter g is naturally very small and
simultaneously the coeﬃcients of all interaction terms of higher degree in the ﬁeld
are even more negligible.
Renormalization and dimensional regularization. In the framework of dimensional
regularization, the ﬁeld renormalization as well as the relations between initial
(bare) and renormalized parameters have a ﬁnite limit for Λ → ∞. The corresponding renormalization constants become meromorphic functions of the dimension, singular at the dimensions corresponding to logarithmic divergences in Λ (Section 12.5.2).
13.2 Renormalization group equations
In the framework of the ε-expansion, that is, in a double series expansion in powers
of the parameter g and of ε, the critical behaviour diﬀers from the quasi-Gaussian
behaviour only by powers of logarithms. These logarithms are organized by the
RGE.
13.2.1 RGE for the critical theory
From equation (13.9) and the existence of a limit Λ → ∞, there follows a new
equation obtained by diﬀerentiation of the equation with respect to Λ at µ, gr ﬁxed:
Λ

∂
∂Λ

Z n/2 (g, Λ/µ)Γ̃(n) (pi ; g, Λ) = o(Λ−2+υ ),
gr ,µ ﬁxed

υ > 0,

(13.10)
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where the renormalization factor Z has been expressed in terms of g instead of gr .
In agreement with the perturbative philosophy, one ﬁrst neglects all contributions
that, order by order, decay as powers of Λ. Thus, we deﬁne asymptotic functions
(n)
Γ̃as. (pi ; g, Λ) and Zas. (g, Λ/µ) as sums of the perturbative contributions to the functions Γ̃(n) (pi ; g, Λ) and Z(g, Λ/µ), respectively, that do not go to zero when Λ → ∞.
One can show that such correlation functions can also be obtained by adding to the
Hamiltonian all possible irrelevant terms and adjusting order by order their amplitudes as functions of g in order to eliminate systematically the contributions that
go to zero. This corresponds to the strategy suggested at the end of Section 9.7,
which leads to the unique equation (9.62).
The asymptotic functions then satisfy equation (13.10) with a right-hand side
that vanishes exactly. Using the chain rule, one derives from equation (13.10)
Λ

∂
n
∂
+ β(g, Λ/µ)
− η(g, Λ/µ) Γ̃(n)
as. (pi ; g, Λ) = 0 ,
∂Λ
∂g
2

(13.11)

where the functions β and η are deﬁned by
β(g, Λ/µ) = Λ

∂
∂Λ

η(g, Λ/µ) = −Λ

g,

(13.12a)

gr ,µ

∂
∂Λ

ln Zas. (g, Λ/µ).

(13.12b)

gr ,µ

Since the two functions are dimensionless, they can depend on g, Λ, µ only through
the dimensionless combinations g and Λ/µ. Moreover, the functions β and η can be
calculated directly, by using equation (13.11), in terms of the initial vertex functions,
which do not depend on µ. Thus, the functions β and η cannot depend on the Λ/µ.
Equation (13.11) then takes the simpler form (Zinn-Justin 1973)


∂
n
∂
+ β(g)
− η(g) Γ̃(n)
(13.13)
Λ
as. (pi ; g, Λ) = 0 .
∂Λ
∂g
2
Formulated within the formalism with cut-oﬀ Λ, the fundamental idea of the RG
becomes: it is possible to modify the parameter Λ and in a correlated way the
normalization of the ﬁeld σ and the coeﬃcients of all interactions in a way that
leaves all correlation functions invariant.
Equation (13.13) is satisﬁed by the functions Γ̃(n) asymptotically in the limit
Λ. It is possible to verify to all orders in the expansion in g and ε that the
|pi |
neglected terms are of the form (ln Λ)L /Λ2 , where the degree L increases with the
order.
(n)
Notation. In what follows, the vertex functions are implicitly the functions Γ̃as.
without corrections, which satisfy the RGE exactly and we omit the subscript ’as.’.
Remark. Equation (13.13) is equivalent to equation (10.40), which we have postulated in Chapter 10. Indeed, the dimensional relation (13.6) implies

∂
∂
n
+
Λ
pi
= d − (d − 2)
∂Λ
∂p
2
i
i
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∂
n
∂
pi
+ β(g)
− [d − 2 + η(g)] Γ̃(n) (pi ; g, Λ) = 0 .
∂pi
∂g
2

After Fourier and Legendre transformations, one recovers equation (10.40).
13.2.2 Perturbative solution of the RGE
To illustrate the preceding discussion, it is instructive to solve perturbatively RGE
(13.13) for the two-point vertex function Γ̃(2) (p), at d = 4 for simplicity. It is
convenient to introduce the function
 g
η(g  )
dg 
ζ(g) = exp
.
β(g  )
0
As we show later, the functions η and β are of order g 2 and thus this function can
be expanded in powers of g.
We then set
Γ̃(2) (p) = p2 ζ(g)G (2) (g, p/Λ).
The function G (2) satisﬁes the equation


∂
∂
+ β(g)
Λ
G (2) (g, p/Λ) = 0 ,
∂Λ
∂g

(13.14)

which expresses that it is an RG invariant. We expand G (2) and β(g) in powers of
g, setting
∞
∞


G (2) (g, p/Λ) = 1 +
g n γn (p/Λ), β(g) =
βn g n .
(13.15)
1

2

Introducing these expansions into equation (13.14), one ﬁnds for n ≥ 2,
−zγn (z) +

n−1


mβn−m+1 γm (z) = 0 .

(13.16)

m=1

The equation n = 1 is special:
−zγ1 (z) = 0

⇒

γ1 (z) = C1 .

Let us examine the case n = 2:
−zγ2 (z) + C1 β2 = 0 ⇒ γ2 (z) = C1 β2 ln z + C2 .
This example exhibits the general structure. γn (z) is a polynomial of degree (n − 1)
in ln z,
γn (z) = Pn−1 (ln z),
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which satisﬁes the recursion relation

Pn−1
(x)

=

n−1


mPm−1 (x)βn−m+1 .

(13.17)

m=1

Let us emphasize, in particular, that the new information speciﬁc to order n reduces
to two constants, βn that is the coeﬃcient of ln z, and Cn that is an integration
constant (to which one must add a coeﬃcient of η(g), which is hidden in the function
ζ(g)). Moreover, the term of highest degree of Pn is determined by a one-loop
calculation, the following term by a two-loop calculation, and so on. Finally, Γ̃(2) (p)
is entirely determined by the functions β(g) and η(g) and, for example, Γ̃(2) (1, g)/Λ2 ,
which is a third function of g.
From this analysis, one infers that Γ̃(2) (p) has a limit for p = 0:
Γ̃(2) (p = 0) = 0 ,

(13.18)

but not its derivative ∂ Γ̃(2) /∂p2 , which diverges at p = 0. More generally, all other
vertex functions diverge at zero momentum.
Renormalized correlation functions and RG. The renormalized correlation functions (13.9) and the initial physical functions are by construction proportional and,
therefore, have the same behaviour for |pi | → 0. One can thus study asymptotic behaviour by using the renormalized functions. Moreover, the calculation of
renormalized functions, within the framework of dimensional regularization and the
renormalization by minimal subtraction of poles in 1/ε, is easier. Renormalized
functions also satisfy RGE derived from equation (13.9) (in which the asymptotic
correlation functions of the initial theory and the renormalized functions play a
symmetric role) by diﬀerentiating with respect to µ at Λ and g ﬁxed. One ﬁnds


∂
1
∂
+ βr (gr )
− nηr (gr ) Γ̃(n) (pi ; gr , µ) = 0 .
µ
∂µ
∂gr
2

(13.19)

Once the limit Λ → ∞ is taken, this equation becomes exact. Its study is very
similar to that of equation (13.13), which we present below.
But studying only renormalized functions does not allow determining the behaviour of the parameters of the renormalized theory as functions of the initial
parameters, or the nature of all corrections to the asymptotic behaviour.
13.3 Solution of RGE: The ε-expansion
The solution of equation (13.13), combined with one-loop perturbative calculations,
allows proving the universality of the large-distance asymptotic behaviour of correlation functions and to determine this behaviour to ﬁrst order in ε.
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13.3.1 General solution
Equation (13.13) can be solved, for example, by the method of characteristics. One
introduces a dilatation parameter λ and one looks for two functions g(λ) and Z(λ)
such that


d  −n/2
λ
Z
(λ)Γ̃(n) pi ; g(λ), Λ/λ = 0 .
(13.20)
dλ
By diﬀerentiating explicitly with respect to λ, one ﬁnds that equation (13.20) is
consistent with equation (13.13) if


d
g(λ) = −β g(λ) ,
dλ


d
ln Z(λ) = −η g(λ) ,
λ
dλ
λ

g(1) = g ;

(13.21a)

Z(1) = 1 .

(13.21b)

Equations (13.20) and (13.21) then imply


Γ̃(n) (pi ; g, Λ) = Z −n/2 (λ)Γ̃(n) pi ; g(λ), Λ/λ .

(13.22)

Remark. This equation becomes quite similar to equation (13.9) if one chooses
λ = Λ/µ and if one identiﬁes gr with g(Λ/µ), that is, the eﬀective interaction at
scale µ, and Z(Λ/µ) with the renormalization of the ﬁeld. One may then wonder
why it was necessary to introduce the partial diﬀerential equations. The main reason
is the following: it allows showing that the coeﬃcients of the RGE do not depend
on the ratio µ/Λ, in contrast with the renormalization constants. This implies
properties of renormalization constants that are contained in equation (13.9) only
implicitly. This also proves that the ﬂow equations (13.21) are independent of λ, a
property that we have postulated for the general RGE (9.23), (9.24).
Other forms. First, it is convenient to multiply Λ by a factor λ in equation (13.22):


Γ̃(n) (pi ; g, Λλ) = Z −n/2 (λ)Γ̃(n) pi ; g(λ), Λ .

(13.23)

The dimensional considerations of Section 13.1.3, in particular the relation (13.6),
imply
(13.24)
Γ̃(n) (pi ; g, Λλ) = λd−(n/2)(d−2) Γ̃(n) (pi /λ; g, Λ).
Then, equation (13.23) can be rewritten as


Γ̃(n) (pi /λ; g, Λ) = λ−d+(n/2)(d−2) Z −n/2 (λ)Γ̃(n) pi ; g(λ), Λ ,

(13.25)

which is identical to equation (9.14) after the substitution Z → Zλ2−d .
Equations (13.21) and (13.25) realize asymptotically (because terms sub-leading
by powers of Λ have been neglected) the general ideas of the RG. The parameter
g(λ) characterizes the eﬀective Hamiltonian Hλ at scale λ and, therefore, equation
(13.21a) governs the ﬂow of Hamiltonians. However, the function Z(λ) deﬁned
in (13.21b) diﬀers from the function (9.24) by a factor λd−2 . This corresponds to
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the initial renormalization of the ﬁeld σ performed in Section 13.1.2, which has
the form of the ﬁeld RG transformation adapted to the Gaussian ﬁxed point. The
function deﬁned here corresponds to the ratio between the general renormalization
(9.24) and the Gaussian renormalization. This factorization is well adapted to a
situation where one operator is marginal or weakly relevant (from the viewpoint of
the Gaussian ﬁxed point), as one assumes in the framework of the ε-expansion.
Discussion. Integrating equations (13.21), one ﬁnds



g(λ)

g
λ

1

dg 
= − ln λ ,
β(g  )


ds 
η g(s) = − ln Z(λ).
s

(13.26a)
(13.26b)

Equation (13.13) is the RGE in diﬀerential form. Equations (13.25) and (13.26) are
the integrated RGE. In what follows, we assume explicitly that the RG functions,
β(g) and η(g), are regular functions of g, for g > 0.
In equation (13.23), one notes that it is equivalent to increase Λ or λ. To study the
limit Λ → ∞, one must thus determine the behaviour of the amplitude g(λ) of the
eﬀective interaction for λ → ∞. Equation (13.26a) shows that g(λ) increases if the
β-function is negative, or decreases in the opposite case. Fixed points correspond
to zeros g ∗ of the β-function which, therefore, play an essential role in the study
of the critical behaviour. Those for which the function β has a negative slope are
repulsive ﬁxed points in the IR: g(λ) moves away from such zeros, except if initially
g(1) = g ∗ . On the contrary, those for which the slope is positive are attractive ﬁxed
points from the viewpoint of the large-distance behaviour.
13.3.2 Calculations to one-loop order: Fixed-point and scaling properties
β- and η-functions. The RG functions β and η can be calculated perturbatively
by expressing that the two- and four-point functions satisfy the RGE (it suﬃces to
calculate the diagrams (e) and (g) in Figures 2.6 and 2.7, Section 2.5). The ﬁrst
correction to the two-point function is a constant and induces only a modiﬁcation
of the critical parameter u0c in such a way that
Γ̃(2) (p) = p2 + O(g 2 ) ⇒ η(g) = O(g 2 ).

(13.27)

The combinatorial factors of the four-point vertex function have been explained in
Chapter 12. With the normalizations of ﬁeld theory, one ﬁnds (see equation (10.11))
Γ̃(4) (p1 , p2 , p3 , p4 ) = Λε g − 12 g 2 Λ2ε [B(p1 + p2 ) + B(p1 + p3 ) + B(p1 + p4 )]
+ O(g 3 )
with
B(p) =

1
(2π)d


˜ ∆(p
˜ − q).
dd q ∆(q)

The σ 4 ﬁeld theory near dimension 4

319

To this order, we need only this function for d = 4. Then, in the relevant limit, it
is convenient to express B in terms of position variables in the form

B(p) = d4 x eipx ∆2 (x).
In dimension 4, as a function of position variables, the propagator with a cut-oﬀ
can be parametrized as
ϑ(Λx)
∆(x) =
,
(13.28)
4π 2 x2
where the large-distance behaviour is determined by expression (8.40) and the cutoﬀ ensures regularity at short distance:
ϑ(x) ∝ x2 .

lim ϑ(x) = 1 ,

x→∞

For Λ → ∞,

x→0

B(p) ∼ KB ln Λ

and the coeﬃcient KB is given by


 4
∂ 2
1
d x ∂ 2
d xΛ
∆ (x) =
ϑ (Λx)
Λ
∂Λ
16π 4
x4 ∂Λ
 4
 ∞
1
1
∂ 2
d x ∂ 2
ϑ (Λx)
=
x ϑ (Λx) = 2
dx
16π 4
x4 ∂x
8π 0
∂x

1 
1
= 2 ϑ2 (∞) − ϑ2 (0) =
.
8π
8π 2

∂
B(0) =
KB = Λ
∂Λ

4

One infers
Γ̃(4) (p1 , p2 , p3 , p4 ) = Λε g −
Λ→∞

3g 2
ln Λ + O(g 2 × 1, g 2 ε)
16π 2

and, thus,
εΛε g −

3g 2
+ β(g)Λε = O(g 3 , g 2 ε),
16π 2

a result consistent with expression (10.21):
β(g, ε) = −εg +



3g 2
+ O g3, g2 ε .
16π 2

Below four dimensions, if g is initially small, expression (10.21) shows that g(λ) ﬁrst
increases as a consequence of the instability of the Gaussian ﬁxed point. But, within
the framework of the ε-expansion, β(g) has another zero g ∗ (equation (10.22)):
β(g ∗ ) = 0 for

g∗ =

 
16π 2
ε + O ε2 .
3
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Then, equation (13.26a) shows that the asymptotic limit of g(λ) is g ∗ . We call ω
the slope of β(g) at the ﬁxed point g ∗ :
 
ω = β  (g ∗ ) = ε + O ε2 > 0 ,

(13.29)

(equation (9.59)) and linearize equation (13.26a) at the ﬁxed point:

g

g(λ)

dg 
∼ − ln λ .
ω(g  − g ∗ )

(13.30)

Integrating, one ﬁnds
|g(λ) − g ∗ | ∝ λ−ω .
λ→∞

(13.31)

Below four dimensions, at least for ε small enough, this non-Gaussian ﬁxed point
is IR stable. In four dimensions, this ﬁxed point merges with the Gaussian ﬁxed
point and the eigenvalue ω vanishes indicating the presence of a marginal operator.
From equation (13.26b), one also infers the behaviour of Z(λ) for λ → ∞. The
integral in the right-hand side of the equation is dominated by the vicinity of s = 0.
It follows that
(13.32)
ln Z(λ) ∼ −η ln λ ,
λ→∞

where we have set
η = η(g ∗ ).
Correlation functions. In the framework of the ε-expansion, Γ̃(n) (g ∗ ) is ﬁnite. We
assume that this property remains valid for some ﬁnite range of values of ε. Equation
(13.25) then determines the behaviour of Γ̃(n) (pi ; g, Λ) for Λ → ∞ or pi → 0:
Γ̃(n) (pi /λ; g, Λ) ∼ λ−d+(n/2)(d−2+η) Γ̃(n) (pi ; g ∗ , Λ).
λ→∞

(13.33)

The equation shows that critical correlation functions have an asymptotic power
law behaviour that does not depend on the initial value of the coeﬃcient g of σ 4 .
In particular, for n = 2, equation (13.33) yields the behaviour of the inverse of
2 (2) (p). Inverting, one infers
the connected two-point function W

−1
:
2 (2) (p) ≡ Γ̃(2) (p)
W
∝ 1 p2−η .
|p|→0

(13.34)

One veriﬁes that the deﬁnition of the critical exponent η in equation (13.32) coincides with the usual deﬁnition (8.22). The spectral representation of the two-point
function implies that η > 0.
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13.3.3 The η(g) function at two loops and the exponent η
To determine the ﬁrst correction to the dimension of the ﬁeld σ, it is necessary to
calculate the two-point function Γ̃(2) (p) up to order g 2 for d = 4 and, thus, the
diagram (e) in Figure 2.6 (Section 2.5.1):
(e) =

1
(2π)8


˜ 1 )∆(q
˜ 2 )∆(p
˜ − q1 − q2 ).
d4 q1 d4 q2 ∆(q

(Some elements of the calculation can be found in Section 12.5.3.) The Feynman
diagram can be calculated more easily in position variables where it takes the form

(e) = eipx ∆3 (x)d4 x .
In dimension 4, as a function of position variables, we represent the propagator with
a cut-oﬀ in the form (13.28).
The condition Γ̃(2) (0) = 0 determines u0c at order g 2 . The vertex function then
takes the form
Γ̃(2) (p) = p2 −

g2
Kp2 ln(Λ/p) + O(g 2 × 1, g 2 ε).
6

The coeﬃcient K is given by
K=

∂
∂
Λ
∂p2 ∂Λ


eipx ∆3 (x)d4 x

.
p=0

Notice the identity
2
4 

∂
Φ(p2 ) = 8Φ (p2 ) + 4p2 Φ (p2 ).
∂p
µ
µ=1
Thus,
K =−

1
8(4π 2 )3



1
d4 x ∂ 3
ϑ (Λx) = −
Λ
4
x
∂Λ
(4π)4



∞

dx
0

∂ 3
ϑ (Λx).
∂x

The integrand is an explicit derivative. Only x = ∞ contributes and the result thus
is independent of the function ϑ. One ﬁnds
K=−
One infers
Γ̃(2) (p) = p2 +

1
.
(4π)4

1 g2
p2 ln(Λ/p) + O(g 2 × 1, g 2 ε).
24 (8π 2 )2
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RGE (13.13) then implies
g2
p2 − η(g)p2 = 0 ,
6(4π)4
and thus
η(g) =

1
g 2 + O(g 3 ),
6(4π)4

in agreement with expression (10.39) for N = 1.
Substituting the value of g ∗ , one obtains the ﬁrst correction to the Gaussian value
of the exponent η (see also Section 10.3.4):
η=

 
ε2
+ O ε3 .
54

(13.35)

The ﬁeld σ(x), which at the Gaussian ﬁxed point has the canonical dimension
(d − 2)/2, now has the so-called anomalous dimension
dσ = 12 (d − 2 + η).
Universality. These results call for a few comments. In the framework of the εexpansion, one shows that all correlation functions have, for d < 4, a large-distance
behaviour diﬀerent from the one predicted by the quasi-Gaussian approximation.
Moreover, this critical behaviour does not depend on the initial value of the co1, one can hope that the analysis of leading
eﬃcient g of σ 4 . At least for ε
IR singularities remains valid and, as a consequence, the critical behaviour does
not depend on any other parameter in the Hamiltonian. The critical behaviour
thus is universal, though less universal than in the quasi-Gaussian approximation
or the mean-ﬁeld approximations: it depends on a limited number of qualitative
characteristic properties of the statistical system.
Moreover, the correlation functions obtained by neglecting, in the double expansion in g and in ε, the power law corrections when the cut-oﬀ is large, and which
satisfy the RGE (13.13) exactly , deﬁne implicitly a one-parameter family of critical
Hamiltonians. They correspond to a RG trajectory that goes from the vicinity of
the Gaussian ﬁxed point g = 0, which is IR unstable for dimensions smaller than 4,
to the non-trivial IR stable ﬁxed point g ∗ .
Finally, the consistency of this approach, based on the ε-expansion, relies on the
following observation: the divergences found in the perturbative expansion at ﬁxed
dimension are generated by an expansion around a wrong, since repulsive, ﬁxed
point. The ε-expansion enables exchanging limits and to follow perturbatively the
stable ﬁxed point.

The σ 4 ﬁeld theory near dimension 4

323

13.4 Eﬀective and renormalized interactions
We have indicated that the renormalized parameter gr (equation (13.7)) characterizes the strength of the eﬀective interaction at scale µ. We can now give a more
precise meaning to this remark. We write equation (13.7) in the form
gr = G(Λ/µ, g).

(13.36)

Then, diﬀerentiating with respect to Λ at gr , µ ﬁxed, one ﬁnds


∂
∂
+ β(g)
Λ
G(Λ/µ, g) = 0 ,
∂Λ
∂g
where the same contributions as in the case of correlation functions have been
neglected: in the expansion of G(Λ/µ, g), one keeps only the contributions that
diverge or remain ﬁnite when Λ → ∞.
Introducing a dilatation parameter λ, one infers


G(Λ/µ, g) = G Λ/µλ, g(λ) .
For λ = Λ/µ, the relation becomes


gr = G(Λ/µ, g) = G 1, g(λ)
with, for g → 0,
gr = g(λ) + O(g 2 ).
Thus, gr is not identical to g(λ) except for g → 0, but it is a function of g(λ).
In the limit Λ/µ → ∞, λ diverges and g(λ) converges toward g ∗ . One concludes
Λ/µ → ∞ ⇒ gr = G(Λ/µ, g) → G(1, g ∗ ).
For any ﬁxed initial value of g > 0, the renormalized parameter converges toward
the same ﬁxed point value. More precisely,
gr − gr∗ = O ((µ/Λ)ω ) .
In particular, in four dimensions, the ﬁxed point remains Gaussian and, thus, gr → 0
when Λ → ∞. This leads to the so-called triviality problem in the framework of
the corresponding quantum ﬁeld theory.
Finally, since at g ∗ the theory is scale invariant, one infers from the RGE (13.19)
of the renormalized theory that gr is also solution of
βr (gr∗ ) = 0 ⇔ gr∗ = G(1, g ∗ ).
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Fixed renormalized parameter. Conversely, one may wonder whether it is always
possible, beyond perturbation theory, to ﬁnd a value of g for any given value of gr .
This leads to replacing equation (13.26a) by


g(1)

g(µ/Λ)

dg 
= ln(µ/Λ).
β(g  )

At gr ﬁxed, the equation implies that for Λ/µ → ∞, the initial parameter g moves
away from the IR stable ﬁxed point. If a UV ﬁxed point exists, that is, a zero of
β(g) with a negative slope, g may converge toward such a ﬁxed point.
If initially g(1) < g ∗ , g(µ/Λ) converges toward g = 0. This is not surprising since
this amounts to cancelling the eﬀect of dilatations for a relevant parameter in the
vicinity of the Gaussian ﬁxed point:
g(µ/Λ) ∝ (µ/Λ)ε .
Note that g(1) < g ∗ also implies gr < gr∗ . Instead, if initially gr > gr∗ , g(µ/Λ)
increases and the existence of a solution eventually depends on the possibility of
still using an asymptotic RG with only one parameter and on the existence of an
additional UV ﬁxed point. Empirical arguments comforted by numerical calculations seem to exclude such a ﬁxed point and, thus, one is tempted to conclude that
gr is always bounded by gr∗ . In particular, in four dimensions this seems to exclude
a solution to the triviality problem (gr = 0) based on the existence of a UV ﬁxed
point value of g.
13.5 The critical domain above Tc
We now study the critical domain t = 0. We thus modify the Hamiltonian:
H(σ) → H(σ) +

t
2


dd x σ 2 (x),

where t, the coeﬃcient of σ 2 , characterizes the deviation from the critical temperature: t ∝ T − Tc .
The renormalization theorem generalizes to correlation functions of σ(x) and
σ 2 (x), and leads to the appearance of a new renormalization factor Z2 (Λ/µ, gr )
associated with the parameter t. By the same arguments as in the critical situation,
one derives a more general RGE of the form
Λ

∂
n
∂
∂
+ β(g)
− η(g) − η2 (g)t
Γ̃(n) (pi ; t, g, Λ) = 0 ,
∂Λ
∂g
2
∂t

(13.37)

where a new function η2 (g) appears. The additional term is proportional to t since
it must vanish for t = 0. The dimensionless function η2 may still have a regular
dependence in the ratio t/Λ2 , but we have neglected such a possible dependence for
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the same reason that we have already neglected all other contributions of the same
order.
To determine η2 (g), one can calculate the two-point function and apply the RGE.
At order g, one ﬁnds


 Λ
1
g
1
(2)
2
4
Γ̃ (p) = p + t +
−
d q
+ ··· .
32π 4
q2 + t q2
Using
1
32π 2





Λ

d4 q

1
1
− 2
2
q +t q


∼−

√
t
ln(Λ/ t),
2
16π

and applying the RGE, one ﬁnds
−

gt
− η2 (g)t = 0
16π 2

and, thus (see equation (10.30))
η2 (g) = −

g
.
16π 2

(13.38)

13.5.1 Solution of RGE
To study the critical behaviour above Tc , we integrate equation (13.37) by the
method of characteristics, as we have done for previous RGE. In addition to the
functions g(λ) and Z(λ) of equations (13.26), one must now introduce a function t(λ)
that is determined by imposing that equation (13.37) is consistent with equation
λ



d  −n/2
Z
(λ)Γ̃(n) pi ; t(λ), g(λ), Λ/λ = 0 .
dλ

(13.39)

The consistency condition is equivalent to the set of equations


d
g(λ) = −β g(λ) ,
dλ


d
ln t(λ) = η2 g(λ) ,
λ
dλ


d
ln Z(λ) = −η g(λ) ,
λ
dλ
λ

g(1) = g ,

(13.40)

t(1) = t ,

(13.41)

Z(1) = 1 .

(13.42)

Dimensional analysis (see Section 13.1.3) implies




Γ̃(n) pi ; t(λ), g(λ), Λ/λ = (Λ/λ)d−n(d−2)/2 Γ̃(n) λpi /Λ; λ2 t(λ)/Λ2 , g(λ), 1 .
(13.43)
The critical region is deﬁned in particular by |t|
Λ2 , and this is the source of
the IR singular behaviour that is present in the perturbative expansion. We now
assume that the equation
(13.44)
t(λ) = Λ2 /λ2 ,
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has a solution in λ. Then, after a dilatation of parameter λ, the correlation length
is of order unity. This also corresponds, by relating the dilatation parameter λ and
t, to choosing the initial value (for λ = 1) of the coeﬃcient of the relevant term σ 2
in such a way that its value after dilatation is of order unity.
Combining equations (13.39)–(13.44), one ﬁnds


Γ̃(n) (pi ; t, g, Λ) = Z −n/2 (λ)m(d−n(d−2)/2) Γ̃(n) pi /m; 1, g(λ), 1 ,
(13.45)
where we have introduced the notation
m = Λ/λ .

(13.46)

The solution of equation (13.41) can be written as
'
&
λ

dσ 
η2 g(σ) .
t(λ) = t exp
σ
1

(13.47)

Substituting the relation into equation (13.44), one obtains

ln(t/Λ2 ) = −
1

λ

1
dσ

,
σ ν g(σ)

(13.48)

where, to relate the function η2 (g) to standard exponents, we have introduced the
function
−1
(13.49)
ν(g) = [η2 (g) + 2] .
1. Since ν(g) is a positive function,
One looks for a solution λ in the limit t/Λ2
at least for g small enough, as equations (13.38), (13.49) show, equation (13.48)
implies that the parameter λ diverges and, thus, that g(λ) converges toward the
IR ﬁxed point g ∗ . In this limit, ν(g(σ)) can be replaced, at leading order, by the
critical exponent
(13.50)
ν = ν(g ∗ ) = 12 (1 + 16 ε) + O(ε2 ),
(using the expansion (13.38)). Equation (13.48) implies
1
ln t/Λ2 ∼ − ln λ .
ν

(13.51)

The asymptotic form of Z(λ) is given by equation (13.32):
Z(λ) ∝ λ−η .

(13.52)

Finally, in the limit Λ → ∞, or equivalently λ → ∞, using equations (13.51), (13.52)
together with (13.45), one obtains an asymptotic behaviour of the form
Γ̃(n) (pi ; t, g, Λ = 1)

∼

t 1
|pi | 1

(n)

md−n(d−2+η)/2 F+ (pi /m),

(13.53)
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m(Λ = 1) = ξ −1 ∝ tν .
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(13.54)

In addition to the general scaling behaviour, another result has been obtained. From
equation (13.53), one infers that the quantity m is proportional to the physical mass
or the inverse correlation length. Equation (13.54) then shows that the divergence
of the correlation length ξ = m−1 at Tc is characterized by the exponent ν.
For t = 0, the correlation functions are ﬁnite at zero momentum and behave like
Γ̃(n) (0; t, g, Λ) ∝ tν(d−n(d−2+η)/2) .

(13.55)

In particular, for n = 2, one obtains the inverse of the magnetic susceptibility χ:
χ−1 = Γ̃(2) (p = 0; t, g, Λ) ∝ tν(2−η) .

(13.56)

The divergence of χ is characterized by an exponent that is usually denoted by γ
(see equation (7.35)). Equation (13.55) establishes the relation between exponents
γ = ν(2 − η).

(13.57)

Finally, since we have assumed that the critical theory exists in the t = 0 limit,
the diﬀerent powers of t must cancel in equation (13.53). From these remarks, one
recovers equation (13.33) in the form
Γ̃(n) (pi /λ; t, g, Λ = 1)

tν

∝

|pi |/λ

λ−d+n(d−2+η)/2 .

(13.58)

1

13.5.2 Functions at ﬁxed magnetization or below Tc
It is easy to generalize RGE to correlation functions in a ﬁxed, external, uniform,
magnetic ﬁeld H or to vertex functions at ﬁxed magnetization M = σ(x). In
particular, the external ﬁeld H, the magnetization M and the deviation from the
critical temperature t are related by the equation of state
H = H(M, t, g, Λ).
In the critical domain, H(M, t, g, Λ) satisﬁes the RGE


∂
1
∂
∂
∂
+ β(g)
− η(g) 1 + M
− η2 (g)t
H(M, t, g, Λ) = 0 .
Λ
∂Λ
∂g 2
∂M
∂t

(13.59)

The equation can be solved by the same methods. Since it involves no new RG
function, the solution can be entirely expressed in terms of the functions (13.40),
(13.41) and (13.42). Asymptotically in the limit M, t, H
1, one can replace g by
g ∗ . Moreover, dimensional analysis shows that H has dimension 12 (d + 2) and, thus,
Λ

d+2
∂
d−2
∂
∂
=
− 2t −
M
,
∂Λ
2
∂t
2
∂M
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in such a way that, asymptotically, H(M, t) is solution of
(2 + η2 )t

1
∂
∂
+ (d − 2 + η)M
H(M, t) = 12 (d + 2 − η)H(M, t).
∂t 2
∂M

This equation implies the asymptotic universal scaling property of the equation of
state
H = M δ f (t/M 1/β ),
where the function f (x) is universal, up to normalizations of f and x, and the
exponents β and δ are related to η and ν by
δ=

d
d+2−η
=
−1,
d−2+η
dσ

β = νdσ = 12 ν(d − 2 + η).

By varying the external ﬁeld H, one can then relate continuously the disordered
phase (T > Tc , H = 0) to the ordered phase (T < Tc , H = 0). The RGE satisﬁed
by vertex functions,


∂
1
∂
∂
∂
+ β(g)
− η(g) n + M
Γ̃(n) (pi ; t, M, g, Λ) = 0 ,
− η2 (g)t
Λ
∂Λ
∂g 2
∂M
∂t
(13.60)
allow then proving scaling relations in a ﬁeld or at given magnetization and, thus,
in the limit H → 0, T < Tc , scaling relations in the ordered phase.

14 The O(N ) symmetric (φ2 )2 ﬁeld theory in the
large N limit

In Chapter 13, we have explained how one can derive, by the methods of statistical,
or quantum, ﬁeld theory, universal properties of critical systems in the framework of
the formal ε = 4 − d expansion where d is the dimension of space. It is encouraging
to be able to verify by analytic methods, at least in some special limit, that the
results obtained in this way remain valid even when ε is no longer inﬁnitesimal. In
this chapter, we study a statistical ﬁeld theory with an O(N ) orthogonal symmetry
and a (φ2 )2 interaction (we denote here by φ = (φ1 , . . . , φN ) the N -component
ﬁeld rather than σ, in contrast with previous chapters), at ﬁxed dimension, in the
framework of another approximation scheme, the N → ∞ limit. The results conﬁrm
the universal properties derived in the framework of the formal ε-expansion. More
generally, but this will not be done here, all the properties derived by means of the
renormalization group (RG) can also be proved order by order in an expansion in
1/N .
Finally, note that it is also possible to study N -component spin models in the
limit N → ∞ directly on the lattice. The choice of continuum space is a technical
simpliﬁcation but does aﬀect universal results.
General symmetric Hamiltonian. In a ﬁrst step, we study a more general problem
and consider a Hamiltonian of the form



(14.1)
H(φ) = H(2) (φ) + N dd x U φ2 (x)/N ,
where
H

(2)

1
(φ) =
2


dd x



∂µ φ(x) · D(−∇2x /Λ2 )∂µ φ(x).

µ

This Hamiltonian is invariant under the O(N ) group acting on the vector φ.
The function D(s) satisﬁes the usual conditions. It is normalized: D(0) = 1,
strictly positive and analytic for s ≥ 0. Moreover, for s → +∞, it increases faster
than s(d−2)/2 in order for the perturbative expansion to be deﬁned. The parameter
Λ is the cut-oﬀ. Finally, U (ρ) is a polynomial in ρ with, for ρ ≥ 0, a unique
minimum at ρ = 0 where its second derivative does not vanish.
In terms of the ﬁeld Fourier components deﬁned by

φ(x) = dd p eipx φ̃(p),
H(2) (φ) can also be written as
H(2) (φ) = (2π)d


dd p φ̃(p)D(p2 /Λ2 )φ̃(−p).

(14.2)
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We want to determine the behaviour of the partition function

Z=

[dφ(x)] exp [−H(φ)]

(14.3)

and of correlation functions for N → ∞ (at U ﬁxed).
14.1 Algebraic preliminaries
For N → ∞, the study of models speciﬁed by a Hamiltonian of type (14.1) relies on
ideas of the central limit theorem (Section 3.1) or mean-ﬁeld theory (Section 8.10)
types. Indeed, one expects that quantities invariant under the O(N ) group like
φ2 (x) =

N


φ2i (x),

i=1

self-average and, thus, have weak ﬂuctuations. This implies, for example,






φ2 (x)φ2 (y) ∼ φ2 (x) φ2 (y) .
N →∞

Therefore, it seems more appropriate to take ρ(x) = φ2 (x) as a dynamic variable
rather than φ(x). This idea can be implemented by the following method: one
introduces two new ﬁelds λ(x) and ρ(x) (see also Section 8.10) and imposes the
constraint ρ(x) = φ2 (x)/N by an integral over λ(x). At each point x in space, one
uses the identities
N
4π





+∞

2

dλ eiλ(φ

dρ

−N ρ)/2

−∞


=N

dρ δ(φ2 − N ρ) = 1 ,

where δ is Dirac’s distribution. Insertion of this identity into integral (14.3) leads
to the new representation of the partition function

Z=

[dφ][dρ][dλ] exp [−H(φ, ρ, λ)]

(14.4)






N U ρ(x) − 12 iλ(x) φ2 (x) − N ρ(x) dd x .

(14.5)

with

H(φ, ρ, λ) = H

(2)

(φ) +

The ﬁeld integral (14.4) is then Gaussian in φ. The integrals over the diﬀerent
components of φ factorize and each integral yields the same result



[dφ] exp −H(2) (φ) + 12 i

ddx λ(x)φ2 (x) ∝ e−w(λ) ,
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where formally (tr ln = ln det)
w(λ) =

1
2



ln det −∇2x D(−∇2x /Λ2 ) − iλ(•) =

1
2



tr ln −∇2x D(−∇2x /Λ2 ) − iλ(•) .

The dependence on N of the partition function then becomes explicit.
Actually, it is convenient to separate the components of φ in one component
σ, and N − 1 components π, and to integrate only over π (for T < Tc it may
even be useful to integrate only over N − 2 components). This modiﬁcation does
not aﬀect the N → ∞ limit but allows calculating directly correlation functions of
the σ component of the ﬁeld φ. For this purpose, we add to the Hamiltonian a
term corresponding to the coupling of the σ component to an external ﬁeld. The
generating functional of correlation functions of the σ ﬁeld is then given by



Z(H) =

[dσ][dρ][dλ] exp −HN (σ, ρ, λ) +

dd x H(x)σ(x)

(14.6)

with

HN (σ, ρ, λ) = H

(2)

(σ) +



dd x N U (ρ) − 12 iλ(x)(σ 2 (x) − N ρ(x)) + (N − 1)w(λ).
(14.7)

Correlation functions of the ﬁeld φ (x). In this formalism, it is easy to generate
correlation functions involving also the ﬁeld ρ, which, by construction, is proportional to φ2 . The ﬁeld φ2 (x), which is coupled to the variation of the temperature,
yields the leading contribution to the local energy.
2

14.2 Integration over the ﬁeld φ: The determinant
In the calculation of Section 14.1, the integration over each component of φ has
generated the determinant of a diﬀerential operator, which is not a simple quantity
since λ(x) is a ﬂuctuating ﬁeld. Fortunately, the calculations that follow require
only a perturbative deﬁnition, which we give below, valid when λ(x) ﬂuctuates only
weakly around some constant imaginary value.
14.2.1 The determinant: Perturbative deﬁnition
We assume that λ(x) ﬂuctuates weakly around the constant expectation value im2 ,
m > 0. We then set
λ(x) = im2 + µ(x), m > 0
and deﬁne the determinant by (see Sections 10.2, 12.4)


tr ln −∇2x D(−∇2x /Λ2 ) − iλ(•)


= 12 tr ln −∇2x D(−∇2x /Λ2 ) + m2 −

w(λ) =

1
2

1
2

 in
tr(∆µ)n ,
n
n=1

(14.8)
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where ∆ is the propagator, the inverse of the operator −∇2x D(−∇2x /Λ2 ) + m2 :


−∇2x D(−∇2x /Λ2 ) + m2 ∆(x − y) = δ (d) (x − y).
This equation can be solved by introducing the Fourier representation

1
˜
dd p e−ipx ∆(p).
∆(x) =
(2π)d
One ﬁnds
˜
∆(p)
=

1
.
m2 + p2 D(p2 /Λ2 )

(14.9)

In the expansion (14.8), one recognizes a sum of one-loop diagrams of the type
discussed in Section 12.4.2 and
 n
n
tr(∆µ) ≡
dd xi µ(xi )∆(xi − xi−1 ) with xn = x0 .
i=1

Introducing the Fourier representation of the ﬁeld

µ(x) = dd p eipx µ̃(p),
one can rewrite the expression
  n
n



d

tr(∆µ) =

d pi µ̃(pi ) δ
i=1


(d)




pi

n

˜ i)
∆(q

d

d q

i

(14.10)

i=1

with
qi+1 − qi = pi ,

qn+1 = q1 = q .

The ﬁrst three terms of the expansion play a special role later. For n = 1, 2,

tr ∆µ = ∆(0) dd x µ(x) = (2π)d µ̃(0)Ωd (m),


tr(∆µ)2 = dd x dd y ∆2 (x − y)µ(x)µ(y) = (2π)d dd p µ̃(p)µ̃(−p)BΛ (p, m),
where we have deﬁned

dd q ˜
Ωd (m) = ∆(0) =
∆(q),
(2π)d

dd q ˜
˜ − q).
∆(q)∆(p
BΛ (p, m) =
(2π)d

(14.11)
(14.12)

The functions Ωd correspond to the one-loop diagram (b) in Figure 2.5 in its 1irreducible form. This diagram has already appeared in equations (6.39a) and
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q
p
p−q
Fig. 14.1 The ‘bubble’ diagram BΛ (p, m).

(10.10), and has been discussed in an identical form, after the identiﬁcation m2 → t,
in Section 10.4.
The function BΛ involves the diagram (g) in Figure 2.7, under its 1-irreducible
form, displayed more accurately in Figure 14.1. For m = 0, the function BΛ (p, m)
reduces to the function B(p) deﬁned in (10.15) whose asymptotic behaviour for
p → 0 and d → 4 is discussed in Section 10.3.2.
14.2.2 First one-loop diagrams: Discussion
For what follows, a few asymptotic properties of the functions Ωd (m) and BΛ (p, m)
are needed, which for Λ = ∞ have already been studied in the framework of the
dimensional regularization in Section 12.5.3.
The function Ωd . The function (14.11) can be rewritten more explicitly as
Ωd (m) =

1
(2π)d



dd q
m2

+

q 2 D(q 2 /Λ2 )

.

(14.13)

The change of variables q/Λ → q shows that Ωd is of the form
Ωd (m) = Λd−2 ωd (m/Λ).

(14.14)

The ﬁrst terms of the expansion of Ωd (m) for m2 → 0 can be inferred from the
expansion of ωd (z) for z → 0. For d > 2, the expansion has the form (for details
see Appendix A4.1)


ωd (z) = ωd (0) − K(d)z d−2 + a(d)z 2 + O z 4 , z d .

(14.15)

The constant K(d) is universal, that is, independent of the cut-oﬀ function D:
2
(4π)d/2 Γ(d/2)
1
π
Nd = −
Γ(1 − d/2) ,
K(d) = −
2 sin(πd/2)
(4π)d/2
Nd =

(14.16a)
(14.16b)

where, again, we have introduced the loop factor Nd .
The constant a(d), which characterizes, for d < 4, the leading correction in equation (14.15), is given by

a(d) = Nd
0

∞


k d−5 dk 1 −

1
D2 (k 2 )


(14.17)
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(form valid for 2 < d < 4). It depends on the explicit form of the propagator
and thus of the regularization. However, for ε = 4 − d → 0, it has the universal
divergence

a(d)

∞

∼

ε=4−d→0

N4

k d−5 dk ∼ 1/(8π 2 ε).

(14.18)

1

For d = 4, the behaviour of ωd (z) involves a logarithm:
ωd (z) − ωd (0) ∼

1 2
z ln z .
8π 2

(14.19)

The function BΛ (p, m). The expansion of BΛ (0, m) for m → 0 can be derived from
the expansion (14.15). Indeed,


dd q ˜ 2
∆ (q)
(2π)d
∂
Ωd (m) = (d/2 − 1)K(d)m−ε − a(d)Λ−ε + · · · ·
=−
m Λ
∂m2

BΛ (0, m) =

(14.20)

In the critical theory (m = 0 at this order), for 2 ≤ d ≤ 4,
BΛ (p, 0) =

2<d<4



b(d)p−ε − a(d)Λ−ε + O Λd−6 p2 , Λ−2 pd−2 ,

where
b(d) = −

Γ2 (d/2)
π
Nd .
sin(πd/2) Γ(d − 1)

(14.21)

(14.22)

For d = 4, the function has a logarithmic behaviour of the form (see Section
10.3.2)
1
ln(Λ/p) + constant .
(14.23)
BΛ (p, 0) ∼
p Λ 8π 2
Contribution to the free energy. The ﬁrst term in the expansion (14.8),
w(im2 ) =

1
2

tr ln[−∇2x D(−∇2x /Λ2 ) + m2 ],

is proportional to the volume and diverges when the volume becomes inﬁnite. Moreover, it also diverges because the integral over the ﬁeld φ has not been normalized.
Normalizing the partition function corresponds to multiplying the determinant by
a constant that must be chosen in such a way that the product is ﬁnite. This corresponds also to subtracting a divergent contribution to its logarithm. It is convenient
to choose a normalization independent of m2 . We thus deﬁne
D(m2 ) = 2[w(im2 ) − w(0)]/volume.

(14.24)
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The variation of the determinant, when m2 varies by δm2 , can be inferred from the
second term in the expansion (14.8) by setting µ(x) = iδm2 :

−i tr ∆µ = δm ∆(0)

dd x = δm2 ∆(0) × volume .

2

As a consequence,
∂D(m2 )
= ∆(0) =
∂m2



dd k ˜
∆(k) = Ωd (m).
(2π)d

Integrating Ωd (m) over m2 , one obtains the ﬁnite expression

D(m2 ) =

m

2sds Ωd (s).

(14.25)

0

For Λ → ∞, the function D can be evaluated by using the regularized expression
(14.25), and expressing the expansion in terms of the quantities deﬁned in (14.15).
One ﬁnds
D(m2 ) = −2

K(d) d
a(d) 4 4−d
m + Ωd (0)m2 +
m Λ
+ O(m6 Λd−6 , md+2 Λ−2 ). (14.26)
d
2

14.3 The limit N → ∞: The critical domain
We now study the limit N → ∞, the function U (ρ) being assumed independent of
N . With the Ansatz σ = O(N 1/2 ), ρ = O(1), λ = O(1) all terms in HN are of order
N and the integral can be evaluated by the steepest descent method. One looks for
a saddle point that corresponds to constant classical ﬁelds σ(x), ρ(x), λ(x):
σ(x) = σ ,

ρ(x) = ρ ,

λ(x) = im2 ,

(14.27)

where the parametrization stresses the positivity of −iλ at the saddle point (see
(14.9)).
For H = 0, the Hamiltonian density then reads
E

∼ N U (ρ) + 12 m2 (σ 2 − N ρ) + 12 N D(m2 ),

N →∞

(14.28)

where the representation (14.25) has been used. Diﬀerentiating E with respect to
σ, ρ and m2 , one ﬁnds the saddle point equations (using the deﬁnition (14.11))
m2 σ = 0 ,

(14.29a)



(14.29b)

σ /N − ρ + Ωd (m) = 0 .

(14.29c)

1 2
2m
2

= U (ρ),
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Discussion. In expression (14.7), the term proportional to w(λ) comes from the
integration over the N − 1 components π. The expectation value im2 of the ﬁeld λ
comes from the mass term of the ﬁeld π and thus, at leading order, m is the mass
of the N − 1 components π. Equation (14.29a) implies either σ = 0 or m = 0. This
alternative is a manifestation of the Goldstone phenomenon (Section 7.8): if σ = 0,
the O(N ) symmetry is explicit and the N components of the ﬁeld have the same
mass m; on the contrary, if σ = 0, the O(N ) symmetry is spontaneously broken,
m = 0 and, thus, the mass of the ﬁeld π vanishes, the N − 1 components of π
corresponding to the expected N − 1 Goldstone modes.
We now consider the saddle point equations in the two phases.
(i) Ordered phase (spontaneously broken symmetry). Note that equation (14.29c)
is compatible with a solution m = 0 only for d > 2 since, for d ≤ 2, the integral diverges at m = 0. This property is directly related to the Mermin–Wagner–Coleman
theorem: in a statistical model involving only short-range forces, a continuous symmetry cannot be spontaneously broken for d ≤ 2, in the sense that the expectation
value σ of the order parameter necessarily vanishes (see also the discussion of Section 7.7). In the present context, the Goldstone modes are at the origin of this
property: being massless, as general arguments imply and as the explicit calculation at leading order for N → ∞ conﬁrms, their presence would induce IR (zero
momentum) divergences for d ≤ 2.
The saddle point equations (14.29) then reduce to (d > 2)
U  (ρ) = 0 ,

σ 2 /N − ρ + Ωd (0) = 0 .

The ﬁrst equation expresses that ρ is given by the minimum of U , which we have
assumed to be unique, and the second equation then determines the expectation
value of the ﬁeld. A solution exists only if the value of ρ at the minimum of U
satisﬁes
ρ > ρc = Ωd (0).
(14.30)
Then,
σ=


N (ρ − ρc ).

(14.31)

(ii) Disordered (symmetric) phase. In the case σ = 0, the saddle point equations
(14.29) read
m2 = 2U  (ρ), ρ − ρc = Ωd (m) − Ωd (0) .
(14.32)
The second equation implies ρ ≤ ρc . The value ρ = ρc thus corresponds to a
transition between an ordered phase ρ > ρc and a symmetric phase ρ ≤ ρc . The
condition
U  (ρc ) = 0
(14.33)
determines the critical interactions U (ρ).
The parameter m now is the mass of the ﬁeld φ and ξ = 1/m the correlation
length. The condition m
Λ, which is equivalent to ξ  1/Λ, deﬁnes the critical
domain. It implies that ρ is close to ρc by the second equation (14.32). The
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ﬁrst equation implies that U  (ρ) is small and thus ρ is close to the location of the
minimum of U (ρ). We set
U  (ρc ) = 12 τ ,

|τ |

1.

(14.34)

We then parametrize the expansion of U (ρ) at ρc as


U (ρ) = 12 τ (ρ − ρc ) + 12 Uc (ρ − ρc )2 + O (ρ − ρc )3 .

(14.35)

With this parametrization


m2 = 2Uc (ρ − ρc ) + τ + O (ρ − ρc )2 .
We have assumed that U  (ρ) does not vanish at its minimum and, thus, U  does
not vanish in its vicinity. Since ρ is close to ρc , Uc is strictly positive. Then τ is
positive in the symmetric phase and negative in the phase with symmetry breaking.
Without this assumption, the critical point could be a multicritical point, a situation we do not discuss in this context.
To determine the behaviour in the vicinity of the critical point, it is suﬃcient to
expand U up to second order. We can thus reduce U (ρ) to a quadratic polynomial,
like in the quasi-Gaussian approximation, and the problem reduces to a discussion
of the same (φ2 )2 ﬁeld theory that, in the framework of the ε = 4 − d expansion,
describes universal critical properties.
14.4 The (φ2 )2 ﬁeld theory for N → ∞
The discussion that follows is now speciﬁc to the (φ2 )2 ﬁeld theory. We parametrize
U in the form
u
1
(14.36)
U (ρ) = rρ + ρ2 .
2
4!
The Hamiltonian, expressed in terms of the initial N -component ﬁeld φ, then reads
 $
H(φ) = H(2) (φ) +

3
1 2
1 u  2 2
rφ (x) +
φ (x)
dd x .
2
4! N

(14.37)

The N → ∞ limit is taken at U (ρ) ﬁxed and this implies, with our conventions,
that u, the coeﬃcient of (φ2 )2 /N , is ﬁxed.
The potential U being quadratic (equation (14.36)), the integral over ρ(x) in
(14.6) is Gaussian and can thus be calculated explicitly. However, note that the
ﬁeld ρ has a more direct physical interpretation than the ﬁeld λ.
The integration ﬁrst involves translating ρ(x) by its value at the minimum of the
quadratic form. This value is solution of the ﬁeld equation


δHN (σ, ρ, λ)
= 0 ⇒ λ(x) = i 16 uρ(x) + r .
δρ(x)

(14.38)

338

The O(N ) symmetric (φ2 )2 ﬁeld theory in the large N limit

After the translation, the remaining Gaussian integration yields only a constant
factor. The integration thus corresponds to replacing, in the Hamiltonian, ρ by the
solution of equation (14.38). One ﬁnds



HN (σ, λ) = H(2) (σ) − dd x 12 iλ(x)σ 2 (x) + (3N/2u)(iλ(x) + r)2 + (N − 1)w(λ).
(14.39)
The Hamiltonian density at the saddle point (14.28) becomes
E = 12 m2 σ 2 − (3N/2u)(r − m2 )2 + 12 N D(m2 ).

(14.40)

Diagrammatic interpretation. In the (φ2 )2 ﬁeld theory, when N → ∞ (at u ﬁxed),
at each order in the perturbative expansion the leading terms come from chains of
‘bubble’ diagrams of the form displayed in Figure 14.2. Asymptotically for N → ∞,
these diagrams form a geometric series that the preceding algebraic techniques sum.

Fig. 14.2 Leading diagrams for N → ∞.

Low-temperature phase in zero ﬁeld. In the ordered phase ρ > ρc , equation (14.31)
yields the non-vanishing expectation value of the ﬁeld

σ = N (ρ − ρc ) ,
where ρc = Ωd (0) (see equation (14.30)), and the symmetry O(N ) is broken spontaneously. The constant ρ is then given by equation (14.29b), which reduces to
U  (ρ) = 0. The condition (14.33) determines the critical potential U :
U  (ρc ) = 0 ⇒ r = rc = −uρc /6 .

(14.41)

The ﬁeld expectation value vanishes for r = rc , which thus corresponds to the critical
temperature Tc . Introducing the parameter τ that characterizes the deviation from
the critical temperature (deﬁned by equation (14.34)),
τ = 2U  (ρc ) = r − rc ,
one obtains

U  (ρ) = 0 ⇒ ρ − ρc = −(6/u)τ .

(14.42)

The O(N ) symmetry is broken for τ < 0, that is, at low temperature and equation
(14.31) can then be rewritten as
σ 2 = −(6/u)τ ∝ (−τ )2β

with β =

1
2

·

(14.43)
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This behaviour shows that, in the limit N → ∞, the exponent β remains quasiGaussian in all dimensions.
High-temperature phase in zero ﬁeld. For τ > 0, that is, above Tc , σ vanishes. From
expression (14.7) one infers the two-point function of the ﬁeld σ, which in this phase
is identical to the propagator (14.9). Asymptotically, it takes the form (neglecting
the corrections coming from irrelevant terms)
˜
˜ σ (p) = ∆(p)
∆

∼

|p|,m

1
.
2
p
+
m2
Λ

(14.44)

Therefore, m is the physical mass of the ﬁeld σ (and thus of all components of the
ﬁeld φ) and its inverse
ξ = 1/m
(14.45)
is the correlation length. Equation (14.29c) implies that ∂ρ/∂m is negative and
that r is an increasing function of m. The minimum of r, obtained for m = 0, is rc .
Using the deﬁnitions (14.34), (14.41) in equations (14.32), one then ﬁnds
m2 = (u/6)(ρ − ρc ) + τ ,
ρ − ρc = Ωd (m) − Ωd (0).

(14.46a)
(14.46b)

(i) For d > 4, the expansion (14.15) implies that the leading contribution to ρ−ρc
is proportional to m2 , like the left-hand side of equation (14.46a) and, thus,
m2 = ξ −2 ∼ τ

⇒

ν=

1
2

,

(14.47)

which is the Gaussian or mean-ﬁeld result.
(ii) For 2 < d < 4, by contrast, the leading term is of order md−2 and thus
ρ − ρc ∼ −K(d)md−2 .
The leading contribution for m → 0, in equation (14.46a) now comes from ρ − ρc .
Keeping only the leading term in (14.15), one infers
m = ξ −1 ∼ τ 1/(d−2) ,

(14.48)

which yields the non-Gaussian value
ν=

1
,
d−2

(14.49)

of the correlation exponent.
(iii) For d = 4, the leading contribution in equation (14.46a) again comes from
ρ − ρc and, thus,
τ
96π 2
τ
48π 2
∼
.
(14.50)
m2 ∼
u ln(Λ/m)
u ln(Λ2 /τ )
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The correlation length no longer has a power-law behaviour but, instead, a Gaussian
model behaviour modiﬁed by a logarithm. This behaviour is typical of a situation
where the Gaussian ﬁxed point is stable in the presence of a marginal operator.
(iv) If one examines equation (14.29b) for σ = 0 and d = 2, one ﬁnds that the
correlation length can diverge only for r → −∞. This special situation will be
studied in the framework of the non-linear σ model in Section 14.10.
Finally, in the critical limit τ = 0, m vanishes and, thus, from the form (14.44)
of the two-point function of the ﬁeld σ, one derives that the critical exponent η
remains Gaussian for all d:
η = 0 ⇒ dφ = 12 (d − 2) .

(14.51)

One also veriﬁes that, for d ≤ 4, the exponents β, ν, η satisfy the scaling relations
proved in the framework of the ε-expansion:
β = 12 ν(d − 2 + η) = νdφ .
14.5 Singular part of the free energy and equation of state
In the presence of a constant magnetic ﬁeld H in the σ direction, the free energy
density W (H) (at this order the opposite of the Hamiltonian density (14.40) in
which the saddle point equations have been used) is given by
W (H) = ln Z/volume = −E
=N

3
1
1
(m2 − r)2 − m2 σ 2 /N + Hσ/N − D(m2 ) ,
2u
2
2

where ρ has been eliminated with the help of equation (14.29b) (or (14.38)) and the
contribution of the determinant has been taken from equation (14.25). The saddle
point values m2 , σ are given by equation (14.29c) and the modiﬁed saddle point
equation (14.29a):
(14.52)
m2 σ = H .
The magnetization, expectation value of φ, is
M=

∂W
= σ,
∂H

since the partial derivatives of W with respect to m2 , σ vanish as a consequence
of the saddle point equations. The thermodynamic potential density G(M ), the
Legendre transform of W (H), is then
G(M ) = HM − W (H)
=N −

1
1
3
(m2 − r)2 + m2 M 2 /N + D(m2 ) .
2u
2
2
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The expansion of D(m2 ) for m → 0 is given by equation (14.26). The thermodynamic potential then takes the form
3
G(M )/N =
2



1
1
−
∗
u
u


m4 +

3(r − rc ) 2 1 2 2
K(d) d 3r2
m + m M /N −
m −
(14.53)
u
2
d
2u

with the deﬁnition
u∗ =

6 ε
Λ .
a(d)

(14.54)

For d < 4, for m → 0, the term proportional to m4 is negligible with respect to the
singular term md . Thus, at leading order in the critical domain
G(M )/N =

1
K(d) d
3
τ m2 + m2 M 2 /N −
m + const.,
u
2
d

(14.55)

where τ has been deﬁned in (14.34).
As a consequence of the property (6.9) of the Legendre transformation, the saddle
point equation corresponding to m2 can also be obtained by expressing that the
derivative of G with respect to m2 vanishes. One ﬁnds
(6/u)τ + M 2 /N − K(d)md−2 = 0 ,
whose solution is
m = ξ −1 = [K(d)]

1/(2−d)


1/(d−2)
(6/u)τ + M 2 /N
,

an expression that one can compare with the quasi-Gaussian expression (8.61).
The leading contribution to the thermodynamic potential in the critical domain
follows:

d/(d−2)
d−2
1
G(M ) ∼ 
(6/u)τ + M 2 /N
.
(14.56)

2/(d−2)
N
2d K(d)
Various quantities can be inferred from G(M ). For example, by diﬀerentiating with
respect to M , one obtains the equation of state in the scaling limit,
H=



∂G
= h0 M δ f a0 τ /M 2 ,
∂M

(14.57)

where h0 and a0 are two normalization constants. The exponent δ is given by
δ=

d+2
,
d−2

(14.58)

in agreement with the general relation between exponents δ = d/dφ − 1, and the
function f (x) by
(14.59)
f (x) = (1 + x)2/(d−2) .
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The asymptotic form of f (x) for x → +∞ implies γ = 2/(d − 2), which, again
is in agreement with the scaling relation γ = ν(2 − η). Finally, in agreement
with general results, the equation of state can be expressed in a parametric form
{M, τ } → {R, θ}:
M = (a0 )1/2 R1/2 θ ,


τ = 3R 1 − θ2 ,
2/(d−2)

.
H = h0 Rδ/2 θ 3 − 2θ2
Speciﬁc heat exponent. Amplitude ratios. Diﬀerentiating G(M ) twice with respect
to τ , one obtains the singular part of the speciﬁc heat at ﬁxed magnetization M :

(4−d)/(d−2)
.
Csing. ∝ (6/u)τ + M 2 /N

(14.60)

For M = 0, the singular part of the speciﬁc heat thus vanishes like
Csing. ∝ |τ |−α ,
with the speciﬁc heat exponent
α=

(14.61)

d−4
,
d−2

(14.62)

which is also equal to 2 − dν, in agreement with RG predictions.
Note that, for N large, the leading contribution to the speciﬁc heat when τ → 0
is not the universal singular part, which vanishes, but the part regular in τ , which
has a ﬁnite, non-universal, limit (e.g., it depends on u).
Among the standard critical amplitude ratios, one can calculate, for example,
Rξ+ = f1+ (αA+ )1/d and Rc = αA+ C + /M02 (see equation (7.35) and Section 8.6)
(Rξ+ )d =

4N Γ(3 − d/2)
,
(d − 2)3 (4π)d/2

Rc =

4−d
.
(d − 2)2

(14.63)

Leading corrections to scaling properties. The term proportional to m4 is the leading
correction to the asymptotic scaling form. Comparing it with the leading term, one
ﬁnds
m4 /md = O(τ (4−d)/(d−2) ).
The exponent that characterizes the leading corrections to the asymptotic form in
the temperature variable is ων (ω is deﬁned by equation (13.29)) and, thus,
ων = (4 − d)/(d − 2) ⇒ ω = 4 − d .
Let us point out that for the special value u = u∗ this correction vanishes.

(14.64)
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14.6 The λλ and φ2 φ2  two-point functions
In the high-temperature phase, diﬀerentiating twice the Hamiltonian (14.39) with
respect to λ(x), and replacing the ﬁeld λ(x) by its expectation value im2 , one
obtains the λλ two-point function, which is also the propagator of the λ ﬁeld in
the 1/N expansion. For the derivative of w(λ), one can use the term n = 2 of
expansion (14.8). The part quadratic in λ of the Hamiltonian is


3N
N
dd x λ2 (x) +
dd x dd y ∆2 (x − y)λ(x)λ(y).
Hλλ =
2u
4
In terms of the Fourier components of λ,

λ(x) = dd p eipx λ̃(p),
the expression can be rewritten as



3 1
1
d
d
Hλλ = N (2π)
+ BΛ (p, m) ,
d p λ̃(p)λ̃(−p)
2
u 2

(14.65)

where BΛ (p, m) is the function (14.12) corresponding to the diagram of Figure 14.1.
One then ﬁnds

1
˜ λ (p),
λ(x)λ(0) =
(14.66)
dd p eipx ∆
(2π)d
˜ λ follows from expression (14.65):
where ∆
˜ λ (p) = 2
∆
N



−1
6
+ BΛ (p, m)
.
u

(14.67)

Using the relation (14.38), one obtains the ρρ two-point function (in the Fourier
representation, translation by a constant produces only a δ distribution at p = 0)
and thus, as pointed out in Section 14.4, the φ2 (x) two-point function (which is
also the energy–energy correlation function) in the Fourier representation:




12N/u
.
dd x eipx φ2 (x)φ2 (0) = N 2 dd x eipx ρ(x)ρ(0) = −
1 + (u/6)BΛ (p, m)
(14.68)
The value at zero momentum of the function yields the speciﬁc heat. The expansion
for m → 0 of BΛ (0, m) is given by equation (14.20). The singular part of the speciﬁc
heat thus vanishes as m4−d , in agreement with equation (14.60) for M = 0.
In the critical theory (m = 0 at this order), for 2 ≤ d ≤ 4, the expansion (14.21)
shows that, when the momentum p goes to zero, the denominator is also dominated
by the singular part of BΛ (p, 0). One infers
˜ λ (p) ∼
∆

p→0

2
p4−d .
N b(d)

(14.69)
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Again, one veriﬁes consistency with the scaling relations. Moreover, the dimension
[λ] of the ﬁeld λ and, thus, of the energy operator, in the limit N → ∞ is
[λ] = 12 [d + (4 − d)] = 2 ,

(14.70)

a result important for the perturbative expansion in 1/N . The result is consistent
with the properties (relations (9.64), (10.33) and (10.35))
[λ] = [ρ] = [φ2 ] = d − 1/ν = d − (d − 2).
Remarks.
(i) For d = 4, BΛ (p, 0) has the logarithmic behaviour (14.23) and still gives the
leading contribution to the two-point function, which becomes
˜ λ (p) ∼
∆

16π 2
.
N ln(Λ/p)

(ii) Therefore, for d ≤ 4, the contributions generated by the term proportional to
λ2 (x) in (14.7) are always negligible in the critical domain.
The σσ function at low temperature. In the phase with symmetry breaking, after
a translation of the ﬁelds by their expectation values, the Hamiltonian contains a
term proportional to σλ and thus the propagators of the ﬁelds σ and λ are elements
of a 2 × 2 matrix M. In the Fourier representation,
 2

p
−iσ
M−1 (p) =
,
(14.71)
−iσ 3N/u + 12 N BΛ (p, 0)
where σ = σ(x) and BΛ is given by equation (14.21). For d < 4, asymptotically,
the determinant is given by


1/ det M(p) ∼ N b(d)pd−2 + 6τ /u .
This expression deﬁnes a mass scale
1/(d−2)
ν


mcr = (−τ /u)1/(d−2) ∝ Λ (rc − r)/Λ2
= Λ (rc − r)/Λ2 ,

(14.72)

to which is associated a crossover between a behaviour dominated by Goldstone
modes and the critical behaviour.
At d = 4, BΛ (p, 0) is given by expression (14.23) and
m2cr ∝

rc − r
.
ln[Λ2 /(rc − r)]

Finally, for d > 4, BΛ (p, 0) has a ﬁnite limit at p = 0 and thus
√
mcr ∝ rc − r .

(14.73)

(14.74)

Thus, in all dimensions, for |r → rc | → 0, mcr has the same scaling behaviour as
the physical mass.
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14.7 Renormalization group and corrections to scaling
To verify more directly the consistency of the N → ∞ limit with the perturbative
RG scheme, we calculate, at leading order for N → ∞, the RG functions and the
leading corrections to the scaling behaviour.
14.7.1 RG functions
We set (equation (14.54))
u = N gΛ4−d ,

g ∗ = u∗ Λd−4 /N = 6/(N a) ,

(14.75)

where the constant a(d) is deﬁned in (14.15) and diverges for ε = 4 − d → 0 like
1/(8π 2 ε) (equation (14.18)).
The mass m is a solution to equations (14.46), which imply
m2 = 16 N Λ4−d g [Ωd (m) − Ωd (0)] + τ .
For Λ → ∞, in the equation we keep the leading term and the correction that
becomes marginal at d = 4 (equations (14.14), (14.15), (14.75)). The equation
becomes
E(m, τ, g, Λ) ≡ m2 (1 − g/g ∗ ) + 16 N gK(d)md−2 Λ4−d − τ = 0 .

(14.76)

Diﬀerentiating this equation with respect to Λ, g, τ , one infers
1
∂m ∂E
+ (4 − d) N gK(d)md−2 Λ4−d = 0 ,
∂Λ ∂m
6
1
∂m ∂E
2 g
− m ∗ + N gK(d)md−2 Λ4−d = 0 ,
g
∂g ∂m
g
6


∂m ∂E
g
1
+ m2 1 − ∗ + N gK(d)md−2 Λ4−d = 0 ,
−τ
∂τ ∂m
g
6
Λ

where, in the last equation, τ has been eliminated by using the equation E =
0. Taking a linear combination of the three equations with coeﬃcients 1, −ε(1 −
g/g ∗ ), −εg/g ∗, respectively, one veriﬁes that, at this order, m satisﬁes an equation
that expresses that it is an RG invariant:


∂
∂
∂
+ β (g)
− η2 (g)τ
m(τ, g, Λ) = 0 ,
(14.77)
Λ
∂Λ
∂g
∂τ
where, in the right-hand side, the contributions of order 1/Λ2 have thus been neglected. The RG functions β(g) and η2 (g) are then
β(g) = −εg(1 − g/g ∗ ),
η2 (g) = −εg/g ∗ ⇒ ν −1 (g) = 2 + η2 (g) = 2 − εg/g ∗.

(14.78)
(14.79)
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For the simplest regularizations, a(d) is positive in all dimensions and the ﬁxed-point equation β(g) = 0 has a non-trivial solution g = g ∗ corresponding, for d ≤ 4,
to an IR ﬁxed point. Integrating the ﬂow equation
λ
one obtains



dg(λ)
= −β g(λ) ,
dλ
g∗
− 1 = λd−4 .
g(λ)

(14.80)

One then ﬁnds the exponents ν −1 = d−2, this result being consistent with equations
(14.64) and (14.49), and ω = β  (g ∗ ) = ε. In the framework of the ε-expansion, ω is
associated with the leading corrections to the asymptotic scaling behaviour. In the
limit N → ∞, ω remains smaller than 2 for ε < 2. Therefore, it remains associated
with the leading corrections, for N large, for all dimensions 2 ≤ d ≤ 4.
Finally, applying the RG equations to the propagator (14.44), one ﬁnds
η(g) = 0 ,

(14.81)

a result consistent with the value (14.51) of the exponent η.
Let us point out, however, that one can ﬁnd regularizations such that a(d) is
negative. In the latter case, which we discuss brieﬂy later, the RG method is
confronted with a serious diﬃculty.
14.7.2 Leading corrections to scaling relations
From the RG general analysis, one expects that the leading corrections to the scaling
behaviour vanish for u = u∗ . This property has already been veriﬁed for the free
energy. We again consider the correlation length or the mass m given by equations
(14.46). Keeping the leading correction to the integral for m → 0, one obtains
equation (14.76), which can be rewritten as
1−



τ
u
+ (u/6)K(d)md−4 + O md−2 Λ−2 = 2 .
∗
u
m

One notes that for the special value u = u∗ (g = g ∗ ), the leading correction to
scaling, which becomes marginal or logarithmic at d = 4, indeed vanishes.
One veriﬁes that the corrections, present when g = g ∗ , are proportional to (u −
u∗ )τ ε/(2−ε) . One infers that ων = ε/(2 − ε), a result consistent with equations
(14.64) and (14.49).
The λλ two-point function. Similarly, if one keeps the leading corrections to the
λλ function in the critical theory (equations (14.67), (14.21)), one ﬁnds
∆λ (p) =

2
N

6
6
−
+ b(d)p−ε
u u∗

−1

,

(14.82)
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where corrections of order Λ−2 have been neglected. The leading corrections to
scaling again vanish identically for u = u∗ , as expected.
Discussion.
(i) One can show that a perturbation generated by irrelevant operators is equivalent, at leading order in the critical region, to a modiﬁcation of the coeﬃcient of
(φ2 )2 . This can be explicitly veriﬁed here. The amplitude of the leading correction to scaling is, as we have noted, proportional to 6/u − a(d)Λ−ε where the value
of a(d) depends on the form of the cut-oﬀ function and, thus, on contributions of
irrelevant terms. Let us denote by u the coeﬃcient of (φ2 )2 in another schema
where a is replaced by a . Identifying the leading corrections to scaling, one ﬁnds
the relation (g  = u Λd−4 )
1
a (d)
1 a(d)
−
= −
,
g
6
g
6
which is a homographic relation consistent with the special form (14.78) of the βfunction. Indeed, using the ﬂow equation (14.80) between two values λ1 and λ2 ,
one ﬁnds
λd−4
λd−4
1
1
− 1∗ =
− 2∗ .
g(λ1 )
g
g(λ2 )
g
(ii) The sign of a(d). One generally assumes that a(d) is positive. This is indeed what is found for the simplest regularization schemes. For example, expression
(14.17) shows that a suﬃcient condition is that D(k) in expression (14.9) is a monotonically increasing function. Moreover, a(d) is always positive near dimension 4
where it diverges like
1
a(d) ∼
.
d→4 8π 2 ε
Then, in the limit N → ∞, the β-function has indeed a non-trivial zero u = u∗ ,
which corresponds to an IR ﬁxed point and governs large-distance physics. For this
value of u, the leading corrections to the asymptotic scaling forms vanish.
However, at d ﬁxed, d < 4, this is not the general situation. It is simple to ﬁnd
regularizations for which, for example, a(d) is negative at d = 3.
If a(d) is negative, the RG method, at least in its asymptotic form where it
involves only one parameter, is confronted with a serious diﬃculty for N → ∞.
Indeed, the eﬀective parameter u(λ) at scale λ increases for λ → ∞ until the validity
of the 1/N expansion ceases. The interpretation of this phenomenon is unclear. It
could be a real eﬀect: the initial Hamiltonians of this type do not belong to the
basin of attraction of the IR ﬁxed point. It could also be an RG problem: the RG
must be modiﬁed to ensure convergence. Finally, it could also simply be a pathology
of the N → ∞ limit.
Another way of formulating the problem consists in examining directly the relation between bare and renormalized parameters. Denoting by gr m4−d the four-point
function renormalized at zero momentum, one ﬁnds
m4−d gr =

Λ4−d g
1+

Λ4−d gN B

Λ (0, m)/6

.

(14.83)

348

The O(N ) symmetric (φ2 )2 ﬁeld theory in the large N limit

In the limit m

Λ, the relation can be written as


(d − 2)N K(d)  m 4−d 1 N a(d)
1
=
+
−
.
gr
12
Λ
g
6

(14.84)

As a consequence, for a(d) < 0, the renormalized ﬁxed-point value cannot be
reached, by varying g > 0, for any ﬁnite value of m/Λ. Similarly, the leading
corrections to scaling behaviour cannot be cancelled.
14.8 The 1/N expansion
In the calculation of the ﬁeld integral by the steepest descent method (14.6), the
higher order terms generate an expansion in powers of 1/N . To study the properties
of the expansion, it is useful to ﬁrst rewrite the Hamiltonian (14.7) diﬀerently, by
translating the ﬁeld λ(x) by its expectation value im2 (equation (14.27)), λ(x) →
im2 + λ(x). One ﬁnds


1
3N 2
6N  2
HN (σ, λ) = H(2) (σ) +
dd x m2 σ 2 − iλσ 2 +
λ +i
m −r λ
2
u
u
+ (N − 1) w(im2 + λ).

(14.85)

14.8.1 Dimensional analysis
One can then analyse the Hamiltonian (14.85) from the viewpoint of the local RG
near the ﬁxed point. The dimension of the ﬁeld σ(x) is (d − 2)/2. The quadratic
terms in σ with more than two derivatives are always irrelevant. The dimension [λ]
of the ﬁeld λ(x), inferred from the critical behaviour (14.69) of the propagator, is
given by equation (14.70):
[λ] = 2 .
"
2
Therefore, λ has a dimension 4 > d and the perturbation dd x λ2 (x), which
corresponds to the eigenvalue d − 4, is" irrelevant, in agreement with the analysis of
Section 14.7.2. The interaction term λ(x)σ 2 (x)dd x has dimension zero. One can
verify that the non-local interactions that depend on the ﬁeld λ and arise from the
expansion (14.8) of the determinant, also have all dimension zero when one keeps
in the propagator the leading terms at large distance:


tr(λ∆)k = k [λ] − 2k = 0 .
Therefore, in the framework of the 1/N expansion, the theory has, in the sense of
dimensional analysis, the properties of a renormalizable theory for all dimensions
2 < d ≤ 4. By contrast with the usual perturbation theory, the 1/N expansion generates only logarithmic corrections to the leading long-distance scaling behaviour.
The situation is thus similar to the one encountered in the case of the ε-expansion
at a ﬁxed point and one expects to be able to calculate universal quantities, such
as critical exponents, for example, as series in powers of 1/N . However, since some
interactions are non-local, the proof of this property is not immediate because the
results of standard renormalization theory do not apply. Nevertheless, it is possible
to construct an alternative, quasi-local, ﬁeld theory that has the same asymptotic
large-distance properties and to which renormalization theory applies.
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λ

σ
(2)

Fig. 14.3 Diagram contributing to Γσσ at order 1/N .

14.8.2 Application: Perturbative expansion, IR singularities and large-momentum
behaviour
A study of the 1/N correction to the two-point function gives some indication
about the structure of IR divergences in the perturbative expansion of the massless
(critical) theory at ﬁxed dimension d < 4.
We have seen that, in the framework of the 1/N expansion, one can calculate
at ﬁxed dimension d < 4 in the critical limit (T = Tc , m2 = 0). One thus expects
that the terms in the 1/N expansion cannot be expanded in a Taylor series in the
coeﬃcient g of (φ2 )2 .
Note that the Gaussian ﬁxed point is a stable ﬁxed point for the large-momentum
(UV) behaviour of renormalized correlation functions (i.e., large but still small
compared with the cut-oﬀ). The behaviour for g → 0 is thus related to the large-momentum behaviour.
To understand how the critical two-point function can be IR divergent in the
perturbative expansion but ﬁnite in the 1/N expansion, we study the two-point
function σσ at order 1/N . At this order, only one diagram contributes (Figure
14.3), containing two λ2 σ vertices. In the Λ → ∞ limit, and after a mass renormal(2)
ization (to ensure Γ̃σσ (p = 0) = 0), one ﬁnds
2
Γ̃(2)
σσ (p) = p +

2
N (2π)d



dd q
(6/u) + b(d)q −ε



1
1
− 2
(p + q)2
q




+O

1
N2


. (14.86)

An analytic study of the integral shows that it has an expansion of the form


αk (ε)uk p2−kε + βk (ε)u(2+2k)/ε p−2k .

(14.87)

k≥1

The coeﬃcients αk , βk can be calculated from the Mellin transform of the integral
considered as a function of u (see Appendix A4.2). The terms with integer powers
of u correspond to the perturbative expansion, which exists for ε small enough in
dimensional regularization. αk has poles at ε = (2l + 2)/k at which the corresponding powers of p2 is −l, that is, an integer. One veriﬁes that βl has poles for the same
value of ε and that the singular contributions cancel in the sum. For the dimensions
corresponding to poles, logarithms of u appear in the expansion.
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14.9 The exponent η at order 1/N
To illustrate the preceding discussion, we calculate the exponent η at order 1/N
(Figure 14.3). This requires the evaluation of the σ two-point function at order
1/N , at Tc and at the IR ﬁxed point. In the limit p → 0, the leading contribution
to expression (14.86) reduces to



1
1
dd q 4−d
2
1
(2)
2
Γ̃σσ (p) = p +
q
− 2 +O
.
(14.88)
N b(ε)
(2π)d
(p + q)2
q
N2
From the dimensional analysis of Section 14.8, one expects that after mass renormalization, the integral over q diverges logarithmically with the cut-oﬀ for all dimensions, a property one veriﬁes here. One thus introduces a cut-oﬀ Λ whose speciﬁc
form is not important at this order. The integral then behaves for Λ large, or small
momenta, like
 Λ d

d q ε
q (p + q)−2 − q −2 ∼ Ap2 ln(Λ/p).
(14.89)
d
(2π)
Comparing with the expansion of the two-point function at the IR ﬁxed point,



Γ̃2σσ (p) ∝ p2−η = p2 1 − η ln p + O 1/N 2 ,
(14.90)
one infers
η = 2A/(N b(ε)).
Expression (14.89) shows that the coeﬃcient of ln p can be inferred from the divergent part of the integral. The latter corresponds to large values of the integration
variables q in (14.88) and is a regular function of the momentum p. One can thus
expand it for p → 0. One ﬁnds


 Λ
 Λ d

4(p · q)2
d q 4−d 
dd q
−2
−2
2
(p + q) − q
∼p
q
−1 .
(14.91)
d
d
d
p2 q 2
1 (2π)
1 q (2π)
Using rotation invariance, one can substitute
qβ qβ
1
→ δαβ
2
q
d

and thus

4(p · q)2
4
→ ·
2
2
p q
d

The divergent part of the integral thus is
 Λ d
 2(4 − d)
1
d q 4−d 
p2 ln Λ .
(p + q)−2 − q −2 ∼
q
d
d/2 Γ(d/2)
(2π)
d
(4π)
1

(14.92)

Using the deﬁnition (14.22) of b(ε), one infers the value of the exponent η. It is
convenient to set
2 sin(πε/2)Γ(3 − ε)
2Γ(d − 1)
=
.
(14.93)
X1 = − 3
Γ (d/2)Γ(1 − d/2)
πΓ2 (2 − ε/2)
After some algebra, one obtains
4−d
η=
X1 + O
Nd



1
N2


.

(14.94)
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14.10 The non-linear σ-model
"
We have emphasized that the term proportional to λ2 (x)dd x is negligible in the
critical domain for d ≤ 4 and can thus be omitted at leading order. In Section
14.8, we have related this observation to the dimension of the monomial λ2 (x) in
the framework of the 1/N expansion: λ2 has dimension 4 in all space dimensions
and thus is irrelevant for d < 4. For d = 4, the situation is more subtle, because
it is marginal. However, even in this case, it generates only logarithmic corrections
to the leading behaviour. Technically, the constant part in the inverse propagator,
as it appears in equation (14.82), plays the role of a large-momentum cut-oﬀ. We
thus consider the Hamiltonian (14.85) without the λ2 term.
If one reintroduces the initial ﬁeld φ and one integrates over λ(x), one ﬁnds





Z = [dφ(x)] δ φ2 (x) − φ20 exp −H(2) (φ)
(14.95)
with



φ20 = 6 m2 − r /u .

In this form, one recognizes the partition function of a ﬁeld theory model called
the non-linear σ-model, in an unusual parametrization. This model will be brieﬂy
discussed in Chapter 15. This observation leads to a remarkable correspondence:
to all orders in the 1/N expansion, the connected correlation functions of the nonlinear σ-model and of the (φ2 )2 ﬁeld theory have the same asymptotic large-distance
behaviour.
The N → ∞ limit. The non-linear σ-model can be directly solved in the form of
a 1/N expansion. The solution in a more natural parametrization will show more
explicitly the correspondence with the parametrization of the (φ2 )2 ﬁeld theory.
The partition function of the σ-model can be written as

Z = [dσ(x)dλ(x)] exp [−H(φ, λ)]
(14.96)
with

1
i
H(φ, λ) = H(2) (φ) −
T
2T





dd x λ(x) φ2 (x) − 1 ,

(14.97)

where the integration over λ implements the constraint φ2 = 1 and the parameter
T is the temperature. Integrating, as we have done in Section 14.1, over (N − 1)
components of φ and calling σ the remaining component, one obtains

Z = [dσ(x)dλ(x)] exp [−HN (σ, λ)] ,
(14.98)
where
HN (σ, λ) =

1 (2)
i
H (σ) −
T
2T





dd x σ 2 (x) − 1 λ(x) + (N − 1)w(λ).

(14.99)
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One now takes the limit N → ∞ at T N ﬁxed. The saddle point equations that
correspond to equations (14.29) are
m2 σ = 0 ,

(14.100a)

σ = 1 − (N − 1)T Ωd (m) ,
2

(14.100b)

where we have set im2 = λ(x) and Ωd has been deﬁned in (14.11). At low
temperature, σ is diﬀerent from zero for d > 2 and thus m, which is the mass of
the π ﬁeld, vanishes. Equation (14.100b) gives the spontaneous magnetization:
σ 2 = 1 − (N − 1)T Ωd (0).

(14.101)

For T = Tc , where we have deﬁned
1/Tc = (N − 1)Ωd (0),
σ vanishes. Therefore, equation (14.101) can be rewritten as
σ 2 = 1 − T /Tc ,

(14.102)

in agreement, for T → Tc , with the result (14.43).
Above Tc , σ vanishes and m, which is now the mass common to all ﬁelds π and
σ, is given for 2 < d < 4 by (equation (14.15))


1
1
− = md−2 (N − 1)K(d) + O m2 Λd−4 .
Tc
T

(14.103)

For T → Tc , one recovers the scaling form (14.48) of the correlation length ξ = 1/m.
We will see in Chapter 15 that the correlation functions of the σ-model satisfy
RGE, which can be derived in a double series expansion in T and ε = d − 2. Combining the results (14.102), (14.103) with the general expressions (15.52), (15.51),
one can derive the RG functions at leading order for N → ∞:
β(T ) = (d − 2)T −

(d − 2) 2
T ,
Tc

ζ(T ) =

d−2
T.
Tc

(14.104)

The solution of the equation β = 0 is, in this context, the critical temperature Tc ,
β  (Tc ) = −1/ν = 2 − d and ζ(Tc ) = dφ (see Section 15.8).
The calculation of other physical quantities and the expansion in 1/N then follow
from the arguments of Sections 14.1–14.8.

15 The non-linear σ-model

In this chapter, we discuss the non-linear σ-model, a ﬁeld theory characterized by
an orthogonal O(N ) symmetry acting non-linearly on the ﬁelds. The study has
several motivations.
From the viewpoint of statistical physics, the model appears in the study of the
large-distance properties, in the ordered phase at low temperature, of lattice spin
models with O(N ) symmetry and short-range interactions. Indeed, in the case of
continuous symmetries, the whole low-temperature phase has a non-trivial large-distance physics due to the presence of Goldstone modes with vanishing mass or
inﬁnite correlation length.
Moreover, the model possesses, in two dimensions, the property of asymptotic
freedom (the Gaussian ﬁxed point is marginally stable for the large-momentum or
short-distance behaviour) and the spectrum is non-perturbative. These properties
are shared, in dimension 4, by quantum chromodynamics (QCD), a non-Abelian
gauge theory and a piece of the Standard Model of fundamental interactions describing physics at the microscopic scale.
From the viewpoint of statistical physics, the properties of the non-linear σmodel derived from renormalization group (RG) considerations provide additional
information about the large-distance behaviour of spin models, in the whole low-temperature ordered phase. The RG allows proving universal properties at ﬁxed
temperature below Tc . These properties are speciﬁc to models with continuous symmetries, since they are direct consequences of the interactions between Goldstone
modes.
Perhaps more surprisingly, when the SO(N ) group is non-Abelian, that is, for
N > 2, the σ-model allows studying the critical behaviour near two dimensions. The
results are derived from an analysis of the instability of the ordered low-temperature
phase near two dimensions, again due to the interactions between Goldstone modes.
The nature of these results can more easily be understood in the framework of
the N → ∞ limit in Section 14.10: to all orders of an expansion in 1/N , in the
critical domain, the (φ2 )2 and non-linear σ-models are equivalent.
Finally, let us point out that, unlike the (φ2 )2 ﬁeld theory, the non-linear σmodel can be deﬁned perturbatively only using lattice or dimensional regularizations
(Section 12.5.2).
15.1 The non-linear σ-model on the lattice
The non-linear σ-model is a statistical ﬁeld theory invariant under the group O(N )
acting on an N -component ﬁeld (or classical spin) φ̂(x) belonging to the sphere
SN −1 :
(15.1)
φ̂2 (x) = 1 .
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We ﬁrst deﬁne a lattice model that, technically, can be considered as a regularized version of the corresponding statistical ﬁeld theory. We introduce the ﬁnite
diﬀerences

1
Dµ φ̂(x) =
φ̂(x + µ ) − φ̂(x) ,
a
where x belongs to the d-dimensional cubic lattice of points with integer coordinates
and µ is the unit vector in the µ direction. The conﬁguration energy is chosen to
be of the form
2  

1 
(15.2)
Dµ φ̂(x) =
1 − φ̂(x + µ ) · φ̂(x) .
E(φ̂) =
2 x,µ
x,µ
The partition function is then given by





δ φ̂2 (x) − 1 dφ̂(x) exp −E(φ̂)/T ,
Z=

(15.3)

x∈Zd

where T is the temperature of the statistical model. The measure and the integrand
are explicitly invariant under the O(N ) group.
In expression (15.3), one recognizes the partition function of a classical spin model
on a lattice with nearest-neighbour ferromagnetic interactions.
N -component ferromagnetic lattice models. The statistical model (15.3) provides a
particular example (nearest-neighbour interactions) of a class of O(N ) symmetric
lattice models: N -component classical spins with unit length interact through ferromagnetic, short-range pair interactions of the class deﬁned in Section 8.1. In zero
external ﬁeld, the partition function of such models takes the general form



dSi δ S2i − 1 exp [−E(S)/T ] ,
(15.4)
Z=
i∈Zd

where Si is an N -component vector, i denotes lattice sites, and the conﬁguration
energy is determined by the pair interaction Vij :
E(S) = −



Vij Si · Sj .

(15.5)

i,j∈Zd

The critical properties of such models can be inferred from the RG analysis of a
(φ2 )2 eﬀective ﬁeld theory. The correspondence between ﬁeld theory and lattice
models is established by the following method: one ﬁrst ﬁnds an approximation for
the partition function, the mean-ﬁeld approximation, valid for high dimensions (see
Section 8.10). One characterizes the critical properties of all physical quantities
in the framework of this approximation scheme. One then shows that the mean-ﬁeld approximation is the ﬁrst term in a systematic expansion. Examining the ﬁrst
correction, one discovers the role of dimension 4 where the validity of mean-ﬁeld (or
quasi-Gaussian) theory ceases (see Section 8.9.2). Finally, for d ≤ 4, a summation
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to all orders in the expansion of the leading IR divergences leads to an eﬀective φ4
ﬁeld theory whose critical properties can be analysed by RG methods for dimensions
4 − ε, that is, near the upper-critical dimension, as we have shown in Sections 13.1.1
and 13.2.1.
Here, by contrast, we are interested in properties of these spin models at low
temperature in the ordered phase or in a weak uniform external ﬁeld, and this leads
to another type of expansion.
15.2 Low-temperature expansion
At low temperature, in zero external ﬁeld, the leading conﬁgurations are those that
minimize the conﬁguration energy (15.2) and that, thus, satisfy
Dµ φ̂(x) = 0 ⇒ φ̂(x) = n ,

n2 = 1 .

The leading conﬁgurations correspond to all spins aligned. As a direct consequence
of the symmetry, the conﬁguration energy admits a continuous set of equivalent
leading conﬁgurations related by transformations of the O(N ) group.
In the case of O(N ) invariant correlation functions, all minima give exactly the
same contribution. The summation over all minima just gives a factor, the volume
of the sphere SN −1 , which cancels with the normalization of the partition function.
However, in the case of non-O(N )-invariant correlation functions, a sum over all
minima is equivalent to an O(N ) group average. Therefore, it would seem that only
the O(N )-invariant correlation functions do not vanish. This question is directly
related to the possibility of spontaneous symmetry breaking. In the disordered
phase, one has to sum over all conﬁgurations and, thus, all leading conﬁgurations.
In the ordered phase, by contrast, the statistical system is no longer ergodic and,
therefore, one has to sum only on the subset of spin conﬁgurations that ﬂuctuate
around the direction of spontaneous magnetization. The leading conﬁguration at
low temperature is unique.
Any leading conﬁguration is a starting point for a low-temperature expansion.
Moreover, the form (15.3) shows that the low-temperature expansion is technically
a loop expansion (see the argument of Section 12.4.2).
Finally, in the presence of a uniform magnetic ﬁeld, the degeneracy is lifted, and
the magnetization and the leading conﬁguration at low temperature are aligned
along the magnetic ﬁeld.
15.2.1 Parametrization
We now choose as leading conﬁguration the vector n = (1, 0). To generate the
low-temperature expansion of the statistical model, it is necessary to parametrize
the spin vector in terms of independent variables. A parametrization of the sphere
(15.1) that is adapted to the low-temperature expansion is, for example,
φ̂(x) = (σ(x), π(x)) ,

(15.6)
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where σ is the component of φ̂ along n and π(x) is an (N − 1)-component vector.
The component σ(x) then is a function of π(x) through equation (15.1). The
equation can be solved locally. Since 1 − σ
1, the solution is
1/2

.
σ(x) = 1 − π 2 (x)

(15.7)

The consequences of the singularity of the parametrization will be discussed later.
Representation of the SO(N ) group. In what follows, we discuss transformations of
the O(N ) group close to the identity and thus belonging to the sub-group SO(N )
of matrices with determinant 1 (see Section A1.5).
The sub-group SO(N − 1) that leaves σ invariant acts linearly on π(x):
πα (x) →

N
−1


Oαβ πβ (x) ,

β=1

where Oαβ is an orthogonal matrix (N − 1) × (N − 1) with determinant 1.
One can then decompose the set of generators of the Lie algebra of SO(N ) into
the set of generators of the Lie algebra of SO(N − 1) and the complementary set.
This complementary set corresponds to inﬁnitesimal group transformations that
generate the variations
π → π + Dω π


1/2
with [Dω π](x) = ω 1 − π 2 (x)
,

(15.8)

where the constants ωα are the inﬁnitesimal parameters of the transformation. Since
the transform of the vector π is a non-linear function of π, one speaks here of a
non-linear representation of the O(N ) group.
The transformation of the ﬁeld σ is then a consequence of the relation (15.7) and
of the transformation (15.8) of the ﬁeld π:

1/2

−1/2
= − 1 − π 2 (x)
π · [Dω π](x) = −ω · π(x) . (15.9)
Dω σ(x) ≡ Dω 1 − π 2 (x)
Partition function and generating function. In the representation (15.6), the conﬁguration energy (15.2) takes the form
E(φ̂) =

2 
2 
2
1 
1  
.
Dµ π(x) + Dµ σ(x)
Dµ φ̂(x) ≡ E(π, σ) =
2 x,µ
2 x,µ

(15.10)

Using the relation (15.7),one ﬁnds
σ = (1 − π 2 )1/2 = 1 − 12 π 2 + O(π 4 ) ⇒ Dµ σ(x) = − 21 Dµ π 2 + O(π 4 ),
and thus
E(π, σ) =

2
1 
Dµ π(x) + O(π 4 ).
2 x,µ

(15.11)
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The generating functional of correlation functions is given by


&

dπ(x)

Z(H) =
x∈Zd

(1 − π 2 (x))

1/2

1
exp −
T


E(π, σ) −



'
H(x) · φ̂(x)

, (15.12)

x

where dπ(1 − π 2)−1/2 is the invariant measure on the sphere in the parametrization
(15.6).
In the parametrization (15.6), the conﬁguration energy is no longer polynomial,
as it was in the ﬁeld theory models studied so far. Moreover, the measure term

x

&
'

−1/2

1 
2
2
1 − π (x)
= exp −
ln 1 − π (x) ,
2 x

expanded in powers of π, generates additional interactions that do not contribute
at leading order for T → 0.
Finally, we recall that the form (15.12) is valid only for σ(x) > 0, that is, in the
phase ordered with magnetization along the vector n.
Mathematical remark. The ﬁeld φ̂ can also be identiﬁed with an element of the
homogeneous (symmetric) quotient space O(N )/O(N − 1).
15.2.2 Perturbative expansion
The parametrization (15.6) is adapted to an expansion starting from the conﬁguration π(x) = 0. In the ﬁeld integral (15.3), the temperature T orders the perturbative
expansion. For T → 0, the ﬁelds π(x) that contribute to the partition function are
then such that
√ 
T .
|Dµ π(x)| = O
Combined with the choice of expanding around π(x) = 0, this also implies
|π(x)| = O

√ 
T .

(15.13)

The dependence on T in the integrand is typical of integrals calculable by the
steepest descent method (Sections 2.6 and 2.7.1) The values of π(x) of order 1 give
exponentially small contributions to the ﬁeld integral (of order exp(−const./T ))
which are negligible to all orders in the perturbative expansion. The integral can
be expanded around the Gaussian approximation and the perturbative expansion
reduces to the evaluation of Gaussian expectation values. To all orders in the
expansion in powers of T , in the ﬁeld integral one can integrate freely over π(x)
from +∞ to −∞, the constraints generated by the parametrization (15.7) (σ(x) > 0)
and by
|π(x)| ≤ 1 ,
again corresponding to exponentially small corrections.
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Since π is of order
of the ﬁeld,

√
T , it can be convenient to introduce a diﬀerent normalization
π → π

√
T .

(15.14)

Then,
σ = (1 − T π 2 )1/2 = 1 − 12 T π 2 + O(T 2 π 4 ), E(π, σ) =

2
1 
Dµ π(x) + O(T π 4 ).
2 x,µ

This normalization shows that the expansion of expression (15.10) in powers of T
generates an inﬁnite number of diﬀerent vertices with arbitrary even powers of π.
However, in the initial normalization of π, using the relation between expansion in
powers of T and loop expansion, it is easy to verify that to all ﬁnite orders in T and
for a given correlation function, only a ﬁnite number of vertices contributes. Let
us point out that the additional, derivative-free, vertices generated by the measure
contain no 1/T factor and begin contributing only at one-loop order.
Introducing the Fourier representation of the ﬁeld

(15.15)
π(x) = dd p eipx π̃(p),


one notes
Dµ π(x) =
One infers




dd p eipx eipµ −1 π̃(p).


2

(Dµ π(x)) = 2(2π)d

x,µ

dd p π̃(p) · π̃(−p)



(1 − cos pµ ) .

µ

In the Fourier representation, the propagator of the π ﬁeld then reads

1
˜ αβ (p)
dd p e−ipx ∆
πα (x)πβ (0)|T =0 =
(2π)d
with
˜ αβ (p) =
∆

2δ
δαβ
# αβ
.
= 2
d − µ cos pµ
p + O(p4 )

(15.16)

At leading order, the π ﬁeld thus is massless and the correlation length is inﬁnite:
the low-temperature expansion corresponds automatically to the situation where
the symmetry O(N ) is spontaneously broken. The π ﬁeld then corresponds to the
Goldstone modes associated with the symmetry breaking. The massive partner of
the π ﬁeld in the linear realization, the component σ, has been eliminated by the
constraint (15.1).
This property explains the existence of a continuum limit in the low-temperature
phase that the expansion allows studying.
Let us point out here that these properties are independent of the particular
choice (15.6) of the parametrization of φ̂(x).
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15.2.3 Gaussian ﬁxed point and perturbations
The form of the propagator (15.16) shows that the ﬁeld π has the usual Gaussian
dimension of a scalar ﬁeld [π] = 12 (d − 2).
#
All vertices are multiplied by a factor of the form d − µ cos pµ = 12 p2 + O(p4 ).
We thus rescale distances and change the ﬁeld normalization as indicated in Section
13.1.2:
x → Λx ⇒ p → p/Λ , π(x) → Λ(2−d)/2 π(x/Λ),
(15.17)
where 1/Λ is the lattice spacing in this new scale. We then extend the deﬁnition of
π(x) by an inﬁnitely diﬀerentiable interpolation to arbitrary real values of x. With
this deﬁnition, Dµ π admits an expansion in powers of Λ of the form
Λ(2−d)/2 Dµ π(x) = Λ(2−d)/2 [π(x + µ /Λ) − π(x)]
 1
Λ(2−d)/2−r (∂µ )r π(x).
=
r!
r=1
The ﬁeld σ has an expansion in powers of π 2 . A contribution to Dµ σ has the form
n  1 n(2−d)−r
n


Λ
(∂µ )r π 2 (x) .
Dµ Λn(2−d) π 2 (x) =
r!
r=1
One then infers the form of the contributions to the conﬁguration energy. Factorizing the volume element Λ−d , one ﬁnds that a vertex containing n ﬁelds π and r
powers of ∂, n ≥ 2, r ≥ 2, is aﬀected by a factor Λlnr with
lnr = d − n(d − 2)/2 − r .
As we have shown in Section 13.1.3, the changes of scale and normalization reduce
the analysis of perturbations to the Gaussian ﬁxed point to dimensional analysis
and the quantities lnr are also the eigenvalues associated with the eigenvectors of
the RG (see equation (9.50)). As a consequence:
(i) For d > 2, lnr > 0 and thus all vertices are irrelevant. The large-distance
behaviour for T < Tc , in the ordered phase, is given by a quasi-Gaussian theory.
(ii) For d = 2, the vertices with r > 1 are irrelevant and the vertices with r = 1
are marginal. It is thus necessary to study systematically the corrections to the
Gaussian approximation.
(iii) For d < 2, the same vertices become relevant. This is not particularly
surprising since we have shown that a phase transition is then impossible.
For d > 2, however, a problem arises: the measure generates derivative-free
vertices, which thus seem relevant. In fact, these vertices maintain the symmetry
O(N ) of the model and, in particular, cancel the mass corrections generated in the
perturbative expansion by the other vertices. They play a role somewhat analogous
to the rc σ 2 term in Hamiltonian (10.1).
From this analysis emerges the special role of dimension 2. We will thus study
more systematically the model at and near two dimensions.
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15.3 Formal continuum limit
The divergence of the correlation length corresponding to the ﬁeld π implies the
existence of a non-trivial large-distance physics, and thus of a continuum limit.
One can try to describe the continuum limit, by taking directly the formal continuum limit of the lattice model. We have shown that the leading corrections to the
Gaussian model come from the vertices with two derivatives. The most general conﬁguration energy, or Euclidean action, invariant under the O(N ) group, a function
of φ̂ and its derivatives, and which involves at most two derivatives (the leading
terms at large distance) is


1
E(φ̂) =
dd x
(15.18)
∂µ φ̂(x) · ∂µ φ̂(x) ,
2
µ
up to a multiplicative constant. (Translation invariance and isotropy in Rd are
implicit.) Indeed, each symmetric and derivative free term is a function of (φ̂)2 and
thus, due to the constraint (15.1), reduces to a constant, and φ̂ · ∂µ φ̂ vanishes.
The partition function then reads



Z = [dρ(φ̂)] exp −E(φ̂)/T ,
(15.19)
where dρ(φ̂) is the product over all points of the invariant measure on the sphere.
In the parametrization (15.6), adapted to perturbative expansion for T → 0, the
conﬁguration energy (15.18), or Euclidean action, takes the geometric form

d



1
E(π, σ) =
Gαβ π(x)
∂µ πα (x)∂µ πβ (x) ,
(15.20)
dd x
2
µ=1
α,β

where

πα πβ
(15.21)
1 − π2
is the metric tensor on the sphere and T then characterizes the deviation of the
statistical ﬁeld theory from the Gaussian theory.
The geometric expression (15.20), which involves the metric tensor, is independent
of the parametrization of the sphere.
Gαβ (π) = δαβ +

Partition function and generating function. The generating functional of correlation
functions is then given by
'


 &

dπ(x)
1
d
exp −
Z(J) =
E(π, σ) − d x J(x) · π(x) . (15.22)
1/2
T
(1 − π 2 (x))
A problem appears immediately: in continuum space the functional measure is not
deﬁned. From a formal viewpoint, the measure can be interpreted as a determinant
and thus, since ln det = tr ln, its logarithm as a trace:

−1/2


1 − π 2 (x)
ln
= exp − 21 tr K
x
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with


K(x, y) = δ d (x−y) ln 1−π 2(x) ⇒ tr K = ‘ δ d (0)





dd x ln 1 − π 2 (x) . (15.23)

One must thus ﬁnd a regularization for what appears formally as an additional,
inﬁnite, contribution of order T to the eﬀective Hamiltonian.
15.4 Regularization
Even without taking into account the contributions of the measure, the Feynman
diagrams generated by the theory (15.22) have short-distance, or large-momentum,
divergences. It is thus necessary to modify the theory to render all diagrams ﬁnite,
an operation called regularization.
Derivative or Pauli–Villars regularizations. Any regularized version of the nonlinear σ-model must remain invariant under the transformations of the O(N ) group.
It is more complicated to implement this condition here than in the case of the
(φ2 )2 ﬁeld theory, for example, because the O(N ) symmetry relates the interaction
terms in the expression (15.20) to the quadratic part. A simple method consists in
starting again from a description of the model in terms of the constrained φ̂(x) ﬁeld
because the conﬁguration energy (15.18) is formally identical to a Gaussian critical
Hamiltonian. We thus replace E(φ̂) by
1
EΛ (φ̂) =
2





α2
α3
dd x φ̂(x) · −∇2x + 2 ∇4x − 4 ∇6x + · · · φ̂(x).
Λ
Λ

(15.24)

Expressing then φ̂(x) in terms of π(x), one discovers that the large-momentum
behaviour of the propagator is improved, but simultaneously new, more singular,
interactions have been introduced. A power counting analysis then reveals that all
diagrams can be regularized except one-loop diagrams, whose power counting has
not changed. This property is not completely independent of another limitation
of Pauli–Villars regularization: it does not regularize the divergent term (15.23)
generated by the measure. Actually, one can verify that the remaining one-loop
divergences generated by the new interactions are needed to cancel formally the
divergent contributions coming from the measure.
Dimensional regularization. Dimensional regularization (Section 12.5.2) preserves
the O(N ) symmetry of the conﬁguration energy. Moreover, as a consequence of the
rule

1
dd k = 0 ,
δ d (0) =
(2π)d
the term (15.23) coming from the measure can be ignored and, therefore, the perturbative expansion has no large-momentum divergences for d < 2. Due to its
technical simplicity, this is the regularization that one uses generally in explicit calculations. A theoretical inconvenience is that the role of the measure term is then
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hidden. Therefore, for the theoretical discussion of the renormalization of the nonlinear σ-model, it is useful to consider both dimensional and lattice regularizations.
In two dimensions, one ﬁnds both short (UV) and large (IR) distance divergences
and this is a source of another diﬃculty. To deﬁne the perturbative expansion
by dimensional regularization, it is necessary to give a mass (a ﬁnite correlation
length) to the ﬁeld π and thus to break the O(N ) symmetry explicitly. A simple
way of generating a mass consists in adding to the Hamiltonian a magnetic ﬁeld
term linearly coupled to σ.
Lattice regularization. Expression (15.3), which corresponds to the initial lattice
model, provides, of course, a suitable lattice regularization and also allows using
non-perturbative methods to study the non-linear σ-model. Moreover, this is the
only regularization that allows a discussion of the role of the measure in the perturbative expansion. On the other hand, perturbative calculations are technically
complicated and one can deﬁne only asymptotically a diﬀerential RG since the
dilatation parameter cannot vary continuously.
15.5 Zero-momentum or IR divergences
Since in a massless ﬁeld theory the propagator behaves like 1/p2 , it is necessary
to discuss the perturbative expansion from the viewpoint of zero-momentum or IR
divergences. For example, let us calculate the expectation value of the ﬁeld σ at
one-loop order. In the initial normalization (15.12),


 
σ(x) = 1 − 12 π 2 (x) + O π 4

 
dd p
= 1 − (N − 1)T
+ O T2 .
2
4
p + O(p )
The integral is ﬁnite for d > 2, but diverges at the critical dimension d = 2, the
dimension at which the non-linear σ-model is renormalizable. This property is
directly related to the physics of spontaneous breaking of continuous symmetries.
(i) In Section 7.7, we have shown that in the N -component model, for d > 2,
the O(N ) symmetry is spontaneously broken at low temperature. Consistently, the
perturbative expansion of the σ-model, which predicts also spontaneous symmetry
breaking (SSB), is not divergent at zero momentum for d > 2. For T < Tc ﬁxed, the
large-distance perturbative behaviour is dominated by massless excitations (Goldstone modes) also called spin waves. By contrast, the perturbative expansion gives
no indication about the possible existence of a critical region T ∼ Tc .
(ii) For d ≤ 2, the Mermin–Wagner–Coleman theorem states that SSB with order
(φ̂ = 0) of a continuous symmetry is impossible in a model with short-range interactions, and this, again, is consistent with the appearance of IR divergences in the
perturbative expansion (see the discussion of Section 7.7). For d ≤ 2, the critical
temperature Tc vanishes and the perturbative expansion is meaningful only in the
presence of a zero-momentum (IR) regularization. As a consequence, the perturbative expansion gives no direct information about the large-distance properties of
the model.
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IR regularization. To be able to deﬁne a perturbative expansion in two dimensions,
one must ﬁrst introduce a zero-momentum regularization. In an inﬁnite volume,
this necessitates giving a non-zero mass (i.e., a ﬁnite correlation length) to the ﬁeld
π. Since the vanishing mass is a consequence of the spontaneous breaking of the
O(N ) symmetry, it is necessary to break the symmetry explicitly. One can, for
example, add to expression (15.10) an explicit mass term. However, a study of the
mechanism of symmetry breaking suggests a more convenient method that consists
in introducing a uniform magnetic ﬁeld:
E(π, σ) → E(π, σ; H) = E(π, σ) −

H
σ(x) ,
T x

H > 0.

(15.25)

An immediate consequence of such a modiﬁcation is that the minimum of the conﬁguration energy is no longer degenerate. Indeed, the minimum is now obtained
by maximizing also the magnetic ﬁeld contribution and this implies π = 0 at the
minimum.
Moreover, an expansion of σ in powers of π,
1/2



= 1 − 12 π 2 + O (π 2 )2 ,
σ = 1 − π2

(15.26)

shows that the quadratic terms in E(π, σ; H) lead to the new propagator of the ﬁeld
π,
δαβ T
˜ αβ (p) =
∆
.
(15.27)
p2 + H + O(p4 )
The linear σ term has thus generated a mass proportional to H 1/2 for the ﬁeld π.
It has also generated new, derivative-free, interactions.
We recall that in the case of the (φ2 )2 ﬁeld theory, the breaking term Hσ is
linear in the independent ﬁeld component σ and, therefore, does not generate a
new renormalization constant. The same result can be proved here, even though
the component σ is a non-linear function of the ﬁeld π.
15.6 Renormalization group
We have shown that the large-distance physics in a model with O(N ) symmetry can
be described, in dimension d > 2, below Tc , by the non-linear σ-model. One veriﬁes
that this ﬁeld theory is renormalizable in two dimensions. One thus proceeds in a
way formally analogous to the case of the (φ2 )2 ﬁeld theory, that is, one studies the
theory in dimension d = 2 + ε within the framework of a double series expansion in
powers of the temperature T and of ε. In this way, the perturbative expansion is
renormalizable and RG equations (RGE) follow.
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15.6.1 Renormalization and RGE
In the formal continuum limit, in dimensional regularization, the partition function
in a uniform magnetic ﬁeld H reads
 


−1/2
1 − π 2 (x)
Z(H) =
dπ(x) exp [−E(π, σ; H)/T ] ,
(15.28)
where
)


E(π, σ; H) =

dd x

'
.
&
2

1
(π · ∂µ π(x))
2
− H 1 − π 2 (x) .
(∂µ π(x)) +
2 µ
1 − π 2 (x)
(15.29)

In the ﬁeld integral, one then substitutes
π(x) = Z 1/2 πr (x),

σ(x) = Z 1/2 σr (x),

(15.30)

where Z is the ﬁeld renormalization. The relation between π and σ becomes

1/2
σr (x) = Z −1 − πr2 (x)
.
(15.31)
One also introduces a mass scale µ, at which the renormalized theory is deﬁned,
and two parameters g, h, the renormalized temperature and magnetic ﬁeld, which
are also the eﬀective parameters at scale µ. In some renormalization schemes, like
minimal subtraction, the renormalization constants are independent of h. We adopt
here one of these schemes. Let us point out that, in what follows, µ plays the role
of an intermediate scale characteristic of the critical domain around the Gaussian
ﬁxed point. The ultimate large-distance behaviour corresponds to momenta small
with respect to µ.
The relations between initial and renormalized parameters take the form
T = µ2−d gZg (g) ,

µd−2

h
H
= Z 1/2 (g) ,
g
T

(15.32)

where Zg characterizes the temperature renormalization and we have assumed that
the renormalization constants are chosen independent of h.
With our conventions, the parameter g, which is proportional to the temperature, is dimensionless. The relation between regularized and renormalized vertex
functions is
(15.33)
Z n/2 (g)Γ̃(n) (pi ; T, H) = Γ̃(n)
r (pi ; g, h, µ),
(n)

where the functions Γ̃r have, order by order in an expansion in powers of g, a
ﬁnite limit when ε → 0.
By diﬀerentiating with respect to µ, at ﬁxed initial parameters T, H, one obtains
the RGE
µ

∂
n
∂
∂
+ β(g)
− ζ(g) + ρ(g)h
Γ̃(n) (pi ; g, h, µ) = 0 ,
∂µ
∂g
2
∂h r

(15.34)
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α3 , p3

p2 , α2 = α1

α4 = α3 , p4

V (4) (p1 , p2 , p3 , p4 ) = 18 δα1 α2 δα3 α4 [(p1 + p2 )2 + H]
Fig. 15.1 π 4 vertex: Faithful representation, the dotted line does not correspond to a
propagator but allows representing faithfully the ﬂow of indices by full lines.

where the RG functions are deﬁned by
µ
µ

∂
∂µ

g = β(g) ,
T,H ﬁxed

∂
∂µ

T,H ﬁxed

∂
∂µ

T,H ﬁxed

µ

ln Z = ζ(g) ,

(15.35)

ln h = ρ(g) .

Using the ﬁrst relation (15.32) and the deﬁnition of Z, one relates the RG functions
in the renormalized theory to the renormalization constants Z, Zg :

−1
d ln Zg
,
(15.36a)
β(g) = εg 1 + g
dg
d ln Z
,
(15.36b)
ζ(g) = β(g)
dg
where one has set
d = 2+ε.

(15.37)

The coeﬃcient of ∂/∂h can be inferred from the second equation (15.32), which
implies (taking the logarithm of both sides)
0 = h−1 µ

1
β(g)
∂
h + d − 2 − ζ(g) −
,
∂µ
2
g

(15.38)

and, therefore,
1
β(g)
ρ(g) = 2 − d + ζ(g) +
.
(15.39)
2
g
To be able to discuss correlation functions involving the ﬁeld σ, one also needs the
(n)
RGE satisﬁed by the connected correlation functions Wr :


1
∂
n
β(g)
∂
∂
+ β(g)
+ ζ(g) +
ζ(g) +
−ε h
(15.40)
µ
Wr(n) = 0 .
∂µ
∂g
2
2
g
∂h
15.6.2 Calculations at one-loop order
The two RG functions can be inferred from the calculation of the two-point vertex
function. At one-loop order, the calculation requires the vertex of order π 4 :
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dd x



2

[π(x) · ∂µ π(x)] =

µ

1
4



1
=−
4

dd x




2

∂µ π 2 (x)

µ



dd x π 2 (x)∇2x π 2 (x) .

In the Fourier representation (15.15),
−





dd x π 2 (x)∇2x π 2 (x)



1
d
d
d
ix(p1 +p2 )
=
π̃(p1 ) · π̃(p2 ) dd p3 dd p4 (p3 + p4 )2
d x d p1 d p2 e
4
× eix(p3 +p4 ) π̃(p3 ) · π̃(p4 )

 
1
= (2π)d dd p1 dd p2 dd p3 dd p4 δ
pi (p3 + p4 )2 π̃(p1 ) · π̃(p2 )
4
× π̃(p3 ) · π̃(p4 ).
1
4

The contribution of order π 4 coming from the expansion of Hσ(x) has the eﬀect of
replacing (p3 + p4 )2 by (p3 + p4 )2 + H and leads to the vertex V (4) of Figure 15.1.
q

p
Fig. 15.2 Two-point function: One-loop contribution.

The calculation of the one-loop diagram of Figure 15.2 follows. The diagram
decomposes, in a faithful representation, into the sum of the two diagrams of Figure
15.3, where the ﬂow of group indices is explicit. It can be expressed in terms of the
function Ωd introduced in Section 12.5.3 (equation (12.32)).

1
(N
2

√
− 1)HΩd ( H)

√
p2 Ωd ( H)

Fig. 15.3 Faithful one-loop diagrams.

The second diagram of Figure 15.3 is given by
1
(2π)d


dd q

p2
(p + q)2 + H
=
2
q +H
(2π)d



1
dd q
+
2
q +H
(2π)d


dd q .
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"
The contribution proportional to dd q is cancelled by the ﬁrst contribution coming
from the measure. Moreover, like the measure contribution, it vanishes in dimensional regularization.
For the two-point vertex function, one then ﬁnds
Γ̃(2) (p) =

√
 

1  2
p + H + p2 + 12 (N − 1)H Ωd ( H) + O(g),
T

(15.41)

where (equation (12.32))
1
Ωd (m) =
(2π)d



dd q
.
q 2 + m2

Renormalized vertex function. At one-loop, the renormalized two-point function,
deﬁned in (15.33), and expressed in terms of the renormalized parameters (15.32),
then reads


√


µε Zp2
(2)
1/2
Γ̃r (p) =
+ hZ
(15.42)
+ p2 + 12 (N − 1)h Ωd ( h) + O(g).
g
Zg
In dimensional regularization, the function Ωd is given by equation (12.36), which
can be written as
πNd
Nd
md−2 ∼ −
,
(15.43)
Ωd (m) =
ε→0
2 sin(πd/2)
ε
where Nd is the usual loop factor:
Nd =

2
(4π)d/2 Γ(d/2)

=

1
+ O(ε) .
2π

Expressing that the two-point function is ﬁnite when ε = d − 2 → 0, one derives
(2)
from the expression of Γ̃r the renormalization constants at one-loop order. In the
so-called minimal subtraction scheme, one ﬁnds
 
Nd
g + O g2 ,
ε
 
Nd
g + O g2 .
Zg = 1 + (N − 2)
ε
Z = 1 + (N − 1)

(15.44)

Using expressions (15.36), one infers the RG functions at one-loop order:
 
(N − 2) 2
g + O g3 ,
2π
 
(N − 1)
ζ(g) =
g + O g2 .
2π

β(g) = εg −

(15.45a)
(15.45b)

The two RG functions and the corresponding critical exponents have been calculated
up to four-loop order.
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15.7 Solution of the RGE. Fixed points
Near dimension 2, the ﬁxed points correspond to the zeros of the function β(g)
given by equation (15.36a). Integrating then the RGE, one can derive, from the
existence and stability of the ﬁxed points, universality properties.
15.7.1 Fixed points
From the form of the function β(g), one concludes immediately:
(i) For d ≤ 2 (ε ≤ 0), g = 0 is an unstable IR ﬁxed point, the IR instability being
a direct consequence of the IR divergences that massless Goldstone bosons would
generate. The spectrum of the theory thus cannot be inferred from the perturbative expansion and the implicit perturbative assumption of spontaneous symmetry
breaking at low temperature is inconsistent. As we have already mentioned, this
result is in agreement with a more rigorous analysis.
Section 15.10.1 then contains a brief discussion of physics in two dimensions.
Since the model then depends only on one marginal parameter, g = 0 is also a UV
stable ﬁxed point (a large-momentum property called asymptotic freedom in the
literature).
Finally, there is a special case to which the analysis does not apply: d = 2, N = 2,
where the β-function vanishes identically, and which must be examined separately
(Section 15.10.2).
(ii) For d > 2, that is, ε > 0, g = 0 is a stable IR ﬁxed point, the symmetry O(N )
is spontaneously broken at low temperature in zero ﬁeld. The eﬀective interaction
that determines the large-distance behaviour, goes to zero for all eﬀective temperatures g < g ∗ , g ∗ being the ﬁrst non-trivial zero of β(g). As a consequence, the
large-distance properties of the model can be inferred from the low-temperature expansion and RG arguments, by replacing the parameters at scale µ by the eﬀective
parameters obtained by solving the RGE.
Critical temperature. Finally, one observes that, at least for 0 < ε
the RG function β(g) has a non-trivial zero
g∗ =

 
2πε
+ O ε2 ⇒ β(g ∗ ) = 0 with
N −2

1 and N > 2,

 
β  (g ∗ ) = −ε + O ε2 ,

(15.46)

which corresponds to an unstable IR ﬁxed point. A value of the temperature that
has such a property corresponds to a critical temperature. The consequences of this
result will be discussed later.
Here, let us point out only that g ∗ is also a UV ﬁxed point, that is, it governs the
large-momentum behaviour of the renormalized theory. Therefore, the perturbative
analysis that indicates that the theory is not renormalizable for d > 2 cannot be
trusted. Indeed, correlation functions have, for large momenta, a non-perturbative
behaviour. This opens the possibility that a quantum ﬁeld theory consistent for all
distance scales in the continuum could exist.
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15.7.2 RGE integration: d > 2, g < g ∗
We now present a more detailed discussion of the solutions of the RGE.
We ﬁrst examine the implications of the RGE for the large-distance behaviour
of correlation functions for d > 2 where g = 0 is an IR stable ﬁxed point. Like
in Section 13.3.1, we solve equation (15.34) by introducing a scale factor λ and by
looking for a solution of the form


−n/2
(λ)Γ̃(n)
pi , g(λ), h(λ), µ/λ .
Γ̃(n)
r (pi , g, h, µ) = Z
r

(15.47)

Compatibility with equation (15.34) implies


g(λ)

ln λ = −
g



g(λ)

ln Z(λ) =


ln h(λ)/h =



dg 
,
β(g  )

dg 

g
g(λ)

dg 

g

(15.48a)

ζ(g  )
,
β(g  )

(15.48b)

ζ(g  )
d−2
1
−
+
.
2β(g  ) β(g  ) g 

(15.48c)

The latter equation can be integrated and yields
h(λ) = λd−2 Z 1/2 (λ)

g(λ)
h.
g

(n)

With our conventions, Γ̃r has dimension d and h dimension 2. Taking into account
dimensional analysis, one can then rewrite relation (15.47) as


−n/2
Γ̃(n)
λpi /µ, g(λ), h(λ)λ2 /µ2 , 1 .
(λ)(µ/λ)d Γ̃(n)
r (pi , g, h, µ) = Z
r

(15.49)

For h = 0, the perturbative expansion has large IR contributions. The choice of λ
solution of the equation
(15.50)
h(λ) = (µ/λ)2 ,
ensures that the perturbative expansion in the eﬀective theory at scale λ is not IR
singular.
It is easy to verify that, at least in the vicinity of g = 0, for h
µ2 the equation
implies λ → ∞ and g(λ) converge toward the IR stable Gaussian ﬁxed point g = 0.
We introduce the three functions of the temperature


ζ(g  ) 
dg = Z −1/2 (g),

0 β(g )

 g
1
1
−1 1/ε
−
dg  ,
ξ(g) = µ g exp
β(g  ) εg 
0

1
M0 (g) = exp −
2

g

K(g) = M0 (g) [µξ(g)]d−2 /g = 1 + O(g).

(15.51)
(15.52)
(15.53)
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The integral in equation (15.48c) has a limit when g → 0 and thus h(λ) → hK(g).
Solving equation (15.50), one ﬁnds
λ ∼ µ/


K(g)h.

(15.54)

Equations (15.48a, b) then determine the behaviours of g(λ) and Z(λ):

d−2
d−2
(d−2)/2 
g(λ) ∼ λ2−d µξ(g)
µξ(g)
∼ [K(g)]
(h/µ2 )(d−2)/2 ,

(15.55)

Z(λ) ∼

(15.56)

M02 (g).

One infers


−n
d/2 (n)
Γ̃r
Γ̃(n)
pi [K(g)h]−1/2 , g(λ), 1, 1 .
r (pi , g, h, µ) ∼ M0 (g)[K(g)h]

(15.57)

Actually, it is simple to verify directly, using dimensional analysis in the form
µ

∂
∂
∂
+ 2h
+ pi
= d,
∂µ
∂h
∂pi

that equation (15.57) yields the general solution of equation (15.34).
Since the eﬀective temperature g(λ) → 0, the leading terms in the limit h → 0
and pi → 0 can then be calculated perturbatively.
15.8 Correlation functions: Scaling form
It is convenient to rewrite equation (15.57) in the form


−d
Γ̃(n)
(g)M0−n (g)F (n) pi ξ(g), h/h0 (g) ,
r (pi ; g, h, µ) = ξ
where


−1
.
h0 (g) = K(g)ξ 2 (g)

(15.58)

(15.59)

Equation (15.58) shows that ξ(g) has, in zero ﬁeld, the nature of a correlation
length.
For connected correlation functions, the same analysis leads to


Wr(n) (pi ; g, h, µ) = ξ d(n−1) (g)M0n (g)G(n) pi ξ(g), h/h0 (g) .

(15.60)

The one-point function is the magnetization and thus


M = M0 (g)F (0) h/h0 (g) .

(15.61)

By inverting the relation, one obtains the scaling form of the equation of state


M
h = h0 (g)f
.
(15.62)
M0 (g)
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The vertex function can also be expressed in terms of the magnetization as


−d
Γ̃(n)
(g)M0−n (g)F (n) pi ξ(g), M/M0 (g) .
(15.63)
r (pi , g, M, µ) = ξ
The scaling forms (15.62), (15.63) are consistent with the solutions of the RGE in the
(φ2 )2 ﬁeld theory (see Section 13.5): the appearance of two diﬀerent functions ξ(g)
and M0 (g) corresponds to the existence of two independent critical exponents ν, β,
in the (φ2 )2 ﬁeld theory. They extend the large-distance scaling form of correlation
functions, valid in the critical region, to all temperatures below g ∗ . However, there
is an important diﬀerence between the RGE of the (φ2 )2 theory and those of the
σ-model: the (φ2 )2 theory depends on two parameters, the coeﬃcient of φ2 that
plays the role of the temperature and the coeﬃcient of (φ2 )2 that has no equivalent
here. This coeﬃcient allows interpolating between the Gaussian and the IR stable
ﬁxed points. The correlation functions of the continuum (φ2 )2 theory have the
exact scaling form (15.63) only at the IR ﬁxed point. By contrast, in the case of
the σ-model, it has been possible to eliminate all corrections to scaling, related to
irrelevant operators, order by order in the perturbative expansion. We are thus led
to the remarkable conclusion: the correlation functions of the non-linear σ-model
with O(N ) symmetry are identical to the correlation functions of the (φ2 )2 ﬁeld
theory at the IR stable ﬁxed point. This conclusion is consistent with the analysis
of the scaling behaviour presented in the framework of the 1/N expansion in Section
14.10.
Coexistence curve and spontaneous magnetization. The analysis can be applied to
the determination of singularities on the coexistence curve, that is, at g ﬁxed below
the critical temperature when the magnetic ﬁeld goes to zero.
With the same notation, the renormalized magnetization, which is the one-point
function, satisﬁes


(15.64)
M (g, h, µ) ≡ σr (x) = Z 1/2 (λ)M g(λ), 1, 1 .
To calculate M , we expand equation (15.31):


σr (x) = Z −1/2 (g) 1 − 12 Zπ 2 (x) + O(π 4 ) .
At one-loop order, in a ﬁeld, M is thus given by (equation (15.43))

 
1
dd q
+ O g2
M = Z −1/2 − 12 (N − 1)µ−ε g
d
2
(2π)
q +h
 
πNd
Nd
g − (N − 1)
g(h/µ2 )(d−2)/2 + O g 2 .
= 1 − (N − 1)
2ε
4 sin(πd/2)
Using then relation (15.64), one ﬁnds



M (g, h, µ = 1) = M0 (g) 1 − (N − 1)M1 (g)h(d−2)/2 + O h, hd−2



d−2
1
π
(d−2)/2 
+
µξ(g)
.
M1 (g) = Nd
[K(g)]
2(d − 2) 4 sin(πd/2)
This result shows that M0 (g) is the spontaneous magnetization and establishes the
form of the leading singularity in h on the coexistence curve, that is, at h = 0, of
the equation of state. For the physical dimension d = 3, one ﬁnds a h1/2 singularity.
with
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15.9 The critical domain: Critical exponents
We now study the behaviour of thermodynamic quantities when g approaches g ∗
(for N > 2). The correlation length ξ(g) diverges like
1 β  (g∗ )
ξ(g) ∼ µ−1 (g ∗ − g) /
.

(15.65)

One concludes that the correlation length exponent is given by
ν=−

1
.
β  (g ∗ )

(15.66)

For d → 2+ , the exponent ν thus behaves like
ν ∼ 1/(d − 2) .

(15.67)

The spontaneous magnetization M0 (g) vanishes at g ∗ :
ln M0 (g) ∼ −

1 ζ(g ∗ )
ln(g ∗ − g) ∼ β ln(g ∗ − g) .
2 β  (g ∗ )

(15.68)

The magnetization exponent β = 12 νdφ (not be confused with the β-function) follows, and thus also η, from the relation dφ = d − 2 + η:
dφ = ζ(g ∗ ),

η = ζ(g ∗ ) + 2 − d .

(15.69)

At leading order, one ﬁnds
dφ =



N −1
(d − 2) + O (d − 2)2 ,
N −2

η=



d−2
+ O (d − 2)2 .
N −2

(15.70)

Finally, one veriﬁes that the singularity of Γ̃r for g = g ∗ coming from the factor
ξ −d M0−n coincides with the result derived from the (φ2 )2 ﬁeld theory.
(n)

The nature of the correlation length ξ(g). The length ξ(g) is a crossover scale between two diﬀerent behaviours of correlation functions. For distances large with
respect to ξ(g), the behaviour of correlation functions is governed by Goldstone
modes and can thus be inferred from the low-temperature perturbative expansion.
By contrast, when g tends toward g ∗ , ξ(g) diverges. There exists then distances
large with respect to the microscopic scale but small with respect to ξ(g) for which
correlation functions have the critical behaviour. In such a situation, one can deﬁne, in the continuum, a quantum ﬁeld theory consistent on all scales, the critical
behaviour being also the large-momentum behaviour of renormalized correlation
functions.
General comments. Starting from the low-temperature expansion, we have been
able to describe, for theories with a continuous symmetry, not only the complete
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structure of the low-temperature phase, as expected, but also in the non-Abelian
case N > 2 (the rotation group SO(N ) is Abelian, that is, commutative for N = 2)
the critical behaviour near two dimensions.
What is slightly surprising in this result is that the perturbative expansion is
sensitive only to the local structure of the sphere φ̂2 = 1 even though symmetry
restoration seems to depend on the global structure of the sphere. This is conﬁrmed
by the peculiarity of the Abelian case N = 2: locally the circle cannot be distinguished from the non-compact straight line and, thus, the σ-model becomes a free
ﬁeld theory. For N > 2, by contrast, the sphere has a characteristic local curvature.
One still faces the problem that diﬀerent regular compact manifolds may have the
same local metric and, thus, lead to the same perturbative expansion. They all lead
to the same low-temperature physics. However, the preceding results concerning
the critical behaviour are physically relevant only if they are still valid when ε is no
longer inﬁnitesimal and g is close to g ∗ , a condition that cannot be veriﬁed directly.
In particular, the low-temperature expansion misses in general terms decreasing like
exp(const./g), which may in some cases be important for physics.
On the other hand, we recall that a direct relation between the (φ2 )2 and σ
models is provided in continuum space by the large N expansion (Section 14.10).
The large N analysis suggests that the preceding considerations are valid for the
N -component model, at least for large enough values of N .
By contrast, the physics for N = 2 is not well reproduced. The Kosterlitz–
Thouless phase transition, which relies on eﬀects invisible in the low-temperature
expansion, is not found. Cardy and Hamber have speculated on the RG ﬂow for N
close to 2 and for the dimension d close to 2, by incorporating in a phenomenological
way the Kosterlitz–Thouless transition in the RG analysis.
15.10 Dimension 2
We now examine brieﬂy the model in dimension 2, the dimension in which it is
renormalizable, because it possesses some interesting properties.
15.10.1 The non-Abelian model
For the N > 2 non-Abelian case, the non-linear σ-model shares an important property with the model describing strong interactions in the theory of fundamental
microscopic interactions: the σ-model is the simplest example of an asymptotically
free (for large momenta) ﬁeld theory, since the ﬁrst coeﬃcient in the expansion of
the β-function is negative:
β(g) = −

(N − 2) 2
g (1 + g/2π) + O(g 4 ),
2π

(15.71)

in contrast, for example, with the φ4 ﬁeld theory. Therefore, the large-momentum
behaviour of universal correlation functions is entirely calculable from the perturbative expansion and RG arguments (the property of asymptotic freedom). On the
other hand, the Gaussian ﬁxed point is IR unstable and, thus, in zero ﬁeld h, the
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spectrum of the theory is non-perturbative. This is consistent with the expected
absence of symmetry breaking, which implies a spectrum composed of N degenerate
massive states.
Deﬁning now the function
ξ0 (g) = µ−1 g 1/(N −2) e2π/[(N −2)g]


 g
1
2π
1
+
× exp
dg 
−
,
β(g  ) (N − 2)g 2
(N − 2)g 
0

(15.72)

one can integrate the RGE as before and one ﬁnds that ξ0 (g) is proportional to the
correlation length in zero ﬁeld ξ(g). Thus,
ξ −1 (g) = m(g) = Kµg −1/(N −2) e−2π/[(N −2)g] (1 + O(g)) .

(15.73)

However, the integration constant K, which relates the physical mass to the RG
scale, cannot be calculated by perturbative techniques.
Finally, the scaling forms (15.58), (15.60) imply that the perturbative expansion
at ﬁxed magnetic ﬁeld is valid, at small momenta or large distances, and for h/h0 (g)
large.
Elitzur’s conjecture. The conﬁguration energy (15.18) with O(N ) symmetry has a
sphere of classical degenerate minima. To deﬁne the perturbative expansion, one
is forced to add to the energy a linear term that breaks the symmetry and selects
a particular classical minimum. We have stated, and this can be easily veriﬁed,
that for d ≤ 2 correlation functions have IR divergences when the parameter h
goes to zero, a property that is consistent with the absence of SSB (spontaneous
symmetry breaking) for d ≤ 2. However, perturbative calculations can be organized
in a diﬀerent way: one does not introduce a symmetry breaking term but, rather, a
set of collective coordinates that parametrize the set of classical minima. In a ﬁnite
volume with periodic boundary conditions, one then expands as usual starting from
a ﬁxed minimum, but only the modes of the ﬁeld that do not correspond to a global
rotation (the non-zero momentum modes) are taken into account in the perturbative
expansion. Eventually, one sums exactly over all classical minima. Clearly, after
this last summation, only O(N ) invariant correlation functions survive. Elitzur
has conjectured, and David has proved, that in two dimensions O(N ) invariant
correlation functions obtained by this procedure have a regular expansion at low
temperature. This implies that if one calculates perturbatively O(N ) invariant
correlation functions in a non-zero ﬁeld and then one takes the limit h = 0, this
limit is ﬁnite.
To get an idea of the cancellation mechanism that leads to an IR ﬁnite expansion,
one can calculate the O(N ) invariant two-point function at one-loop order:
*
+
2
σ(x)σ(0) + π(x) · π(0) = 1 − 12 (π(x) − π(0)) + O(π 4 )



dd p
1 − eipx
= 1 − (N − 1)T
+ O(T 2 ).
(2π)d
p2
One observes that the numerator in the integrand vanishes at p = 0.
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15.10.2 The Abelian model N = 2, d > 2
We have seen that the non-linear σ-model with O(2) symmetry is special because
the RG function β reduces, near two dimensions, in the low-temperature expansion,
to the dimensional term (d−2)g. Therefore, the properties, from the RG viewpoint,
are quite diﬀerent from those of the generic non-linear σ-model with O(N ) symmetry, N > 2. For example, in two dimensions the O(2) symmetric model is not
asymptotically free.
Actually, if one parametrizes the spin φ̂(x) in terms of an angle θ as
φ̂(x) = {cos θ(x), sin θ(x)},
the conﬁguration energy of the non-linear σ-model in zero ﬁeld becomes the Euclidean action of a free massless ﬁeld, which is also the Hamiltonian of the Gaussian
critical model. Indeed,
∂µ cos θ(x) = −∂µ θ(x) sin θ(x),
and, thus,
E(θ) =

µd−2
2g

∂µ sin θ(x) = ∂µ θ(x) cos θ(x)


dd x



2

[∂µ θ(x)] .

µ

The β-function thus reduces to the dimensional term (d − 2)g to all orders.
The origin of this diﬀerence can be traced back to the local structure of the ﬁeld
manifold: for N = 2 the sphere SN −1 reduces to a circle, which is a ﬂat manifold,
and cannot be distinguished locally from a straight line. The action has a larger
symmetry than the initial lattice action since it is invariant under any translation
of the θ ﬁeld by a constant.
Since θ is a free massless ﬁeld, the correlation length remains inﬁnite for all g.
This property has to be contrasted with a simple high-temperature analysis of the
corresponding spin model on a lattice, which shows that the correlation length is
ﬁnite at high temperature and implies the existence of a phase transition at some
ﬁnite temperature. The Hamiltonian of the σ-model thus cannot describe the large-distance properties of the lattice model for all temperatures.
The origin of this discrepancy can be found in the cyclic nature of the angular θ
ﬁeld, a property that is apparent in the regularized lattice model but is no longer
present in the continuum σ-model, which has the larger, non-compact, translation
symmetry. At low temperature, the lattice model and the continuum theory diﬀer
only by contributions exponentially small in 1/g, which play no role. But at higher
temperature, they drive the phase transition.
15.10.3 The Abelian model in two dimensions
A new problem then arises: as shown in Section 8.2.2, the massless two-point function of the θ ﬁeld does not exist in two dimensions. However, here the physical
correlation functions are not the correlations functions of the ﬁeld θ but, instead,
those of the periodic functions sin θ or cos θ or equivalently of e±iθ . As shown
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below, these correlation functions exist provided they have the symmetry of the
action, that is, are invariant under constant translations of the θ ﬁeld.
In two dimensions, the β-function then vanishes identically. But, even in a free
ﬁeld theory, composite ﬁelds must be renormalized and the e±iθ ﬁelds have a non-Gaussian dimension for all temperatures g.
This property can be veriﬁed by an explicit calculation of the corresponding
correlation functions. Since the massless propagator does not exist, it is convenient
to calculate ﬁrst in the massive theory corresponding to the Hamiltonian
1
E(θ) =
2g


2

d x

&


'
2

2 2

[∂µ θ(x)] + m θ (x) .

µ

All correlation functions of sin θ and cos θ can be obtained from the quantities
%

(

n

e

ii θ(xi )

&


=

[dθ] exp −E(θ) + i

i=1



'
i θ(xi )

(15.74)

i

with i = ±1. Setting
J(x) = i



i δ(x − xi ),

i

one can rewrite the integral as
%

(

n

e

ii θ(xi )


=


[dθ] exp −E(θ) +

d2 x J(x)θ(x) .

i=1

The integration yields
%

(

n

eii θ(xi )
i=1

g
= exp
2
⎡


d2 x d2 y J(x)∆(x − y)J(y)

⎤

g
= exp ⎣−
i j ∆(xi − xj )⎦ ,
2 i,j

(15.75)

where ∆(x) is the massive propagator
∆(x) =

1
(2π)2


p2

d2 p
eipx .
+ m2

In the limit m → 0, the propagator diverges (see equation (A7)). The sum of all
divergent contributions is

2

g
ln m
i .
4π
i
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#
Thus, in the limit m → 0 only the correlation functions such that i i = 0 do
not vanish. These functions are invariant under the transformations of the SO(2)
symmetry group, which translate θ. One concludes that the SO(2) symmetry is not
broken at low temperature, even though the phase is massless (actually, it is the
complete translation symmetry that is not broken).
The invariant two-point function has the limit
+
*
eiθ(x)−iθ(0) ∝ x−g/2π .

(15.76)

Despite the absence of symmetry breaking, the functions have an algebraic behaviour at low temperature with a variable exponent
η = g/2π ⇒ dφ = g/4π ,

(15.77)

a behaviour generally associated with a line of ﬁxed points.
Finally, let us point out that in two dimensions it is possible to construct another ﬁeld theory that, at low temperature, reduces to a free theory, but which
incorporates the property that θ is an angular variable. This leads to the study of
the sine-Gordon model, which displays a phase transition, the famous Kosterlitz–
Thouless (KT) transition. This transition separates a phase with an inﬁnite correlation length, but without order (the phase of the low-temperature O(2) model)
from a phase with a ﬁnite correlation length.
15.11 The (φ2 )2 ﬁeld theory at low temperature
Let us ﬁrst emphasize that dimensional regularization (see Section 12.5.2) is assumed in the algebraic calculations that follow, but a lattice version requires only
simple modiﬁcations.
At low temperature, that is, at T ﬁxed, T < Tc , in a system in which a discrete
symmetry is broken spontaneously, connected correlation functions decay exponentially at large distance. The situation is quite diﬀerent when the symmetry is
continuous: the presence of Goldstone modes induces a non-trivial large-distance
physics for all temperatures in the ordered phase. This physics is described by the
non-linear σ-model.
We now verify this property directly in continuum space, by studying the (φ2 )2
ﬁeld theory, corresponding to the Hamiltonian

H(φ) =

&

'
1
1 2
1  2 2
2
d x
(∂µ φ) + rφ + u φ
,
2 µ
2
4!
d

(15.78)

in the low-temperature phase (r < rc ). The partition function is given by the ﬁeld
integral

Z = [dφ(x)] exp[−H(φ)].
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We change variables, setting
φ(x) = ρ(x)φ̂(x)

with

φ̂2 (x) = 1 .

(15.79)

The ﬁeld integral becomes




 N −1

Z=
ρ
(x)dρ(x) dφ̂(x) exp −H(ρ, φ̂)

(15.80)

with
$


H(ρ, φ̂) =

d

d x

1 2
2 ρ (x)



2
∂µ φ̂(x) +

1
2

2

[∂µ ρ(x)] +

2
1
2 rρ

3
1 4
+ uρ .
4!

(15.81)

In the ordered phase, at T ﬁxed below Tc , the ﬁeld ρ(x) has a non-vanishing expectation value and is massive (the correlation length is ﬁnite); its dynamics thus is not
critical. The integration over the ﬁeld ρ(x) generates a local eﬀective conﬁguration
energy E(φ̂) for the ﬁeld φ̂:



  

(15.82)
exp −E(φ̂) =
ρN −1 (x)dρ(x) exp −E(ρ, φ̂) .
Moreover, the ﬁeld integral (15.82) can be calculated perturbatively. At leading
order, the ﬁeld ρ(x) can be replaced by its expectation value M , which in the tree
approximation is given by
r + 16 uM 2 = 0 .
One then obtains
1
E (0) (φ̂) = const. + M 2
2




2
dd x ∂µ φ̂(x) .

(15.83)

One recognizes the conﬁguration energy of the non-linear σ-model.
To evaluate loop corrections, one then sets
ρ(x) = M + ρ (x)
In terms of ρ , the Hamiltonian (15.81) reads
$

2



d
H(ρ , φ̂) = d x 12 M 2 + 2M ρ + ρ2 ∂µ φ̂(x) +
3
1
 4
+ u (M + ρ ) .
4!

(15.84)

1
2

[∂µ ρ (x)] + 12 r (M + ρ )
2

2

The loop corrections coming from the integration over ρ generate additional interactions in φ̂. However, as long as one explores momenta much smaller than
the mass of the ﬁeld ρ or distances much larger than the corresponding correlation
length, the eﬀective conﬁguration energy resulting from the integration over the
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ﬁeld ρ can be expanded in local terms. The leading term at large distance is the
term involving only two derivatives. Due to the O(N ) symmetry, it is proportional
to E (0) (φ̂). The only eﬀect of the integration, from the viewpoint of large-distance
physics, is a renormalization of the coeﬃcient M 2 that appears in equation (15.83).
The other interactions involve at least four derivatives and correspond to irrelevant
operators. Note that for a temperature T close to Tc , the domain in momentum
space where these arguments apply is
|pi |

ν

(Tc − T ) .

In such a limit, the non-linear σ-model (15.83) describes completely the properties
at large distance of the (φ2 )2 ﬁeld theory for T ﬁxed, T < Tc . Moreover, the
coeﬃcient in front of E(φ̂) becomes large at low temperature like in the lattice
model.

This page intentionally left blank

16 Functional renormalization group

In this chapter, we brieﬂy describe a general approach to the renormalization group
(RG) close to ideas initially developed by Wegner and Wilson, and based on a partial
integration over the large-momentum modes of ﬁelds. This RG takes the form
of functional renormalization group (FRG) equations that express the equivalence
between a change of a scale parameter related to microscopic physics and a change
of the parameters of the Hamiltonian. Some forms of these renormalization group
equations (RGE) are exact and one then also speaks of the exact renormalization
group.
Polchinski has shown later that these FRG equations could also provide a diﬀerent
proof of the renormalizability of ﬁeld theories.
More recently, several variants have been proposed that have led to new approximation schemes no longer based on the standard perturbative expansion but, for
example, on a derivative expansion.
Technically, these FRG equations follow from identities that express the invariance of the partition function under a correlated change of the propagator and the
other parameters of the Hamiltonian. We discuss these equations, in continuum
space, in the framework of local statistical ﬁeld theory. It is easy to verify that,
except in the Gaussian case, these equations are closed only if all possible local
interactions are included.
It is then possible to infer various RGE satisﬁed by correlation functions. Depending on the chosen form, these RGE are either exact or only exact at large
distance or small momenta, up to corrections decaying faster than any power of the
dilatation parameter.
In this chapter, we do not describe the various approximation schemes in which
the RGE satisﬁed by the Hamiltonian have been solved but we show explicitly
that, within the framework of the ε-expansion, these RGE also allow a perturbative
calculation of RG functions as the β-function (whose deﬁnition has to be adapted
to this more general framework), even if technically the usual quantum ﬁeld theory
methods are much more eﬃcient.
16.1 Partial ﬁeld integration and eﬀective Hamiltonian
Using identities that involve only Gaussian integrations, we ﬁrst prove equality between two partition functions corresponding to two diﬀerent Hamiltonians. This
relation can be interpreted as resulting from a partial integration over some components of the ﬁelds. We infer a suﬃcient condition for correlated modiﬁcations of
the propagator and interactions, in a statistical ﬁeld theory, to leave the partition
function invariant.
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In what follows, we assume, except if stated otherwise, that the ﬁeld theory is
translation invariant and thus that the propagators correspond to kernels of the
form ∆(x − y).
16.1.1 Partial integration
We ﬁrst establish a simple relation between partition functions corresponding to
two Hamiltonians of the class considered in Section 9.1.1.
The ﬁrst Hamiltonian depends on a ﬁeld φ and we write it in the form
1
H1 (φ) =
2


dx dy φ(x)K1 (x − y)φ(y) + V1 (φ),

(16.1)

where K1 is a positive operator and the functional V1 (φ) is expandable in powers
of the ﬁeld φ, local and translation invariant. To the explicit quadratic part is
associated a Gaussian two-point function, or propagator, ∆1 the inverse of K1 :

dz K1 (x − z)∆1 (z − y) = δ(x − y).
The second Hamiltonian depends on two ﬁelds φ1 , φ2 in the form

1
H(φ1 , φ2 ) =
dx dy [φ1 (x)K2 (x − y)φ1 (y) + φ2 (x)K(x − y)φ2 (y)]
2
+ V1 (φ1 + φ2 ).
(16.2)
Again, we deﬁne



dz K2 (x − z)∆2 (z − y) = δ(x − y),

dz K(x − z)D(z − y) = δ(x − y).

The kernels K1 , K2 and K are positive, which is a necessary condition for the ﬁeld
integrals to exist, at least in a perturbative sense. Moreover, the kernels ∆1 , ∆2
and D (thus also positive) have the form of the regularized propagators (12.30) in
order to ensure the existence of a formal expansion of the ﬁeld integrals in powers
of the interaction V1 .
Then, if
∆1 = ∆2 + D ⇒ K1 = K2 (K2 + K)−1 K ,
(16.3)
the ratio of the partition functions

Z1 =


and
Z2 =

[dφ] e−H1 (φ)

[dφ1 dφ2 ] e−H(φ1 ,φ2 )

(16.4)
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does not depend on V1 :

Z2 =

det(D∆2 )
det ∆1

1/2
Z1 ,

(16.5)

√
where factors 2π have been integrated in the integration measure and a regularization allowing a proper deﬁnition of the ratio of determinants is implicit.
Notation. In what follows, we use the compact notation

dx dy φ(x)K(x − y)φ(y) ≡ (φKφ).
(16.6)
Proof. After the change of variables {φ1 , φ2 } → {φ1 , φ = φ2 + φ1 }, the integral
(16.4) takes the form

Z2 = [dφ] e−V1 (φ) Z(φ)
with

Z(φ) =
=



1
9
[dφ1 ] exp − 12 [(φ1 K2 φ1 ) + ((φ − φ1 )K(φ − φ1 ))]
1
9


[dφ1 ] exp − 12 φ1 (K2 + K)φ1 − 2(φKφ1 ) + (φKφ) .

After the change of variables
φ1 → χ = φ1 − (K2 + K)−1 Kφ ,
the Gaussian integration over χ yields
Z(φ) = (det(K2 + K))

−1/2



exp − 12 (φK1 φ) .

Another form of the identity. One can also deﬁne



−V2 (φ)
−1/2
e
= (det D)
[dϕ] exp − 12 (ϕKϕ) − V1 (φ + ϕ) ,

(16.7)

as well as
H2 (φ) = 12 (φK2 φ) + V2 (φ).
Then, identity (16.5) can be rewritten as


[dφ] e−H2 (φ) =



det ∆2
det ∆1

1/2 

[dφ] e−H1 (φ) .

(16.8)

This identity can be interpreted as resulting from a partial integration over the ﬁeld
φ since the propagator D is positive and, thus, in the sense of operators, ∆2 < ∆1 .
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16.1.2 Diﬀerential form
We now assume that the propagator ∆ is a function of a real parameter s: ∆ ≡ ∆(s).
Moreover, ∆(s) is C ∞ with a negative derivative. We deﬁne
D(s) =

d∆(s)
< 0,
ds

(16.9)

where D(s) is represented by the kernel D(s; x − y).
For s < s , we identify
∆2 = ∆(s ) and thus

∆1 = ∆(s),

D(s, s ) = ∆(s) − ∆(s ) > 0 .

(16.10)

Similarly,
K1 = K(s) = ∆−1 (s),

K2 = K(s ),

K(s, s ) = [D(s, s )]

−1

> 0.

(16.11)

Since the kernels K(s), K(s, s ) are positive, all Gaussian integrals are deﬁned.
Finally, we set
V1 (φ) = V(φ, s),

V2 (φ) = V(φ, s ),

H1 (φ) = H(φ, s),

H2 (φ) = H(φ, s ).

Identity (16.8) then takes the form




[dφ] e−H(φ,s ) =



det ∆(s )
det ∆(s)

1/2 

[dφ] e−H(φ,s) .

Equation (16.7) becomes
e

−V(φ,s )

We set


−1/2
= det D(s, s )





 
[dϕ] exp − 21 ϕK(s, s )ϕ − V(φ + ϕ, s) . (16.12)

s = s + σ ,

σ > 0,

and consider the σ → 0 limit. Then,
K−1 (s, s + σ) = D(s, s + σ) = −σD(s) + O(σ 2 ).

(16.13)

In the limit σ → 0, in expression (16.12) the term quadratic in the ﬁeld ϕ is
multiplied by a factor
√ 1/σ and, thus, the values of the ﬁeld ϕ contributing to the
integral are of order σ. We thus expand V(φ + ϕ, s) in powers of ϕ:

δV(φ, s)
ϕ(x)
V(φ + ϕ, s) = V(φ, s) + dx
δφ(x)

 
δ 2 V(φ, s)
1
dx dy
ϕ(x)ϕ(y) + O ϕ3 .
+
2
δφ(x)δφ(y)
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We expand e−V(φ+ϕ,s) correspondingly. In relation (16.12), the expansion of the
integral in powers of σ reduces to a sum of Gaussian integrals that can be evaluated
using Wick’s theorem. Multiplying the two sides by eV(φ,s) , one infers from relation
(16.12)
eV(φ,s)−V(φ,s+σ)

δV
δV
δ2V
1
dx dy
−
=1+
ϕ(x)ϕ(y) + O(σ 2 ),
2
δφ(x) δφ(y) δφ(x)δφ(y)
where ϕ(x)ϕ(y) is the Gaussian expectation value corresponding, at this order, to
the propagator −σD(s):
ϕ(x)ϕ(y) = −σD(s; x − y) + O(σ 2 ).
Moreover,
d
V(φ, s) + O(σ 2 ).
ds
Identifying the terms of order σ, one obtains the fundamental equation

1
δV
δ2 V
d
δV
V(φ, s) = −
−
.
dx dy D(s; x − y)
ds
2
δφ(x)δφ(y) δφ(x) δφ(y)
eV(φ,s)−V(φ,s+σ) = 1 − σ

(16.14)

The equation expresses a suﬃcient condition for the partition function

−1/2
[dφ] e−H(φ,s) with
Z(s) = (det ∆(s))
H(φ, s) = 12 (φK(s)φ) + V(φ, s),

(16.15)

to be independent of the parameter s.
This property relates a modiﬁcation of the propagator to a modiﬁcation of the
interaction, completely in the spirit of the RG.
Remarks.
(i) If one sets
V(φ, s) = V(φ = 0, s) + V  (φ, s),
the term V(φ = 0, s) decouples and the equation reduces to


δ2V 
δV  δV 
−
− (φ = 0).
δφ(x)δφ(y) δφ(x) δφ(y)
(16.16)
In what follows, this is the form we generally use in explicit calculations, the subtractions of V(φ) and of the equation being implicit to keep the notation simple.
(ii) A suﬃcient condition for Z(s) to be independent of s, is that equation (16.14)
is satisﬁed as an expectation value with the measure e−H(φ,s) . It is thus possible to
add to the equation contributions with vanishing expectation value to derive other
suﬃcient conditions.
d 
1
V (φ, s) = −
ds
2

dx dy D(s; x − y)
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16.1.3 Hamiltonian evolution
From equation (16.14), one also infers the evolution of the Hamiltonian (16.15).
First,
d
d
1
H(φ, s) =
V(φ, s) − (φ∆−1 (s)D(s)∆−1 (s)φ).
ds
ds
2
Moreover,
δ2H
δ2V
=
− [∆−1 (s)](x − y).
δφ(x)δφ(y)
δφ(x)δφ(y)

δV
δH
=
− [∆−1 (s)φ](x),
δφ(x)
δφ(x)
One infers


δV
δV
dx dy D(s; x − y)
δφ(x) δφ(y)

δH δH
δH
= dx dy D(s; x − y)
− 2φ(x)L(s; x − y)
δφ(x) δφ(y)
δφ(y)
+ (φ∆−1 (s)D(s)∆−1 (s)φ),

where the operator L(s), with kernel L(s; x − y), is deﬁned by
L(s) ≡ D(s)∆−1 (s) =

d ln ∆(s)
.
ds

(16.17)

Using these equations in equation (16.14), one veriﬁes that the two terms quadratic
in φ cancel. One then ﬁnds

δ2H
d
1
δH δH
H(φ, s) = −
−
dx dy D(s; x − y)
ds
2
δφ(x)δφ(y) δφ(x) δφ(y)

1
δH
+ tr L(s).
− dx dy φ(x)L(s; x − y)
δφ(y) 2

(16.18)

16.1.4 Connected functional and formal solution
Conversely, we now solve equation (16.14), which is a ﬁrst-order diﬀerential equation
in s. The form of the functional V(φ, s) for an initial value s0 of the parameter s
thus determines the solution for all s ≥ s0 . From the proof of equation (16.14), one
expects that the solution directly follows from equation (16.12):

−1/2
e−V(φ,s) = det D(s0 , s)





 
[dϕ] exp − 21 ϕK(s0 , s)ϕ − V(φ + ϕ, s0 ) .

(16.19)
We now verify this property. As a byproduct, we give another proof of equation
(16.14).
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Connected functional. We change variables φ + ϕ → ϕ in the integral (16.19). The
equation becomes

−1/2 − 1 (φK(s0 ,s)φ)
e−V(φ,s) = det D(s0 , s)
e 2

 



× [dϕ] exp − 21 ϕK(s0 , s)ϕ − V(ϕ, s0 ) + φK(s0 , s)ϕ .

(16.20)

The expression shows that V(φ, s) is related to the generating functional W(H, s)
of connected correlation functions of the ﬁeld ϕ:
V(φ, s) =

1
2

ln det D(s0 , s) +

with the notation [Kφ](x) ≡
e

W(H,s)

"

[dϕ] exp



φK(s0 , s)φ − W(Kφ, s)

(16.21)

dy K(s0 , s; x − y)φ(y) and


=

1
2

− 21



ϕK(s0 , s)ϕ − V(ϕ, s0 ) +


dx H(x)ϕ(x) .

This representation suggests another, algebraically equivalent, proof of identity
(16.14), but which does not reveal its deeper meaning.
Another derivation of equation (16.14). We start from the deﬁnition
W(H,s)





[dϕ] exp −H(ϕ, s) +


H(ϕ, s) = 12 ϕK(s)ϕ + V(ϕ),

e

=

dx H(x)ϕ(x)

with

where we assume that the kernel K depends on a parameter s and is diﬀerentiable.
Diﬀerentiating both sides with respect to s, one obtains

"


dW W(H,s)
1
e
=−
[dϕ] ϕK (s)ϕ e−H(ϕ,s)+ dx H(x)ϕ(x) .
ds
2
Using inside the integral the usual identity
δ
exp
δH(x)




dx H(x)ϕ(x) = ϕ(x) exp

dx H(x)ϕ(x) ,

(16.22)

one can rewrite the equation as
dW W(H,s)
1
e
=−
ds
2


dx dy

δ dK(s; x − y) δ
eW(H,s) ,
δH(x)
ds
δH(y)

and, thus, ﬁnally
dW
1
=−
ds
2


dx dy

δ2 W
δW δW
dK(s; x − y)
+
.
ds
δH(x)δH(y) δH(x) δH(y)

(16.23)
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Using relation (16.21) with K(s) ≡ K(s0 , s) to express W as a function of V, after
some algebra one recovers equation (16.14).
The functional V(φ, s) thus follows directly from the calculation of the connected
correlation functions corresponding to the propagator D(s0 , s) and the initial interaction V(φ, s0 ).
Moreover, this proof indicates that equation (16.14) is also a ﬁeld equation, as
the explicit calculations of Section 16.3 and the proofs of equations (16.14), (16.29)
in Section A5.1 indeed conﬁrm.
Solution of equation (16.23). We ﬁrst linearize equation (16.23), setting
Z(H, s) = eW(H,s) .
The equation becomes
1
dZ
=−
ds
2


dx dy

δ2Z
dK(s; x − y)
,
ds
δH(x)δH(y)

(16.24)

a functional generalization of a diﬀusion or Fokker–Planck equation. In particular,
one veriﬁes that the kernel dK/ds is negative, so that the functional diﬀerential
operator in the right-hand side is formally negative, like in a usual diﬀusion equation.
One may wonder why one does not work directly with this equation, which is
much simpler since it is linear. The reason is the following: while it is possible to
assume quite generally that V(φ, s) and thus W(H, s), are functionals local in the
ﬁeld, this is not the case for Z(H, s) and, thus, it becomes diﬃcult to implement
the locality condition. We show later that this locality condition plays an essential
role in the perturbative solution of equation (16.33).
The solution of the equation is based on a functional Fourier transformation. One
sets

"
Z(H, s) = [dϕ] e−H(ϕ,s)+ dx H(x)ϕ(x) .
Using the remark (16.22), one transforms equation (16.24) into an equation for H:
1
dH
=
ds
2


dx dy

dK(s; x − y)
ϕ(x)ϕ(y).
ds

The solution then is immediate:
H(ϕ, s) =

1
2



ϕK(s)ϕ + V(ϕ),

where V(ϕ) is independent of s and thus determined by the boundary condition.
For the choice K(s) ≡ K(s0 , s), one ﬁnds V(ϕ) ≡ V(ϕ, s0 ).
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16.1.5 Correlation functions
Introducing an additional classical ﬁeld χ(x), we substitute
V1 (φ) → V1 (φ + χ)
in equation (16.8). The identity (16.7) then shows that the transform of V1 (φ + χ)
is V2 (φ + χ). The corresponding Hamiltonian reads
H1 (φ, χ) = 12 (φK1 φ) + V1 (φ + χ).
After the change of variables φ + χ → φ in the ﬁeld integral, one ﬁnds
H1 (φ, χ) → 12 (φK1 φ) + V1 (φ) − (φK1 χ) + 12 (χK1 χ)
= H1 (φ) − (φK1 χ) + 12 (χK1 χ).
One then obtains a relation between generating functionals of correlation functions

Z1 (χ) =

[dφ] e−H1 (φ)+(φK1 χ)−(χK1 χ)/2 =

with


Z2 (χ) =



det ∆1
det ∆2

1/2
Z2 (χ)

(16.25)

[dφ] e−H2 (φ)+(φK2 χ)−(χK2 χ)/2 .

Then, choosing
K1 = K(s),

K2 = K(s0 )

and setting
χ(x) = [∆(s0 )H](x),
one veriﬁes that the functional


Z(H, s) =

1/2 



det ∆(s0 )
[dφ] exp −H(φ, s) + φK(s)∆(s0 )H
det ∆(s)


 

− H∆(s0 ) K(s) − K(s0 ) ∆(s0 )H /2
(16.26)

is independent of s and satisﬁes the boundary condition

Z(H, s0 ) =


[dφ] exp −H(φ, s0 ) +

dx φ(x)H(x) .

(16.27)
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16.1.6 Field renormalization
In order to be able to ﬁnd RG ﬁxed-point solutions, it is necessary to introduce a
ﬁeld renormalization. To prove the corresponding identities, we set

φ(x) = Z(s)φ (x), H(φ, s) = H (φ , s),
where Z(s) is an arbitrary diﬀerentiable function. Then, using the chain rule,

d  
δH (φ ) ∂φ (x)
d
H(φ, s) =
H (φ , s) + dx
ds
ds
δφ (x) ∂s

1
δH (φ )
d  
H (φ , s) − η(s) dx φ (x) 
,
=
ds
2
δφ (x)
where we have deﬁned

d ln Z(s)
.
(16.28)
ds
Omitting now the primes, we infer from the ﬂow equation (16.18) the new equation (omitting the constant term)

1
δH δH
δ2H
d
H(φ, s) = −
−
dx dy D(x − y)
ds
2
δφ(x)δφ(y) δφ(x) δφ(y)


1
δH
δH
+ η(s) dx φ(x)
. (16.29)
− dx dy φ(x)L(s; x − y)
δφ(y) 2
δφ(x)
η(s) =

16.2 High-momentum mode integration and RGE
The equivalence (16.8) or the equations (16.19) and (16.14) that follow, lead to
the RGE. Indeed, as we shall verify, they can be applied to a situation where the
partial integration over the ﬁeld corresponds to a partial integration over its high-momentum modes, which in position space also corresponds to an integration over
short-distance degrees of freedom.
In what follows, we specialize ∆ to a critical propagator. A possible deviation to
the critical theory is included in V(φ). Moreover, we consider explicitly the case of
d-dimensional space.
Cut-oﬀ parameter and propagator. In the preceding formalism, we now identify
s ≡ − ln Λ, where Λ is a large-momentum cut-oﬀ, which also represents the inverse
of the microscopic scale. A variation of s then corresponds to a dilatation of the
parameter Λ.
We choose a regularized propagator ∆Λ of the form

2
2
dd k −ikx ˜
˜ Λ (k) = C(k /Λ ) .
e
∆
∆Λ (x) =
(k)
with
∆
(16.30)
Λ
(2π)d
k2
The function C(t) is regular for t ≥ 0, positive, decreasing, goes to 1 for t → 0
and goes to zero faster than any power for t → ∞. The ﬁeld Fourier components
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corresponding to momenta much higher than Λ thus give a very small contribution
to the ﬁeld integral.
We also introduce the derivative DΛ (x) whose Fourier transform is given by
D̃Λ (k) = −Λ

˜ Λ (k)
2
∂∆
= 2 C  (k 2 /Λ2 ).
∂Λ
Λ

(16.31)

Let us stress an essential property of the function D̃Λ : it has no pole at k = 0 and
thus it is not critical. The function

dd k ikx
∂∆Λ (x)
e D̃Λ (k) = Λd−2 DΛ=1 (Λx),
DΛ (x) = −Λ
=
(16.32)
∂Λ
(2π)d
thus decays for |x| → ∞ faster than any power if C(t) is C ∞ , exponentially if C(t)
is analytical. The same property is veriﬁed by the propagator
D(Λ0 , Λ) = DΛ0 − DΛ

with Λ0 > Λ ,

whose inverse now appears in the ﬁeld integral (16.19).
16.2.1 RGE
With these assumptions and deﬁnitions, equation (16.16) becomes

δ2V
d
1
δV
δV
Λ V(φ, Λ) =
−
dd x dd y DΛ (x − y)
,
dΛ
2
δφ(x)δφ(y) δφ(x) δφ(y)

(16.33)

where the Fourier transform of DΛ (x) is given by equation (16.31).
Equation (16.33) being exact, one uses also the terminology exact renormalization
group.
Fundamental remark. Since DΛ (x) decreases faster than any power, if V(φ) is
initially local, it remains local, a property that will become more apparent when we
expand the equation in powers of φ. Similarly, in the integrated form (16.19), the
decay property of D(Λ0 , Λ) ensures the locality of V(φ, Λ).
Other remarks.
(i) Equations (16.33) and (16.34) diﬀer from the general equation (9.23) introduced in Chapter 9 by the property that the scale parameter Λ appears explicitly
through the function DΛ . We shall later eliminate this explicit dependence.
(ii) To study the existence of ﬁxed points, one starts from an initial critical
interaction V0 (φ) at scale Λ0 and uses equation (16.33) to calculate the eﬀective
interaction V(φ, Λ) at scale Λ < Λ0 . A ﬁxed point is deﬁned by the property
that V(φ, Λ), after a suitably chosen renormalization of the ﬁeld φ (which leads to
equation (16.29)), has a limit for Λ
Λ0 .
(iii) Since equation (16.33) can also be derived from quantum ﬁeld equations
(see Appendix A5.1), in this formulation, partial integration over large-momentum
modes does not imply a loss of information, unlike what would happen on a lattice
in the case of an integration over short-distance modes.
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16.2.2 Fourier representation
In terms of the Fourier components φ̃(k) of the ﬁeld,


dd x −ikx
e
φ(x) = dd k eikx φ̃(k) ⇔ φ̃(k) =
φ(x),
(2π)d
the functional derivative becomes (using the chain rule)

δ
dd k −ikx δ
e
=
.
δφ(x)
(2π)d
δ φ̃(k)
Introducing this representation into equation (16.33), one ﬁnds

δ2 V
1
δV
δV
d
dd k
Λ V(φ, Λ) =
D̃Λ (k)
−
.
d
dΛ
2
(2π)
δ φ̃(k)δ φ̃(−k) δ φ̃(k) δ φ̃(−k)

(16.34)

In the equation, locality translates into regularity of the Fourier components. If
the coeﬃcients of the expansion of V(φ, Λ) in powers of φ̃, after factorization of the
δ function, are regular functions for an initial value of Λ = Λ0 , they remain for
Λ < Λ0 because D̃Λ (k) is a regular function of k.
Finally, equation (16.18) for the complete Hamiltonian expressed in terms of
Fourier components,

1
˜ −1 (k)φ̃(−k) + V(φ, Λ),
H(φ, Λ) = (2π)d dd k φ̃(k)∆
(16.35)
Λ
2
takes the form (omitting the

1
d
Λ H(φ, Λ) =
dΛ
2

+

term independent of φ)
δ2H
δH
δH
dd k
D̃Λ (k)
−
d
(2π)
δ φ̃(k)δ φ̃(−k) δ φ̃(k) δ φ̃(−k)
δH
dd k
L̃Λ (k)
φ̃(k)
d
(2π)
δ φ̃(k)

(16.36)

with (equation (16.17))
˜ Λ (k).
L̃Λ (k) = D̃Λ (k)/∆

(16.37)

In equation (16.36), we have implicitly subtracted both from H(φ, Λ) and from the
equation their values at φ = 0.
16.2.3 Expansion in powers of the ﬁeld
We denote by V (n) and Ṽ (n) the coeﬃcients of the expansion of V(φ, Λ) in powers
of φ(x) and of φ̃(p), the Fourier transform of the ﬁeld, respectively:
 1 
V(φ, Λ) =
dd xi φ(xi )V (n) (x1 , . . . , xn )
(16.38)
n!
n=0
i
 1 
=
dd pi φ̃(pi )(2π)d δ(p1 + · · · + pn )Ṽ (n) (p1 , . . . , pn ). (16.39)
n!
n=0
i
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Equation (16.34) can then be expressed in terms of these components:
Λ

d (n)
V (x1 , x2 , . . . , xn )
dΛ
&

1
dd x dd yDΛ (x − y) V (n+2) (x1 , x2 , . . . , xn , x, y)
=
2
−



V

(l+1)

(xi1 , . . . , xil , x)V

(n−l+1)

'

(xil+1 , . . . , xin , y) ,

(16.40)

I

where the set I ≡ {i1 , i2 , . . . , il } describes all distinct subsets of {1, 2, . . . , n}.
In the Fourier representation,
Λ

d (n)
Ṽ (p1 , p2 , . . . , pn )
dΛ

1
dd k
D̃Λ (k)Ṽ (n+2) (p1 , p2 , . . . , pn , k, −k)
=
2
(2π)d
1
−
D̃Λ (p0 )Ṽ (l+1) (pi1 , . . . , pil , p0 )Ṽ (n−l+1) (pil+1 , . . . , pin , −p0 ), (16.41)
2
I

where the momentum p0 is determined by total momentum conservation.
Let us point out that the integration of these RGE shows that, even if the interaction at the initial scale Λ0 is proportional to uφ4 , at a generic scale Λ a general local
interaction is generated because all functions Ṽ (n) are coupled. Nevertheless, in the
spirit of the perturbative methods of ﬁeld theory, it is possible to solve equation
(16.33) as an expansion in powers of u with the Ansatz that the terms of V(φ, Λ)
quadratic and quartic in φ are of order u and the general term of degree 2n of order
un−1 . In Section 16.3, we calculate the ﬁrst terms explicitly.
16.2.4 Correlation functions
With the addition to the interaction of a term corresponding to a linear coupling
to an external ﬁeld,

V(φ, Λ0 ) → V(φ, Λ0 ) − dd x H(x)φ(x),
the partition function becomes a generating functional of correlation functions.
However, equation (16.33) shows that V(φ, Λ) then becomes, in general, a complicated functional of the external ﬁeld H(x).
Special external ﬁeld. A ﬁrst solution to the problem is the following: one chooses
an external ﬁeld H whose Fourier components H̃(k) vanish for k 2 ≥ Λ2 , together
2
2
with a function D̃Λ (k) that vanishes identically
" d for k ≤ Λ . This implies that

C (t) vanishes identically for t ≤ 1. Then d x H(x)φ(x) does not contribute to
the right-hand side of equation (16.33).
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However, we then observe that the RG transformations are such that correlation
functions calculated from Hamiltonians H(φ) corresponding to diﬀerent scales Λ,
coincide only when all momenta are smaller than the smallest scale Λ. Correlation
functions corresponding to diﬀerent values of Λ then diﬀer by functions that are
indeﬁnitely diﬀerentiable and thus, after Fourier transformation, by functions decaying, at large distance, faster than any power in a dilatation of space variables,
as has been assumed in equation (9.9).
Moreover, the function C(t) then cannot be analytical but only indeﬁnitely diﬀerentiable, which aﬀects the critical domain ξ < ∞, and the deﬁnition of universality
becomes there more subtle. Finally, such functions are not well suited to explicit
calculations.
RGE modiﬁcation. It is also possible to choose analytic functions C(t) and generic
external ﬁelds linearly coupled to φ. The RGE obtained in this way then have an
obvious problem: for example, in equation (16.36) the right-hand side involves a
contribution of the form

dd k
δH
D̃Λ (k)
H̃(−k).
(2π)d
δ φ̃(k)
By successive iterations, one veriﬁes that the equation generates a general even
functional of H, φ, that is, invariant under the reﬂexion {H, φ} → {−H, −φ}.
However, we also note that this additional term is proportional to a functional
derivative of H whose expectation value with the measure e−H(φ) vanishes. This
suggests modifying the equation by adding a contribution with zero expectation
value. We thus substitute in equation (16.36),
H(φ) → H(φ, H) = H(φ) − (φζH) + 12 (HU H),

(16.42)

where ζ and U are two kernels that are determined below. From the relation between
derivatives
δH(φ)
δH(φ, H)
=
− [ζH](x),
δφ(x)
δφ(x)
one infers



δH(φ, H) δH(φ, H) δH(φ) δH(φ)
−
dd x dd y DΛ (x − y)
δφ(x)
δφ(y)
δφ(x) δφ(y)

δH(φ)
+ (HζDΛ ζH)
= −2 dd x dd y DΛ (x − y)[ζH](x)
δφ(y)

δH(φ, H)
dd x dd y LΛ (x − y)φ(x)
δφ(y)

δH(φ)
= dd x dd y LΛ (x − y)φ(x)
− (φLΛ ζH).
δφ(y)

To eliminate the additional H dependent term, we use
/
/
0
0

δH(φ, H)
δH(φ)
=0=
.
− dd z ζ(y − z)H(z)
δφ(y)
δφ(y)
e−H(φ,H)
e−H(φ,H)

Functional renormalization group

395

One sees that the form (16.42) is stable if
Λ


∂ 
−(φζH) + 12 (HU H) = (HζDΛ ζH) − 12 (HζDΛ ζH) − (φLΛ ζH).
∂Λ

One infers from the two equations, in the Fourier representation,
∂
ζ̃(k, Λ) = L̃Λ (k)ζ̃(k, Λ),
∂Λ
∂
Ũ(k, Λ) = D̃Λ (k)ζ̃ 2 (k, Λ)
Λ
∂Λ
Λ

(16.43)

with the boundary conditions
ζ̃(k, Λ0 ) = 1 ,

Ũ(k, Λ0 ) = 0 .

Using the deﬁnitions (16.31), (16.37), one ﬁnds the solution of the ﬁrst equation:
˜ Λ0 (k)/∆
˜ Λ (k),
ζ̃(k, Λ) = ∆
which is a regular function of k at k = 0. Finally,
˜ 2 (k)/∆
˜ Λ (k) − ∆
˜ Λ0 (k) = ∆
˜ 2 (k) [KΛ (k) − KΛ0 (k)] ,
Ũ(k, Λ) = ∆
Λ0
Λ0
is also a regular function of k at k = 0.
One veriﬁes that these results are consistent with identity (16.26).
The factor ζ corresponds to a ﬁeld renormalization but, since ζ̃ depends on k, it
is not a simple constant renormalization. However, since the function ζ̃ is regular
at k = 0, this renormalization does not aﬀect the leading large-distance behaviour.
Similarly, the function U is an addition to the connected two-point function. Again,
since Ũ is a regular function, the addition does not aﬀect the large-distance behaviour.
In the presence of a ﬁeld renormalization, equation (16.43) gets an additional
contribution:
Λ

˜ Λ (k)
∂ ln ∆
1
∂
ζ̃(k, Λ) = −Λ
ζ̃(k, Λ) + η(Λ)ζ̃(k, Λ).
∂Λ
∂Λ
2

We recall here that the constant η depends on Λ only through the Hamiltonian. In
terms of the function Z(Λ) the solution of
Λ

∂
Z(Λ) = η(Λ)Z(Λ),
∂Λ

and, thus,



Λ

ln Z(Λ) =
Λ0

the solution can be written as
ζ̃(k, Λ) =



η(Λ )

Z(Λ0 ) = 1
dΛ
,
Λ

˜ Λ0 (k)/∆
˜ Λ (k).
Z(Λ)∆

(16.44)
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16.3 Perturbative solution: φ4 theory
We ﬁrst show here that equations (16.40) or (16.41) have a perturbative solution.
We consider the example of the φ4 theory and we determine the expansion up to
order u2 since the required algebraic manipulations will be useful later.
Boundary conditions. We assume that the Hamiltonian at scale Λ0 is of the form
V(φ, Λ0 ) =

1
u
4!


dd x φ4 (x) +

1
rc (Λ0 , u)
2!


dd x φ2 (x),

where the constant rc (Λ0 , u) is determined by the condition that the initial theory
at scale Λ0 is critical:
Γ̃(2) (p = 0, Λ0 ) = 0 .
In particular, a direct perturbative calculation at order u2 yields
u
rc (Λ0 , u) = −
2



u2
+
6



dd k ˜
∆Λ0 (k)
(2π)d
dd k1 dd k2 ˜
˜ Λ0 (k2 )∆
˜ Λ0 (k1 + k2 ) + O(u3 ).
∆Λ0 (k1 )∆
(2π)d (2π)d

(16.45)

We take as an Ansatz at order u:


1
1
V(φ, Λ) = u dd x φ4 (x) + rc1 (Λ)u dd x φ2 (x) + O(u2 ),
4!
2!
and use the RGE in the form (16.40).
The equation for the coeﬃcient of φφ at order u is compatible with the Ansatz:
Λ

d
1
rc1 (Λ) = DΛ (0).
dΛ
2

Using (16.31) and the criticality condition at Λ = Λ0 , one can integrate:
rc1 (Λ) = − 21 ∆Λ (0),
and the solution indeed corresponds to the criticality condition for a generic scale
Λ.
The equation satisﬁed by V (4) at order u2 involves the term of order u2 of V (6) ,
which can be expressed entirely in terms of V (4) at order u (x ≡ {x1 , x2 , . . .}):
Λ

d
dΛ


dd xi φ(xi )V (6) (x, Λ) = −u2
i

6!
2(3!)2

+ O(u3 ).


dd x dd y DΛ (x − y)φ3 (x)φ3 (y)
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The six-point vertex. In Fourier components, denoting by Ṽ2 the coeﬃcient of u2 ,
one ﬁnds

d (6)
D̃Λ (p1 + pi1 + pi2 ),
Λ Ṽ2 (p1 , . . . , p6 ) = −
dΛ
I

where I represents the 10 subsets {i1 , i2 } belonging to {2, 3, . . . , 6}. To integrate
the equation, we introduce the function
DΛ (x) = ∆Λ0 (x) − ∆Λ (x).

(16.46)

It satisﬁes
Λ

d
DΛ = DΛ ,
dΛ

DΛ0 = 0 .

The essential property of its Fourier transform
D̃Λ (k) =


1 
C(k 2 /Λ20 ) − C(k 2 /Λ2 ,
2
k

is to be regular at k = 0.
The integration then is simple and yields

d

d xi φ(xi )V
i

(6)

6!
(x, Λ) = −
u2
2(3!)2


dd x dd y DΛ (x − y)φ3 (x)φ3 (y)

+ O(u3 ).
In the Fourier representation,
(6)

Ṽ2 (pi , Λ) = −



D̃Λ (p1 + pi1 + pi2 ).

I

The function Ṽ (6) thus is also regular at p1 = · · · = p6 = 0 and the Hamiltonian
remains local.
The four-point vertex. This result allows writing explicitly the equation satisﬁed by
(4)
V2 , the coeﬃcient of V (4) at order u2 :
Λ

d 1
dΛ 4!



(4)

dd xi φ(xi )V2 (x, Λ)


i


dd x dd y DΛ (x − y) 18 DΛ (x − y)φ2 (x)φ2 (y) +

1
+ 12
∆Λ (0) dd x dd y DΛ (x − y)φ(x)φ3 (y),

=−



3
1
12 DΛ (0)φ(x)φ (y)
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where, in the Fourier representation,
Λ



dd k
(6)
D̃Λ (k)Ṽ2 (p1 , p2 , . . . , p4 , k, −k)
(2π)d

1
+ ∆Λ (0)
D̃Λ (pi )
2
i



dd k
D̃
(k)
D̃
(k
+
p
+
p
)
+
2
terms
=−
Λ
Λ
1
2
(2π)d

1 
−DΛ (0)D̃Λ (pi ) + ∆Λ (0)D̃Λ (pi ) .
+
2 i

1
d (4)
Ṽ2 (p, Λ) =
dΛ
2

Again, the integration is simple and yields
1
4!





(4)

1
dd xi φ(xi )V2 (x, Λ) = − 16

2
(x − y)φ2 (x)φ2 (y)
dd x dd y DΛ

i


+

1
12 ∆Λ (0)

dd x dd y DΛ (x − y)φ(x)φ3 (y).

In the Fourier representation,
4



(4)
D̃Λ (pi )
Ṽ2 (pi , Λ) = − 21 B̄Λ (p1 + p2 ) + 2 terms + 12 ∆Λ (0)
i=1

with
B̄Λ (p) =

1
(2π)d


dd k D̃Λ (k)D̃Λ (p − k).

One veriﬁes that in the limit Λ0 /Λ → ∞, Ṽ (4) (pi , Λ) diverges logarithmically for
d = 4, and this corresponds to the renormalization of the coeﬃcient of φ4 at one-loop
order.
The coeﬃcient Ṽ (2) at order u2 . We complete the exercise with a calculation of the
coeﬃcient of order u2 of Ṽ (2) (p, Λ). It satisﬁes the equation
Λ

1
d (2)
Ṽ2 (p) =
dΛ
2



dd k
1
(4)
D̃Λ (k)Ṽ2 (p, −p, k, −k) − D̃Λ (p)∆2Λ (p).
d
(2π)
4

The value at p = 0 yields the criticality condition:
1
d (2)
Λ Ṽ2 (0) =
dΛ
2



1
dd k
(4)
D̃Λ (k)Ṽ2 (0, 0, k, −k) − D̃Λ (0)∆2Λ (p).
(2π)d
4

We know the value of Ṽ (2) (0) = rc (Λ, u) a priori from the usual perturbative
expansion. It contains the contribution (16.45) at scale Λ to which the contributions
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(6)

coming from V2 and V2 must be added. One thus ﬁnds
 d
1
d k1 dd k2 ˜
˜ Λ (k2 )∆
˜ Λ (k1 + k2 )
rc2 (Λ) =
∆Λ (k1 )∆
6
(2π)d (2π)d

1
dd k ˜
(4)
∆Λ (k)Ṽ2 (0, 0, k, −k)
−
2
(2π)d
 d
1
d k1 dd k2 (6)
˜ Λ (k1 )∆
˜ Λ (k2 ).
Ṽ (0, 0, k1 , −k1 , k2 , −k2 )∆
−
8
(2π)d (2π)d 2

(16.47)

One veriﬁes that rc2 (Λ) indeed satisﬁes the ﬂow equation. The expression can also
be written as
 d
1
d k1 dd k2 
˜ Λ (k1 )∆
˜ Λ (k2 )
rc2 (Λ) =
−D̃Λ (k1 )D̃Λ (k2 )D̃Λ (k1 + k2 ) + ∆
6
(2π)d (2π)d

˜ Λ (k1 + k2 ) − 1 ∆2Λ (0)D̃Λ (0) + 1 ∆Λ (0)B̄Λ (0).
×∆
(16.48)
4
4
Finally, this boundary condition determines the two-point vertex
 d
1
d k1 dd k2 
(2)
˜ Λ (k1 )∆
˜ Λ (k2 )
Ṽ2 (p) =
−D̃Λ (k1 )D̃Λ (k2 )D̃Λ (p + k1 + k2 ) + ∆
6
(2π)d (2π)d

˜ Λ (k1 + k2 ) − 1 ∆2 (0)D̃Λ (p) + 1 ∆Λ (0)B̄Λ (0).
×∆
(16.49)
4 Λ
4
Remark. It results from equation (16.19) in Section 16.1.4, that the same results
can be obtained by calculating perturbatively connected correlation functions with
the interaction V(φ, Λ0 ) and the propagator D(Λ0 , Λ). The purpose of the preceding calculation is to show more explicitly how these exact RGE, with boundary
conditions at initial scale, determine the functional V(φ, Λ). Moreover, one veriﬁes
that if the theory is critical for Λ = Λ0 , it remains for generic Λ.
16.4 RGE: Standard form
After a ﬁeld renormalization, required to be able to reach non-Gaussian ﬁxed points,
the RGE take the form (16.29) with s = − ln Λ:
Λ

∂
H(φ, Λ)
∂Λ

δ2H
1
δH δH
=
dd x dd y DΛ (x − y)
−
2
δφ(x)δφ(y) δφ(x) δφ(y)


η
δH
δH
+
.
+ dd x dd y φ(x)LΛ (x − y)
dd x φ(x)
δφ(y) 2
δφ(x)

(16.50)

The function η is a priori arbitrary but with one restriction: as we have explained
in Chapter 9, the function η must depend on Λ only through H(φ, Λ). It must be
adjusted to ensure the existence of ﬁxed points.
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Equation (16.50) does not have a stationary Markovian form since DΛ and LΛ
depend explicitly on Λ:

1
LΛ (x) =
dd k eikx L̃Λ (k) = Λd L1 (x), DΛ (x) = Λd−2 D1 (Λx),
(2π)d
where L̃Λ (k) is deﬁned by equation (16.37) and the relations (16.32) have been used.
To eliminate this dependence, we perform everywhere a dilatation of the position
variables of the form
x → x/Λ .
This has the eﬀect of substituting in the Hamiltonian


d
x
φ(x)
→

dd x Λ−d φ(x/Λ), H(n) (xi , Λ) → H(n) (xi /Λ, Λ).
d
We then deﬁne,
φ(x) = Λ(d−2)/2 φ (Λx),

H(n) (xi , Λ) = Λn(d+2)/2 H(n) (Λxi , Λ).

The transformation of φ is simply the Gaussian renormalization.
Since Λ(d−2)/2 Λ(d+2)/2 = Λd this change cancels the factor Λ−d of the initial
change of variables on x when the coeﬃcient of H(n) is homogeneous to φn . Therefore,


d
d
−2−d
dd x dd y D1 (x − y),
d x d y DΛ (x − y) → Λ
δH δH
δH
δ2H
δ2 H
δH
−
−
→ Λ2+d
,
δφ(x)δφ(y) δφ(x) δφ(y)
δφ (x)δφ (y) δφ (x) δφ (y)


δH
δH
→ Λ−2d dd x dd y Λd L1 (x − y)Λd φ (x) 
dd x dd y LΛ (x − y)φ(x)
δφ(y)
δφ (y)


δH
δH
→ Λ−d dd x Λ(d−2)/2 φ (x)Λ(d+2)/2 
.
dd x φ(x)
δφ(x)
δφ (x)
One veriﬁes that all powers of Λ cancel.
Finally, the relation between φ and φ can also be written as
φ (x) = Λ(2−d)/2 φ(x/Λ),
in such a way that the right-hand side becomes
Λ

∂
∂Λ

= Λ
φ

= Λ



∂
∂Λ

φ

∂
∂Λ

φ

∂
δH
Λ
φ (x)

δφ (x) ∂Λ φ




1
δH
d
µ ∂
(2 − d) −
+ d x 
x
φ (x),
µ
δφ (x) 2
∂x
µ
+

dd x
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where we have denoted by xµ the d coordinates of x.
In what follows, we omit the primes. Moreover, we introduce the dilatation
parameter λ = Λ0 /Λ that relates the initial scale Λ0 to the running scale Λ and
thus
d
d
= −λ
.
Λ
dΛ
dλ
Then, the RGE take a form consistent with the general equation (9.23):
λ


δ2H
d
1
δH δH
H(φ, λ) = −
dd x dd y D(x − y)
−
dλ
2
δφ(x)δφ(y) δφ(x) δφ(y)
'
&


d δH(φ, λ) 1
µ ∂
(d − 2 + η) +
x
φ(x)
− d x
δφ(x)
2
∂xµ
µ

δH(φ, λ)
φ(y).
(16.51)
− dd x dd y L(x − y)
δφ(x)

RGE in component form. Expanding equation (16.51) in powers of φ, one ﬁnds
equations in standard form for the components. For n = 2 (D1 ≡ D),
λ

d (n)
H (xi ; λ)
dλ ⎛

⎞

 µ ∂
1
1
= ⎝ n(d + 2 − η) +
xj µ ⎠ H(n) (xi ; λ) −
dd x dd y D(x − y)
2
∂x
2
j
j,µ
&
× H(n+2) (x1 , x2 , . . . , xn , x, y; λ)
−



'
H(l+1) (xi1 , . . . , xil , x; λ)H(n−l+1) (xil+1 , . . . , xin , y; λ) .

(16.52)

I

In the Fourier representation, the equations take the form
λ

d (n)
H̃ (pi ; λ)
dλ ⎛

⎞
 µ ∂
1
= ⎝d − n(d − 2 + η) −
pj µ ⎠ H̃(n) (pi ; λ)
2
∂pj
j,µ

1
dd k
D̃(k)H̃(n+2) (p1 , p2 , . . . , pn , k, −k; λ)
−
2
(2π)d
1
+
D̃(p0 )H̃(l+1) (pi1 , . . . , pil , p0 ; λ)H̃(n−l+1) (pil+1 , . . . , pin , −p0 ). (16.53)
2
I
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For n = 2, it is necessary to distinguish the components of H and V. In both cases,
one ﬁnds an additional term in the equation:
λ

d (2)
H (x1 ; λ)
dλ 
=

d+2−η+
1
−
2






xµ1

µ

∂
∂xµ1


H(2) (x1 ; λ)



dd x dd y D(x − y) H(4) (x1 , 0, , x, y; λ) − 2H2) (x − x1 ; λ)H(2) (y; λ)
dd y L(x1 − y)H(2) (y; λ).

−2

(16.54)

In the Fourier representation,
λ

d (2)
H̃ (p; λ)
dλ 
2−η−

=
−
λ

1
2



µ

−

1
2


H̃(2) (p; λ) − 2L̃(p)H̃(2) (p; λ)


2
d k
D̃(k)H̃(4) (p, −p, k, −k; λ) + D̃(p) H̃(2) (p; λ) ,
d
(2π)

2−η−


∂
p
∂pµ
µ

d

d (2)
Ṽ (p; λ)
dλ 
=




µ

∂
p
∂pµ
µ

(16.55)


˜ −1 (p)
Ṽ (2) (p; λ) − η ∆


2
d k
D̃(k)H̃(4) (p, −p, k, −k; λ) + D̃(p) Ṽ (2) (p; λ) .
d
(2π)
d

(16.56)

16.5 Dimension 4
We have derived general functional RGE. We now apply them to the example of
the φ4 theory in the perturbative framework. Our goal is to show explicitly how
the FRG allows recovering the results obtained in Chapter 10 in the framework of
the asymptotic perturbative RG.
We begin with the dimension 4, where the Gaussian ﬁxed point is marginally
stable. The perturbative assumptions and calculations have much in common with
those of Section 16.3.
16.5.1 Renormalization conditions. β- and η-functions
Renormalization conditions. In dimension 4, a non-trivial theory can be deﬁned
and parametrized, for example, in terms of g(λ), the value of H̃(4) (pi , λ) at p1 =
· · · = p4 = 0:
(16.57)
g(λ) ≡ H̃(4) (pi = 0, λ).
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One then solves perturbatively the other ﬂow equations, with appropriate boundary
conditions, by the method explained at the end of Section 9.7.2, as has been done in
Section 16.3. All other interactions are then determined perturbatively as functions
of g, under the assumption that they are at least of order g 2 . One suppresses in
this way all corrections due to irrelevant operators, keeping only the contributions
due to the marginal operator. Then, all interactions become implicit functions of λ
through g(λ), which satisﬁes a unique equation (equation (9.62)):


dg
= −β g(λ)
(16.58)
λ
dλ
with, as we have already seen, β(g) = O(g 2 ).
The function η(g) is determined by the condition
∂
H̃(2) (p; g)
∂p2

=1 ⇒
p=0

∂ (2)
Ṽ (p; g)
∂p2

= 0,

(16.59)

p=0

which suppresses the redundant operator that corresponds to a change of normalization of the ﬁeld.
The two conditions (16.57), (16.59) replace the renormalization conditions of the
usual renormalization theory (see Section 13.1.2).
RGE: Another form. In equation (16.53), we express the derivative with respect
to ln λ in terms of the derivative with respect to g and the function β, using the
deﬁnition (16.58),
d
d
= −β(g) .
λ
dλ
dg
For d = 4, equation (16.53) then becomes (n = 2)
β(g)

d (n)
H̃ (pi ; g)
dg
⎛

= ⎝n − 4 + 12 nη(g) +



⎞
pµj

j,µ



∂ ⎠ (n)
H̃ (pi ; g)
∂pµj

4

d k
1
D̃(k)H̃(n+2) (p1 , p2 , . . . , pn , k, −k; g)
2
(2π)4
1
D̃(p0 )H̃(l+1) (pi1 , . . . , pil , p0 ; g)H̃(n−l+1) (pil+1 , . . . , pin , −p0 ; g). (16.60)
−
2
+

I

In the case n = 2, equation (16.56) satisﬁed by V (2) becomes
β(g)

d (2)
Ṽ (p; g)
dg

−2 + η(g) +

=
+

1
2




µ

∂
p
∂pµ
µ


˜ −1 (p)
Ṽ (2) (p; g) + η(g)∆


2
d k
D̃(k)H̃(4) (p, −p, k, −k; g) − D̃(p) Ṽ (2) (p; g) .
4
(2π)
4

(16.61)
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β and η-functions. Using the condition (16.57) in equation (16.60) for n = 4, pi = 0,
one ﬁnds an equation for the function β(g):


1
β(g) = 2gη(g) +
2

d4 k
D̃(k)H̃(6) (0, 0, 0, 0, k, −k; g) − 4g D̃(0)Ṽ (2) (0; g). (16.62)
(2π)4

Equation (16.61) can then be solved recursively in the form

2−


µ

∂
p
∂pµ



µ

Ṽ (2) (p; g)


2


d
= −β(g) Ṽ (2) (p; g) − D̃(p) Ṽ (2) (p; g) + η(g) ∆−1 (p) + Ṽ (2) (p; g)
dg

d4 k
1
D̃(k)H̃(4) (p, −p, k, −k; g).
(16.63)
+
2
(2π)4
For p = 0, one obtains the criticality condition that determines
rc (g) = Ṽ (2) (0; g) = H̃(2) (0; g).
But one also notes that if the right-hand side contains a term proportional to p2 in
its Taylor series expansion at p = 0, the solution of the equation cannot be regular.
Indeed, the equation

2−


µ

∂
p
∂pµ



µ



f (p2 ) = 2 1 − p2 f  (p2 ) = p2

has only singular solutions of the form
f (p2 ) = −p2 ln p + const. p2 .
Since we look only for regular solutions, we have to impose the condition that the
derivative with respect to p2 of the right-hand side of equation (16.63) vanishes at
p = 0. This yields the condition
η(g) = 2C  (0)rc2 (g) −

1 ∂
2 ∂p2



d4 k
D̃(k)H̃(4) (p, −p, k, −k; g)
(2π)4

,

(16.64)

p=0

which determines η(g). These arguments justify, in the perturbative framework,
the introduction of the function η(g) and thus of the renormalization of the ﬁeld.
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16.5.2 Solution of RGE at order g
Since η(g) is at least of order g (in fact it is of order g 2 ) and since we have assumed
H̃(6) of order g 2 , equation (16.62) conﬁrms that β(g) is of order g 2 .
At order g, since Ṽ (2) (p; g) is of order g, the left-hand side of equation (16.61)
can be neglected. The equation reduces to



∂
˜ −1 (p).
2−
pµ µ Ṽ (2) (p; g) = 12 gD(0) + η ∆
∂p
µ
The left-hand side has no p2 term in its expansion at p = 0 and thus η vanishes at
order g. Equation (16.61) thus reduces to



∂
pµ µ Ṽ (2) (p; g) = 12 gD(0).
2−
∂p
µ
We note that the homogeneous equation has regular solutions proportional to p2
corresponding to the redundant operator that changes the ﬁeld normalization. The
general solution thus is the sum of a solution of the homogeneous equation and
a constant, which is a particular solution. The condition (16.59) eliminates the
redundant term and selects the constant solution
Ṽ (2) (p; g) = 14 gD(0) + O(g 2 ).
16.5.3 Solution of RGE at order g 2
For H̃(6) (pi ; g), the left-hand side is of order g 3 , which can be neglected, and thus
⎛
⎞


 µ ∂
⎝2 +
pj µ ⎠ H(6) (pi ; g) = g 2 D̃(p1 + p2 + p3 ) + 9 terms + O(g 3 ). (16.65)
∂pj
j,µ
Moreover (∆ ≡ ∆Λ=1 ),

2+


µ

∂
p
∂pµ
µ


˜
∆(p)
= D̃(p).

˜
In the left-hand side, one can replace ∆(p),
which is a function singular at p = 0,
by the function



1
µ ∂
˜
−D̃∗ (p) = ∆(p) − 2 and thus 2 +
D̃∗ (p) = −D̃(p),
p
(16.66)
p
∂pµ
µ
which is regular. We note that the function D̃∗ (p) is the limit of the function (16.46)
for Λ0 → ∞.
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The regular solution of equation (16.65) can then be written as


H(6) (pi ; g) = −g 2 D̃∗ (p1 + p2 + p3 ) + 9 terms + O(g 3 ).
β-function. In equation (16.62), since gη(g) is of order g 3 ,


β(g) = g 2 3B̃∗ (0) − 2D(0)D̃∗ (0) − g 2 D(0)D̃(0) + O(g 3 )
with


B̃∗ (p) = −

d4 k
D̃(k)D̃∗ (p − k).
(2π)4

(16.67)

The two last terms cancel since
D̃(0) = 2C  (0) = −2D̃∗ (0),

(16.68)

and it remains to evaluate

B̃∗ (0) = −

d4 k
D̃∗ (k)D̃(k).
(2π)4

One veriﬁes
d 1 4 2 
d
k D̃∗ (k) = 2k 3 D̃∗2 (k) + k 3 D̃∗ (k)k D̃∗ (k)
2
dk
dk


= 2k 3 D̃∗2 (k) − k 3 D̃∗ (k) D̃(k) + 2D̃∗ (k) = −k 3 D̃∗ (k)D̃(k),

where relation (16.66) has been used. Thus, the integrand has the form of a total
derivative and the integral is determined by the asymptotic behaviour
k 2 D̃∗ (k) → 1
One obtains
B̃∗ (0) =

1
8π 2



∞

dk
0

One infers
β(g) =

for k → ∞ .

d 1 4 2 
1
k D̃∗ (k) =
.
2
dk
16π 2

3 2
g + O(g 3 ),
16π 2

(16.69)

(16.70)

in agreement with the result (10.21) for ε = 0.
η-function. It is then convenient to introduce the function
F (4) (pi ; g) = H̃(4) (pi ; g) − H̃(4) (0; g) = O(g 2 ).

(16.71)
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At order g 2 , F (4) is a solution of


pµj

j,µ



d4 k
D̃(k)H̃(6) (p1 , p2 , p3 , p4 , k, −k; g)
(2π)4

D̃(pi )Ṽ (2) (pi ; g) − (p = 0).
+g

∂ (4)
1
F (pi ; g) = −
∂pµj
2

i

Since the right-hand side of the equation vanishes for p = 0 (which in fact is a
consequence of the ﬂow equation satisﬁed by g(λ)), the equation has a regular
solution. More explicitly,

j,µ

pµj


∂ (4)
(pi ; g) = 12 g 2 D(0)D̃∗ (p1 ) + 3 terms − 2B̃∗ (p1 + p2 )
µF
∂pj


D̃(pi ) − (p = 0).
+ 2 terms + 14 D(0)g 2
i

Using the remark that the equation


pµ

µ

∂
X(p) = Y (p),
∂pµ

has the solution



1

X(p) =
0

Y (0) = 0 ,

dλ
Y (λp),
λ

after a few integrations by parts and algebraic manipulations, one ﬁnds


F (4) (pi ; g) = − 21 g 2 B(p1 + p2 ) + 2 terms − 14 g 2 D(0) D̃∗ (p1 ) − D̃∗ (0) + 3 terms
(16.72)


with
B(p) =



d4 k
D̃
(k)
D̃
(p
+
k)
−
D̃
(k)
.
∗
∗
∗
(2π)4

From equation (16.64), one then derives, at order g 2 ,
η(g) =

1 2 ∂
g
2 ∂p2

∂
1
= g2
2 ∂p2




d4 k
D̃(k)B(p + k)
(2π)4

p=0



d4 k1 d4 k2
D̃(k
)
D̃
(k
)
D̃
(p
+
k
+
k
)
−
D̃
(k
)
1
∗
2
∗
1
2
∗
2
(2π)4 (2π)4

.
p=0

For this calculation, it is convenient to return to space variables. The expression
then takes the form

1 2 ∂
η(g) = g
.
d4 x eipx D(x)D∗2 (x)
2 ∂p2
p=0
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4 

∂
Φ(p2 ) = 8Φ (p2 ) + 4p2 Φ (p2 ).
∂p
µ
µ=1

Using this relation to evaluate the derivative with respect to p2 , one ﬁnds

1 2
d4 x x2 D(x)D∗2 (x)
η(g) = − g
16
 ∞
π2
dx x5 D(x)D∗2 (x).
= − g2
8
0
Equation (16.66) implies
D(x) =



∂
2+x
D∗ (x),
∂x

where, as in the latter integral, x is the radial coordinate. Then,
∂ 6 3
∂
x D∗ (x) = 6x5 D∗3 (x) + 3x5 D∗2 (x)x D(x).
∂x
∂x
The integrand thus is an explicit derivative. The contribution at inﬁnity vanishes
since all functions are fast decaying. At the origin,

ipx
1
1
2
4 e
x
p
=
.
d
lim x2 D∗ (x) = lim
2
x→0
x→0 (2π)4
p
4π 2
One thus recovers the result (10.39) for N = 1:
η(g) =

1 1
g 2 + O(g 3 ).
6 (4π)4

Remarks.
(i) It is then possible to prove that the RGE can be solved by the same method
to all orders in an expansion in powers of g. This also allows proving that the φ4
ﬁeld theory is renormalizable. Since all functions are regular at zero momentum, it
suﬃces to prove that all integrals converge at large momentum. In particular, this
proof of renormalizability avoids the combinatorial considerations about Feynman
diagrams associated with other standard proofs.
(ii) One may get the impression that, to eliminate λ, we have used explicitly the
property that the ﬁeld theory involves only one parameter g of φ4 type. Actually,
the solution that we have obtained is determined by the conditions on the degree in
g(λ) of the functions H(n) . For example, in the case of several independent terms
of φ4 type, and thus of several coeﬃcients gi , it suﬃces to substitute

∂
d
=−
βi (g)
λ
dλ
∂gi
i
and to use the property βi (g) = O(g 2 ).
(iii) It is simple to verify that the same method applies to theories of φn type in
the dimensions where these operators are marginal (like the dimension 3 for φ6 ).
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16.6 Fixed point: ε-expansion
To complete the veriﬁcation of the consistency of the FRG with the asymptotic
RG in the form used in the Chapters 10 and 13, we now consider the dimension
d = 4 − ε and expand equations (16.53), (16.56) in powers of g and ε.
Instead of determining the ﬁxed point directly, we follow the strategy of the preceding section, and determine the ﬂow equation satisﬁed by the eﬀective parameter
g(λ). The calculations then are very similar.
We start from
d (n)
H̃ (pi ; g)
dg
⎛
⎞

1
∂
= ⎝ n(d − 2 + η) − d +
pµj µ ⎠ H̃(n) (pi ; g)
2
∂p
j
j,µ

d
d k
1
D̃(k)H̃(n+2) (p1 , p2 , . . . , pn , k, −k; g)
+
2
(2π)d
1
−
D̃(p0 )H̃(l+1) (pi1 , . . . , pil , p0 )H̃(n−l+1) (pil+1 , . . . , pin , −p0 ). (16.73)
2

β(g)

I

The equation n = 2 reads
d (2)
Ṽ (p; g)
dg



∂
= η−2+
pµ µ Ṽ (2) (p; g) + η∆−1 (p)
∂p
µ


2
1
dd k
(4)
(2)
Ṽ
D̃(k)
H̃
(p,
−p,
k,
−k;
g)
−
D̃(p)
(p;
g)
. (16.74)
+
2
(2π)d

β(g)

Order g. The condition (16.57) implies


dd k
D̃(k)H̃(6) (0, 0, 0, 0, k, −k; g) − 4g D̃(0)Ṽ (2) (0; g).
(2π)d
(16.75)
One veriﬁes that η remains of order g 2 and thus all terms except the ﬁrst one are
at least of order g 2 :
β(g) = −εg + O(g 2 ).
1
β(g) = −εg + 2gη(g) +
2

By contrast with the case d = 4, the left-hand side contributes at leading order.
At order g, V (2) (p; g) is a constant and thus
V (2) (p; g) ≡ V (2) (0; g) = rc (g) =

D(0)
g + O(g 2 ).
2(d − 2)
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Note the relation
(d − 2)∆(0) + D(0) = 0 ,

(16.76)

and thus
rc (g) = − 12 g∆(0) + O(g 2 ).
(6)

Order g 2 . It is now necessary to determine H∗ (pi ), which is of order g 2 , at leading
order. At this order, it satisﬁes
⎞
⎛


 µ ∂
⎝2 +
pj µ ⎠ H(6) (pi ; g) = g 2 D̃(p1 + p2 + p3 ) + 9 terms + O(g 3 , g 2 ε).
∂pj
j,µ
(16.77)
Introducing the function (16.66), the regular solution of equation (16.77) can then
be written as


H(6) (pi ; g) = −g 2 D̃∗ (p1 + p2 + p3 ) + 9 terms + O(g 3 ).
The function β is then determined up to order g 2 :


β(g) = −εg + g 2 3B̃∗ (0) − 2D(0)D̃∗ (0) + 2g 2 ∆(0)D̃(0) + O(g 3 )
with


B̃∗ (p) = −

dd k
D̃(k)D̃∗ (p − k).
(2π)d

In the framework of the ε-expansion, one can replace the contributions of order g 2
by their values at d = 4, which have already been calculated (equation (16.70)).
One infers
3 2
g + O(g 3 , g 2 ε),
β(g) = −εg +
16π 2
in agreement with the result (10.21), and one recovers the non-Gaussian ﬁxed point
(10.22), g ∗ = 16π 2 ε/3 + O(ε2 ).
As for d = 4, one then sets
F (4) (pi , g) = H̃(4) (pi ; g) − H̃(4) (0; g) = O(g 2 ).
At order g 2 , the equation for F (4) (pi ; g) becomes
⎛
⎞
 µ ∂
− ⎝ε +
pj µ ⎠ F (4) (pi ; g)
∂pj
j,µ

1 
= g 2 −D(0)D̃∗ (p1 ) + 3 terms + 2B̃∗ (p1 + p2 ) + 2 terms
2


1
+ g 2 ∆(0) D̃(p1 ) + 3 terms − (p = 0).
2

(16.78)
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One veriﬁes that the regular solution is



F (4) (pi ; g) = − 21 g 2 B(p1 + p2 ) + 2 terms + 12 g 2 ∆(0) D̃∗ (p1 ) − D̃∗ (0) + 3 terms
(16.79)

with


B(p) =



dd k
D̃
D̃
(k)
(p
+
k)
−
D̃
(k)
.
∗
∗
∗
(2π)d

It is then possible to calculate η(g) at order g 2 . At order ε2 , only the value of the
function η(g) at d = 4 is needed, which has already been obtained at the end of
Section 16.5.1.
16.7 Local stability of the ﬁxed point
Once a ﬁxed point H∗ has been determined, one can expand equation (16.51) in
the vicinity of the ﬁxed point:
H(λ) = H∗ + E(λ).
One then obtains the linearized RGE
d
λ E(λ) = L∗ E(λ),
dλ
where the linear operator L∗ , after an integration by parts, takes the form
&
'


1
δ
d
µ ∂
(d + 2 − η) +
x
L∗ = d x φ(x)
µ
2
∂x
δφ(x)
µ

δH∗
1
δ2
δ
+
+ dd x dd y D(x − y) −
2 δφ(x)δφ(y) δφ(x) δφ(y)

δ
.
(16.80)
− dd x dd y L(x − y)φ(x)
δφ(y)
We denote by  the eigenvalues and E ≡ E (λ = 1) the eigenvectors of L∗ :
L∗ E = E ,

(16.81)

and thus
E (λ) = λ E (1).
(n)

Equation (16.81) can be written more explicitly in terms of the components Ẽ (pi )
of E as
(n)

Ẽ (pi )
⎛

⎞

 µ ∂
1
(n)
˜ −1 (pj ) −
D̃(pj )∆
= ⎝d − n(d − 2 + η) −
pj µ ⎠ Ẽ (pi )
2
∂p
j
j
j,µ

dd k
1
(n+2)
D̃(k)Ẽ
(p1 , p2 , . . . , pn , k, −k)
−
2
(2π)d

(l+1)
(n−l+1)
D̃(p0 )Ẽ
+
(pi1 , . . . , pil , p0 )H̃∗
(pil+1 , . . . , pin , −p0 ). (16.82)
I
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16.7.1 Gaussian ﬁxed point
At the Gaussian ﬁxed point, η = 0 and H∗ reduces to a quadratic Hamiltonian
since V∗ (φ) = 0, and the operator L∗ to
&
'


∂
1
δ
(d + 2) +
L∗ = dd x φ(x)
xµ µ
2
∂x
δφ(x)
µ

δ2
1
.
−
dd x dd y D(x − y)
2
δφ(x)δφ(y)
The eigenvectors are obtained by choosing all H(n) vanishing for n > N . The
coeﬃcient of the term of degree N in φ then satisﬁes the homogeneous equation
⎞
⎛

∂
1
(N )
(N )
Ẽ (pi ) = ⎝d − N (d − 2) −
pµj µ ⎠ Ẽ (pi ),
2
∂p
j
j,µ
which is identical to equation (9.56) and which is an eigenvalue equation. The
solutions are homogeneous polynomials in the momenta. If r is the degree in the
variables pi , the eigenvalue is given by
 = d − 12 N (d − 2) − r .
The other coeﬃcients H(n) , n < N , are then entirely determined by the equations
⎞
⎛

∂
(n)
⎝ 1 (N − n)(d − 2) + r −
pµj µ ⎠ Ẽ (pi )
2
∂p
j
j,µ

d
1
d k
(n+2)
D̃(k)Ẽ
=
(p1 , p2 , . . . , pn , k, −k).
(16.83)
2
(2π)d
One may be surprised by the occurrence of these additional terms. In fact, one can
verify that if one sets

1
δ2
E(φ) = exp −
dd x dd y ∆(x − y)
Ω(φ),
2
δφ(x)δφ(y)
the functional Ω(φ) satisﬁes the simpler eigenvalue equation
&
'


∂
1
δ
(d + 2) +
Ω (φ),
xµ µ
 Ω (φ) = dd x φ(x)
2
∂x
δφ(x)
µ
whose solutions are then simple monomials.
The linear operator that transforms Ω(φ) into E(φ),

δ2
1
dd x dd y ∆(x − y)
exp −
,
2
δφ(x)δφ(y)
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replaces all monomials in φ that contribute to Ω by their normal products. The
normal product E (N ) (φ) of a monomial of degree N in φ is such that, for all n < N ,
the Gaussian correlation functions
(
%n
φ(xi )E (N ) (φ)
i=1

with the measure e−H∗ vanish. Let us point out that the deﬁnition of normal
products depends explicitly on the choice of the Gaussian measure.
what follows, it is useful to calculate the normal product corresponding to
" For
dd x φ3 (x) which, in the Gaussian approximation, corresponds to the eigenvalue
1
2 (6 − d). One ﬁnds
1
3!
Similarly, for
1
4!

"


dd x φ3 (x) →

1
3!



1
dd x φ3 (x) − ∆(0)
2


dd x φ(x).

dd x φ4 (x), one ﬁnds



1
4!

dd x φ4 (x) →



1
dd x φ4 (x) − ∆(0)
4



1
dd x φ2 (x) + ∆2 (0).
8

One recognizes the term of order ε in the ﬁxed-point Hamiltonian (Section 16.5.2).
16.7.2 Dimension d = 4 − ε: φ2 and φ4 perturbations
For n = 2, at order ε, equation (16.82) reduces to

(2)
Ẽ (p)

2 + 12 g ∗ D(0)D̃(p) −

=

1
−
2


µ



∂
pµ µ
∂p


(2)

Ẽ (p)

dd k
(4)
D̃(k)Ẽ (p, −p, , k, −k).
(2π)d

(16.84)

Since we consider a perturbation that in the Gaussian limit is a constant t, we set
(2)

Ẽ (p) = t + O(ε).
(4)

(6)

It is consistent to assume Ẽ (p) of order ε and Ẽ (p) of order ε2 . Then, the
eigenvalue  satisﬁes
 = 2 + O(ε),
(4)

and Ẽ (p) satisﬁes at leading order
(4)

2Ẽ (pi ) = −


j,µ

pµj


∂ (4)
∗
D̃(pi ) + O(ε2 ).
µ Ẽ (pi ) + g t
∂pj
i
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Equation (16.66) enables integrating:
Ẽ (pi ) = −g ∗ t
(4)



D̃∗ (pi ) + O(ε2 ).

i

Finally, this expression can be inserted into equation (16.84). Then, at leading
order,

2 −  + 12 g ∗ D(0)D̃(p) + g ∗



 

∂
d4 k
(p)
+
D̃
(k)
−
pµ µ
D̃(k)
D̃
∗
∗
(2π)4
∂p
µ



(2)

× Ẽ (p) = 0 .
In the limit p = 0, using again the condition Ẽ (2) (p = 0) = 0 and the regularity at
p = 0, one ﬁnds
 = 2 + 12 g ∗ D(0)D̃(0) + g ∗ D(0)D̃∗ (0) + g ∗



d4 k
D̃(k)D̃∗ (k).
(2π)4

The two ﬁrst terms cancel and in the integral one recognizes B̃∗ (0). Thus,
 = dt = 2 − 13 ε + O(ε2 ),
in agreement with the result (10.32) obtained by perturbative quantum ﬁeld theory
methods.
φ4 perturbation. The same method, but now starting from Ẽ (4) = O(1), allows
calculating the exponent ω, which corresponds to a variation of g and, thus, to the
derivative of the β-function as in the ﬁeld theory RGE. The exponent
dg = −ω = −β  (g ∗ ) = −ε + O(ε2 )
is the eigenvalue corresponding to a perturbation of φ4 type. One then infers the
dimension dφ4 of the eigen-operator that is identical to φ4 (x) at leading order:
dφ4 = d − dg = 4 .
Since dφ4 is larger than d, this operator is irrelevant.
16.7.3 Perturbations breaking the Z2 symmetry
We now study the eigenvalues associated to relevant operators breaking the Z2
reﬂection symmetry. We want to show that these eigenvalues can be expressed in
terms of known exponents.
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For this purpose, we start from the ﬁxed-point equation
'
&


δH∗ (φ)
d
µ ∂
1
E∗ (φ) = d x φ(x) 2 (d + 2 − η) +
x
µ
∂x
δφ(x)
µ

δ 2 H∗
δH∗ δH∗
1
dd x dd y D(x − y)
−
−
2
δφ(x)δφ(y) δφ(x) δφ(y)

δH
∗
φ(y) = 0 .
(16.85)
− dd x dd y L(x − y)
δφ(x)
"
By acting on this equation with the operator dd z δ/δφ(z), one infers another
equation:

δE∗ (φ)
= 0.
(16.86)
dd z
δφ(z)


We set
E (3) (φ) =
We note that



dd z

δH∗
.
δφ(z)

˜ −1 (0) = 0 .
dd x L(x) = D̃(0)∆

After an integration by parts, equation (16.86) can then be written as


L∗ − 12 (d − 2 + η) E (3) (φ) = 0 .
We have thus identiﬁed an eigenvector, E (3) (φ), and the corresponding eigenvalue
 = 12 (d − 2 + η).
At ﬁrst order in ε, this relevant eigenvector has the form


1
E (3) (φ) = rc1 g ∗ dd x φ(x) + g ∗ dd x φ3 (x) + O(ε2 ).
3!
"
In the Gaussian limit, it corresponds to the operator dd x φ3 (x). The linear term
in φ is a correction to φ3 that eliminates a component that is more relevant. Indeed,
the action of L∗ on a term linear in φ yields


d
1
L∗ d z φ(z) = 2 (d + 2 − η) dd z φ(z) + D̃(0)E (3) .
One then veriﬁes that
 = 12 (d + 2 − η),
is also an eigenvalue, which corresponds to the eigenvector

E (1) (φ) = (1 − η/2) dd x φ(x) + 12 D̃(0)E (3) (φ) .
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In the
" Gaussian approximation, this eigenvector, which is the most relevant, reduces
to dd z φ(z) and is associated to the eigenvalue
 = 12 (d + 2).
From relation (9.64), one also infers the dimension dφ of the operator φ:
dφ = d − 12 (d + 2 − η) = 12 (d − 2 + η),
a result consistent with the initial interpretation of the exponent η as being related
to the ﬁeld renormalization.

Appendix

A1 Technical results
We gather in this section a few useful technical results.
A1.1 Γ, ψ, δ functions
The function Γ(z), which interpolates (z − 1)! for non-integer arguments, can be
deﬁned by
 ∞
Γ(z) =
dt tz−1 e−t .
(A1)
0

This integral representation deﬁnes an analytic function for Re z > 0. The function
satisﬁes the symmetry relation
π
sin(πz)

Γ(z)Γ(1 − z) =

which provides a meromorphic analytic continuation to the whole complex plane,
with simple poles for negative integer arguments.
Another identity is the duplication formula
22z−1
Γ(2z) = √ Γ(z)Γ(z + 1/2).
π
In terms of the logarithmic derivative of Γ,
ψ(z) = Γ (z)/Γ(z),
these relations become
ψ(z) − ψ(1 − z) + π/ tan(πz) = 0,

2ψ(2z) = 2 ln 2 + ψ(z) + ψ(z + 1/2) .

(A2)

One calls Euler’s constant
γ = −ψ(1).

(A3)

Γ(1 + s) = 1 − γs + O(s2 ).

(A4)

In particular,
Another useful function is
 1

B(α, β) =
dt tα−1 (1 − t)β−1 =
0

0

∞

Γ(α)Γ(β)
tα−1 dt
=
.
(1 + t)α+β
Γ(α + β)

(A5)
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A1.2 Dirac distribution
We have often referred to Dirac’s function or distribution δ. The distribution δ(x −
x0 ) is a linear continuous mapping that, to any continuous function f (x), associates
the value f (x0 ). It is convenient to represent the action of δ by an integral of the
form

dx δ(x − x0 )f (x) = f (x0 ).
Applying the deﬁnition to the function eipx with p real, one obtains

dx δ(x) eipx = 1 .
The Fourier transform of δ thus is the constant function f ≡ 1. Conversely,
δ(x) =

1
2π



dp e−ipx .

The distribution δ can be deﬁned as the limit, in the sense of distributions, of
ordinary functions, for example,
2
2
1
δ(x) = lim √ e−x /2ε .
ε→0 ε 2π

We have also used the sign function:
sgn(x) = +1

for x > 0 ,

sgn(x) = −1

for x < 0 .

It is simply related to another function, the step or Heaviside function θ(x) deﬁned
by
θ(x) = 1 for

x > 0,

θ(x) = 0

for x < 0 ⇒ sgn(x) = θ(x) − θ(−x) .

Finally, in the sense of distributions,
d
θ(x) = δ(x) ,
dx

d
sgn(x) = 2δ(x).
dx

Moreover, we have also deﬁned the d-dimensional δ-function,
d

δ (d) (x) =

δ(xi ).
i=1
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A1.3 The massive propagator in dimension 2
The massive propagator (8.41) in d dimensions is given by
∆(x, m) =



1
(2π)d

dd x

eipx
2
=
2
p + m2
(4π)d/2



2m
x

d/2−1
K1−d/2 (mx) ,

where the function Kν is deﬁned by equation (2.54).
For d > 2, when m → 0, the propagator has the ﬁnite limit (equation (8.40))
∆(x, 0) =

2d−2
1
Γ(d/2 − 1) d−2 .
x
(4π)d/2

For d → 2, the massless propagator diverges as

1 
1
−
γ + ln π + ln x2 + O(d − 2),
2π(d − 2) 4π

∆(x, 0) =

(A6)

where the expansion (A4) of the Γ-function has been used. The behaviour of
∆(x, m) for d = 2 when m → 0, can be inferred from the behaviour of K0 (z)
for z → 0 (equation (8.41)):
K0 (z) =

1
2


0

∞

dt −z(t+1/t)/2
e
= − ln(z/2) − γ + O(z) .
z→0
t

(γ is Euler’s constant (A3).) Therefore,
∆(x, m) = −
m→0


1 
ln(mx/2) + γ + O(m).
2π

(A7)

A1.4 Operator determinants
The calculation of Gaussian ﬁeld integrals generates determinants of integral or
diﬀerential operators ((6.31), (10.9), (12.26), (14.8)). The evaluation of such determinants can be reduced, if needed after some simple transformations, to the
calculation of determinants of operators of the form M = 1 + K. Provided the
traces of all powers of K exist, the identity
ln det M ≡ tr ln M ,

(A8)

expanded in powers of the kernel K:
ln det (1 + K) =

∞

(−1)p+1
p=1

is often useful if the series converges.

p

tr Kp ,

(A9)
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When the operators K can be represented by kernels of the form K(x, y), the
product of two operators K1 , K2 is deﬁned by

[K1 K2 ](x, y) = dz K1 (x, z)K2 (z, y),
and the trace by


tr K =

dx K(x, x).

(One can verify that it obeys the cyclic property.)
The successive traces of powers of K can then be written more explicitly as

p
tr K = dx1 · · · dxp K(x1 , x2 )K(x2 , x3 ) · · · K(xp , x1 ).
Remark. The determinant of an n × n matrix, of the form 1 + λK, is an n degree
polynomial in λ. If one uses the preceding identity, one ﬁnds an inﬁnite series.
Expressing that all terms beyond order n vanish, one ﬁnds identities between the
traces of powers of the matrix K.
A1.5 Orthogonal group
The O(N ) group is the group of real orthogonal N × N matrices. An element of
O(N ) satisﬁes
OOT = 1 ,
where T indicates matrix transposition. It is the group of matrices that preserves
the scalar product in RN . Geometrically, it is the group of rotations–reﬂections in
N -dimensional space. The orthogonality relation implies
2

det OOT = (det O) = 1
and, thus,
det O = ±1 .
The matrices with determinant +1 form a subgroup of O(N ) denoted by SO(N ),
which geometrically corresponds to rotations (transformations that preserve the
orientation of the system of coordinates). The group SO(N ) is connected to the
identity and all matrices of SO(N ) can be written as a ﬁnite product of matrices
belonging to a neighbourhood of the identity. In an inﬁnitesimal neighbourhood of
the identity, a matrix belonging to SO(N ) can be expanded in the form
O = 1 + L + O(L2 ) with L + LT = 0 .
All antisymmetric matrices form a vector space on R of dimension N (N − 1)/2. Let
Lα be a basis in this space. The group property of orthogonal matrices leads to the
commutation relation

fαβγ Lγ ,
[Lα , Lβ ] =
γ
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where fαβγ = −fβαγ are real numbers. These commutation relations, or Lie products, give to the vector space of antisymmetric matrices a Lie algebra structure,
L(SO(N )), and the coeﬃcients fαβγ are called structure constants. Finally, any
matrix in SO(N ) can be expressed as the exponential of an element of the Lie
algebra as


O = eL , L ∈ L SO(N ) .
A basis of the Lie algebra thus forms a set of generators of SO(N ). To generate
O(N ), one must add one reﬂection.
In the study of spontaneous symmetry breaking, we have considered the subgroup
O(N − 1) of O(N ) that leaves a given vector v = 0 invariant. This condition
expressed in a neighbourhood of the identity yields the property of the corresponding
elements of L(SO(N − 1)):
Lv = 0 ,



L ∈ L SO(N − 1) .

The group SO(N − 1) has (N − 1)(N − 2)/2 generators. To the complementary set
of the other (N − 1) remaining generators of SO(N ), are associated the (N − 1)
Goldstone modes.
A2 Fourier transformation: Decay and regularity
In this section, we recall, through a few examples useful for this work, the relation
between asymptotic decay for large argument of positive measures and the regularity
of their Fourier transform. The reader interested in more details is referred to the
relevant mathematical literature.
We ﬁrst examine the example of discrete measures deﬁned in Z, which is specially
simple.
A2.1 Positive discrete measures and Fourier series
Exponential decay. We consider a positive discrete measure ρn deﬁned on the lattice
of integer points of the real line:
ρn ≥ 0 ,

+∞


ρn = 1 .

n=−∞

We assume that for |n| → ∞ ρn decays exponentially:
ρn < M e−µ|n| ,

µ > 0.

Therefore, all moments
mp =

+∞

n=−∞

n p ρn

(A10)
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of ρn are ﬁnite. The analytic function deﬁned by the Laurent series
+∞


f (z) =

ρn z n−1 ,

n=−∞

is analytic and uniform in the ring e−µ < |z| < eµ where the Laurent series converges.
The periodic function ρ̃(θ), with period 2π,
ρ̃(θ) = e−iθ f (e−iθ ) =

+∞


e−inθ ρn

⇒ ρ̃∗ (θ) = ρ̃(−θ),

n=−∞

thus is analytic in the strip |Im θ| < µ. Moreover, the positivity of the measure
implies |ρ̃(θ)| ≤ ρ̃(0) = 1.
Conversely, the Fourier coeﬃcients ρn are given by
1
ρn =
2π



2π

dθ einθ ρ̃(θ).

(A11)

0

If the function f is analytic and uniform in the ring e−µ < |z| < eµ , the coeﬃcients
of its Laurent series expansion are also given by

1
dz z −n f (z).
ρn =
2iπ |z|=1
The analyticity domain of f implies the convergence of the Laurent series. Indeed,
depending whether n is positive or negative, one can deform the initial circle into
circles of radius eµ or e−µ . One infers
∀R, 0 < R < eµ : lim ρn Rn = 0 .
|n|→∞

These results, which establish a relation between the regularity properties of a
function and the decay properties of the coeﬃcients of its Fourier expansion, can
be generalized in diﬀerent ways.
Fast decay. Let us assume, for example, that ρn decreases, when n → ∞, faster
than any power of n:
∀p ∈ N

∃Ap such that ρn ≤

All moments
mp =

+∞


Ap
.
|n|p + 1

n p ρn ,

n=−∞

of ρn are still ﬁnite. It is actually a necessary and suﬃcient condition.
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It is then simple to verify that the periodic function ρ̃(θ) is diﬀerentiable, and its
derivative is obtained by diﬀerentiating term by term the representation (A11):
ρ̃ (θ) =

+∞


(−in) e−inθ ρn .

n=−∞

The series converges for all θ since
|ρ̃ (θ)| ≤ |ρ̃ (0)| ≤



|n|ρn < ∞ .

n

The measure nρn again being fast decaying, the argument can be iterated and also
applies to the successive derivatives:
+∞


ρ̃(p) (θ) =

(−in)p e−inθ ρn ,

n=−∞

and the function ρ̃(θ) thus is indeﬁnitely diﬀerentiable. For all θ,
ρ̃(p) (θ) ≤ ρ̃(p) (0) ≤



|n|p ρn < ∞ .

n

Conversely, let us assume that ρ̃(θ) is indeﬁnitely diﬀerentiable. Since ρ̃(θ) is differentiable, one can integrate by parts (for n = 0)
1 i
ρn =
2π n



2π

dθ einθ ρ̃ (θ).

0

More generally, integrating p times, one ﬁnds
ρn =

1 ip
2π np

and thus
|ρn | ≤



2π

dθ einθ ρ̃(p) (θ)
0

1 (p)
ρ̃ (0) ∀p .
np

Algebraic decay. The normalization
condition (A10) alone, which implies uniform
#
convergence of the series n einθ ρn , implies the continuity of ρ̃(θ). More generally,
the condition

ρn |n|p < ∞ , p ∈ N ,
n

implies the existence and the continuity of the pth derivative of ρ̃(θ). This condition
is veriﬁed if
R
ρn ≤
with σ > p .
|n|σ+1 + 1
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Conversely, if ρ̃(θ) is a continuous periodic function with period 2π, the Fourier
coeﬃcients go to zero for |n| → ∞. Indeed (choosing, e.g., n > 0)
1
ρn =
2π



2π

dθ e

inθ

0

1
ρ̃(θ) =
2πn



2πn

dτ eiτ ρ̃(τ /n)
0

n 
1  2πp
dτ eiτ ρ̃(τ /n)
2πn p=1 2π(p−1)
 2π
n



1
iτ 2π
e
=
dτ
ρ̃ τ /n + 2π(p − 1)/n .
2
4π 0
n p=1

=

The sum over p is a Riemann sum that converges for n → ∞ toward an integral
since ρ̃ is continuous:
 2π
n

2π  
ρ̃ τ /n + 2π(p − 1)/n =
ds ρ̃(s),
n→∞ n
0
p=1
lim

and the convergence is uniform in θ. Subtracting from the sum this limit does not
change the integral over τ and, thus,
|ρn | ≤

1
4π 2



2π

dτ
0

 2π
n

2π  
ρ̃ τ /n + 2π(p − 1)/n −
ds ρ̃(s)
n p=1
0

which goes to zero. Note that only the uniform convergence in θ of the Riemann
sum has played a role, and this enables relaxing the continuity condition.
The existence of the pth derivative allows integrating by parts and thus proving
a decay at least of order |n|−p .
More precise results can sometimes be obtained. For example if ρ̃(θ) has an
isolated singularity at θ = 0 in |θ|σ , σ > 0, ρn decays like |n|−1−σ
ρ̃(θ) = A|θ|σ + more regular part ⇒ ρn

∝

|n|→∞

|n|−1−σ .

This result can be proved, for example, by integrating by parts [σ]+1 times, [σ] being
the integer part of σ. One can then calculate the Fourier transform of |θ|σ−[σ]−1
explicitly.
d-dimensional lattice. The preceding results can be generalized to the example of
the transition probabilities considered in Section 3.3.
Let us assume for ρ(n), n ∈ Zd , exponential decay properties,
ρ(n) < M e−µ|n| ,
The function
ρ̃(k) =


n∈Zd

µ > 0.

e−ik·n ρ(n),
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is analytic in the tube
|Im k| < µ .
Conversely, if one assumes for ρ̃(k) the analyticity domain |Im k| ≤ µ, then in the
integral over a Brillouin zone,
1
ρ(n) =
(2π)d


dd k ein·k ρ̃(k),

one can move the contour in the complex domain in the direction
Im k = κn ,

κ = µ/|n|,

and one infers exponential decay.
A2.2 Fourier transformation
The Fourier transforms of positive measures and, more generally, of the functions
with exponential or fast decay of the type considered in Section 3.1 also play an
important role in various parts of this work. It is thus useful to investigate in
which form the properties proved in the preceding section generalize. The main
technical diﬀerence with the preceding section is that the Fourier transformation is
now symmetric. In particular, the initial function and its Fourier transform have
both regularity and decay properties and this somewhat complicates the analysis.
Since our goal here is to emphasize the duality between regularity and decay, we
illustrate this property only with examples where the results can be proved by
simple methods.
For the physical problems that are studied in this work, we need as measures not
only functions but also distributions in the mathematical sense as Dirac δ ‘functions’. In the latter case, the functions f (q) to be measurable, that is, to have a
deﬁned expectation value, must be continuous. It is then necessary to introduce the
theory of distributions, and the interested reader is referred to the corresponding
mathematical literature.
Continuous functions. For illustration purpose, we restrict here the discussion to
continuous functions ρ(q). Let us assume, for example, that ρ(q) is an exponential
decreasing function:
|ρ(q)| ≤ M e−µ|q| , µ > 0 .
If ρ(q) is a measure, all moments of the distribution exist and, in addition, they
satisfy

2M
p
|q | ≤ M dq e−µ|q| |q|p ≤ p+1 p! .
µ
The Fourier transform


ρ̃(k) = e−ikq ≡



dq e−ikq ρ(q)

(A12)
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of ρ(q) is an analytic function for |Im k| < µ. Indeed,

|ρ̃(k)| ≤ M

dq e−(µ−|Im k|)|q| ≤

2M
.
µ − |Im k|

(A13)

Similarly, if ρ(q) decays faster than any power, its Fourier transform is indeﬁnitely
diﬀerentiable.
"
Finally, if the integral dq |ρ(q)||q p | converges,


+∞

dq |q|p ρ(q) < ∞ ,

∞

the pth derivative of ρ̃(k) is continuous.
Reciprocal property. By arguments analogous to those used in the case of Fourier
series, one proves that if the integral in the Fourier representation
ρ(q) =

1
2π


dk eikq ρ̃(k),

converges absolutely and if ρ̃(k) is continuous, ρ(q) goes to zero for |q| → ∞. Indeed,
ρ(q) =

1
2π


dk eikq ρ̃(k) =

1
2πq


dk eik ρ̃(k/q)

+∞  2πp
1 
=
dk eik ρ̃(k/q)
2πq p=−∞ 2π(p−1)

=

1
4π 2



2π

dk eik
0

+∞
2π 
ρ̃(k/q + 2πp/q).
q p=−∞

The assumptions imply that the Riemann sum converges uniformly in k for |q| → ∞
toward an integral that, integrated with eik , gives a vanishing contribution.
If ρ̃(k) has a continuous pth derivative, repeated integrations by parts
" allow proving that q p ρ(q) goes to the zero, with the additional assumption that dk |ρ(p) (k)|
converges.
Similarly, in the case of indeﬁnitely diﬀerentiable functions or functions analytic
in a strip, one can prove fast or exponential decay of the Fourier transform provided
some conditions of convergence at inﬁnity are met.
With more general assumptions, this problem can be discussed in the framework
of distributions.
A3 Phase transitions: General remarks
We have gathered here a few additional results relevant for phase transitions.
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A3.1 Ground state of the transfer matrix: One dimension
We discuss the problem of the eigenstate with largest eigenvalue of the transfer
matrix in the framework of Section 4.1. The notion of transfer matrix has been
introduced in Section 4.1.2. Here, we prove that, in one dimension and with the
general assumptions of Section 4.1, the eigenfunction ψ0 (q) of the transfer matrix,
corresponding to the eigenvalue with largest modulus τ0 , has a constant sign and can
thus be chosen positive. Therefore, the eigenvalue τ0 is positive and simple. Using
a terminology borrowed from quantum mechanics, we call below the eigenvector of
the transfer matrix the ground state. Then, the ground state is non-degenerate.
We ﬁrst show that the function ψ0 (q) has a constant sign and, thus, can be chosen
positive.
Any square integrable function ψ(q) satisﬁes the inequality
|τ0 | ≥



1
ψ2

dq dq  ψ(q  )T (q  , q)ψ(q) ,

equality being only possible if ψ(q) belongs to the eigenspace associated to τ0 .
Moreover, since T (q  , q) is a symmetric positive function,










dq dq ψ(q )T (q , q)ψ(q) ≤

dq dq  |ψ(q  )|T (q  , q)|ψ(q)|,

while
ψ =  (|ψ|) .
Thus, if the function ψ(q) has not a constant sign, the function |ψ(q)| has a larger
expectation value. We conclude that the function ψ0 (q) has necessarily a constant
sign.
A direct consequence of this result is that the eigenvalue τ0 is positive and simple.
Indeed, let us assume that two independent eigenvectors ψ0 (q) and ψ̃0 (q) exist
corresponding to the eigenvalue τ0 . Since T is Hermitian, one can always choose
them orthogonal:

dq ψ0 (q)ψ̃0 (q) = 0 .
We then calculate the quantity








dq dq ψ̃0 (q )T (q , q)ψ0 (q) = τ0


dq ψ̃0 (q)ψ0 (q) = 0 ,

where the condition that ψ0 (q) is an eigenvector with the eigenvalue τ0 has been
used. Since the integrand in the right-hand side is the product of three positive
functions and taking into account the special form (4.6) of the kernels T , that is,
that T (q  , q) is strictly positive for all pairs {q, q  }, this is impossible.
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A3.2 Order parameter and cluster property
When the largest eigenvalue of the transfer matrix is not simple, the proper deﬁnition of correlation functions in the inﬁnite volume becomes a subtle question, and
depends explicitly on the way the thermodynamical limit is taken; in particular, it
can depend on the ﬁnite volume boundary conditions. This sensitivity to boundary
conditions is another characteristic property of a several-phase region.
Let us examine, in this situation, the decay properties at large distance of correlation functions.
We consider the two-phase region of an Ising type system and call ψ+ , ψ− the
ground state eigenvectors of the transfer matrix that are exchanged by the symmetry
operator P (the reﬂection that ﬂips the spins),
ψ− = Pψ+ ,
and are orthogonal. All vectors ψ(α) of the form
ψ(α) = cos α ψ+ + sin α ψ− ,

(A14)

are also eigenvectors of the transfer matrix with the same eigenvalue. Let us assume
that it is possible to take the inﬁnite volume limit in such a way that the vector
ψ(α) is selected, in the sense that ψ(α) is the vector that appears in the expression
(4.24) of correlation functions. Correlation functions then involve the action of
products of spin matrices at diﬀerent sites of the transverse lattice on the vector
ψ(α). For simplicity reasons, we restrict the analysis to products of spin having the
same position on the transverse lattice, and denote by S the corresponding matrix
(deﬁned in (7.50)). In what follows, we thus omit the position subscript σ.
We deﬁne
(A15)
(ψ+ S ψ+ ) = m ,
where m tend toward 1 in the Ising model in the zero-temperature limit. Then,

Also,

(ψ− S ψ− ) = (ψ+ P−1 SP ψ+ ) = −m .

(A16)

(ψ+ Sψ− ) = −(ψ− P−1 SP ψ+ ) = −(ψ− Sψ+ ).

(A17)

Since S is a symmetric matrix,
(ψ+ Sψ− ) = 0 .

(A18)

The matrix S, restricted to the subspace {ψ+ , ψ− }, is diagonal in the basis {ψ+ , ψ− }.
Equations (A15)–(A18) in particular imply:
(ψ(α)S ψ(α)) = m cos 2α ,
(ψ(α)S ψ(π/2 + α)) = m sin 2α .

(A19)
(A20)
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Except for α = π/4 (mod π/2), the spin expectation value does not vanish and
this characterizes the two-phase region.
We now calculate what naively one would expect to be the connected two-point
spin correlation function (see Section 4.3.2), that is, the two-point function of the
quantity S − S, for two points separated by a distance  in the time direction but
at the same transverse position. It is given by
W

(2)



ψ(α) (S − m cos 2α) T (S − m cos 2α) ψ(α)
.
() =
(ψ(α)T ψ(α))

(A21)

The transfer matrix T projects on the ground states for  → ∞:



T = τ0 P+ + P− + O e−/ξ ,



= τ0 P (α) + P (π/2 + α) + O e−/ξ ,
where P+ , P− , P (α) are the projectors on the corresponding vectors. One infers


W (2) () ∼ m2 sin2 2α + O e−/ξ .

(A22)

We note that the correlation functions satisfy the cluster property (see Section 4.3.2,
equation (4.26)) only for α = nπ. The corresponding eigenvectors then are ψ+ , ψ− ,
which are interchanged by P. The reﬂection symmetry is spontaneously broken.
Let us point out that the correlation functions calculated by summing over all
spin conﬁgurations correspond to α = π/4 (mod π/2) and thus do not satisfy the
cluster property.
As we have pointed out in the example of Section 7.2, one of the two states ψ±
is selected in the thermodynamic limit by the following procedure: one adds to the
conﬁguration energy a term coupled linearly to the order parameter (a magnetic
ﬁeld for spin systems). Such a term thus favours one phase. After having taken the
thermodynamic limit, one then removes the symmetry breaking term. This procedure chooses one of the state ψ+ or ψ− according to the sign of the magnetic ﬁeld.
The correlation functions obtained by this procedure satisfy the cluster property in
the inﬁnite volume limit. An alternative method consists in taking the thermodynamic limit with as boundary conditions all spins on the boundary ﬁxed and equal
to the same value, +1 or −1.
One may wonder about the physical signiﬁcance of such a procedure: in Section
A3.3 we show that such systems in the phase of spontaneous symmetry breaking
are no longer ergodic. Once prepared in one phase, they cannot make a transition
to another phase. If one then wants to ensure that time expectation values remain
equal to ensemble expectation values, one must calculate the partition function by
restricting the sum over conﬁgurations in which the average spin has the sign of
the spontaneous magnetization. A magnetic ﬁeld selects the relevant conﬁgurations
automatically.
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A3.3 Stochastic dynamics and phase transitions
Ising type model. It is easy to deﬁne a stochastic dynamics that converges, asymptotically in time, toward the equilibrium distribution of the Ising model. One can,
for example, impose the principle of detailed balance (see Section 3.4.2) and choose
as transition probability from a conﬁguration {Sr } to a conﬁguration {Sr },
)

p(Sr , Sr ) = e−β [E(Sr )−E(Sr )] for E(Sr ) < E(Sr ),
(A23)
otherwise ,
p(Sr , Sr ) = 1
where r belongs to a set Ω of volume Ld in Zd and E(Sr ) is the conﬁguration energy,
for example,

−JSr Sr .
(A24)
E(S) =
n.n.
r,r ∈Ω⊂Zd

For the arguments that follow, the precise knowledge of the conﬁgurations that are
directly connected by the probabilities p is not important provided the conﬁguration
space is ergodic in a ﬁnite volume, that is, that there exists a non-vanishing probability to relate two arbitrary spin conﬁgurations. The important property that is
veriﬁed by all local dynamics is that the probability to go from one conﬁguration
to another one with a higher energy is, at low temperature, of the order of e−β∆E ,
where ∆E is the energy diﬀerence.
Therefore, at low temperature, starting from an initial conﬁguration where all
spins have, for example, the value +1, the probability to generate a bubble of spins
with value −1 is proportional to e−βJA , where A is the measure of the surface of
the bubble (as illustrated in Figure 7.3 for the dimension 2). In d dimensions, a
bubble with minimal surface is a sphere. If we call L its radius, the measure of
d−1
the surface is of order Ld−1 and the probability is of order e−σL , where σ is the
surface tension. At low temperature, σ ∝ β = 1/T .
For d = 1, the system thus remains ergodic in the inﬁnite volume limit since the
transition probability always remains ﬁnite, and thus no phase transition is possible.
For d > 1, the transition probability at low temperature goes to zero when L → ∞
and, thus, the same mechanism that leads to the existence of several phases is
responsible for a breaking of ergodicity.
Models with continuous symmetries. Again, we take the example of the O(N )
symmetry. We now consider a bubble with, at its centre, spin vectors diﬀering by
an angle θ from the direction of spontaneous magnetization. In this situation, energy
considerations disfavour conﬁgurations where, as before, all spins are parallel within
the sphere. This would lead to an energy variation proportional to the measure of
the surface, thus, of order Ld−1 . Instead, the energy variation is minimized if one
rotates the spins continuously in order to interpolate linearly between θ and zero
on a distance of order L. The energy variation between nearest neighbours then is
proportional to 1 − cos(θ/L) ∼ θ2 /2L2 . This energy is multiplied by the number of
spins in the sphere of radius L. One ﬁnds
∆E ∝ βθ2 Ld−2 .
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One concludes that in dimensions d ≤ 2 this energy remains ﬁnite when L → ∞.
Thus, a rotation of the spins by an angle θ has a ﬁnite probability, and the symmetry
O(N ) cannot be broken. By contrast, for d > 2, a transition is possible.
Conclusion. High- and low-temperature analyses, both static and dynamic, allow
proving the existence of a phase transition and determining the nature of the phases.
However, they do not reveal the physics at the transition itself, in particular the
behaviour of thermodynamic quantities at the critical temperature. Other methods
are required to study these problems.
A4 1/N expansion: Calculations
We give here a few additional details about the calculation of the two diagrams that
have appeared in the 1/N expansion.
A4.1 One-loop Feynman diagrams
The diagram (b) displayed in Figure 2.5 (Section 2.5.1), which is also proportional
to the one-loop contribution to the two-point function in the ((φ)2 )2 ﬁeld theory,
has played an important role in the limit N → ∞. We evaluate its behaviour when
the mass m goes to zero (with a cut-oﬀ Λ).
Regularized diagram. We choose a regularized propagator of the general form (14.9).
The diagram in Figure 2.5 then takes the form (14.13),

Ωd (m) =

dd k ˜
1
∆Λ (k) =
(2π)d
(2π)d



dd k
= Λd−2 ωd (m/Λ),
m2 + k 2 D(k 2 /Λ2 )

(A25)

where the function D(t) is positive and regular for t ≥ 0 and normalized by D(0) =
1. By choosing a function D(k) increasing suﬃciently fast for |k| → ∞, it is possible
to render any diagram convergent and, in particular, the diagram in Figure 2.5.
We need the ﬁrst terms of the expansion of Ωd (m) for m2 → 0. We present the
calculation for the particular function D(t) = 1 + t and, thus,
1
ωd (z) =
(2π)d



dd k
= Nd
z 2 + k2 + k4


0

∞

k d−1 dk
,
z 2 + k2 + k4

(A26)

where the constant Nd is the loop factor (14.16a), but the result exhibits most of
the properties of the general case. The second integral, where the angular integral
has been performed, deﬁnes a function analytic for 0 < Re d < 4, which is the most
interesting situation. The denominator is a second degree polynomial in k 2 which
for z = 0 has the roots k 2 = 0 and k 2 = −1. More generally, we can factorize the
polynomial:



z 2 + k 2 + k 4 = k12 + k 2 k22 + k 2 .
The two roots are functions analytic in z 2 in a neighbourhood of z = 0. At order
z 2 , for example,
k12 = z 2 + z 4 + O(z 6 ),

k22 = 1 − z 2 + O(z 4 ).
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We then proceed by analytic continuation starting from 0 < Re d < 2 and separate
the integral into two contributions:


 ∞
1
Nd
1
d−1
ωd (z) = 2
k
dk
− 2
.
k1 − k22 0
k 2 + k22
k + k12
Each integral can be calculated explicitly:

0

∞

k d−1 dk
π
.
= κd−2
2
2
k +κ
2 sin(πd/2)

Using this result for ωd (z), we recognize the constant Kd deﬁned in (14.16b):
ωd (z) = K(d)

k2d−2 − k1d−2
.
k22 − k12

This expression now is regular up to Re d < 4. The ﬁrst terms for z → 0 thus are
ωd (z) = ωd (0) − K(d)z d−2 + a(d)z 2 + O(z 4 , z d ),
with
a(d) = (3 − d/2)K(d),
an expression that is consistent with expression (14.17) when applied to the particular form of D used in (A26).
More generally, the term proportional to k2d−2 generates a expansion regular in
2
z and the term proportional to k1d−2 generates a regular expansion multiplied by
z d−2 . One can verify, with a small amount of work, that this structure is general.
A4.2 The two-point function at order 1/N for u → 0
At order 1/N , only one diagram contributes to the two-point function σσ (Figure
14.3). In the limit Λ → ∞ and after mass renormalization, one ﬁnds
Γ̃(2)
σσ (p)

2
=p +
N (2π)d
2



dd q
(6/u) + b(d)q −ε



1
1
− 2
(p + q)2
q




+O

1
N2


. (A27)

(2)

To calculate the coeﬃcients of the expansion of Γ̃σσ (p) for u → 0, which has the
form

αk (ε)uk p2−kε + βk (ε)u(2+2k)/ε p−2k ,
(A28)
k≥1

it is convenient to introduce the Mellin transform of the integral considered as a
function of u. Indeed, if a function f (u) has for u → 0 a behaviour of the form ut ,
then the Mellin transform
 ∞
du u−1−s f (u)
M (s) =
0
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has a pole at s = t. Applying the transformation to the integral and inverting the
order between the q and u integrations, one is led to the integral


∞

du
0

u−1−s
1
=
(6/u) + b(d)q −ε
6



b(d)q −ε
6

1−s

π
·
sin πs

The result of the remaining integration over q can be inferred from the generic
integral
1
(2π)d



Γ(µ + ν − d/2)Γ(d/2 − µ)Γ(d/2 − ν)
dd q
= pd−2µ−2ν
.
(p + q)2µ q 2ν
(4π)d/2 Γ(µ)Γ(ν)Γ(d − µ − ν)

(A29)

The terms with integer powers of u correspond to the perturbative expansion that
exists for ε suﬃciently small in dimensional regularization. αk has a pole at ε =
(2l + 2)/k for which the corresponding power of p2 is −l, that is, an integer. One
veriﬁes that βl has a pole for the same value of ε and that the singular contributions
cancel in the sum.
A5 Functional renormalization group: Complements
In this section, we present a general method that allows proving (quantum) ﬁeld
equations for statistical or quantum theories. We then show that the equations
of the functional renormalization group (FRG) derived in Chapter 16 provide an
example of ﬁeld equations. Another derivation of the fundamental equation (16.14)
follows.
Finally, we show that the Legendre transform of a particular functional simply
related to the Hamiltonian satisﬁes a very useful ﬂow equation.
A5.1 Field equations
We consider the general ﬁeld integral

Z=

[dφ] e−H(φ) .

Field equations can be derived by a simple method, based on the invariance of an
integral under an inﬁnitesimal change of variables φ → ϕ:
φ(x) = ϕ(x) + εK(ϕ, x),
an identity then being obtained by expanding to ﬁrst order in the constant parameter ε.
The Jacobian of the transformation is

δφ(x)
δK(ϕ, x)
J = det
= 1 + ε dx
+ O(ε2 ),
δϕ(y)
δϕ(x)
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where again the identity ln det = tr ln has been used.
One infers the general equation
/

δK(φ, x)
δH(φ)
− K(φ, x)
dx
δφ(x)
δφ(x)

0
= 0,

(A30)

H

where •H denotes an expectation value with the weight e−H(φ) .
Equivalently, to derive the equation one notes that the integral of a total derivative
vanishes and, thus,

δ
[dφ]
K(φ) e−H(φ) = 0 .
δφ(x)
Calculating the derivative, one obtains the equation
/

δK(φ)
δH(φ)
− K(φ)
δφ(x)
δφ(x)

0
= 0.
H

An application of this identity to a function K(φ, x), after integration over x, leads
to equation (A30).
One can, of course, wonder whether these formal manipulations are always justiﬁed. In some case a limiting procedure starting from an approximation of the
continuum by an inﬁnite or even ﬁnite lattice can be necessary. Finally, quite often, it is possible to give a formal proof of these identities order by order in some
perturbative expansion.
A5.2 Field equations and FRG
One now assumes that the Hamiltonian H(φ) depends on a parameter s while the
partition function Z does not depend on it and, thus,
dZ
=−
ds

/

0
d
H(φ, s)
= 0.
ds
H

We introduce the notation

(φKφ) ≡

dx dy φ(x)K(x − y)φ(y).

We decompose H(φ, s) into a sum of three terms:
H(φ, s) =

1
2

 −1

φ∆ (s)φ + V(φ, s) +

1
2

ln det ∆(s),

where ln det ∆ = tr ln ∆ must be regularized.
The equation then becomes
/

0


d
1 d
− 21 φ∆−1 (s)D(s)∆−1 (s)φ + V(φ, s)
+
ln det ∆(s) = 0
ds
2 ds
H

(A31)
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d∆
,
ds

an operator with kernel D(s; x − y).
We use the identities
d
d
ln det ∆(s) =
tr ln ∆(s) = tr L(s),
ds
ds
with the notation

L(s) = D(s)∆−1 (s).

The fundamental equation (16.14) is then obtained with the choice



δV(φ, s)
1
dy D(s; x − y) ∆−1 φ (y) −
K(φ, x) =
.
2
δφ(y)
The contribution of the Jacobian becomes


1
1
δ2V
δK(φ, x)
= tr L(s) −
.
dx
dx dy D(s; x − y)
δφ(x)
2
2
δφ(x)δφ(y)
The second term gives

δH(φ, s)
dx K(φ, x)
δφ(x)
$
3$
3



 −1 
1
δV
δV
=
dx dy D(s; x − y) ∆−1 φ (y) −
∆ φ (x) +
2
δφ(y)
δφ(x)
$
3





δV
δV
1
dx dy D(s; x − y) ∆−1 φ (y) ∆−1 φ (x) −
.
=
2
δφ(x) δφ(y)
Then, eliminating the quadratic term between the two equations (A30) and (A31),
one obtains an equation that expresses a suﬃcient condition for the partition function to be invariant:

δ 2 V(φ, s)
1
δV(φ, s) δV(φ, s)
d
V(φ, s) = −
dx dy D(s; x − y)
−
.
ds
2
δφ(x)δφ(y)
δφ(x) δφ(y)
One recognizes equation (16.14) and by identifying the parameter s with − ln Λ,
one obtains the renormalization group equations (RGE).
To take into account the ﬁeld renormalization, one adds a term linear in φ:
K(φ, x) → K(φ, x) + 12 ηφ(x). This adds an inﬁnite constant to the Jacobian, which
is cancelled by a change of normalization of the partition function, and



δH(φ, s) η
δH(φ, s)
δH(φ, s)
→ dx K(φ, x)
+
dx φ(x)
.
dx K(φ, x)
δφ(x)
δφ(x)
2
δφ(x)
More generally, one obtains other RGE by adding to K other local functionals of
φ. But these algebraic manipulations should not lead us to forget that the goal is
to construct a renormalization group that can have local ﬁxed points.
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A5.3 FRG: Legendre transformation
We have seen in Section 16.1.4 (equation (16.21)) that the functional




W(H, s) = −V D(s0 , s)H, s + 12 HD(s0 , s)H + 12 ln det D(s0 , s),

(A32)

where D is deﬁned in (16.10), has an interpretation as a generating functional of
connected correlation functions. It satisﬁes the ﬂow equation (16.23):
∂W
1
=−
∂s
2


dd x dd y

δ2W
δW δW
∂K(s0 , s; x − y)
+
,
∂s
δH(x)δH(y) δH(x) δH(y)

(A33)

where K is deﬁned in (16.11):
D(s0 , s)K(s0 , s) = 1 .
It is then natural to also introduce its Legendre transform:

W(H, s) + G(ϕ, s) = dd x H(x)ϕ(x), H(x) =

δG
.
δϕ(x)

It satisﬁes a ﬂow equation that is useful for more practical calculations.
The stationarity of the Legendre transformation implies
∂
W
∂s

+
H

∂
G
∂s

= 0.
ϕ

Moreover, it is convenient to set

Σ(ϕ, s, x, y) =

dd z K(s0 , s; x − z)

δ2W
.
δH(z)δH(y)

Then, the property (6.19) of the Legendre transformation implies


dd z dd z 

δ2G
D(s0 , s; z − z  )Σ(ϕ, s, z  , y) = δ (d) (x − y).
δϕ(x)δϕ(z)

(A34)

Equation (A33) becomes

1
∂
G(ϕ, s) = −
dd x dd y L(s0 , s; x − y)Σ(ϕ, s, x, y)
∂s
2

∂K(s0 , s; x − y)
1
ϕ(x)ϕ(y)
+
dd x dd y
2
∂s
with, in the sense of operators,
L(s0 , s) = −K−1

∂
∂K
=
ln D(s0 , s).
∂s
∂s

(A35)
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With these deﬁnitions, for V = 0,
G(ϕ, s) = G(0, s) +

1
2


dd x dd y ϕ(x)K(s0 , s; x − y)ϕ(y) .

If one sets
G(ϕ, s) =

1
2


dd x dd y ϕ(x)K(s0 , s; x − y)ϕ(y) + GI (ϕ, s),

equation (A35) becomes
1
∂
GI (ϕ, s) = −
∂s
2


dd x dd y L(s0 , s; x − y)Σ(ϕ, s, x, y).

(A36)

The kernel Σ(ϕ, s, x, y) now is a solution of


δ 2 GI
D(s0 , s; z − z  )Σ(ϕ, s, z  , y) = δ (d) (x − y).
δϕ(x)δϕ(z)
(A37)
Equivalently, the Fourier transform

Σ̃(ϕ, s, p, q) = dd x dd y eipx+iqy Σ(ϕ, s, x, y)
Σ(ϕ, s, x, y) +

dd z dd z 

satisﬁes


dd k
δGI
D̃(s0 , s; k)Σ̃(ϕ, s, k, q) = (2π)d δ (d) (p + q).
(2π)d δ ϕ̃(p)δ ϕ̃(−k)
(A38)
and equation (A36) takes the form
Σ̃(ϕ, s, p, q) +

1
∂
GI (ϕ, s) = −
∂s
2



dd k
L̃(s0 , s; k)Σ̃(ϕ, s, k, −k).
(2π)d

(A39)

The functional GI (ϕ, s) is local and satisﬁes a relatively simple equation.
To write these equations more explicitly, we expand GI and Σ in powers of ϕ. At
order ϕ0 , in the Fourier representation, Σ = Σ0 is a solution of
(2)

Σ̃0 (s, p) + GI (p)D̃(s0 , s; p)Σ̃0 (s, p) = 1
and, thus,


−1
(2)
Σ̃0 (s, p) = 1 + D̃(s0 , s; p)G̃I (p)
.

Then, in symbolic notation,
(4)

1 δ 2 GI
Σ = Σ0 − Σ0
ϕϕD(s0 , s)Σ0 + O(ϕ4 ),
2
δϕδϕ
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and thus
∂ (2)
1
GI (p, s) = −
∂s
2



dd k
(4)
D̃(s0 , s; k)Σ̃20 (k)G̃I (p, −p, k, −k).
(2π)d

Application to the φ4 theory. We now set s = − ln Λ. We also substitute D(s0 , s) →
DΛ and apply these identities to the uφ4 ﬁeld theory. At order u1 , one ﬁnds


1
1
d
2
V(φ) = rc1 u d x φ (x) + u dd x φ4 (x) + O(u2 ).
2
4!
One infers




1
1
1
d
d
2
W(H) =
d x HKH − rc1 u d x (DH) (x) − u dd x (DH)4 (x)
2
2
4!
2
+ O(u ).

Moreover,
ϕ(x) = [KH](x) = φ(x) + O(u).
Using the stationarity of the Legendre transformation that implies
∂W
∂G
+
= 0,
∂u
∂u


one infers
GI =

1
2 urc1

1
d x ϕ (x) + u
4!
2

d


dd x ϕ4 (x) + O(u2 ).

At this order, one recovers the equation giving rc1 , obtained in Section 16.3,
Λ

d
rc1 = 12 DΛ (0).
dΛ

More generally, equations (A37) and (A39) can be solved recursively and this generates a perturbative expansion. As a property of the Legendre transformation, only
the 1-irreducible diagrams contribute. For example, the term of degree 6 in ϕ is
now of order u3 .
RGE in standard form. After elimination of the explicit dependence in Λ and ﬁeld
renormalization, one obtains a ﬂow equation analogous to equation (16.51):
&
'


d
∂
1
δGI
λ GI (ϕ, λ) = dd x ϕ(x)
(d + 2 + η) +
xµ µ
dλ
2
∂x
δϕ(x)
µ

1
d ln DΛ
+
(x − y)Σ(ϕ, λ, y, x)
dd x dd y Λ
2
dΛ

+ 12 η dd x dd y[∆Λ ]−1 (x − y)ϕ(x)ϕ(y).
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A5.4 FRG and dimensional regularization
The general formalism of Section 16.1 allows deriving other equations, as the example below illustrates.
In the framework of dimensional regularization, the theory no longer has large-momentum divergences, at least for generic dimensions. By contrast, the questions
of critical behaviour and possible associated divergences remain open. To construct
a FRG, one can introduce in the propagator a small-momentum cut-oﬀ m and study
the ﬂow that corresponds to letting m go to zero. For example, the propagator
2

−p
˜ m (p) = 1 − e
∆
p2

/m2

,

for |p|  m has the behaviour of a critical propagator but has no pole at p = 0.
More generally, one can take as a propagator
C(p2 /m2 )
˜
∆(m;
p) =
,
p2

C(0) = 0 ,

lim C(t) = 1 .

t→∞

One then studies how the eﬀective interaction changes when m → 0. For this
purpose, one expresses the equivalence between a theory with a variable IR cut-oﬀ
m and an interaction V(φ), which is critical at m = 0,
Γ̃(2) (p = 0, m = 0) = 0 ,
and a theory with an interaction V(φ, m) and a ﬁxed non-critical propagator m =
m0 . Note that the criticality condition is easily implemented in dimensional regularization.
Integrated RGE. In the notation of Section 16.1, one can also deﬁne, for m0 > m,
K(m) = ∆−1 (m). Moreover,
D(m0 , m) = ∆(m0 ) − ∆(m) ,

K(m0 , m) = D−1 (m0 , m).

In an integrated form, equation (16.19) then becomes
e−V(φ,m)


−1/2


 
= det D(m0 , m)
[dϕ] exp − 12 ϕK(m0 , m)ϕ − V(φ + ϕ, m0 )
with also
H(φ, m) = 12 (φK(m0 )φ) + V(φ, m).
The perturbative calculations are only slightly modiﬁed. For example, for

1
V(φ, m0 ) = u dd x φ4 (x),
4!
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at order u,
1
V(φ, m) = V(φ, m0 ) + uD(x = 0; m0 , m)
4


dd x φ2 (x).

In diﬀerential form, the suﬃcient condition for the partition functions to be identical
for all m is analogous to equation (16.33), the parameter m replacing Λ and the
relative sign between the two sides being changed,
m

1
∂
V(φ, m) = −
∂m
2


dd x dd y D(m; x − y)

δ2V
δV
δV
−
δφ(x)δφ(y) δφ(x) δφ(y)

with, now,

2

(A40)

2

˜
∂ ∆(m;
p)
2 e−p /m
=
.
∂m
m2
From a perturbative viewpoint, the algebraic manipulations do not change. For
example, the calculation of the function β(g) for d = 4 at order g 2 reduces to
the calculation of B̃(0) in the limit m → 0, where the function B̃(p) is given by
expression (16.67):

d4 k
B̃(p) =
D̃(k)D̃(p − k).
(2π)4
D̃(m; p) = −m

Here,


B̃(0) =

2

d4 k 2 e−k /m
(2π)4
m2

2



e−k

2

/m20

− e−k
k2

2

/m2


.

After the change of variables k → mk, one can take the limit m = 0. One ﬁnds
 4 

1
d k −k2
−2k2
e
e
−
B̃(0) = 4
8π
k2
 ∞


2
2
1
kdk e−k − e−2k
= 2
4π 0
 ∞


1
1
ds e−s − e−2s =
,
= 2
8π 0
16π 2
that is, a result identical to the one obtained in the formalism with large-momentum
cut-oﬀ (equation (16.69)).
The calculation of η(g) is slightly longer but one also recovers the expected result.
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E. Brézin, J.C. Le Guillou and J. Zinn-Justin, J. Phys. A: Math. Gen. 9 (1976)
L119.
Various forms of functional renormalization group equations have initially been
proposed by

446

Bibliography

F.J. Wegner and A. Houghton, Phys. Rev. A8 (1973) 401;
F.J. Wegner, J. Physics C7 (1974) 2098;
K.G. Wilson and J. Kogut, Phys. Rept. 12C (1974) 75.
[42] See also the review
F.J. Wegner, in Phase Transitions and Critical Phenomena vol. 6, C. Domb
and M.S. Green, eds., Academic Press (New York 1976).
[43] The functional renormalization group equations, in the form presented in this
work, are inspired from
J. Polchinski, Nucl. Phys. B231 (1984) 269,
where they are used to prove renormalizability. See also
G. Keller, C. Kopper, M. Salmhofer, Helv. Phys. Acta 65 (1992) 32;
M. Salmhofer, Renormalization, Springer (Berlin 1998) and Comm. Math. Phys.
194 (1998) 249;
P. Kopietz, Nucl. Phys. B595 (2001) 493, Arxiv: hep-th/0007128.
[44] For recent applications and generalizations of these equations see, for example,
C. Wetterich, Phys. Lett. B 301 (1993) 90;
M. Bonini, M. D’Attanasio and G. Marchesini, Nucl. Phys. B409 (1993) 441,
ibidem B444 (1995) 602;
N. Tetradis, C. Wetterich, Nucl. Phys. B422 (1994) 541, Arxiv:hep-ph/9308214;
M. D’Attanasio, T. R. Morris, Phys. Lett. B409 (1997) 363, Arxiv:
hep-th/9704094;
J. Adams, J. Berges, S. Bornholdt, F. Freire, N. Tetradis and C. Wetterich,
Mod. Phys. Lett. A10 (1995) 2367; Int. J. Mod. Phys. A16 (2001) 1951, Arxiv:
hep-ph/0101178;
T.R. Morris, Prog. Theor. Phys. Suppl. 131 (1998) 395, Arxiv: hep-th/9802039
and references therein;
T.R. Morris and J.F. Tighe, JHEP 08 (1999) 007;
J.I. Latorre and T.R. Morris, JHEP 11 (2000) 004;
J. Berges, N. Tetradis, C. Wetterich, Phys. Rept. 363 (2002) 223, Arxiv: hepph/0005122;
M. Salmhofer and C. Honerkamp, Prog. Theor. Phys. 105 (2001) 1;
J. Berges, N. Tetradis, C. Wetterich, Phys. Rept. 363 (2002) 223, Arxiv: hepph/0005122;
P. Le Doussal, K.J. Wiese and P. Chauve, Phys. Rev. E69 (2004) 026112.

Index
amplitude ratios, 160, 198, 342.
numerical results, 265.
annihilation operator, 94.
anomalous dimension, 322.
asymptotic freedom, 353.
asymptotic series, 33.
Bessel function, 42.
modiﬁed, 41, 44.
third kind, 43.
beta function, 403.
N → ∞, 345.
one-loop calculation, 319.
perturbative calculation, 406, 410.
σ-model, non-linear, 365, 367.
Borel transformation, 263.
boundary conditions:
anti-periodic, 167.
periodic, 128.
sensitivity to, 147.
Brillouin zone, 67, 181.
Brownian motion, 63.
central limit theorem, 45, 49.
characteristics: method of, 317.
cluster property, 89, 134, 429.
coexistence curve, 371.
commutation relations: canonical, 94.
conﬁguration energy, 128.
connected contributions, 27.
connected correlation functions, 89.
continuous symmetries, 200.
continuum limit, 69, 88, 98, 193.
correction exponent ω, 239.
correlation exponent ν: Gaussian, 188.

correlation functions, 83, 133, 389.
bare, 312.
connected, 89, 133, 220, 286.
critical, power-law behaviour, 320.
Gaussian, 115.
renormalized, 312, 316.
scaling behaviour, 326.
scaling form, 371.
correlation length, 88, 134, 148, 193.
divergence, 100, 197.
quasi-Gaussian approximation, 198.
creation operator, 94.
critical behaviour, 148.
critical domain, 187, 230, 254.
scaling behaviour, 261.
scaling property, 230, 261.
universality, 162.
critical surface, 226.
crossover scale, 344.
cubic anisotropy, 284.
ﬁxed points, 274.
linearized ﬂow, 274.
model with, 272.
cubic symmetry group, 66, 273.
cumulants, 29, 46, 47.
cut-oﬀ, 301, 309, 319.
scale, 218.
decimation, 101.
density matrix, 99.
detailed balance, 71, 430.
determinants: operators, 419.
diﬀerential operator: determinant, 331.
diﬀusion equation: functional, 388.
dimension d = 4 − ε:

448
φ and φ3 perturbations, 414.
φ2 and φ4 perturbations, 413.
dimension 4: the role of, 206.
dimension of:
σ 2 , 256.
ﬁeld, 225, 227, 239.
N → ∞, 340.
order ε2 , 253, 259.
σ-model, non-linear, 372.
local polynomials, 241.
mean random variable, 57.
order parameter, 239.
dimension:
anomalous, 322.
canonical, 322.
critical, 311.
dimensional analysis, 310.
dimensional continuation, 248, 300.
Dirac’s distribution, function δ, 114, 418.
distribution:
Gaussian asymptotic, 49.
mean-spin, 129, 132, 157.
divergences:
infrared (IR), 313, 362.
ultraviolet (UV), 244, 290.
divergent series, 32.
Elitzur’s conjecture, 374.
epsilon expansion, 239.
eigen-perturbations, 240.
equation of state, 155.
N → ∞, 341.
orthogonal symmetry, 200.
parametric form, 342.
quasi-Gaussian, 196.
RGE, 327.
scaling form, 160, 370.
scaling property, 328.
equilibrium distribution, 148.
ergodicity, 148.
breaking, 148, 429.
eta function, 404.

Index
perturbative calculation, 408.
Euclidean action, 112, 190, 219, 289.
Euler’s constant, 417.
expansion:
asymptotic, 262.
ε-, 239.
high-temperature, 182.
in 1/N , 348.
loop expansion, 296.
low-temperature, 357.
perturbative, 119.
formal representation, 290.
one dimension, 121.
exponent:
correction ω, 239.
N → ∞, 342.
correlation ν, 198, 259, 327.
N → ∞, 339.
order ε, 257.
σ-model, non-linear, 372.
δ:
N → ∞, 341.
quasi-Gaussian, 160.
η, 320.
Gaussian, 187.
order ε2 , 253, 322.
order 1/N , 350.
magnetic β:
N → ∞, 338.
quasi-Gaussian, 159.
magnetic susceptibility γ, 327.
order ε, 257.
quasi-Gaussian, 159.
speciﬁc heat α, 262.
N → ∞, 342.
exponents:
numerical results, 263.
scaling relations, 259, 327, 328.
ferromagnetic systems: deﬁnition, 127.
Feynman diagrams, 26.
connected, 291.

Index
external line, 291.
faithful representation, 291.
internal line, 291.
loops, deﬁnition, 291.
one-irreducible, 292.
one-loop, 246, 297, 333, 431.
trees, 296.
ﬁeld dimension:
see dimension of ﬁeld, 225.
ﬁeld equations, 433.
ﬁeld integral, 219.
Gaussian, 190.
calculation, 190.
partial integration, 382.
perturbative calculation, 289.
ﬁeld theory, 218.
(φ2 )2 : limit N → ∞, 337.
Gaussian, 287.
perturbative expansion, 289.
renormalizable, 307.
ﬁeld: N -component, 267.
ﬁxed point, 55, 57, 70, 226, 227.
cubic, 274.
Gaussian, 231, 412.
eigen-perturbations, 234.
inﬁnite dimension, 161.
local stability, 411.
non-Gaussian:
ε-expansion, 237.
O(N ) symmetric, stability, 277.
O(N ), order ε, 258.
order ε, 252.
stability, 56, 70, 271.
and ﬁeld dimension, 279.
ﬁxed points:
ﬂow between, 269.
line of, 377.
ﬂow and potential, 270.
ﬂow between ﬁxed points, 240.
ﬂow of the Hamiltonian, 386.
Fourier representation, 135.

Fourier series, 421.
Fourier transformation, 46, 425.
decay and regularity, 421.
four-point function, 30.
perturbative calculation, 249, 318.
perturbative expansion, 294.
free energy, 86, 129.
free-ﬁeld theory, 190.
FRG:
ε expansion, 409.
components, 393.
correlation functions, 394.
dimensional regularization, 439.
equations in standard form, 401.
evolution of the Hamiltonian, 386.
ﬁeld equations, 434.
Fourier representation, 392.
functional renormalization
group, 381.
interaction ﬂow, 385.
Legendre transformation, 436.
locality, 391.
perturbative φ4 theory, 402.
perturbative solution, 396, 405.
function β, 252, 258, 314.
function η, 314.
functional derivative, 113.
functional renormalization group
(FRG), 381.
gamma function, 34, 417.
Gaussian distribution: asymptotic, 70.
Gaussian expectation value, 23.
Gaussian integral, 20, 192.
Gaussian model, 92, 110, 141, 183.
Gaussian path integral, 112.
generating function, 19, 29, 46.
steepest descent method, 38.
generating functional, 113, 285.
Goldstone modes, 173, 200, 336,
358, 421.
Goldstone phenomenon, 216.

449

450

Index

gradient ﬂows, 269.
Hamiltonian, 190, 219.
critical, 243.
dimensional analysis, 310.
eﬀective, 222, 308.
ﬁxed-point, 225.
ﬂow, 390.
general, 289.
general quadratic isotropic, 232.
Landau–Ginzburg–Wilson, 219.
Landau’s, 219.
quantum, 96, 100, 103.
harmonic oscillator: perturbed, 119.
Hausdorf dimension, 64.
Heaviside or step function θ, 54.
Hermite polynomials, 35.
Hermitian conjugation, 94.
Hilbert space, 82.
infrared (IR) divergences, 313, 362.
insensitivity to the short-distance
structure, 307.
integral operator, 71.
interaction vertex, 289.
interaction: ferromagnetic, 153, 181.
interaction: short-range, 181.
irrelevant eigenvector, eigen-perturbation, 228.
irrelevant perturbation, 57.
Ising model, 166.
Ising model: one dimension, 107.
isotropic ﬁxed point: stability, 278.
Kosterlitz–Thouless phase transition, 172.
Landau–Ginzburg–Wilson Hamiltonian, 219.
Landau’s Hamiltonian, 219.
Landau’s theory, 199.
Laurent series, 422.
Legendre transformation, 130, 137, 221, 286.
invertibility, 138.
stationarity, 131, 138.
steepest descent method, 142.
locality, 60, 66, 79, 220, 289.

loops: number of, topological relation, 291.
magnetic ﬁeld, 128.
magnetization, 129.
marginal: eigenvector,
eigen-perturbation, 228.
perturbation, 57.
Markov chain, 59, 71.
Markovian process, 226.
Markovian stationary process, 59, 229.
mass, 190.
mass operator, 292.
mean-ﬁeld approximation, 153, 208,
211.
mean-ﬁeld: corrections, 211.
Mellin transform, 432.
Mermin–Wagner–Coleman theorem,
173, 336, 362.
metric tensor on the sphere, 360.
model with cubic anisotropy, 284.
model with orthogonal symmetry:
see O(N ) model, 108.
momentum operator, 94.
momentum, 136, 181.
nearest-neighbour interaction, 81, 163.
non-linear σ-model:
see sigma-model, 353.
non-linear representation of
the O(N ) group, 356.
O(N ) model:
disordered phase, 336.
ε-expansion, 258.
limit N → ∞, 335.
one dimension, 108.
ordered phase, 336.
O(N ) symmetry: general
Hamiltonian, 329.
one-irreducible functions, 139.
order parameter, 147, 168.
Ornstein–Zernike form, 187, 198.
orthogonal group, 171, 175, 176, 212,
420.

Index
orthogonal O(2) symmetry, 105.
partition function, 80, 121, 128.
quantum, 99, 103.
path integral, 73.
Gaussian, 111.
calculation, 74, 116.
perturbative calculation, 119.
periodic boundary conditions, 80.
perturbation theory, 24, 119.
perturbative calculations:
one dimension, 120.
perturbative expansion:
minimum of the potential, 119.
phase transition, 147, 170.
ﬁrst-order, 157.
helium’s superﬂuid, 263.
inﬁnite dimension, 153.
liquid–vapour, 263.
O(2), 172.
second-order or continuous, 158.
polymers: statistical properties, 263.
position operator, 83, 94.
propagator, 245, 288.
massive in dimension 2, 419.
regularized, 390.
psi function, 417.
quantum ﬁeld theory: interaction, 289.
quantum ground state, 100.
quantum Hamiltonian, 100.
quantum harmonic oscillator, 96.
quasi-Gaussian approximation, 195, 200.
corrections, 202.
quotient space, 357.
random variables: integer values, 52.
random walk, 59, 188.
asymptotic behaviour, 63.
continuum limit, 63.
on a circle, 77.
on a lattice, 65.
redundant eigenvector, eigen-perturbation, 228.

redundant perturbation, 58.
regularization, 290.
dimensional, 300, 361.
infrared (IR), 363.
lattice, 362.
Pauli–Villars, 361.
relaxation time, 77.
relevant eigenvectors, eigen-perturbations, 227.
relevant perturbation, 58.
renormalizability, 307.
renormalization conditions, 312.
renormalization constants, 312.
renormalization group (RG), 54.
perturbative, 240.
renormalization group equations
(RGE), 222.
renormalization theorem, 312.
renormalization, 49, 70.
ﬁeld, 222, 390.
Gaussian, 309.
mass, 101.
RG, 54, 56.
exact, 391.
mass, 244.
near dimension 4, 259.
perturbative, 243, 245.
renormalization group, 54.
RGE:
asymptotic, 260.
correlation functions, 229.
critical domain, 324.
equation of state, 327.
ﬁeld theory, 314.
functional, 391.
Hamiltonian ﬂow, 392.
general solution, 317.
Hamiltonian ﬂow, 226.
in a ﬁeld or below Tc , 262.
linearized, 227.
N -component ﬁeld, 268.

451

452

Index

N → ∞, 345.
perturbative solution at d = 4, 315.
renormalization group equations, 222.
renormalized, 316.
σ-model, non-linear, 364, 365.
solution, 370.
σ 4 model, 268.
scaling behaviour, 225.
corrections for N → ∞, 346.
scaling property, 64, 70.
Schrödinger equation, 100.
sigma4 ﬁeld theory:
general, RGE, 276.
β function, 277.
η function, 277.
function ν, 277.
two parameters, 281.
sigma-model, non-linear, 351, 353.
critical temperature, 368.
dimension 2, 373.
Euclidean action, 360.
N → ∞, 351.
on the lattice, 354.
regularization, 361.
role of dimension 2, 359.
stability of the Gaussian ﬁxed point, 359.
sign function sgn, 418.
speciﬁc heat: critical behaviour, 262.
speciﬁc heat: mean-ﬁeld, 160.
spin waves, 362.
spins: classical, 128.
spins: independent, 152.
spontaneous magnetization, 147, 157.
spontaneous symmetry breaking, 86, 147,
156.
statistical ﬁeld theory:
perturbative expansion, 285.
steepest descent method, 31, 50, 154, 195,
208, 210, 296, 335.

complex, 34.
perturbative expansion, 145.
real, 31.
several variables, 38.
step or Heaviside function θ, 54, 418.
Stirling’s formula, 34.
stochastic dynamics and phase
transitions, 430.
super-renormalizable ﬁeld theories, 313.
symmetry: continuous, 171.
symmetry: square, 215.
temperature, 128.
thermodynamic limit, 80, 85, 131.
thermodynamic potential, 130.
transfer matrix, 81, 166, 171.
Gaussian model, 93.
ground state, 427.
transition scale, 372.
translation invariance, 60, 128, 135.
tricritical point, 211.
two-point function, 28, 122, 197.
Gaussian, 118, 185, 192.
order 1/N , 432.
perturbative calculation, 122, 248,
252, 254, 293, 367.
quasi-Gaussian approximation, 201.
scaling behaviour, 257.
two-loop calculation, 321.
universality classes, 51, 59, 217, 226.
universality, 49, 57, 69, 226, 322.
critical domain, 230.
inﬁnite dimension, 158.
UV divergences, 244.
vacuum diagrams, 293.
vertex functional: one-loop, 298.
vertex functions, 139, 221, 286.
four-point, 143.
Wick’s theorem, 24, 118, 212, 289.
Wiener integral, 73.

