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Abstract
In this thesis we study light-matter coherence phenomena related to the interaction
of a coherent laser ﬁeld and the so-called Λ-system, a three-level quantum system (e.g., an atom). We observe electromagnetically induced transparency (EIT),
slow and stored light in hot rubidium vapor. For example, a 6 µs Gaussian pulse
propagate at a velocity of ∼1 km s−1 (to be compared with the normal velocity
of 300 000 km s−1 ). Dynamic changes of the control parameter allows us to slow
down a pulse to a complete stop, store it for ∼100 µs, and then release it. During
the storage time, and also during the release process, some properties of the light
pulse can be changed, e.g., frequency chirping of the pulse is obtained by means
of Zeeman shifting the energy levels of the Λ-system. If, bichromatic continuous
light ﬁelds are applied we observe overtone generation in the beating signal, and a
narrow ‘dip’ in overtone generation eﬃciency on two-photon resonance, narrower
than the ‘coherent population trapping’ transparency. The observed light-matter
coherence phenomena are explained theoretically from ﬁrst principles, using the
Lindblad master equation, in conjunction with the Maxwell’s equations. Furthermore, we analyze an optical delay-line based on EIT and show that there is in
principle (besides decoherence) no fundamental limitation, but the usefulness today is scant. The combination of EIT and a photonic crystal cavity is inquired into,
and we show that the quality value of a small resonator (area of 2.5λ × 2.5λ with a
missing central rod) can be enhanced by a factor of 500 due to the increased modal
density close to two-photon resonance. Open system eﬀects (decoherence eﬀects)
are thoroughly investigated using a coherence vector formalism, furthermore, a vector form of the Lindblad equation is derived. Speciﬁcally we ﬁnd an open system
channel that lead to slow light and gain.
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Â
Â
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Chapter 1

Introduction
1.1

Why is light-matter interaction interesting?

A deﬁnite answer is hard to ﬁnd. But one could perhaps say something like: everywhere you look you see — light1 . Everything around us in our daily life reﬂects
or emits light, all the colors we see are just diﬀerent wavelengths of the light. All
the beauty2 we see is mediated to us as light. The stars and the planets unveil
their presence and further out galaxies, clusters of galaxies and super clusters of
galaxies, as photons travelling for ages, to meet our eyes.
Light is an electromagnetic disturbance that travels at a high speed from a
source. It can be absorbed, re-emitted, reﬂected and refracted. Human beings,
sometimes clever, learn about light and create eye-glasses to improve vision, light
sources to light up the darkness, binoculars to observe greater distances and the
camera to preserve an image.
The history of light is long and rich, and the beneﬁts from the knowledge of
light is vast. For example, not many years ago the laser was invented. The impact
was huge and today the laser is such an important part of the modern society,
that a life without the laser would be hard to visualize. Another ground breaking
invention is the optical ﬁbre. In conjunction with the optical ﬁbre, light is used to
communicate over long distances with an incredible amount of data at virtually no
time at all. And ﬁbres are laid out over the world.
The more we use light, the more we learn about it. At the beginning of the last
century quantum mechanics was born and within a few years one understood the
structure of the atom and how it is intimately coupled to the electromagnetic ﬁeld.
Today this coupling is extensively studied and many, many new eﬀects, phenomena
and applications come along.
1 It

is rather hard to not see light.
the ugly.

2 Also

3

4
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In this thesis, we study a phenomenon that can render a medium normally absorbing light, transparent. This is achieved by applying a secondary laser ﬁeld on
another optical transition. Viz., we will study how one light ﬁeld induces a transparency for another ﬁeld, hence the name electromagnetically induced transparency
(EIT).
Furthermore, EIT dramatically changes the dispersion properties of the medium
and leads to a reduced speed of a light pulse. Imagine a light pulse travelling at an
enormous speed, 299792458 m/s in free space. If the pulse enters an EIT medium
the velocity is changed, and the pulse can be made to travel as slow as ∼ 10 m/s.
This slow down eﬀect also comes with a related compression eﬀect, a light pulse
that is several kilometers long in free space is squeezed to a fraction of a millimeter.
A slowly propagating pulse can also be brought to a complete stop. By shutting
oﬀ the control laser, i.e., the laser that induces the transparency, while the slow
light pulse is still inside the medium, the light pulse stops. After some time the
process is reversed and the light pulse is re-emitted.
The phenomenon just mentioned might sound exotic and strange, perhaps even
mind-boggling. Indeed, that is what they are if one is to think about matter and
light as two separate entities. Modern theory (that basically are just reﬁnements of
the quantum theory of last century) tell us that light and matter must be considered
“coherently”, i.e., the presence of light changes the medium which in turn changes
the light properties etc, so light and matter must be treated on the “same footing”.
In this reﬁned view of light and matter, the phenomenon of slow and stored light
is not so strange.
A guess is that a near future will show numerous of inventions and new insights,
stemming from the current gathered body of knowledge. It is fortunate to be part
of the ongoing and dramatic progress of science as of today.

1.2

Outline of the thesis

The outline of this thesis is as follows. In Chapter 2 we review some fundamental
physics, starting with the Maxwell’s equations and then deriving the wave equation.
We discuss the optical dispersion relation and its relation to phase velocity and in
particular its relation to the group velocity. We then continue to study how matter
responds to light, i.e., the physics behind the response, starting with the Lorentz
model. The surprisingly good predictions for the optical response of the Lorentz
model is compared with the more appropriate derivation using quantum mechanics.
We do this in two steps, starting with pure states and consider a small perturbation,
and then generalizing using a density operator formalism.
In Chapter 3, we investigate the interaction between light and matter if the
light ﬁeld is intense and coherent, e.g., a laser. We discuss the Λ-system and the
so-called ‘dark state’ which is a non-interacting superposition of the two ground
states. Some phenomena due to this particular state are investigated.

1.2. Outline of the thesis
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We then study the phenomenon of electromagnetically induced transparency
(EIT) of a medium consisting of an ensemble of Λ-systems in detail, and we derive
the susceptibility for this medium. Bandwidth and broadening eﬀects of EIT are
investigated. After this we study the phenomena of slow and stored light that are
based upon EIT. We discuss the coherent eﬀect of overtone generation.
Chapter 4 is devoted to open system eﬀects. We analyze theoretically the eﬀects
of a quantum mechanical interaction with the surroundings and how this aﬀects the
coherent properties of the medium. We introduce a coherence vector formalism and
we derive a general expression for the susceptibility of a Λ-system in this setting.
We show that the interaction between the environment and the system may lead to
nontrivial eﬀects. For example, a speciﬁc type of interaction can lead to slow light
and ampliﬁcation.
Various applications are discussed in Chapter 5. We discuss optical delay-lines
and optical memories in terms of their limitations and their potential. We also
discuss how coherent phenomena applies to high precision spectroscopy, high precision sensors, atomic clocks, metrology and high quality factors of optical resonators.
Speciﬁcally, we investigate how the quality factor of photonic crystal cavity is enhanced by EIT.
In Chapter 6 we discuss diﬀerent viable media to obtain EIT and related eﬀects.
Since we are performing experiments on rubidium we review some basic atomic
physics and properties. Chapter 7 explains the experimental setup in detail, and
in Chapter 8 we present experimental results.
Finally we conclude with a discussion and outlook in Chapter 9.
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Chapter 2

The field and the matter
2.1

The field

The interaction between light and matter is a rich subject. The level of explanations
are numerous and they contribute in diﬀerent ways to our understanding of the
underlying physics. As indicated by the words light and matter, the subject can
(as a starting point) be divided into two parts. Let us start with the classical
electromagnetic ﬁeld without paying attention to the details of the matter, yet.

2.1.1

Maxwell’s equations and the wave equation

The electric and magnetic ﬁelds are given by Maxwell’s equations [1],
∇ · D = ρ,
∇ · B = 0,

(2.1)
(2.2)

∇×E =−

(2.3)

∂B
,
∂t
∂D
.
∇×H =J +
∂t

(2.4)

The ﬁelds are: E electric ﬁeld, D displacement ﬁeld, B magnetic ﬁeld induction,
H magnetizing ﬁeld. They are pairwise related, i.e., D ↔ E, B ↔ H through the
constitutive relations,
B = µ0 (H + M ),

(2.5)

D = ǫ0 (E + P ),

(2.6)

where M is the magnetization, and P is the electric polarization. Now, assume a
dielectric medium without free charges and neither current, nor magnetization, so
7
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that we may write down the simpliﬁed set of equations,
(2.7)

∇ · E = 0,

∇ · B = 0,

(2.8)

∇×E =−

(2.9)

∂B
,
∂t
∂D
.
∇ × B = µ0
∂t

(2.10)

The cross product of Faraday’s law, Eq. (2.9), together with the identity
¡
¢
∇ × ∇( ) = ∇ ∇ · ( ) − ∇2 ( ),

and Eq. (2.10) give us

∂2
D,
(2.11)
∂t2
which, together with the constitutive relation for D, Eq. (2.6) and the deﬁnition
for the “speed of light” in vacuum
− ∇2 E = −µ0

c0 ≡ √

1
,
ǫ0 µ0

(2.12)

yields the following diﬀerential equation
h
∂2
∂2 i
(2.13)
E = −µ0 2 P .
∇2 − c−2
0
2
∂t
∂t
This is the wave equation for the electric ﬁeld. It describes the propagation of an
electrical ﬁeld through a dielectric medium. A similar equation can be derived for
the magnetic ﬁeld. However, at optical wavelengths most materials are nonmagnetic, therefore light propagation is eﬀectively described by Eq. (2.13).
Suppose that the electric ﬁeld is propagating through vacuum. In this case there
is no electric polarization, i.e., P = 0 and a solution to Eq. (2.13) is
(+)

(−)

E = E 0 ei(k0 ·r−ωt) + E 0 ei(k0 ·r+ωt) ,

(2.14)

where k0 is the wave vector in vacuum and ω is the angular frequency and r is the
vector of the ﬁeld. In this thesis, the meaning of the wave vector is that it points
in the direction of the propagation of the ﬁeld1 . Furthermore, we are primarily
interested in forward propagating ﬁelds, as opposed to backward propagating or
(−)
stationary ﬁelds (standing waves), thus we set E 0 = 0 and skip to write out the
super script (+) from here and on.
The wave vector in vacuum k0 and the angular frequency ω are related through
k0 · k0 ≡ k02 = ω 2 /c20 .

(2.15)

This means that the plane wave propagates with velocity c0 .
1 Sometimes it is convenient to choose the opposite, the k-vector points in the direction towards
the source.
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2.1.2

The optical dispersion relation

Now, suppose that the dielectric medium is isotropic2 and that we choose a coordinate system where the z axis parallel to the direction of propagation and the x
axis parallel to the direction of force, then Eq. (2.13) description takes a simpler
one-dimensional form,
µ

∂2
∂2
− c−2
0
2
∂z
∂t2

¶

E = −µ0

∂2
P,
∂t2

(2.16)

The polarization, P , will occupy our attention for the rest of this thesis. It is from
this quantity all aspects of the velocity of light can be deduced. P is not a trivial
function.
As in, e.g., Ref. [2], assume that P is a function of the electric ﬁeld and that
it can be expanded in the electric ﬁeld strength. Writing out the time dependence
explicitly we have
h
i
P (t) = ǫ0 χ(1) E(t) + χ(2) E(t)2 + χ(3) E(t)3 + · · · ,
= P (1) (t) + P (2) (t) + P (3) (t) + · · · ,

(2.17)
(2.18)

where the dimensionless expansion coeﬃcient χ(n) , is nth order electric susceptibility. The ﬁrst order polarization, i.e., the linear polarization is often the dominant
part, and many optical phenomena can be explained using this term only, for example refraction of light. In this thesis we are occupied with χ(1) only, so from this
point and on, we don’t write out the superscript.
The susceptibility is a constant that depends on the medium and therefore
frequency dependent. Substituting ǫ0 χ(ω)E for P in Eq. (2.16) yields
n ∂2
£
¤ ∂2 o
− c−2
1 + χ(ω) 2 E = 0.
0
2
∂z
∂t

(2.19)

The solution to this equation is once again plane waves, but now the solution is
given by
E = E0 ei(kz−ωt) ,

(2.20)

£
¤
k 2 = 1 + χ(ω) ω 2 /c20 ,

(2.21)

where

is the optical dispersion relation. It describes the linear frequency dependence of
an optical ﬁeld in a dielectric medium. Or more simply stated, it describes the
2
P In many materials this is not the case, then Px is replaced with the tensor expression
i χx,i Ei , where χx,i is the (x, i)-th component of the susceptibility tensor.
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velocity that a speciﬁc wavelength, or color, has in the medium. It is convenient to
introduce another term, the index of refraction
p
(2.22)
n = 1 + χ(ω),
implying the familiar expression

c=

c0
,
n

(2.23)

which relates the speed of light in a medium to the speed of light in vacuum.
Often, there is no need to keep the root of Eq. (2.22), since it turns out that the
susceptibility normally has very small numerical values (at least for gases). One
therefore resorts to the ﬁrst order approximation
(2.24)

n ≈ 1 + χ(ω)/2,

thus the index of refraction is a linear function of the susceptibility. This approximation is assumed from this point and on.
We have said nothing about the nature of the susceptibility. In the following
sections it will be evident that χ is a complex-valued quantity. Therefore, the index
of refraction in Eq. (2.22) is to be understood as the real part of the corresponding
quantity. The imaginary part describes the absorption of the optical ﬁeld.

2.1.3

Slowly varying envelope approximation

Let us now study pulses. Most physical light pulses can be described with a harmonic function, multiplied with a slowly varying time and space dependent envelope, E(z, t) × exp[i(kz − ωt)]. In order for this approximation to be satisfactory,
the spatial and temporal variation of the envelope has to be small in comparison
with the spatial and temporal oscillation of the harmonic function, i.e.
¯
¯
¯
¯
¯ ∂E(z, t) ¯
¯ ∂E(z, t) ¯
¯ ≪ |k| ,
¯
¯
¯
(2.25)
¯ ∂t ¯ ≪ |ω| .
¯ ∂z ¯

The diﬀerential operator on the left hand side in Eq. (2.16) can be expanded
into two parts
µ

∂2
∂2
− c−2
0
2
∂z
∂t2

¶

=

µ

∂
∂
+ c−1
0
∂z
∂t

¶µ

∂
∂
− c−1
0
∂z
∂t

¶

.

(2.26)

Let us apply the operator with a minus sign (on the right hand side) on the envelope
approximation of the electric ﬁeld, i.e.,
µ
¶
∂
−1 ∂
E(z, t)ei(kz−ωt) ≈ ik0 (n + 1)E(z, t)ei(kz−ωt) ,
(2.27)
− c0
∂z
∂t

11
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in line with Eq. (2.25). The n in the last expression is the index of refraction and
k0 is the wave vector in vacuum. Performing the same operation but now with the
diﬀerential operator with the plus sign results in,
¶
µ
∂
−1 ∂
E(z, t)ei(kz−ωt)
+ c0
∂z
∂t
µ
¶
∂
∂
≈ ei(kz−ωt)
+ c−1
+
ik
(n
−
1)
E(z, t).
(2.28)
0
0
∂z
∂t
Before collecting the results we need to analyze the polarization of the medium.
Therefore, assume a slowly varying approximation of the polarization ﬁeld of the
medium. Applying the diﬀerentiation of the right hand side of Eq. (2.16) give us
∂2
P (z, t)ei(kz−ωt) ≈ (−iω)2 P (z, t)ei(kz−ωt) .
∂t2

(2.29)

Now we substitute the results of Eqs. (2.27, 2.28, 2.29) into Eq. (2.16) and get
¶
µ
k0
∂
−1 ∂
+ c0
+ ik0 (n − 1) E(z, t) = −i
P (z, t).
(2.30)
∂z
∂t
ǫ0 (n + 1)
This is the slowly varying envelope approximation for light propagation through a
dielectric medium. It is an equation of slowly varying functions only and therefore
much simpler to numerically simulate than the full set of the Maxwell’s equations.
The index of refraction is kept explicit in this expression since it is not always the
case that it close to one. However, if it is close to one we can write down the more
recognized form of the slowly varying envelope approximation for light propagation
through a dielectric medium
¶
µ
k0
∂
∂
E(z, t) = −i
+ c−1
P (z, t).
(2.31)
0
∂z
∂t
2ǫ0
This equation is often the starting point for numerical simulations of pulse propagation through dispersive dielectric media, it was used in Paper A and B.

2.1.4

What is the velocity of light?

When one speaks of the velocity light in general terms one usually refers to the
phase velocity of the light. Thus, if we consider the propagation of light in vacuum,
then the phase velocity is3 c0 = 300000 km s−1 . If the light is travelling through a
medium, for example, borosilicate glass, then the velocity will be slightly changed
to c = c0 /n ≈ 200000 km s−1 , where n = 1.47 is the refractive index of the material.
When we speak of phase velocity it is understood that the velocity is speciﬁc to a
speciﬁc frequency component. When going from one medium to another medium,
3 For

a more exact number, see the introduction to this thesis.
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i.e., air to glass, light will bend. I.e., the refraction of light is due to diﬀerent phase
velocities of diﬀerent media.
Let us now consider light pulses. A light pulse might naively be thought of
as “a ‘thing’ that is kept together”, and travelling at some speed. But this ‘thing’
is really a continuous collection of frequency components that all add in phase.
In this perspective a pulse is nothing but constructive interference between a set
of frequency components. Now, if the pulse is to behave as we intuitively just
described, we require it to stick together during propagation4 , and we ask the
question: what velocity does this collection of frequencies travel with? Let us write
out the phase of a single plane wave as
φ = kz − ωt,

(2.32)

then, we require a collection of plane waves to stick together. In mathematical
terms, what we require is
dφ
= 0.
(2.33)
dω
Thus, we get
z
dω
= ,
dk
t

(2.34)

and therefore it is natural to introduce a group velocity vg = z/t. Hence, the group
velocity is accordingly calculated
vg =

c0
dω
=
.
dn
dk
n + ω dω

(2.35)

One often expresses the velocity of a pulse in terms of the group index
vg =

c0
,
ng

(2.36)

hence,
ng = n + ω

ω dχ
dn
≈n+
.
dω
2 dω

(2.37)

Hence, the group velocity is given by the steepness, or derivative, of the dispersion
relation, Eq. (2.21). In later parts of this thesis, we will show that the last term
above, ∂ω χ, can be several orders of magnitude higher than n implying extremely
slow pulse propagation.
When performing measurements and inferring the group velocity from a phase
spectrum, it is more convenient to express the group index in terms of the acquired phase shift over a length L, of propagation through the medium, i.e., φa =
4 This

argument is a little too naive, if one considers faster than light pulses [3].
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k0 LRe(χ)/2. Taking the diﬀerence of two frequency components, and using Eq. (2.37)
leads to
c0 ∆φa
c0 dφa
≈n+
.
(2.38)
ng ≈ n +
L dω
L ∆ω
To conclude this section we mention that there are many other aspects of the
velocity of light. For example, it is possible to deﬁne, information velocity, power
velocity, signal velocity, velocity of the forerunners (or precursors). For a classical
review see Ref. [4]. For a modern treatment covering slow and fast light, see Ref. [3].
In this thesis we are concerned with the group velocity, which for all cases studied
in this thesis, are equal to information as well as the power velocity.

2.2

The matter

Let us begin with a real world observation. Most materials have diﬀerent kinds of
optical resonances. For example, a molecule such as water, has (by construction),
a permanent electric dipole moment with a resonance at approximately 20 GHz as
well as a huge number of molecular and electronic resonances.5 .
In this thesis we pose questions regarding the fundamental aspects of lightmatter interaction. The complexity of molecular resonances is therefore ignored
and we study cleaner systems such as atoms and atom-like structures. Still, atoms
come in a range of ﬂavors and generally have several electrons interacting in a
complex manner with the electromagnetic ﬁeld. Since we are interested in the
fundamentals, we narrow down the scope and consider atoms with only a single
interacting electron, for example hydrogen, lithium or rubidium or any other alkali
atoms. The atom of choice for the experimental work in this thesis is rubidium.
In the next section we take a ﬁrst step in trying to understand the light-matter
interaction of an alkali metal atom, we study the Lorentz model of an atom.

2.2.1

The Lorentz model

Consider a negatively charged thin and solid sphere of mass m surrounding a much
heavier point charge of equal size but opposite sign, i.e. the nucleus. Let us further
assume a linear restoring force that strives to keep the sphere centered over the
nucleus, like a spring. This is the Lorentz model of the atom, useful in order to
gain some basic insights into the light matter interaction [5]; it is not useful to
describe the real and more complex interaction but it is a good starting point.
With this in mind, let us consider this “atom” immersed in an electric ﬁeld.
The electric ﬁeld at the location of the atom E(t), i.e. the force per unit charge,
exerts a force on and thus shifts the position of the charged sphere. A time varying
5 As a side note, the resonance frequency of the permanent dipole of water is used in microwave
ovens by irradiating, e.g., food with electromagnetic fields of a wavelength of 12.2 cm (2.45 GHz).
Although not resonant, the microwave field is in the vicinity of the resonance and the water
molecules in the food will absorb some energy of the field that will be dissipated as heat in the
food.
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Figure 2.1. The Lorentz model of the atom and the oscillations of the hard charged
shell due to an applied external harmonic electric field. The figure is to be understood
as a series of snap-shots of an “atom” as it oscillates in time. The dark spot in the
center is the much heavier nucleus.

electric ﬁeld therefore induces a time varying movement of the hard sphere. Let us
add some friction to the dynamics γ, and then write out the equation6
ẍ(t) + 2γ ẋ(t) + ωo2 x(t) =

qE(t)
,
m

(2.39)

where x(t) is the deviation from the stationary position in the direction of the
electric ﬁeld, the dot is a derivative with respect to time and γ is the friction of the
system and ω0 is the resonance frequency, q is the charge (here q = −e) and m the
mass of the hard sphere. The general solution to the above equation is found in any
undergraduate textbook in mathematics. Here we are interested in the particular
solution as it contains the harmonic response to the external electric ﬁeld. The
solution is readily found by identifying terms oscillating with the same frequency
in a Fourier expansion7 of Eq. (2.39) and we ﬁnd
x(ω) =

q/mE(ω)
,
ω02 − ω 2 − 2iγω

(2.40)

which is the response of a single frequency component of the electric ﬁeld.
The displaced charge of the Lorentz model is a time varying dipole and the
macroscopic polarization of the medium with N particles per unit volume is given
by
P (t) = P (ω)e−iωt = N qx(ω)e−iωt
(2.41)
6 The

Abraham-Lorentz equation.
a generic function, the notation is the following: f (t) = F −1 {f (ω)}(t), where F −1 is the
inverse Fourier transform.
7 For
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Accordingly, the linear susceptibility is given by
χ(ω) =

N e2
1
.
m ω02 − ω 2 − 2iγω

(2.42)

This expression describes the dispersion and attenuation of an optical ﬁeld interacting with a single resonance. The index of refraction can be written out using
Eq. (2.24).
It is somewhat surprising that this simple model is capable of explaining real
world phenomenon of light dispersion so well. Nevertheless, there is of course some
issues that needs to be addressed. E.g., real alkali atoms have more resonances
than one. This issue can be resolved by the ad hoc generalization of N resonances
N
fn
N q2 X
,
(2.43)
2 − ω 2 − 2iγ ω
ǫ
m
ω
n
0
n=1 n
n=1
P
where fn is a dimensionless oscillator strength fulﬁlling
n fn = 1, where the
resonance frequencies and the friction coeﬃcients are now denoted by ωn and γn .
It can be shown that this generalization may be remarkably accurate in constructing
spectra that resembles measured ones [5].
However problems arise when one examines the basic assumptions of the model.
Is the generalization to N resonances really correct? What is the friction constant
γ and where does it come from? What will change if we allow the electron to be
more ’electron like’ ?
In order to ﬁnd out the answers to the questions we have to resort to quantum
mechanics.

χ(ω) →

2.2.2

N
X

fn χn (ω) =

Quantum mechanical approach 1, perturbation of pure
states

In this section we wish to derive the susceptibility using slightly more rigid arguments than above. To do so, we have to be a bit more honest to Nature than in
the previous section and consider a quantum mechanical description of matter.
The wave function of an electron of a hydrogen like atom, ψ(r, t)8 , is a more
correct description of an electron than the Lorentz model in Sec. 2.2.1. In some
sense the squared wave function, |ψ(r, t)|2 , indicates the localization of the electron,
allowing one to make some sort of mental picture.
The evolution of the wave function is governed by the Schrödinger equation
∇2
Ze2
d
ψ(r, t) = H(r, t)ψ(r, t) H(r, t) = − 2 −
+ V (t),
(2.44)
dt
~
r
where H(r, t) is the spatial representation of the Hamiltonian of the system, ∇ is
the gradient, e is the fundamental charge, r = |r|, ~ is the reduced Planck constant, Z is the number of protons in the nucleus, and V (t) is some time-dependent
i~

8 For explicit expression of this function, almost any elementary text book in quantum mechanics can be consulted.
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potential. Now, since the wave function can be written as ψ(r, t) = hr| ψ(t)i, the
dynamics is completely described by considering the equivalent (modern) version
of the Schrödinger equation (see Ref. [6]),
i~

d
|ψ(t)i = Ĥ(t) |ψ(t)i ,
dt

(2.45)

where the Hamiltonian Ĥ(t) is an operator acting on elements in a Hilbert space
and the object |ψi is an element (a vector) in a Hilbert space. Such a space is
a complex linear vector space equipped with a scalar product. The notation | i
simply states that the object is a vector9 . The general solution can be written as
(2.46)

|ψ(t)i = Û (t; t0 ) |ψ(t0 )i ,

where the unitary operator in general is time-ordered and therefore complicated [6]
−i

Û (t; t0 ) = T e

Rt

t0

Ĥ(s)ds

.

(2.47)

To simplify matters, we consider a time independent Hamiltonian so that Ĥ0 |ki =
Ek |ki, and the time-ordering in Eq. (2.47) is not an issue, hence, the solution is
simply10
dim(H)
X
|ψ(t)i = Û (t; t0 ) |ki =
c0 e−iEk t/~ |ki ,
(2.48)
k=1

where {|ki} is a complete orthonormal basis of the ﬁnite Hilbert space under consideration.
All measurable physical quantities are represented by Hermitian operators, e.g.,
the energy is represented by the Hamiltonian Ĥ. Repeated measurements on an
ensemble of equally prepared systems of a given quantum state |ψi yield a mean
value of the measured quantity. According to quantum theory this measured mean
!
value is predicted by the theoretical expectation value Emeasured = hĤi ≡ hψ| Ĥ |ψi.
Where the ! was included because it is quite remarkable that the theoretical description oﬀered by quantum mechanics does predict the measured mean value in
just this sense11 .
If the Hamiltonian is time-dependent the situation is considerably more complicated, and Eq. (2.48) is no longer valid. The complete basis {|ki} can still be used,
but the coeﬃcients will generally have a complicated time dependence. To simplify
matters slightly, suppose that the time-dependent part of the Hamiltonian is small,
9 The bracket notation is convenient when a vector carries a multitude of indexes. For example,
~n,l,m ,s,m , whereas, in bracket notation the
in elementary notation a vector might be written as ψ
s
l
same vector reads |n, l, ml , s, ms i where even the name of the vector is left out as it is superfluous.
10 in the Shrödinger picture.
11 and also to separate the left hand side which is a physical value from the right hand side
which is a theoretical value.
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so that we can use time-dependent perturbation theory. It is this perturbative
regime that we intend to study for the rest of this section.
Now let us get to work. We are interested in the matter polarization of an
ensemble of atoms induced by a perturbativley small light ﬁeld. Assume that the
macroscopic polarization is given by the polarization of a single atom multiplied by
the density N of atoms,
P (t) = N p(t),
(2.49)
In other words, we seek an expression for the matter polarization of a single atom.
Just as in classical electrodynamics, the polarization of an electric dipole of
two equal charges with opposite signs, is given by the charge separation times the
charge [7]. The diﬀerence vector of the charge separation is deﬁned as the vector
pointing from the negative to the positive charge. Since the charges are not pointlike, but rather described by a wave function, the position vector has to be replaced
by an operator, thus
p(t) ≡ hψ|e(−r̂)|ψi = −ehr̂i ≡ hµ̂i.

(2.50)

In this expression the minus sign has to be included since we are accustomed with
r̂ being the vector operator of the electron wave function (where the origin of the
coordinate system is ﬁxed to the location of the proton). In the last step above we
also deﬁned the dipole moment operator. The expectation value of this operator is
evaluated as an integral over the space [6], i.e., hµ̂i is a time-dependent expression.
Suppose that the interaction with an external ﬁeld E is given by
V̂ = −µ̂ · E(t) = −µ̂ · E(ω)e−iωt ,

(2.51)

then, after a bit of work, the ﬁrst non vanishing polarization is given by
p(t) =

∗
1 X h µgm µmg · E(ω) −iωt µmg µgm · E (ω) iωt i
.
e
e
+
∗ −ω
~ m
ωmg − ω
ωmg

(2.52)

Here ωmg = (Em − Eg )/~ is the Bohr frequency of the corresponding atomic transition. To keep the polarization away from inﬁnite values we slightly generalize
ωmg so that it becomes a complex quantity. The validity of this assumption is
based on the results of the next section, and the fact that is yields the correct
result. Rewritten with ωmg → ωmg − iγmg , the susceptibility can be identiﬁed as
the tensor expression,
´
µmg µgm
µgm µmg
N X³
.
(2.53)
+
χ(ω) =
~ m ωmg − ω − iγmg ωmg + ω + iγmg
{z
} |
{z
}
|
resonant

anit−resonant

If we consider ﬁelds near the resonance of the medium ωmg − ωn ≈ 0 the antiresonant part can safely be ignored, i.e., the rotating wave approximation (RWA)
which will be discussed in Sec. 3.1.
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Now, let us compare Eq. (2.53) with the Lorentz model. Suppose that the xaxis is aligned in parallel with the electric ﬁeld, then the atomic response can be
expressed in the following way
¶
µ
N X
1
1
χxx (ω) =
+
,
(2.54)
|µgm |2
3~ m
ωmg − ω − iγmg
ωgm + ω + iγmg
2ωmg
N X
.
(2.55)
|µgm |2 2
≈
3~ m
ωmg − ω 2 − 2iγmg ω
The factor 1/3 arises since only a third of the atoms in a random ensemble have
dipole moments aligned with the external ﬁeld. Introducing the oscillator strength
fnm ≡
we write
χxx (ω) =

2mωnm |µnm |2
,
3~e2

1
N e2 X
,
fmg 2
m m
ωmg − ω 2 − 2iγmg ω

(2.56)

(2.57)

which is equivalent to Eq. (2.43). As in Sec. 2.2.1, the strength of each resonance
is characterized by the oscillator strength. Furthermore, by using the fundamental
commutation relations of quantum mechanics, it can be shown that
X
fmg = 1.
(2.58)
mg

Thus using pure quantum mechanical states and perturbation theory, we have found
that the quantum mechanical treatment recovers the result of the classical model
and also generalizes it. However, it is puzzling to understand why the Bohr frequency has to be “complexiﬁed”. To explain why this is so, we have to reconsider
the basic assumptions of the description of matter in terms of pure state quantum
vectors, and instead utilize a mixed state representation of the quantum states.

2.2.3

Quantum mechanical approach 2, perturbation of density operator

As in the previous section we seek the polarization ﬁeld of an ensemble of atoms,
but now we also allow the atomic states to be mixed. By mixed states we mean
that the quantum state might be considered to be in a classical mixture of pure
states |ψk i, i.e.,
X
ρ̂ =
wk |ψk ihψk | ,
(2.59)
k

where each pure state can be expanded in the eigenenergy-kets, i.e., |ψk i = |ψk (t)i =
P (k)
Pi ci (t) |ii as in Eq. (2.48). The coeﬃcients wk are positive and furthermore
k wk = 1.
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(a)

(b)

Figure 2.2. Here a few schematic atomic energy-levels are shown. The filled circle
symbolize the electronic population of an atom. (a) represents the situation that can
be described by the linear optical response using perturbation theory of pure states
as in Sec. (2.2.2). A calculation would yield 4 resonances corresponding to the 4 thin
lines in the figure. (b) represents the more general situation that may be described
by perturbation theory of a density operator as in Sec. 2.2.3. A calculation would
yield 7 or 6 resonances. 6 resonances would occur if the inversion between the two
populated states vanishes.

The unitary evolution of a density operator is given by
ρ̂(t0 ) → ρ̂(t) = Û (t; t0 )ρ̂(t0 )Û (t; t0 )† ,

(2.60)

where Û (t; t0 ) is the unitary evolution operator given by Eq. 2.47. This expression
is just a solution to the Schrödinger equation rewritten in terms of the density
operator.
A merit of the density operator is that it is possible to, rigorously, formulate
a generalization to the Shrödinger equation. Viz., the evolution of a quantum
state can be generalized from unitary (ideal) evolution to a non-unitary (more
realistic) evolution. The more general dynamics of a density operator is described
by a so-called ‘master equation’, and this allows us to include e.g., dissipation and
decoherence of the quantum system.
The non-unitary part of the master equation is included in the term, L̂(ρ̂), which
is a Liouville superoperator (to be discussed in Sec. 4). Hence, the master equation
is given by
i~ρ̂˙ = [Ĥ, ρ̂] + L̂(ρ̂).
(2.61)
Writing this equation in a convenient matrix representation, the mnth element of
the dissipation operator in the eigenenergy basis is [L(ρ)]mn = [L(ρ)]nm = γmn ρmn .
This phenomenologically includes the damping term γmn of ρmn in such a way as to
preserve the trace of the density operator. It is important to incorporate damping
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terms into the dynamics with great care, adding terms ad hoc may easily lead to
unphysical models12 .
Let us now continue with the main task of this section. We seek an expression
for the matter polarization valid in the density
Poperator formalism. The expectation
value of an observable Ô is given by hÔi = k hk| ρ̂ Ô |ki ≡ Tr(ρ̂ Ô), thus
P (t) = N p(t) = N Tr(µ̂ρ̂).

(2.62)

After some calculations, see, e.g., Ref. [2], the susceptibility is identiﬁed as the
tensor quantity
χ(ω) = N
(0)

(0) ³
´
X Wmn
µnm µmn
µmn µnm
+
,
~
ωmn − ω − iγmn
ωmn + ω + iγmn
m>n

(0)

(0)

(2.63)

where, Wmn = ρ̂mm − ρ̂nn is the zeroth order inversion, and γmn is the decay rate,
between energy levels ρmm and ρnn . This expression for the susceptibility is more
general than Eq. (2.53) in several aspects. First of all it includes the decoherence
rates that is also found in Eq. (2.53). However, here γmn is treated rigorously in the
Lindblad formalism and can include any kind of decoherence process. Furthermore,
Eq. (2.63), can describe the linear susceptibility of a more complex structure where
the zeroth order population is not only conﬁned to a single atomic level as in the
previous quantum mechanical approach, as shown in Fig. 2.2.
Up to this point the linear optical response of rather complicated atomic system
can be formulated, e.g., Eq. (2.63), in which the interaction can be understood
by breaking apart the system into the subsystem of pairwise two-level systems
that interact with a given strength. The terms are then added together to given
the complete susceptibility. This formula is gratifying in that it correctly includes
decoherence terms, several energy-levels and the possibility of having the population
of the system smeared out over several energy states.
However, it does not explain coherent interaction, the subject of the next section.

12 For

a short discussion, see, e.g., Ref. [8] page 76.

Chapter 3

Coherent interaction

If an atom interacts with coherent radiation, e.g., laser light, the internal atomic
properties can change dramatically. For example, the electron population of a
two-level atom starts to oscillate between the ground state and the excited state
atom when resonant coherent radiation is applied, i.e., the atom undergoes Rabiﬂopping1 [9]. In order to understand the eﬀects of coherent interaction it is necessary to retain the complete phase information of the atomic states as they evolve.
Fundamental aspects of quantum mechanics is signiﬁed, as the superposition of
diﬀerent possible electronic transitions is not equal to the (incoherent) sum of the
same as indicated in Fig. 3.
For a three-level atom, coherent interaction may lead to coherent population
trapping, lasing without inversion [10], EIT, and slow light. For an overview and
review of coherent interaction see, Ref. [11].

6=

+

Figure 3.1. This symbolic coupling scheme indicates that two “two-level” transitions
are not equal to the simultaneous transition. To treat the latter case, one needs to
consider the coherent interaction.
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|ai
Ωb
Ωc
|bi

|ci

Figure 3.2. The Λ-system. The upper state |ai is dipole coupled to the two ground
states |bi and |ci. There is no coupling between the ground states. Ωb and Ωc are
Rabi frequencies.

3.1

The Λ-system

In this thesis the three-level quantum-system is studied. It consists of an upper
energy level that is dipole coupled to the two lower energy levels that are considered
to be long-lived. The dipole-moment between the two ground states vanishes due
to the parity of the system. The ground states are denoted by |bi and |ci, and the
upper level by |ai. The so-called Λ-system is shown in Fig. 3.2 2 .

The decay rate of an atomic state is inversely proportional to the lifetime of the
same. Subsequently, the energy-time uncertainty relation3 ∆t ∆E ≥ ~ implies that
the decaying energy level is also fundamentally broadened in energy. The lifetime
broadening is indicated in Fig. 3.3 as a broad gray line.

If decay processes are disregarded, then there are two other three-level conﬁgurations that are equivalent to the Λ-system, namely the Λ-system and the Vsystem and the Ξ-system (ladder-system). The former looks like a Λ-system turned
upside-down and the latter looks like a ladder. However, if decay processes are not
disregarded, then it is only the Λ-system that has a ‘dark state’ that is stationary
in time, see the next section. Therefore the Λ-system is the system of choice.
The light-matter interaction of the Λ-system is treated in the electric dipole
approximation. Thus, the Hamiltonian is given by
Ĥ = Ĥ0 − µ̂ · E(t).
1 If

(3.1)

the field intensity dominates over the decay processes.
is clear that the visual appearance resemble the Greek letter Λ.
3 This is not an uncertainty relation in the sense of a product between two quantum mechanical
expectation values of the standard deviations of two non-commuting observables, it is simply an
aspect of the Fourier relation, time is not an operator [12].
2 It
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where Ĥ0 |ii = Ei |ii, where Ei is the energy of the eigenstate for i = a, b, c. The
dipole moment is given by
X
µ̂ ≡ − er̂ = −e1̂r̂ 1̂ = −e
|iihi| r̂ |jihj|
(3.2)
i,j

³
´
= − e |aihb| ha| r̂ |bi + |aihc| ha| r̂ |ci + h.c.
= |aihb| µab + |aihc| µac + H.a.,

(3.3)
(3.4)

where µai are the transition dipole moments, which in general are complex-valued
vectors, and H.a. stands for Hermitian adjoint. However, the dipole moment has
an imaginary part, this can be absorbed into the basis vectors, i.e.,
´
´
³
³
(3.5)
|aihi| |µai |ei arg(µai ) = |ai hi| ei arg(µai ) |µai | = |aihi′ | µ′ai ,
where µ′ai ≡ |µai |. Therefore, without loss of generality, we can write
¡
¢
¡
¢
µ̂ = µab |aihb| + |biha| + µac |aihc| + |ciha| ,

where we suppress the prime. Now, the Hamiltonian is given by
h
¡
¢
¡
¢i
Ĥ = Ĥ0 − µab |aihb| + |biha| + µac |aihc| + |ciha| · E(t).

(3.6)

(3.7)

It is therefore the overlap between the electric ﬁeld and the transition dipole moments that dictated the strength of the interaction. Thus, the scalar multiplication
above selects the part of the electric ﬁeld “active in respective transition”. To see
this, we can decompose the ﬁeld into any two basis polarization states,
E(t) = E ab (t) + E(t)ac ,

E †ab (t) · E(t)ac = 0,

(3.8)

where the indices ab and ac indicate that the optical polarization has been chosen
to be parallel with the respective transition dipole moment. Thus, using Eq. (3.8)
in Eq. (3.7) we get
³
´
³
´
Ĥ = Ĥ0 − µab Eab (t) |aihb| + |biha| − µac Eac (t) |aihc| + |ciha| ,
(3.9)

where µai = |µai |.
It is convenient to view this expression in a rotating frame [9]. The operator
that should be used in constructing a unitary transformation for going to a rotating
frame looks like this:
T̂ = ~ωb |bihb| + ~ωc |cihc| ,

(3.10)

ωb and ωc are the optical frequencies of the electric ﬁelds. The transformation
operator that takes us to a rotating frame is given by T̂ raised to the exponent,
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Û = exp (−iT̂ /~). This unitary operator rotates the basis to a new basis that
rotates with the optical frequencies. The Hamiltonian in the new frame is given by
˙
Ĥr = Û † Ĥ Û − i~Û Û † = ~(δb |bihb| + δc |cihc|)

− µab Eab (t) |aihb| ei(ωab t) − µac Eac (t) |aihc| ei(ωac t) + H.a.,

(3.11)

where δi = ωi − ωab is the angular frequency detuning of the electric ﬁeld compared
to the Bohr frequency of the atomic transition, ωai = (Ea − Ei )~. Suppose that
the total electric ﬁeld is composed in such a way so that the ﬁeld components on
respective transition are monochromatic4 , then, in complex representation, for a
real ﬁeld
¢
Eai ¡ −i(ωai t)
Eai (t) = Eai cos(ωai t) =
e
+ ei(ωai t) .
(3.12)
2

If this is substituted into Eq. (3.11) one can identify one term that oscillates with
twice the optical frequency. This oscillation is extremely fast and does not contribute much to the important physics as the mean value of this fast variation is
very close to zero. Thus we perform the rotating wave approximation (RWA) by
throwing away these terms [10]. After performing the transformation to a rotating
frame and the RWA, the Hamiltonian is given by
Ĥrwa = − ~(δb |bihb| + δc |cihc|)
~Ωc
~Ωb
|aihb| −
|aihc| + H.a.,
−
2
2

(3.13)

where the strength of the interaction is given by the Rabi frequency
Ωi =

µai Eai
.
~

(3.14)

The subscript i indicates that the ﬁeld couples between |ai and |ii, the subscript a
is not written out on the left hand side since we know that all ﬁelds participating
couples to |ai. The Rabi frequency is a parameter that depends on the amplitude
on the electric ﬁeld, not the intensity. It is denoted a frequency since it corresponds
to the angular frequency of the Rabi-ﬂopping of a two-level atom in a coherent ﬁeld.
In an appropriate matrix representation we write the corresponding Hamiltonian
matrix,


b
b
0
− ~Ω
− ~Ω
2
2
.
b
(3.15)
Ĥrwa = − ~Ω
−~δb
0 .
2
~Ωb
0
−~δc
− 2
This matrix is often a convenient starting point when considering the coherent
eﬀects associated with the lambda system.

4 This assumption means in practice that the polarization of the light is rotated into circular
polarization using wave plates, see Sec 7.5. In Paper C and in Sec. 3.8 we consider what happens
when the field on each transition is bichromatic (has two frequencies).
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Perhaps the essential physics is more clear if one introduces the two-photon and
the mean detunings
1
δ = (δb − δc ) ,
2
1
∆ = (δb + δc ) .
2

(3.16)
(3.17)

If the diﬀerence frequency of the optical ﬁelds are equal to the diﬀerence (Bohr)
frequency of the atomic ground states the two-photon detuning vanishes, δ = 0 and
one may say that the ﬁelds are two-photon resonant with the quantum system. The
Hamiltonian is written


b
b
0
− ~Ω
− ~Ω
2
2
.
b
.
Ĥrwa = − ~Ω
(3.18)
−~(δ + ∆)
0
2
~Ωb
− 2
0
−~(−δ + ∆)

In the next section we study this Hamiltonian.

3.2

Dark states, Coherent population trapping, Stimulated Raman adiabatic passage

Before digging into the main topic of this thesis, we take a detour into some related
physical phenomena, that serves as a background to the next section.
At two-photon resonance, the eigenvalues of Eq. (3.18) are given by
λ0 = 0
p
~
λ± = (∆ ± ∆2 + Ω2 ),
2

(3.19)
(3.20)

where Ω2 ≡ Ω2b + Ω2c . Of these three eigenvalues, λ0 is by far the most intriguing. The main reason being the following: If the eigenstate corresponding to this
eigenvalue is calculated one gets
|di =

Ωc |bi − Ωb |ci
,
Ω

(3.21)

a superposition of the two ground states |bi and |ci and no contribution from the
excited state |ai. Furthermore, the eigenvalue λ0 does not contain any dependence
on the ﬁelds5 This means that an atom prepared in the dark state does not get
excited by laser ﬁelds, and consequently no ﬁeld gets absorbed and there is no
spontaneous emission. The atomic state is therefore said to be in a ’dark state’. It
should be noted that the ‘dark state’ can be realized in a V- or Ξ-system as well,
however, they are more fragile to decay, as will be discussed later in this section.
5 The

eigenvalue does not depend on the interaction!
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Figure 3.3. Stimulated Raman adiabatic passage. The population of the two
ground states of the Λ-system as a function of the mixing angle θ.

The dark state was ﬁrst observed in 1976 [13] and recognized as a coherent
population trapping (CPT). If several laser ﬁelds are used to address a multilevel
molecule, part of the population is “hidden” as an eﬀect of the coherent interaction,
and therefore CPT. This was theoretically explained as a dark state superposition of
a three-level Λ medium in Ref. [14]. The term CPT emphasizes that it is primarily
the atom and its spectral features that are considered; for an extensive review see
Ref. ([15]). The eﬀect on the propagation of the laser ﬁelds was ﬁrst considered in
Ref. [16].
As can be seen in Eq. (3.21), the dark state is realized through a “balancing act”
between the ﬁelds. If the ﬁeld Ωb is much larger than Ωc , most of the population
of the dark state will be in |ci, on the other hand if the ﬁeld Ωc is much larger than
Ωb , most of the population of the dark state will be in |bi.
If the quantum system is prepared in a dark state, then a laser ﬁeld conﬁguration
that “do not respect the dark state” will induce a transient response. For example,
if the atom is in an eigenstate of Ωb ≪ Ωc and suddenly the ﬁelds settings are
changed so that the opposite situation occurs, Ωb ≫ Ωc , then the atom is no longer
in an eigenstate of the interaction and consequently it will start to oscillate. This
behaviour will not last forever, and after some time the atom will settle down into
the dark state due to spontaneous emission. Viz., the dark state of a Λ-system is
a stationary state with respect to Ĥrwa and the Liouville operator6 L̂. In the Ξand V-systems the steady state would be the ground state, meaning that the dark
state will be lost. This is one reason why the Λ-system is more interesting than the
other possible conﬁgurations.
A Λ-system with a decay rate γ from excited state |ai will be pumped into the
dark state after a time γ −1 s. Thus, a simple way to prepare a dark state is simply
to turn on the laser ﬁelds on the two transitions and wait. However, there is another
way to prepare an atom in a dark state. To show this, it is convenient to introduce
6 Here

the Liouville operator corresponds to decay.
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|ai

~Ωc

Ωb
Ωc
|bi

⇐⇒

Ωb

|bi

|ci

Figure 3.4. The EIT phenomenon in the eigenenergy picture (left) and dressed
state picture (right). The intense control field dresses the atom and a line splitting
is seen by a weak probe field.

a new parameter. Let us deﬁne a so-called ‘mixing angle’ by
tan(θ) =

Ωb
,
Ωc

(3.22)

then we can write the dark state as
|di = cos(θ) |bi − sin(θ) |ci .

(3.23)

Suppose that we have an atom that is prepared in an energy eigenstate of the
Hamiltonian, |bi, say. This state is asymptotically the dark state for θ = 0. Now,
if the angle θ is changed adiabatically from 0 to π/4, say, the atom is at all times
in a dark state; it never populates the excited state. Thus, by changing the ratio
of the two ﬁeld amplitudes, any dark state can be prepared.
If the mixing angle is changed adiabatically all the way from θ = 0 to θ = π/2,
then the ﬁnal state is |ci and we have transferred population between the two ground
states without ever populating the excited state. A pulse sequence corresponding to
this change of mixing angle is called ‘counter-intuitive’7 . The technique of coherent
transfer of electronic populations between atomic states is termed ‘stimulated Raman adiabatic passage’ (STIRAP), for an extensive review see Ref. [17]. In Fig. 3.3
we show an example of the STIRAP process: the population of the ground states
are given as a function of the mixing angle and it is straightforward to see how the
population is transferred from one of the ground states to the other as the mixing
angle is varied.

3.3

Electromagnetically induced transparency

Now, we have ﬁnally reached the topic that is at the heart of this thesis, namely
the optical response due to coherent interaction of a laser ﬁeld and a collection
7 This

term was chosen for historical reasons.
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of Λ-systems. We intend to study the phenomenon of electromagnetically induced
transparency (EIT). As opposed to ’dark state’, CPT and STIRAP, the term EIT
indicates that it is the optical ﬁeld that is under consideration, rather than the
atomic state.
A medium that is normally opaque to light, is made transparent by applying
a coherent laser on the other transition of the Λ-system. The EIT phenomenon
is therefore closely related to CPT, STIRAP as it depends fundamentally on the
formation of a dark state of the three-level system.
Typically EIT is achieved in the limit of a small probe ﬁeld Ωb ≪ Ωc , i.e.,
a mixing angle close to zero. Under this conditions one can explain the physics
of EIT in terms of dressed states [18]. The control ﬁeld is intense and supposed
to be on resonance. If the probe ﬁeld and the state |bi is ignored for a moment,
the eigenstates of the Hamiltonian are superpositions of |ai and |ci separated in
energy with ∼ ~Ωc . The control ﬁeld is said to “dress the atom”. Now, if the
perturbatively small probe ﬁeld is tuned in between the two split energy levels, the
medium becomes transparent for the probe ﬁeld. In this view EIT can be seen
as a level splitting, i.e., an Autler-Towns doublet [19], as illustrated in Fig. 3.4.
But there is more than a simple splitting of a spectral line, the contribution to the
susceptibility from the two resonances are equal in size but diﬀerent in sign, hence
they cancel each other out exactly in the middle, at two-photon resonance. As
discussed in the previous section, the Λ-system is often better suited for studying
EIT than is the Ξ- and the V-system, although any of the conﬁgurations can show
the eﬀect of EIT [20].
Another equivalent picture is to consider the bare states, i.e. the eigenstates of
the Hamiltonian and the interfering excitation pathways of the interaction, shown
in Fig. 3.5. The ﬁelds interact with the atom so that part of the population is
transferred to the excited state. The probe ﬁeld contribute to the excitation with
|bi → |ai, but there is also a contribution from the control ﬁeld, |bi → |ai → |ci →
|ai (and higher orders) that is equal in amplitude but with a diﬀerent sign. Due
to the sign diﬀerence, the two interaction pathways interferes destructively so that
there is no net population in the |ai. Irrespective of picture, the phenomenon of
EIT is a quantum interference phenomenon that relies on a dark state and the ﬁelds
to be on two-photon resonance. For an extensive review, see [21].
The term EIT was introduced in 1990, when discussing nonlinear enhancements
in a three-level system by cancellation of the ﬁrst order susceptibility [22]. One
year later, the ﬁrst observation of EIT was made in dense Sr vapor by Boller et.
al. [23]. A density operator treatment of the atomic dynamics in which the probe
ﬁeld was perturbatively small but the control ﬁeld amplitude was kept to all orders
was performed in 1995 [20].
As we saw in Sec. 2.2, the matter polarization, and therefore the optical response, is given by the expectation value of the electrical dipole operator. Inserting
Eq. (3.4) into Eq. (2.62) yields
h
i
P (t) = N (µab ρba + µba ρab ) + (µac ρca + µca ρac ) .
(3.24)
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|ai

|ai

|ai
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|bi

|ci
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|ci

+ ···
|bi

|ci

Figure 3.5. The EIT phenomenon as a destructive interference phenomenon due
to several excitation pathways. The first figure show direct excitation, the second
figure shows indirect excitation. When the two (and also higher order) excitation
pathways are coherently added, they sum up to a vanishing probability of excitation.

In the system under study, the optical ﬁelds are orthogonal to each other. Here we
are primarily concerned with the optical response of the probe ﬁeld, therefore we
study the corresponding matter polarization component,
Pb (t) = N (µab ρba + µba ρab ).

(3.25)

The polarization can be written as one forward and one backward propagating ﬁeld,
(−)
(+)
Pb (t) = +Pb (t) + Pb (t). Identifying the time dependence we realize that
(+)

Pb

(t) = N µba ρab ,

(3.26)

and from this point and on we do not bother to write out the superscript (+).
To ﬁnd the optical response of the probe ﬁeld we have to ﬁnd an expression for
the ρab coherence. This is what we intend to do for the rest of this section.
The equations of motion for the atomic states are treated in the semi-classical
approximation, meaning that the electromagnetic ﬁeld is considered to be classical
(non-quantized), but the atom is a quantum object. This approximation is appropriate when the ﬁelds contain many photons. The dynamics of the atom is then
given by
i~ρ̂˙ = [Ĥ, ρ̂] + L̂(ρ̂).
(3.27)

The last part of this expression is a Liouville superoperator L̂(ρ̂) which takes decoherence properties of the quantum states into account. It is a map of operators
to operators, respecting positivity of the quantum observables also preserving the
trace of the density operator. In other words, Eq. (3.27) fundamentally describes
the dynamics of a quantum system that interacts with an open system. There are
reasons to look closer into the details of this operator, as will be done in Sec. 4, here
we are satisﬁed with a “quick ﬁx version” of L̂(ρ̂) in describing the decay channels
with rates γba and γca , i.e., the natural linewidth γ = γba + γca of state |ai, and
also the pure dephasing rate ηz . The latter acts in a destructive way on the dark
state superposition and therefore eﬀectively washes away the phenomenon of EIT,
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Re(χ)
-0.5
-2

0

-1

1

2

δ/(γba + γca )
Figure 3.6. The susceptibility for EIT. The solid red line represents the imaginary
part and the solid black line represents the real part of the linear susceptibility. The
dashed lines corresponds in a similar way to a two-level system and is included for
reference. The transparency on two-photon resonance is accompanied with a very
steep slope of the real part of the susceptibility, implying a dramatic slow-down of
a light pulse.

while the decay channel helps to establish the dark state and EIT. To emphasize the
usage of the Lindblad form of the master equation we explicitly keep the decoherence rates wherever they occur. The equations of motion are given by computing
Eq. (3.27), in the rotating frame, i.e., the ‘optical Bloch equations’:
i~ρ̇bb = γba ρaa + i(ρab Ω∗b − ρba Ωb ),
i~ρ̇cc = γca ρaa + i(ρac Ω∗c − ρca Ωc ),
£
¤
γba + γca + ηz − 2iδb
ρab + i (ρbb − ρaa )Ωb + ρcb Ωc ,
i~ρ̇ab = −
2
£
¤
γba + γca + ηz − 2iδc
ρac + i (ρcc − ρaa )Ωc + ρbc Ωb ,
i~ρ̇ac = −
2
£
¤
i~ρ̇cb = − 2ηz + i(δb − δc ) ρcb − iρab Ω∗c + iρca Ωb .

(3.28)
(3.29)
(3.30)
(3.31)
(3.32)

The equation for ρaa can be calculated from the normalization of the probabilities,
ρaa + ρbb + ρcc = 1. Furthermore, the coherences, i.e. the quantities ρij , i 6= j
are complex quantities that fulﬁll ρ∗ij = ρji , since ρ̂ is Hermitian. The transition
dipole elements and thus the Rabi frequencies are here given as complex quantities,
deﬁned by
Ωi =

µai Eai
,
2~

(3.33)

with a factor of two in the denominator to avoid cluttering of the formulas, compare
with Eq. (3.14). Note that this latter deﬁnition is used from this point and on in
the theoretical part of this thesis. This deﬁnition is also employed in Paper E,
however, in Papers A to D we employ the deﬁnition given by Eq. (3.14).
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For a sudden on-set of an intense coherent optical ﬁeld, the atom will show a
transient behavior. After a time ∼ γ −1 , the atom will relax into its steady state
solution.
It is diﬃcult to solve the general optical Bloch equations for the coherence ρab .
But if we consider the steady state solution of the optical Bloch equations and
a small probe ﬁeld, we can extract information of the linear optical response of
the medium8 . We therefore set the derivatives on the left hand side to zero of
Eqs. (3.28-3.32), and we get
ρcb ≈ −

Ω∗c ρab
,
δb − δc + 2iηz

(3.34)

where we have taken the limit Ωb = 0 to simplify the expression. This is then
substituted into the steady state version of Eq. (3.30). We get
ρab ≈

2i
γba + γca + ηz − 2iδb +

i|Ω2c |
δb +δc +2iηz

(3.35)

Ωb ,

where Ωb is small. Substituting this into Eq. (3.26) and also using Eq. (3.33), we
get the explicit polarization
Pb (t) =

iµab µba Eab
N
~ γba + γca + ηz − 2iδb +

i|Ω2c |
δb −δc +2iηz

,

(3.36)

and we can, as in Secs. 2.2.2 and 2.2.3, identify the susceptibility as the proportionality constant
χ=

iκ
γba + γca + ηz − 2iδb +

i|Ω2c |
δb −δc +2iηz

.

(3.37)

For convenience we introduced the parameter κ, given by
κ=

N |µab |2
.
~ǫ0

(3.38)

In Fig. 3.6 the susceptibility is shown as function of the probe ﬁeld detuning and
all the important features of EIT are easy to identify. The real part is related to
the phase evolution of an optical ﬁeld, while the imaginary part is related to the
absorption of the same, see Eqs. (2.21,2.24) and the following discussion. Hence,
the strength of the control ﬁeld Rabi frequency controls the width of the transparency. If the intensity is high, then the separation of the split absorption peaks
are well separated. On the other hand, if the intensity is low, then the separation
8 It is indeed striking that the steady state solution of this equation captures much of the
classical optics, such as Snell’s law. Nevertheless, one needs to be a bit careful in setting the
derivatives to zero as is done here. One needs to be certain that the steady state solution is
independent of the initial state. Here, this is the case, see Paper E for a short discussion.
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Figure 3.7. To the left there is a two-dimensional sweep over the EIT resonance in
terms of the absorption Im(χ). The x-axis corresponds to the two-photon detuning
δ, and the y-axis corresponds to the mean detuning ∆. For a few given ∆’s, thin
lines are plotted, they correspond to the absorption spectrum in, for example, the
red curve in Fig. 3.6. In this plot we have used |Ωc | = γ and ηz = 0. To the right we
have an experimental transmission spectrum of an EIT resonance for different mean
detunings and the corresponding asymmetrical line profile. The control field power
was 2.5 mW, for a beam diameter of 4.4 mm.

of the peaks are small and the transparency will be present as an extremely narrow transmission-window. The real part of the susceptibility is connected to the
imaginary part through the Kramer’s-Kronig’s relation [24]. As a consequence, the
steepness of the dispersion curve associated to a narrow transmission-window has
to be extremely large, implying a very low group velocity. This implies that the
group velocity can be reduced by decreasing the control ﬁeld amplitude.
However, the transparency will break down at some point. With both ﬁelds on
respective resonance, EIT will be established only if
|Ωc |2 ≫ γ ηz ,

(3.39)

as can be understood by studying the denominator of Eq. (3.37). If the dephasing
rate of the ρbc coherence times the decay rate of the excited state is very large, then
EIT vanishes and there will be no slow light. To get a feeling for this relation, we
can substitute some numbers, γ ≈ 36 106 s−1 , ηz ≈ 104 s−1 , thus |Ωc | ≫ 6 105 s−1 .
A notable and expedient property of the EIT medium is that the induced transparency will be present even if the control ﬁeld is oﬀ resonance. The essential
condition to be fulﬁlled, in order to achieve EIT, is that the two-photon detuning
has to be zero. In Fig. 3.7, we present the susceptibility as a three dimensional
surface and it is clear that the asymmetric absorption proﬁle shows EIT as long as
the two-photon resonance condition is fulﬁlled. In the same ﬁgure we also show a
measured transmission spectrum for diﬀerent control ﬁeld frequencies, exhibiting
the asymmetric line shape.
Although generalized in some aspects and specialized in others, the formula for
the susceptibility, Eq. (3.37) is the theoretical cornerstone of Paper A, B, and D.
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To be clear at this point, the only decoherence process present in those papers is
pure dephasing. In Paper E this assumption is relaxed, and we show that there is
a pile of non-trivial eﬀects due to the diﬀerent decoherence channels. This reﬁned
scenario will be studied in Sec. 4, but to keep the discussion simple, we here stick
to the susceptibility as it is formulated in Eq. (3.37).
The physical parameter κ that was introduced in Eq. (3.38), can be related to
the vacuum induced decay rate from the Wigner-Weisskopf theory [25]
3
γ ≈ ·n3 |µab |2 ωb,0
/(3πc30 ~ǫ0 ),

(3.40)

where ωb,0 is the probe ﬁeld frequency taken on resonance and n is the refractive
index. Thus, κ can also be written
κ/γ ≈ N σab λab /4,

(3.41)

where σab ≡ 3λ2ab /(2π) is the absorption cross section of the λab , i.e., the wavelength
on the probe ﬁeld on resonance. The above expression could also be written as
κ/γ ∝ N λ3ab ,

(3.42)

i.e., the strength of the susceptibility is proportional to the number of atoms in a
“wavelength-cube”.

3.4

Bandwidth of EIT

The frequency window of EIT is typically very narrow, but its width can be enlarged
by increasing the control ﬁeld intensity. The concept of the bandwidth of an EIT
medium turns out to be somewhat non-trivial as the limiting factor are diﬀerent in
diﬀerent regimes. In this section we will discuss these limitations.
A crude estimate on the transmission-window, i.e., the bandwidth of EIT, is
given by the coupling coeﬃcient Ωc . Hence one could expect that the bandwidth
scales linearly with control ﬁeld amplitude. To see this, we ignore decoherence
eﬀects (dephasing and decay) and tune the control ﬁeld to resonance, δc = 0.
Then, a simple calculation shows that the absorption peaks are separated by
δωideal

separation

= 2|Ωc |.

(3.43)

This means that the bandwidth of EIT can be much smaller than the natural
linewidth by operating with a small control ﬁeld, Ωc ≪ γ. This is remarkable, as
the natural linewidth (of atoms) is already very narrow. Of course, this corresponds
to an simpliﬁed estimate of the bandwidth, but it is valuable in that it gives a simple
expression for the deﬁnite upper limit of the bandwidth of the EIT medium.
The separation of the absorption peaks is a good starting point in discussing
the EIT bandwidth. However, the bandwidth is smaller due to lifetime broadening
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of the excited state. A short calculation of the bandwidth at half maximum of the
absorption maximum value, yields
δωwindow =

i
1 hp 2
γ + (4|Ωc |)2 − γ .
2

(3.44)

This expression is valid also for small9 , non-vanishing dephasing η. Furthermore,
the above formula is equal to the separation of the extrema of the phase response,
see Fig. 3.6. For very short optically thin medium, Eq. (3.44), is a rather good
approximation to the bandwidth of EIT. Nonetheless, δωwindow still only gives an
upper bound to the bandwidth of the medium since we have not yet discussed
narrowing eﬀects due to propagation.
Thus, to get a more correct estimate one has to consider propagation eﬀects.
This complicates the deﬁnition of the bandwidth, since the bandwidth now becomes
implicitly deﬁned due to the dramatic dispersion characteristics. To proceed, we let
a Gaussian pulse propagate through the medium. The transfer function connecting
the output to the input pulse amplitude is given by Eq. (2.20), i.e.,
T = eikL = eik0 (1+χ/2)L = ei2π(1+χ/2)L/λ ,

(3.45)

for a medium with length L. In Paper B we expand the susceptibility in terms of
the probe ﬁeld detuning and we study the diﬀerent expansion terms independently.
The expansion of the susceptibility is given by
χ(δb ) = χ0 + χ1 δb + χ2 δb2 + χ3 δb3 + O(δb4 ),

(3.46)

where
χk ≡

¯
1 ∂ k χ ¯¯
.
k! ∂δ k ¯δb =0

The meaning of the diﬀerent terms are the following:
χ0
χ1

residual absorption,
proportional to the inverse group velocity,

(3.47)
(3.48)

χ2
χ3

quadratic absorption profile,
group velocity dispersion (GVD).

(3.49)
(3.50)

The second and third order terms are used to deﬁne the bandwidth in terms of an
accepted reshaping of the Gaussian pulse. If the pulse is allowed to be broadened
9 Keeping

terms linear in η in a Taylor series expansion.

3.5. Inhomogeneous broadening (narrowing)
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by a factor of two and the analysis is done separately for absorption and for group
velocity dispersion (GVD), we ﬁnd
µ
¶1/2
3 ln(2)
2
∆ωabs = |Ωc |
,
(3.51)
2γζ

1/3
2
ln(2)
¯ ,
∆ωgvd = |Ωc |2  ¯¯
(3.52)
¯
γζ ¯|Ωc |2 − γ 2 ¯
where ζ is a dimensionless length deﬁned by
ζ≡

πN σab L
k0 κL
≈
,
γ
4

(3.53)

where σab is deﬁned below Eq. (3.41).
The important thing to learn from Eqs. (3.51, 3.52) is that the bandwidth scales
quadratically with the control ﬁeld Rabi frequency for |Ωc | ≪ γ, and also that the
bandwidth narrows down with increasing length. For a small ζ (thin media and/or
short propagation distance), it is the GVD that limits the bandwidth, while for
large ζ, it is the quadratic absorption dependence that is the limiting factor.
It should be understood that the bandwidth is determined by the minimum value
of Eqs. (3.51,3.52). For example, if |Ωc |2 = γ 2 , then ∆ωgvd approaches inﬁnity.
Naturally, the bandwidth is bounded by ∆ωabs in this case. The interesting thing
with this example is that this particular choice of control ﬁeld Rabi frequency
eliminates GVD. This means that pulse distortion due to GVD cancels out.
The discussion of last paragraph is based upon the accepted reshaping of a pulse
as it travels through the EIT medium. If we also consider attenuation of the pulse
amplitude due to residual absorption (non-vanishing decoherence), then, this latter
criteria is in many situations the limiting factor for applications of EIT and slow
light. The reason is the following: the pulse is absorbed.
This section shows that the bandwidth of the EIT medium is somewhat nontrivial, and that one has to be careful in choosing the parameter region. In Paper B
and in Sec. 5.1, we analyze the delay times the bandwidth by virtue of the formula
presented here (and derived in Paper B).
To conclude this section we note, as in Ref. [26], that the expansion coeﬃcients,
Eqs. (3.51-3.52) have an interesting symmetry when δc = 0. All terms χk with k odd
are imaginary, while all terms with k even are real (when the pure dephasing rate
is vanishing). In other words, every other expansion term is related to absorption
and the other terms are related to the phase response.

3.5

Inhomogeneous broadening (narrowing)

The susceptibility in previous section, is valid for atoms or other quantum systems
standing still. Hence, experiments with cold atoms is well described by Eq. (3.37).
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∆/γd

Im(χ)

δ/γd
Figure 3.8. This figure shows a sweep over the sum and difference (two-photon)
detunings. The absorption profile is given by Im(χinh ), see Eq. (3.61). As in Fig. 3.7,
the x-axis corresponds to the two-photon detuning δ, and the y-axis corresponds to
the mean detuning ∆. The Doppler broadened line profile is given by the rear
projection (black). The EIT transmission spectrum is narrowed as an effect of the
Doppler broadening. On the right hand side the Lorentzian distribution is shown.
Numerical values are |Ωc | = γ/4 and ηz = 0.

However, if one intend to use hot atomic gases, one has to consider the inhomogeneous frequency broadening due to the movement of the atoms, i.e., Doppler
broadening. In this section we study the EIT resonance due to this broadening
and we will ﬁnd that the eﬀective EIT resonance is narrowed. The arguments used
in this section applies to atoms, but any Λ-system having inhomogeneously broadened one-photon resonances, but with a constant two-photon resonance could be
considered.
From elementary physics we know that atoms in thermal equilibrium has a
distribution of velocities, given by the following Gaussian distribution
Z ∞
√
2
1
−(v/( 2vp ))
fd (v)dv = 1,
(3.54)
dv,
fd (v)dv = √ e
vp 2π
−∞
where vp = (2kB T m−1 )−1/2 is the most probable velocity of the Maxwellian velocity distribution (and standard deviation of the Gaussian distribution), kB is
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Boltzmann’s constant and m the mass of the atom [27]. For a gas heated to 50◦ C
the physical values is vp ≈ 250 m s−1 , or close to 900 km h−1 . Thus, to a high accuracy the linear Doppler shift suits our purposes, as the velocity is far away from
the speed of light. Hence, an atom moving with velocity vatom in parallel with the
laser ﬁeld experiences a Doppler shifted laser frequency given by the expression
ωd =

vatom
ωL ,
c0

(3.55)

where ωL is the laser frequency. Thus, an atom standing still does not experience
any shift in light frequency, but a moving one will. A change of variables yields,
fd (v)dv = fd (ωd )dωd =

√
2
1
√ e−[ωd /( 2σd )] dωd ,
σd 2π

(3.56)

where σd = ωL (vp /c0 ) is the standard deviation of the Doppler shift. It is customary
to refer to the width of the Doppler
√ proﬁle in terms of the full-width half-maximum
(FWHM) of fd (ωd ), hence, γd = 2 2 ln 2σd . Assuming a laser frequency of 377 THz
(795 nm) and the same vp as before, this corresponds to a Doppler broadening of
≈ 730 MHz.
Doppler broadening is signiﬁcant since spectral details are in general smeared
out, i.e., a generic susceptibility is given by the convolution integral
Z ∞
χ(ω − ωd )fd (ωd )dωd .
(3.57)
χd (ω) =
−∞

For a single transition of a two-level atom, the corresponding absorption proﬁle is
broadened, see e.g., spectrum (a) in Fig. 7.5 where the very narrow features are
responsible for the very much broader “Doppler valley”.
Here, the key point is that a Doppler shift does not change the two-photon
resonance, since the shift of the two atomic transition frequencies are equal (to
ﬁrst order), provided that the probe and control ﬁeld are co-propagating. We now
examine the structure of the integration kernel of Eq. (3.57), given the susceptibility
for EIT, we have,
χ(ωi − ωd,i ) =

iκ

γba + γca + ηz − 2i(δb − ωd,b ) +

i|Ω2c |

(δb − ωd,b ) − (δc − ωd,c ) +2iηz
|
{z
}

, (3.58)

=δb −δc , since ωd,b =ωd,c

where it is understood that the argument of χ is symbolic and deﬁne the Doppler
shifted susceptibility as it stands on the right hand side. Hence, we see explicitly
that the two-photon detuning is independent of the Doppler shift, and therefore
EIT can be observed even in a Doppler broadened medium.
Would we investigate a three-level Ξ-system, then the laser ﬁelds would have to
be arranged in a counter-propagating conﬁguration for this eﬀect to take place. A
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rigorous and beautiful treatment of Doppler broadening where they also consider
a Ξ-system can be found in Ref. [20]. The mathematical description tends to be
somewhat involved, therefore, let us take a short-cut: suppose that the broadening
is not given by a Gaussian proﬁle, but is approximated by a Lorentzian,
Z ∞
γd
1
L (ω)dω = 1.
(3.59)
,
L (ω) =
2π ω 2 + (γd /2)2
−∞
where γd is the Doppler broadening as before. Now, the eﬀective susceptibility is
obtained by computing the following integral
Z ∞
χ(ω − ωd )L (ωd )dωd ,
(3.60)
χinh (ω) =
−∞

and the solution is straightforward. By the residue theorem in complex analysis, the
integral can be calculated in the complex plane by means of a contour integration,
which in turn is equivalent to the residues of the denominator of the integration
kernel in the (here) lower complex plane. Hence, the result is
χinh =

iκ
γd + γ + ηz − 2iδb +

i|Ω2c |
δb −δc +2iηz

.

(3.61)

The simplicity of this expression is striking, γd is simply added to the natural
linewidth γ. Of course, one should not overestimate the implications of this expression, as the simpliﬁed derivation cannot fully describe the inhomogeneous broadening, but it does oﬀer a simple way to estimate the spectral structure of a Doppler
broadened medium. We utilize this approximation for the susceptibility in Papers
B and C.
The eﬀect of inhomogeneous broadening implies that the discussion in Sec. 3.3
has to be reconsidered. If we want to obtain EIT in a broadened medium, we have
to redeﬁne the condition Eq. (3.39) so that
|Ωc |2 ≫ (γd + γ)ηz ≈ γd ηz .

(3.62)

In other words, the Rabi frequency squared has to be larger than the dephasing
rate times the Doppler width in order to achieve EIT.

3.6

Slow light

In this section we investigate the velocity of light in an EIT medium. As already
stated in Sec. 2.1.4, the group velocity, or equivalently, the velocity of a light pulse in
a dielectric medium is related to the derivative of the phase response with respect to
frequency of the light. Suppose we are equipped with a coherently prepared medium
of Λ-systems, and that we tune our lasers into resonance and also choose the ﬁeld
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amplitudes so that we obtain EIT, i.e. Ωb ≪ Ωc . Assuming a small dephasing rate
of the dark state superposition, the derivative of Eq. (3.37) reads
κ
∂χ ¯¯
= h
¯
∂δb δb =0
2

|Ωc |2 − 4ηz
|ηz (γ + ηz ) + |Ωc |2

i2 .

(3.63)

Here we leave γ unspeciﬁed, it can be either the natural linewidth, or the Doppler
width, depending on the system under study. Assuming that the EIT condition is
fulﬁlled Eqs. (3.39, 3.62) we get, from Eq. (2.37),
ng ≈

κωab
,
4|Ωc |2

(3.64)

where ωab is the angular frequency corresponding to the |ai ↔ |bi transition. In this
expression we see that the group-index can be made huge by applying a suﬃciently
small control ﬁeld.
The ﬁrst evidence of slow light propagation was reported in 1992 [28]. They used
lead vapor and achieved a group index of 165. Later, in 1996 Ref. [29] managed
to improve the group index to 3000. But the most famous experiment on slow
light was performed in 1999 [30]. They used a Bose-Einstein-condensate of Na
atoms as a medium, and they managed to slow down light pulses to 17 m s−1 . Viz.
they reduced the pulse velocity by a factor that is overwhelmingly large, a factor
of several millions. Truly impressive. Of course, the experimental achievement
in setting up such a complicated experiment is considerable. Therefore it is, in
the meaning of relative simplicity, striking that a group velocity of 90 m s−1 was
achieved in buﬀer gas-cell with hot rubidium [28]. Using an anti-relaxation paraﬃn
coated rubidium gas-cell a group velocity of 8 m s−1 was obtained [31]. Extremely
small group velocities has been measured also in solids. In Ref. [32] a velocity of
45 m s−1 was measured.
In achieving the ultraslow group velocities cited above, the bandwidth of the
transparency is extremely small and one has to carefully tune the probe ﬁeld laser
to the transmission-window. If one wishes to match a pulse to the transmissionwindow, the pulses has to be very long and the delay of a pulse is often not more
than a fraction of the pulse length, despite the extreme group velocity. The extreme
narrowness is an asset in the branch of high precision spectroscopy and metrology,
see Sec. 5.4. On the other hand, if one is interested in delay-lines for optical communications, then there is a need for a high bandwidth acceptance of the medium.
In Paper A and B, the ‘delay bandwidth product’ (DBP) is addressed. It is a ﬁgure
of merit with respect to pulse storage capacity, which we also study in Sec. 5.1.
An example of the control ﬁeld dependence is shown in Fig. 3.9 where the
transmission and phase spectrum was measured. It is presented as a function of
probe ﬁeld frequency as is it sweeps over the two-photon resonance for a set of
diﬀerent control ﬁeld intensities. This illustrates that a small control ﬁeld implies
a narrow bandwidth and a large group index. The group velocity (for the smallest
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Figure 3.9. Experimental data of the transmission spectrum and the phase evolution of a CW laser beam. The different curves corresponds to different control field
intensities. For a small control field the transmission peak is very narrow and the
phase derivative is very large. This concur with a large group index, i.e. slow light.
The steepest curve corresponds to a group velocity on the order of a ∼ 10 km s−1 ,
for a 7.5 cm gas-cell. Note that the intensity in the upper panel is given in terms of
a beating amplitude.

control ﬁeld amplitude) is calculated to be ∼ 10 km s−1 , using Eq. (2.38) for a 75
mm long gas-cell.
In Fig. 3.10 a 6µs probe pulse, matched to the bandwidth of EIT (control
ﬁeld of 2.3 mW and a diameter of 4.4 mm), is repeated with diﬀerent two-photon
detunings. At resonance the pulse is transmitted with a reduced group velocity
and also slightly broadened due to limited EIT bandwidth, while if the pulse is oﬀ
two-photon resonance it propagates at the speed of light in vacuum and also gets
absorbed. Thus, the experimental results in Fig. 3.10 are proofs of the theory laid
out in Sec. 3.3.

3.7

Stored light

As indicated in the last section, the extremely narrow bandwidth of an EIT medium
can be a problem for spectrally wide pulses. If one needs to ﬁt a light pulse into
the transmission-window of EIT, then, out of necessity, the pulse needs to be very
narrow in bandwidth and, consequently, it has to be temporally very long. This
is a problem if one wants to slow down short pulses. However, this obstacle may
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Figure 3.10. The transmission of a 6 µs probe pulse. Above, the reference signal
of the detector in front of the gas-cell. Below, the detection of the pulse after
propagation through the gas-cell. The data was obtained by repeated measurements
while sweeping across two-photon detuning (y-axis). At two-photon resonance the
pulse is almost completely contained in the medium. The control field intensity is
2.3 mW for a 4.4 mm diameter beam, and the probe pulse maximum is weaker than
10 µW.

be overcome if one considers dynamic changes of the control ﬁeld, provided that
the fractional delay is more than one. As shown in Fig. 3.10 we manage to achieve
this10 .
Now, suppose that we can reduce the group velocity of a pulse, and also make it
temporally short enough, so that it is completely contained in the medium. When
the pulse is inside the medium the control ﬁeld can be decreased and thereby
forcing the probe pulse to slow down, Eq. (3.64). Intuitively this slow-down of
a pulse inside an EIT medium could be understood by studying Eq. (3.37) for a
dynamically decreasing control ﬁeld11 . A more rigorous derivation of this eﬀect is
10 It is difficult to delay a pulse so that it is completely contained within a medium, see discussion
in Ref. [33].
11 Eq. (3.37) was derived under the assumption of steady state. Therefore any dynamic change
of the susceptibility has to be slow compared lifetime of the excited state.
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Figure 3.11. Stored light. In (a) a probe pulse is slowly propagating in a coherent
medium. The control field is then decreased in amplitude, this implies that the
probe pulse is slowing down and gradually decreases in amplitude, until it is finally
completely stopped and the amplitude of the field is zero. After some time this
process can be reversed: the probe pulse is accelerating from a stand still and at
the same time growing in amplitude. During the slow-down the atomic coherence
between |bi and |ci is building up, as can be seen in (b). In (c) the dark state
polariton |Ψ|2 is plotted, showing that the amplitude is constant during the storage
process. In (d) we have included the control parameter, the mixing angle θ (black),
see Eq. (3.22). Also the resulting normalized group velocity vg /c0 (red curve) is
included. In this figure all functions, i.e., |Ωb |, |ρab | and |Ψ| are normalized to their
peak values.

oﬀered in Ref. [34], where the concept of a quasi-particle denoted as a dark state
polariton was introduced. The theoretical explanation is illustrated in Fig. 3.11.
In essence, a probe pulse induces a matter polarization that travels together with
the probe pulse with a propagation velocity dictated by the control ﬁeld intensity.
Therefore, the superposition of the matter polarization and the probe pulse, i.e.,
the dark state polariton, propagates in a spatial form-steady fashion, and this dark
state polariton can be brought to a complete stop by turning oﬀ the control ﬁeld. At
a later time, the process may be reversed by increasing the control ﬁeld intensity. As
a consequence, the polariton pulse accelerates from a stand still to a group velocity
given by Eq. (3.64). Outside the medium the dark state polariton is completely
described by the optical pulse.
In this way, one can therefore store light pulses in a coherent medium for some
time. The important point is that one reconsiders what a light-pulse is. Indicated from the theoretical explanation of this eﬀect, it is perhaps “more correct” to
consider a slowly propagating light pulse as a dark state polariton.

3.8. Overtone generation and strong probe regime
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Ultimately the storage time is limited by decoherence. There are some methods that one can use in order to reduce this decoherence eﬀect. In, e.g., Ref. [35]
the decoherence rate was decreased by a method called quantum bang-bang dynamic control, a technique inspired by refocusing techniques in the ﬁeld of nuclear
magnetic resonance [36].
Observation of light pulse storage was done for the ﬁrst time in 2001, in cold
Na atoms [37], hot rubidium gas [38]12 and in a solid [32], all published the same
year. With respect to storage time, the experiment performed in Ref. [35] is most
impressive. They managed to store a light pulse for more than a second!

3.8

Overtone generation and strong probe regime

Here we summarize some of the physics and results of Paper C. We experimentally
observe overtone generation of the beating signal of a bichromatic ﬁeld (a light ﬁeld
that carries two frequency components). And speciﬁcally we observe a narrow and
deep decrease in the generation of overtones on two-photon resonance. To explain
this phenomena we develop a quasi-time independent theory.
Suppose that the laser ﬁeld in Eq. (3.7) is bichromatic and polarized so that
both optical transitions of the Λ-system experience bichromatic light. In this case
a transformation to a rotating frame cannot be performed and the time-dependent
Hamiltonian in Eq. (3.13) cannot be used. To treat this problem one might resort
to multimode Floquet theory which is considerably more complicated [40], or otherwise use numerical tools or performing an approximation. Here we consider an
approximation.
Let us assume that the diﬀerence frequency of the two ﬁeld components is much
smaller than the natural linewidth. In this case the electric ﬁeld can be considered
to be monochromatic. The time dependence of the bichromatic ﬁeld is captured by
the polarization vector which will be time-dependent. This means that the direction
of the polarization vector will change slowly compared to the atomic dynamics. The
beneﬁt with this model is that we can use the time independent Hamiltonian but
the time dependence of the polarization vector is parametric. Thus, we can still
use the RWA Hamiltonian Eq. (3.13), but we have to use it with care.
Before proceeding with the main subject of this section, let’s get acquainted
with the two component-formalism used to describe the polarization vector. Since
we are familiar with the bracket notation from quantum mechanics, we will reuse this notation. After all, the polarization vector is nothing but an object in a
two dimensional Hilbert space. Therefore, let us consider the ‘circular’ ON-basis
{|σ + i , |σ − i}. The ‘+’ and ‘−’ indicates the angular momentum state of a photon
in the direction of propagation, viz., if one looks into into the laser13 , then the
polarization direction for (+) will turn in an anticlockwise direction with increasing
12 There
13 This

is a critical response to the claims of the paper, see Ref. [39].
is not recommended, can lead to blindness.
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(C)
(A)

(B)

Figure 3.12. In (A) we show the spatial dependence of the field which is interacting
with the Λ-system, i.e., Eq. (3.65). In (B) the transmission spectrum is given in the
strong probe regime at different depths ζ (which is a dimensionless length defined in
Eq. (3.53)). We see that both the control (upper surface) and the probe field (lower
surface) have EIT peaks. In (C) the polarization vector is plotted for three different
depths in the medium both on and off two-photon resonance over a beating period.
The number of dots are the same in (a-d).

time. This means that the notation introduced above relates to common notation
according to ‘+(−)’←→ L (R), i.e., left- and right-polarized light.
The ﬁeld that we wish to study is a bichromatic ﬁeld where the two frequency
components have orthogonal and linear polarization. In the circular basis
|E(t)i = E1 e−iω1 t |Hi + E2 e−iω2 t |V i
. √
= 2E0 e−iωt

µ

¶
cos θbeat
,
−i sin θbeat

(3.65)
(3.66)
(3.67)

where θbeat = 2 δω t, E1 = E2 = E0 , and δω = (ω2 − ω1 )/2, as well as ω =
(ω1 + ω2 )/2. The last line is written in a convenient matrix representation. A
visualization of this ﬁeld can be seen in Fig. 3.12(A).
The ﬁeld |E(t)i deﬁnes the interaction Hamiltonian. If this ﬁeld is used in
the RWA Hamiltonian Eq. (3.13), we will again get the optical Bloch equations,
Eqs. (3.28-3.32). However, the condition Ωp ≪ Ωc cannot be applied, which is
seen in Eq. (3.65). Here, the Rabi frequencies in the Hamiltonian Eq. (3.13) is
slowly going from the case Ωb ≪ Ωc , to the opposite case Ωb ≫ Ωc . Viz. we go
continuously from a situation where we have EIT for the probe ﬁeld, as deﬁned by
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Figure 3.13. (Above) equal intensity EIT of a CPT resonance due to circular
field components. (Below), linear field components yield overtone generation of the
difference frequency.
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Figure 3.14. In the first row the CPT resonance (due to circular fields) is shown in a
linear scale. In the second and third rows the fundamental component (dashed line)
and second order coefficient (solid line) of the beating signal are shown in logarithmic
scale. The CPT resonance is clearly observed as the fundamental component. In
the last row the second order coefficient is dominating in some regions, furthermore
the coefficient has a narrow and deep decrease in overtone generation on two-photon
resonance. The columns show three different magnetic fields, and the corresponding
two-photon resonance shift.
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Eq. (3.37), to the opposite situation where we have a strong probe ﬁeld and a weak
control ﬁeld, and therefore EIT for the control ﬁeld. Consequently, the perturbative
solution to the atomic coherence found in Eq. (3.35), is no longer valid.
However, if the mean detuning is assumed to be zero, ∆ = (δb + δc )/2 = 0, then
an exact expression for the steady state coherence of the optical Bloch equations,
Eqs. (3.28-3.32), can be derived. As in Sec. 3.3 we put the left hand side of the
equation to zero, and we ﬁnd14
ρab =

d cos2 (θ)
¤ Ω sin(θ)eiφb ,
Ω2 − id Γ∗ + ψΩ2 sin2 (2θ)
£

(3.68)

where θ is the mixing angle deﬁned in Eq. (3.22), Ω = 2(|Ωb |2 + |Ωc |2 )1/2 , d =
4(δ + iηz ), and φb = arg(Ωb )15 . Also there is a complex decoherence parameter
Γ = γ + ηz + 2iδ. γ is the natural line-width of the atom. The function ψ is given
by ψ = 3/(2γd) (Ω2 Re[d] − id∗ dRe[Γ])/(Ω2 − iΓd∗ ).
Equation (3.68) is a generalization of the “usual” coherence, Eq. (3.35). A similar
expression is obtained for the ρac coherence. In other words, Eq. (3.68) gives the
linear optical response of a coherent medium for any mixing angle. Thus, we have
achieved two things: i) a convenient description of the optical response of both the
probe ﬁeld and the control ﬁeld for any relative ﬁeld strength16 , ii) a theoretical
model that can be used in order to analyze (slowly) time-dependent Λ-systems.
A graphical representation of the polarization vector is oﬀered by the Poincaré
sphere [41]. The north-pole represents |σ + i polarization, and the south-pole represents |σ − i polarization, while the equator contains all linear polarization states. In
Fig. 3.12(C) we monitor the polarization vector at diﬀerent propagation depths. If
δ 6= 0 the polarization vector starts to swirl around the Poincaré sphere.
Hence, the Poincaré sphere analysis oﬀers a convenient graphical interpretation
of the physics. However, a more thorough analysis has to include the amplitude of
the ﬁeld. In Fig. 3.12(B) the ﬁeld intensities of the two components is shown as
a function of the two-photon detuning and propagation length. It is interesting to
note that both ﬁeld components have an electromagnetically induced transparency,
i.e., the control ﬁeld and the probe ﬁeld induces each other.
Using the theory brieﬂy described here, allows us to explain the experimental
measurement, namely that we observe overtone generation in the beating ﬁeld,
and more essentially, that the overtone generation experiences a minimum on two
photon resonance. The minimum in overtone generation is a coherent eﬀect; if
the decoherence is considered to vanish completely, then the ideal beating signal
will contain no overtones on the two-photon resonance, while if the decoherence
14 after some hard work, trial and errors, and with the help of Mathematica. Initial steps in
using the coherence vector formulation of the optical Bloch equations was taken in the derivation
of Eq. (3.68). This lead in a natural way to the development of Paper E, see also Sec. 4.3.
15 A factor 2 is here inserted in the definition of Ω. This is done in order to respect the definition
derived in Eq. (3.33), but also reusing the formula in Paper C.
16 Indeed, to denote a large field as a ‘probe field’, and a small field a ‘control field’, is perhaps
not optimal. Nevertheless, the notation of probe, control is kept.
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would be very large then there would be no decrease in the overtone generation on
two-photon resonance.
In Fig. 3.13 equal-intensity EIT, as well as overtone generation can be seen.
The two ﬁgure panels corresponds to diﬀerent polarization states of the light: (a)
circular light results in EIT, (b) linear light yields overtone generation. In Fig. 3.14
the amplitude of the beating coeﬃcients are further analyzed as a function of the
diﬀerence frequency of the initial ﬁeld. One can see that there is a distinct and
narrow dip in the second order coeﬃcient on two-photon resonance. This could
potentially be interesting in improving spectroscopic resolution, atomic clocks, etc.
For a discussion regarding applications see Sec. 5.4.
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Open system effects
It might be a good idea to discuss the word ‘coherence’ in its quantum mechanical sense before getting into the subject on how this coherence is aﬀected by a
presumable deteriorating environment. For a good introduction to the subject, see
Ref. [42].

4.1

What does the word ‘coherence’ mean?

Let us commence with an example. The dark state, Eq. (3.21), is often said to be
a ‘coherent superposition’. The meaning of the last word ‘superposition’ should be
clear, e.g., the dark state, |di = cos(θ) |bi − sin(θ) |ci, is a superposition of the two
states |bi , |ci (see Sec. 3.2). The ﬁrst word is a little bit more tricky to explain,
even though it is in some sense redundant to the ﬁrst. If the density matrix of the
dark state1 is formed using a natural representation, we have,
µ ¶
µ ¶
1
. 0
, |ci =
,
0
1
µ
cos2 (θ)
.
=⇒ ρ̂(t0 ) = |dihd| =
− sin(θ) cos(θ)
.
|bi =

(4.1)
¶
− sin(θ) cos(θ)
.
sin2 (θ)

(4.2)

The oﬀ-diagonal elements of the density matrix are denoted as coherences, i.e., here
the coherence is − sin(θ) cos(θ).
1 We use the terminology “dark state” since this state is the core of this thesis, but in this
section we only discuss a two-level system to keep the discussion clean. One might think of the
system as a subsystem of the Λ-system since the excited state is unpopulated, or otherwise it
could be considered to be just a simple two-level system.
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Now, suppose that there is some environment that interacts with the coherent
state in a destructive way so that the coherences vanish,
µ 2
¶
cos (θ)
0
ρ(t0 ) → ρ(t > t0 ) =
,
(4.3)
0
sin2 (θ)
then the process under which the coherences of the density operator vanish is called
decoherence. To make the point clear, what we here consider is the case of pure
dephasing, i.e., the only eﬀect the environment has on the state is to diminish the
coherences, the diagonal elements are untouched. After this process has occurred we
are left with a mixture of states, i.e., there is no quantum mechanical superposition
left.
The state, Eq. (4.3), also points to the important fact that we need the density
operator formalism in order to formulate the mixed (non-pure) quantum state. For
example, one simply cannot write Eq. (4.3) as a superposition of pure quantum
states, what so ever.
If we reconsider the density operator in Eq. (4.2), but this time we choose the
dark and its orthogonal, bright state, as a basis {|di , |b′ i}, then the density operator
is given by
µ ¶
µ ¶
. 1
. 0
|di =
, |b′ i =
,
(4.4)
0
1
¶
µ
. 1 0
,
(4.5)
=⇒ ρ̂(t0 ) = |dihd| =
0 0
and we can immediately see that this density matrix in this basis contains no coherence terms. Nevertheless, the same decoherence process that resulted in Eq. (4.3),
would result in
µ 4
¶
cos (θ) + sin4 (θ)
− sin(4θ)/4
ρ(t0 ) → ρ(t > t0 ) =
.
(4.6)
− sin(4θ)/4
2 cos2 (θ) sin2 (θ)
Hence the same decoherence process that led to pure dephasing of the density matrix
in Eq. (4.3), here generates coherences. For that reason, it is essential to keep in
mind that the concepts of coherence and decoherence is only relevant relative to a
speciﬁc basis.

4.2

The consequences of an interactive environment

We will begin this section by discussing the concept of the reduced density operator.
Suppose that we have two quantum subsystems, each living in its respective Hilbert
space. The density operator of the full system thus lives in a Hilbert space that we
write H1 ⊗ H2 , where ⊗ is a tensor product. As an example, we might consider
the spin of an electron that lives in the ﬁrst Hilbert space, and the spin of another
electron that lives in the second space. For the sake of the discussion we think

4.2. The consequences of an interactive environment

51

of this system as isolated from any environment. Let {|ki}k=0,1 and {|li}l=0,1 be
ON-bases of the respective spin states of the electrons, then {|ki ⊗ |li}k=0,1,l=0,1 is
a basis of the complete spin state of the two electron system. The complete pure
state can be written written
|Ψi = c1 |0i ⊗ |0i + c2 |1i ⊗ |0i + c3 |0i ⊗ |1i + c4 |1i ⊗ |1i ,
(4.7)
=⇒ ρ̂tot = |ΨihΨ|
(4.8)
P
where the coeﬃcients fulﬁll k |ck |2 = 1, Now, if we measure the spin of the electron
in ﬁrst system, Ŝ tot = Ŝ ⊗ 1̂, the expectation value is given by
hŜ tot i = Tr(ρ̂tot Ŝ ⊗ 1̂) = Tr(ρ̂1 Ŝ),
where ρ̂1 is the reduced density operator, deﬁned by
X
ρ̂1 = Tr2 (ρ̂tot ) ≡
hl| ρ̂tot |li ,

(4.9)

(4.10)

l

where |li is the basis states of the second subsystem. In other words, the reduced
density operator corresponds to throwing away information of the state of the second system. For example, the expectation value of Ŝz ⊗ 1̂, given the state Eq. (4.7),
would be ~(−|c1 |2 + |c2 |2 − |c3 |2 + |c4 |2 )/2. Clearly, this shows that the outcome
of a measurement on one system may contain information of more than the single
system under study. This is due to entanglement, a subject studied intensively in
the ﬁeld of quantum information sciences [43].
Unitary evolution of a quantum state is given by the unitary operator Û . Thus,
the combined system in Eq. (4.8) evolves according to
ρ̂tot (t) = Û ρ̂tot (t0 )Û † .

(4.11)

If the initial density operator is separable, ρtot,t0 = ρ̂ ⊗ |aiha|, for some state
|ai ∈ H2 , then the evolution of the reduced operator is given by
n £
h
i
¤ o
(4.12)
ρ̂1 (t) = Φ̂ ρ̂1 (t0 ) = Tr2 Û ρ̂(t0 ) ⊗ |aiha| Û † ,

where Φ̂ is a trace-preserving and completely positive mapping (CPM) of densityoperators to density-operators. Furthermore, Φ̂, is denoted as a channel [44].
The intention of this section is not to dig into the theory much more than has
been done up to this point. However, in order to get a more realistic description of
a quantum mechanical system than what is oﬀered by just treating the ideal pure
states, it is necessary to discuss what the system is in relation to its surroundings.
From Sec. 4.1 we already know that the description of a mixed state quantum system
needs to be expressed in terms of a density operator. The message of this section
is that the density operator considered in this thesis, should be re-interpreted as a
reduced density operator.
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Now, let us continue the discussion with a focus on the evolution of the reduced
density operator that interacts with the environment. If the surrounding space is
“large” 2 , then we may approximate the environment as memory-less. In essence
this means that there is no “kick-back” from the environment onto the system. In
this approximation, the evolution of a quantum system is said to be Markovian.
The ﬁne thing with Markovian evolution is that if we know the state of the
system (the reduced density operator), at time t0 , then the state of the system can,
in principle, be calculated at any later time.
The Markovian master equation describing the evolution was already written
out in Eqs. (2.61,3.27). We write it once more,
i~ρ̂˙ = [Ĥ, ρ̂] + L̂(ρ̂).

(4.13)

As promised in Sec. 2.2.3 and 3.3 we will now discuss some details of L̂(ρ̂). Specifically we want to relate L̂ to a channel Φ̂. Therefore, consider
an¢ inﬁnitesimal
¡
evolution of the density operator through the channel, Φ̂ ρ̂(t0 + dt) . If Φ̂ is expanded into one Hermitian and one anti-Hermitian part, per time, then the latter
part of the expression deﬁnes the decoherence part of the master equation [44].
Explicitly this can be written as
X
X
L̂[ρ̂] =
L̂k [ρ̂] =
(4.14)
(γ̂k ρ̂γ̂k† − 21 γ̂k† γ̂k ρ̂ − 12 ρ̂γ̂k† γ̂k ),
k

k

where γ̂k are time independent, but otherwise arbitrary operators. This is the
dissipative part of the famous Lindblad equation.
Not to forget, there is an equivalent form of L̂(ρ̂), the Kossakowski form [45].
In the literature Eq. (4.13) is sometimes referred to as the Lindblad-Kossakowski
master equation to honor the two contributors that independently derived two
equivalent expressions. However, the Lindblad form is in many instances simpler
to use and sometimes Eq. (4.13) is simply referred to as the Lindblad equation3 .
The Lindblad-Kossakowski master equation in Lindblad form is used as a theoretical basis throughout this thesis and in all included papers. However, it is only
in Paper E that we study anything more than pure dephasing of the dark state.
We conclude this rather theoretical section with some pragmatic and useful
stuﬀ. First of all, we think of the Lindblad operator γ̂k as an operator that deﬁnes
a channel, i.e., the k-channel corresponds to L̂k (ρ̂). The origin of the decay rates
and the dephasing rates that we encounter in Eqs. (3.28-3.32) can be found in the
following Lindblad operators:
√
(4.15)
γ̂ba = γba |biha| ,
√
γ̂ca = γca |ciha| ,
(4.16)
√
γ̂z = ηz (|bi hb| − |ci hc|),
(4.17)
2 It

is the rest of the universe.
fact, the Lindblad equation is, by some people, considered to be one of the most important
contributions to science done by a Swede in modern times. Göran Lindblad was active at KTH
until his retirement in 2005.
3 In
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where the symbol under the root is the channel rate. The symbol η is used for
decoherence rates, while γ is used for decay rates. The three channels L̂ba (ρ̂),
L̂ca (ρ̂), and L̂z (ρ̂) are the channels, witch together with the Hamiltonian Eq. (3.13),
deﬁne the optical Bloch equations in Sec. 3.3. The ﬁrst two is collectively referred
to as the decay of the Λ-system and the last one is called pure dephasing. Some
other relevant Lindblad operators are:
√
γbc |bihc| ,
√
γ̂cb = γcb |cihb| ,
√
γ̂x = ηx (|bi hb| + |ci hc|),
√
γ̂y = ηy (−i |bi hb| + i |ci hc|).
γ̂bc =

(4.18)
(4.19)
(4.20)
(4.21)

In Paper E we analyze the susceptibility of a Λ-system taken through the decay
channel, the pure dephasing channel, the depolarization channel L̂x (ρ̂) + L̂y (ρ̂) +
L̂z (ρ̂), as well as the amplitude damping channels L̂bc (ρ̂), and L̂cb (ρ̂).
The operators γ̂x , γ̂y , and γ̂z in the dark state subspace {|bi , |ci}, in a convenient
matrix representation, are similar to the Pauli operators, ergo the indexes.

4.3

Coherence vector formalism and the master equation in vector form

When confronted by a set of equations, e.g., Eqs. (3.28-3.32) one cannot avoid
to wonder if it is possible to solve them in a convenient manner. In the early
stages of this thesis work, the elements of the density operator was collected into a
vector and the linear system of equations was then collected into a matrix that was
inverted and used in some numerical calculations. But there was always a question
regarding how to pick the elements. One of ρ̂aa , ρ̂bb , ρ̂cc has to be left out of the
calculation, otherwise the system is linearly dependent. And should one use ρ̂ba
or the redundant ρ̂ab ? Because of these reasons we review the coherence vector
formalism, and also highlight some of the results from Paper E that were obtained
using this approach.
A rigorous treatment was suggested in Ref. [46], where they introduce the coherence vector formalism as an alternative way to treat the quantum dynamics of a
ﬁnite dimensional system. However, the notion of a vector to describe a quantum
system was certainly not new, it was introduced by Felix Bloch in 1946 as a suitable
representation of the nuclear magnetic spin in normal matter [47]. However, the
coherence vector formalism has not been widely used in laser physics, as is pointed
out in the introduction of the (fairly theoretical) coverage of the coherence vector
in relation to laser spectroscopy, see Ref. [8].
Anyway, in the simplest of all cases, a two-level quantum system, the graphical
interpretation is particularly appealing, the coherence vector is given by a real threedimensional so-called Bloch vector. The possible states that the quantum state can
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occupy is then given by the Bloch (unit) sphere4 . Hence, the interpretation of the
Bloch sphere in terms of quantum states is identical to that of the Poincaré sphere,
see Fig. 3.12. Furthermore, mixed quantum states is conveniently described by a
coherence vector of length shorter than unity. If the quantum state is completely
mixed then state is speciﬁed by the origin.
The next simplest case is the three-level system. The real coherence vector
now lives in an eight-dimensional space making visualization hard. For some twodimensional cross-sections and general features, see Ref. [48]. A convenient way to
assemble a coherence vector of a three-level quantum system is oﬀered by using the
Gell-Mann matrices as a matrix basis set. They are given by




0 1 0
0 −i 0
λ1 =  1 0 0  ,
λ2 =  i 0 0  ,
0 0 0
0 0 0




1 0 0
0 0 1
λ3 =  0 −1 0  , λ4 =  0 0 0  ,
0 0 0
1 0 0




0 0 −i
0 0 0
λ 5 =  0 0 0  , λ6 =  0 0 1  ,
i 0 0
0 1 0




1 0 0
0 0 0
1
(4.22)
λ7 =  0 0 −i  , λ8 = √  0 1 0  .
3
0 0 −2
0 i 0
These matrices satisfy the fundamental relations
Tr[λr λs ]
[λr , λs ]

=
=

{λr , λs }

=

2δrs ,
2ifrst λt ,
4
δrs + 2drst λt ,
3

(4.23)

where f and d are real-valued structure constants of the SU(3) algebra. They are
totally antisymmetric and totally symmetric, respectively, under permutation of
the indices r, s, and t [49].
At ﬁrst sight the f and d structure constants may seem daunting. However, the
origin of these constants and the above relation comes from the simple fact that
the multiplication of any two traceless n × n Hermitian matrices can be written as
Vr Vs =

2
δrs + (frst + idrst )Vt ,
n

(4.24)

which can be taken as a deﬁning relation [49]. The numerical values of the structure
constants are tabulated in, e.g., Ref. [50].
4 For

a nice introduction to the two-level Bloch sphere, see Ref. [43].
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Now we can write the density operator ρ and the Hamiltonian H in terms of
the Gell-Mann matrices,
ρ
H

1
1 + x · λ,
3
= ~ω0 1 + ~ω · λ,
=

(4.25)

where x is the coherence vector, ω is the ’Hamiltonian vector’, ω0 is an unimportant
reference energy, λ is a vector of the Gell-Mann matrices, λ = (λ1 , λ2 , . . . , λ8 ),
and ‘ · ’ is the standard scalar product. The length of the coherence vector is
0 ≤ |x|2 ≤ 1/3, with |x|2 = 1/3 for pure states and |x|2 = 0 for completely mixed
states.
The Schrödinger equation can be written in vector form. It is given by
ẋ = 2ω ∧ x,

(4.26)

where ∧ is a higher dimensional analog to the ordinary three-dimensional cross
product deﬁned by
α ∧ β = frst er αs βt .
(4.27)
Here α = αr er and β = βr er are arbitrary complex-valued vectors, {ei }8i=1 is a
real orthonormal basis of R8 , and Einstein summation is implied.
Equation (4.26) describes a rotation around some axis in the 8 dimensional
space. This rotation corresponds to the unitary evolution of a state vector in a
Hilbert space. Now we wish to generalize this formalism to also include decoherence.
Thus, we insert Eq. (4.25) into Eq. (4.13) and get
ẋ · λ =

1
1
[ω · λ, x · λ] + L(1) + L(x · λ).
i
3

(4.28)

Our goal is to put this equation on a λ-independent form similar to Eq. (4.26). To
this end, we introduce the following vector product
α⋆β

= drst er αs βt

(4.29)

which is a vector product that has no counterpart in three dimensions and therefore
might be a little hard to grasp.
Anyway, before reaching our goal, we need to rephrase the Lindblad operators
Eqs. (4.15-4.21). Let us, write them in coherence vector form5 and let us call them
‘Lindblad vectors’,
.
γ̂k = g k · λ.
(4.30)
5 Any physical process that gives rise to a change of the coherence vector can be split into a
Hamiltonian contribution and a traceless Lindblad operator contribution to the Liouville equation.
Viz., any factor g0 1̂ can be “absorbed” into the Hamiltonian.
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By taking into account the linear independence of the Gell-Mann matrices, we
arrive at the full Lindblad master equation in vector form
ẋ = 2ω ∧ x +

X n 2i
3

k

ih

h
i
g k ∧ g ∗k + g ∗k ∧ (g k ∧ x) + g k ∧ (g ∗k ∧ x)

(g k ∧ x) ⋆ g ∗k + g k ⋆ (x ∧ g ∗k ) − 2(g ∗k ∧ g k ) ⋆ x
io
+ 3(g k ⋆ x) ∧ g ∗k + 3g k ∧ (x ⋆ g ∗k ) .
+

4

(4.31)

This equation describes the dynamics of a quantum system that interacts with a
Markovian environment. Note that the right hand side is linear in x apart from
an inhomogeneous constant g k ∧ g ∗k . A little bit complicated perhaps, but it is
a vector equation that concern only vectors in R8 . It should be emphasized that
since the Gell-Mann matrices have been eliminated, this expression is valid for any
N -dimensional quantum system provided the SU(N) structure constants are being
used in the deﬁnition of the vector products ∧ and ⋆.
As an example of the coherence vector formalism (which is also the main result
in Paper E), the susceptibilities in a variety of diﬀerent decoherence channels can
be calculated. In the limit of a small probe ﬁeld, the susceptibility is given by
h
i
|Ωc |2 2Γ∗ Re(Γc )(γ + 2η− ) + γΓ∗c (2η− − η+ ) + γ(2η− + η+ )Γ∗ |Γc |2
i
´h
³
,
χ = iκ
¡
¢
|Ωc |2 + Γ∗ Γ∗b |Ωc |2 Re(Γc ) 2γ − 2η− + 3η+ + 2γη+ |Γc |2
(4.32)

where the parameters are
η−
η+

= (ηbc − ηcb )/2,
= ηbc + ηcb + 4η,

Γb
Γc

= iδb + γ + (3η + ηcb + ηz )/2,
= iδc + γ + (3η + ηbc + ηz )/2,

Γ

=

2iδ + (ηbc + ηcb )/2 + 4η + 2ηz .

(4.33)

The susceptibility in Eq. (4.32) is rather general as it contains several decoherence channels. In Paper E we evaluate them one by one. Here we are satisﬁed by
graphically inspecting Fig. 4.1. The most notable feature is that one open system
channel introduces gain for the probe ﬁeld in the middle of the EIT window. This
means slow light and light ampliﬁcation.
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Figure 4.1. In (a) and (b) we show the real and imaginary part of the susceptibility.
In (c) and (d) the group index, and absorption α at a given wave length λ, on
two-photon resonance is shown as a function of the control field |Ωc |. The thin
line (black) shows the case of no open system interaction. The thick line (gray)
shows the dephasing channel, the black line shows the depolarization channel. The
remaining lines describe three versions of the amplitude damping channel, the widedashed line (blue) shows b ← c damping channel, the dashed line (red) shows c ← b
damping channel and the dash-dotted line (green) shows the incoherent sum of the
two damping channels with equal rate. In all plots κ is scaled to 1. In (a) and (b)
the numerical values are |Ωc | = 0.16, γ = 1, ∆ = 0 with all channel rates equal,
ηk = 0.1. In (c) and (d) the channel rates are normalized so that the slow-down
factors are matched. Note the gain for the c ← b damping channel.
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Applications
When it comes to feasible application based upon the physics discussed in this
thesis, there are quite a number of thing that comes into mind. First of all it
is obvious that slow light can facilitate an optical delay-line. Viz., a coherent
medium exhibiting EIT undoubtedly slows down light pulses propagating in the
transmission-window, and it does so in a controllable way. In the ﬁrst section we
discuss optical-delay-lines and optical spatial compression, and thereafter optical
memories. Then, we how the EIT eﬀect could be utilized in, e.g., precision spectroscopy, sensors, and atomic clocks. Thereafter, we study EIT in combination with
a photonic crystal cavity.

5.1

Delay line and pulse compression

If slowly propagating pulses are desired, then a low intensity control ﬁeld should be
used, Sec. 3.6. This implies that a pulse in the transmission-window of EIT needs
to have a narrow frequency bandwidth, implying a long spatial envelope. On the
other hand, if one use short pulses (with a large bandwidth1 ), then the transmissionwindow of the induced transparency needs to be large, and consequently the pulse
velocity is no longer as small. The product of the delay of an optical pulse and its
bandwidth is denoted ‘delay bandwidth product’ (DBP). If the pulse bandwidth is
maximized in terms of acceptable losses and distortion, then the concept of DBP is
a ﬁgure of merit for EIT as a delay-line. Perhaps the fractional delay of a pulse is a
more intuitive measure. It is proportional to the DBP and deﬁned by τ ∆t, where
∆t is the width of the pulse, and τ is the delay, hence DBP∝ τ ∆t.
Compared to contemporary optical delay-lines which often are made of bulky
ﬁbre loops where the optical pulse is circulating for a number of round trips, EIT
seems to oﬀer a ﬂexible solution as the slow-down factor can be varied at will.
1 This is the case in optical network, where one serves peoples need in, e.g., streaming high
definition video through the internet.
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(a)

(b)

Figure 5.1. (a) The DBP as a function of Ω and ζ. The pure dephasing rate
has the value η = 0.01 in this plot. The curve running along the ridge is the ’isobandwidth’ curve corresponding to ∆ωs = 4/3, the other curve, running parallel, is
given by ∆ωs = 0.55, corresponding to a 10 Gb s−1 50% duty-cycle RZ-signal. The
left part of the surface belongs to the abs-region (limitation by Eq. (3.49)) and the
right part the gvd-region (limitation by Eq. (3.50)). The dotted (yellow) curve is
the attenuation curve, showing the maximum propagation allowed, given that the
peak-intensity loss is not allowed to be more than 10 dB. The dotted black curve
indicates the value Ωmin , i.e. the value of the Rabi frequency that gives the lowest
possible group velocity. (b) The length of a delay-line as a function of the Ω and
DBP, for a hypothetical quantum dot material with κ = 0.11, γ = 1011 s−1 and
λ = 1550 nm. The left part of the surface belongs to the abs-region and the right
part the gvd-region. The intersection between these two regions corresponds to the
ridge corresponds to the bandwidth ∆ωs = 4/3 shown as a white curve. The gray
curve represents ∆ωs = 0.55. The yellow dotted curves shows 10 dB loss line for
three different values on the dephasing. From left to right η = 0.001, 0.01, 0.1 clearly
showing how a high value of dephasing limits the maximal length of the device. The
black thin lines defines the equidistances of the length. All rates and frequencies are
scaled with an effective decay parameter γ (including incoherent effects).

Certainly an attractive feature in optical communication networks, however, there
is a trade-oﬀ between the delay time and band-width of a pulse propagating. This
trade-oﬀ is a direct consequence of the susceptibility of EIT, Eq. (3.37).
In Paper A and B we study the DBP of a delay-line based on a coherent EIT
medium. In the ﬁrst of the two papers, we consider the strong ﬁeld region, |Ωc | ≫ γ,
such that the absorption peaks are well separated, and we calculate the DBP for a
fairly ideal semi-conductor material. We ﬁnd that the DBP is not too impressive in
this region and for the chosen examples we get DBP on the order of 1-10, meaning
that the capabilities as an optical delay-line is far from what is needed in an optical
communication network2 . Nevertheless, the ﬂexibility of an EIT-medium may still
be attractive for pulse-synchronization. In Paper B we generalize the ﬁndings of
the ﬁrst paper, and we deduce an expression for the optimal point in parameter
space for maximizing the DBP of the medium. The analysis was performed using
dimensionless parameters, hence, the results are applicable for any medium that
2A

50 km fibre loop has a DBP on the order of 106 .
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has the characteristics of a Λ-system. A few examples are worked out and it is
found that the DBP can be on the order of 100, by carefully choosing the physical
parameters. The results of the calculations are presented in Fig. 5.1.
To enhance the EIT based delay-line it is possible to do some tricks. By increasing the control ﬁeld intensity during propagation through the EIT medium, a slowly
propagating pulse speeds up a little, and also ampliﬁed through an “integrated gain”
eﬀect. The overall eﬀect has been shown to enhance the DBP [51].
A pulse that travels through the transmission-window of EIT is spatially compressed. The compression eﬃciency is given by the ration of the outside to inside
group velocity, i.e. vg,out /vg,in ≈ c0 /vg,in . This can be made enormous. For example, in the experiment performed by Hau, et. al. [30] this ratio was on the order
of 107 , meaning that a light-pulse of almost a kilometer extent, was compressed to
43 µm. However impressive this experimental result is, it points out the fact that
the initial pulse is very long. As a worked out example in Paper A, a 10 Gb s−1
return to zero (RZ) telecom signal can be compressed to a pulse length of ∼ 15 mm.
Despite the obvious compatibility problem with the standards of telecommunication industry, the delay-line and optical compression characteristics oﬀers intriguing
avenues.
For a comparison with other candidates for optical delay-lines, see Ref. [52].

5.2

Optical memory

Perhaps the most fascinating application of the coherent light-matter interaction is
the ability to slow down and to store light as a coherent excitation of the medium.
The usefulness of this optical memory in optical communication systems is perhaps
not very high (to this date), as shown in Paper A and B. However, in conjunction
with other techniques, e.g., photonic cavities, there are still many diﬀerent paths to
investigate. E.g., would it be possible to store many pulses, and manipulate them
all-optically, then an optical router could replace the contemporary routers. Today
an optical signal has to be converted into an electronic signal, processed, and then
converted again into an optical signal. This conversion back and forth costs a lot of
resources, especially energy. It is predicted that the capacity bottle-neck is going
to be surpassed by the energy-bottle neck within a few years.
EIT is not a realistic solution to the bottle-necks of the optical communication
network as of today. However, if one discovers a way to manufacture (or perhaps
discover) a dense material of reliable Λ-systems with long coherence times and high
bandwidth, the situation would be diﬀerent.
As shown in [53] the storage procedure of light pulses is realizable all the way to
the single photon level. This means that optical memories at this level is a quantum
memory. It is perhaps in this ﬁeld of research that EIT is useful as a memory. In
2004 it was shown that a photon can be stored and released reliable, pertaining its
quantum properties [54]. This was an important step in the potential realization
of a long range quantum cryptography network [55].
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Dispersion engineering via light-matter coherence

If one considers a light pulse that is brought to a complete stop, then all of the
information regarding the pulse is mapped onto the matter as a coherence. By
applying longitudinal or transverse magnetic ﬁelds with or without a gradients
during the time the light pulse is stored, we can alter the optical properties of
the pulse when it is in a matter form. In Ref. [56] a longitudinal magnetic ﬁeld
pulse is applied during storage and they show that a phase shift on the stored
light is transferred back to the released light. This is an important result as it
shows fact that phase manipulation on the matter coherence will be transferred
the light pulse when it is released. Viz., it is possible to manipulate light when
it is stored. We extend this treatment in Manuscript F, where we show that the
dispersion characteristics can also be altered during the release of the stored pulse,
see Sec. 8.3.
One can also think of other schemes to manipulate light via the light-matter
coherence. As an example, consider a stored light pulse in, the F = 2 Zeeman
manifold of 87 Rb. The associated Λ-system is deﬁned by the D1 line, or equivalently
by the D2 line. Viz., read and write operations can be performed on two diﬀerent
transitions, as shown in Refs. [57, 58]. Any double Λ-system with common ground
states as above can be used in this way. In essence this would be an all-optical
router and all-optical switching device.
Furthermore, cross phase modulation can be realized by driving the matter coherence with an oﬀ-detuned light ﬁeld [59]. In this way it is possible to achieve
conditional π phase shifts, an attractive ingredient in quantum information processing. Another way to tailor the light properties could be to tune the dipole
moments of the medium. In Ref. [60], the idea of varying transition dipole moments spatially in a semi-conductor material and thereby changing the dispersive
properties such as the pulse length was introduced.

5.4

High precision spectroscopy, sensors, atomic clocks
and metrology

The dark state is established if the diﬀerence-frequency is matched to the twophoton resonance of an atomic Λ-system. A variation in the magnetic ﬁeld strength
will translate the two-photon resonance in frequency, see Sec. 6.1 for a theoretical
explanation and Sec. 8.1 for a measured example. In other words, the dark state is
inherently a precision tool for detecting variations in the magnetic ﬁeld surrounding
the coherent medium [61].
In Paper C we ﬁnd that a driven coherent medium can induce an overtone
generation of the beating signal of a bichromatic laser ﬁeld. More importantly, it
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is found that the overtone generation experiences a narrow and deep dip on twophoton resonance. This means that the two-photon resonance can be monitored
by observing the amplitude of the overtone generation coeﬃcients. The detection
scheme utilized in our setup is based upon the heterodyne method, and is thus
inherently sensitive to frequency variations. Viz., this method could be used to
improve, e.g., magnetic sensors that is based on conventional CPT resonance.
Furthermore EIT can be used to perform hyperﬁne spectroscopy of for example
atomic levels that are hard to reach by normal spectroscopy. In Ref. [62] they
measure the 7S1/2 hyperﬁne structure and achieve an order of magnitude reﬁnement
of previously measured values of the magnetic-dipole coupling constant.
The light-matter coherence properties of a Λ-system also applies to the ﬁeld
of atomic clocks [63, 64, 65]. As an example, a miniaturized atomic clock was
fabricated in Ref. [66] and also in Ref. [67].
The sub-natural linewidth of EIT, is ideal in high precision instrumentation and
measurement. Most likely a large number of future commercial applications will be
based upon this coherent phenomenon.

5.5

Q value enhancement due to EIT

In a cavity consisting of two ideal and perfect mirrors, light will bounce back and
fourth for an inﬁnite amount of time. The sustained modes of the radiation is set
by the boundary condition and there can be only an integer number of wavelengths
(m) during one round trip in the cavity, i.e., mλ = 2L, where L is the length of the
cavity [68].
Now, if we consider a more realistic situation, there is always some coupling
of the light between the outside and inside of the cavity. This imperfection is
displayed in the transmission spectrum of the cavity: the transmission of the allowed
radiation modes will have a nonzero bandwidth (it would be zero for the ideal
mirrors discussed above). The ’quality factor’ (Q factor) of a cavity is expressed
by the ratio of the resonant frequency and its bandwidth (FWHM) Q = ω0 /∆ω.
Thus, we can see that the ideal case corresponds to Q = ∞. Cavities of high
Q is important for realization of, for example, narrow-band optical ﬁlters, and
applications can be found in many areas such as quantum information theory and
nonlinear optics.
If a coherent EIT medium is placed inside a cavity, the modes will change due
to the dramatic dispersion of the EIT medium. The cavity round trip boundary
condition is now expressed by
ω=

ωcav
¡
¢,
1 + 21 Re χ(ω)

(5.1)
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where ωcav = 2πmc0 /(2L) is the resonance frequency of an empty cavity. A linear
approximation to this equation gives
η
1
ωcav +
ωb,0 ,
(5.2)
ω=
1+η
1+η
where ωb,0 is the probe ﬁeld frequency in the center of the EIT window, and η
is the so-called ‘stabilisation’ coeﬃcient in accordance with [69].
The
latter is
£
¤
given by the linear slope of the dispersion, η = (ωb,0 /2)∂ωb Re χ(ωb ) , where the
derivative is evaluated at ωb = ωb,0 . This equation tells us that the frequency of the
cavity can be shifted towards the transparency of the EIT medium by increasing
the stabilization coeﬃcient (decreasing the control ﬁeld intensity). An increased
stabilization coeﬃcient will also enhance the Q factor.
Q ≈ (1 + η)Qcav ,

(5.3)

where Qcav is the empty cavity quality factor, note that this expression is only
valid if the losses are small. For a large stabilization coeﬃcient, one realizes that
the Q can be very large, shown experimentally in, e.g., [70]. The modal changes is
a consequence of the change of the modal density in the cavity, thus, the narrowing
is not an eﬀect of a simple ﬁltering process, rather it is a modal compression. For
a general review on atomic physics in cavities, see Ref. [71].
In Paper D we investigate how a photonic crystal (PC) cavity is changing its
modal proﬁle if a PC is immersed in an EIT medium. More speciﬁcally, we consider
high index rods embedded in a low index material, where the later is also assumed
to show EIT. The rods are arranged in a square array and a conﬁned donor mode
is formed by removing the central rod. This constitutes an EIT-PC cavity.
We are here interested in the fundamental physics, therefore we postpone a
detailed material discussion and focus on the changes of the modal structures of
an EIT-PC. Computations on this system are performed using the ﬁnite-diﬀerence
time-domain (FDTD) method with a two-pole representation of the EIT susceptibility in the weak probe ﬁeld limit [72]. In Paper D we show that the cavity
mode is indeed pulled in a way that is predicted by the interactivity EIT mode-pull
equation, Eq. (5.2). For small 5 × 5 and medium 9 × 9 sized PC cavities we see that
the Q is enhanced in agreement with Eq. (5.3). The smallest PC cavity (5 × 5) has
a moderate Q of 200 without any coherent medium. If the EIT medium is present,
we achieve a Q of 40000.
Thus, with the help of a coherent medium, a small PC cavity can achieve a very
high Q. Furthermore, the Q factor is tunable: the cavity resonance in the stabilized
regime is deﬁned primarily by the EIT medium, meaning that fabrication tolerances
of the PC can be relaxed.

5.6

Other applications

We will conclude this section mentioning a few of the numerous applications based
on light-matter coherence. The dramatic dispersion of EIT could be utilized in a
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phased array for (microwave) beam steering purposes [73, 74]. The EIT eﬀect can
also be used for amplitude [75], and phase modulation [76]. Probe ﬁeld focusing due
to the radial dependence on the control ﬁeld intensity [77], allows “dynamic lensing”
of a probe ﬁeld in an EIT medium. An intriguing implementation is the tapered
optical ﬁbres embedded in an EIT medium, allowing for light-matter coherence
interactions through the guided evanescent ﬁeld [78]. Intracavity based EIT medium
can be used for shaping the temporal envelope of single photon pulses [79]. Delay
and storage of images using the EIT phenomenon has been reported [80]. Another
related phenomenon is lasing without inversion that is realized in a V-system [81].
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The medium
Hot or cold atomic gases are often chosen as a medium. The atom is advantageous in
that its structure, and the physics behind it, is well know, and decoherence rates are
rather small. But experiments using atoms tend to be bulky, and miniaturization is
attractive. Certainly, semiconductor media are attractive, but demanding. Today
a realistic semiconductor media for EIT is a vision for the future. Nevertheless, the
only thing needed to obtain EIT, slow, and stored light, is a three-level quantum
system (with the properties described in Sec. 3), with an acceptable coherence time.
Therefore, we begin this chapter with a small overview of some contemporary and
available media.
EIT has been observed in many diﬀerent atomic species. Besides the most common rubidium [82], EIT has been reported in strontium [23], led [83], sodium [30],
caesium [84]1 , lithium [85], helium [86]. The next level of complexity after the atom,
is the molecule. EIT has been reported in molecular lithium [87], and molecular
caesium [88]. More complex molecules can also be used, in an experiment with a
gas-ﬁlled hollow-core photonic crystal ﬁber, acetylene molecules were used [89].
Furthermore, solid state rare-earth doped crystals can be utilized. In a famous
experiment where light was stored for more than one second, praseodymium doped
yttrium orthosilicate (Pr3+ :Y2 SiO5 ) was used [35]. For a material with a higher optical density, praseodymium doped lanthanum tungstate crystal (Pr3+ :La2 (WO4 )3 )
can be utilized [90]. Furthermore, color-centers in diamond (nitrogen vacancies) has
been reported to show EIT [91].
Semiconductors are diﬃcult to use due to the high decoherence rates, typically
dominated by carrier-carrier and carrier-phonon scattering, leading to dephasing
rates of 1011 − 1014 s−1 [92]. However, if that obstacle could be solved, then semiconductors oﬀers an extra feature that atoms lack, besides being compact: one can
change the transition dipole moments by applying a voltage [60]. Measurements of
ultralong dephasing times has been reported [93]2 , so perhaps it is possible to ﬁnd a
1 in

this paper they obtain slow light and also faster than light pulse velocity.
was obtained at low temperatures.

2 This
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Figure 6.1. Density of atoms as a function of temperature.

semi-conductor energy-level structure that allows robust EIT, and slow light. Even
though it is demanding to use semiconductors, EIT has been reported in quantum well intersubband energy-structure [94, 95], exciton bi-exciton structure [96],
and exciton spin [97, 98]. EIT has also been investigated using a single quantum
dot [99, 100, 101], and in a sample of 10 layers of 4.6 1010 cm−2 self-assembled
quantum dots [102].
To conclude this overview we note that EIT has been obtained also in liquidstate nuclear magnetic-resonance (NMR) system, using 13 C labeled chloroform
(CHCl) dissolved in methanol [103].
Now, let’s study a simpler system.

6.1

Rubidium

Rubidium (Rb) is an element that is found in the ﬁfth period (row) and ﬁrst group
(column) of the periodic table of elements. First group elements are known as
alkali metals. Rb has atomic number 37, i.e., 37 electrons surrounding the nucleus,
but there is only one valence electron in the outermost electron shell of the atom.
The optical properties of Rb atoms stems from the interaction between this lonely
electron and the electromagnetic ﬁeld at optical frequencies. Rb also comes with
a suitable atomic structure for doing a variety of quantum optical experiments,
and naturally also for doing EIT and slow light experiments. As a coincidence the
frequencies of the optical transitions of Rb coincides with frequencies used in mass
produced industrial devices. E.g. a low price laser diode in a CD burner can be
used for atomic physics experiments[104]. It is for these reasons Rb is chosen.
Rb has two isotopes with total nucleons 85 (72.17 %) and 87 (27.83%), hence the
atomic mass number 85.4678 [105]. Of the two isotopes 85 Rb is stable, while 87 Rb
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Figure 6.2. A German stamp showing the solar spectrum and a multitude of
transition lines.

is not, but nearly so, as the decay rate is extremely slow3 . Due to the diﬀerence in
mass (diﬀerence: 2u ≈ 3.2 10−27 kg) there is a slight isotope shift in the resonance
frequencies [106].
At room temperature Rb is in the solid phase and it looks silvery gray. Melting point is 312 K (39◦ C) at pressure p = 0.1 MPa = 1 bar and boiling point at
974 K (700◦ C) [105]. Through a thermodynamic equilibrium process between the
solid or liquid phase and the vapor phase, there is a temperature dependent so-called
‘vapour pressure’,
³ p ´
4040 K
= 7.1934 −
,
(6.1)
log10
torr
T
(here for the liquid phase). The density is calculated from the ideal gas law, p =
N kB T , where N is the number of atoms per cubic meter and kB is Boltzmann’s
constant.
We are interested in the atomic states that in spectroscopic notation are labeled
by 52 S1/2 , 52 P1/2 52 P3/2 . This notation is old and cumbersome, but the meaning is
the following: the ﬁrst number (5) represents the principal quantum number of the
outer electron (the electron shell). The superscript gives the “multiplicity” 2S + 1,
i.e., the total spin S of all electrons, in our case there is only one unpaired electron,
hence there is a number 2. The letters S and P are symbols of the orbital angular
momentum of the outer electron. S means that the orbital angular momentum
quantum number is zero (the electron is not orbiting around the nucleus), and
P corresponds to the value 1 which is the lowest nonzero value (the electron is
orbiting). The subscript gives the total angular momentum, i.e. J = L + S, where
L is the orbital angular momentum and S is the spin.
3 The decay time is 4.88 1010 years, i.e., less than one nuclear decay per “age of the universe
per now”.
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Figure 6.3. Spectrum of both fine structure lines of rubidium and a schematic
energy level structure. Both isotopes have the same structure, but, as indicated on
the right hand side, the hyperfine spin states have different spin quantum number,
and therefore different degeneracy. (a) The D1 line and (b) the D2 line, obtained by
means of Doppler-free saturation spectroscopy with a modehop-free frequency scan
of the ECDL.

6.2

Energy levels

Let us begin with a short historical introduction. Fraunhofer (1787-1826) invented
the spectroscope and (re-)discovered4 and catalogued the dark lines in the solar
spectrum5 . An illustration of the dark lines of the solar spectrum is shown in
Fig. 6.2. Later in 1860, Kirchhoﬀ and Bunsen formulated ‘Kirchhoﬀ’s spectral
laws’ for the emission and absorption of light by substances. The underlying physics
governing the spectral laws of Kirchhoﬀ can be understood by assuming matter to
have discrete energy levels. Bohr initiated this idea in an early version of quantum
mechanics in 1913 [108]. The theory was then reﬁned during the following years
into the quantum mechanics we know today.
4 W.H. Wollaston (1766-1828) found in 1802 that the colors of different substances are separated
into “fields of color” separated by dark lines when viewed upon though a prism [107].
5 The spectral lines are still called Fraunhofer lines in his honor.
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The optical transitions corresponding to the atomic energy levels 52 S1/2 →
5 P1/2 and 52 S1/2 → 52 P3/2 are called the D1 and D2 transition lines, respectively.
Due to the internal interaction of the magnetic moment of the electron spin µ̂s and
the magnetic moment of the angular momentum µ̂l there is a energy diﬀerence of
the D1 and D2 lines; this energy shift is known as the ﬁne structure shift. The ﬁne
structure energy shift is diﬀerent for diﬀerent atoms, for rubidium it is so large, so
that we can safely regard the D1 and D2 transitions as independent.
There is some confusion when it comes to the internal structure of the atom,
i.e., the ﬁne-structure, hyperﬁne-structure, and the internal magnetic interactions
of the atom. The author will now try to give a comprehensive and condensed
overview. In order to keep the discussion clear we consider the rubidium atom to
be hydrogen-like, i.e., we ignore shielding eﬀects.
For an orbiting classical charge q with mass m, we can write the corresponding
classical electric dipole moment as
2

µ = γL,

γ≡

q
2m

(6.2)

where γ is the gyromagnetic ratio, a proportionality constant relating the strength
of the magnetic dipole moment to the classical orbital angular momentum L. In
accordance with Ref. [109, 110], we let gyromagnetic ratio carry the same sign as
the charge and consequently, if we consider an electron, q = −e, the magnetic
moment is anti-parallel with the angular momentum 6 . If the charged particle is a
(classical) electron, it convenient to use the Bohr magneton
µe,cl = −

µB
L,
~

µB =

e~
.
2me

(6.3)

Assuming a correspondence between the generic classical orbital angular momentum
vector J and its quantum counterpart Ĵ , the magnetic moment of a quantum
mechanical electron orbiting the nucleus is
µ̂L = gL γ L̂ = −gL

µB
µB
L̂ ≈ −
L̂
~
~

(6.4)

We have added an extra Landé ’g-factor’ called gL , since we are not certain that the
magnetic moment is proportional to the angular momentum in exactly the same way
as the classical analog. It turns out that the ’g-factor’ is given by gL = 1−me /mnu ,
me and mnu are the electron and nucleus mass. To keep the discussion clear, we
treat gL as having a numerical value of one. The magnetic dipole moment due to
the intrinsic spin of the electron is given by
µ̂S = gS γ Ŝ = −gS

µB
µB
Ŝ ≈ −2
Ŝ,
~
~

(6.5)

6 This is different than for example [111, 112], where the gyromagnetic ratio is introduced
as the proportionality constant between the Larmor frequency and an external magnetic field.
Furthermore, the sign convention of the g-factor are different of the two references of this footnote.
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where gS = 2 is derived in Dirac’s relativistic theory7 . Anyway, the spin-orbit
interaction is
¸
·
2
2
2
Aso Ĵ − L̂ − Ŝ
Aso 1 ∂V (r̂)
,
(6.6)
L̂ · Ŝ ≈ − 2
V̂so = − 2
~
2~
r̂ ∂r̂
r̂ 3
where Aso = Z(2m2 c20 )−1 e2 (4πǫ0 )−1 and Ĵ = L̂ + Ŝ is the total spin8 . From
Eq. (6.6) we realize the preferred basis {|l, s, j, mj i} and a leading correction to the
energy is given by the ﬁrst order degenerate perturbation theory9 . In addition to
the spin-orbit correction to the ﬁne structure, there is also a relativistic correction
and the so-called Darwin term. When all corrections are added together, the ﬁne
structure energies are given, quite remarkably, by the simple expression [113]
¶¸
·
µ
EB Z 2
(Zα)2
n
3
Ef s = −
,
(6.7)
1+
−
n2
n2
j + 1/2 4
where there is no dependence on the l, s, nor any projection quantum number mj .
EB = 13.6 eV is the Bohr energy, Z is the atomic number, and n the principal
quantum number. All states are shifted to slightly lower energies by the square of
the ‘ﬁne structure constant’ α = e2 /(4πǫ0 ~c0 ) ≈ 1/137. Furthermore we see that
atomic states with j = 1/2 are shifted to lower energies than states with j = 3/2.
The total nuclear spin for 85 Rb with 48 neutrons and 37 protons adds up to a
total spin quantum number of 5/2, while 87 Rb having two more neutrons has the
lower value 3/2. The total spin operator of respective isotope is proportional to the
nuclear magnetic moment,
me
µB ≈ 0.0005µB ,
(6.8)
µ̂ = gI µN Î, µN =
mp
where µN is the nuclear magneton10 . The ’g-factor’ in units of the Bohr magneton,
i.e., gI (me /mp ) is measured to be approximately 0.001 [114], thus
µB
µ̂I ≈ 0.001
Î.
(6.9)
~
This magnetic moment interacts with µL and µS in the so-called hyperﬁne interaction. The dominant contribution11 to the hyperﬁne structure is given by the
following interaction Hamiltonian,
´ A
³ 2
´
2
2
Ahf s ³
hf s 1
F̂
−
Î
−
Ĵ
Î
·
Ĵ
=
.
(6.10)
V̂hf s =
~2
~2 2
7 Small corrections to this number is calculated in quantum field theory. Here we use the factor
of two for simplicity.
8 Note that we define A
so using fundamental constants and that we here approximate V (r̂) as
a Coulomb potential. This is accurate for hydrogen-like atoms, but in a more precise calculation
for rubidium, shielding effects has to be included, and the calculation is more involved.
9 since the perturbation is diagonal in this basis.
10 Note the sign.
11 For higher precision, effects due to the electric quadrupole and magnetic octupole moments
etc. has to be included, see Ref. [106].
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Figure 6.4. Spectroscopy of the hyperfine D1 line. The corresponding energy levels
are shown above. To the right the three contributing Λ-systems of the Zeeman-split
hyperfine manifold is shown. The
√ values on the legs of the Λ-systems should be
used in the following way: x → x, they are the relative strength transition dipole
moments.

The preferred basis is {|j, i, f, mf i}, where the total spin is F̂ = Î + Ĵ . Thus, from
degenerate perturbation theory, the ﬁrst order correction of the energies Eq. (6.7)
due to the hyperﬁne interaction is given by
i
Ahf s h
f (f + 1) − i(i + 1) − j(j + 1) .
(6.11)
∆Ehf s =
2

The constant Ahf s is a factor (me /mp ) smaller than the ﬁne structure due to the
nuclear magnetic moment in Eq. (6.8), hence the name hyperﬁne structure [115].
The values of Ahf s are taken from measurements, for the 52 S1/2 ,52 P1/2 , and 52 P3/2
manifolds of 87 Rb, the values are, in terms of the Planck constant, approximately
3.417 h GHz, 407 h MHz, and 85 h MHz, [106], respectively. The value of 52 S1/2 is
due to the Fermi’s ‘contact term’ and its spin-spin interaction, and it is larger than
the latter ones [113].
If an external magnetic ﬁeld is applied, the mf degeneracy of the {|j, i, f, mf i}
states (the Zeeman manifold) is broken. The interaction Hamiltonian is given by
gF µB
gF µB
F̂z Bz ,
(6.12)
F̂ · B =
V̂B = −µ̂F · B =
~
~
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where we in the last step aligned the z-axis of a coordinate system to be parallel
with the magnetic ﬁeld. The hyperﬁne Landé ‘g-factor’ is approximately given by
gF ≈ gJ

f (f + 1) − i(i + 1) + j(j + 1)
.
2f (f + 1)

(6.13)

If the external magnetic ﬁeld is weak, then the corresponding energy shift of the
Zeeman states is calculated through degenerate perturbation theory. The so-called
Zeeman shift is given by
∆Ez = mf gF µB Bz .
(6.14)
The experiments performed in this thesis (Paper C and F), utilize the split hyperﬁne Zeeman-manifold of 85 Rb and 87 Rb as an experimental basis. Here gF µB =
~ 0.7 MHz G−1 for 87 Rb in the ground state. In Fig. 6.4 the D1 line of 87 Rb, and
the Λ-systems used in the experiments are shown.

Chapter 7

Experimental setup
In this chapter we will go through the experimental setup in detail. The functionality of the optical components will be investigated, some details of the components
that was designed and built by us will be described.
The overall purpose of this experiment is to serve as a test bed for experiments
based upon light-matter coherence, i.e., EIT, slow light, stopped light, overtone
generation etc. On a general level, the setup is designed to provide optical access

Figure 7.1. Schematic of the experimental setup.
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Figure 7.2. A view over the experimental setup.

to a controllable medium of Λ-systems. Here, controllable means that the Zeeman
levels of the rubidium atom can be shifted in energy with an external magnetic ﬁeld.
Hence, by shifting the transition energies, the two-photon resonance is shifted in
frequency.
The light source is a single laser. Before entering the gas-cell, the laser beam is
split into its linear orthogonal polarization components and individually shifted in
frequency utilizing a pair of AOMs. The diﬀerence frequency of the two components
is controllable and can be made to match the two-photon resonance of the atomic
Λ-system. It is therefore essential that the diﬀerence frequency of the optical ﬁeld
is stable if we wish to resolve EIT, as stated in (3.3). However, it is not of primary
importance that the absolute frequency of the laser is very stable, see (3.7). The
stability of the optical diﬀerence frequency is assured, since we use a single laser
light source.
An advantage with a non-degenerate Λ-system is that the diﬀerence frequency
corresponding to the two-photon resonance can be detected in a heterodyne measurement. This is done before and after the atomic gas-cell and, therefore, we can
extract both the phase and amplitude information of the beating ﬁeld amplitude
of the ﬁeld propagating through the coherent medium. Another advantage is that
the longitudinal magnetic ﬁeld aligns the atomic magnetic moments, and therefore,
magnetic shielding of the earth’s magnetic ﬁeld is not as critical as compared to
degenerate schemes.

7.1. The light source
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Figure 7.3. An external cavity diode laser. The (blue) rings specify the placements
of the piezos. The (red) oval shows the laser metal-holding, including collimation
optics, the (green) rectangle points to the grating, and on the screen in front of the
laser a spot can be seen (red) ring.

We utilize free-space optics, since this oﬀers a ﬂexible platform; it is straightforward to change the setup in order to test new ideas, as has been done throughout
this thesis. The experimental setup begun at the onset of this PhD thesis and has
evolved over time.

7.1

The light source

Generically, the light source for all experiments has been an external cavity diode
laser (ECDL). The word generically is chosen here, since the evolution of the experiment has been in a state of continuous change, and accordingly, the laser has
been modiﬁed, multiplied, broken, repaired, reduced, changed and replaced. An
example of a laser is shown in Fig. 7.3.
Let us begin with an order of magnitude discussion. The laser diode chip has
a free spectral range (FSR) of λ2 /(2d) ≈ 1 nm or 50 THz1 . Thus, only one lasing ‘diode chip mode’ at a time can interact with the atomic energy levels under
consideration. The FSR of the 25 mm external cavity is calculated to be 12.6 pm
or 6 GHz. Accordingly, a frequency comb of 6 GHz FSR is superimposed onto the
diode’s frequency comb which in turn is superimposed onto the gain proﬁle of the
medium. Therefore the gain proﬁle may, in principle, lead to multimode lasing
of the external cavity modes. However, the external cavity is designed using a
1 assuming

d = 300 µm and λ = 795 nm and a standard Fabry-Perot etalon [68].
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reﬂection grating of d = 1200 rules per mm, thus the angular dispersion of [116]
p
dθ
= d2 − (λ/2)2 ≈ 0.08 deg/nm,
(7.1)
dλ
separates the spatial directions of the external cavity modes with ∼10 ”, which is
enough in order to suppress competing external cavity modes. Thus a single mode
laser is obtained. However, even if the laser would lase in several external cavity
modes (due to poor alignment) the diﬀerence frequency of the F=1↔F=2 of 87 Rb
is 6.8 GHz, and we can safely conclude that the laser is indeed a single mode with
respect to the light-matter interaction.
The laser diode is mounted into a temperature stabilized metal-holding. The
output beam is collimated and directed onto a blazed grating, and the zeroth order
reﬂection is reﬂected back, into the laser diode, forming an external cavity, in a
so-called Littrow conﬁguration. A bit of alignment is required, but when this has
been done, a narrow-bandwidth single-mode laser has been assembled.
The laser linewidth in our setup is on the order of 100 kHz. A value well below
the natural linewidth of a typical transition in an atom. In other words, the single mode ECDL bandwidth has the capability of resolving the hyperﬁne spectral
features of an atom.
Modehop-free wavelength tuning is accomplished by mounting the grating on a
piezo-electric transducer, or piezo for short. In Fig. 7.3, we see two piezos mounted
on opposite sides of the grating. By applying diﬀerent voltage amplitudes, but
otherwise using the same voltage signal to address the piezos, a rotation of the
grating around a ”virtual” point in space can be chosen. According to theory, a
rotation around the optimal point imply that the wavelength of the laser is changed
mode-hop free [116].
In addition to rotation around the virtual point, we also modulate the operating
current of the laser. By doing so we manage to sweep over the entire D1 spectral
region (> 17 GHz) and in a separate setup over the D2 region, as shown in Fig. 6.3.
For more details of ECDL see [104], [116], and [117].
The laser diode that we currently use is the Toptica #LD-0795-0150-2. It can
deliver 150 mW of CW laser light. Since the diode is put into an external cavity
with losses (e.g., in the grating), and we use part of the photons for spectroscopy
etc., we get a few mW of power to the actual experiment, but this is quite enough.
To conclude this section we present a practical formula relating the Rabi frequency to the power of the laser. The intensity of electromagnetic radiation is
given by I = cǫ0 /(2)|E|2 , thus, using here the physical Rabi frequency deﬁned by
Eq. (3.14),
r
√ µ £
¤
µ0 P
|µ|
2
≈ 74 106 P
rad. s−1 ,
(7.2)
Ω=
2
~
ǫ0 πr
r
where P is the power in units of mW, r is the radius of the beam in units of mm,
and µ is the transition dipole moment in units of eÅ. Thus using the transition
dipole moment for the D1 transition of 87 Rb µ = 3 eÅ, and a radius of r = 2.2 mm,
and 1 mW laser light, we get Ω ≈ 100 106 s−1 .
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Figure 7.4. A gas-cell. On the inside of the end-facet one can see condensed
rubidium. To prevent this problematic condensation, a heating/cooling system was
made with silicon tubes, as shown in this photo. The gas cell in this photo is an
early prototype.

7.2

The gas-cell

The experiments and the spectroscopy are performed with rubidium gas-cells. The
actual cell is made of glass, and the front and end facets are of optical quality with
a tilt and wedge to suppress etalonging.
As discussed in Sec. 6.1, rubidium is in a solid state at room temperature.
But due to the thermodynamic equilibrium, there is a vapor pressure. Hence, to
regulate the density of atoms we control the temperature of the gas-cell. In a typical
experiment we use πr2 lN = {r = 2.2 mm, l = 7.5 cm, N = 1018 m−3 } ≈ 1012
atoms.
Due to the ﬁnite temperature, the atoms move in and out of the atomic beam,
leading to decoherence. Using the same beam radius as above and a mean velocity
of 250 m s−1 (3.5), this leads to a transverse decoherence rate of γtr ∼ 105 s−1 . To
reduce this decoherence eﬀect we use 5 Torr of neon as a buﬀer gas. This has
the eﬀect of restricting the movement of the rubidium atoms without aﬀecting the
coherence too much. The spin exchange collision cross section of Rb-Rb and Rb-Ne
are 2 10−14 cm2 and 9 10−24 cm2 , respectively [118].
This decoherence rate can be reduced by utilizing a coated gas-cell as in Ref. [31].
Coherence diﬀusion is not necessarily a defective eﬀect, e.g., it can be used to
transport the coherence between diﬀerent spatial locations [119].
The gas-cell used for spectroscopy is heated using an ordinary resistance wires.
However, the gas-cell in which the experiment takes place, is sensitive to magnetic
ﬁelds, and a wire carrying current undoubtedly generate magnetic ﬁelds. Therefore,
as can be seen in Fig. 7.4 a pair of silicon tubes circulating hot and cold water,
were wound around the gas-cell so that the temperature could be controlled without
adding any perturbing magnetic ﬁelds. The cold water (room temperature) is used
as a “cold ﬁnger”. It is wound around the central part of the gas-cell, and it adds
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ND

D

(a)

(b)

ω

Figure 7.5. (Above) a schematic of a Sagnac interferometer for doppler-free saturation spectroscopy of the D1 line of 87 Rb (two shallower Doppler valleys to the
left) and 85 Rb (deeper Doppler valley to the right). ND is short for neutral density
filter and D is short for detector. (Below), one can see the result for: no pumping
(a) and with pumping (b).

the convenient feature of controlling the location of condensation. This means that
we, by using the “cold ﬁnger”, avoid condensation of rubidium on the front and back
facets of the gas-cell — a potential problem otherwise.

7.3

Spectroscopy

We use spectroscopy as a map, to orient ourselves in the atomic landscape, and
also to lock the laser onto a chosen frequency. To resolve the spectral features
including Lamb-dips, we use a technique called doppler-free saturation spectroscopy,
introduced in Ref. [120]. A strong pump beam shine through the gas-cell and a weak
probe beam is arranged so that it counter-propagates with and overlaps the pump
beam in the gas-cell. The intensity of the probe beam is then detected. In this
way the velocity-class (the longitudinal component of the velocities) of atoms that

7.5. Polarizing optics
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stand still are addressed and the hyperﬁne structure of the atom is resolved, see
Fig. 7.5.
A side-eﬀect of utilizing doppler-free saturation spectroscopy is that the twophoton resonance condition is fulﬁlled not only for atoms standing still. As an
example, an atom that moves towards the pump beam experience a blue-shifted
pump frequency and a red-shifted probe frequency. If the atom moves at a velocity
corresponding to the pump and probe being two-photon resonant with two diﬀerent
atomic transitions, there is an incoherently induced transparency [68]. The peaks
corresponding to this phenomenon are denoted cross-over peaks. Actually, the
strong peaks that we see in the deep valley of 85 Rb F = 2 in Fig. 7.5 are cross-over
peaks.

7.4

Acousto optical modulators

The laser is shifted in frequency by acousto optical modulators (AOMs). The shift
in frequency is not very big, up to 80 MHz, but compared to the natural linewidth
of rubidium (∼ 2π 6 MHz ≈ 38 s−1 ) the shift is signiﬁcant. We use two AOM’s,
one in each arm of the beam path, and we control them individually in order to
match the diﬀerence frequency of the two ﬁeld components ∆ωL to the energy level
splitting of the atoms ∆E. The diﬀerence of the two quantities is equivalent to the
two-photon detuning δ = ∆ω − ∆E/~, viz., the two AOMs are used in order to
sweep over the two-photon resonance, in order to ﬁnd and detect EIT.
By means of a voltage-controlled oscillator (VCO), the AOM is controlled from
the lab computer using LabView. The control signals are few-voltage DC-signals,
thus frequency-shifts as well as intensity-regulations are conveniently accomplished
via the computer. However, the VCO used have a noise bandwidth on the order of
10 kHz. Thus the EIT transmission peak is washed away when the transmissionwindow starts to be comparable or smaller than the noise bandwidth. One can
see how the high density, small bandwidth EIT starts to suﬀer from the noise in
Fig. 8.2. Thus, the VCO bandwidth sets an upper bound on the achievable group
delay and narrowness of the EIT bandwidth.

7.5

Polarizing optics

In order to change the polarization state of the light in a controlled way, we utilize
half- and quarter-wave plates. The polarization state of the light can be described
in terms of a set of complex basis vectors as in Sec. 3.8.
The action of a wave plate is consistently described through a unitary operator
Û = exp(−iϕσ̂ · n/2). Here σ̂ is a vector of Pauli operators, n is a real normalized
three dimensional vector, and ϕ is an angle characterizing the wave-plate. The
angle deﬁnes a rotation on the Poincaré sphere, see Fig. 7.6. Thus, the angle ϕ of a
quarter-wave plate is ϕ = π/4, and half-wave plate ϕ = π/2. Utilizing the geometric
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Figure 7.6. Here we show the action of a wave-plate on a collection of initially
linearly polarized states (along the equator) on the Poincaré sphere. To the left we
have a quarter-wave plate, and to the right we have a half-wave plate. The figure is
to be read in the following way: start at the equator, then rotate clockwise around
the arrow along a black line. Note how the quarter-wave takes linear polarizations
to different degree of circular polarization, while the half-wave plate always yield
linear light if the initial state is linear.

representation of the Poincaré sphere greatly helps the process of designing the
experiment. It is also valuable for characterizing the optical polarization elements
and in ﬁne-tuning the polarizations.
The alignment of the optical polarization of the control and probe ﬁelds is critical. To optimize the polarization states we used a combination of several polarization elements to simulate a perfect quarter-wave plate. The optimization procedure
is an iterative process, where measurement values is extracted, ﬁtted, and mapped
onto the Poincaré sphere for orientation. The angular precision is approximately a
few tenths of a degree of the polar angle on the Poincaré sphere. This means that
sin2 (ϕ/2) ≈ 10−6 of the intensity leaks over into the wrong polarization state.

7.6

The coil and the shield

The atoms are located in a longitudinal magnetic ﬁeld. By utilizing such a magnetic
ﬁeld we achieve a preferred situation in terms of reducing the harmful noise of
external magnetic ﬁeld ﬂuctuations. This is due to the fact that additional noise
does not perturb the direction of the magnetic ﬁeld too much as compared to a
degenerate scheme. In the latter scheme a small perturbation can locally change
the direction of the magnetic ﬁeld, meaning that the dark state can be driven
into the bright state through Larmor precession and careful magnetic shielding is
needed [38, 121].

7.6. The coil and the shield
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Figure 7.7. The coil and the magnetic shield. We can also see the silicon tube with
heating (and cooling) water sticking out from the coil.

The magnetic ﬁeld in our setup is generated by a solenoid. The magnetic induction along the axis of a solenoid is given by [122]
!
Ã
l/2 − s
l/2 + s
1
+p
,
(7.3)
B = µ0 N l p
2
r2 + (l/2 + s)2
r2 + (l/2 − s)2

where s is the distance to the observation point from the center of the solenoid
(along the axis). The solenoid constructed have the following parameters: N = 917
turns, radius r = 32.4 mm, and length l = 453 mm. In the center of the solenoid,
s = 0, we get B/I = 25.2 [G A−1 ]. Variation of this expression over ∆s = 3 cm
gives ∂s,s B (∆s)2 /2 ≈ 13 mG sensitivity2 . This corresponds to a dephasing rate of
∼ 0.1 106 s−1 . The solenoid was designed with additional pinch end-coils, so that
the quadratic magnetic ﬁeld dependence can be suppressed and the dephasing rate
reduced to ∼ 0.3 10−3 s−1 .
All experiments in this thesis utilize a setup in which the gas-cell was located
in the middle of the solenoid. To minimize decoherence eﬀects due to transverse
magnetic ﬁeld ﬂuctuations a µ-metal foil was wrapped around the solenoid as in
Fig. 7.7. This also has the bonus that the longitudinal ﬁeld is “ﬂattened out”, and
the dephasing rate due to the longitudinal B-ﬁeld variation is reduced. The earth’s
magnetic ﬁeld is ∼0.5 G; inside the shielding this is reduced to less than3 0.3 mG.
The magnetic ﬁeld generated in the coil is typically on the order of one Gauss (10−4
Tesla) corresponding to a Zeeman shift on the order of one MHz. To conclude this
section on the solenoid, we mention that the resistance of the solenoid is R = 6.9 Ω,
and the self inductance is L = µ0 N 2 a/l ≈ 7.7 mH.
2 The
3 This

first derivative vanishes due to symmetry.
value was calculated using COMSOL multiphysics.
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Detection

We wish to detect and characterize a bichromatic ﬁeld (i.e., a ﬁeld with two frequency components) of two orthogonal polarizations. The way we do this, is to ﬁrst
ﬁlter the light through a linear polarizer and then detect the beating frequency, in
essence this is a heterodyne detection scheme [10]. In general, a heterodyne detection signal ∝ |Esignal ||Eref |, is more sensitive than an intensity measurement signal
∝ |Esignal |2 . The heterogeneous frequency content (two components of diﬀerent
frequencies) also implies that the signal is less aﬀected by 1/f noise.
Using the notation introduced in Sec. 3.8 and in Paper C, the ﬁltered electric
ﬁeld is parallel to the polarization vector |αi = cos(α/2) + sin(α/2), hence
µ
¶
¯2
ǫ0 c0 ¯¯
. Ep (t)
¯
(7.4)
|E(t)i =
=⇒ I =
¯ hP (α)| E(t)i¯
Ec (t)
2
n
£
¤o
ǫ0 c0
|Ic |2 + |Ic |2
(7.5)
+
|Ep ||Ec | cos (ω2 − ω1 )t + ϕ ,
=
2
2

where ǫ0 c0 /(2)|Ep ||Ec | is the beating amplitude, Ii = ǫ0 c0 /(2)|Ei |2 is a constant
intensity, and ϕ is some phase that depends on azimuthal angle of the polarization
vector, and the phase of the ﬁeld components.
We wish to extract the spectral dependence of |Ep | and ϕ. Under the assumption
that |Ep | ≪ |Ec | we can extract the absorption and phase spectrum for the probe
ﬁeld. To extract this information we employ a double heterodyne scheme, where
one detector is located in front of the gas-cell and another is located after the gascell. The low frequency components of the signal is ﬁltered away, and the desired
information is then extracted by comparison of the two signals. A typical set of
dispersion curves is shown in Fig. 8.2.

7.8

Experimental control

The experiment is controlled using the commercial program LabView. Output signals for controlling the components, i.e., the laser (sweep and current modulation),
AOMs (amplitude and frequency modulation) and the solenoid (current) are made
employing a (12 bit) DAQ card. Input signals from the detectors are acquired with
a 16 bit ADC with a 5 MHz sampling rate. During pulse storage experiments, the
laser frequency was locked on the (red) side of the D1 87 Rb F = 2 ↔ F ′ = 2
Doppler valley.

Chapter 8

Experimental results
In this chapter we present some experimental results. Beside occurring in this
section, experimental results are scattered throughout this thesis, where they serves
as illustrations to the theoretical discussion.
To recapitulate: in Fig. 3.7 we sweep the two-photon detuning over the twophoton resonance for ﬁve diﬀerent settings of the mean one-photon detuning of the
control and probe ﬁelds showing that EIT is sustained as the two-photon resonance
is fulﬁlled.
The dependence on the control ﬁeld on the bandwidth and phase dispersion is
shown in Fig. 3.9. A decrease of the control ﬁeld amplitude narrows the transmissionwindow and increases the group index. In Fig. 3.10 we show slow light in terms of
pulse delay.
The eﬀect of a driven coherent system is shown to generate overtones in the
beating signal and a narrow dip in intensity of the second order generation at twophoton resonance, see Fig. 3.13. Relevant spectra of the atomic energy levels are
shown in Figs. 6.3, 7.5, and 6.4.

8.1

The two-photon resonance

In this section we investigate how the EIT is aﬀected by the external parameters.
Here, the magnetic ﬁeld, temperature and control ﬁeld dependence are varied.
The coil, Sec. 7.6, produces a magnetic ﬁeld in parallel to the light ﬁeld propagation. The magnetic moment of an atom interacts with this magnetic ﬁeld, and the
Zeeman manifold split. Hence, by varying the current through the coil we change
the Zeeman splitting, and consequently, the two photon resonance frequency is
shifted. In Fig. 8.1 the EIT transmission peak is shifted from ∼500 kHz to ∼2 MHz
in three steps by changing the coil current.
As already pointed out in Sec. 5.4, an application of this eﬀect could constitute
a magnetic sensor. It should be noted that the width of the EIT resonance, is
85
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Figure 8.1. Some frequency sweeps over the EIT peak. The subfigures correspond
to different magnetic field strengths, and in each subfigure the strength of the control
field has the values [8.3, 4.7, 2.5, 0.7] mW. We see how the EIT peak follows the twophoton resonance as the magnetic field is varied.

∼10 kHz, i.e. magnetic ﬁelds on the order of 0, 01 G is easily detectable. This could
be compared with the natural linewidth of ≈ 38 MHz. Viz., the magnetic ﬁeld
indicator (the EIT resonance) is a factor of several hundred times smaller than the
natural linewidth of Rb. It should be noted that the frequency shifts in Fig. 8.1
was obtained without optimizing for sensing application purposes.
In the experimental procedure we do not use the dependence on the magnetic
ﬁeld for sensing, rather we use it to verify that the spectral feature under study is
a two-photon resonance phenomenon, and also to shift the EIT transmission peak
to favorable frequencies, with respect to technical measurement issues.
An interesting detail can be observed in Fig. 8.1. For each magnetic ﬁeld
strength we repeat the measurement four times with diﬀerent control ﬁeld intensities. As expected, the EIT resonance narrows down when decreasing the control
ﬁeld. However, the two-photon resonance depends on the control ﬁled intensity.
One can see that the EIT resonance is slightly red-shifted when the control ﬁeld is
decreased, this is an unexpected behaviour.
We now examine how the EIT resonance depends on temperature variations.
The bandwidth of EIT is analyzed theoretically in Paper A and B, as well as in
Sec. 3.4. It is given by a transfer function Eq. (3.45).
In Fig. 8.2 we compare a measured temperature sweep with a corresponding
calculated temperature sweep. We ﬁnd good qualitative agreement between the
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Figure 8.2. In the left column we show the experimental transfer function as the
temperature is increased (from room temperature, above) until we are left with noise
only (more than 100 ◦ C, below). The corresponding group index is getting larger
and larger. As described in Sec. 7.7, the measured signal is a heterodyne amplitude
signal, i.e. the transmission curves correspond to |Eb ||Ec |. In the right column a
theoretical illustration of the transfer function is shown.

theoretical calculation and the physical measurement. At the low temperature side
the atomic density is too low for anything interesting, with respect to EIT, to
happen. At higher temperatures we ﬁnd a narrow and distinct EIT resonance, and
a large group index. EIT at high optical densities are discussed in [123].
On the high temperature side there are a number of things to investigate. First
of all, a non-vanishing decoherence rate of the dark state sets an upper bound
on the density, with respect to the acceptable signal to noise ratio. The reason
is a non-vanishing residual absorption also at the center of the transparency (see
Eq. (3.47), and a discussion in Paper B).
In addition, the transparency bandwidth is at some point so narrow that the
noise bandwidth of the voltage-controlled oscillator (VCO), see Sec. 7.4, degrade
the two-photon correlation, and consequently the EIT resonance is washed away.
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Figure 8.3. Above, the temporal width of a pulse measured in the detector in
front of the gas-cell. Below, the pulse measured after propagation. The dispersive
medium leads to broadening of a pulse when the pulse is too short to fit into the
transmission-window

Another deteriorating eﬀect in the high density regime is that of radiation trapping.
According to Ref. [124] the decoherence rate of a Zeeman coherence is aﬀected by
spontaneous emission and radiation trapping when the density is above 5 1018 m−3 ,
in an experimental setup quite similar to ours. Thus by one may suspect that
we are just about to entering the regime in which radiation trapping starts to be
important and a limiting factor.
The measured spectra presented so far in this chapter are all obtained by means
of CW ﬁelds. As a proof of principle, we now study how an actual pulse depends
on the bandwidth of the EIT medium. For ﬁxed bandwidth of the medium, a
pulse propagating through the medium is broadened due to the quadratic absorption proﬁle, Sec. 3.4. Thus, we expect a pulse to be delayed and broadened as it
propagates through the medium. In Fig. 8.3 a probe pulse at two-photon resonance
is transmitted through the gas-cell, and it is easy to see the predicted delay and
broadening. The group velocity corresponds here to 75 mm/20 µs = 3.6 km s−1 .
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Figure 8.4. Stored and released light pulse. Here a light pulse is stored in the
medium and then, at a later moment, read out. In this figure this has been repeated
many times with gradually longer storage times. It can be seen that the decoherence
of the dark state is limiting the storage process, finally the read out pulse is washed
away.

For short pulses (with wide spectrum) some frequency components are outside the
transmission-window. This implies that part of the pulse will propagate at high
velocity, as can be seen in Fig. 8.3, where there is a small peak in the temporal
intensity proﬁle.

8.2

Stopping the light

Choosing parameters so that the transmission-window is wide enough, yet narrow
enough to produce a high group index needs some care. It is essential that the
fractional delay is at least on the order of one. When this is accomplished, light
pulse storage can be realized. Here we use 6 µs probe pulses with 10 µW peak
power, and a control ﬁeld intensity of 2.3 mW, and beam diameter of 4.4 mm at
a cell temperature of 78 ◦ C. The experimental procedure is as follows: a Gaussian
pulse and control ﬁeld sequence is deﬁned in LabView, and fed (as a voltage signal)
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to the AOM, through the VCO. When the probe pulse is inside the medium, the
control ﬁeld intensity is abruptly ramped down, forcing the probe ﬁeld to be stored
as a coherence.
The retrieval of the probe pulse is the same process but in reverse. It should
be noted that the probe pulse is actually generated in a light-matter coherence
process dictated by the control ﬁeld intensity. For example, if the read-out control
ﬁeld intensity is larger than the control ﬁeld intensity used the storage process, the
probe ﬁeld intensity will be ampliﬁed in the regeneration process, see Ref. [37].
In Fig. 8.4 a sequence of stored probe pulses are shown. One can see that a
heavily attenuated fraction of the probe pulse escapes the slow light medium before
the group velocity is reduced to zero, due to a slightly “too large” bandwidth of the
pulse to neatly ﬁt into the transmission window.
Due to decoherence processes, the released probe pulse intensity is reduced with
time. As can be seen in the ﬁgure, the maximal storage time that can be achieved
is a matter of acceptable signal to noise ration. For a 10 dB extinction of the probe
pulse we get a storage time of ∼100 µs. The decoherence rate is on the order of
104 s−1 .

8.3

Manipulating the light-matter coherence

When a light pulse has been stored in the medium it is possible to manipulate it
by applying an external magnetic ﬁeld. In doing so, the Zeeman levels are shifted,
thus the two-photon resonance is shifted. If the stored pulse is read out with a, the
new two-photon resonance forces the regenerated probe ﬁeld to a new frequency.
Thus a stored light pulse can be shifted in frequency.
Furthermore, if the external magnetic ﬁeld is changed during the read-out process, the regenerated ﬁeld will dynamically follow the two-photon resonance, and
accordingly, the probe pulse will be dramatically chirped. In Fig. 8.5, we show
measured data for a set of diﬀerent chirp sequences. Here, two things are worth to
note: i) the output probe pulse can be shifted in overall frequency, ii) the probe
pulse is chirped during release as seen in ﬁgure panel Chirp=−5. This suggest that
the picture of the dark state polariton is convenient. The chirping process acts on
the polariton, regardless if it is in a matter state or light ﬁeld state.
This experiment shows that it is possible to spectrally control a light pulse at a
high level of precision. This spectral control could also be combined with shifting
the control ﬁeld intensity, and thereby stretch or compress a pulse, see Manuscript
F for a ﬁgure.
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Figure 8.5. Chirping during pulse read out. A pulse is stored and at a moment
later released. The figure panel Chirp=0 shows a “clean read out” without changing
the magnetic field. In all other figure panels we apply a increasing magnetic field
slightly before releasing the pulse. This can be seen in, e.g., panel Chirp= −5 where
the Zeeman splitting has been changed during storage and during release.
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Chapter 9

Discussion and outlook
We will now conclude this thesis with a short summary and an outlook into the
future.
We have experimentally explored electromagnetically induced transparency (EIT)
and slow light, and we ﬁnd convincing agreement between contemporary theoretical
models and other experimental results. We obtain light pulse storage for more than
100 µs, and furthermore, we show that spectral engineering of the stored matter coherence is feasible. Moreover, the light-matter coherence can be manipulated during
the read-out process, indicating that the ‘dark state polariton’ is an experimentally
useful concept. This is important, as it shows that the dispersive properties of light
can be manipulated at great precision when it is in “matter form”, or in a superposition between matter and light. Dispersion engineering of light-matter coherence
could potentially be of signiﬁcant value for future applications.
Along the way, we discover some new phenomena, e.g., overtone generation in
the beating signal of a continuous bichromatic light. The overtone generation shows
a decrease in eﬃciency on two photon resonance, more narrow than the coherent
population trapping (CPT) transparency. This could possibly enhance the precision
in, for example, miniaturized atomic clocks based on CPT.
The obvious application, the optical delay-line, is investigated. We analyze the
capacity of an EIT medium using the delay bandwidth product (DBP) as a ﬁgure
of merit. It is shown that decoherence eﬀects limits the practical usefulness, but in
principle there is no fundamental limitation, making a hypothetical decoherencefree medium an interesting option. However, it is evident that the EIT eﬀect
is most dramatic when the bandwidth is narrow, implying that it is perhaps in
narrow-bandwidth applications the EIT phenomenon is useful.
We show that the narrow-bandwidth resonance of a photonic crystal cavity
embedded in an EIT medium can be signiﬁcantly enhanced. Very small cavities
(2.5λ × 2.5λ) can have a quality (Q) factor increased by a factor 500. Furthermore,
the cavity resonance of the photonic crystal can be pulled in frequency, implying
that fabrication tolerances of the photonic crystal may be relaxed.
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Chapter 9. Discussion and outlook

Decoherence of the dark state is really a harsh limitation for slow and stored light
applications. Certainly, it would be much easier to perform enabling light-matter
coherence experiments and concomitantly applying these to real world situations if
decoherence could be suppressed. Of course, this is not an easy thing to do, as the
decoherence fundamentally is a result of a the interaction between the quantum
systems and the environment1 . Therefore the question could be turned around,
and we may ask: how can decoherence eﬀects be used as a resource?
In some sense, the relative robustness of the dark state and therefore EIT, is
an eﬀect of decay from the excited energy-state of the Λ-system. One could say
that decay is a resource in forming the dark state. But the lifetime of the dark
state is still a limiting factor. Could decoherence of the dark state be suppressed
by operating in an environment using a clever basis set, or is there a way to harness
the interaction with the environment so that the dark state can be long-lived?
Certainly, it has been shown that coherent excitations can be long-lived and that
there are methods to increase the coherence time. In Ref. [35] light was stored for
several seconds using a neat method called ‘bang bang decoherence control’.
We theoretically investigate how open system interactions aﬀects the dark state
of a Λ-system, using a set of diﬀerent open system channels. The term ‘open system’ is synonymous to decoherence, to emphasize the physical mechanism behind
the eﬀect, rather than the eﬀect itself. We ﬁnd an interesting open system channel that can give ampliﬁcation and slow light. This is contrary to contemporary
experimental results of slow light in coherent media, where “open system eﬀects
are always present”, and “always lead to absorption of a propagating pulse”. It
would be interesting to analyze this channel in a real physical system, e.g., for a
molecule where fast relaxation of vibrational levels could mediate as the desired
channel. More speciﬁcally it would be interesting to compare the model with the
recent single-molecule optical transistor experiment [125].
During the work with the thesis droves of questions, ideas, problems, and future
prospects have popped up. On the theoretical side, a question that seeks an answer
is: what is needed to create a system of densely packed EIT peaks? Can it be
realized? Another interesting idea is to bring the idea of EIT and dark states into
other areas of research, such as plasmonic EIT in metallic nano particle-quantum
dot hybrid systems [126]. Could coherent eﬀects enhance the propagation eﬃciency
in plasmonic wave guides? On the more fundamental level, the interaction of a
classical light ﬁeld with a quantum system is governed by the Lindblad equation
and normally the rotating wave approximation (RWA) is applied2 . However, in
general the RWA can not be applied, as discussed in Sec. 3.8. Thus, it would
be interesting to combine multimode Floquet theory with the coherence vector
description of the Lindblad equation.
1 Surely, this is a holy grail in the context of quantum information; could decoherence be
controlled, a practical quantum computer would soon be realized.
2 If the fields are circularly polarized, then the RWA is not an approximation, but rather a
convenient way to rewrite a circularly polarized light field — if it was initially written as a real
field with real polarization vectors. Thus, the RWA is in many examples not an approximation! [10]
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Experimentally, it would be interesting to generalize the setup described in
Sec. 7, and apply general phase gradients on the stored light-matter coherence.
How much beam deﬂection can be obtained? What is the chirping limit on the
dark state polariton? Another experimental prospect is the combination of EIT
and a small photonic crystal cavity. Today, EIT has successfully been combined
with hollow-core photonic crystal ﬁbers [89], so the ﬁrst step in this direction has
been taken. Is it possible to realize a photonic crystal cavity embedded in EIT
medium, as in Sec., 5.5?
We have said nothing, or little about EIT in relation to the ﬁeld of quantum
information processing. Of course, there are many interesting thing to study at
single photon levels, e.g., robust quantum memories, and certainly, the body of
work in this areas of research is enormous. Indeed, it would be interesting to study
this quantum regime both theoretically and experimentally. For example, how does
the quantum noise of the probe and control ﬁeld correlate via the coherent system?
Can single photon pulses be spectrally engineered in the same way as classical light
pulses? How is a stored single photon aﬀected by the ampliﬁcation open system
channel discussed above?
On a more general level it would be interesting to investigate if light-matter
coherence could contribute to and be utilized in, for example, solar cells to enhance
the conversion eﬃciency between photons and electrons.
In conclusion, we have some work to do.
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Chapter 10

Contributions to the original
work by the author
Paper A
The respondent participated in discussions regarding the deﬁnition of the limiting
factor due to the group velocity dispersion characteristics of the medium as well as
analytical calculations and the analysis of the results. P. Jänes wrote the paper.
Paper B
The respondent developed the model together with M. Andersson and also performed the analytical calculations. P. Jänes performed the simulations. Together
with the co-authors the results were analyzed and discussed. The respondent wrote
the paper.
Paper C
The respondent designed and performed the experiment together with the coauthor. The respondent developed a theoretical model together with M. Andersson
and performed the analytical calculations. The results were analyzed and discussed
together with the co-author. The respondent wrote the paper.
Paper D
The respondent compared the characteristics of the intracavity-EIT model to the
results of the full-scaled computation of a photonic crystal cavity embedded in an
EIT medium. C. W. Neﬀ performed the computations. The results were analyzed
and discussed together with the co-authors. The respondent wrote the paper.
Paper E
The respondent developed the model, performed the analytical calculations and
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also wrote the main part of the paper. The results were analyzed and discussed
jointly.
Manuscript F:
The respondent designed and performed the experiment together with the coauthor. The results are analyzed and discussed together with the co-author.
Work in progress.
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