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PREFACE
The aim of the book is to present in a systematic manner the exact results the authors
obtained over the years for the description of the optical properties of thin films and
rough surfaces. This work found its origin 30 years ago in a discussion of one of us
(J.V.), during a sabbatical, with the late Professor Dr. G.D. Scott of the University of
Toronto, Canada, about the Maxwell Garnett theory. Many questions arose which
resulted in a paper by Vlieger on the reflection and transmission of light by a twodimensional square lattice of polarizable dipoles (Physica 64, page 63, 1973). When the
other author (D.B.) read this paper he was surprised by the efforts to describe the results
in terms of a layer of a finite thickness, using Maxwell Garnett, while the original model
had a polarizability, which was so clearly restricted to the plane of the surface. A choice
of the optical thickness in terms of the distance between the dipoles seemed to be
constructed. It appeared much more reasonable to replace a thin layer, compared to the
wavelength of the incident light, by an infinitesimally thin layer, than the other way
around. Of course the formulation of a new theory in terms of an infinitesimally thin
polarizable dipole layer, which was compatible with Maxwell’s equations, is easier said
than done. It turned out to be necessary to introduce singularities in the electric and
magnetic field at the surface in addition to the occurrence of such singularities in the
sources of these fields (Physica A 67, page 55, 1973). A general description was
developed, using constitutive coefficients, to describe the electromagnetic response of the
surface. Having thus convinced ourselves that this approach was feasible, we started to
apply these ideas to thin island films and rough surfaces.
In the treatment of surfaces a confising element is “where to choose the precise location
of the surface”. For instance, for an island film one has two possible choices, one through
the average centre of the islands and the other on the surface of the usually flat substrate.
The constitutive coefficients depend on this choice. As the choice of this dividing surface
is only a matter of convenience in the mathematical description, it is clear that the
relevant observable properties, like for instance the ellipsometric angles, are independent
of this choice. To make this independence clear so-called “invariants” were introduced.
These invariants are appropriately chosen combinations of the constitutive coefficients
independent of the location of the dividing surface. The introduction of such invariants
was first done by Lekner, for the special case of thin stratified layers, and described in
1987 in his monograph on the “Theory of Reflection”. One of the chapters in this book
considers the case of thin stratified layers in detail and compares with Lekner’s work.
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When one moves a dipole from one choice of the dividing surface to another the dipole
moment remains the same. The displacement leads to a contribution to the quadrupole
moment, however. In order to properly describe the equivalence of different choices of
the dividing surface it is therefore necessary to describe the surface to quadrupolar order.
The relative importance of these quadrupolar terms is very dependent on the nature of the
surface. For highly absorbing metal island films they are not important. If the island
material is dielectric or when the surface is rough, the quadrupolar terms are found to be
very important. In the comparison with Lekner's results for thin stratified layers, these
quadrupolar terms are found to be essential.
For island films, thin compared to the wavelength of the incident light, two aspects are
found to be of importance. The first is the interaction of the islands with their image in
the substrate. The second is the interaction with the other islands, and with their images.
For the first problem the shape of the island is very important. Over the years we were
able to construct explicit solutions for spheres, truncated spheres, spheroids and truncated
spheroids. For different shapes, the same amount of island material is found to lead to
v e y different optical properties. This was also the reason to construct these explicit
solutions, as they give insight into which precise aspect of the shape might be responsible
for certain observed behavior. For the interaction along the surface one would expect the
correlations in the distribution to be important. This, however, turned out not to be the
case, Only for coverages larger than 50% this starts to be an issue. A square and a
triangular array lead to essentially the same properties as a random distribution for
coverages below 50%. Nevertheless the interaction with the other islands, though not
dependent on the details of the distribution, changes the polarizability of the islands
considerably.
For rough surfaces the correlations along the surface play a more essential role. The
quadrupolar contributions are crucial in this case. It was in fact in the study of the
contribution of capillary waves on fluid surfaces to the ellipsometric coefficient, that we
discovered the relevance of these quadrupolar contributions.
Over the years we had many stimulating contacts. Over a period of more than 25 years
Professor Dr. 0. Hunderi from the Norwegian University of Science and Technology,
Trondheim, Norway, has been a source of inspiration. His knowledge of the properties of
island films has been a great help. We are also indebted to Professors Dr. C.G.
Grandqvist and Dr. G.A. Niklasson from the University of Uppsala, Sweden, for many
discussions about island films. For the foundation of the use of singular fields, charge and
current densities we are grateful to Professor Dr. A.M. Albano from Bryn Mawr College,
Penn., USA. We had a very rewarding collaboration with Dr. R. Greef from the
University of Southampton, UK, on the optical properties of films sparsely seeded with
spherical islands with a size comparable to the wavelength. Though this subject is not
covered in this book, it added much to our understanding of the subject.
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In the past decade we had an active collaboration with the group of Professor Dr. P.
Schaaf and Dr. E.K. Mann from the Institute Charles Sadron, Strasbourg, France, and
with Dr. G.J.M. Koper of our own institution. Our insight in the use and the practical
relevance of invariants gained immensely due to this work.
Over the years we had many graduate students who contributed to the contents of this
book. In chronological order we have: Dr. B.J.A. Zielinska, Dr. M.M. Wind, Dr. P.A.
Bobbert, Dr. E.M. Blokhuis, Dr. M. Haarmans, Dr. E.A. van der Zeeuw and R. van
Duijvenbode. In particular the theoretical work of Wind and Bobbert led to significant
progress for the foundation of the whole methodology.
Recently I. Simonsen from the Norwegian University of Science and Technology,
Trondheim, Norway, (Ingve.Simonsen@phys,ntnu.no), wrote software to perform the
calculations outlined in chapters 4-10. These programs have been put into operation
together with R. Lazzari from the CEA Grenoble, France (Lazzari@drfmc.ceng.cea.fr)
and it is now possible to make practical use of the analytical results in these chapters, see
http://~.phys.ntnu.no/-ingves/Software/GranularFilm/.We are very gratefid to both
of them for this and for many clarifying discussions. About 60 YOof the figures in this
book were made by Lazzari who thereby contributed greatly to the usefulness and the
clarity of the sections on island films with applications. The software is available for use.
For this purpose one should consult the above mentioned web site and in case of
difficulties contact either Simonsen or Lazzari. For the other figures we are gratehl to J.
van der Ploeg from our group and to L. Nummedal from the Norwegian University of
Science and Technology, Trondheim, Norway. Nummedal was also, on many occasions,
a great help solving the various software problems.
Leiden, February, 2001
Dick Bedeaux
Jan Vlieger
Address for correspondence:
Dick Bedeaux, Leiden Institute of Chemistry, Leiden University
P.O. Box 9502,2300 RA Leiden, The Netherlands
email: bedeauxechem. leidenuniv. nl
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Chapter 1
INTRODUCTION
It is the aim of this book to describe the optical properties of surfaces with a thickness
small compared to the wavelength of t,he incident light. The emphuis will be on two
kind of surfaces. T h e first kind consists of a film of discrete islands, small compared
to the wavelength, tittached to a flat substrate. An important example of such films
are metallic films. The second kind is the rough surface. In that case the surface
resembles a landscape with hills and valleys. The height is again small compared to
the wavelength of the light.
Historically the first description of metallic films ww given by Maxwell Gnrnelt
in 1904[1]. He developed a theory for metallic glasses, assuming the metal to be
distributed in the form of small spherical islands. The polarizability of such an island
may be shown to be equal to

where cn is the dielcctric constant. of the glass, c the complex frequency dependent
dielectric ”coristant” of the metal, and R the radius of the sphere. IJsing the LorsntzLorenz formula one then finds for the effective complex frequency dependent dielectric
constant of the metallic glass the following formula
(1.2)
where q5 is the volume fraction of the spheres. This formula is succeSSful, in that it
explains for instance the striking colors of the metallic glass and their dependence on
the volume fraction. In the same paper hlaxwell Garnett also applied his theory to
metallic films. In that a s e the islands are on the surface of the glass and surrounded
by the ambient with a dielectric constant 6,. The volume fraction is a parameter
which is not systematically defined. In practice one fits it to the experimental data,
like for instance to the minimum in the transmission, and interprets it RS the weight
thickness divided by the so-called optical thickness. The experiment in this way
measures the optical thickness of the film.
Even though the Maxwell Garnett theory is very iiseful to describe the qualitative behavior of thin metallic films, the quantitative agreement is not very satisfactory. One has hied to improve this along various lines. Onc obscrvatiori is
thal Lorentz-Tmrenz is not adcqiiatc. An altcrnative popular choice for the effectivc
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dielectric constant is given, for instance, by the symmetric Bruggeman formula[Z], [3]

One may show that this expression reduces to Maxwell Garnett for small volume
fractions. For a history and a description of alternative effective medium theories one
is referred to Landauer [4].It is not our aim to discuss the various methods to make
effective medium theories work. For this we refer to various reviews, [5], [6],[7], [8]
and [9].
There are two major reasons, why effective medium theories are only qualitatively correct for surfaces. The first reason is, that the direct electromagnetic
interaction between the islands along the surface is taken into account using some local field argument. The choice of this local field is appropriate for a three dimensional
distribution of islands, as for instance in a metallic glass, but not for a two dimensional array. The second reason is, that all these theories neglect the electromagnetic
interaction with the substrate. The electric field due to the images of the spheres is
not taken into account. These images cause the polarizability of the spheres to be
different in the directions along and normal to the surface. The surface breaks the
symmetry. A dipolar model for this effect was first given by Yamaguchi, Yoshida and
Kinbara [lo].
In this book a theory for thin island films and rough surfaces is given, which
describes both the direct electromagnetic interaction along the surface and the interaction with the substrate. The electromagnetic properties of the surface are described
in terms of four susceptibilities, y,@, T and 6. The first coefficient y gives the integrated surface polarization parallel to the surface in terms of the electric field along
the surface. The second coefficient ,b’ gives the integrated surface polarization normal
to the surface in terms of the electric displacement field normal to the surface. The
third and the fourth coefficients T and 6 are of quadrupolar order. They are not
very important for the description of metallic films, where y and ,d dominate the
behavior. For rough surfaces, but also for films of latex spheres on a glass substrate,
these quadrupolar terms are found to be needed, however. The book discusses the
general case for which also the integrated surface magnetization is taken along. For
the details of this aspect, which requires the introduction of magnetic analogs of the
above susceptibilities, we refer to the main text. The work described was done over
many years in our group in Leiden and will be referred to when used in the text.
For thin island films the analysis in this book is based on the calculation
of the polarizabilities of the islands. The surface is assumed to be isotropic for
translation along the surface and rotation around a normal. All islands are therefore
(statistically) equivalent, Effects due to electromagnetic interaction between islands
are calculated assuming the islands to be identical. Both regular arrays and random
arrays of islands are considered. The analysis to dipolar order gives the (average)
polariaabilities parallel, all, and normal, n l , to the surface per island. The resulting
dipolar susceptibilities are
y=pq

and , B = p a l l ~ E

(1.4)
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where p is the number of islands per unit of surface area. The (average) quadrupole
polarizabilities parallel, aio,and normal, a?, to the surface per island give the dipole
moment of the island in the direction parallel to the surface in terms of the parallel
derivative of the electric field along the surface, and the dipole moment of the island
in the direction normal to the surface in terms of the normal derivative of the electric
field normal to the surface, respectively. The resulting susceptibilities are
T

= -pioand

6 = -p[@

+ai0]/~,

(1.5)

See chapter 5 for a discussion of the definition of the polarizabilities and their relation
to the susceptibilities in the small p case. Chapters 5-10 give the explicit calculation
of dipole and quadrupole polarizabilities for spheres, spheroids, truncated spheres
and truncated spheroids on a substrate, both for small and finite p.
One may substitute the polarizabilities of the sphere surrounded by the ambient into eq.(1.4). This gives

where the weight thickness was identified with t, = 47rR3p/3. In the calculation of the
integrated excess quadrupole moments one must specify the location of the surface,
on which one locates this dipole moment. The natural choice for this dividing surface
is the surface of the substrate. Shifting the dipoles kom the center of the spheres to
the surface of the substrate leads to quadrupole polarizabilities given by
aio =

=

-Ra

(1.7)

Substituting this equation, together with eq.(l.l) for the polarizability, into eq.(1.5)
then gives, with eq.(1.6),

It should be noted that the quadrupole moment, due to a constant field, can be
identified with the dipole moment, due to a gradient field, on the basis of symmetry considerations, cf. chapter 5 . All interactions between the spheres have been
neglected. The above expressions are therefore only correct in the low coverage, i.e.
low weight thickness regime. Also they assume, that the interaction with the image
charges in the substrate is unimportant. This is only correct if the difference between
the dielectric constants of the ambient and the substrate is negligible.
In order to compare with the Maxwell Garnett or the Bruggeman theory, one
must calculate the susceptibilities for a thin layer with a dielectric constant c e f f and
a thickness t,t. In chapter 11 the expressions for the susceptibilities of a stratified
medium are derived. Applying these expressions to a thin layer one finds
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Substituting the Maxwell Garnett equation, (1.2) with
and /3

y

= t,(c-

ta)

[ +-(
1

3fa

1-t

)

4

= t,/t,t,

(c - E,)

one finds for y

I-'

For a small weight thickness these expressions reduce to eq(1.6) as expected. For
larger weight thicknesses the usual depolarization factor of 1/3 for a sphere is replaced
by f (1 - t,/t,pt) along the surfacc and by (1 2t,/t,t) normal to the surface. The
sum of the depolarization factors over three directions remains one. This modification
is due to the electromagnetic interaction between the spheres along the surface. In
the Maxwell Garnett (Lorentz-Lorenz) theory this is accounted for by distinguishing
between the incident field and the local field in which the dipole is placed. As he uses
a local field appropriate for a three-dimensional distribution of spheres the result is
inadequate. The formulae for T and 6 analogous to those given in eq.(l.lO) for y and
,O may similarly be given.
The way to improve these effective medium theories is to calculate the polarizability of the islands with the full electromagnetic interaction with other islands and
their images. This is the subject of chapters 5 through 10 in this book.
If one describes a surface as a 2-dimensional transition layer between the ambient and the substrate, as is done in this book, onc needs to position this surface
at some convenient location. For the island films there are 2 natural choices. The
first is the surface of the substrate. The second is a plane through the (average)
center of the islands. The first choice, used above, makes it necessary to shift the
dipole in the center of the islands to the surface of the substrate and as a consequence
one needs to introduce multipoles, to the order of approximation in size over wavelength one wants to describe. The second choice makes it necessary to extend the
substrate material to the center of the islands. Both choices lead to different surface
susceptibilities. In view of the fact that the experimental results are independent of
the choice of this dividing surface, they can only depend on combinations of these
susceptibilities, which do not depond on this choice. Such combinations are called
invariants. This book contains an extensive discussion of these invariants. All measurable quantities, discussed in particular in chapter 4 in this book, are furthermore
given in terms of these invariants. For the special case of stratified surface layers,
such invariants were introduced by Lekner [ll].This case, and an extension thereof
to magnetic stratification, is discussed in chapter 11.
The second chapter is meant as a introduction to the use of excess electromagnetic fields, clectric current densities and charge densities. This is done using
a number of simple examples. The aim of this chapter is to prepare the reader for
the third chapter, where the validity of the Maxwell equations is extended to electromagnetic fields, electric current densities and charge densities, which are generalized
functions. For the last three chapters on the wave equation and its general solution, general linear response theory and surface roughness, this extension is crucial.
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Much of the results in these chapters could not easily be obtained without thc use
of generalized functions. The general solution of the wave equation, including the

surface, is uscd in the chapter about linear response theory to verify that the constitutive relations, givcn in chapter 3, are the only cmrect choice in view of the source
observer symmetry [12]. The gcneral solution is used in the last chapter on surface
roughness to obtain contributions, duc to correlations along thc surface, to the surface
susceptibilities.
The book uses the somewhat old fashioned c.g.s. system of units rather than
the now generally accepted SI units. The reason for this is that in the c.g.s. unit
system, for instance, the electric fields, the displacement fields and the polarization
densities all have the same dimension, while they do not havc this in SI units. In the
algcbra using the fields one must work with similarly dimensioned fields. While this is
natural in c.g.s. units it is not in SI units. Of course one may use SI units and correct
this by adding the appropriate power of the dielectric and magnetic permittivities
of vacuum everywhere. We choose not to do this. In the experimentally relevant
formulae we have always used forms such that the unit system does not mnttcr.
Nevcrtheless one should be careful rcgarding this point whcn applying the nceded
formulac.

Chapter 2
EXCESS CURRENTS, CHARGE DENSITIES AND
FIELDS
2.1

Introduction

It is the aim of this chapter to explain how the concept of an excess of the electric
current, thc charge density, the electric arid magnetic fields as well as excesses of the
electric displacement field and the magnctic induction may tie used to describe the
electro-magnetic properties of a boundary layer, or as Gibbs [13] calls it a surface of
discontinuity, bet.ween two homogeneous phases. Generally speaking there are two
aspects of such a boundary layer which must be considered in this context. Onc is the
so-called surface roughness of the interface and the other is the presencc of a differcnt
material in the boundary layer. The general reason to introduce exccss quantities
is that for many considerations the detailed structure of the surface is not really
needed. If one considers for instance a surface which conducts an electric current,
clue to a thin laycr of metal, it is for many purposes sufficient to know the total ciirrcnt
along the surface rather than its precise distribution on length scales comparable to
the thickness of the interfacial layer. An extremely important difference between
an interface and the bulk of the adjacent phases is the inherent asymmetry of the
interface in its rcsponse to fields normal to the surfwe or parallel to the interface.
This is eminently clear for a thin metal film betwcen two dielectric media. If one
applies an electric field along the film this results in a current while an electric ficld
normal to the film does not lead to a current. In the following section this example of
a plane parallel conducting film will be discussed in some detail in order to clarify the
introduction of the various excess quantities. In the third section the same discussion
is given for a plane parallel dielectric film with the purpose to show how an excess
dielectric displacement field can be introduced for that example.
The examples in the second and the third section are of course extremely wellknown simple cases which do not really need the introduction of excess quantities.
They are in fact the simplest examples of a stratified layer, and one may solve the
Maxwell equations for this case explicitly for an arbitrary incident field [14], [ll].
The real purpose of this book is to consider an interfacial region which may not only
be rough but may in addition also contain islands of different materials. l’hc: only
real restriction 0x1 the complexity of the interfacial structure is that the thickness of
the layer is sufficiently small compared to the wavelength of the incident light. In
the fourth section of this chapter the general definition of excess quantities will be
discussed in detail. It will then also become clear how the boundary conditions for
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the cxtrapolated bulk fields are affected by these excess quantities. In particular it is
found, which excess quantities are important in these boundary conditions. Ezvcess
quantities, which do not affect the boundary conditions, have as a consequence no
relevance for the reflection and transmission of light by the interface. To further
clarify this matter the role of higher order moments of the excess currents, charge
densities and fields is shortly discussed in section 2.5. In the last section a definition
is given of the interfacial polarization and magnetization densities.
2.2

Excess electric current, charge density and electric fleld in a conducting layer

Consider two homogeneous non-conducting media separated by a stratified boundary
layer of conducting material. For a general discussion of the procedure explained in
this section, the reader is referred to Albano et a1 (151, [IS]. The analysis in this
section is meant to clarify the concepts and not to be complete. T h e conductivity
a in such a stratified layer varies only in the direction orthogonal to the layer. The
z-axis is chosen orthogonal to this layer so that BS a consequence a depends only on z.
It is now possible to apply a constant electric field directed parallel to the conducting
laycr

E(r) = (Ern,
Eg,0)

(2.1)

where r = (x,y,z) indicates the position. The resulting electric current density in
the layer is then given by

A quantity of practical interest is the total curront per unit of length along the surface
which is defined by
I"=

1,
m

I(z)dz

Upon substitution of eq.(2.2) into this definition one obtains the following expression
for this total current in tmms of the applied electric field

Here '
a is defined by

1,
00

a" E

a(z)dz

and figures as the total conductivity of the boundary layer. The formula for this
total conductivity shows in other words that the 'conductances of the sub-layers'
are put in parallel so that they add up. If one measures the total current along
the surface one finds direct experimental information about this total conductivity.
In the description of this phenomenon one needs only two properties. One of these
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properties is the boundary condition for the electric field along the layer, which states
that this field is continuous across the layer. The other property one needs is the total
conductivity 0'. Details of u ( z ) do not manifest themselves in this context.
One may also consider a system in which the two homogeneous media outside
the coriducting boundary layer are also conducting, with conductivities ut and C.
The conductivity ~ ( zthen
) approaches these values outside the layer rather than
going to zero. Usually (but not necessarily) cr+ and cr- are much smaller than the
value of cr(z) in the layer so that the main contribution to the currcnt is still in this
layer. In this case one would like to know how much extra current flows along the
layer compared to what one would expect on the basis of the conductivities away from
it. For this purpose it is convenient to introduce a so-called excess electric current
density by

where I- and I+ are the constant current densities in the homogeneous media. Furthermore B(s) is the so-called Heaviside function (O(s) E 0 for s < 0 and B(s) = l for
s > 0). The excess current density now becomes equal to zero outside the layer and
the total excess current density may be defined as
15

= S_,

m

~,,(z)dz

One may ,for this case define the total excess conductivity of the layer as

and one again has

Is = (I,B,Ii,O)= ( u ~ E ~ , ~=~u"(E,,E,,O)
E~,O)

(2.9)

There is one matter which has led to considerable discussion in the introduction
of such excess quantities for the description of the behavior of boundary layers [13],
this in particular in the context of thermodynamics: How should one choose the
precise location of the z = 0 dividing surface in the boundary layer? It is clear that

there is some freedom in this choice and the above definitions show that the total
excess current as well as the total excess conductivity depend upon it. Of course the
physics of the system must depend on combinations of these coefficients which are
invariant for the choice of the dividing surface. The construction of such invariant
combinations will be discussed in great detail in chapter 3.
One may also analyze the system described above under the influence of a
timeindependent electric field orthogonal to the layer. In this case one has an electric current in the z-direction, which will be constant as a consequence of charge
conservation:

I(r) = I(z) = (o,o, I=)

(2.10)
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It follows that, if the elcctric field is normal to thc interface, there is no excess current.
It follows using Ohm's law, I , = g ( z ) E z ( z ) ,thal the electric field is given by
1

E(r) = ( O , O , Ez(z)) = (O,O, -12)

44

(2.11)

Taking the dielectric constant equal to unity in this example, the divergence of this
field gives tho charge density and one thori has
d
d 1
p(r) = p(z) = divE(r) = - E z ( z ) = [--]Iz
dz
dz u(z)

(2.12)

Note that the charge density drops to zero outside the interfacial region. The total
(exceqs) charge density can thereforc be defined iis:

(2.13)
It is worth noting that this quantity is independent of ~ ( 2 ) .Thus the details of the
stratification do not affect the excess charge.
One may also define an excess electric field for this case by

where E- and E+ are the electric fields in the homogeneous media. The total cxcess
of the electric field may now be defined as

E9=

LW
00

E,,(z)dz

= ( O , O , Ez)

(2.15)

Substituting cq(2.14) it follows that

E " = (O,O,E:,")= (O,O,RsI,)= R"I

(2.16)

where t,he total excess resistivity is defined by
(2.17)
The formula for this total resistivity shows that the 'resistances of tho sub-layers' are
put in scrics, so that they add up. This is thus vcry different from the case described
ahovo for an elcctric field parallcl to the layer where the conductivities of the sublayers were put in parallel. If lha electric ficld is parallel to the layer one finds an
imporlant contribution from the layer if its conductivity is large compared to the
surrounding medium. For a field which is orthogonal to the layer, however, one finds
an important contribulion if the conductivity of the layer is much smaller than the
mnductivity of the surrounding medium. It is this very characteristic difference in
the rcsporise of the layer to fields orthogonal and parallel to the layer which is the
origin of many of the interesting clectromagnetic properties of the laycr.
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If one measures the potential difference from one side of the layer to the other
one has
@(d)- @(-d) =

J'

d

-d

E,(z)dz = E," + d(E:

1
+ E i ) = [Rs+d(- u+1 + -)]Iz
u-

(2.18)

This expression shows that both E," and R" may be determined by measuring the
potential difference as a function of d and extrapolation to d = 0. If the conductivity
of the layer is sufficiently small compared to the conductivities outside the layer one
may even neglect the dependence on d. It then follows that the potential difference
over the layer directly gives the total excess of the normal component of the electric
field and the rcsistivity of the layer
@(d)- @(-d) E E," = RBIz

(2.19)

In the description of current flow across the layer one therefore needs only two properties. One of these properties is the boundary condition for the electric current in
the direction orthogonal to the layer, which states that this current is continuous
across the laycr. The other property one needs is the total resistivity R". Details of
~ ( zdo
) not manifest themselves in this context.
The above analysis shows how total excess currents, charge densities and electric fields are defined and explains the possible usefulness of these quantities. It was
found that the electric current density may have an excess which is directed along the
interfacial layer whereas the electric field may have an excess in the direction orthogonal to the layer. One may wonder if the current density may in principle also have
an excess in the direction normal to the layer or similarly whether the electric field
may have an excess in the direction along the layer. An excess of the electric current
in the normal direction would he important in a description of the redistribution of
charge in the layer. This is a process which will be described, in the context of this
book, in terms of a time dependent contribution to the normal component of an excess polarization density. An excess of thc electric field along the layer would imply
that one has a total excess electric potential which upon differentiation along the
layer would give the excess electric field along this layer. This is clearly unphysical.
In the description of the electro-magnetic properties of surfaces using excess current
densities and fields given in this book certain components of these excess quantities
will be chosen to be zero. As will be clear from the above discussion the reason
for such a choice is not always the same. Sometimes such an excess contribution is
simply unphysical and sometimes it is more convenient to describe the corresponding physical effect in a different manner. A final more pragmatic reason to take an
mcess quantity zero is that this excess is only relevant in the description of higher
order moments in the normal direction of certain variables in the layer, cf. section 2.4
below. The description of such higher order moments of the electromagnetic fields is
not the aim of this book.

2.3

Excess electric and displacement fields in a dielectric layer

Consider two homogeneous non-conducting dielectric media separated by a stratified
boundary layer of non-conducting dielectric material [16]. The position dependent
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dielectric constant E(Z) varies only in the direction orthogonal to the layer and a y
proaclies the values c ' and c- outside the layer. A constant electric field is applied
parallel to the dielectric layer

E(r) = (Ez,
E,,O)

(2.20)

The resiilting clectric displacement field is then given by
D ( r ) = D(z) = (&, D V , 0 )= (~(Z)E~,E(Z)E~,O) (2.21)
Analogous to the procedure in the previous section it is convenient to define an excess
displacement field by
D~(.)

= D ( ~-) D-q-2)

- D ~ o ( Z ) = I+) - t-e(-z)

-c+e(z)l(~z,~v,~)
(2.22)

whcre D- and D+ are the constant electric displacement fields away from the layer
in the hornogcneous media. The cxcess displacement field now becomes equal to zero
outside the layer and the total excess displacerncnt field may be dcfined as

(2.23)
One may for this case define thc total exwss dielectric constant of the laycr as
m

Ye

= S_,l+)

- c-e(-z) - E + q z ) p z

(2.24)

and onc obtains [17]

One may also analyze the systcm dtacribed above under the influcnce of a timeindependent electric field orthogonal to the layer. In this case one has B displacement
field in the z-direction, which is constant as a consequence of the fact that the charge
density is zero

D(r) = D(z) = ( O , O , 0,)

(2.26)

It follows that, if the electric field is normal to the interface, thcre is no cxcess
displacement field. It furthermore follows using D, = c(z)Ez(z),that the electric
field is given by

(2.27)
Onc may now define an excess electric ficld for this case by
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The total excess of the electric field, cf. eq. (2.15), is therefore given by [17]
E" = (O,O, 13;) = (O,O,-p,Dz) = -p,D
where

0,

(2.29)

is defined by

(2.30)
This coefficient is minus the excess of the inverse dielectric constant.
The analogy with the conducting system in the previous section is clear. If the
electric field is parallel to the layer the dielectric constants of the sub-layers are so to
say put in parallel. If the electric field is normal to the layer, however, they are put in
series. Furthermore one finds that, if the dielectric constant of the layer is much larger
than the dielectric constants of the surrounding homogeneous media, the constitutive
coefiicient ye is much smaller than the coefficient p, and dominates the behavior of
the layer. If the dielectric constant of the layer is much smaller than the dielectric
constants of the surrounding homogeneous media, the constitutive coefficient 0, is
much larger than the coefficient ye and dominates the behavior of the layer. I t is
again this very characteristic difference in the response of the layer in the directions
orthogonal and parallel to the layer, which is the origin of many of the interesting
clectromagnetic propertics of the layer.
2.4

Excess currents, charge density and fields and the boundary
conditions

'The starting point of this analysis are the Maxwell equations which are given by

ia

r o t E ( r , t ) = ---B(r,t)
at
1 arot H(r, t ) = --D(r,
at
t)

,
1

t) ,
+ -I(r,
C

div D(r,t ) = p(r, t )
div B(r,t ) = 0

(2.31)

where B is the magnetic induction, H the magnetic field and c the velocity of light.
The system is now separated in two regions by the choice of a dividing surfacc. This
dividing surface must be chosen such that it is located in the transition layer between
the two bulk phases. In principle this dividing surface may move and have a time
dependent curvature. Though this general situation is very interesting, cf. [ 181, most
experiments are done for flat non-moving surfaces. This book is therefore restricted
to this case. It should be emphasized that much of the fundamental aspects of the
introduction of excess quantities have also been formulated for dividing surfaces,
which are both moving and curved [15], [16]. The restriction to flat non-moving
surfaces is merely a pragmatic restriction to the case of most practical interest. The
2 - y plane is chosen to coincide with the dividing surface.
Away from the interface the behavior of the solution of the Maxwell equations
is governed by the bulk constitutive coefficients. Using these bulk constitutive coefficients one may extrapolate the solution in the bulk phases back to the surface. The
difference between the real fields and the extrapolated fields is what will be called the
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posiLion d'c:p(:nclerit excess field. The extrapohtcd fiolds satisfy thc Mwtwell equations
given al)ovc up to and iucludirig the dividing surface but with constitutive relations
containing the position independent bulk constitutive coefficient,s. The position dependent excess elcctric ficld is dcfined by

E=(r,1 ) = E(r,t ) - E.' (r, t ) O ( z ) - E-(r) t ) B ( - z )

(2.32)

+

where the super indices
and -- indicate the extrapolated electric fields in i.he
z > 0 and the z < 0 region, respcctively. Furthermore B(z) is the Hcaviside function;
O(z) = 1 i f z > 0 and O ( z ) 0 if z < 0. In a similar way one rnay define the position
dependcrit exccss displacement, magnetic and the magnetic induction fields as well
as thc positiori dependent excess current and charge density. IJsing the Maxwell
equations for t,he real fields arid for the extrapolated fields one finds the following
equations for t.he excess fields

where i E ( O , O , 1) is the iiormal to the dividing surface, the siibindex 11 indicates
the projcction of the corresponding vector on the x - ?J planc, e.g. rll E (sly),
and
the subindex z indicates the iiormal componenl of the corresponding vector. The
contributions in the above equation proportional to the &function find thcre origin
in the derivative of the Heavisidc function with rtspect to z , bO(z)/Bz = S(z) and
aO(-z)/a; = -6(z), which appear if one calculates the rotation or the divergence
of the extrapolated ficlds RS defined in eq(2.32). One may easily convince oneself
that t h e krrris are rcliited to the boundary condition by considcring what shall be
called a bkesnel interface for which the dividing surhce is a sharp surface at which
the constitutive mefficients changc discontinuously from onc bulk value to the other
bulk value. In that case the roal fields and the extrapolated fields are identical all
the WHY up to the dividing surface. As a conseqiicnce the exctss field is zero. This
implies that the &function contrihtions must also be zero so that

These are the usual boundary conditions for a E\resncl surface.
In ordcx to see how the excess ficlds modify these boundary conditions it is
convenicrit to Fourier transform the excess fields with respect to thc z-coordiriatc.
For the excess electric field one has for instance
m

Ee,(rll,krrt)

1,dz

exp(-ik,z)E,,(r,t)

(2.35)
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and similarly for the other excess fiolds, current and charge density. One may then
Fouricr transform eq.(2.33) which gives

V.1 x E m ( q , k z , t )+ Wx Ea,,l(rl,,kz,t)

ia

+i x [E?(rll,z=O,t)- E ~ T ( r l l , ~ = O , t=) ]----Bez(rll,~zlt)
c at

Vll.B~z,ii(rll,kz,~)
+ i k z B m , z ( r l l , k , t ) + [ 4 + ( r l l ~=z o , t ) - K ( r 1 1 j z=o,t)I = O

(2.36)

where VII (a/ax,a/&J).These equations are valid for all values of k,. In order to
obtain formula: for the jumps in the extrapolated bulk fields in their simplest form
we now set kz cqual to zero

i x [E{(rll,z

= 0,t) - E i ( q , z = O,t)]

I d

- -VII x 13m(rll,kz= 0 , t ) - --Bm(rli,lCz = 0 , t )

at

bl:(r11,z

=O,t)

- 0,( q , z = 0 , t ) = - V ~ ~ . B w , ~ ~ (=
q 0, k, tZ)

(2.37)

The boundary conditions are now obtained by taking the parallel parts of the first
and the third equalion together wilh the second and the fourth equation. This gives

Ez+(rll,z= 0 , t ) - E ; ( q , z

=O,t) =

a
ax

la

- - & ~ , , ( q , k z = O , t ) - --Bm,~(rl~,kz= O , t )
C d t
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It follows from these boundary conditions that the jumps in the extrapolated fields
are given in tcrms of t,he total excess of D,JI ,
, Iez,l\and p,.
, B,JI ,
Notice in this cantext that the k, = 0 value of a field is given by the integral of the
z-dependent excess field and is therefore the total excess of this field. It is important
to realize that the jumps in the extrapolated fields are not affected by the total
excesses of D , , , , Eez,ll, B,,= , H,J , I,,, ; these total excesses therefore have no
effect on the reflection and transmission amplitudes and may as such be neglected
in the description of the optical properties of the interface. This fact will be used
in the last section of this chapter in the definition of the interfacial polarization and
magnetization densities.
In brder to make the notation more compact the total excesses, which do play
a role in the boundary conditions, will be written in the following form [16]

rm

roo

(2.39)
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Using these lowest order moments of the excess quantities the boundary conditions
become 1171

E:(rll,z = 0 , t ) - E;(rll,z

d

= 0 , t ) = -EE,8(rll,t) dX

ld
;-Bi(q,t)

B,+(rll,z= 0 , t ) -L?,-(rll,z=O,t) = -Vll.B~(rll,t)

(2.40)

where the super index s from surface indicates the total excess of the corresponding
quantity.
2.5

Higher order moments of the excess currents, charge density and
fields

In deriving the above boundary conditions from the Maxwell equations it was sufficient to use the parallel parts of the first and the third identity in eq.(2.37). The
normal parts give the following two equations

These two expressions, which follow directly from the Maxwell equations, relate lowest order moments of excess quantities which are unimportant for the jump in the
cxtrapolated fields. In order to see the role of these moments one can expand the
identities in eq(2.36) to linear order in k, and consider the linear term. The discussion will be restricted to the second relation as this is sufficient to illustrate this
point

&,,(q,k

= 0,t)=
rm
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This equation shows that Des,z(rlI,
IC, = 0, t ) is important if one wants to describe the
first order moment of the excess of the difference of the charge distribution with the
divergence of the displacement field. Similarly the lowest order moments of Eez,ll ,
, Hez,1land I,,z are important only if one wants to describe first order moments
of the excess quantities. The boundary conditions derived and given above show rigorously that the first order moment of the excess currents, charge density and fields
have no efSect on the jump of the edrapolated fields at the dividing surface [15],[16].
These first order moments are therefore not important for the subject of this book. In
the description of the optical properties of surfaces given in this book it is therefore
possible to set these first order, and similarly the higher order, moments of the excess
quantities equal to zero without decting the rigor of the description. As follows from
the above equation one must then also set the zeroth order moments of D,,z, E,,ll,
B,,z, Ha,[/ and
, which are given in terms of the first order moments, equal to
zero. It should be emphasized that, in view of the fact that the boundary conditions
are independent of U:, Ei;, B,”,Hi; and 1: , setting them equal to zero, as is done in
this book, is merely a. matter of mathematical convenience. It does not imply that
these quantities are in fact equal to zero.

2.6

Boundary conditions in terms of interfacial polarization and magnetization densities

Similar to t.he description in bulk phases it is convenient to introduce polarization
and magnetization densities for the interface. The choice of the definition of these
quantities is not quite straightforward in the sense that, unlike in the bulk, it is not
possible to just use as definition the dierence between the interfacial electric (or
magnetic) displacement fields and the interfacial electric (or magnetic) fields. As
discussed above half of these fields do not affect the boundary conditions and can
therefore not possibly be used in such a definition. The proper definition in fact is

(2.44)

It should again be emphasized that these are the proper expressions for the calculation of the interfacial polarization and magnetization densities in every particular
example like for instance island films or rough surfaces. It is not correct to replace
the integrands by the excess polarization and magnetization densities. As such a
replacement is intuitively appealing at can not be warned against suficiently!
The boundary conditions for the jumps in the fields, cf. eq.(2.40), may now
also be given in terms of the interfacial polarization and magnetization densities.
Using the definition of the polarization and magnetization density given in eq.(2.43)

Boundary conditions using surface polarization and magnetization
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onc: finds

for thc jumps.
A s w w said above, it is in the mathematical analysis often cohcnient to

introduce the following zero fields

E;(q,t)

=D

~ ( r ~ ~ , ~ ) ~ H ~ ( r ~ , , ~ S)O ~ ~ ~ ((2.46)
r , ~ , ~ ) ~ ~ ~ ( r ~ ~ , t )

On(: of the obvious advantages of the introduction of these fields is that it follows
togethcr with the definition of the interfacial polarization and magnetization densities,
eq.(2.43), that

P 8 ( q , t )= D'(r11,t) - Es(rll,t) and M'(r11,t) = B"(r11,t)- H"(rl1,t)

(2.47)

As said bcfore, thc validity of this relation is a matter of mathematical converiicnce
only. The introduction of the zero fields in eq.(2.46) does not represent either a
restrictive assumption in the description of the boundary conditions or some profound
truth! To further underline this fact it is good to rcalize that in general

As explained above, the left-hand side is cqual to zero by definition, wheretis the
right-hand side may be unequal to mro.

Chapter 3

MAXWELL'S EQUATIONS WITH SINGULAR FIELDS
3.1

Introduction

In the previous chapter it was shown how one may introduce the concept of excess
current and charge densities and excess fields as a way to describe properties of a
thin boundary layer without considering the detailed behavior of these quantities
as a function of position in the direction normal to this layer. In particular the
discontinuity of the extrapolated bulk field at the dividing surface could be expressed
in terms of these excesses. In this chapter it will be shown how these excess quantities
may be described &s singular contributions to the corresponding field [16]. The first to
introduce'singularities in the polarization and magnetization along the surface in order
to obtain discontinuities in the extrapolated fields, were Stahl and Wolters [19]. They
did not consider the effects of singularities in the normal direction, however. In section
3.2 explicit expressions for the current and charge densities and the electromagnetic
fields, containing such singular contributions, are given and in section 3.3 the validity
of the Maxwell equations is then discussed, for these singular fields. It is found in this
context that at the dividing surface the Maxwell equations reduce to the boundary
conditions, given in section 2.4, for the fields. It is precisely this fact, which makes
the extension of the validity of the Maxwell equations to the singular fields possible.
In section 3.4 charge conservation is treated. The boundary conditions for the fields
are used to obtain a charge conservation relation at the surface. In a general analysis
of time dependent electromagnetic phenomena it is convenient to absorb the induced
electric current in the displacement field. This simplification is discussed in section

3.5.
The constitutive relations are given in section 3.6 for a surface in the absence
of spatial dispersion [17]. In section 3.7 the constitutive relations are given for the
more general case that spatial dispersion is taken into account. The reason to do
this finds its origin in the choice of the location of the dividing surface. The excess
polarization and magnetization are placed as equivalent polarization and magnetization densities on the dividing surface. It will be clear that they are in fact coupled
to the field a t their original position rather then to the field value at the dividing
surface. This implies that the coefficients characterizing spatial dispersion will sensitively depend on the choice of the dividing surface. As the optical properties of the
interface do not depend on the choice of the dividing surface it must be possible to
construct invariant combinations of the constitutive coefficients. For the special case
of stratified surfaces such "invariants" were first introduced by Lekner 1111. In order
to get a proper understanding of the nature of these invariants in the general case
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the introduction of coefficients characterizing spatial dispersion is essential. In this
respect the description of a surface differs in a crucial way from the description in the
bulk. In the bulk one may place the dipole moments in the “center” of the molecules
involved. The possible quadrupole moment relative to this center, though interesting, has only a small influence on the response of the bulk material. For a surface
all dipole moments are placed on the dividing surface. The size of the quadrupole
moment relative to the position of the dividing surface is of the order of the thickness
of the layer which is much larger than the size of the molecules. This leads to the fact
that the quadrupole density on thc dividing surface has a much greater impact on
the optical properties of the surfacc than the analogy with the bulk would suggest.
Due to the lack of symmetry of the surface in the direction normal to the surface one
will generally find that a homogencous electric field will yield a quadrupole moment
density. In view of time reversal invariance, or as it is sometimes called source observer symmetry, [lZ],this also implies that a gradient field will yield a dipole moment
density at the surface. In the subsequent chapters this will be discussed, for instance
for island films, in great detail. In section 3.8 the dependence of the constitutive
coefficients on the choice of the dividing surface is discussed. Using these results the
invariants are constructed and discussed in section 3.9. The last two sections discuss
how the constitutive coefficients change if the dividing surface is shifted through a
homogeneous background and how to add two adjacent but distinct films to one single film. The formulae describing such a shift and the addition of adjacent films will
turn out to be extremely useful in subsequent applications.

3.2

Singularities in the flelds, currents and charge densities

Consider again a system, consisting of two different homogeneous media separated
by a thin boundary layer. It is assumed that a dividing surface may be chosen within
this boundary layer which is both flat and non-moving. In this context it should be
noted that this assumption does not imply that the boundary layer as a whole is time
independent. In principle the properties of the boundary layer may depend on the
time as long as the layer remains close to the time independent dividing surface. It
is possible to extend the formalism to interfaces for which a dividing surface must
be chosen, which is both curved and moving. This complicates matters considerably,
however, and is of less practical use. This more general case will therefore not be
considered in this book. As dividing surface the z - y plane is chosen. The explicit
form of the charge density and the electric current density as a function of the position
r and the time t including these singular contributions is [16]

I(r, t ) = I-(r, t)O(-z)

+ Is(rll,t)6(z)+ I+(r,t)O(z)

The superscript - indicates that the corresponding density refers to the medium in
the half-space z < 0, whereas the superscript in a similar way refers to the medium
in the half-space z > 0. Furthermore 6 ( z ) is the Dirac delta-function. Finally pS(rl(,t)

+

Maxwell's equations for singular fields and the boundary condftfons

23

and I"(r11,t)are the so-called (total) excess charge and electric current densities introduced in the previous section. It is important to realize that p" is a density per
unit of surface area, while I" is a current density per unit of length. In contrast to p8
and I", p* are charge densities per unit of volume and I* current densities per unit
of surface. These excess densities only depend on the position rll = (2,y) along the
dividing surface. As has been discussed extensively in the last two sections of the the
previous chapter the excess current density may be chosen to be directed along this
surface so that
I,s(rll>
t)= 0

(3.3)

without loss of generality regarding the nature of the boundary conditions for the
fields.
In the previous chapter it was similarly found that the electromagnetic fields
also have excesses. These excesses are a.gain described as singular contributions to
the fields at the dividing surface in z = 0. Thus one has for the electric field E, the
magnetic field H, the electric displacement field D and the magnetic induction B
1171,1161:

+
+
+
+ B'(r(1,t)6(z)+ B+(r,t)O(z)

E(r,t ) = E-(r, t)O(-z) + E8(rll,t)6(z) E+(r,t ) O ( z )
H(r,t) = H-(r,t)O(-z) + HB(rll,t)6(z) H+(r,t)O(z)
D(r,t ) = D-(r, t)O(-z) + D8(q,t)6(z) D+(r,t)O(z)
B(r,t ) = B-(r, t)O(-z)

(3.4)

As discussed in the last two sections of the previous chapter the following contributions to the singular fields are chosen equal to zero

Ei(r11,t)

=

( ~ ~ ( r l l , t ) , ~ ~ (=r0,
l l ,W
~ )I )l , t ) = 0

H;(rll,t)

3

(H,B(rll,t),H,B(rllIt))= 0, W I l , t ) = 0

(3.5)

It will become clear below why it is convenient to set these singular contributions,
which do not effect the boundary conditions for the fields, equal to zero.
3.3

Maxwell's equations for singular fields and the boundary conditions

The fundamental assumption on which much of the analysis in this book is founded
is that the Maxwell equations

ia

r o t E ( r , t ) = ---B(r,t))
c at

d i v D ( r , t ) = p(r,t)

1
r o t H ( r , t ) = -I(r,t)

divB(r,t) = 0

C

l a
+ --D(r,t),
c at

(3.6)

are valid for the singular form of the fields and densities given in the previous section.
c is the speed of light. Away from the dividing surface these equations reduce to their
usual form. At the dividing surface the Maxwell equations for the singular fields and
densities yield boundary conditions for the asymptotic value of the bulk fields at the
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dividing surface. In order to see how these boundary conditions are found the sewnd
Maxwell equation will now be analyzed in detail. Upon substitution of the singular
form of the fields given in eqs. (3.1) and (3.4) into the second Maxwell equation
divD = p one obtains

+
+

+

div[D-(r, t)O(-z) D'(rl1, t)b(z) Dt(r, t)O(z)]
= [divD-(r,t)]O(-z)
[divDS(rll,t)]6(z) [divD+(r,t)]O(z)
+D- (r, t ).grad O( -2)
DS(q,t).grad 6(z ) Dt (r,t ).grad O( z )
= p-(r,

+

+

W-4 + pSbll O(4+ p+(r,t ) e ( z )

+

(3.7)

I

The dot indicates a contraction of two vectors, i.e. a.b 5 a,b,
to simplify the above expression one uses

+ a,b,

+a,b,. In order

gradO(z) = i6(z), grade(-z) = -%6(z) and grad6(z) = z*- d 6 ( z )
dz

(3.8)

where i z (O,O, 1) is the unit vector normal to the dividing surface. In the further
analysis it is convenient to introduce a three- and a two-dimensional gradient operator

V

5

(-

a a a

ax'ay' -)az

a d
-)
ax'ay

and '711= (-

(3.9)

Substituting eq.(3.8) into eq.(3.7) and using the fact that the normal component of
the electric displacement field is zero one obtains
[divD-(r,t) - p-(r, t)]O(-z)
+ P ~ ( q , o , t )- K ( ~ I I , O ~+~ V) I I . D ~ ( ~ I-I ,~"(r11,t)16(z)
~)
+[divD+(r,t ) - p+(r, t)]O(z)= 0

(3.10)

The term proportional to the &function contains the values of the normal component
of the bulk displacement fields extrapolated to the dividing surface. An important
point is that no contribution proportional to the normal derivative of the &function
appears in the above equation. This is a consequence of the fact that the singular wntribution to the displacement field was chosen along the surface. Notice furthermore
that the dot is also used to indicate a contraction of 2-dimensional vectors.
The above analysis shows that it is only possible to extend the validity of
the second Maxwell equation to fields with singularities at the dividing surface if 0,"
is zero. One could in principle further extend the singular nature of the fields at
the dividing surface by also allowing contributions proportional to derivatives of 6functions. In that case it is no longer necessary in the analysis to take 0:equal to zero.
As discussed in the last two sections of the previous chapter such a generalization in
no way affects the boundary conditions and is therefore of no use. In this book it is
therefore appropriate to use that the singular fields given in eq.(3.5) as well as the
normal component of the singular current density may be set equal to zero without
loss of generality. This also assures the possibility to extend the validity of the other
Maxwell equations to fields with singularities.
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From the above equation it first of all follows that the electric displacement
field in the bulk phases satisfies the second Maxwell equation in its usual form
divD-(r,t) = p-(rJt) for z < 0
divD+(r,t) = p+(r,t) for z > 0

(3.11)

Furthermore one finds at the dividing surface the following boundary condition for

the normal component of the electric displacement field
~,+(r1I10,t)
- K ( q , O , t ) = P"(rll1t) - vll.D;('ll>t)

(3.12)

This is precisely the boundary condition derived also in section 2.4.
In a completely analogous manner one may verify that also the other Maxwell
equations are satisfied in their usual form in the bulk phases. These equations in fact
read like those given in eq.(3.6) but with superscripts or - to restrict their validity
to the regions occupied by the two phases, where z > 0 or z < 0 respectively. As
boundary conditions at the dividing surface one obtains for the fields:

+

Ei(q;O,t) - Ei(q,O,t)

= 2

d
x --B!(q,t)
Cat

+ vliE,"(rii,t)

1

d

H+
I dr 11 ,O,t)-Hi(q,O,t) = - 2 x -CI ~ ( r l l , t ) - 2 x catD!(r",t)+VIIH,B(rll,t)
B,+(q,O,t)
- K ( q , O , t ) = --V~i.Bih,t)
(3.13)
Eqs.(3.12) and (3.13) are the complete set of boundary conditions already derived for
the fields in section 2.4.
The analysis above shows not only that the Maxwell equations may be extended to be valid for the singular fields introduced above, but also that the boundary conditions are now in a simple way contained in the Maxwell equations for the
singular fields. The use of the Maxwell equations for these singular fields thus assures
that the boundary conditions are in a natural way accounted for.
For the further analysis in the book it is convenient to express the jumps in
the bulk fields at the dividing surface in terms of the interfacial polarization and
magnetization densities defined in the last section of the previous chapter. One then
obtains

Ejt(q,O,t)- E&O,t)

= p

o,+(rlI,'o,t)
-K(q,ojt) =
H+ r , O , t ) -Hi(q,O,t)
I d 11

B,+(rlllO>t)

=

d

x --M;(rll>t)
cat

- vllPEB(rlI?t)

P Y ~ I I ,-~ Vii.P!(rii,t)
)

1
a
-2 x -I:(ril,t) - 2 x -P:(rllJt)
C

Cdt

- BL(rll?oJt) = - v ~ ~ ' M ~ ( r ~ ~ ~ t )

- VllMZ(rjj,t)
(3.14)

which is identical to eq.(2.45). Notice the fact that, if all the interfacial current and
charge densities as well as the interfacial polarization and magnetization densities
are zero, these boundary conditions reduce to the usual continuity conditions for the
fields. In that case the interface is merely a sharp transition from one bulk phase

26

MAXWELL'S EQUATIONS WITH SINGULAR FIELDS

to the other. It serves as a mathematical boundary and has no distinct physical
characteristics. An interfacial charge density, which typically occurs on the surface
of a conductor, leads to a discontinuity in the normal component of the electric
displacement field. This is also a well-known phenomenon. An interfacial electric
current, density leads to a discontinuity of the parallel component of the magnetic
field. As we discussed in the previous chaptcr such an interfacial current will typically
occur in R thin conducting layer. An other wcll-known case where such an interfacial
electric current occurs is at the surface of a superconductor. In this case the interfacial
current is needed, because the parallel component of the magnetic field jumps from
a finite value to zero. It follows from the above equations that not only the excesses
of the charge and current densitirs lead to discontinuities in the fields. Also the
interfacial polarization and magnetization densities, which are the results of excesses
of the fields, cf. eq.(2.44), themselves lead to such discontinuities. I t are, in particular,
the occurrence of such excesses and their consequences, which form the central issue
in this book.

3.4 Charge conservation
If one takes the time derivative of the second Maxwell equation and combines the
result with the third Maxwell equation one obtains

a

(3.15)

-p(r,t) = -divI(r,t)

at

This is the usual differential form of the law of charge conservation. Now, however,
both the charge density and the electric current density may have a singular contribution on the dividing surface due to the occurrence of exccsses in these quantities.
Substituting the singular form of these densities, given in eqs(3.1) and (3.2), into the
above equation one obtains, using a derivation which is completely analogous to the
one given in the previous section for the second Maxwell equation, in the bulk phases
the following expressions

a

- p * ( r , t ) = -divI*(r,t)

at

for 0 < fz

(3.16)

which has the usual form. At the dividing surface one obtains in a similar way

a

-p'(q,t)

bt

=

+

- V ~ ~ . ~ 8 ( r-~C~(,qt ,)o , t ) 1; ( q , o , t )

(3.17)

This equation shows that the excess of the charge density not only changes due to a
possible two-dimensional divergence of the excess current dcnsity along the dividing
surface, but also due to electric currents which flow from the bulk phases to the
interfacial layer or vice versa. In the form of eq. (3.17) given above it is clear that
the equation may be interpreted as a balance equation for the excess charge density.
One may alternatively write this equation as follows

d

C(rll,o,~)- J ; ( q , O , t ) = - g " ( r i i , t ) - Vii.I5(rii,t)

(3.18)
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if one wants to emphasize the fact that this equation also serves as a boundary
condition for the normal component of the bulk currents in the two phases. As has
already been discussed above, the excess current has no component in the direction
normal to the dividing surface, cf. eq.(3.3).
In order to simplify expressions, a short hand notation for the jump of a n
arbitrary field a(r,t ) a t the dividing surfacc is introduced:

a - ( q , t ) = a+(ril,O,t)- a - ( q , o , t )

(3.19)

IJsing this short hand notation eq.(3.17)may be written in the form

(3.20)
The jump in the electric current at the dividing surface 12,- thus gives the net flow
of charge away from the inkfacial layer. If I=,- is negative this implies that there is
a net flow from the bulk phases into the interfacial layer.
3.5

Generalized clectric displaccmcnt fleld

In time dependent problems it is convenient to define a generalized electric displacemcnt field. This generalized displacement field is an appropriately chosen combination
of the usual electric displacement field and the electric current density [20]. Not only
is this procedure commonly accepted as convenient for time dependent problems but
it has an additional advantage in the description of surfaccs. The reason is that in the
qiiations given above il, is necessary to take the normal components of the excesses of
both the electric displacement field arid the electric currcnt density equal to zero. If
one introduces the generalized electric displacement field it is only necessary to take
the normal component of the excess of this field equal to zero. This is less restrictive.
An important example of a system for which this difference is crucial is the electric
double layer in an electrolyte. In that case the excess of the normal component of
the generalized electric displacement field is zero whereas the excessw of both the
normal component of the electric current and of the electric displacement field may
be iinequal to zero.
In order to definc the generalized clectric displacement field the Foiirier transform of the various quantities with respect to the time is introduced. For the displuccment field this Fourier transform is for instance defined by
D(r,w) =

02

[ dt eiwtD(r,1 )
J--a,

(3.21)

The definition for thc other quantities is similar.
T h e Maxwell cquations for thc position and frequency dependent fields are
found upon Fourier transformation of the equations given in eq.(3.6). This gives
W

r o t E ( r , w ) = z-B(r,w)

,

1
W
r o t H ( r , w ) = -I(r,w)
C
-i-D(r,w)
C

divD(r,w) = p ( r , w )

,

divB(r,w) = O

(3.22)
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The gencralized electric displacement field is now defined by

D'(r,w) = D(r,w)

i
+ -I(r,w)
W

(3.23)

In terms of this generalized displacement field the Maxwell equations (3.22) become
w

rotE(r,w) = i-B(r,w)
C

W

,

rotH(r,w) = -i-D'(r,w)
C

divD'(r,w) = 0

,

divB(r,w) = 0

(3.24)

The second Maxwell equation was obtained in this form by using conservation of
charge which is given in the position and frequency representation by

iw p ( r , w ) = divI(r,w)

(3.25)

In the rest of the book the electric current will always be absorbed in this manner in
the electric displacement field. This is in practice always convenient with the notable
exception of time independent problems. As this book primarily considers optical
problems this is no limitation. It should be noted that one may also absorb the
magnetization density in the polarization density. This would result in a description
in which the magnetic permeability is part of the dielectric constant. This will not
be done in this book.
The restrictions on the singular behavior of the fields now become

It should be stressed again that, if one uses the generalized electric displacement field,
it is sufficient to take the normal component DP of its excess equal to zero. It is no
longer necessary to take both 0,"and I," separately equal to zero!
The definition of the interfacial polarization and magnetization densities now
becomes

Using eq(3.26) it follows that the interfacial polarization and magnetization densities
are again also given by

P"(rll,w) = D'"(rll,w) - ES(rII,w), MS(rll,w)= B"(rl1,w) - H'(r(1,w)

(3.28)

It should again be emphasized that eq.(3.27) is really the proper definition of the
interfacial polarization and magnetization densities rather than eq.(3.28). See the
last section of the previous chapter for a more extended discussion of this point.
As in section 3.3 one may again substitute the singular form of the fields into
the Maxwell equations given in eq(3.24). One then obtains for the fields in the bulk
regions
rotEi(r,w)
rotHi(r,w)

=

w

i-Bi(r,w),
C

w

= -z-D'*(r,u),

divD'i(r,w) = 0
divBi(r,w) = 0 for 0 < fz

(3.29)
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These equations, containing the generalized electric displacement field, are most simply obtained from the corresponding equations given in section 3.3 by replacing D by
D', P" by P" and setting p and I equal to zero. From this point on the description
will always be in terms of the generalized electric displacement field. To simplify
matters this generalized electric displamment field will from now on simply be called
the electric displacement field and the prime as a superscript of this field, and of the
corresponding polarization density, will be further dropped.
In t h e bulk regions the constitutive relations for the generalized displacement
field and for the magnetic induction are
D*(r,w) = E*(w)Ei(r,w)

and Bi(r,w) = p*(w)Hi(r,w)

(3.31)

It should again be emphasized that D* and' L contain the contributions due to possible conductivities g* of the bulk media even though this is no longer indicated
explicitly by a prime. The coefficients $(w) and p*(w) are the frequency dependent
diclectric permeability and the magnetic permeability respectively. Using these constitutive equations one may derive the wave equation for the electric field by taking
the rotation of the first Maxwell equation. This results in

AE

*
(r,w) =

d
62
62
W
(
7
+
T
)
E
i
(
r
,
w
)
=
-(-)'e*(w)p*(w)E'(r,w)
ax
ay2
az

+

(3.32)

where A is the Laplace operator. Notice the fact the other bulk fields satisfy the
same wave equation.
3.6

Constitutive relations for isotropic interfaces without dispersion

In order to make practical use of the boundary conditions for the fields one needs
constitutive equations which express the interfacial polarization and magnetization
densities in terms of the extrapolated fields in the adjacent bulk phases. It is noted
that the electric and the magnetic fields have a different symmetry for time reversal.
This implies that, in the absence of spatial dispersion, the polarization may be chosen
in such a way that it couples only to the electric field. Similarly the magnetization
may be chosen in such a way that it only couples to the magnetic field. First consider
the polarization. There are three electric field components on both sides of the surface
and one could in principle express the excess polarization in all these six fields. One
could in fact also use the bulk displacement fields rather than the electric fields. Since
they are related to the bulk electric fields by t,he constitutive relations in the bulk
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this does not represent an independent choice. It is possible to convince oneself that
only three independent fields are necessary. The reason for this is that the jump of
the parallel components of tho bulk electric ficlds and of the normal component of tho
hulk displaccment fields can themselves be expressed, using the boundary conditions,
in combinations of the exccss fields. One may therefore always express the excess
polarization in terms of the averages of the bulk fields a t the surface. It is most
convenient in this context to use the averages of the parallel components of the bulk
electric fields and of lhe normal components of the displacement fields. This was
discussed in detail in section 2.3, cf. also eq.(2.43). The most general constitutivc
relation [21] in the absence of spatial dispersion is therefore given by

+

The subindex denotes the average of the extrapolated values of thc corresponding
bulk fic:ld a t the dividing surface. For an arbitrary field a this avcragc is dcfined by

'I'he constitutive relations for the exmsses of the magnetic fields may in the
absencc of spatial dispersion similarly he given by

In the above constitiitive equations no assumption was made regarding the nature of
the surfacc. 'J'hc constitutivc: coefficients for the interface will, in view of the sourcc
observer symmetry, [12], be symmetric matrices. The constitutivc relations should be
used in the boundary conditions for the fields at the surface. For an interface betwwn
gyrotropic media one necds off-diagonal elements in the above interfacial constitutive
matrices for R proper description of the possible boundary conditions. The book will
be restricted to non-gyrotropic media.
In this book the surface will always be assumed to be isotropic. This isotropy is
a two-dimensional invariance of the interface with respect to translation, rotat,ion and
reflection in the z - 1~ plane. This isotropy implies for instance that two-dimensional
vectors likc: Di and Bi; do not couple to two-dimensional scalars like Dz,+ and B,, .
In that case the constitutive matrices reduce to the following form

,

whcre 2, 9 arid i arc the unit vectors in the z, y and z directions respectively.
Substitution in the above constitutive relations results in
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for the polarization, and

(3.40)
(3.41)
for the magnetization. In section 2.3 the electric constitutive coefficients T~ and p,
where calculated for the special case of a thin plan parallel layer. While this is, of
course, a very simple example it does illustrate one general property of these coefficients. They have the dimensionality of a length. This length could be interpreted in
terms of an effective optical thickness as measured, for instance, using ellipsometry.
How this effective optical thickness is related to the size of the islands and the distance between the islands for an island film, or to the mean square height for a rough
surface, or whatever length scale involved, will be discussed in the following chapters.

3.7

Constitutive relations for isotropic interfaces with spatial dispersion

If a surface is spatially dispersive the polarization and the magnetization are no longer
related to the fields in a local manner. The reason for this non-local nature of the
response finds its origin in the heterogeneous nature of the interface. Polarization and
magnetization are distributed over a thin layer which may contain discrete islands and
may be rough. In the description using an equivalent polarization and magnetization
density on a sharply defined dividing surface the whole distribution of polarization
and magnetization is shifted to the dividing surface. The shifted polarization and
magnetization densities are, however, coupled to the field at the original position.
This naturally leads to a non-local dependence on the field. In view of the fact that
the shift is over a distance of the order of the thickness of the layer, and of the fact
that the bulk fields vary over a distance of the order of a wavelength, the size of the
non-local contribution is of a relative order of the thickness divided by the wavelength.
One of the reasons to take the effect of the non-local nature of the interfacial
coefficients into account is related to the choice of the location of the dividing surface,
[22], [23], [24], [25]. As the coefficients, which will characterize this effect, find their
origin in shifting polarization and magnetization densities to the dividing surface, it
is evident that they will sensitively depend on this choice. As the optical properties
do not depend on this choice they can be expressed in invariant combinations of these
coefficients. In order to fully understand the nature of these invariants the introduction of coefficients describing the non-local nature of the response functions is crucial.
In the following sections the dependence of the various constitutive coefficients on the
location of the dividing surface and the choice of these invariants will be discussed in
detail.
The discussion will be restricted to isotropic surfaces. Consider first the polarization. The parallel component of the excess polarization may for that case also
have a contributions proportional to the parallel derivative of the normal component
of the average bulk displacement field and a contribution proportional to the normal
derivative of the average parallel electric field. For an isotropic surface these spatial
derivatives are the only ones with the proper symmetry. As it is most convenient to
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havc an interfacial response function which only depends on the wave vector along
the surface it is preferablc to rcwrite thc term with the normal derivative. IJsing the
first Maxwell equation, cf. eq.(3.24),and the constitutive relations in the bulk for the
bulk fields one may write this term as a sum of a term proportional to the parallel
derivative of the average of l.he normal displacement field which can be combined
with the other term, and of a term proportional to the time derivative of the average
of the parallel component of the magnetic field. Notice that terms containing jumps
of the ficlds a t the surface can as usual be aliminated using the boundary conditions.
The normal component of the excess polarization may similarly have a contribution
proportional to the normal derivative of the average of the normal component of the
bulk displacement field which has the right symmetry. This normal derivative may
be rowritkn as the parallel divergencc of the average of the parallel component of
the bulk electric field. For the magnetization one may go through the analogous argumenttition. As a result one finds the following constitutive equations to first order
in the non-locality

In addition to the above motivation of the constitutive equations one may consider
the dependence of the constitutive coeficicnts on the location of the dividing surface.
This is done in the following xction and in particular also in appendix A. This analysis
further clarifies the origin of the dispersive constitutive coefficients 6, , 6 , and 7. In
the rest of the book the frequoncy dependence of the constitutive coefficients will
usiially not be indicatcd explicitly. Unless indicated otherwise this deperidencr: is
always implicitly present.
In the above constitutive equations there appear only Sevcn independcnt constitutive coefficients. Three of these coefficients, y, , p, and be, are of electric origin,
, are of magnetic origin and onc coefficient
three of these coefficients, 7, , p, and 6
T couplw the electric to the magnetic ficld and vice versa. The reason that there
arc only seven independent cocfficients is that the system is isotropic and on the microscopic level time reversal invariant. The fact that the same coefficient 6, appears
in eqs. (3.42)and (3.43)is a consequencc of the source observcr symmetry. The
same is true for 6, in eqs. (3.44)and (3.45). The fact that only one T appears in
the ruristitiitive equations is also due to tho source observer symmetry. An in dcpth
disciission of these source observer symmetry relations, [12], is given in chapter 13.
Tho coefficients y,, P,, -ym and p,,, givc contributions to the exwss clectric
and the magnetic dipole polarizations in terms of homogeneous fields. They have the
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dimensionality of a length (in c.g.s. units). The coefficients describing the dispersion be, 6, anti 7 give contributions to the excess electric and the magnetic dipole
polarizations in terms of derivatives of the fields. They have the dimensionality of a
hngth squared. Their influence on the optical properties will therefore usually be a
factor optical thickness divided by the wavelength smaller than the other coefficients.
As will become clear in the chapters on island films and also in the chapter on rough
surfaces, these cocfficients play, for certain optical properties, a more important role
than one would expect on the basis of this estimate. In the rest of the book it will
be often used that if a dipole moment density can bc caused by field gradients that,
as a consequencc of source observer symmetry, a quadrupole moment density will be
caused by a homogeneous field. The constitutive coefficients of the two phcnomena
can bc expressed in each other using source observer symmetry. This will turn out
to be very convenient in the evaluation of these coefficients.
If one considers a given surface, one has two possibilities to choose the direction
of the z-axis. If one knows the constitutive coefficients for one choice, one finds the
coefficients for the other choice by taking the same values for the non-dispersive
coefficients Y~, 0, , 7,,, and p, and by changing the sign of the dispersive coefficients
be , 6, and 7. This may be verified, using thc above constitutive equations, by
inverting the direction of the x- and the z-axis. In order to keep the coordinate
system right-handed, one must invert the direction of two axes.
3.8

Dependence of the constitutivc coefficients on the location of the
dividing surface

In the definition of excess quantities discussed in the previous section one introduces
thc concept of a dividing surface. The precise choice of its location in the interfacial
rcgion is somewhat arbitrary and has no physical significance. Measurable quantities
will not depend on the special choice of the dividing surface. To verify this independence explicitly, the dependence of the constitutive coefficientson this choice will now
be given [22], (231. This will make it possible to define invariant combinations of the
constitutive coefficients which are independent of the choice of the dividing surface.
This will be done in the next section. The experimental results may always be expressed in terms of these invariants alone and consequently these invariants contain
the real physical characteristics of the surface.
Consider, in order to clarify this matter in some more detail, the stratified
dielectric boundary layer discussed in section 2.3. In this section the dividing surface
was chosen in z = 0, cf. in this context in particular eq.(2.24). If the dividing surface
is chosen in z = d this expression for the total cxcess dielectric constant becomes

7,(4= Jm ~ ~ ( ~-o(d
1 --

- c+ e( z- 4

pz

(3.46)

--m

It follows from this definition that
(3.47)
It may similarly be shown that, cf. cq.(2.30),
(3.48)
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For this example it is now aLso possible to define the following invariant
I,

= y,(d)

- €-t'Pe(d)

(3.49)

For the stratified dielectric modium discussed in section 2.3 this invariant becomes

I, =

Sp,[€I.)

- e-][t(z) - € + ] / € ( % ) d Z

(3.50)

As will be discussed in detail in section 4.8 one finds t.his invariant if one measures
the ellipsometric coefficient.
For the general cme it is also possible to give the explicit dependence of the
interfacial constitutive coefficients on the positiorl of the dividing surface. In appendix
A it is shown that if the dividing surface is chosen in 2 = d , where d may be positive
or negative, the dependence is given, to second order in d, by:

T h e proof of these relations is given for the general case where all constitutive coefficients for the surface as well as for the bulk regions may be complex functions of the
frequency. The reason to give these relation only to second order in d is the fact that
the only natural choice is near or within the interfacial region between the two b u k
phases. As the constitutive coefficients themselvcs are at most of the second order
in the interfacial thickness, it would not be consistent to go to a higher order in d.
Inspection of the above equations shows that they are (anti)symmetric for the interchange of the electric and the magnetic quantities. This property is a consequence
of the symmetry of the Maxwell equations (3.24) and the resulting symmetry of the
boundary conditions (3.30) for the interchange of the electric and the magnetic fields.
They remain unchanged, if one interchanges the electric with the magnetic field and
the electric displacement field with minus the magnetic induction. Together with the
usual constitutive equations in the bulk and the constitutive equations, eqs.(3.42)
through (3.45), a t the interface this interchange is equivalent with simultaneously interchanging ck with -p*, ye with -ym, P, with -&, 6, with 6, and replacing T by
-7. As one may easily verify this interchange, when performed in the expressions
given in eq.(3.51), yields the same set of formulae.
In the applications it is sometimes convenient to shift the location of the
dividing surface over a distance d, where d may again be positive or negative, through
a homogcrieoiis medium. As an example one could for instance consider a soap film,
where one could alternativcly take the dividing surface in the center of the film, or at
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the outer surfaces. In that case one has
in equation (3.51) then reduce to

E-

=

tf

=E

and p- = /I+ = p . The formulae

The above formulae show clearly that the introduction of the second order coefficients
6,,6, and T is intimately related to the choice of the position of the dividing surface.
3.9

Invariants

Using the dependence of the constitutive coefficients on the choice of the location
of the dividing surface given in the previous section, it is now possible to define
combinations of these constitutive coefficients independent of this choice, [22], [23],

[24], [25]. It should be noted in this context, that the frequency dependenco of
the constitutive coefficients implies that the invariant combinations also depend on
the frequency. For ease of notation this will not be explicitly indicated in their
definitions. In the special example discussod there such an invariant combination
of ye and Be was in fact already given, cf. eq(3.49). Fxperimental consequences
derived, using the general method discussed in this book, will only depend on these
invariant combinations. The following invariant combinations of the linear coefficients
are found

The first of these invariants is the one given already for the example in the previous
chapter, It is a combination of the electric coristitutive coefficients alone. The second
one is the analogous magnetic combination. The third is of mixed electric and magnetic origin. Note that one could also define a mixed invariant in terms of @, and p,.
This is, however, not an additional invariant combination since it may be written as
I , - p - I e c- I,. For a non-magnetic system only the first invariant I , is unequal
to zero. As a consequence of the symmetry of the Maxwell equations (3.24) for the
interchange of the electric and the magnetic fields, the invariants can, and have been
chosen such, that they transform into plus or minus each other or themselves. If one
interchanges E* with -p', ye with -ym and @, with -pm, I , intercha.nges with -Im
and I,, with -Iem.
Invariant combinations containing thc second order constitutive coefficients
are

+
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I,

[1-

1 p++pc+ -

= T ( d ) - -4

1

7%)

+4

[1-

€++c-

T2,(4

(3.54)

It is important to realize that no second ordor invariants can bc defined purely in
terms of the second order constitutive coefficients. As on the linear Icvel, one has
threc invariants, which are of an clcctric, a magnetic and a mixed origin respectively.
In this case, however, both la,,and I , remain unequal to zero in a non-magnetic
system.
As the 7 interfacial constitutive cocfficient)s are in general complex functions
of the frequency, one has 14 real functions of the frequency, which describe a surface.
The 6 invariants given above are also complex functions of the frequency, and the real
and imaginary parts therefore give 12 real functions of the frequency, which represent
measurable quantities, independent of the choice of the dividing surface, and which
may be found experimentally. A common practice in choosing the location of the
dividing surface is t o take one of the constitutive coefficients zero. If the constitutive
coafficicrits are complex one may take either the real or the imaginary part zero. It
must t,herefore be possible to givc one rnorc invariant which is a cornbination of the
real and the imaginary part of the constitutive coefficients. The following combination
gives such an invariant

(3.55)
Im indicates the imaginary part of the corresponding quantity. Notice thc fact that
the first order constitutive coefficient I, is by dcfinition always a real function of the
frequency unlike the other invariants which are complex functions of the frequency.
It should ,be realized that other choices of the invariant combinations are possible.
These alternative choices are, however, always combinations of the above invariants.
The particular choices made above reflect the symmetry of the Maxwcll equations
(3.24) for the interchange of the electric and the magnetic fields. They have b w n
chosen such that they transform into plus or minus each other or themselves if one
interchanges c* with - p * , ye with -7, and p, with @
-,,
6, with 6, and T with
-T. It follows from the above equations that I6,e interchanges with I6,,,
I, with -I,
and I , with I,.
For any given interface onc may choose the direction of the z-axis in two
different ways. If one goes from one choice to the other one finds that I, and I,,,
remain tho same while all the other invariants change sign. This follows from the
abovc expressions for the invariants and using the fact that 6, , 6, and 7 as well as
( e l - E C ) and (p+ - p - ) also change sign.
A case which deserves special attention is where not only the ambient and the
substrate, but also the interface are non-absorbing. In that case the bulk as well as
the intcrfacial constitutive cocfficients are real. Consequently the imaginary parts of
the invariants I,, I,, I,, I,,,, I&,,,&and I,, as well as Ic, are zero, so that thcre are
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only 6 real invariant combinations of the 7 real interfacial constitutive coefficients in
that case:
In this book the emphasis is on systems which are non-magnetic, i.e. p* = 1
and Y,,,= p, = 6,,, = 0. In that case the number of non-zero complex interfacial
constitutive coeficients reduces to 4 and there are 3 non-zero complex invariants.
The complete set of invariants is in this case therefore given by

I,

=

,ye@)- €+€-p,(d)

I,

i

7 ( d ) - -(c-’

1
2

- e-)-’&i)
(3.56)

In the non-magnetic: case one thus has 7 invariant real combinations of the 8 real and
imaginary parts of the interfacial constitutive coefficients. If one considers again the
case that both the ambient, the substrate and the interface are non-absorbing, only
the real parts of I,, la,e and 1; arc unequal to zero, so that there are only 3 invariant
real combinations of the 4 non-zero real constitutive coefficients.
There is one other case which deserves special attcntion. If one matches the
dielectric ’constants and the magnetic permeabilities of the bulk phases, E - = c+ E c
and p - = p + 5 p , the invariants
, I6,* , IT and 1, all become infinite. It is clear
that the invariants given above are not appropriate. For this case the center of the
islands is a natural choice of thc dividing surface and the introduction of invariants
is unnecessary.
3.10

Shifting tho dividing surface for a fllni ombedded in a horriogeneuus
medium

For most boundary layers the bulk media away from the interface are different. In
thc calculation of the interfacial Constitutive coefficients the location of the dividing
surface is then chosen in a somewhat arbitrary manner in the transition layer between
these two bulk media. As discussed in the previous section the resulting coristitutive
coefficients depend on this choice and it becomes convenient to introduce combinations which are invariant for this choice. For more complex transition laycrs one often
has more than one “natural” choice of the location of the dividing surface. An example, which will be discussed in great. detail in the next section, is an island film. In
that case one obvious choice is thc surfacc of the substrate. The islands are lying on
the surface of the substrate surrounded by the ambient medium. As the polarization
of the islands is most logically located in their center a second natural choice of the
location of thc dividing surface would be at a distance equal to the avcragc distance
of these island to the substrate. Of course both choices yield the same invariants and
AS such there is no real problem.
The reason to address this point, however, is of a more practical nature. In
the evaluation o f these invariants it is often convenient to calculate them in a number
of steps. In the first step one introdurns two dividing surfaces rather then one. One
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is the surface of the substrate where there are no excess fields, so that for that surface
the constitutive coefhcients are zero. The second dividing surface is located at the
average distance of the islands to the substrate. The polarization and magnctization
of the islands then give the constitutive coefficients for the second dividing surface.
This dividing surface is embeddod in the homogencous ambient medium. Between the
two dividing surfaces one has the ambient medium. One could in fact even consider
a film with several layers of islands. This would result in one dividing surface for
the substrate and one for each layer. Between all these dividing surfaces one has
ambient medium. Of course it is not the intention to finally analyze the properties of
this system using this sequence of dividing surfaces. The aim is to find the combined
effect of the whole sequence. The method to obtain the constitutive coefficients
describing this combined effect is to first shift the location of the dividing surfaces
in the direction of the surface of the substrate until they are separated by not more
than an infinitesimal layer of ambient. In this section it will be explained how this
should be done. In the next section it will then be explained, how one superposes the
constitutive coefficients of dividing surfaces separated by an infinitcsimal distance.
In eq(3.52) formulae were given for the change of the constitutive coefficienls
due to a shift of the location of the dividing surface over a distance d through a
homogeneous medium. These formulae may be used to shift the position of the
dividing surface from the position dl relative to the substrate to a distance d2. In
this case one has c- = c+ = c and p- = p+ = p. The formulae in equation (3.52)
then give

If one chooses the x - y plane along the surface of the substrate and takes d2 infinitesimally small one may use the superposition formulae given in the next section
to calculate the constitutive cocfficients of the combined surface. If one has more dividing surfaces one may shift thom all to the surface of the substrate using the above
formulae. It is important to kcep the order in the sequence intact. Using the superposition formulae one again obtains the constitutive coefficients for the combined
surface. The above formulae again show clearly that the introduction of the second
ordcr coefficients 6,,6, and T is intimately related to the shift of the polarization
and magnetization densities to the dividing surface of the cornbincd film.
3.11

Superposition of adjacent films

As discussed above the distribution of material in lhe interface is in many cases such
that one may actually distinguish more than one separate film placed on top of each
other. A trivial example is the case of two plane parallel layers above a substrate.
A more sophisticated example, which will be discussed in chapter 11, is a stratified
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layer which can be considered to be a superposition of a whole stack of very thin
plane parallel laycrs. Also if one places an island film above a rough substrate one
may superimpose the effects of the roughness and the effect,s of the film if they are
uncorrelated.
Consider two films placed in -e and f! where e is infinitesimally small. The film
T I and
~ , Pe,l, /3m,l,
placed in -C has the constitutive Coefficients Y ~ , -ym,l,
the film placed in f! has the constitutive coefficients -ye,2, -ym,z, Pe,2,Pm,2,fie,2, bm,z, 7 2 .
At both films the fields have jumps given by eq.(3.30) in terms of the interfacial polarization and magnetization densities of the corresponding film. The total jump across
both films is found by simply adding the two separate jumps together and one may
then conclude using eq(3.30) that this total jump is again given by this equation but
now containing the total interfacial polarization and magnetization densities, i.e. the
sum of the densities of the separate films. The interfacial polarization and magnetization densities are for both films given by the constitutive equations (3.42)-(3.45).
The problem which now arises is that these relations contain the field averages at
both films which both contain the field between the two films. This field between the
two films must be eliminated in order to obtain the constitutive coefficients of the
superimposed film. Consider for instance

In the last identity eqs(3.44) and (3.43) were used for the second film and terms
of second order in the thickness were neglected as they would lead to contributions
of the third order in the constitutive coefficients for the superimposed film. For the
same reason the average fields at the second film in cq.(3.58) may be replaced by the
averages over the superimposed film, so that

Similarly one finds

For the magnetic fields the corresponding relations are
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Using the above formulae one may now express the total excesses in terms of the
average across the superirnposcd film.
The resulting constitutive coefficients for the superimposed film are then found
to be given in terms of the constitutive coefficients of the separate films by

6 m = bm,1

+ 6rn12- 1

1

,~m,1Pm,2

+ 27m,2Pm,l

(3.62)

In the casc that there are no magnetic terms the above relations reduce to
~e

+7e,2 >

=~ e , l

P e

= Pe,1

+ Pe,2

In fact only the expression for r which couples thc excess of the electric displacement
field to the magnetic field, and vice versa, simplifies.
From the above formulae it follows, that the linear constitutive coefficients of
adjacent films can simply be d d e d if one calculates the coefficients for the superimposed film. The quadratic coefficients, however, contain additional cross effects of
the linear terms of thc separate films. If the film is non-magnetic these cross effects
only occur in 6,.

Appendix A
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Appendix A

If one chooses the dividing surface in z

= d the boundary condition for the discontinuity of the extrapolated x-component of the electric field is given by, cf. eq.(3.30),

As the analysis for the jumps in the other fields follows the same lines, most of
the explicit calculation in this appendix will be for this case alone. For d = 0 the
1
1 and w is
above expression reduces to eq.(3.30). As the explicit dependence on 1
not pertinent to the analysis in this appendix it will further be suppressed. The
constitutive relations become if the dividing surface is chosen in z = d

d
= rm(d)H,,+(d) - Md)--Bz,+ld)

dY

+ +(wE,,+(4(3.65)

In order to derive the desired relations the above equations are expanded to second
order in d. For the jumps this gives

Es,-(d) = E,,-(O)

1 6 2
+ d [ %d E z , - ( ~ ) ] z = o+ -d2[--Ez,2

(z)I2=0

622

(3.66)

The normal derivatives of the field must be eliminated using the Maxwell equations
in the bulk regions, eq.(3.29). The first derivative gives

d
[-EE,,-(z)].=0 = [rot E(O)],,dz

d
+ --E2,-(0)
dX

W

= i-Bv,-(0)
C

a
+ &Ez,-(O)

(3.67)

The second derivative is most conveniently eliminated using the wave equation (3.32)
82
[@E,,-(~)Iz=O

W

=

-“)2w + AllIEz(0))(3.68)

where it was used that the jump of a product satisfies (ab)- = a-b+ +a+b-. Furthermore All = d2/dx2 d2/dy2. The method to eliminate the jumps on the right-hand
side of eq,(3.67) is

+

B,,-(O) = ( P W 0 ) ) - = P-H,,+(O)

+ P+H,,-(O)
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a

W

+ i P+cye(O)Ez,+(O)-

= P-H~,+(O)

~+Prn(o)-’z~+(O)

ay

(3.69)

In the last identity only contributions linear in the thickness of the interface where
taken along, which made it possible to use eqs. (3.38) and (3.41). Quadratic terms
would lead to contributions of the third order upon substitution into eq.(3.66). Notice
in this context that d will he of the order of the thickness of the interface for any
reasonable choice of the dividing surface. Similarly one finds

=

1
(,)-S,+(O)

1
- (,)+re(o)Vll.E,,,+(o)

(3.70)

In eq.(3.68) one may take Ez,-(0) to zeroth order in the thickness of the interface as
this contribution is multiplied by d2. To zeroth order this jump is zero. Combining
eqs. (3.66)- (3.70) one obtains

a

62

+PVII.EII,+(O)
+ 26d‘)-~11.~11,+(0)
82
+ ~ ~ ( o ) ~ v ~ ~ . E I I , + ((3.72)
o)I
where the superindices (1) and (2) indicate the first and the second derivatives in
z = 0, respectively. Notice the fact that By), Pf) and @)are of the zeroth order in
the thickness while 6;) is of the first order. Neglecting terms of higher than second
order and eliminating the z-derivatives of the field in eq.(3.72) gives

PZ”(~)
== ~ z ” ( o+) ~ [ P ! ‘ ) D ~ , +-( t+Pe(O)VII.Ell,+(O)
o)
+ ~!)VII.E~~,+(O)I

a

W

+2i-72)t+Ez,+(0) - 62)--Bz,+ (0)

aY

+ i-P)E,,+(O)]
W

(3.74)

to second order in the thickness.
Substitution of eqs.(3.71), (3.73) and (3.74) into eq(3.64) gives after some
rearrangement of the terms

w
-(;)2[p+ye(0)

1

-[(;)+ye(0)

1
+ id(”)-

1
2

- ~ , ( O ) E + - 7‘’)- d Y ~ ) E + -d d2)]Ez,+(O)

1
a
+ €+p,(O)- 6y) + d t+Pp) - -d~5(~)]-V
11. EII,+(O)
e

=0

(3.75)

In view of the fact that the electromagnetic fields may be chosen arbitrarily all the
expressions between square brackets in this equation must be zero. This gives

1
p + y e ( 0 ) -d(€p)2

+

+ ~,(O)E+

-

1
J*)- d y(l)€+
- -d d2)= 0
m
2
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(;)+re(0)

+ €+P,(O) -’:6 + d E+,@)

1

- -d@
2 “

(3.76)

=0

As these equations are true for arbitrary values of d it follows that

rg’=pL_ and rE’=O

6
;
)

= p+P,(O)

6:)

z

1
+ (p)+yn(0)
and

1
(-)
+y,(O)

+ E+P,(O)

1
1
1
6:) = 2(-)+72)= 2(-)+p- = - 2 ( - ) - p +
P

P

and 6:” = 2

€+pi1)= -2

om,

P

1

E+(;)-

(3.77)

Together with the analogous results for ye and
which one finds if one performs
the same analysis for the parallel component of the magnetic field, the relations given
in eq.(3.51) now follow. The other boundary conditions lead to exactly the same
re1at‘ions.

Chapter 4
REFLECTION AND TRANSMISSION
4.1

Introduction

In this chapter expressions will be derived for the angle of incidence dependent reflection and transmission amplitudes in terms of the seven electromagnetic interfacial
constitutive coefficients introduced in the previous chapter. For non-magnetic systems the resulting reflectances, transmittances as well as ellipsometric coefficients are
given. Contrary to the amplitudes these quantities are measurable and therefore independent of the choice of the dividing surface. They can therefore be expressed in
terms of the invariants introduced in the previous chapter. The expressions in terms
of these invariants axe given.
The media on both sides of the surface are chosen to be homogeneous and
isotropic. The radiation field in these media is a solution of the Maxwell equations,
cf. eq.(3.24),
w

rotE(r,w) = i-B(r,w),
C

W

rotH(r,w) = -i-D(r,w),
C

divD(r,w) = 0

divB(r,w) = 0

The constitutive equations are
D(r,w) = E(w)E(r,w) and B ( r , w ) = p(u)H(r,u)

(44

where E and p are the frequency dependent dielectric constant and magnetic permeability. If one calculates the rotation of the first Maxwell equation, and uses the
second and the third Maxwell equation together with the constitutive relations one
obtains the wave equation

Here A is the Laplace operator
a2

a2
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0x2

dy2

622

A=-+-+-

Furthermore the refractive index of the medium is identified with
.(W)

=d

m with

Imn(w) 2 0
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If there is absorption in the medium n ( w ) will be a complex function of w . This
is the consequence of the fact that either the dielectric constant or the magnetic
permeability are complex functions of w . In that case the plane wave solution will
decay exponentially in the direction of propagation. Its source must be at a finite
distance of the observer.
As discussed in all textbooks on electromagnetism [26], [14]the above equations for the field in a homogeneous isotropic medium have so-called plane wave
solutions of the following form

E(r,w) = Eo e x p [ i h . r ] 2 S(w
~ - WO)
B(r,w) = (c/wo)ko x Eoexp[iko.r]2~6(w - wo)

(44

] ~ Eo.ko = 0. As a function of position and time the
with ko.ko = [ ( ~ o / c ) n ( w o )and
plane wave is given by

E(r,t ) = Eo exp[iko.r - h o t ]
B(r,t) = ( c / w o ) ~x Eoexp[iko.r - iwot]

(4.7)

It should be noted that in a non-absorbing medium the wave vector is real valued
and the directions of both the electric and the magnetic field are orthogonal to the
direction of propagation of the wave & = k o / ( b l . Furthermore the directions of
the electric and the magnetic field are orthogonal to each other. The direction of the
electric field is called the direction of the polarization of the wave. There are therefore
two independent polarization directions which are both normal to the direction of
propagation.
In an absorbing medium the refractive coefficient has an imaginary part. In
that case one usually takes ko = (wo/c)n(wo)k_o.The amplitude of the field decreases
exponentially in the direction of propagation ko. The electric and the magnetic field
are then again orthogonal to each other and to the direction of propagation. In
particular the incident and the reflected fields will be of this nature. It is important
to realize, however, that the transmitted light may have a somewhat different nature.
It follows from the wave equation that the wave vector and the frequency of a solution
of the form given in eq.(4.7) are related by k0.h = [ ( w o / c ) n ( w ~ ) ) This
~.
gives the
freedom to choose two components of the wave vector and the frequency and to
determine the third component of the wave vector using this relation. This third
component of the wave vector is then usually the component normal to the surface.
This matter will be discussed in some more detail in the next section. If, as is often
the case, the medium is only weakly absorbing it is sufficient to neglect the imaginary
part of the refractive index in most of the analysis except for an overall attenuation
factor. In the further analysis in this chapter it will be assumed that the medium,
through which the light is incident, is weakly absorbing. The dielectric constant and
the magnetic permeability will therefore be chosen to be real (for z < 0).
If a plane wave is incident on a flat interface one may distinguish two different
cases. One case has a direction of the polarization which is orthogonal to the plane
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of incidence. One calls this alternatively an s-polarized plane wave or a TEwave.
The s is from the German word for orthogonal (senkrecht) whereas TE stands for
transverse electric. The other case has a direction of the polarization which is in
the plane of incidence. One calls this alternatively a p-polarized plane wave or a
TM-wave. Here p stands for parallel and TM for transverse magnetic. In principle
one must calculate the reflection and transmission amplitudes of the T& and the
TM-waves independently. It is possible, however, to use again the symmetry of the
Maxwell equations for the interchange of the electric field with the magnetic field and
the electric displacement field with minus the magnetic induction, cf. section 3.8. As
discussed in that section this is equivalent with simultaneously interchanging E* with
-p* , Y~with -3;n, p, with 3
/-,
6, with 6, and replacing r by - r . It is therefore
sufficient to solve only one of the two problems. The other follows immediately using
this symmetry.
In the following sections the amplitudes of the transmitted and reflected fields
will be calculated for the general case. In the calculation of transmittances, reflectances and ellipsometric coefficients the analysis will be restricted to the nonmagnetic case in order to avoid undue complexity. For the general case one may use
the general amplitudes given to calculate the desired property along similar lines. All
final expressions for measurable quantities are written using invariants. This makes
them visibly independent of the somewhat arbitrary choice of the dividing surface.
Except for simple phase factors the same is done for the amplitudes of the reflected
and transmitted light. All experimental results can therefore be interpreted directly
in terms of these invariant, which are characteristic for the surface considered.

4.2

TEwaves

The medium through which the plane TEwave is incident is assumed to fill the z < 0
half-space. The solution of the wave equation in the z < 0 region is a superposition
of the incident wave and the reflected wave:

E(r,w) = (O,l,O)[riexp(ik.r) +r5exp(ik,.r)]2x S(W - W O )
B ( r , w ) = n-[ri(-cosBi,O,sinBi)exp(iki.r)
+r,(cosO,, 0, sine,.) exp(ik,.r)]2n S(W

- w0)

(44

It should be noted that ri and r, give the amplitudes of the incident and the reflected
waves a t the z = 0 surface. n- is the real refractive index in the z < 0 half-space.
The wave vectors of the incident and reflected light are given by
W
= n--(sinBi,O,cosBi)
C

and k,

W
= n--((sinO,.,O,-cos8,)
C

(4.9)

Here Bi is the angle of incidence and B,. the angle of reflection, which will as usual be
found to be equal. The coordinates have been chosen such that the plane of incidence
is the 2-2 plane. Not only the incident wave but also the reflected wave is a TEwave.
The transmitted light is given by

E ( r , w ) = (0, 1,0)t,exp(ikt.r)2s S(W - W O )
B(r,w) = n+t,(-cosBt,0,sin8t)exp(ikt.r)2n6(w -wo)

(4.10)
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for z > 0, where n+ is the possibly complex refractive index in the z
The wave vector of the transmitted light is given by
kt

w
= n+-(sinBt,O,cosBt)
C

> 0 half-space.
(4.11)

Here Ot is the angle of transmission. The transmitted wave is also a TEwave and t,
is the amplitude for z = 0. If the medium through which the light is transmitted is
absorbing the refractive index, and therefore the wave vector of the transmitted light,
will have an imaginary part. This leads to damping in the direction of propagation.
In order to calculate the reflection and transmission amplitudes rs and t, introduced above one must first evaluate the interfacial polarization and magnetization
densities. As follows from the constitutive relations, eqs.(3.42) - (3.45), one needs for
this purpose the averages, cf. eq.(3.34), of the asymptotic bulk fields at the interface.
Using eqs.(4.8)-(4.11) and the constitutive relations in the bulk regions one obtains

+n+t,sin 8t exp(ikt,ll.rll)}2~S(w - wg)

(4.12)

It is only possible to satisfy the boundary conditions (3.30) if the components of the
wave vectors of the incident, reflected and transmitted light parallel to the interface
are equal:
ki,ll = kr,ll = kt,ll = kll

(4.13)

In fact this property may also be derived on the basis of translational invariance
along the interface, which implies that the above solution must be an eigenfunction
of the generator d/arll of infinitesimal translations. An immediate consequence of
this property is that the plane of incidence is equal to the “plane of reflection” and to
the “plane of transmission”, a fact which was first established by Snell. Substituting
the explicit expressions (4.9) and (4.11) for the wave vectors one furthermore finds
the well-known results

Oi = 0,

=8

and n+sin Ot = 7

~ -sin 8

(4.14)

It is thus found that, independent of possible surface excesses in the fields, the reflection and transmission angles are given by the usual law of reflection and by Snell’s
law respectively. If n+ is a complex number, the angle of transmission 8t is also a
complex number. Of course a complex angle of transmission does not have a physical
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meaning as an angle. It is more transparent in that case to use the wave vector
instead. According to Snell's law, the wave vector along the surface kll is the same
on both sides of the interface. In view of the fact that the ambient has been chosen
to be transparent, kll is therefore real. The component of the wave vector normal to

-4

, and has a positive imaginary

the surface Ict,z is given by Ict,z =

part. The transmitted wave is attenuated away from the surface. If n- and n+
are both real and n- > n+ one finds that kt,= = (w/c)J\n+l2 - [n- sinBj2 is purely
imaginary, if one chooses @ larger than the angle of total reflection, arcsin(n+/n-).
In that case the transmitted wave is overdamped.
Using the equality of the parallel components of the wave vectors, the expression (4.12) for the averages of the bulk fields simplify to

where in the last equality Snell's law has been used.
The next step is the calculation of the interfacial polarization and magnetization densities, defined by eq.(3.27), (the primes should be dropped in this equation,
see remark after eq.(3.30)). Substitution of the averages of the bulk fields (4.15)at
the interface into the constitutive relations (3.42)-(3.45) then gives
1

P i ( q , w ) = 2(0,1) exp(ikll.q)2n 6(w - W O )
X{?,(.i

PZ(('lI,W)

tr, +tS)

W

- i-T[(n-/p-)(ri
- r,)cosB+
C

(n+/p+)t.cosB,]}

= 0

M & ( q , u )=

1

-2(1, 0) exp(ikll.rll)2.rrS(W - ~0){7,J(n-/p-)(r~
- 7.)

cosB

w
+(n+/p+)t.cos&] + i - [ ~ + S ~ ( n - ~ i n 8 ) ~+]r (, r ~ t.)}

+

M;(q,w)

=

1
2"-

sin0 exp(ikll.q)2~S(w - q,){&(ri

W

- i - ~ [ ( n - / p - ) ( r~ T,)
C

COS 8

+ r. + t.)

+ (n+/p+)t.cOsetl>

(4.16)

Finally one finds two independent linear equations for the reflection and transmission
amplitudes, if the above results for the interfacial polarization and magnetization
densities are substituted into the boundary conditions (3.30) for the jumps in the
bulk fields at z = 0. Introducing the abbreviations
Te,m(o)

Ye

+ Pn(n- sinQ)'
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+

~ ~ (=87 ) b,(n-

sin@)'

(4.17)

one finds, after some rather elaborate and not very illuminating algebra, that the
expressions for the reflection and transmission amplitudes can be written in the following form:

+

~ ~ ( 6= ) ri{(n-/pL-)cosO[l (:)'-rm(8)]
.w
+z,[ye,,(~)

- y,(n-n+/P-p+)

W

- (n+/p+)cos&[l - (-)'~,(e)]

cos 0

C O S ~ ~ ]

lw

-~(~)'y,~e,,(6)[(n-/P-) ~ 0 -~( n +0 / ~ + ) c o ~ ' ~ l D
}s(
/')

(4.18)

and

The denominator is given by

and is the same in both amplitudes.
It should be emphasized that the reflection and transmission amplitudes are
not invariant if the position of the dividing surface is changed. It is therefore not
possible to write these amplitudes in a form containing only the invariants introduced
in section 3.9. The reason for this is the occurrence of phase factors which depend on
the choice of the dividing surface. It can, however, be shown that, apart from such
phase factors, the above amplitudes ~ ~ ( and
0 ) t s ( 0 ) can be expressed in terms of the
complex invariants I,, I,,, IS,, and I,, defined in eqs.(3.53) and (3.54). One finds
from eqs.(4.18)-(4.20), together with eqs.(4.17), (3.53) and (3.54), after lengthy but
straightforward calculations, which will not be given here, the following results for
the reflection and transmission amplitudes:

2
+-(n-sinO)2](n-cose
P-

P+

+(:)'[I,
C

+n+c0set)

+Is,m(n-sinQ)2]

}/ Ds(0)

(4.21)
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and
t s ( 0 )= 2 ri(n-/p-)

/ DS(0)

(4.22)

C O S ~

The denominator in these expressions is given by

n

z

+--(nP- P+

~ i n Q ) ~ ] (COSQ
n - - n+ coset)

(4.23)
Here again the notation arelation

= a+ - a-

and a+

4sin 0 sin et - cos 0

= $(at + a - )

has been used and the

cos Bt = - cos(8 f 0,)

(4.24)

which is also valid for complex angles Bt.
Formula (4.21) together with (4.23) for the reflection amplitude using invariants is rather complicated compared to the original formula, (4.18) together with
(4.20). As both formulae are equivalent one may equally well use the simpler expression in terms of the constitutive coefficients. An additional reason to be careful with
the formula using the invariants, is the exponential prefactor. The imaginary part
of ye for metal films can be rather large compared to the wavelength. This leads to
unphysical small values of the exponent. It is then more in line with the derivation of
eq.(4.18) to expand the exponent again and to return in this manner to the original
formula,
In view of the fact that the description of the interface has been restricted to
constitutive coefficients of the first and the second order in the interfacial thickness,
contributions to the numerator and the denominator of ~~(6')and t,(B) which are
of third and higher order have been neglected in the above expressions. One may
wonder why the denominator is not eliminated by expanding it into a power series
in the interfacial coefficients. One could argue that the description of the film is
only given to second order in the thickness of the film, so that one should in the
further analysis systematically expand the whole expression to second order in the
thickness. Though this argument is straightforward and appears to be appealing, it
is physically incorrect. The exponential factors are simple phase factors. The rest
of the nu'merator and denominator one could rewrite by dividing out the Fresnel
contribution and subsequently expanding the denominator. It is then seen that the
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resulting expression has the typical structure, in which one sums over multiple internal
reflections inside the film. The resulting expression is in fact rather more complicated
than the present expression already is, even if one neglects terms of higher than second
order. The present expression takes all these multiple reflections into account and is
therefore more physical. The reason to hold on to the above form is therefore based
on physical considerations rather than on puristic mathematical ones.
The complex exponential phase factors, appearing in the numerator of r,(B)
and in the denominator D S ( e )of both r8(e)and t s ( 0 ) , are also correct up to this
second order. The reason to prefer the exponential form is that this factor gives the
phase factor needed to go from one choice of the dividing surface to another. This
follows if one calculates
(4.25)
using eq.(3.51). Notice that this equality also implies that the imaginary part of both
quotients on the left hand side are equal and therefore independent of d. This is the
reason for the choice of 1, as invariant, cf. eq. (3.55).
It is seen by inspection of eqs(4.21) and (4.23), that the exponential factor in
the numerator of rs(S) partly cancels against the exponential factor in the denominator A,(e), so that finally the complex exponential factor

P+Ye + E+'Ym

(4-

(4.26)

is left in the expression for rS(e). Since n- has been assumed to be real, so that
n- cose is also real, the factor f can be written as

(4.27)
where the definition eq.(3.55) of the real invariant I , has been used. Therefore f is the
product of an exponential phase factor and a damping factor due to absorption by the
interface. The latter is an expression in terms of the invariant I,. It is evidently not
possible to express the phase factor in terms of invariants as follows from eq.(4.25).
This is, of course, related to the fact, that the amplitude r s ( e )is not a measurable
quantity. In the expression for the reflectance this phase factor will drop out (see
section 4.4).
In the expression eq.(4.22) for the transmission amplitude a complex exponential factor appears only in the denominator D,(B), cf. eq.(4.23). It does not
cancel partly against such factor in the numerator, as was the case for the reflection
amplitude. Therefore t,(€J)contains the complex exponential factor
(4.28)
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It will be clear that, in order to write this expression again as the product of a phase
factor and a damping factor, containing I,, now both n- and n+ must be real, so
that (n- cos 0 - n+cos 8,) is real. In this case one finds, using eq.(3.55),

F

=

W

(n- cos e - n+cos et) 1

exp{-i-Re
C
W

x exp{ -I, (n- cos B - n+cos 0,) }
C

(4.29)

The first factor at the right-hand side of this equation is again the phase factor,
which is not expressible in terms of the invariants, but which will drop out in the
transmittance (see section 4.4).
If the substrate is absorbing, so that n+ is complex, it is no longer possible to
express the transmittance merely in invariants. In that case there is not only absorp
tion by the interface but also absorption in the substrate over the distance between
two possible choices of the dividing surface. As a consequence the transmittance,
which is defined upon passing the dividing surface, becomes dependent on the choice
of its location. In the following the transmission of light will only be studied in the
special case that the medium, through which it is transmitted, is transparent. Then
the transmittance is constant in space and expressible in invariants (see section 4.4).
If the substrate is weakly absorbing one may still use the formulae given in this book
provided that one accounts for the attenuation between the surface and the observer.
0 ) t s ( 0 )and the symmetry
In the following section the expressions for ~ ~ ( and
for the interchange of the electric and the magnetic fields, discussed in section 4.1,
will be used in order to calculate the reflection and transmission amplitudes for TM6 )tp(e)respectively.
waves, ~ ~ ( and
In this book the interest is mainly in non-magnetic systems. In such systems
one has
pi = 1 and ym = p, = 6, = 0

(4.30)

This leads to a considerable simplification of the expressions for the amplitudes. In
the first place one has T ~ , ~ ( O=) yeand .I;n(O) = T , cf. eq.(4.17). Furthermore the
complex invariants I , , I , and I6,, are zero. The amplitudes then become

+

W

~ ~ ( 6= ) riexp{-i--(y,/

~ - ) ( n - c o s B n+cosBt)}

x {n- cos 8 - n+ cos Bt

1, (n- cos0 + n+cos &)}/ 0,(8)(4.31)

+

for the reflection amplitude, and
t s ( e )= 2

Tin-

cos 6'

/ Ds(0)

(4.32)

for the transmission amplitude. The denominator in these expressions is given by

DS(e)

=

W

exp{i-(yJ-)(nC

x {n- cOse

case - n+coset)}

+ n+ cos et +

o2

I, (TI- cos e - n+cos 0,))

(4.33)
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In this non-magnetic case the refractive indices are given by n* = @. Note the fact
that the reflection and transmission amplitudes only contain Y~ and I,, where the
invariant is now given by eq.(3.56). The reason for this is the fact that the electric field
of the TEwaves is directed along the interface. An excess of the normal component
of the electric field therefore does not occur. The exponential factors in numerators
and denominators may again be written as a product of a phase factor and a damping
factor. The damping factor now contains the invariant I, = Im(Te/c), cf. eq.(3.56).
The reflectance and transmittance for non-magnetic systems, which can be
calculated from the corresponding amplitudes, are given for an arbitrary angle of
incidence in section 4.4. Special choices, which are convenient to do experiments, are
for instance: normal incidence, 45 degrees and near to the Brewster angle and the
angle of total reflection. These are discussed in subsequent sections.
To zeroth order in the thickness of the interface the reflection and transmission
amplitudes reduce to

+

r:(0) = ri(n-cos0 - n+ cos Ot)/(n-cos6 n+ cos&)
t:(e) = 2 rin- cos e /(nn+ , O s b t )

+

(4.34)

which are the well-known Fkesnel amplitudes.
4.3

TM-waves

The medium through which the plane TM-wave is incident is, as in the preceding
section, assumed to fill the z < 0 half-space. The solution of the wave equation in
the z < 0 region is a superposition of the incident wave and the reflected wave:

E(r,w)

cos0i,O,sinBi) exp(ik.r)
+rp(cos Or,0, sin 0,) exp(ib.r)]2nS(w - wo)
B(r,w) = n-(O, l,O)[riexp(iki.r) rpexp(ib.r)]2r S(W - W O )
= -[ri(-

+

(4.35)

Here pi is the amplitude of the incident wave. The wave vectors of the incident and
reflected light are again given by eq.(4.9). In the present case the direction of the
polarization is in the plane of incidence, i.e. the 2 - z plane. Not only the incident
wave but also the reflected wave is a TM-wave. The amplitude of the reflected light
is rp.
The transmitted light is given by

E(r,w) = t,(~os0~,0,-sin0~)exp(ik~.r)2n
S(w - W O )
B ( r , w ) = n+(O,1,0)tpexp(ikt.r)2rS(w - W O )

(4.36)

for z > 0 , where the wave vector of the transmitted light is given by eq.(4.11). The
transmitted wave is also a TM-wave. t, is the amplitude of the transmitted light.
It is now possible to obtain the expressions for rp and t, from the expressions
for r8 and t , given in eqs(4.21)-(4.23) using the symmetry of the Maxwell equations
for the interchange of the electric with the magnetic field and the electric displacement
field with minus the magnetic induction. As discussed in section 4.1 this is equivalent
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to the interchange of c* with -,& , ye with -ym, 0,with -pm, 6, with 6, and
replacing 7 by -T. For the invariants this implies that one must interchange Ze with
-Im , I , with -Iem, Is,e with Z8,m and I , with -Z, . In this way one finds from
eqs.(4.21)-(4.23), after multiplication of numerator and denominator with -1, for
the reflection amplitude

and for the transmission amplitude

tp(e)= 2 Ti(.+/€+)

case / oP(e)

(4.38)

Note the fact that t, has been multiplied with an additional factor n+E-/n-E+, which
originates from the fact that E and B map into H and -D rather than into B and
-E. The denominator in these expressions is given by

-

(3

E+Iezem

(€p)-€-E-E+

1 w

+z

2

(n- sin e)'(n- cOs e - n+ cos e,)

€+Iem
2
(W-E-P-

2
+---(n-sinO)2](n-cose-

(V-

(5

cos

+ n+
-cos et
€+

)

(n- cos e - n+ cos 0,)

n+cos&)

€-€+

(4.39)

+

In the above equations again the notation a- = a+ - a- and a+ E ;(a+ a - ) has
been used, as well as the relation eq.(4.24).
The expressions for the reflection and transmission amplitudes for p-polarized
light, found above are, of course, just as those for 3-polarized light in the previous
section, valid up to second order in the interfacial thickness. For the same reason
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one should, however, not expand the denominator in order to combine the resulting
terms t,o second order with those of the numerator.
Notice the important fact,that the complex exponential phase factors, appearing in rp(o)and ~ ~ (are
6 the
) same. Consequently these phase factors drop out in the
quotient of rp(0)and r.(O), which is the quantity p(B), measured in ellipsometry (see
section 4.8). As it should be, this is therefore again an expression in terms of merely
invariants. As will be clear, this is also the case for other measurable quantities, like
for instance the reflectance and transmittance (see section 4.4).
For non-magnetic systems, which is the main topic in this book, one may set
pi = 1 and ym = p, = 6, = 0, cf. eq.(4.30). The complex invariant I,, is therefore
also zero. The above expressions for the reflection and transmission amplitudes then
simplify and are, after multiplication of numerators and denominators with the factor
n-n+, given by

rp(e)

=

W

riexp{-i-(y,/

E-)(n-

cosB+n+cosBt)}
w n-

x {n+ cos 6 - n- cos ot - Z - - I ~
c n+
-

):(

sin2 e

2

(I, -

sin2 e)(n' cos 6'

+ n- cose,)}/Lj,,(o)

(4.40)

and

tp(B)= 2 Tin- cos /bp(0)

(4.41)

The denominator bp(e)
in these expressions is given by

fiP(6')

5

n-n+Dp(6)
W

= exp{i;(y,/

~ ~ ) ( n - ~ ~ ~ ~ x -{n+cosB+n-cosBt+
n + ~ ~ ~ e ~ ) }

( I , - I ~ , , E sin2
- O)(n+cos o - n- cose,)}(4.42)
It is clear from these formulae, that the explicit expressions for the amplitudes of
p-polarized light in the non-magnetic case do not simplify as much as the amplitudes
for s-polarized light. The reason for this more complicated behavior of TM-waves is
the fact that the electric field has components both in the direction normal to the
surface and in the direction parallel to the surface. As a consequence the interfacial
constitutive coefficient ye and the invariants I,, Is,e and I, appear in the reflection
and transmission amplitudes. TEwaves have an electric field which is parallel to the
surface and in this case only ye and I , appear in the amplitudes.
Lekner [ll]was the first to introduce invariants in the description of the optical
properties of non-magnetic stratified layers. A detailed comparison with his formulae
is given in chapter 11 on stratified layers. Here it is only noted that his definition of
the reflection amplitude for p-polarized light differs a sign with the definition used in
this book.

57

hflectance and transmittance in non-magnetic systems

To zeroth order in the thickness of the interface the reflection and transmission
amplitudes again reduce to

case

+

- n- cos e,)/(n+ COSB n- cos 6,)
r:(e) = ri(n+
=
2
Tincos
e
/(n+cos '
6 n- cos 0,)
t;(e)

+

(4.43)

which are the well-known Fkesnel amplitudes.

4.4

Reflectance and transmittance in non-magnetic systems

The average energy flow is given by the time average of the Poynting vector which,
for a plane wave, may be written in the following form ([14],page 33)

1
S = -cRe[E x H*]= S&

(4.44)

2

where & is the unit vector in the direction of the wave vector. The absolute value S
is the light intensity, while the direction of the energy flow is for a plane wave in the
direction of the wave vector. The asterisk denotes complex conjugation.
The reflectances are defined as the ratios of the intensity of the reflected and
the incident light. Consequently one finds, using the above expression for the incident
and reflected plane waves,

Analogously one finds for the transmittances

T, = (t./ri)'

(n+/p+) cos et
and Tp
(71.- /p- ) cos 8

(tp/ri)'

( n + / p + )cose,
( n - / p - ) cos 0

(4.46)

In the last equation both n - , p - and n+,p+ are real. This is in agreement with the
assumption, made in the previous sections, that the transmission of light will only be
studied in the special case that also the medium, through which the light is transmitted, is transparent. (For reflection only n- and p - are assumed to be real). The
angle dependent factors originate from the fact that the component of the energy
flow orthogonal to the interface is used, rather than the energy flow in the direction
of propagation. For the reflected light this makes no difference. Straightforward substitution of the amplitudes given in the previous sections leads to explicit expressions
for the reflectances and transmittances.
Before giving the general expressions for the reflectance and transmittances
for the non-magnetic case, it is convenient to discuss the so-called fiesnel values.
These are found, if one considers a surface where the refractive index changes discontinuouslyfrom one constant value to another constant value. For this purpose one
simply substitutes the Fresnel amplitudes (4.34)and (4.43)into the above equations
for the non-magnetic case. In the study of interfaces the deviations of the reflectances
and transmittances from their R e n e l values contain information about the interfacial
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constitutive coefficients and therefore about the structure of the surface. One therefore usually divides the experimental values of the reflectances and transmittances by
these Fresnel values which are given by
= l(n- coso - n+cose,)/(n-case + n+coset)(2
T:(@) = 4n-n+ cos 0 cos @,/(n-cos 8 + n+cos Ot)'

I?:(@)

(4.47)

and

R:(B) = l(n+COSB - n- c o ~ @ ~ ) /COSB
( n ++ n- C O S B ~ ) ) ~

T,D(o)

= 4n-n+cose ~ ~ s @ , / ( n + ~ ~ ~ e + n - c o ~ e ~
(4.48)
)~

where the dependence of 8, on 0 is given by Snell's law, eq.(4.14). In the above
expressions for the transmittances, hoth n- and n+ are assumed to be real, in those
for the reflectances only n-. This is the reason, that absolute value symbols have
been used in the latter expressions. Notice the fact, that for a transparent substrate
the sum of the Fresnel reflectance and transmittance is equal to unity

R:(o)+ ?(O)

+ T,O(e)= 1

(4.49)

= 1 and R:(@)

Using Snell's law one may rewrite the reflectances in the following form

R ~ ( B=
)

R;(o) =

+ @,)I2
I tg(8 - et)/ tg(O + &)I2

(4.50)
(4.51)

sin(@- @,)/sin(@

These expressions are valid both for a transparent and an absorbing substrate. There
are two angles of incidence for which the denominator is not finite. The first possibility
is at normal incidence when both denominators and numerators are zero. For that
case it is more convenient to use eq.(4.48) which gives

The other possibility for a transparent substrate is an infinite denominator, which
only occurs in R: at the so-called Brewster angle O;, when the sum of the angle of
incidence 0: and the angle of transmission is equal to 90 degrees:

e;

+ e,(e;)

(4.53)

=x/2

At the Brewster angle there is no reflection of p-polarized light:

R;(e;)

(4.54)

=0

and reflected light is as a consequence fully polarized normal to the plane of incidence.
This implies, using eq.(4.48), that

n+cos 0:

= n--cos

+

7r

e,(@;) = n- cos(- - 0;)

6; = arctan(n+/n-)

2

= n- sin 0:

(4.55)
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For an absorbing substrate one also introduces a Brewster angle. The definition
is then, however, less clear. Possible definitions for that case will be discussed in
section 4.6 on the reflection of p-polarized light, and in section 4.8 on ellipsometry.
The reason to study reflection near the Brewster angle is the great sensitivity to how
much the surface differs from the step function Fresnel interface. In this way one
may, for instance, estimate the amount of oxide on a metal surface, study surface
roughness and other such surface properties. This will be discussed in detail in the
following sections.
Substitution of the reflection amplitude, eq.(4.31) with eq.(4.33), for s-polarized
light into eq.(4.45) gives after some straightforward algebra, using eq.(3.56), up to
second order in the interfacial thickness,

-In+ cos 6t(2]- 2I:n- cos 0 Im(n+ cos &)}}/ A46)

(4.56)

for the reflectance of a surface. The denominator is given by

A,(e)

=

in- cOs e

+ n+

et 12 + 2

(f)'
(1; [(n-cos

012

- in+ cos et12]

+21:n- cos 6 Im(n+ cos 0,))

(4.57)

Here and in the following the prime and double prime indicate the real part and the
imaginary part of the corresponding quantity, respectively.
All formulae above are for the general case that the ambient, through which the
light is incident, is transparent. The substrate may either be transparent or absorbing.
If the substrate is absorbing the angle of transmission is always a complex number. If
the substrate is transparent and its refractive index larger than the refractive index
of the ambient, the angle of transmission is real and can therefore be interpreted as
the physical direction of the transmitted light. If the substrate is transparent and
its refractive index smaller than the refractive index of the ambient, one has the socalled phenomenon of total reflection. In that case the angle of transmission is real
for an angle of transmission smaller than the angle of total reflection, which is given
by arcsin(n+/n-). See in this connection the text below eq.(4.14). When the light is
incident a t an angle larger than the angle of total reflection, the angle of transmission
is given by cos 0t = z[(t-/t+)sin2 0 - 111/' and is therefore a complex number. In this
respect this case becomes similar to the case with an absorbing substrate and one
should use the expression for the reflectance given above.
In the case of a transparent substrate, and provided that the angle of incidence
is smaller, than the angle of total reflection in the case that n- > n+, the above
equations reduce to

&(e)

W

= exp(4-1,n-

c0s

e)[@

cos 0 - n+ cosOt)2- 2

1:

C

(t'

-

€-)I/

AJ0)
(4.58)

with
W

2

A,(0) s ( ~ - c o s ~ + ~ + c o s ~ C~ ) I~: -( €~+( --€)- )

(4.59)
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where also Snell's law, eq.(4.14), has been used.
For a transparent substrate, provided that the angle of incidence is smaller
than the angle of total reflection in the case that n- > n+, one finds similarly for the
transmittance, upon substitution of eqs.(4.32) and (4.33) into eq.(4.46) (for p* = 1)
and using eq(3.56) and Snell's law,
w

Tap)= 4 n-n+ cos 8 cos Bt exp[2-IC(n- cos 8 - n+ case,)]/ A,(@)
C

(4.60)

where the denominator A,(e) is given by eq.(4.59).
As discussed in the previous chapter, both I, and I, are invariants. The
above expressions are therefore explicitly independent of the choice of the dividing
surface. Another quantity of interest is the energy absorption by the interface. If
the substrate is absorbing, it is not possible to distinguish between absorption by
the interface versus the absorption just below the interface in the substrate. For a
am-absorbing substrate one finds, up to second order in the interfacial thickness, for
the absorption by the interface

Q,(e)

1 - %(e) - Ts(e)

w
= 4-n-cosQ

w

I,(€+- ~-)exp[2-IC(n-cosQ- nt cosQt)]/ A,(B)(4.61)

C

C

where eqs.(4.58) and (4.60) have been used and where A,(O) is given by eq.(4.59).
It follows, that the interface does not absorb energy from the s-polarized light wave,
if I, is equal to zero. In view of the fact that I, is proportional to y
L it also follows
that there is no absorption of energy by the interface, if the imaginary part of the
constitutive coefficient Y~ is equal to zero. For a transparent substrate 7: is an
invariant: this in accordance with eq.(3.51).
If one measures the reflectance, transmittance or the absorption of a-polarized
light by an interface between two different transparent media, one obtains information
about two invariants I , and 1:. In the case that the substrate is absorbing, a reflection
experiment with s-polarized light will, in addition, give information about I:.
Similarly one finds for p-polarized light by substitution of eqs.(4.40) and eq.(4.42)
into eqs.(4.45) and using eq.(3.56), up to second order in the interfacial thickness,

%(e)

=

w
w nexp(4-I,n-cos~){(n+cose -n-c0set - i---Iesin28l2
c n+

-2
+4
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-

w 2

[I: - Ii,,(n-sin8)2](1n+12cos2e- (n-)2(coset12)

[I: - I&(,- ~ i n o )Im(n-n+'
~]
cos 0 cos O t ) } / A,(@)(4.62)

for the reflectance of a surface. The denominator is given by

A,(e)

f

w nIn+cosB+n-cosBt +i--Iesin2812
c n+

[I: - Ii,e(n- ~ i n 8 ) ~ ] ( 1 ~ 1 + 1 ~-c o(n-)21
s ~ e coset12)

-4

(-)

w 2

[I; - I;,=(n- sine)21 Im(n-n+* cOs e cOse,)

(4.63)
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In the case of a transparent substrate, and in the absence of total reflection,
the above equations reduce to

Rp(o)

W

= exp(ri-I,nC

cose){(n+ C O S ~ n-

coset)2

w n+2---1~ss
c n+ in2 ~ (n+ c os ~ -n-c os e , )

+

(:I2

511.12sin40

(I: - I & - sin2O)(E+ cos2B - E- cos2&)}/ A,(Q) (4.64)
with

-2(Ii

sin28 ) ( ~ cos2
+ B - E - cos26 , ) )

-

(4.65)

For the transmittance through the transparent substrate one finds in an analogous way, by substituting eqs.(4.41) and (4.42) into eq.(4.46) (for p* = l), and using
eq.(3.56),

Tp(6)= 4 n-n'cos8

W

cosOtexp[2-Ic(n-cosB - n+cosOt)]/ A,(O)
C

(4.66)

where the denominator A,(O) is given by eq.(4.65).
The energy absorption by the interface is given, again for the transparent
substrate, by

Qp(0)

=

w

l - R p ( 0 ) - T p ( O ) =4-n-cosB
C

x { I ,(E'

- E- ) (sin2'6

w l
$2-sin20
c n+

W

exp[2-Ic(n-cosO-n+cosBt)]
C

+ cos' 6,)- I: sin26'

C O S & [ ~ ~ ( E +- E-)'

- I&'(E+- €-)I}/

A,(O)

(4.67)

where eqs(4.64) and (4.66) have been used and where A,(O) is given by eq.(4.65). It
now follows, that the interface does not absorb energy from the p-polarized light, if
both I, and I: are zero. It follows from the definition of these invariants, eq.(3.56)
with E+ and E- real, that 7: = /7: = 0. Consequently there is no absorption of energy
by the interface, if the imaginary parts of the constitutive coefficients ye and /7, are
equal to zero.
If one measures the reflectance, transmittance or the absorption of p-polarized
light by an interface between two different transparent media, one obtains information
about five invariants Ic, I:, I:, 1: and I;,,. Two of these invariants ( I , and 1:) may
alternatively be obtained using s-polarized light. The other three then subsequently
follow from an experiment with p-polarized light. In the case that the substrate
is absorbing, a reflection experiment with p-polarized light will, in addition, give
information about I," and I&, of which the former may also be obtained using spolarized light.
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As one may verify in eqs.(4.64)-(4.67), the only deviations from F'resnel, which
are linear in the thickness of the interface, are due to the invariants I , and I: or,
alternatively, to the imaginary parts 7; and p:, as follows from eq.(3.56) with E+
and E - real. If the surface is non-absorbing, i.e. if Qp = Q8 = 0, these imaginary
parts are zero. Consequently the deviation from the Fresnel values of the reflectance
and transmittance are for each angle of incidence at least quadratic in the thickness
of the interface. This shows the importance of the constitutive coefficients T and
S,, and therefore of the invariants I, and &, for the proper understanding of the
optical properties of in particular non-absorbing interfaces. For absorbing surfaces
the deviations from the Fresnel values will be dominated by ,tll and yi, and therefore
by I , and I:.
4.5

Reflectance and transmittance in non-magnetic systems at normal
incidence

In view of the fact that many reflection and transmission experiments are performed
at normal incidence it is useful to discuss this special case separately. At normal
incidence the expressions for the reflection and transmission amplitudes simplify considerably. Since furthermore one often measures the reflectance and transmittance
at normal incidence, it is convenient to give these formulae explicitly. For normally
incident light there is no longer a difference between p- and s-polarized light. From
eqs.(4.56) and (4.57), or eqs.(4.62) and (4.63), it follows that the reflectance is given
bY

where

In the case of a transparent substrate this reduces to

&(a)

W

= EZp(0) = exp(4;n-lc){(n+

(Y

- n - ) 2- 2 -

I:

(E+

- E - ) } / A,(O)

(4.70)

(6'

-E-)

(4.71)

with

A,(O) = Ap(0) = (TI+

+ n-)z - 2

(Y

I:

The transmittance follows from eqs(4.60) and (4.59), or eqs.(4.66) and (4.65),
W

T,(O) = Tp(0)= 4 n-n+exp[2-(nwhere A,(O) is given by eq.(4.71).

A,(O)

- n+)Ic]/

(4.72)
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The energy absorption by the interface is given by

Q,(O)

w

W

- .+)Ic]/ A,(O)

= Qp(0)= 4 n--IC(e+ - 6-) exp[2-(n-

(4.73)

as follows &om eqs.(4.61) or (4.67).

From the above equations it is found, that a reflection experiment with normally incident light on a surface gives at most information about the 3 invariants I,,
1: and I:, This is the case, when the substrate below this surface is absorbing. In the
case of a transparent substrate only the 2 invariants I, and I: can be obtained, both
from the reflectance, the transmittance and the absorption of energy. In view of the
fact that for normally incident light there is no difference between p- and s-polarized
light, this is only natural.
For a non-absorbing surface on a transparent substrate I, = 0, so that only
the invariant 1: appears in the reflection and transmission intensities. Experiments
at normal incidence are therefore a convenient method to obtain this invariant.
4.6

Reflectance of ppolarized light in non-magnetic systems near the
Brewster angle

Another interesting special case is the reflectance of p-polarized light around the
Brewster angle. As the case of a transparent substrate is much simpler, this case is
considered first. In section 4.4 it was shown that the Resnel value of this reflectance
is zero in the Brewster angle 0: = arctg(n+/n-). Due to the finite value of the interfacial constitutive coefficients the reflectance remains finite for all angles of incidence.
Near the 'Fresnel value of the Brewster angle the reflectance still has a minimum
which is, however, no longer equal to zero. The location of this minimum of 4 is
also shifted away from the original Brewster angle to a new angle, which is also often
called the Brewster angle.
In a reflection experiment one may measure the shift of the Brewster angle,
M P , the value of the reflectance at the Brewster angle 0; and the value Rp(0; 60,)
in the new minimum without doing a complete analysis of the angular dependence
of h ( 0 ) . As will become clear below this has certain practical advantages. One may
calculate these quantities in a tedious but straightforward manner from the general
expression (4.64)
One then finds for the minimum value of
.
. together with eq.(4.65).
.
.
the reflectance
Elp(0Og +sop)= 1 w 2 (€ + + € - ) - I ( @
(4.74)

+

z();

The value of the reflectance in the original Brewster angle is found to be

Rp(e:)

41 (--) (c+
w
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2

The shift of the Brewster angle is given by
n-n+E+
w
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(4.75)
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(4.76)
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All these values have been calculated to second order in the thickness of the interface
divided by the wavelength in vacuum. The minimum value is particularly useful in
view of the fact that it gives the value of the real part I: of one of the invariants
directly. A subsequent measurement of the value of the reflectance in the original
Brewster angle then also gives the imaginary part of this invariant. The shift of the
Brewster angle depends in addition on the real part of two other invariants. The
reflectance of p-polarized light for a transparent substrate, eq.(4.64), also depends on
I,. This invariant, which is due to absorption by the interface, only contributes to
the asymmetry of the reflectance around the minimum and may as such be measured
by scanning reflectometry.
It should be noted that the value of both reflectances above are of second
order in the thickness of the interface divided by the wavelength in vacuum, whereas
the shift of the Brewster angle contains also a linear term if the surface is absorbing,
i.e. I: is unequal to zero. For an absorbing interface the linear term will usually
dominate in which case the shift simplifies to

(4.77)
For an absorbing interface the shift of the Brewster angle and the value of the minimum reflectance of p-polarized light then determine both the real and the imaginary
part of the invariant I,.
If the surface is non-absorbing the shift in the location of the minimum simplifies to

bep

=

-

n-n+E+
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(4.78)

For a non-absorbing surface the value and the location of the minimum thus determine
the invariant I,, which is now real, and a combination of two other invariants which,
it should be noted, are also real. If these measurements for a non-absorbing surface
are combined with those at normal incidence which yield I , one may calculate I+.
In the case of an absorbing substrate the F'resnel reflectance of p-polarized
light has a minimum which is larger than zero. The angle for which this minimum
occurs, is a natural extension of the Brewster angle for scanning angle reflectometry.
The minimum of $ ( O ) , given in eq.(4.48), is found to be given by:
Re[(tg '0; - E+/E-)

(4.79)

c~sO;,~/n+]
=0

For a transparent substrate n+ , and consequently cos 0:,, and E+ are real, so that
this expression for the Brewster angle reduces to the usual expression tg 8; = n+/n-.
In order to solve the above equation for the case that the substrate is absorbing, it is
convenient to eliminate cosB;,t. Using Snell's law for this purpose one then obtains
)
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This equation has three solutions for sin2 0: , only one of which is the correct one.
The others were introduced in the process of reformulating the original equation into
an algebraic form. One may solve the above equation using standard procedures and
one then obtains as solution, introducing el c - / l ~ + l and e2 z Re&/lc+l ,

where

+ + +
+
+ +
+
+ + +

(1 6e:
9 e j 12e;e2)1/2
elez)
3e;(l
1 9e: 27ei(1 - e:) t 18e;e2 54e;ez(l+ e1e2)
(1 6ey 9ej 12e;e2)3/2

El
E2

(4.82)
For a transparent substrate, e2 = 1, it may again be verified that tg0; = n+/n-.
Although this result is obvious the verification from eq.(4.81) is cumbersome.
The minimum Fresnel reflectance for p-polarized light is found to be given by

where
(4.84)

A:

=

cos2 0:

+ el(1 - 2ele2 sin20; + e; sin4 8t)1/2
+
+

+2el cosO:(l - 2elez sin20:
e; sin4 0\)1/4
x [Re(n+/n-) cos CP Im(n+/n-) sin @]

(4.85)

For the absorbing substrate the location of the minimum of the reflectance of p polarized light shifts to a somewhat different angle BB, while also the value of the
minimum changes, due to the interfacial susceptibilities. Due to their complexity
it is not useful to give explicit expressions for these modifications in terms of the
appropriate invariants, as was done above for the case of a transparent substrate.
Using eq.(4.62) one may evaluate the reflectance around the zeroth order Brewster
angle, It is most convenient to scan this reflectance around this angle. The invariants
may then be obtained by a comparison with the Efesnel reflectance. In this case also
the imaginary parts of the invariants I, and I&,=
affect the value of the reflectance.
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Reflectometry around an angle of incidence of 45 degrees

The reason to do reflectometry around an angle of incidence of 45 d e g r w is the
following identity for the Fresnel values of the reflectances

(4.86)

R,O(r/4) - [R;(x/4)I2 = 0

Remarkable is the fact that this equality is valid for both transparent and absorbing
substrates. The Resnel value of Izp - RZ is positive for O < a/4 and negative for
O > r/4. Due to the finite value of the interfacial constitutive coefficients this crossover is shi'fted to an angle x/4 SO,,. The two relevant quantities are the shift of the
cross-over SO,, and the value of 4(7r/4) - [R,(x/4)I2 ,
For a transparent substrate the general formule, eqs(4.58) and (4.64), give
after a tedious but straightforward calculation
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For the shift of the cross-over one finds
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(4.88)

The last two equations are again given in terms of the invariants to second order in
the thickness of the interface.
For an absorbing interface it will usually be sufficient to retain only the first
order term and the above equations for a transparent substrate simplify to

Notice the fact that both the value of Izp(r/4) - RZ(x/4) and the value of SO, are
proportional to the same combination of invariants, so that it is sufficient t o either
measure the value at 45 degrees or the shift of the cross-over.
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If the interface is not absorbing, the above expressions, (4.87) and (4.88), for
a transparent substrate also simplify considerably. One finds

x € - [ € + ( I y- 2(€+ - €-)2(21; - €+I'+)I

(4.91)

and

Both the value of 4(7r/4) - R?(n/4) and the value of 6BP, are again proportional to
the same combination of invariants, so that it is sufficient to either measure the value
at 45 degrees or the shift of the cross-over.
Concluding this section one finds, though the relation given in eq.(4.86) for
transparent and absorbing substrates is remarkable, that scanning the reflectances
around 45 degrees gives a relatively limited amount of information about the surface. It is concluded that it is not worthwhile to study, for instance, the case of the
absorbing substrate in more detail.
4.8

Ellipsometry

In ellipsometry [27] one studies the ellipsometric function, which is given by the ratio
of the reflected amplitudes of p - and a-polarized light
(4.93)
The so-called ellipsometric angles $ and A are real functions of 0 which are chosen
such that 0 5 $(@)5 7r/2 and 0 5 A(@)< 2n. If one considers a system in which
both the ambient and the substrate are non-absorbing, and provided that there is no
and rt(O),cf. eqs.(4.43) and (4.34), give
total reflection, the Fresnel amplitudes r,"(@)
for P o ( @ ) = r,"(@)/rt(B)
a real function. For these Efesnel amplitudes the Brewster
angle is defined by po(@;) = 0. This definition implies that P O ( @ ) changes sign at
the Brewster angle. As a consequence A"@) jumps from 0 to A at 0 = 0; while
$'(6;)
= 0. It is noted that the resulting Brewster angle is smaller than the angle of
total reflection, so that ellipsometry works equally well for a substrate, which has a
refractive index smaller, as for a substrate with a refractive index larger than that of
the ambient.
The interfacial layer modifies this behavior in the following way: $(0) now has
a minimum which is no longer zero, whereas A(@)becomes a continuous function.
A convenient definition of the Brewster angle, which accounts for the effects of the
interfacial layer, is now given by
p ( 0 B ) is purely imaginary

+ A(@,) = n/2

(4.94)

It should be emphasized that the minimum value of $(@)is not attained precisely
at the Brewster angle. Furthermore it should be emphasized that the minimum of
&(@) is neither attained at 0s nor at the angle where $(@)is minimal.
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Using the angle dependent reflection amplitudes for s- and p-polarized light
given in sections 4.2 and 4.3 one finds the following expression
p(8) = (n- cos 0

+ n+ cos &)(a+cOse + n- cos ot)-'(n- cos B - n+cos e t ) - l
w

{ (n+cos B - n- cos 6,) - 22- I,n- cos 0 sin2B(n+cos 8 + n- cos 8J1
C

w
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c
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(:I2

-4 - n-n+cosO cos8t(IT - 4,,€-sin28)(n+cos8+n-coset)-'
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coseti, (n+cos8 - n- coset)(E+- t - ) - l }

O S ~

(4.95)

from which equation one may in principle derive similar expressions for q(8) and
A(@).For $(8) it is convenient to use the identity
tgW(0)) = ~ R p ( Q ) / f i 8 ( W 2

(4.96)

together with the reflectances given in eqs(4.58) and (4.64). As the explicit expressions for ?I, and A are rather complex and not very illuminating, even if one expands
in the thickness of the interface to second order, they will not be given explicitly.
There are two quantities which are most commonly measured. One is the
ellipsometric coefficient, given by Ip(Q)( at the Brewster angle, which is found to be
equal to
Ip(s,)l

= tg($(e,))

1W
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(4.97)

Notice that $ ( 8 ~ ) found
,
from this equation, is small and is in fact to second order
given by the same formula. The other quantity measured is the Brewster angle, which
is found to be given by
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(4.98)

where 8; is the value found from the Fresnel amplitudes.
If one neglects the second order terms in the ellipsometric coefficient and the
Brewster angle the above formulae reduce to
1W

Ip(8,)l = t g ( $ ( 6 ~ ) )= 2;(€+ - €-)-I(€+

and

+ €-)"21L

(4.99)
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To linear order one thus measures the real and the imaginary part of the invariant

I,. Comparing the above expression for the ellipsometric definition of the Brewster
angle with eq.(4.77) for the reflectometric definition, one sees that to linear order
they are the same. To second order this is no longer the case. Comparing eq.(4.99)
with eq.(4.74) one sees that measuring % ( B B ) to linear order also gives the real
part of the invariant I,. As such ellipsometry gives exactly the same information as
reflectometry using p-polarized light. The only difference is that the ellipsometric
coefficient is linear in I:, whereas R p ( B ~is) quadratic in 1;. As 1: is usually small it
is in practice easier to obtain an accurate value of this invariant using ellipsometry.
If the interface is non-absorbing the shift of the Brewster angle away from the
Fkesnel value is of second order and is given by
0s

1w
= 80,- -(-)
2 c

(€+

n-n+E+
[(I:)'
- €-)(€+ + € - ) 2

+ 4 ( ~ ++ €-)I:

- 4e-~+I;,,]

(4.101)

It should be noted that to this order the reflectometric Brewster angle differs from
ellipsometric one. The ellipsometric coefficient has no second order contributions for
a non-absorbing interface and is therefore still given by eq.(4.99) to second order.
In the case of an absorbing substrate the Fkesnel value of the ellipsometric
function ~ ' ( 0 )is no longer zero at any angle. A proper definition of the Brewster
angle for this case is again given by eq.(4.94). Along similar lines as in section 4.6
one now finds
1 - 2(l

+ e1e2) sin20; + (1+ 4ele2 + e:)

sin4 0; - 2el(el

+ e2) sin6 0;

=0

(4.102)

where el and e2 have been defined below eq.(4.80). This equation has three solutions
for sin2 6; , only one of which is the correct one. The others were introduced in the
process of reformulating the original equation into an algebraic form. Analogously to
the reflectometric definition one may again solve the above equation using standard
procedures. Choosing the correct root is a bit more involved than in the previous case
due to a discriminant which changes sign as a function of the value of the dielectric
coefficients. As the solution is standard anyway, this will not be further discussed [28].
For a transparent substrate e2 = 1. The solution of the above equation is then given
by sin28L = (1 el)-1. This is equivalent to the usual equation, tg0; = n+/n-. In
view of the complexity of the analysis for an absorbing substrate, explicit expressions
for p ( 0 ) , +(0,) and 0~ will not be given to second order in the invariants. One should
simply use the expressions for the amplitudes r, and rp given in sections 4.2 and 4.3
and evaluate the desired quantity numerically.

+

4.9

Total reflection

For substrates which are optically less dense than the ambient, n+ < n-, one has the
phenomenon of total reflection. Both the ambient and the substrate are chosen to be
transparent. The interface may be absorbing, however. The angle of total reflection
BT is the angle for which the angle of transmission becomes equal to ninety degrees.
Using Snell's law it follows that this angle is given by
6T = arcsin(n+/n-)

(4.103)
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This angle does not depend on the constitutive coefficients of the interface, unlike the
Brewster angle. The Brewster angle is always smaller than the angle of total reflection.
If the surface is absorbing the name “total reflection” is not really correct. Due to
the absorption the reflected intensity is then smaller than the incident intensity. The
often used name ”evanescent wave spectroscopy” is then more appropriate.
Using the reflectance for s-polarized light given in eq.(4.56), and eliminating
the complex angle of transmission using cos& = Z ( E - sin2 B/E+ - l)’/’ = iA(B),one
finds

&(e)

=1

W
W
+ 4-ICncase + S(-)’n-

case - I ; ~ + ( E -- E+)-IA(B)]

COSO[I~~-

(4.104)
One may verify that this reflectance, due to the absorption of the interface, is always
smaller than one. Notice the fact that I, is real and negative, cf. eq.(3.56), in this
case. By measuring the reflectance as function of the angle of incidence, 0 > BT, one
obtains I, and I:.
Using the reflectance for p-polarized light, given in eq. (4.62), one finds similarly
IZp(0) = 1

+ 4-nW

cos e[I,

+ I:
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where B ( 0 ) = [E+ C O S ~ O + E - A ~ ( One
O ) ]may
- ~ . verify that the above reflectance, due
to the absorption of the interface, is again always smaller than one. By measuring
this reflectance as function of the angle of incidence, f3 > BT, one may in principle
obtain, in addition to I, and I:, the invariants I:, I[ and I&.
In general the most important contributions to the reflectances given above
are due to the linear invariant. Neglecting second order effects the formulae simplify
to
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=
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1 + 4-n- cos e[Ic+ 1; sin2 6 B(8)]
1

C
W

(4.106)

(4.107)

It is again emphasized that both these reflectances are smaller than (or equal to) one,
due to the absorption of the interface, i.e. 7: and ,8: are both positive (or zero).
Also in the case of “total reflection” one may measure the ellipsometric angles.
The ellipsometric function for this case becomes, using eqs.(4.93), (4.31) and (4.40),
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(4.108)
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where PO(@) is the fiesnel value. The resulting changes of the ellipsometric angles are
to linear order given by

A - AD
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= -2-13-cosO

1C, - 1C,0 =
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-ItnC

"

sin2@B(e)

cos 0 sin2e

B(O)

(4.109)
(4.110)

In this way one may, by measuring the ellipsometric angles for an angle of incidence
larger than the angle of total reflection, obtain the complex invariant I,. It is further
noted that beyond this angle tg($Jo(e))= 1, so that q0((e)= x/4.

Chapter 5
ISLAND FILMS IN THE LOW COVERAGE LIMIT
5.1

Introduction

Very thin films are in many cases discontinuous, see for instance [29], [30], [4] and
references therein. The film material is then distributed in the form of islands on the
surface of the substrate. The size of the islands is small compared to the wavelength.
As a consequence retardation effects are unimportant for the fields inside and around
the islands. The electric field is then described using the Laplace equation for the
potential

A $(r)

= 0 with E(r) = -V$(r)

(5.1)

In this chapter only non-magnetic systems will be considered. If one considers a single
island surrounded by the ambient the electro-magnetic response may be characterized
by dipole, quadrupole and higher order multipole polarizabilities [26]. If this particle
is brought close to the substrate the (multipole) polarizabilities are modified, due to
an induced charge distribution on the surface of the substrate, and become dependent
on the distance to the substrate. The presence of other islands along the substrate in
the neighborhood of the original island also changes the polarizabilities of the island,
Both the interaction with the images and the interaction with the other islands result
in polarizabilities parallel and orthogonal to the surface which are unequal, even if the
islands are spherical. As a consequence the film is anisotropic in its reaction to fields
parallel versus fields normal to the surface. If the islands are not symmetric, this may
also contribute to the anisotropy, in particular, if the orientation of the island and
the direction of the normal are correlated due to, for instance, the deposition process.
Both the interaction with the image charge distribution and with the other
islands lead to considerable complications in the calculation of the dipole as well as
of the multipole polarizabilities of the islands. The discussion in this chapter will be
restricted to the effects due to interaction of one island with its image charge distribution. For a low coverage one may then simply add the contributions of the various
islands to obtain the response of the film to an electromagnetic field. The contributions due to interaction with the other islands will be described in the following
chapter.
In section 5.2 of this chapter the linear response of an island with an arbitrary
shape to a given field is discussed. A definition of the multipole polarizabilities is
given. The symmetry properties of these multipole polarizabilities are formulated
and discussed. As an extensive use will be made, both in the present and in the
following chapters, of expansions of the potential in terms of spherical harmonics the
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solution of the Laplace equation in spherical coordinates is given. A definition of
the multipole polarizabilities is also given in this context. Their relation with the
multipole polarizabilities in Cartesian coordinates is discussed in section 5.5 for the
dipole and quadrupole case.
In section 5.3 the effects of the image charge distribution will be analyzed in the
context of the polarizable dipole model. In this model all the higher order multipole
moments of the islands are neglected. The field due to the image charge distribution
is in this case also given by a dipole field. The interaction with the original dipole
modifies the polarizability of the island. Yamaguchi, Yoshida and Kinbara [lo] were
the first to introduce such a dipole model to describe the interaction of the islands
with the substrate. As will be explained the resulting dipole polarizabilities of the
island, parallel and orthogonal to the surface, are directly related to the constitutive
coefficients 7, and p,, respectively. The dipole model of Yamaguchi, Yoshida and
Kinbara [lo] was the first explaination of the fact that the experimentally observed
sum of the depolarization factors in three directions for island films was less than one
[31]. Older theories, [32] and [33], gave different depolarization factors normal and
parallel to the surface but the sum over three directions remained one.
In the fourth section it is shown that the susceptibilities 6, and T account
for the fact that the dipoles are situated at a finite distance from the surface of
the substrate. It follows in the context of the polarizable dipole model that ,fJ, and
7, are proportional to the typical diameter of the islands times the coverage. The
coverage is the surface area of the particles as viewed kom above divided by the
total surface area. For identical spheres the coverage is equal to T times the radius
squared times the number of islands per unit of surface area. Furthermore it follows
that 15, and T are proportional to the diameter times the distance of the center of
the islands to the substrate times the coverage. Both the image charge distribution
and the quadrupole and the higher order multipoles lead to an additional scaled
dependence on the dimensionless ratio of the diameter divided by the distance to the
substrate. In general, and not only in the polarizable dipole model, one may in fact
use the ratio of the coefficients 6, and T with the coefficients 7e or ,fJ, as a rough
measure for the distance of the center of the islands to the substrate. In the fifth
section the effects of the image charge distribution will be analyzed in the context
of a polarizable quadrupole model. In this model all multipoles higher than second
order are neglected. It is shown that the most important effect of the quadrupole
polarizabilities are additional contributions to the constitutive coefficients 6, and T.
The use of the polarizable dipole and quadrupole models represent the lowest
two orders in an expansion in the size of the islands and in their distance to the
substrate. When the island is brought close to the surface one must account for the
modification of the dipole and quadrupole polarizabilities due to the interactions with
higher order multipoles. As is clear from the analysis in sections 5.3, 5.4 and 5.5, it is
sufficient to calculate the modification of the dipole and the quadrupole polarizabilities, as these give the coefficients ye, p,, 6, and T. The problem to perform such an
analysis in practice is the fact, that the calculation of the multipole polarizabilities
of arbitrary order of an island, surrounded by the ambient medium far from the substrate, is only possible for islands with a simple shape. In section 5.6 this analysis is
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performed for spherical particles. In section 5.7 this analysis is applied to spherical
gold islands on sapphire. Our reason for this choice was an article by Craighead and
Niklassori who made such gold on sapphire films with a square array of islands, 1341,
[35]. Their island were, however, not spherical. In the later chapters this example
will be used again and again for other particle shapes.
5.2

Linear response of an island

The most general linear response of an island of arbitrary shape to an incident electric
field may be written in the following form

P(r, t ) =

s

dr’dt’a(r,tlr’, t’).E(r’,t’)

(5.2)

The source of the incident field is outside the region occupied by the island. The
polarizability a satisfies two important conditions. The first of these conditions is a
consequence of the fact that the polarization P is real if the incident field E is real.
This implies that the polarizability is real

a ( r ,tlr’, t’) = [ a ( r tlr‘,
, t’)]*

(5.3)

where the asterisk indicates complex conjugation. The second condition follows from
the invariance for time reversal and is given by

a i j ( r ,tlr’,t’) = aji(r’,tJr,t’)

(5.4)

where i and j = 1 , 2 , 3 denote Cartesian components 2,y, z. This property is also
referred to as the source observer symmetry.
The systems considered in this book are always assumed to be stationary. The
polarizability may therefore be written in the following form

a ( r ,tlr’, t’) = a ( r ,t - t’lr’,O) = a ( r ,t - t’lr’)

(5.5)

The reality condition is now given by

a(r,tlr’) = [a(r,tlr’)]*

(5.6)

and the source observer symmetry [12] by
aij(r,tlr’)= aji(r‘,tlr)

(5.7)

The stationary nature of the system makes it convenient to Fourier transform
the time dependence. Eq.(5.2) then becomes

P(r,u)=

s

dr‘a(r,ulr’).E(r’,u)

where the Fourier transforms are defined by

(5.8)
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for the polarizability, and

(5.10)
for the polarization density and a similar relation for the electric field. The reality
condition now becomes

a(r,wlr‘)= [ a ( r ,-wlr’)]*

(5.11)

and the source observer symmetry becomes

a;j(r,wlr‘)= aj,(r’,wlr)

(5.12)

The island under consideration occupies a finite domain V, in which the frequency dependent dielectric constant differs from the usually (but not necessarily)
constant extrapolated dielectric constant of the surrounding medium. The island polarization density is only unequal to zero inside the island and as a consequence one
knows that
a(r,wIr’) = 0 if r

4V

(5.13)

Using the source observer symmetry it then also follows that
a ( r , w l r ’ )= O if r’ $ V

(5.14)

If one calculates the field due to the polarization distribution in the island at
a position far from the island compared to its diameter, it is convenient to expand
the polarizability in a multipole expansion. For the field this gives an expansion in
powers of the diameter of the island, divided by the distance to the observer. Up to
quadrupole order the polariaability may be written &s

(5.15)
where the center of the coordinate frame has been chosen inside, or at least close to,
the island. If the island has a line of symmetry it is usually most convenient to choose
the center of the coordinate system on this line of symmetry. Notice that in the above
equation the so-called summation convention is used, i.e. that one sums over equal
indices (from 1 to 3). It follows by direct integration from the above expansion that

(5.16)
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Using the source observer symmetry it follows that
aij(w) = aji(W), CX&(W)

= a;&(w) and

Cliijk(W)
11

= (Y&(W)

(5.17)

These symmetry conditions will be used in the following sections.
Substitution of eq.(5.15) into eq.(5.8) yields

d
P i ( r , w ) = a i j ( w ) E j ( 0 , 0 , 0 , w ) 6 ( r) a&(w)Ej(O,O,O,w)-b(r)
ark

d
+ d i k ( w ) [ T E j ( r ’ w)]rqo,o,o)6(r)
,
ark

(5.18)
The resulting total dipole and quadrupole moments are

These are the relations that will be used in the quadrupole model described in section
5.5. Notice the fact that only the traceless symmetric part of the quadrupole moment
contributes to the field. One may therefore replace riPj in the above equation by its
symmetric traceless part.
In the theoretical analysis it is often convenient to use the Fourier transform
of the polarizability and the fields with respect to the spatial coordinates. The wave
vector and frequency dependent polarizability is given by
(5.20)

the polarization by

P(k,w) =

W

drP(r,w)e-ik.r

(5.21)

J-m

and a similar relation for the electric field. The reality condition now becomes

a(k,wlk’)= [a(-k,

--wI- k’)]*

(5.22)

and the source observer symmetry, [12], becomes

aij(k,w/k’)= (~ji(-k‘,wI - k)

(5.23)

If one substitutes the multipole expansion, eq.(5.15), into eq.(5.20) one obtains up to
quadrupole order

aij(k,wlk’)= a i j ( w ) - ~ r ~ , P j ( w+
) i ka!je(w)iki
~
-ikt~~&,(~)Zkh

(5.24)
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The multipole expansion in wave vector representation is thus simply a Taylor expansion in the wave vector.
One may wonder, whether it is possible to construct the full island polarizability for a given shape. In practice this is only possible for a rather limited number
of shapes. A typical example is, of course, a sphere or more generally a particle with
a spherical symmetry, which will be treated in section 5.6. A more sophisticated
solvable case is that of ellipsoidal particles. In the following sections the interaction
with the image charge distribution for these special cases will be discussed in more
detail. Even though the shapes are not general, these special cases are useful to test
the limits of the validity of the multipole expansion. The general solution for any
given shape requires the use of a corresponding complete set of eigenfunctions for the
Laplace equation. The only shapes for which such a complete set of eigenfunctions is
known and for which the influence of the substrate has been analyzed are prolate and
oblate spheroids with the symmetry axis normal to the surface of the substrate. A
discussion of the results will be given in the next chapter. The spheroids, in addition
to being interesting in themselves, will turn out to be useful to analyze the limitations of the dipole and the quadrupole models. This will also be demonstrated, more
explicitly, in the application treated in the next chapter.
For many purposes it is convenient to use the general solution of the Laplace
equation in spherical coordinates, (x,y,z ) = r(sin 0 cos 4, sin 0 sin 4, cos 0). This
general solution for the electrostatic potential in a region, a < r < b, where there are
no sources, may be written as

$(r) = CAemr-e-'&m(Q,d)
em

+ C&mre&m(d,d)

(5.25)

em

where the summation is from e = 0 to 00 and m = -e through
spherical harmonics are given by [26], [36]:

e.

Furthermore the

(5.26)
where the associated Legendre functions are given by

(5.27)

It should be noted that a sign convention is used for Pa" in agreement with Morse
and Feshbach [37]. It differs by a factor (-l)mfrom the one used by Jackson and
Rose. This is the reason to add this factor in the definition of qmused above, so
that the above qrnis identical to the one used by Jackson [26] and by Rose [36].
The preference for Morse and Feshbach's definition is motivated by the fact, that this
book gives the most systematic treatment of Legendre functions, also in the complex
domain, This will be needed in the next chapter about the spheroid.
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It follows from the above formulae that
(5.28)
The normalization and orthogonality condition are
(5.29)
The first term in eq.(5.25) gives the field due to sources located in the region r < a
and the second term gives the field due to sources in the region r > b. If one uses the
above potential to describe the response of an island, one must choose the center of
the coordinate frame somewhere inside, or at least close to, the island. The distance
a may then be identified with the radius of the smallest sphere which contains the
island. The distance b is any distance larger than a. The second term in eq.(5.25)
may be identified as the incident field due to external sources, whereas the first term
is due to the charge distribution induced in the island. In view of the fact, that
the island has no net charge the e = 0 contribution in the first term is zero. The
t = 0 term in the incident field is a constant contribution to the potential and may
be chosen arbitrarily. Atm gives a contribution to the potential which decays as T-'-'
and may therefore, apart from a numerical constant, be identified as an amplitude of
the e th order multipole field. The amplitudes of these multipole fields are given in
terms of the amplitudes of the incident field, using a polarkability matrix, by
I

Aim = -

C *em,pm~

Bpmi for l # 0

(5.30)

e'm'

where the prime as superindex of the summation indicates that L' # 0. Note that
@em,e/m* is not symmetric for the interchange of em with e'm'. In the polarizable dipole
model one takes all amplitudes with e and e' # 1 equal to zero. Similarly one takes
all amplitudes with e or e' > 2 equal to zero in the polarizable quadrupole model.
The expansion in spherical harmonics is special in the sense, that each term
in the expansion corresponds to only one order in the multipole expansion, If one
uses other complete sets of solutions of the Laplace equation, as in particular those
most appropriate for an ellipsoidal shaped particle, this is no longer the case. These
functions always contain at shorter distances contributions due to higher order multipoles.

5.3

Gamma and beta in the polarizable dipole model

In the polarizable dipole model [lo] one neglects the multipole polarizabilities of the
islands. The island is in this approximation replaced by a polarizable point dipole
which is placed in the origin 0 of a Cartesian coordinate system in the ambient
medium at a distance d from the substrate (see fig.5.1). In the analysis below the
positive z-axis is chosen to point into the substrate and z = d is the surface of the
substrate. If one uses the formulae from chapter 4 this implies that the light is
incident through the ambient medium.
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Figure 5.1 Point dipole (quadrupole) above substrate.

As in many experiments the light is incident through the substrate, it will be
indicated in the text how the relevant formulae in this section must be modified for
that case. The most important change is that the sign of 6, and T must be changed,
while the signs of p, and 7 , remain the same. The dielectric constant is ca in the
ambient medium and E, in the substrate. The polariaability of the island far from the
surface and surrounded by the ambient medium is a.When placed in a homogeneous
electric field Eo the induced dipole moment p is given by p = a.Eo. When the island
is close to the surface this dipole moment is modified due to the electric field from an
image dipole moment, which is located a distance d on the other side of the surface.
The total field in the ambient is given by

The first term is a constant electric field due to external sources in the ambient. The
second term represents the direct field of the polarizable dipole placed in (O,O,O).
The last term results from the image of this dipole in the substrate in (0,0,2d). The
electric field in the substrate is given by

The first term is again the constant field due to external sources, but now
in the substrate. The second term represents the “transmitted” field of the dipole.
Using the boundary conditions on the surface of the substrate one finds the following
relations [26]

(5.33)
The dipole in the particle is induced by the sum of the “incident” and the reflected
field
P = a.(Eo

+ Ep,r(O, (40))

(5.34)
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Using the above equations one may then calculate the dipole moment of the particle
and one finds

This expression gives the polarizability tensor of the particle, modified by the presence
of the substrate, as a function of its position z = 0 relative to the surface of the
substrate, which is positioned at z = d.
In this chapter the emphasis is on particles which have a symmetry axis normal
to the surface of the substrate. In that case the above formula for the modification of
the polarizability close to the substrate can be given for the normal and the parallel
components separately:

(5.36)
(5.37)
where as a convenient short notation the following factor, which characterizes the
strength of the reflected dipole,

A

E

(::;::)

(32a~,d~)-~
-

(5.38)

was introduced. If there are two different polarizabilities parallel to the surface
eq.(5.36) is valid for both of them. An important aspect of the above equations
is the anisotropy in the interaction with the substrate. Even if the particle is spherical, so that 011 = a,, the different responses to fields along the surface and normal to
the surface results in q ( 0 ) # az(0).
If one covers the substrate with a low density of identical islands, which have
a rotational symmetry axis normal to the surface of the substrate, one finds for the
first order interfacial susceptibilities
7,(4
P,(d)

= P .II(O) = P P + A ~111-1"11
= p ~i~a,(O
= )p ~ , ~ [ 1 2A
+ a,]-'a,

(5.39)
(5.40)

where p is the number of particles per unit of surfwe area. The argument d of 7,
and P, indicates that the location of the dividing surface is chosen to be the z = d
surface, which in this case coincides with the surface of the substrate. In appendix
A the rather technical derivation of the above relation for 7, and /3, is discussed
on the basis of the general method to introduce excess fields, given in section 2.4.
As the resulting relations given above are very similar to expressions for the bulk
susceptibility in a low density mixture, and therefore have some intuitive appeal, a
further elaboration on this derivation in the main text is not given. There is one
aspect which is important, however. In writing these formulae the polarization due
to the dipoles is in fact taken to be located at the surface of the substrate. As will be
discussed in the next section, the origin of the second order interfacial susceptibilities
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T and 6, is related t o a proper choice of this location. Furthermore it is noted that
both 7e and pe are independent of the choice of the direction of the z-axis. Thus
the above expressions remain the same if one substitutes them in the formulae, given
in the previous chapter on reflection and transmission, for the case that the light is
incident through the substrate.
&om the explicit expressions for the polarizabilities, or from those for 7, and
p,, it follows that, these coefficients approach zero in the d 0 limit. This is a
consequence of the fact, that the distance (2d) between the dipole and its image approaches zero in this limit, so that A diverges. This limiting behavior is an indication
of the fact that the dipole model becomes unsatisfactory for the description of islands,
for which the average distance to the substrate is much smaller than their extension
along the surface. It should be emphasized that this behavior is unphysical. As will
explicitly be shown in the next chapter for the special case of oblate spheroids, the
polarizability remains finite in this limit (see section 6.4).
If one covers the substrate with a low density of islands with different sizes
and shapes one may simply add the effects of the different dipoles and one then finds
for the first order interfacial susceptibilities
---f

y,(d) = p < q ( 0 ) > and P,(d) = p e i 2

< a,(O) >

(5.41)

where < ... > indicates the average of the particle polarizabilities, i.e. the sum of the
polarizabilities of the particles divided by their number.
5.4

Delta and tau in the polarizable dipole model

The origin of the susceptibilities 6, and 7 for island films is related to the choice of
the location of the dividing surface. In the calculation of ye and 0,in the previous
section the location of the dividing surface was chosen to coincide with the surface
of the substrate. Such a choice implicitly assumes that the (local or incident) field
at the dividing surface is the same as the field in the center of the islands. One may
certainly move the induced dipoles to the dividing surface but one should express
them in the field in their original center. The response of the film is therefore related
in a non-local way to the field. Alternatively one may choose the dividing surface,
characterized by the constitutive coefficients 7, and p,, to be the plane z = 0 in
the ambient through the centers of the spheres. In this way one has two dividing
surfaces: one is the surface in z = 0 where the dipoles are located and the other
is the z = d surface of the substrate. In fact, the values of 7, and 0,given in the
previous section are the constitutive coefficients of the surface where the dipoles are
located (y,,](O) = -ye(d),p,,,(O) = P,(d), 6,1(0) = T ~ ( O )= 0), while the surface of the
substrate has ~ , , ~ ( d=) p,,,(d) = 6 , 2 ( d ) = ~ 2 ( d )= 0. The validity of the relations
7e,l(0) = y,(d) and P,,,(O) = P,(d) is proved in appendix A. For the dipole model
0 0.
) Of course, one prefers to comhine the two films
(by definition) 6,,(0) = ~ ~ ( =
into one film, which is most conveniently placed at the surface of the substrate. For
this purpose formulae have been derived in chapter 3 which will now be used. The
first step, before adding the effects of the surfaces, is to shift the film describing the
effect of the dipoles to a new location at an infinitesimal distance from the substrate
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surface in the ambient. The constitutive coefficients of the dipolar film for this new
location is found, using the formulae given in eq.(3.52), to be given by

Now one may superimpose the dipole film with the surface of the substrate, cf. section
3.11, and in view of the fact that the constitutive coefficients of this surface are
zero one finds that the above equation also gives the constitutive coefficients of the
superimposed film. One therefore finds

while r,(d) and P e ( d ) are given in the previous section. For a low density of identical
islands with an axis of symmetry orthogonal to the substrate one therefore obtains

If one changes the direction of the z-axis this results in replacing d by-d in these
formulae. Due to the fact that furthermore A remains unchanged it follows that re
and P, are independent of the direction of the z-axis, while 6, and 7 change sign if
the z-axis changes direction. That this is the case may, of course, also be derived
on the basis of more general considerations (see chapter 13). If one uses the above
formulae to calculate the reflection and transmission amplitudes, it is important to
take the right sign. If, as in the previous chapter, the light is incident through the
ambient one may use the above expressions. If, however, the light is incident through
the substrate one must, in order to use the formulae given in the previous chapter,
interchange ca and c8 in these formulae in the previous chapter and change the sign of
6, and 7 in the expressions given above, before substituting them into the formulae
in the previous chapter.
The reason, that it is also in the dipole model important to take finite vahes of
6, and 7 , is related to the occurrence of phase factors. Light reflected from the film can
either be reflected directly from the island film or be transmitted and subsequently
reflected by the surface of the substrate. It is clear that the phase difference between
these two contributions can be important. The above analysis and the resulting finite
value of 6, and 7 account for the phase differences between the actual location of the
islands and the surface of the substrate to linear order.
If one performs an experimental analysis of a film, one obtains information
about the interfacial susceptibilities. It is now clear from the above results that the
ratios of T and 6, over either ye or P, are a measure of the typical size of the islands
of the material deposited on the surface of the substrate. As such the coefficients 7
and be, though their modification of the optical properties may be relatively small,
nevertheless contain interesting new information. The coefficients 7 , and pe, which
usually have a much larger influence, are a measure of the amount of material deposited on the surface of the substrate. They are therefore a measure of what one
usually calls the weight thickness.
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Polarizahle quadrupole model

In the polarizable quadrupole model one neglects the multipole polarizabilities of the
islands of higher than quadrupole order. The island is in this approximation replaced
by a polarizable point dipole and a polarizable point quadrupole which have the same
position. The choice of this position is not unimportant, in view of the fact that the
quadrupole moment depends on this choice. If the island has a center of symmetry
it is most convenient to use this as the location of the dipole and the quadrupole
moment. If there is no such center of symmetry one could, for instance, use the center
of mass. It should be emphasized that the results in this section are not affected by
this choice. The reason for this is that the change in the position of the dipole is
accounted for by the modification of the quadrupole moment. The change in the
location of the quadrupole moment results in a change of the octupole moment. As
octupole moments are neglected in the model the location of the quadrupole moments
may be chosen arbitrarily inside or very close to the island.
The total field in the ambient is given in this case by

. [ ( z , Y , z - ~ ~ ) . Q~Eo+Ep+EEgfEp,r+Eq,~
,]

(5.45)

where the same coordinate system has been used as in the previous sections, The
first term is a constant electric field due to external sources in the ambient. The
second and the third terms represent the direct field of the polarizable dipole and
the polarizable quadrupole placed in (O,O,O) (see fig.5.1). The last two terms result
from the images of the dipole and the quadrupole in the substrate in (0,0,2d). The
transmitted field may be written down in the same manner. Using the boundary
conditions on the surface of the substrate one finds the following relations [26]

The field polarizing the dipole and the quadrupole, which will be referred to as the
local field, is the sum of the incident field and the reflected fields:

Eloe 5 EO+ E p , r + Eq,?

(5.47)

The resulting dipole and quadrupole moments are given by

(5.48)
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where a summation convention over double indices has been used. Notice that the
superscript 00 has been omitted in the tensor aij , in order to use the same notation
for this quantity as in the previous section.
As has been discussed in detail in section 2 the island response functions satisfy
the following symmetry conditions

Moreover it follows from the symmetric traceless nature of the quadrupole moment,
that aojk,(w)= a&(w) is symmetric traceless in the indices k j and that aijke(w)=
a&(w) is symmetric traceless both in the indices ij and kl.
If the island has a symmetry axis n it is possible to give the most general form
of the island response functions, consistent with the above symmetry relations, in the
following form:

Using the above equations one may now calculate the dipole and the quadrupole
moments of the island in a homogeneous electric field. The further analysis will be
restricted to the case that the symmetry axis of the island is orthogonal to the surface
of the substrate, so that n = 2. The subindex Imay then also be replaced by z.
If the incident field is orthogonal to the interface, Eo = E02,one finds, using
the boundary conditions at the surface of the substrate, that the dipole and the
quadrupole moment are given by
p = p,P and Q = Q,(iZ2

-1

(5.51)

with

+

p , = 0 ~ ' { ~ , (3A/d2)(3a"
[[1+
2a:')j - ( 6 A / d 2 ) ( a ~ 0 ) 2 } E o
3
Qz = DL1{afo[l 3(A/d)afo]- -a,(A/d)(3c~"
2
2af'))Eo
(5.52)

+

+

where the denominator is given by

D,

+ 2(A/d)(da,- 3aF)
-3(A/d)2(af0)2

= 1

+ (3A/2&)(2 + Aa,)(3a1' + 20:~)
(5.53)

and where

(5.54)
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The above formulae show that the relevant dipole and quadrupole polarizabilities of
the island are modifled by the fact that the island is situated at a distance d to the
substrate and become equal to

+

+

~ ~ ( 0= ) D ~ ' { a z [ l (3A/d2)(3a1' 2a;')l - (6A/d2)(a;0)2}

3

aF(0) = D;'{aF[l+ 3(A/d)ajo]- -a,(A/d)(3a1'
2

+ 2aE')]

(5.55)

The argument 0 denotes the position of the point dipole and quadrupole on the z-axis.
If one now compares the dipole polarizability normal to the surface of the substrate
with the expression given in eq.(5.37), one sees that the above expression reduces to
this simpler form if the quadrupole polarizabilities are taken equal to zero. If the
island is far from the surface of the substrate, A is approximately zero and az(0)and
aE0(O)reduce to the polarizabilities az and a:' as is to be expected.
If the incident field is parallel to the interface, e.g. Eo = Eo2, one finds,
using the boundary conditions at the surface of the substrate, that the dipole and
the quadrupole moment are given by
1
p = p o 2 and Q = -QZ,(22
2

+ 22)

(5.56)

Notice the important fact that the interaction with the image charge distribution in
the substrate is not found to lead to diagonal elements of the quadrupole moment
of the island. That this should be the case may in fact, in a more general context,
be understood on the basis of the symmetry of the charge distribution. The above
formulae show that the relevant dipole and quadrupole polarizabilities of the islands
are modified by the fact that the island is situated at a distance d to the substrate
and become equal to

If one now compares the dipole polarizability parallel to the surface of the substrate
with the expression given in eq.(5.36), one sees that the above expression reduces to
this simpler form, if the quadrupole polarizabilities are taken equal to zero. Furthermore all(0)and aio(0)again reduce to 011 and afoif the island is far from the surface
so that A is small.
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In order to identify interfacial constitutive coefficients, it is convenient to shift
the position of the dipole and the quadrupole to the dividing surface at z = d ,
leaving them in the ambient. Such a shift leaves the dipole moment unaffected while
the quadrupole moment increases with the traceless part of the symmetrized product
of the dipole moment with the displacement vector 2d. This shift therefore leaves the
dipole polarizabilities unchanged but gives different quadrupole polarizabilities. In
this manner one finds

For the dipole model these expressions reduce to

If these expressions are now compared with eqs.(5.39),(5.40), (5.43) and (5.44) for a
low density of identical islands with the symmetry axis orthogonal to the substrate
one may identify

In the quadrupole model one should make the same identification and one then obtains

+ (3A/d2)(2a1'+ail)]- ( 3 A / d 2 ) ( a i 0 ) 2 }
p a,(d)/~:
= p D~'{ai2[1
+ ( 3 A / d 2 ) ( 3 d 1+ 2 4 ' ) ] - ( 6 A / d 2 ) ( ~ 1 0 ) 2 } / ~ 2 ,
9
- p a i o ( d ) = ~ D i ' { d a l l- ai'
- ( A / d ) [ ( c ~ f ' )-~a11(2a1'+ a i l ) ] }
2
-p[ai'(d) + ..E'(d)]/~a
9
p[D;'{dall - -(A/d)((ai')' - ~11(201~'
+ ai')]}
2
9
+D;'{dm, - a;' - - ( A / ~ ) [ ~ ( C-Xa2(3a1l
; ' ) ~ + 2 4 ' ) ] } ] / ~ ~ (5.64)
2

Te(d) = P .II(~) = P Dil{ail[l

Pe(d) =
~ ( d )=

6e(d) =
=

-

CV~'

for the interfacial constitutive coefficients. As a motivation for the use of the same
identification in the dipole and in the quadrupole model the following. The value
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of the quadrupole moment of a particle depends on the position around which the
dipole and the quadrupole moment are calculated. In fact one may always modify or
even eliminate the quadrupole moment by choosing a different location. The above
identification of the constitutive coefficients makes them independent of the rather
arbitrary choice of the center of the particle and is therefore the only correct one. If
one changes the direction of the z-axis, one finds again that 7,and p, are independent
of the direction of the z-axis, while 6, and T change sign if the z-axis changes direction.
If one uses the above formulae to calculate the reflection and transmission amplitudes,
it is important to take the right sign. If, as in the previous chapter, the light is
incident through the ambient one may use the above expressions. If the light is
incident through the substrate one must, in order to use the formulae given in the
previous chapter, interchange and E , in these formulae in the previous chapter and
change the sign of 6, and T in the expressions given above, before substituting them
into the formulae in the previous chapter.
Also in the polarizable quadrupole model the polarizahilities and the constitutive coefficients approach zero in the d ---t 0 limit. This limiting behavior is, as also
discussed in the context of the polarizable dipole model, unphysical. The polarizable
quadrupole model is therefore unsatisfactory for the description of islands, for which
the average distance to the substrate is much smaller than their extension along the
surface. In the next chapter it will explicitly be shown, in section 6.3, for the special
case of oblate spheroids, that the polarizability remains finite in this limit.
As discussed in the previous section the coefficients 6, and T are related to
the choice of the location of the dipole moment. While the dipole polarizabilities a11
and az are not affected by a change in this location one finds that the quadrupole
polarizabilities a f oand at0 depend on this location. It was found in the previous
section that 6, and T can he given in terms of these quadrupole polarizabilities if
one chooses the location infinitesimally close to the surface of the substrate (cf. also
eq.(5.63)). In the present section this property was used to derive expressions for the
constitutive coefficients for the quadrupole model. It should be emphasized in this
context that the quadrupole polarizabilities, though being dependent on the chosen
location, can not all be eliminated by a different choice of the “electromagnetic”
center of the particle. One could, of course, eliminate the real or the imaginary part
of either .;I” or a:’ but this is in general only one out of the four contributions.
Thus the quadrupole model cannot be reduced to the dipole model by an appropriate
choice of the location of the dipole.
If one considers a film with a low density of islands, which have a certain
dispersion in size, hut which all have their symmetry axis orthogonal to the substrate,
one may use the following averages

Fkom the above expressions one may generally conclude that the susceptibilities p,
and 7 , give the average polarization per unit of surface area in terms of the incident field at the interface. Similarly the susceptibilities 6, and 7 give the average
quadrupole moment per unit of surface area in terms of the incident field at the sur-
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face. Both, but in particular, the quadrupole moment have been calculated using the
surface of the substrate as the dividing surface.
If one calculates the invariants one finds up to linear order in the density p
(5.66)
One may now draw the, in practical applications, convenient conclusion that for low
densities the ratios of these invariants are independent of the density. In practical
situation the coverage is often a not very well-known function of the time. It is then
convenient to compare the experimental ratios with the above predictions, rather
than the invariants themselves.
One may relate the polarizabilities introduced in eqs.(5.48) and (5.50) to the
polarizabilities introduced in eq.(5.30), if the particle has a symmetry axis. Choosing
the z-axis along this symmetry axis one may show that
a10,10

= az/4r~a

~ 1 1 ~=1 a1,-1;1,-1
a21,11

=

3

jja11,21

= a11/4~~,

= a2,-1;1,-1 =

3

-al,-l;2,-1

5

10

= 30111 / 4 r E a &

(5.67)
where E, is the dielectric constant of the medium in which the island is embedded. In
the derivation of this equation use is made of linear relations, which can be derived
between the amplitudes Aem(l = 1 , 2 ) and the dipole and quadrupole moments p
and Q of the particle, and between the amplitudes Bem(C= 1,2) and the incident
electric field E and its gradient VE in the center of the particle. As the derivation
of these relations is not very illuminating, it will not be given explicitly. It should
be noted that, due to the symmetry of the island for rotation about the z-axis, all
matrix elements which couple different values of m are zero, aem,eimr = aim,e,mSmmI.
hrthermore it is clear from the above expressions, that aem,eimiis not symmetric for
the interchange of &mwith Pm'.
5.6

Spherical islands

A model system which is often used for the description of island films is the case that
the islands are spherically symmetric. The main reason for the attractiveness of this
model is its relative simplicity. For spherical particles one may calculate the properties
of the film using numerical methods to a large extent exactly. One may account in
this way for the image charge distribution to all orders in the multipole expansion.
Furthermore one may also account for the interaction between different spheres and
their image charge distribution to all orders in the multipole expansion for an arbitrary
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coverage. This makes the island film using spherical islands an ideal testing ground
for the usefulness of various approximations. If the islands are reasonably spherical,
which is often the case if they are small, it is also good for practical applications. The
special case of a homogeneous spherical island above a substrate has been solved,
using bispherical coordinates, by Ruppin [38]. The numerical results, solving the
linear set of equations given by him and those presented below for this special case,
are identical.
Before discussing some of these aspects, first the island in a homogeneous
medium far from the surface is considered. Due to the spherical symmetry of the
island the polarizability matrix becomes diagonal and depends only on l. One then
has
aem,elml

=d

e e l

(5.68)

6rnrnI

The relation between the induced and the incident amplitudes, eq. (5.30), simplifies
in that case to

Aem = -aeBem

(5.69)

For a homogeneous sphere with a radius R and a dielectric constant E embedded
in a medium with dielectric constant tn , both frequency dependent, the multipole
polarizabilities are given by [14]
(5.70)
Another interesting case is a sphere coated with a layer of a different material.
The multipole polarizabilities of such a sphere are given by [39]

+ (e + I)E,)RF+'+ ( E - Ec)(een + (+l1 ) ~ , ) R ~ ~ + l ]
+ + l)~,)(lt + (!+ ~)E,)RZ'+'+ l ( l +1 ) (-~ ~ ~ ) -( tE~)R"+'
.
-

ae =

p + l

( l ~ ,(l

(5.71)
where E and E , are the complex dielectric constants of the core and the layer coating
the surface. Furthermore R is the radius of the core and R, the radius of the core plus
the layer, which coats the surface. The derivation of the above expressions for
is
relatively straightforward. One uses a potential field of the form given in eq.(5.25) in
each layer and chooses the amplitudes such that the potential as well as the dielectric
constant times the normal derivative of the potential are continuous at each surface.
The polarizabilities in the above described dipole and quadrupole models,
which are useful for a comparison with the exact (numerical) results, are given for a
spherically symmetric island by

(5.72)
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This follows from eqs(5.67) and (5.68). As discussed in the previous section the
results using the dipole model are found from those using the quadrupole model, if
one sets the quadrupole polarizability aqequal to zero. It is therefore sufficient to give
the formulae describing the interaction with the substrate only for the quadrupole
model. Substitution of the above relations into eq.(5.55) and using eq.(5.53) gives for
the polarizabilities, as modified by the proximity of the substrate, for an electric field
normal to the substrate

(5.73)
where

+

D, = 1 2A a d

+ (9A/2d2)(2+ Aad)aq

(5.74)

and where, cf. eq.(5.54),
(5.75)

In eq.(5.73) the argument 0 denotes the position of the center of the sphere on the
z-axis, where the point dipole and quadrupole are located (see fig.5.1). It should be
noted that the quadrupole polarizability afo(0),which is zero if the sphere is far from
the surface of the substrate, becomes finite when the sphere approaches the surface.
The resulting quadrupole polarizability is proportional to the product of the dipole
and the quadrupole polarizabilities a d and aq. In the dipole model the quadrupole
polarizability therefore remains zero independent of the distance to the substrate.
If the electric field is directed parallel to the surface of the substrate, one
finds in a similar way, by substitution of the polarizabilities given in eq.(5.72) into
eq.(5.59) and using eq.(5.58), for the polarizabilities, as modified by the proximity of
the substrate, for an electric field parallel to the substrate
all(o) = a d [ 1 -k ( 6 A / d 2 ) a q l /
aio(0) = -3 adaqA / d Dll

in terms of

ad

Dl

(5.76)

and aq,and where

+

Dll = 1 A

ad

+ (3A/2d2)(4 + Aad)aq

(5.77)

Again the quadrupole polarizability, af'(O), which is zero if the sphere is far from the
surface of the substrate, becomes finite when the sphere approaches the substrate.
The resulting susceptibilities of the film are given by eq.(5.64) which reduces
for this case to
ye(d)
Pe(d)
~(d
6e(d)

= p a d [ 1 f (6A/d2)aql/DII
= pad[1+ (9A/d2)aq]/~2,Dz

)= p d a d [ 1 + (9A/d2)aq]/Dll
= p d a d { [ l + (9A/d2)aq]/Dil 1
1 (27A/2d2)aq]/Dz}/~a

+ +

(5.78)
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where A, Dz and Dll are given by eqs.(5.75), (5.74) and (5.77) respectively. The
argument d of the above coefficients denotes again the position of the dividing surface
at z = d, which coincides with the surface of the substrate. The invariants can be
found by substitution of the above formulae into eq.(5.66).
For the application of the above formulae to the special case of homogeneous
spheres one may use the following polarizabilities, cf. eqs(5.70) and (5.72),

(5.79)
where R is the radius of the sphere and E the kequency dependent dielectric constant
of the island material.
Substitution of these polarizabilities and eq.(5.75) into ep(5.73) and (5.74)
gives
E

aZ(O)

=

- E,

4~~,I23-[1
~+2ta

3 R

- E,)(E - E,)
(En+E5)(2€+3Ea)

+ -(-)
8 d

3
R
aio(0) = - - 7 r ~ , R ~ ( - ) ~
4
d (€a

(€0

+

!I Dz

- € a ) ( € - €a)'
2 ~ a ) ( 2 ~36,) / D z

~s)(e

+

(5.80)

+

where

These formulae show that, as is to be expected, the modification of the polarizabilities
is most pronounced when the spheres touch the surface of the substrate.
Substitution of the polarizabilities, given in eq.(5.79), and eq.(5.75) into eqs.15.76)
and (5.77) gives

1R
+ -(-)

E - E,
a11(0) = ~TE,R~-[[~

(6,

~ + 2 ~ a4 d

1
2

ai0(O) = --nt,R4(-)R

d

- E ~ ) ( E- E,)

+( € a - + k

+

~s)(e-~a)'

4

(€a

I/

(E,+E~)(~E+~E,)

E~)(E

1 Dll

) ( 2 ~3 ~ n )

DII

(5.82)

where

Again one finds that the modification of the polarizabilities, due to the presence of the
substrate, is most pronounced, when the spheres touch the surface of the substrate.
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If one substitutes the polarizabilities of a homogeneous sphere, cf. eq.(5.79),
into the interfacial susceptibilities, eq.(5.78), one finds

3 R
-(-)
8 d

€-€a

p,(d)

=

47r

~3-j1+

~+2€,

- t,)(€ - to)

(E.

5

(E,+E,)(~E+~E,)

t: - t
3 R
T ( d ) = 47r p a d ~ ~
E - 26,
- q 1 +

+

6,(d)

=

+

5

+

(€a - €s)(€

(6,

+

-

EaDz

- 6,)

+ e8)(2€+ 3 ~ ,!I ) Dll
3 R
( E , - ~ , ) ( t-en)
s ( 2 + €,)(2€ + 3 4 11 Dll
-(-I
8 d

€-en
4~ p d R3-€ a,{'1
9 R
+[1+ -(-)
16 d

(6.

I/

E,)(~E

(6,

(Ea

+ 36,) !I a )
-€a)

(5.84)

where Dz and Dll are given by eqs.(5.81) and (5.83) respectively. If one changes
the direction of the z-axis, one has again, that Y~ and p, are independent of the
direction of the z-axis, while 6,and 7 change sign if the z-axis changes direction. If
one uses the above formulae to calculate the reflection and transmission amplitudes,
it is important to take the right sign. If, as in the previous chapter, the light is
incident through the ambient one may use the above expressions. If, however, the
light is incident through the substrate one must, in order to use the formulae given in
the previous chapter, interchange E , and E~ in these formulae in the previous chapter
and change the sign of 6, and T in the expressions given above, before substituting
them into the formulae in the previous chapter.
Another case worth considering is a sphere coated with a layer of a different
material. The polarizabilities of such an island are given by, cf. eq.(5.71),

(5.85)
where E and E, are the complex dielectric constants of the core and the coating,
respectively. Furthermore R and R, are the radii of the core and of the core plus
the coating. Substitution of these polarizabilities into the formulae given above is
straightforward and will not be done explicitly. It is noted that one may also give
these polarizabilities for multi-layered coatings.
The expressions, eqs.(5.80)-(5.83), for the polarizabilities of the spheres, modified by the proximity of the substrate, may be written in an alternative form, which
will also be used in the rest of the book. This form is
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and

where V

= 4.

R3 is the volume of the sphere. The coefficients L and A are found,

after some simple calculations:

-+-(--)- ();

L, = 1

1
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t,

3

E8

+

E,
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E,

(5.88)
and

-+-(-) -

Lll = 1
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3 24 E n + € ,
L' = -2+ - ( - 1
) ( ; ) 5€ 0 - €8
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5 20 E,
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+

A1
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1I

Aao =

- ' ( ~ ) 2 ( : ) 8
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--(-)(:)
1

40

€,-t8

4

(5.89)

E , +E,

These coefficients will be called depolarization factors. This is, because in the special
case of the dipole model, where the polarizabilities become:

(5.90)
the coefficients L, and Lll are called depolarization factors. For a sphere in a homogeneous medium, which may be considered as the limiting case, where the substrate
is infinitely far away (d -+ m), L, = L11 = , which is a well-known result. For the
sum of the usual depolarization factors, the above expressions give

5

(5.91)
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This result was first given by Yamaguchi, Yoshida and Kinbara [lo].
The expressions for the interfacial susceptibilities may now also be written
with the help of the above depolarization factors. From eqs.(5.64), (5.60), (5.86) and
(5.87) one obtains:

d4

= -Pbi0(0)

P

fa(€

[fa

- d .II(O)l

- Ea)V d

+ LII

(E

[fa

- €a)] [€a

+ (V - A i o R / d ) (E -

+ L;I

(E

fa)]

- f a ) ] + Ai (t - €a)'

(5.95)

When the expressions, eq~~(5.88)
and (5.89), are substituted into the above formulae,
one of course finds back, after some simple calculations, the results eq.(5.84).
It is of interest to construct the solution to arbitrary order in the multipole
expansion. Even though the dipole or the quadrupole model will in many cases be
enough the general solution is convenient as a check on the limitations of the model
description. Consider the response of the spherical particle in a constant electric field
given in the ambient, which will be chosen to be transparent, by

Eo = EO(sin Bo cos q50, sin B0 sin I $ ~ ,cos 0,)

(5.96)

where 00 is the angle of the field with the z-axis, and 4o the angle between its
projection on the substrate and the x-axis. The corresponding incident potential is

where the definition, eq.(5.26) with (5.27), of y,"(B,+) has been applied. Using
spherical coordinates, the general solution in the ambient may be written as a sum
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z =d

Figure 5.2 A sphere above a substrate.
of the incident potential, the potential due to the induced charge distribution in the

island and the image charge distribution in the substrate:

The prime as index of the summation indicates that = 0 is excluded. The center
of the coordinate system has been chosen in the center of the sphere at a distance
d from the substrate (see fig.5.2). The multipoles describing the direct field of the
island are located at this point. The image multipoles are located in the substrate at
(0,0,2d). Furthermore ( T , 8 , $ ) are the usual spherical coordinates and ( p , Or,4)
are
the spherical coordinates with (0,0,2d) as the center of the coordinate system and the
same z-axis. The surface of the substrate is again given by z = d.
For the potential in the substrate one may write similarly

(5.99)
em

As a first step to calculate the polarizabilities in this general case one must choose the
amplitudes of the various multipoles such that the boundary conditions at the surface
of the substrate are satisfied. For this purpose it is most convenient to use the fact
that one finds for a point charge, that the image charge is equal to the original charge
e 8 ) and the charge, giving the transmitted field, the original
times (ea - e8)/(ta
e8). The same relations may be used for a distribution of
charge times 2e5/(e,

+
+
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charges and one may then conclude that

One may, of course, verify directly that these relations make the potential and the
dielectric constant times the normal derivative of the potential continuous at the
surface of the substrate at z = d.
In order to relate the amplitudes Atm to the multipole polarizabilities for the
particle in free space, one must use the potential for the local field acting on the
particle, which is given as the sum of the potentials of the incident and the reflected
fields

GtOc(
r)

OOKo(0,4)

= Eo{ -r @[cos

+ sin 0, (exp(i$o)Y;

(O,$)

4))1)+ ~ A ~ m p - ~ - l ~ 4')
m ( ~ ' >

-eXP(-i$o)y;(e>

(5.101)

ern

It is now necessary to expand the potentials originating from (0,0,2d) in terms of a
complete set of fields around the origin. In appendix B it is shown that

c
00

(WP)"+'Ye"(Q', 47 =

M;,e(r/2d)"E;y(e, 4)

(5.102)

et=lml
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+
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(5.103)
Substituting eq.(5.102) into eq.(5.101), and interchanging e with

l/lloc(r) = -r

E

~

~

[

C

eoy:(e,
O S

11, one

obtains

+ sinBo(exp(i$o)Y;l(B, 4)

- exP(-i4o)WQ>4))1

+C
em

001

C A~,mM,T.,I(2d)-e1-1(f/2d)e~m(e,4)

(5.104)

&=JmJ

where the prime as index of the summation again indicates that
excluded. Using eqs.(5.69) and (5.100) one obtains

= 0 should be

+

Atm = - a i { - E o ~ d L 1 [ C O S e o 6 ~ o ~sin eo(exp(i+o)6m,-1- e~p(-i$O)dm~)]
(5.105)
It follows from this equation that different m's do not couple to each other. This
property is due to the rotational symmetry of the system around the z-axis. As a
consequence
Aem=O for m # - 1 , 0 , 1

(5.106)
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The above set of linear equations for the amplitudes may thus be written as the sum
of the separate and independent contributions for m = -1, 0 and 1. In this way one
obtains
m

and

= -al m b e lE~ sin eo exp(-i+,)

(5.108)

It follows, by comparing the m = -1 equation with the m = 1 equation above
and using the fact that Mjl,e = MG; , that At1 exp(i4,) = -Ae,-l exp(-iq!Jo). The
m = -1 equation is therefore superfluous. The above equations may be solved
numerically by neglecting the amplitudes larger than a suitably chosen large order.
One then solves the finite set of equations

f o r e = 1 , 2,.....,M

(5.109)

and

f o r e = 1 , 2,.....,M

(5.110)

where M is the number of multipoles, taken into account.
The dipole and quadrupole polarizabilities of the spheres, modified by the
presence of the substrate, are given, in terms of the amplitudes A10 , All , A20 and
A21 , by

alr(0) = - 4 n ~ , A l l / ( m E osinBoexp(-iq!J,))

az(o)

=

2r~,~10/(t/;;-j~0
coseo)

ai0(o) = - - 4 r ~ , ~ 2 l / sineoexp(-i40))
( m ~ ~

a ; o ( ~ )=

fl~
cos 8,) ,

rEa~zo/(

(5.111)

This follows by substituting the expressions, eq.(5.67), for the polarizabilities of particles, which have a symmetry axis parallel to the z-axis, into eq.(5.30), and subsequently expressing the amplitudes Ben into the parallel and normal component of
the incident field Eo , by using eqs.(5.25) and (5.97). The argument 0 of the above
polarizabilities denotes again the position of the center of the sphere, where the multipoles are located, on the z-axis. It can be shown that, if one solves the equations
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(5.109) and (5.110), neglecting amplitudes of higher than dipole or quadrupole order
(i.e. for M = 2), the results reproduce the expressions, eqs.(5.55) and (5.59), given
in those models.
The surface constitutive coefficients ,Be(d) , ye(d) , S,(d) and ~ ( d )at, z = d,
follow from (cf. eqs.(5.92)-(5.95))

Here aJ0) , arl(0) , ai'(0) and aio(0)are given by eq.(5.111). The invariants can
be found by substitution of the above formulae into eq.(5.66). In the case of a
polydisperse distribution of the sphere sizes in the low coverage limit, one must replace
the polarizabilities in the above equation by their averages over this distribution.

5.7

Application: Spherical gold islands on sapphire

In order to demonstrate how the equations, derived above, can be used in practice,
the special case of gold islands on sapphire will be considered below. In particular the
case of spheres touching the substrate, d = R, is considered, for which the influence of
the substrate is most pronounced. In subsequent chapters the case of gold islands will
repeatedly be used to further illustrate the influence of shape and higher coverage.
The reason for this choice was an article by Craighead and Niklasson who made such
gold on sapphire films with a square array of islands, [34], f351. For this case the
dielectric constant of the ambient is unity, E , = 1. Sapphire has a small dispersion in
the visible domain. An average value is used as dielectric constant of the substrate,
E , = 3.13. The complex dielectric constant of gold has a large dispersion in the
visible domain. In table 5.1 a list of values is given, for the optical domain. These
were obtained by interpolation from the refractive index, n, and the attenuation, k,
given by Johnson and Christy [40], using c = (n ik)'.

+

100

ISLAND FILMS IN THE LOW COVERAGE LIMIT

I

570

-6.619 1.950
-7.273 1.821

-19.431 1.147
-20.166 1.168
I
1-20.914I 1.190
I

760

I

Table 5.1: Real and imaginary part of the dielectric constant of gold
An extensive list of the frequency dependent dielectric constants of solids is
given in the Handbook of Optical Constants of Solids (411
Consider first the quadrupole model. Substituting d = R and the values of E ,
and into the depolarization factors, given in eqs.(5.88) and (5.89),one obtains the
values

L, = 0.2903 , Li = 0.3613, A; = -0.0012, Ato = 0.0194
LII= 0.3118, Li = 0.3742, A; = -0.0004, A;" = 0.0129

(5.113)

In this example the dipole and quadrupole polarizabilities, eqs.(5.86) and (5.87)with
E , = I, therefore reduce to

and

611

E

1

val,(o) =

(€ -

+ Li(€ - l)]
+ L ~ (-E1)J + A ~ ( -E 1)2

1)[1

[I + L I I (-E 1)][1
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where V 47r R3 is the volume of the sphere. It is not correct to neglect RE and hi.
The size of E in the neighbourhood of the resonance is large and makes the corresponding terms of comparable size as other contributions in the denominator, In all the
sections on applications dimensionless quantities, like the S's, are introduced. This
makes both the calculation and the results more transparent. The surface constitutive
coefficients, eq.(5.112), similarly reduce to

h

6,

1
---6,(d)
P Vd

= Ez

+ $11

- 2:'

- Gi'

(5.116)

for this case, where d = R and E , = 1. The invariants, eq.(5.66), become

where it was used that E , is real.
It is interesting how the results, obtained above far the quadrupole/dipole
model, deviate born the results obtained by solving eqs.(5.109)-(5.111) to a sufficiently large order in the multipole expansion. It is convenient to introduce dimensionless amplitudes by

(5.118)
Eq~(5.109)and (5.110) then reduce to, using ta = 1,

for

!i

=

1 , 2,.....,M (5.119)

and

where

St = at/VRay-l) and

d^=

dlR

(5.121)
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5.3 The real and imaginary parts of 9, = GI!, Note that Im?, = I,.
A

Figure

and M&, is given by eq.(5.103). The numerical calculation shows, that for these films
the value of the amplitudes has sufficiently converged for M = 16. Eq.(5.111) for the
dipole and quadrupole polarizabilities of the spheres, modified by the presence of the
substrate, in terms of the amplitudes becomes, using E , = 1,
Gll = 4 ~ 2 1 ,1 Gf'=

Gz

= 4T210 ,

:G

41r

yAzlV%

=2

lr220m

(5.122)

It is also found that the quadrupole approximation given above is accurate within
a few procent, cf. [42] table 1 and 2, the biggest error being due to a small shift
of the resonance frequency. Given the fact that this is less than the accuracy in
the experimental values of the refractive index and the attenuation in this domain,
these differences are not really significant for spheres. The figures 5.3-5.9 are all
given in the quadrupole approximation. In fig.5.3 the real and imaginary parts of
qe = 611are plotted as a function of the wavelength
in the visual region. Note
.-.
that Im?, = I,. In fig.5.4 the same is done for p, = Gz. In fig.5.5 the real and
are plotted. The real and imaginary parts of the
imaginary part of the invariant
quadrupole polarizability GIo, is plotted in fig. 5.6. The real and imaginary parts of
the quadrupole polarizability a:, is plotted in fig. 5.7. The constitutive coefficient
and invariant $, = $,, is plotted in fig. 5.8. The constitutive coefficient and invariant
T = I , is plotted in fig. 5.9. horn the plots of the imaginary parts one sees that, in
very good approximation, there is only a single resonance frequency with a wavelength
A
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Figure 5.10 Model of a thin island film, consisting of identical spheres with a radius R
much smaller than d.

of 515 nm, not onlyfor the polarizabilities normal and parallel to the surface but also
for the coefficients 6, and 7 which are of quadrupolar order. The influence of the
substrate does lead to a slight increase in the size of the polarizability normal to the
surface and a slight decrease of the polarizability parallel to the surface. The fact
that the parallel and the normal polarizablities differ due to the interaction with the
substrate was first given by Yamaguchi, Yoshida and Kinbara [lo] to dipolar order.
The contribution of the quadrupole polarizabilities Gio and Gio to ge and ? is not
more than 5 to 10 %. This shows that most of the contribution to the constitutive
coefficients of quadrupolar order is due to moving the dipole from the center of the
sphere to the surface of the substrate.
5.8

Appendix A

In this appendix the derivation of the surface constitutive coefficients ye(d), eq.(5.39),
and P,(d), eq.(5.40), will be given for an island film, consisting of identical particles,
in the low density limit. In the polarizable dipole model, introduced in section 5.3,
these particles were replaced by polarizable point dipoles. In the following, however,
instead of point dipoles, small dielectric spheres will be considered, situated in the
ambient (see fig.5.10). This is necessary, if one wants to apply the method of excess
fields, introduced in section 2.4. The radius of these spheres is R and their centers
are at a distance d above the surface of the substrate ( R << d). These centers are
assumed to be positioned in the XOY-plane of a Cartesian coordinate system, of
which the positive z-axis is pointing into the substrate. The position of the i th
particle is given by (Rj,ll,O),the position of the surface of the substrate by z = d.
The dielectric constants of ambient, substrate and particles are given by
es and E
respectively (see fig.5.10).
The calculation of the coefficients7, and P, for this system will be on the basis
of the general method to introduce excess fields, as was given in section 2.4. It follows
hom the definition, eq.(2.32), that one then has to calculate both the total electric
field E(r) and the extrapolated fields Ef(r) and E-(r) in the z > d and z < d
region. In the analysis in this appendix the dividing surface is chosen to coincide
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with the surface z = d of the substrate. In the following first this total field will be
evaluated in the ambient, the substrate and within the spheres. The external electric
field applied to this system, is assumed to be homogeneous and will be denoted by
Eo in the ambient. The total field in the ambient is the sum of this external field,
the dipole fields of the spheres, with centers in (R,ll,O),and of the image dipoles in
(RJ,2 4

(5.123)
(cf. eq.(5.31)). The dipole moments p of the identical spheres are the same, and
given by
p = [a11(0)(1- 22)

+ a,(O)22].Eo

(5.124)

with the polarizabilities all(O),eq.(5.36), and a z ( 0 ) , eq.(5.37), which contain the
interaction with the substrate by means of the factor A , eq.(5.38). The polarizabilities
0111 and a, at the right-hand sides of eqs.(5.36) and (5.37), are polarizabilities of free
spheres in an infinite medium and given by eq.(5.72), together with eq.(5.70):
(5.125)
and eqs.(5.36) and (5.37) become in this case
ajl(O) = [I

+

A~ld]-'ad,

a,(O) = [I

+ 2Ar~d]-l0ld

(5.126)

The dipole moment p,. of the image dipoles at (Rj,li,2d) is given by eq(5.33). It will
be clear, that the interaction between the different spheres is neglected in the low
density limit.
The total field in the substrate is given by (cf. eq(5.32))

EJr) = (Eo,ll,( t a / E s ) & , z ) - C [ 4 r ~ a I ( r l-l R i , ~ l , z ) I ~ l - ~
z

(5.127)
where pt is given by eq.(5.33).
In order to calculate the electric field inside the spheres, one has to use the
boundary conditions of this field on their surface. It is found, that the electric field
Einside , just inside a sphere, is related to the electric field Eozltside , just outside this
sphere, by means of
Einside

=

[(l - nn) + (ca/t)nn].Eotrtside
= 11 - cC'(c - ca)nn].E,t~de

(5.128)
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where n is the normal to the surface of the sphere, which is a function of the position
on this surface. Emtside follows from eqs.(5.123), (5.124) and (5.33):

Eatside = --

1

4KE,

K3(1- 3nn).[all(0)(1-25)

+ a,(O)ii].Eo

Here it has been used that R << d and furthermore that in the low density limit
one may neglect the fields of all other particles at the surface of the sphere under
consideration. It now follows from the last two equations, that

Einside

--

1

4ma

K3[l- E-'(E

+ 2ta)nn].[all(0)(1- 22)+ cu,(O)iP].Eo

1
+[I - t - l ( t - ~ ~ ) n n ] . {4ma
l~

x [all(O)(l-22)

+ 2a2(O)Zi]}.Eo

(-)

(5.130)

It is easily verified, by using eqs.(5.125), (5.126) and (5.38), that

The terms proportional to nn in eq.(5.130) therefore vanish, and one obtains

+
+

1

Einside = -- R-3[aII(0)(1- 2%) a , ( 0 ) i i ] . E o
4ma
[I - A[aii(O)(l - ii) 2a,(O)ii]].Eo

+

(5.132)

where the definition, eq.(5.38), for A has again been used. It will be clear that,
since Einside does not change along the surface of the sphere according to the above
result, the electric field ESphereat any point inside this sphere, will also be given by
eq.(5.132). One therefore obtains for this field

[

1

4ma
-~-31+

A(I

+2

4 .a(0).~o

(5.133)

with the polarizability tensor
a ( 0 )_= [a11(0)(1- ii)

+ a2(0)Ezj

Notice, that it follows with eqs.(5.125) and (5.126), that for
A = 0, one obtains the well-known result

(5.134)
t, = ts, and

therefore
(5.135)
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for the electric field within a sphere with dielectric constant E in an infinite medium
with dielectric constant E , in a homogeneous external electric field Eo.
Below it will appear, that the extrapolated fields E+(r) and E-(r), which are
also needed for the calculation of the excess field

E,(r)

= E(r) - E+(r)B(z - d ) - E-(r)B(d - z )

(cf. eq.(2.32)), may be approximated here by the external fields in the ambient and
the substrate respectively:

E - ( r ) = Eo for z < d
E+(r) = (Eo,ll,(Ea/Es)EO,z)for z > d

(5.136)

€+om eqs,(5.123), (5.127), (5.133) and (5.136), together with eqs.(5.33), (5.124) and
(5.134), one therefore obtains for this excess electric field
=

-

where the Heaviside functions in the first sum restrict the fields to the ambient around
the spheres, in the second sum to the region within the spheres and in the last sum
to the substrate (see fig.5.2).
The above field can now be evaluated explicitly, if one makes the assump
tion that the sums
in eq.(5.137) may be replaced by integrals pIdR11 , where
p is the average number of spheres per unit of surface area of the substrate. This
approximation means, in fact, that all correlations between the particles in the film
are neglected. Only the z-component of this excess electric field is needed for the
calculation of the z-component of the surface polarization density P",according to
eq.(2.44), which quantity on its turn is needed for the calculation of the coefficient

xi
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p,, according to eq(3.39).

One obtains

where it has been used that terms, containing non-diagonal elements of matrices in
eq.(5.137), vanish after integration over RIIfor reasons of symmetry. The last integral
at the right-hand side of eq(5.138) is easily performed, since

+

[~dr/dRllB(R - [ ( q - R I ~ ) ~

= -n
4

3

R3

(5.139)

is the volume of a sphere. In order to calculate the other integrals at the right-hand
side of eq.(5.138), first the new integration variables RiI = Rll - rII are introduced,
and next planar polar coordinates RiI and 4'. Integrating over 4' from 0 to 2n, one
then obtains

"
1
P Z " / ~ ~ ~ (=OJ m
)E
d ~~{ %
, ~0 ( d - z )

(

+

+-n
4 R3 ~ 1
? T E R R2A)
-~
3

1

m

R++([R;?

+ 2211/2- R)

(5.140)

where both members have been divided by the common factor pc~~(O)Eo,~.
Introducing
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Rif and writing 6(d - z ) = 1 - 6 ( z - d ) , eq.(5.140) becomes

where it has also been used that

6 ( z - d)B([t + z 2 ] 1 /-2 R ) = Q(z - d )
since R

(5.142)

< d. Eq.(5.141) may alternatively be written as

one finds, that the second integral at the right-hand side of eq.(5.143) vanishes (since
t o = 0), whereas in the first integral the integration over z may be restricted to the
interval -R < z < R, where R2 - z2 > 0. One therefore obtains

1
+-3ta
+ 38

-T

AR3

(5.145)

The first integral is easily calculated:

(5.146)
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<< d , the second integral may be simplified and gives

(5.147)
where also the definition, eq.(5.38), of A has been used. It is then found from
eqs.(5.145)-(5.147), that one obtains the simple result

Pz"lP~Z(O)EO,Z
= EB'

(5.148)

This can be written as

P,"

=p ~O~az(O)&,z=p

~;~az(O)Do,~

(5.149)

where Do,z is the z-component of the external electric displacement field Do = eaEo
in the ambient.
It now follows from the analysis given above, in particular from the fact that
the integration in eq.(5.145) could be restricted to the interval -R < z < R, that
the z-component of the excess electric field vanishes in the region, where z > R and
where z < -R. This field therefore has indeed the correct limiting property of an
excess field for z -+ f w . It is also an indirect proof of the validity eq.(5.136) for the
z-component of the electric field. From this equation one finds for the z-component
of the extrapolated electric displacement fields D+(r) and D-(r) :

D ; ( r ) = D,'(r) = taEo,Z=

(5.150)

In the notation of eq.(3.34) this result may be written as

Dz,+ = Do,z

(5.151)

and eq.(5.149) therefore also becomes

Pz" = p

E;2az(0)Dz,+

(5.152)

kom which one finds with eq~(3.39)and (5.37), that the constitutive coefficient ,Be
is indeed $ven by eq.(5.40). Since the dividing surface was chosen at z = d in the
analysis above, one obtains ,B,(d) . On the other hand it also follows, from the fact
that the integration in eq.(5.145) is restricted to a narrow interval around z = 0
(width 2R << d ) , that ,Be may be interpreted as the constitutive coefficient of the
surface z = 0, where the small spheres (dipoles) are located (see fig.5.2). In section
5.4 this coefficient is denoted by ,Be,,(0),and one therefore finds, that ,B,,,(O) = ,Be(d).
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It follows from eqs(3.38) and (2.44), that for the evaluation of Y~one must
also calculate the excess electric displacement field for the present system. It follows

from eq.(5.123), that in the ambient the total electric displacement field is given by

D,,(r) = enEa(r)=Do

(5.153)
where p and pr are given by eq~~(5.124)
and (5.33), and where Do = E,,Eois the external electric displacement field in the ambient. Furthermore it follows from eq.(5.127),
that the total electric displacement field in the substrate is given by

CkI(rll- Ri,l/>z)I3I-'

Ds(r) = E ~ E ~ =
( T((cs/Eo)DO,ll,
)
DO,+)
-

I

where pt is given by eq.(5.33). Finally the electric displacement field in the spheres
is obtained h r n eq.(5.133) and may be written, using also eqs.(5.125) and (5.126),
as

D~~~~~~
= c~~~~~~~

= D~

+ [A
-~-31-

+

1

€,A (1 2%) . ~ ( o ) . E ~

The excess electric displacement field is now given by (cf. eq.(5.137):
1

L ( r ) = -G e(d - Z )

C e([(rll - R < , ~ I ) ~ + ~ ~ 1 -' ' R)~
i

(5.155)
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Using eq.(2.44), one then obtains for the component of the surface polarization density
by p f dRll ,
parallel to the interface, replacing

xi

In the derivation of this equation, it has again been used that terms, containing nondiagonal elements of the matrices in eq.(5.156), vanish after integration over RIIfor
reasons of symmetry. For the same reasons, the xx- and yy-elements of these matrices
are equal, and these elements in eq.(5.156) have been replaced by half of their sum
in eq.(5.157).
The integrals at the right-hand side of eq.(5.157) can now be evaluated in a
completely analogous way as was done above for eq.(5.138), by introducing first the
new integration variables RiI = RII- rll and next the planar polar coordinates RiI
and 4'. After integration over 4' from 0 to 2 ~ one
, obtains an integral, which may
again easily be calculated by introducing the new variable t 3 R;?. The calculation,
which runs along similar lines as in eq(5.141)-(5.149), will not be given here. One
now obtains the following simple result:
p;i = P ~ I l ( O ) E O , l l

(5.158)

Since E ~ ,may
J be replaced by Ell,+for the same reason as Do,r was replaced by LIZ,+
(see the discussion above eq.(5.150)), one finds with eq~(3.38)and (5.36), that the
constitutive coefficient y,(d) is indeed given by eq(5.39). This completes the proof
of the relations ecp(5.39) and (5.40). In a completely analogous way as for p, , one
finds that y,(d) = ~ , , ] ( 0 ) ,where Y=,~(O) is the constitutive coefficient of the surface
z = 0, where the small spheres (dipoles) are located.
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Appendix B

In this appendix the validity of the expansion, eq.(5.102), with eq.(5.103), will be
proved. This is an expansion of the potentials of multipole fields, originating from
the point (0,0,2d), in terms of a complete set of fields around the origin (O,O,O) (see
fig.5.1). This expansion can be derived from the more general expansion, given below.
Consider two centers with positions R1 and h.The coordinates of the field
point r, relative to both centers, will be denoted by rl 3 r - R1 and 12 = r - R2. The
spherical coordinates, with angles measured relative to the fixed Cartesian coordinate
system, are rl = ( T I , 01, d1) and r2 = (rz,O2,d.J. Similarly the vector R = R2 - R1,
with spherical coordinates R = ( R ,OR,&) is introduced. Then one can prove, that
for r1 < R it is possible to expand the potential of a multipole field, originating from
&, in terms of a complete set of fields around R1 in the following way [43]:

+

with l C1 Q and m
development are given by:

m - ml.

The coefficients H(11,mllQ,m) in this series

(e + m ) ! ( l- m)!

]

' I 2(5.160)

With the help of the above equations the validity of eq.(5.102), with eq.(5.103),
can easily be proved. One has here the special case, that rl = ( r ,0, I$), 12 = ( p , Or,6)
and R = 2d, OR = 0 (see fig.5.2 and text around this figure). With the definition,
eq.(5.26), of spherical harmonics, it first of all follows, that

2e+ 1

since Pr(l)
= 6,o.

lI2

(5.161)

Next it follows, with eqs.(5.159)-(5.161), that

(5.162)
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Replacing l2 and mz by f2 and m, respectively, one obtains

+

re'

x [(l+m)!(l- m ) ! ( l 1 rn)!(l, - rn)!]-'/'

This is, of course, the same as eq.(5.102), with eq.(5.103).

WQ,
4) (5.163)

t+&+l

(24

Chapter 6
SPHEROIDAL ISLAND FILMS IN THE LOW
COVERAGE LIMIT
6.1 Introduction
In the previous chapter the general theory of discrete small island films in the low
coverage limit has been developed. The electromagnetic interaction between the islands is neglected in this limit. The interaction of the islands with their image charges
in the substrate was first studied in dipole approximation, and next in quadrupole
approximation. In the first case all higher order multipole moments of the islands
and their images are neglected. In the second case one considers only the first two
multipole moments. The dipole and quadrupole polarizabilities of the islands were
calculated, and with the help of these the constitutive coefficients ye,p,, 6, and T of
the film.
When the islands are brought close to the substrate, one must also account for
the modification of their dipole and quadrupole polarizabilities due to the interaction
with higher order multipoles in the substrate. It is sufficient to calculate only the
modification of these polarizabilities, as long as one is interested in the constitutive
coefficients ye,p,, 6, and r. As has been found in the analysis in the previous chapter,
it is necessary to calculate first the multipole polarizabilities of arbitrary order of an
island in the ambient medium, far from the substrate. The problem arises, that
this is, in practice, only possible for islands with a simple shape. In section 5.6 this
analysis was performed for spherical particles. Here the multipole polarizabilities in
the ambient are known (cf. eq.(5.70)). The interaction with the image charges in the
substrate can then be taken into account to arbitrary order in the multipole moments.
One may also calculate multipole polarizabilities for ellipsoids in the ambient
in an analytic form. This led to the use of extensions of, for instance, the Maxwell
Garnett theory, [44],[45], [30],[46], [4],for spheroids. For the derivation of expressions
for the multipole polarizabilities of ellipsoids, cf. [47] page 207, one uses ellipsoidal
coordinates. If one subsequently wants to calculate the interaction with the image
charge distribution, the use of such ellipsoidal coordinates poses problems. For the
interesting special case of spheroids with their axis of symmetry orthogonal to the
surface of the substrate this may, however, be done. This is the subject of the present
chapter. In sections 6.2 and 6.3 the use of the dipole and quadrupole models is
discussed using the exact dipole and quadrupole polarizabilities of the spheroids far
from the surface, for oblate and prolate spheroids, respectively. In sections 6.4 and 6.5
the complete solutions, found by Bobbert and Vlieger [42], are given for oblate and
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prolate spheroids, respectively, introducing spheroidal multipole fields. In section 6.6
these solutions are applied to the special case of gold islands on a sapphire substrate.
The exact solution for, in particular the case of oblate spheroids, gives a very clear
insight in the limitations of the dipole and the quadrupole model. On the basis of
this analysis it is found, that the use of the dipole or quadrupole approximation is
in general inadequate for islands which are flat, i.e. islands for which the distance of
the center to the surface of the substrate is smaller than 30% of the linear diameter
along the surface.

6.2

Oblate spheroids; the polarizable quadrupole model

In section 5.6 of the previous chapter the relatively simple spherical model for an
island film was treated. It will be clear that this model only provides a reasonable
description of the optical properties of such film, if the islands do not deviate too
much in shape from spheres.

A more general model system, describing island films, in which the particles
are flattened, but still (more or less) symmetric for rotation around an axis normal
to the substrate, consists of oblate spheroids, touching this substrate. (The axis of
rotation of an oblate spheroid is the short axis.) The attractiveness of this model is
again, that the polarizabilities, given by eq.(5.50), can be calculated to any order of
accuracy. The reason for this is the fact, that a complete set of eigenfunctions of the
Laplace equation (5.1) can be found for this form of particles. This is also the case
for prolate spheroids, of which the axis of rotation is the long axis. The model will
therefore be extended, in this section, to include oblate and, in the next section, to
include prolate spheroidal particles. The axis of rotation of the spheroids is normal
to the surface of the (flat) substrate.
Consider a homogeneous oblate spheroid with a dielectric constant E, embedded in a homogeneous medium with dielectric constant E,, far from the substrate.
Both E and E, may be frequency dependent. The origin of the Cartesian coordinate
system is chosen at the center of the spheroid and the z-axis as the axis of revolution
(see fig.6.1). The radius of the ring of foci of the oblate spheroid will be denoted by
a. The two long axes of the spheroid have length 2a (t$ 1)'/2 and the short axis has
length 2a&,, which defines a flattening parameter Eo(O 5 to< m) (see fig.6.1). The
limit to-+ 00, a -+ 0, with ato = R =constant, corresponds to a sphere with radius
R, whereas the limit Eo 0 corresponds to a thin circular disk with radius a.

+

--f

In the previous chapter the multipole polarizabilities, eq.(5.70), of a sphere
were given. These quantities can be calculated, using the multipole expansion eq.(5.25)
for the potential $(r), which is the general solution of the Laplace equation (5.1) for
this potential in spherical coordinates. An analogous method will be employed here,
but in order to adapt the method to the different geometry of the particle, it is more
convenient to introduce (oblate) spheroidal multipoles. For that purpose first oblate
spheroidal coordinates E, 77 and 4 (0 5 E < 03, -1 5 7 5 1, 0 5 4 < 27r) are
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Figure 6.1 An oblate spheroid in an infinite surrounding medium. Cross-section through
x-z plane.

introduced. These coordinates are defined as follows [37]:
1/ z

(-

(F)'-l]
, q=f[l-

(y)2]"2,
(6.1)
&sarctan(;)

with
p1

_=

p2

=

+ (3 + a cos 4)' + (y + a sin 4)2]1/2
+ (x - a cos 4)' + (y - a sin 4)2]'/2

[z2
[z2

(6.2)

Here p1 and pz are the distances of the point (x,y,z) to the points of intersection
of the ring of foci with the plane through (x,y,z) and the z-axis, whereas 4 is the
angle of orientation of this plane with respect to the x - z plane. The positive sign
in eq.(6.1) should be used if z > 0 and the negative sign if z < 0. The inverse of the
transformation, eqs(6.l) and (6.2), is

x = a [ @ + 1)(1- q2)]1/2

COS

4

+ 1)(1- q2)]'I2sin 4

y =

z = a(q
(6.3)
In terms of these spheroidal coordinates the surface of the spheroid is given by t = to.
The Laplace equation (5.1) is separable in these coordinates and the solutions
split up into two types: solutions that satisfy the Laplace equation everywhere, but
are unequal to zero if ( -+ M and solutions that are zero if -+ M, but satisfy the
Laplace equation only for > 0. The first type of solutions describe the "incoming"
field due to sources outside the spheroid and can be expressed in terms of the functions

<

<

[371
P,"(i[)y,""(arccosq,

4) with 1 = 0,1,2, ... and m = 0, f l , f 2 , ...,&P

where (cf. eq.(5.26))
cm(arccosq,d) E

"'!I

+ 1 (P - 1/2 (-I)
-~

(,P

47r ( t + m ) !

em( q )eimb

(6.4)

(6.5)
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Here PF are the associated Legendre functions of the first kind of degree e and order
2 0 by [37]

m, defined for complex arguments and m

Along the positive imaginary axis one has

P,"(i()= (-1)

m .e+m
2

(1+ <2)m/2
2ee!

($)

I+m

(1

+ (2)e

for 0

5 ( < 00

(6.7)

For m < 0 the definition is

P,"(.)

= (-1)"-

(e -tm)!
(C - m)!PY"(4

The second type of solution of the Laplace equation (5.1) describes the field outside
the spheroid due to the charge distribution inside and can, after its separation in the
coordinates (, 7 and 4, be expressed in terms of the functions
Qr(i()&m(arccos7, 4) with

e = 0, 1 , 2 , ..... and m = 0, f l ,f 2 , .....,f C

(6.9)

where Q 4 are associated Legendre functions of the second kind, defined along the
positive imaginary axis and for m 2 0 by [37]

(6.10)
and for m

< 0 by
(6.11)

The fields given in eq.(6.9) will be referred to as the spheroidal multipole fields.
The source of such a field, which is located in the center of the spheroid, will be
called a spheroidal multipole. The general solution of the Laplace equation in oblate
spheroidal coordinates t, 7 and 4 in a region < ( < E2, where there are no sources,
can now be written as

+ C E e m ~ ~ ( t , a ) ~ ~ ( a r c c o (6.12)
s7,~)

$(r) = C A e m z ~ ( E , a ) Y " ( a ( a r ~ c o4)s ~ ,

em

em

where the summation is from C = 0 to
the functions

00

and m = 4 through

e.

For convenience

(6.13)
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and
(6.14)
E 1 x 3 x ... x (n - 2) x n for n odd and (n)!!
have been introduced. Here (n)!!
... x (n- 2) x n for n is even; by definition (-l)!! = 1. The asymptotic (large
6) behavior of the associated Legendre functions along the positive imaginary axis is
given by [37], [48]

2x 4x

P,"(i()

N

(2e - l)!!.-m
z (it)'
(! - m)!

for

6-+ 00

(6.15)
(6.16)

It then follows from the above equations that

Xr(E,a)

N

(aOe N re for

Zy(E,a)

N

(a()-'-'

N

E + 03

r-'-l

(6.17)
(6.18)

for ( -+ 00

Here it was used that, cf. eq.(6.3),
r

+ y2 + z2)1'2 = a(['

(z2

- 7'

+ I)'/'

N

a t for

6

(6.19)

---t 00

Using eq.(6.3) one furthermore finds the asymptotic relation
cos 6

= z / r = z(z2 + y2 + z2)-1/2= (~(6' - 77' + 1)-'I2

N

77 for [ .+

00

(6.20)

If one now compares the oblate spheroidal multipole expansion eq(6.12) of the potential $(r) with the usual (spherical) multipole expansion eq.(5.25), one finds, using
the results egs.(6.17), (6.18) and (6.20), that asymptotically the spheroidal and the
spherical multipole fields become identical. Of course, for spherical particles the two
expansions eqs.(6.12) and (5.25) coincide for all distances. In general a spheroidal
multipole field contains at shorter distances, in addition to the spherical multipole
field of the same order, contributions due to higher order spherical multipoles. One
might therefore wonder, whether formulae, derived in the previous chapter for the
quadrupole model, using the spherical multipole expansion, need not be corrected,
if one uses the spheroidal multipole expansion. It can be proved, however, from
eq~~(6.12)
and (5.25), together with eqs.(6.5), (6.14), (6.10), (6.19) and (6.20), that
the spheroidal dipole field contains at shorter distances, in addition to the spherical
dipole field, as first higher order contribution a spherical octupole field. In fact this
is a consequence of the cylindrical symmetry around the normal on the substrate
through the center of the particles. Since the latter contribution is neglected in the
quadrupole model, it means, that one can apply all formulae, derived in the previous
chapter for this model, also in the present case of a spheroidal island.
One can now derive, using the (oblate) spheroidal multipole expansion eq(6.12)
for the potential together with the boundary conditions for this potential and its normal derivative on the surface of the spheroid, the following relation between induced
and incident amplitudes Atm and BePn:

Atm

=-~mBern

(6.21)
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where
(6.22)
Note that the polarizability matrix aem,eim, is again diagonal:
aern,e'mi = aem6eeJimr

(6.23)

However, in contrast to the spherical case (cf. eq.(5.68)), the diagonal elements now
depend on both e and m as a consequence of the fact that spheroids have a lower
rotational symmetry than spheres. Again one does not have to consider the case C = 0
for uncharged spheroids. Using the definitions eqs(6.13) and (6.14), one obtains for
eq.(6.22):

(6.24)
It follows with eqs.(6.8) and (6.11) that
aem = at,-m

(6.25)

One should first of all note that, with eqs.(6.15) and (6.16), one finds in the
limit that the oblate spheroid becomes spherical
(6.26)
The limit should be taken such that ato = R remains constant. This is the familiar
result given also in eq.(5.70) for a sphere with radius R. :
With eqs.(6.7), (6.8), (6.10) and (6.11) one can in principle calculate (Yem for
any value of e and m. In the polarizable dipole model one is only interested in atn
for the values I = 1 and m = 0 , f l . In the polarizable quadrupole model also the
values != 2 and m = 0, f l ,&2 are considered, whereas atm is put equal to zero for
C > 2. One obtains
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It furthermore follows, from eqs(5.67) and (6.23), that the polarizabilities in the
above mentioned dipole and quadrupole models, are given for oblate spheroidal part icles by

Introducing the volume V of the oblate spheroid (see also fig.6.1):

v = --K43

+ti)

u3to(1

(6.29)

and using eq.(6.27), one can write these polarizabilities in the following form:

(6.30)
Here the depolarization factors of the oblate spheroid in the ambient (infinitely) far
kom the substrate are given by:
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2
a
m
r(

Figure 6.2

Oblate spheroid above a substrate. Cross-section through the

3:

-z

plane.

eq.(5.53), one obtains for the polarizabilities, as modified by the proximity of the
substrate, in a homogeneous electric field normal to the substrate (see fig.6.2)

a,(O)
O;'(O)

D;'az[l

+

+

(3A/d2)(2a:'
3 all)]
3
= --D;'(A/d)~v~(24~ 3 al')
2
=

+

(6.32)

where

D,

1

+ 2A + (3A/2d2)(2+ A a1)(2a~'+ 3a")

(6.33)

and (cf. eq.(5.54))

A

= (32 7r e a d 3 E) -- E' 5L
Ea +

(6.34)

€5

Here d is the distance from the center of the spheroid to the substrate (d 2 a t o )
and E, is the dielectric constant of the substrate (see fig. 6.2). The argument 0 of
the polarizabilities, eq.(6.32), indicates the position z = 0 of this center. Just as
for spheres, the quadrupole polarizability a;'(O), which is zero if the spheroid is far
from the surface of the substrate, becomes finite when the spheroid approaches this
surface.
If the electric field is directed parallel to the surface of the substrate one finds
in a similar way, using eqs(5.59) and (5.58), for the polarizabilities all(0) and aio(0)
of the spheroid above the substrate:

(6.35)
where
(6.36)
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Again the quadrupole polarizability ar(O),which is zero if the spheroid is far away
from the surface of the substrate, becomes finite, when the spheroid approaches the
substrate.

If all spheroids have the same size, the resulting electric susceptibilities of the
film are given by eq.(5.64), which reduces for this case to

(6.37)

where A , D, and Dli are given by eqs.(6.34),, (6.33) and (6.36) respectively. The
argument d of the above coefficients denotes the position z = d of the dividing surface,
which coincides with the surface of the substrate (see fig.6.3). If one considers a film
in which the spheroidal particles have a certain dispersion both in size and shape (to),
the expressions on the right-hand sides of eq.(6.37) have to be averaged. One then has
to apply eq.(5.65), instead of eq(5.64). The invariants can be found by substitution
of the above formulae, eq.(6.37), into eq.(5.66). If one changes the direction of the Zaxis one finds again that 7,and 0, are independent of the direction of the z-axis while
6, and T change sign if the z-axis changes direction. If one uses the above formulae to
calculate the reflection and transmission amplitudes, it is important to take the right
sign. If, as in chapter 4, the light is incident through the ambient one-may use the
above expressions. If the light is incident through the substrate one must, in order
to use the formulae given in chapter 4, interchange E, and E , in these formulae and
change the sign of 6, and T in the expressions given above, before substituting them
into the formulae in that chapter.
Substituting the explicit expressions of the various polarizabilities and depolarization factors in the ambient far from the substrate (cf. eqs.(6.30) and (6.31)) into
eqs(6.32) and (6.33) one obtains, using eqs.(6.34) and (6.29), for oblate spheroids at
the distance d = aE1 on or above the substrate (El L. to):

The factors L and A, which will again be called depolarization factors, are the fol-
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lowing functions of

to,El,

E,

and

E,

for the oblate spheroid

(6.39)
In a completely analogous way one finds, by substituting the explicit expressions of the various polarizabilities and depolarization factors in the ambient far from
the substrate (cf. eqs(6.30) and (6.31)) into eqs.(6.35) and (6.36), using eqs(6.34)
and (6.29), for oblate spheroids at the distance d = at1(EI 2 to)on or above the
substrate:
- Ea)V[Ea + L ~ (-E€ a ) ]
+ LII(E- € a ) l [ E a+ L ~ (-E +A;(€
€a(€

.IIJ(O)

=

[€a

€a)]

-

with

(6.41)

It can be shown, using the above expressions for the depolarization factors of
0, with a&, = R and atl = d,
oblate spheroids in the limit to-+ m, -+ 00 and a
that for spheres with radius R at distance d with d 2 R above or on the substrate one
obtains the results, eq~(5.88)and (5.89). Notice that the expressions, eqs.(6.38) and
(6.40), for the polarizabilities of spheroids are of the same form as those for spheres,
i.e. eqs.(5.86) and (5.87), since ato = R and V + $T R3 in the above limit.
On the other hand one can also consider the limit to + 0 for an oblate
spheroid, giving the results for a circular disk of radius a, parallel to the surface of
the substrate and at the distance d = at1 above this substrate. From eqs.(6.39) and
(6.41) one then obtains
---f

L,=1,

1

Ea-E,

1

Li=0, A~=Oandh~o=-- - 80 ( € a € 8 ) t;'

+

(6.42)
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LII= 0, Li = 1, Ai = 0 and A;l" = --1
80

(-)
En

2
1

- E,

(6.43)

E, + E ,

Note that the quantities A'' given above diverge when t1+ 0, i.e. when the circulax
disk approaches the substrate. This is, in fact, the case with all depolarization factors
L and A, if one considers oblate spheroids touching the substrate and takes the limit
El(= to)-+ 0. This follows from eq~~(6.39)
and (6.41), putting El =
Then all
terms, describing the interaction of the spheroid with the substrate, i.e. the terms
containing (t, - E , ) / ( E ~ E,), are proportional to a negative power of to.As has also
been discussed in sections 5.3 and 5.5 of the previous chapter, this is a consequence
of the fact, that in the polarizable dipole and quadrupole model the electromagnetic
interaction of the particle with the substrate is described &s the interaction between a
point dipole and quadrupole located at the center of this particle, with an image point
dipole and quadrupole in the substrate located at the point (0,0,2d) in fig.6.2. When
d = at1 + 0 this interaction becomes infinite. As a result the polarizabilities and
the constitutive coefficients become zero in this limit. In section 6.4 it will be shown,
using the exact solution, that this result is unphysical. It will therefore be clear that
the formulae, derived above for the depolarization factors of oblate spheroids and
the polarizabilities calculated with these factors, are incorrect in the case that the
spheroids are too flat. The value of the flattening parameter to,above which the
description with the polarizable dipole and quadrupole model is still a reasonable
approximation, depends, of course, on the values of the various dielectric constants
(see also section 6.6).
Finally one can also derive expressions for the surface constitutive coefficients
,O,(d), ye(d), S,(d) and T ( d ) with the depolarization factors found above. Using
eqs.(5.64) and (5.60), together with eqs(6.38) and (6.40), one obtains:

to.

+

(6.44)

+ + LII(E-+ ( ~ f i-+~ytoiti)
L ~ (-Ee n ) ] +hi(€€a

[En

r(d) =

P

En(€

[En

(E

En)

Ea)][En

- E a ) V d [En + ( ~
- ni0to/t1)
i
( E - en)]

+ Q (E

-~

+

n ) ] [ ~L
n

~ (-EEn)]

+

-

1

(6.46)

(6.47)

assuming that all spheroids have the same size and shape. Usually the particles will
be touching the substrate, in which case to= El and d = a t o in the above formulae. If
there is size and shape dispersion of the particles (V and todifferent), the right-hand
sides of the above equations have to be averaged. Notice that the above expressions for
the constitutive coefficients have the same form as the expressions, eqs.(5.92)-(5.95),
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Figure 6.3 A prolate spheroid in an infinite surrounding medium. Cross-section through
x-z plane.

for spheres, since a t o = R (radius) in this case and a t , = d. This is the advantage
of writing the expressions for the constitutive coefficients and for the polarizabilities
in the form with depolarization factors. The invariants can be found by substitution
of the above formulae, eqs.(6.44-(6.47), into eq.(5.66). If one changes the direction
of the z-axis one finds again that Y~ and /Ie are independent of the direction of the

z-axis while 6, and 7 change sign if the z-axis changes direction. If one uses the above
formulae to calculate the reflection and transmission amplitudes, it is important to
take the right sign. If, as in chapter 4, the light is incident through the ambient one
may use the above expressions. If, however, the light is incident through the substrate
and E, in
one must, in order to use the formulae given in chapter 4, interchange
these formulae and change the sign of 6, and r in the expressions given above, before
substituting them into the formulae in that chapter.
6.3

Prolate spheroids; the polarizable quadrupole model

The calculation of the polarizabilities of prolate spheroids is analogous to that of
oblate spheroids, given in the previous section. Consider a prolate spheroidal particle,
see fig.6.3, with a dielectric constant F. surrounded by the ambient, with a dielectric
constant E,. The z-axis is chosen as the axis of revolution, with z = 0 in the center
of the spheroid. This is the long axis and has a length 2 4 , . For the prolate spheroid
the two foci lie on this axis at a distance a from its center. The two short axes have
the lengths 2a([: - l)Il2 (1 5 to< co),in terms of the elongation parameter to.
The limit to3 00, a -+ 0, with ato = R again corresponds to a sphere with radius
R. The limit to-+ 1 corresponds to a needle with length 2a. The prolate spheroidal
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coordinates are defined by [37]
(6.48)
with
p1

= [(z + a)'

+ x2 + y2]1/2 and p2 = [(z- a)2+ z + y ]
2

2 112

(6.49)

Here p1 and p2 are the distances of the point (5,y, z) to the two foci and q5 describes
the orientation of the plane through (x,y, z ) and the z-axis with respect to the z - z
plane. The value range is 1 5 ( < 00, -1 5 7 5 1, 0 5 4 < 27r. The inverse of the
above transformation is
5

= a[((2 - 1)(1- 17 2

)1 1/2 COB 4,

y = a[(E2- 1)(1- 7')]'/' sin 4, z = a67

(6.50)

At the surface of the particle ( = (,,(see fig.6.3).
In these coordinates the Laplace equation (5.1) is again separable, and one can
repeat the analysis, given in the previous section, now for prolate spheroids. Instead
of the functions, eqs.(6.4) and (6.9), one should use here

e = 0,1,2, .....; m = O , f l , k2, ....., *e

(6.51)

Qr(()Ylm(arccosq, 4) for l = 0,1,2, .....;m = O , M , f 2 , .....,&te

(6.52)

Pr(()&m(arccosv,$) for
and

to describe the fields inside and outside the prolate spheroid. The spherical harmonics
qm(arccos7, 4) are again defined by eq.(6.5) and the associated Legendre functions
and Q?(t),
far m 2 0, by 1371

ern(()
and

For m < 0, one has to use the definitions

cf. eqs.(6.8) and (6.11). Note that the functions QF(() are singular in ( = 1. Notice
furthermore, that the functions P r ( ( ) and Q Y ( ( ) can also be obtained from eqs.(6.7)
and (6.10), by replacing ( by -i( and using the relation
arctan

(+)

= arctan

(i)5%

= 1 . ln

(G)
(+I

(6.56)
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The general solution of the Laplace equation in prolate spheroidal coordinates
as

E, 77 and q5 in a region El < [ < tz,where there are no sources, can now be written

+

$(r) = C A e m ~ T ( t , a ) ~ m ( a r c c o s 7 7 , q 5 )C B e m ~ T ( E , a ) ~ ~ ( a r c c o s q (6.57)
,~)
em

em

where the summation is from L' = 0 to co and m = -e through

e. Here the functions
(6.58)

and
(6.59)
have been introduced. See below eq.(6.14) for the definition of the double factorial.
The asymptotic (large E ) behavior of the associated Legendre functions along
the positive real axis is given by (371, [48]
(6.60)

(6.61)

zr(E,a ) and zr(S,a ) have the same asymptotic

It then follows, that the functions
behavior for [
(6.18)) :

+ 00

as the functions X r ( [ , a ) and Zr(E,a), (cf. eqs.(6.17) and

Zr(t,a) N
, Z ~ ( Ea>, N

( a t ) l N re for
N

E -+ co
for E

(6.62)
3

(6.63)

00

Here it was used that

r

= (2+ y2 + z2)1/2= a ( t 2+ 7'

-

I)'/'

2

at

for

t -+

(6.64)

00

which follows from eq.(6.50). Using this equation, one also finds the asymptotic
relation
cos B

= z / r = z(z2 + yz + z')-~/'

= Eq(['

+ q2 - l)-'/'

N

q for

t+

00

(6.65)

It finally follows from the definitions, eqs.(6.13), (6.14), (6.58) and (6.59), that the
following relations hold between the prolate and oblate spheroidal functions X and
Z:

ZY([,a)
,@([,a)

ieXp(-i[,a)
.-e-] Zem(-itla)
= a

=

(6.66)
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As discussed in the previous section the spheroidal and the spherical multipole fields become identical at large distances. In general a spheroidal multipole
field contains at shorter distances, in addition to the spherical multipole field of the
same order, contributions due to higher order spherical multipoles. One might therefore wonder, whether formulae, derived in the previous chapter for the quadrupole
model, using the spherical multipole expansion, need not be corrected, if one uses the
spheroidal multipole expansion. As discussed in the previous section it can be proved
that the spheroidal dipole field contains at shorter distances, in addition to the spherical dipole field, as first higher order contribution a spherical octupole field. In fact
this is a consequence of the cylindrical symmetry around the normal on the substrate
through the center of the particles. Since the latter contribution is neglected in the
quadrupole model, it means, that one can apply all formulae, derived in the previous
chapter for this model, also in the present case of a prolate spheroidal island.
One can now derive, using the (prolate) spheroidal multipole expansion eq.(6.57)
for the potential together with the boundary conditions for this potential and its normal derivative on the surface of the spheroid, the following relation between induced
and incident amplitudes Aem and Bern:
Atm = -&rnBem

(6.67)

where
(6.68)
Note that the polarizability matrix 6ern,etm, is again diagonal:

-

-

aem,e'm' = aem~ee&ml

(6.69)

However, in contrast to the spherical case (cf. eq.(5.68)), the diagonal elements now
depend on both & and rn as a consequence of the fact that spheroids have a lower
rotational symmetry than spheres. Again one does not have to consider the case C = 0
for uncharged spheroids. Using the definitions eqs.(6,58) and (6.59), one obtains:

(6.70)

It follows with eq.(6.55) that
I

aem

-

= %v-rn

(6.71)

One should first of all note that, one finds in the limit that the prolate spheroid
becomes spherical
(6.72)
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The limit should be taken such that a t o = R remains constant. This is the familiar
result given also in eq.(5.70) for a sphere with radius R.
With eqs.(6.53)-(6.55), one can in principle calculate Glm for any value of
l? and m. It is, however, also possible, and in fact more convenient, to calculate
the polarizabilities for prolate spheroids from the expressions found in the previous
section for oblate spheroids. For this purpose one must use the following relation

This may be derived from eqs.(6.68), (6.66) and (6.22). Using this relation and
eq.(6.56) one obtains from eq(6.27) the following polarizabilities for prolate spheroids:

Now it follows, from eqs.(5.67) and (6.69), that the polarizabilities in the above mentioned dipole and quadrupole models, are given also for prolate spheroidal particles
bY

As there is no further danger of confusion with the formulae in the previous section,
the tilde as a super index is further dropped. Introducing the volume V of the prolate
spheroid (see also fig.6.3):
(6.76)
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and using eq.(6.74), one can write these polarizabilities in the following form:

a,

€a(€ - 6 a ) V

=
En

+ L , z ( t o ) ( €-

€0)

(6.77)
Here one then finds for prolate spheroids, in an infinite surrounding medium, the
following depolarization factors

In the context of the quadrupole model discussed in section 5.5 of the previous
chapter one must now substitute a:' = 0. One obtains, cf. section 6.2, for the
polarizabilities, as modified by the proximity of the substrate, in a homogeneous
electric field normal to the substrate (see fig.6.4)

+

+

= Dg'az[l (3A/d2)(2a:'
3 a")]
3
a;O(O) = - - D i 1 ( A / d ) ~ , ( 2 ~ ; ' 3 a'')
2

%(O)

+

(6.79)

where
0,

1

+ 2A az + (3A/2d2)(2+ A aZ)(2a:'+ 3 0 1 ~ ' )

(6.80)

and
(6.81)
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Figure 6.4

Prolate spheroid above substrate. Cross-section through the z

-

z plane.

cf. eqs.(6.32)-(6.34). Here d is the distance from the center of the spheroid to the
substrate (d 2 ato) and E , is the dielectric constant of the substrate (see fig.6.4).
The argument 0 of the polarizabilities, eq.(6.79), indicates the position z = 0 of this
center. Just as for spheres, the quadrupole polarizability a~o(0),
which is zero if the
spheroid is far from the surface of the substrate, becomes finite when the spheroid
approaches this surface.

If the electric field is directed parallel to the surface of the substrate one
finds, cf. eqs(6.35) and (6.36), for the polarizabilities all(0)and a f ( 0 ) of the prolate
spheroid above the substrate:

where

Dll

5

+

+

1 + A a11 (3A/4d2)(4 A aa)(ai'

+ 2a")

(6.83)

Again the quadrupole polarizability af(O), which is zero if the spheroid is far away
&om the surface of the substrate, becomes finite, when the spheroid approaches the
substrate.

If all spheroids have the same size, the resulting electric susceptibilities of the
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film are given by eq.(5.64), which reduces for this case to, cf. eq.(6.37),

The argument d of the above coefficients denotes the position z = d of the dividing
surface, which coincides with the surface of the substrate (see fig.6.4). If one considers
a film in which the spheroidal particles have a certain dispersion both in size and
the expressions on the right-hand sides of the above equation have to be
shape (to),
averaged. One then has to apply eq.(5.65), instead of eq(5.64). The invariants can be
found using eq.(5.66). If one changes the direction of the z-axis one finds again that
ye and ,#, are independent of the direction of the z-axis while 6, and T change sign if
the z-axis changes direction. If one uses the above formulae to calculate the reflection
and transmission amplitudes, it is important to take the right sign. If, as in chapter
4, the light is incident through the ambient one may use the above expressions. If the
light is incident through the substrate one must, in order to use the formulae given
in chapter 4, interchange E , and t, in these formulae and change the sign of 6, and
7 in the expressions given above, before substituting them into the formulae in that
chapter.
Substituting the explicit expressions of the various polarizabilities, eq.(6.77),
and depolarization factors, eq.(6.78), in the ambient far from the substrate, into
eqs(6.79) and (6.80), one obtains, using also eqs(6.81) and (6.76), for prolatespheroids
:
at the distance d at1 on or above the substrate (El 2 to)

The depolarization factors for the prolate spheroid, are the following functions of
11, en and t,

E0,

(6.86)
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In a completely analogous way as above one finds for the polarizabilities and
depolarization factors along the surface:
=

€a(€

+ L I I ( €-

- ea)V[Ea

+ L ~ (-E€ a ) ]

+ L ~ (-Een)] + A ~ ( -E

E ~ ) ] [ E ~

ta)2

with

(6.88)
It can first of all be shown, using the above expressions for the depolarization
factors of prolate spheroids in the limit to-+ 00, E, -+ 00 and a -+ 0, with a t o = R
and a t 1 = d, that for spheres with radius R at distance d with d 1 R above or on the
substrate one obtains the results, eqs.(5.88) and (5.89). Notice that the expressions,
ecp(6.85) and (6.87), for the polarizabilities of spheroids are of the same form as
those for spheres, i.e. eq(5.86) and (5.87), since a t o = R and V -+ $T R3 in the
above limit.
For prolate spheroids the depolarization factors, found above, do provide a
good description for all values of to,as will be proved in section 6.5. This is in
strong contrast to the case of oblate spheroids, cf. the discussion below eq(6.43) in
the previous section. In the case of prolate spheroids the center of the particle and
the image point are at least at the finite distance 2a from each other. This is the
case also for a "needle", i.e. a prolate spheroid, for which Eo 1 1. The values of the
depolarization.factors for a needle of length 2a, normal to the surface of the substrate,
are easily obtained from ecp(6.86) and (6.88) in the limit to1 1. One finds for all
values of a and d 2 a :

L, = Lj =

= ,lo = 0

(6.89)

and
1

,511= Li = 2, Ai = A;' = 0

(6.90)

For the polarizabilities normal and parallel to the surface of the substrate one therefore finds for the needle, using eqs.(6.85) and (6.87) (cf. also ref.[42]):

&(a)

= (E

- &)V,

Q(0)

=0

(6.91)
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(5)
v, a?(O) = 0
E

+

(6.92)

E,

where V is the “volume” of the needle: V = $r u3[0([02 - 1) in the limit to1 1.
Note that the polarizability per unit of volume remains finite (#O) in this limit. The
influence of the substrate also vanishes in this limit.
Finally one can also derive expressions for the surface constitutive coefficients
P,(d), y,(d), 6,(d) and 7 ( d ) with the depolarization factors found above. Using
eqs(5.64) and (5.60), together with eqs.(6.85) and (6.87), one obtains:
(6.93)
(6.94)

+ + hi,(€[€a

P

4

r(d) =
[fa

6

- €a)V d

+ LII(C-

+

~ a ) ] [ ~ a
[E.

- € a ) ] +hi;(€-

+ ( L i - AfYO/E1)

(E

-

€4

+ L ~ (-E + A ~ ( -E En)’

~ a ) ] [ ~ a

1

(6.95)

(6.96)

€-a)]

assuming that all spheroids have the same size and shape. Usually the particles will
be touching the substrate, in which case to= El and d = ato in the above formulae. If
there is size and shape dispersion of the particles (V and todifferent), the right-hand
sides of the above equations have to be averaged. Notice that the above expressions
for the constitutive coefficients have, similar to those for oblate spheroids, the same
form as the expressions, eqs.(5.92)-(5.95), for spheres, since ato = R (radius) in this
case and a t l = d. This is the advantage of writing the expressions for the constitutive
coefficients and for the polarizabilities in the form with depolarization factors. The
invariants can be found by substitution of the above formulae into eq.(5.66). If one
changes the direction of the z-axis one finds again that ye and p, are independent of
the direction of the z-axis while 6, and r change sign if the z-axis changes direction. If
one uses the above formulae to calculate the reflection and transmission amplitudes, it
is important to take the right sign. If, as in chapter 4, the light is incident through the
ambient one may use the above expressions. If, however, the light is incident through
the substrate one must, in order to use the formiilae given in chapter 4, interchange
c, and ts in these formulae and change the sign of 6, and 7 in the expressions given
above, before substituting them into the formulae in that chapter.
6.4

Oblate spheroids; spheroidal multipole expansions

In the previous sections the polarizabilities of a spheroidal island, with axis of rotation
normal to the surface of the substrate, were derived in the context of the polarizable
quadrupole model, discussed in section 5.5 of the previous chapter. In this model
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Figure 6.5

An oblate spheroid above a substrate.

the electromagnetic interaction of the particle with the substrate is described as the
interaction between a point dipole and quadrupole, located at the center of this
particle, and an image point dipole and quadrupole, located in the substrate at the
distance 2d from this center (d is the distance between the center of the particle
and the surface of the substrate: see figs.6.2 and 6.4 in the previous sections). First
the dipole and quadrupole polarizabilities of a homogeneous spheroid in an infinite
dielectric medium were calculated. The outgoing field, far away from this spheroid, is
that of a point dipole and quadrupole, located at the center of this particle, with the
same polarizabilities. These (bee) polarizabilities are then used in order to calculate
the polarizabilities of the spheroid, as modified by the proximity of the substrate,
in homogeneous electric fields normal and parallel to the substrate. To this end
general formulae, derived in section 5.5 for the polarizable quadrupole model, have
been applied. It was found that the results obtained in that way are not correct for
oblate spheroids, which are too flat and too near to the surface of the substrate. This
is a consequence of the fact, that the interaction of these particles with the substrate
was calculated in spherical (point) dipole and quadrupole approximation.
In the present section this restriction will be removed by describing the interaction of the spheroid with the substrate, using spheroidal multipoles, instead of
spherical multipoles. A completely analogous method of solution, as was given at the
end of section 5.6 for spherical particles, will be developed here for spheroidal particles. Instead of spherical multipole fields, one now has to use spheroidal multipole
fields. In this section the solution of the problem will be given for oblate spheroids
above the substrate (see fig.6.5) and in the next section for prolate spheroids. The
analysis is similar to the one given by Bobbert and Vlieger [42]. The notation is
somewhat different, however.
Consider the response of this spheroid in a constant electric field, given in the
ambient by
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The corresponding incident potential is

where the definitions, eqs.(6.5)-(6.8) and (6.13), of the functions Xm and X y have
been used and where oblate spheroidal coordinates
q and 4, defined by eqs.(6.l)
and (6.2) (or the inverse transformation eq.(6.3)) have been introduced. The general
solution in the ambient may be written as a sum of the incident potential, the potential due to the charge distribution, induced in the island, and the image charge
distribution in the substrate:

t,

$Ja(r) =

(%~/3)"~
-21/2&,zx,"(<,
[
a)YP(arccos q , 4 )

I

I

+ CAemz,"(E,a)Y,m(arccosg,4) + X ~ : ~ z r ( t ' (~t),yq~)m, ( a r c c o s ~ l ( t , ~ ) , ~ )
em

em

(6.99)
The first sum at the right-hand side of this equation is of the same form as the first
sum of eq.(6.12), which gives the general solution of the Laplace equation in oblate
spheroidal coordinates. It is a superposition of spheroidal multipole fields. The
multipoles describing this direct field are located in the centre 0 of the spheroid (see
fig.6.5). The functions ZF and Kmwere defined in section 6.2 by means of eqs.(6.14),
(6.10), (6.11), (6.5), (6.6) and (6.8). The prime in the summation denotes again the
exclusion of the term with f2 = m = 0, since the total charge of the particle is assumed
to be zero. The second sum at the right-hand side of eq.(6.99) is a superposition of
spheroidal multipole fields, whose origin is located at the point (0,0,2d) within the
substrate.(see fig.6.5); ti and q' are the first two oblate spheroidal coordinates of the
point (z,y,z) in the shifted coordinate frame with origin at (0,0,2d). These fields
may be attributed to virtual spheroidal multipoles, located at (0,0,2d).
For the potential in the substrate one may write similarly

+Jr)

=

$4 + sX,O(E,a)YP(arccosq,~)+ ~ 2 ~ ; ( t , a ) ~ , ' ( a r c c o 4)
s q+
,
I

c&;'(<,

a)&-'(arccosq,

4) + CA:,Z,"(E,a)Kn(arccosq,4)
em

(6.100)

As a first step to calculate the polariaabilities of the oblate spheroid, the amplitudes
Aim, Aim, A;,, c1, c2 and c3 of the various spheroidal multipoles, as well as the
constant

+',, have to be chosen such, that

the boundary conditions of the potentials
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and 111, at the surface of the substrate are satisfied. This means, that $J,, = $JS and
~ , d$,/& = e,d$,/az for z = d, i.e. for

,,J
$

z=aEq=d=aE,

or q = A
E = -d

((,<[<co)

5 4

(6.101)

where eq.(6.3) has been applied. Using the relations
(6.102)
and
qm(arccos(-q),

4)= (-l)"myt"(arccosq, 4)

(6.103)

one then obtains the following results:

(6.104)

(6.105)
and
(6.106)
In order to relate the amplitudes Atm to the multipole polarizabilities for the
oblate spheroid in free space, the potential of the so-called local field acting on this
particle has to be introduced, which is given as the sum of the potentials of the
incident and the reflected fields
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This is in fact a generalization of the expansion, eq.(5.102), which was valid for
spherical particles. It may indeed be checked, using eqs.(6.17), (6.18) and (6.20),
that eq.(5.102) follows kom eq.(6.108),with
lim K&(Ei) = Mc,e

E l 'W

(6.109)

In contrast to this limiting case of a sphere, however, it does not appear to be possible
to give a straightforward generalization of the formula eq.(5.103) for Mg,e , which is
valid in the case of an oblate spheroid. As is shown in Appendix A, it is still possible
to obtain a complete set of relations and recurrence relations, by which in principle
all coefficients Kz,e((l) can be determined explicitly. These are the following:

(6.113)
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In this equation K-l,e(El) and Kel,-l(<l) are assumed to vanish. For the evaluation
of the coefficients K:,JEl) and K;,e(ti) by means of eq~~(6.111)
and (6.112) one needs
the functions Q:(z) for complex z , which are defined by (see [37]):

for C = 0,1,2,

...

(6.115)

One can furthermore make use of the symmetry relation (see appendix A)
(6.116)
The recurrence relations, eqs.(6.113), or alternatively (6.114), can then be used to
evaluate K!l,e((l) for C, and C 2 2. In the following one also needs K&(E1) for
m = f l . In appendix A it will be shown, that

K;,e(tl) = K,i?(El)

(6.117)

so that it is only necessary to give these coefficients for positive values of m. For
m = 1 one has (see appendix A):

It is therefore sufficient to concentrate on the evaluation of K;l,e(El). Finally in the
appendix A explicit expressions for these coefficients are given for e, C1 = 0, 1 and 2,
which will be used below.
Substituting eq.(6.108) into eq.(6.107) and interchanging L with el, one obtains
$$oc

(r) = (2T/3)’/2[- 21/2&,zx!

(El a)Yp(arccos q , d )

(6.120)
where atmis given by eq.(6.24). It follows from this equation that different m’s do
not couple to each other. Just as in the case of a sphere on (or above) a flat substrate
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in section 5.6 of the previous chapter, this property is, of course, due to the rotational
symmetry of the system around the z-axis. As a consequence

Ae,=O

for r n # - 1 , 0 , 1

(6.121)

(cf. eq.(5.106)). The above set of linear equations for the amplitudes may thus be
written as the sum of the separate and independent contributions for rn = -1, 0 and
1. In this way one obtains

for

=

(27T/3)'/2011,-1(&,,

e

=

1 , 2 , 3,...

+ i E ~ , ~ for
) Ge ~= ~1,2,3, ....

(6.122)

(6.124)

Using the symmetry relations, eqs.(6.25) and (6.117), the last equation may also be
written as

+

= (2T/3)"20111(~o,z i ~

~

, for~

e )= 1,2,3,
6 ~ ....
~

(6.125)

By comparing this equation with eq.(6.123), it follows that
Ae,-l(Eo,Z - i E O , ~=) -Aei(Eo,z -I-i Eo,,)

(6.126)

which means that eq.(6.124), or eq.(6.125), is superfluous, and it is sufficient to consider only eqs.(6.122) and (6.123).
If one finally introduces spherical coordinates for the external electric field Eo

Eo,,= EOsin Bo cos $o, E o , =
~ EOsin 00sin q50, E o , =
~ Eo cos 00
one can write eqs.(6.122) and (6.123) in the following form:

(6.127)
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and

= -(2n/3)1/2all~os i n ~ o e - a % ~for
~

e = 1,2,3, ....

(6.129)

For spherical particles, one has to take the limit t1 00. With eqs.(6.109) and (6.26)
one then finds back the results eqs(5.107) and (5.108).
Eqs(6.128) and (6.129) may be solved numerically by neglecting the amplitudes larger than a suitable chosen order. One then solves the set of equations
--f

and

where A4 is the number of spheroidal multipoles, taken into account.
The polarizabilities ali(O),az(0),
afiO(0) and a i o ( 0 ) of the oblate spheroids,
modified by the proximity of the substrate (see fig.6.5)) can now be calculated again
with the help of eq(5.111))just as in the case of spheres. Notice, that it is possible to
apply this equation, which has been derived in the previous chapter, using a spherical multipole expansion of the field, to the present case, where one uses an oblate
spheroidal multipole expansion, since one considers only dipole and quadrupole polarizabilities. As has been seen in section 6.2, these quantities are the same for the
two expansions, as long as one neglects octupole polarizabilities. The constitutive coefficients ,B,(d) , y,(d) , 6,(d) and ~ ( dthen
)
follow with eq.(5.112), and the invariants
with eq.(5.66).
If one solves the above equations for the case M = 2, one obtains, using the
with e = 1, 2 and the expressions, eqs~(6.243)
expressions, eq.(6.27), for at0 and
- (6.245) and eq.(6.118), for K&(E1) and K&l(&)with e, el = 1, 2, together with
eq.(5.111), the following results for the polarizabilities a,(O) , aio(0), ail(0) and
a f ( 0 ) of an oblate spheroid
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The above expressions for these polarizabilities are of the same form as the expressions, eqs.(6.38) and (6.40), derived for oblate spheroids in the polarizable quadrupole
model, (and, of course, also of the same form as the expressions, eq~(5.86)and (5.87),
derived for spheres in the same model).
The depolarization factors for the normal polarizabilities are now found to be:
1 - toarctan
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2t:)12

(1

+ $)
(6.137)

Similarly the depolarization factors for the parallel polarizabilities are given by

(6.138)

(6.139)
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The volume V of the oblate spheroid is given by (cf. eq.(6.29))

v E -T43

+ ti)

(6.142)

a3t0(1

+

One may again verify that L, 2Lll differs from one due to the interaction
with the substrate. It can furthermore be shown, using the expressions, ecp(6.134)
-(6.141), for the depolarization factors of oblate spheroids, in the limit to --t 00,
El ---t co and a 4 0, with a[o = R and at1 = d , that for spheres with radius R at
distance d(d 2 R) above or on the substrate one obtains the expressions, eqs.(5.88)
and (5.89). For spheres one therefore obtains the same results as in the polarizable
quadrupole model.
If one now considers the limit &, --+ 0 for an oblate spheroid, which gives the
results for a circular disk of radius a, parallel to the surface of the substrate at the
distance d = a[] above this substrate, one obtains from eqs(6.134)-(6.141)

L,
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(6.143)
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(6.144)

x

-

1

In contrast to the expressions, eqs(6.42) and (6.43), obtained in the polarizable
quadrupole model, the above depolarization factors all remain finite when
+ 0,
i.e. when the circular disk approaches the substrate. In this limit
(6.145)
whereas
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Note that, if one considers oblate spheroids touching the substrate (to= El) and takes
the limit to-+ 0, one also obtains the above results from eqs.(6.134)-(6.141). The
behavior of the depolarization factors, derived above for oblate spheroids, is therefore
completely different from that found in section 6.2 with the polarizable quadrupole
model: no divergencies are found anymore for the depolarization factors in the above
described limit, as was the case in the polarizable dipole and quadrupole model. It
is therefore to be expected and will be shown in section 6.6 in more detail, that
the depolarization factors, derived above, provide a much better description of the
optical behavior of oblate spheroidal particles than this is the case in the polarizable
quadrupole model, in particular for flat particles.
Substituting the results eqs.(6.145) and (6.146) into eqs.(6.132) and (6.133),
one finds for the polarizabilities of a circular disk on a substrate (cf. also ref. [42])

(6.147)
with V = $T a3Eo(l+$) the “volume” of the disk which is, of course, zero for to--* 0.
It is therefore better to consider the quantities az(0)/V , all(O)/V , at0(O)/V a t , and
aio(0)/Vat,, which remain finite (and unequal to zero) in this limit.
Finally one can again write down expressions for the surface constitutive coefficients P,(d), y,(d), Se(d) and r ( d ) with the depolarization factors found above. It
will be clear that, by using eqs.(5.64), (5.60), (6.132) and (6.133), one then obtains:

which are, of course, of the same form as the eqs.(6.44)-(6.47). Here it is assumed
that all spheroids have the same size and shape. If the particles are touching the
substrate, &s will usually be the case, to= in the above formulae. When there is
size and shape dispersion of the particles (V and todifferent), the right-hand sides of
the above equations have to be averaged. The invariants can be found by substitution
of the above formulae into eq.(5.66). If one changes the direction of the z-axis one
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finds again that ye and p, are independent of the direction of the z-axis, while 6,
and T change sign if the z-axis changes direction. If one uses the above formulae to
calculate the reflection and transmission amplitudes, it is important to take the right
sign. If, as in chapter 4,the light is incident through the ambient one may use the
above expressions. If the light is incident through the substrate one must, in order
to use the formulae given in chapter 4, interchange E, and E, in these formulae and
change the sign of 6, and T in the expressions given above, before substituting them
into the formulae in that chapter.
In the limit that the height of the island approaches zero, one obtains, using
the above equations

Due to the fact that the volume is linear in the height, 2d0,the constitutive coefficients /3, and reare linear, while 6, and T are quadratic, in the height.
6.5

Prolate spheroids; spheroidal multipole expansions

The solution of the problem for a prolate spheroid, see fig.6.6, runs along the same
lines as the one given in the previous section for an oblate spheroid. Consider the
Eo,,, Eo,l).The corresponding incident
response in a constant electric field Eo = (Eo,,,
potential is now written as

+,(r) = -Eo.r = (2a/3)1/2[-21/2E0,,jZ110(t,
a)qo(arccosq,4)
+(~o,,

- i ~ o , ~ ) ~ : ( ~ , a ) y , ' ( a r c c o s 9-, 4
( )~

+i

0 , ~ ~o,~)jZ1;'(t,a)~;'(srccos77,~)1

(6.153)

where the,definitions, eqs.(6.5), (6.6), (6.8), (6.58), (6.53) and (6.55), of the functions
Km and zy have been used and where prolate spheroidal coordinates E, 77 and 4,
defined by eq~(6.48)and (6.49) (or the inverse transformation eq.(6.50)) have been
introduced. The general solution in the ambient may be written, in complete analogy
with the corresponding expression for an oblate spheroid, as a sum of the incident
potential, the potential due to the charge distribution, induced in the island, and the
image charge distribution in the substrate:

$,(r) = (2~/3)'/2[-2'/2~0,~~~(~,
a)qo(arccosq,4)

+(Eo,z - i Eo,,)jy;l(E,a)y,'(arccos9,4) - (Eo,. + i Eo,,)~;'(E,a)q-i(arccos9,4)1

+ k A t m z Y ( E ,a)Km(arccosv,4)+ k A L % ( t ' ( E , q ) , ~)Km(arccos~'(E,77),
4)
em

em

(6.154)
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z=d

Figure 6.6 A prolate spheroid above a substrate.
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Here t' and 7' are the first two prolate spheroidal coordinates of the point (x,y, z ) in
the shifted coordinate frame with origin at (0,0,2d), see fig.6.6. The functions zy are
defined by eqs.(6.59), (6.54) and (6.55). For the potential in the substrate one may
write similarly
$,(r)

= tji

+ clX,"(t,a)yP(arccos77,4)+ czX:(6,a)Y~(arccos77,@)+
I

CBji~'(~,a)Y;'(arccosrl,4)

+C ~ ~ ~ ~ k " ( ~ , a ) ~ ~ ( a r c c o s 7 7 , ~ )
em

(6.155)
It can be verified that eqs.(6.101)-(6.106), given in the previous section, remain valid
also for prolate spheroids.
The potential of the so-called local field acting on the prolate spheroid is given
as the sum of the potentials of the incident and the reflected fields

(r) = (2~/3)'/'[-21/2E~,z2,"
(6, a)qo(arccosq , @ )

m

(6.157)
Contrary to the oblate spheroid case the coordinate ( should now be restricted to
the interval 1 5 E < 2t1 - 1, where the functions used in the above expansion are
finite. It may be checked, using eqs.(6.62), (6.63) and (6.65), that eq.(5.102) for the
spherical case follows from eq.(6.157), with
(6.158)
Just as in the case of oblate spheroids it is not possible to give a straightforward
generalization of the formula eq.(5.103) for Mz,,e, which is valid for a prolate spheroid,
A complete set of relations and recurrence relations, similar to the set of eqs~(6.110)(6.114), may be derived for the coefficients gr,!((,),
following the rather laborious
route sketched in appendix A for oblate spheroids. It is more convenient, however,
to use the identity
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The validity of this identity follows using eqs.(6.108), (6.157) and (6.66). Using
furthermore eq.(6.56) one finds for a prolate spheroid:
(6.160)

-Q!-l(2E1

+ 1)+ Q!-,(2E1

-

1)) for

e>0

(6.161)

(6.162)

(6.163)
The above is sufficient to determine all the coefficients @l,e([l).
tity for the coefficients is given for completeness

The following iden-

(6.164)

-

-

In this equation K-l,l(EI) and Kel,-l([l) are assumed to vanish. For the evaluation
of the coefficients k&(el)
and ky,e((l)
by means of eqs.(6.161) and (6.162) one needs
the functions Q;(z), which are defined in eq(6.115). It is furthermore found, using
eq.(6.159), that the symmetry relations (6.116) and (6.117) also hold:
(6.165)
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and

It is therefore only necessary to give these coefficients for positive values of m. For
m = 1 one now has:
(6.167)

It is therefore sufficient to concentrate on the evaluation of @l,e([l).
Substituting eq.(6.157) into eq.(6.156) and interchanging C with e l , one obtains

?,blOc(r)
= (2./3)'/2[-21/2E~,2~',"([,
a)Ko(arccosq , d)

(6.169)
where Zem is given by eq.(6.70). It follows that eqs(6.121) and (6.126) are also valid
for a prolate spheroid.
If one finally introduces spherical coordinates for the external electric field Eo

~ EOsin 00 sin do, E0,, = Eo cos eo
E o ,=
~ EOsin 00 cos do, E o , =

(6.170)

one finds the following set of inhomogeneous linear equations for the amplitudes:

= 2 ( ~ / 3 ) ' / ~ ~ 1cos
0 ~0 0~ 6 ~for
1

e = 1,2,3,...

(6.171)

and

=

-(2*/3)1'2~,1Eosin80e-i~06el

for C = 1,2,3,....

(6.172)
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For spherical particles, one has to take the limit El + 00. With eqt~(6.158)and (6.72)
one then finds back the results eqs.(5.107) and (5.108).
Eqs.(6.171) and (6.172) may be solved numerically by neglecting the amplitudes larger than a suitable chosen order. One then solves the set of equations

=

Z(T/~)'/~G~,E~
c o s ~ o 6for
~ ~ e = I , Z , ...,M

(6.173)

and

where A4 is the number of spheroidal multipoles, taken into account.
The polarizabilities arr(O),az(0),
aho(0)and ajo(0)of the prolate spheroids,
modified by the proximity of the substrate (see fig.6.6), can now be calculated again
with the help of eq.(5.111), just as in the case of spheres. Notice, that it is again
possible to apply this equation, derived in the previous chapter using a spherical
multipole expansion, in the present case, where one uses a prolate spheroidal multipole
expansion, since one considers only dipole and quadrupole polarizabilities. As has
been seen in section 6.2, these quantities are the same for the two expansions, as long
as one neglects octupole polarizabilities. The constitutive coefficients PJd) , y,(d) ,
6,(d) and ~ ( d then
)
follow with eq.(5.112), and the invariants with eq(5.66).
If one solves the above equations for the case M = 2, one obtains the following
results for the polarizabilities az(0), C V ~ ~ ( ,Oq) ( 0 ) and a r ( 0 ) of a prolate spheroid:

and

with e = 1, 2,
In the derivation one uses the expressions, eq.(6.74), for El0 and
the expressions for
(El) and k&,(El), which follow from ecp(6.243) - (6.245),
using eqs.(6.159), (6.56) and (6.165), with C,
= 1, 2, together with eq.(5.111). The
above expressions are similar to those found for the polarizable dipole and quadrupole

z&,
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models. The difference is that the depolarization factors given below are now modified
and improved.
The depolarization factors in the normal direction are:

-%
4 - ~FX]}

(6.178)

(6.180)

The depolarization factors in the parallel direction are

3
2 - 6Ff)t:]}
--(7

(6.182)
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(6.184)

The volume of the prolate spheroid is (cf. eq.(6.76))

Vs

4
-T
3

a3to(t;- 1)

(6.185)

+

One may again verify that L, 2Lll differs from one due to the interaction
with the substrate. It can be shown, using the above depolarization factors for prolate
spheroids in the limit (',,
00, El ---t 00 and a ---t 0, with ato = R and 4, = d, that
for spheres with radius R at distance d(d 2 R) above or on the substrate one finds
eqs.(5.88) and (5.89). For spheres one therefore obtains the same results as in the
polarizable quadrupole model.
--f

For prolate spheroids the above obtained depolarization factors and those
found with the polarizable quadrupole model, i.e. eq~(6.86)and (6.88), will in general not be very different. This can be checked by explicit calculation (cf. also ref.
[42] and the next section). This is in sharp contrast to the case of oblate spheroids. In
particular for "needles" normal to the substrate (toJ, l),above (El > 1) or touching
(tl J 1) the substrate, one obtains the same result(cf. eqs(6.89) and (6.90)):

and

For the polarizabilities normal and parallel to the surface of the substrate one therefore obtains the same results, eqs.(6.91) and (6.92), as with the quadrupole model.
Finally one can again write down expressions for the surface constitutive coefficients P,(d), y,(& &(d) and ~ ( dwith
)
the depolarization factors found above. It
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will be clear that, by using eqs.(5.64), (5.60), (6.175) and (6.176), one then obtains:

+ + L I I ( -E+c(aL) l;[ -~ a+~rto/t,>
Lf(t- fa)] + hi(€
€a

(E

T(d) =

P

€a)

+ ( ~ f i ~ i ~ t o / t l )- €a)]
[€a + L I I (-~€a)l[ta +
€a)] + AE(€ - t a ) 2

€a(€

(6.190)

- €a)'

[€a

- Ea)V a

[€a

-

(6

(6.191)

Lf(6 -

which are, of course, of the same form as the eqs(6.93)-(6.96). Here it is assumed
that all spheroids have the same size and shape. If the particles are touching the
substrate, as will usually be the case, to= t1in the above formulae. When there is
sue and shape dispersion of the particles (V and todifferent), the right-hand sides of
the above equations have to be averaged. The invariants can be found by substitution
of the above formulae into eq.(5.66). If one changes the direction of the z-axis one
finds again that ye and p, are independent of the direction of the z-axis, while 6,
and T change sign if the z-axis changes direction. If one uses the above formulae to
calculate the reflection and transmission amplitudes, it is important to take the right
sign. If, as in chapter 4, the light is incident through the ambient one may use the
above expressions. If the light is incident through the substrate one must, in order
to use the formulae given in chapter 4,interchange ca and E , in these formulae and
change the sign of 6, and r in the expressions given above, before substituting them
into the formulaR in that chapter.
6.6

Application: Spheroidal gold islands on sapphire

In the present section the theory, developed above, will be applied to the special case
of spheroidal gold islands on a flat sapphire substrate. The spheroids are touching
the substrate and their axis of revolution is normal to the surface of this substrate.
The axial ratio, AR, is defined for the spheroid as the ratio of its diameter along the
substrate divided by its diameter along the symmetry axis, normal to the substrate.
An axial ratio of 1 thus corresponds to a sphere, axial ratios larger than 1correspond
to oblate spheroids and axial ratios smaller than 1to prolate spheroids. In section 5.7
the special case of the sphere, AR = 1, was discussed. In particular, the dependence of
the polarizabilities, t h e constitutive coefficients and the invariants on the wavelength
was calculated in the visible domain, where gold has a plasmon resonance. In this
section the dependence of these quantities on the shape, AR, will be calculated.
For the value of the dielectric constant of the particle the complex number =
-5.28
2.25i is chosen, which is the dielectric constant of gold at the wavelength

+
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X = 540 nm, cf. table 5.1. This wavelength is chosen because these gold films have a
minimum in the transmission roughly at this wavelength. The shape dependence is
expected to be most pronounced in that case. The dielectric constant of sapphire is
again chosen to be equal to c8 =3.13. The ambient is again vacuum, E , = 1.
The relation between the axial ratio and the parameter tois, cf. figs.6.2 and
6.4,

AR =
and

AR =

d z
d z

for an oblate spheroid, where 0 5 to5

00

for a prolate spheroid, where 1 5 to5 oa

(6.192)

(6.193)

In the plots it is convenient to use the alternative variable
s

= 1 /(I + AR) with the range

05s51

(6.194)

This is the diameter in the direction normal to the surface, along the symmetry axis
of the spheroid, divided by the sum of the diameters in the directions normal and
parallel to the surface. For a disk this quantity is 0 (AR = m), for a needle it is 1
(AR = 0), whereas it is 0.5 for a sphere (AR = 1).
First the depolarization factors L,, Li, A:, A;', L I I L;,
, Ai and Aio, given by
eqs.(6.134)-(6.141) for an oblate spheroid and by eqs(6.177)-(6.184) for a prolate
spheroid, are calculated [42]. Since the spheroids are assumed to touch the substrate,
tois equal to El in the formulae for the depolarization factors. The results are plotted
as solid curves in figs.6.7-6.10 as a function of s. In order to see the influence of the
substrate, also the depolarization factors for the spheroids in the ambient, infinitely
far from the substrate, are plotted as dashed curves . These values were obtained
from the same equations, substituting
=
= 1 and to= El. Notice, that the
depolarization factors A:, A:',
and Aio vanish in this case. A remarkable feature
is that the influence of the substrate on L,, Lll, L: and Li, though substantial,
is at most in the order of 0.1. In limits where one of these depolarization factors
approaches zero this is most important. A completely different behavior is found, if
one uses eqs.(6.39), (6.41), (6.86) and (6.88 ), derived for the polarizable quadrupole
model, to calculate the same depolarization factors. The results are plotted as dotted
curves. As is clear from the figures this approximation is completely incorrect for the
oblate spheroid, 0 5 s < 0.5. The physical reason of this is that the distance to the
image spheroid is too small in this case. For the sphere, s = 0.5, the same values are
obtained for these factors, since the spherical and spheroidal multipole expansions are
identical in this special case. For a prolate spheroid, 0.5 < s 5 1, the results obtained
using the polarizable quadrupole model, are an improvement compared to the values
obtained with the spheroid far from the surface. For the oblate spheroids one should
not use the spherical dipole or quadrupole model. The values for the spheroid far
from the surface are then much better.
The further results, i.e. for the polarizabilities and the surface constitutive
coefficients, will all be given, using the results from the spheroidal multipole expansion. To quadrupolar order one then obtains eq~(6.132)and (6.133) or eqs.(6.175)
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and (6.176). Replacing
given by

Zz
-10
az

=

ta

by unity, the dipole and quadrupole polarizabilities are

1

1
- --at0(0)

=

Vat0

(t -

+

+

+

+

and

1

"I

+

1)[1 La(€ - l)]
Lz(t - 1)][1 L;(t - l)]+A;(€ (t - 1)":'
=
[I L z ( t - 1)][1 L;(t - l)]+A;(€

-az(0) =
V
[I

(E

- 1)2

(6.195)

+

- 1)[1 Li;(€- l)]

vff"(o)
= 11 + L"(t - 1)][1+ L;((t - l)]+A;((€ -

1)2

where V is the volume of the spheroid. These expressions are similar to those given
for the sphere in the previous chapter, eqs.(5.114) and (5.115). For the sphere ato is
equal to R, so that the expressions become identical. It is again not correct to neglect
A: and hi. The size of E in the neighborhood of the resonance is large and makes the
corresponding terms of comparable size as other contributions in the denominator.
The surface constitutive coefficients, eqs.(6.148)-(6.151) for oblate spheroids and
eqs. (6.188)-(6.191) for prolate spheroids, similarly reduce to

0,

-Pe(d)
1

h

= SZ

PV

h

6,

E

1

---6,(d)
PVd

= Gz

+ 611- Z y -

(6.197)

^lo
II

ff

for this case, where d = ato and E, = 1. The invariants, eq.(5.66), become, for E, real,

rZ. =.I,/PV = T, I,

I,/pVd

=8

h

I,
IS,e

- l)I,/pV = :mye
&,e/pVd = he

(6.198)

In order to obtain the solutions of eqs.(6.130) and (6.131) for oblate spheroids
and eqs(6.173) and (6.174) for prolate spheroids, to higher than quadrupole order,
it is convenient to introduce dimensionless amplitudes by

& =
h

All

E

A e o / V ( a ( 0 ) e - 1 2 m cos&
E~
-Ael/V(a(,)'-' W E 0 sin 00 exp(-ib,)

Eqs(6.130) and (6.131) for oblate spheroids, then reduce to, using

for C = 1,2,...,M

(6.199)
E,

= 1,

(6.200)
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and

for

e = 1,2, ...,M

(6.201)

2em aem/V(aEo)2(e-1)and d E d/(a&) = EI/(o

(6.202)

where

Here V is the volume of the oblate spheroid, cf. eq.(6.29).
Similarly eq(6.173) and (6.174) for prolate spheroids reduce to, using E, = 1,

for C = 1,2, ...,M

(6.203)

and

for != 1 , 2 , ...,A4
where

-

1

I

(6.204)

-atln
A

3 &m/V(aEo)2(e-1) and

d^rd / ( d 0 )= tl/Eo

(6.205)

Here V is the volume of the prolate spheroid, cf. eq.(6.76). The dipole and quadrupole
polarizabilities, modified by the presence of the substrate, become, for the spheroids,
in terms of the amplitudes:

-

811 = 4nA11

, 2io= ~4 sA 2 1 &

&

,

= 4'7ri10

2:' = 2 n & m

using

(6.206)

= 1. These are the same equations (5.111) as found for the sphere.
The numerical calculations below are done with the spheroid touching the
substrate, so that El = to.It is found for these films that the value of the amplitudes
has sufficiently converged for M = 16. The difference with the quadrupole approximation is only a few percent, cf. [42] table 1 and 2, so that one may in practice use
the analytical expressions given above for that case. In the figures 6.11 through 6.17
the quadrupole approximation, M = 2, has been used
In fig.6.11 the real and imaginary parts of ye = 211are plotted as a function of
the shape variable s = 1/(1+AR). The invariant 1, is-equal to the imaginary part of
ye,plotted in fig.6.11. In fig.6.12 the same is done for p, = 8,. In fig.6.13 the real and
imaginary part of the invariant 1, are plotted. This invariant is a combination of the
A

h
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Figure 6.17

Real and imaginary parts o f ? = Z, as function of 1/(1

.-.

constitutive coefficients p, and T,. The real and imaginary parts of the quadrupole
polarizabilities, 2
1
' and 2?, are plotted in figs.6.14 and 6.15. The real and imaginary
parts of the resulting constitutive coefficients and invariants, 6, = Is,, and ;2 = I,,
are plotted in figs.6.16 and 6.17, all as a function of the shape variable s.
The location of the resonance is different for the coefficients characterizing
the parallel and the normal directions. It depends strongly on the shape parameter
s = 1/(1+AR). The reason for this is the dependence of the depolarization factors,
given in figs.6.7 through 6.10, on this parameter. In view of the relatively small change
of the depolarization factors due to the interaction with the substrate, this location
is found not to be substantially affected by the presence of the substrate. The figures
above show the strong dependence of the various quantities on the shape parameter.
The wavelength is kept constant at 540 nm. The maxima of the imaginary part now
are found at the shape parameter for which the resonance wavelength is equal to 540
nm.
A

,

.

0
.

6.7 Appendix A
In this appendix recurrence relations for the coefficients I Y ~ , ~ (defined
[ ~ ) , for oblate
spheroids by eq.(6.108), and further useful formulae for these coefficients will be
derived, cf. ref. [42] where a slightly different notation is used.
It may, first of all, be remarked that eq.(6.108) is in particular valid on the
negative z-axis (9 = -1) with / z ( < 2 4 , (see fig.6.18). It is easily seen, that on that
axis

"(t,-1)
where

=

c + X I , $(t,-1)

= -1

(6.207)

['(e,q ) and $((, 7) are the first two oblate spheroidal coordinates of a point in
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Figure 6.18

Region of validity of expansion eq. (6.108), within dashed oblate spheroid.

the shifted coordinate frame with origin at (0,0,2d).
It furthermore follows with eqs.(6.14) and (6.13), that

and
(6.209)
Using eqs.(6.207) and (6.103) one obtains
Y;"(arccosq'(E, -I),

4)

4)= (-l)L+mk;m(arccos1,4)

= Y,"(arccos(-l),
=

(-1)"+"k;yo,

4)

(6.210)

Fkom eq.(6.5) one has

(6.211)
= 6,0,
Since Pr(1)

one finally finds from the last two equations

&m(arccosq'(t,-I),4) = &m(arccos(-1),4)

=

26 +
[]
4.rr

1

(-l)eLo

(6.212)

Substituting eqs.(6.208), (6.209) and (6.212) into eq.(6.108) for q = -1, one obtains,
using d =.atl, for m = 0 the formula

&!(it+ 2iEJ

for O < E < 2 E 1

and l = 0 , 1 , 2 ,.....

(6.213)
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Form = 1 one has to divide eq.(6.108) by (1-q2)l/’ and then take the limit q
One obtains

---t

-1.

(6.214)
With eqs(6.103) and (6.5) it follows that

The limit in the last member of this equation is found to be
(6.216)
so that

lim
q+-I

Y,: (arccos q , 4 ) = -l,(1,
1
(1-q2)’/2

2

‘ !I1”

+ l)(-l)ll [-____
211 + 1 (el 47r (1, + l)!

ei,$

(6.217)

It furthermore follows, with eqs(6.207) and (6.217), that
lim
?--I

y,’

(arccos

77’(E,d,4) = lim 5’(arccos q’, 4)

(1 - [71’(E,77)12)1/2

TI+-’

-qe

- 1

2

(1 - q ’ 2 ) ’ / 2
+ l)(-l)e

[ELLW]1/2 e ~ +
4n

(1+ l)!

(6.218)
Finally one obtains, using the definitions of q and q’([,q),given in sections 6.2 and
6.4, the following relation
(6.219)
Using the above limits in eq.(6.214), and also eqs.(6.208) and (6.209) and d = ~ ( 1 ,
one obtains
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Now from ecp(6.7) and (6.10) it can be derived that

~j(i=
~ )- i ( ~+ <2)1/'L~:(it)
4

for

t = 1 , 2 ,.....

(6.221)

and

&:(it) = -(I + t2)1/2A~!(i~)
for e = 1,2, .....
dE

(6.222)

So differentiating eq.(6.213) with respect to t and comparing the results with eq.(6.220),
one can make the following identification:
(6.223)
This is the relation, eq.(6.118), by means of which one can evaluate K z , t ( [ l )for
m = 1 in a simple way from Kfl,,(tI).
For m = -1 one obtains the same result for KE,e(tl)as for m = 1, as a
consequence of eq(6.117). This equation can be derived in the following way. From
eq.(6.108) one finds

=

2

K e 7 ~ ( E 1 ) ( 2 d ) ~ e - e 1 - ' X~~)m~( ~E ~
, ( a r c 4)
c o s q , (6.224)

&om eqs(6.14) and (6.11) it follows that

.Grn(C,
4 = Zen(€/,4

(6.225)

and from eqs. (6.13) and (6.8) that

X,-"(t, a) = X X 4

(6.226)

R o m eqs.(6.5) and (6.8) one furthermore obtains
q-"(arccosq',

4)= (-1)"&"(arccosq',

4)e-2im+

(6.227)

and an analogous relation for Y,;"(arccos?, 4). Substituting eqs(6.225)-(6.227)
into eq.(6.224) and comparing the resulting equation with the original eq.(6.108), one
obtains the relation, eq(6.117).
In order to derive the formulae and recurrence relations, eqs.(6.110) through
may be evaluated, it should first
(6.114), by means of which the coefficients K~l,e((l}
of all be noticed, that the functions Pt ( i t ) and &!(it
2it1) in eq.(6.213) can be
analytically continued to complex z = it in a region around the origin. For P t ( i t )
one can do this by means of eq.(6.6), and for &;(i(+2iE1) by means ofeq(6.115). One
can then verify that the function Q,"(z 22E1) is analytic within and on a suitably
chosen ellipse C in the complex z-plane with foci at z = fl. Choosing for z in

+

+
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particular real values in the closed interval [-1,1] and denoting this variable by x,
one obtains from eq.(6.213) the following relation:
Q:(x

+ Ziti)

for - l < x < l ,

El>O,

t = 0 , 1 , 2 ).....

(6.228)

Using the orthogonality relation
(6.229)
one then finds from eq.(6.228) the following formula

The recurrence relation eq.(6.114) can now be derived by applying alternatively the following recurrence relations to eq.(6.230):

(21
(2C

+ 1). fi(.)

+ 1 )Q:(z)
~

=

=

(e+ i ~ e + ~ (+ ze )~ : - ~ ( z )
(e + I)Q;+i(z) + e Q:-~(z)+ 6e0

(6.231)
(6.232)

where it is assumed that P
! and Q: vanish for negative e.
The recurrence relation, eq.(6.113), can be derived in an analogous way, now
by applying alternatively the recurrence relations
(2e+ m(4 =
(2!

+ I)Q,"(z) =

&%1(4

d

d
- ze-l(z)

d
-Q:+I(z)

- --Q:-Z(z)

dz

d

dz

+ 60'- 22 z- 1

(6.233)
(6.234)

to eq.(6.230) and using partial integration. (Again P,' and 9,"are assumed to vanish
for negative l.) The boundary terms resulting from this partial integration cancel
each other, since P!(l) = 1 and P:(-l) = (-1)'.
The relation, eq.(6.111), and the recurrence relation, eq.(6.112), can be derived
in an anabgous way as the recurrence relation, eq.(6.113). However, in the right-hand
sides of eqs.(6.111) and (6.112) terms depending on Q!(l 2it1) appear, resulting
from the fact that boundary terms of partial integration do not cancel each other
anymore, as was the case in the derivation of eq(6.113). To evaluate these boundary
terms the following property was used:

+

Q:(-z')

= (-1)'+'[Q;(z)]*

(6.235)
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where the asterisk denotes complex conjugation. (This property may be proved with
eq.(6.115).)
The explicit form, eq.(6.110), of K:,o(tl) can be derived also from eq.(6.230),
by replacing Po"(.) by dPP(x)/dsand integrating partially, which gives:

Using the definition, eq.(6.115), of Q,O(z),one then obtains the result, eq.(6.110).
The symmetry relation, eq.(6.116), can be derived from eqs(6.113) and (6.114)
by observing that, if one considers these equations for the coefficients
(6.237)
they may be written as follows:

From the symmetry of these equations in e and 81 it is found that the solutions must
possess the following symmetry:

With eq.(6.237) one then proves the validity of eq.(6.116).
In this appendix finally explicit expressions for the coefficients K z , l ( [ l )for
e, el = 0 , l and 2 will be given. The derivation from eqs.(6.110)-(6.113), together
with eqs.(6.115)-(6.117), is straightforward and will not be given here in detail. One
obtains:
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K!j'2(t1) = 180

[2(:

arctan

(k) -

(6(:

+ lot: + 5)Ey In
(6.245)

whereas K&(t1) is given by eq.(6.110).

Chapter 7
ISLANDS FILMS FOR A FINITE COVERAGE
7.1

Introduction

In this chapter the analysis, given in the previous two chapters for a low coverage, will
[23]. In
be extended to a higher coverage following Haarmans and Bedeaux [49], [50],
this case the electromagnetic interaction between different small particles lying on the
substrate has to be taken into account. As in the two previous chapters the electric
field is described using the Laplace equation for the potential. Retardation effects are
neglected. On the one hand, because the size of the particles is small compared to
the wavelength. On the other hand it is used, that the interaction between particles
affects the polarization substantially only, if the particles are close together compared
to the wavelength. For the low coverage limit considered in the two previous chapters
the interaction may be neglected. If the coverage is increased it is at first sufficient to
account only for the dipole interactions between the particles, because the range of the
dipole interaction is longest. For high coverages one must take multipole interactions
into account up to a rather high order to obtain accurate results. In order to make
an explicit analysis possible the particles will all be assumed to be identical.
In the analysis in sections 7.2-7.6 of this chapter the islands are assumed to
be spherically symmetric. A complete analysis to arbitrary order in the multipole
expansion is given in sections 7.2-7.4. If the coverage is not too high it is usually
sufficient to use the dipole or the quadrupole approximation to calculate the interaction between the different islands. This is discussed in sections 7.5 and 7.6. In
the literature the interaction between islands along the substrate is always taken into
account to dipolar order [lo].
Regarding the distribution of the islands on the substrate, one may have on the
one hand a regular array of these particles and on the other hand a random array. For
the case of a regular array a solution of the problem is constructed along somewhat
familiar lines using lattice sums. For the random array an assumption is made,
expressing the higher order distribution functions in terms of the pair correlation
function, using a product approximation. With this assumption the analysis may
then further be carried out with the same rigor as for the regular lattice. Even
though the product approximation may be questionable it is not likely that, given
the relatively low value of the coverage for random close packing in two dimensions,
this will lead to sizeable errors. It is found by explicit calculation, that the optical
properties for the regular and the random arrays at the same coverage are, up to a
coverage of about 50%, almost (within a few percent) identical, (491, [50] and [23].
If extensive clustering of the islands occurs, as for instance in fractal structures,
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the optical properties axe expected to become different. This last c8se will not be
considered in this book.
In section 7.7 the theory is extended to two-dimensional arrays of identical
spheroids (both oblate and prolate). The i nt er~t i onbetween the spheroids and
their own images in the substrate is described, just as in sections 6.4 and 6.5, with
spheroidal multipoles. This gives the exact polarizabilities of the islands as modified
by the interaction with the substrate. The interaction between different islands, as
well as that between the islands and images of different islands, however, is taken into
account using a spherical multipole expansion. Mathematical techniques to treat
the interaction between different spheroids along the substrate analytically, using
spheroidal multipole potentials, do not seem to be available. The use of the spherical
multipole potentials is correct, as long as the particles are not too densely packed
in the two-dimensional array. The approximation will be better for oblate spheroids.
In view of the fact that the spheroids are not be too densely packed, the analysis is
restricted to the dipole and the quadrupole approximation for the interaction between
the spheroids, cf. sections 7.8 and 7.9. In section 7.10 the theory is applied to gold
islands on sapphire.
7.2

Two-dimensional arrays of spheres

Consider a two-dimensional array of identical spherical islands with a radius R at a
distance d above a flat substrate. This array may either be regular or random. The
positions of the spheres are given by R, = (&,,(I, 0) and the positions of the images
= (&,ti,%), (see fig.7.1). In the static approximation the incident field is
by
constant and given in the ambient by

Eo = &&(sin80cos do,sin 80 sin (bo, cos 80)

(7.1)

where 00 is the angle of the field with the z-axis, and do the angle between its
projection on the substrate and the z-axis. The corresponding incident potential is
(cf. eq.(5.97))

+

?,bo(r) = -Eo.r = --T E 0 ~ [ c 0 s ~ ~ ~ 0 (sin80{exp(i40)Y~'(e,4)
B , 4 ) ~

(7-2)

-~ P ( - Z ~ o ) ~ l ( e , # ) ~ l

The general solution in the ambient may be written as a sum of the incident potential,
the potential due to the induced charge distribution in the islands and the image
charge distribution in the substrate:

?,bG(r]=

--P

~ o ~ [ c o s e * ~ ( e , 4 ) ~

+sin ~ O { ~ ~ P ( ~ ~ o )4)o ) yexP(-iddr,'(~,
;'(~~
I

&)}I

I

The &st term is the incident field. The second term gives the contributions of multipoles of arbitrary order originating from the spheres with positions €Q and the third
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Figure 7.1 Array of spheres above the substrate.

term gives the contributions from the image multipoles, which are located in the positions R;. Furthermore (q,
B i , 4i)
and (pi, 01, $) are the spherical coordinates with
R, and RL as center of the coordinate system, respectively (see fig.7.1). As in the
two previous chapters, the prime in the summation indicates that the e = 0 term is
excluded in view of the fact, that there are no free charges in the system. For the
potential in the substrate one may write similarly

(7.4)
em

i

where E, and E , are the (frequency dependent) dielectric constants of ambient and
substrate, respectively.
As a first step to calculate the polarizabilities in this general case, one must
choose the amplitudes of the various multipoles such, that the boundary conditions
at the surface of the substrate are satisfied. For this purpose it is most convenient to
use the fact that one finds for a point charge, that the image charge is equal to the
original charge times (ta - E ~ ) / ( E ,
es), and the charge giving the transmitted field
is equal to the original charge times 2 t s / ( c a es), [26]. The same relations may be
used for a distribution of charges and one may then conclude that

+

+

(7.5)
One mayl of course, also verify directly that these relations make the potential and
the dielectric constant times the normal derivative of the potential continuous at the
surface z = d of the substrate (see fig.7.1).
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In order to relate the amplitudes to the multipole polarizabilities in free space,
one must use the potential for the so-called local field acting on particle j and given
by the sum of the incident field, the direct field from the other particles and the
reflected fields of all particles:

~ ~ , ~ =~ -~E(~ r. R) ~T ~ E ~ @ $ ~ [ C O S ~ ~ Y ~ ( Bdj),h
~,
+sin eo{exp(idJo,)Y;l(oj,d j ) - ex~(--$~O)F~(oj,
dJj))l
I

+

where it is used that E0.r = Eo.Rj Eo.(r - Rj). The second term is then written
in terms of spherical coordinates around Rj. It is now necessary to expand the fields
from the other particles and from the images in terms of a complete set of fields around
the center of particle j . It follows from eq.(5.159), with eq.(5.160), (see appendix B
of chapter 5) that

+j,loc(r)

=

-E,.R~- T ~ E ~ , / % & o s B ~ Y ~ ( Bd~j ,) J z
+sin oo{eXP(idJo)y;'(~j,
I

dJj)

dJj))l

- ..P(-idJo)K1(4,

I

and

(el

1""

+ ml)!(el - rnl)!

[ ( e + m ) ! ( l -m)!(tz+ m)!(&- m)!

(7.9)

Using e q ~ ~ ( 5 . 6and
9 ) (7.7) one then obtains for the amplitudes
Aem,j = -ae{ -Eo m 6 i i [cos 006mO&

+ sin Qo(exp(idJo)6,,-1

-e~p(-z+~)6~1)]

I

(7.10)
Notice the fact, that it was used, that all the spherical islands are identical and that
the multipole polarizabilities of the islands in the ambient far from the substrate at

irr

Regular arrays of spheres

are independent of m. hrthermore the reflected amplitudes were eliminated using
eq. (7.5).
The above expression should be solved to obtain all the amplitudes Aem,j. As
this is an infinite number of coefficients one needs some further assumptions about,
for instance, the positions of the particles. Before entering into this matter it is
interesting to compare the equation with the corresponding equation in chapter 5.
For that purpose one must remove the contribution due to the image of sphere j out
of the sum on the right-hand side of the equation. This then results in

Aem,j

=

-ae{-Eo~61,[cose,6mo.\/2

+ sinBo(exp(i$o)6m,-1

(7.11)
where eqs.(7.8), (7.9), (5.102) and (5.103) have been used. In the approximation of
the two previous chapters the distance between the particles was assumed to be so
large compared to the radius, that the last term in this expression, describing the
coupling between the particles, may be neglected. The equations for the amplitudes
of the different particles then decouple and the above equation reduces to eq.(5.105)
for each sphere. In this chapter the interest is, in particular, in the consequences of the
coupling between the particles and the further analysis will be based on eq.(7.10).
In the following section the special case of a regular array of spheres will first be
discussed, as the solution for this case is most straightforward.

7.3 Regular arrays of spheres
The islands are assumed to be located on a regular array with only one sphere per
unit cell. The x-axis is chosen along one of the lattice vectors. It is not difficult
to generalize the analysis to the case of more than one sphere per unit cell. Using
the invariance of the problem for translation over a lattice vector it follows that the
multipole amplitudes of all the spheres are identical
&m,j

= Ae,

(7.12)

Substitution of this relation into eq.(7.10) then gives for these amplitudes

Atm =

- a e { - E o ~ 6 L 1 [ C O S B 0 6 m 0 ~

+ sinBo(exp(ir$o)6m,-l
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+

where C1 = C C2 and ml = m2 - m. To simplify this equation it is now convenient
to introduce the following lattice sums over a two-dimensional array of spheres

(7.14)
and over the images of the array

(7.15)

A dimensionless definition is chosen, where L is the lattice constant. For square and
triangular lattices, there is only one lattice constant. For other lattices one should use
the square root of the product of the lattice constants. An important simplification
is that for lattices with a 2-, 4 or 6- fold symmetry Sem = S,I = 0 if m is unequal to
a multiple of 2 , 4 or 6 respectively. Substitution of these lattice sums into eq.(7.13)
results in

The solution of this equation is somewhat more involved than the solution of eq.(5.105)
for the independent particle case in chapter 5 . In the first place one must now calculate the lattice sums; the procedure to do this is explained in appendix A. In the
second place there is no longer a symmetry for rotation around the normal on the
substrate through the center of the sphere. This implies that different values of m
are now coupled. For a lattice with a $-fold symmetry, At0 couples to Ae2,4,, All
to Aez,4,-l,where v is a natural number. Replace the 4 in
to Aez,ru+l and
this expression by a 6 for a 6-fold symmetry. This means that one needs to solve
three independent sets of equations to obtain Aeo, At1 and At,-], respectively. One
may again show that At1 exp (ido)= -At,-] exp (-ido).It is crucial in this context
that the x-axis has been chosen along one of the lattice vectors. As a consequence
two sets of equations remain to be solved. One may furthermore use the identities
= At,+, and Ae,l+d, exp (24,) = -Ae,-l-4, exp (--z&).
This reduces the number of independent amplitudes considerably. In section 10 this solution is discussed
in more detail. For 2-fold symmetry the situation is more involved because then At1
and At,-] couple to each other. In this book 2-fold symmetry will not be further
analyzed. The resulting equations for the amplitudes may, similarly to the solution
of eq.(5.105), or eqs.(5.107) and (5.108), be solved numerically. For this purpose one
takes only a finite number A4 of multipoles unequal to zero and solves the equations
(cf. eqs.(5.109) and (5.110)). Subsequently one increases the number of multipoles
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and solves the equations again, until the values of the dipole and quadrupole amplitudes A10 , A11 ,A20 and A21 no longer change appreciably. After numerically solving
the above equations one may, for 4- and 6-fold symmetry, identify the relevant polarizabilities using eq(5.111). The reason that this identification remains valid, for
these symmetries, is that the same elements of the polarizability tensor, cf. eq.(5.30),
needed to prove the relation, are zero. The numerical analysis will be restricted to
square and triangulat arrays, which have 4- and 6-fold symmetry respectively.
7.4

Random arrays of spheres

In this case one must start from eq.(7.10):

Aem,j

= -me{-Eom6ei[cos

006,oh

+ sinBo(exp(i40)6m,-l
(7.17)

+

where el = e e2 and ml = m;l - m. A general way to solve this equation is by
iteration. This leads to an expression, which may then be averaged over the distribution functions of arbitrary order, giving an expression for the average multipole
polarizability of the spheres. This procedure is most appropriate, if one wants to
obtain results in a (virial) expansion in the coverage. As the influence of the coverage
is most pronounced when the coverage is high, the virial expansion as a tool to study
these effects is not very useful. In view of this fact a different procedure is followed,
which reduces to the proper low coverage limit including the first virial correction and
which becomes exact for all volume fractions, if one substitutes the pair distribution
for a regular array. In the iterated form this procedure corresponds to a product
approximation for the higher order correlation functions. It is more convenient to
introduce the approximation directly in this equation. Averaging then gives
I

(7.18)
The average is indicated by < ... > . Note furthermore that the average amplitude,
in view of the assumed homogeneity of the film, is independent of j. The assumption
is now equivalent to replacing
in the averages on the right-hand side of the
above equation by< Atzmz> . In this way one obtains for an isotropic film

C

< Aelmz,iTelml (Ri- Rj)>=< Aezmz

i#j

(7.19)
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and

C

< Ac,~2,i~e,,l(RT- Rj) >

d

=

< AtZlnl > [Tern ( 0 , W + P / ~ r l 1 9 ~ ~ l l ) ~ e l2m4 1,

=

< At,,, > ~ m , O [ ~ e l O ( O , 2 4

+ ~/dri~g(ri~)Tt,o(rl~,
241

(7.20)

where the factor 6,,0 results from the isotropy and p is the number of islands per
unit of surface area. Furthermore g(rll) is the pair correlation function defined by:

The pair correlation function depends only on lrli --rill due to the isotropy of the film.

It is now convenient to introduce the following dimensionless “distribution integrals”

and

where eqs.(7.8) and (5.26) have been used. These distribution integrals play the
same role as the lattice sums introduced in the previous section. The analogy in
the definition is most clearly seen for the square array, for which p = L-’. Due
to the isotropic nature of the film the distribution integrals are independent of m,
whereas the lattice sums do depend on m. Substitution of eqs(7.19) through (7.23)
into eq.(7.18) reduces this equation to

It follows from this equation that the different mss do not couple. This a consequence,
on the one hand, of the approximation in which the multipole amplitudes are replaced
by their average and, on the other hand, by the isotropy of the film. As a consequence

< Ae, >=< Ae,,j >= 0 for

m # -l,O, 1

(7.25)
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The above set of linear equations for the average amplitudes may thus be written as
the sum of separate contributions for m = -1, 0 and 1. In this way one obtains for
m=O

= aeEo m 6 e l cos Bo

for

e = 1,2,3, ....

(7.26)

and for m = 1

= - a e E o ~ 6 ~ l s i n B o e x p ( - i ~ o ) for != 1,2,3,....

(7.27)

As <
> exp(-i$o) = - < At1 > exp(ido) the rn = -1 equation is superfluous.
After numerically solving the above equations in the usual way, one may identify the
relevant polarizabilities using eq.(5.111).
7.5

Dipole approximation for spheres

In the dipole approximation all multipole moments of order e 2 2 are neglected, so
that eq. (7.16) becomes a finite set of linear equations for the amplitudes Alo, All
and A1,-1. For the regular array case one furthermore has for lattices with 4or 6-fold
symmetry, that

sz,-,= SZl = sr2,-1

= S& = s z , - z = s 2 2 =

s;,-z= s;z = 0

(7.28)

Substitution of all these zeros into eq.(7.16) and using eq47.9) leads to an expression,
in which At,-],At0 and Atl@= 1) are again decoupled and one finds
A10

e n - €3
= a ~ { E ~ c o s 2&AIOL-'[SZO
~
-(+--)S;oJ~}

+

€a

+

(7.29)

€3

and

+ En +
E

- €

All = - a ~ { E ~ s i n B ~ e x p ( - i d ~ ) ~ + A ~( ~c L) - S~ [; So ~] ~m } (7.30)
€8

where A,,-]exp(-id,) = -All exp(id,), cf. section 7.3, Notice that for lattices
with 4 or 6-fold symmetry different m*s do not couple. Solving these equations is
straightforward and using eq.(5.111) one finds for the polarizabilities
E

-€

€a

+

az(0)= 4mnal{l- 2a1L-3[Sz0- ( z ) S ; o ] f l } - l
Es

(7.31)
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As indicated by the argument 0 these polarizabilities are for a dipole located in the
center of the spheres.
For the special case of a homogeneous spherical particle one has, cf. eq.(5.70),
E - E,
a]= R3
E

(7.33)

+ 2E,

where R is the radius of the sphere and E its (frequency dependent) dielectric constant.
If this expression is substituted into eqs.(7.31) and (7.32) one finds
E

- E,

+ L,(€ -

4 0 )=

)€,

1

(7.34)

(7.35)
where V = (47r/3)R3 is the volume of the sphere. Furthermore the depolarization
factors are found to be given by
(7.36)

(7.37)
In the low coverage limit, where Szo reduces to zero and 2 S & m to ( L / 2 d ) 3 ,these
depolarization factors become equal to L, and LII, as given by eqs.(5.88) and (5.89)
in chapter 5. Notice also the fact that, due to the presence of the substrate, the sum
of the three depolarization factors is no longer equal to one:

L,

+2

4 =1

+ -3

0
4

3(=)s;0m
En+€,

(7.38)

A similar feature also holds in the low coverage limit.
The above formulae were all given for the regular array case with 4 or 6-fold
symmetry. From these expressions one may obtain the analogous expressions for the
random array by replacing SZOand S;o by 12 and I,' respectively.
In chapter 5 expressions were derived, giving the interfacial susceptibilities
in terms of the polarizabilities. In that case these polarizabilities were calculated,
neglecting the interaction with the other islands along the substrate. In the analysis
in this chapter the modifications, due to this interaction, have been calculated. The
polarization of the film is again given in terms of the modified polarizabilities times
the number of islands per unit of area. Thus one may again use eqs.(5.39), (5.40)
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and (5.43), which give for the interfacial susceptibilities

(7.39)
The argument d denotes the position of the dividing surface at z = d. All these
expressions for the susceptibilities reduce to those given in chapter 5 for spheres, if
one neglects the terms due to the interactions between the islands. In that case S20
reduces to zero and 2 S i 0 m to ( L / 2 ~ i so
) ~that
,
the depolarization factors become
equal to those given in eqs.(5.88) and (5.89). Just as in the previous chapters one
finds that, if one changes the direction of the z-axis, y e and P, remain unchanged,
whereas 6, and -r change sign. If one uses the above formulae to calculate the reflection
and transmission amplitudes, it is important to take the right sign. If, as in chapter
4, the light is incident through the ambient, one may use the above expressions for
the constitutive coefficients. If, however, the light is incident through the substrate
one must, in order to apply the formulae of chapter 4, interchange E, and L, in these
formulae and change the sign of 6, and 7 in the expressions (7.39), before substituting
them into, the formulae of chapter 4.
7.6

Quadrupole approximation for spheres

In the quadrupole approximation all multipole moments of order l > 2 are neglected,
so that eq.(7.16) becomes a finite set of linear equations for A ] , - , , AlO, All, A 2 , - 2 ,
and A 2 2 . For the regular array case with a 4-fold or 6-fold symmetry
(square and triangular lattices respectively)

A2,-1, A 2 0 , A21

Sem = Sim = 0 for m # multiple of 4 or 6 respectively

(7.40)

Substitution of all these zeros into the above mentioned finite set of equations leads,
with the definition, eq. (7.9), of H ( l ,mi&, m2) to

al(2Eo C O S B O @ +
4 S & A l o L - 3 m - 2S&AzoL-'-)
A20 = ~ ~ ( ~ S G A I -O
4S&A20L-~fi)
L - ~ ~
A11 = al(-EosinBoe-"o&$2S&AllL-3fl+ 2 S % A z l L - * m )
8
(7.41)
A21 = C Q ( - ~ S & A ~ I L - ~ @ + jSGA21L-41/;;)
A10

=z

Here the abbreviations

(7.42)
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have been introduced. Notice that for lattices with 4 or 6-fold symmetry different m ' s do not couple. The equations for A ] , - ] and Al-1 are superfluous, since
At,-] exp(-i+o) = -At1 exp(i@o),(! = 1,2). It is furthermore found that in quadrupole
approximation

Solving eq.(7.41) and using eq.(5.111), one finds for the polarizabilities normal
to the substrate
4
ffm [I - 4011L-~sGJG$][l+

+

h~L-~s&.\/;;1
4 ~ i z L - ~ S & f l (36/7)~aiazL-~S&S&

A Eaal[l

=

+

(7.44)
and for the polarizabilities parallel to the substrate
4 T eaal[l- ta2L-5S&,hfj

all(o)

=

aZO(0) =

[I

+ 2 a l L - 3 S & m ] [ l - :a~L-~s&Ji;]
+ (12/7)~ala2L-~s&s&

-8a E , ~ ~ C ~ ~ L - ~ S & J ; ; ~ ; ~
+ (12/7)Aala~L-~S&s,',
[I 2011L-3s&fl][1 - ~Cd~L-~s~6.\/;;1
(7.45)

As indicated by the argument 0, these polarizabilities are for a dipole and a quadrupole
located in the center of the spheres.
For the special case of a homogeneous spherical particle one has, cf. eq.(5.70),
a1 =

€ - Ea
R3 and az = '('

E

+ 2Ea

~

2E

-

+ 3€,

R5

If these expressions are substituted into eqs. (7.44) and (7.45), one finds

and

(7.46)
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where V = (47r/3)R3is the volume of the sphere. The depolarization factors in these
equations are found to be given by

L,

=

-{1-4
3

(;I3
-

[Szo-

t

- €

(=)s;o]@}
€a+€,

(7.49)
and

(7.50)
where the definitions (7.42) have been used. The depolarization factors L, and LII
are the same as those found in the dipole model. If one takes the other depolarization
factors zero the results of the quadrupole model reduces to those of the dipole model.
The above formulae, eqs.(7.49) and (7.50), were all given for the regular array case, with 4 and 6-fold symmetry (square and triangular lattices). From these
expressions one may obtain again the analogous expressions for the random array
case, by replacing Sto and Sio by I, and I;, respectively (1= 2,3,4). It can furthermore be checked that, if one neglects the interaction between the islands, in which
case S ~ reduces
O
to zero and Sl0 to i(L/2d)"+'d-,
(1 = 2,3,4), the above
depolarization factors become equal to those given by eqs.(5.88) and (5.89).
In a completely analogous way as in the previous section the interfacial susceptibilities may be derived, using the polarizabilities found above. &om eqs. (5.64),
(5.60), (7.47) and (7.48) one then obtains the following result:
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(7.51)

These expressions are of the same form as obtained in chapter 5: see eqs.(5.92)-(5.95).
The argument d denotes the position of the dividing surface at z = d. Notice again
that, if one changes the direction of the z-axis, 7, and p, remain unchanged, whereas
6, and T change sign. If one uses the above formulae to calculate the reflection and
transmission amplitudes, it is important to take the right sign. If, as in chapter 4,
the light is incident through the ambient, one may use the expressions, eq.(7.51). If,
however, the light is incident through the substrate, one must, in order to apply the
formulae of chapter 4, interchange E, and t, in these formulae and change the sign
of 6 , and T in the above expressions, before substituting them into the formulae of
chapter 4.

7.7 Two-dimensional arrays of spheroids
The calculation of the polarizabilities in arrays of identical spherical islands will now
be extended to arrays of identical spheroidal islands. For this case it is not a good idea,
in particular for oblate spheroids, to use the spherical multipole expansion to describe
the interaction with the image of the island in the substrate, cf. the discussion about
the limitation of the polarizable dipole and quadrupole model after eq.(6.43). The
theory will therefore use as basic element the polarizability of the single particle,
interacting with its image, as calculated in sections 6.4 and 6.5, using the spheroidal
multipole expansion.
It would be most rigorous if the interaction between these elements could be
treated also using the spheroidal multipole expansion. The mathematical techniques
to do this analytically, regretfully enough, do not seem to be available. If the islands
are not too densely packed, it is sufficient to take this interaction along in a spherical
multipole expansion. This will be done below.
First a 2-dimensional array of identical oblate spheroids, with axis of revolution
normal to the substrate, and centers at a distance d from the substrate, will be
considered, cf. fig. 7.2. Using eq.(6.107), one finds for the potential of the local field
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Figure 7.2
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Array of oblate spheroids above the substrate,

acting on the oblate spheroid j:

em i#j
I

em i#j

For the meaning of the various symbols and functions the reader is referred to sections
6.2 and 6.4. The subindexes of the oblate spheroidal coordinates indicate the particle
around whose center these coordinates are taken, cf. fig. 7.2. The first three lines,
of the above equation, give the incident and reflected electric fields, in the absence
of the island. The fourth line gives the field due to the image of particle j . The
prime as summation index indicates, as usual, that e = 0 is excluded. The fifth line
gives the field due to the other islands along the substrate and the last line gives the
field due to their images. In the last two contributions, it is then assumed that the
distance between the islands along the substrate is long enough so that one may use
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eqs.(6.18)-(6.20). This gives

(7.53)

Following the same method, as used to obtain eq.(7.11) from eq.(7.6), one now obtains,
using eqs.(6.21) and (6.108),

(7.54)

+

where l 1 = l l z and ml = mz - m. Furthermore
are the multipole polarizabilities of the oblate spheroids in the ambient (with dielectric constant E ~ ) ,far
away from the substrate (with dielectric constant E ~ ) ,cf. eq(6.24). The matrices
H ( l ,mllz,7 ~ and
) TtIml(R)are defined by eqs.(7.9) and (7.8) respectively. In section 6.4 it is discussed how the matrix elements KGl can be found using recursion
relations. In the approximation of the previous chapter the distance between the
particles was assumed to be so large compared to the size, that the last term in the
above expression, describing the coupling between the particles, may be neglected.
The equations for the amplitudes of the different particles then decouple and the
above equation reduces to eq.(6.120) for each oblate spheroid. In this chapter the
interest is, in particular, in the consequences of the coupling between the particles
and the further analysis will be based on the above equation.
In order to obtain a more convenient form of the above equation it is first
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written as

(7.58)

+

where el = e l e2 and ml =
- m. Introducing the multipole polariaabilities in
the low coverage limit of an oblate spheroidal island, interacting with its image in
the substrate:

(7.60)
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The lower multipole polarizabilities for oblate spheroids in the low coverage limit,
appearing in this equation can be calculated using the analysis outlined in
section 6.4. Note that aem,pmt = 0 for m # mi due to symmetry for rotation around
the short axis. Higher multipole polarizabilities can be calculated by extending the
theory developed in section 6.4 to non-homogeneous external fields. This is done in
appendix B up to the order needed. For arrays, in which the particles are not packed
too densely, the dipole or the quadrupole approximation, discussed in the following
sections, for the interaction along the substrate are sufficient.
For arrays of prolate spheroids, with the axis of revolution normal to the
substrate, the derivation, sketched above for oblate spheroids, follows the same lines.
The resulting equation (7.60) is in fact the same. The needed multipole polarizabilities
should now be calculated using section 6.5 and appendix B.
As has been discussed at the end of section 7.2, the solution of eq.(7.60),
with an infinite number of coefficients Aem,j, is only possible if one makes further
assumptions about the positions of the particles. If the islands are located on a
regular array with only one spheroid per unit cell
aern,eirn,

Am,j =A m

(7.61)

(cf. eq(7.12)). Though this will not be done in this book, the analysis can also be
given for the case of more particles per unit cell. Substituting the above relation into
eq.(7.60) one obtains the following infinite set of linear inhomogeneous equations for
the amplitudes:
mi

Atm = -

C *ern,elm{-Eo~6p',[coseosmo~
e'=lml

+ sin 60(ex14 @o) bm,

-I

- exp (-ihj) 6mi )I

(7.62)
Here the lattice sums Sernhas been defined by eq.(7.14), while the other lattice sum
is given by:

= Slm - l d m 0 (-$)e+'

2

Jn+
21

1

(7.63)

cf. eq.(7.15) for the last identity. The solution of equation (7.62) for the amplitudes,
may be performed in an analogous way as that of eq.(7.16), described at the end of
section 7.3. First one must calculate the lattice sums. For the procedure to do this,

the reader is referred to appendix A. Notice again that an importan: simplification
is the fact, that for lattices with 2-, 4- and 6-fold symmetry Sem= Slm= 0, if m is
unequal to a multiple of 2, 4 or 6 respectively. As a consequence of the interaction
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with the other islands, there is no longer a symmetry for rotation around the normal
on the substrate through the center of a spheroid. This implies that the interaction
along the surface, the last term in eq.(7.62), leads to coupling of different values of
m.
For spheroids the solution of eq.(7.62) to arbitrary order in the multipole
expansion is complicated by the need to first calculate the polarizabilities cuem,pm to
the appropriate order. This is very complicated, and will therefore be done only to
quadrupolar order in the interaction between the islands in the following two sections.
For spheres the needed polarizabilities are known to arbitrary order. For that case
the influence of higher order multipoles on the solution may be more easily assessed.
See section 7.10 for a further discussion of this matter.
For a random array of identical spheroids, distributed homogeneously and
isotropically on a flat substrate one obtains, using the same statistical approximations as in section 7.4, from eq.(7.60) the following set of equations for the average
amplitudes

cf. eq.(7.24). Here the "distribution integral" It is given by eq.(7.22), and the distribution integral by

8

+ 4d2))'/')]Jw
=

."

x P,O(2d/(ri

-

1; - p-(t+')/2 [(2d)-p-' P,O (l)]

(7.65)

where the last identity was obtained using eq.(7.23). The pair correlation function g ( q ) of the islands is defined by eq.(7.21) and the Legendre function P,"(z)
by eq.(5.27). It follows from eq.(7.64) that amplitudes with a different m do not
couple. As has been remarked in section 4, this is a consequence of the isotropy of
the film and the statistical approximations made in the derivation of eq.(7.64). As a
consequence

< Atn >=< A,j

>= 0 for m # 0,kl

(7.66)
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(cf. eq.(7.25)). Eq.(7.64) may therefore be written as the sum of separate contributions for m = 0, f l . In this way one obtains for m = 0
m

and for m = 1

where

t?, 5

t' + &. The m = -1 equation is superfluous, as

< At,-* > exp(-iA) = - < Ail > exp(ido)

(7.69)

After solving the above equations in the way, explained above for eq.(7.62), one can
find the relevant polarizabilities, using eq.(5.111).
In following sections eq.(7.62) for regular arrays and eqs.(7.67) and (7.68) for
random arrays of spheroids will be solved in dipole and quadrupole approximation.
This is sufficient, if the particles are not too densely packed on the substrate.

7.8 Dipole approximation for spheroids
First the case of a regular array of identical spheroids will be considered. In the dipole
approximation all multipole moments of order e 2 2 are neglected, so that eq.(7.62)
becomes a finite set of linear equations for the amplitudes A10 , All and A1,-1. For
lattices with 4 or 6-fold symmetry (square or triangular lattices respectively) one has
s2,-1= S2l

=

-

-

s,,-, = s;, = 452-2

s
I

= s22 =

2,-2

-

= s;2 = 0

(7.70)

Substitution of all these zeros into eq.(7.62) and using eq.(7.9) leads to an expression
in which Ate, At1 and At,-,([ = 1) are again decoupled and one finds:
=

{

alo,lo E~

cos

oo + 2

~

[ - (-)
s20

~

~

s;,]~ m}
3
(7.71)

where again A1,-1 exp(-iq50) = -All exp(i40). Notice that for lattices with 4 or 6fold symmetry different mis do not couple. Solving these equations is straightforward
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and using eq.(5.111), one finds for the dipole polarizabilities of the spheroids on the
substrate, as changed by the interaction with the other particles:

As indicated by the argument 0, these polarizabilities are for a dipole located in the
center of the spheroid. The above results and eqs.(7.31) and (7.32), valid for spheres,
have an analogous form. In two aspects there are, however, differences: first the
lattice sum S;, differs from S;,. Furthermore the polarizabilities a10,10and a11,11 on
the right-hand side in eq.(7.72) are polarizabilities of an island, interacting with the
substrate] whereas a1 in eqs.(7.31) and (7.32) are free polarizabilities. The methods
to obtain the polarizabilities a10,10 and 0111~1to arbitrary order in the multipole
expansion have been discussed in sections 6.4 and 6.5. The procedure to calculate
the lattice sums is treated in appendix A.
The interfacial susceptibilities P,(d), ye(d), 6,(d) and ~ ( dof) a film of interacting identical spheroidal islands can now be obtained from the expressions for the
and ai,(O),obtained above, using the relations
polarizabilities az(0)

This has been proved at the end of section 7.5. The argument d denotes the position
of the dividing surface at z = d =
If one simplifies the expressions for the polarizabilities of the spheroids, by
accounting for the interaction with their image only to dipolar order, one obtains the
usual form

atl.

= EaV

[

Ea

+ Lz(E - E.)

1
(7.74)

where V is the volume of the spheroid. The depolarization factors are given by
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for oblate spheroids and by
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for prolate spheroids. For the definitions of [,,and
see figures 6.5 and 6.6. The
above results can be found by solution of eq~(6.130)and (6.131), for oblate spheroids,
and of eqs(6.173) and (6.174), for prolate spheroids, with M = 1. Substitution of the
results into eq.(5.111) and using eq(5.67) gives cq0,10 and a11,11.
These must then be
used in eq.(7.72). The depolarization factors now contain contributions due to the
interaction along the substrate. If these are neglected, by taking the low density limit
( a / L -t 0), one finds the depolarization factors given in eqs(6.134) and (6.138) for
oblate speroids, and in eq~~(6.177)
and (6.181) for prolate spheroids.
For random arrays one finds in a similar way as above, in dipolar approxim_ation from eqs.(7.67) and (7.68) expressions analogous to eq.(7.72), with Szo and Sio
replaced by I , and I; respectively, and LP3 replaced by p3I2. The same should be
done in the depolarization factors.
If one substitutes eq.(7.74) into eq.(7.73) one obtains

-

&Jd)

=

ye(d)

= € a P V - [€,
: ( ; ;+

&(d)

=

7(d) =

EilPV

pVd

[

t,pVd

+ L*(€-

- E,

+ LII(6 - € a ) + + L ( e - € a )
E

€a

1
Ea

1
(7.77)
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As usual one finds that, if one changes the direction of the z-axis, Y~and p, remain
unchanged, whereas 6, and T change sign. If one uses the above formulae to calculate
the reflection and transmission amplitudes, it is important to take the right sign. If,
as in chapter 4, the light is incident through the ambient, one may use the above
expressions for the constitutive coefficients. If, however, the light is incident through
the substrate one must, in order to apply the formulae of chapter 4, interchange E,
and E~ in these formulae and change the sign of 6, and 7 , before substituting them
into the formulae of chapter 4.
7.9

Quadrupole approximation for spheroids

As in the previous section the regular array case is considered first. In the quadrupole
approximation for the interaction along the substrate, all multipole moments of order

e > 2 are neglected, so that eq.(7.62) becomes a finite set of linear equations for A1,-1,
-410 ,A11 , A2,-2 ,
, A20 , A21 and Azz. For lattices with 4 or 6-fold symmetry
(square and triangular lattices respectively)

Se,

=S
ik = 0 for m

# multiple of

4 or 6 respectively

(7.78)

Here the abbreviations
(7.80)
analogous to eq.(7.42)), have been used. For lattices with 4- or 6-fold symmetry
different mss do not couple. The x-axis has been chosen along one of the lattice
vectors. The equations for Al,_I and Az,-l are superfluous, since one can prove
again, that At,-, exp(-ido) = -At* exp(id0), (l = 1,Z). It is furthermore found that
in quadrupole approximation A n = A2,-2 = 0 (cf. eq.(7.43)).
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Solving eq.(7.79) and using eq.(5.111), one finds for the polarizabilities normal
to the surface of the substrate

where

(7.82)

where

As indicated by the argument 0, these polarizabilities are for a dipole and a quadrupole
located in the center of the spheroids.
The above results and eqs.(7.44) and (7.45), valid for spheres, have an analo_gous form. In two aspects there are, however, differences. First the lattice sums
m
:5
'
differ from S L . Furthermore the polarkabilities aem,pmon the right-hand side
in the above equations are polarizabilities of a spheroid, interacting with the substrate, whereas ae in eqs.(7.44) and (7.45) are polarizabilities of spheres far from the
substrate.
In order to calculate the above polarizabilities a,(O), aio(0),q ( 0 ) and aio(0)
for regular
- arrays (with 4- or 6-fold symmetry), one first has to evaluate the lattice
sums S,',(f?=2, 3 and 4). For the procedure to do this, the reader is referred to
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appendiv A of this chapter. Next the multipole polarizabilities a ~ , , ~ for
~ , l,!' = 1,2
and m = 0 , l have to be calculated for oblate and prolate spheroids, interacting with
the substrate. With the method, developed in the previous chapters, in which a
homogeneous external field is used, one can only calculate a10,10,
a11,11,
a10,20, a20,10,
a11,21 and ~ ~ 2 1 This
~ 1 . follows from eqs(6.130) and (6.131) for oblate and eq~~(6.173)
and (6.174) for prolate spheroids, using also eqs.(5.111) and (5.67). In order to beable
to evaluate also the polarizabilities a20,20 and a21,21, the method of the two previous
chapters has to be extended to the case of a non-homogeneous external electric field,
which may be taken as a linear function in space. This problem is treated in appendix
B of this chapter.
The calculation of the polarizabilities of the spheroids in interaction with their
image, can also be restricted to quadrupolar order. This has been explained in detail
in sections 6.4, 6.5 and in appendix B of this chapter. Using these results in the
formulae above one finds, after a lengthy but straightforward calculation, that az(0),
a;O(O),ail(0)and aio(0),given by eqs.(7.81)-(7.84), can again be written in the form
given in eqs.(6.132) and (6.133)

and

where V is the volume of the spheroid, given for oblate speroids by eq.(6.29) and for
prolate spheroids by eq. (6.76).
The depolarization factors are found to be given for oblate spheroids by

(7.87)

(7.88)
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parallel to the surface of the substrate. The depolarization factors L, and LIIin the
quadrupole approximation, given above, are identical to those found in the previous
section in the dipole approximation. Notice that, if one neglects the interaction
between the particles, a / L 3 0, one obtains eqs.ffi.134)-(6.141), which were derived
for that case.
For prolate spheroids the expressions, eqs(7.85) and (7.86), for the polarizabilities are again valid, now with V the volume of the prolate spheroid. The
depolarization factors can be derived in an analogous way as above. In the direction
normal to the surface of the substrate one finds:

(7.95)

(7.98)
and parallel to the surface:
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(7.101)
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[s, + (9
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Ea

3- € 8

(7.102)

It is, of course, assumed that the prolate spheroids are not packed too densely in
the two-dimensional array. The depolarization factors L, and LIIin the quadrupole
approximation, given above, are identical to those found in the previous section in
the dipole approximation. Notice that, if one neglects the interaction between the
particles, a/& + 0, one obtains eqs.16.177) -(6.184), which were derived for that case.

For random arrays one finds in a similar way as above, in quadrupolar approximation from ecp(7.67) and (7.68) expressions analogous to those above, with
S ~ and
O
replaced by It and @ respectively, and L-' replaced by p1l2.

&,

In a completely analogous way as in the previous sections the interfacial susceptibilities can be derived, using the polarizabilities found above. One obtains, cf.
eq.(7.51),

Application: Gold islands on sapphire

6,(d)

= - p Eil[aiO(0)

20 1

+ aY(0)- daZ(O)- d ~ ~ i l ( O ) ]

(7.103)

These expressions have the same form as those given by eqs.(6.44)-(6.47) in the case
of non-interacting spheroids. Only the depolarization coefficients are different, due
to the interaction. Notice that, if one changes the direction of the z-axis, ye and
,Be remain unchanged, while 6, and T change sign. If one uses the above formulae
to calculate the reflection and transmission amplitudes, it is important to take the
right sign. If, as in chapter 4, the light is incident through the ambient, one may also
use the above expressions. If, however, the light is incident through the substrate,
one must, in order to apply the formulae of chapter 4,interchange E, and t, in these
formulae and change the sign of 6, and T in the above expressions for the constitutive
coefficients, before substituting them into the formulae of chapter 4.

7.10 Application: Gold islands on sapphire
In order to demonstrate how the equations, derived above, can be used in practice, the
special case of gold islands on sapphire will again be considered. In particular the case
= ato
of spheres and spheroids touching the substrate, for which d = R and d =
respectively, is considered. When the islands touch the surface the influence of the
substrate is most pronounced. For this case the dielectric constant of the ambient is
unity, E, = 1. Sapphire has a small dispersion in the visible domain. An average value
is used as dielectric constant of the substrate, E, = 3.13. For the complex dielectric
constant of gold a list of values due to Johnson and Christy [40] is given in table 5.1,
for the optical domain.
Consider first the model in which all interactions are taken into account until
quadrupolar order. In that case the dipole and quadrupole polarizabilities, eqs. (7.47),
(7.48) and eqs. (7.851, (7.86), with = 1, reduce, in their dimensionless form, to

sz =
=

1

,az(0) =
1
,a:"o)

(E

[l

+

- 1)[1 L:(€ - l)]

+ Lz(t - 1)][1+ L ~ ( E I)]+A;(€
-

- 1)'

l)'AfO
=
(1 LZ(€- 1)][1 L ~ (-E l)]+A;(€ - 1)2

+

(t -

+

(7.104)
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and

-10

a[(

=

1
vdaio(o) =

(t

[l

- 1)'Af

+ L\I(E- 1)][1+L ~ (-c l)]+ Ai(t -

(7.105)

where V is the volume of the sphere or spheroid. In all the application dimensionless
quantities, like the 6's) are introduced. This makes both the calculation and the
results more transparent. The surface constitutive coefficients, eq.(5.112),similarly
reduce to
1
?e
z ~ e ( d )
h

p,
h

T

=

1
-P,(d)
PV
1
---T(d)
PVd

= Sz

=GI,

-

Gi*

1

-be(d)
= Sz + 211- Gio - all
^lo
(7.106)
PVd
for this case, where t, = 1. The invariants, eq.(5.66), become
1
,
1
I , = -1, = y e - E,P, , I = - ( E .
- l ) I c = Im?,
PV
- pv
1
1
I, f - I , = ? ,
(7.107)
Is,, = -Is,e
= 6,
PVd
PVd
where t, was taken real. All the above expressions for the quadrupole and the dipole
model, including interaction, are in fact identical to those given in the previous chapters without interaction along the substrate. The differences are in the expressions for
the depolarization factors. These contain the lattice sums which were defined to be
dimensioriless. The resulting depolarization factors are given in eqs. (7.49) and (7.50)
for spheres, in eqs.(7.87)- (7.94) for oblate spheroids, and in eqs.(7.95)- (7.102) for
prolate spheroids, in the quadrupole approximation.
In order to investigate how the higher order multipoles contribute, consider
eq(7.16) for a regular array of spheres. To obtain the solution, it is again convenient
to introduce dimensionless amplitudes. If the lattice has a 4-fold symmetry one
introduces
A

6,

h

h

h

h

h

h

At34,, = At , 4, , / VRe-' 2m E0 cos 00
h

=

(7.108)
Esineoexp(-ido)
o
For 6-fold symmetry replace the 4v in the lower index by 6v. For 4-fold symmetry

Ae,r,+i

-At,4v+l/VRe-1
~

eq(7.16) then reduces to, using

fa =

1,
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where (4vl I
i? and 14~21I
e2, and

(7.110)

+

+

where 14v 11 5 e and 14~2 11 5 e,. Furthermore L 5 L / R , Eie = ae/VR2(e-1),
= i? e2 and v1 = u2 - v. H is given by eq.(7.9). Eq.(7.109) makes it possible to
calculate 2 1 , o and &,o, and eq.(7.110) makes it possible to calculate 2 1 , 1 and
in
the usual manner. For 6-fold symmetry all the 4's before the v's should be replaced by
6. Eq.(5.111) for the dipole and quadrupole polarizabilities of the spheres, modified
by the presence of the substrate and the interaction along the substrate, in terms of
the amplitudes, remains valid and becomes, using = 1,

+

h

&,

211 = 47r;iIl
Gz

,

q =3 , J S

= 4lrz10 , 2:' = 2 l r A 2 0 m

(7.111)

in terms of the dimensionless quantities, cf. eq.(5.122).
In order to investigate, how the higher order multipoles contribute for a random array of spheres, consider eqs.(7.26) and (7.27). It is again convenient to introduce dimensionless amplitudes
.&,o
.&,I

< Ae,o > / V R e - ' 2 E o m c o s 0 o
z - < Ae,l > / V I E e - ' E o ~ s i n O o e x p ( - i ~ o )

Eqs.(7.26) and (7.27) then reduce to, using

E,

(7.112)

= 1 and neglecting amplitudes for

e > M,

(7.113)
and

for i? = 1 , 2 ,..., and where el = e + a,. Eq.(7.113) makes it possible to calculate 2 1 , o
and &,o, and eq.(7.114) makes it possible to calculate 1 1 , , 1 and A2,1, in the usual
manner. Eq.(7.111), expressing the polarizabilities in the amplitudes, remains valid.
h
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For spheres touching the substrate the results are given in figs. 7.3 through
7.10 for a square array. The interaction along the substrate was taken into account
to quadrupolar order. The interaction with the image charge distribution was taken
to the order M = 16. Eqs.(7.109) and (7.110) then, using eq.(7.63), reduce to

(7.115)
where 14v( 5 t? and

(7.116)

+

+

where 14v 11 5 C and C1 = C C,. For 6-fold symmetry replace the 4v in the
lower index by 6v. The calculations were done for scaled densities ?.= P ( ~ R =
)~
(2R/_L)2 = (26)' of 0 (no interaction), 0.2, 0.4 and 0.8, L is the lattice constant
and R R / L . The reason to go to a higher order in the multipole expansion in the
interaction with the substrate is that, close to touching the substrate, the higher order
multipoles start to give corrections of about 5 to 10 %. As is analyzed in great detail
by Haarmans and Bedeaux [49], higher order multipole corrections for the interaction
along the substrate become important for > 0.9. They use as density parameter
the coverage, which is equal to (n/4)2 for the square array. They also find that the
results for a triangular lattice and for the random array are essentially the same as
a function of the coverage for scaled densities up to p^ = 0.8. As already mentioned
the use of the quadrupole approximation for the interactions along the substrate as
well as with the images, cf eqs.(7.104) and (7.105), gives very similar results. These
equations have the advantage of a simple analytic form and are correct within 5 to
10%. The interaction along the substrate has a substantial effect on the size of the
polarizabilities and the resulting constitutive coefficients. The polarizability along the
substrate approximately doubles from i j = 0 to 0.8, while the polarizability normal
to the surface decreases by a factor of 2. The resonance frequency shifts a little
bit down for the polarizability parallel and up for the polarizability normal to the
%urface. The contributions due to the quadrupole polarizabilities to the coefficients
6, and Q are small compared to the contributions due to the dipole polarizabilities.
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These coefficients are therefore mainly due to the shift of the induced dipole to the
surface of the substrate.
For spheroids touching the substrate the results are given in figs. 7.11 through
7.18 for a square array. The interaction along the substrate is now taken into account
to dipolar order. In that case eqs.(7.81) until (7.84) in scaled form reduce to

(7.117)
with
(7.118)
and

(7.119)
with
(7.120)
Here
z! V/L3,where V is the volume of the spheroid, and 2 3 d / L = a(,/L.
= 1. The
Furthermore the abbreviations $m, eq.(7.80), have been used, with
following new dimensionless quadrupolas polarizabilities are defined
&O,lO

G10,zo
211.21

=
=

a10,10/v,

611,ll 3 a l l J l / V

aio,zo/v&,

&,lo

a11,21/Vato,

~ZI,H

a20,1o/v4o

=a21,1l/V4~

(7.121)

The calculations were done for scaled densities j3 E p [2dO(AR)l2
= [ 2 d 0(AR) /LIZ
of 0 (no interaction), 0.2,0.4 and 0.8, L is the lattice constant. Here 2 4 , (AR) i s the
diameter of the spheroid parallel to the substrate. The interaction with the image
charge dist~butionwas taken to the order M = 16. The procedure to do this is to use
eqs.(6.200) through (6.206) to the order M = 16 together with eq.(5.67) to obtain
the scaled polarizabilities in eq.(7.121). These should subsequently be eubstituted
into eqs.(7.117) through (7.120). The reason to go to a higher order in the multiple
expansion in the interaction with the substrate is that close to touching the substrate
the higher order multiples start to give corrections of about 5 to 10 %, see table Z and
2 in ref.[42]. Due to the use of spheroidal multipoles this interaction can be analyzed
accurately also for touching spheroids. This is not the case for the interaction along
the substrate, for which spherical multipoles had to be used. When the distance along
the substrate becomes small, the convergenee becomes u n s a t ~ f ~ t oWhen
~ . the
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dipole approximation breaks down, one would need many more spherical multipoles
to describe this interaction. If one could use spheroidal multipoles for the interaction
along the substrate this would be much better. The mathematical tools for such an
analysis are, however, not yet available. For the value of the dielectric constant of
the particle the complex number E = -5.28
2.25i is chosen, which is the dielectric
constant of gold at the wavelength X = 540 nm, cf. table 5.1. This wavelength
is chosen because these gold films have a minimum in the transmission roughly at
this wavelength. The shape dependence is expected to be most pronounced in that
case. The dielectric constant of sapphire is again chosen to be equal to E , =3.13.
The amb’ient is again vacuum, E, = 1. The figures give the polarizabilities and the
constitutive coefficients as a function of 1/(1 AR). In this way it is possible to
see how these quantities depend on the axial ratio. One sees in the figures that the
polarizabili ties and constitutive coefficients of oblate spheroids, 0 <1/( 1+AR) <O. 5,
do not depend very much on the coverage. Only the axial ratio for which 540 nm is
the resonance wavelength changes a little bit. The reason for this is that the centers of
the oblate spheroids remain relatively far apart, even for high densities. For prolate
spheroids the dependence on the coverage becomes dramatic. The reason for this
is that the prolate spheroids approach each other for a higher coverage to distances
smaller than the long axis. It is to be expected that these results are unreliable
for the combination of a high density and a small axial ratio. If one would set as
a criterium that the distance between the particles should be larger than half the
long axis, one finds that for the densities 0.0, 0.2, 0.4 and 0.8 the maximum values
of 1/(1+AR) are 1.00, 0.69, 0.61 and 0.53 respectively. It follows that all the new
maxima appearing for larger values of 3 and 1/(1+AR) are outside the range of
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reliability of the dipole approximation for the interaction along the substrate. Since
the shape of the particles in island films is usually oblate rather than prolate, the
dipole approximation to describe the interaction between the particles will in practice
suffice.

7.11

Appendix A: lattice sums

The lattice sums are defined by:

(7.122)
Using eq.(5.28) it follows that

Slm= (-l)mS~,-m
and Sim= (-l)mSi,tm

(7.123)

It is therefore sufficient to consider only positive values of m in this appendix. For
l! > 2 the sums converge reasonably well. For e = 2 and m = 0 the convergence is
poor. It helps, in order to improve the convergence, to add lattice points, starting
from the central point, layer by layer in the two-dimensional Bravais lattice, see
fig.7.19,
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Figure 7.10 Illustration of the layer by layer summation method in a two-dimensional
Bravais lattice.

(7.124)
The subindex par n indicates that the sum is over the n-th parallelogram. For a twodimensional Bravais lattice two sides of the parallelogram are sufficient, the other two
sides give the same contribution to CFm and C
,;i
the sums over the parallelogram,
see 7.19. For a square lattice a quarter of the points is enough, and for a triangular
lattice one sixth of the points. Using the fact that Cam and CiL approach constants
for large n one may use the following convergence improving scheme:

Here the constants are defined as
0 0 .

(7.126)
n=l

This convergence improving trick is in particular needed to calculate 5'20, which was
not conveniently possible otherwise. For this case one has c2 = ~ ' 1 6 .
For the Sl, 's one may calculate the lattice sum as a sum over the reciprocal
lattice. For small e this converges much faster than the procedure above. In order to
obtain a sum over the reciprocal lattice one may use the identity

(7.127)
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which expresses the sum over the two-dimensional direct lattice of a function f in
terms of a sum of its Fourier transform over the two-dimensional reciprocal lattice.
Here kx gre the reciprocal lattice vectors. Furthermore 0 is the surface area of the
Bravais lattice cell. In view of eq.(7.123) it is sufficient to give this derivation only for
rn positive. The image position is defined as R' = (RII,
2 4 . The Fourier transform
needed is

.1 with the x-axis. Introducing the angle
Here dx and 4 are the angles of kx and R1
between Icx and RI,,given by 'p = 4 one has

using one of the definitions of the Bessel function. Substitution in the previous
equation gives

(7.128)
The last identity is a known Hankel transform, in ref.[48] this identity is only given
for positive values of m . In view of eq.(7.123) this is sufficient. For the lattice sum
one obtains in this way, using eq.(7.127),
(7.129)

It is clear that this relation satisfies eq.(7.123) and can therefore be used also for
negative values of m. €+om the above expression one sees that for finite values of d
the sum over the inverse lattice has an exponential convergence factor. The analogous
expression for St,,,
does not have this convergence factor and is therefore useless.
For three-dimensional lattice sums it is convenient to use the method due
to Nijboer en de Wette[51]. For two-dimensional lattice sums it seems impossible to
give a convenient help function like they do. Since the two-dimensional sums converge
better anyway, it is not worthwhile to pursue this point any further.
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The lattice sums used in the calculations for a square and a triangular lattice
are given as a function of 2d/L in the table below

0.45 1-1.792 1-1.317 1-0.177
0.50 I -1.628 I -1.273 I -0.317

0.50
0.55

1 -1.891 1-1.612 1 -0.486

I 0.75

1-1.046 I -1.031 I -0.678

0.90

-0.718 -0.708 -0.530

1-

1 -1.693 I -1.515 I -0.607

I

1

~~

1

-0.528 -0.479 -0.340
Table 7.1: Quadratic lattice

Triangular lattice

7.12 Appendix B
In this appendix it will be discussed, how the method, for the calculation of the
polarizabilities of spheroids on or above a flat substrate, developed in the previous
chapter, sections 6.4 and 6.5, must be changed, in order to be able to calculate the
multipole polarizabilities 0120,20 , ( ~ ~ ~ and
, 2 1 ( ~ 2 2 , 2 2for these particles. First the case
of a oblate spheroid, with an axis of rotation normal to the surface of the substrate,
will be considered, cf. fig.6.5. Instead of a constant external field Eo, an external
field will be taken, which is a linear function of space and therefore the gradient of a
potential of the form

(7.130)
Here T I s 2 , r2 = y, 7-3 EZ z and dii is a symmetric traceless matrix . The indices i and
j denote the Cartesian components 2, y and z. Introducing oblate spheroidal coordinates I , 77 and

4,defined by eqs(6.l) and (6.2), and eliminating +zz

+ &,)

= - (dZZ

,
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this potential can be written in the form:

+

x X ; (6, a)Y; (arccos 17,4)]

AimZ,"(E, a)yem(arccosq , 4 )
em

(7.133)
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It can be checked, using eqs.(6.5)-(6.8), (6.13), (6,101)-(6.103), that the external potential, appearing in the right-hand sides of the above equations, satisfies the boundary conditions at the surface of the substrate, see text below eq.(6.100). Furthermore
it follows from these boundary conditions that eq.(6.105) holds for the multipole
coefficients in eqs.(7.132) and (7.133).
In order to relate the amplitudes Atm to the multipole polarizabilities for the
oblate spheroids in free space, the potential of the so-called local field, acting on the
particles, is again introduced. Instead of eq.(6.107), one now has

A&)

=

m l ; ( 4 z x + 4uyy)X20(E,a)Yz0(arccos17,4)~- ( 4 z z + i 4 U J
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where atrn is given by eq.(6.24).
It follows that different m's do not couple to each other. This is due to the
rotational symmetry of the system around the z-axis. As a consequence
Aern=O for m # - Z , - 1 , 0 , 1 , 2

(7.137)

The above set of linear equations for the amplitudes may thus be written as five sets
of independent linear equations:

= az26ez

,dxx - ,dUy
1
- i dry)

for

e = 2 , 3 , ...

(7.141)

for

e=

(7.142)

(l

1

+

- ~4~~ i

&y

)

2 , 3 , ...

In an analogous way as in section 6.4, one can now prove that eq.(7.140) for
m = -1 .and (7.142) for m = -2 are redundant. Using the symmetry relations,
eqs.(6.25) and (6.117), in eqs(7.140) and (7.142), and comparing the results with
eqs. (7.139) and (7.141), respectively, one finds that

(Az+

= --(ds2 - i

#,)Aei

cb,,)Ae,-i

(7.143)

&- ,i dXy

(7.144)

and

(i d x s

-

1

,4,

+

4XY

) Aez (,dxx
=

1

1

-~
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It is therefore sufficient to consider only the m = 0, m = 1 and the m = 2 equations.
These equations may now be solved numerically, by neglecting the amplitudes
for C > M. One then solves the finite sets of inhomogeneous equations:

In this way the amplitudes Alo, Azo, A l l , A21 and A2s may be calculated to any
desired degree of accuracy.
It follows from the above equations, that Alo and Am are proportional to
( L $,), All and A21 to (4xz-$,J and A22 to ($4xx- ;&! - i 4J, appearing
in the corresponding terms in the potential of the external field, eq.(7.131). If one
writes this potential as

+

2

go(r) =

C B%X.X,~(<,
~)Y,"(~~CCOSV,~)

(7.148)

m=-2

it is found that

(7.149)
Therefore A 1 0 and A 2 0 are proportional to B$), A11 and A21 to BlY) and Az2 to @.
The proportionality constants are, according to eq.(5.30), the multipole polarizabilities aern,eirnj :
Aio

=

A21

= --~m,~iB$),

-~10,20@3,

A20

= -a20,20@,

A22

= - a 2 2 , 2 2 B n(0)

A11

= - a i i , 2 1 4 1(0)

(7.150)

These are the multipole polarizabilities of the oblate spheroid, interacting with its
image in the substrate. The multipole polarizabilities 010,20 and 011,21 could also be
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found using the method developed in the previous chapter, in which a homogeneous
external field is used. New are the multipole polarizabilities a20,20, a21,21 and a22,22 .
These uantities are therefore found by dividing the amplitudes A20, A21 and A22 by
B$), Bi)and Bg)respectively or, more explicitly, from
e20,20

=

-Azo/(dxx

+ duJ m,

Q121,21

=

-A21/(4xz - i

m

4Juz)

(7.151)
With eq.(5.67), one can then also calculate the quadrupole polarizabilities:
Cq(0)

=

-

x

(dzx + 4 Y U )

m

6~

-

(4x2

€,A22

m

- dug - 2idxu)

(7.152)
of an oblate spheroid interacting with the substrate.

In solving eqs(7.145)-(7.147), one must use eq.(6.24) for the kee polarizabilities aeo, at1 and
of the oblate spheroid. Furthermore one needs eqs(6.110)(6.113) to find K&(t1) and eq.(6.118) for Kj,tl((l). An analogous formula may be
derived for K&,((l). This quantity is needed if one wants to calculate a22,22. Since
the latter quantity does not contribute to the interfacial polarizabilities needed in the
analysis in this book, cf. eqs(7.81)- (7.84), this formula will not be given here.
Solving eqs.(7.145) and (7.146) for M = 2, using eqs.(6.27), for at0 and all
with e = 1,2, (6.243)- (6.245) and (6.118), for K&l((I)and Kj,l,(tl)with t?, t?1 = 1,2,
one obtains a solution which accounts only for the spheroidal dipolar and quadrupolar
interaction between the oblate spheroid and its image in the substrate. Substitution
of the resulting amplitudes into eq.(7.151) gives

ff21,21

=

+

+
+

( 6 - ta)a5t0(1+(:)(I
2 6 ) [ t a LII(€- €a)]
5{[€a LII(E
- €a)l[€a L;I(€- €a)]
- €a)'}

+

+

.

(7.153)

Here the depolarization factors are again given by eqs.(6.134)- (6,141).
Next the case of a prolate spheroid, with the axis of rotation normal to the
surface of the substrate, will be considered, cf. fig. 6.6. One now has to use the
prolate spheroidal coordinates (, q and 4 defined in eqs(6.48) and (6.49). In terms
of these coordinates, the external potential $o(r) has exactly the same form as for
oblate spheroidal coordinates, eq.(7.131), the only difference being that one should
replace X r ( E ,a ) by
a ) , defined by eq.(6.58). The expressions for
and
qLOc(r)
can similarly be obtained from the eqs. (7.133) and (7.134), respectively,
by replacing Xy((,a ) by -@((,a) and Zr((, a ) by @ ( ( , a ) , defined by eqs.(6.58)

zT((,
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and (6.59). In the expression for Ijlloe(r)one then substitutes expansion (6.157) and
and Kzf'el by k&, cf. section
obtains eq.(7.135) with X r ( E , a ) replaced by
6.5. This results in equations (7.136), (7.138)- (7.142) for the amplitudes with (Yern
replaced by liern, defined by eq.(6.70) and K& by
Eqs(7.145)- (7.147) then
become

xr(<,a)

zZl.

In this way the amplitudes Ale, A ~ oA, l l , A21 and A22 may be calculated to any
desired degree of accuracy. The polarizabilities for prolate spheroids are subsequently
obtained using eqs(7.151) and (7.152).
If one solves eqs.(7.154) and (7.155) for M = 2, one obtains the amplitudes
to quadrupolar order in the interaction with their image. One then uses eq.(6.74)
with e = 1, 2 and the expressions for
for Gieoand
and @el(tl),
which
follow from eqs(6.243) - (6.245) using eqs.(6.159), (6.56) and (6.167), with e, el = 1,
2. Together with eq.(7.151), one now obtains
0120,20

=

+

2(€ - ~,)a'<~(t:- 1 ) ( 3 ~ :- 1 ) [ ~ o t z ( ~- €a)]
15{[~a L ~ (-EEa)J[ca Lj(€ - €a)] +A;(€ -

+

+

The depolarization factors are now given by eqs.(6.177)- (6.184) for prolate spheroids.

Chapter 8
FILMS OF TRUNCATED SPHERES FOR A LOW
COVERAGE
8.1 Introduction
In the spherical and spheroidal models for island films, the contact between island
and substrate takes place in at most one single point. In many cases, in particular
for liquid droplets, the region of contact is finite. In such cases, the bottom of the
island is planar. There is a finite contact angle between the sides of the island and
the substrate. This affects the optical response of the island film. The models will
be extended in the present chapter to truncated spheres, following Wind and Vlieger
[52], [53], and in the next chapter t o truncated spheroids. The first is the simplest
model for islands with a planar contact region with the substrate. As in the previous
chapters, the size of the islands is assumed to be small compared to the wavelength.
As a consequence the electric potential satisfies the Laplace equation

A $(r)

= 0 with E(r) = -V$(r)

As in the spherical model, treated in chapter 5 , one might start by considering a
free island (i.e. no substrate) and, after solving this model, include the effects of
the substrate on the dipole and quadrupole polarizabilities of this island using the socalled dipole or quadrupole models. Unfortunately, for the truncated particle shape no
complete set of eigenfunctions of the above Laplace equation can be found. Therefore
there is little point in calculating first the response of a free truncated sphere, and
next to incorporate the effects of the substrate by means of the dipole or quadrupole
model. The approach in the present chapter will therefore be to include the substrate
directly in the calculations. Because part of the island surface is spherical, it is
most convenient to expand the potential 1c, into the same complete set of spherical
harmonic functions within and outside the islands, as was done in chapter 5. Using
the boundary conditions for the potential and its normal derivative on the surface of
the island and of the substrate, an infinite set of inhomogeneous linear equations for
the multipole coefficients in this expansion is derived in the next section. The matrix
elements in these equations are given in the form of integrals, involving Legendre
functions. Approximate solutions can be obtained by truncating the set and solving
the now finite number of linear equations. In section 8.2 the case will be studied of a
truncated sphere with its center above the substrate. The case of a truncated sphere
with its center in the substrate, which will be referred to as the spherical cap, will be
treated in section 8.3.
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In section 8.4 two special cases will be considered, where the above mentioned
integrals can easily be evaluated analytically. First the case of a sphere, touching the
substrate, is treated. It is shown that the inhomogeneous linear equations, derived in
section 8.2, reduce to the set of equations (5.109) and (5.110). Furthermore the case of
a hemisphere on a substrate is considered in section 8.4. For an island with dielectric
constant equal to that of the substrate this is identical to the system considered by
Berreman[54]. The more general case of a hemispherical particle on a substrate was
also treated by Chavaux and Meessen [55].
In the general case of a truncated sphere on a substrate the evaluation of the
above mentioned matrix elements is more complicated. Nevertheless it is possible to
express the integrals, in which these matrix elements can be expressed, as polynomials
in the truncation parameter (the distance of the center of the truncated sphere t o the
substrate divided by its radius). This has been proved by Wind, Bobbert, Vlieger and
Bedeaux [53],who furthermore derived a complete set of recurrence relations for these
integrals, by means of which all matrix elements can be evaluated explicitly. Since for
accurate calculations of the polarjzabilities of truncated spheres a sufficiently large
number of matrix elements is needed, which have to be calculated on a computer, it
is as simple to evaluate these matrix elements directly by numerical integration. One
then uses well-known recurrence relations to obtain the Legendre functions appearing
in the integrands. Both parallel and normal components of the dipole and quadrupole
polarizability of such particles are calculated in the optical region, as well as the
surface constitutive coefficients ,Be, ye, 6, and 7 for a film of such particles in the low
coverage limit.

8.2

Truncated spheres on a substrate

Consider a truncated sphere of radius R with a frequency dependent dielectric con) a substrate with a dielectric constant es = e z ( w ) and surrounded by
stant E = e s ( ~ on
an ambient with dielectric constant e,
e 1 ( u ) . (The advantage of the introduction
of the new notation for the dielectric constants e , e, and E, will become clear below).
The surface of the substrate is planar. See also figures 8.1 and 8.2 below for a cross
section of the system normal to the substrate and through the center of the sphere.
This center is chosen as the origin of a Cartesian coordinate system with positive
z-axis normal to the surface of the substrate and pointing downward into or in the
substrate. The surface of the substrate is given by z = f d , where 0 5 d 5 R.
In fig.8.1 a situation has been drawn, where the center of the sphere lies above
the surface of the substrate ( z = d) and in fig.8.2 the case, that this center lies in
the substrate below that surface ( z = 4).
The latter case will be referred to as a
spherical cap, whereas from now on the name truncated sphere is only used for the
case that the center of the sphere lies above the substrate. In the analysis below it
will be convenient to replace the substrate in region 4 by a different material with a
dielectric constant E ~ ( w ) It
. is then clear that the two situations, drawn in figs.8.1 and
8.2, may be obtained from each other, if one interchanges €1 and €2 (of the ambient
and the substrate) and also € 3 and €4 (of the particle and the material within the part
of the sphere in the substrate). In the present section only the case of the truncated

nuncated spheres on a substrate
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Figure 8.1 Cross section of a truncated sphere on a substrate, with center above the
substrate.

4
z=-d

Figure 8.2 Cross section of a truncated sphere on a substrate, with center in the
substrate (to be referred to as spherical cap).

sphere will be studied. The case of a spherical cap will be treated in the next section.
For islands small compared to the minimum wavelength of the incident radiation in the media involved, retardation effects become unimportant in and around the
particle. One may therefore consider the incident field to be homogeneous and use
the Laplace equation eq.(8.1) for the potential $(r) in the particle, the ambient and
the substrate. At the surface of the island and the substrate, the potential and the
dielectric constant times the normal derivative of the potential must be continuous.
Just as in the previous chapters image multipoles in (0,0,2d) will be introduced
to describe the field due to the charge distribution in the substrate underneath the
island (see fig.8.3). One now has to distinguish the four different regions denoted by
1, 2, 3 and 4,indicated in fig.8.3 by their dielectric constants, €1, €2, €3 and €4. The

228

FILMS OF TRUNCATED SPHERES FOR A LOW COVERAGE

4

z=d

Ez

Figure 8.3 Truncated sphere on a substrate.

(cf. eq.(5.98)). The first term on the right-hand side gives the potential of the
constant electric field:

Eo = &(sin Bo cos do,sin Bo sin do,cos 00)

(8.3)

Here 00 is the angle of this field with the z-axis, and dothe angle between its projection
on the substrate and the z-axis (see fig.8.3). The ambient is chosen to be transparent.
The second term (first sum) at the right-hand side of eq.(8.2) is the potential due
to the induced charge distribution in the island and the third term (second sum) is
that of the image charge distribution in the substrate. The prime as super index in
these sums indicates that l # 0. The direct field is described by multipoles, located
at 0, and the field of the image charge distribution by image multipoles in (0,0,2d),
(see fig.8.3). Furthermore ( T , B,#) are the usual spherical coordinates, describing the
position of a point P with Cartesian coordinates r and (p,e',+r) are the spherical
coordinates with (0,0,2d) as the center of the coordinate system and thesame z-axis
(see fig.8.3). The spherical harmonics Y,"(B,4) are again defined by eqs.(5.26) and
(5.27).
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+ sinBo{exp(i40)Y;'(B,

4)- exp(-ido)V1(@, d))I] + kAI,l.-e-lKm(@,
4)

(8.4)

em

(cf. eq.(5:99)). firtherrnore one can write the potential in regions 3 (island) and 4
(substrate) as follows
$0

I

I

em

em

+ C BemreKm(e,4)+ C B

~ ~ P ~ 4r)
Y , ~ ( ~ (8.5)
~ ,

where q0is a constant, which is the same in 3 and 4 as a consequence of the continuity
of the potential.
In a completely analogous way as in section 5.6, one can derive from the
boundary conditions at the surface of the substrate (i.e. continuity of II, at the
interface between region 1 and 2, as well as that of the normal derivative of II,times
the dielectric constant) the following relations between the multipole coefficients Atm,
A:, and Aim :

cf. eq.(5.100). Moreover, using similar boundary conditions at the interface between
regions 3 and 4, one obtains analogous relations between the multipole coefficients
Bern,Bjm and BIm :

At the surface of the sphere r = R, one can use the fact that the spherical
harmonics Yem(8,4)form a complete orthonormal set of functions on the sphere (cf.
eq.(5.29)). Multiplication of the boundary conditions on the surface of this sphere
between regions 1 and 3 and between 2 and 4 with complex conjugated spherical
harmonics and integration over all directions gives:

1:

d(cose)

12=

d4(31- 33)r=~[&f(0,+)I*
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and

Here the truncation parameter

t, = d / R

(8.11)

has been introduced (e.g. t , = 1 for a sphere and t, = 0 for a hemisphere). It follows
from 0 6 d 5 R that 0 6 tr 5 1.
Upon substitution of the potentials, eqs.(8.2), (8.4)-(8.6), into eqs.(8.9) and
(&lo),using also eqs(8.7) and (8.8), one obtains the following infinite set of inhomogeneous linear equations for the multipole coefficients Atm and Bcm:

Wl

001

&=lml

&=Iml

C FzLR-e1-2Aeln+ C G~lReI-lBelm= J?

(8.12)

where e = 0,1,2,3, ...,. and m = 0, f l ,f 2 , f3, .....,&e. R is the radius of the (truncated) sphere. The prime as super index of the summation symbols denotes again
= 0 should be omitted. Using the definition, eqs.(5.26) and
that the term with
(5.27), of spherical harmonics xm(8,
#) and the orthogonality relations, eqs.(5.29), of
these functions, one finds:
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where

[

1 (2c

GI= 5

+ 1)(2c1 + i)(e - m)!(e,- m)!
(e + m)!(l,+ m)!

I'

2

(8.14)

and
(8.15)

Pr(z)Pz(z)dz

&&(tr)
-1

with the associated Legendre functions, eq.(5.27). Here the new variable
x
has been introduced. The matrices

= cos6

SEl(t,.) and q
: (t,.) are defined by

[SZl(t,t v ) I t = ~ and T'(tr)

SEl(tr)

(8.16)

[ T z(ti tr)]t=1

(8.17)

where

(8.18)
and

Tg(t,tr)

=

f:PF(z)P;([tz
x (t2 - 4t,tx

+

- 2t,.][t2- 4 t , t ~ 4t:]-lI2)

+ 4tg)e1/2dz

(8.19)

trrR

(8.20)

with

Notice that also the partial derivatives of these matrices with respect to t for t = 1
appear in the expressions, eq.(8.13), for F$ and GGl.. In the derivation of the above
integrals use has also been made of the transformation formulae from the spherical
coordinates ( r ,6,4) into ( p , Or,@), which are given by
p = 4
cos 8' = ( r cos 8 - 2d)/dr2 - 4rd cos 8

4'

=

4

+ 4d2
(8.21)

The terms H p and J;" at the right-hand sides of eq.(8.12) are found to be only
unequal to zero, if m = 0, 1, or -1. Since terms with different m do not couple in
this equation, as a consequence of the rotational symmetry of the system around the
z-axis, one only has to consider the case m = 0, 1 or -1, (see also chapter 5). Hi is
found to contain the constant $, from eqs(8.5) and (8.6). Eq.(8.12a), for e = 0, can
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therefore be used to determine this unknown quantity $o in terms of the multipole
coefficients. This results in

For the calculation of the multipole coefficients, one can further simply discard
eq.(8.12), a as well as b, for L = 0. If free charge were present in the system this
would not be the case.
Eq.(8.12) can now be written as
m

JF

E

00

@E~

COS

+

~

E sin80{€2611[exp(i40)6m,-i
o
- ex~(-i4~)6,1]

+(€I

- E2)[exp(i40)5i1Qi' ( t r ) b m , - ~- ex~(-ido)C:1Q;l (trI6rniI) (8.25)

Q0c16e16,0

Just as in chapter 5 (cf. text below eqs(5.107) and (5.108)), it will be shown
that eq.(8.23) for rn = -1 is redundant. It follows from the definitions, eqs(8.13)(8.20) and (6.8), that

Cz, = Ci,",

Dgl = D c y ,

,;&
;

=

Ggl

=Giy

(8.26)

Furthermore one proves from the definitions, eqs.(8.24) and (8.25), together with
eqs.(8.14), (8.15) and ( 6 4 , that

H,' exp(iq5,) = - H i i exp(-i$,)

and J j exp(zdo) = -J;'

exp(-i40)

(8.27)
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&om eqs.(8.23), (8.26) and (8.27) one can then prove that
Ael exp(iq50) = -Ae,-1 exp(-iq50) and Be1 exp(iq50) = -Be,-] exp(-iq50)

(8.28)

The m = -1 equation (8.23) is therefore superfluous.
Eq.(8.23) may now be solved numerically by neglecting the amplitudes Atm
and Bem larger than a suitably chosen order. One then solves the finite set of inhomogeneous linear equations

el=]

el=i
M

M

for l = 1,2,3,...,M a n d m = 0 , 1 ( 8 . 2 9 )
where

~

H,O

+ (e)
[htr&Qjo(tr)

E ~ 0 5 0 0{'fie1
o-52

E

&

H:

5

-

J:

=

- ~ ~ o s i n ~ o e x p ( - i ~ ~ ) [ ~(€1
2 6-e~l2 +
)<:i~:I(tr)l

$

+

i

~

- (jlQjl(tT)]}

'2

~

~

~

m~~
sin oo e~p(-i@~)fiel

~

e

~

~

~

~

~

~

(8.30)

and where the matrix elements Cz,, DZ1, FG and G&(e, e l = 1,2,3,.....,M , m =
0 , l ) are again given by eq(8.13).
The dipole and quadrupole polarizabilities of the truncated sphere on the
substrate are now given in terms of the amplitudes A ~ oA, l l , ,420 and A21 by the
same formulae as for the sphere in chapter 5, i.e. by eq.(5.111):
a z ( 0 ) = 2m lAlo/( ~

E cos 00)o
all(0) = - 4 . 1 r ~ l A ~ ~ / [ ~ E o s i n B o e x p ( - i q 5 0 ) ]

G E O cos 00)
aF(0) = TEIAZO/(
aio(0) = - 4 ~ ~ 1 A 2 1 / [ m E
sinBoexp(-iq5,)]
o

(8.31)

The argument 0 of these polarizabilities denotes again the position of the dipole
and the quadrupole, which are located on the z-axis at the center of the truncated
sphere. Since this center lies above the substrate, just as this was the case for the
sphere, treated in section 5.6, the validity of the above equation may be proved in a
completely analogous way, as that of eq.(5.111), (see text below that equation).
Using eq~~(5.64)
and (5.60) one finds for the surface constitutive coefficients
P,(d), y,(d), &(d) and ~ ( dof) an island film, consisting of identical truncated spheres,
in the low coverage limit (cf. eqs(5.92)-(5.95)):

(8.32)
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where p is the number of particles per unit of surface area. The argument d of
these coefficients denotes again the position z = d of the dividing surface, which is
chosen to coincide with the surface of the substrate. For truncated spherical particles
of different sizes and shapes the polarizabilities in the above formulae have to be
replaced by averages, i.e. the sum of these polarizabilities divided by their number,
(cf. eq.(5.65)). Finally the invariants le,la,e, ITand I, can be found by substitution
of the above formulae, eq.(8.32), into eq.(5.66).
The main problem is therefore the solution of eq(8.29) for such value of M,
that the multipole coefficients Ale, All, Azo and A21, necessary for the calculation of
the polarizabilities, are obtained sufficiently accurate. One simply increases A4 until
the values of these coefficients become stable within the desired accuracy. It appears
that the value M = 16 is usually sufficient, depending, of course, on the dielectric
constants €1, €2, €3 and €4, as well as on the value of the truncation parameter t,. It
will be clear, that this solution can be given only on a computer. Since the multipole
coefficients Be,,, can not be eliminated in general (i.e. for arbitrary values of the
truncation parameter t,.) from eq.(8.29), the number of equations to be solved is twice
the number, that has to be solved e.g. in the special case of a sphere on a substrate
(see chapter 5, section 5.6). Section 8.6 deals with this problem, in particular with
the way, in which the integrals, eqs.(8.15), (8.18) and (8.19), appearing in the matrix
elements, eq.(8.13), and in the expressions eqs.(8.30), can be evaluated. In sections
8.4 and 8.5 a number of special cases will be considered, where these integrals can be
evaluated more easily.

8.3 Spherical caps on a substrate
In the previous section the case has been studied, that the center of the truncated
sphere lies above the substrate (see figs.8.1 and 8.3 in that section). Now the case will
be considered, that this center lies in the substrate (spherical cap). In fig.8.2 in the
previous section this situation has been drawn. As has been mentioned in the text
below that figure, the two situations, drawn in figs.8.1 and 8.2, could be obtained
from each other by interchanging the dielectric constants € 1 and €2, and also €3 and
€ 4 . The disadvantage of this trick is that it gives the final result without the explicit
expressions for the potentials in the various regions. In order to be able to give these
potentials this trick is not used.
The formulae derived in the previous section have been used with a negative
truncation parameter to calculate the polarizability of caps. This leads to convergence
problems. In order to improve the convergence an alternative method was developed
in which the point around which the multipole expansion is performed is an arbitrary
point chosen inside the cap along the symmetry axis [56]. This leads to a certain
improvement of the convergence but in particular around resonances the method still
has problems. The method in the present section is different and uses a complete
new expansion of the fields. This method has also been used and converges better
(Remi Lazzari, private communication). This numerical calculation for the caps is
more time consuming than for the truncated islands. The reason is that the ratio of
the smallest and the largest eigenvalues of the to be inverted matrix becomes larger

Spherical caps on a substrate

235

Figure 8.4 Spherical cap on substrate.

and larger when the order of the multipole expansion is increased.
Consider a spherical cap of radius R with a frequency dependent dielectric
constant E = E Q ( W ) on a substrate with a dielectric constant E~ = E Z ( W ) and surrounded
E ~ ( w ) The
.
surface of the substrate is
by an ambient with dielectric constant
planar and given by z = -d, where 0 5 d 5 R. See fig. 8.4. The center is chosen as
the origin of a Cartesian coordinate system with positive z-axis normal to the surface
of the substrate and pointing downward in the substrate.
Just as in the previous section image multipoles, which are now positioned
in (0,0,-2d), will be introduced to describe the fields. One distinguishes again four
different regions denoted by 1, 2, 3 and 4,indicated in the figure by their dielectric
constants €1, €2, €3 and €4. The potential in region 1 (ambient) can be written in
spherical coordinates as

I

(8.33)

The first term on the right-hand side gives the potential of the constant electric field
Eo, cf. eq.(8.3). The sum is the potential due to the induced charge distribution in the
island. The superindex t indicates that the corresponding multipoles are located in
(O,O,O), which is in the substrate. The potential is then "transmitted" to the ambient
from this position. The prime as super index in these sums indicates that l # 0.
hrthermore (T, 0,d) are the usual spherical coordinates. The spherical harmonics
Ytm(O,
4)are again defined by eqs.(5.26) and (5.27).
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For the potential in the region 2 (substrate) one may write

(8.34)
ern

em

The first sum on the right-hand side originates from the center of the sphere, (O,O,O),
whereas the second sum originates from the image, which is now located above the
substrate in the point (0,0,-2d). Furthermore one can write the potential in the
regions 3 and 4 as follows

c
I

$3W

= lclo

+

BbreYtm(e,#)

(8.35)

ern

$4(r) = $0

+

2
em

+

BtmrL&rn(B,4)

Bim~e&m(Qrl
4')

(8.36)

em

where lcl0 is a constant, which is the same in 3 and 4 as a consequence of the continuity
of the potential.
In a completely analogous way as in the previous section, one can derive from
the boundary conditions at the surface of the substrate (i.e. continuity of $ at the
interface between region 1 and 2, as well as that of the normal derivative of $ times
the dielectric constant) the following relations between the multipole coefficients At,,
At,, and A;, :

(8.37)
Moreover, using similar boundary conditions at the interface between regions 3 and
4, one obtains analogous relations between the multipole coefficients Bin, Bjm and

B;, :
(8.38)
At the surface of the sphere r = R, one can use the fact that the spherical
4)form a complete orthonormal set of functions on the sphere (cf.
harmonics Km(8,
eq.(5.29)). Multiplication of the boundary conditions on the surface of this sphere
between regions 1 and 3 and between 2 and 4 with complex conjugated spherical
harmonics and integration over all directions gives:

(8.39)
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and

Here the truncation parameter
t,

= d/R

(8.41)

has been introduced. One has t, = 1 in the limit of an infinitely thin spherical cap
and 1, = 0 for a hemisphere. It follows from 0 5 d 5 R that 0 5 t, 5 1. It is
noted that the truncation parameter t, has been defined such that it is positive both
for the truncated sphere and the spherical cap. In some papers, cf. [56], one uses a
negative t, in the case of a cap. In the equations in this section one should then use
the absolute value of this parameter.
Upon substitution of the potentials, eqs(8.33)-(8.36), into eqs(8.39) and
(8.40), using also eqs(8.37) and (8.38), one obtains the following infiniteset of inhomogeneous linear equations for the multipole coefficients Atrn and Bem:
WI

001

h=lml

&=I4

C CElR-e'-2Aelm+ C DclP'-'Belm

=

HT

where l? = 0,1,2,3, ..... and m = 0, f.1,f.2] k3,.....,f.f. R is the radius of the
spherical cap. The prime as super index of the summation symbols denotes again
that the term with CI = 0 should be omitted. Using the definition, eqs.(5.26) and
(5.27), of spherical harmonics qm(B, 4) and the orthogonality relations] eqs.(5.29), of
these functions, one finds:
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where the various matrices on the right-hand sides are given by eqs(8.14)-(8.20).
Notice that, in the derivation of these formulae, one should now use, instead of
eq.(8.21) the following transformation formulae:
p = Jr2 +4rd c o s 8 t 4 d 2

cos 8'

dr

=

(r cos 8 t 2d)/v'r2

=

d

+ 4rd cos 8 + 4d2
(8.44)

The terms Hen- and J? at the right-hand sides of eq.(8.42) are found to be
only unequal to zero, if m = 0, 1, or -1. Since terms with $$ different rn do not
couple in this equation, as a consequence of the rotational symmetry of the system
around the z-axis, one only has to consider the case m = 0, 1 or -1, (see also the
previous section). H: is found to contain the constant $o, from eqs.(8.35) and (8.36).
Eq.(8.42a), for e = 0, can therefore be used to determine this unknown quantity $o
in terms of the multipole coefficients. This results in

For the calculation of the multipole coefficients, one can simply discard eq.(8.12), a
as well as b, for l = 0. If free charge were present in the system this would not be
the case.
Eq.(8.42) can now be written as

m

m

for e = l , 2 , 3,..... and m = O , f l
and it is found that

(8.46)
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In a completely analogous way as in the previous section for truncated spheres,
one can prove here that the m = -1 equation (8.46) is superfluous, This equation
may be solved again numerically by neglecting the amplitudes Aim and Bern larger
than a suitably chosen order M. One then has to solve the finite set of linear equations

for C = l , 2 , 3 ,...,M a n d r n = 0 , 1

(8.49)

where

Here it has also been used that SiyQ&y(tr) = (EIQ&(tr),which property may be
derived from the definitions, eqs.(8.14) and (8.15), of these quantities, together with
eq.(6.8). The matrix elements C& , D& , FZ and G$l((Clll = 1 , 2 , 3 ,..., M and
m = 0 , l ) are again given by eq.(8.43).
The multipole coefficients Atrnand Bern,obtained in this way for the spherical
cap, refer to fields in the substrate, in contrast with the analogous coefficients for
the truncated sphere in the previous section. This is, of course, a consequence of the
fact, that the center of the spherical cap now lies in the substrate. The dipole and
quadrupole polarizabilities az(0), all(0) , a;'(O) and aio(0) will therefore be given
by expressions, different from eq.(8.31). It is not difficult to find these expressions for
the spherical cap, if one realizes, that the dielectric constant €1 in eq.(8.31) should
be replaced by the dielectric constant €2 of the substrate in the case of the spherical
cap. Furthermore the external field in the ambient a t the right-hand side of eq.(8.31),
has to be replaced by this field in the substrate, which means that the normal ( z )
component EOCOSOO
has to be replaced by (EI/E~)EOCOS~O
, whereas the parallel
component remains unchanged. In the case of the spherical cap one therefore has,
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instead of eq.(8.31),
a,(o) =

2 ~ ~ a A 1 0 / [ ( ~ 1 / ~ 2COS@O]
) ~ E o

aII(0) =

-4T€2All/[m,!&

sin 00 exp(-i+o)l

a:"(O) = ~ ~ z A i z o / [ ( € i / ~ z ) ~ ~ o c o s e o ]

aio(0) = - 4 ~ ~ ~ A ~ ~ / [ ~ E ~ s i n ~ ~ e x p (8.51)
( - i ~ ~ ) ]

In order to give the expressions for the surface constitutive coefficients p, ,
T for the spherical cap, the position of the dipole and quadrupole has
to be shifted from the center of the sphere (at z = 0) to the dividing surface, which
will again be chosen to coincide with the surface z = -d of the substrate (see also
fig.8.4). Just as in the case of a truncated sphere, this dividing surface will be chosen
in the ambient, at an infinitesimal distance above the surface of the substrate (i.e. at
z = -d - 0). Therefore shifting the dipole and quadrupole from z = 0 to z = -d - 0
means in the case of the spherical cap, that one intersects the surface of the substrate,
where the dielectric constant changes from €2 to €1.
Shifting the dipole and quadrupole first in the substrate from the position
z = 0 to the position z = -d
0, so that they stay in the substrate, one can apply
eq.(5.60), and one obtains:
ye , 6, and

+

a,(-d
ajo(-d

+ 0) = a,(O)
+ 0) = .II(O)
+ 0) = aj0(O)+ d az(0) all(-d
af'(-d + 0) = afo(0)+ d a11(0)

(8.52)

Next the dipole and quadrupole have to be shifted from z = -d + 0 to z =
-d - 0, intersecting the surface of the substrate from the substrate, with dielectric
constant €2, to the ambient, with dielectric constant €1. In appendix A it is proved,
that the dipole and quadrupole polarizabilities then change in the following way:

a,(-d - 0) = (€1/€2)2 a,(-d
aiO(-d - 0) = (€]/€2) aEO(-d

+ 0)
+ 0)

+

0) = al](-d 0)
aiO(-d - 0) = (€I/E2) aiO(-d

all(-d-

+ 0)

(8.53)

Combining the above equations, one finds
%(-d - 0) = (€1/€2)2a*(0)
ajo(-d - 0) = (61/€2) [a;O(O)
f d

a2(O)]

all (-d - 0) = all (0)
aio(-d - 0) = (€1/€2) [aio(0)-td all(O)]

(8.54)
The surface constitutive coefficients p, , ye , 6, and 7 for the spherical cap
can now be found, using eq.(5.64), which in the present case becomes
P,(-d - 0) = p a,(--d - O ) / €;
y e ( - d - 0) = p all(-d - 0)
6,(-d - 0) = -p[aiO(-d - 0)
T(-a!

- 0)

= -p al;o(-d - 0)

+ aiO(-d

- O)]/

€1

(8.55)

where p is the number of identical spherical caps per unit of surface area. &om now
on the notation of these surface coefficients will be changed into p e ( - d ) , ye(-d) ,
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6,(-d) and ~ ( - d ), which will not lead to confusion any more. One then obtains,
from the last two the following expressions for the surface constitutive coefficients of
a thin film of identical spherical caps in the low density limit:

For spherical caps of different sizes and shapes, the polarizabilities in the above formulae have to be replaced by averages, i.e. the sum of these polariabilities, divided
by their number (cf. eq.(5.65)). Finally the invariants I, , I,,=, I , and I, can be found
by substitution of the above formulae into eq.(5.66) with d replaced by -d.
The main problem is therefore here the solution of eq.(8.49) for such values of
M , that the multipole coefficients A10 , A11 , A20 and A21 , necessary for the calculation of the polarizabilities, eq.(8.51), for the spherical cap, are obtained sufficiently
accurate. The surface constitutive coefficients are then found, using eq.(8.56). For a
further discussion the reader is referred to the last paragfaph of the preceding section.
8.4

Spheres and hemispheres on a substrate

In this section two special cases will be considered. The first case is the sphere. Of
course this case has already been considered in chapter 5. It is instructive to see how
the more general solution in this chapter reduces to the one given for the sphere.
The other special case is the hemisphere. In this case the solution also simplifies
considerably. It is therefore interesting to give also this case some special attention.
In the case of a sphere the truncation parameter t, = 1. Since in this case the
region 4 in fig. 8.3 of section 8.2 disappears, the multipole coefficients are independent
of the value of €4. One can therefore conveniently put €4 = €3. The matrix elements
Cgl, DE,, FE and G&, eq.(8.13), then become

(zl

where
is given by eq.(8.14) and QEl(l), Sgl(l)and S z l ( t ,1) by eqs.(8.15), (8.17)
and (8.18), respectively, with t, = 1. F'rom the normalization and orthogonality
condition, eq.(5.29), for spherical harmonics, and their definition, eq.(5.26), in terms
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of Legendre functions Pp(cos e), one obtains, after integration over the angle q5 , and
using the definition, eq.(8.14), of (Gl :

GIQGl(l) = 6eel

(8.58)

Multiplication of the expansion, eq.(5.102), on both sides with the complex conjugate of a spherical harmonic, and integration over all directions in space, gives with
eq. (5.29)

where the matrix elements Mze are defined by eq.(5.103). Expressing the spherical
harmonics in this equation by means of eq.(5.26) in terms of Legendre functions and
using eqs.(8.21), (8.11), (8.14), (8.16) and (8.20), one obtains the following result:

(&)

1

1

el

Mze = (2t,)e+1(li;",,,

P ? ( x ) P r ( [ t ~- 2t7][t2- 4ttrx

+ 4t;l-l")

-1

+ 4t:)-(e+1)/2dz
(8.60)
Introducing for e' and e the new notation e and el, respectively, and using the definix (t2- 4tt,x

tions, eqs:(8.18) and (8.17), one finds for the value t , = 1:

te
GISEl(t,1)= 2e+e1 + 1 ME

(8.61)

and

s m (1) = 2-t-e1-1

eel eel

Mg1

(8.62)

where (cf. eq.(5.103))

M"eel =
(_l)el+"
-

2e,
(2e + )
1

+

(e

+ e,)![(e + my(e - m)!(el + m)!(el -

m)!~-l/2

(8.63)

If the above formulae, eqs.(8.58), (8.61) and (8.62), are substituted into eq.(8.57),
one obtains the following results for the matrix elements Czl , DZ, , F$ and GZ, in
the case of a sphere on a substrate:

G& =

bet, for e,e, = 1,2,3,... and m = 0,1

(8.64)
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hrthermore it follows from eqs.(8.30) and (8.58), using also the fact that I

H,O

= ~

J:
H;
Jj

=

~

~

c

o

~

~

# 0, that
~

, / G j 5 ~ ~ c o s ~ ~ ~ ~ 6 ~ ~
= -& + i
sin~
00 exp(-i$o)Sel
~
= - ~ E o s i n 0 0 e x p ( - i ~ o ) ~ 1 6for
e ~C

= 1,2,3,.....

(8.65)

Using the above results, eqs.(8.64) and (8.65), in eq.(8.29), one can easily eliminate
the multipole coefficients Bern,by multiplying the first equation (8.29) with ee3 and
subsequently subtracting the second equation from the first. The result can then be
written in the following form for m = 0 :

(8.66)
and for m = 1 :

= -aEosinBoexp(-i$o)

R36e1 for

e = 1 , 2 , 3 ,...,A4 (8.67)

where M is any natural number. Since €1, €2 and €3 were denoted by E , , E= and t,
respectively, in chapter 5 , one finds, using eq. (5.70) for the multipole polarizabilities
of the sphere in the infinite ambient, that eqs.(8.66) and (8.67) are identical with
eqs.(5.109) and (5.110). Notice that the latter equations have been derived for the
more general case, that the spheres are at a distanced(> R) on or above the substrate.
Eqs.(8.66) and (8.67) were derived for spheres touching the substrate, so that R = d.
Next the case of a hemispherical island, touching with its flat side the substrate, will be considered. This case can be obtained by putting t, = 0 and €4 = €2
in the general formulae for the matrix elements Cgl, LIEl, Fgl and GG1,and for HT
and JF in section 8.2. It follows from eqs(8.18) and (8.15), that

Szl(t,O)= t-el-lQG,(0)

(8.68)

and with eq.(8.17), that
(8.69)
Similarly one obtains from eqs.(8.19), (8.15) and (8.17):

6

~

~
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and

Using these results in eq.(8.13), one finds, with

can be evaluated explicitly. For C

whereas for

€4

= €2,

+ el even, one easily finds [48]

e = even and el = odd:
(8.76)

for m = 0 , 1

For f? = odd and l 1 = even, one simply has to interchange and el in the latter
formula, since QZ, is symmetric in the indices and el.
In appendix B it will be proved, that one can eliminate the multiple coefficients Bemby using the above results, eqs.(8.72), (8.73), (8.75) and (8.14), in eq.(8.29).
One then obtains for m = 0 :

e

(e +

(c2

+ e3) + e €3(€1+
€1

- €3

e2) R-L-2A

eo
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M

+ ~ E I

C + 1)C~elQ~e,(0)n-e’-2A,l,o

=

(el

even

-m(€i
+

~ 2 ) 6 e i E ocosoo

for C = 1 , 3 , 5.......

(8.77)

where the sum is over
= 2 , 4..... until the largest even number smaller than or
equal to M ,and furthermore

M

C C!e1Q!e1(0)R-e1-2Ael,o

+2~2

=

2&$(~1

+ EZ)C!IQ~~(O)EO

COSQO

elodd

for 1 = 2 , 4 , 6.......

(8.78)

= 1,3,.... until the largest odd number smaller than or
where the sum is over
equal to M . For m = 1 one obtains the following set of equations for the multipole
coefficients Ael :

f o r e = i , 3 , 5.......

(8.79)

for e = 2,4,6, ......

(8.80)

and

M

(see also appendix B for proof)
In the above equations &El (0) for m = 0 , l is given by eq.(8.76) and
by eq.(8.14). They can be solved on a computer (see the discussion at the end of
section 8.2). With the values for Ale, A20, All and A20, obtained in this way, one can
then calcdlate the polarizabilities, eq.(8.31), of hemispheres on a substrate and the
surface constitutive coefficients, eq.(8.32), of an island film of identical hemispheres
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on a substrate in the limit of low coverage. Finally the invariants I,, I,,,, 1; and I,
are found, using eq.(5.66).
It is, of course, also possible to calculate the polarizabilities of hemispheres
using the equations in section 8.3 for spherical caps in the limit t, --t 0. Starting from
eqs.(8.49), (8.43) and (8.50), with t, = 0 and €4 = € 2 , and using again eqs.(8.68)(8.71) and (8.74)-(8.76), one can show, in an analogous way as in appendix B, that
equations equivalent to ecp(8.77) -(8.80) are valid. Replacing eZAem by e1Aem,for l+
m even in these equations one obtains eqs.(8.77) p(8.80). This is a consequence of the
fact that the center of the hemisphere in the one case is above the substrate and in the
other case below the substrate. Both sets of equations may alternatively be used if one
combines them with the formulae for the polarizabilities and constitutive coefficients
for the corresponding case. The resulting values for the constitutive coefficients are,
of course, identical.
Berreman [54]was the first, who considered the problem of the electromagnetic
response of a hemispherical particle on a substrate with the same dielectric constant
(€2 = € 3 ) . This served as a model for surface roughness. The more general case of a
hemisphere on a substrate with €2 # €3 was treated by Chauvaux and Meessen [55].
It can be shown, that the sets of equations, derived by these authors, are equivalent
with the above equations (8.77) through (8.80), which have been obtained here as a
special case of the more general equations (8.29), together with eqs.(8.30) and (8.13),
for arbitrary truncated spheres on a substrate.
8.5

Thin spherical caps

A case of'special interest is the case of thin spherical caps. For these thin caps the
distance of an arbitrary point in the cap is small compared to the radius of the sphere.
It is then convenient to introduce the relative height of the cap,

as a small parameter, cf. fig.8.4. For this case it is appropriate to transform the
equations, found in section 3, for the multipole amplitudes, so that the small nature
of this parameter becomes useful.
It follows from eqs.(8.14), (8.15) and (8.58) that

(8.82)
where
(8.83)
Notice that y& (h,) is of order h, or smaller. Furthermore it follows from eqs.(8.18)
and (8.60) that

(8.84)
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where

x(t2

- 4t,ta: + 4t;)-(el+l)/2dx

(8.85)

Also sz,(t,h,) is of order h, or smaller. The matrix ME, is defined by eq.(5.103).
Eq.(8.84) is valid for t < 2t,. As has been seen in the previous sections, one only
needs the above matrices and their partial derivatives with respect to t for t = 1.
One finds

ralszl ( t r ) = (2t,)-e-e'-1 AGl - G , s C , (h,)
(8.86)
where Szl(t,) = SZ, ( t = 1,t,) and sg,(h,) = s z , (t = 1,h,) have been used. Furthermore

The above equations are valid for 1/2 < t, < 1 or, in terms of the relative height, for
0 < h, < 1/2.
To transform the matrix Tg (t,tr),defined in eq.(8.19), analogously one must
use the following identity

PC([t2- 2t,][t2 - 4t,ta: + 4 t y / 2 ) ( t 2 -

+4

t p

(8.88)

It then follows, with eqs.(8.19), (8.14), (8.15) and (8.58), that

where

tz, (t,h,)

=

PF(a:)Pc([ta:
- 2t,][t2 - 4t,tx

+ 4tF]-1/2)

x (t2 - 4 t , . t ~+ 4t,2)"f2d~
Again

tg, ( t ,h,)

NF,

=
=

(8.90)

is of order h, or smaller. The matrix NE, is defined by

+ 1)(el + m)! (el - m)!
(el -l e)! [ (2e + 1) (e + m)!(e - m)!
( 2 1

(-l)'+'l------

0 for

e > el

I

for

C

5 e,
(8.91)

As was the case for SZ, (t,t , ) , one only needs Z'$ ( t ,tr) and its partial derivative with
respect to t for t = 1. It then follows that
G I G l ( t T ) = ( 2 t ? Y N $ , - G,Gl(hT)

(8.92)
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where Tgl(tr)3 T$(t = 1,t,) and tzl(h,)
more

t&(t = 1,h,) have been used. F'urther-

If one substitutes the above equations (8.82), (8.86), (8.87), (8.92) and (8.93)
into eq.(8.43), one obtains for the matrices appearing in eq.(8.49)

For the terms at the right-hand side of eq(8.49) one obtains, from eqs.(8.50), (8.82)
and (8.83),

J," = ~ E 0 ~ 0 ~ 6 0 ~ 1 6 e l

Hi
J;

=

-~

= -

E sin 60 exp(
o -i&)be1

m~~
sin oo exp(-ido)[cz6el -

(€1 -

€2)(-1)e<i1qj1(hr)I

(8.95)

In the further calculation below €4 will be set equal to €2. In the limit h,
the cap disappears and the only non-zero muitipole coefficients are B l o and
Solving eq.(8.49) for h, = 0, one finds

+0
&I.

These amplitudes give the external field inside the sphere, which has now completely
disappeared in the substrate. If one calculates this field using these amplitudes the
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factor containing €3 cancels, and one gets the same field as one has outside the sphere
in the substrate. Because of this it is convenient to introduce new amplitudes

(8.97)

Eq. (8.49) then becomes

for l = 1 , 2 , 3 ,...,M a n d m = 0 , 1

(8.98)

where

where q:,(h,.) is defined by eq.(8.83).
It follows from the above equation that @ and
are of second order in h,.
Since the matrix elements C~l,Dzl,F~l
and Gzl are of the zeroth order, it follows
kom eq.(8.98) that the amplitudes Atm and Ejmare also of second order in h,. Now
all integrals at the right-hand sides of eq.(8.94) are at least of first order in h,. These
can therefore be neglected in lowest order. One can then eliminate the coefficients

3
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gemin eq.(8.98).

One then obtains up to second order in h,

For the dipole and quadrupole coefficients one finds up to second order in h,

Alo

=

i R 3 (h,)2

(y
)

Azo

=

-R4 (h,)'

(-)

All

= -JR3(hr)'
4

~E0sin&exp(-i$,)

Azl

=

i R 4 (h,)'

G E o sin 00 e ~ p ( - i + ~ )

El30
cos60

&,YO cos 00

(y)
(y)

(8.102)

The volume of the spherical cap is given (exactly) by

V

= 7rR3 (h,)'

(1

-

th,)

(8.103)

and is therefore of second order in the height. The dipole and quadrupole polarizabilities of the cap can then be calculated using eq.(8.51). This results, to second order
in h,, in

(0) = V(E3- € 1 )
afi"(0) = -VR(e3 - € 1 )

(8.104)

The interfacial constitutive coefficients for the caps are, using eq.(8.56) with
d = R,

P,(-d)

=

Pq-)
(8.105)

and ye(4)
are of second order in the height due to the fact
Notice that both ,Be(4)
that the volume is of second order. The coefficients 6, (4)
and T (4)
are of third
order in the height, volume times height, and therefore vanish in this approximation.
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Comparing the above results with those obtained in section 6.4 for the thin
oblate spheroid, which was called the circular disk, one sees that the results are
, eq.(6.152). In that case the coefficients 6, and T are
the same for p, and Y ~ cf.
unequal to zero, however. The reason for this is that the volume of the circular disk
is proportional to the height 2aE0, cf. eq.(6.142), whereas the volume of the spherical
cap is proportional to the height squared. Notice that = E,, € 2 = E , and ty = E . In
both cases the constitutive coefficients are calculated with respect to the surface of
the substrate.
In the last chapter, on rough surfaces, a very different method is developed,
which may alternatively be used for thin spherical caps. The results for these thin
spherical caps are asymptotically the same. The leading corrections to this behavior
are very different, however, and point to the fact that the various quantities are not
analytic in h, = 0. This will be further discussed in section 7 of chapter 14.

8.6

Application to truncated gold spheres and caps on sapphire

In this section the theory, developed above, will be applied to the special case of gold
islands on a flat sapphire surface. In particular the dependence of the polarizabilities,
the surface constitutive coefficients and the invariants on the shape, i.e. on the
truncation parameter, t,, will be considered. The dielectric constant of the island is a
complex function of the wavelength, cf table 5.1. The dielectric constant of sapphire
is € 2 = 3.13 and of the ambient, vacuum, is € 1 = 1. As in the previous chapters, the
following dimensionless amplitudes are introduced, cf. eq.(5.118)

m~~
cos eo]

xt0 =

A ~ , ,p
/ 1

& =

BeoRe'2/ [.-ED

cos 001

=
gel =

-At*/ [VRe-' ~

Esin8,exp(-i&io)]
o

A

At1

- B ~ , R ~ +[ ~~ ,/ / i ~ ~ O s i n ~ o e x p ( - i 4 , ) ]

(8.106)

where the volume of the truncated sphere may be written as

1
3

V = -nR3 (2 j- 3f - t s )

(8.107)

Eq.(8.29) can then be written as
M

M

for k = 1 , 2 , 3 ,...,A4 and m = 0 , l

(8.108)
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where

as follows using eq.(8.30). The matrix elements C&, DE,,
1 , 2 , 3 , .....,M , m = 0 , l ) are given by eq.(8.13), with e4 = c2.

F& and GG,(i?,t?l=

After solving the linear set of eqs.(8.108), for a sufficiently large value of M ,
the dipole and quadrupole polarizabilities, in dimensionless form, are
az

zz

(o)/v=4TA^lo
= 4KAhll

/v

QI/ (0)

2:'

z

Zr

=

a:' ( 0 ) / V R = 2
7
r
&
o
m
( 0 )/ V R =

$&,&

(8.110)

This equation follows from eqs(8.31) and (8.106). The surface constitutive coefficients
in dimensionless form, become

This follows using eqs.(8.32), (8.11) and (8.110). The invariants, eq.(5.66), become
h

I,

h

h

Ie/pV = 7, - E ~ P ,I ,
IT/pVR= r

2

(€2

&,

- I)I,/pV = Im?,
h

Is9,/pVR = 6,

(8.112)

Here it has been used that 62 is real.
In the case of a spherical cap eq.(8.106) can again be used, now with the
volume

1
V = -aR3
3
(2 - 3t,

+ t:)

(8.113)
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The linear eq.(8.49) can again be written in the form (8.108), where

3

2
h

H,'
J[
1

- (2 - 3tr
rr

+ t;)-l

E16tl

3

+ tP)-'
-= 3;
(2 - 3t, + tT3)-'
5

- (2 - 3t,
T

[ti6ei

+

- el)

(-I)'+' C:~Q:~(~,)I

(8.1 14)

as follows using eq.(8.50). The matrix elements C&, Dgl, Fg1 and Gz,(!,!, =
1,2,3,.....,M ,m = 0 , l ) are given by eq.(8.43), with €4 = €2.
After solving the linear set of eqs.(8.108), for a sufficiently large value of MI
the dipole and quadrupole polarizabilities, in dimensionless form, are

Sz

611
6
:
6;

a, (0) /v= 47r€$i10
QII

ar

/v

= 47T€z2ll
(0) / V R = 2~~$.&0m
4s
(0) f V R = 3~2&1&

(0)

(8.115)

This equation follows from eqs(8.51) and (8.106). The surface constitutive coeficients
in dimensionless form, become

This follows using eqs.(8.56), (8.41) and (8.115). The invariants are again given by
eq. (8.112).
In figures 8.5 through 8.12 the scaled polarizabilities and constitutive coefficients are given as a function of the wavelength in the optical region f0.r a series of
truncation parameters. For caps a minus sign was added to distinguish this case from
the truncated sphere case with the same truncation parameter. In all calculations the
absolute value is used. The interaction with the image has been taken into account
to order M = 16 which was sufficient to obtain a converged result. The normal polarizability increases from t, = l (sphere) to t,. = 0.8 and subsequently decreases. For
the hemisphere, t, = 0, a second resonance develops. T h e original resonance remains
for all values of the truncation parameter. It has a small shift to lower wavelength
from the sphere to the cap and decreases in size. The second resonance has a substantial shift to the infrared for caps and increases in size, when t , decreases. A third
resonance. starts to develop for t, = -0.4 which also shifts to the red for t, = -0.6.
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Figure 8.5 Real part of & =
as a function of the wavelength for truncation
parameters from -0.6 through 1.0.
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Figure 8.6 Imaginary part of GZ = /3, as a function of the wavelength for truncation
parameters from -0.6 through 1.0.
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Figure 8.7 Real part of GI,= Te as a function of the wavelength for truncation
parameters from -0.6 through 1.0.
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Figure 8.8 Imaginary part of GI,
parameters from -0.6 through 1.5.
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Figure 8.9 Real part of 6, = & as a function of the wavelength for truncation
parameters from -0.6 through 1.0.

The parallel polarizability increases orders of magnitude &om t, = 1 (sphere)
to the thin cap limit. It becomes orders of magnitude larger than the normal polarizability. Given the change of the island to a flat disk like shape this is not unexpected.
The resonance shifts to the infrared. A second resonance has developed for t, = -0.6.
The enormous gain in the parallel polarizability is in the optical domain most important around the hemisphere. For thin caps the gain shifts out of the optical region
to the infrared, while the response in the optical region becomes the same as for a
thin plane parallel layer of gold with the same weight thickness, cf. eq(6.152). The
results for truncated spheres are identical to those found by Wind et a1 [53].

-

h

The figures for 6, and ? are very similar. In fact 6, is about twice the size
of 8. This shows that t,& - Zio N t,.Zll - Z r , where a negative t, is used for caps.
The value o f ? is for truncated spheres and caps, much smaller than T,. This shows
that t& N 6;. It is clear that the truncation of the spheres further decreases the
importance of the quadrupolar constitutive coefficients 6, and ? compared to the
dipolar constitutive coefficients.
The analysis above evaluated all the multipole amplitudes up to M = 16. Using the formulae given in sections 8.2 and 8.3, it is then possible to plot equipotential
surfaces for homogeneous external fields. This procedure was developed by Simonsen,
Lazzari, Jupille and Roux [56].This gives insight in for instance the induced charge
distribution due to the field in the island. In figures 8.13 through 8.20 equipotential
lines are plotted for cross sections through the symmetry axis of the islands. The
I
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Figure 8.10 Imaginary part of 6, = I+ as a function of the wavelength for truncation
parameters from -0.6 through 1.0,
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Figure 8.11 Real part of 3 = I , as a function of the wavelength for truncation
parameters from -0.6 through 1.0.
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Figure 8.12 Imaginary part of 8 =
parameters from -0.6 through 1.0.

2 as a function of the wavelength for truncation

potential is in arbitrary units. The unit along the axes of the figures is the sphere
radius. For a sphere in a field normal to the surface one sees that the equipotential
planes inside the sphere near the top are more or less planar. This is similar to the
behavior in the absence of the substrate and indicates a charge distribution which
varies like a cosine around the top. In the lower region close to the substrate the
equipotential planes are bent. This shows that the charge distribution has contracted
towards the point where the sphere touches the substrate. For a field normal to the
surface of the substrate the equipotential planes we rotationally symmetric around
the symmetry axis. For a truncated sphere in a normal field the behavior near the
top has not changed much. Along the plane of contact with the substrate one sees
that the charge has moved away from the symmetry axis and is now closer to the three
phase line. In this figure, as well as in the following, one can see that the convergence
obtained to the 16th order in the multipole expansion is not everywhere equally good.
If one follows the -0.3 line there is a small irregularity, where it crosses the boundary
of the continuation of the spherical surface in the substrate. This irregularity, and
similar irregularities in the subsequent figures, are not real. They will disappear if
one goes to higher order in the rnultipole expansion. For the hemisphere the charge
distribution around the top has not changed much. The charge along the substrate
is still located away from the center but not as much as for the truncated sphere.
For the cap the charge distribution around the top is still more or less the same. The
charge along the substrate has returned to be centered around the symmetry axis.
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Figure 8.13 Potential distribution of a sphere, t, = 1.0, in a normal electric field.
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Potential distribution of a hemisphere, t, = 0.0, in a normal electric field.
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Potential distribution of a spherical cap, t, = -0.3, in a normal electric
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Figure 8.17 Potential distribution of a sphere, t, = 1.0, in a parallel electric field.

An important conclusion is that for a normal field there is no line charge along the
three phase line.
When the electric field is parallel to the surface the equipotential planes are
no longer symmetric around the symmetry axis. The figures give equipotential lines
in a cross section through the symmetry axis in the direction of the electric field. In
this plane the potential can be set equal to zero along the z-axis. The value of the
potential is then antisymmetric in the direction of the field. The equipotential lines
for the sphere touching the substrate have not changed much from the ones for the
case without a substrate. The charge is still centered around the two ends of the
sphere in the direction of the field like a cosine. There is a shift in the direction of
the substrate but not much. For the truncated sphere the charge distribution has
changed dramatically. It is now located along the three phase line. This remains the
same for the hemisphere and for the cap.

8.7

Appendix A

In this appendix equation (8.53)will be proved. Consider two dipoles, one located
0 , just below the surface z = -d of this substrate,
in the substrate at z = -d
and the other in the ambient at z = -d - 0 , just above this surface. The dipoles are
assumed to produce the same field. It then follows from eqs.(5.31) and (5.32), that
the following relations hold for their dipole moments:

+

p(-d

- 0) + p,(-d - 0 )
pt(-d - 0 )

=

pt(-d

= p(-d

+ 0)
+ 0 ) + p,(-d + 0 )

(8.117)
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Figure 8.19 Potential distribution of a hemisphere, t , = 0.0, in a parallel electric field.

Appendix A

263

a

2

Figure 8.20
field.

1

Potential distribution of a spherical cap,

t, = -0.3,

in a parallel electric

If one now applies eq.(5.33), which holds for a dipole in the ambient (for a dipole in the
substrate the dielectric constants of ambient and substrate have to be interchanged),
one finds from eq.(8.117):

From these relations, it follows that
~~~(-d-O)=pll(-d+O),

p,(-d-o)=

--p,(-d+O)
€1

(8.119)

€2

With eq.(5.35) one now finds
P I I ( - -0)
~

= all(-d

pz(-d - 0) = % ( - d

- O)Eo,ll> P I I ( -+
~ 0) = all(-d

- O)Eo,,,

p,(-d

+ 0 ) = a,(-d

+ O)EO,II
+ O ) - - E O , ~ (8.120)
€1

€2

since the z-component of the external field in the substrate is (el/ t2) times the
component E o , ~
in the ambient. From eqs.(8.119) and (8.120), one then derives the
first equations (8.53).
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The other two equations (8.53) may be derived in a completely analogous way.
Fkom eqs.(5.45) and (5.46), and the analogous equations for the transmitted field and
quadrupole moment, one obtains (cf. eq(8.117)):
Q(-d

- 0) + Q,(-d - 0)

= Qt(-d

Qt(-d - 0) = Q(-d
Qz , defined in eq.(5.51), and Q,,
following relations (cf. eq.(8.119)):

For

Qz(-d

- 0) = Qz(-d

+O),

, defined

QZz(-d

+ 0)
+ 0) + QT(-d + 0)

(8.121)

in eq.(5.56), one then finds the

- 0) = -€1Q Z Z ( - d
€2

+ 0)

(8.122)

Using eqs.(5.52), (5.55), (5.57) and (5.59), one has furthermore:
Qz(-d - 0) = aio(-d

- O)EO,~,Q,(-d+

0) = aro(-d

+ O)sEo,z
€2

Qzz(-d - 0) = abO(-d- O)Eo,s, Qzz(-d

+ 0) = af'(-d + O)Eo,,

(8.123)

&om eqs(8.122) and (8.123) one then also obtains the last two equations (8.53).
8.8

Appendix B

In this appendix eqs.(8.77) - (8.80) for the multipole coefficients At0 and All in the
case of hemispheres on a flat substrate will be derived. Using the results, eqs.(8.72)
and (8.73), valid for hemispheres, in the general equation (8.29), one obtains the
following set of equations for m = 0 :

(8.124)
The sums are over el
M. Furthermore

=

1 , 3 , ...until the largest odd number smaller than or equal to
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The sums are over f?, = 2,4, ...until the largest even number smaller than or equal
to M . It can now easily be derived, by applying eqs.(8.75) and (8.14) to eq(8.124)
for odd values of e, and to eq.(8.125) for even values of f?, that the following relations
hold
iE2

@-’Be0 = R-e-2Aeo for f? = 1,3,5,...
Re-lBeo = -

681 Eo
m(7)

cos 00

(F)

2R-e-2A eo for f ? = 2 , 4 , 6,.....

(8.126)
(8.127)

With the help of these relations, one can eliminate the multipole coefficients Be0 from
eq~~(8.124)
and (8.125). Applying eqs.(8.126) and (8.127) to eq.(8.125) for odd values
of e, one then obtains eq.(8.77). Application of eq~~(8.126)
and (8.127) to eq.(8.124)
for even values of l gives eq.(8.78).
Form = 1 oneobtains, by usingeqs.(8.72) and (8.73) in eq.(8.29), the following
set of equations:

(8.128)
and

=’

- &@[E~&I

+

(61

-E~)(:~Q:~(O
sinBoexp(--i+o)
)]EO

(8.129)

By applying eqs.(8.75) and (8.14) to eq.(8.129) for odd values of f?, and to eq.(8.128)
for even values of l , one finds the relations

for L = l , 3 , 5 ,.....
Re-lBel = R-e-2Ael for l = 2,4,6, .....

(8.130)
(8.131)

Using these relations, one can now eliminate the multipole coefficients Be1 from
eqs.(8.128) and (8.129). Applying eq~~(8.130)
and (8.131) to eq.(8.128) for odd values
off?,one then obtains eq.(8.79), and applying these equations to eq.(8.129) for even
values of l , one finds eq.(8.80).

Chapter 9
FILMS OF TRUNCATED SPHEROIDS IN THE LOW
COVERAGE LIMIT
9.1

Introduction

In the previous chapter the optical properties were studied of thin island films, consisting of identical truncated spherical particles on a ffat substrate. The size of the
islands was assumed to small compared to the wave length of the light, so that the
Laplace equation (8.1) for the electric potential could be used. This potential was
expanded in terms of spherical harmonics within and outside the islands. Using
the boundary conditions for the electric potential and its normal derivative on the
surface of the sphere and of the substrate, an infinite set of inhomogeneous linear
equations for the multipole coefficients in this expansion was derived. Approximate
solutions could be obtained by truncating this set and solving the now finite set of
linear equations for a finite number of multipole coefficients.
By comparing the results, obtained in section 8.6 for truncated spherical gold
particles on a sapphire substrate with those, obtained in section 6.6 for spheroidal
gold particles on the same substrate, it is observed that e.g. the absorption of light
for particles of the same volume and the same ratio of the diameter of the particle as
viewed from above and its height is much larger for truncated spheres than for oblate
spheroids. As a consequence of the finite angle between the side of the truncated
particle and its flat bottom part, the electric field inside this particle is affected
more strongly than in the corresponding oblate spheroid. Since the results obtained
with the two models are rather different, in the present chapter a new model will
be introduced, which contains the two models as special cases. It is the model of a
truncated spheroidal particle on a substrate. Because part of the island is spheroidal,
it is now most convenient to use a spheroidal multipole expansion of the potential, as
this was also used in sections 6.4 and 6.5. Analogously to the truncated sphere case,
cf. section 8.2, an infinite set of inhomogeneous linear equations will be derived, for
the coefficients in the spheroidal multipole expansion. The matrix elements in these
equations are integrals over products of Legendre functions of the first and second
kind, which can be calculated numerically. By truncating this infinite set, it can be
solved with sufficient accuracy, if enough equations and matrix elements are used.
In sections 9.2 and 9.3 truncated oblate and prolate spheroids are considered. In
sections 9.4 and 9.5 oblate and prolate spheroidal caps will be studied.
The truncated spheroid model combines the effects of the truncation with
the effects of the spheroidal deformation of the islands. In the interpretation of
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experimental result the hope is that one may, on the basis of the observed resonance
behaviour, be able to decide to what extent the behaviour is a consequence of the
truncation and to what extent it is a consequence of the spheroidal deformation. The
lack of such a model made it difficult to come to a conclusion regarding these matters
for the results of Craighead and Niklasson, [MI,
[35], [53], [42].
In section 9.6 two special cases will be considered, where the above mentioned
integrals can be evaluated analytically. First it is shown, that the set of inhomogeneous linear equations, derived in sections 9.2 and 9.3, reduce, for the case of a
spheroid touching the substrate, to the set of equations derived in sections 6.4 and
6.5, respectively. Furthermore the case of a hemispheroid on a substrate is considered
in this section.
In the general case of truncated spheroids or spheroidal caps on a substrate
the evaluation of the above mentioned matrix elements can only be done by numerical
integration, using well known recurrence relations to calculate the Legendre functions
of the first and second kind, appearing in the integrals in these matrix elements. In
section 9.7, the theory is applied again to the special case of a gold island on a
sapphire substrate.
9.2

Tkuncated oblate spheroids on a substrate

The truncated spheroidal model consists of a spheroid, with its axis of revolution
normal to the surface of the substrate, and truncated by a plane, parallel to this
surface (see figs.9.l and 9.2 below). In this model the truncation parameter, as well
as the eccentricity of the spheroids may be changed independently. Particles with
the same ratio of the diameter, as viewed from above, over the height, may still
have different values of the truncation parameter and the eccentricity. The model
contains two independent parameters, which characterize the optical properties of
the islands. Both the truncated spherical model of islands, treated in the previous
chapter, and the spheroidal model of chapter 6 are special (limiting) cases of the
truncated. spheroidal model. The theory will be given for truncated oblate spheroids
in this section. Truncated prolate spheroids will be treated in the next section. As
will be seen below, the mathematics is a combination of that used in sections 6.4 and
8.2. Because the island is a part of a spheroid (see figs.9.1 and 9.2), it will be most
convenient to use a spheroidal multipole expansion of the potential II,in the Laplace
equation (8.1), as was also done in section 6.4.
Consider a truncated oblate spheroid with a frequency dependent dielectric
constant q,(w) on a substrate with a dielectric constant E ~ ( wand
)
surrounded by
an ambient with dielectric constant E ~ ( w ) .The same notation will be used as in
the previous chapter. The axis of rotation of the oblate spheroid is supposed to
be normal to the surface of the substrate which is, as usual, planar. A Cartesian
coordinate system is chosen with origin 0 at the center of the oblate spheroid and
with positive z-axis along the axis of rotation, pointing downward into or in the
substrate (see figs.9.1 and 9.2 below). The surface of the substrate is given by z = ztd,
with 0 5 d 5 R,; R, is the length of half the short axis of the spheroid. In fig.9.l
a situation has been drawn, where the center of the spheroid lies above the surface
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+z
Figure 9.1

Cross section of a truncated oblate spheroid, with center above the substrate.

z=-d

Figure 9.2 Cross section of a truncated oblate spheroid, with center in the substrate (to
be referred to as spheroidal cap).

( z = d ) of the substrate, and in fig.9.2 the case, that this center lies in the substrate
below this surface ( z = 4).
The latter case will be referred to as a spheroidal cap,
whereas from now on the name truncated spheroid will only be used for the case that
the center of the spheroid lies above the substrate. Just as in the previous chapter,
it will be convenient in the following analysis to replace the substrate in region 4 by
a different material with dielectric constant E ~ ( w ) It
. will then again be clear, that
the two situations drawn in fig.9.l and fig.9.2 may be obtained from each other, if
one interchanges the dielectric constants €1 and €2 (of the ambient and the substrate)
and also €3 and €4 (of the particle and of the material of the spheroid within the
substrate). In the present section only the case of the truncated oblate spheroid will
be studied. The case of an oblate spheroidal cap will be treated in the section 9.4.
Tluncated prolate spheroids and spheroidal caps will be treated in sections 9.3 and
9.5, respectively.
Since the islands are assumed to be small as compared to the minimum wave
length of the incident radiation in the media involved, one may consider the incident
field to be again homogeneous and use the Laplace equation, eq.(8.1), for the potential
Q(r) in the particle, the ambient and the substrate. At the surface of the island and
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Figure 9.3

Truncated oblate spheroid on substrate.

the substrate, the potential and the dielectric constant times the normal derivative of
this potential must be continuous. In order to solve this boundary value problem in
the present case, oblate spheroidal coordinates E,q and 4 (0 5 5 < co,-1 5 77 5 1,
0 5 4 < 27r) will be introduced. These coordinates are defined by eqs.(6.1) and
(6.2) or by the inverse transformation, eq.(6.3), (see section 6.2 for further explanation). The interface between the island (region 3, with dielectric constant €3) and
the ambient (region 1, with dielectric constant t l ) , as well as between the regions
2, with dielectric constant ~ 2 and
,
4, with dielectric constant € 4 , in the substrate, is
then given by = to,(see fig. 9.3). The flat surface of the substrate is given by
z = at77 = d = aEl(cf. eq.(6.101)).
More in particular one can distinguish the following four interfaces:
Interface between regions 1 and 3 :

6 = to, - 1 5 77 5 E2
EO

Interface between regions 2 and 4 :

E = so,

€1
< 77
Eo -

E
Interface between regions 3 and 4 : 77 = 2,

51

5 E 5 to
E
E to5 < < 00
Interface between regions 1 and 2 : 77 = 2,
(9.1)
E
Notice, that it follows from the inequality 0 5 d 5 R,, that 0 5 El 5 to(see fig.9.3).
The quantity
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is again introduced as a truncation parameter (t, = 0 for oblate hemispheroids and
t, = 1 for spheroids touching the substrate). Since truncated spheres are the limiting
case of truncated oblate spheroids, ato = R8 + R, the above definition oft, reduces
to the one given in eq.(8.11).
Just as in the previous chapters, image multipoles will now be introduced in
(0,0,2d) to describe the fields due to the charge distribution in the substrate underneath the island (see fig.9.3). In the present case, these will be oblate spheroidal
multipoles (cf. section 6.4). The potential in region 1 (ambient) can be written in
oblate spheroidal coordinates as

4)

+l(r) = (2n/3)1/2[-21/2~o,Z~,"(~,
a)Y;(arccosq,

+ ( E O ,-~iEo,,)x:(E,a)Y:(arccosg,
+

~

~

e

m

~

~

(

~

4)- (Eo.

+ ~ E O , ~ ) X ;a)Y;'(arccosrl,
~(E,

d)]

+~ A ~ m z ~ ( ~ ' ( E , ~ ) ~ ~ ) ~ m ( a r c c o ~ ~ ' ( ~ , ~ ) ~ ~ )

,

em
~
)

~

~

(

~

~

~

~

~

~

~

em

for Eo I

E < 00

and 7 I
EJE

(9.3)

(cf. eq.(8.2)). The first term at the right-hand side is the potential of the constant
electric field Eo = ( E o , Eo,,,
~ , EO,z) in the ambient (cf. eqs.(6.97) and (6.98)). The
second term (first sum) at the right-hand side is the potential due to the induced
charge distribution in the island and the third term (second sum) is that of the image
charge distribution in the substrate. The prime as super index in these sums again
indicates that C # 0. The direct field is described here by spheroidal multipoles,
located at 0, and the field of the image charge distribution by spheroidal image
multipoles in (0,0,2d), (see fig.9.3). The functions Xg",
Zg" and Krn are defined by
eqs.(6.13), (6.14) and (6.5), together with eqs.(6.6)-(6.8), (6.10) and (6.11). Finally
E' and q' are the first two oblate spheroidal coordinates of the point (2,y, z ) in the
shifted coordinate frame with origin at (0,0,2d), (see fig. 9.3). The functions E'([,q)
and q ' ( 6 , ~are
) found fromeq.(6.3), by noting, that ~ " + y =
' ~x2+y2 and z' = z-2d
for this coordinate transformation. One obtains
('(E,q) =

1
2

-ht

+

[

(1 + 4 $ - 4 % ~- f ) ' + 4 $

(24

4'1

4'1
The transformation

E'

= E'(E,7), 7' = 7'(E,7),

4'= d

ll2}Il2

(9.4)

lI2}-ll2

(9.5)

l

Q

)

272

FILMS OF TRUNCATED SPHEROIDS IN THE LOW COVERAGE LIMIT

is the generalization for oblate spheroidal coordinates of the transformation, eq. (8.21),
valid for spherical coordinates. In fact, it is easily proved by using the asymptotic
relations, eqs.(6.19) and (6.20), that eq.(9.6) with eq.(9.4) and (9.5) becomes equal
to eq.(8.21) in the limit as [ + 00,
-+ co,a -+ 0, with dl = d.
For the potential in the region 2 (substrate) one may write in oblate spheroidal
coordinates
$2(4

=

$a +

ClXlO(E,a)YP(arccos11,4

+

+c~x:([, a ) ~ : (arccos q , 4) C~X;'([,a)Y;'(arccos q , d )

+

2

At,,Z,"(J, a)YT(arccosv, 4 ) for Eo I
E < m,

2

EIIE

(9.7)

em

(cf. eq.(6.100). Here $;, c1, c2 and c3 are constants, which will be determined below.
Furthermore one can write the potential in the region 3 (island) and 4 (substrate) as
follows:
I

I

C B:,XX,

$*(r) = ~i
+

a ) ~ ~ ( a r c cqo, #s ) for 0 1. E I
to,

L

(9.9)

em

where $; and $: are constants, which will be determined below.
The constants in the above potentials, eqs.(9.3) and (9.7), are found by applying the boundary conditions
= $2 and ~l&,!~,/dz = ~ 2 d l / l ~ / datz the interface
between the regions 1and 2, which is given by q = El/[ and to5 E < 00 (cf. eq.(9.1)).
Using eqs.(6.102) and (6.103) one then finds from eqs.(9.3) and (9.7):

(9.10)
and
(9.11)
(cf. eqs.(6.104) and (6.106). Furthermore the following relations between the multipole coefficients Atm, A;,,, and A:, in these potentials are found:
(9.12)
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(cf. eqs.(6.105) and (8.7)).
Applying the boundary conditions Ij13 = $4 and €3&+!J3/& = ~ 4 d $ ~ /tod the
~
potentials, eqs(9.8) and (9.9), at the interface between the regions 3 and 4, which is
given by q = [,/[ and El 5 [ 5
(cf. eq.(9.1)), and using again eqs.(6.102) and
(6.103), one gets

$06

=

=

(9.13)

$0

(cf. eqs.(8.5) and (8.6)). Furthermore the relations

(9.14)
are obtained, between the multipole coefficients Be,, BIrnand Birnin these potentials
(cf. eq.(8.8)).
At the surface of the oblate spheroid [ = to,one can use that the oblate
spherical harmonics ybn(arccos q,$) form a complete orthonormal set of functions
of 77 and 4. Multiplication of the boundary conditions on the surface of the oblate
spheroid, between regions 1 and 3 and between 2 and 4, with complex conjugated
harmonics and integration over 77 and 4) gives

and

(cf. eqs’(8.9) and (8.10)).
Upon substitution of the potentials, eqs.(9.3), (9.7)-(9.9), into eqs.(9.15) and
(9.16), using also eqs.(9.10)-(9.14), one obtains the following set of inhomogeneous
linear equations for the multipole coefficients Atrnand Bem(cf. eq.(8.12)):
mr

mr

C C~lR,e1-2Aelm+ C D ~ l R ~ - l B e l m=

HT
(9.17)

el=lml

el=lml

where e = 0,1,2,3, ..... and m = 0, f l ,f 2 , zt3, .....)&f?; R, = aEo is half the length
of the short axis of the oblate spheroid (see fig.9.3). The prime as superindex of the
summation symbols denotes again, that the term with f?, = 0 should be omitted.
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Using the definition, eq.(6.5), of the spherical harmonics and their normalization and
orthogonality relations (cf. eq.(5.29)):

one finds

Here

and

where the definitions, eq~(6.13)and (6.14), have been used. Here (n)!! 1x 3 x
(n- 2) x n for n odd and 2 x 4 x ... x (n- 2) x n for n even; by definition (-l)!!
hrthermore Q& ( t r )is defined by (cf. eq.(8.15))

... x
1.
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and

These matrices are the generalization for truncated oblate spheroids of the matrices
S& (t,tT) and TE(t,t,.),eqs.(8.18) and (8.19), for truncated spheres. In a similar way
the matrices C&, DGl, FG and G&, defined by eq.(9.19), are the generalization
for truncated oblate spheroids, of the corresponding matrices for truncated spheres,
defined by eq.(8.13). In appendix A it is shown, in which way the matrices Sg1(t,t,.)
and T;(t,tr) may be obtained from &z(<,tr)and W g ( E , t r ) respectively,
,
in the
limit as + 00. It is furthermore proved in this appendix, that the expressions,
eq.(9.19), for the matrices CE,, DZ,, F Z and GG1 become equal to the expressions,
given by eq.(8.13), in the limit as --$ 00.
Just as for truncated spheres (see section 8.2), the terms H,n" and J,n" at the
right-hand sides of eq.(9.17) me found to be only unequal to zero, if m = 0 , l or
-1. Since terms with different m do not couple in this equation, as a consequence
of the rotational symmetry of the system around the z-axis, only the case m = 0 , l
or -1 has to be considered. H t is found to contain the constant Qo,from eqs.(9.13),
appearing in the potentials, e q ~ ( 9 . 8 and
)
(9.9). Eq.(9.17a), for! = 0, can therefore
be used to determine this unknown quantity Qo in terms of the multipole coefficients.
This results in

t

to

(9.25)
Using the limiting formulae, for to -+ 00, eqs.(9.129) and (9.130) of appendix A, it
follows that this expression gives eq.(8.22) for truncated spheres. Note that R, -+ R
in this limit.
For the calculation of the multipole coefficients, one can further simply discard
eq.(9.17), a as well as b, for C = 0. If free charge were present in the system this
would not be the case. Eq.(9.17) can now be written as

el =I

el=]

M

m

e,=i

el=i

=Jz"
for ! = 1 , 2 , 3,.....; m = O , f l

(9.26)

276

FILMS OF TRUNCATED SPHEROIDS IN THE LOW COVERAGE LIMIT

and it is found that

(9.28)
In appendix A it is shown that the above expressions tend to those given by eqs(8.24)
and (8.25) for truncated spheres in the limit as to+ 00. Since R, + R in this limit, it
follows, that eq.(9.26), with eqs.(9.19), (9.27) and (9.28), becomes equal to eq.(8.23),
with eqs.(8.13), (8.24) and (8.25), in the limit as to---t 00.
Just as in section 8.2, it can be shown, that the symmetry relations, eqs.(8.26)
and (8.27), also hold in the present case. To this end one now has to apply eqs.(6.8)
and (6.11) to eqs.(9.19), (9.27) and (9.28), using furthermore eqs.(9.20)-(9.24) and
(8.14). With eqs.(9.26), (8.26) and (8.27) one can then again prove the validity of
eq.(8.28) for truncated oblate spheroids. The m = -1 equation (9.26) is therefore
again superfluous.
Equation (9.26) may now be solved numerically by neglecting the amplitudes
Atm and Bem larger than a suitably chosen order. One then solves the finite set of
inhomogeneous linear equations (cf. eq.(8.29))

for l = 1 , 2 , 3,.....M ; m = 0 , 1 (9.29)
where the matrix elements CEl, DE1, Fgl and G& (e, f ? ~ = 1,2,3, ....., M ; m = 0 , l )
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are again given by eq.(9.19), whereas it follows from eq~~(9.27)
and (9.28), that

H;

=

=
Ji =

H,'

{

m E 0 cos 80 fi[ilXf(to)Gel
€2

- m E osin B0 exp(-i$,)[i1X: ([o)6,1
- ~ E o s i n B o e x p ( - i ~d X, )1 (~t o[) E z 6 +
e l(€1
dE0

- ~ ~ ) ( ~ l Q ~ l(9.30)
(tr)]

The dipole and quadrupole polarizabilities of the truncated oblate spheroid
on the substrate are given, in terms of the amplitudes A ~ oA, l l , A20 and A21, by (cf.
e.g. eq.(8.31)):
az(0) = 2 m l A l o / ( m E 0 cos00)
q ( 0 ) = - 4 m l A l l / [ m E o sin80exp(-i$~)]
aF(O) = X E I A ~ O / (
"1;0(0)

=

cos 80)

-4T ~ I A ~ ~ / [ & $ sin80
& O exp(-i$,)]

(9.31)

The argument 0 of these polarizabilities denotes the position of the dipole and the
quadrupole along the z-axis, which are located at the center of the truncated oblate
spheroid. Since this center lies above the substrate, just as in the case of the truncated
sphere, treated in section 8.2, an equation of the same form as eq.(8.31) may be used
here. The only difference between equations (9.31) and (8.31) is that the amplitudes
A10 , All , A20 and A21 in eq.(9.31) refer to an oblate spheroidal multipole expansion,
whereas in eq.(8.31) these amplitudes refer to a spherical multipole expansion. As has
been discussed in chapter 6, it is possible to use here the same equations, since these
two expansions coincide, as long as one neglects octupole and higher order moments
(see e.g. text below eq.(6.20) and eq.(6.131) in chapter 6).
Using eqs(5.64) and (5.60), one finds for the surface constitutive coefficients
,Be(d), ye(d), &(d) and ~ ( dof) an island film, consisting of identical truncated oblate
spheroids, in the low coverage limit again the result, eq.(8.32):
Pe(d) =

~az(O)/

4

Ye(4 = P 4 0 )
6e(d) = -p[ak0(O)
4-4 = - P b i O ( 0 )

+ aio(0)- d "z(0)
- d aII(0)l

- d ~11(0)]/~1

(9.32)

where p is the number of particles per unit of surface area. The argument d of these
coefficients denotes again the position z = d of the dividing surface, which is chosen
to coincide with the substrate. For truncated oblate spheroidal islands of different
sizes and shapes, the polarizabilities in the above formulae have to be replaced by
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their averages over the surface,(cf. eq.(5.65)). The invariants I,, I,,
and I, are
found by using eq.(5.66).
The main problem is now the solution of eq.(9.29) for such values of M, that
the polarizabilities, eq.(9.31), are obtained sufficiently accurate. One simply increases
M until the values of these coefficients become stable within the desired accuracy.
It appears, that the value M = 16 is usually sufficient, depending, of course, on
the values of the dielectric constants €1, €2, €3 and € 4 , as well as on the value of
the truncation parameter t,. As will be clear, this solution can only be given on
a computer. Since the multipole coefficients Bem can not be eliminated in general
(i.e. for arbitrary values of the truncation parameter t,) from eq.(9.29), the number
of equations to be solved is twice the number, that has to be solved in the special
case of an oblate spheroid touching the substrate (see section 6.4). Section 9.7 deals
with this problem, in particular with the way, in which the functions X r ( E o ) ,Zy(E0)
and the integrals, eqx(9.22)-(9.24), appearing in the matrix elements and right-hand
sides of eq.(9.29) can be evaluated. In section 9.6 a number of special cases will be
treated, where these integrals can be evaluated more easily.

9.3

'Ikuncated prolate spheroids on a substrate

Consider a truncated prolate spheroidal particle on a substrate, with axis of revolution
normal to the substrate (see fig.9.4). The center, which is located in the origin of
the Cartesian coordinate frame, lies a distance d above the substrate. This distance
is smaller than, or equal to, half the long axis. The case of the prolate spheroidal
cap, which has its center in the substrate, will be treated in section 9.5. For the
prolate spheroid the two foci (O,O,-a) and (O,O,a) lie on the symmetry axis, which
is the long axis with length 2R1 = 2at0. As in the previous section four regions are
distinguished with different frequency dependent dielectric constants €1, € 2 , €3 and
€4, cf. fig.9.4. The surface of the substrate is located at z = d. The two short axes
have length 2 a ( t i - l)'/' (1 5 to< co), in terms of the elongation parameter to.
This is the value of the first of a set of prolate spheroidal coordinates E, 7 and q5
(1 5 5 < 00, -1 5 7 5 1, 0 5 q5 < 27r) at the surface of the particle (see fig.9.4).
These coordinates are defined by eqs(6.48)-(6.50).
For the truncated prolate spheroidal particle, drawn in fig.9.4, one can distinguish the following four interfaces:
Interface between regions 1 and 3 :

d

E = to,-1 5 77 5 4 0

Interface between regions 2 and 4 :

t

d
= to,- 5 7

aE0

51

d
Interface between regions 3 and 4 : 7 = -, 1 5 t 5 to
at
d
Interface between regions 1 and 2 : 7 = - E0 5 E < 00
at'

(9.33)

where to2 1. Regions 1,2,3 and 4 are the ambient, the substrate, the part of the
spheroid in the ambient and the part in the substrate, respectively. Notice that this
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z=d

Figure 9.4 Truncated prolate spheroid on substrate.

is, in fact, the same subdivision as in eq(9.1). As truncation parameter one must
introduce here the quantity
d
tv with O I t , < 1
(9.34)
aEo Rl
: RI. The case t, = 0 now
cf. eq.(9.2). Notice that 0 5 t, 5 1, since 0 5 d I
corresponds to a prolate hemispheroid and t, = 1 to a prolate spheroid touching
the substrate. 2uncated spheres may again be obtained as the limiting case of
truncated prolate spheroids, where lo+ 00, a + 0, with do= R constant. In this
limit eq(9.34) becomes again equal to eq.(8.11).
As in the previous section, image multipoles are now introduced at (0,0,2d)
to describe the fields due to the charge distribution in the substrate. In the present
case these will be prolate spheroidal multipoles, cf. section 6.5. The potentials in the
regions 1,2,3 and 4 now become:

=-=d

Ijl(r) = (2n/3)1'2[-21/2Eo,,ji~(E,
a)Yf(arccosq, 4)

+(Eo,z - i E o , l , ) j i : ( E , a ) y , ' ( a r c c 0 ~ ~-, 4()E o ,+~ i ~ 0 , , ) ~ ~ ~ ( E , a ) Y ~ ' ( a r c c o s ~ , 4 ) 1

+

2

Atm-@(E, a)YI"(arccos~,
4) + k A L % ( E ' ( F , q ) ,a)&m(arccos~'(E,~ ) , 4 )

em

em

for t o 5 E < 00, 17 I
dlal,
Q2(r)

=

+ c I j i ~ ( ~ , a ) ~ ~ ( a r c c o s+1 7c,jii:(~,a)~,'(arccos17,4)
,4)
I

+C3X;'(l,a)Y;'(arccos11,d)

+CA~,~~(E,a)~~(arccos11,d)
em

for to5

E < 00, 17 I

dlat,
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I

+zi(r) =

+i + C B ~ m ~ ? ( t l a ) ~ e ~ ( a r c c 0 ~ 7 , 4 )
en

for 1 i E

5 to,7 1 d l a t

(9.35)

The functions ZT, gT and ye" are defined by eqs.(6.58), (6.59) and (6.5). F'urthermore (' and 7' are the first two prolate spheroidal coordinates of the point (z, y, Z)
in the shifted coordinate frame with origin at (0,0,2d) (see fig.9.4). The functions
E'([,q) and qf(J,q) are found from eq.(6.50), by noting that xf2 y'' = x 2 y2 and
2' = z - 2d for the coordinate transformation. One then obtains

+

+

If the boundary conditions qb] = $ J ~ and E1i3,bl/az = Eza+z/dz are applied
at the interface between the region 1 and 2, one finds, with eqs.(9.35), (9.36) and
(6.103), that eqs.(9.10)-(9.12) are also valid for prolate spheroids. In the same way
one finds, by applying the boundary conditions qb3 = qb4 and 6&+b3/8t = ~ 4 8 $ ~ / 8atz
the interface between regions 3 and 4, that eqs.(9.13) and (9.14) are valid too. Next
the boundary conditions, eqs.(9.15) and (9.16), have to be applied at the surface
E = J,, of the prolate spheroid. Upon substitution of the potentials, eq.(9.35), into
these boundary conditions, using also eqs.(9.10)-(9.14), one obtains:
COI

mf

C c ; ~ R ; ~ ~ - ~ AC~ , D~ + ;
&=lml
mf

~

~

~= -H? ~

~

~

001

C F ~ R ; e 1 - 2 A ~ l mC+ G ~ l ~ l - l B e l =m JF
el=lml

B

el=lml

&=lml

(9.37)

~
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where t = 0 , 1 , 2 , 3 ,..... and m = O , f l , f 2 , & 3,.....,ft;RI = ato is the length of half
the long axis of the prolate spheroid (see fig.9.4 and cf. eq.(9.17)). The prime as
superindex of the summation symbol means again, that the term 1, = 0 should be
omitted. Using the definition of the spherical harmonics and their normalization and
orthogonality relations, eqs(6.5) and (9.18), one finds that the matrix elements CEl ,
DG, , FK and GG1 are now given by

It will immediately be clear, that these expressions are of the same form as those
given by eq.(9.19). Only the functions X r ( t ) and Z r ( ( ) have to be replaced by

(9.41)
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and

Here eqs.(6.58), (6.59), (6.66), (9.20) and (9.21) have been used. The matrices QCl(tr)
and (El are again defined by eqs.(9.22) and (8.14). The matrices @;(E,t,.) and
WE (E, t r ) are, of course, the generalization, for truncated prolate spheroids, of the
matrices Sgl(t,t,.)and TG(t,t,),eqs.(8.18) and (8.19), for truncated spheres. This is
shown in appendix A, where it is also proved that the matrices, defined by eq.(9.38)
tend to the expressions, eq.(8.13), for truncated spheres in the limit as to-+ m.
Just as for truncated oblate spheroids (previous section), the terms Hy and JF
at the right-hand side of eq(9.37) are found to be only unequal to zero, if m = -1, 0 , l .
H t is found to contain the constant &, from eqs.(9.13), appearing in the potentials
$ J ~ and
eq.(9.35). Eq.(9.37), for e = 0, can therefore be used to determine this
in terms of the multipole coefficients. This results in
unknown quantity i o

-

(9.43)
Using the limiting formulae, for to--t 00, eqs.(9.134) and (9.135) of appendix A, it
follows that this expression gives eq.(8.22) for truncated spheres. Note that Rl -+ R
in this limit.
For the calculation of the multipole coefficients, one can further discard eq.(9.37)
a as well as b, for e = 0. If free charge were present in the system this would not be
the case. Eq.(9.37) can now be written as
m

00

el=i

11=1

fore = 1 , 2 , 3,...; m= 0 , f l

For truncated prolate spheroids HF and

JT

(9.44)

are given by the expressions, eqs.(9.27)
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and (9.28), with X,"(Eo) and ZT(co)replaced by

z,"(t0)
and .@(to)
:

(9.46)

In appendix A it is finally shown, that the above expressions tend to the expressions,
eq~~(8.24)
and(8.25), for truncated spheres, in the limit as to-+ 00. Since R
l -+ R in
this limit, it follows, that eq.(9.44), with eqs.(9.38), (9.45) and (9.46), becomes again
equal to eq.(8.23), with eqs.(8.13), (8.24) and (8.25), in the limit as to---t cm.
Just as for truncated oblate spheroids, it can be shown for truncated prolate
spheroids, that the symmetry relations, eqs.(8.26) and (8.27), hold again. Eq.(8.28)
is therefore also valid for truncated prolate spheroids and the m = -1 equation (9.44)
is again redundant.
Equation (9.44) may be solved numerically, by neglecting the amplitudes Ae,
and Bem larger than a suitably chosen order. One then solves the finite set of inhomogeneous linear equations:
M

M

fort = 1 , 2 , 3,.....,M ; m = 0 , 1 (9.47)
where the matrix elements C;,, DZ,, FG and G& (l, = 1 , 2 , 3 ,.....,M ; m = 0 , l )
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are given by eq.(9.38), whereas it follows from eq~~(9.45)
and (9.46), that

The dipole and quadrupole polarizabilities az(0), aa(0) , a i o ( 0 ) and a f o ( 0 )
of the truncated prolate spheroid on a substrate are again given, in terms of the
amplitudes A10 , All , A20 and A21, by eq.(9.31). The surface constitutive coefficients
P,(d) , y,(d) , S,(d) and ~ ( d of
) an island film, consisting of identical truncated
prolate spheroids, in the low coverage limit, by eq.(9.32). For truncated prolate
spheroidal islands of different sizes and shapes, the polarizabilities in eq. (9.32) have
to be replaced by their averages over the surface, (cf. eq.(5.65)). The invariants I,,
I,, 16,e and I, are found again by using eq.(5.66).
The main problem is now the solution of eq.(9.47) for such values of M , that
the polarizabilities, eq.(9.31), are obtained sufficiently accurate. One simply increases
M until the values of these coefficients become stable within the desired accuracy.
It appears, that the value M = 16 is usually sufficient, depending, of course, on
the values of the dielectric constants € 1 , €2, €3 and €4, &s well as on the value of the
truncation parameter t,. As will be clear, this solution can only be found numerically.
Since the multipole coefficients Btm can not be eliminated in general (i.e. for arbitrary
values of the truncation parameter t,.) from eq.(9.47), the number of equations to be
solved is twice the number, that has to be solved e.g. in the special case of a prolate
spheroid on a substrate (see section 6.5). Section 9.7 deals with this problem, in
and the integrals,
particular with the way, in which the functions
eqs.(9.41) and (9.42), appearing in the matrix elements and the right-hand sides of
eq.(9.47), can be evaluated. In section 9.6 a number of special cases will be treated,
where these integrals can be evaluated more easily.

zr(eo),zr(Eo)

9.4

Oblate spheroidal caps on a substrate

In the previous sections the case has been studied, that the center of the truncated
spheroid lies above the substrate, see figs.9.3 and 9.4. Now the case will be considered,
that this center lies in the substrate (spheroidal cap). In fig.9.2 this situation has been
drawn. As has been mentioned in the text below that figure, the two situations, drawn
in figs.9.l and 9.2, could be obtained from each other by interchanging the dielectric
constants.El and e2, and also c3 and e4. The disadvantage of this trick is that it
gives the final result without the explicit expressions for the potentials in the various
regions. In order to be able to give these potentials explicitly, this trick is not used.

Oblate spheroidal c a p on a substrate

I
I

h
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Figure 9.5 Oblate spheroidal cap on a substrate.

In the present section oblate spheroidal caps will be treated, and in the next section
prolate spheroidal caps.
Consider an oblate spheroidal cap with a frequency dependent dielectric constant EJ(W) on a substrate with a dielectric constant ~ ( w and
)
surrounded by an
ambient with dielectric constant E ~ ( w )in, regions 3, 2 and 1 respectively; see fig. 9.5,
As in the previous sections the dielectric constant in region 4 is replaced by €4 ( w ) .
The &is of rotation of the spheroid is assumed to be normal to the surface of the
planar substrate. The origin of the Cartesian coordinate system is chosen a t the
center of the spheroid. The z-axis is along the axis of rotation and the positive z-axis
points into the substrate. The surface of the substrate is given by z = -d, where
0 5 d 5 R,. Here R, is half the length of the short axis of the spheroid.
Oblate spheroidal coordinates ( , q and q5 (0 5 t < 00, -1 5 q 5 1, 0 5
q5 < 27r) are again introduced, defined by eqs.(6.1)-(6.3). One can distinguish the
following four interfaces, cf. eq.(9.1):
Interface between regions 1 and 3 :

< = to, - 15 q 5 -2E

t0

Interface between regions 2 and 4 :
Interface between regions 3 and 4 :
Interface between regions 1 and 2 :

E = to, -

to

<q 5 1
-

E
7 = -2,
5 E 5 to
E
7 = -1 Eo 5 E < 0O
E’

(9.49)

A positive truncation parameter is defined by
(9.50)
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Now t, = 1 for an infinitely thin cap and t, = 0 for a hemispheroid.
Just as in section 9.2, oblate spheroidal image multipoles will be introduced,
now in the point (0,0,-2d), to describe the fields (see fig.9.5). The potential in region
1 (ambient) can be written in oblate spheroidal coordinates as
?b, (r) = (27r/3)'12 [-21/2E~,zxy
(( ,u)Y,"(arccos ?I,$)

+(Eo,, - ~ E ~ , , ) x ! ( E , a)Y,'(arccosv,

d) - (Eo,l + i ~ o , ~ ) X ; l (a)Y<'(arccosv,
E,
@)I

/

+

A~mZ,n(E,a)Y,m(arccos.rl,
4) for

to5 E < 00

and II

I -El/<

(9.51)

em

The first term at the right-hand side is the potential of the constant electric field
EO= ( E O ,E~ o, , ~EO,z)
, in the ambient. The sum is the potential due to the induced
charge distribution in the island. The super index t indicates that the corresponding
multipoles are situated in the point (O,O,O), which is located in the substrate. The
potential is then "transmitted" to the ambient from this position. The prime as
super index in the sum again indicates that t # 0. The functions X r , Z r and Yem
are defined by eqs.(6.13), (6.14) and (6.5), together with eqs.(6.6)-(6.8), (6.10) and
(6,ll).
For the potential in region 2, substrate, one may now write

+

ClX,O(E,a)Y,"(arccosv, d)
+ c ~ x :( E , a ) ~ , '(arccos q,d) c ~ x(6,;a)Ycl
~ (arccos 7,

$2W =

+

e

+

AemZG"(g,a)Y,"(arccos77,$1

I)$

+ ~ A ~ z ; F ( E ' ( Ea)~,m(arccosV'(~,
,~),
V l j $1

em

for

em

Eo 5 E < 00 and - E d E 5 17

(9.52)

Here $;, c1, c2 and c3 are constants, which will be determined below. The first sum
at the right-hand side originates from the center, (O,O,O), of the spheroid, whereas
the second sum originates from the image, which is now located above the substrate in the point (0,0,-2d), see fig.9.5. Finally (' and 1' are the first two oblate
spheroidal coordinates of the point (2,y, z ) in the shifted coordinate frame with as
origin (0,0,-2d). The functions E'([,q) and $([,q) are found from eq.(6.3), by noting, that '2
yf2 = '2
y2 and z' = z 2d for this coordinate transformation. One
now obtains
1

+

E/(E,77)

+

=

+

-Jzr
2

+

[

+

[

(1

+ 4,$ + 4 2 7 - $)' + 4;

(1

+ 4$E2 + 4t 2 -~$ ) 2

(2$

+4$ (2$

+,)

] }

+'I)']

"'}

112

112

(9.53)

-1/2

(9.54)
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The transformat ion

E’

=

E”E, d ,

(9.55)

?I’ = 17’(5,17), 4‘ = 4

is the generalization for oblate spheroidal coordinates of the transformation, eq.(8.44),
valid for spherical coordinates. In fact, it follows, using the asymptotic relations,
eqs(6.19) and (6.20), that eqs.(9.53)-(9.55) becomes equal to eq.(8.44) in the limit
as -+ 00, El -+ 00, a -+ 0, with a t l = d.
The potentials in the regions 3 and 4 are given by

<

I

+

I,,(.)
=I
,
: x B ; , X F ( E , a)yd;n(arccosv,4) for 0 I E

I EO and 7 I - E l / (

em

(9.56)
and

em
I

C ZmXY(E’(t 7)
1

9

(arccos ~ ’ 7)
( t4),
1

em

for 0 I E 5 t o and - t 1 ft I 17

(9.57)

where I
,
: and I
,
:are constants, which will be determined below.
In a completely analogous way as in section 9.2, one can derive, from the
, at the
boundary conditions at the surface of the substrate (i.e. continuity of I
,times
interface between region 1 and 2, as well as that of the normal derivative of I
the dielectric constant), the following results. First of all it is found that the constants
cl, Q and q in eq.(9.52) are again given by eq.(9.10), whereas the constant $$ is now
given by
(9.58)
Furthermore the following relations hold between the multipole coefficients Atrn,Aim
and A:m :
(9.59)
cf. eq.(8.37). Moreover, using similar boundary conditions at the interface between
regions 3 and 4, one finds that the constant contributions in these regions are equal
I,;= $:

E I,o

(9.60)

will be determined below. Finally one obtains the following relations
The value of I,o
between the multipole coefficients Bern,13jm and B:, :
(9.61)
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cf. eq.(8.38).
At the surface of the oblate spheroid [ = to,one can use that the oblate
spherical harmonics qm(arccosq , d ) form a complete orthonormal set of functions
of '7 and 4. Multiplication of the boundary conditions on the surface of the oblate
spheroid, between regions 1 and 3 and between 2 and 4, with complex conjugated
harmonics and integration over q and 4, gives
r-t,

r2n

and

(cf. eqs(8.39) and (8.40)). The truncation parameter is again given by eq.(9.2). It is
important to realize that this definition is such that it is positive both for truncated
spheroids and for spheroidal caps. In the work by, for instance, Simonsen, Lazzari,
Jupille and Roux, [56],one uses negative truncation parameters for the caps. The
truncation parameter used in this book is always equal to the absolute value of the
truncation parameter used in those papers.
Upon substitution of the above potentials, $J1, I&, $J3 and ?b4, into the boundmy conditions, eqs(9.62) and (9.63), using also eqs(9.58) and (9.61), one obtains the
following infinite set of inhomogeneous linear equations for the multipole coefficients
Atm and Bem:
001

001

COl

001

e,=lml

h=lml

C F ~ l R ~ e ' - 2 A e l m+ C GE,@-'Belm

=

JF

(9.64)

where l! = 0,1,2,3, ..... and m = 0, H If 2 , k 3 , .....,zkte; R, = u&, is half the length
of the short axis of the oblate spheroid (see fig.9.5). The prime as superindex of the
summation symbols denotes again, that the term with
= 0 should be omitted.
Using the definition, eq. (6.5), of the spherical harmonics and their normalization and
orthogonality relations, eq.(9.18), one finds:
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(9.65)
where the various functions and matrices at the right-hand sides are given by eqs.(9.20)
-(9.24), and (8.14).
Just as for truncated oblate spheroids (see section 9.2), the terms H,". and J,".
at the right-hand sides of eq.(9.64), are found to be only unequal to zero, if m = 0 , l
or -1. Since terms with different m do not couple in this equation, as a consequence
of the rotational symmetry of the system around the z-axis, only the case m = 0 , l
or -1 has to be considered. H t is again found to contain the constant +o, from
eqs.(9.60). Eq.(9.64a), for e = 0, can therefore be used to determine this unknown
quantity $o in terms of the multipole coefficients. This results in

1

-

+--CBco%

' f i e=i

("

- E3) C~eEiL[(-l)eXeO(to)Q~,
(tr)- W
OO0 ( t o , t r ) ]

(9.66)
Using the limiting formulae, for to-+ 00, eqs.(9.129) and (9.130) of appendix A, it
follows that this expression gives eq.(8.45) for spherical caps. Note that R, -+ R in
this limit.
For the calculation of the multipole coefficients, one can simply discard eq.(9.64),
a as well as b, for e = 0. If free charge were present in the system this would not be
the case. Eq.(9.64) can now be written as
m

m

e,=i

el=]

C CglR-e1-2Ae,m+ C DglRel-lBelm
m

m

el=i

el=]

C FgR-e'-2Ae,m t C G;lRel-lBelm

= HF

=
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for

1 = 1 , 2 , 3 ,..... and m = O , i l

(9.67)

and it is found that

(9.69)

If one applies the limiting formulae, (9.128)-(9.132) of appendix A, t o the
above expressions, (9.65), (9.68) and (9.69), one finds eqs.(8.43), (8.47) and (8.48),
valid for the spherical cap, as should be the case in the limit to+ 00 . The homogeneous linear equations (9.67) become equal to eq.(8.46) in this limit, since then
R, -+ R.
In a completely analogous way as for truncated spheroids, one can prove here
that the m = -1 equation (9.67) is superfluous. This equation may now be solved
again numerically by neglecting amplitudes Atm and Bemlarger than a suitably chosen
order M . One then has to solve here the finite set of linear equations
M

M

el=]

el =I

M

M

fore = 1 , 2 , 3,.....M ; m = 0 , 1 (9.70)
Here the matrix elements Cg, , D;,, F E and Gzl (f?,C1 = 1,2,3,....., M ; m = 0 , l )
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- m E o s i n B o exp(-i$o)~o'~:(~o)6el

=

- - ~ ~ ~ s i n ~ ~ e x p ( -dX:
i ~ (60)
~)----4 0

+

(9.71)

~ ( ~ i b e (€2
i - ~1)(-l)"'6:1Q:l(tr)]

Here it has been used, that CiYQ;Y(t,.) = (.&Q$l(t,) and XFrn(e0)= X,""([,) ,
which properties follow from their definitions, eqs.(8.14), (9.22) and (9.20), together
'
and G& (e, el = 1 , 2 , 3 , ..... ,M ;
with eq.(6.8). The matrix elements C& , Dgl ,'8
m = 0 , l ) are again given by eq.(9.65).
The multipole coefficients Aim. and Bern , found in this way for the oblate
spheroidal cap, refer to fields in the substrate, just as this was the case for the spherical
cap, treated in section 8.3. Moreover, since spheroidal and spherical multipole fields
coincide, as long as octupole and higher order fields are neglected, the dipole and
quadrupole polarizabilities az(0), a~l(O)
, aio(0)and a i o ( 0 ) of the spheroidal cap on
a substrate may be calculated with the same formulae as for the spherical cap, i.e.
with eq.(8.51), (see also text in section 8.3 above this equation). Therefore

az(0) = ~ A E z A ~ ~ / [ ( E I / E ~ ) ~ E o ~ ~ ~ ~ ~ ]
q ( O ) = -4a€zAl,/[~EosinBoexp(-i~,)]
ay(O)

2

7 ~ ~ 4 2 0 / [ ( 6 1 / ~ 2 ) mCOSQO]
Eo

aio(0) = -4a~zA21/[r n E 0 sin 00 e ~ p ( - i $ ~ ) ]

(9.72)

Here the argument 0 refers again to the z-coordinate of the center of the cap in the
substrate, where the dipole and quadrupole are located.
In a completely analogous way as for spherical caps in section 8.3, one derives
that the surface constitutive coefficients P,(-d) , ye(-d) ,6,(-d) and ~ ( for
4a )
thin
film of identical spheroidal caps in the low density limit is given again by eq.(8.56),
(see text in section 8.3 above that equation). One therefore finds:

P A 4

=

ye(-d)
6e(-d)

= P~II(O)

T(-d)

=

PQZ(O)/

4

-p[ai0(o)

+ ai0(o)+ d az(0) + d

= -pEl[a'O11 (0)
€2

+ d all(0)I

all(o)]/~2

(9.73)

where p is the number of particles per unit of surface area. The argument -d refers to
the z-coordinate of the dividing surface at z = -d (see fig.9.5). For oblate spheroidal
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Figure 9.6

Prolate spheroidal cap on a substrate.

caps of different sizes and shapes, the polarizabilities in eq.(9.73) have to be replaced
and I, are
by their averages over the surface (cf. eq.(5.65). The invariants I,, Ic,
found by using eq.(5.66).
The main problem is therefore the solution of eq.(9.70)for such values of M ,
that the multipole coefficients Ale, A l l , AZOand A z l , necessary for the calculation
of the polarizabilities, eq.(9.72), for the oblate spheroidal cap on the substrate, are
obtained sufficiently accurate. The surface constitutive coefficients are then found,
using eq.(9.73). For a further discussion the reader is referred to the last paragraph
of section 9.2.

9.5

Prolate spheroidal caps on a substrate

Consider an prolate spheroidal cap with a frequency dependent dielectric constant
on a substrate with a dielectric constant Q ( W ) and surrounded by an ambient
with dielectric constant E I ( W ) , regions 3, 2 and 1 respectively; see fig. 9.6. As in
the previous sections the dielectric constant in region 4 is replaced by €4 (w) . The
axis of rotation of the spheroid is assumed to be normal to the surface of the planar
substrate. The origin of the Cartesian coordinate system is chosen at the center of the
spheroid. The z-axis is along the axis of rotation and the positive z-axis points into
the substrate. The surface of the substrate is given by z = -d, where 0 5 d 5 Rl.
Here RL is half the length of the long axis of the spheroid.
Q(W)

Prolate spheroidal coordinates [ , q and 4 (1 5 < 00, -1 5 q 5 1, 0 5
4 < 2x) are again introduced, defined by =qs.(6.48)-(6.50). One can distinguish the

Prolate spheroidal caps on a substrate
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following four interfaces:
Interface between regions 1 and 3 :

t = to, -1

d

5 17 5 --

at0

d
Interface between regions 2 and 4 : [ = So, -- I 17 I 1
at0
d
Interface between regions 3 and 4 : 17 = --,
1 5 4 to

t

Interface between regions 1 and 2 :

4
d
9 = --,
to_< 5 < co
4

(9.74)

where to 2 1. Notice that this is, in fact, the same subdivision as in eq.(9.49). A
positive truncation parameter is defined by

t T -= - = at0

Rl

with O < t T < l

(9.75)

Now t, = 1 for an infinitely thin cap and t , = O for a hemispheroid.
As in the previous section, image multipoles are now introduced at (0,0,-2d)
to describe the fields. In the present case these will be prolate spheroidal multipoles,
cf. section 6.5. The potentials in the regions 1,2,3 and 4 now become, cf. eq.(9.35):
+l (r)

em

= ( 2 ~ / 3 ) ' / 2 [ - 2 1 1 2 E o , Z ~ a)Y:(arccos
i,0([,
q , 4)
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for 1 5 t 5

to,7 L

(9.76)

-dla[

The functions z y , .@ and &m are defined by eqs.(6.58), (6.59) and (6.5). Furthermore [' and 7' are the first two prolate spheroidal coordinates of the point (z, y, z )
in the shifted coordinate frame with origin at (0,0,-2d) (see fig.9.6). The functions
tf([,q) and $ ( [ , q ) are found from eq.(6.50), now by noting that 5''
y" = 2'
y2
and z' = z 2d for the coordinate transformation. One then obtains,cf. eq.(9.36),

+

+

+

If the boundary conditions Ql = Q2 and eldQ,/dz = e&,h,/dz
are applied
at the interface between the region 1 and 2, one finds, with the above equations
and eq.(6.103), that eqs.(9.10), (9.58) and (9.59) are also valid for prolate spheroidal
caps. In the same way one finds, by applying the boundary conditions Q3 = Q4 and
e3dQ3/dz= Edd$4/bz at the interface between regions 3 and 4, that eqs.(9.60) and
(9.61) are valid too. Next the boundary conditions, eqs.(9.62) and (9.63), have to be
applied at the surface [ = toof the prolate spheroid. Upon substitution of the above
potentials into these boundary conditions, using also eqs.(9.10), (9.58) and (9.59),
one obtains:
rnf

rnf

e1=lml

&=lml

where l = 0 , 1 , 2 , 3 , ..... and m = 0, f l ,3 ~ 2f,3 , ....., fl. The prime as superindex of
the summation symbol means again, that the term 11 = 0 should be omitted. Using
the definition of the spherical harmonics and their normalization and orthogonality
relations, eqs(6.5) and (9.18), one finds that the matrix elements Czl, LIZ, ,' F and
GGl are now given by

Prolate spherofdal caps on a substrate
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where the various functions are defined by eqs.(9.39)- (9.42), (8.14) and (8.15).
Just as for oblate spheroidal caps (see the previous section), the terms H,".
and JF at the right-hand sides of eq.(9.78), are found to be only unequal to zero,
if m = 0 , 1 or -1. Since terms with different m do not couple in this equation, as
a consequence of the rotational symmetry of the system around the z-axis, only the
case m = 0 , l or -1 has to be considered. H! is again found to contain the constant
Qo, from eqs.(9.60). Eq.(9.78a), for C = 0, can therefore be used to determine this
unknown quantity Qo in terms of the multipole coefficients. This results in

(9.80)
Using the limiting formulae, for to-+ 00, eqs.(9.134) and (9.135) of appendiv A, it
follows that this expression gives eq.(8.45) for spherical caps. Note that R1 --+ R in
this limit.
For the calculation of the multipole coefficients, one can simply discard eq.(9.78),
a as well as b, for C = 0. If free charge were present in the system this would not be
the case. Eq.(9.78) can now be written as

M

00
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for .t? = 1 , 2 , 3 ,..... and m = 0 , f l

(9.81)

It is found that

(9.83)

If one applies the limiting formulae, (9.133)-(9.137) of appendix A, to the
above expressions, (9.79), (9.12) and (9.83), one finds eqs.(8.43), (8.47) and (8.48))
valid for the spherical cap, as should be the case in the limit to-+ 00 . The homogeneous linear equations (9.81) become equal to eq.(8.46) in this limit, since then
Ri -+ R.
Again one can prove, that the m = -1 equation (9.81) is superfluous. This
equation may then be solved numerically by neglecting amplitudes Atm and Bem
larger than a suitably chosen order M . One then solves:

M

M

for .t? = 1 , 2 , 3,.....M ; m = 0 , l

(9.84)

Spherofds and hemfspherofds on a substrate

where H;

, J: , H,'
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and J,' are given by

(9.85)

, eland GGl by eq.(9.79).
The polarizabilities az(0), q ( 0 ) , aio(0)and afO(0) of the prolate spheroidal

and the matrix elements Cgl , DenZ;

caps on a substrate are then found again, using eq.(9.72), and the surface constitutive
coefficients P,(-d) , y e ( - d ) , 6,(-d) and T(-d) of a thin film of identical prolate
spheroidal caps in the low density limit from eq.(9.73), of the previous section. For
prolate spheroidal caps of different sizes and shapes, the polarizabilities in eq.(9.73)
have to be replaced by their averages over the surface (cf. eq.(5.65)). The invariants
I,, I , , Is,, and I, are found again by using eq.(5.66).
The main problem is therefore the solution of eq.(9.84) for a large enough
value of M , that the multipole coefficients Alo , All , A20 and A21 , necessary for
the calculation of the polarizabilities, eq.(9.72), for the prolate spheroidal cap on a
substrate, are obtained sufficiently accurate. The surface constitutive coefficients are
then found, using eq.(9.73). For a further discussion the reader is referred to the last
paragraph of the previous section.

9.6

Spheroids and hemispheroids on a substrate

In this section two special cases will be considered. The first case is the spheroid,
both oblate and prolate. This case has already been considered in chapter 6. It is
instructive to see how the more general solution given in this chapter, reduces to
the one given for the spheroid in chapter 6. The other case is the hemispheroid,
both oblate and prolate. In this case the solution also simplifies considerably. It is
therefore interesting and useful to give also this case some special attention.
In the case of an oblate spheroid, touching the substrate, the truncation parameter is one, t, = l, Just as in section 8.4, the region 4 in figs.9.3 and 9.4 disappears
in this case, and the spheroidal multipole coefficients will therefore be independent
of the value of €4. One can again conveniently put €4 = €3. For oblate spheroids the
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matrix elements

Cgl,DZl,' F

and GZ,, eq.(9.19), then become

where
is given by eq.(8.14), XT(() and Z,"(t) by eq~~(9.20)
and (9.21), and
&&(1)and &z(t,
I) by ecp(9.22) and (9.23) for t, = 1, respectively.
It will be obvious, that eq.(8.58) holds again, i.e.

G Q Z l (1) = seel

(9.87)

Multiplication of the spheroidal multipole expansion, eq.(6.108), on both sides with
the complex conjugate of the spherical harmonic qY'(arccos 77, (p), and integration
over '7 and 4, gives with eq.(9.18)

Expressing the spherical harmonics in this equation by means of eq.(6.5) in terms
of associated Legendre functions and using eqs.(8.14), (9,20), (9.21) and (9.23), one
obtains the following results
(9.89)
and
(9.90)
Introducing for e' and C the new notation e and e l , respectively, one finds for ( = to,
= tofor a spheroid which touches the substrate,
since d = a t l while furthermore
(9.91)

299

Spheroids and hemfspheroids on a substrate

and

(9.92)

If the above formulae, eqs.(9.87), (9.91) and (9.92), are substituted into eq.(9.86),
one obtains the following result for the matrix elements ,C
,;
DZl, Fgl and GEl in
the case of an oblate spheroid on a substrate:

Furthermore it follows from eqx(9.30) and (9.87), using the fact that

e # 0, that

Using the above results, eqs(9.93) and (9.94), in eq.(9.29), one can eliminate the
spheroidal multipole coefficient Bern,by multiplying both sides of the first equation
(9.29) with the factor e3E;ef'dXy((o)/dto and those of the second with [,eXy([O),
and subsequently subtracting the resulting equations. The result can then be written
in the following form for m = 0 :

M

with L = l , 2 , 3,.....,M

(9.95)
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and for m = 1 :

for e = l , 2 , 3 ,.....,M

(9.96)

where M is any natural number. Since € 1 , €2 and 63 were denoted by t,, t, and t,
respectively, in chapter 6, one finds, using eq(6.22) for the multipole polarizabilities
of the oblate spheroid in the infinite ambient and the definitions, eqs.(9.20) and
(9.21), that eqs(9.95) and (9.96) are identical with eqs.(6.130) and (6.131). Notice
that the latter equations have been derived for the more general case, that the oblate
spheroids are at a distance d 2 R, on or above the substrate, whereas eqs.(9.95) and
(9.96) are only valid for oblate spheroids, touching the substrate (d = I&).
For prolate spheroids on a substrate, linear inhomogeneous equations for the
multipole coefficients At0 and At1 can be derived in an analogous way as above,
starting from eqs.(9.47), (9.38) and (9.48). This set of linear equations can also
be derived more quickly, by making the substitutions to-+ -ito and R, + Rl in
eqs.(9.95) and (9.96). Using eqs.(6.159), (9.39) and (9.40),one obtains for m = 0 :

M

with

e = 1 , 2 , 3 ,.....,M

(9.97)

and for m = 1 :

M

f o r l = l , 2 , 3 ,....., A4

(9.98)

Spheroids and hemispheroidson a substrate
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where M is any natural number. Since € 1 , ~2 and €3 were denoted by ca, E, and 6 ,
respectively, in chapter 6, one finds, using eq.(6.68) for the multipole polarizabilities
&, of the prolate spheroid in the infinite ambient and the definitions, eqs.(9.39) and
(9.40), that the above equations are identical with eqs.(6.173) and (6.174). Notice
that the latter equations have been derived for the more general case, that the prolate
spheroids ate at a distance d 2 Ri on or above the substrate, whereas eqs.(9.97) and
(9.98) are only valid for prolate spheroids, touching the substrate (d = Rl).
As it should be the case, both eqs.(9.95) and (9.96), valid for oblate spheroids,
and eqs.(9.97) and (9.98), valid for prolate spheroids, tend to eqs.(8.66) and (8.67)
R. This can
for spheres in the limit as to -+ 00 and a 3 0, with do= R, = Rl
be proved by using the asymptotic relations, eqs.(9.130), (9.132), (9.135), (9.137),
(6.109) and (6.158).
Next the case of a hemispheroidal island, touching the substrate with its flat
side (normal to the axis of revolution), will be considered. This special case can
be obtained for oblate hemispheroids by putting t, = 0 and €4 = €2 in the general
formulae for the matrix elements Cgl, DZl, F$ and GGl, and for Ha" and JY in
section 9.2, It follows from eqs.(9.4), (9.5) and (9.2), that
E'(Eoo,77)

=to>

77'(E0,77)

= 77

(9.99)

Using this result in eqs.(9.23) and (9.24), one finds with eq.(9.22) that

%;(lo,

0) = QEl (O)zz(Eo)

(9.100)

wG

0) = &El (O)xz(Eo)

(9.101)

and
((09

Using these results in eq.(9.19), one finds, with

€4

= € 2 , for oblate hemispheroids:
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Furthermore it follows from eq.(9.30),that in this case

H,'

=

-F
~ / 3 E sin
o 00 exp(-i4o)E,'X:(Eo)6ei

J,'

=

-J2?r/3E0sinBoexp(-z4~)~[tz6e1

+

(€1 - EZ)<:IQ:I(O)]

dE0

(9.103)
In the above equations

is given by eq.(8.14). The integrals
(9.104)

can be evaluated explicitly. The result is given by eqs.(8.75) and (8.76).
In appendix B it is shown, that one can eliminate the multipole coefficients
Bem by using eqs.(9.102), (9.103), (8.75) and (8.14) in eq.(9.29). For m = 0 one then
obtains:

for

e odd

(9.105)

and

for

e even

(9.106)

(L01'6)

PPO

a

"03

uana 1.a
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and

x

Qjl (O)Eocos 00

for e even

(9,110)

and for m = 1 :

for f? odd

(9.111)

and

for

e even

(9.112)

(zl

are given by eqs.(8.76) and (8.14),
The matrices Qz,(O), for m = O , 1 , and
respectively. Just as was the case for eqs(9.105)- (9.108),the above equations tend
to eqs.(8.77)-(8.80) in the limit as E + co . This can immediately be shown by using
eqs.(9.135) and (9.137) and using furthermore the fact that RI --t R in this limit.
The inhomogeneous linear set of equations (9.105)-(9,108) for oblate hemispheroids, as well as the set of equations (9.109)-(9.112) for prolate hemispheroids,
can be solved on a computer (see the discussion at the end of sections 9.2 and 9.3).
With the values for AIO,A20, All and A20, obtained in this way, one can then again
calculate the polarizabilities, eq.(9.31), of a hemisphere on a substrate and the surface
constitutive coefficients, eq. (9.32), of an island film of identical hemispheroids on a
substrate in the low coverage limit. Finally the invariants I,, Ic,
and I, can be
found by using eq.(5.66).
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It is, of course, also possible to calculate the polarizabilities of hemispheroids
using the equations in sections 9.4 and 9.5 for spheroidal caps in the limit t, -+ 0.
Starting, in the case of oblate hemispheroids, from eqs.(9.70), (9.65) and (9.71), with
t, = 0 and €4 = €2, and using again eqs.(9.100), (9.101), (8.75) and (8.76), one can
show, in an analogous way as in appendix B, that equations equivalent to eqs(9.105)(9.108) are valid. Replacing E2Aern by EIAem, for 1 m even in these equivalent
equations one then obtains eqs.(9.105)-(9.108). This replacement is a consequence
of the fact that the center of the oblate hemispheroid in the one case is above the
substrate and in the other case below the substrate. Both sets of equations may
alternatively be used if one combines them with the formulae for the polarizabilities
and constitutive coefficients for the corresponding case. The resulting values for the
constitutive coefficients are, of course, identical. See also the discussion at the end of
section 8.4. In the case of prolate hemispheroids one comes to the same conclusion,
starting from eqs.(9.84), (9.79) and (9.85).

+

9.7

Application: Tkuncated gold spheroids and caps on sapphire

In this section the theory, developed above, will be applied to the special case of gold
islands on a flat sapphire surface. In particular, the dependence of the polarizabilities,
the surface constitutive coefficients and the invariants on the shape, i.e. on the
truncation parameter, t,, and the axial ratio of the spheroid will be considered. The
axial ratio of the spheroid is defined as the diameter of the spheroid along the substrate
divided by the diameter along the symmetry axis normal to the substrate. This
definition is not affected by the truncation parameter and is chosen to have two
independent parameters, one for the shape of the spheroid and one as a measure of
the truncation. One sometimes uses as axial ratio the diameter as seen from above
divided by the height of the island. In this definition the shape of the spheroid and
the amount of truncation are mixed. The dielectric constant of the island is a complex
function of the wavelength, cf. table 5.1. The dielectric constant of sapphire is €2 =
3.13 and of the ambient, vacuum, is €1 = 1.
The following dimensionless amplitudes are introduced, cf. eqs.(8.106),

xe0 =

A ~ , /p(do)l-l
@E,

B~,, =

~ ~ ~ ( ~ t ~ ) ~ + 2 /

cos

e,]

[vm ~
cos e,],

h

All

=

-All/

&,

3

-Bel(a[,)e+2/ ~ ~ E o s i n d o e x p ( - i q ! J o ) ]

h

[,(u(,)'-~ &@Eo

sin 00 exp(-iq!J,)]
(9.113)

where V is the volume of the truncated spheroid. In the case of a truncated oblate
spheroid, see fig.9.3,
1
(9.114)
= - r u 3 [ , (I [:) (2 3t, - t:)
3
and in the case of a truncated prolate spheroid, see fig.9.4,
1
(9.115)
= -7ra3t0
- 1) (2 t 3t, - t:)
3

v

v

+

(ti

+
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Eq.(9.29) for truncated oblate spheroids, and eq.(9.47) for prolate spheroids,
can then be written as

el=i

for

e

= l , 2 , 3 ,...,M a n d m = 0 , 1

(9.116)

where

for truncated oblate spheroids, a s follows using eq(9.30). For truncated prolate
spheroids it follows from eq.(9.48), that

The matrix elements Cz,, DZl, FZl and GGl ( l ,el = 1 , 2 , 3 ,.....,M , m = 0 , l ) in
eq.(9.116) are given by eq.(9.19) for truncated oblate spheroids and by eq.(9.38) for
truncated prolate spheroids.
After solving the above linear set of equations, for a sufficiently large value
of M , the dipole and quadrupole polarizabilities, in dimensionless form, are, using
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= 1,

(o)/v= 4TAio
(0)/ v = 4nxn
h

h

a,

E

az

511

f

"1

(0) /Vato = 2 ~ A ^ 2 0&
ii

3;'

aio (0) /Vato = 5

3

~

2

1

~

(9.119)

This equation follows from eq~(9.31)and (9.113). The surface constitutive coefficients
in dimensionless form, become, using €1 = 1,
1
Te = -,ye(d)
=6
11
PV
1
pe E -P,(d)
= GZ
PV
1
r = r ( d ) = t& - 6;
PV40
1
6, zz -6,(d) = t P & + t,.^,l - st0 - stl"
(9.120)
PVato
This follows using eqs.(9.32), (9.119) and (9.2) for truncated oblate or (9.34) for
truncated prolate spheroids. The invariants, eq.(5.66), become

,.
h

h

h

h

ye

h

I , zz Ie/pV = Te - €2Pe I, .._=
. ( € 2 - l)I,/pV =
(9.121)
= IT/pVato= r
Is,e/pVato= 6 e
Here it has been used that €2 is real.
In the case of a spheroidal cap eq.(9.113) can again be used, where V is now
the volume of the spheroidal cap. In the case of an oblate Spheroidal cap, see fig.9.5,
1
(9.122)
V = -7ra3t0 (1 + tz) (2 - 3t, + ts)
h

T7

3
and in t h e case of an prolate spheroidal cap, see fig.9.6,

1
v = -xa3to
(ti- 1) (2 - 34. + t:)
3

(9.123)

The linear eq.(9.70)for oblate spheroidal caps, and (9.84) for prolate spheroidal caps,
can again be written in the form (9.116), where
= -3 (2 - 3t, t y ' {t;lxy([o)&,

+

A

T

+(
- 7
( - l ) " +)
" ~ t , ~ ~ O Q ~ O (-t ,€a'x,"cF~)~~lQ~~(t~)I}
)
€2

€1

2

-3 (2 - 3t, + t:)-'

ii; =

3

J,
1

7r

d X X t 0 ) Sel

El-

4 0

+ t y ' <;'x:(<o)se,
-= 3- (2 - 3t, + t;)-' dX:(EO)[t16~1
+
- (2 - 3t,
Ti

Ti

(€2

-€l)(-l)~+l~~~Q~l(t,)]

dt0

(9.124)
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for oblate spheroidal caps, as follows using eq.(9.71). For prolate spheroidal caps it
follows using eq.(9.85), that

The matrix elements Cg,,LIZl,
and Gz,(!,el = 1,2,3, ....., M , m = 0 , l ) in
eq.(9.116) are given by eq.(9.65) for oblate spheroidal caps and by eq.(9.79) for prolate
spheroidal caps.
After solving the above linear set of equations, eq.(9.116), for a sufficiently
large value of M ,the dipole and quadrupole polarizabilities, in dimensionless form,
are, using € 1 = 1,
Gz

=

G?

EE

2;'

=

h

(O)/V= 4 7 4 +
Cyll (0) / v = 4T€zA]l
a? ( 0 )p a & = 2a4220&p
4a
af"(0) /Vato = yt22&&
ff,

(9.126)

This equation follows from eqs.(9.72) and (9.113). The surface constitutive coefficients
in dimensionless form, become, using €1 = 1,
1
---Te(-d)
PV
1

Te

p = -P,(-d)
A

T

Z

6,

ZE

= &/€;

PV
1
7 ( - d ) = - (t,.Zll
PVato
1

A

= 211

6,(-d)
PVato

= - (t&

+ Gr) /EZ
+ ts,,+ s;o + af")/ E 2

(9.127)

This follows using eqs.(9.73), (9.126) and (9.50) for oblate or (9.75) for prolate
spheroidal caps. The invariants are again given by eq.(9.121).
Using the interaction with the image to order M = 16 the dipole polarizabilities were calculated for ob_late spheroids, with an axial ratio 4 as a function of
the frequency. The resulting p, is plotted in figs. 9.7-9 for truncation parameters
t, = 0.4,O.O and -0.4. The minus sign of the truncation parameter will be used to
indicate the case of a cap. In the actual calculations the formulae for the cap have
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h

Figure 9.9 The real and imaginary parts of p, for an oblate spheroidal cap, with an
axial ratio 4 and a truncation parameter -0.4, as a function of the wave length.

been used with the absolute value of this parameter. It is found for truncated oblate
spheroid5 oblate hemispheroids and oblate spheroidal caps, that the constitutive coefficient p,, which is due to the dipole polarizability normal to the surface, is small.
Its resonance structure is a very sensitive function of the truncation parameter. There
is one resonance for the truncated spheroid and there are two for the hemispheroid
and three for the cap in the optical domain.
The resulting ye for an axial ratio of 4 is plotted in figs.9.10-12 for truncation
parameters t, = 0.4,O.O and -0.4. It is found for oblate spheroids that the constitutive coefficient ye, which is due to the dipole polarizability parallel to the surface,
is orders of magnitude larger than the corresponding coefficient in the normal direction. The location and the size of the resonance is a very sensitive function of the
truncation parameter. It shifts from the visible domain for a truncated spheroid to
the far infrared for the cap. The size is largest for the hemispheroid.
Using the interaction with the image to order A4 = 16 the dipole polarizabilities were also calculated for prolate spheroids with an axial ratio 0.25 as a function of
the wavelength. The resulting /?, is plotted in figs.9.13-15 for truncation parameters
t, = OA4,0.0 and -0.4. It is found for prolate spheroids that the constitutive coefficient p,, which is due to the dipole polarizability normal to the surface, is small. Its
resonance structure is a sensitive function of the truncation parameter. There is a
blue shift for a decreasing truncation parameter and an additional resonance appears
for the cap in the optical domain.
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Figure 9.10 The real and imaginary parts of Te for a truncated oblate spheroid, with an
axial ratio 4 and a truncation parameter 0.4, as a function of the wave length.
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Figure 9.11 The real and imaginary parts of Te for an oblate hemispheroid, with an
axial ratio 4 and a truncation parameter 0.0, as a function of the wave length.
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Figure 9.12 The real and imaginary parts of Te for an oblate spheroidal cap, with an
aial ratio 4 and a truncation parameter -0.4, as a function of the wave length.

pe

for a truncated prolate spheroid, with
Figure 9.13 The real and imaginary parts of
an axial ratio 0.25 and a truncation parameter 0.4, as a function of the wave length.
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for a prolate hemispheroid, with an axial
Figure 9.14 The real and imaginary parts of
ratio 0.25 and a truncation parameter 0.0, as a function of the wave length.
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Figure 9.15 The real and imaginary parts of ,Be for a prolate spheroidal cap, with an
axial ratio 0.25 and a truncation parameter -0.4, as a function of the wave length.
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Figure 9.16 The real and imaginary parts of ye for a truncated prolate spheroid, with
an axial ratio 0.25 and a truncation parameter 0.4, as a function of the wave length.

The resulting Te for an axial ratio of 0.25 is plotted in figs.9.16-18 for truncation parameters t, = 0.4,O.O and -0.4. It is found for prolate spheroids that the
constitutive coemcient ye,which is due to the dipole polarizability parallel to the surface, is small. For the truncated and the hemispheroid a small additional resonance
appears.
One may overall conclude that the polarizability of oblate spheroids, for all
values of the truncation pasameta, along the surface is large. The normal polarizability of oblate spheroids and the normal and the parallel polarizabilities of prolate
spheroids are, due to the interaction with the image, small. There is a very considerable dependence of all polarizabilities on the truncation parameter.
9.8

Appendix A

In the first part of this appendix it will be proved, that eq.(8.23), with eqs.(8.13),
(8.24) and (8.25), for truncated spheres, follows from eq.(9.26), with eqs.(9.19), (9.27)
and (9.28), for truncated oblate spheroids, in the limit as to+ 00, Similarly eq.(8.46),
with eqs.(8.43), (8.47) and (8.48), for spherical caps, will be shown to follow from
eqs.(9.67), with eqs.(9.65), (9.68) and (9.69), in this limit. In the second part, it will
be shown, that the above mentioned equations for truncated spheres also follow from
eq.(9.44), with eqs.(9.38), (9.45) and (9.46), for truncated prolate spheroids, in the
limit -+ 00 and that the equations for the spherical caps also follow from eq.(9.81),
with eqs.(9.79), (9.82) and (9.83), in the same limit.

315

Appendix A

0.02

-Ro

'\.*

I

I

I

1

'.-.-..-

-_---Im

I ----------+----------

Figure 9.17 The real and imaginary parts of ye for a prolate hemispheroid, with an axial
ratio 0.25 and a truncation parameter 0.0, as a function of the wave length.

Figure 9.18 The real and imaginary parts of Te for a prolate spheroidal cap, with an
axial ratio 0.25 and a truncation parameter -0.4, as a function of the wave length.
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From eqs.(9.23), (9.24)) (9.4)) (9.5)) (9.20)) (9.21) and the asymptotic relations, eqs.(6.17)- (6.20), one finds, in the limit as E -i co (and a -i 0, with a( = T ,
ato = R and a t 1 = d ) , using also the definitions, eqs.(8.11), (8.16) and (8.20)
lim

E'~+'K;( E , tr)

= te1+lSE1
( t ,tr)

E-m

lim

(-'I

E-m

WZ (6, tr)

= t-"cl

(t,t,.)

(9.128)

where Sg, ( t ,tr) and TZ,(t,t?)are defined by eqs.(8.18) and (8.19). For I= to,which
corresponds to t = I, one furthermore finds with eq.(8.17), that
lim

E$+'Qz( ( 0 , tr)

=

SET(tr)

lim

ti? wZl ( t o , tr)

=

Gl
(tr)

EO-tW

Eo+=

(9.129)

Since it follows from eqs.(6.17), (6.18), (9.20) and (9.21), that
lim Ee+'Zr(<)= 1 and lim E-'Xr(f) = 1

t+m

(9.130)

E-tm

it is found, that the expressions, eq.(8.13), for the matrices C& and DZl in the
case of truncated spheres follow from the expressions, eq. (9.19)) for truncated oblate
spheroids, in the limit as to-+ 00.
By differentiation of eqs.(9.128) and (9.130) with respect to and using the
asymptotic relation t N _ (a/R)E, which follows from eqs.(6.19) and (8.20), one finds

<

(9.131)
and

t

With these relations for = to(and t = l), it is now found that the expressions,
eq.(8.13), for the matrices FEl and GEl in the case of truncated spheres also follow
from the corresponding expressions, eq. (9.19), for truncated oblate spheroids in the
limit as to-+ co.
By applying eqs(9.130) and (9.132) to eqs.(9.27) and (9.28), one furthermore
obtains the result that the expressions for Ha" and JF, valid for truncated oblate
spheroids, tend to the corresponding expressions, eqs.(8.24) and (8.25), for truncated spheres in the limit as to-i00. Since also R, -+ R in this limit, it is found
that eq.(8.23), with eqs.(8.13), (8.24) and (8.25), for truncated spheres, follows from
eq.(9.26), with eqs.(9.19), (9.27) and (9.28), for truncated oblate spheroids, in the
limit to--t 00. Similarly eq.(8.46), with eqs(8.43)) (8.47) and (8.48), for spherical
caps, will be shown to follow from eqs.(9.67), with eqs.(9.65), (9.68) and (9.69), in
this limit.
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From eqs.(9.41), (9.42), (9.36), (9.39), (9.40) and the asymptotic relations,
00 (and a + 0, with 4 = r and
eqs(6.62)- (6.65), one finds, in the limit as [
ato = R ) , using also the definitions, eqs.(8.11), (8.16) and (8.20)
-+

,el+lGg( E , t , )
lim
(t,t r )
lim

C+m

= te1+lSE1(t,t,)
=

(t,tr)

(9.133)

t - e l z I

E+m

where S ~ l ( t l t ,and
) T$(t,t,) are again defined by eqs.(8.18) and (8.19). For
which corresponds to t = 1, one furthermore finds with eq.(8.17), that
lim
E0-m

lim
Eo'm

t3+'@ ( t o , t,)

t = to,

= SE~( t r )

ti"E;(<OO,tr)
=

~;(t?)

(9.134)

Since it follows from eqs.(6.62), (6.63), (9.39) and (9.40), that
lim

E+-=

E'+',@(E)

=1

and lim
E-m

[-'j;;a"(E)

=1

(9.135)

it is found, that the expressions, eq.(8.13), for the matrices Cgl and DZl in the case
of truncated spheres, also follow from the expressions, eq.(9.38), for truncated prolate
spheroids, in the limit as to 00.
Differentiating eqs.(9.133) and (9.135) with respect to and using the asymptotic relation t I
I(a/R)<,
which now follows from eqs.(6.64) and (8.20), one finds
---f

and

It will be obvious, that with these relations for = to (and t = l),one obtains again
the result, that the matrices FE and GZl, given by eq.(8.13) for truncated spheres,
follow from the corresponding expressions, eq.(9.38), for truncated prolate spheroids
in the limit as to-+ 00.
Finally it is found, by applying eq~(9.135)and (9.137) to eqs.(9.45) and (9.46),
that the expressions for HF and J F , valid for truncated prolate spheroids, tend to the
expressions, eqs.(8.24) and (8.25), for truncated spheres, in the limit as to-+ 00. Since
Rr -+ R in this limit, one obtains the result, that eq.(8.23), with eqs.(8.13), (8.24)
and (8.25), for truncated spheres, follows from eq.(9.44), with eqs.(9.38), (9.45) and
(9.46), for truncated prolate spheroids, in the limit as to-+ 00. Similarly eq.(8.46),
with eqs.(8.43), (8.47) and (8.48), for spherical caps, will be shown to follow from
eqs.(9.81), with eqs.(9.79), (9.82) and (9.83), in this limit.
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AppendixB

In this appendjx eq~~(9.105)-(9.108) for the multipole coefficients At0 and All in
the case of an oblate hemispheroid, touching with its flat side (normal to the axis of
revolution) the surface of the substrate, will be derived. Using the results, eqs.(9.102)
and (9.103), valid for oblate hemispheroids, in the general equation (9.29), one obtains
the following set of equations for m = 0 :

and

If one now applies eqs.(8.75) and (8.14) to eq.(9.138) for odd values of e, and to
eq.(9.139) for even values of I , one finds the following relations:

for I odd

(9.140)
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With the help of these relations, one can eliminate the spheroidal multipole coefficients Be0 from eqs(9.138) and (9.139). Appiyingeqs.(9.140) and (9.141) to eq.(9.139)
for odd values of e, one then obtains eq.(9.105). Application ofeqs.(9.140) and (9.141)
to eq.(9.138) for even values of e gives eq(9.106).
For m = 1 one obtains, by using eqs.(9.102) and (9.103) in eq.(9.29), the
following set of equations:

(9.142)

=

-mdX:(5,)[t26e1
4 0

+

(€1

- ~ ~ ) ~ ~ ~ Q ~ ~ ( O ) ] E ~ s i n (9.143)
~~exp(-i~~)

Applying eqs(8.75) and (8.14) to eq.(9.143) for odd values of e, and to eq.(9.142) for
even values of e, one obtains the relations

for !odd

(9.144)

and

&/Xx,'(Eo)R:-IBel = tF1,Z,'
(Eo)R,e-2Ael for t! even

(9.145)
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Using these relations, one can now eliminate the multipole coefficients Be, from
eqs.(9.142) and (9.143). Applying eqs(9.144) and (9.145) to eq.(9.142) for odd values
of e, one then obtains eq.(9.107), whereas application of these equations to eq(9.143)
for even values of C , leads to eq.(9.108).

Chapter 10
FILMS OF TRUNCATED SPHERES OR SPHEROIDS
FOR FINITE COVERAGE
10.1

Introduction

In this chapter the analysis, given in the two previous chapters for a low coverage, will
be extended to a higher coverage. In this case the electromagnetic interaction between
the different particles, lying on the substrate, has to be taken into account. As in
those chapters these particles have the form of truncated spheres or spheroids (or of
spherical or spheroidal caps). Their size is again much smaller than the wavelength
of the incident light. The theory of the previous chapters is therefore applicable to
calculate the polarizabilities of the truncated particles, interacting with the substrate.
For truncated spheres the method of section 8.2 may be used, and for spherical caps
that of section 8.3. For truncated spheroids one may apply the method of sections
9.2 and 9.3, and for spheroidal caps that of sections 9.4 and 9.5. In the first cases
spherical multipole expansions of the fields are used and in the second cases spheroidal
multipole expansions.
The electromagnetic interaction between the particles will be taken into account in an analogous way as in chapter 7, using spherical multipole expansions of
the interaction fields. This is an approximation valid for truncated particles and caps,
as long as the distance between the particles is not too short. The same technique
BS in chapter 7, using lattice sums for regular two-dimensional arrays or distribution
integrals for random arrays, may therefore be applied in the present chapter. An
equation of the type, eq.(7.10),can not be used here, since it contains the polarizability of the particles infinitely far from the substrate. With the method of the two
previous chapters, one does not obtain this free polarizability of truncated particles
or caps, but only the polarizability of this particle, interacting with the substrate.
One should therefore use a generalization of eq(7.10)) which contains the latter kind
of polarizability. Such type of equation, (7.60), has been derived in section 7.7 for
spheroids.on or above the substrate. This equation will be applied in section 10.2 to
truncated spherical and spheroidal islands and, in a slightly modified form, in section
10.3 to spherical and spheroidal caps. In this way equations will be found for the
amplitudes of the multipole fields, both for regular and for random two-dimensional
arrays.
In section 10.4 the equations for the amplitudes will be solved in dipole approximation and in section 10.5 in quadrupole approximation. It should be noted,
that this approximation only refers to the mutual interaction between the particles,
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Figure 10.1 Two-dimensional array of identical truncated spheres on substrate.

and not to the interaction between particle and substrate, which has already been
taken into account to arbitrary order in the polarizabilities. E%om the amplitudes,
dipole and quadrupole polarizabilities can be calculated in the usual way for the
truncated spheres or spheroids and for the spherical or spheroidal caps in regular or
random two-dimensional arrays. In section 10.6 the theory is applied to gold islands
on sapphire.

10.2

Two-dimensional arrays of truncated spherical or spheroidal islands

Consider first a two-dimensional array of identical truncated spherical islands of radius
R, with centers at a distance d above a flat substrate (0 5 d 5 R). This array may
be either regular or random. The positions of these islands (centers of the spheres)
0) and the positions of their images by RT = (KJ,
2 4 , (see
are given by Ri = (Rj,,,,
fig.lO.1). In the static approximation the incident field is independent of position and
given in the ambient by

Eo = Eo(sin B0 cos 40,sin Bo sin &, cos 00)

(10.1)

where Bo is the angle of the electric field with the z-axis and do the angle of its
projection on the surface of the substrate with the x-axis.
In section 7.2 the case of an arbitrary two-dimensional array of identical spherical islands was treated and eq.(7.10) has been derived for the amplitudes Atm,jof the
various multipole fields originating from the islands (j).An equation of this type can
not be used for truncated spheres. The reason for this is the fact that eq.(7.10) contains the free polarizability of the sphere, which is the polarizability infinitely far from
the substrate. With the method of chapter 8, one does not obtain the free polarizability of the truncated sphere, but rather the polarizability of this particle interacting
with the substrate. One should therefore use an equation for the amplitudes, which
contains the latter kind of polarizabilities. One could rewrite the equations for the
spheres above or touching the substrate such that one first calculates the polarizability of a sphere together with its image, to a certain multipole order . Subsequently
one may then take the interaction along the substrate between these sphere-image
pairs to a multipole order Mpamllel.In section 7.7 the equations were in fact rewritten
in this way for oblate and prolate spheroids, on or above the substrate. This was not
done for spheres. One may of course use the equations for spheroids in the limit that
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the axial ratio goes to one. In order to get converged results it was found that one
must choose Mimage
= 16. For the interaction along the substrate the dipole approximation is enough until relatively high densities for spheres. For spheroids it was
necessary to use spherical multipoles to describe the interaction along the substrate
rather than spheroidal multipoles. This approximation is clearly inadequate if the
islands approach each other to closely. This is an additional reason not to go beyond
the dipole approximation for the interaction along the surface. Equation (7.60), derived for oblate and prolate spheroids, can now be used here equally well for identical
truncated spheres on a substrate. One therefore has
mr

Aem,j =

-

C ~ern,e~m{-Eo~~e~e,,[cos

~o~mofi

e'=lrnl

+ sin 0 0 (~ X(+o)P

bm,- 1 - ~

X (+#Jo)
P

bm~)]

I

(10.2)
where ae,,errn, are the multipole polarizabilities of the truncated sphere, interacting
with the substrate. Furthermore ll = l' l 2 and ml = q - m. The matrices
H ( l , mllz,%) and Tllm,(R) are defined by eqs(7.9) and (7.8). The dielectric constants of the ambient and the substrate by E , and e,.
In order to solve the above equation for the multipole amplitudes for truncated
spheres, one should use the multipole polarizabilities obtained in section 8.2, for a
low coverage. Solving eq.(8.29), for sufficiently large M , and using eq~~(8.31)
and
(5.67) gives the multipole polarizabilities a10,10,all,ll, a10,20, ~ Z O J O , a11,21 and a21,11.
Higher multipole polarizabilities can, in principle, be calculated by considering nonhomogeneous external fields. In appendix A of the present chapter this is done for
the polarizabilities a20,20, a21,21 and a22,22, which are needed in this chapter.
Equation (10.2) will serve in the present chapter as the starting point, to
incorporate the electro-magnetic interactions between the islands along the substrate.
This is not only possible for truncated spheres, but also for truncated spheroids and,
in fact, also for other particles, which possess rotational symmetry around an axis
through their center and normal to the surface of the substrate. Notice that, as a
consequence of this symmetry, aem,etmt = aem,pmbrnm~.For truncated spheroids one
should use the polarizabilities, calculated with the method of sections 9.2 and 9.3 or
appendix A in this chapter, see section 10.6 for details.
As has been discussed at the end of section 7.2, the solution of eq.(10.2), with
is only possible, if one makes some further
an infinite number of coefficients &j,
assumptions, e.g. about the positions of the particles. If the islands are located on a
regular array with only one truncated sphere or spheroid per unit cell

+

Aern,j = Aem

(10.3)

(cf. eq.(7.12)). (It is not difficult to generalize the analysis to the case of more
particles per unit cell). Substituting the above relation into eq.(10.2), and using the
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definitions of lattice sums

(10.4)
(cf. eq.(7.14)) and

3em =
- Le+l

-

Rj) = Le+'

C Ttrn(R;)

(L/r)"+'Km(O,q5)lr=~;

=
if0

if0

i#j

(10.5)
(cf. eq. (7.63)) one obtains the following infinite set of linear inhomogeneous equations
for the amplitudes Aem :
-1

Aim

=

-

C aem,e+n{-Eo m

6 e q [COS O o 6 m o J z

e'=jm/

+ sin Qo(eXp(i&)bm,-i - e ~ p ( - i & ) k ) ]
(10.6)
which is of the same form as eq.(7.62). The solution of this equation for the amplitudes
can be performed in an analogous way as that of eq(7.16) described in section 7.3.
One must again calculate the lattice sums, cf. appendix A of chapter 7. Notice
that an cmportant simplification is that for lattices with 2-, 4 and &fold symmetry
Se, = Sim = 0, if m is unequal to a multiple of 2, 4 or 6, respectively. As a
consequence of the interaction with the other islands, there is no longer a,symmetry
for rotation around the normal on the substrate through the center of the truncated
sphere of spheroid. This implies that the interaction along the surface, the last term
in the above equation, leads to coupling of different values of m.
For truncated spheres and spheroids the solution of the above equation to
arbitrary order in the multipole expansion is complicated by the need to first evaluate
the polarizabilities aem,pmto the appropriate order. In section 10.4 this will be done
only to dipolar order in the interaction between the islands, and in section 10.5 to
quadrupolar order. Higher order terms are not given.
Considering a random array of identical truncated spheres or spheroids, distributed homogeneously and isotropically on a flat substrate, and making the same
statistical approximations as in section 7.4, one obtains from eq.(10.2) the following
set of equations for the average amplitudes < Atm >=< Aem,j >:
rnl

< Atm >= -
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n

,

~

~
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which has the same form as eq.(7.64). Here the “distribution integrals” It and
again given by eqs.(7.22) and (7.65) respectively, i.e. by

- are

I;

p-(e-1)/2 /drl~g(r~~)Teo(r~~,
0) = 2np-(e-1)/2 ~ m d r l l g ( r l l ) T ~ e ~
~CZTGG
~(0)
(10.8)
and

where the,pair correlation function g(rl1) of the islands is defined by eq.(7.21) and the
Legendre function Ff(x) by eq.(5.27). It follows from eq.(10.7) that different m * s do
not couple. As has been remarked in section 7.4, this is a consequence of the isotropy
of the film and the statistical approximations made in the derivation of eq.(10.7). As
a consequence

< Atn >=< Ae,,j >= 0 for m # 0, f l

(10.10)

(cf. eq.(7.66)). Eq.(10.7) may therefore be written as the sum of separate contributions for m = 0, kl.In this way one obtains for m = 0
m

< At0 >=

~ e , e t o { E o ~ c BoSeil
o s
el=i

and for m = I

where

el = l?‘
+ &, The m = -1 equation is superfluous, as
< Ae,-I > exp(-i@,)

=-

< At1 > exp(i@o).

In sections 10.4 and 10.5 eqs(l0.11) and (10.12) will be solved in dipole and quadrupole
approximation, respectively. This is sufficient, if the particles are not too densely
packed on the substrate.
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Two-dimensional array of identical spherical caps on substrate.

10.3 Two-dimensional arrays of spherical or spheroidal caps
Consider first a two-dimensional array of identical spherical caps with centers in
= -d in the substrate at a distance d below the surface, 0 5 d 5 R (see fig.10.2).
The positions of these centers in the substrate are given by R; = (R;,,,,0), whereas the
positions of their images, which are now in the ambient, are given by RZ = ( R ~ ,-2d),
J,
(see fig.10.2). The incident field in the ambient is in the static approximation again
given by eq.(lO.l) and in the substrate by

z

Eo,, = Eo(sin00 cos

sin 00 sin A, €a cos 8,)

(10.13)

€8

The question arises, which equation will replace eq(10.2) of the previous section in the present case of spherical caps. This question can be answered in the
following way. One first derives eq.(7.60), now for a two-dimensional array of oblate
spheroids in the substrate, with centers in R, = (Ri,ll,0), and images therefore in the
ambient in RZ = (Ri,ll,-2d). One then obtains, instead of eq.(7.60), the following
equation for the amplitudes

(10.14)
These amplitudes now refer to the multipole fields in the substrate, with their center
in Rj. The z-component Eo cos 8 0 of the incident field in the ambient at the right-hand
) E ~ of this field in
side of eq.(7.60) has been replaced by the z-component ( E ~ / E , cosO0
the substrate in the above equation, whereas the parallel components are unchanged
(see also eq(10.13)). Furthermore the dielectric constants E , and E , of ambient and
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substrate have been interchanged in the last sum. The matrices H(l,mllz,mz) and
Telml(R)are given in e q ~ ( 7 . 9 )and (7.8), respectively. Furthermore l 1 z l' f l z ,
ml
m2 - m and aem,eim are the multipole polarizabilities of the oblate spheroids in
the substrate.
This equation, which has been derived for a two-dimensional array of identical oblate spheroidal islands in the substrate, may now also be used in order to
calculate the influence of the mutual interaction between the spherical caps. It gives
the interaction between the multipoles located at the centers of these caps in the
substrate (see fig.10.2). The lower multipole polarizabilities follow for spherical caps
by solving eq.(8.49) together with eq.(8.51). The resulting multipole polarizabilities
aern,elm,appearing in eq.(10.14), are then found using

(10.15)

which follows from eq.(5.67) by replacing E , by E , . This replacement is needed because
the multipoles are now located in the substrate. Higher multipole polarizabilities
can, in principle, also be calculated by extending the theory developed in section 8.3
to non-homogeneous external fields. In appendix B this is done for the multipole
polarizabilities a20,20, ~ 2 1 , 2 1and a22,22.
Equation (10.14) will now serve as the starting point, to incorporate the
electro-magnetic interactions between spherical caps along the substrate. This is
not only possible for spherical caps, but also for spheroidal caps. For spheroidal caps
one should use the polarizabilities, calculated with the method of sections 9.4 and 9.5,
or appendix B in this chapter, to find the lower polarizabilities
in eq.(10.14),
see section 10.6 for details.

As has been discussed at the end of section 7.2, the solution of eq.(10.14), with
an infinite number of coefficients Aem,j, is only possible if one makes some further
assumptions about, for instance, the locations of the islands. Two special cases are
again considered. In the first case the caps are located on a regular two-dimensional
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array, with only one cap per unit cell, so that eq.(10.3) holds. Eq.(10.14) then becomes

(10.16)

-

where the two-dimensional lattice sums Sem and SIm axe defined by eqs.(l0.4) and
(10.5).
The solution of this equation for the amplitudes can be performed in an analogous way as that of eq.(7.16) described in section 7.3. One must again calculate the
lattice sums, cf. appendix A of chapter 7. Notice that, since now RT = ( R ~ ,-J2,4 in
the lattice sums Slm, rather than RT = ( R ~ J2 ,4 , as was the case in chapter 7 and in
the previous section, these lattice sums differ by a factor (-l)‘+m from those given
previously. An imEortant simplification is again that for lattices with 2-, 4 and 6-fold
symmetry Slm = Slm = 0, if rn is unequal to a multiple of 2 , 4 or 6, respectively. As a
consequence of the interaction with the other islands, there is no longer a symmetry
for rotation around the normal on the substrate through the center of the truncated
sphere of spheroid. This implies that the interaction along the surface, the last term
in the above equation, leads to coupling of different values of m.
For spherical and spheroidal caps the solution of the above equation to arbitrary order in the multipole expansion is complicated by the need to first evaluate
the polarizabilities ~em,e~, to the appropriate order. In section 10.4 this will be done
only to dipolar order in the interaction between the islands, and in section 10.5 to
quadrupolar order. Higher order terms are not given.
In the second case one considers a random two-dimensional array of identical
spherical or spheroidal caps, distributed homogeneously and isotropically on a flat
substrate. Instead of eq.(10.7), one now obtains from eq.(10.14) the following set of
equations for the average amplitudes

(10.17)
where the “distribution integral”

18

is given by eq.(10.8). The distribution integral
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I; is now given by

-

1;

p-(e-1)/2

= [2,p-('-1)/2

lm
+

xP:(-2d/(ri

drllg(rl,)rli(ri 4&)-('+1)/2

+ 4d2)'/')] d

e

(10.18)

which differs by a factor by a factor (-1)' from the one given in eq.(10.9). It follows
from eq.(10.17), that different mis do not couple, which is again a consequence of the
isotropy of the film and the statistical approximations made in its derivation. One
therefore finds (cf. eqs.(lO.ll) and (10.12)) for m = 0
m

m

-

+

H ( l ' , Ole,, 0 ) < AtzO> p(e1+1)/2[Ill (--1)la
e2=i

(-)el]}
(10.19)

and for m = 1

(10.20)
The m = -1 equation is superfluous, since

< Ae,-1 > exp(-id,) = - < At1 > exp(ido).
In the next sections the above equations will be solved in dipole and in quadrupole
approximation. This is sufficient if the islands are not too densely packed.

10.4 Dipole approximation
In this section first the case of truncated spheres or spheroids will be considered, and
next that of spherical or spheroidal caps. In the dipole approximation all multipole
moments of order e 2 2 are neglected, so that eq.(10.6) becomes a finite set of linear
equations for the amplitudes A10 , All and A1,-1. In the regular array case one
furthermore has for lattices with 4 or 6-fold symmetry (square or triangular lattice)
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(cf. eq.(7.28)). Substitution of all these zeros into eq.(10.6) and using eq.(7.9) leads
to an expression in which Aeo, Ael and At,-](! = 1) are again decoupled and one
finds:

(10.22)
where again A],-]exp(-i$,) = -All exp(i$,). It is crucial in this context to choose
the z-axis along one of the lattice vectors. Notice that for lattices with 4 or 6-fold
symmetry different m i s do not couple. Solving these equations is straightforward.
Using eq.(5.111), one finds for the dipole polarizabilities of the truncated spheres or
spheroids on the substrate, as changed by the interaction with the other particles:

As indicated by the argument 0, these polarizabilities are for a dipole located in the
center of the truncated sphere or spheroid. These equations have the same form as
eq(7.72) for spheroids. The polarizabilities a10,10and a11,11 at the right-hand sides
are now the polarizabilities of a truncated sphere or spheroid, interacting with the
substrate. As has been remarked in section 10.2, these polarizabilities are obtained
for truncated spheres and spheroids using the method of chapters 8 and 9 (see sections
8.2, 9.2 and 9.3). See also section 10.6 for further details. With eq.(10.23) one can
then take into account, in first (dipolar) approximation, the interaction with the other
islands in a regular array (with 4-or 6-fold symmetry). The lattice sums S20 and S&,,
are calculated using the technique described in appendix A of chapter 7.
In a similar way as above, one finds for random arrays in dipolar approximatkn
&om eqs.(lO.ll) and (10.12) expressions analogous to eq.(10.23), with ,920 and Slo
replaced by 1 2 and
eqs.(l0.8) and (10.9) respectively, and L-3 replaced by p3I2.
The interfacial susceptibilities P,(d), ye(d), 6,(d) and ~ ( dof) a film of interacting identical truncated spherical or spheroidal islands can now be obtained from
the expressions for the polarizabilities a,(O) and a11(0),obtained above, by using the
relations

-

2,

Pe(d) = P ce2az(0)
= P QII(0)
6e(d) = P d c,I[~II(O)
= P dall(0)

ye(4

+ nz(o)]
(10.24)

This has been proved at the end of section 7.5 (cf. eq.(7.39)). The argument d denotes
the position of the dividing surface at z = d.
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For a regular two-dimensional array (with 4 or 6-fold symmetry) of spherical
or spheroidal caps on a substrate, one obtains from eqs.(l0.16), (10.21) and (7.9),
instead of eq.(10.22),

(-) -+

AIO= ~ ~ o , ~ o { ( E , / E , ) E +o ~~Ac Ioo Ls -~~o[ S~O

€8

€R

€8

€a

("-'.+)

3&]&3}

A11 = - 0 1 1 , 1 1 ( E o ~ s i n B o e x p ( - i $ , ) + A I I L - ~ [ S ~ O +
6s

Ea

3g0]&$}
(10.25)

where again Al,-l exp(-iq!Jo) = -All exp(i$o). Notice that for lattices with 4 or 6fold symmetry different rnys do not couple. Solving these equations and using eq.(8.51)
for spherical caps or eq.(9.72) for spheroidal caps, where € 1 = t, and € 2 = tl,, one
finds, instead of eq.(10.23), for the polarizabilities of these interacting caps:
az(0) = 4m,a.]O,lo(l-

2 c u l O , l 0 ~ - 3 [ ~ 2-0

(e)
+

Z . . ~ I ~ } - I

€8

ER

As indicated by the argument 0, these polarizabilities are for a dipole located in the
center of the spherical or spheroidal cap, which is positioned in the substrate. The
~ 0 c y I 1 , l l at the right-hand sides of the above equations are
polarizabilities ~ 1 0 and
polarizabilities of a cap, interacting with the substrate. As remarked in the previous
section, these polarizabilities are obtained for spherical caps, using the method of
section 8.3, and for spheroidal caps, using that of sections 9.4 and 9.5. With eq.(10.26)
one then takes into account, in first (dipolar) approximation, the interaction with the
other islands in a regular array (with 4- or &fold
- symmetry).
For a random array of caps Szo and Slo have to be replaced by 12, eq.(10.8),
and
eq.(10.18), respectively, and LP3 by p3f2 in the above equation. Notice that,
since e = 2 and rn = 0, there is no sign difference between the lattice sums and
distribution integrals for caps and truncated particles.
Finally the interfacial susceptibilities P e ( - d ) , 7 J - d ) , 6,(-d) and 7 ( - d ) of
a film of interacting spherical or spheroidal caps are obtained from the expressions,
0 ) cu11(0), by using the relations
eq.(10.26), for the polarizabilities ~ ~ ( and

E,

This follows from eq.(8.56) or (9.73), with = E, , € 2 = E , and taking the quadrupole
polarizabilities equal to zero. The argument -d denotes the position of the dividing
surface at z = -d.
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Quadrupole approximation

Just as in the previous section, here first the case of truncated spheres or spheroids will
be considered, and next the case of spherical or spheroidal caps. In the quadrupole
approximation all multipole moments of order l > 2 are neglected, so that eq.(10.6)
becomes a finite set of linear equations for Al,-1 , A10 , ,411 , Az,-z , Az,-I , Am ,
Azl and AZ2. For the regular array case with a 4 or &fold symmetry (square and
triangular lattices respectively)

-

Sem = S
m
:

=0

for m # multiple of 4 or 6 respectively

(10.28)

Substitution of all these zeros into the above mentioned finite set of equations leads,
with the definition, eq.(7.9), of H ( l , m l l z , m 2 ) to

Here the abbreviations
(10.30)
have been introduced (cf. eq.(7.80)). Notice that for lattices with 4 or &fold symmetry different m * s do not couple. The equations for Al,-1 and A2,-1 are superfluous,
since one can prove again, that At,-] exp(-i$o) = -All exp(i#J0),(e = 1,2). It is crucial in this context that the x-axis has been chosen along one of the lattice vectors.
It is furthermore found that in quadrupole approximation

A22 = Az,-z = 0

(10.31)

(cf. eq.(7.43))

Solving eq.(l0.29) and using eq.(5.111), one finds for the polarizabilities normal
to the surface of the substrate
a.z(O) =

4 ~ € a D ; ’ { [ l +~ ~ Z O , Z O S & L - ~ J ; ; I ~ I O , I O

-4ffio,zoffzo,1o~~L-~J;;)
aP(0) = 2 7 r ~ ~ ~ D ;- ~6 a{ 1[ 01, 2 0 3 ~ L - 4 ~ ] a 2 0 , 1 0

+6azo,zoa 10,10 S i o K 4-1

(10.32)
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where

and for the polarizabilities parallel to the surface of the substrate

(10.34)
where

As indicated by the argument 0, these polarizabilities are for a dipole and a quadrupole
located in the center of the truncated spheres or spheroids. The above equations have
the same form 8s eqs.(7.81)-(7.84) for spheroids. The polarizabilities ae+rm in the
above equations are now for a truncated sphere or spheroid, interacting with the substrate. With the method, developed in the previous chapters, in which a homogeneous
external field is used, one can only calculate ~ I O J O , ~ I I J I ,a10,20, ~ Z O , I O ,a11,21 and
0 1 2 1 , ~ ~This
.
follows from eqs.(5.67), (8.31) and (9.31). In order to be able to evaluate
also the polarizabilities az0,20 and a21,21 , the method of the two previous chapters
has to be extended to the case of a non-homogeneous external electric field, which
may be taken as a linear functionjn space. This problem is treated in appendiv A
of this chapter. The lattice sums $,(!
= 2,3,4) are calculated using the techniques
described in appendix A of chapter 7.
With eq(10.32)- (10.35) one can take into account in quadrupolar approximation the interaction of a truncated sphere or spheroid with the other islands in a
regular array with 4 or 6-fold symmetry. The interaction in a random array can be
found, by solving eqs(l0.11) and (10.12), in the same (quadrupolar) approximation
as eq.(10.6) has been solved above. The result is, that one simply has to replace the
lattice sums 3 i ( l = 2,3.4) by

(10.36)
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in the above expressions, eqs.(10.32)- (10.35), for the polarizabilities, and furthermore
L by p-'I2. Here It and are the distribution integrals, defined by eqs.(l0.8) and
(10.9) respectively.
The interfacial susceptibilities ,B,(d), y e ( d ) ,6,(d) and ~ ( d of) a film of interacting identical truncated spherical or spheroidal islands can be obtained from the
expressions for the polarizabilities az(0),
aio(0),ali(0) and aao(0),found above, by
using the relations

This has been proven at the end of section 7.6 (cf. eq.(7.51)). The argument d denotes
the position of the dividing surface at z = d.
For a regular two-dimensional array (with 4 or 6- fold symmetry) of spherical
or spheroidal caps on a substrate, one obtains from eqs.(10.16), (10.28) and (7.9),
instead of eqs. (10.29),

I

where the lattice sums S& are given by eq.(10.30). Notice that for lattices with 4- or
6-fold symmetry different m ' s do not couple. Notice furthermore, that this equation
may be obtained from eq.(10.29) by replacing at the right-hand sides the normal
component Eo cos Bo of the external field in the ambient by its value (E,,/E,) Eo cos eo
in the substrate, and by replacing
by gk , which is equivalent to interchanging
the dielectric constants E , and c,, as follows from eq.(10.30). The equatidns for A1,-1
and A2,-1 are again superfluous, just as for truncated particles above. One can also
prove, that in quadrupole approximation eq.(10.31) holds.
Solving eq. (10.38) and using eq. (8.51) for spherical caps, or eq. (9.72) for
spheroidal caps, where € 1 = E , and € 2 = E,, one finds, instead of eq~~(10.32)(10.35),

,!?trn
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for the polarizabilities of the interacting caps, normal to the surface of the substrate:

where now

where now

As indicated by the argument 0, these polarizabilities are for a dipole and a quadrupole
located in the centers of the spherical or the spheroidal cap, which are positioned in
the substrate. The multipole polarizabilities a10,10, a10,20 , 0 1 2 0 ~ 0, a20,20 , a11,11 ,
, a21,11
and a21,21
, appearing at the right-hand sides of the above equations,
are the polarizabilities of a cap, interacting with the substrate. Using the method of
section 8.3 for spherical caps, or that of sections 9.4 and 9.5 in the case of spheroidal
caps, one can only calculate a10,io , a11,11 , a10,20 , a20,lo , a11,21 and 0 2 1 ~ 1 . This
follows from eqs.(lO.l5), (8.51) and (9.72). In order to be able to evaluate also the
polarizabilities a20,20
and aZ1,21 for spherical and spheroidal caps on a substrate, the
method of the previous chapters has to be extended to the case of a non-homogeneous
external electric field, which may be taken as a linear function in space. This problem
is treated in appendix B.
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With eqs(10.39)- (10.42) one can take into account in quadrupole approximation the interaction of a spherical or spheroidal cap with the other caps in a regular
array with 4 or 6-fold symmetry. The inter_actionsin a random array can be taken
into account by replacing the lattice sums S i ( l = 2,3,4) in these equations by I:,
cf. eq.(10.36); in this last equation & and
are defined by eqs.(l0.8) and (10.18)
respectively. Furthermore L should be replaced by p-'/'.
for truncated particles and
Notice that, since S
m
; differs by a factor
caps on the same lattice (see section 10.3), it follows, with eq.(10.30), that g& and
g$ have the same value in the above equations for truncated particles and caps. For
the same reason g$ in the case of truncated particles equals S& in the case of caps.
This is also true for the random array, where
and
are the same, whereas
for truncated particles equals
for caps.
Finally the interfacial susceptibilities P,(-d) , ye(-d) , be(-d) and ~ ( of
4)
a film of interacting spherical or spheroidal caps are obtained from the expressions,
eq~~(10.39')(10.42) for the polarizabilities az(0)
, aio(0), all(0)and aio(0),by using
the relations

-

2

-

This follows from eq.(8.44) or (9.73), with €1 = E , and
denotes the position of the dividing surface at z = -d.
10.6

€2

=

E ~ .The

argument -d

Application: Gold islands on sapphire

In order to demonstrate how the equations, derived above, can be used in practice, the
special case of gold islands on sapphire will again be discussed. The influence of the
interaction between the particles is considered first to dipolar and then quadrupolar
order. The dielectric constant of the ambient is unity, E, = 1. Sapphire has a small
dispersion in the visible domain. An average value is used as dielectric constant of
the substrate, E , = 3.13. For the complex dielectric constant of gold a list of values
is given in table 5.1, for the optical domain [40].
Consider first a regular array, with 4 or &fold symmetry, in which the interactions between the particles are taken into account until dipolar order. It follows
&om eq.(10.23), with E, = 1, that for truncated spheres and spheroids the dipole
polarizabilities, in dimensionless form, are given by
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where
&O,lO

a10,10
=v

G1,11

I

~ 1 1 , l l
=V

(10.45)

and
(10.46)
For a truncated sphere with radius R and truncation parameter t, it follows, with
eq.(8.107), that

v- =1-7r3

();

3

(2

+ 3t, - tr")

(10.47)

For a truncated oblate spheroid, 0 5 to,one finds from eq.(9.114)

P = -7r
3

3
)
;
(-

to(1 +(;f> (2+3t,

- tr")

(10.48)

and in the case of a truncated prolate spheroid, 1 5 to,from eq.(9.115):
(10.49)

See figs 9.2 and 9.3. The dimensionless dipole polarizabilities, eq.(10.45), follow from
the dimensionless amplitudes, using eqs.(5.67) and (8.110) for a truncated sphere and
eqs(5.67) and (9.119) for a truncated spheroid

These amplitudes are obtained for a truncated sphere by solving eq.(8.108), together
with eqs.(8.109) and (8.13). For truncated spheroids one should solve eq.(9.116),
together with eqs.(9.117) and (9.19) for- oblate, and eqs.(9.118) and (9.38) for prolate
O S
o; are evaluated using the methods described
spheroids . The lattice sums S ~ and
in appendix A of chapter 7.
The surface constitutive coefficients, eq.(10.24), become in dimensionless form
for truncated spheres with radius R and truncation parameter t,

(10.51)
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= 1. The invariants, eq.(5.66), become for truncated spheres

for this case, where
h
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= --le=y,-Espe
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,
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1
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(10.52)

6e-

where E, was taken real. For truncated spheroids one has to replace R by ato in
the above equations. All these quantities therefore follow in a simple way if the
polarizabilities GZ and 611,eq.(10.44), are known.
Next consider the case of a regular array, with 4or 6-fold symmetry, of spherical or spheroidal caps. Now it follows from eq(10.26) that, in dipolar approximation
in the interaction between the particles,

where &0,10, Eil1,11 and ? were defined above. For a spherical cap with radius R and
truncation parameter t,, it follows from eq.(8.113):

0 = +T

(;>”

(2 - 3t,

+ t?)

(10.54)

For an oblate spheroidal cap, 0 5 to,one finds from eq.(9.122)
(10.55)
and in the case of a prolate spheroidal cap, 1 5 to,from eq.(9.123):

v

= :r

3

(

3
)
;

lo(ti - 1) (2 - 3t, + t:)

(10.56)

See figs 9.5 and 9.6. The dimensionless dipole polarizabilities, eq.(10.45), on the righthand side of eq.(10.53) follow from the dimensionless amplitudes, using eqs.(l0.15)
and (8.115) for a spherical cap and using eqs.(lO.l5) and (9.126) for a spheroidal cap:
h

&O,IO

=~ A i o ,

h

GII,II = Ail

(10.57)

These dimensionless amplitudes follow for a spherical cap by solving eq.(8.108), together with eqs(8.43) and (8.114). For an oblate spheroidal cap one should solve
eq.(9.116), together with eqs.(9.65) and (9.124), and for a prolate spheroidal cap
eqs.(9.116) with eqs.fg.79) and (9.125). The lattice sums 5’20 and g50 are evaluated
using the methods described in appendix A of chapter 7. As was explained in section
10.4, these lattice sums are the same for truncated particles and caps on the same
lattice.
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The surface constitutive coefficients, eq.(10.27), become in dimensionless form
for spherical caps, with radius R and truncation parameter t,,

Te
p,

3

h

E

7

6,

=a,,

PV
1
-b,(-d)
PV

= €3-2^a2

1

h

h

--ye(-d)
1

-T(-d)

= -€ilt,.$ij

1
-b,(-d)

= -€;'t,

PVR

=

PVR

(a, +a,,>

where E, = 1. The invariants are again given by eq(10.52) for real
caps one has to replace R by ato in the above equations.

(10.58)

6.,

For spheroidal

For random arrays the lattice sums Szoand gio,in eq(10.44) for truncated
particles and in eq(10.53) for caps, have to be replaced by the distribution integrals 12
and
These distribution integrals are given by ecp(l0.8) and (10.9) for truncated
particles and by eq~(10.8)and (10.18) for caps. Furthermore L-3 in eqs(10.46)(10.49) and (10.54)-(10.56), should be replaced by p3/'.
Next the case of truncated spheres with a radius R is considered, in which
the interaction between the particles along the substrate is taken into account to
quadrupolar approximation. The dimensionless forms of eqs.(10.32) and (10.33), for
the dipole and quadrupole polarizabilities normal to the surface of the substrate are
given, with E, = 1, by

E.

where

The dimensionless forms of eqs(10.34) and (10.35), for the dipole and quadrupole

340

TRUNCATED SPHERES OR SPHEROIDS FOR FINITE COVERAGE

polarizabilities parallel to the surface of the substrate are given, with

E,

= 1, by

(10.61)
where
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(10.62)

~

In the above equations the abbreviations g&, eq.(10.30), have been used, with E , = 1.
The following new dimensionless quadrupolar polarizabilities are defined
310,zo

aio,2o/VR,

220~0

a20,1o/VR

21121

a11,21/VR,

621,11

WI,II/VR

(10.63)

and

where

- R
REz

(10.65)

For truncated spheroids the above formulae also describe the case that the
interaction along the substrate is taken into account to quadrupolar order, provided
that one replaces R by ato. Furthermore V is in all cases the volume of the truncated
particle. 9 is defined by eq. (10.46) and given by eqs. (10.47)-( 10.49) for the different
cases.
First the calculation of the dipolar polarizabilities, eq.(10.45), and the first
four quadrupolar polarizabilities, eq.(10.63), for the different shapes of the truncated
particles will be discussed. The dimensionless dipole polarizabilities follow from the
dimensionless amplitudes using eq.(10.50). The first four dimensionless quadrupole
polarizabilities follow horn the dimensionlessamplitudes, using eqx(5.67) and (8.110)
for a truncated sphere and eqs.(5.67) and (9.119) for a truncated spheroid:
3,
= - ~ 0 , 2 0= A 2 0 ,
h

220,ia

5

h

a21,11

3,

h

= -a11,21 = A21

5

(10.66)
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The amplitudes XIo, All, 2 2 0 and 2 2 1 are obtained for a truncated sphere by solving
eq.(8.108), together with eqs.(8.109) and (8.13). For truncated spheroids one should
solve eq.(9.116), together with eq~~(9.117)
and (9.19) for oblate, and eqs.(9.118) and
(9.38) for prolate spheroids.
In order to calculate also the last two dimensionless quadrupole polarizabilities, eq.(10.64), one must use the method described in appendiv A below. Now the
dimensionless form of the equations found in this appendix will be given, as this has
not been done before. The following dimensionless amplitudes are now needed for
truncated spheres

where &, for i , j = 2,y, z, are elements of the matrix which gives the gradient of
the incident electric field in the ambient, cf. eq.(10.84). For truncated spheroids one
may use the same definitions if one replaces R by ato. In all cases V is the volume
of the truncated particle; which is given by eq.(8.107) for spheres and by eqs.(9.114)
and (9.115) for oblate and prolate spheroids.
It follows, using eqs.(10.96), that

for l = 1 , 2 , 3,..., M a n d m = 0 , 1
both for truncated spheres and spheroids. The matrix elements

CEl, Dgl,

(10.68)
and

GGl are given for truncated spheres by eq.(8.13), for truncated oblate spheroids by
eq.(9.19) and for truncated prolate spheroids by eq.(9.38). For truncated spheres it
follows from eq.(l0.89), that the right-hand side of the linear equations is given by

(10.69)
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and QZ, are given by eqs(8.14) and (8.15). For truncated oblate
The coefficients
spheroids it follows from eq.(10.106), that these coefficients are given by

The functions X r ( t 0 ) are defined by eq.(9.20). For truncated prolate spheroids it
follows from eq.(10.110), that these coefficients are given by
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zr(to)

The functions
are defined by eq.(9.39). Note that eqs.(10.70) and (10.71) for
spheroids reduce to those for spheres, eq.(l0.69), in the spherical limit, to 00. This
can be proven, using asymptotic formulae given in appendix A in chapter 9.
Solving the above equations give the dimensionless quadrupole amplitudes
which are identical to the following quadrupole polarizabilities
--f

h

~ 2 0 , z o= A20,

h

&21,21

= 41

(10.72)

This follows from the definitions (10.64) and (10.67) together with eq.(10.101). These
polarizabilities, together with those given above, must now be substituted into eqs.
(10.59) and (10.61) to obtain the dipole and quadrupole polarizabilities including the
interaction along the substrate. The lattice sums in the latter equations can be found
using the method given in appendix A of chapter 7.
The surface constitutive coefficients, eq.(10.37), become in dimensionless form
for truncated spheres with radius R and truncation parameter t,

(10.73)
for this case, where 6 , = 1. For truncated spheroids one has to replace R by ato in the
above equations. The dimensionless invariants are given by eq.(10.52) for truncated
spheres, and for spheroids, with doinstead of R. All these quantities therefore follow
in a simple way if the polarizabilities &, Cy, CII,and 2io,eqs.(l0.59) and (10.61), are
known.
Next the case of spherical caps with a radius R is considered, in which the interaction between the particles along the substrate is taken into account to quadrupolax
approximation. The dimensionless forms of eqs.(l0.39) and (10.40), for the dipole
and quadrupole polarizabilities normal to the surface of the substrate are given, with
E , = 1, by

(10.74)
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where

D,

+ 3&o,zog&R^J)]
+
&$ +

[l - 2Q(2&0,10g'z+om

+

x [l

2Qi(22O,lOi7&4577

$4~2~[2&o,10~',

x [GlO,lO&l

rn+

2ij20,203&J?fi)]

3 6 ? 2 0 , 2 o @ ~ E m ]

(10.75)

2&0,20&4fiI

The dimensionless forms of eqs.(l0.41) and (10.42), for the dipole and quadrupole
polarizabilities parallel to the surface of the substrate are given, with fza = 1, by
LSll

= !?!.@

= 4 m s D ~ ' { [l jVk?&1,21&fi]i11,11
8-

V

+g8-3..
VR

%fiI

Q11,21~21,11

(10.76)
where

Dli

[I + 2 P ( G 1 1 , 1 1 3 ~ f l +

3 & 1 , 2 1 g & 6 m ) ]

+ 31,213&ifi)]

x [I - 2 Q i ( 2 2 1 , 1 1 3 & & 7 7
+ 4 p 2 [ & 1 , 1 1 3 i o m

x[

+

& , l I & m

+

3 6 2 1 > 2 1 & 6 m ]

4..

(10.77)

,Q11,21g&ifiI

In the above equations the abbreviations g&,eq.(10.30), have been used, with = 1.
All the quantities on the right-hand side of these equations have been defined above.
For spheroidal caps the above formulae also describe the case that the interaction
along the substrate is taken into account to quadrupolar order, provid%d that one
replaces R by ato. Furthermore V is in all cases the volume of the cap. V is defined
by eq.(10.46) and given by eq~~(10.54)-(10.56)for the different cases.
First the calculation of the dipolar polarizabilities, eq.(10.45), and the first
four quadrupolar polarizabilities, eq.(10.63), for the different shapes of the caps will
be discussed. The dimensionless dipole polarizabilities follow from the dimensionless
amplitudes using eq. (10.57). The first four dimensionless quadrupole polarizabilities
follow from the dimensionless amplitudes, using eqs.(lO.l5) and (8.115) for a spherical
cap and eqs.(lO.l5) and (9.126) for a spheroidal cap:

3,
5

~ 2 0 , i o= -0110,m

h

= ts&o,

&,11

3..
5

A

= -c~.11,21 = &I

(10.78)

h

The amplitudes x l o , x l l , 2 2 0 and A 2 1 are obtained for a spherical cap by solving
eq.(8.108), together with eqs.(8.114)and (8.43). For spheroidal caps one should solve
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eq.(9.116), together with eqs.(9.124)and (9.65) for oblate, and eqs.(9.125) and (9.79)
for prolate spheroidal caps.
In order to calculate also the last two dimensionless quadrupole polarizabilities, eq.(10.64), one must use the method described in appendix B below. Now the
dimensionless form of the equations found in this appendix will be given, as this has
not been done before. For spherical caps the dimensionlessamplitudes are again given
by eq.(10.67), where in this caSe &, i , j = 2,y,z, are elements of the matrix which
gives the gradient of the incident electric field in the substrate. For spheroidal caps
the same formulae can be used with ata instead of R. It follows, using eqs.(10.120),
that eq. (10.68) for the dimensionless amplitudes is again valid, both for spherical and
spheroidal caps. The matrix elements Czl, LIZl, Fg and G& are given for spherical
caps by eq.(8.43), for oblate spheroidal caps by eq.(9.65) and for prolate spheroidal
caps by eq.(9.79). For spherical caps it follows from eq.(10.117), that the right-hand
side of the linear equations is given by

The coefficients (El and QZ, are given by eqs.(8.14) and (8.15). For oblate spheroidal
caps it follows from eq.(10.127), that these coefficients are given by

(E,

- 1)t, (--1)'%[6,,
4-0

- CflQfl(tr)J
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-&E,

- 1)t, (-1)'

- (ilQil(tr)]}

%[&1

dt0

(10.80)

The functions X y ( t o )are defined by eq.(9.20). For prolate spheroidal caps it follows
from eq. (10.130), that these coefficients are given by

The functions zp([o)are defined by eq(9.39). Note that eqs.(10.80) and (10.81) for
spheroids reduce to those for spheres, eq.(10.79), in the spherical limit, E0 -+ 00. This
can be proven, using asymptotic formulae given in appendix A in chapter 9.
Substituting the above equations into eq.(10.68) gives, upon solution, the dimensionless quadrupole amplitudes which are identical to the following quadrupole
polarizabilities
h

&20,20

= Azo,

h

621,21

= A21

(10.82)

This follows from the definitions (10.64) and (10.67) together with eq.(10.125). Note
that, contrary to eq.(10.57), no E, appears in this equation. This is a consequence of
the choice of the incident field in the calculation and the resulting manner in which the
amplitude was made dimensionless, cf. appendix B for a more detailed explanation.
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These polarizabilities, together with those given above, must now be substituted into
eqs.(lO.74) and (10.76) to obtain the dipole and quadrupole polarkabilities including
the interaction along the substrate. The lattice sums in the latter equations can be
found using the method &ven in appendix A of chapter 7. As mentioned at the end
for truncated particles and
of the previous section, S& differs by a factor (-l)e+m
caps on the same lattice (see section 10.3). It follows, with eq.(10.30), that 26 and
?!,& have the same value in the above equations for truncated particles and caps. For
the same reason g&, in the case of truncated particles equals S& in the case of caps.
This is also true for the random array, where 7: and
are the same, whereas 1:
for truncated particles equals I? for caps.
The surface constitutive coefficients, eq. (10.43), become in dimensionless form
for spherical caps with radius R and truncation parameter t,

-

-

5e =

1
--y,(-d)

PV

-

=GI,

for this case, where t, = 1. For spheroidal caps one has to replace R by uto in the
above equations. The dimensionless invariants are given by eq.(10.52) for spherical
caps, and for spheroidal caps, with ato instead of R. All these quantities therefore
follow in a simple way if the polarizabilities &, ato, 211,and 6i0,eqs.(10.74) and
(10.76), are known.
For random arrays the lattice sums g&, 35 and g;, in eqs(10.59) and (10.61)
for truncated particles and in eqs.(10.74) and (10.76) for caps, have to be replaced
These distribution integrals are given by
by the distribution integrals I;, I$ and
eqs.(10.8) and (10.9) for truncated particles and by eqs(l0.8) and (10.18) for caps.
Furthermore L-3 in eqs.(10.46)-( 10.49) and (10.54)-(10.56), should be replaced by

- -

E.

p"2.

Using the interaction along the substrate to dipolar order and the interaction
with the image to order M = 16 the dipole polarizabilities were calculated for oblate
spheroids, with an axial ratio 4 and a number of truncation parameters, as a function
of the frequency. The density was chosen such that the number of spheroids per
square long axis, i.e. the diameter parallel to the surface of the substrate, is equal
to 0.4. The spheroids were located on a square array. This implies that the close
packing density is equal to 1 in these units. The resulting 0, is plotted in figs.10.3-5
for truncation parameters t, = 0.4,O.O and -0.4. The minus sign will be used to
indicate the case of a cap; in the actual calculations the formulae for the cap have
been used with the absolute value of this parameter. It is found that the constitutive
coefficient ,Be, which is due to the dipole polarizability normal to the surface, is not
sensitive to the interaction along the substrate. The dipole polarizability normal
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Figure 10.3 The real and imaginary parts of
for a truncated oblate spheroid, with an
axial ratio 4 and a truncation parameter 0.4, as a function of the wave length. Both the
cases of interaction and of no interaction along the substrate are plotted.

t o the surface is small. Its resonance structure is a very sensitive function of the
truncation parameter. There is one resonance for the truncated spheroid and there
are two for the hemispheroid and three for the cap in the optical domain.
The resulting ye for an axial ratio of 4 is plotted in figs.10.6-8 for truncation
parameters t, = 0.4,O.O and -0.4. It is found that the constitutive coefficient ye,
which is due to the dipole polarizability parallel to the surface, is not very sensitive
to the interaction along the substrate. The interaction results in a small red shift of
the resonance. The dipole polarizability parallel to the surface is large. The location
and the size of the resonance is a very sensitive function of the truncation parameter.
It shifts from the optical domain for a truncated spheroid to the far infrared for the
cap. The size is largest for the hemispheroid.
Using the interaction along the substrate to dipolar order and the interaction
with the image to order M = 16 the dipole polarizabilities were also calculated for
prolate spheroids with an axial ratio 0.25 as a function of the frequency. The density
was chosen such that the number of spheroids per square short axis, i.e. again the
diameter parallel to the surface of the substrate, is equal to 0.4. One may again argue
that the distance between the spheroids should be larger than their height divided by
two. For t, = 0.4 this implies that must be smaller than 0.5. For the hemisphere
and the cap the condition is even less restrictive. The density chosen is 0.4 and
therefore the results plotted below are expected to be reliable. The spheroids were
located on a square array. This implies that the close packing density is equal to 1
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Figure 10.4 The real and imaginaly parts of
for a oblate hemispheroid, with an axial
ratio 4 and a truncation parameter 0.0, as a function of the wave length. Both the cases
of interaction and of no interaction along the substrate are plotted.
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Figure 10.5 The real and imaginary parts of @, for a oblate spheroidal cap, with an
axial ratio 4 and a truncation parameter -0.4, as a function of the wave length. Both the
cases of interaction and of no interaction along the substrate are plotted.
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Figure 10.6 The real and imaginary parts of Te for a truncated oblate spheroid, with an
axial ratio 4 and a truncation parameter 0.4, as a function of the wave length. Both the
cases of interaction and of no interaction along the substrate are plotted.
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Figure 10.7 The real and imaginary parts of Te for a oblate hemispheroid, with an axial
ratio 4 and a truncation parameter 0.0, as a function of the wave length. Both the cases
of interaction and of no interaction along the substrate are plotted.
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for a oblate spheroidal cap, with an
Figure 10.8 The real and imaginary parts of
axial ratio 4 and a truncation parameter -0.4, as a function of the wave length. Both the
cases of interaction and of no interaction along the substrate are plotted.

p,

in these units. The resulting
is plotted in figs.lO.9-11 for trunzation parameters
= 0.4,O.O and -0.4. It is found that the constitutive coefficient ,Be, which is due to
the dipole polarizability normal to the surface, for prolate spheroids is very sensitive to
the interaction along the substrate. The location of the resonance shifts considerably
to the blue for the truncated and the half spheroid in addition to reducing in size
substantially. For the cap the blue shift is smaller but the size reduction is still
considerable. In all cases the dipole polarizability normal to the surface is small. Its
resonance structure is also a sensitive function of the truncation parameter. There is
a blue shift for decreasing truncation parameter and an additional resonance appears
for the cap in the optical domain.
The resulting ye for an axial ratio of 0.25 is plotted in figs.10.12-14 for truncation parameters t , = 0.4,O.O and -0.4. It is found that the constitutive coefficient
T,, which is due to the dipole polarizability parallel to the surface, increases in size
due to the interaction along the substrate. This increase is most pronounced for the
truncated spheroid and not very substantial for the cap. The interaction does not
effect the location of the main resonance. The dipole polarizability parallel to the
surface is small. For the truncated and the hemispheroid a small additional resonance
appears both in the presence and in the absence of interaction.
One may conclude that the polarizability along the surface of oblate spheroids,
for all vahes of the truncation parameter, is large and not really dependent on the
interaction along the substrate. The normal polarizability of oblate spheroids and the
normal and the parallel polarizabilities of prolate spheroids are, due to the interaction

t,
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Figure 10.9 The real and imaginary parts of p, for a truncated prolate spheroid, with
an axial ratio 0.25 and a truncation parameter 0.4, as a function o f the wave length.
Both the cases of interaction and of no interaction along the substrate are plotted.
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Figure 10.10 The real and imaginary parts of
for a prolate hemispheroid, with an
axial ratio 0.25 and a truncation parameter 0.0, as a function of the wave length. Both
the cases of interaction and of no interaction along the substrate are plotted.
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Figure 10.11 The real and imaginary parts of
for a prolate spheroidal cap, with an
axial ratio 0.25 and a truncation parameter -0.4, as a function of the wave length. Both
the cases of interaction and of no interaction along the substrate are plotted.
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Figure 10.12 The real and imaginary parts of Te for a truncated prolate spheroid, with
an axial ratio 0.25 and a truncation parameter 0.4, as a function of the wave length.
Both the cases of interaction and of no interaction along the substrate are plotted.
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Figure 10.13 The real and imaginary parts of Te for a prolate hemispheroid, with an
axial ratio 0.25 and a truncation parameter 0.0, as a function of the wave length. Both
the cases of interaction and of no interaction along the substrate are plotted.
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Figure 10.14 The real and imaginary parts of Te for a prolate spheroidal cap, with an
axial ratio 0.25 and a truncation parameter -0.4, as a function of the wave length. Both
the cases of interaction and of no interaction along the substrate are plotted.
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with the image and also due to the interaction along the substrate, small. There is a
very considerable dependence of all polarizabilities on the truncation parameter.

10.7 Appendix A: truncated particles
In this appendix it will be discussed, how the method for the calculation of the
polarizabilities of a truncated sphere or spheroid on a substrate, developed in chapters
8 and 9 (sections 8.2, 9.2 and 9.3), must be changed, in order to be able to calculate
the multipole polarizabilities a20,20 , a21,21and cy22,22 for these particles. First the
case of a truncated sphere will be considered (cf. section 8.2). Instead of the constant
external electric field Eo , eq.(8.3), a field will now be taken in the ambient, which is
a linear function of space and therefore the gradient of a potential of the form
$Jo(r)=

--+21

: rr

= --1 C 4 i , ~ i ~ j

(10.84)

i,j=1

Here T I I 2, r2 3 y, ~3 2 z and q5ij is a symmetric traceless matrix . The indices i
and j denote the Cartesian components 2, y and z. Introducing spherical coordinates
T , 8,4 and eliminating &(=
-4,. - 4,)
this potential can be written, in terms of
the spherical harmonics, defined by eqs.(5.26) and (5.27), as

This potential of the external field now has to replace the potential of the constant
field Eo in the expression, eq.(8.2), for the potential in the region 1 (ambient), so that
this becomes

(10.86)

For the meaning of the various symbols, the reader is referred to section 8.2. (See
also fig.8.3).
The potential in region 2 (substrate), which was given by eq.(8.4), has to be
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replaced by

(10.87)

The potentials in the regions 3 (island) and 4 (substrate) are again given by eqs.(8.5)
and (8.6), (see fig.8.3).

It can easily be checked, that the external potential, appearing at the righthand sides of eqs(lO.86) and (10.87) (all terms except the sums EL,), satisfies the
boundary conditions at the surface of the substrate. It furthermore follows from these
conditions, that eqs(8.7) and (8.8) hold again for the multipole coefficients Atrn and
Bern.
Applying the boundary conditions, eqs(8.9) and (8.10), at the surface of the
sphere T = R, one obtains the infinite set of inhomogeneous linear equations (8.12),
where the matrix elements C& , DGl , FZ and GGl are again given by eq.(8.13),
together with eqs.(8.14)- (8.20). The terms at the right-hand sides of eq.(8.12) are,
however, given by expressions different from those found in section 8.2, and will
be denoted here by KT and LT. They are now found to be unequal to zero, if
m = 0 , f l or f 2 . One therefore has to consider eq(8.12) here not only for the
values m = 0, +1, but also for m = &2. Furthermore one can prove again, that this
equation has to be used only for e = 1 , 2 , 3 , .....(see the discussion in section 8.2 below
eq.(8.21)).
For C = 1,2,3, ..... and m = 0, f l one obtains
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where

K:

L,o
L?1

(10.89)
For

e=

2,3,4, ...... and m = f 2 one obtains
m

M

(10.90)
where
K:2

L:'

m~
(f4=. - s1 4 , u ~a,)
i 6ez
= R2(iq5xG24,u4i 4xy1
=

-

x {Ezsez - ( € 2

1

- ei)Ce2f 2 Qezf 2 ( t r ) }

(10.91)

The matrices <El and QE,(tr) are again given by eqs.(8.14) and (8.15), and the
truncation parameter t, by eq.(8.11).
In an analogous way as in section 8.2, one can now prove that eq.(10.88) for
m = -1 and eq.(lO.90) for m = -2 are redundant. First of all eq.(8.26) is valid.
Furthermore one proves from the definition, eys.(10.89) and (10.91), together with
eqs.(8.14), (8.15) and (6.8),that

(4,=+ i 4,,We'
(4zz

and

+ i 4vzP:

=

-(h*- i 4vz)K2
- i 4&i'

= -(dzz

(10.92)
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h o m eqs.(10.88), (8.26) and (10.92) one can then prove that

(Az+ i 4,,,)Ati
(&,, + i cb,,)Bei

=

=

--(4,,,- i &,,)Ae,-i
-(dxz - i &,z)Be,-~

(10.94)

whereas it follows from eqs.(10.90), (8.26) and (10.93), that

Both the m = -1 equation (10.88) and the m = -2 equation (10.90) are therefore
superfluous.
Equation (10.88) may be solved numerically, by neglecting the amplitudes
Atm and Bem larger than a suitably chosen order. One then solves the finite set of
inhomogeneous equations

M

M

e,=i

l,=1

C F z R-e'-2Aelm+ C G ~ l R e ' - l B e , m= L y
for

e

= 1 , 2 , 3,....., M ; m = 0 , 1

(10.96)

where K:, L:, K,' and L: are given by eq.(10.89) and C;, , Dzl , FG and GE, by
eq(8.13). In this way the amplitudes A10 , A20 , A11 and A21 can be calculated with
sufficient accuracy, by choosing M large enough. In a similar way one may solve
eq.(10.90) numerically by solving the finite set of equations
M

+

M

C~t,R-C'-2At,~
e,=2

el =2

M

M

el=z

I , =2

D~11@'-1Be,2
= K:

C F& R-e'-2Ae12+ C G'& Rel-'Be,z = L:
for

e

= 2 , 3 , 4,...,M

(10.97)

where K; and Lz are given by eq.(lO.91). In this way the amplitude A22 may be
calculated.
It follows from eqs.(10.96) and (10.97), together with eqs.(10.89) and (10.91),
that A10 and A20 are proportional to (&s +&), All and A21 to ($, - i &,,) and A22
to ( ;bxs - $#,, - i 4w),which quantities appear as factors of the spherical harmonics
in the expression, eq.(10.85), for the potential of the external field in the ambient. If
one writes this potential as
2

1cIo(r) = r2

C B?iY,m(~,4)

m=-2

(10.98)
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it is found that

fg? =

(4xx

+ 4YY)m,
B?!, =

*@XZU

4 Y z ) m
(10.99)

Therefore A 1 0 and A 2 0 are proportional to Bg), A l l and A21 to &) and A22 to B.$).
The proportionality constants are, according to eq.(5.30), the multipole polarizabilities aim,elrni:

Aio = - ~ I O, ~ O B $A?2 0, = -a20,20&
A21

= -a21,21&

(0)

,

A22 =

(O)

- -0111,21&1 ( 0 )
, A11 -

(0)
- 0122,2242

(10.100)

The multipole polarizabilities a10,20and a11,21 could also be found from eqs.(8.31) and
(5.67), using the method of section 8.2. New are the multipole polarizabilities a20,20,
021,21 and 0122,22 . These quantities are therefore found by dividing the amplitudes A 2 0 ,
A21 and A22, obtained above, by B$), B g ) and B$) respectively or, more explicitly,
kom
a20,20

=

-Azo/

[(4xz+ 4u,)m
, a21,21
] = -Ax/ [(4xz- i 4 v z ) m ]
(10.101)

With eq.(5.67) one can then also calculate the quadrupole polarizabilities:
ai'(0) =

-

7~ ~ i A 2 o

67~€,A22

(4xz + 0YY) 4
s - (4xz - 0UY - 2i4eu)

m
(10.102)

Next the case of a truncated oblate spheroid on a substrate will be considered.
Then the potential of the external field, eq.(10.84), has to be written in terms of
oblate spheroidal coordinates 6, 17 and 4, defined by eqs.(6.l) and (6.2) or by the
inverse coordinate transformation, eq.(6.3), see section 6.2 for a further explanation.
One obtains:
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For the meaning of the various symbols in the above equation and below, the reader
(pyy)azin the above
is referred to section 6.2. The additive constant -(1/6)(&.
potential will be omitted.
For the potential in region 1 (ambient) one now obtains

+

The potential in region 2 (substrate) becomes

Finally the potential in the regions 3 (island) and 4 (substrate) are given by ~ ~ ( 9 . 8 )
and (9.9).
The external potential, appearing at the right-hand sides of eqs.(10.104) and
(10.105) (all terms except the sums Xim), satisfies the boundary conditions at the
surface of the substrate. It furthermore follows from these conditions, that eqs(9.12)(9.14) are valid.
Applying the boundary conditions, eqs.(9.15) and (9.16), at the surface of
the spheroid (C = to),one obtains again the infinite set of inhomogeneous linear
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equations (9.17), where the matrix elements Cgl , DZl , FG and GZl are given
by eq.(9.19), together with eqs(9.20)- (9.24). The terms a t the right-hand sides
of eq.(9.17) are now, however, given by different expressions as in section 9.2, and
will be denoted again by the symbols KP and Ly. Just as in the case of truncated
spheres above, these quantities are only unequal to zero, if m = 0, f l or f 2 . One
therefore has to consider eq.(9.17) only for these values of m. hrthermore one can
take C = 1 , 2 , 3 , ....just as above.
For l = 1 , 2 , 3 , ..... and m = 0, f l one obtains eqQ0.88) in which R should
be replaced by half the length of the short axis, Ra = ato (see fig. 9.3 of chapter 9).
The terms at the right-hand sides of the latter equation are given by

K,o

= - r n ( 4 m + 4,,)ato{ti2Xz0(t0)6L2
tiiX,O(to)[6t1- 5 y i Q ~ l ( h ) l + dk5!oQ?o(tr))}

fl
x6e2

fl

Qo,

(tr)

1

+ fit&

G = -m(4Ea
+4 , ,
-2J57;j(E2

L:'

*I

fl

*I

Xi (t0)[6el- Sei Qei (t7)111
) a ~ 1 ~ -1(€2 ~- € ~l ) <n? 2 ~ ~ ( t 7 ) ~
dt0

- €l)tr--dX'(Eo)[&I - < ~ l Q ~ l ( t , ) l )
dt0

= T - ~ ( 4 , f - i 4 , , ) a t o { E 1 t i 1dX2f' (60)6e2
dt0

+&(E2

- E l ) t , dX"(to)

dt0

[&I

- L1
fl Qelfl (t,)l)

(10.106)

and QZ, (t,) by
where the functions X,"(to)axe defined by eq.(9.20), the matrices
eqs(8.14) and (8.15), and the truncation parameter t, by eq.(9.2). For C = 2,3,4, .....
and m = f 2 one obtains eq.(10.90)) in which R should be replaced by half the length
of the short axis, R, =
(see fig. 9.3 of chapter 9). The terms at the right-hand
sides of the latter equation are given by

-

x[~26t2 (€2

- ~ ) l *2e Qe2
2 1 2( t r ) ]

(10.107)

Notice that the above expressions, eqs.(10.106) and (10.107), approach to the expressions, eqs.(10.89) and (10.91), for truncated spheres in the spherical limit, to-i00
with ato = R. This follows with eqs(9.130) and (9.132).
In an analogous way as above for truncated spheres, one can prove that
eq.(10.88) for m = -1 and eq.(10.90) form = -2, with a t o instead of R, are also
redundant for truncated oblate spheroids.
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Equation (10.88), with ato instead of R, may again be solved numerically by
neglecting the amplitudes Atm and Bem larger than a sufficiently high order M . One
solves eq.(10.96), with
instead of R, where Czl, DE,, FE and GEl are given by
eq.(9.19), and K y and L y by eq.(10.106). In this way the amplitudes Alo, A20, A11
and Azl can be calculated for truncated oblate spheroids. In a similar way A22 can be
evaluated by solving eq.(10.90), with doinstead of R, numerically. One then has to
solve eq.(10.97), with u t o instead of R, where K r and Lp are given by eq.(10.107).
Writing the external potential, eq.(10.103) as

at0

c
2

@0(4

=

B g X x a ) % m ( a r c c o s % 4)

(10.108)

m=-2

one obtains the same expressions, eq.(10.99), for the amplitudes BrA. Since the amplitudes A10 and Azo are proportional to Bg),All and A21 to &;), and A22 to &:),
eq. (10.100) holds again, defining now the oblate spheroidal multipole polarizabilities a10,20, a 2 0 , 2 0 , a 1 1 , 2 1 , a21,21 and ~ Z Z , Z Z . Since 0110,zo and a11,21 can also be found
from eq~~(9.31)
and (5.67), the only new polarizabilities here are ol20,20, a21,21 and
a22,22, which can be obtained, using eq.(10.101). With eq.(10.102) one can then also
calculate the quadrupole polarizabilities ai'(O),oli'(0) and aI1(0) for a truncated
oblate spheroid on a substrate. Notice, that it is again possible to calculate these
quadrupole polarizabilities, using the same equation, as has been used for truncated
spheres, since one has neglected octupole and higher order polarizabilities (see the
discussion in chapters 6 and 9 on this point).
Finally the case of a truncated prolate spheroid will be considered. In section
6.3 prolate spheroidal coordinates (, 77 and 4 were introduced by means of eqs.(6.48)
and (6.49). In terms of these coordinates, the external potential @,(r), eq.(10.84),
becomes
$o(r)

=

m 1 ; ( 4 x x + 4 y y ) ma)YzO(arccosv,6145 - (4xz + i 4yz)

(10.109)
For the definition of the various symbols in this equation the reader is referred to
section 6.3. The additive constant has been omitted.
Notice that the above equation may be obtained from the corresponding expression, es.( 10.103), valid for oblate spheroidal coordinates, simply by replacing the
functions X y ( t ,u ) by @(t,a), and using prolate spheroidal coordinates, instead of
oblate spheroidal coordinates. The same is true for the potential in the regions 1, 2, 3,
and 4 (see fig. 9.4 of chapter 9): the functions @,(r)and &(r) can be obtained from
the expressions (10.104) and (10.105), by replacing X p ( t ,a ) by z y ( [ ,a), eq.(6.58),
.Z?(E, u ) by gr(c,a ) , eq.(6.59), and using prolate spheroidal coordinates. The functions ['(t,
17) and ~'(t,
77) are then defined by eq.(9.36). The functions &(r) and Q4(r)
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are again given by eq.(9.35). The derivation of these results runs along the same lines
as in section 9.3, and will not be given here.
Applying the boundary conditions at the surface of the substrate, as well as the
boundary conditions, eqs.(9.15) and (9.16), a t the surface of the prolate spheroid, one
obtains the infinite set of inhomogeneous linear equations (9.37), where the matrix
elements Cgl , DEl , F& and GZ, axe given by eq.(9.38), together with eqs.(9.39)(9.42). The terms at the right-hand side of eq.(9.37) are, however, different, and will
be denoted again by the symbols KF and L y . Just as in the case of a truncated oblate
spheroid, these quantities are only different from zero, if m = 0, f l or f 2 . Therefore
equation (9.37) has to be considered only for these values of m. Furthermore it is
sufficient to take e = 1,2,3,.....
For C = 1,2,3,..... and m = 0, kl one now obtains eq.(10.88) in which R
should be replaced by half the length of the long axis, Rl = ato (see fig. 9.4 of
chapter 9). The terms at the right-hand sides of the latter equation are given by

.
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For C = 2,3,4,..... and m = f 2 , one obtains eq.(10.90) in which R should be replaced
by half the length of the long axis, R, = ato (see fig. 9.4 of chapter 9). The terms at
the right-hand sides of the latter equation are given by

x [ ~ 2 6 e 2- (€2 - €1)<t2f-2Qez1 2 (h)]

(10.111)

The above expressions, eqs.(l0.110) and ( l O . l l l ) , may be obtained from the corresponding ones, eqs.(10.106) and (10.107), for truncated oblate spheroids, by replacing X p ( t 0 ) by zT(t0).These expressions again tend to the corresponding ones,

364

TRUNCATED SPHERES OR SPHEROIDS FOR FINITE COVERAGE

eq~~(10.89)
and (10.91), for truncated spheres in the spherical limit, to-+ 03 with
a t o = R. This follows with eqs.(9.135) and (9.137).
In an analogous way as above for truncated spheres, one can prove that
eq(10.88) for m = -1 and eq.(10.90) for m = -2, with ato instead of R, are also
redundant for truncated prolate spheroids.
Equation (10.88), with ato instead of R, may again be solved numerically by
neglecting the amplitudes Atm and Bem larger than a sufficiently high order M . One
solves eq.(10.96), with a t o instead of R, where Cz1, DEl, FZ and G& are given by
eq.(9.38), and K,". and L y by eq.(10.110). In this way the amplitudes Ale, A20, A11
and A21 can be calculated for truncated prolate spheroids. In a similar way Am can
be evaluated by solving eq.(10.90), with
instead of R, numerically. One then has
to solve eq.(10.97), with a t o instead of R, where K,". and LT are given by eq.(lO.lll).
Writing the external potential, eq.(10.109), as

c a%yt,
2

!bo(r) =

a)Y;"( arccos11,4)

(10.112)

m=-2

one again obtains the expressions, eq.(10.99), for the amplitudes B E . Therefore
eq. (10.100) is also valid in the present case of truncated prolate spheroids, and
eq.(10.101) may be used to calculate the spheroidal multipole polarizabilities a2o,20 ,
a21,21 and ~ 2 2 2 ~ 2of
2 these particles. With eq.(10.102) one then obtains the quadrupole
polarizabilities ai'(0) , aI1(0) and all(0) for a truncated prolate spheroid on a substrate.

10.8 Appendix B: caps
In this appendiv it will be discussed, how the method for the calculation of the
polarizabilities of a spherical or spheroidal cap on a substrate, developed in chapters
8 and 9 (sections 8.3, 9.4 and 9.5), must be changed, in order to be able to calculate
the multipole polarizabilities or20,20 , or21,21 and a22,22 for these particles. First the
case of a spherical cap will be considered (see section 8.3 and fig. 8.4).
It is convenient to choose the potential of the incident external field such that
it is given by eq.(10.85), now in the substrate rather than in the ambient, as was done
in the previous section. It then follows from the boundary conditions at the surface
of the substrate that the external potential in the ambient is given by
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See for the meaning of the various symbols the previous appendix.
The potential in the ambient, region I, then becomes
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=
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(10.114)

em

cf. eq.(8.33) and the text below that equation. The potential in the substrate, region
2, is now given by

em

em

The potentials in the regions 3, island, and 4, substrate, are again given by eqs.(8.35)
and (8.36). It follows from the boundary conditions at the surface of the substrate
that eqs.(8.37) and (8.38) hold again for the multipole coefficients Atm an Bern.
Applying the boundary conditions, eq~(8.39)and (8.40), at the surface of the
sphere r = R , one obtains the infinite set of inhomogeneous linear equations (8.42),
where the matrix elements Cgl , DZl , FG and GZl are again given by eq.(8.43),
together with ecp(8.14)- (8.20). The terms at the right-hand sides of eq.(8.42) are
given by expressions different from those found in section 8.3, however, and will
be denoted here by K," and LT. They are now found to be unequal to zero, if
m = 0 , f l or f 2 . One therefore has to consider eq.(8.42) here not only for the
values m = 0, fl, but also for m = f 2 . Furthermore one can prove again, that this
equation has to be used only for e = 1,2,3,.....(see the discussion in section 8.3 below
eq.(8.44)).

For

e = 1,2,3,.... and m = 0, f l one obtains
m

m

00

m
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with

For L = 2 , 3 , 4 , .... and m = f 2 one obtains
m

m

M

00

with

One proves, in a completely analogous way as in the previous appendix, that eq.(10.116)
for m = -1 and eq.(10.118) for m = -2 are redundant. The proof will not be given
here.
Equation (10.116) may now be solved numerically by neglecting the amplitudes
Atm.and Bem larger than a suitably chosen order. One then solves the finite set of
inhomogeneous equations
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for

e = 1,2,3,.....,M

and m = 0 , l

(10.120)

where the matrix elements Czl , Dzl , Fgl and G& are given by eq(8.43) and K: ,
K,' I Lf and L: by eqs.(lO.l17) and (10.119). In this way the amplitudes A10 , -420,
A11 and A21 can be calculated with sufficient accuracy, by choosing A4 large enough.
In a similar manner one may solve eq.(10.118) numerically by solving the finite set of
equations

el =2

el=z

M

M

for

e = 2 , 3 , .....)M

(10.121)

eel

where the matrix elements Gel, D& ,
and G& axe again given by eq.(8.43) for
m = 2 and K j and t: by eq.(lO.llS). With these equations the amplitude A22 may
be calculated.
The amplitudes A10 I A20 , All , A21 and A22, found above, refer to multipole fields in the substrate. It follows from eqs.(10.120) and (10.121), together with
ecp(l0.117) and (10.119), that A10 and Azo are proportional to (A, q5uJ, A11 and
A21 to (q5iz-i&)
and A22 to ($&,$&, -i&), which quantities appear as factors
of the spherical harmonics in the expression for the external field potential in the
substrate. If one writes this potential as

+

2

&Jr) = r2

C B2Yr(@,d)

(10.122)

m=-2

it is found that

(10.123)
Therefore A10 and A20 are proportional to B$', A11 and A21 to B$) and A22 to Bg).
The proportionality constants are, according to eq45.30) , the multipole polarizabilities aem,etml :

Aio = -aio,zoB$),

A20

= -azo,2oBm(0)

Ail

= - ~ 1 , 2 1 B g ) ~Azi = -a21,21

A22

=

- a 22,22B22(0)

B(0)
21

(10.124)

(cf. eq.(10.100)). The multipole polarizabilities a10,20 and a11,21 can also be found
from eqs.(8.51) and (10.15), using the method of section 8.3. New are the multipole
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polarizabilities a20,20, ~ 2 1 , 2and
~ a22,22. These quantities are therefore found by dividA 1 and A 2 2 of multipole fields in the substrate respectively
ing the amplitudes A
by the amplitudes B 3 : Bh) and B$) of the potential of the external field in the
substrate, so that

(cf. eq.(10.101). With eq.(10.15) one can then also calculate the quadrupole polarizabilities a;'(O) , ai'(0) and a'l(0) of a spherical cap on a substrate. One finds (cf.
eq.(lO. 102)

Next the case of a spheroidal cap on a substrate will be considered. In a
completely analogous way as has been done above for spherical caps, one may now
derive the various equations for spheroidal caps starting from the expressions of the
potentials in the regions 1- 4,see figs.9.5 and 9.6, in terms of spheroidal coordinates.
This derivation will not be given here. In the following only the results will be given.
For an oblate spheroidal cap one obtains again eq.(lO.l20), with R replaced
by half the short axis R, = ato, where the matrix elements Cgl , D z l ,'F and GEl
are now given by eq.(9.65), and K: , K j , L: and Li by
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Here the functions X,"(t0) are defined by eq.(9.20), the matrices
and QG,(tr) by
eq~~(8.14)
and (8.15), and the truncation parameter t, by eq.(9.50).
With eq.(10.120), with R replaced by a t o , and eqs.(10.127) and (9.65) the amplitudes A10 ,Azo,A11 and A21 can be calculated numerically for an oblate spheroidal
cap on a substrate. In a similar way A22 can be found by solving eq.(10.121), with
R replaced by ato, where the matrix elements C;e, , Djel ,
and G:el are given by
eq.(9.65) for m = 2, and K; and Li by

eel

The amplitudes found in this way are amplitudes of spheroidal multipole fields in the
substrate, originating in the center of the cap. The potential of the external field in
the substrate is

where B g ( m = 0, f l ,f 2 ) are again given by eq.(10.123). The oblate spheroidal
multipole polarizabilities a20,20 , a21,21 and a22,22 of the cap on the substrate may
therefore be obtained using the same formula, eq.(10.125), as has been used above
for a spherical cap. The quadrupole polarizabilities ai'(0) , a i l ( 0 ) and ""(0) of an
oblate spheroidal cap are again given by eq.(10.126).
Notice that the above equations for oblate spheroidal caps become equal to
the corresponding equations for spherical caps in the limit as to-+ 00 and ato = R.
This follows with eqs.(9.130) and (9.132).
For an prolate spheroidal cap one obtains again eq.(10.120), with R replaced
by half the long axis R1 = do,
where the matrix elements CZ, , DZ,,Fg, and GEl
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are now given by eq.(9.79), and K;

, K,' , L! and Lj

by

It will be clear from the derivation of this case in the previous appendix, that the
results for a prolate spheroidal cap may be obtained from_the above equations for an
oblate spheroidal cap, simply by replacing Xy(t0)by XT(to),which functions are
defined by eq.tg.39). The matrices
and QEl(t,) are defined by eq~(8.14)and
(8.15), and the truncation parameter t, by eq.(9.75).
With eq.(10.120), with R replaced by ato, and eqs.(l0.130) and (9.79) the amplitudes A10 , A2o,A11 and A21 can be calculated numerically for a prolate spheroidal
cap on a substrate. In a similar way A22 can be found by solving eq.(10.121), with
R replaced by ato, where the matrix elements C:e, , Dill F i , and G$, are given by
eq.(9.79) for m = 2, and K: and L; by
)

The prolate spheroidal multipole polarizabilities a20,20 , a21,21 and a22,22 of the cap on
the substrate may therefore be obtained using the same formula, eq.(10.125), as has
been used above for a spherical cap. The quadrupole polarizabilities aj'(0) , all(0)
and a"(0) of an prolate spheroidal cap are again given by eq.(10.126).
Notice that the above equations for prolate spheroidal caps become equal to
the corresponding equations for spherical caps in the limit as to+ 00 and ato = R.
This follows with eq~~(9.135)
and (9.137).

Chapter 11

STRATIFIED LAYERS
11.1 Introduction

A planar stratified layer between two bulk media is a region, in which the dielectric
constant and possibly also the magnetic permeability depend only on the coordinate
normal to the layer, which is in this book always the z-coordinate. Most generally the
system is characterized by the frequency dependent dielectric constants, €11 ( z ,w ) and
~ ~ ( z , wand
) , magnetic permeabilities, pII(z,w) and pz(z,w), parallel and orthogonal
to the layer, respectively. Away from the layer the dielectric constants and magnetic
permeabilities approach their direction independent bulk values, E+ and p+ for z --t 00
and E - and p- for z -+ -w. In most of the literature on stratified media one considers
non-magnetic media, pII(z,w) = pz(z,w) = 1. Furthermore one usually takes a scalar
dielectric tensor, i.e. q ( z , w ) = E ~ ( z , w=) c(z,w). An extensive discussion of this
case is given for instance in the books by Born and Wolf(l41 and by Lekner[ll]. It is
not the aim of this chapter to repeat this work in great detail. It is well understood
and it does not need much further discussion. The main purpose of this chapter is to
show that the description of surfaces, presented in this book, reproduces these results
in a rather simple and direct manner. Given the relative ease of using the interfacial
constitutive coefficients for this purpose an extension of the current formulae is given
to systems which are magnetic and which have tensorial dielectric and magnetic
permeabilities. The thickness of the layer is assumed to be small compared to the
wavelength of the incident Iight. For the special case that the system is non-magnetic
and the dielectric permeability is scalar the results are then compared to the results of
the usual analysis. In particular the expressions containing invariants are compared
to similar expressions given by Lekner. Explicit relations between the invariants he
uses and those used in this book are given.
11.2

Constitutive coefficients

The first .step to obtain the constitutive coefficients is to subdivide the stratified
layer in thin sublayers. Such a sublayer between, for instance, z and z dz may be
described to linear order in dz with the sublayer constitutive coefficients:

+
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Here the extrapolated bulk dielectric and magnetic susceptibilities are defined by

=

c0(z) c-O(-z)

+ ctO(z)

and po(z)= p-O(-z)

+ p+8(z)

(11.2)

1 if s > 0 and O ( S ) = 0 if s < 0. It should be
8 is the Heaviside function, 8(s)
noticed, that a function of a stepfunction is again a stepfunction. Thus one has
[€o(Z)]-'

[pO(z)]-'

=

(€-)-'O(-z)

5

(p-)-V(-z)

+ (€+)-%(z)

+ (p+)-lO(z)

(11.3)

for the extrapolated inverse bulk susceptibilities.
The second step is to shift all the layers towards z = 0. The layer which is first
located between z and z dz then ends up in z = 0 and the appropriate constitutive
coefficients of the shifted layer are given by eq.(3.52) and are

+
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Pe(0; z) = Pe(z)
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6 4 ;2)
7(0; 4

-4,-Ym(z)/ Po(.) -1- P,(z)Clo(z)I
= -z[,-Y,(z)Po(4 - rm(z)60(41

=

(11.4)

In the argument the 0 gives the location of the shifted layer and the z indicates where
this contribution originated. This last piece of information is needed to know the
ordering of these contributions along the z-axis.
The last step is to add all the contributions together, using eq.(3.62). This
results, using also eq.(11.4) with eq.(ll.l), in

1
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As is indicated by the 0 in the argument all these constitutive coefficients have been
given with the 2 - y plane as the dividing surface. It will be clear that the x - y
plane should be chosen in or very close to the stratified layer.
The constitutive coefficients given in eq.(11.5) fully describe the optical properties of the stratified layer under consideration. One simply substitutes them into
the various reflection and transmission amplitudes, given in sections 4.2 and 4.3.
In order to compare the resulting expressions for the measurable optical properties
like reflectance, transmittance and the ellipsometric coefficients with those obtained,
using the more conventional methods, one simply substitutes the above expressions
into the appropriate formulae in the subsequent sections in chapter 4. For the special
case of a non-magnetic system with E I I ( Z )= E,(z) one then indeed recovers the usual
results. As all the measurable optical properties have been given in terms of combinations of these constitutive coefficients, which are independent of the choice of the
dividing surface, it is more convenient to first consider these invariant combinations.
Such invariant combinations have also been introduced by Lekner [ll]for this special
case and now also follow, using the list of invariant combinations given in section 3.9.
11.3

Invariants

The invariants are obtained by substitution of eq.(11.5) into eqs.(3.53) - (3.55). This
results in the following expressions for the linear invariants

I , = ~ ~ (-0E-E+P,(O)
)
=
= [Id.

[W-

6-

- €+

dz

+

[EJJ(Z)

- E O ( Z ) + E - E + { [ c , ( z ) ] -~ [EO(Z)]-~)]

€-t+[€,(Z)]-l]

(11.6)

and similarly

The three complex and the one real linear invariants no longer contain the stepfunctions and are therefore manifestly invariant.
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The three complex second order invariants are

J-m

J-m

(11.8)
These expressions are not manifestly invariant. Below expressions will be derived,
which are manifestly invariant and which may conveniently be compared with analogous formulae given by Leknerlll]. For the actual calculation, given the profile, it
is usually simpler to choose a convenient location of the dividing surface and to use
the above formulae.
In order to derive the manifestly invariant form an identity will be used. Consider two functions f(z) and g ( z ) , which have the limiting values f- and g- for
z --t -w and f+ and g+ for z + 03 . Introduce the stepfunctions fo(z) and go(z)
in the usual way as well as an additional stepfunction b ( z ) . The required identity is
given by

(11.9)
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This identity may now be used to rewrite the double integral contributions to the
second order invariants. This results in

J-00

J-m

The above expressions for the second order invariants are now all manifestly invariant.
This may be seen by shifting the origin of the z-axis over a distance d. This results in
formulae in which the profiles q(z), ez(z),pIl(z) and p,(z) are replaced by E I I ( X -t- d ) ,
~ , ( z + d ) , p,ll(z+d) and pz(z+d), whereas all functions which depend on z-z’ remain
t,he same. This are precisely the formulae one obtains by shifting the position of the
profiles relative to dividing surface over a distance -d. The above expressions also
have a rather shorter and more appealing form.
11.4 Non-magnetic stratified layers

If the system is non-magnetic one has pll(z) = p,(z) = 1. Substituting this into the
constitutive coefficients, eq.(11.5) gives

The magnetic coefficients ym, p, and 6, are now all equal to zero.
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Similarly one obtains for the invariants from eq.(ll.6)-(11.8)

[,dz
m

I, =

[E~,(z)- E -

+t--~+[~~(z)]-~]

- E+

In the manifestly invariant form, given in eq.(ll.lO), the second order invariants
become

I,,,

=

(€+

- Eo(Z - z’)]

- €-)-I

pzS10_dz’r0(z’ -z)[q(z)
- [&-

X{[€.(z’)]-l

z)]-l}
m

I,

=

-I(€+
- e-)-I/
dzJ
2
-m
x [ q ( z ’ ) - EO(Z’ - 41

m

dz’[q,(z) - € o f t

- z’)]

-m

(11.13)

which is again a more elegant form.
If one further restricts the system by taking the dielectric tensor scalar, E ~ I ( Z=)
one finds

a
3

[

Im

dz [ ~ ( z-) EO(Z)]

[I I.(.)

/ (E’

-E-)

J--m

Irn

-2

dz

Srn
-b+ /
(€+

- €-)-I

--m

+

E-)

1

/ (€+

- E-)

d z 1 1 dZ’E0(Z’ - Z ) [ E ( Z )

x{[t(z‘)]-’- [€&I
2

(€+

I

-4

- €o(z - z’)]

- 1 }

m

-€-)-I

-m

d z S m dZ“E(2)

- €o(Z - Z‘)][€(Z’)- E0(Z’

-z)]

-m

(11.14)
Lekner’s

-%I

finds the complex invariants. In particular one may identify I , with
= X I - A1 ,cf. eq.(37) on page 68 in [ll]and I, with Lekner’s iz
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divided by 2(c+ - 6-), cf. eq.(33) on page 67 in [ll].Regarding the invariant 16,e
there is a confusing typographical error in Lekner’s definition of the invariant j 2 , cf.
eq.(39) on page 68 in [ll];a factor 2 is missing on the right hand side of his definition.
One may verify this, for instance by comparing with eq.(54) on page 71 of his book.
If the factor 2 is included all the subsequent formulae are correct. Upon inclusion
of this factor of 2 the invariant
may be identified with Lekner’s j z divided by
2(t+ - E - ) . In Lekner’s work invariants of arbitrary order in the thickness of the layer
are constructed. For thin stratified layers these are not of much practical use. For
adsorbing stratified layers he makes only a very limited use of the invariants. He
mentions that those already constructed become complex, but he does not introduce
I,. He gives a convenient list of the values of the complex invariants for a number
of different profiles. It should be noted that Lekner defines rp with a different sign.
As a consequence his expressions for the ellipsometric coefficient also have a different
sign.

11.5 Conclusions
The subject of stratifled layers will, in view of the extensive coverage in the literature,
not be further discussed. The generalizations to, for instance, magnetic systems given
in this section can easily be used along the same lines as the non-magnetic case. The
usual results like, for instance, the Drude formula and the shift of the Brewster angle
are found directly by substitution of I, into eqs(4.99) and (4.100), respectively. In a
similar way one finds the formulae for the reflectances and transmittances. The extension to the magnetic case is directly found by substituting the invariants, including
the magnetic contributions given above.

Chapter 12
THE WAVE EQUATION AND ITS GENERAL SOLUTION
12.1

Introduction

In the analysis in most of the previous chapters it was sufficient to solve the Laplace
equation for the potential. Only in the chapter on reflection and transmission the
wave equation was given for the bulk regions and its solution in terms of plane waves
was used. In order to describe the properties of rough surfaces a more systematic
analysis of the solution of the Maxwell equations including the effects on the interface
is needed. In this chapter such an analysis will be given. As a first step it will be
discussed how to obtain a wave equation valid not only in the bulk, but also at the
surface. This extension to the surface poses a special problem, due to the singular
nature of the normal components of the electric and magnetic fields a t the surface.
If one would try to construct the appropriate Green function to write the general
solution in integral form, as one usually does, the Green function would have similar singularities. This would eliminate much of its usefulness. The way out of this
dilemma is to use the solution of the wave equations for the normal components of the
electric displacement field and the magnetic induction, which do not have such singular behavior at the interface, rather than for the normal components of the electric
and magnetic fields. This results in a modification of one of the integral operators,
which give the non-singular fields in terms of the polarization and magnetization
densities, such that they no longer contain any singularities at the surface. These
expressions axe then used for further analysis.

12.2 The wave equations
In chapter 3 the Maxwell equations (3.6) were given and the consequences of the fundamental assumption made in this book, that these equations remain valid also if the
fields contain singularities, and the consequences of this for the nature of the boundary conditions were discussed. If one absorbs currents in the electric displacement
field, as discussed in section 3.5 the Maxwell equations become
rotE(r,w) = i-B(r,w),
W
C

W

rotH(r,w) = -i-D(r,w),
C

divD(r,w) = 0

(12.1)

divB(r,w) = 0

The wave equation for the electric field is now obtained, by taking the rotation of the
first Maxwell equation and using the third, as well as the relations B = H M and

+
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D = E + P. This then yields
W

rotrotE(r,w) - (-)'E(r,w)
C

W

W

= (-)'P(r,w) +i-rotM(r,w)
C

(12.2)

The wave equation for the magnetic field is similarly obtained by taking the rotation
of the third Maxwell equation and one obtains
W

rot rot H(r,w ) - (-)'H(r, w ) = (-)2M(r,w) - i- rot P(r,w )
W

W

C

C

(12.3)

In the problem under consideration the system is translationally invariant in the
2- and the y-direction, but not in the z-direction. In order to construct solutions
of these equations, it is therefore most appropriate to Fourier transform the above
equation with respect to 5 and y, but not with respect to z. One then obtains, using
rot rot = grad div -A,

For ease of notation the unit tensor, multiplying a scalar, when adding this scalar
to a tensor, will not usually be indicated explicitly. The analogous equation for the
magnetic field becomes

0

-;%I

= ( ~ ) ' M ( k X , k y , z , w )i;-

.P(k,,k,,z,w)

-ik, ikx

(12.5)

0

As is to be expected on the basis of the symmetry of the Maxwell equations the above
two wave equations are very similar.
In order to construct the solutions needed, it is now convenient to write the
polarization and the magnetization densities as sums of induced contributions and
externally controlled contributions

The induced, as well as the externally controlled contributions, may both have singular contributions on the z = 0 surface separating the and the - phases. Before
addressing the complications in the construction of the solution due to these singular terms, it is convenient to solve first the wave equations for the simple case of a

+

381

The solution of the wave equations

homogeneous one phase medium, where such singular contributions do not occur. In
that case one has
Pind(kz,ku,z,w) = [E(w)- IIE(kxikg,z,w)
Mu) - W ( k z , k , , z , w )

M i n d ( k z , k y , ~ , W )=

(12.7)
(12.8)

where t ( w ) is the frequency dependent dielectric constant and p ( w ) the frequency
dependent magnetic permeability in the homogeneous bulk region. Substituting the
above expressions for the polarization and magnetization densities into the wave
equation (12.4), and using the third Maxwell equation (12.1) and the relation D =
E P, one obtains for the electric field

+

(12.9)
where the complex refractive index is defined by n2(w)
equation for the magnetic field becomes

E ( w ) ~ ( w ) The
.
analogous

(12.10)
In the next section the solutions will first be given for the wave equations in the above
homogeneous case. Subsequently the solutions for a two phase medium, where the
dielectric constant and the magnetic permeability in the and in the - region are
different, but still in the absence of singular contributions at the z = 0 surface, will
be constructed, using the usual boundary conditions for this case. In the subsequent
section the contributions due to the singularities at the z = 0 surface are then finally
added, and the influence of the surface on the behavior of the fields is discussed.

+

12.3 The solution of the wave equations
In order to construct the general solution of the wave equation as an integral over the
source density one first constructs the solution for an arbitrary externally controlled
point source
Pext(r,w)= Pe,t(w)G(r - ro), M m t ( r , d )= Mezt(w)G(r - ro)

(12.11)
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In the ( k x ,kv, z , w ) representation this source becomes

+
+ YO)]

Pezt(kx,k,, 2 , ~ )= Pext(w)b(z - ZO) eXP[-i(kx~o
Mest(kx,k , , z , w ) = M,t(w)G(z - zo)exp[-i(lc,ao

~WYO)]

(12.12)

In the case of a homogeneous medium one must therefore solve the following equation

which is obtained by substituting the above expression for the source into eq.(12.9).
Similarly one finds from eq.(12.10)

xG(z

- zo) e x p [ - i ( k a o + k,yo)l

(12.14)

far the magnetic field.
For the homogeneous case under consideration the system is also translationally invariant in the z-direction. For that case the solution is most easily obtained by
also Fourier transforming the z-coordinate. The wave equation for the electric field
then reduces to
w

W

w

[k2 - kk - (-)'n."(w)].E(k,w)= [(;)'p(w)Pmt(w) - ;k x Mat(w)] e x p ( 4 k . n )
C
(12.15)
and the wave equation for the magnetic field reduces t o
W

w

+

W

[k' - kk - (-)'n'(w)].H(k,w) = [(--)'~(w)M~t(u) ;k
C

x PeXt(w)]exp(-ik.ro)
(12.16)

The solutions of these equations are given, as may be verified by substitution, by
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where the retarded “dipole propagator” is given by
(12.19)
where i0 is an infinitesimally small positive imaginary number. Furthermore the other
propagator is given by

L(k,w)

=

C

W
-F(k,w).

( iz
-k,

-kz

0

k,
;k,)

ks

Inverse Fourier transformation of the retarded dipole propagator, eq.(12.19),
with respect to k, gives, cf. appendix A,

+-2i sign(r)n-2(w)(kllL-k Bkll) exp(ikllz[) + S ( ~ ) n - ~ ( w ) %
where 2 is the unit vector normal to the surface and kll
the wave vector on the surface. Furthermore

- k;

= (k,, k,,O)

(12.21)

the projection of

- kf with I m k i 2 0

(12.22)

It should be emphasized that I”L is not a variable, but a function of k,, k, and W .
hrthermore it is good to realize, that k l can have an imaginary part, because of two
reasons. One is the fact, that the refractive index may have an imaginary part, which
is the case in an absorbing medium. The other is, when kit is larger than w / c , which
is related to the phenomenon of total reflection. The expression for the z-dependent
dipole propagator, eq.(12.21), contains three contributions with different behavior at
z = 0. The first is continuous, the second discontinuous and the third singular at
the z = 0 plane. Before elaborating on the singular contribution, also the inverse
Fourier transformed expression for the other propagator, eq.(12.20), with respect to
kz is given, cf. appendix A,

Also this propagator has a continuous and a discontinuous contribution, but in contrast with the retarded dipole propagator, there is no singular contribution.
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Using the above expressions for the z-dependent propagators in a homogeneous
medium one may calculate the electric and magnetic fields due to the point source,
using the inverse Fourier transforms of eqs.(12.17) and (12.18) with respect to kz.
This results in

As is apparent from eq.(12.21), these fields are singular in the z = zo plane, where
the source is located, due to the first term on the right-hand side of the above two
equations.

IR order to eliminate these singularities it is now convenient to calculate the
so-called non-singular fields defined by

As P and M are not simply equal to Pat and Me,, one must go back to the wave
equations (12.2) and (12.3) and replace the electric and magnetic fields by the nonsingular field. This results in
W

w

C

C

[rotrot -(-)2]\Ne(r,w) - Pi.P(r,w)) = (-)2P(r,w)

+ i-wC rot M(r,w)
(12.28)

W

W

w

C

C

[rotrot -(--)2][N,(r,w) - Pi.M(r,w)] = (-)'M(I-,W)- i- rotP(r,w)
(12.29)
The polarization and magnetization densities in these equations are the sums of the
externally controlled point sources and the hereby induced polarization and magnetization densities. Using eqs.(12.6)- (12.8), (12.26) and (12.27), these densities may
be written as

P(r,w) = [ ~ ( w-) IIE(r,w) + P,,t(r,w)
= [c(w) - l]Ne(r,w)- [ ~ ( w-) l]iP.P(r,u) Pezt(r,w)
(12.30)
M(r,w) = [p(w) - 1lH(r,w)+ M@t(r,w)
= [p(w) - l]N,(r,w) - b ( w ) - l]ti.M(r,w) Mezt(r,w)(12.31)

+

+
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Solving P and M from these equations, one obtains

(

P(r,w) = ( E - 1 )

1 0 0
0 1 0
0 0 €-I

)

.N,(r,w)f

(

)

1 0 0
0 1 0
0 0 €-I

.P,,(r,w)

(12.32)

M(r,w) = ( p - 1)
(12.33)
In order to simplify the expressions, the frequency dependence of E and p is no longer
explicitly indicated. For the electric displacement field D = E + P and the magnetic
induction B = H + M one obtains, using eqs.(12.26), (12.27), (12.32) and (12.33),
the analogous expressions

D(r,w)

=

( '0 9 i )

+

.Ne(r,u)

0 0 1

( :)

.Peet(r,w)

(12.34)

.M,t(r,w)

(12.35)

0 0 0

Substituting eqs(12.31) and (12.32) into eq.(12.28), and using furthermore the third
Maxwell equation (12.1) and eq.(12.34), one obtains

1 0 0

+i-

W
C

(12.36)

rot Mmt(r,w)

Similarly one obtains, by substituting eq~(12.30)and (12.33) into eq.(12.29), and
using the first Maxwell equation (12.1) and eq.(12.35)
.Nm(r,w)- p-'22.Mmt(r,~)]

1)
= (--)2"(n2W
W

-a-rot
c

(

1 0 0
0 1 0
0 0 p-1

Pmt(r,w)

)

.N,(r,w)+€

(

1 0 0
0 1 0
O O n-2

)

.Mmt(r,u)]

(12.37)
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The last two equations may now be simplified by bringing the terms with the
non-singular fields and part of the terms with the external polarization and magnetization densities to the left. This leads to

(12.38)

(12.39)

These equations have, upon transformation to the (kz,k,, z , w)-representation, in fact
a form similar to the original equations (12.13) and (12.14). The only differences are
that the electric and magnetic fields on the left-hand sides have been replaced by the
terms appearing now between square brackets. As solutions one may therefore use
the forms given in eqs(12.24) and (12.25)

where eq.( 12.12) was used for the externally controlled polarization and magnetization
densities in this representation.
One may now bring the terms containing the polarization and magnetization
densities to the right and it is then found from the above equations, that the non-
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singular fields N, and N, can be written in the forms

where the propagator G(kl1, z , w ) is equal to the propagator F(kll,z,w), eq.(12.21),
without the singular term:

The great advantage of this propagator is that it is no longer singular in the plane
where the source is located, just as this is the case for the propagator L(k,, k,, z,w).
As their names indicate, the non-singular fields N, and N
, have therefore indeed no
singularities in this plane.
For the following it will be necessary to express the non-singular fields in terms
of the surface polarization and magnetization densities PS(kll,w) and M"(kl1, w ) in
the z = zo plane, rather than in terms of the external surface polarization and magnetization densities PeSt(w) exp(-ikll.ro,ll) and M,t(w) exp(-ikll.ro,ll) in this plane.
For the definition of surface polarization and magnetization densities P"(kl1, w ) and
M8(kll,w) one has to go back to eq.(2.43). Using eq.(12.34) in (kll,z)-representation,
eqs.(12.12), (12.24) and (12.21), and considering only the singular terms in these
equations, one obtains:

An analogous relation is found for Bi and H,", with p instead of

c,

if one uses
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0 -1

;

0

;))

(12.50)

389

(12.52)
have been introduced.
The next step in the analysis is to construct these propagators in the case that
e- # E+ and (or) p- # p’. For this purpose the image dipole method may be used.
As this method is rather well-known, it will not be discussed here in detail. In this
more general case the propagators will depend on both the position of the source and
the point of observation and in particular also on whether these points are in the
same half space or in a different one. The solutions of the wave equations are given
bY

Kee(kllJz,WIz‘)= Ce(vz)e(y’z’){[K~e(kll,z-z‘lw)

+ K:e(kli,z+

d,w).R:]6u,ut

Up)

(12.53)

Kem(kllJtJW/z’)= Ce(~z)e(dz’){(K~,(klljz-z’,w)+Kg,(klljz+z’,w).Rk]6u,u’
V,U’

+K&,(kll, z - -2
kf;’I ,u).Tgb,-ut}

(12.56)

kf;

+

In these expressions v and Y‘ can be - and indicating respectively the half space in
which the observer and the source are located. The superscript v of the propagators
Kze(kll z , w ) , etc. indicates, that one has to take 6 = 6’ and p = p’ in the expressions
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(12.49)- (12.52). Furthermore 6-,- = 6+,+ = 1 and 6-,+ = 6+,-= 0. In the above
expressions the transmitted contribution contains ( k y / kT)z' as the position of the
virtual source. If this position is real valued the substitution of the expressions given
in eqs.(12.49)- (12.52) is straightforward. If the virtual position has an imaginary
part one must use sign(z) rather than sign(z - (kl;/ k f ; ' ) ~ ' )Notice
.
that for a real
valued virtual position of the source in the transmitted contribution these signs are
the same, which follows using the fact that v = -v'.
The three terms between curly brackets at the right of eqs.(12.53)- (12.56) have
a simple physical interpretation. The first one represents a signal, which is emitted
in the same half space and goes directly from z' to z. The second one represents a
signal, which is reflected at the interface before reaching z. The last one represents
a signal, which goes from one half space to the other and is therefore transmitted
by the interface. The tensors R:, T:, R& and T& will be called Fkesnel reflection
and transmission tensors. Upon application of the above propagators on the surface
polarization and magnetization densities P'(kl1,w) and M'(kll,w), eq.(12.46), of the
external dipole point source, eq.(12.11), one obtains, in a completely analogous way
as above in eqs(12.47) and (12.48), the non-singular fields N, and N, :

The fiesnel reflection and transmission matrices may now be found from the
boundary conditions of these fields, i.e. from their continuity at z = 0. One obtains:

where the unit vector kl, = kll/kll. The reason to call these the Fkesnel reflection
and transmission matrices is the fact that, if one writes the fiesnel reflection and
transmission amplitudes given in eqs(4.34) and (4.43) in terms of k; and k:, one
obtains exactly the prefactors in the above matrices, taking into consideration, that
one has taken p" = 1 in those equations. This is, of course, not an accident as the
above propagators also describe reflection and transmission at a similar interface.
These matrices furthermore satisfy the relations

R: + T i

=

1, R k + T k

=

1

(12.61)
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These conditions are also a direct consequence of the boundary conditions, but may
also easily be verified by substitution of eqs(12.59) and (12.60).

It is very important to stress that by construction, i.e. by the boundary
conditions, the propagators are, given a location of the source away &om the interface,
continuous at the z = 0 location of the observer. Using the general symmetry of the
solution of the Maxwell equations for the interchange of the source and the observer,
it follows that, for a given position of the observer away from the z' = 0 interface,
the field will also be independent from the precise position of the source. Whether
one places the source just below the z' = 0 surface or just above, the field is the
same. Another symmetry which is apparent from the above equations is the one for
the interchange of the electric and the magnetic fields.

12.4 The fields due to the surface polarization and magnetization
densities
The fields due to the polarization and magnetization densities P ' ( ~ IwI),and M"(kll,w )
at the interface are now simply given by

as follows from eqs.(12.57) and (12.58). The propagators in these equations have
the property that they are discontinuous, if the order of z and z' is interchanged.
As a consequence the non-singular fields due to the surface polarization and magnetization become discontinuous at the interface. Another important property of the
propagators is that, for a given non-zero value of the position of the observer, the
propagators are a continuous function of the position of the source also in z' = 0.
This may be verified by substitution of z' = 0 into eqs(12.53)- (12.56) and using the
explicit form of the Fresnel reflection and transmission matrices given in eqs. (12.59)
and (12.60). As a consequence it does not matter whether the polarization and magnetization densities are placed just above or just below the surface. This is one of the
important advantages of using the non-singular field. The location of the source just
above or just below the surface has in fact in the past led to confusion and incorrect
predictions [cf. section 14.31. In the present formulation such confusion can simply
not arise,
Since the propagators with a source on the surface play such an important
role, and in view of the fact that because of their continuous nature for z' = 0, it
is useful to write them also down explicitly, using their continuity to simplify them.
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One then finds

(12.63)

Substituting these expressions into eq.(12.62) for the fields then gives the fields due
to sources on the surface.

12.5 Dipoledipole interaction along the surface
An important phenomenon in the description of an excess dipole distribution along an
interface are electromagnetic interactions between the dipoles. For this purpose one
needs the field due to this dipole distribution, eq.(12.62), evaluated at the interface.
In view of the fact that this field is discontinuous in z = 0, one obtains a field which
depends on v sign(z - z’),

The propagators for the dipole field along the surface are found, using also eqs. (12.49)(12.52), to be equal to

K;,(k/l,w)

=

i W

0

tVky

0 -1

---{(ky)-’
2c

-p”ky p U k x 0

0 0

0

Dipole-dipole interaction along the surface
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The discontinuous nature of the field on the surface has the somewhat disturbing
consequence that in order to know the interaction between two dipoles (electric or
ma.gnetic), both located in the interfacial region and contributing to the surface polarization and magnetization densities, one must know v = sign(z -2'). In the definition
of the surface polarization and magnetization densities this information is lost. The
origin of this problem is related to the discussion in chapter 3 about the constitutive
relations. The question then addressed was whether the excess surface polarization
and magnetization should be expressed in the values of the fields on both sides of
tht: surface or not. It was then found that one could, without any loss of generality,
express the surface polarization and magnetization in terms of the average of these
extrapolated fields. Thus one finds for instance in chapter 14 on rough surfaces that
only the average fields appear in the analysis.
The interaction between dipoles on the surface can therefore be described using
the average fields, which, using the above expressions, is found to be given by

where the propagators for the average dipole field along the surface are found to be
equal to

Kee,+(kll,w) =

E[k;~"(w)]-l[kllkll - ( ~ ~ ( w ) ) ~-k (:))"(TI"
@
U

C

( ~ ) ) ~-( E)]
1

(12.67)

These propagators give the average fields for arbitrary parallel wave vectors and
frequencies.
In many applications one may neglect retardation. Setting w = 0 to obtain the
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relevant formulae for this case one finds, using eq.(12.22), the following propagators

This are the expressions used in chapter 14 on rough surfaces.
12.6

Appendix A

The integral to be calculated is

The poles in the denominator of the integrand are in f k l where

- k: - ki

with Im k l 2 0

(12.70)

For z > 0 the integral must be closed in the upper half plane and for z < 0 in the
lower half plane. This results in

If one now carries out the differentiations one obtains the result in eq.(12.21).
The propagator L(kx,ky,z , w ) is obtained by inverse Fourier transformation
of the expression, eq.(12.20), with respect to kz, which gives

If one carries out the differentiation with respect to z , one obtains the result eq.(12.23).

Chapter 13
GENERAL LINEAR RESPONSE THEORY FOR
SURFACES
13.1

Introduction

For many aspects of the analysis symmetry and other properties of the constitutive
coefficients have been used, without giving a thorough discussion of the background of
these relations. It is the aim of this chapter to do so. To first order in the non-locality
of the response the constitutive relations were introduced in the third chapter, cf.
eqs~(3.42)-(3.45). In the (kl,w ) representation these constitutive equations become

As discussed in chapter 3 this form of the constitutive relations was chosen such, that
it agrees with the various symmetry relations. In order to show that this is indeed
the case, and to discuss the general formulation of such relations, it is necessary and
convenient to write the constitutive relations in a more general form.
For this purpose it is most appropriate to define a &dimensional field, which
is a combination of the electric and the magnetic fields:

N(r)t )

(Ne(r1t ) ,Nm(r, t ) = (Ez(r9t ) ,Eg(r,t ) ,

(r, t ) ,&(r, t ) &(r, t ) ,Bz (r,t ) )
(13.2)

Similarly a 6-dimensional polarization/magnetization density is introduced

P(r,t) 3 (p(r,%M(r,q)

(13.3)

It should be noted that the N-field is in general discontinuous at the z = 0 surface,
while the polarization/magnetization field p also contains a singular contribution at
this surface. The general form of the linear relation between these fields is given by:
(13.4)
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The response function, which now is a 6 x 6 tensor, is the sum of bulk and surface
contributions:

In using this expression it should be noted that the &functions should be used in the
following manner

1
6(z) = -[6(z
2

- 0) + 6(z + O)]

(13.6)

where 0 is an infinitesimally small positive number. This definition assures that
the response of the surface couples to the average of the asymptotic values of the
bulk fields on both sides of the interface. I t also distributes the polarization and
magnetization in equal amounts on both sides of the z = 0 surface. As explained in
the previous chapter the fields due to the surface polarization and magnetization do
not depend on this location. Thus one may simply shift the contribution on one side
of the z = 0 surface to the other side and vice versa and add them together. The
interfacial constitutive coefficients may be divided in equal parts and after the above
procedure added again to give the original values. Cf. in this respect eq.(3.62) for
the addition of adjacent films.
If the electric and magnetic fields are real the resulting polarization and magnetization fields are also real. Consequently the response function <(r,t\r’,t’) is also
real. Below it will be discussed how this reality condition restricg the behavior of
the resulting complex wave vector and fiequency dependent response function.
The systems considered in this book are assumed to be stationary. This implies
that the response function depends only on t - t’ and not on both t and t‘. Eq.(13.5)
then reduces to

(13.7)
Fourier transforming this equation with respect to the time one obtains

&s

a function of the frequency.
In the bulk regions the response function used in this book has the form

Green functions

E*(r,wlr‘) =
-
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where E - , E + , p- and p+ are all functions of the frequency. The response function
for the surface is given by
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(13.10)

In this expression Y=,p,, 6,, r , ym,Pmand 6, are in general functions of the frequency.
Furthermore the short-hand notation a, =
and 8, a/& was used.

a/ax

13.2

=

Green functions

[d,

In order to derive the appropriate symmetry relations for the constitutive matrix
where i, j = 2,y, z and a,p = e, m , the so-called source observer symmetry will be
used. Writing the solution for the field of an arbitrary polarization and magnetization
distribution using Green functions, one has

N(r,t ) =

/ /
dr’

dt’C&,(r, tlr‘, t‘).E(r’,
t’)

(13.11)

The Fourier transformed Green function in this equation is the one for vacuum and
can be found explicitly using eqs.(12.17)- (12.20) with E = p = 1. As this explicit
expression will not be needed, it will not be given here. Source observer symmetry,
[12], now implies that:

G$j(r, tlr‘,t‘) = (2 6,p

- 1)G&(r‘, tlr, t’)

(13.12)

Using stationarity, this gives as a function of the frequency

G$j(r,wlr’) = (2 Sap - 1)G&(r‘,W(r)

(13.13)

Fourier transformation with respect to space, cf. eq. (5.20), then gives

G$j(k,wJk’)

E

IS
dr

dr’e-ik.’G~~j(I,Wlr’)eik’.r’

= (2 6 , ~- l)G$i(-k’,wJ

- k))

(13.14)
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In the previous section only induced polarization/magnetization distributions were
considered. The above expressions are valid also if one uses the total polarization and
magnetization densities as sources. To distinguish contributions which are induced
and externally controlled, the polarization/magnetization density is written as
P(r,t ) = E n d ( r ,t )

+ Ilezl(r,t ) =

/ 1
dr’

cit’g(r,tlr’,t’).N(r‘,
t’)

+ Pmt(r,t )
(13.15)

In a more formal notation this may be written in the simple form
p =E n d

+ eat.= E.N
- + &st

(13.16)

One may also express the fields in terms of the externally controlled polarization and
magnetization densities alone:

(13.17)
Because of the source observer symmetry the Green function in the medium satisfies
the same symmetry relations as the Green function in vacuum. Therefore one has

G:p(r, tlr’,t’) = (2 6,p - l)G:?(r‘, t(r,t’)

(13.18)

Using stationaxity, this gives as a function of the frequency

G$’(r,wIr’) = (2 6,p - l)G;:(r’,w[r)

(13.19)

Fourier transformation with respect to space furthermore gives

G;’(k,wlk’)

= (2 6,p

- l)Gfay(-k’,ul - k)

(13.20)

In order to derive the symmetry relations for the constitutive coefficients, it is
1 ) (13.17) in the more formal form
convenient to write e q ~ ~ ( l 3 . 1and

N = C&,.e,

N = g.Pmt

(13.21)

g-”,pmt= G-1.N

(13.22)

Inverting these equations one obtains
P=

Substitution into eq.(13.16) then leads to the identity
( = G-1- G-1
- = o =

(13.23)

In view of the fact that the inverse of the Green functions satisfy the same symmetry
relations as the Green functions, it follows that the constitutive matrix also satisfies
these symmetry relations.

Green functions
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Thus it follows that
(13.24)
Using stationarity, this gives as a function of the frequency

@(r,

WIT’)

= (2 6,,

- ~)t$:(r’, wlr)

(13.25)

Fourier transformation with respect to space furthermore gives

(tp(k,wJk‘)= (2 6,p - l)($:(-k’,w(

- k)

(13.26)

Comparing the general form of the symmetry relation given in eq.(13.25) with the
form of the constitutive matrix used in this book and given explicitly in eq(13.8)
together with eqs(13.9) and (13.10) it is clear that this form has been chosen in
agreement with this general source observer symmetry [12]. In particular it follows
that there is only one T and not two coefficients T~ and 7,. This is a point, which is
not so clear without explaining it in the general context given in this chapter.
The systems considered in this book are usually translationally invariant along
the surface. Thus one has

(13.27)

tEp(r,wlr’) = ttp(rl1 - rIl,2,wlz’)

It is then often convenient to Fourier transform along the surface but not in the
direction normal to the surface. The appropriate symmetry relations then become
(13.28)

E $ p ( k l / , ~ , ~=
I ~(2
’ )bap - 1)E;p(-kll,z’,wJz)
For the contribution due to the surface this reduces to

(;j“’(kll,w) = (2 Sap

- l)(j”$(-kll,w)

(13.29)

The surface contribution given in eq.(13.10) has the property of translational invariance along the surface and becomes, as a function of wave vector and frequency,
Ye
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(13.30)

This expression clearly has the symmetry derived above and given in eq.(13.29).
Up to linear order in wave vector and frequency it is the most general expression,
which satisfies this symmetry condition. This proves that the form of the constitutive
equations given in eq.(13.1) is the most general form possible, consistent with the
source observer symmetry. The general form of the symmetry relation given above,
shows the way how to generalize this form to include, for instance, terms of a higher
power in the wave vector and frequency.

Chapter 14
SURFACE ROUGHNESS
14.1 Introduction
In this chapter formulae for the susceptibilities of a so-called rough surface will be
derived. Before this is done it is useful to describe the characteristics,of a rough
surface. First some examples are given. The most simple one is a surface of a
solid substrate which is not flat. Due to the manner in which a surface is prepared
it may have little holes or bumps which affect the optical properties of the surface.
Usually these holes or bumps are stationary and have a shape which is rather irregular
and cannot be modeled in terms of truncated spheroidal islands, A new method is
needed. A non-stationary example are capillary waves. Such waves occur at a fluidfluid interface due to thermal agitation and lead to a, on an optical time scale, slowly
varying structure of the interface, very similar to the structure of the above mentioned
rough solid substrate surface. A third example is a metal surface with a layer of oxide.
In that case the metal surface resembles the above mentioned rough surface of a solid
substrate while on top of this metal surface there are pockets of metal oxide.
All of these surfaces have a complicated structure, which usually occupies
a layer with a thickness small compared to the wavelength of light. Though not
mentioned yet, also the magnetic properties of the materials involved may be different
&om one phase to the next phase. As a consequence not only the electric but also
the magnetic surface susceptibilities may be different from zero. In order to develop
a theoretical description of these systems an expansion will be used in the thickness
of this interface to second order, Such a development is most appropriate if the
structural features along the interface are characterized by a length scale larger than
the thickness. The analysis is quite general. Any distribution of material within
the just formulated limitations may be described in this manner. The thin films of
(truncated) spheroids and spheres discussed in the previous chapters are clearly not
describable with the techniques developed in this chapter. The fact that they have
already been analyzed in a much more rigorous fashion makes their analysis, using
a roughness model, unnecessary, Caps, however, may also be described using the
techniques developed in this chapter, this in particular for the case of thin caps. This
case will, for comparison of the methods, be treated in some detail in the last section
of this chapter.
The derivation given in this chapter, though based on earlier work of the
authors and collaborators “571, [58], [59], [60], [61], [62], [63], [64]], is new, more
general and considerably simplified, using the insight gained in this earlier work.
Owing to the fact that the expansion is to second order in the thickness, the
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expressions for the interfacial susceptibilities will have contributions due to correlations in the distribution of the material along the surface. Thus one finds, that both
the average square height of the roughness and the height-height correlation function
at different positions contribute.
As a first step in the analysis one uses the formulae found for the stratified
surface from chapter 11. For this purpose one simply divides the whole interface in
thin layers, as was similarly done in chapter 11,and one proceeds to replace the whole
stack of layers by interfacial susceptibilities. In this way one obtains the following, in
this case x- and y- (and w - ) dependent, susceptibilities,
rm

1,
+; Srn
W

+:,Y)

=

dz zIEll(r)

-

2

S

W

- to(r)IPo(r)+

dz zIUlI(')

- Po(')l~o(r)

-W

d z ~ ~ d z ' s i g n ( z 'z)[cli(r)
- c~(r)]b,~(r')
- p0(rt)](14.1)

--m

All these constitutive coefficients have been given with the x - y plane as the dividing
surface. It will be clear that the x - y plane should be chosen in, or very close to,
the rough interfacial layer. If the dielectric constant and the magnetic permeability
are independent of 5 ,y the above formulae reduce to the formulae, (11.5), given in
chapter 11 on stratified media.
The above constitutive coefficients vary as a function of the position along
the surface. In order to obtain the desired non-fluctuating constitutive coefficients it
will be necessary to average the solution of the wave equation over the distribution
of material along the surface. This will be done in the next section. In subsequent
sections the resulting formulae will be applied to a number of examples.

General theory

14.2
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The analysis in this section shows, how one obtains the expressions for the effective
susceptibilities in terms of the fluctuating susceptibilities, given in the preceding
section. The final expressions are given at the end of this section in eq.(14.16).
These expressions are the sum of straight averages of the fluctuating coefficients and
contributions due to correlations of these coefficients along the surface. One may
skip most of this section and directly go to these expressions, which can be used
in combination with the definitions of the correlation functions given in eq.(14.11),
together with eq.(14.15).
The variations of the constitutive coefficients, given above, along the substrate
will result in corresponding fluctuations in the value of the interfacial polarization and
magnetization densities. Using eq.(3.42) through (3.45) the fluctuating interfacial
polarization density, ps,and magnetization density, ms,
are given by

Due to the fluctuations of the interfacial polarization and magnetization densities the
fields also fluctuate. These fluctuating fields have also been indicated by small letters.
The macroscopic polarization densities and fields are given by the average of
the fluctuating polarization densities and fields. Averaging the above equation for
the fluctuating interfacial polarization densities one obtains

The average is indicated by < ... > . The average is an average over the distribution
of the roughness along the surface. Depending on ones preference, one may either
consider this to be a surface average or an average over an ensemble of equivalent
surfaces. In the analysis in this book the distribution of the material along the surface
will always be both homogeneous and isotropic. The right-hand sides of the above
expressions show, that all the terms on that side in principle contain contributions due
to correlations of the fluctuating susceptibilities with the fluctuating fields. It follows
from the expressions for the fluctuating susceptibilities given in the first section, that
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Ye(q,u),
Pe(rll,u),Ym(rll,u)and Pm(rll,u)are linear in the thickness of the surface,
while be(rl1,u), 6m(rll,u)and T(rll,u) are quadratic.
If one now writes the contribution containing ye(rll,w) one may write

< Ye(rll,u)eli,t('ll,u)>=< ye(r117u)>< ell,t(rll,u)>
+ < (Ye(rl/,u)- < Ye(rltru) >)(elltt(rll,u)-< el17t(rll,u)>)
= < Ye(rll,w) > Ell,t(rlliw)
+ < (ye(rll,u)- < Ye(rll,u) >)(ell,t(r11,u)- E I I , ~ ( ~ I>I , ~ ) )(14.4)
The first term on the right-hand side contains no contributions due to correlations between the fluctuating susceptibility and the fluctuating field. It gives as contribution
to the susceptibility for the average fields the straight average of the fluctuating susceptibility. This term is of the first order in the thickness of the interface. The second
term on the right-hand side gives the contributions due to correlations between the
fluctuating susceptibility and the fluctuating field. This term is of the second order
in the thickness of the interface. The contributions containing Pe(rll,w), -yn(rll,u)
and Pm(rn,u)
similarly can be written as the sum of a first order contribution, given
by the straight average of the fluctuating susceptibility, and a second order contribution due to correlations of this fluctuating susceptibility with the corresponding
field. The contributions containing G,(rlI,u), Gm(rll,u)and 7(rll,u) similarly can be
written as the sum of a second order contribution, given by the straight average of
the fluctuating susceptibility, and a third order contribution due to correlations of
this fluctuating susceptibility with the corresponding field.
In view of the fact that the analysis will only go to second order, third order
contributions may be dropped an one obtains in this way
9 u)
Pjpll,u) = < r e ( r l l 1 u)> Ell,t(~II
+ < (ye(r117~)< Ye(rll>u)>)(ell,t(rll,u)
- E I I , + ( ~ I I>, ~ ) )

-

p,"1('

9

W)

+
+

+it

< 6e(rl/rw) > vl~~z,+(rIlzu) < 7 ( r l j r ~ ) > 2 x

~ll,+(rllzu)

=

< Pe(r11,w ) > Dz,t1(' ,W )
< (Pe(rll,u)- < Pe(rll,u)>)('z,t(rll,u)- oZ,t(rll,u))>
< 6 e ( r l l N ) > vlI.Ell,t(rll,~)

In order to obtain explicit expressions for the contributions due to correlations, one
needs expressions for the field fluctuations in terms of the fluctuations of the interfacial
susceptibilities.

General theory
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The first important observation is that, in order to obtain the susceptibilities
to the second order in the thickness of the interface, it is sufficient to use expressions
for the fluctuations of the fields to linear order in this thickness. This is a consequence
of the fact that in eq.(14.5) the fluctuations of the fields appear always in combination
with the fluctuation of the constitutive coefficients. To first order the sources of these
fields are

, =
where the fluctuating non-singular fields defined by n, = (es,ev,dz) and n
(hz,hZl,bz)
, cf. eqs.(12.26) and (12.27), have been used. Substitution of eq.(14.6)
then results in
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In the cases considered in this book, retardation of the propagator will be
neglected. It simplifies the further analysis considerably. Using the above formulae
retardation effects may be accounted for in a straightforward manner. In the non
retarded case the above formulae simplify to, cf. eq.(12.68),

General theory

407

Note that the symbol x used at the beginning of a line is always a simple
multiplication, whereas it is an external product for other locations. It is now convenient to introduce the following correlation functions for the fluctuating surface
susceptibilities of an isotropic surface

Due to the homogeneous nature of the surface the correlation functions depend only
on rll - riI and not on both
and ri,. Substitution of these correlation functions into
the above expressions for the polarization and magnetization densities of the surface
then gives
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Using the homogeneous nature of the surface, averages like < re(rlf,w)> are independent of the position along the surface. One may therefore write

Upon Fourier transformation along the surface the above eqs.(14.12) reduce to

Comparing these expressions with eqs.(3.42)- (3.45) one may identify the fol-

General theory
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lowing wave vector and frequency dependent surface susceptibilities

The wave vector dependence of the effective susceptibilities is due to the correlations in the distribution of the material along the surface. It is found that only the
linear coefficients re,P,, 7, and p, exhibit such a dependence to second order in
the “thickness” of the interface. If the correlation length is small compared to the
wavelength of the light one may neglect this wave vector dependence and this then
gives

In the expressions for 7, and 7
, the original expression, which in fact gave a 2 x 2
matrix and allows for a directional dependence, was replaced by a half time the trace.
For kll = 0 such a directional dependence is impossible for an isotropic surface. The
frequency dependence in the above expressions is not related to the motion of the
material on the surface. This was assumed to be slow and the resulting retardation
effects were neglected. The still remaining frequency dependence is due to the frequency dependence of the constitutive coefficients of the various materials involved.

A final simplification is due to the isotropic nature of the surface. This implies

SURFACE ROUGHNESS
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that the correlation functions do not depend on the direction

Using this property one may integrate in the expressions for T ~P,,, -ymand P, above
over the directions of the wave vector. One then obtains, using eq.(12.68) for the
propagators,

6,(w)
.(W)

= <Sm>
= <7

(w)

> (w)

(14.18)

As mentioned above the frequency dependence in these equation for the effective
susceptibilities is due to the frequency dependence of the materials distributed along
the interface. In the following sections these equations will be used to analyze various
special cases of surface roughness.
14.3

Rough surfaces

Several theories of this phenomenon have appeared in the litterature, [65], [66], [67],
[68], [69], [70], [71]. They do not all give the same result. In most of these theories the
equivalent current model was used in which the roughness of the surface is replaced
by a fluctuating surface current. The method presented in this chapter may be seen
as a similar model using an equivalent surface polarization. The time derivative of
this equivalent polarization is then the equivalent surface current used in the other
theories. The origin of the disagreement between the different theories arises about
the question: whether to put the equivalent current just inside the substrate or just
outside the substrate. The first analysis was given by Stern, [65], who expressed
the scattered field in terms of the equivalent current. After noting that the field
depends on the position of the current he resolves this point in a completely ad hoc
manner by putting half in the substrate and half in the ambient. Because of this
choice he predicts a resonance at the plasma resonance of the substrate, which would
not occur if the current was placed in the ambient. Subsequently Juranek, [68], and
independently Beaglehole and Hunderi, 1691, 1701, calculate the scattered field using
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a completely different technique and find the result Stern would have found if he
placed the current in the ambient. In a paper by Kroger and Kretchmann, [71], the
different approaches are compared. They show, using Maxwell’s equations, that an
inconsistency arises if the current is placed either in the substrate or in the ambient.
It should be placed in an infinitesimally thin layer of vacuum between the substrate
and the ambient. In this way they find a field which agrees with the one found by
Juranek and by Beaglehole and Hunderi. In the treatment in this book this problem
does not arise. As explained by Vlieger and Bedeaux [57] the result of Kroger and
Kretschmann is confirmed.
In this section the theory discussed above will be applied to a rough surface.
The nature of the roughness is such that one has two different phases with the dielectric constants t- and t+ separated by a rough surface. This surface is located in
the neighborhood of the x - y plane and its location is characterized by its x- and ydependent distance h(x,y) to this plane. It is assumed that there are no overhangs so
that h(x,y) is a single-valued function, which may be both positive and negative. The
system is furthermore non-magnetic so that the magnetic permeability is everywhere
equal to one.
The position dependent dielectric constant can be written in the following
form
c(r) = ~-B(h(x,y)- z )

+ e+B(z - h(x,y))

(14.19)

The extrapolated dielectric constant is given as usual by
tO(r) = €-e(-Z)

+ E+B(z)

(14.20)

The location of the x - y plane has been chosen such that the average height of the
surface above the plane is zero

< h(x,y) >= 0

(14.21)

Notice that the height is measured in the positive z-direction and can be both negative
and positive.
The height dependent constitutive coefficients describing the rough surface
are now obtained by substitution of the above equations into the formulae given in
eq.(14.1). This results in the following expressions
Y,(X,Y)

= E+E-P,(x,Y) = - ( E +

- E-)h(x,y)

The magnetic constitutive coefficients, ~ ~ (y),2P m
, ( x ,y) and bm(x, y), are all zero
and will further be neglected.
In order to use the fluctuating constitutive coefficients one needs the heightheight correlation function which is defined by

’

S(rll - r;[) =< h(rll)h(r;l)

(14.23)
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It will be assumed that the roughness is isotropic so that the height-height correlations
do not depend on the direction

S(r1,- (1)

=S(h

-rill)

(14.24)

Using the above expressions for the fluctuating constitutive coefficients, one finds that
their correlation functions are also isotropic and given by,
S:(TJJ)

= (€+€-)2S:f$-II)

= (€+ - € - ) 2 s ( q ) ,

(14.25)

in terms of the height-height correlation function. The wave vector dependent Fourier
transforms or, using an other word, structure factors satisfy the same relation

s;J(klI) = (E+€-)":/(k,,)

=

(€+

- €-)2S(kll),

(14.26)

A property of some special interest in the analysis is the root mean square height:

t is a measure of the thickness of the rough surface.

Substitution of the above expressions into eq.(14.18) gives the following formulae for the effective constitutive coefficients of the surface

€+€-

= -6

1

- - ( E + - c - ) t 2 = (47r-'(~+ - E - )

/

W

dlcllkliS(kll) (14.28)
"-2
0
The prefactor given in [64] for 7 , and /3, is incorrect. In view of the fact that the
average height is zero the corresponding contributions from the averages of ~ ~ (y)2
and P,(z, y) are zero. The only contributions to 7 , and p, are from correlations in
the height distribution along the surface. The quadrupolar coefficients 6, and 7- are
T

€++€-

not affected by correlations along the surface. They are found to be proportional to
the mean square height.
In order to gain some insight in the contribution due to correlations, it will be
assumed that the height-height correlation function is Gaussian

( is the correlation length along the surface. For T I / = 0 this expression reduces to a
relation for the mean square height. Fourier transformation of this expression gives
the structure factor

(14.30)
Substitution into eq.( 14.28) and integration gives the dipolar constitutive coefficients

(14.31)
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It is interesting to compare the importance of the dipolar coefficients with the quadrupolar coefficients. In expressions for e.g. reflectivities the dipolar coefficients will appear
divided by the wavelength X while the quadrupolar coefficients appear divided by the
wavelength squared. The relative importance of the quadrupolar coefficients is therefore of relative order (/A. It may therefore be concluded that for surfaces with a
correlation length small compared to the wavelength of light the dipolar coefficients
are sufficient. If on the other hand the correlation length is larger than the wavelength of light, the quadrupolar coefficient will become more important. For most
rough surfaces it is to be expected, that the correlation length will be small compared
to the wavelength of light. It depends of course on the way the surface is formed.
For liquid surfaces, treated in more detail in the next section, the correlation length
is always much larger than the wavelength of light. Both regimes are therefore of
practical importance.

14.4 Capillary waves
The surface between two fluids, which are in coexistence with each other, is not stationary. Due to thermal fluctuations so-called capillary waves are constantly excited
and as a result the height distribution along the surface is constantly changing. The
typical velocity is very small compared to the velocity of light. This implies that
the reflection and transmission of light take place so fast, that the surface may be
considered to be temporarily frozen. The frozen shape is of the same nature as the
shape of the rough surfaces considered in the previous section. In fact the fluctuating
dielectric constant is given by the same equation (14.19), in terms of the height. All
the subsequent equations are similarly valid.
The aspect that is different, is the nature of the correlations. The probability
of a given shape of the fluid interface is given by a Boltzmann distribution in terms
of the free energy of the surface. The proper averaging is therefore done, using this
Boltzmann distribution, rather than using the spacial averaging appropriate for solid
surfaces. There is a lot of literature, see for instance ref. [72],on this subject and there
is no need to discuss this matter in detail here. It is sufficient to use the structure
factor found using this Boltzmann distribution

(14.32)
where Ics is Boltzmann’s constant, T the temperature, g the gravitational acceleration
and Sp the absolute value of the difference of the mass densities of the two fluids.
Furthermore L, is the so-called capillary length which is given by

Lc=

(14.33)

where D is the surface tension. This capillary length is the correlation length for the
height distribution along the surface. For most fluid-fluid interfaces it is of the order
of a fraction of a millimeter. As such the correlation length is much larger than the
wavelength of light for the fluid-fluid interface. As discussed in the previous section,
this results in a relatively large importance of the quadrupolar coefficients.
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Substitution of the above expression for the correlation function leads to an
ultraviolet, i.e. large wave vector, divergence of the integrals. The usual method to
eliminate such a divergence is the introduction of a molecular cutoff k , for large wave
vectors. This is equivalent to using as structure factor
(14.34)
in the above integrals. The molecular cutoff is of the typical order of 2 a divided by
the diameter of the molecules. The introduction of a cutoff reflects the physical fact
that on a molecular length scale a description in terms of capillary waves is no longer
realistic.
The average thickness of the interface is found from the correlation function
by integration over the wave vector, cf. eq.(14.27). This results in

(14.35)
This formula may be simplified using the fact that the capillary length is many orders
of magnitude larger than the molecular diameter. This results in

t2 - lcBT
-1n(kku/g6p)
4aa

(14.36)

For interfaces between simple liquids this formula gives a value, which is a little bit
larger than the molecular diameter. An interesting property of the thickness of a flat
interface is, that it is logarithmically divergent when the gravitational acceleration
goes to zero. For a curved surface there is no divergence. In the zero gravity limit
one should then replace the capillary length in the above formula for t by the radius
of curvature. For a flat surface the finite size of the surface will similarly eliminate
the divergence of the thickness in this limit [72].
The quadrupolar constitutive coefficients are now found by substituting the
above expression for the thickness of the surface into eq.(14.28)

The dipolar constitutive coefficients are also found using the expression in eq.(14.28).
Substituting the above correlation function, and using again that the capillary length
is much larger than the molecular diameter, yields
(14.38)
In the previous section on rough surfaces it was concluded that, if the correlation
length along the surface was larger than the wavelength of light, the quadrupolar
coefficients became important. For the fluid-fluid interface this correlation length is
given by the capillary length and is therefore considerably larger than the wavelength.

Capillary waves
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In view of the rather different nature of the correlation function the relative importance should be calculated again. The size of the quadrupolar coefficient divided by
the wavelength squared is of order
The size of the dipolar coefficients divided
by the wavelength is of the order t2k,/X. Comparing these estimates one sees that
the relative importance of the quadrupolar terms is of the order (k,X)-I which is
in the percent range. Of course the relative importance is furthermore affected by
which property is measured. In that respect the estimates are only meant to give
a rough indication of values. For any particular case it is better to calculate their
actual values. In particular one will see important modifications of these estimates,
if one approaches the critical point of binary mixing or of the liquid-vapor transition. In that case k, becomes of the order of 27r divided by the critical correlation
length. Since this critical correlation length diverges in the critical point the dipolar
coefficients will approach zero and disappear relative to the quadrupolar coefficients.
There is an alternative method suggested by Meunier, [73], to avoid the ultraviolet divergence in the capillary wave model. This method is in particular of importance if surfactants are present, reducing the surface tension. In that case bending
energies of the surface become significant. This leads to the following modification of
the structure factor:
(14.39)
IF. is the bending elasticity of the surface and the corresponding term in the denominator is due to the bending energy.
The mean square thickness of the interface now becomes, cf. eq.(14.27),

+ +

= -(I+
~ B T 4nc/c~L~)-'/~In[(l(1 4~/vL:)-'/~)/(l - (1
4na

+ 4~/uL:)-'/')]
(14.40)

This formula may be simplified using the fact, that the capillary length is many orders
of magnitude larger than @. This results in
(14.41)
now plays the same role as the molecular cutoff. The
Notice that in fact
physical significance of this parameter is very different, however.
The quadrupolar constitutive coefficients are again found by substituting the
above expression for the thickness of the surface into eq.(14.28)

The dipolar constitutive coefficients are also found using the expression in eq.(14.28).
Substituting the above correlation function, and using again that the capillary length
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is much larger than the molecular diameter, yields

1
y = -++€-p
"

2

"

=-- (€+

+€-)

€+€-

+

(e

-€-)

zlcBT

---G
32g

(14.43)

In this case the relative significance of the quadrupolar coefficients is increased, if one
for instance lowers the surface tension by adding surfactant. In microemulsions these
coefficients are therefore relatively important. The value of K. in microemulsions has
been measured using ellipsometry by Meunier[73], who derived the expression for the
ellipsometric coefficient, which follows from eq.(14.43), for the first time. The first to
measure the ellipsometric coefficient of a one component liquid-vapor interface was
Beaglehole [74].
As the introduction of the rigidity and the cutoff wave vector have a different
physical reason, one may also introduce this molecular cutoff in the capillary wave
model for a finite rigidity IC. Data analysis close to the critical point has used such an
analysis. For the relevant expressions giving the constitutive coefficients see Blokhuis
et al. [64].

14.5

Intrinsic profile contributions

In the last two sections the roughness of the surface was assumed to be described by
a sharp transition from one phase to another phase. If one averages over the roughness one may obtain an average dielectric constant profile. Due to contributions from
correlations it was found, that the expressions for the constitutive coefficients can
not simply be obtained in terms of this average profile [64]. It is nevertheless not
necessarily always realistic to use a transition which is sharp. On a length scale small
compared to the correlation length along the surface, there is structure which is neglected in this manner. This structure is due to density and constitution fluctuations
of the bulk phases close to the surface. The most appropriate manner to take this
structure into account is to average over these fluctuations, keeping the height of the
longer wavelength surface fluctuations constant. This leads to a stratified intrinsic
dielectric constant profile, which is 'superimposed' on the height distribution:
E(r)

=

- h(rl1))

(14.44)

Correlation contributions to the surface constitutive coefficients, due to the short
wavelength (bulk) fluctuations around the intrinsic profile, will be neglected. The
amplitude of such fluctuations is usually to small to give a relevant contribution.
In the bulk such contribution do not really contribute to the value of the dielectric
constant either. The fluctuations of the profile due to long wavelength fluctuations
are described in terms of the fluctuations of the height h(rll) of the interface and they
do give important contributions to the constitutive coefficients of the surface.
Away from the interface the intrinsic dielectric constant profile again a p
proaches the values E: and E ; . The extrapolated dielectric constant is therefore
again given by
EO(r)

= E-e(-z)

+E+~(z)

(14.45)
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Subtracting eq.(14.45) from eq.(14.44) one may write

This last identity shows that the fluctuating surface susceptibility is now a sum of
two contributions. The second one is due to the intrinsic profile and given by
Tint

=< Te(rll) >=

/

W

-m

dz{cint(z) - [c-e(-z)

+ c+e(z)l)

(14.48)

This contribution is identical to the expression one would directly obtain for a stratified layer with a dielectric constant profile given by Eint(z) in the absence of any
height fluctuations. The first contribution to the 2,y dependent susceptibility,

is simply the contribution due to the roughness used in the above two sections. Its
average is zero and it therefore gives the contributions due to correlations calculated in these two sections. The intrinsic contribution does not fluctuate and gives a
contribution equal to the one given in chapter 11 on stratified layers.
One may also analyze the other constitutive coefficients for the intrinsic profile
in this way and one finds that they are all the sum of two contributions:

The intrinsic contributions are given in terms of the intrinsic profile by eq.(11.5).
The contributions due to the roughness, indicated by a subindex h, are given by
eqs(14.28) and (14.31) for the rough surface and by eq~~(14.37)
and (14.38) or by
ecp(14.42) and (14.43) for capillary waves. The additive nature of the contributions
due to the intrinsic profile and the fluctuations of the height, is a very convenient
feature in the analysis of experimental data.
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Oxide layers

An important application of ellipsometry is the measurement of the thickness of thin
layers of a different material on a substrate layers. In this way one may, for instance,
obtain the thickness of an oxide layer on a metal substrate. This layer will in general
not have a very homogeneous thickness. Not only will the substrate be rough, like
the surfaces discussed in section 14.3, also the oxide layer will be very unevenly
distributed. In the analysis it will be assumed that the oxide layer is bounded by two
surfaces with respective height distributions h-(z,y) and h+(s,y). The metal has a
fi-equency dependent dielectric constant 6' and is located in the region z > h+(z,y).
The oxide has a frequency dependent dielectric constant € and is located in the region
h-(z,y) < z < h+(x,y). It will be assumed that both height distributions are singlevalued functions, which satisfy h-(z,y) 5 h+(z,y). For parts of the surface where
there is no oxide, both heights are taken to be the same. The ambient has a dielectric
constant E - and fills the region z < h-(z,y).
The average position of the surface between the ambient and the oxide is used
as the z - y plane and one therefore has

< h-(s,y) >= 0

(14.51)

The average thickness of the oxide layer is given by d and one therefore similarly has

< h+(z,y) >= d

(14.52)

One of the objectives of the measurement of the ellipsometric coefficient is in fact to
obtain this thickness. If the layer was homogeneous this would be precisely what the
usual expressions for the ellipsometric coefficient would give. As discussed in the previous sections there will be additional contributions due to height-height correlations.
It is the aim of this section to give explicit expressions for these contributions.
The position dependent dielectric constant can be written as a function of
both height distributions in the following way:

E(r) = E-B(h-(q) - z )

+

E

O(h+(q)- z)O(z - h-(rll))

+ E+B(z - h + ( q ) )

(14.53)

The extrapolated dielectric constant is given as usual by

+ E+B(z)

tO(r)= E - O ( - Z )

(14.54)

The height dependent constitutive coefficients describing the rough surface are now
obtained by substitution of the above equations into the formulae given in eq(14.1).
This results in the following expressions

- E-)h-(z,y)

-(€

+

(€+

1

- €C)(E+
€+€

+

- ( E + - E)h+(.,Y)

E)(E

E-

2 - e-)[h-(s,y)]2

-(€

- E-)

+1

2(E+

h+(x,Y)h-(z,Y)
- €)[h+(z,Y)I2

(14.55)
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The magnetic constitutive coefficients, ym(zJy),P,(z,y)
and G,(z,y),
are again all
zero and will further be neglected.
Averaging the above expressions for the fluctuating interfacial susceptibilities
gives the following values:

< ye($,y) >= -(€+ - €)d
€+ - €
< ,#,(~,y)>= --d
€+€

1 €
€6, = < 6,(z,y) >= -(- - - ) ( t - - ) 2
2 €€

+
7

=

(€+

+

- €-)(€+

€)(€

- €-)

1
+ -(2 €
€+

+ (t++)2]

€

- $[d2

(t-+)2

€+€ €-

1
2

< 7 ( L , y )>= -(f

1
- € - ) ( t - - ) 2+ -(c+
2

- €)[&

(14.56)

f (t++)2]

Here root mean square displacements of both surfaces are defined by
(t--)2

>,

r < (h-(z,y))Z

(t++)2

r < (h+(s,y)
- d)2 >

(14.57)

while a cross correlation height is defined by
(t-+)2

E<

h-(z,y)(h+(z,y) - d ) >

(14.58)

The expressions for 6, and 7 are the final values needed. In order to obtain ye and
the contributions due to correlations must be added.
In order to use the fluctuating constitutive coefficients one needs the heightheight correlation functions, which are defined by

P,

S”’(q - rll) r < (h”(q)- d”)(h”’(r;,)
- d”‘) > with v , v’ = - or

+

(14.59)

Here d- _= 0 and d+ -= d. It will be assumed that the roughness is isotropic so that
the height-height correlations do not depend on the direction

~~~‘( rr\,)
l l= ~

~

~- rill)
’ (

~

r

~

~

(14.60)

The root mean square displacements of the surfaces, as well as their cross correlation
height, may be written in terms of the correlation functions in the following way
(t””‘)’ = Suv‘(rlj= 0) = (27r)-’

s

dk,lS””’(kll)
= (27r)-’

IW

d/qkllSyU’(kll) (14.61)

Using the above expressions for the fluctuating constitutive coefficients one finds that
their correlation functions are also isotropic and given by,
S;J(T[[) =

c

Y v ’ ( € y - €)(€”‘

-+Y’(T,[)

Y,U‘

(14.62)
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in terms of the height-height correlation functions. The wave vector dependent
Fourier transforms, or using an other word, structure factors satisfy the same relations

S22(k,,)

=

c

YY’(€”- € ) ( € ” I

- E)S””‘(k,l)

Y,”)

(14.63)
in terms of the height-height structure factors.
Substitution of the above expressions into eq.(14.18) gives the following formulae for the effective constitutive coefficients of the surface

(14.64)
The expressions for 6, and r were already given above. The formulae for reand p,
both have a contribution proportional to the average thickness of the oxide layer plus
a contribution due to correlations in the height distributions along the surface. The
quadrupolar coefficients 6, and 7 are not affected by correlations along the surface.
In order to gain some insight in the contribution due to correlations it will be
assumed that the height-height correlation functions are Gaussian
S””‘(r11) = ( t ” V ‘ ) 2 e x p [ - r g / ( y ‘ ) 2 ]

(14.65)

I-- and <++ are the correlation lengths of the two surfaces parallel to the surface
while (-+is a cross correlation length of the two surfaces. For rlj = 0 this expression
reduces to a relation for the mean square heights and the cross correlation height.
Fourier transformation of this expression gives the structure factors
S””’(klJ = T(t””‘)2((””‘)2exp[- ; k F ( p ) 2 ]

(14.66)

Substitution into eq.(14.64) and integration gives for the dipolar constitutive coefficients

Ye =

-(€+

- €)d -

fi-x +
(€+

&+e-

E-)

Vd(€”

-

€)(€”I

- €)(t””‘)”(””’

v,yl

The interesting question now is, whether the correlation contribution is important
compared with the average thickness of the oxide layer or not. If the oxide layer is
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Figure 14.1 Thin spherical caps on a substrate.

thick the correlation contribution will generally be unimportant. For thin discontinuous layers of oxide the mean square heights will be of the same order of magnitude as
the average thickness d. The correlation length will not be much larger. This implies
that, depending of course on the contrast, i.e. the value of the dielectric constant
differences, the contribution due to correlations can be of considerable importance.
Neglecting these correlation contributions to the ellipsometric coefficient would lead
to an incorrect interpretation of this coefficient in terms of an oxide layer thickness.
It is also interesting to compare the importance of the dipolar coefficients
with the quadrupolar coefficients. In expressions for e.g. reflectivities the dipolar
coefficients will appear divided by the wavelength A, while the quadrupolar coefficients appear divided by the wavelength squared. The relative importance of the
quadrupolar coefficients is therefore of relative order (/A compared to the correlation
contribution and t 2 / d A compared to the average oxide layer contribution. Using the
above estimates for the relative order of magnitude of the lengths involved, it may
be concluded that the dipolar coefficients are the dominant contribution.
It should be noted that the Gaussian nature of the correlation functions represents surfaces covered in a relatively simple manner by a third material. There are
much more complex possibilities to deposit material which leads to fractal structures
of this material. Given the appropriate correlation functions one could apply the
above theory also to these structures. This will not be done explicitly here.

14.7 Thin spherical caps on a substrate
In this last section, it will be shown how the theory of thin spherical caps, treated
in chapter 8, section 5, can also be developed as a special case of the "oxide" layer,
treated in the previous section. The analysis in this section is based on unpublished
work by M.M. Wind. Consider for this purpose an isotropic array of identical thin
spherical caps on the planar surface, z = 0, of the substrate. The dielectric constant
of the substrate is equal to E + , of the ambient E - and of the cap 6, see fig. 14.1. This
film will now be described as an, in this case discontinuous, oxide layer between the
surface of the substrate, h+(z,y) = 0, and the surface
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Here rll = ( 5 ,y , 0 ) and Ri,ll are the positions of the centers of the interfaces between
the caps and the surface of the substrate, see fig.14.1. The function f is given by

where R is the radius of the sphere of which the cap is a part and the truncation
parameter tr is given by, see fig. 14.1,
hr

(14.70)

Between the caps there is nothing on the surface so that both h-(x, y) and hi(z, y)
are equal to zero between the caps.
For the surfaces defined above
(h+(Z,Y))= 0

(14.71)

( K ( z , Y )=) -pV = -npR3h? (1 - h r / 3 ) 5 -t,

(14.72)

and
where V , cf. eq.(8.103), is the volume of the cap, p the number of caps per unit of
surface area and t , the weight thickness. The latter quantity has also been discussed
in the introduction, chapter 1, of this book.
The position dependent dielectric constant is given by eq.(14.53), which becomes in the present case, where h + ( z , y )= 0 ,
c(r) = c-Q(11-(r,1)- z )

+ t Q(-.z)Q(z- h - ( q ) )+ c+O(z)

(14.73)

The extrapolated dielectric constant is given by eq.( 14.54). The height dependent
constitutive coefficients, describing the island film of thin spherical caps, are now
obtained by substitution of eqs(14.73) and (14.54) into eq.(14.1). This results in the
following expressions

Y,(Z,Y)

= -(t - t - P - ( x , ? / )

Pe(z,Y)

7(2,Y) =

-

t
€-F~-(X?Y)

1
$'-

€-"-(z,Y)l2

(14.74)

which also follows directly from Eq.(14.55).
Averaging the above expressions for the fluctuating interfacial susceptibilities
gives the following values

< Y,(Z,Y) >= ( 6 - t - ) t w
t - E-

< P,(.,Y) >= y -

tW
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7
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1
2
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2
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- -)t2
E

- c-)t2

(14.75)
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where
t

= t--

=

u'<( h - ( z ,y) + t w ) 2 >

(14.76)

is the root mean square height of the surface z = h-(a:,y). The expressions for 6,
and r are the final values needed. In order to obtain 7 , and p, the contributions due
to correlations must be added.
Since h+(z,y) = 0 there is only one height-height correlation function, which
is given by

+

S(q - .Ir)= S--(q - ril) =< ( h - ( q ) tw)(h-(ril)

+ t w )>

(14.77)

Since the distribution of the caps is isotropic the height-height correlation function
does not depend on the direction, one has
S(rll - r;I) = S(ll.ll

- q)

(14.78)

The root mean square displacements of the surfaces may be written in terms of the
correlation function in the following way
m

t2 = S(q = 0) = ( 2 ~ ) - /dkllS(lcll)
*
=(2~)-'/

dkllkllS(kll)

(14.79)

0

where the structure factor is defined by

S(40= /drilS(rll)

(14.80)

exP (-%rll)

Using the expressions for the fluctuating constitutive coefficients, one finds that their
correlation functions are given by,

S2(d
s:%l)

= (E
E

- E-)2S(TIl)
- E-

(14.81)

= ( ~ ) 2 s ( ~ l l )

in terms of the height-height correlation function. Their Fourier transforms satisfy
the same relations

S&~(lcIl)=
S!(k)l

(E
E

- €-)2S(k,,)

- E-

(14.82)

= (-)2s(~ll)>
EE-

in terms of the structure factors.
Substitution of the above expressions into eq.(14.18) and using eqs(14.75) and
(14.82), gives for the zero frequency nonmagnetic terms

1
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(14.83)
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It remains to calculate the structure factor and the root mean square height. Substituting eq.(14,68) into eq.(14.77) the correlation function becomes

s(r11- ril) = C < f (rll - Ri,ll)f (ril - R~,II)>

(14.84)

i,i

For rII = rjl only terms with i = j are unequal to zero so that

where h, = 1 - t,. Furthermore eq.(14.72)was used for t,. As the whole calculation
of the surface susceptibilities above has been done neglecting terms of the third order
in the height, it follows that

(14.86)

6,=r=O

to this order for spherical caps
In order to calculate the structure factor it is convenient to introduce the pair
correlation function for the centers of the caps
drll

- r;l) = P-2

c

< 6 (rll - Rcll) 6 (ri, - Rill)

'

(14.87)

i#j

The correlation function then becomes

(14.88)
The first and the last contribution are of the second order in the density p and are
therefore negligible, in the low coverage limit to be considered, compared to the
second term which is linear in p. To first order one therefore obtains
S(rll - ril) = P / % f

(rll - RII) f

(41 - RId

(14.89)

In view of the fact that this is a convolution of the function f with itself, one has
S(kil) = P f (kll) f (+I)

= Pf2

(41)

(14.90)

Here
(14.91)
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Introducing plane polar coordinates, this integral can be written as

/

f ( k ~=
~)
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dq
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dI$ exp (-ikllrll cos I$)
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- Rt,)

(14.92)

) , [48], and a new integration variable s --=
Using the Bessel function Jo ( k l l ~ l ~cf.
( q / R )(1- t:)-'I2 one obtains

f (kll)

l1

2TR3 (1 - t?)

ddo (kl+?.sm) s

[dl - s2 (1 - tz) - t,.]

(14.93)

Expanding the prefactor and the term between square brackets up to lowest order in
terms of the small quantity h, = 1 - t, this equation can be written as

f (kll)

1'

dsJo ( k l l R s m ) s (1 - s2)

47rR3h?

(14.94)

This integral can be evaluated rigorously, cf.[48] page 688, and gives

J-)

(

4~Rh,lc(1~Jzk11R 1 - t3

f (kll)

(14.95)

The structure factor is therefore to lowest order
S (kll) = 16n2pR2h?ki4[J2 (kllR-)l2

(14.96)

In order to obtain the linear susceptibilities one must evaluate the following
integral to leading order

(14.97)
cf.[48] page 692 for the last equality. The resulting susceptibilities are, using eq.(14.72),
,ye = (E-E-)pV
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(14.98)

where 0is Landau's order symbol.
It now interesting to compare this result with the results in chapter 8, section
5, for thin spherical caps. In that case one finds, cf. eq.(8.105),
,ye
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(14.99)
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One may conclude that the two approaches give the same leading term to second
order in the height. Beyond this order the functional dependence on the height, in
particular of the linear terms, has a completely different analytic structure, however.
Intuitively the method in this chapter seems more appropriate. It is to be expected
that the convergence of the expansion in spherical multipoles is unsatisfactory for
a thin spherical cap. The fact that the asymptotic value is the same to the second
order in the height is comforting.
Using the above formulae one may calculate the depolarization factors of a
free thin spherical cap. Taking E - = E+ = 1 for this purpose, eq.(14.98) for the linear
coefficients may be written in the form

(14.100)
One may now identify the following depolarization factors

(14.101)
Note that these depolarization factors satisfy the usual identity

L,

+ 2LIl = 1

(14.102)

for free particles with cylindrical symmetry. In the limit that the cap becomes infinitely thin these factors approach the value

LII= 0 and L, = 1

(14.103)

This are the same values found for the infinitely thin oblate spheroid, eq.(6.146). One
may in fact obtain these limiting value immediately using the definition of the electric
and the displacement field in a medium, using thin slabs.
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