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Preface to the Second Edition

The first edition of this book appeared in 1975. Five years later I decided
to edit, in collaboration with G. G/intherodt, another volume on light
scattering in solids. In the meantime light scattering spectroscopy had
become a standard, well established technique with most of the necessary
equipment commercially available. Results have been appearing in the
literature at an increasing pace and, while the basic principles of the
phenomenon were covered in the first volume, we felt that the wealth of
new information available warranted issuing a new volume of the Topics
in Applied Physics series. The originally planned volume exploded as the
authors overran their page allotments and a few more authors were
added. Thus, by the time this second edition appears, instead of a new
additional volume we shall have three (including this one) and a further
volume is still forthcoming.
This paperback edition is essential identical to the original hardcover
one, except that Chapter 7 has been supplemented with new results and
a new chapter (Chap. 8) has been added. This new chapter outlines the
current status of light-scattering spectroscopy applied to the study of
solids and provides numerous new references. A few typographical errors
in the original edition were corrected.
Because of limitation of space, we can do little more in Chapter 8 than
point out to the reader the latest literature as well as to the now completed
treatment of Light Scattering in Solids 1-IV, published in the Topics in
Applied Physics series (Vols. 8, 50, 51, and 54). For convenient, crossreferencing we have added the Roman numeral one to the title of this
second edition, and supplemented its various chapters with references to
related work covered in other volumes of this series: their contents have
been listed on pages 335-347. A few relevant references to recent work
have also been included. Completeness has not been attempted in the
compilation of these references. Instead we have tried to give a sampling
of the current works by some of the most representative groups.
Stuttgart, July 1982

MANUEL CARDONA

Preface to the First Edition

This book is devoted to the problem of inelastic light scattering in
semiconductors, i.e., to processes in which a photon impinges upon a
semiconductor, creating or anihilating one or several quasi-particles,
and then emerges with an energy somewhat different from that of the
incident photon. In light scattering spectroscopy the incident photons
are monochromatic; one measures the energy distribution of the scattered photons with a spectrometer. Because of its monochromaticity,
power, and collimation, lasers are ideal sources for light scattering
spectroscopy. Consequently, developments in the field of light scattering
have followed, in recent years, the developments in laser technology.
The scattering efficiencies are usually weak and thus light scattering
spectroscopy requires sophisticated double and triple monochromators
with high stray light rejection ratio. Both, powerful lasers and good
monochromators are specially important for studying the scattering of
light to which the samples of interest are opaque, as is the case in most
semiconductors. This explains why these materials are relatively latecomers to the field of light scattering.
In spite of these difficulties, the field of light scattering in semiconductors has experienced a boom in recent years, and reached a
certain degree of maturity. Because of space limitations, the editor was
faced with the necessity of making a choice in the subjects to be included.
In spite of the natural bias towards his own research interests he hopes
to have gathered a number of articles representative of present-day
research in the field.
Chapter 1 contains a historical survey of the field of light scattering
in general and of the bibliography in the fields of light scattering by one
and two phonons, including resonant Raman scattering, i.e., scattering
of phonons whose energy lies in the neighborhood of strong electronic
structure in the optical constants.
Chapter 2 discusses the fundamentals of light scattering, its phenomenological description, kinematics and selection rules. It also contains
an introduction to the microscopic theory.
Chapter 3 describes in detail the phenomenon of resonant Raman
scattering which, in isolating the electronic states which participate
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in the resonance, yields very detailed information about the scattering
mechanism and the electron-phonon interaction. Several models are
considered quantitatively in order to give a feeling for the interpretation
of observed resonances.
Chapter 4 treats scattering by electronic excitations in semiconductors,
a field of considerable technological interest. It includes scattering by
free particles, plasmons and excitations between impurity levels. In all
cases the specific effects of the intricacies of constant-energy surfaces
in semiconductors are taken into account.
Chapter 5 discusses Raman scattering by amorphous semiconductors.
This field which has received considerable attention since the discovery
by the contributor and his coworkers that the observed first-order spectra
often contain information about the density of one-phonon states in
alotropic crystalline materials. A discussion of the implications of the
observed spectra with respect to short-range order and chemical bonding
is included.
Chapter 6 describes the fundamentals of Brillouin scattering in
semiconductors, and the spontaneous and stimulated processes which
can be observed when phonons are generated in polar materials by
means of the acousto-electric effect.
Finally, Chapter 7 is devoted to stimulated Raman scattering,
another subject of considerable technological importance because of
the tunable spin-flip lasers and the recently developed spectroscopical
technique referred to as CARS (coherent antistokes Raman spectroscopy).
The editor, a relatively new comer to the field of light scattering,
has profited from his collaboration in this field with a large number of
scientists, graduate students, colleagues at Brown University and at
the Max Planck Institute and other institutions. It would be cumbersome
to name them all here. Most of their names appear in the literature
referenced throughout this tract. Last but not least thanks are due to
all the contributors for keeping the deadlines as well as they could in
spite of numerous other commitments and for their patient consideration
of the editor's suggestions.
Stuttgart, May 1975

MANUEL CARDONA
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1. Introduction
M . CARDONA
With 3 Figures

Licht, mehr Licht ...
J. W. GOETHE

Most of this volume is devoted to light scattering in semiconductors
with special emphasis on Raman scattering by phonons, and, in particular, resonant Raman scattering. Among semiconductors, the family
of tetrahedrally coordinated materials, including the structures of
germanium, zincblende, wurtzite, ternary chalcopyrites, and others,
form an excellent laboratory for light scattering experiments. They are
simple, their band structures are well understood and offer an enormous
variety. Also, considerable information is available about their phonon
spectra. Besides, semiconductors muster a number of interesting manybody-type quasi-particle excitations such as excitons, plasmons, polarons,
polaritons, exciton drops, excitons bound to impurities, etc. These
quasi-particles can sometimes be excited in a light scattering process.
They can also be studied indirectly by observing resonances in other
scattering processes, when the frequency of the scattered light is in the
neighborhood of the quasi-particle frequency. Recently, Cu20 also
became a one-material laboratory to test and analyze the mechanisms
for Raman scattering processes. This material has, in contrast to zincblende, a large number of optical phonons at k = 0 and a forbidden
direct edge with sharp excitons. This edge and excitons occur in a wavelength region very convenient for studies with tunable dye lasers.

1.1. Historical Remarks
The foundations of the light scattering process were established long
ago. In 1922 BRILLOUIN[1.1] predicted the scattering of light by long
wavelength elastic sound waves. SMEKAL [1.2] developed in 1923 the
theory of light scattering by a system with two quantized energy levels;
this theory contained the essential characteristics of the phenomena
discovered by RAMAN [1.3] and, independently, by LANDSBERO and
MANDELSTASl [1.4] in 1928. It was soon realized that the newly discovered
effect constituted an excellent tool to study excitations of molecules
and molecular structure. Such studies dominated the field until about
1940. In the 1940's emphasis shifted to systematic investigations of
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single crystals in order to obtain information for the semi-empirical
treatment of their lattice dynamics. Because of the small scattering
cross sections, however, experiments were difficult and the field remained
in the hands of relatively few groups. The advent of the laser in 1960
was to change this situation rather drastically. Its monochromaticity,
coherence, collimation and power quickly made the old mercury arcs
obsolete as sources for light scattering spectroscopy. The first reports
on Raman scattering using the 6943 A line of the pulsed ruby laser and
photographic recording were soon to appear [1.5]. The appearance ofcw
lasers, which made possible photoelectric recording with photon counting, was to make photographic recording quickly obsolete. Ever since the
discovery of the laser, progress in light scattering has followed within a
short distance the main developments in laser technology, including the
cw He-Ne laser, the Ar + and Kr + ion lasers, and, most recently, the
tunable pulsed and cw dye lasers.
The range of applicability of light scattering is at present so wide
that an exhaustive review is nearly impossible. I would like therefore
to give at the outset a few general references bearing on the field of solids.
Excellent references are the Proceedings of the first [1.6] and the second
[1.7] International Conferences on light scattering in solids. The proceedings of the third conference to be held in Campinas, Brazil in July
1975 [1.8] are expected to continue the same tradition of excellence.
The recent two volumes edited by ANDERSON [1.9], the review of Raman
Scattering in Semiconductors by MOORADIAN [1.1] and the earlier
review by BRANDMOLLER[I.11] should also be mentioned. The book by
SUSHCltINSKII [1.12], discussing both molecules and crystals, is also
recommended. An exhaustive review of the theory of Raman scattering
by phonons, especially of its group theoretical aspects has been recently
written by BIRMAN [1.13]. In addition, a number of articles on Raman
scattering in semiconductors can be found in the proceedings of the
biyearly International Semiconductors Conferences since the one held
in Kyoto in 1966. A listing of all the proceedings with appropriate sources
can be found in [1.14].

1.2. Scattering by Phonons in Semiconductors
In the early days of Raman scattering, work was only possible with
materials transparent to the scattering radiation. The scattering volume,
limited by the absorption length, was too. small in opaque samples to
make observation possible. The early observations of first-order Raman
scattering by optical phonons in diamond [1.15] and CdS [1.16-1 belong
to the days of the mercury arc. In the same spirit the early measurements
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with lasers were limited to transparent semiconductors; PORTO and
coworkers reported the first-order phonon spectrum of ZnO [1.17]
and CdS [1.18]. In this work, a number of overtones o f L O phonons was
seen and resonance enhancement, observed by using two laser lines, was
hinted at. In order to be able to study the III-V semiconductors, mostly
opaque to the visible, MOORADIAN and WRIGHT [1.19] used the 1.06 lam
infrared radiation of the Nd-YAG laser. They reported the first-order
phonon spectra of GaAs, InP, A1Sb and GaP. A major breakthrough
occurred with the observation by PARKERet al. [1.20] of first- and secondorder scattering in silicon and first-order scattering in germanium
with the 4880 A line of the Ar + laser to which these materials are opaque.
First order back-scattering had already been observed for Si by RUSSELL
with a He Ne laser [1.21]. The measurements were performed in the
back-scattering configuration which has later become standard for
studies of resonace effects. It is only rather recently that Brillouin
measurements have become possible for opaque samples thanks to the
use of multiple pass Fabry-Perot interferometers [1.22]. These measurements have been so far limited to Ge and Si. In sharp contrast to the
back-scattering experiments, small-angle scattering in transparent
polar materials has been used to obtain polariton (i.e. coupled phononphoton modes) dispersion relations since the pioneer work of H~NRV and
HOPFIELD [1.23].
The second-order spectra have been investigated for transparent
materials from the early days of mercury arcs (see [1.24] for NaC1 and
[1.25] for diamond) and interpreted in terms of overtone and combination modes [1.26]. These spectra are usually very weak and thus very
difficult to study with the old sources. The advent of the laser gave
impetus to the investigation of these often broad but very highly structured spectra [1.27]. The phonon assignments, aided by observations
of the temperature dependence of the scattered intensities, often remained
conjectural. Recently, however, considerable progress has been made by
systematic separation of the irreducible tensor components of the
second-order spectra, mostly in the back-scattering configuration
[1.28, 29]. These studies led to the realization that the completely symmetric component of the spectrum (F~) is composed mostly of twophonon overtones and represents rather faithfully the density of onephonon states with a change by a factor of two in the energy scale. The
/"12 spectrum is nearly negligible. This fortunate simplicity of the twophonon spectra is not common to other solids (e.g. the alkali halides) and
does not apply to the two-phonon infrared absorption of germanium
and silicon either.
Crystalline semiconductors exhibit first-order scattering only by
phonons with k ~-0. Phonons with large k must be observed in second
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order. Many of the tetrahedral semiconductors, however, may be
prepared in amorphous form for which k conservation no longer holds.
Thus, in the amorphous materials the first-order Raman spectrum is
broad and corresponds to the density of one-phonon states [1.30].
Another fortunate circumstance is the fact that this density of states is
often a broadened version of that of the corresponding crystalline
material [1.30]. This implies a large amount of conservation of shortrange order. Chapter 4 of this book is devoted to light scattering by
amorphous semiconductors (see also [Ref. 8.1, Chap. 2]).
The frequency shift of the sharp lines observed in first-order scattering can be determined with an accuracy far superior to that obtained
in neutron scattering. This also applies to some of the features (critical
points) in the second-order spectra and makes Raman scattering an ideal
technique to study the effect of perturbations on the phonon spectra.
The method has been applied to the study of the temperature depedence
of phonon frequencies and widths [1.31], the effect of doping, including
self-energy shifts and broadenings [1.32] and impurity induced local
vibrational modes [1.33], alloying [1.34], uniaxial [1.35], and hydrostatic stress [1.36], and electric-field-induced scattering [i.37]. Scattering
by vibrational surface modes (surface polaritons) has been recently
observed by EVANSet al. [I.38].

1.3. Resonances in the Scattering by Phonons
The scattering by phonons occurs mainly through virtual intermediate
electronic transitions. Thus, for incident and scattered photons near the
energy of interband transitions structure in the Raman cross section
must appear. This structure can be used for studying electronic transitions
in a way similar to that used in modulation spectroscopy [1.39]. The
modulation in this case is not applied externally but produced by the
appropriate Raman phonon. The most important application of resonance Raman scattering, however, is to elucidate the scattering
mechanism (always some form of electron-phonon interaction) and to
extract electron-phonon interaction constants or deformation potentials.
Resonant Raman scattering by optical phonons is discussed in detail
in Chapters 2 and 3 and resonant Brillouin scattering in Chapter 6 (see
also [Ref. 8.1, Chap. 2] and [Ref. 8.2, Chaps. 6 and 7]).
The main difficulty is to find a tunable source operating in the region
around the critical point under study. Fortunately, the tetrahedral
materials have a number of critical points (gaps) which vary drastically
in energy from one member of the family to the other. It is therefore often
possible to choose the materials so as to have the critical point to be
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studied in the region where tunable sources are available. Also, the gaps
of semiconductors have large temperature and pressure coefficients
and can be changed continuously by alloying. These properties can be
used advantageously for studies of resonant Raman scattering: one
can tune the gap instead of tuning the laser.
The first resonant measurements in semiconductors were performed
for CdS using the discrete lines of the Ar + laser which cover the range
between 2,38 and 2.73 eV [1.40]. Later, measurements for CdS [1.41]
confirmed the observed resonance behavior and established the existence
of an antiresonance (zero scattering) in the cross section for T O scattering (not for LO) immediately below the absorption edge. Such structure is now understood as a cancellation between the contributions of
the edge and of higher transitions: these contributions must thus have
opposite signs. Such cancellations do not appear in the Raman cross
section of zincblende-type materials, they are common, however, for
their stress-induced birefringence constants [1.42] and lead to zeros in
the Brillouin scattering cross section [1.43] as discussed in Chapter 6.
Early measurements using discrete lines showed that this antiresonance
is absent for the Eo gap of zincblende-type materials such as G a P [1.44].
Measurements taken with a few discrete lines, however, may sometimes miss sharp structure between discrete points. This can be avoided
by using a discrete laser line and tuning the gap with an external perturbalion, e.g., temperature. By this method, PINCZUK and BURSXEIr~ [l.45]
were able to detect a resonance near the Ej gap of InSb. This resonance
was studied in greater detail by LEIrE and SCOTT for InAs using the lines
of the Ar + laser [1.46]. The shape of the E 1 resonance in Ge was elucidated
by RENUCCl et al., shifting the gap by alloying with 22!!;, of Si so as to
bring it to the region where the discrete Ar + laser lines are found [1.47].
A breakthrough occurred in the field of resonance scattering with the
advent of the tunable dye laser [1.48]. The dye laser with the widest
tunability range is the pulsed laser. A N2-1aser-pumped pulsed dye
laser has been used by B~LL et al. [1.49] to study the direct edge (Eo)
of G a P and its spin-orbit splitting (E 0 + Ao). A similar laser was used
for Raman measurements by OKA and KUSHIDA [1.50]. A flash-lamp
pumped dye laser was used by DAMEN and SHAH [1.51] to study resonances in the LO scattering near the absorption due to excitons bound to
impurities.
The pulsed laser has, when compared with the cw laser, the disadvanlage of not permitting conventional use of photon counting
[1.52]. Thus, its use for Raman scattering is limited and most resonance
measurements have been performed with the cw laser [1.53]. The range
of tunability was initially limited to that of the dye Rhodamine 6G
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Fig. 1.1. Power obtained for various dyes, pump powers and pump wavelengths as a
function of dye laser wavelength in cw operation. (From [1.53].) For a still more up-to-date
version see [Ref. 8.1, Fig. 2.7]

(1.85-2.20 eV). The recent work of YARBOROUGH [ 1.53] has extended the
range of the cw dye laser to the region 1.55 2.90 eV (see Fig. 1).
The cw laser has been used to study two typical E 0 resonances
(GaP [1.49] and ZnTe [-1.54]) and two typical E 1 - E 1 + d 1 resonances
[1.55, 56].
The appearance near resonance of LO phonon scattering in forbidden
polarization configurations was discussed by MARTXN and DAMEN
[1.57]. This phenomenon, which was attributed to the electric field of
the LO phonons (Fr6hlich interaction), has received considerable
theoretical and experimental attention, as discussed in Chapters 2 and 3
of this book. It is usually only present for parallel polarized incident and
scattered fields. Being a forbidden effect, it resonates more strongly
than the allowed L O and T O scattering and sometimes overcomes the
allowed L O scattering near the resonance. Sharply resonant 2 L O
scattering involving two phonons near F and due also to Fr6hlich
interaction, has been observed in a number of materials [1.58, 59]. With
the exception of 2 L O structure, the rest of the second-order spectrum
resonates in a manner similar to the allowed first-order peaks [1.58].
This realization led to the conclusion that the structure of both firstand second-order scattering is produced by the electron two-phonon
interaction [1.58]. The ratio of second- to first-order scattering thus
yields the ratio of electron two-phonon to electron one-phonon interaction constants. The electron two-phonon interaction is also of importance in a number of other seemingly unrelated phenomena [1.59].
Non-polar materials, like Ge and St, also show in the neighborhood of
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gaps a resonance in the scattering by two optical phonons near F [1.60].
This resonance is stronger than that of the remaining second-order
spectrum and has been attributed to two iterated electron one-phonon
processes [ 1.60]. A similar iterated resonance has been recently observed
near the indirect gap of semiconductors for phonons with the wavevector of the indirect gap [1.61].
In spite of the emphasis on tetrahedral semiconductors, we should
mention here some of the recent work on Cu20. The lowest exciton in
this material is dipole forbidden since the corresponding one-electron
bands have the same parity. It occurs at 2.11 eV at liquid He, a region
ideal for the cw dye laser. This exciton is very sharp and therefore
enables the observation of separate resonances when the incident and
scattered frequencies are swept across it. The forbidden nature of the
exciton allows only resonances in which one of the participating photons
(e.g., the incident one), produces quadrupole transitions. In this case odd
parity (usually forbidden) phonons are seen in the Raman scattering
[l.62]. An interesting scattering process involving two phonons with
iterated electron one-phonon interaction has also been reported for this
material [1.63]. Yu and SHENhave also observed a shift in the frequencies
of the Raman peaks of multiphonon processes when the laser wavelength
is swept through resonance in C u 2 0 [1.64]. They were able to relate
these shifts to the dispersion relations of the phonons near h = 0.
The resonant Raman experiments enable us to elucidate the nature
of the scattering mechanism. Once this is done, the corresponding
electron-phonon interaction constants can be obtained, provided one
has determined absolute scattering cross sections. This is seldom done;
it is particularly difficult in back-scattering experiments where cross
sections can be drastically altered as a result of surface conditions.
"Absolute" measurements have been performed in solids (e.g. GaAs
[1.65]) using transparent radiation and comparing the scattered intensities to those of a standard scatterer (e.g. benzene [1.66]). Because of
the difficulties involved in doing absolute measurements, the resonance
work has been mostly used for the determination of electron one-phonon
coupling constants (deformation potentials) relative to each other, in
particular when t w o coupling constants determine o n e given resonance,
and of ratios of two-phonon to one-phonon constants. Usually, only
one gap (or a spin-orbit split multiplet belonging to a given gap) has
been studied so far for a given material. As the spectral range of tunable
lasers, parametric oscillators, and frequency doubled tunable sources
available is extended, the measurement of resonances around several
gaps of a given material, and therefore, of their relative electron-phonon
interaction constants, should become possible. We point out that for
zincblende-type semiconductors only Eo and E 1 resonances have been
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studied. There is a large additional number of relatively well characterized electronic gaps (Eo, E'~,E 2 ...) [1.67] which should exhibit
Raman resonances and will be studied when appropriate sources are
available. Relative measurements of scattering cross sections of the
various materials of the family with respect to each other should also
yield the relative values of the coupling constants and thus contribute
to the understanding of the systematics of the electron-phonon interaction. (For recent progress see [Ref. 8.1, Chap. 2].)
A method to determine the absolute value of the Raman tensor by
measuring two-photon absorption of two laser beams with frequencies
differing by the Raman frequency has been proposed [1.68]. Also,
GRIMSDn'CH and RAmDAS have recently measured the ratio of Briilouin
to Raman cross sections in diamond [1.69]. The Brillouin cross section
can be calculated from the well known piezo-optical constants. One can
therefore determine from these measurements the absolute value of the
Raman tensor but not its sign. The sign of the Raman tensor for a given
scattering process can be determined when this process interferes with
another one of known sign. In this way, it has been possible [1.70] to
determine the sign of the one-phonon Raman tensor of silicon by
observing its interference with the electronic intra-valence-band scattering for which the sign of the Raman tensor can be easily derived.

1.4. Theory of Scattering by Phonons
From the days of the original theoretical work mentioned in [1.1] it
became clear that the quantum mechanical problem of calculating cross
sections from first principles could be solved only in special cases.
This is true, in particular, for solids. Consequently, phenomenological
and semi-phenomenological theories have been used profusely to
interpret the experimental results. Central to these theories is always
the group theoretical use of the symmetry of the excitation involved in
the scattering process to reduce the number of independent parameters of
the phenomenological theory and to determine the correlation between
the polarization and propagation vectors of the incident and the scattered
radiation.
At the core of the phenomenological theory is the concept of Raman
tensor, usually a second-rank tensor in Chapter 2 this second-rank
Raman tensor is called transition susceptibility--which connects the
incident with the scattered electric field for a given channel of excitation
(i.e., the transfer function for a given scattering process). Sometimes,
however, one defines as the Raman tensor a fourth-rank tensor which,
when contracted twice with the unit vector of the incident field and Mso
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twice with that of the scattered field, it gives the scattering probability
for these polarizations [1.71]. This fourth-rank tensor is related to
products of components of the second-rank Raman tensor in a simple
way. Our statements, so far, may suggest that the scattering is a function
of the direction of incident and scattered fields but not of the direction
of propagation of the radiation. This is indeed true in many cases
involving Raman scattering, but not always: like the dielectric tensor,
the Raman tensor can have a dependence on the wavevector of the
incident and scattered radiation ("spatial dispersion"). The absence
of "spatial dispersion" in the usual Raman scattering in solids can be
justified as due to the fact that the wavelength of light is large compared
with the characteristic wavelength of microscopic processes involved
(typically the lattice constant). The situation is fully different for Brillouin
scattering since the energy of the excitation depends very strongly on the
angle between the incident and the scattered wavevectors, on account
of the linearity of the dispersion relation of acoustical phonons near
k = 0. The Brillouin tensor vanishes for k = 0 and one can say that the
observed effect is only a consequence of the spatial dispersion in the
"Brillouin tensor".
The second-order Raman tensor is usually decomposed into irreducible symmetry components which therefore correspond to excitations of a well defined group theoretical symmetry. Tables of the
form of these irreducible tensors and the number of independent elements
have been given by several authors [1.72, 73]. It is interesting to point
out that the Raman tensor for phonon scattering is symmetric away
from any resonant electronic energies. Antisymmetric components can,
however, appear near resonance. They have been listed in [1.72] but so
far they have escaped experimental observation in connection with
scattering by phonons. Antisymmetric Raman tensors do, however,
play an important role in the scattering by magnetic excitations (magnons)
[1.74] (see [Ref. 8.1, Table 2.1]).
The concept of polarizability has played a very important historical
role in the theory of Raman scattering [1.75, 76]. The Raman polarizability is the quantum mechanical analog of the second-rank Raman
tensor and describes the change in the electric polarizability produced by
an excitation of the crystal. The polarizability tensor can be expanded in
power series of the normal coordinates so as to obtain the Raman tensors
of first, second, third order, etc. This expansion leads to a number of
phenomenological treatments which have been quite fruitful in the past.
One of them is the so-called bond polarizability theory of WOLKENSTEIN
[-1.77].
WOLKENSTEIN assumed that each bond has a polarizability which
can be expanded in power series of its length. The total crystal or molec-
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ular polarizability is then obtained as the sum of bond polarizabilities.
This theory has been used rather recently to interpret the first- and
second-order Raman spectra and the elastic constants of group four
semiconductors [1.78, 79]. The concept of bond polarizability is also
very helpful for the theoretical analysis of the spectra of amorphous
semiconductors (see Chapter 5).
The expansion of the polarizability or susceptibility in terms of the
phonon normal coordinates enables us to obtain Raman tensors of solids
by using the sophisticated methods developed in recent years for the
calculation of band structures and dielectric constants of solids. A zone
center phonon produces a lattice deformation which preserves the
translational symmetry. One can therefore calculate the dielectric constant as a function of phonon coordinates u. By expanding this dielectric
constant (or the susceptibility) as a function of u, we find :
d g (o))

~g(u, w) = ~g(w) + ~ d u -

1
- -

u + 2

d2g "
-

-

du 2

u 2

+

...

(1.1)

The various derivatives in (1.1) define the first- and second-order Raman
tensor and can be simply obtained from band structure dielectric
constant calculation [ 1.80, 81].

1.4.1. Scattering by One Phonon
For an incident laser field E L e x p ( - iWLt) and a phonon u = u0 exp (_+ i~2t)
Eq. (1.1) gives the induced dipole moment (to first order in Uo):
d~ Uo EL exp( - i ( f 2 L +
P ( o L +_ ~ ) = du
_ f2)t ) •

(1.2)

The - and + signs in front of ~2 correspond to Stokes and anti-Stokes
radiation, respectively. Thus, the intensity of the total (Stokes plus antiStokes) scattered dipole radiation is proportional to
l o~ oo4 d~
du z

0~).

(1.3)

Equation (1.3) provides for the simplest description of the phenomenon
of resonant Raman scattering: in the vicinity of sharp structure in 'g,
sharp structure in ~ / d u and thus in the scattered intensity I occurs.
This equation contains the thermal average of the phonon displacement
(or normal coordinate) (U2o). This average yields the sum of the Stokes
and the anti-Stokes scattered intensities, as corresponds to the assump-
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tion of a negligibly small phonon frequency. The Stokes and anti-Stokes
components can be separated by using the relation

(n[ug In) = [(n + 1 l u o [rt)[ 2 -F [(n - 1 lUoln)l z
h

h

2MN(2 ( n + l ) + 2 M N ~ n
=

Stokes

(1.4)

+ anti-Stokes,

where M is the reduced mass (for Si half the atomic mass), N the number
of unit cells and n is the Bose-Einstein statistical factor.
The foundations of the quantum mechanical theory of Raman and
Brillouin scattering in solids were given by BORN and HVAN6 [-1.76]
and in a series of articles by LouDoN [1.73, 82, 83]. The Brillouin scattering can be phenomenologically described in terms of the elastooptic constants [1.76,84] since the dielectric constant modulation
required for scattering is produced by the macroscopic strains associated
with long wavelength acoustical phonons. A comparison of the phenomenological cross section for Brillouin scattering [1.76] with the
quantum mechanical ones yields microscopic expressions for the
elasto-optic constants [1.82].
In homopolar cubic semiconductors (e.g. Ge) the scattering intensities
for the first-order optical LO and TO degenerate phonons are determined
by a single parameter since at k = 0 they belong to one irreducible
representation (F25,). In polar semiconductors (e.g. GaAs) the LO
phonons are accompanied by a longitudinal electric field which produces
a modulation of the dielectric constant through the so-called first-order
electro-optic effect [1.83]. Consequently, the intensities of LO and TO
scattering become unrelated for finite k; they are now determined by two
independent parameters: the deformation potential Raman tensor and
the electro-optic effect. This fact has been recognized by GRECHKOand
OVANDER [1.85] as well as by LOUDON [1.83] although the functional
dependences of the electro-optic contributions to the Raman tensor
near a resonance given in [1.83 and 85] are in disagreement with each
other [Ref. 8.1, Sect. 2.1.12].
A recent development of the phenomenological theory helps in the
calculation of scattering tensors belonging to several coupled excitations
such as phonons, photons, plaslnons, etc. [1.86, 87]. In this method,
each scattering excitation is described as the fluctuation of some variable
(e.g. phonon coordinate or atomic displacement, electric field, electric
charge, etc.). These fluctuations are coupled to each other and to the
polarization which produce the scattering. This coupling can be described by a matrix formalism. The temperature dependent amplitude
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of the fluctuations is calculated by means of the fluctuation-dissipation
theorem. This method is particularly appropriate to calculate the
intensities of the near forward scattering by polaritons, a mixture of
phonon-like atomic displacements and accompanying infrared electromagnetic fields which is obtained for small values ofk (forward scattering)
in polar materials [1.23]. For a more detailed discussion of this method
see Chapter 2 and [Ref. 8.1, Sect. 2.1.11].
As we have seen, light scattering by phonons in solids involves the
interaction of two rather complicated systems: The system of electrons
in their energy bands, with possibly many-body effects such as excitons,
and the system ofphonons with their dispersion relations and anharmonic
interactions. The anharmonic interactions, which are usually described
phenomenologically by introducing terms of third and fourth order in
the normal coordinates are responsible for the line widths of the phonon
states. The electronic states have also line widths, determined in part
by electron-phonon interaction. The line widths of resonant electronic
states is of great importance in second-order iterated resonant Raman
scattering, as discussed in Chapter 3. It also determines the time lag
between the incident and the scattered photon at resonance (see also
Chapter 3); away from resonance this time lag is negligible. In the region
of high and sharp electronic absorption i.e. absorption by excitons,
the electronic excitations couple very strongly to the photons to form
quasi-particles known as polaritons. As intermediate states of the scattering processes one must take these polaritons instead of bare electronic
or excitonic excitations. Similarly, if one deals with first-order scattering
by infrared active phonons (non-centrosymmetric crystals), the phonons
can couple strongly to infrared photons to form polaritons. These
dressed phonons are of importance for configurations close to forward
scattering [1.23] (see [Ref. 8.1, Sect. 2.1.12] and [Ref. 8.2, Chap. 7]).
Obviously, it is not possible to include the full complication of both
the electron and the phonon systems in a calculation of the Raman
tensor. Calculations which include a large degree of sophistication for
the phonon system, such as anharmonicity, are usually performed
within the framework of the phenomenological polarizability theory
and neglect electronic resonance effects. In the formulation developed
by COWLEY [1.88, 89] the fourth-rank Raman tensor I,B~,6 is obtained
as the Fourier transform of the correlation function of the polarizability
operators P,p expressed in the Heisenberg representation [Ref. 8.1, Eq.
(2.56)].
(2.56)].
l

+ cX~

I~,~(C2) = 2n~ !,,~(P, tj(t)* P.~a(0)) e-i~' dt.

(1.5)

This correlation function can bc obtaincd from the corresponding timeordered thermodynamic Green's function which, in turn, is obtained
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by means of diagramatic expansions which enable the inclusion of
anharmonicity. Calculations of the second-order spectrum of the
alkali halides have been performed by this method using the shell
model of the lattice dynamics [1.89]. The present volume with its
emphasis on electronic resonance effects, does not treat this powerful
technique any further.
We have mentioned the important role played by group theory
in determining the allowed forms for the Raman tensor, i.e., its irreducible
components. Only excitations having the symmetry of an irreducible
component of the second-rank Raman tensor are allowed in first-order
scattering. For higher-order processes in which several excitations
participate, it is the product of the space group symmetries of the different excitations which must contain the symmetry of an irreducible
component of the Raman tensor. This fact considerably relaxes the
selection rules, since the product of two space group representations of
wavevectors k, and k 2 (with kl + k 2 - 0 but kl 4:0) usually contains
most representations of zero wavevector. Tables of products of space
group representations were listed by BmMAN in [1.13]. The reader should
look into this exhaustive work for references to the original literature.
Group theory is also useful in disentangling the Jorbidden effects
induced by various agents such as the finite k vector of the photons
(an intrinsic effect), defects, or extrinsic external perturbations (stress,
electric fields). If the inducing agent can be represented by a tensor of
rank r (e.g., r = 1 for an electric field, r = 2 for a stress) one can define a
"forbidden" Raman tensor of rank 2 + r for the first order forbidden
effect, 2 + nr for the forbidden effect of n-th order. Scattering induced
by the simultaneous presence of two perturbations (e.g. stress and
electric field) is also possible. The symmetry properties of these "forbidden" Raman tensors, and their reduction into irreducible components,
is also discussed exhaustively in [1.13] where references to the original
literature are given.
We have mentioned that in polar materials the scattering cross
section for LO scattering contains, beside the deformation potential
term which determines the TO scattering, a term produced by the
Fr6hlich interaction through the linear electro-optic effect. The linear
electro-optic coefficient can be described as an interband effect of a
perturbing electric field (i.e., that associated with the LO phonons).
lntraband effects of electric fields on the excited electron-hole pairs
are also important in determining the LO-scattering probability near
resonance. In the case of the Fr6hlich interaction, however, they only
contribute to forbidden scattering in the form of a term in the Raman
tensor proportional to the wavevector of the scattering phonon. The
allowed intraband terms vanish because the effect of an electric field
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on the virtually excited electron exactly cancels the corresponding effect
on the hole left behind. This forbidden term has been discussed by
MkRTIN [1.57, 90]. It appears strong for parallel polarizations of the
incident and scattered photon. Whenever the crystal is so oriented that
for parallel polarizations allowed LO scattering is also possible, the
forbidden terms can dominate under strongly resonant conditions
[1.58]. This forbidden scattering is particularly strong for resonances
near strong excitons; the electric fields ionize the excitons and thus
produce a strong modulation of the dielectric constant I-1.90]. Actually,
forbidden LO scattering can also be induced by electric fields at surface
barriers [1.91,92] combined with the Fr/Shlich interaction. It is often
difficult to separate the pure Fr6hlich effect from that of surface fields
although the contribution of surface fields has been conclusively established [1.54, 92]. The dependence of the Fr~Shlich interaction effect
on scattering k vector could be also used to separate both contributions;
it has not been done so far because all resonance experiments have been
performed in the back-scattering configuration [Ref. 8.1, Sect. 2.2.8].
The theory of resonant first-order Raman scattering has been
formulated by GANGULY and BmMAN [1.93] for arbitrary electronic
excitations which may include strongly correlated electron-hole pairs
(excitons). By means of a canonical transformation these authors were
also able to treat dressed electronic excitations and thus to include
polariton effects in the resonant energies. Detailed calculations of
polariton scattering were performed by BENDOWand BIRMAN [1.94].
The delicate question of polariton boundary conditions and their effect
on light scattering was discussed by ZEYHERet al. [1.95], while the effect
of spatial dispersion in the excitonic polaritons was discussed by BR~NIG
et al. [1.96] (see [Ref. 8.2, Chap. 7]).

1.4.2. Scattering by Two Phonons
The microscopic theory of Raman scattering by two phonons represents
an even higher degree of complication. Away from resonance, for photon
energies much lower than the lowest absorption edge, considerable use
has been made of phenomenological theories. In their most general form
[1.76] these theories expand the contribution of each atom to the
polarizability to second order in the atomic displacement and then
compute the Raman tensor by adding the effects of the displacements
of two phonons of equal and opposite k as obtained from some lattice
dynamical model. The number of parameters involved in this secondorder expansion of the atomic polarizabilities is too large, even after
reducing it by using group theory, to be theoretically meaningful.
It is often reduced by means of more or less justifiable devices such
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as that of keeping the mathematically simplest terms. Calculations of
this type can be seen in [1.26]. A generalization of the bond polarizability,
model [1.77] was used by COWLEY [1.97] to calculate the second-order
Raman spectrum of Si. He made the assumption of a longitudinal bond
polarizability which is, to second order, a function only of the change
in bond length. The results obtained do not represent well the experimental spectra [1.28] (see, however, [Ref. 8.1, Fig. 2.13]).
This difficulty has been recently lifted for Ge, Si, and diamond
[1.79] by introducing a transverse bond polarizability which is also,
to second order, a function of the phonon induced changes in bond
length. These parameters are obtained, in part, from the first-order
Raman tensor and from the elasto-optic constants. A similar model,
with a more complete "Ansatz" for the polarizability, has been also
successful for interpreting the first-order Raman spectra of amorphous
tetrahedral semiconductors as discussed in Chapter5 [1.98]. These
spectra are produced by second-order polarizabilities, one set of atomic
displacements being the result of the disorder and the other produced
by the scattering phonon. As mentioned in Section 1.2 the spectra of
tetrahedral semiconductors, once decomposed into irreducible components, separate into overtone and combination spectra which reflect
the corresponding combined densities of states. The scattering probabilities are smooth functions of photon energy. The densities of overtones,
and of sum and difference combination states of a large number of
tetrahedral semiconductors have been recently computed by KuNc et al.
[1.99]. They are very useful for the interpretation of two-phonon spectra.
The formal microscopic theory of the second-order scattering is also
contained in the paper of GAN~ULY and BIRMAN [1.93]. We show in
Fig. 1.2 typical diagrams for one- and two-phonon Stokes scattering
processes with the intermediate state assumed to be correlated electronhole pairs. These are usually the diagrams which mostly contribute to
resonances. Other diagrams can be obtained from these by permutation
of the interaction vertices [1.58, 93] and by placing one or two-phonon
interaction vertices on the hole side of the diagrams (see Fig. 2.2b).
The diagrams in Fig. 1.2d represent processes of higher order (6 interaction vertices) and can, in general, be neglected. Figure 1.2c has the
same structure as diagram a of this figure with the electron one-phonon
interaction replaced by an electron two-phonon vertex. The electron
one-phonon interaction, iterated twice, determines Fig. 1.2b. Resonances
for processes of type a and c as shown in Fig. 1.2, with the intermediate
states it and i2 belonging to the same band are called two-band processes
(see Fig. 2.4b). If i~ and i2 belong to different bands one speaks of three
band processes (see Fig. 2.5). Resonances of the iterated two-phonon
type (b of Fig. 1.2)can be two-, three-, or four-band processes. It is of
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Fig. 1.2a~l. Typical processes involved in first- (a) and second-order (b~l) Raman scattering
by phonons

considerable interest to discern whether a given two-phonon process
is of the type b or c of the same figure in order to extract the corresponding electron one- phonon or electron two-phonon deformation
potentials. Examples of both types can be found even for one given
material. Operationally this distinction is possible, crudely speaking, by
observing whether the two-phonon process has a resonance similar to a
one-phonon process or a much stronger one. In tetrahedral semiconductors the former is true for most of the two-phonon spectra
[1.58, 60] except for some sharply resonant features at the energy of two
or more phonons each with k ~- 0. These features involve at least one L O
phonon and are related to Fr6hlich interaction in polar materials
[1.58,99, 100-J. They are very strong near resonance. In non-polar
materials they are produced by two iterated electron one-phonon
deformation potential vertices [1.60]; they are weaker than their Fr6hlich-interaction-induced counterparts. These features are due to processes
of type b of Fig. 1.2 with the three intermediate states il. i3, and i2 resonating simultaneously. For scattering frequencies in the continuum of
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electronic excitations a phonon can be usually found for which these
processes diverge. Thus a strong deformation of the two-phonon Raman
spectrum is expected for processes Fig. 1.2b as the scattering frequency is
changed near a resonance unless one deals with Einstein-model (i.e.
non-dispersive) phonons. Since the optical branches are rather flat for
k ~ 0, the Einstein model is often a good approximation; the scattering
cross section diverges for scattering frequencies in the continuum near
a resonance unless the finite width (lifetime broadening) of the intermediate states is taken into account. Once this is done, one finds that
the cross section is proportional to the lifetime % of the intermediate
state i 3 [Ref. 8.1, Eq. 2.246]).
It is also interesting to discuss the case in which i 3 is very far away
from resonance. A typical two-band process of type Fig. 1.2c has an
interaction vertex determined by the matrix element [1.59]
(i~1172 V I i i ) ,

(1.6)

where V is the crystal potential. The equivalent (il = i2) process Fig. 1.2b
with i3 non resonant has the same structures as Fig. 1.2c with (1.6)
replaced by the approximate expression
<ix 117VIi3) (i3[ VVJil)
E 1- E 3

(1.7)

where E 3 a r e the energies of the intermediate states. The sum of (1.6)
and (1.7) represents the quadratic term in the power series expansion
of the change of the energy E1 as a function of atomic displacement.
For an isolated atom this sum must vanish due to translational invariance. Equation (1.6), however, can reach very large values ( ~ 106 eV
for a displacement of the order of the lattice constant) I-1.58, 59, 101]
which must be exactly cancelled by (1.7). This exact cancellation is
lifted in solids by the bonding and one is left with residues of the order of
103 eV. These rather large "effective" electron-phonon coupling constants are to be understood as representing a "dressed" electron twophonon interaction vertex, as shown in Fig. 1.3. Thus, operationally,
the processes of type Fig. 1.2c and those of type Fig. 1.2c with i 3 a r e
indistinguishable away from resonance and must be lumped together
as shown in Fig. 1.3.
Accurate quantum mechanical calculations of the matrix element of
(1.6) using the O P W method for the s-like states of the conduction band
of tetrahedral semiconductors [1.102] yield values of the order of
10 6 e V , similar to those found for the corresponding free atoms [1.58].
A pseudopotential calculation, however, yields completely different
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Fig. 1.3. Renormalization of "thc clcctron two-phonon interaction vertex, so as to include
non resonant iterated electron one-phonon processes. The summands correspond to
(1.6) and (1.7),respectively

values, of the order of 100eV [1.58]. The inability of pseudopotentialpseudofunction theory to calculate matrix elements of Vz has been
discussed by LIN-CHUNO [1.103]. For s-like states, for instance, it
originates in the strong divergence of V2 V near the atomic core, which
yields the main contribution to (1.6) and thus is not well represented by
pseudopotential theory. Pseudopotential theory, however, adequately
represents the energies of conduction and valence states and the effects
of perturbations on these energies. One can therefore expect that the
I
sum of (1.6) and (1.7), i.e., the renormalized electron two-phonon interaction constant, should be correctly given by a pseudopotential calculation. This expectation has been recently computationally confirmed
[1.104].
We should also point out that SWENSONand MARADUDIN [1.80]
in order to compute the F25, component of the first-order Raman tensor
of Si calculated the dielectric tensor ~ for several values of the phonon
amplitude u [see (1.2)]. These calculations show a remarkably strong
nonlinearity of the components of n as a function of u, a fact remindful of
the large values of the electron two-phonon interaction constant. A fit
of SWENSONandMARADUDiN'S calculations with a polynomial quadratic
in u yields ratios of the electron two-phonon to the electron one-phonon
coupling constant in reasonable agreement with experiment [-1.105].
In spite of the recent progress and interest in the two-phonon spectra
of solids we have decided not to include a chapter exclusively dedicated
to this subject in this tract. For one thing space limitations prevent it.
Also, developments both in the theory and measurements of twophonon spectra, are still so numerous as to make at this point a review
article rather perishable I-Ref. 8.1, Sects. 2.2.10 and 2.3.3].
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As already mentioned in Subsection 1.4.1, the scattering due to
intraband Fr6hlich interaction is very strong near resonance. Though
"forbidden" for one LO phonon, it can even be stronger than the corresponding allowed one-phonon process in polar materials. We have
mentioned earlier in this section that Fr6hlich interaction allowed
scattering involving two LO phonons can also be very strong [1.100].
Multiphonon processes, most likely due to intraband Fr6hlich interaction, are often seen very near resonance. Scattering up to 9 phonons
have been reported for CdS [1.106]. The theory of these processes,
induced by intraband Fr6hlich interaction, has been recently given by
ZEYHER [-1.107] (see [Ref. 8.1, Sect. 2.3.5]).
1.4.3. Hot Luminescence

The frequency region in which most of the resonant Raman experiments
are performed usually straddles the resonant energy. Therefore in part
of this region real (not virtual) electronic transitions take place as the
incident photons are absorbed. These transitions may be accompanied
by the absorption or emission of phonons. The question is then often
raised as to whether the observed scattered light is indeed due to Raman
scattering (RRS) or to so-called hot luminescence (HL) of the really
excited carriers spontaneously emitting aided by the emission or absorption of one or more phonons. The more fundamental question may be
whether there is any intrinsic difference between those two processes
and whether an operational criterion to distinguish them can be given.
KLEIN [1.108] reached the conclusion, using the golden rule, that Raman
scattering and absorption followed by phonon-aided luminescence
were indeed indistinguishable processes. SHEN [1.109], however, performed a calculation based on the density matrix formalism [1.110]
which provides for a more subtle treatment of relaxation or energy
broadening (due to the effect of random fields, i.e., of unspecified scattering processes). Within this formalism two terms appear in the scattering probability. One of them is proportional to the number of electrons
in the excited state n, ~,,(0), while the other term is proportional to an
off-diagonal element of the density matrix ~ I between the initial and
the final state. This fact provides us with a natural, formal distinction
between HL and RRS: the terms proportional to the electron concentration in the excited state are called HL. Those proportional to Qiy, which
represent a direct process independent of how many excited electrons
are there, are called RRS, This jbrmal distinction does not always lead
to an operational distinction between HL and RRS, especially in the
steady state. For a sharp temporal discontinuity in the incident beam,
however, RRS yields always an instananeous response while the response
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due to HL is exponential, representing the buildup or decay of electrons
in the intermediate state. The spectral width of the HL contains the
widths of initial and final states: hence the standard occurrence of broad
background due to HL with a superimposed peak due to RRS. The
luminescence background is often a handicap to Raman work, especially
near resonance. This problem can be eliminated by using the technique of
coherent anti-Stokes Raman scattering (CARS). In this method three
strong beams are mixed, two of them coming from a pulsed laser
(frequency egL) and one being the Stokes beam stimulated by a second
laser of frequency ('s (see Chapter 7). The resulting beam has the antiStokes frequency [Ref. 8.1, Chap. 4].
O)A

=

2 t o L -- O9s = O)L -- f 2 ,

(1.8)

where f2 is the frequency of the elementary excitation generated in the
Stokes process. Because of the coherence of the beams involved and the
resulting wavevector conservation, the emission takes place only along
certain directions and is thus easy to distinguish from the nearly isotropic
HL. In some cases the time delay involved in the HL may also help in the
separation because of the use of short pulses.
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2. Fundamentals of Inelastic Light Scattering
in Semiconductors and Insulators
A. PINCZUK and E. BURSTEIN
With 12 Figures

During the past ten years inelastic light scattering spectroscopy has
developed into one of the most powerful and most widely used optical
techniques for the study of the properties of the low frequency elementary
excitations of solids. This has been, to a great extent, a consequence of the
availability of lasers as excitation sources and of improved spectrometers
and associated electronics for recording weak light scattering spectra.
Scattering by elementary excitations has been observed in opaque solids,
including metals and narrow gap semiconductors, as well as in transparent crystals. Very recently, with the help of computerized spectra
recording techniques it has become possible to observe extremely weak
scattering intensities.
A large group of crystal elementary excitations have been observed
by inelastic light scattering spectroscopy. This group includes acoustical
and optical phonons, surface and bulk polaritons, magnons, electrongas excitations (plasmons and single-particle excitations) as well as
electronic and vibrational excitations of isolated ions in crystals.
One of the most important selection rules for light scattering processes
in crystals is the conservation of wave vector. Because the wave vector
of light is much smaller than the Brillouin-zone boundary wave vector,
first-order inelastic light scattering (in which scattering by one quantum
of low frequency crystal excitation is involved) only allows one to study
the excitations near the center of the Brillouin zone. This is
one of the
J
major limitations of the technique. For the zone center low frequency
excitations, light scattering spectroscopy enables us to determine in a
relatively simple and straightforward way the energy, lifetime and
symmetry properties of these excitations. When the objective is the
determination of the dispersion relation of the excitations, the data
obtained by light scattering spectroscopy has to be considered as
complementary to those obtained by inelastic neutron scattering.
In regard to this problem we should mention that second-order scattering
by magnons and optical phonons has been used to determine the twomagnon and two-phonon densities of states. In addition, one-phonon
density of states has been obtained in defect-induced scattering experiments. These and similar data may be used, after considerable ana-
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lytical work, to determine the properties of the excitations away from the
Brillouin-zone center.
As in the case of the emission of light it is possible to have spontaneous
inelastic light scattering, in which no scattered photons exist before the
scattering event, and stimulated scattering in which the process takes place
in the presence of already existing scattered photons. It is now well
established that light is scattered inelastically by the spatial and temporal fluctuations in the electronic contributions to the electric susceptibility,
which are associated with the elementary excitations of the crystal.
In the case of light scattering by collective excitations such as lattice
vibrations, the fluctuations result from the modulation of the electric
susceptibility.
The space and time dependent fluctuations in the electric susceptibility
are given by the transition electric susceptibility. In a microscopic
description, the transition electric susceptibility is proportional to the
matrix elements which characterize the transitions which accompany
the annihilation of the incident photon and creation of the scattered
photon and the creation or annihilation of quanta of crystal elementary
excitations. In the case of the scattering of light by collective excitations,
the transition electric susceptibility can be written as an expansion in
powers of the normal coordinates of the modes. The coefficients of this
expansion are the Raman tensors of the collective excitations, which
describe the mixing of the incident and scattered fields with crystal
normal modes. In the case of polar modes, the Raman tensors are also
related to the tensor coefficients which describe the nonlinear electric
susceptibilities of the crystal. In addition, when the energy of the incident
photons is in resonance with the electronic interband transitions, the
frequency dependence of the Raman scattering intensity displays features
similar to those found in optical modulation spectroscopy of electronic
interband transitions. These aspects of Raman scattering add another
dimension to the interest in the field in the sense that inelastic light
scattering may also be used to obtain data on the nonlinear optical
susceptibilities as well as on crystal energy band structure.
This chapter has the dual purpose of giving a description of the
basic mechanisms of inelastic light scattering processes as well as that of
discussing the properties of the first-order Raman tensors of the collective
excitations of non-magnetic semiconductors (lattice vibrations and
plasmons). We give a general discussion of the properties of the scattering
cross-section, kinematics and selection rules for inelastic light scattering
processes. The scattering cross-section is written in terms of the transition
electric susceptibility. We also discuss the conditions under which
conservation of wave vector occurs. This is an aspect of the kinematics
of the light scattering process which has to be dealt with carefully in
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opaque crystals and in media where translational symmetry is destroyed.
We then consider first-order Raman scattering by lattice vibrations and
plasmons. Among other things we show the relations that exist between
the first-order Raman tensors and the tensor coefficients which describe
such nonlinear phenomena as three-wave mixing and the linear electrooptic effect.
Finally, we discuss the frequency dependence of the first-order
Raman tensors of optical phonons. It is shown that, close to resonance
with the interband electronic transitions, the frequency dependence of
the Raman tensors is related to the frequency dependence of the electric
susceptibility. In the discussion of resonance effects we devote particular
attention to the contributions to the Raman tensors which are wavevector dependent as well as to the contributions which are induced by
external or built-in electric fields or stresses. Such contributions have
been observed in resonant Raman scattering in semiconductors. They
are of interest for two reasons. First, they allow the observation of
scattering by modes which are Raman-inactive according to the conventional selection rules. In addition, they give the researcher a powerful
tool for elucidating the mechanisms of Raman scattering in crystals.
The equations are given in cgs units.

2.1. The Inelastic Light Scattering Process
2.1.1. The Scattering Cross-Section
In inelastic light scattering processes a quantum of the incident radiation
is annihilated and a quantum of the scattered radiation is created. This
occurs with creation (in the Stokes process) or annihilation (in the
anti-Stokes process) of a crystal excitation. The anti-Stokes process
can occur only if the crystal is initially in an excited state. Light scattering
may result from the coupling of the light waves to the electric or magnetic
moments of the crystal. Theoretical estimates, as well as experimental
results, have shown that, even in the case of magnetic excitations, the
light scattering processes associated with the magnetic moment of the
crystal electronic transitions are very weak. The matrix element which
enters in the expression for the scattering cross-section can be written
in terms of a transition electric susceptibility [-2.1, 2]. Under the conditions of typical experiments, the most important contribution to the
transition electric susceptibility arises from the coupling of light to the
electric moment of the electronic excitations. Recent calculations [-2.3]
indicate that Raman scattering processes associated with the coupling
to the electric moment of the ionic excitations (the ionic Raman effect)
would be observable only when the incident light is resonant with lattice
vibration excitations.
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In order to calculate the transition electric susceptibility we consider
first the Hamiltonian which describes the coupling of electrons, with
charge - e and mass m, to a radiation field described by a vector potential
A. This Hamiltonian is written as [2.4, 5]
o3¢t°ER= ~3~A"[- '-~AA ,

(2.1)

where

"YtaAA=(e2/2mc2) ~

Z U(-kl q-kz) A(kl,°oa)

k,,~,~ k . . . .
• A*

(2.2)

(k2, ~2)

and

,,~ffA=(e/mc) ~ p ( - k l ) . A(kt,o31) ,

(2.3)

kl,O]2

where A(kl,oJ~) and A(k2, (.o2) are the amplitudes of the Fourier components of the vector potential of the incident and scattered photons with
wave-vectors and frequencies (k~, col) and (k 2, ~o2), respectively. In (2.2)
and (2.3) we have defined
N ( - kl + k2) = ~ expi(kl - k2). r;,

(2.4)

J

P ( - kl + k2) = 2 [expi(kt - k2).
J

rj] pj,

(2.5)

where rj and pj are the position and momentum operators of the jth
electron. N ( - k I +k2) and p ( - k 1 + k2) are the Fourier transform of
the many-particle number and momentum operators of the electrons.
In the second-quantization formalism the A (k, co) are linear in the photon
creation and annihilation operators.
The contribution of the electrons to the transition electric susceptibility involves a two-photon process in which the scattering medium,
through the electron-radiation interactions, destroys the incident photon
and creates the scattered photon. It follows from (2.2) and (2.3) that the
time-dependent perturbation calculation of the transition electric
susceptibility has to be carried out to first-order in ~VgAAand to secondorder in a~fA. The matrix elements of the #v component of the transition
electric susceptibility tensor operator can be written as [2.5]
( f l 6Zuv] i) = (ea/ma o.fl, V) { - r e ( f i N ( - k, + k2)J i)

(2.6)

+ ~. [(fJPj,(k2)lb) ( b l p v ( - kl)li)/(Eb- E i - h~ox)

b

+ ( f J p v ( - kl) b) (b Ipu(kz)l i)/(E b - E i + tim=)]},
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where [i>, [f>i and Ib) are the initial, final and intermediate manyparticle states of the crystal with energies E~, E:, and E b, and V is the
scattering volume. In order to calculate the matrix elements in (2.6) it is
necessary to separate, in the many-particle crystal states, the ionic and
electronic motions as well as the electronic single-particle and collective
coordinates. This is done by using the adiabatic and random phase
(RPA) approximations, respectively. ( f 1 6 X,v Ii) is a second-rank tensor.
Its non-zero components are determined by the symmetry properties
of the eigenstates [i), I f ) , and [b). When eh =e92 the initial and final
crystal states are necessarily the same. In this case (ilfzu~li), as given
by (2.6), is identical to the electric susceptibility of the crystal [2.6].
This susceptibility describes the linear optics of the crystal for light frequencies much larger than the optical phonon frequencies. Only elastic
(Rayleigh) scattering of light is possible in this limit. This will occur in
imperfect crystals which are composed of random distribution of
scattering units [-2.1].
The differential cross-section for spontaneous light scattering is
given in terms of the matrix elements of the transition susceptibility
operator by [2.5] (see [-Ref. 8.1, Sect. 2.1.8])
(d 2 a / d O do~2) = (~2/c) 4 (091/09:) V 2 ~ P ( E 3 6 {[(e~ - E:)/h] - o~}

i,:
" [e2"o~'e

(2.7)

112 ,

where P(Ei) is the (temperature dependent) probability of having the
crystal in the initial state; ~ is the second-rank tensor with components
(~SZ)u~= <flOz,~[i> ;

(2.8)

d 1 and d2 are the unit polarization vectors for the incident and scattered
photons; and
09 = <oI - co2

(2.9)

is the scattering frequency. In addition, it is convenient to introduce the

scattering wave-vector
k = k1- k2 .

(2.10)

It follows from (2.6) that in a system with translational symmetry the
transition susceptibility is a function of the scattering wave vector k.
LOUDON [2.7] has described light scattering phenomena in terms of
the light scattering efficiency. Its relation to the differential cross-section
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is given by [(for a clarification see [Ref. 8.1, Sect. 2.1.8])
S = (o32/A cot) []" (d 2 a/dO do)z) d ~:02] A O ,

(2.11)

where A~2 is the solid angle subtended by the spectrometer, and A is the
illuminated area of the crystal. A and V define the scattering lenoth as
L = (V/A).

(2.12)

In many important cases a satisfactory description of the inelastic
light scattering cross-section can be given without making use of the
detailed properties of the crystal intermediate states introduced in (2.6).
For these cases it is convenient to put (2.7) into a form which does not
involve explicitly the intermediate states. Such an expression, obtained
from (2.7) by a standard mathematical procedure is [2.5]
(d 2 a/dO do~2) = (032/c) 4 ((0 t/092) (V2/27r) ~"dt exp(imt)
(2.13)
. (iltSZ~2(k, t) tSZ12(k, O)Ii)T,
where ?JZl 2 (k, t) = d2 • 6Z (k, t). J~ is the transition susceptibility operator
of the crystal in the Heisenberg representation and ( . . . ) v denotes the
thermal ensemble average over the crystal initial states.
Equation (2.13) can be used to assign a macroscopic meaning to the
transition susceptibility. It was mentioned above that for ] i ) = I f ) the
transition susceptibility becomes identical to the electric susceptibility of
the medium. In order to find the macroscopic meaning of 6 Z l z ( k , t) for
I i) 4= I f ) , it is useful to compare (2.13) with the expression of the light
scattering cross-section by fluctuations in the electric susceptibility of a
dielectric medium, as given by classical electromagnetic theory [2.8, 9].
From such a procedure it is found that 6Z~2(k, t) can be related to the
spatial and temporal fluctuations in the electronic contribution to the
electric susceptibility. 6ZI2(k, t) can in fact be written as
~5gl 2 (k, t) = (1/V) j" exp(i k- r) A gl 2 (r, t) d 3 r,

(2.14)

where A gl z (r, t) represents the fluctuations in the electric susceptibility.
In addition, from Maxwell's equations, we deduce that the source of the
scattered field is an electric moment per unit volume given by
M2(r, t) = A )~t z (r , t) El(r, t) ,
where E1 (r, t) is the field of the incident wave inside the crystal.

(2.15)
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Fig. 2.1. Schematic description of the transitions involved in the contribution of 'YgAto
the transition susceptibility. I and 2 indicate the time order of the transitions. The dotted
arrows indicate photons. In the process shown, the first transition is accompanied by the
annihilation of the incident photon and the second transition is accompanied by the creation
of the scattered photon

Let us consider now the first term on the right side of (2.6) involving
the ~,ut~AAinteraction to first order. This term applies to scattering by the
elementary excitations which result in fluctuations of the electronic
charge density. Using (2.13), its contribution to the cross section may be
written as [2.5, 10]
(d 2 a / d O do~2) = (egz/~ot)r~(d 2 • £71)2 (1/2n) V 2

(2.16)

• J" d~o exp(icot) (ilo ( - k, t) ~ ( - &, 0) l i)T,
where ro = (eZ/mc 2) is the classical radius of the electron and 0 ( - k , t)
=- N ( - k , t)/V is the electronic charge density fluctuation associated with
the excitation. The charge density correlation function is given by
[2.10, I l l
]" dco exp (i~ot) ( i l 0 ( - k, t) Q ( - k, 0)1 i)T

(2.17)
= [~((o)+ 1] V , ~ ( k , ~))= liT(co)+ 1] V ( h k 2 / 4 n e 2) Im { 1/~(k, o3)},
where//'(k, ~o) is the dynamical structure factor of the electrons, e(k, co) is
their dielectric response function and
ii(~o) = l / [ e x p ( h e j / k B T) - 1 ] .

(2.~8)

where k B is the Boltzman constant, and T is the absolute temperature.
~(e)) has the following important property [2.12],
~(

- co) + 13 = - ~ ( c 0 ) ,

(2.18a)
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indicating that (2.16) and (2.17) describe both Stokes and anti-Stokes
processes [2.12]. The inelastic light scattering processes associated with
electronic charge density fluctuations are discussed in detail by KLEIN
in this volume [2.11].
Inelastic light scattering by electronic excitations and by lattice
vibrations are described by the last term in (2.6), involving the ,~A
electron-radiation interaction in second-order. These two-step processes
are shown, diagrammatically, in Fig. 2.1. Light scattering by electronic
excitations is given by this term when the states l i) and If), described
within the Born-Oppenheimer approximation, have the same phonon
occupation numbers and differ only in their electronic states. This
mechanism accounts for light scattering by all types of electronic excitations, including spin-density fluctuations [2.11] and magnons [2.2],
provided that the effects associated with spin-orbit interactions are
taken into consideration.
Light scattering by lattice vibrations i.e. Raman and Brillouin scattering, are represented by the last term in (2.6) when the states l i) and If),
described with the Born-Oppenheimer approximation, differ only in their
phonon occupation numbers. DOUDON [2.2] has calculated the matrix
elements of the transition susceptibility operator under the assumption
that the electron wave functions, as well as the energies of the intermediate states, which enter in the matrix elements and denominators
of the last term in (2.6), are only weakly perturbed by the time-dependent
electron-lattice interactions. In the case of first-order (one-phonon)
scattering processes, (.fl 6 X, vIi) is given by 3rd order time-dependent
perturbation theory. For this case the scattering process, which can be
viewed as the mixing of three waves, is considered to take place in three
steps of photon or phonon induced electronic transitions. In the scattering process described by the particular Feynman diagram of Fig. 2.2 the
sequence is as follows:
1) The first electronic transition to an intermediate electron-hole
pair state takes place with the annihilation of the incident photon.
2) The second electronic transition to another electron-hole pair
state occurs with the creation of a phonon.
3) The third transition to the electronic ground states takes place
with the creation of the scattered photon.
Steps 1) and 3) involve the ,~:/n interaction and step 2) the electronphonon interaction "~¢fEL.Energy is conserved only in the total process,
whereas wave vector is conserved in each step. The diagrams of
Fig. 2.2 also describe other processes which involve the mixing of'three
waves via the second-order non-linear electric susceptibility of crystals
[2.13]. An example is second harmonic generation (SHG). The calculation of the SHG coefficient is described by the diagram of Fig. 2.2
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(o)
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(b)
Fig. 2.2a and b. Feynman diagrams which describe the 3rd order perturbation calculation
of first-order Raman scattering by lattice vibrations invoIving intermediate electron-hole
pair states. ~A is the electron-radiation interaction, and ~ L is the electron-lattice interaction. (a) shows the electron contribution and (b) the hole contribution
provided that ~,egL is replaced by JugA. The F e y n m a n diagrams leading to
second-order R a m a n processes (involving two p h o n o n s ) have been
discussed in detail by LOUDON [2.14].

2.1.2. Kinematics of Inelastic Light Scattering Processes
The kinematics of inelastic light scattering processes are determined
by conservation of energy and m o m e n t u m . It follows from the properties
of the matrix elements in (2.6), that in the case of media with translational
symmetry, the c o n s e r v a t i o n conditions can be written in terms of the wave
vectors and frequencies of the p h o t o n s and crystal excitations involved
in the process. F o r crystals t r a n s p a r e n t to the incident and scattered light,
with elementary excitations having an infinite lifetime, the conservation
of energy and m o m e n t u m can be written as
~o = ~o1 - c% = + c%-

(2.19)

k = k I - k 2 = -t- qs,

(2.20)

where ~oj and q~ are the frequency and wave vector of the type j crystal
excitation. The plus a n d minus signs c o r r e s p o n d to the Stokes and antiStokes processes, respectively.
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Cb)
Fig. 2.3a and b. Kinematics of Stokes inelastic light scattering. (a) defines the scattering
angle 0. (b) Shows the magnitudes of k for forward, right angle and backward scattering
geometries

The magnitude of the scattering wave vector is determined by the
scattering geometry. As indicated by Fig. 2.3, the minimum value of
[kl = k is obtained in forward scattering, when 0 = 0 °, and in isotropic
media is given by
kmi. = [rt(oh) ¢01 - q(co2) ¢~23/c,

(2.21)

where q(¢nl) and r/(~o2) are the refractive indices of the crystal for the
incident and scattered light. When eg~0, as in the case. of phononpolaritons, km~. may be zero [2.15]. The maximum value of ]k[ is obtained
in back-scattering, when 0 = 180 °, and is given by
kmax = [r/(O)l) ¢01 --[--r]((02)

(.02]/¢.

(2.22)

It follows from (2.21) and (2.22) that for typical light scattering
experiments (in or near the visible) the range of scattering wave vectors is
0 ~ k ~ 106

cm -~ .

(2.23)

This implies that for first-order scattering processes the accessible range
of Iqj[ = q j, under conditions of wave vector conservation, is small compared to a reciprocal lattice wave vector. However, this is an important
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range for many excitations which may not be otherwise readily accessible.
In higher-order processes the individual wave vectors of the excitations,
q j, can range from zero to a reciprocal lattice vector since

k = ~ qs"
J

(2.24)

Equations (2.19) and (2.20) have to be modified when the lifetime of the
crystal excitations are strongly limited by their decay into other crystal
excitations. In addition, (2.20) breaks down in imperfect crystals, in solids
lacking translational symmetry (like solid solutions and amorphous
solids) and in crystals which are opaque to the incident and scattered
light. The cases in which non-conservation of wave vector may occur are
(i) The Scattering Medium has no Translational Symmetry. The
absence of translational symmetry allows scattering by modes with
qs~e k. This occurs in crystals with defects, in solid solutions, and in
amorphous solids. A detailed discussion of Raman scattering in amorphous solids is given in the Chapter 5 by Brodsky.
(ii) The Scattering Volume is Small. CORDEN et al. [2.16] have pointed
out that in this case light scattering is due to excitations with wave
vectors in a range A q,,~ 2~/d (where d is a characteristic length in the
scattering volume) (see [Ref. 8.1, Eq. (2.117)]).
(iii) The Incident and Scattered Waves are Damped Inside the Scattering Volume. Under these conditions, which occur in metals and small gap
semiconductors that are opaque to the light, kL and k2 are complex. This
case was discussed by MmLS eta]. [2.17] and more recently by ZEYHER
et al. [2.18]. The inelastic scattering is due to excitations having a range
of wave vectors

Aq = Im{k 1} + Im{k2}

(2.25)

about q = Re{k 1 - k 2 } . Effects associated with the wave vector uncertainty given by (2.25) have been reported recently in Raman scattering
spectra of III-V semiconductor compounds [2.19].
The last case merits some further consideration because of the growing interest in light scattering experiments on substances which are
opaque to the incident light. In order to discuss this case we notice that
(2.7) and (2.13) give the scattering cross-section inside the crystal. T o
obtain this cross-section let us consider the fluctuation in the electric
susceptibility of the crystal, due to an elementary excitation with well
defined wave vector q, which may be written as
6 Xt 2 (r, t) = 6 ~t 2 (q, t) exp (i q. r) + 6 Z~2 (q, t) exp ( - i q, r),

(2.26)
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where the first term on the right side of(2.26) describes the Stokes process
and the other term the anti-Stokes process• For the Stokes term we have
6X12(k, t) = 6X12(q, t) (l/V) ~ dar exp [i(q - k). r ] .

(2.27)

When k is real we obtain
6Z12(k, t) = 6(q - k). 6•12(q, t),

(2.28)

which leads to wave vector conservation. In the case which interests us
here, that of an opaque crystal, k is complex and (2.28) becomes
3212(k, t)
(2.29)
= i6z~2(q,t) { L [ ( q - R e { k } ) - i ( h n { k l } +Im{k2})]} -1 .

Equation (2.29) shows that (Ira {k~} + Im {hE}) is a measure of the extent
to which wave vector is not conserved. Inserting (2.29) into (2.13) we
obtain the following expression for the scattering cross-section inside
the crystal
(d2 a/df2 d o z ) i n = (0)2/c) 4 (¢01/¢I)2) (V2/27Q

(2.30)

• ~. {L 2 [(q - Re{k}) / + (Im {kl} + Im {k2)2} -1
q

• j" &o exp (io t) (i] ~ Z12 (q, t) 6 ;(i 2 (q, 0) l i)v.
In (6.20) the reader will find a slightly modified version of the Lorentzian
factor of (2.30) which takes into account the presence of a boundary.
When the transition susceptibility is independent of q, as in conventional
Raman scattering by optical phonons, (2.30) becomes
(d 2 a/dO do)2)i,

= (~oz/c)4 (o) 1/~o2) (vZ/2n) [L(Im {kl } + Im {k2})] -1

(2.30a)

• j" d o exp (i~nt) (il 6 Z12 (0, t) 6 Z12 (0, 0) l i)~.
Equation (2.30a) shows that, when kl and k 2 a r e complex, wave vector is
not conserved and, moreover, the effective length of crystal that contributes to inelastic light scattering is (Im {kl } + Im {k2})- 1
In order to obtain the light scattering cross-section outside the
crystal it is necessary to consider the boundary conditions at the crystal
surfaces. The general case is treated in [-2.17]. For a backscattering
geometry, and in the case in which the polarizations of the incident and
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scattered radiation are along crystal principal axes, the cross-section outside the crystal can be obtained from (2.30a) by multiplying by the transmission coefficients for the incident and scattered light• In this case the
expression for the outside cross-section is equivalent to that given by
LOUDON [2•20].

2.1.3. Light Scattering Selection Rules
In addition to the conditions imposed by the kinematics of the scattering
process, there are other requirements given by
('~Z)u~ = ( f l 3 ) 6 . , ] i )

:# 0

(2.31)

which establishes conditions on the transformation properties of the
states Ji) and I f ) under the symmetry operations of the crystal space
group. Furthermore, for a given pair of states [i) and J.f) the condition
(2.32)

471 ' ~J~" 472 =[= 0

determines the selection rules on the polarizations of the incident and
scattered light 471 and 472, respectively.
The selection rules that are associated with the contribution of the
"3~AA electron-radiation interaction were discussed in detail by KLEIN
[2.11]. We shall consider here the selection rules of the contributions
associated with ,,UgA,given by the last two terms in the right side of (2.6).
These terms may be separated into symmetric and antisymmetric
components• When using the electric dipole approximation, the symmetric part is
(.fl6z,~li>s
= (e2/2m 2 a~2 V) ~ {[(E b - E i - hts 1)- 1 + (E b _ Ei + h is2)-1] (2.33)
b

' [ ( f [ p ~ ( k 2 ) [b ) ( b [ p ~ , ( - k0[ i) + ( f i G ( -

k0] b ) ( b ] p . ( k 2 ) [i)]}

and the antisymmetric part is

<flsz~li)A
= (e2/2m 2 es 2 V) ~, {[(E b - E i - has1)-l _ (E b _ Ei + h ts2)-1] (2.34)
b

• [ < . f ] p . ( k 2 ) l b ) <hips(-k,)l i > - < f l P ~ ( - k01b> <blp~,(k2)l i>]}.
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We note from (2.34) that the antisymmetric part of the transition susceptibility tends to zero when the photon energies are far from resonance with
the energies of the transitions to intermediate crystal states (Eb - E i
hto,).
The conventional selection rules for Raman scattering (or allowed
scattering) by optical phonons are obtained when the contributions of
these modes to the transition electric susceptibility are independent of q
(or k). For allowed scattering, the conditions under which (2,31) is satisfied
will be determined only by the transformation properties of the initial
and final states under the symmetry operations of the crystal point group.
In the language of group theory the condition for an allowed scattering
process may be written as [2.22].
F~ × F, v3 AI ,

(2.35)

where F~ is the irreducible representation of the crystal point group which
describes the symmetry of the phonon-wave-functions, A1 is the totally
symmetric representation of the point group and F,,,. is the irreducible
representation which describes the symmetry properties of the pv component ofa 2nd rank tensor. Some general properties of allowed scattering
are straightforwardly deduced from (2.35). For example, in a crystal with
inversion symmetry F~,v has even parity while F~, for q-~0 optical
phonons may have even or odd parity depending on the crystal structure
and on the phonon branch being considered. From (2.35) it follows that,
in crystals with inversion symmetry, only phonons with even parity
will be Raman active in allowed scattering.
It has been shown that in the case of optical phonons with normal
coordinates which transform only like polar vectors or polar tensors,
(.[]6zuvli)g will be small and may exist only as a result of the small
difference in the frequencies of the incident and scattered light [2.14]. The
form of the symmetric part of the transition susceptibility tensors for
allowed scattering by q ~ 0 optical phonons have been tabulated for all
crystal classes by LOUDON [2.14]. OVANDER [2.22], MARADUDIN and
WALLIS [2.3] have considered both the symmetric and the antisymmetric parts. It should be noted that some crystals have q ~ 0 optical
phonons which transform like axial vectors for which the transition
susceptibility tensor is purely antisymmetric. Examples are the A 2 modes
in Se, Te, and quartz.
The q-dependent terms in the contribution of optical phonons to the
transition susceptibility give rise to selection rules which are different
than those of allowed scattering. For this reason the spectra due to
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these terms are often called forbidden scattering. The q-dependent
terms in the transition susceptibility originate in the wave vector dependence of the matrix elements and resonant denominators in (2.33)
and (2.34). Selection rules which are different from those for allowed
scattering are also found for Raman scattering processes in the presence
of an external force (usually an external electric field or mechanical
stress). External-force induced Raman scattering falls in the category of
morphic ef.fects, q-dependent and morphic effects in Raman scattering
[2.23, 24] are discussed further in Section 2.2 and 2.3.

2.2. Raman Scattering by Collective Excitations
of Semiconductors and Insulators
The non-magnetic collective excitations of semiconductors and insulators which participate in inelastic light scattering are lattice vibrations (optical and acoustical phonons) and plasma waves (plasmons)
of the electron-gas of small gap or doped semiconductors. They also
include coupled photon-TO phonon modes (polaritons) and coupled
phonon-plasmon modes. In this section we shall discuss first-order
inelastic light scattering processes involving this group of elementary
excitations.

2.2.1. Microscopic Formulation
The quantum-mechanical expression of the transition susceptibility for
first-order Brillouin and Raman scattering is obtained by 3rd order
time-dependent perturbation calculations of processes of the type
described by the diagrams of Fig. 2.2. Plasmons have an additional
contribution due to the ~AA electron-radiation interaction, given by
(2.16) and (2.17). This contribution is discussed in further detail in
Chapter 4 by KLEIN [2.11].
The intermediate electronic excitations of the crystal involved in the
calculation of the transition susceptibility are electron-hole pair states.
When the electron and hole motions in the intermediate electronic
excitations are uncorrelated by their Coulomb interaction (when exciton
effects are absent), the electron and hole contributions to the transition susceptibility may be separated, as was done in Fig. 2.2a and b.
In the processes described in these diagrams, the creation and annihilation of the three quanta involved may occur in any time order. Thus,
each diagram of Fig. 2.2 contributes six terms to the first-order transition
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susceptibility which are written as [-2.7].

(6 Z.v) = (-~ + 116 z.~ I-~)
= ( e 2 / m 2 ~ 2 V) E { ( O l P u ( k 2 ) l f l ) (fl,-n+-- 1 I'~g°ELI0~'n)

• (C~IP~(-- k l ) l O ) / ( g l J - he°2)(g~ -hc01)

+ (01p,,(- !,, [/~) ( B , ~ + l I,~E,_I~, ~)
• (ctlp,(k2)lO)/(E~ + heh)(E:+

h•J2)

+ (olp.(k~)l/37 (/31p~(- k~)l~)

(2.36)

• (~, n + 11~'~L 10, ii)/(Ea - h~o2) (E= + h~)
+ (01p~,(- kl)1/3) (fllP.(k2) l~)
• (~,-iJ+ l [ J ~ ' E L i O , - n ) / ( E o + h O ~ l ) ( E a + h ~

)

• (fl[pu(k2)let) (c~lp ~ ( - k,)lO)/(E~ - h<~,)(E= - h,o,)

"( f l l P ~ ( - -

kl)[ ~)

(°~IPu(kz)[O)/(EII - h o0) (Ee + h co2),

where 10), la), and Ifl) are the wave functions of the single-particle
electronic ground and intermediate states. 1~,~) are crystal wave functions described within the adiabatic (for phonons) and RPA (for
plasmons) approximations, in which the collective excitation has an
occupation number B. The six terms which result from the diagram of
Fig. 2.2a correspond to processes in which the electron-hole pair states
I~) and Ifl) differ in the state of an electron in the conduction bands.
The six terms which result from the diagram of Fig. 2.2b correspond
to processes in which l a) and Ifl) differ in the holes in the valence bands.
The (ct, ~ + I [J g~L [fl, n) are the matrix elements of the electron-collective
excitation interaction 3¢¢~EL. The plus sign corresponds to the Stokes
processes and the minus sign to the anti-Stokes processes• The particular
time order for the annihilation and creation of the quanta shown in
Fig. 2.2 corresponds to the first term in (2.36).
The form of the first-order transition susceptibility for the case in
which the intermediate electron-hole pair states are Wannier excitons
was given by GANGULY and BIRMAN [2.26]. It was shown that for
Raman scattering by optical phonons the expression for the transition
susceptibility is similar to that of (2.36) except that in this case let) and
Ifl) are exciton wave functions.
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Fig. 2,4a and b. Schematic diagram of the interhand and intraband electronic transitions
which play a role in two-band Raman processes. The numbers indicate the order of the
electronic transitions, (a) and (b) correspond to the Feynman diagrams of Fig, 2.2a and b,
respectively, v is a filled valence band and c is an empty conduction band. The numbers
indicate the order of the transitions

It has been pointed out (see [2.15] and references therein) that one
should treat the incident and scattered radiation inside the crystal as
coupled photon-electronic excitation modes (polaritons). This polariton
theory of inelastic light scattering is, potentially, advantageous when the
frequency of radiation is close to resonance with the electronic transitions
(the resonance Brillouin and Raman effects). However, it has been shown
[2.12] that the results obtained with the polariton picture, for firstorder Raman scattering processes, are equivalent to those obtained by
3rd order time-dependent perturbation theory.
The electronic transitions involved in the calculation of the first-order
transition susceptibility may be conveniently described by diagrams of
the type shown in Figs. 2.4 and 2.5 [2.25]. In these diagrams we show the
processes of Fig. 2.2a and b for crystals with empty conduction bands
and full valence bands. Similar diagrams can be drawn for processes
involving intermediate exciton states. The time order of the three
electronic transitions in Figs. 2.4 and 2.5 is always the same. The diagrams
of Fig. 2.4 describe the two-band contributions to (6~)~,v. Similarly,
the diagrams of Fig. 2.5 correspond to the three-band terms. This separation of the Raman process into two-band and three-band is convenient
for the discussion of the resonant Raman effect in which the dominant
contributions to ( ~ ) ~ correspond to the time order of the diagrams of
Fig. 2.2 and given by the first term in the right side of (2.36). In this case,
the two-band processes involve intraband matrix elements of ~EL,
while the three-band processes involve the interband matrix elements
of ~EL.
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Fig. 2.5a and b. Schematic diagram of the interband and intraband electronic transitions
which play a role in three-hand R a m a n processes. The n u m b e r s indicate the order of the
electronic transitions. (a) and [b) correspond to the F e y n m a n diagrams of Fig. 2.2a and b.
z~] and vj are filled valence bands and c 1 and c 2 are empty conduction bands. The n u m b e r s
indicate the order of the transitions
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Fig. 2.6a and b. Schematic diagram of the additional interband and imraband electronic
transitions which play a role in scattering processes which take place in an n-type semiconductor. E v shows the posilion ot the Fermi level. The n u m b e r s indicate the order of
the transitions

The diagrams of Figs. 2.4 and 2.5 also show that in the case of crystals
with empty conduction bands and full valence bands, the initial and
final electronic transitions are necessarily interband. In the case of
crystals having free carriers, like semiconductors or metals, it is also
possible to have initial or final electronic transitions which are intraband
[2.25]. This is shown in the diagrams of Fig. 2.6 for the case of a degenerate n-type semiconductor. Consequently, crystals with free carriers
have contributions to the transition susceptibility which do not exist for
crystals with full valence bands and empty conduction bands. These
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additional contributions, which are associated with the charge density
fluctuations of the electron-gas, are important light scattering mechanisms for semiconductor plasmons [2.25] and for phonons in metals
[2.17] (see [Ref. 8.7, Chap. 2]).
Before entering into the detailed discussion of the light scattering
mechanisms of lattice vibrations and plasmons it is useful to comment
briefly on the possible occurrence of wave vector dependences in (2.36).
We have seen in Subsection 2.1.3 that the conventional selection rules
for first-order Raman scattering by optical phonons are due to the wave
vector independent terms in (~X),v. Thus, an understanding of the origin
of the wave vector dependent terms in (2.36) will, in addition to giving
further insight into the properties of the transition susceptibility, define
the conditions under which the conventional selection rules will hold.
In Subsection 2.1.3 it was pointed out that the wave vector dependent
terms in the transition susceptibility originate in the wave vector dependence of the electron momentum matrix elements and of the resonant
denominators. In the case of light scattering by collective excitations it
also arises from the wave vector dependence of the matrix elements of
'~[e. The role played by wave vector dependent terms in resonance
Raman scattering will be discussed in Section 2.3 and in further detail in
Chapter 3 by MARTIN and FALICOV [2.27]. (See [Ref. 8.1, Sect. 2.2.8].)
Brillouin Scatterin 9 by Acoustical Phonons
In order to discuss the first-order transition susceptibility for Brillouin
scattering, we have to consider the electron-acoustical phonon interaction. For a q -~ 0 acoustical vibration, electron-lattice intcraction will
result from the strain associated with the mode, which is given, in
component from, by [Ref. 8.1, Sect. 2.1.14].
Say, = Fawr,= iq~w~,,

(2.37)

where qa are the components of the phonon wave vector, and the w~,
are the components of the elastic displacement normal coordinate.
In crystals without an inversion center, and in centro-symmetric crystals
having atoms which are not at centers of symmetry (like the semiconductors with the diamond structure), ~ will be accompanied by an optical
or relative displacement u of the atoms, and in piezoelectric crystals it
will also produce a macroscopic electric field 8 [2.28]. These give rise to
electron-lattice interactions which are typical of q---0 optical phonons.
We consider here the electron-acoustical phonon interaction due to
(S)z;, at zero u and 8, whose matrix elements may be expressed in terms
of deformation potentials. For first-order scattering processes the
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matrix elements are given by [2,7]

(c~, g _+ 1 [ ,~.~t~, Ifl, B) = (ff + 1) ~ Y', ~z~,~n~,~'
(e, [1) S-a~,,

(2.38)

,t(~,)

where D (ac)
)~r.(e, [~) are elastic strain deformation potentials, and
S~7 = i q.~~ (h/20 V o)q)~

(2.39)

is the amplitude of the strain associated with an acoustical oscillation of
frequency ~ in a medium with a density ~,. ~z are the components of the
unit polarization vector of the elastic displacement.
The first-order transition susceptibility, due to S~ of an acoustical
phonon, may be obtained by inserting (2.38) in (2.36). It is clear that we
may write

(6Z,,~)~c = (ff + 1) ~ ~, .L,,a~(~)~, ,~q) Sx~,,

(2.40)

).~,,

where .f,~.~., as we will show, is related to the elasto-optic tensor. In
order to find the physical meaning of.f,,,;.~, and (6Z,~),~ which results
from (2.36)-(2.40) we notice that, because interband electronic excitations
enter as intermediate states in the Raman process, (6Z~,,),~ can be expected
to represent a change (induced by Sx?) in the interband susceptibility of
the crystal. The expression of the interband susceptibility of the crystal
is [2.6]
)%,,.((ol) = (eZ/m2 ~)2 V) ~" {(O[p,(O)l~) (~lp,.(O)lO>/(g=- hco~)
+ (OIp,.(O) lcO (c~ Ip,(O) IO)/(E, + ho),)}.

(2.41)

In the quasi-static approximation the phonons are assumed to act
(through the electron-phonon interactions) like static perturbations of
the electronic band structure of the crystal. This perturbation causes the
following first-order changes in the interband transition energies and
momentum matrix elements which enter in (2.41) [2.7]
E. = - ~ D~(c~, o0 S~r

(2.42)

27

6[(01p,,(0)l~)] = }-', ~.~ (01p.(0)l[)~ DI"~I(~
~, , [3)/(Ea- g=)
2"~, /

+ t~,o
~ (OIp,,(O)I[~)D%~?(O,fl)/Etj } S;~,.

(2.43)
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,5E, corresponds to the intraband matrix elements of the e[ectron-phonon
interaction which only occur in two-band processes. 6[(01p, l~)]
involves interband matrix elements of the electron-phonon interaction
and may occur in either two-band or three-band processes. The properties
of the deformation potentials, which enter in (2.42) and (2.43) for diamond- and zinc blende-type semiconductors, have been discussed by
CARDONA and coworkers [2.29, 30].
From (2.36), (2.41), and (2.43) it follows that in the quasi-static
approximation we have

(2.44)
where (c3Z,,,/i)Sx~,),.~, is the first derivative of the interband susceptibility
with respect to strain at zero u and ~. In crystals in which the optical
atomic displacement associated with Sx~, is zero, f , ,,),~,(col , 0) can also be
written as [2.28]
(2.45)
where p~,,a~, is the elasto-optic coefficient at constant electric field, and
r/, and rl,, are the principal values of the refractive index along the it
and v axes, respectively.
Equation (2.44) indicates, as could be expected, that the quasi-static
approximation is equivalent to neglecting the phonon-frequency in
(2.36). The conditions under which this approximation is valid are found
by direct inspection of (2.36). For three-band processes it is necessary
that
tE ~,- h cot [ >>h co

(2.46)

For two-band processes it is required that
IE=- heotJ >~ hco.

(2.47)

The condition expressed by (2.46) and (2.47) are satisfied in most semiconductor and insulator crystals away from resonance. These inequalities
may not hold under resonance conditions. However, they will hold even
at resonance provided the damping (lifetime broadening) of the electronic
transitions is much larger than the phonon energy [2.3 l]. In the particular
case of q _~0 acoustical phonons, co = cog is very small and, consequently,
the inequalities in (2.46) and (2.47) will always be satisfied [Ref, 8.2,
Chap. 7].
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Raman Scattering by Optical Phonons
LOUDON [2.7] has pointed out that two types of electron-lattice interactions have to be considered in the calculation of the transition susceptibility of q - 0 optical phonons. One is the deformation potential
interaction due to the modulation of the crystal periodic potential by
the relative atomic displacement of the phonons. The other is the Fr6hlich interaction of the electrons with the longitudinal macroscopic electric
fields associated with the infrared active lattice vibrations. Coupled TO
phonon-photon modes (polaritons) also have transverse macroscopic
electric fields which are associated with the phonon part of the modes.
BURSTEIN and PINCZUK [2.25] have pointed out that these fields give
rise to a J'I°Aelectron-polariton interaction.
The macroscopic electric fields associated with optical phonons and
polaritons have been discussed recently by MILLS and BURSTEIN [2.15].
Neglecting the damping of the modes, the expression for the electric
field components along symmetry directions is [2.15]
8a = (4~ N e*/e~) [(~o# - 0)2)/(e)~ - ~o~)] uz,

(2.48)

where ua is the 2 component of the optical vibration normal coordinate;
o)T and O)L are the TO and LO q ~- 0 phonon frequencies; N is the density
of unit cells; e* is the Born or transverse effective charge; and e~ is the
high frequency dielectric constant. Equation (2.48) shows that macroscopic electric fields exist for LO phonons and polaritons provided that
they have o) ~ o)v. The macroscopic fields in more complicated cases are
discussed in [2.12, 15].
The matrix elements of the deformation potential interaction, for
first order Stokes processes, may be written as

<~,n_+ 1 I~gLI/~, n> = Y o?p"(~,/~) <n+ 1 lu, ln>,

(2.49)

1

where D~°P°(~,fl) are the atomic displacement deformation potentials.
Equation (2.49) can be used either when I~> and Ifl> are uncorrelated
electron-hole pair states (2.7) or when they are exciton-like states described within the effective-mass approximation [2.26]. In addition, we
have [2.15]

<-~ +_1 lutl-n) = (n + 1)~ ~l(h/2N ffl og,)~
= (~ + 1)~ ~(o~),

(2.50)
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where M is the reduced mass of the optical phonon with frequency cot.
~ and ut(co~) are the eigenvectors and amplitudes of the atomic displacement normal coordinate.
The elastic strain deformation potentials are second-rank tensors and,
consequently, they have non-zero components in all crystal classes. The
tensor rank of the atomic displacement deformation potentials is determined by the transformation properties of the q--~0 optical phonon
normal coordinate. In centrosymmetric crystals, the D}°pt)(c(,fl) will
have non-vanishing components only for even-parity phonons. In the
case of simple diatomic crystals, like those with the rock salt or diamond
structures, the components of the relative atomic displacement do not
always transform like a vector under the symmetry operations of the
crystal point group [2.32]. Consequently, the q,v0 (infrared inactive)
even-parity optical phonons of crystals with the diamond structure are
Raman-active. On the other hand, the (infrared active) odd-parity
optical phonons of crystals with the rock salt structure have no linear
deformation potentials and, consequently, are Raman-inactive. Similar
arguments lead to the conclusion that the q-~ 0 optical phonons in the
non-centrosymmetric crystals with the zinc blende structure are infraredand Raman-active [Ref. 8.1, Fig. 2.9].
The first-order transition susceptibility of q ~ 0 optical phonons,
involving the optical deformation potential interaction, is obtained by
using (2.50) in (2.36). We find
(6 Z~). = (~ + 1)~ F. a..(co~, co, q) ~,(co~),

(2.51)

l

where au~t(co~,o),q ) is the atomic displacement Raman tensor. The
perturbation of the electronic band structure of the crystal by the optical
phonons is given in the quasi-static approximation, by expressions
similar to (2.42) and (2.43). Consequently, in the q = 0 quasi-static
approximation it is possible to write
a..~ (col, co, q) -~ a.vz (co~, 0, 0) = (O.~,,/0 u~)~.,

(2.52)

where (8)&~/~3ut)~ is the first derivative of the interband susceptibility with
respect to the optical phonon displacement at zero macroscopic electric
field.
In the calculation of the first-order transition susceptibility associated
with the macroscopic electric fields of optical lattice vibrations, it is
necessary to consider the contributions due to the Fr6hlich interaction
with the longitudinal field of LO phonons and the ~'~Ainteraction with
the transverse fields of polaritons [-2.25]. In addition, we have to con-
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sider the cases in which the intermediate electronic excitations are either
uncorrelated electron-hole pairs, or discrete or continuum exciton
states.
Let us consider first the case in which the intermediate states are uncorrelated electron-hole pairs. The matrix element of the Fr6hlich
interaction for Stokes processes may be written as [2.25] (see [Ref. 8.1,
Sect. 2.0.0]).
(~, ~ + 1 I,~:L-~Ifl, B)

(2.53)

= T-(ie/q)(-~ + I) i (e [exp(iq. v)lfl) g(e)L),

where, from (2.48), the electric field amplitude for the LO phonons is
~(oh,) = - (4n N e*/t:,~,) ~((DL) ,

(2.54)

and ~(O~L) is the amplitude of the LO phonon normal coordinate, given
by (2.50). The ( - ) and ( + ) signs correspond to the electron and hole
contributions, respectively. In the case of the transverse fields of polaritons, the matrix elements of the Z(k interaction are [2.25]
( ~ , ~ +-1 1 ,¢{H,I/3,7i)
.,A
= T (ie/m¢~)(if+ 1)I Y' (~lp~.(q)t/3) 8a(~o),

(2.55)

z

where ~((f)), calculated with (2.48) and (2.50), are the components of the
amplitude of the polariton macroscopic electric field.
In the q = 0 approximation the intraband terms of (2.53), which
involve states Is) and I/3) in the same pair of bands, do not contribute
to the first-order t r a n s i t i o n susceptibility because the electron contribution exactly cancels that of the hole [2.7]. HAMILTON [2.33] pointed out
that these terms do make a finite contribution for q ~ 0 . This results
from the q-dependence of (~ lexp(i q. r)[/3) in (2.53) and of the resonant
denominators in (2.36). It can also be shown that in the q = 0 approximation the intraband terms of (2.55) do not contribute to the first-order
transition susceptibility for scattering by polaritons in crystals with the
zinc blende structure. This term is identical to the two-band terms of the
second-order nonlinear susceptibility, which are known to vanish in
crystals with the zinc blonde structure [2.34].
The interband terms of (2.53) and (2.55), in which the states [~) and
If]) have holes in different valence bands or electrons in different conduction bands may be written as [2.7, 25]
( ~ , H ± II

,V

, ~ L [fl, H)
= i e 0 i + 1)~ ~ (c~lp~(0)lfi) ~ ( e ) L ) / ( E , -- Etj).

(2.56)
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The summation in (2.56) runs over the components of the longitudinal
electric field of LO phonons, or over components of the transverse
electric field in the case of polaritons.
In the case in which the intermediate electronic excitations are
correlated electron-hole pairs (either discrete or continium excitons
described with the effective-mass approximation) the interbamt matrix
element of the Fr6hlich interaction between two excitonic states c~and fl
belonging to the same pair of bands is given by [2.25]

= (ie/q)(-~ + 1)~

(2.57)

• (~/,~ lexp [i (m*/M) q. r] - exp [ - i (m*/M) q. r] Itp~) if(to 0 ,
where m* and m* are the conduction and valence band effective masses,
and M = m* + m~'; r = r ~ - r h is the relative coordinate of the electronhole pair; and [q~) and [t/~) are the exciton wave functions. The properties of this matrix element, which like the intraband term in (2.53)
vanishes for q = 0 , are discussed further in Chapter 3 and [Ref. 8.1, Sect•
2•2•9].
The contributions to the first-order transition susceptibility which
result from the macroscopic electric fields of the optical modes can be
separated into q-dependent two-band terms and q-independent threeband terms. In the case of LO phonons, the two-band contribution,
obtained using the intraband term of (2•53) in (2.36), may be written as

(6z, O: =- 0i + z)½~

h;;,,~(<~,,. ~o,., q ) ~ ( ~ 0 0 ,

(2.58)

where b~,.z(~o~,tOE, q) is the two-hand electro-optic Raman tensor. This
tensor may be expanded in powers of q~,, the components of the phonon
wave vector. Moreover the wave vector independent term h';i,.;(co~, ¢0, 0)
is zero and the first non-vanishing term is linear in the q~,. The latter is
important under resonance conditions [2.27].
The three-band contribution, obtained using (2.56) in (2.36), may be
written as

(¢~Z;itv3.)g = (~ -~- |)½ E I)rff,'.~(fDl,(o, 0) ~(¢OL) ,

(2.59)

,t

where b;i'~(o)~, ~o, 0) is the wave vector independent three-baml electrooptic Raman tensor which exists only in non-centro-symmetric crystals.
After some algebra it is possible to show that, in the quasi-static ap-
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proximation,
b.va(CO1, Co, 0) ~-- b.,,~(.~l, 0) =

(SZ.~/8~x)u.

(2.60)

We note that b~'~x(co t , v), q) is also called the electro-optic Raman tensor.
It is of interest to point out that there is no interference between the terms
linear in q of (6Z'£0 and (6Z~'v), at least in the region of transparency.
This follows from the fact that (2.56) is real and the terms which are
linear in q in the intraband terms of (2.53) and (2.57) are imaginary,
namely, from the fact that the two contributions are 90 : out of phase.
The q-independent contributions to the first-order t r a n s i t i o n susceptibility of infrared active optical vibrations, which determine the intensities
of "allowed" scattering, may be written as

(6 z. v) = (,~ z,, & + (,~ z',',;).,
= (ff + 1)t ~. [a,,~; ~; (co) + b',',',a ~ (co)]
>.

(2.61)

= (ii + 1)~ ~ [a,, v;. + (4 ~ N e*,t~: ~, ) (e)~ - Co2)/((,ff. _ Co~) bl;,~ x] -fix (CO)
= O i + l ) 5 a.,,~(CO~,
.~, O) ~.(co).
*

The a,,.~* may be larger or smaller than a~,~a depending on the magnitude
and relative signs of the atomic displacement and electric field contributions. The Co-dependence of aj,*vx is discussed in detail in [2.12]
and [2.15]. In the case of a l l o w e d scattering by infrared active vibrations,
a,,.~* transforms like a 3rd rank tensor.
In order to show the relation between Raman scattering and electrooptic phenomena it is convenient to rewrite (2.61) in the following form
(for Co4= COT)
(6Z.0
~((O)
= fii+ 1)~ y' [ ( ~ . , . , / 4 z N e * ) (COL
a __ (.02)/((1)2,- 0)2) (/•v2 -- b•v2]
,,,
2

*
= (~ + 1) ~ ~ b,,v;,(~ol,
Co, 0) ~. (co).

(2.62)

2

In addition, from (2.60) we have [2.2]
ttt

(2.63)

u

b . v x ( c o I , 0) = - (r/. t/ff4~z) r.~x.

where rj~va is the linear electro-optic t e n s o r J o r

z e r o u.
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Consequently, bt,~,a(col,
*
0) is proportional to the total linear electrooptic tensor. The ratio [Ref. 8.1, Eq. (2.93)]

C = (e* au~/Alco ~ b~',.~)

(2.64)

is the Faust-Henry coefficient [2.35] which determines the relative
magnitude of the atomic displacement and electro-optic contributions to a*,, ~ (col , CO,O). The value of the Faust-Henry coefficient
may be obtained from data on the relative intensity of Raman scattering
by polaritons, TO phonons and LO phonons [2.36, 37]. The tensor
b*,.~.(~ol,CO) determines the nonlinear interactions, inside the crystal,
of two electromagnetic waves with frequencies co~ and c9 to produce a
third wave at a frequency coz = c0~ + co [2.12, 15].

Raman Scattering by Plasmons
We consider next the case of a crystal with a partially filled conduction
band or one with a partially empty valence band. A convenient example
is an n-type degenerate semiconductor with charge carriers in only one
conduction band with isotropic effective mass. Other cases, as well as
those which occur in multi-component plasmas, are reviewed by KLEIN
[2.11] in Chapter 4. The longitudinal plasma waves (plasmons), together
with the single particle excitations, constitute the elementary excitations
of the electron-gas. In the long wavelength limit the plasmons correspond to an almost uniform displacement of the free carriers. This
displacement produces a longitudinal electric field with components
[2.10].
(2.65)

G(COp) = - 4nGex~(COp),

where n~ is the density of charge carriers; m* is their effective mass;
cop = (4rtn~/m*G)~ is the plasma frequency; and xz(COp) are the components of the plasmon displacement coordinate [2.10, 25]. In the case
of undamped modes, the amplitude of this normal coordinate is given by
[2.103
(2.66)

-~(cop) = ~:~(h/2m* ne VCOp)½.

where ~a are the unit polarization vectors of the charge carrier displacements. In the case of an isotropic plasma, the associated charge
density fluctuation can be expressed as,
Qe(COp,q) = ine Vx (%, q) = i n~ e ~ q~ x~ (COp,q).
2

(2.67)
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The longitudinal electric field leads to a Fr6hlich electron-plasmon
interaction with matrix elements similar to those of q ,,~ 0 LO phonons.
Thus, the expressions given in (2.53) and (2.56) for the intraband and
interband matrix elements can be carried over to the case of scattering by
plasmons provided 2(COL) is replaced by ~(c%).
We expect three distinct contributions to the first-order transition
susceptibility of plasmons. One is due to the electro-optic terms associated with :o~(_~v).This contribution is obtained by replacing in (2.58) and
and (2.59) :oz(COe) by ~(cov) Another contribution, involving the JC:aa
electron-radiation interaction, results in a cross-section given by (2.16)
and (2.17). The expression for this contribution to the transition
susceptibility, due to plasmon charge density fluctuations, is

(5Z'j,v)Q= - ~ + 1)~ (e/mco2)-Qe(~ov,q)

(2.68)

where ~(c%, q) is the amplitude of the charge density fluctuation in the
plasma wave. The third contribution results from the diagrams of
Fig. 2.6 which, as pointed out in subsect. 2.2.1, do not exist in
insulating crystals. These diagrams contribute two types of terms.
One corresponds to the case in which the first transition in Fig. 2.6a or
the last transition in Fig. 2.6b is associated with the creation or
annihilation of a photon. This type of term involves an intraband
matrix element of ,~), and an interband matrix element of the Fr6hlich
electron-plasmon interaction. Its contribution will be small [2.25].
The other type of terms correspond to the case in which the first
transition in Fig. 2.6a or the last transition in Fig. 2.6b is associated
with the creation or annihilation of a plasmon. These terms involve the
intraband matrix element of the Fr6hlich electron-plasmon interaction.
Its contribution to the transition susceptibility, also associated with
the charge density fluctuations of the charge-carriers, may be written
as [2.25, 38].

(5Z'~)Q = - (n + 1)~ (e/mc°2~)

(2.69)

Equations (2.68) and (2.69) may be combined into one term to give

(,~ x,, ~),, = [(,~ x',. ~),, + (,~ x;/~),,]
= (~ + J){ c,.~.o,) ~o(%, q),

(2.70)

where Cur(col) is the charge density Raman tensor. From (2.69)-(2.71)
we see that in the region of transparency C,~(col) is real and that (5Zu~)
is purely imaginary and linear un qa. McWHORTER and ARGYRES [2.38]
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have shown that, in the quasi-static approximations Cu~(co~) is the derivative of the electric susceptibility with respect to the charge carrier
density.
The first-order transition susceptibility of plasmons including the
electro-optic and charge density mechanisms may be written as

ttt
= (~ + 1)½ [b,,,,~.(~o
1, 0) o~(e) e)

(2.71)

+ b~'~(o)l, ~, q) ~ ( % ) + c,~(~o~)~(%, q)].
The term linear in q in ( 6 ~ ) Q and (6Xu~)~ are imaginary. They will
interfere among themselves but not with (6Z~',,)~,~ which is real in the
region of transparency. Interference is possible when the sample becomes
opaque.

Raman Spectra Line-Shapes
In order to discuss the shapes of the Raman scattering peaks it is necessary to express the transition susceptibility in terms of the time dependent normal mode coordinate operators of the collective excitations.
Thus, we write the transition susceptibility operator in the following
form

6L, v( q, t) = ~ Ru,,,,Q,,(q, t) + higher-order terms,

(2.72)

m

where Q,.(q, t) is a schematic notation for the normal coordinate operators and the R~,. represent the first-order Raman tensors associated
with the Qm.
The Raman scattering cross-sections are calculated by using (2.72)
in (2.28) and (2.13). We see that the cross-section for first-order scattering
is proportional to the correlation function
A,,,,. (q. o~) =

(½~)

dt exp(ico t) G,,,,,(q, t) ,

(2.73)

--02

where
G,~m,(q, t) = (il Q,~ (q, t) Qm, (q, 0) Ii>w

(2.74)

is a temperature-dependent Green's function of the normal coordinates
of the excitations. In the absence of interactions among the different
modes of the crystal, the Q,.(q, t) are independent variables and, consequently, the A,,,,,(q, co) and G,,,.,(q, t) are zero unless m = m'. When
there are interactions that couple different crystal excitations, it is
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possible to have correlation and Green's functions which are non-zero
for m + m ' . The coupling between different excitations may have an
important effect on the shapes of the Raman spectra. In the particular
case in which interaction produces correlation between two different
Raman active modes, interference effects will occur in the Raman scattering cross-sections of these modes.
For undamped excitations and in the absence of interactions among
the modes, the correlation function assumes the simple form

A~m,(q, ~) = [~(,,) m- l l IQm(q, ~)1 ~ I-~ (~o- ~ ) - ~(~o + o9~)3, (2.75)
where (~,,(q, o)) are the amplitudes of the normal modes. Thus, as expected, the cross section calculated with (2.75) for undamped lattice
vibrations and plasmons are equivalent to those obtained previously.
In the case of optical phonons and polaritons, the expression for the
transition susceptibility operator given by (2.72) may be written, as a
generalization of (2.61), in the following form

b'/.,~(q, t) = ~ a*,,l(t~t, eJ, q) ul(q, t) + higher-order terms,

(2.76)

I

where the normal coordinates ut(q, t) are related to the fluctuations in
the atomic displacements due to optical phonons by

ul(r, t) = (l/V) i ~ ut(q, t) exp(iq • r).

(2.77)

q

In addition, we have introduced the Raman tensor which may be written
as

a~*,,l(~01, ~,~,q) = au,.t(o~ 1 09, O) + 3a*,,l(o~ 1, co, q) ,

(2.78)

where a*vl(tJJl,t~;,0)is identical to the Raman tensor in (2.61), which
describes "allowed" scattering by optical phonons and polaritons, and
3a*vt(t~l,t~,q) is the q-dependent part of the Raman tensor, which
describes "forbidden", q-dependent Raman scattering by optical phonons
and polaritons. Previously we have shown that one contribution to
6a~,v(o~l, tf~, q) comes from the two-band processes involving the Fr~Shlich interaction.
The Raman scattering cross-section of optical lattice vibrations is
obtained by using (2.76) in (2.27) and (2.13). This leads to an expression
for the cross-section in the form of a scries in which the first term is
proportional to the correlation function

Art," (q,t~)

z

(½r~) ~i'
J exp(it,)t)(ilul(q,t)ut,(q,O)li)x

(2.79)
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This is the term which describes first-order processes. In the case of a
perfect harmonic lattice, the phonons have an infinite lifetime and
A~r(q, o~) is of the form given in (2.75) with IQ,,(q, co)[- lut(q, co)l. In the
case of an anharmonic lattice, it was shown by COWLEY [2,39] that a
complete theory of first-order scattering must also include the terms
arising from correlations between one-phonon and higher-order vibrational states of the crystal. The vibrational correlation functions may
be calculated by the methods of many-body theory using a lattice
Hamiltonian which includes the anharmonic terms in the potential
energy. In the case of optical phonons, the diagonal element in (2.79) may
be written as [2.40]

A~'(q, co) = ( ~ + 1)IKt(cgt)l2 4co{Hn( q, e), T)

(2.80)

• (g {[co~ (q, co, T) - coe] z + 4co~ Ht] (q, co, T)}) -~ ,

where
0)7 (q, co, T) = co~(q) + 2eh(q-") FllR(q , co, t)

(2.81)

is the temperature and (~-dependent renormalized mode frequency.
co~(q) is the harmonic frequency; and HtR and HtE are the real and
imaginary parts of the diagonal elements of the self-energy matrix.
//~t is associated with anharmonic damping of the mode and gives the
line-width of the Raman bands. General expressions for //~R and /7~
for phonons have been given by MARADUDIN and FnlN [2.40] and for
polaritons by B~NSON and MILLS [2.15, 41, 42]. In lowest-order perturbation theory the contributions to H~ come from 3rd order anharmonic
processes in which the mode at ~o~(q) decays into a two-phonon state
with conservation of wave vector.
In many cases the observed first-order Raman line-shapes may be
obtained from (2.80) by assuming that HtR and /-/t~ are temperature
dependent but ~)-independent. This appears to be the case in diamond
[2.43], silicon [2.44] and germanium [2.45,46]. The relatively small
temperature dependence of the widths of the first-order Raman bands
from these crystals has been accounted for by the 3rd order contributions
to Hjj [2.39, 47]. Information on the frequency dependence of//z~ has
been obtained by analyzing the shapes of the first-order Raman bands of
TO phonons [2.48] and polaritons [2.49]. In the case of GaP USmODA
[2.49] has pointed out that the frequency dependence of//t~ is due to
contributions from the decay of the optical lattice vibrations into two
Brillouin zone boundary acoustical phonons. Raman scattering has also
been used intensively to study soft optical phonons. Such modes have
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frequencies and widths which are strongly temperature dependent. The
spectroscopy of soft optical modes has been reviewed by WORLOCK[2.50]
and by SCOTT [2.51].
The off-diagonal elements of the correlation function matrix, defined
in (2.79), are proportional to the off-diagonal terms of the self-energy
matrix [2.40, 52]. These terms may exist when the modes I and l' belong
to the same irreducible representation of the crystal space group and are
coupled by some interaction. The off-diagonal elements of the correlation
functions results in an interference between the contributions of modes l
and I' to the transition susceptibility. In this case, the line-shapes observed in the Raman spectra show a considerable departure from the
damped oscillator line-shape predicted by (2.80). The interaction which
couples the two modes may result, for example, from the anharmonic
terms in the vibrational potential energy [2.52, 53]. It has been shown
that interactions which lead to mode coupling and interference effects
may also occur through the macroscopic electric fields of polaritons
[2.42], of coupled LO phonon-plasmon modes [2.54] and of acoustic
phonons in piezoelectric crystals [2.55]. In anharmonic crystals the
one phonon states couple to higher-order vibrational states, involving
two or more phonons, via cubic or higher terms in the Vibrational
potential energy. In this case it is necessary to consider the interference
terms between the first-order and higher-order contributions to the
transition susceptibility [2.39, 56]. BARKER and LOUDON [2.12] have
pointed out that in the cases of optical phonons and polaritons A)'(q, co)
may be calculated from phenomenological response functions. In this
approach, the correlation function is written (using Nyquist's theorem) as
[Ref. 8.1, Sect. 2.1.11].
A~(q, 0)) = -

( h ) [ n ( c 0 ) + 1] Im {Tt(q, ~o)} ,
x

(2.82)

]

where

(2.83)

~(q, o~) = ~t(q, ~)/Fo~,(q, 0))

is the response function which gives the amplitude of the atomic displacements set-up in the crystal by the an "external driving force" with
amplitude Fo,t(q, to). In the case of a purely mechanical wave, like nonpolar or TO phonons, Tl (q, co) may be obtained from the simple classical
equation of motion of a driven damped oscillator. In the case of a q = 0
mode the correlation function is given by
A)'(0, 0)) = (~ + 1) lut (0))112 2~oi0)71 {n [(0) 2 -

(D2) 2 -F- 0) 2 7 2 ] } - 1 ,

(2.84)

where ~/l is a phenomenological damping constant. When 0)1 >>~,~ (2.84)
is identical to (2.80) with ~ = 2/7~i. However, in using (2.84) it is necessary
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to make the "ansatz" that ~o~as well as ~,~are temperature and frequency
dependent.
BARKER and LOUDON [2.12] also discussed the case of polar vibrational modes with macroscopic electric fields, (i.e., polaritons and
LO phonons) in diatomic and polyatomic crystals. In these cases, the
correlation functions are similar to that in (2.84). For LO phonons A]~
is obtained from (2.84) by using coL, the LO phonon frequency, instead
of ~o~. In the case of polariton modes, A~' is obtained from (2.84) using
q2c2/e(oJ) [where c is the velocity of light and e(~o) is the dielectric constant] in place ofco~. In addition (2.84) has to be multiplied by a function
which gives the phonon content of the mode [-2.15]. HON and FAUST
[2.57] have similarly calculated the classical response functions for
coupled LO phonon-plasmon modes.

2.2.2. Phenomenological Formulation
As noted earlier, Raman scattering of light by collective excitations may
be viewed as a nonlinear interaction of the incident and scattered electromagnetic waves with the collective excitations. The excitations may be
treated, classically, as plane waves characterized by a frequency ~o,
a wave vector q and a collective excitation coordinate amplitude Q.~(q, ~o)
which has the transformation properties of the excitation under the
symmetry operations of the crystal point group at q. In the case of optical
phonons, Q,, corresponds to a relative atomic displacement coordinate
p~; in the case of acoustical phonons it corresponds to the elastic displacement coordinate wa; and in the case of plasmons it is the freecarrier displacement coordinate u~. In the phenomenological treatment
of Raman scattering the time and space averaged potential energy
density of the medium is expanded in powers of the amplitudes of the
incident and scattered fields gl (kt, ~ot) and 82(k 2, co2), and of Q,,(q, co)
[2.23]. The contribution of the nonlinear interactions to the energy
density is given by

64, = ~ 38, ~3~)
e,~2eg,. ) QmglO~2-I-higher order

terms,

(2.85)

where coefficients like (03 ~b/O,gl 382 OQ,,) describe the first-order nonlinear optical phenomena associated with the collective excitations.
Notice that (2.85) may be rewritten as
6 ~b - (6 X12)8~ ~2 + higher order terms,

(2.86)
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where
6Z12 = ~

03q~
)
Ogx3g 2 OQ,. Qm =Z,,,RI2,,Q,,

(2.87)

is the first-order transition susceptibility and R12m, a s in (2.72), are the
first-order Raman tensors of the excitations.
The Raman tensors R12,. are, in the general case, asymmetrical in the
polarisation vectors of the incident and scattered electromagnetic
waves. When the collective coordinate has transformation properties
like those of polar vectors or polar tensors, the first-order Raman
tensors have both symmetric and antisymmetric parts. However, the
antisymmetric part vanishes in the quasi-static approximation [2.14].
This is because the asymmetry comes from the energy denominators.
When the collective excitations transform as an axial vector, as in the
case of the A 2 symmetry optical phonons of the tellurium structure [2.58],
the R12,, is purely antisymmetric in the polarisations of the incident and
scattered waves. In this case the Raman tensor does not vanish in the
quasi-static approximation. This is because the asymmetric terms are
linear in wavevector, see (2.90). As yet, there have been no reports in the
literature of the observation of an antisymmetric contribution to the
q-independent first-order Raman scattering tensor of optical phonons
[Ref. 8.8, Chap. 4].
We note that in the limit q--,0, k~ ~ 0 and k2---,0 the R~2,. represent
wave-vector-independent scattering tensors and their non-zero components can be obtained by group theoretical methods using the point
group symmetry operations of the crystal. For example, the normal
coordinates of the q = 0 Raman active optical phonons of centrosymmetric diatomic crystals with the diamond structure (diamond, silicon,
germanium and gray-tin) transform like the F2~ irreducible representation of Oh group [2.32], [Ref. 8.1, Fig. 2.9]. This representation has the
symmetry of a uniaxial stress along the (111) direction. Consequently, the
first-order Raman tensor in the diamond structure transforms like a
fourth-rank tensor and is non-vanishing. In the case of the Fa, optical
phonons of the centrosymmetric diatomic crystals with the rocksalt
structure, which transform like a polar vector, the R12 ~ transforms like a
3rd rank tensor and vanishes for the rocksalt structure. Thus, F~, optical
phonons are inactive in allowed Raman scattering.

Wave Vector Dependence and Morphic Effects
The wave vector dependence of the Raman scattering tensors arises from
the spatial variation of the incident and scattered electromagnetic fields
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and of the normal coordinates of the collective excitation. In order to
obtain the explicit dependence of the Raman scattering tensor on wave
vector, the energy density is expanded around zero wave vector in powers
of81,82, and Q and their gradients and higher spatial derivatives [2.23].
These gradients, which in this phenomenological approach enter as
independent variables, are
V81 = - ikl 8~

(2.88a)

V 82 = i k 2 8 2 ,

VQ,, = iqQ,,,

(2.88 b)

etc.

(2.88c)

To first-order in q, the contribution to ~ q~ associated with first-order
scattering, is given by
iq O3 ~b

Oa ~b

o3q~

4

(2.89)

_ik,(oV8108aOQ,.)+ik2(.081 017
0382 OQ,.)] 81 82 Qm.
In the quasi-static approximation (03flp/OFS1Oo~2OQrn)=(O3flp/
081 0V82 c~Q,,), and the linear q-dependent first-order Raman tensor is
given by
R12" = ~ 8 , 082 3Qm
034

(2.90)
~34~

We note in (2.90) that the linear q-dependent terms of the first-order
Raman tensor are 90 ° out of phase with the wave vector-independent
terms and, as a consequence, the two contributions (always assuming ~b
to be real, i.e., that we are in the region of transparency) will not interfere.
We also note that the q-dependent contribution to R12rn results either
from the spatial variation of the electromagnetic field and/or from the
spatial variation of the normal mode coordinate.
We have already encountered in Subsection 2.2.1 two cases in which
the transition susceptibility has q-dependent contributions associated
with the spatial variation of the collective normal coordinate. They are
Brillouin scattering by acoustical phonons involving the elastic strain
Vw deformation potential and Raman scattering by plasmons due to
the charge density fluctuations (he V x).
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The form of the tensor coefficients (~33ck/~Vdl <3Nzc~Q,,) and (03~b/
~8~ ONz OV Q,,) determines the selection rules for linear q-dependent
scattering. These coefficients correspond to zero wave-vector and therefore their transformation properties are determined by the crystal
point group. The selection rules for linear q-dependent scattering by
optical phonons is discussed at length in [2.23-25]. It is noted, as can
be inferred by examination of the second term in the right side of (2.90),
that linear q-dependent scattering exists for the polar optical phonons of
centrosymmetric crystals, which are normally Raman inactive. The
Raman active optical phonons of non-centro-symmetric crystals may
also have linear q-dependent scattering. The form of the linear q-dependent terms of the transition susceptibility tensor, for cubic and
hexagonal crystals, has been given by BURSTEIN and PINCZUK [2.25].
q-dependent scattering, which appears as a breakdown in the allowed
scattering selection rules, is found to be very weak in ordinary Raman
scattering experiments. However, such forbidden scattering is often
observable in experiments carried out under resonance conditions [2.27].

Morphic Effects [Ref. 8.7, Chap. 8]
The changes in the properties of a crystal which follow from the lowering
of its symmetry by an external force are called morphic effects. In crystal
lattice dynamics these effects appear as changes in the tensors which
describe the properties of the crystal and also as splittings of degenerate
normal-mode frequencies. Typical external forces are electric and
magnetic fields and stresses (or strains). Effects which are similar to morphic phenomena may also be observed in imperfect crystals which have
built-in electric or magnetic fields and strains. Morphic effects on
Raman scattering by optical phonons may be described phenomenologically by expanding the Raman tensors in powers of the tensor components
of the external force [2.23, 24]. Let us consider, as an example, the case
in which this force is an electric field. The Raman tensor may be written
as follows

*

0) + Z

4,

(2.91)

+ higher-order terms,
where g, are the components of g,, the external electric field. The forms
of the tensor coefficients (Oa*v~/Og,) are determined by the point symmetry of the crystal in the absence of the electric field. Since 8 and q are
both vectors, the selection rules for linear N-induced Raman scattering
are the same as those for linear q-dependent scattering. Thus, linear
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d~-induced Raman scattering may exist for the Raman inactive optical
phonons of centro-symmetric crystals as well as for infrared and Raman
active optical modes of non-centro-symmetric crystals. The Raman
active and infrared inactive optical phonons of centro-symmetric
crystals may exhibit quadratic q-dependent scattering, quadratic
g-induced effects, as well as linear q-dependent and g-induced scattering.
A similar phenomenological description can be given for the cases in
which the external force is a stress (which causes a homogeneous strain)
or a magnetic field [2.24]. Since these forces have even parity they will
not induce Raman scattering by Raman inactive modes of centrosymmetric crystals.
Electric field induced Raman scattering has been observed in the
paraelectric perovskite crystals, KTaO3 and SrTiO3 [2.50]. In semiconductor crystals morphic effects in first-order Raman spectra have
been reported in experiments done under resonance conditions. Electric
field induced first-order scattering by LO phonons has been reported in
InSb [2.59] and InAs [2.60], in the rock salt-type IV-VI compound
semiconductors [2.61] and in CdS [2.62]. Uniaxial stress-induced
first-order Raman scattering by TO and LO phonons has been observed
in InSb [2.63] and InAs [2.64].

2.3. The Frequency Dependence of the First-Order Raman
Tensors of Optical Phonons
The dependence of the Raman tensors of optical phonons on the incident
photon frequency comes from the resonant denominators in (2.36). It
follows from the discussion in Subsection 2.2.1 that this frequency
dependence is determined by the superposition of all the contributions
from two-band and three-band scattering processes throughout the
Brillouin zone. The latter may involve direct or phonon-assisted interband electronic excitations. Phonon-assisted interband transitions have
been found to play an important role on the intensity of second-order
Raman scattering in Si, GaP and CuOz [2.65, 66]. However, current
experimental evidence [2.67] indicates that the terms involving phononassisted transitions do not make important contributions for the firstorder Raman scattering. In the case of direct interband transitions, the
frequency dependences of the several terms contributing to the Raman
tensors are determined by the energies at which critical points in the
combined density of states for direct interband transitions occur. In
addition, the contribution from each critical point (or energy gap) may
be separated into terms involving discrete exciton and continuum
electron-hole pair states [Ref. 8.1, Chap. 2].
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2.3.1. Resonance Enhancement

Equation (2.36) indicates that a resonance enhancement in the firstorder Raman scattering by optical phonons should occur when the
energies of the incident photons are sufficiently close to the energies of
the intermediate electronic excitations. This resonant enhancement
has been observed at photon energies close to the fundamental and
higher-energy gaps of a large group of semiconductor crystals. The
observation of resonance enhancement of first-order Raman scattering
intensities for photon energies at the electric-dipole forbidden yellow
exciton series of CuO2 has also been reported recently [2.68]. DAMEN
and SHAH [2.69] have found that in CdS there is a large resonance enhancement at photon energies which correspond to the excitation of
excitons bound to impurities [Ref. 8.1, Chap. 2].
The frequency dependence of the atomic displacement Raman tensor
may be obtained experimentally by measuring the frequency dispersion
of the first-order scattering by q ~ 0 optical phonons which have no
macroscopic electric field. The measurement of absolute scattering
intensities is avoided by comparing the scattering intensity under
investigation to that of a Raman peak in a reference medium, which
exhibits negligible dispersion with incident photon energy. The frequency dispersion below the lowest E 0 energy gap has been measured
for the TO phonons of semiconductor compounds with the zinc blende
and wurtzite structures, including ZnTe [2.70], ZnSe [2.71], ZnS [2.71],
A1Sb [2.70], CdS [2.72], and GaP [2.67, 73]. The experimental results
for Aj and E symmetry TO phonons CdS are shown in Fig. 2.7. In this
figure we see that for incident photon energies close to the Eo gap there
is a large (resonance) enhancement of the scattering intensity. However,
for smaller photon energies the scattering intensity goes through a
minimum. Similar minima have been found for scattering by F2~symmetry
phonons in ZnS [2.71-] and for the scattering by the non-polar E 2
phonons of CdS [2.74]. These minima have been explained as a cancellation between the contributions to the atomic displacement Raman
tensor, which are resonant at the Eo gap and non-resonant contributions. The frequency dependence of the first-order Raman scattering
intensities by q ~ 0 TO phonons of GaP was recently reported by BELL
et al. [2.73]. Using a dye laser operating in the pulsed mode, it was
possible to obtain data for photon energies spanning the E 0 and E 0 + A0
energy gaps. These results, which are reproduced in Fig. 2.8, show that
the enhancement at the Eo+Ao spin-orbit gap is smaller than the
enhancement at the E0 gap.
The frequency dispersion of first-order Raman scattering by q ~ 0
optical phonons with no macroscopic electric field was also measured for
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Fig. 2.7. The normalized Raman scattering intensity of A (TO) and E x (TO) symmetry
phonons of CdS (80 K) as a function of incident photon energy. E~ is the fundamental
energy gap. The solid lines are theoretical curves. (After RALSTON et al. [-2.72]

photon energies near other critical points. In the case of the Et and
E~ + A 1 gaps of diamond- and zincblende-type semiconductors, results
were reported for the optical phonons of Ge [2.75] as well as for the TO
phonons of InSb [2.76, 78], lnAs [2.79,80], InSbt_xAsx [2.79], and
GaSb [2.78]. The results for Ge are shown in Fig. 2.9. One of the most
important features of these results is that the maxima in the resonance
enhancements do not occur at the gap energies, as determined by optical
measurements, but are shifted towards higher energies. The frequency
dispersion of the first-order Raman scattering intensities by the Raman
active, infrared inactive Fzg phonons of the II-IV semiconductors with
the antifluorite structure was reported by ANASTASSAKiS and PERRY
E2.81] at photon energies near the E1 gap.
The frequency dispersion of allowed scattering by LO phonons has
been measured for photon energies near the E0 and for higher energy
gaps in several semiconductors with the zinc blende and wurtzite
structures (see, for instance, [2.70--72] and [2.77-80] as well as references
therein). It is found that the dispersions of the allowed LO phonon
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intensities are different from those of the allowed T O p h o n o n intensities.
This is due to the fact that in the allowed scattering cross-section by LO
p h o n o n s there are contributions due to the three-band electro-optic
Raman tensor.
We have seen in Section 2.2 that the two-band electro-optic Raman
tensor arises from forbidden, q-dependent, scattering by LO phonons.
Forbidden scattering may also originate in morphic effects associated
with built-in or external electric fields. The available experimental
evidence indicates that forbidden first-order scattering by LO p h o n o n s is,
in the case of perfect crystals, observable only under resonance conditions.
On the other hand, u n a m b i g u o u s q-dependent scattering by TO p h o n o n s
has not been observed in "perfect" crystals even under resonance enhanced conditions. The frequency dispersions of the resonant forbidden
scattering by R a m a n active and inactive LO p h o n o n s were measured in
several semiconductor crystals. The forbidden scattering by Raman
active modes was studied intensively at the Eo gap of CdS ([2.82-85]
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Fig. 2.9. Relative Raman intensity as a function of incident photon energy for allowed
first-order scattering by optical phonons in Ge. The solid line was obtained using (2.102)
and experimental data for the electric susceptibility. (From CERD~RA et al. [2.75])

and references therein), and also at the E t gap of a group of III-V semiconductor compounds including InSb [2.76-78], InAs [2.80], and
GaSb [2.78]. It was found that the intensities ofjorbidden scattering by
LO phonons have a much larger resonance enhancement than those of
allowed scattering. In the case of Raman inactive LO phonons, resonant
first-order forbidden scattering has been reported in II-IV centrosymmetric semiconductors [2.86], in CuO2 [2.68,87] and in TICI

[2.883.
In the following subsections we discuss the expressions for the
resonant atomic displacement and electro-optic Raman tensors. The
contributions to the first-order transition susceptibility which have the
most important dependence on the photon frequencies involve the first
term on the right side of (2.36). It was pointed out in Subsection 2.2.1
that this term corresponds to the particular time-order shown in the
diagrams of Fig. 2.2. For these diagrams, the two-band terms involve
the intraband matrix element of the electron-phonon interaction, while
the three-band terms are associated with the interband matrix elements.
The intermediate electronic transitions of the crystal which are involved
in these terms are shown, schematically, in the diagrams of Figs. 2.4
and 2.5. We shall consider the contributions to the Raman tensors
from these terms.
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2.3.2. The Atomic Displacement Raman Tensor
The expression for the atomic displacement Raman tensor may be
obtained from (2.36) and (2.49). A convenient form is

a~,,z(o~,, ~o, q) = (eZ/m Vo92) Y" ~ ( 0 ) <0{p~(k2){~> < f l l P r ( - k, )10>
• .a
• ~ib~(0) D~op')(0~, fl) [(E a - hfOl) (E # - h¢o2) ] - 1 + B((.Ol),

(2.92)

where ~,(r) and q~a(r) are envelope functions which describe the dynamics
of the intermediate electron hole pair states within the effective-mass
approximations [2.6]. <0 {Pu I~> and <fl IP~ 10> are the interband matrix
elements of the momentum operator between the electronic ground
state of the crystal pair states I~> and Ifl>. B(~o,) describes the lessresonant or non-resonant terms.

Resonant Two-Band Terms
The wave vector independent two-band contributions are calculated by
using the dipole approximations for the momentum matrix elements and
by taking into consideration a single pair of conduction and valence
bands. We consider first the case of uncorrelated electron-hole pair
intermediate states. In this case ~ ( 0 ) = 4 ~ ( 0 ) = 1. Thus the resonant
contributions to the two-band atomic displacement Raman tensor are
given by [2.89].

a'~vt(Cox,co, O) = (e2/m Vo92) <c{puIv> <vlp~{c>
• { ~ [(E~,- h(o,)-' - ( E ~ - hwz)-' ]

(2.93)

• [(ho~+hq. vv)-x d~+(ho~+hq, vc)-' d~},
where E~ are the energies of the direct interband transactions at electronwave vector ~, and <c {Pu{v> is the interband momentum matrix element.
d~ and d}' are intra-band deformation potentials for the conduction and
valence bands, respectively. In addition, v¢(~)=(1/h)V~ E¢(~) and Vv(~)
= (I/h)Iz~ Ev(k), where Ec(~ ) and Ev(~) are the energy vs. wave vector
relations for the conduction and valence bands. It follows from (2.41)
and (2.92) that in the case of cubic crystals the resonant term of
a~,(~o,, 09, 0) can be written in terms of the frequency dependent electric
susceptibility X(o91) as [2.89]
a " = [-Z((.o 1) - X((D 1 - (D)] ( d e +

dV)/h(.o

(2.94)
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Similar expressions may be written for the components of a~t(ool, 09, 0)
which enter in the diagonal components of the transition susceptibility
tensor of uniaxial and biaxial crystals. In the quasi-static limit we have
lim a"'cotl, co, O) = [dz(co~)/dco~] (d~ + d~)/h .

¢.o~0

(2.95)

Equations (2.94) and (2.95) indicate that the resonant first-order
Raman scattering intensities by q --~0 optical phonons have features which
are similar to those encountered in the modulation spectroscopy of
interband electronic transitions. In the case of Raman scattering the
modulation of the interband optical properties of the crystal is induced
by the lattice vibrations. This point of view has been emphasized by
CARDONA [2.31]. Equations (2.94)and (2.95) have been used to obtain
the frequency dependence of resonance Raman scattering from experimental data on the frequency dispersion of the dielectric susceptibility. This procedure was used in the case of the Raman active
F2g phonons in the II-IV semiconductors [2.81] as well as in Se and Te
[2.90].
Equation (2.94) may be used to calculate a~,.l (col, co, 0) from theoretical
expressions for Z(co~). In the case of intermediate uncorrelated electronhole pairs we may use the X(co,) obtained from model density of states
calculations [2.29, 30]. For an M0 critical point (which occurs at the E,~
gap of typical semiconductors) one obtains [Ref. 8.1, Sect. 2.2.6]
Z(091) =

(gzc)
C~,, (1/cog) [209~ - (col + 09g)½- (co, - cox)*]
~

1
tt
= (~r~)
Coco
~ f(w1, cos)'

(2.96)

where cog=Eg/h is the gap frequency and Cd=(4p2/3)(2#*/cos) ~.
P is the magnitude of the interband momentum matrix element, and/~*
is the reduced effective mass at the energy gap. From (2.94) and (2.96)
we obtain

a" (091,co, 0) ~- (~ ~) Co"cog~ °91-2 [(dV'° + dC'°)/hco ]
(2.97)
• [ ( c o s - col + co)~ - (cog - c o l ) q ,

where d c,° and d V'° are the deformation potentials at the Mo critical
point. It follows from (2.97) that once broadening of the order of 09 is
included a"(col, co, 0) exhibits a peak at col = 09g + 09/2. We note further
that for 091 < 09s, a" (c01, to, 0) is real, indicating that only virtual interband
transitions contribute to resonance Raman scattering• When o92 < cog
< col, a"(col, co, 0) is complex because real as well as virtual interband
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Fig. 2.10. Frequency dependence of the squared modulus of the resonant contribution
to the two-band atomic displacement Raman tensor in the vicinity of an M0 critical point,
based on (2.97). The peak occurs at co, = w, + o9/2. (After ZEYHERet al. [2.18])

transitions are involved. Finally when co2 >~og, the contribution from
real transitions dominate those from the virtual transitions and
a"((ol, o9, 0) is largely imaginary.
Equation (2.97) was first derived by LOUDON [2.7], who considered
only the contributions from virtual interband transitions. The possible
role of real intermediate interband transitions in R a m a n scattering
processes was first proposed by HAMILTON [2.35]. The o91-dependence
of [a"(O)a, 69,0)12 for ~o1 ~ egg was discussed recently by ZEYHER et al.
[2.18]. Their result, which includes the contributions from the real
and imaginary terms, is reproduced in Fig. 2.10. In this figure we see
that the resonant enhancement in the scattering cross section has a
symmetric peak centered a b o u t to I = oJ8 + to/2.
Equations (2.92) and (2.97) were used (after taking the squared
modulus) by CHANG and co-workers [2.72, 72] to fit their experimental
results for the frequency dispersion of the R a m a n scattering intensities
by T O phonons at the E0 gap of CdS, ZnS, and ZnSe. Results of this
fitting procedure for the case of CdS, can be seen in Fig. 2.7. The m i n i m u m
in the scattering intensity, for p h o t o n energies below the gap, results
from the destructive interference between the resonant and non-resonant
contributions. BELL et al. [2.73] suggested that (2.97) can account for
their experimental results in G a P , shown in Fig. 2.8, when the contributions 'of both the E o and the E o + Ao energy gaps are included.
The two-band terms of the resonant atomic displacement R a m a n
tensor at a M 1 critical point has been calculated by JAIN and CHOUDHURY
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[2.91]. For intermediate uncorrelated electron-hole excitations it was
found that
att ((2)1, to, O),-.., (I/(D)[((D l -- tog)~ -- (£01 -- ( D g - (D)½] .

(2.98)

Unfortunately these authors only considered the real part of a" and thus
their results are incomplete.
The frequency dependence of the contributions to the Raman tensors
and scattering cross sections which involve, intermediate, continuum
and discrete exciton states have been discussed extensively in the literature ([2.18, 25, 92] and references therein). We shall not reproduce these
calculations here. However, it is worthwhile to point out that, here also,
the two-band term of the atomic displacement Raman tensor may, in the
q = 0 approximation, be calculated by means of (2.94). In the case of the
1S hydrogenic exciton, the dielectric susceptibility associated with this
exciton is given by [2.6]
Zox(tol) ~ [ O ~ x - (to~ + i t # ]

-I ,

(2.99)

where h~oex is the energy of the exciton transition, and F is the exciton
damping constant. The expression for a"(tol,to, 0) which is obtained
with (2.94) and (2.99) is identical to that obtained with the equations in
[2.18] (for F = 0). The cases of non-hydrogenic exciton intermediate
states, like those occurring at M 1 critical points, have been discussed by
JAIN and CHOUDHURY [2.91].
We should point out that in the calculations of a~v~(tol, to, 0) given
above, we have not included the "double resonance" contributions for
which both denominators in (2.92) vanish simultaneously. It has been
shown [2.93] that for terms involving free electron-hole pairs, the
"double resonance" terms are small for crystals with energy bands like
those of diamond- and zinc blende-type semiconductors. "Double
resonance" may however be important for terms which involve transitions
to discrete exciton states [2.27].
Resonant Three-Band Terms

When the three-bands involved in the Raman process are well separated,
resonance exists with only one energy gap. In this case, it follows from
(2.36) and (2.41) that the resonant part of the three-band atomic displacement Raman tensor is proportional to the interband dielectric susceptibility. On the other hand, when the energy separation between
two of the bands is not much larger than the optical phonon energy, the
structure of the resonant Raman tensor is more complicated. In order to

68

A. PIN('ZUK and E. BURSTEIN

discuss this case it is convenient to consider the situation in which the
separation of two energy bands, participating in the Raman process,
corresponds to their spin-orbit splitting. This important case occurs in
the diamond- and zinc blende-type semiconductors. For the two diagrams
of Fig. 2.5(b) the energy denominators may be written as
[(E~-

h o ) l ) ( E + - h o ) 2 ) ] -~

= [A - h 0 ) ] - ! [ ( E ~ - hco2) - ~ - ( E ~ - h c o l ) - ~ ] ,

and

[(L~ ho)l)(E=.
-

-

~o)~)]-1

(2.100)

= [ A + h c o ] - 1 [ ( E ~ - h 0 ) ~ ) - ' - (E:~ - h o ) ~ ) - l ] ,

where A = E ~ - E + is the spin-orbit splitting of the valence bands, and
we have neglected the q-dependent terms in (2.100). In the case of the
(Eo, Eo + Ao) and (El, El + A1) doublets, (A _+ ho)o)-1 may be expanded in
powers of hco/A. Retaining only the term of first-order in h0)/A, one
obtains the following expression for a'" (0)1, co, 0) [2.94] :
a"'(col, co, O) = (Dr~A) {[Z + (o)1) + Z+ (o)l - 0 ) ) - Z- (o)1)- Z-(o)l - co)]
- ( h o ) / A ) E z - ( c o l ) - Z - ( o ) 1 - 0 ) ) + Z+(o)~)- Z+ ( c o ! - o))]},

(2.101)

where Z±(co~) are the contributions of the spin-orbit split gaps to the
electric susceptibility. D v is the valence band deformation potential
associated with the interband matrix elements of the electron-phonon
interaction.
The quasi-static approximation for a"(o)~, co, 0) is given by [2.75].
a"'(o) 1, O, O) = (2Dr~A) [Z + (o)1)- Z- (col)] •

(2.102)

In the case of the (E o, E o + Ao) doublet, using (2.96), a'"(0) 1, 0, 0) is
given by

a" (cot, 0, 0) = (2 D v' °/A o)(C;/8n) { f (col, Eo/fi)
(2.103)

- [Eo/(Eo + Ao)] ~ f(cot, Eo + Ao/h}.

Equation (2.103) was first derived by CARDONA [2.30]. It was found [2.73]
that the terms of the form given by (2.103) are needed to explain the
results in G a P (shown in Fig. 2.8) for photon energies larger than E o + A 0 .
Equation (2.102) together with values of Z±(col) obtained from optical
measurements were used by CERDEIRA et al. [2.75] to describe the
resonance enhancement at the (E 1, E 1 + A1) doublet of Ge. Their results
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are shown in Fig. 2.9. We may observe that the peak in the resonance
enhancement results from overlapping contributions from the E 1
and E 1 + Ax gaps which are relatively close to one another.

q-Dependent Terms
Because the atomic displacement deformation potentials are essentially
q-independent, the q-dependent contributions to the atomic displacement
Raman tensor arise either from the q-dependence of the resonant
denominators or from the kl- and k2-dependences of the momentum
matrix elements in (2.93). The latter occurs when electric quadrupole
or magnetic dipole interactions are included in the momentum matrix
elements. The contributions which originate in the electric quadrupole
or magnetic dipole terms of the momentum matrix element are particularly important when the interband electronic,transitions are electric
dipole forbidden. The forbidden resonance enhanced Raman scattering
which was observed at the dipole forbidden 1S yellow exciton series of
C u 2 0 [-2.68] has been explained in terms of such electric quadrupole and
magnetic dipole terms [Ref. 8.1, Sect. 2.3.6].

Morphic Effects
The influence of an external uniaxial stress on the resonant Raman
scattering by TO phonons has been studied at the E l energy gap of
InSb [2.63] and InAs [2.64]. It was found that the changes in the scattering intensities occur only for photon frequencies close to resonance.
The data for InAs, shown in Fig. 2.11, have been explained in terms of
the changes in the two-band and three-band contributions to the
atomic displacement Raman tensor caused by the uniaxial stress induced
shift and splitting of the four-fold degenerate El gap into triplet and
singlet gaps.
There are two distinctive ways in which an internal or built-in electric
field will modify the Raman scattering processes. In one, the field produces
a relative displacement of the ions which modify the periodic potential
of the crystal as well as the eigenvectors and energies of the lattice
vibrations. In the other the electric field causes interband and/or intraband mixing of the one-electron wave function of the crystal. The intraband mixing corresponds to the Franz-Keldysh effect. The atomic
displacement mechanism, which should be important in crystals in
which the electric field produces large atomic displacements, has been
invoked to explain the observation of electric field induced Raman
scattering by "soft" TO phonons in paraelectric crystals [2.50,95]. It
has been suggested [2.89] that the Franz-Keldysh mechanism should
occur in semiconductors, particularly at resonance.
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Electric field induced changes in the first-order scattering by nonpolar or T O phonons has been reported in diamond [2.96] and in CdS
[2.623. The small changes in the atomic displacement Raman tensor,
which were quadratic in the external field in both cases, could be measured
only because they interfered with field independent scattering. In CdS
[2.62] the field-induced change in scattering by Raman active T O
phonons was observed only under strong resonance of the photon
energy with the exciton transition. This was taken as an indication that
the dominant mechanism for electric field induced scattering in CdS
is associated with the Franz-Keldysh effect. A more detailed discussion
of this mechanism will be given in the next subsection.

2.3.3. The Electro-Optic Raman Tensor
Three-Band Electro-Optic Raman Tensor
The frequency dispersion of the three-band electro-optic Raman tensor
may be calculated by means of (2.60), from the frequency dispersion of the
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direct linear electro-optic tensor. As noted by BELL [2.97-1, the frequency
dependence of the direct electro-optic tensor is essentially the same as the
(2) .CO1, (D)u]frequency dependence of the second-order susceptibility [X.~(
This nonlinear susceptibility describes the mixing of two electromagnetic waves at frequencies ~ol and co (for co >>coy) to generate a third
electromagnetic wave at co2. Thus, the three-band electro-optic Raman
tensor is given by
'"

Ix, ~ (col, 0)]u.

(2.104)

Expressions for [ZI,2,?~(col,0)]u of zinc blende-type semiconductors have
been obtained by BELL[2.34] using a model density of states to describe
the interband transitions at the Eo, Eo + Ao, E~ and E~ + A~ energy gaps.
The resonant part of the three-band electro-optic Raman tensor
may also be calculated using (2.101) and (2.102) and replacing the
deformation potential coefficients by factors which are proportional
to the interband momentum matrix elements. As a consequence, the
frequency dispersion of the resonant part of b~'~(co~,co) should be
similar to that of the resonant three-band contributions to the atomic
displacement Raman tensor.

Two-Band Electro-Optic Raman Tensor: q-Dependent Terms
The q-dependent terms of the resonant two-band electro-optic Raman
tensor arise from the q-dependence of the resonant denominators and
of the intraband matrix elements of the Fr6hlich electron-phonon
interaction given by (2.53) and (2.57). There are additional contributions
associated with the k~- and kz-dependent terms of the momentum
matrix elements. However, as in the case of the atomic displacement
Raman tensor, the latter will generally be important only for dipole
forbidden transitions to the intermediate electronic states [Ref. 8.1, Sect.
2.2.8].
The terms in b/,~z(oJt,co, q) which are associated with the q-dependence of the intraband matrix elements of the Fr~Shlich interaction
can be calculated by expanding these matrix elements, given by (2.55)
and (2.59), in powers of q. The contributions to the first-order transition
susceptibility obtained in this way are discussed by MARTINand FALICOV
[2.75] in Chapter 3. It is shown that in this case the leading term of
buv~(ool,co, q ) is linear in q [Ref. 8.1, Sect. 2.2.8].
Electric Field Induced Contributions to the Electro-Optic Raman Tensors

We have pointed out in the previous subsection that two basic mechanisms have been proposed to explain the effects of an external (or
built-in) electric field on the Raman scattering processes. One me-
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chanism is associated with the field induced displacements of the ions
in the crystal. It accounts for the field induced contributions to the
atomic displacement Raman tensor of "soft" TO phonons of paraelectric crystals. The other mechanism is associated with field induced
interband and intraband (or Franz-Keldysh) mixing of the one-electron
states of the crystal. The mixing of wave functions brings about changes
in the matrix elements of the JFA and the .gffELinteractions, as well as
in the interband transition energies. Such a mechanism is particularly
effective in inducing a q = 0 contribution to the resonant two-band
electro-optic Raman tensor of LO phonons [Ref. 8.1, Sect. 2.2.8d].
In the q = 0 limit the macroscopic electric field of LO phonons is
similar to that of a dc electric field. Consequently, the terms in the
electro-optic Raman tensors linear in the external or built-in electric
field are, in the q = 0 quasi-static approximation, identical to the frequency-dependent quadratic electro-optic tensor for two dc applied
electric fields. The interband and Franz-Keldysh mixing of wave functions induced by electric fields has also been invoked in the calculation
of the third-order nonlinear susceptibility of semiconductor crystals
[2.98, 99]. It is now well established [2.99] that the dominant contribution to the resonant third-order nonlinear susceptibility comes from the
Franz-Keldysh effect. We expect therefore that the largest effects of the
electric field on the resonant Raman scattering by LO phonons in
semiconductor crystals will also come from Franz-Keldysh (two-band)
effects.
The resonant two-band electro-optic Raman tensor, in the presence
of a homogeneous electric field, may be written as
~t
buva(oJ,
, (2) , q, 8,) = (eZ/m2 ¢o~ V) ( c l p , lv) (vlpvlc)

(2.105)

• ~ ~0.(0, 8.) q>~'(0, 8 ° ) ~ [ L (~,/~, q, 8.) [(E. - h¢o,)(E¢ - h¢o2)3-',
where <p,(r, 8,) are envelope functions which describe the dynamics of
the electron-hole pair intermediate states in a homogeneous electric
field and HEVL(~, fl, q, 8,) is the intraband matrix element of the Fr6hlich
interaction. HVc(~,/:0 may be calculated with (2.57), provided ~p,(r)
and ~p~(r) are replaced by ~o,(r, 8~) and ~%(r, 8,). The q-independent
term of this matrix element is given by [2.100]
HVc (~, ]3, 0, 8,) -- - Y(oJL) ~ - d,~(8,),

(2.106)

d~p (8,) -- e j" d s r ¢p~(r, 8~) r ¢p} (r, 8a)

(2.107)

where
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are the dipole moments of the electron-hole pair states induced by the
electric field and ~ is the phonon unit polarization vector. Since the
induced dipole moments are parallel tothe field, q-independent scattering
involves only LO phonons for which ~. g, #: 0.
The d~p(d,) have been calculated in closed form only for the case of 1S
hydrogenic exciton intermediate states. In this case the term in HEVL(IS,
1S, q, 6"~), which is linear in q and ~a, may be written as ([2.100] and
references therein)
HFL(1S, 1S, q, g.)
_ e 2(e0L) {(9)(a3/e 2) G -- i(m~ -- m2/M)(q/2a2o)},

(2.108)

where a 0 is the exciton Bohr radius• In (2.108) q, the phonon wave vector,
is equal to the scattering wave vector. Wave vector conservation occurs
in the Franz-Keldysh mechanism for field induced scattering because a
uniform electric field does not affect the motion of the center of mass of
the electron-hole pairs. The terms linear in o~a and q in the resonant
two-band electro-optic Raman tensor may be obtained by using (2•108)
in (2•105). The magnitude of this tensor is given by
b"(~o,, on, q, ~) ~- - (e/me) [ ( 9 ) ( a ~ / e 2) d~ - i ( m 2 - m2/2 M a 2) q]
• [-ZlS(O)I) -- ~1S(0)1 -- (DL) ] .

(2.109)

where gxs(091) is the contribution of the 1S exciton to the electric susceptibility. In deriving (2• 109), only the term independent of ~ in ~(ls(O~1)
was considered. In addition, we neglected the Stark shift of the exciton
energy• The fact that in (2•109) the term linear in q is purely imaginary
and the q-independent d-induced term is real means that there is no
interference term between their contributions to the scattering crosssection.
GaY et al. [2.100] have calculated by means of (2.108) the parameter
Xls(q, ,8) = I~O,s(0,~,l 2 HEFL(1S, 1S, q, o¢,)

(2.110)

which determines the magnitude of the field induced terms of the twoband electro-optic Raman tensor. Figure 2.12 shows the result of this
calculation for crystals with properties similar to CdS. In this figure we
see that IXls(q, Sa)l z for small fields increases proportionally to g2
until it reaches a maximum and decreases. This decrease is a consequence of the electric field induced separation of the electron and hole
pair in the electric field. The latter causes a decrease in q~s(0, ga) which
measures the overlap of the electron and hole wave functions. For large
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[2.1003)
fields, the decrease in ~Ols(0,8,) overrides the increase in the induced
dipole moment d~s(N,). The decreases in the envelope functions of
electron-hole pairs in an electric field is not limited to hydrogenic
excitons but also occurs for other electronic interband transitions of the
crystal. The field induced decrease in the envelope function of the electronhole pair states will also affect the resonant atomic displacement Raman
tensor. SHAND and BURSTEIN [2.62] suggested that this effect may
explain the field-induced decrease in the intensities of resonant allowed
scattering by TO phonons in CdS mentioned in the previous subsection.
The q-independent part of the resonant electric field induced
scattering cross-section of optical phonons was also considered by
PEUKER et al. [2.101]. These authors discussed the case in which there
are no excitonic effects in the intermediate electronic interband transitions. For scattering by LO phonons involving the q-independent, field
dependent, two-band electro-optic Raman tensor, the cross-section,
like in the case of resonance with 1S exciton transitions, is quadratic in g,
for small fields until it reaches a maximum and decreases. This depends
on resonance conditions through the parameter ~ = (rag-o~l)/Q, where
Q = (he28,/2tt*) ~/3 is the electro-optic frequency and #* is the reduced
effective mass for the electronic interband transitions. The maximum
in the cross-section occurs for ~ 1. This behavior results from the
fact that, for the case under consideration, the envelope functions which
enter in (2.105) are Airy functions [2.6, 89].
Resonant electric field induced Raman scattering by LO phonons
has been observed in CdS [2.62], InSb [2.59], InAs [2.16,60], PbYe
[2.61], and SnTe [2.61]. in the case of CdS the experiments were carried
out, for photon energies below the exciton ground state, by application
of a homogeneous electric field. The results are in qualitative agreements
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with the predictions of the Franz-Keldysh mechanism shown in Fig. 2.12.
In the case of InSb, InAs, PbTe, and SnTe the scattering was induced
by surface space charge electric fields. A comparison of the results of
surface electric field induced Raman scattering experiments with the
predictions of the Franz-Keldysh mechanism is difficult because the
surface electric field is highly inhomogeneous. Nevertheless, this is a
subject which deserves further attention because it opens up the possibility of studying the surface properties of crystal by light scattering
spectroscopy [2.16] (see [Ref. 8.1, Fig. 2.40]).

2.4. Concluding Remarks
We have attempted in this chapter to present a "unified" discussion of
the physics of inelastic light scattering in semiconductors and insulators
with particular emphasis on Raman scattering by collective excitation.
Toward this end, we have stressed basic concepts and underlying physics
rather than formalism or quantitative comparison with experiment.
Some aspects, such as the polariton formulation of light scattering,
were not covered largely because they are adequately covered by recent
papers in the literature--for example the polariton formulation of light
scattering was reviewed by MILLS et al. [2.15] or are discussed in
detail in other chapters in this volume. In any case, the particular approach that we have followed, and the subject matter that we have
emphasized, reflects, as it always does in any review, our personal
viewpoint and that of the editor.
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3. Resonant Raman Scattering
R. M. MARTIN and L. M. FALICOV*
With 20 Figures

Ordinary Raman scattering studies yield information on low-energy
excitations of molecules, liquids, and solids. Such information, contained
in the frequency shift, k-vector and polarization of the scattered photon,
is in general restricted to states which are typically up to 5 x 10 -2 eV
from the ground state of the system under study. The frequencies of
both the incoming and outgoing radiation are in themselves somewhat
irrelevant quantities; only their difference carries the important information.
In this chapter, we study in detail those aspects of the Raman scattering phenomena which are related to resonant behavior. By using
resonant characteristics, we involve in the process, in a direct way, welldefined excited states of the material system and therefore we can study
their properties. Resonant Raman Scattering (RRS) allows us thus to
explore the spectrum of the material in the range of energies of the
photon energy itself, typically 1-5 eV for conventional experiments. In
this resepect we may say that RRS is to ordinary Raman spectroscopy as
optical spectroscopy is to classical optics.
Since the frequencies of the incoming and outgoing photons are of
fundamental importance in RRS, and since their difference is a characteristic property of the material, RRS experiments are concerned
simultaneously with high and low frequencies strongly coupled in the
process. We may say in this respect that RRS is related to modulation
spectroscopy, with the important difference, however, that the low
frequency modulation is not provided or controlled by the experimenter.
The mathematics of the "coupled oscillators" is nevertheless very similar
in both cases.
Information closely related to that obtained in RRS can be drawn
out of other experiments, in particular absorption, emission and their
combined process, known in the literature as fluorescence when applied
to molecules and liquids or as luminescence when applied to solids.
In particular, luminescence, or more specifically "hot" luminescence,
is hard to distinguish from RRS, and the criteria used to differentiate
* Research supported in part by the National Science Foundation through Grant
DMR 72-03106-A01.
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Fig. 3.1. Graphical description of the various excitations and interactions in the radiation
field and material system. Time is supposed to evolve from left to right

one from the other are mostly operational, based on theoretical formalisms or experimental convenience; they vary widely from researcher
to researcher.

3.1. Fundamental Definitions and Basic Properties
In order to make our language precise and to define properly the terms
used in this chapter, we use the rest of this introduction to go back to
the fundamental definitions and basic properties of the RRS phenomenon.
The systems we are concerned with consist of the radiation field,
described by a radiation Hamiltonian ~R and a material system (solid,
molecule, atom, solution, etc.) described by a Hamiltonian ~M. Radiation
and matter interact [3.1] via an interaction Hamiltonian ~MR. The
radiation Hamiltonian is quantized in the well-known way [3.1], its
quanta being photons of wave vector k, polarization mode 2, polarization
vector ~ and angular frequency og~a= ck. The energy associated with a
given eigenstate of o~¢t'i,measured from the vacuum level is
W({nka}) = ~ nkzhtnt, x.

(3.1)

k,2

In the graphic representation defined in Fig. 3.1, a photon is described by
a dashed line.
The material system, as described by o~M,exhibits an energy spectrum
{E,}. Its ground state energy E0 is taken to be zero. All other eigenstates n
have an excitation energy E, and, to some degree of approximation, can
be described as a superposition of elementary excitations: one-electron

Resonant Raman Scattering
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Fig. 3.2a -e. Graphical representations of: (a) a generalized Raman process; (b) the two
"basic" Raman matrix elements; (c) the simplest Resonant Raman process; (d) a generalized
Resonant Raman process; (e) a generalized double Resonant Raman process

excitations, hole-like excitations, exciton states, phonons, spin-waves,
or plasmons in a solid; electronic, vibronic or rotational modes in a
molecule or electron excitations in an atom. Graphic representation
of some of these excitations is shown in Fig. 3.1.
In Fig. 3.2a we show graphically the Raman process we are concerned with. It involves a change of state of the material system between
the initial and final states and an exchange of energy with the radiation
field (inelastic scattering). The radiation field may in general either give
energy to the material system (Stokes line) or receive energy from it
(anti-Stokes line). This last process can only take place if the material
system is originally in a state other than the ground state, i.e. in a thermally or otherwise activated state. We restrict ourselves here only to the
Stokes line at very low temperatures. The initial state, as shown in
Fig. 3.2a, involves the material system in its ground state. It contains,
in addition, a photon (k121) of frequency 091, which becomes scattered
in the final state into another photon (k222) of frequency 092 leaving
behind the material system in an excited state of energy E I. Conservation
of energy requires
ho-}l = hco2 + E f .

(3.2)
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The differential cross-section d e for the Raman scattering of an initial
photon (k 121) into a photon of frequency between ~oz and (coz + dco2)
of polarization 2z and such that k 2 is in a small solid angle dO about
the direction 0 is given [3.1] by
d~r(k, 2x ; co~ 022) = (2~/hc) Y / F. IKaf ,,ol z 6(h~oz + E f - hoJ,), (3.3)
k2 f

where the summation over ks is restricted over a small volume in kspace, and K is an appropriate "high-order matrix element" of ~MR
connecting the initial and final states (see Fig. 3.2a). The above equation
can be simplified by effecting explicitly the summation over k 2. This
yields
drr(kl 21 ; rn2 021) = [df2/(4~ 2 h4c4)] 2 ' IKz y.aol z (h°~l - E l ) z , (3.4)
f

where the summation is now restricted to those states for which
hco 2 < fioJ 1 - E f < h(co 2 + do~2).

(3.5)

It is possible now to distinguish three different cases:
i) The final states f which satisfy (3.5) are such that E I is in the discrete
part of the spectrum {E,,} : such is the case for instance when the material
system is a molecule and the state f is a given vibronic mode. If we
assume that there is only one such mode, and we write
d t tr(k121;0)~2)=

~

do-

t02

we obtain the well-known result [-3.1]
dl a(k121;O)o2) = IK2y,lo[2(heol - E f) 2 dO/(4rc2h'* c4).

(3.6)

The scattered photon is in a very narrow frequency band around
h~o 2 = hoJ 1 - E y . In other words, the outgoing photon spectrum has a
delta-function-like line shape.
ii) The final states f which satisfy (3.5) are such that E I lies in the
continuum of the {E,,} spectrum; selection rules, however, make K
non-zero for only one (or a finite number) of the final states. Such is the
case of ordinary first-order Raman scattering in a crystal, in which the
final state involves a phonon of wave vector q and branch v, with energy
E s = hoo~(q). Quasi-momentum conservation requires that
kI = k2 +q,

(3.7)
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and since Ikl[ ~ Ik2[ and both are much smaller than a typical Brillouin
zone wave vector, q ~ 0. In this case (3.6) is still valid if E : is replaced by
E f = ho)~(k 1 - k2)~ hoJv(O ).
iii) In this case, the final states f in (3.4) which satisfy (3.5) are in the
continuum part of the spectrum {E,,}, and an infinite (continuum)
subset of them have a non-zero matrix element K connecting them to the
ground state. If we now make the dependence of K on E : explicit and
denote by 0 (E:) the density of states of the material system, (3.4) reduces
to
d a ( k l 21 ; t;020 22)
= [doJ z d12/(4n 2 hc4)] (~2) e I K ( E : = htnl - hco2)l2
•O

(El =

h (I) 1 - - h

(3.8)

(D2).

Equation (3.8) yields a non-zero cross-section for all scattered frequencies
~o2 such that the product ] K ( E : = h e h - hco2)[2 o ( E : = h ~ l - hco2) does
not vanish. This yields a band spectrum for any direction 0. An example
of this case is the ordinary second-order Raman scattering in a crystal
in which two phonons of branch v and wave vector ql and q2 are emitted.
Quasi-momentum conservation requires that
k I = k 2 -k- ql -k-q2

(3.9)

which can be approximated by
ql

=

--

q2

=

q

•

If the density of one-phonon states of frequency ~oq and branch v is
denoted by 01,(h~%), the total density of final states which enters into
(3.8) and takes account of wave-vector conservation is
Q (E:) - .~(h~o~ = e : / 2 ) .

Formulae (3.6) and (3.8) are the fundamental ones in the theory of
Raman scattering. The information we seek is all contained in either
[K[ 2 or in the product IKI 2 6. The study of the matrix element K is therefore paramount and is the subject of our next section.

3.2. The Raman Matrix Elements
Since Raman scattering involves two photons (one absorbed, one
emitted), from the point of view of formal quantum electrodynamics
[3.1] it is a second-order process in ,~M~: the two basic second-order
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matrix elements which contribute to the cross-section are shown in
Fig. 3.2b, and their contribution can be written as
K2i,xo = ~. { (6°2fl'kf°MRI0i) (0iI~MRIOg~O>
•

(h ~o~ - E 3

(3.10)

<~2 f I~'~,R1092~l i) (maw . iI~MRIO~ O) ]
+

(__ he92 - Ei)

~'

where 0, i, and f denote the ground, intermediate, and final states of the
material system. The ket leGI ) designates the presence of a photon of
frequency ~o~, while 101) the fact that this photon has been destroyed.
It is instructive at this point to compare the above expression with that
for a generalized susceptibility, given by

z/o,l- Z { (~9ol ,;4~MR10i)
G - g(0il ~hR IO90)
+ (~oI,~MR[2o~i) (2~oi[.¢fUR[rno) }

I3.11)

The following features are worth noticing:
a) Both expressions consist of terms which contain two matrix
elements of "~MR in the numerator and a linear frequency dependent
denominator.
b) In (3.10) and (3.1 1), the first kind of terms can both diverge linearly
in the frequency as hog~ or h~o approaches an energy eigenvalue E i
(resonant denominator).
c) The numerators in (3.11) are positive definite quantities; the
numerators in (3.10) are arbitrary complex numbers which may interfere
with one another so as to cancel partially or totally their individual
contributions.
Equation (3.10) gives the lowest order contribution to the matrix
element K. It is, in general, not sufficient to use (3.10) to interpret experimental RRS data. This is due to two different causes:
1) The spectrum {Ei} and eigenstates li) of the material system
are in general not known, and they should be, therefore, studied by
making suitable approximations. These most commonly involve a
description in terms ofq uasi-particles or elementary excitations (electrons,
holes, phonons, plasmons, magnons, etc.) and their multiple interactions.
In terms of such a description, K may involve various order of perturbation theory in some between quasi-particles interaction. For
example, the simple case of one-phonon Raman scattering is at least
first-order in the electron-phonon interaction while a two-phonon
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process requires at least second-order contributions. The approximate
description of the spectrum {E~} also implies that the states 1i) which
we include in the expression (3.10) are not true eigenstates o f ~ and that
consequently such states decay into other states with a given lifetime z i.
This is equivalent to saying that the energy E; has a small imaginary
component
Im { E i }

= hTi =

h/Ti

(3.12)

which describes such finite lifetime effects.
2) The treatment of K in (3.10) in second-order perturbation theory
neglects important effects which are relevant in many cases. Two such
effects are worth mentioning. First, the multiple interaction of matter
and radiation provides the states Ii) of the material system with an
intrinsic (radiative) lifetime. In other words, there is a contribution to ?'i
in (3.12) arising from multiple absorption and emission of photons;
even in the hypothetical case in which we could know the spectrum of
~ exactly, the higher-order effects of~MR would provide a finite lifetime
for each state Ii)- Second, the multiple interaction of photons with
matter produces hybrid modes of excitation which may influence the
interpretation of Raman scattering. For instance, an optical phonon and
a photon, or an exciton and a photon, interact strongly so as to become
a polariton, with a different dispersion relation from either that of a
phonon, or an exciton, or a photon. The general interaction of a photon
with matter changes its dispersion relation with a consequent change
of the parameters which characterize the propagation (wave vector,
group velocity, etc.).
It is, however, important to remark that when all these considerations
are taken into account, i.e. when Ii) is in fact a hybrid mode described
only in an approximate way by a superposition of various elementary
excitations and El contains lifetimes effects in the form of a "rather
small" imaginary term, then (3.10) is a very good approximation for
describing Raman scattering cross-sections (3.6) and (3.8).
A RRS process is one in which the incident frequency ~ol is such that
h~o~ ~ Re{Ei},

(3.13)

where li) is a state of the material system accessible from the ground
state by electromagnetic radiation absorption. The simplest example of
RRS is illustrated in Fig. 3.2c and it corresponds to the first graph in
Fig. 3.2b when (3.13) is satisfied. The RRS general process is indicated
in Fig. 3.2d in which the boxes contain all the necessary intermediate
states which permit a transition from I0) to li) and from ]i) to I.l)- It is
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important to notice that, close to resonance, only a few at most of the
terms in (3.10) give a large (resonant) contribution. In order to describe
the frequency dependence of the matrix elements, it is a good approximation to retain in (3.10) only the terms with small denominators,
K2s, l o ~

~

(¢02fl~MalOi>(Oil~MR10310)
h~o~-Re{El} -ihT~
'

(3.14)

Ei ~ htol

where the sum is restricted to a region of energy near h~oI . This means
that only some, and in general very few, of the many diagrams which
contribute to a given Raman scattering process can become resonant.
For example, the emission-first-absorption-second diagram in Fig. 3.2b
can never be a resonant one.
It is possible, however, to have several states li), Ij ) , etc. with approximately the same energy E l - E j ~ h co1 which may resonate simultaneously. If an approximate description is used for the states li) and
[j) and a given perturbation connects them in some well-defined way,
it is also possible to have successive multiple resonance, as is illustrated
in Fig. 3.2e; such processes contain in formal perturbation theory
energy denominators in which two factors tend to zero simultaneously.
Resonant enhancement in these cases may involve extra features in the
spectrum [Ref. 8.1, Sect. 2.2.11].
We now discuss the frequency dependence of K for various cases.
As with the final state I f ) in Section 3.1, we classify them according
to the spectral properties of the intermediate state li):
I) The resonant state i is such that E~ is in the discrete part of the
spectrum {E,,} ;
lI) Although E; falls in the middle of the continuum of {E,,}, selection
rules make only one (or a finite number) of the states li) have either a
non-zero (e~2J'I~MRI0i) or a non-zero (0ilJt'~RI~O10)- For each pair
of initial [~olo) and final [o)2 f ) states, there is only one resonant intermediate state 10i) ;
III) There are an infinite (continuum) number of states in the resonant
region (3.13).
In the first case, if only one state exists in the resonant region, and we
write
Re{Ei} =

hogi,

(3.15)

(c02.fl~k(F/,Mal0i) ~

Mfi,

(3.16)

(0il,'/r~s L~ , o ) - M i o ,

(3.17)
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substitution in (3.14) yields

IM:iMi°12
IKz:'~°12 ~- h z [(to, - eoi)2 + ~,23 ,

(3.18)

which should be substituted in (3.6) to obtain the cross-section. We
can qualitatively distinguish two different resonant regions: very close
to resonance A t o , - I t o , - to~l <7;, the cross-section is dominated by
lifetime effects as in the case of resonance fluorescence [-3.1]
IKzf.~o] 2 ~ IMf Mo[2/h2y2; Ato,

(3.19)

< 7i ;

if A to~ > ~ but still the contribution of the i state is the dominant one
[K2f.tol 2 ~

IM:Mol2/hZ(oal --toi) 2, A°ai > Yi.

(3.20)

There is, of course, a continuous transition between (3.19) and (3.20),
as is indicated by (3.18).
The study of the spectrum, i.e. the frequency to~ dependence of the
cross-sections (3.6) and (3.8), is closely related to the study of time
evolution of the Raman process. As is well known from quantum electrodynamics [3.1], the line broadening parameter hy~ is directly related,
through lifetime processes, to the "time delay" between absorption of
the incoming photon to, and the emission of the outgoing one to2. The
process described by (3.18) takes place with a typical exponential time
dependence with characteristic time given by z~--1/y i. Through the
usual Fourier transform arguments (or equivalently Heisenberg's
uncertainty principle) we may associate the on-resonance region ( 3 . 1 9 ) small energy uncertainty--with slow processes, and the off-resonance
region (3.20)--larger energy uncertainty--with fast processes. The
distinction between slow and fast process only becomes apparent if an
outside time scale is imposed on the measurements by experimental
conditions. For example, if the incoming photon is produced by a laser
with a fast on-off switching time ~L(7~ZL'~ 1), which is switched on at
time t = 0 and off at time t = TL, the Raman emission intensity [3.2, 3]
as a function of time is at resonance to1 = c°t,

l(t)oc ~y~[1-exp(-tT,/2)] 2 ,
[I(TOexpE-7~(t-

T0],

t<TL
t > TL

(3.21)

while far away from resonance A to; >> 7,"

I (t) oc

[(Atoi)- ZEl--exp(--t/ZL)] z,
LI (TE) exp [ -- 2 (t -- TL)/ZL],

t < TL
t > TL .

(3.22)
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In other words, for A coi< 7i all processes are slow, dominated by lifetime
effects; for A o)i > 7i, all processes are fast (instantaneous), dominated
by experimental conditions.
A simple extension of the above is for systems which are inhomogenously broadened, i.e., a collection of independent systems (e.g.,
molecules) which have a distribution of levels coi around a mean value
O)io. This randomness in ml is brought about by collisions, random
environments, etc. If the probability that a given system has its only
resonant state li) with energy between hoJi and h(a h +do)i) given by
P(mi) do)i, then the weighted average [K[2 is given by
IK2:'1°12 =

P (o)i) d ~ i

IM:iMi°12 [" h 2 [(oh - o~i)2 + ~'~] "

(3.23)

It is interesting to note that in this particular case some members of
the ensemble may be in the Io)i -col] ~> ":i (fast) regime, while some others
may be at resonance or in the ]~oi - ~oll < 71 (slow) regime.
If E i falls in the continuum of {E,,} but selection rules make only
one such state li> available as an intermediate state---case 1I)--(3.18) is
still valid. The important distinction in this case, however, is that the
pertinent state ]i> will in general vary with the k-vector, frequency and
polarization of the incoming and outgoing photons as well as with the
nature of the final state I./). This dependence may have important
consequences in the interpretation of experimental data. For example,
if there is a continuum of available final states--case iii) of Section 3 . 1 and a one-to-one correspondence between final state and intermediate
resonant state -case II) in the present context--f~---~i, then from (3.4)
and (3.18) we obtain

da(kl 21; ~z0 22)
= [dO/(4n2h4c4)] ~,'[

IM:~M~o(f)f

~ (h co~ - E : ) ~

(3.24)

f

where the summation is to be carried with the restriction (3.5). The
summation in (3.24) is over final states, but because of the one-to-one
correspondence .f~--,i, it is also a summation over intermediate resonant
states. It is worth remarking here that in this case we are effectively
summing IKI 2 over intermediate states: since each intermediate state
contributes to a different final state, the effects are additive and no
interference takes place. This result is very similar to the case of inhomogeneous broadening, the difference being that the matrix elements
Mri and Mio and the energies h~oi(.l') may be general functions of the

Resonant R a m a n Scattering

89

final state. Just as before, there are contributions from both slow and
fast scattering with the relative contribution dependent on the specific
case.
If several discrete levels exist in the resonant region, interference effects
may arise a m o n g the various terms in (3.14) which should be added

before squaring K
IKzr,,ol 2 =:
i

Mf,M,o
h(o,[ : ~,) - ihy,

2
"

(3.25)

The form of the resonance is determined by the phase and functional
dependence of the matrix elements, and the position of the poles. We
need not enumerate the many possibilities, but we note that formulas
like ( 3 . 2 5 ~ w h i c h are required to determine the RRS cross section
over a larger frequency range---can yield a large variety of resonance
behaviors.
Finally, for case IlI), there is a continuum of states i which resonate
with each initial Jco~o) and final Ico2f ) state pair. In this particular
case, the summation in (3.14) can be reduced to an integral

Mi(co3M0(mi)
K 2 f , 10 ~

5 O)1 - - (D i - -

i y goi) Oi(E = h ¢oi) d coi

(3.26)

which should be evaluated for each particular case. We note in passing
that (3.26) also describes the case of discrete intermediate states when Qi
consists of one or a sum of delta functions.
It may be of interest to calculate (3.26) for the case of constant
(Mj.Mo), constant 7, and various forms of Oi. If we take
0,
~i(h¢D) =

oa<A;

O~((D--A) (d- 2)/2,

O,

A < co < A + co¢ ;

(3.27)

o ) > A +¢o¢;

where d is an index which represents the dimension (d = 1, 2, or 3), A is
the band gap and ¢*)cis a cut-off energy, we obtain
1'2

a2

K2~.~ o = ( M s M 0 a ) x

In a

d= 2

-2~'12+aln U__~7~IJ,

(3.28)

d-3
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where we have written
a ~ ((D 1 -- ZI -- i ~,)1 ]2.

(3.29)

The resonant effect is quite apparent from (3.28). In the limit of large
lifetimes ~ 0 , as col approaches the threshold value A, this approximation gives for IKI2 an (% - A)-1 divergence in one dimension, a weak
logarithmic divergence in two dimensions, and a convergent result
(enhancement but no divergence) in three dimensions. It is important
to remark that (3.28) applies only if M: and M~ can both be considered
constant as a function of ~o~. It is also interesting to notice that in the
preceding cases, we find

K~:,1o(Ol) ~- (M:/M~) Z(ol),

(3.30)

whenever the matrix elements are taken to be constant; in (3.30) X(Ol)
is the resonant contribution to the susceptibility. This holds for a discrete
intermediate state--in which case X(Ol) is a Lorentzian amplitude--for
the case of inhomogeneous broadening--where :g(co~)also reflects the
broadening--and for the continuum case. It should be emphasized that 2
in (3.30) is the total resonant susceptibility. In the language of quasiparticles it includes not only the direct terms but also the excitationassisted transitions, e.g., phonon-assisted emission and absorption.
If the matrix elements cannot be considered constant, then, of course,
(3.30) does not apply. This is evident in (3.25) where the relative phases
and magnitudes of the matrix elements change qualitatively the resonance line shape.
In each of the preceding examples the nature of the intermediate
states is completely hidden in the matrix elements. The formal assumption of constancy in the matrix elements was essential to the previous
analysis; it is, however, justified only in few special cases. To go beyond
this assumption in a systematic way, it is convenient to consider a
description of ,,ugM in terms of approximate quasi-particle states and
include the quasi-particle-quasi-particle interaction Hamiltonian ocgfi
as a perturbation. Consider now the case in which the (approximate)
state li) is coupled to 1o) by 9¢gMR
Mio -~ ( il ~Ma lO) ,
the state Ij ) is coupled to I f ) also by ~:MR
M: j = ( . f IO~MR[J)
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(a)

Ib)

(el

______©
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)

Fig. 3.3a-c. Graphical representation of Raman processes involving phonons: (a) a onephonon process mediated by an electron-hole pair; (b) a two-phonon process mediated
by an electron-hole pair; (c) a one-phonon process mediated by an exciton

and the states ]i) and IJ) are coupled to one another by o,ff~

Expansion of eigenfunctions and eigenvalues of JgM in a perturbation
series in ~ leads to new expressions for the matrix element K near
resonance (3.14). To first order in ~ this procedure yields [Ref. 8.1, Eq.
(2.160)].

K2f'l°~ ~

_Mfj ~/~jiiMio_ =
1;
[h2(O)l--(-Di--i~i)(O
h -- ¢Oj-- iYi)

(3.3 1)

to second order in J¢'~ it gives
K2f,10

= i~jk [
..

Mf j ,/[4Cjk./#k i Mi_~O
h3(~ol--Ogi--ivi)(Oh--~k--iTk)(OgX--~o;--iv;)

](3.32)
'

and so forth to any desired order. In (3.31) and (3.32), as in (3.14), we have
kept only the most resonant terms.
Examples of the higher-order diagrams described by these equations
are shown in Fig. 3.3. In the three graphs there depicted we have taken
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the most c o m m o n case in which the radiation interacts directly only
with the electronic part of the material system. Thus the vertices representing ,YgM~interactions always involve creation or destruction of
electronic states: no other quasi-particles are involved in these ~'~MR
vertices. Therefore, in (3.31) and (3.32) the state Ii) is a purely electronic
excited state and the state Ij ) contains the quasi-particles found in [ f )
in addition to an excited electronic state. For first-order perturbation
in ~,~, as described by (3.3 l), ,gji must create the quasi-particle (phonon)
found in the final state. Therefore, the energy of the I.J) state heoj is just
the sum of an electronic energy ho~ and the final state energy h~os.
The expression (3.31) can thus be rewritten [Ref. 8.1, Eq. (2.160)].

K~s,~ = ~[h~(~o~
o

;M-sJ~/6'M'~°
-

~oi -

i7i) (~oz -

~

-

i~,~.)

1"

(3.33)

Here we have used the equation for conservation of energy (3.2) and we
have made explicit that o)~ and co~ are purely electronic excitation
energies.
There are two different domains for (3.33): 1) where only one factor
in the energy denominator is resonant and the other factor is far from
resonance, the latter may be considered constant and taken outside the
summation over resonant states; 2) where the simultaneous variation
of the two factors in the denominator is essential.
The second case can be called "double resonance"--or "multiple
resonance" in the case of higher orders and more factors in the denominator. The first case clearly leads to results of the same form as those
given in (3.15)-(3.30). The only difference is that in (3.33) there are two
resonant regions, one which involves ¢ol, the other involves 092. Hence,
with the assumption of constant matrix elements for the quasi-particle
interactions, we find
K2:,1o = A1 Z~(O91)+ A2 g~(mz) .

(3.34)

Unlike (3.30), Z~ here is the resonant contribution to the susceptibility
of only electronic states

Xo(~o)= ~ [ h(~o- ~oi - iTi) )'

(3.35)

where the summation is restricted to only electronic excited states such
that ~o~---~o, The constants A~ and A2 in (3.34) are effective coupling
constants. They are in general unrelated to one another. However, for
cases of high symmetry (e.g., for photon polarizations ~ and ~2 along
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equivalent crystal directions) so that M o t = Mss, we find At ~ A * .
Within the approximations made, (3.34) and (3.35) are equally valid for
intermediate states either in the continuum or in the discrete part of the
spectrum.
The various possible cases of double resonance, e.g., two discrete
levels, one discrete and one continuum levels, etc., become very numerous.
The discussion here, if carried in a complete fashion, would involve a
lengthy enumeration along the lines followed for one resonant set [i).
We therefore reduce our explicit study to two cases of special interest;
both involve Ii) and [j) in the continuum part of the spectrum {E,,}.
The first case we want to discuss corresponds to taking the product
of matrix elements (Msj..g@M~o) to be, within the manifolds {[i)}
and {[j)}, independent of the states 1i) and lJ). This means that we
couple any It) to any lJ) with approximately equal strength in addition
to coupling [i) to 1o) and IJ) to ].f) with constant strength, independent
of It) and [j). Under these conditions, which we call independent double
resonance,

Kz.f.~o
-~ (Mr "/t M°)

(3.36)

h(~, - <,)p- i ~

h(~o~ -

,
co~ -

)
i z,j)

which can be rewritten as

Kzj. xo(COi)~(o/[//MTM*)x¢(~o,)X~((oz) for ~o)~---co~

(3.37)

t~5 -~ ~ .

We can reinterpret (3.36) by saying that for an independent double
resonance, the Raman matrix element is proportional to the product
of two susceptibility functions. As an example, this may be the appropriate perturbation approximation for RRS from a molecule in
which ri) and Jj ) are states in the dissociation continuum.
A second example of double resonance is what we call coupled
double resonance. It corresponds to states }i) and lJ) also both in the
continuum of {E,}, but ,-'//is is such that selection rules require it to be
non-zero only for unique, well-defined pairs i*--~]. For each i there
is only one j such that oJ//i~4= 0, and vice versa. If we change notation
to make this one-to-one relation explicit i--,ai, j--*bi,

K2Y.l o =

h2(~ol_oj~i_i,,, i)(co2_o~ii_i~,,bi )

(3.38)
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which, with constant matrix elements assumption, reduces to
K 2 f , lo

1

]

~ (M:"gb,,Mo) ~ [ h ,.(~ol _ ~ o ~ - i?.i) (o92 - ~ o ~ - iTbi) "

(3.39)

Consider now the case where 09~ = 09~,i, that is the quasi-particle
scattering is between the same or degenerate electronic states. By means
of the identity

1

(x-A)(x-B)

- - -

1 E- ,

A-B

x-A

1]

x-B

(3.40)

and the Definition (3.35), we m a y now write

K2f, lO ~

- zo(~o9
(M:J~bJM*) zo(09~)
h(co2-col)

(3.41)

Equation (3.41) shows that K2:.1 o includes the resonant features of the
susceptibility at both the incoming frequency co1 and the outgoing
frequency 092. If, in particular, the function X~(09) is smoothly varying
between co2 and o91, (3.41) can also be a p p r o x i m a t e d by

L dm J . . . . "

(3.42)

In other words, the R a m a n matrix element for a p h o n o n coupled double
resonance in the resonant regime and for smoothly varying g(og) is
proportional to the derivative of the susceptibility function. In (3.41)
and (3.42), it is often assumed that (M:/M~)= 1, in which case it is
possible to measure directly .,gba.
Explicit evaluation of (3.39) for various cases and models follows a
standard m e t h o d of calculation: typically the following replacements
are m a d e
0 9 a i -~" O )

ogb~- f2(o9) - (091 - 092)

(3.43)

which yields

O,~(E,~i = hm) d09
K2:'~°=(M:'~Cb"M°/h)S (col -- o9-- i7~) (col -- f2-- iTb) "

(3,44)
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In particular, for a linear relationship between f2 and 09
(3.45)

f2= Oo+V09,
(3.39) b e c o m e s

K;e.~o ~- (Ms.gboMo/h)

e,,(h 09) d09
(091 - 09 - iv) (091 - t2o - v09 - iv)"

(3.46)

T h e e x a m p l e (3.41) is a special case of (3.46) a n d c o r r e s p o n d s to
09: = o91 - 090 = 091 - Oo

(3.47)

and v = 1. If in this case we take Qa(h09) as given by (3.27), the well-known
results which a p p l y to o n e - p h o n o n RRS [ 3 . 4 - 8 ] follow for 09c ~
(large
cut-off frequency)
K2f,lo(091,092)
~ (MsJ/gabMo~) x

{ (in/09o) [(l/a) - (l/b)],
d = 1;
(1/09o)ln[a2/b2], d = 2 ;
(in/COo) [a - b],

(3.48)

d = 3.

where a is defined by (3.29) a n d
b = (092 - A - iv) 1/2 = (091 - 090 - A - iv) 1/2 .

(3.49)

These results (3.48) can also be o b t a i n e d from direct application of
(3.39), (3.41), a n d (3.30) to the specific density of states (3.27) and (3.28).
We see a g a i n that in three dimensions there is e n h a n c e m e n t but no
divergence, a n d that there are (09~-1/Z) and (ln091) type divergences for
091 = A and 091 = A + 090 in one and two' dimensions, respectively. These
divergences are only such in the limit V ~ 0 .
In actual e x a m p l e s of RRS it is often a g o o d a p p r o x i m a t i o n to
consider the R a m a n matrix elements to be a linear c o m b i n a t i o n of
three types of terms: one r e s o n a n t one of the form similar to (3.34), a
second r e s o n a n t one of the form similar to (3.41), and a third constant,
n o n - r e s o n a n t term. W e thus find to first order in ,At~s

K2f,ao =

(1/2)(AI + A2) [Z~(091) + Z~(092)]

(3.50)

+ B [Zo(091) - Zo(092)] (09~ - 092) -1 + C .

Typical expressions for Z~(09) are given in (3.28). T h e coefficient B in
(3.50) depends both on the in-the-shell scattering (3.41) and the out-of-
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the-shell scattering (3.34) via (AI--A2). Note that strictly Zo is just the
resonant contribution to the electronic susceptibility. However, if
other contributions to the total susceptibility Z can be considered constant, then (3.50) holds with Z~ replaced by the total Z(co) with a reinterpretation of the constant C.
It is useful to remark that the features of the RRS associated with
Z(og~) are called resonances in the incoming channel, those associated
with X(c02), resonances in the outgoing channel. In each case considered
thus far, the assumptions have led us to resonances which could be
described solely in terms of the in and out channels.
There may be other resonances, in general, which are associated
only with multiple resonances. This may be seen in (3.46). If in the oneto-one correspondence i*-,j of the two successive resonant states the
energy E i increases while E~ decreases and vice versa, a very large
enhancement of K 2 f . 1 o takes place: this extra enhancement does not
take place if Ei and Ej change in the same direction. In order to see this
effect, it is instructive to take in (3.46) the approximation of constant
density of states Q,(hco)=Qa ; the resulting integral evaluated between
( - oo) and ( + Go) is completely straightforward and yields
K2I, 1o
"~(Mf'A[b"M°o"/h)x

(3.51)
]0 if v > 0 ,
L27ri(l+lvl)-~1-(t21-o91)+iT] -I

if

v<0;

where
K21~- K2o/(I -I-Ivl).
Inspection of (3.51) tells us that in this rather unrealistic model there is
phase cancellation (total cancellation in this case) when v > 0, and that
there is an enhancement resulting in a Lorentzian line shape when
v < 0. The cancellation for v > 0 arises from the negative interference
of the two poles in (3.46). These two types of resonance behavior are a
general feature of a double resonance as was pointed out by YACOBV
I-3.67].
In order to look into a situation in which we study the application
of formula (3.50) to RRS in a crystal, and the appearance of the additional structure predicted in (3.51), let us consider a one-dimensional
semiconductor crystal. We assume that an effective-mass electron band
and a flat (infinite mass) hole band, as shown in Fig. 3.4, describe the
electronic states. The energy of the excitations is only a function of the
electron momentum h k.
Eai.(k) - hco,, i = hA + h2 k 2 / 2 m ,

(3.52)
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Fig. 3.4. Diagram of first-order RRS corresponding to Fig. 3.3a on an energy-momentum
diagram in a crystal. The parabola indicate the dispersion relation of the electronic intermediate state excitation. The scattering shown satisfies the double resonance criteria and
is for the maximum wave vector q consistent with simultaneous resonance of the two
intermediate states
a n d the second r e s o n a n t state IJ ) is o f the same form, but it contains
a p h o n o n of well-known frequency 090 (q) and wave vector ( - q). W a v e
vector conservation then requires (see Fig. 3.4)

Ebi =_ h09bl = h(09 o + A) + h2 (k + q)2/2m .

(3.53)

With the a s s u m p t i o n of constant matrix elements (Mo~Ct, bMI), the
Definitions (3.52) and (3.53) and with a cut-off in k-space k c such that
kc ~> q, (3.39) reduces n o w to

K2r, to(091, 092) =" (MJ¢o b Mo/h~)
(L/2 re) d k
• _~ [09, - A - i7 - hk2/2m ] [092 - A - i T - h(k + q)2/2rn]

(3.54)

where L is a length over which the system is normalized. This integral
can be straightforwardly evaluated to yield
K2z.x0 (091,092) = (Mr.t[,,bMo) (4~zim2/ha) (L/2n)

(3.55)
• •I-(,~+
,~

q)~ - '#3

+

~2 I-(~:2 - q)2 _ ~:i']
" "
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where we have defined
Im{xl}>0,

hx~/2m=091-A-iy,

(3.56)
h~:~/2m = o92 - A - iy = 091 - COo- A -- iy,

I m {~:2} > 0 .

A simple transformation of (3.55) gives for the R a m a n matrix element
K 2 f , lO (091 , 092) =: ( -

MfJ[abMo)(27~im2/h 4")( L / 2 r 0
(3.57)

~2

~1+~2+q

~+~2--q

This expression exhibits one-dimensional type of resonances
(091--09R) -1/2, with a suitable broadening, at resonance frequency
mR = A, at mR = A + 090 and, if
h q 2 / 2 m > 090

(3.58)

also a Lorentzian resonance for
(2re~h) [(09R -- A) Ilz + (COR-- A -- 090)1/2] = q.

(3.59)

This can be interpreted in the following way: there are, in this onedimensional case, always two threshold resonances at o91 = A (incoming
channel) and o 2 = A (outgoing channel). For any q which satisfies
(3.58) there is an additional resonance at the value of co1 which satisfies
(3.59). Conversely, for any o91 > A + 090 there is one value of q which
satisfies (3.59) and gives an extra resonance. This is, of course, the effect
discussed also in (3.50) since, as seen in Fig. 3.4, for large enough (and
fixed) q the state on the left decreases in energy when the state on the
right increases its value.
A similar double resonance effect occurs in two and three dimensions.
The conditions for resonance are identical--(3.58) and (3.59)--but the
resonance line shape is changed to inverse-square-root for d = 2 and
logarithmic for d = 3. In general, a double resonance at an ordinary
critical point in d dimensions has the form of a simple resonance in
( d - 1) dimensions.
It is important to notice that the conditions discussed above are
satisfied only for wave vectors much greater than photon wave vectors.
Thus for typical first-order RRS in which the m o m e n t a are determined
by wave vector conservation
Iqf = Ik~ - k21 " ~ o d c
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the Raman matrix element is only weakly dependent on the wave vectors
kl, k2, and q. Such matrix element may be expanded in powers of the
wave vector q. For example, (3.57) becomes

Kzs, lo ~- (Mf~[abM o) (nim2/h 3) (L/2n)
1
[.11
(o91- o92)

1 1[1+ 1
qZ
]
~:~
2 (xl + x2) z + " " "

(3.60)

The first term, independent of q, is just the one-dimensional example
of (3.41). This simple example shows that in general the relation (3.50)
is expected to describe adequately first-order phonon RRS in crystal,
where we neglect the wave vector dependence. The second term in
in (3.60)--which may be important in RRS as discussed in Section 3.3-introduces a modified form of the resonance: singularities occur only
at the in-channel and out-channel resonances, but the overall line shape
is modified by a (x~ +/~2) 2 factor. It is only when q can be comparable
to (Xl + x2) that new singularities occur; as is seen below, these new
resonance features are manifested clearly in second-order, two-phonon
scattering.
Finally we look into case III) in which there is a continuum of final
states. Our primary example is two-phonon scattering in crystals. If
we consider anharmonic effects in which two phonons are emitted at
one vertex (four-quasi-particle vertex), all matrix elements exhibit the
same resonance line shape as a function of incident photon frequency
as in the one-phonon case. However, when we consider the case of
consecutive emission as in Fig. 3.3b, the higher-order matrix element
(3.32) is essential; in that case the resonance line shape may be drastically
altered. Because of the one-to-one correspondence between intermediate and final states, with the assumption of constant matrix elements
(3.32) becomes
KzS, Xo =

(Ms¢~g[cb~[b~M.o/fi3)

[

1

• ~/ '(O)1 -- o 9 a i - i~)ai) (O91 -- Obi -- i)~bi) (O1 -- o 9 c i - iyci)

1

(3.61)
"

Evaluation of (3.61) involves some extra complications, but in general
it follows the general procedure described for double resonances. For
example, in the case depicted in Fig. 3 b, if the first phonon is described
by a wave vector q~ and the second one by a wave vector q2, conservation
of quasi-momentum requires
ql q - q 2 ~ O
q~ ~ - q 2

(3.62)
=: q .
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If, in addition, the two p h o n o n s belong to the same polarization branch v
09v(q) = m y ( - q) = 099'

(3.63)

conservation of energy is taken into a c c o u n t by
o92 - 091 = 2o)q,

(3.64)

a n d we write for i n t r a b a n d scattering
m,i = A + h k 2 / 2 m ,
COb~= A + h(k + q)2/2m + 09q,

(3.65)

09ci = A + h kZ/2m + 209q,
then (3.61), with c o n s t a n t matrix elements, reduces to
K2y, lo

(3.66)

(L/2rt) a d d k
= - ( M f ~ '2 Mo) (8 m3/h 6) I (k 2 _ K12)[(k + q)2 _ x~] (k 2 _ K~) '
where
h x ~ / 2 m = 091 - A - i 7
hx~/2m

=

o) 1 -

A

-

O.)q -

iy

(3.67)

hxZ3/2m =- 0)1 - A - 2c% - i7
I m xi > 0.
This can immediately be reduced to
K21,io = - (Ms J1/2 Mo)(8m3/h6) [ I / ( ~ - ~ ) ]
if

(L/2~)a dak
_
(L/2")d ddk
/
(k ' - K~) [(i, + q)' - K~]
(k ' - K]) [(k + q)' - K~]

(3.68)

f

which are two integrals similar to (3.54)--identical in fact in the case
of one dimension d = 1. We can therefore see that (3.68) shows resonant
structure, for fixed q, at values of 09~ c o r r e s p o n d i n g t o / I , A + 09q, A + 2 %
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and also at
(2rn/h) 1/2 [(col - A) 1/2 + (wl - coq - A) I/2-] = q ,
(2re~h) a/2 [(coI - co~ - A) 1/2 + (o~ - 2coq - A) 1/2] = q ,

(3.69)

h q Z / 2 m > coq .

In other words, there are five possible resonant peaks for a fixed wave
vector q.
The resonance at A and (A + 2coq) are the familiar in-channel and
out-channel resonances with the same functional form as the susceptibility Z- The resonance at (A + coq) has the same form; it is an intermediate channel resonance and we note that its strength is reduced
by the cancellation between the two terms in the integral in (3.68). The
last two resonances (3.69) are double resonances not associated with
any structure in the susceptibility. If the wave vector of the phonons
can be kept fixed in the experiment (e.g., if the dispersion in coq is large
enough so that a given p o r t i o n of the spectrum can be assigned to a
narrow range of q vectors), then these double resonance enhancements
can in principle be measured. Of great interest is the fact that they are
more singular than the ordinary threshold resonances and they occur
only for phonons with ]q] larger than a minimum value given by (3.69).
It should be noted that for fixed co~, near resonance, the Raman
lineshape as a function of co2 is determined by the matrix element
K2:,1o. In the present examples, for constant ~/¢', IK2f, lol 2 decreases
as q-4 for large q. Even in three dimensions this decrease in the matrix
element overcomes the q2 increase in the density of final states and consequently produces a peak in the two-phonon Raman intensity. That is,
the actual two-phonon Raman spectrum near resonance is distorted
from the usual monotonic square-root line shape and exhibits a peak
for phonons with q and o~q such that the double resonance conditions
are satisfied. In cases of lower dimensionality the peak should be more
pronounced. In addition, if the electron-phonon matrix element ,~.
varies with q as in the Fr6hlich interaction [3.9-12] where ~'--~ q-1
for large q, then K z : , ~ o may be sharply peaked at wave vectors q large
compared to photon wave vectors but often small compared to wave
vectors at the Brillouin zone boundaries [3.81].

3.3. Hamiltonians, Symmetry, and Selection Rules
In this section we briefly discuss the various Hamiltonians used in
studying the RRS phenomenon, and mention their symmetry properties
and the selection rules derived from them.
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The most important terms in the Hamiltonian--the one in fact
which drives the RRS phenomenon--is Yt'MR, the interaction between
matter and radiation. This term can be written [3.1]

2/t°MR= (lel/mc) Y', p~ - A (r~)

(3.70)

0t

where the summation extends over all the electrons a in the material
system, p, is the momentum of the ~ th electron and A (r~) is the quantized
vector potential of the radiation field measured at the coordinate of the
ccth electron
14 (l') = [2T£C2h/VR] 1/2 E O)~- 1/2

a

(3.71)

. e~{a~ exp(ik;r) +a t e x p ( - ikar) } .
In (3.71) VR is the volume over which the radiation field is normalized,
2 indicates a photon mode of wavevector ka and polarization ~ , and
az and a] are operators which destroy and create, respectively, one
photon of mode 2. The only non-vanishing matrix elements of a~ and
a~ are

(nzla~lnz- 1) = ( n x - l lazlna) = (nx) 1/2 •

(3.72)

In (3.70), we have neglected terms proportional to IA (r=)[2 which are
not resonant. In taking matrix elements of 3¢'MR, the radiation field
provides a factor which is either zero or (n~)1/2; the material part of the
system contributes another factor which is either

P~2.; = ( l l ~ p, exp(ik~ r~),2)

(3.73)

for photon absorption, or

P~2.~ = ( l ~

(3.74)

for photon emission.
Since the wavelength of light is large compared with atomic dimensions, the matrix elements can be evaluated by making a multipole
expansion of the exponential factors in (3.73) and (3.74). For example,
the fundamental absorption matrix element in (3.10) is given by
(0i [JtMR10)1O) = (lel/mc) [2nc 2 h/VR] 1/2 o)I/2

• ~ { n l " ( i l p ~ [ o ) + i ~ 1.(ilp~ r ~ [ o ) . k l + . . . } ,
ot

(3.75)
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The first term in the expansion in (3.75) is the electric dipole, the second
the electric quadrupole and magnetic dipole, etc. Usually [3.1, 9] only
the electric dipole term is retained since it is typically --~~-~ = 137 times
larger than the higher-order terms. Under these conditions
(0 i I~MRI091O) is just a matrix element of the gx component of the total
momentum operator; it depends on the photon polarization 8a but not
on the direction of propagation or wavelength of the photon.
Within the dipole approximation OVfMRdoes not couple states of the
same parity. If there is a center of inversion this limits the states which
can serve as intermediate states in RRS. In addition, the bilinear dependence of K 2 f A o o n ~¢LOMRrequires the final state to have the same
parity as the ground state, i.e. I f ) cannot be a state of odd parity. In
general, the bilinear dependence of K2s.lo on polarization vectors can
be used to define a Raman tensor R which determines the matrix element
for any polarization directions of the incoming and outgoing photons
K21,1 o = 8a • R- 82 .

(3.76)

The tensor -/3 is a function of the photon frequencies o91 and 0)2 and the
properties of the final state I f ) . The possible non-zero components of R
corresponding to different symmetries of the state I f ) and each crystal
class in the dipole approximation have been extensively discussed and
tabulated by LOUDON [3.9]. All this information is implicitly contained
in the matrix elements M and ./g of the last section.
The electric quadrupole term in (3.75) gives rise to different selection
rules. It does couple states of the same parity. If in the general expression
(3.10) one electric quadrupole and one electric dipole matrix elements are
used for ~MR, then the Raman final state I f ) may have opposite parity
to Io), i.e., it may be odd. For this particular approximation we may
define two third-rank Raman tensors R l(f, o91,092) and R2(f, o91, co2)
such that
K2f,lO =

3
2
~,~,~,=i

e2fl(R~p
1 ~k I + R~k2~).
2

81 ~t

(3.77)

These definitions can be straightforwardly extended to higher multipoles.
The rules we have just described are, in the case of RRS, "soft"
selection rules. One reason for their breakdown lies in the very nature
of the resonance enhancement mechanism: the enhancement close to
resonance of a "forbidden" electric quadrupole or magnetic dipole
transition may be in general larger than the reduction factor --~(137)2
characteristic of the ratio of dipole-to-quadrupole intensities, and there-

104

R . M . MARTIN and L. M. FAL1COV

fore normally "forbidden" lines may appear with an unusually strong
intensity. In other words, RRS intensities of a "forbidden" line may be
(and frequently are) stronger than ordinary "allowed" lines off-resonance
at the same incident frequency. This breakdown of the selection rules
also applies for zero-intensity polarization modes of allowed Raman
lines in forbidden polarization configurations.
A second reason for the breakdown of the normal selection rules is
that often in RRS the intermediate states l i> have a large spatial extent a,
e.g., Wannier excitons. In these cases the expansion parameter (ka)
may be large: this leads to spatial dispersion in both the susceptibility
and the Raman matrix elements. Examples are discussed in Section 3.4.
The discussion of the Hamiltonian related to the material system
WM depends, of course, on the system under consideration and cannot
be sensibly discussed in a general fashion without further specification.
In most common cases "~(~Mconsists of several terms which include:
a) An electronic part which represents the quasi-particles (electrons
and holes in a solid) or single-particle excitations of the system.
b) An electron-electron interaction term which is responsible for
the formation of excitons and other more involved many-particle and
collective modes.
c) A nuclear motion term which describes phonons in a solid and
rotational, translational and vibrational modes in a molecule or a liquid.
d) A spin (magnon) Hamiltonian which describes the magnetic
properties of a solid or liquid in terms of localized atomic or molecular
spins.
e) A collection of interaction terms: electron-phonon, electronmagnon, phonon-phonon, phonon-magnon, etc.
Which ones of these terms are considered "basic" and which ones are
considered "perturbations" depends crucially on the nature of the
problem under study. The most commonly seen cases are those involving
phonons in an insulating crystal. There the "unperturbed" part of WM
consists of the electronic contribution (electrons and holes), the phonon
contribution and in some instances the electron-hole interaction (excitons). The "perturbation" part of 3~Mis the electron-phonon interaction
which in general can be written as

W~(e-p)

= Vo-'/2
(3.78)

• ~, {O(v, r,) exp(i qvr,) b~ + O*(v, r~) e x p ( - iq~r,) b~},
vtx

where r, is the coordinate of the ath electron, V~ is the volume of the
crystal, v is the phonon mode of wavevector q~, and the operators b~
and b*~destroy and create, respectively, a phonon of mode v. The quantity
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O(v, r) is a function of the electron coordinate and depends on the wavevector and polarization mode of the phonon, its properties are essentially
determined by the spatial range of the interaction. For a given optic
phonon branch in an insulators, 0 can be [3.13, 14] the usual deformation
potential (DP), 0Dp, or the so-called Fr6hlich (F) interaction [3.9-12],
0 v. In the DP approximation, 0=0Dp, the potential is short-range;
in that case, all wave vector dependence in the calculation of the electronphonon matrix elements can be ignored. Then the selection rules are
determined by the symmetry of the q = 0 phonon and the Yg~R matrix
elements--and their multipole expansion--as discussed above.
The F interaction on the other hand is long range and may be written
in q space as [Ref. 8.1, Sect. 2.2.8].
OF(V , r) = (Yv/q) eiq'r,

(3.79)

where 7~ is determined by the macroscopic electric field which accompanies the phonon. The coefficient 7v is zero unless the phonon
mode v has a longitudinal component. The importance of (3.79) is that,
in addition to the usual interband contribution, it also provides an
additional intraband matrix element. When inserted in the Raman
matrix element the first term in the expansion in powers ofq, proportional
to (q-l), always cancels identically due to equal and opposite sign
contributions of the electron and hole created by the photon. This
merely results from the fact that a photon can only create neutral (uncharged) excitons in the solid. The linear term describes the interband
electrooptic contribution. The interesting term, the quadrupole in the
multipolar expansion of the exponential in (3.79), is of the form
OF --~ -- (Y J q ) (q " r) 2 ,

which is linear in q. This term does not cancel when both the electron
and hole contributions are taken into account, and it may provide a
strong q dependent contribution to the Raman matrix element [3.10-12].
In this case, if both ,'YgM~matrix elements are electric dipole allowed
the Raman matrix element may be written in the form
3

K2y,,0=

Z

P2P~'e~etJq~"

a/]'), = 1

Since in first-order phonon RRS
q =z k l - - k 2 '

(3.80)
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this predicts a scattering cross section which depends crucially on the
scattering angle of the photons.
As a specific example of this effect, consider the one-dimensional
case given by (3.60). Now Jgab "~ (v/q) and the matrix element takes the
form
gzf, l 0 =

1
{ M f ~ Ze(O)I)-Ze (O)2)
~(?a)(qa) k ) ~ h(O)l --('02)

'

(3.81)

where a is a characteristic length
a = (xl + x2)- 1

= (h/2m) I/2 [(~01 - A - iv) 1/2 + (~o2 - A - i7)1/2] -1 .

(3.82)

The matrix element (3.81) exhibits the same in and out resonances as
does (3.41), the only difference being the prefactors in (3.81). The frequency dependence of the characteristic length a given in (3.82) shows an
obvious resonance character. The maximum value of 131 is obtained for
~o2 < A <col. For an electron band mass of 0.1 m~ (light mass) and a
phonon energy 0.025 eV,
lalm,x ~ (h/2mCOo)1/z ~- 35/~..
With this large characteristic length

qa = 27t a/2--~0.2
and we therefore expect large wave-vector-dependent interactions.
The long range nature of the Fr6hlich interaction is evidenced in (3.81),
where we see that the Fr~Shlich coupling energy (7a) also scales with the
characteristic length a. For this reason the Fr6hlich interaction is
expected to contribute greatly to RRS near critical points in polar
materials. Similar arguments apply to RRS near large exciton states,
where the matrix element has the form (3.81), but with a having a frequency dependence different from (3.87). In that case, near an exciton
resonance a becomes the exciton radius [-3.10-12].

3.4. Discussion of Specific Cases
The previous sections have been devoted to laying the theoretical
foundations for understanding the interaction of light with matter. F r o m
the general theory of the interaction of matter and radiation systems, we
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extracted the cross sections for inelastic light scattering and examined
the cross sections in cases where the photons are at or near resonance with
excited electronic states of the matter. The natural classification scheme
for such resonance Raman scattering (RRS) was shown to be based
upon the division into discrete and continuum states of both the final
and the resonant intermediate states of the matter.
In this section we discuss specific experimental and theoretical
examples of RRS. The examples are classified according to the scheme
based on discrete vs. continuum states rather than any divisions based on
type of material. Thus, we group together under each category experimental and theoretical work on scattering from perfect crystals, impurity
states in crystals, and molecules in the gaseous phase. The emphasis
here is upon scattering from solids. However, understanding the basic
elements of RRS is facilitated by drawing together the common features
of RRS from each possible source. It is, of course, impossible to discuss
all relevant experiments and theories in detail; hence, we attempt to
choose only those examples which best illustrate the salient features of
each category.
We follow the diagrammatic approach of the previous sections to
illustrate and discuss the resonance interactions. Definitions of the
diagrammatic symbols are given in Fig. 3.1 and the basic diagrams for
Raman scattering are shown in Fig. 3.2. In Section3.2 theoretical
analysis has been presented for several interesting cases. In this section
we relate experiments to those theoretical results in many cases. In other
instances, it is essential to sketch extensions of the theoretical formulations in order to interpret specific examples.

3.4.1. The Approach to Resonance
In Section 3.2 general expressions have been given for the Raman tensor
in terms of the matrix elements of the material-radiation interaction
Hamiltonian. The expressions were compared with the similar ones for
the linear dielectric susceptibility, of. (3.10) and (3.11), where it is clear
that the two expressions involve the same intermediate states of the
material system, but with different matrix element. The comparison and
contrast of K (co)and ~(co) is one of the primary techniques for interpreting
RRS in the present subsection.
Consider the transparent region of photon frequencies below all
electronic excitation frequencies in an insulator. As is pointed out
following (3.11), X(co) involves positive definite squares of matrix elements
divided by energy denominators which, in this case, are all positive.
Hence, ~(~o) is a monotonically increasing function of photon frequency
co. The Raman tensor, on the other hand, involves products of different
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Fig. 3.5. The R a m a n scattering efficiencies of CdS (80 K ) normalized to CS2 as a function
of incident photon energy. E c is the electron-energy gap of CdS. The solid curves are computed from a simple dispersion formula discussed in the text. The data of Ref. [8] of [3.15]
(normalized at 2.47 eV) are included. (From RALSTON et al. [3.15])

matrix elements which are in general complex and may have any phase.
Consequently, even in the transparent region of an insulator, the Raman
tensor may have interferences so that the Raman cross section may have
a non-monotonic dependence upon co. In the frequency region far
from any resonances, such structure in the Raman cross section is
essentially independent of the detailed nature of the intermediate states.
Therefore, before proceeding to examples of the detailed resonances in
K(o)), we discuss the overall resonance behavior in the the transparent
region.
There are many examples of either monotonic or non-monotonic
variations in Raman cross sections as a function of light frequency co.
Perhaps the best example in which a variety of different resonance
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behaviors has been observed is scattering from the various phonons in
CdS. The first observations of a null point in the cross section was that
of RALSTONet al. [3.15]. Results from their work are shown in Fig. 3.5,
from which we see that the two transverse optic (TO) phonons have
similar, but not identical, cancellation in the cross section at a photon
energy about 0.8 of the band gap. In contrast, the longitudinal (LO)
phonon has a monotonically increasing intensity. They have interpreted
their cross sections as due to the interference of a constant term with a
frequency dependent term representing the contribution of the lowest
bands. For the dispersion they chose K of the form of (3.50) with
AI =A2 = 0 and [Z(eh)-Z(c02)] given by the free electron expression
(3.48) for 3 dimensions. The adjusted theoretical curves are shown in
Fig. 3.5. The predicted curves are not sufficiently sensitive to the form
of the resonance enhancement to distinguish between different types of
band or exciton intermediate states. However, the analysis establishes
the qualitative fact that for the A, and E1 TO phonons the matrix
elements in (3.10) change sign between the lowest band and some average
of the higher bands. Furthermore, at long wavelengths the higher bands
dominate the scattering intermediate states. On the other hand, no
cancellation occurs for the LO phonon. Since it differs from the TO
only by the presence of a macroscopic electric field, the additional
Fr6hlich interaction [3.9-123 between the electrons and LO phonons
caused by the electric field must qualitatively change the matrix elements
in (3.10) so that there is apparently no cancellation effect.
Similar observations have been made by DAMEN and SCOTT [3.163
for the lower frequency E TO mode in CdS in which there is a cancellation.
Also, CALENDER et al. [3.17] have reported extensive measurements in
CdS and ZnO. By comparing LO and TO in ZnO, they [3.17] have been
able to establish that the deformation potential and interband Fr6hlich
contributions to LO scattering in ZnO tend to cancel. The competition
between the two scattering mechanisms causes sign changes in the matrix
elements in (3.10) for LO Raman scattering and a cancellation point in
the LO cross section for photons below the band gap. Resonance effects,
including cancellations, for photons near or at intermediate state
frequencies depend upon the detailed nature of the intermediate states
and will be considered in the following subsections.
Before proceeding to the examples of resonance effects it is also
appropriate to comment on some aspects of resonance scattering which
are not emphasized here but which should be kept in mind in the following
discussions. The first aspect is the effect of dielectric dispersion, i.e.,
polariton effects. For strong interactions it may be essential to carry
the perturbation in O~MRto high-orders. This has been done for several
specific cases [3.18-21]. We shall not consider higher-order effects
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except insofar as to incorporate the exact dispersion, i.e., index of
refraction, for photons in the crystal [Ref. 8.2, Chap. 7].
Because the fundamental resonances occur at frequencies where the
light is absorbed, possible consequences of the finite penetration depth
and the nature of the material within the penetration volume must be
considered. The distinction may be important in crystals because the
restriction of scattering to a surface region breaks the momentum
conservation. This has been shown by WILLIAMS and PORTO [3.47],
and MARTIN [3.22] to qualitatively change the scattering in some cases.
Also, the fact that the surface has different symmetry from the bulk
may change the polarization selection rules. This has been observed in
many semiconductors [3.7, 23] in which Schottky barriers give rise to
large surface electric field extending into the sample distances comparable
to typical penetration depths of the light. The possibility of such surface
effects must be recognized in RRS, but they are not emphasized here
since they are merely one example of impurity or inhomogeneityinduced effects in solids [Ref. 8.1, Fig. 2.40].
3.4.2. Single Discrete Intermediate and Final States
The most straightforward theoretical example of RRS is one in which
there is a single discrete final state and a single intermediate state which
dominates the scattering matrix element over some range of incident
photon frequencies. As was shown in Section 3.2, the Raman intensity
as a function of incident photon frequency in this range has a Lorentzian
resonance, (3.18). The resonance in the complex Raman matrix element
(and Raman tensor) K (o3) is the same as that in the dielectric susceptibility
X(e)), i.e. it is centered at the absorption frequency and has a width
determined by the lifetime of the intermediate state. It is interesting
to note [3.24] that the Lorentzian formula for the scattered intensity
is indistinguishable from a two-step process of absorption of the initial
photon followed by decay of the intermediate state via any possible
paths, one of which is the emission of the scattered light.
We shall refer to all scattering, both at resonance and off resonance
in the wings of the Lorentzian as RRS. The only distinction is that at
resonance the intensity is determined by the lifetime, whereas off resonance it is determined by the frequency separation from resonance. In the
domain, this in turn leads to the result (see Section 3.2) that far
from resonance the scattering is essentially instantaneous, whereas at
resonance the scattered light is emitted with an exponential time delay
determined by the lifetime.
Distinctions have been made in which scattering at resonance is
termed "resonance fluorescence" (RF) [3.1,2] or "hot luminescence"
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(HL) [3.25, 26]. We shall reserve such terms for cases in which it is

essential (not merely possible) to describe the scattering as a multiple
step process with a loss of phase memory between the steps. The formal
description of the distinction between RRS and RF or H L has been
presented by SHEN [3.26]. He introduced random fields which can
scatter the intermediate state. The light emitted from states so randomized
is termed HL. Each experimental case must be examined to determine
if such random fields are present or absent. We note that the distinction is
unimportant in the present example in which there is only one intermediate state. The phase of the state is essential only in cases where there
are degenerate or nearly degenerate intermediate states. Then the different
contributions to the scattering amplitudes must be added with the proper
phase relations.
The fact that one intermediate state dominates the scattering may
occur for two reasons: I) there is only one state of the system near
resonance, or II) only one state couples to the light because of selection rules. The former condition may be found for isolated impurity
states in solids or (approximately) for discrete molecular excited states.
The later condition may isolate one intermediate state from a continuum
in a perfect crystal, for example, wave-vector conservation limits the
interaction of a photon of wave vector k to excited states of the same
wave vector. Solids at low temperatures have well-defined discrete
exciton bands. If the photon has a well-defined wave vector, then scattering near resonance with an exciton band often can be described in
terms of a single intermediate state. Similarly, in a crystal the final
state may be isolated from a continuum by the overall wave-vector
conservation in the scattering process. Note that, in fact, the intermediate
state may be degenerate with other states and in the case of an exciton
is essentially degenerate with other states having slightly different total
wave vector k. In order to compare results with the simple Lorentzian
formula, we must ensure that we consider only those aspects of the
light scattering which can be described in terms of a single intermediate
state.

First-Order RRS in Cu20 [Ref. 8.1, Sect. 2.3.6]
The conditions outlined above for a single intermediate state are realized
in C u 2 0 ' as shown in the experimental work of COMFAAN and CUMMINS
[3.273 and the theoretical analysis of BmMAN [3.283. COMPAAN and
CUl~n~INS have measured first-order Raman intensities using a dye
laser excitation source which can be tuned through the absorption line
for the lowest "yellow" exciton line in Cu20. The Is "yellow" exciton
at the zone center has even parity and hence is electric dipole forbidden.
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Fig. 3.6. Diagram ofquadrupole-dipole RRS in Cu20. The ls yellowexciton is denoted e
and other non-resonant excitations ft. The electron-photon interaction for the e exciton
is quadrupole (Q) and the resonance with the incoming photon is denoted by the arrows.
The phonon is any odd-parity phonon

The interaction with radiation ~MR for this state is a weak quadrupole
coupling. The absorption is sufficiently weak that polariton effects
are negligible and the photon wave vector is well-defined, yet the coupling
is strong enough compared to the exciton lifetime so that the resonance
enhancement is clearly observable. Also, because the absorption is
weak, the scattering occurs in the bulk of the crystal and polarization
selection rules can be unambiguously applied to test theoretical predictions.
The fundamental diagram for the scattering is given in Fig. 3.3c which
represents creation of the exciton at the wave vector of the incident
photon k 1 via the quadrupole interaction, followed by a phonon assisted
radiative decay. The resonant state is the ls "yellow" exciton which we
shall refer to as the ~ exciton. For coI sufficiently close to the ~ exciton
absorption line, this diagram dominates the scattering despite the small
quadrupole interaction. The observability of such processes depends
upon the lifetime of the intermediate state, which is quite long in Cu20.
The quadrupole absorption of the ~t exciton in C u 2 0 is well-known
[3.29] and the phonon assisted emission of light from the ~ exciton has
been studied [3.30], hence the combination of these two steps in RRS
has many possible checks for internal consistency and for comparison
of detailed resonance curves.
The quadrupole interaction has been discussed in Section3.3
[see (3.75) and (3.77)]. Because one of the interactions between light
and matter is quadrupolar- and hence of even parity--only odd parity
phonons are involved. Specific polarization selection rules have been
derived by BIRMAN [3.28] which predict that all odd parity phonons
should be observable. The quadrupolar interaction depends upon the
wave vector of the incident photon k 1 : For each wave vector kl a Raman
tensor coupling the polarization eigenvector of the incident and scattered
light can be given. The dependence of this tensor upon the direction of
the incident photon k I was given explicitly by BIRMAN [-3.28].
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The actual electron-phonon couplings responsible for the phononassisted emission can be made explicit by expanding in powers of the
electron-phonon interaction. The diagram for the case where the incident
photon is at resonance is shown in Fig. 3.6. There the quadrupolar
interaction is denoted by Q and account has been taken that the odd
parity F- phonon must scatter the e exciton to some non-resonant
electron state denoted /3. Since the /3 state is non-resonant, it merely
provides an effective coupling mechanism for the phonon assisted
recombination and in no way affects the resonance enhancement.
The relative cross sections for the different F- phonons are estimated
by considering the possible/3 states which are different for the different
phonons. BIRMAN[3.28] concluded that one expects the largest coupling
for F~-2 phonons in agreement with measurements of phonon assisted
emission I-3.30].
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The experimental results of COMPAANand CUMMINS [3.27] confirm
each aspect of the theory for one particular propagation direction k t.
In Fig. 3.7 we show their data for scattering both far from the resonance
and at resonance. In the former case only one two-phonon peak (of
even parity) is discernible. At resonance, however, all odd parity
phonons appear in the first-order Raman spectrum. In Fig. 3.8 the
resonance enhancement of the strongest RRS feature, that of the F~-2
phonon, is reproduced. The data indicate an approximately Lorentzian
line of about 1.5 cm -1 half width, which is somewhat larger than the
half width of 0.75cm -] measured for the absorption line [3.29]. A
detailed comparison of the line shapes for RRS and the optical susceptibility has not been presented. Data are also presented in Fig. 3.8 which
show the complete absence of enhancement of the even-parity secondorder feature involving two Fl-2 phonons.
The explicit polarization selection rules for one photon direction kl
are in good agreement with the theory. However, no measurements
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have been made to test explicitly the dependence of RRS upon the
direction of the incident photon relative to the crystal axes. Since the
absorption is weak, C u 2 0 appears to be an ideal case to test predicted
dependence.
It is possible at this point to make an explicit distinction between
RRS and hot luminescence and to show that the scattering described
above is RRS. The distinction rests upon the fact that in a cubic crystal
the exciton states are degenerate. If the exciton were sufficiently long
lived that it was "depolarized", e.g. by elastic impurity scattering to the
degenerate exciton states with different polarizations, then the polarization of the emitted light would have no relation to that at the incident
light. No essential depolarization is observed in the experiments, hence
in this particular case there is no evidence for a decoupling of the states,
i.e. loss of phase memory in the intermediate state.
There is light emitted, however, which cannot be described as simple
RRS. These are the sharp peaks denoted in Fig. 3.7 by L for phononassisted luminescence. This luminescence results from recombination
of ~ excitons which have absorbed energy to thermalize ~ k T above the
band minimum where the absorption occurs. In C u 2 0 the widths of the
ct exciton and the final state phonons are narrow compared to k T
even at 4 K. Thus, for RRS with excitation within the line width of the
c~exciton, the luminescence emissions are always separate from the RRS
sidebands. The total luminescence process is fundamentally different
from the particular cases of RRS considered here in that it must involve
absorption of low energy acoustic phonons. These phonons, which are
not explicitly detected in the experiment, provide the loss of phase
which make it essential to regard this scattering as a two- (or more-) step
process.
R R S in 12 Molecules
The excitation spectrum of a diatomic molecule consists of both discrete
states and bands [3.31]. The discrete states are the vibrational-rotational
levels of the bound molecule and the bands are the continuum states
of the dissociated molecule associated with each electronic level, respectively. In Raman scattering, the initial and final states of the molecule
are different vibrational-rotational levels of the ground electronic
state. Restricting our attention to only the discrete levels of the ground
electronic state, the Raman spectrum consists of a series of sharp lines
representing all possible allowed transitions. Because of the unequal
spacing of both the vibrational and rotational levels, each line is associated with the transition between particular intermediate and final
states. Let us focus attention upon one such line and denote the initial
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state for that line by a and the final state by f. This line in the Raman
spectrum is near resonance if the initial photon energy is close to the
energy for an allowed transition from state a to an intermediate state
of the molecule labeled i. The state i in general involves an electronic
excitation and may be either a discrete or a continuum vibrationalrotational state of the excited electronic state. In this section we consider
only the case where i is a discrete level. The appropriate diagram is shown
in Fig. 3.2c where i is the resonant state.
The "discrete" excited state is, of course, broadened by collisions,
Doppler shifts, hyperfine splittings, etc. Hence we expect that the theoretical discussion in terms of a single inhomogeneously broadened
intermediate state [see (3.23)] should describe the RRS. Our interest is
primarily the division of the scattered light into the "slow" and "fast"
components and the nature of the RRS in this frequency range. As was
remarked in Section 3.2, we expect both types of time dependent RRS
given, respectively, in (3.21) and (3.22) to be present simultaneously.
As an example, we consider the I2 molecule, which has discrete
absorption lines conveniently located so that they may be scanned by
selecting the possible modes of an Ar + ion laser within the doppler
broadened gain profile [3.32]. Raman scattering as a function of the
laser frequency has been studied in this way by several groups [3.3,33-36].
Traditionally, in this case, the spectrum is called resonance fluorescence (RF) [3.3, 33-36] because the spectrum appears to be determined
by the lifetime of the states; in practice this means that the spectrum is
depolarized and changes markedly as a function of the partial pressures
of various gases [3.33]. This operational approach, however, is not
sufficient to uniquely determine the role of the lifetime in RRS. First,
the depolarization is not a unique aspect of RF. Simple kinematics of a
rotating molecule shows that the emitted light is depolarized in cases in
which a single rotational transition involving a state of 14:0 is enhanced
by resonance effects. This is independent of whether or not the emitted
light is lifetime limited. Also, increase in gas pressure causes both homogeneous and inhomogeneous Lorentzian broadening so that the dependence of the RRS upon lifetime is not directly measured.
The ultimate test of the role of lifetime in RRS is time-resolved
Raman spectroscopy to distinguish the lifetime-limited exponential
time dependence discussed in Section 3.2. WILLIAMSet al. [3.3] have
performed an elegant first experiment to detect the delay. They used a
100 nsec laser pulse excitation and examined the Raman shifted light
emission as a function of time during and after the pulse. Examples of
the time dependence are shown in Fig. 3.9. On resonance with the
absorption line (curve labelled 0 GHz) the light emitted has a slow rise and
decay constant of ~1 gsec consistent with previous measurements
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of the lifetime in RF. With the excitation shifted off resonance (cf., the
curve shown for 1.2 GHz), there is both a fast ( < 10 nsec) component and
the same slow component reduced in amplitude. They conclude that
because of the inhomogeneous distribution of oscillators in the "discrete"
line, the scattered light contains both a portion which is independent
of the lifetime and a portion which is lifetime limited, i.e., RF: This is
further supported by examination of the time resolved scattering at
higher gas pressures, in which case the slow component grows in intensity.
They interpret the growth in intensity of the slow component to be a
manifestation of increasing inhomogeneous broadening with increasing
gas pressure, although the actual lifetime, as measured by the time delay
of the emitted light, is relatively insensitive to pressure.
In the frequency range considered both the fast and slow components
of the scattering are found to be fully depolarized. As mentioned above,
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this is merely a manifestation of the fact that specific rotational states
dominate the intermediate states for both the fast and slow processes.
Only far from resonance where the intermediate states must be summed
over a large number of rotational states is the RRS polarized so that it
obeys molecular selection rules.
The theoretical description in Section 3.2 is sufficient to extract
the primary points. For inhomogeneous broadening the normalized
distribution function P(090 in (3.23) is peaked at some frequency co°,
has a characteristic width A09, and decreases rapidly for I09~- 09°1~>A09.
We assume the inhomogeneous broadening is much greater than the
lifetime broadening, V'~ A09. Then the lifetime limited (i.e. slow) contribution to the matrix element squared (3.23) becomes
2,.,.,

~

IK2f,lol~- h- 21M:iMiol 2 7

P (091)

~)(091)

'

(3.83)

The integrated intensity for the slow component of the scattering is
proportional to (3.83) and hence measured directly the ratio of the
distribution function to the lifetime at the exciting frequency 091. With
the simultaneous direct measurement of 7(ol), the inhomogeneous
distribution is determined directly from such time resolved experiments.
The "fast" component is a more complicated function of the distribution
P(09x). It simplifies far from resonance, Io91-09°1,>A09, to the simple
formula for a single oscillator
I g z : . i o l ~ - -~ h - 2 IM:iM,

ol2 (col_1 090)2 •

(3.84)

In the case of inhomogeneous Lorentzian broadening it is easy to
see that the two contributions (3.83) and (3.84) are comparable in
magnitude. Therefore, unless P(09i) and y(~oi) can be determined independently, a time resolved experiment such as that performed by
WILLIAMS et al. [3.3] is essential to completely analyze the RRS and to
extract such information as the inhomogeneous distribution appropriate
to the given excited intermediate state. With such information one can,
in principle, observe the molecular kinetics of each discrete excited
molecular state individually which is coupled to the ground electronic
state by the material-radiation interaction "~MR"

First-Order RRS in CdS
The example of RRS which has received the most attention is scattering
from CdS [3.10-12, 37-45]. This is because of the fortunate occurence of a
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number of lines from the Ar ÷ ion laser close to the lowest band gap of
CdS at ~2.6 eV. The results are representative of scattering from other
semi-conductors [3.17, 37, 38, 46-49] and we shall discuss only CdS.
Several complications make scattering from CdS intrinsically much
more difficult than the previous example of CuzO. The primary reason
is that the resonant optical transition is electric dipole allowed. The
strong exciton-photon coupling leads to polariton effects and a finite
penetration depth of light at resonance. Also, the presence near the band
edge of impurity states having "giant" [-3.50] oscillator strengths complicates analysis of the resonance behavior. On the other hand, the fact
that the optical transition is allowed leads to intense first-order RRS
which extends over a much larger energy range than is the case in Cu20.
The primary interest in the first-order scattering in CdS is the
longitudinal optic (LO) Raman sideband. The LO cross section increases
rapidly near resonance and is observed for photon polarizations not
allowed by the usual Raman selection rules [3.10-12]. The scattering is
apparently an intrinsic feature of RRS in polar semiconductors
[3.11, 39-41] although similar impurity induced LO scattering may also
be important [3.43-45]. The basis for the interpretation of the 1 LO-RRS
is 1) qualitative arguments based on the correspondence of RRS and
luminescence [3.39-41] and 2) quantitative calculations [3.10-12,43]
of the RRS cross section in terms of the Fr6hlich electron-phonon
interaction.
It is well-known that the dominant electron-phonon interaction
near the band edge in polar semiconductors is the intraband Fr6hlich
interaction [3.9, 12] discussed before, (3.79). By this mechanism the
electron or hole is scattered within the same band by the macroscopic
electric field of an LO phonon. It is this interaction that leads to polaron
effects, lattice screening of the exciton binding interaction, etc. The
strong 1-LO phonon-assisted luminescence [3.51] has been interpreted
in terms of the Fr6hlich interaction. Also, the dynamics of electrons
created well above the band gap has been shown to be determined
primarily by electron-LO scattering by this mechanism [3.52-53].
We have emphasized, in particular, the close relation of RRS and phononassisted luminescence (cf. the correspondence in Cu20 discussed under
First-order RRS in Cu 2 O, in Subsection 3.4.2). Therefore, we anticipate
that the anomalous LO RRS can be understood in terms of the Fr6hlich
electron-phonon interaction.
The lowest-order diagram for the scattering is illustrated in Fig. 3.3c,
where we choose the incident photon to be near resonance with the
exciton resonance. It is a good approximation to consider only the dipole
electron-photon interaction and to assume that the exciton envelope
function is an eigenfunction of parity. Then each exciton intermediate
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state has s symmetry and intraband Fr/Shlich's matrix elements vanish
in the long wavelength limit [dipole approximation, as discussed
following (3.79)]. At small finite wave vector q the interaction is linear
in q (quadrupole) and has a peak at q = a o 1, where a0 is the exciton
radius [3.11]. The characteristic expansion parameter for the strength
of the quadrupole interaction is (qao) 2. As is discussed in Section 3.3,
this wave-vector-dependent FriShlich interaction may be comparable
to other electron-phonon coupling mechanisms even for the small
wave vector q = (kl - k2) involved in first-order RRS.
The scattering is analogous to Cu20 except that here the quadrupole
wave-vector-dependent interaction is in the electron-phonon instead
of the electron-photon interaction. The polarization selection rules for
the present case are very simple: the intraband Fr6hlich interaction has
/'1 symmetry since it connects s states. Therefore, the RRS tensor has
the same symmetry as the dielectric tensor. In particular, for CdS it is
diagonal and has resonances at the same frequencies as do the respective
principal components of the dielectric tensor. The new RRS selection
rules apply only for LO phonons and only for photons near resonance
with excitons or band states I-3.10-12].
Two experiments have supported the existence of strong first-order
LO Raman scattering which is wave-vector-dependent, The most
direct observation was that of GROSSet al. [3.39-41], who used a monochromator to excite Raman scattering essentially at the exciton resonance.
Because of large polariton effects the wave vector of the photons inside
the sample--and consequently the wave vector q of the scattered
phonon--can be varied as a function of incident frequency 091 . The
relation ofq and o91 is readily derived from the known exciton parameters.
Within the small frequency range considered, all Raman features are
expected to have a resonance enhancement which is approximately
Lorentzian, but the I LO scattering has an additional variation caused
by the change in q. For example, the ratio of intensities 11LO/I2Loshould
eliminate all other resonance factors and scale simply with wave vector,
i.e. 11LO/I2Lo OCq2.
This relation has been tested experimentally with the results shown in
Fig. 3.10. The strong electron-phonon and electron-photon interactions
in this case make it difficult to separate RRS and luminescence. The
measured ratio in Fig. 3.10 spans the range from RRS to imcompletely
thermalized luminescence [3.39]. Although the intensities vary greatly,
the ratio 11LO//2LO varies simply as q: [Ref. 8.2, Chap. 7].
The anomalous 1 LO-RRS has also been analysed by MARTIN and
DAMEN [3.11]. They reported measurements of the resonance enhancement of the 1 LO scattering in a configuration forbidden for usual
Raman scattering, but allowed for the modified RRS selection rules.
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The frequencies were sufficiently far from the absorbing region so that
the scattering could be done in the bulk with right-angle scattering
geometry and only minor corrections to the intensities caused by
absorption [3.11 ], The anomalous increase in intensity of the "forbidden"
1 LO is illustrated in Fig. 3.11. In the lower traces we see that far from
resonance the forbidden scattering is very small compared to the allowed
1 LO scattering. Nearer resonance, however, the intensity of the forbidden
scattering increases greatly while the allowed scattering actually decreases, as shown in the upper traces.
The theoretical third-order perturbation expression (3.33) for the
RRS cross section has been evaluated for this case by MARTIN [3.12],
who assumed isotropic hydrogenic exciton intermediate states and
found that an accurate calculation of the absolute cross section at
finite wave vector q requires a summation over all intermediate states
including continuum states of the exciton. Only in the case where one
photon is very near resonance can one of the sums over intermediate
states be restricted to one term. Even then the second sum over intermediate states for the other photon must be carried over all states. The
results are shown in Fig. 3.12 together with the experimental points [3.11].
The strongly resonant nature of this "forbidden" scattering is clear
from the rapid decrease in the cross section away from resonance compared to an allowed cross section [also shown in Fig. 3.12].
A s~ringent test of the interpretation is the absolute magnitude of the
scatter~tl intensity. Since the electron-phonon coupling parameter is
accurately known for the Frrhlich interaction and all exciton parameters
are known approximately [3.12], the absolute cross section can be
predicted. The theoretical cross section for right angle scattering with
the laser line closest to resonance leads to a scattering rate per unit
length of 2.8 x 10 - 6 ( c m sr) -1 [3.12], which is approximately twice as
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Fig. 3.11. Uncorrected experimental traces of the Raman scattered light near resonance
in CdS for various incident frequencies and polarizations. Note that near resonance the
allowed x(zx)y 1 LO line is weak whereas the forbidden x(zz)y line is very strong. The
resonance occurs at the ls B exciton at 4827 ~.. Note also the strong 2 LO line. (From
MARTIN and DAMEN [3.11])

large as the experimental value of 1.3 -t-0.1 x 10-6. A similar comparison
holds for the other laser frequencies. Considering the uncertainties in
the exciton parameters I-3.12] the agreement is very good.
It should be emphasized that despite the agreement between theory
and experiment for selection rules and intensities, there have been no
direct experimental tests of the dependence of the RRS cross section
upon the directions of propagation of the photons. Since q = k a - k 2
the "forbidden" 1 LO scattering is predicted to vanish in the forward
scattering direction and be maximum for backward scattering.
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The d o m i n a n c e of impurity states in the optical properties of semic o n d u c t o r s near the b a n d edge suggests an alternative m e c h a n i s m for
large "forbidden" scattering. T h e lack of translation invariance for
impurity states breaks the m o m e n t u m conservation so that the p h o n o n
wave vectors are not determined by the photons. I n v o l v e m e n t o f p h o n o n s
with q>> JkI - k z ] greatly enhances the q-dependent 1 L O scattering
via the i n t r a b a n d Fr6hlich interaction with little effect u p o n other RRS
features. The dependence u p o n the p h o t o n polarizations of this impurity
assisted scattering is the same as for the intrinsic scattering discussed
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above, although, of course, there is no relation of the scattering intensity
to the photon wave vectors.
COLWELL and KLEIN [3.43] have examined impurity induced scattering in terms of the well-known bound exciton states [3.50, 54]. The
four primary featuresof scattering by this mechanism are: 1) the lack of
dependence upon the photon wave vectors; 2) the involvement of LO
phonons of wave vectors of order the inverse of the impurity state radius
(This is typically much greater than photon wave vectors but much less
than the BZ boundaries.); 3) sharp resonances at the energies of the bound
excitons which form discrete levels below the intrinsic exciton resonance;
and 4) dependence upon impurity concentrations. COLWELLand KLEIN
[3.43] have observed 1 LO scattering from CdS consistent with this
mechanism. In particular, the measured intensity was much greater
(relative to the allowed 2 LO) than that reported by MARTIN and DAMEN
[3.11] suggesting feature 4 and they established there that was no
assymmetry between forward and backward scattering, i.e. feature 1.
Resonances (feature 3) in the impurity induced RRS at the bound
exciton energies have been observed DAMENand SHAH[3.45], using a
pulsed dye laser tuned through the prominent peaks. The observed
resonances appear to be approximately Lorentzian and are centered
at the absorption peaks for the impurity states. The intensities correlate
as expected with impurity concentrations. A detailed examination of
these resonances would presumably be similar to that of the inhomogeneously broadened molecular resonances.
DAMENand SHAH[3.45] also observed that the impurity resonances
were superposed upon a frequency dependent cross section which was
independent of sample preparation. This contribution is presumably
intrinsic and must be explained by an intrinsic mechanism such as the
wave-vector-dependent scattering discussed above.
From these experiments we conclude that first-order RRS in polar
semi-conductors is dominated by forbidden 1 LO scattering, which may
be used to study either extrinsic or intrinsic intermediate states. In each
case the scattering is approximately described by the single state Lorentzian resonances over some energy range. Outside these ranges in
general both types of scattering occur and accurate descriptions require
sums over a range of intermediate states. Because the intrinsic exciton
binding energies and binding to the impurities are both small, the only
experiments in which a simple resonance behavior has been observed are
those in which the incident photon frequency oJ could be adjusted
continuously to achieve the desired resonance. In addition to the frequency dependence of the cross section, the nature of the intermediate
states is manifested in the dependence upon the wave vector of the
phonons.
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3.4.3. Continuum of Intermediate States: One per Final State
In this subsection we consider cases in which there is a distribution or a
continuum of intermediate states, but with the restriction that in any
given R a m a n matrix element only one intermediate state need be considered. The theoretical reason for singling out this restricted class is
clear: if there is only one dominant intermediate state there can be no
interference in the R a m a n matrix element. The general formulation for
the RRS cross section is given in (3.24). The important aspect of (3.24)
is that the total cross section is a weighted sum over positive definite
contributions from a distribution of scatterers.
For this category of RRS the important problem is the determination
of which intermediate state dominates the scattering at a given excitation
frequency. Because the intermediate state may vary as a function of
frequency, the resonance spectrum may bear no resemblance to the
Lorentzian form for a single discrete state. Unlike the example of a
discrete state or an inhomogeneously broadened state considered in
Subsection 3.4.2, there is no universal functional form and the nature of
the resonance enhancement for specific cases must be considered
individually.
In the previous subsection we utilized crystalline selection rules to
single out one discrete intermediate state for first-order RRS in C u 2 0 .
In this section we consider the same example for higher-order scattering.
A schematic diagram of the scattering is shown in Fig. 3.13, which is
essentially the same as Fig. 3.3b with the addition of specific labels for
the present case. As was discussed in Section 3.2, conservation of momentum in a crystal requires that, for fixed photon and final state p h o n o n
wave vectors, the m o m e n t u m of each intermediate state is fixed. Furthermore, for exciton bands in crystals the set of intermediate states of a
given wave vector form a set of discrete levels. For photon and p h o n o n
energies such that one discrete intermediate state is near resonance,
then in the formal expression for the R a m a n tensor only one intermediate

Fig. 3.13. Second-order RRS in Cu20. The notation is the same as in Fig. 3.6. The resonant
state is the ~ exciton. Other intermediate states/~ are non-resonant. The phonons are oddparity
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state need be considered for each final state. Of course, the individual
phonon momenta are not fixed in the experiments and the sum over
final states must be carried out as shown in (3.24).
Let us now restrict ourselves to specific assumptions valid for the
case of second-order scattering in C u 2 0 reported by Yu et al. [3.55].
Because the Is "yellow" exciton is dipole forbidden, the dominant
second-order scattering corresponds to both phonon-assisted absorption and phonon-assisted emission of the photons, i.e., the middle
intermediate state in Fig. 3.13 is the resonant (e) exciton and the other
two intermediate states are non-resonant (fl) excitations. The resonant
intermediate state c~ forms a band with lowest frequency being the
absorption frequency discussed under "First-order RRS in CuzO", in
Subsection 3.4.2 and having exactly one state for each value of the wave
vector.
As is essentially always the case in second-order scattering, the
photon wave vectors are negligible so that the phonons have wave
vectors + q. For the case considered by Yu et al., dispersion is negligible
(O)o(q)_~ COo) so that only the total integrated intensity of the sharp
second-order Raman feature could be measured. Using an isotropic
parabolic dispersion relation ~o~(q)-co,(0)oc q2 for the exciton band
to convert the sum over final states q in (3.24) to an integral over frequency
of the intermediate state e~,, we find

da(oot)oc ~,~(o~
~ do)~ (~Ol -

[co~-

~o~(0)] "2

COo- o~) 2 + {~' [ o ) ~ - o9~(0)] } ~ '

(3.85)

where the inverse lifetime ? has been allowed to be an arbitrary function
of the frequency of the intermediate state measured relative to the bottom
of the exciton band co~(0). The integral is readily performed in the limit of
long lifetimes, 7 [o)~ - ~o~(0)] ,~ (n~ - o)~(0), with the result

O,
d a ( ~ o ~ ) oc

o)~-COo<O~(O)

[o91 - COo - ~o~(O)Y n
[o01 - O)o - o ~ ( 0 ) ]

'

o~1

-

o90 > c0~(0).

(3.86)

In this case, unlike that of inhomogeneous broadening, the density of
states is smoothly varying as a function of frequency. Then the lifetimelimited contribution to the scattering greatly dominates over the "fast"
contributions arising from virtual intermediate states. Thus, following
Yu et al. [3.55], it is a good approximation to neglect all virtual contributions for photons both above and below the absorption edge
031 =co~(0)+e)o. The predicted scattering corresponds to resonance
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fluorescence and is lifetime limited in intensity and in the temporal
dependence of the emitted light. We expect (3.85) to adequately describe
all scattering except very near the onset of the RRS at 091 - 0 9 o - 09~(0),
where the integral (3.85) needs to be treated more exactly.
The experimental results of Yu et al. [3.55] are reproduced in
Fig. 3.14. The Raman feature observed is the second-order overtone of the
F(2 phonon band. The fact that this is the strongest feature in the RRS
spectrum supports the theoretical interpretation since F(2 is known to
dominate both phonon-assisted absorption and emission to the ls
"yellow" (e) exciton. In agreement with the theory, the intensity increases
rapidly at the threshold where 09~ = 09~(0) + 090. The decrease in intensity
at higher energies is attributed to a rapid decrease in the lifetime, especially for o)l > 09~(0)+ 3o90 where the exciton can decay via emission
of two /'1-2 phonons. In Fig. 3.14a is shown the remarkable agreement
between the experimental intensities and the theoretical fit based on a
parametrized expression for the lifetimes. The changes in the intensity
displayed in Fig. 3.14b at higher temperature has not been analyzed
but appears to be consistent with a variation in lifetime as a function
of temperature [3.55].
The expressions for the scattering cross-section, (3.24) and (3.86),
can be interpreted in an intuitively understandable form: inserting the
matrix elements and density of states factors into (3.86), we find the
simple result that
d a ( ~ o l ) oc %(091)

~[~i

~R- o ~ ( 0 ) ]
_ coo

(3.87)

Here ~p((.O1) is the absorption constant (ocE091-09o-09~(0)] 1/2) for
phonon-assisted absorption to the • exciton; ~ is the total lifetime broadening of the exciton which depends upon the exciton energy above the band
minimum col - 090 - c0~(0); and YRis the probability ofphonon-assisted radiative recombination of a given exciton state, which is very nearly independent of the energy of the exciton. Equation (3.87) is just the absorption
probability per unit length multiplied by the branching ratio that describes
the fraction of exciton that recombine radiatively without suffering other
inelastic scattering. Such branching ratio arguments describe RRS in
cases in which all the scattering is lifetime-limited and there are no
interferences between different intermediate states.
In the experiment described above, the wave vectors of the phonons
involved could not be measured experimentally and were inferred from
the theoretical calculations. Cases in which the phonons have larger
dispersion would allow the wave vectors to be determined experimentally
from the dispersion relation 09o(q). This has been observed very recently
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Fig. 3.14a and b. Raman cross section of the 220-cm -1 line of Cu20 at two different
temperatures: (a) ~ 16 K and (b) ~ 8 0 K . I-These temperatures represent those of the
lattice obtained in (a) from the line shape of the phonon-assisted free-exciton recombination
spectra and in (b) from the position of the ls yellow exciton in the luminescence.] Inset in (a),
absorption spectra of Cu20 at 4.2 K taken from P.W. BAUMEISTER I-Phys. Rev. 121, 359
(1961)]. Dashed curve in (a), plot of the theoretical expression described in the text. (From
Yu et al. [3.55])

in C u 2 0 by Yu and SHEN [3.56]. They observed RRS peaks for which
the energy transfer o91 - o ) 2 varied as a function of frequency 091 . In
particular the peak position for/'1-2 + FZ5 (TO) shifted to lower energy and
that for F~-2 + F~5 (LO) to higher energy as ¢o1 was increased above
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09x = eg~(0)+ Coo(F(z). The shift was found to be linear in 091 as required
by the parabolic dispersion relations of both the exciton and the phonons.
The shifts measured were compatible with the exciton dispersion deduced
from other measurements of Yu and SHEN described below.
Yu and SHEN [3.56] also have interpreted peaks in their RRS measurements as due to three and four phonons--two/'1-2 phonons plus one and
two acoustic phonons, respectively. For the second-order RRS discussed
above scattering of the exciton by acoustic phonons was merely a decay
or loss mechanism. The present case is a result of the fact that those
decay products can, in turn, emit light. Theoretical analysis is straightforward and can be cast in the form of a branching ratio. For a thirdorder process involving one acoustic phonon, the light emitted at
frequency co2 is determined by

a~(091,092)
o¢~.(091) { ~ '~(09'--09°--09~(O)'q~)~=~oZ--~
6(c0, -- 092 - 2090 ~R

1

co,(q.))I

(3.88)

7(091 - 090 - 09,(q°)- 09,(0)) "
The first branching ratio is the probability of emission of an acoustic
phonon of energy 09a(qa)----O91 --092 --2090, where 090 is the energy of the
(dispersionless) F72 phonon. The total branching ratio in brackets
has been written explicitly as a sum over the ratios for emission of
acoustic phonons of specific wave vectors. The final ratio is the probability of light emission from the exciton state after being scattered by the
acoustic phonon.
In general, the curly bracket in (3.88) involves a complicated average.
The dominant feature, however, is that y, varies smoothly as a function of
qa up to q, = q, (max) given by
q~ (max) = [2M(09 1 - 090 - 09,(0))3 1/2
+ [2M (co~ - 090 - ¢Oa(qa ) - 09~(0))31/2

(3.89)

For larger qa, 7a abruptly drops to zero since the exciton cannot decay
by emission of phonons with q, > qa (max). Here M is the total mass of the
exciton. Scattering via an acoustic phonon of the maximum wave vector
can be illustrated by Fig. 3.4, if we identify the parabola as the exciton
band and replacing q ~ qa, co0 --. coa (q), 091 ~ 091 - 090,092 --*092 + COo. If
we also assume an isotropic velocity of sound, coa(q.)= v~q., then the
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density of states of the acoustic phonons causes a peak in the scattering
at q~ (max); i.e. the RRS cross-section is strongly peaked at
(,01 - -

(/3 2

=

20~o + vs x q~ (max).

(3.90)

Combining (3.89) and (3.90) we see that the peak scattering intensity
for this 3-phonon scattering varies as a function of incident frequency o~1
in a way determined by the sound velocity vs and the exciton mass.
From the variations measured in C u / O and an approximate isotropic
analysis of the acoustic phonons, Yu and SHEN extracted a value of
M = 3.0 _+0.2 me for the exciton mass. This value is in disagreement with
other measurements indicating further analysis is needed, but nevertheless
the experiment clearly demonstrated the fact that higher-order RRS can
probe in detail electronic states of crystals at wave vectors much greater
than the wave vectors of light. In particular, Yu and SHEN ['3.56] estimated
that both phonons and excitons involved in the scattering can be systematically probed up to about 1/4 of a Brillouin zone boundary.

3.4.4. Continuum of Intermediate States with a Discrete Final State

In this subsection we turn to a regime of Raman scattering which is
qualitatively different in the theoretical interpretation from the preceding
examples. Here we consider cases in which it is essential to sum over many
intermediate states in the Raman scattering amplitude, (3.10). Indeed,
the major features of RRS in this case result from the constructive and
destructive interferences in the amplitude. We first consider the simplest
cases of scattering from a solid with photons resonant with the absorption
continuum. As in the previous subsections, molecular RRS also provides
a particularly clear example of this category of RRS.
Continuum Bands in Solids

The analysis of RRS is greatly facilitated by comparison with the dielectric susceptibility. The central equation is (3.50) which was derived
for first-order scattering. Through the one-dimensional example, we
showed that this relation to the dielectric tensor is expected to hold
for first-order allowed RRS in crystals, significant corrections being
needed only if there are non-degenerate bands which happen to be close
in energy, e.g. spin-orbit split bands--in which case slightly more
complicated formulas are needed [3.8, 57-60]. It is also useful to note
that formula (3.50) holds also if excitons are taken into account within
the effective mass approximation. The only necessary assumption is
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that of constant electron-phonon matrix elements. Thus formulas in
terms of Z, in principle, have all broadening and exciton effects
included.
There have been many reports of RRS from semiconductors in which
the experimental RRS and dielectric functions are compared [3.7, 8,
57-62]. In each of these references the general expected critical point
features have been observed. However, upon careful examination in
many cases [3.58-62] there are definite discrepancies between the critical
point positions given by RRS and modulation spectroscopy. For our
examples we choose experiments which have been pursued to a sufficient
extent to test the simple theory.
The most directly interpretable experiment is that of BELL et al.
[3.58], who have observed RRS in the vicinity of the lowest direct gap in
GaP. In this case the critical point is well understood--it is an M o
point--and the spin-orbit split wave functions are known for GaP and
other semiconductors. This appears to be an ideal case to compare
experimental RRS intensities with the dielectric susceptibility relations.
Furthermore, exciton effects are small and theoretical expressions for
the susceptibility in terms of free-electron expressions are expected to be
sufficient.
The only complication in this case is that the spin-orbit splitting of
the valence bands causes two critical points separated by only 0.08 eV.
Since the phonon energy is coo ~ 0.05 eV, the structure from the critical
points at cos and o02 = co~ -O9o will overlap and interfere. This has been
accounted for by CARDONA [3.8], in the approximation in which the
phonon frequency, electron lifetimes, and scattering to other bands are
neglected. The theoretical formula is a special case of (3.91) given below,
where the constant term is set equal to zero and the constants A and B
are related by a simple argument [3.8].
The results of BELLet al., for the TO RRS intensity are shown in
Fig. 3.15. The experimental data indicate structure near each critical
point and there is a hint of the predicted decrease between the critical
points. The theoretical results are shown as the solid curve. The general
agreement is very good and the proper inclusion of lifetime and the
phonon frequency would round the sharp theoretical singularities to
improve the agreement. We conclude that for this straightforward case
the experimental RRS is well-described by the simple theory and that
with proper inclusion of lifetime, phonon frequency, exciton effects, etc.,
the theoretical analysis of RRS can determine the electron-phonon
interactions [3.8, 57].
Let us turn to the set of experimental measurements of RRS [3.59-62]
near the E~ and Ef + A~ critical points in semiconductors [3.63]. This
critical point is very anisotropic, having one heavy mass, and is con-
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structed of states at arbitrary points along a symmetry line in the Brillouin zone. In order to describe the susceptibility it is apparently essential
to include exciton effects [3.63-65]. The band and exciton states for
E 1 and E1 + A~ critical points are not as well understood as for the E o
and E0 + A o states and theoretical predictions are more tenuous. There
are, however, comparisons of RRS intensities and experimental structure
in the susceptibility.
The most studied case is that of RRS from InSb which has been
reported by two groups [3.60, 61]. The two sets of results are shown in
Figs. 3.16 and 3.17. They are in essential agreement but different features
are emphasized in the two figures. DREYBRODTet al. I-3.60] have measured
the RRS intensity for the T O phonon over an energy range including
both E a and E~ + A 1 with the results shown in Fig. 3.16. We see that the
experimental data indicates the two well-separated critical points
with a smaller intermediate peak. They have compared their results
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Fig. 3.16. Measured resonance in the R a m a n cross section of lnSb for allowed T O scattering
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with the predicted RRS intensities (dashed curve) based on the experimental susceptibility Z. Thus all lifetime and exciton effects are implicitly
included. However, they do make the approximation of neglecting the
phonon frequency. Their expression for the Raman matrix element has
the form [Ref. 8.1, Sect. 2.2.6b].
d
Kw_A(z+,-Z-)+B-d~(Z
++ Z-)+C.

(3.91)

Here ~+ and X- are, respectively, the spin-orbit split band contributions
to ~. In this case the spin-orbit splitting is large and the two contributions
can be isolated. Consider the lower Eo peak for which X- ~ 0. Then the
form (3.91) reduces to
d
Kw-Ax+B~--~
z+C.

(3.92)

This is a general linear combination of the three types of terms given
in (3.50) with the neglect of the phonon frequency. The sharp peak in
the theoretical curve in Fig. 3.16 results from the dx/do9 term in (3.92)
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and the smoother structure results from the other terms. The constant C
has been adjusted so that the real part of the matrix element has a zero
just above the E 1 peak. This gives the minimum in the theoretical RRS
intensity, in general agreement with the measured intensity.
The most prominent feature of the comparison between theory and
experiment is that the sharp peak in the RRS occurs at an energy hioher
than that predicted from the critical points measured optically [-3.65, 663.
The shift is also observed for the resonance enhancement of other phonon
sidebands. This is best illustrated in the work of Yu and SHEN [3.61]
in Fig. 3.17. There are shown RRS intensity variations for several
Raman features. All show similar sharp peaks reminiscent of the peak
in [dx/do9[ 2 but shifted to higher energy by ,-~0.05eV. Similar shifts
have been observed in other materials near the E1 critical point [3.59, 62].
In addition, Yu and SHEN [3.61] have shown that the RRS peak does
not shift in exactly the same way with temperature as does the optical
critical point.
Shifts in the peaks in RRS spectra to higher energies than those
measured in modulation spectroscopy have also been observed in
other similar semiconductors [3.59, 62]. For example, for RRS near E t
and E~ +A t in Ge [3.59], only a single peak between E1 and E~ +A t
is observed. This is explained by assuming the intraband scattering term
proportional to A in (3.91) is negligible small. The peak position, however,
is shifted by about 45 meV above that predicted from (3.91). All examples
of the shifts reported to date involve the Et or E1 + At gaps. It is not
clear whether these are general properties of higher band gaps or are the
results of specific features of the E~ gaps.
There is as yet not satisfactory explanation for the shifts. It appears
that the inclusion of the correct phonon energy (0.02 eV) in the theoretical
comparison could not bring theory and experiment into agreement.
As we have pointed out, excitons are already properly included in the
experimental susceptibilities, so that the shift cannot be simply ascribed
to "exciton effects". DREYBRODTet al. [3.60] have shown that cancellation
between different terms in the Raman matrix element can introduce
structure into the RRS intensity, but it appears that the shift in the main
peak cannot be produced in this way. (A quantitative explanation is still
missing in 1982!).
It has been proposed [3.61] that the shift is caused by a double
resonance effect dependent upon the finite wavevector of the phonon.
However, as was first pointed out by YACOBV [3.67] and discussed in
more detail in Section 3.2 and in [3.22, 68, 69], the double resonance in
this case does not lead to additional enhancement. This is shown explicitly in the one-dimensional example, (3.52)-(3.59), where we find
that additional peaks can occur only for wave vectors exceeding a
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minimum value. The arguments are readily extended to the present
case a n d o n e finds t h a t t y p i c a l w a v e v e c t o r s of the p h o n o n s are m u c h

smaller than this minimum value.
Continuum Bands in Molecules
A m o n g the possible intermediate states of a diatomic molecule discussed
under "RRS in I 2 molecules" in Subsection 3.4.2 are the continuum bands
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which are the vibrational-rotational states of the unbound molecule.
For photons degenerate with such a band, these are expected to be the
dominant intermediate states [-3.70-72]. The scattering process is very
similar to that involving continuum bands in a solid except that in this
case 1) selection rules are much less restrictive since there is no translation
invariance, and 2) the strong electron-vibrational coupling necessitates
a non-perturbative approach for quantitative calculations.
The expression for the matrix element is the basic one, (3.10), and the
diagrammatic representation is given in Fig. 3.2c. The matrix elements
of ~MR needed in (3.10) are overlaps of the nuclear wave functions
weighted by the dipole radiation matrix element between ground and
excited electron states. Within the Franck-Condon approximation,
these are calculable from the equation of motion of the atoms with
potential energy functions Vg(r) and Ve~(r) for ground and excited
electronic states, respectively. Here r is the internuclear separation in
diatomic molecules. It is thus tedious but straightforward to calculate
the contribution of any intermediate state to the Raman matrix element.
The primary point for our discussion is the sum over intermediate
states in the continuum. The essential features are evident in the approximation for treating the electron-vibrational coupling as a perturbation Jf~. Then the zeroth-order approximate eigenstates are the decoupled atoms which have a simple kinetic energy and square root
density of states just as for a three-dimensional effective mass band in a
solid. Making the constant matrix element approximation, we arrive at
the "independent double resonance" expressions, (3.36) and (3.37).
The expressions are closely related to those for a solid, the only difference
being that the lack of translation invariance leads to the expression
(3.37) as a product of '~in" and "out" susceptibilities rather than the difference expression, (3.41) found for the "coupled double resonance" in a
solid.
As a specific example we consider the case of the 12 molecule which
has been extensively studied [3.33, 70, 73, 74]. In this case, unlike that
discussed in Subsection 3.4.2 of resonance at discrete states, the enhancement occurs simultaneously for many possible Raman transitions.
The spectrum is very complex consisting of many vibrational orders,
each split by rotational levels and unequal spacings of vibrational
levels. Examples of the fine structure in specific vibrational orders are
given in Fig. 3.18, which is taken from WILL1AMS and ROUSSEAU [3.703.
Each peak in the Raman spectrum, nevertheless, corresponds to specific
initial and final states and may be considered individually.
Also shown in Fig. 3.18 are the theoretical calculations of WILLIAMS
and ROUSSEAU [3.70], who computed the matrix elements properly
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within the Franck-Cordon approximation and performed the integral
over the continuum numerically. Their numerical results for the relative
amplitudes of the different Raman features as a function of frequency
are sensitive functions of the choice of the potentials Vg(r) and Vox(r),
which have been adjusted to fit the experimental data. The RRS for the
continuum bands thus provides information about the internuclear
interactions V~x(r) for specific electronic states, in addition to that
derived from resonance with discrete states. The continuum states are
especially sensitive to the form of V~x(r) at both small and large r. It
should be noted that this procedure can also determine Vex(r) for unbound electronic states for which there is only the continuum and no
discrete states.
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3.4.5. Continuum Intermediate and Final States
In this subsection we turn to the final category of RRS, cases in which it
is essential to sum over a continuum of final states and for each final
state to evaluate the matrix element by summing over a continuum of
intermediate states. All theoretical calculations are closely related to
those needed for the previous subsection, but the sum over final states
change qualitatively the comparison with experiment. Here we must
consider both the intensity as a function of incident photon frequency
col and the line shape of the R a m a n spectrum as function of the scattered
photon frequency (D2 for fixed co1 . The simplest examples are ones in
which the resonance factors are essentially constant for all final states,
in which case all considerations derived for a single final state apply
with only the modifications that the R a m a n line shape is determined by
the characteristic density of final states. We shall not consider any such
cases and shall restrict consideration to cases in which the resonance
factors vary greatly for the different possible final states.
Multiple-order RRS in crystals is the primary theoretical and experimental example for this category. M o m e n t u m conservation requires
that the total m o m e n t u m of the final state be fixed by the experiment.
A continuum of possible final states exists for a given total m o m e n t u m ,
corresponding to the m o m e n t a of the individual excitations. The intermediate states similarly are labeled by their momenta. The analytic
energy-momentum relations for the excitations of a crystal lead to resonance effects which may vary drastically for different final states.
The most direct example of resonance as a function of wave-vector is
the double resonance that can occur in the continuum. This is discussed
in Section 3.2. It was shown there that for second-order scattering with
photons in the absorption continuum, the RRS intensity is greatly
enhanced for phonons satisfying the double resonance criterion. In the
one-dimensional crystalline case treated explicity in Section 3.2, the
double resonance is manifested as a Lorentzian peak in the cross section
as a function of wave vector q of each phonon. In this case the double
resonance may completely dominate the second-order scattering--the
m o m e n t u m of the phonons can be restricted to a narrow range which is
a function of the frequency of the incident photon.
The results from three-dimensional calculations [-3.22, 68] are also
mentioned in Section 3.2. The double resonance there leads only to a
weak logarithmic peak. Whether or not a small range of phonons is
particularly enhanced in three dimensions depends upon lifetime of the
electrons and the nature of the interaction. The q-dependent Fr/Shlich
interaction, which is important in RRS, enhances small-wave-vector
scattering (q,~ BZ boundary). This can lead to strong RRS involving
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LO phonons only near the zone center. Therefore, we expect that in
polar semiconductors, the FriShlich interaction can lead to sharply
peaked, strong RRS dominated by the double (multiple) resonance
phenomena. For deformation potential scattering the line shapes will
be much less drastically altered, although peaks not associated with
critical points can occur [3.22, 68]. (See [Ref. 8.1, Sect. 2.2.10].)
Let us proceed to the experimental results where the qualitative
features of the scattering are exhibited clearly. First, consider a case
in which the photons are near but not at resonance with the excitonic
and band states in a semiconductor. The resonance enhancement of the
second-order L O phonon RRS has been considered by many workers
[3.17, 37-46, 57, 75 77]. In this case strongly peaked spectra are observed.
The matrix element effects which restrict the phonons to near the zone
center appear to be so strong that the density of states factors cannot
be observed. An example near resonance is shown in Fig. 3.11, where we
see that the 2 LO peak is almost as narrow as the first-order peak. For
photons above the band gap it becomes even narrower [3.42]. Similarly,
LO + T O combinations have been observed. The most thoroughly
studied case is G a P in which the total intensities have been measured by
WEINSTE|N and CARDONA [3.57] for photons near the lowest direct gap.
The peaks for 2 LO and LO + T O not associated with any critical point
are shown in Fig. 3.19. ZEYHER [3.68] has calculated the integrated
intensities from the three-dimensional calculations referred to above.
The agreement is very good for both LO + T O and 2 LO. ZEVHER
[3.68] has predicted the detailed line shapes, but the lack of dispersion
in the phonon branches has apparently prevented experimental determination of the line shapes. No additional peaks for 2 T O phonons
near the zone center have been reported for this case. Note, however,
that near the two-dimensional critical point E1 (where double-resonance
factors are more important as discussed in Section 3.2) additional peaks
for 2TO phonons near the zone center have been observed in Ge [3.78,
81].
Similar modifications of the two-phonon spectra occur at indirect
resonances; in these cases they involve phonons of wave vectors which
bring one energy denominator in the theoretical expression (3.32) into
resonance. Since only one denominator is resonant, the sums over
intermediate states have the forms given in (3.26)-(3.29). The result is
that the two-phonon spectrum is modified in the same manner as for
double resonances, i.e. a pole in one-dimension, inverse square root in
two, and a logarithmic divergence in three dimensions. Examples of
indirect resonances have been observed [3.77, 791. There are
changes in the shape of the second-order spectra but no additional peaks
have been observed.
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It is interesting to note that the theoretical formulation of scattering
at an indirect resonance is the same as that for scattering near a forbidden
transition. The analysis applied to the 2-phonon scattering in C u 2 0
(Subsection 3.4.3 and [-3.55]) applies equally well to an indirect exciton;
conversely, the preceeding analysis applies to resonance with the continuum states for the lowest (c~) band in Cu20.
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Fig. 3.20. Top trace: Uncorrected spectrum of CdS at ~ 3 0 0 K with excitation at 4579 ~,.
Below: Corrected intensities of m u l t i p h o n o n scattering features in CdS as a function of
temperature and laser frequency. The arrows indicate the approximate energy of the 11= 1
free and 12, 15 b o u n d excitons. (From LE1TE et al. [3.75])
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For photons above the band gap in the absorption continuum the
higher-order scattering is even more striking. As in previous cases,
the best example is CdS [3.42, 75, 76]. LeITE et al. [3.75], and KLEIN
and PORTO [3.76] have each presented the RRS spectra for CdS using,
several excitation lines from the Ar + ion laser which lie in the electronic
band continuum. We reproduce in Fig. 3.20 the results of LEITE et al.
[3.75]. There we show sharp n-LO peaks for n = 1 through n = 9 .
No other Raman features are detectable in Fig. 3.20 although T O + LO
combinations also can be observed [3.42] in some cases. Similar results
are found in many other polar semiconductors [3.37, 38, 46], so that it is
clear that the intense, sharp multiple LO lines are an intrinsic aspect
of RRS in these materials [Ref. 8.1, Sect. 2.3.5-].
The most striking aspect of the scattering above the band gap is the
intensity of the higher-order scattering, which does not decrease as a
simple perturbation analysis would predict. This has been interpreted by
MARTIN and VARMA [3.80] as a cascade process very similar to that of the
higher-order processes in CuzO discussed in Subsection 3.4.3. Analysis
in this case is in general very complicated because of the interference
between different intermediate states in the continuum, which must be
summed properly. The suggestion of a cascade description has been
supported by the analysis of ZeYHER [3.69] and MARTIN [3.22], who
concluded that a branching ratio description holds approximately for
order n > 3, although not for n = 2. In this case the RRS is explicitly
dependent upon the lifetime and there is a characteristic time delay as in
resonance fluorescence, but the calculation of the Raman emission
probabilities themselves must take into account the interference between
the different intermediate states in the continuum [-3.22, 69, 80].

3.5. Conclusion
The basic theoretical formulas describing RRS have been derived
and their consequences explored for representative cases. The important
formula is the second-order perturbation expression (3.10) for the Raman
matrix element in terms of the material-radiation interaction. Expanding
that expression in terms of approximate eigenstates of the material
system leads to the often-used expression (3.33) and similar higherorder expressions in terms of the interactions between the approximate
eigenstates. In each case the fundamental theoretical distinctions are
between discrete and continuum intermediate and final states, the combinations of which form the categories discussed in Section 3.2.
Two concepts were found to be of central importance in the interpretation of RRS: 1) the comparison and contrast of the Raman matrix
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element with the dielectric susceptibility and 2) double (multiple)
resonances which describe the evolution of the relevant states of the
material system in terms of sucessive scattering between approximate
eigenstates. The basic expression (3.10) shows that poles in the R a m a n
matrix element occur at the same frequencies as do those in the dielectric
susceptibility, but with different material-radiation matrix elements.
This is of great utility in the interpretations of cases where the variations
in matrix elements is small compared to that of the density of states.
Double or multiple resonance describes cases in which the formal
material-radiation matrix element is itself a very complicated function
of the photon frequencies. In such situations the dependence of RRS
upon the intermediate states is quite different from that of the susceptibility.
Application of the basic formulas to specific cases for each category
was discussed in Section 3.4 with the aid of results derived in Sections 3.2
and 3.3. In most cases experimental results and comparisons with
theoretical calculations could be used to illustrate the dominant features
of the theoretical formulas. These are the various ramifications of the
Lorentzian resonance of a discrete intermediate state discussed in
Subsections 3.4.2 and 3.4.3 and the possible interferences a m o n g continuum intermediate states considered in Subsections 3.4.4 and 3.4.5.
In the final category, continuum intermediate and final states, the experimental results were not sufficient to quantify the resonance changes
in the line shapes. In that case, a simple one-dimensional crystalline
model for higher-order p h o n o n scattering, described in Section 3.2,
suffices to illustrate additional structure in R a m a n lineshapes which
varies as a function of phonon energy and depends upon the nature of the
resonant intermediate states.
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4. Electronic Raman Scattering
M.V. KLEIN
With 15 Figures

Semiconductors contain a wide variety of electronic excitations, and
many of them can be studied by Raman scattering techniques. They form
the subject of this article. Excluded is the class of deep-level electronic
transitions associated with transition-metal or rare earth atoms in semiconductors or oxides. Included are almost all the excitations of shallow
levels in semiconductors that have been observed experimentally or proposed theoretically, with the important exception of excitations in a
magnetic field. Thus spin-flip excitations in a magnetic field will not
be discussed, except for a few comments at the end in Section 4.6.
See [Ref. 8.8, Chap. 8].
After this introduction, we begin in Section 4.1 by discussing light
scattering by carriers in simple semiconductors via a coupling of fluctuations in carrier density to the optical radiation fields. Long range
coulomb interactions are included via the random phase approximation.
This leads to a discussion of scattering by plasmons and (in polar crystals)
by plasmon-LO phonon coupled modes [Ref. 8.8, Chap. 8].
Section 4.2 is devoted to scattering by (weakly) bound electrons and
holes. The effective mass approximation provides a good basis for the
discussion of several experimentally observed strongly allowed Raman
scattering processes. The theory of acceptor transitions given here is
new.
In Section 4.3 Raman scattering from a variety of coupled electronphonon excitations is discussed. Some are localized in space; some are
not, but they share features common to coupled mode problems, namely
frequency shifts, line shape changes, and interference effects. The theoretical discussion of this topic contains some new material.
In Section 4.4 we return to the discussion of light scattering by
single particle excitations that was begun in Section 4.1. The emphasis
is on the nature of the fluctuations, such as spin density fluctuations,
or energy density fluctuations, to which the scattering process can couple,
on the strength of the scattering processes, and on the shape of the spectra.
In Section 4.5 scattering from multicomponent carriers is discussed.
The emphasis is on multivalley n-type semiconductors and on the
possibility of scattering of light via intervalley density fluctuations.

148

M.V. KLEIN

Acoustic p l a s m o n scattering will be mentioned. Unlike the other sections,
this one is mainly theoretical•
Section 4.6 closes the article with a few c o m m e n t s a b o u t possible
areas of e m p h a s i s in the future and a b o u t spin-flip R a m a n scattering.

4.1. Light Scattering from Free Carriers in Semiconductors
We consider first those light scattering p h e n o m e n a that are straightforward generalizations of scattering properties of a free electron gas.
The recent b o o k by PLATZMAN and WOLFF [4.1] is a good general
reference for this subject.

4.1.1. Theory of Light Scattering by a Free Electron Gas [-4.1, 2]
T h e H a m i l t o n i a n for the interaction of an electron charge - e at position
r with a radiation field having vector potential A (r, t) is
'~l-rad = e2 ]AI2/(2mc2) + ½e(p . A)/mc + ½e(A • p)/mc .

(4.1)

Let A~ el e x p [ i ( k l . r - c o l t ) ] + H e r m i t i a n
conjugate (H.C.) and A z e z
• e x p [ i ( k 2 • r - 0)2 t)] + H.C. denote the vector potential of incident and
scattered photons, respectively. The IAI2 term in (4.1) caused a Lorentz
force on the electron due to the vector p r o d u c t of the velocity acquired
in the E field with the B field. Its cross terms d o m i n a t e the scattering
process [4.2]. The scattering H a m i l t o n i a n is then
J r ' = to(el "e2) A1A*2 e x p [ i ( q - r - col)] + H . C . ,

{4.2)

where q = kl - k2 and co = 0) 1 - co2, and where ro = eZ/(mc 2) = 2.83
x 10 -13 cm is the classical radius of the electrons. The force on the
electron implied by (4.2) is along q. If l i) and I f ) denote initial and final
plane wave states for the electron, the power scattering cross-section
that results from the application of time-dependent p e r t u r b a t i o n theory
(the "golden rule") using the p e r t u r b a t i o n (4.2) is

d2 a/do0 d(2 = (o)2/ool) 2 r~ (el " e z) 2 ~ [ ( f l e x p ( i q . r)li)l 2
j•

6 (o0 - o0s + o)i).

The photon scattering cross-section is (o01/co2) times (4.3).

(4.3)
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For a collection of electrons exp(iq, r) is replaced by an operator
which is essentially the Fourier component of the number density:
0q - ~. exp(iq - r~) = Z C~+qCr,
j
K

(4.4)

where CtK+q and C K are creation and annihilation operators, and the
volume has been equal to one.
Equation (4.2) becomes

,Y(~' = ro(el • ez)

A1

AtE exp(-- io)t) 0q + H.C.

(4.5)

When used with the "golden rule", Eq. (4.5) gives the following result for
the "scattering efficiency" or cross section (equal for unit volume) from n
electrons per unit volume, see (2.16),

d2R/do) dr2 = nd2g/do9 dr2 =

((1)2/(1)1) 2

rZo(el • e2) 2 S(q, ~o),

(4.6a)

where

S(q,o))= Avi [~f ,(f]Oq,i),2 6(ogf,-co)]

(4.6b)

is the "dynamical structure factor", and where Av i[ ] represents a
statistical average over state l i). The states [i) and I f ) are now exact
many-body states [-4.3]. S (q, co) is an equilibrium property of the electron
system in the absence of the perturbation Jr'. In such a case the mean
value (Oq) of the number density fluctuation is zero. The total mean
square number density fluctuation is given by

S(q) - Avi(ilOql2i),

(4.7a)

which can be written

S(q) = Avi ~ ( i l Q * l f ) (floqli)
f
= S Avi ~ I(fJOqli)J 2 (~(o)fi--o))&o
f
= I S(q, o)) do).

(4.7b)

Equations (4.6a) and (4.6b) and (4.7a) and (4.7b) show that the light
scattering spectrum is proportional to the dynamical structure factor
S(q, co) which in turn can be interpreted as the power spectrum of the
density fluctuation at angular frequency co.
It is not possible to calculate d ER/do) dO from (4.6) using the unknown
exact many-electron states l i) and I f ) . A very useful approximation,
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the RPA (random phase approximation), may be easily obtained if we
first use the "fluctuation-dissipation theorem" [4.4]. This says that
S(q, co), the power spectrum of the density fluctuations, equals ( - n -1)
multiplied by the imaginary part of a density-density response function,
which we shall denote by ,~(q, ~o), multiplied by a temperature-dependent
factor (1 .+ no)), to be given below. F(q, co) describes the driven response
of the system to an external time-varying potential q M t - e x p ( - i c o t ) .
the perturbing Hamiltonian is assumed to be of the form (4.5), namely
. ) ' , l ' = - e q ~ x t 0 q + H . C . Due to its presence there will be a non-zero
induced charge density &od = (0q), which in the lowest order of timedependent perturbation theory will be proportional to %.t. The coefficient defines F(q, o))
kOind =

- - C (Pex!

F(q, co).

Many-electron effects due to the Coulomb interaction are to be
included in F. The RPA results if we neglect all such interactions, but a
self-consistent one between ffq and q~ind, the electric potential associated
with the induced charge density -e0ind. q~,d may be calculated from
Qi,d by Poisson's equation. This interaction adds a term J~',j = - e~0~.d0q
+ H.C. to the perturbing Hamiltonian. The linear response to ~ ' + 2~£a
may then be determined by perturbation theory using free-electron
states, giving [4.1, 4, 5]
(4.8a)

Qi,d = -- e(~b~xt+ q~i,a) F(q, ~).
Here F(q, co) is the free-electron response function and is given by
h F (q, co) = y, In (k) - n (k + q)] [co + i 0 + + co (k) - co (k + q ) ] - i,
k

(4.8b)

where n(k) is the thermal occupation number (per unit volume).
The dielectric response function of the free electron gas is
~(q, co) = 1 -- 4he 2 F(q, co)/q2.

(4.9)

The light scattering efficiency is then given by [4.5], see (2.17),
d 2 R/de)

dr2

= ((z~2/O)l) 2 ( e l " e2) 2 rg(1

+ no,) hn -1 ( - Im {F}) ]a[-2

= (co2/col)2 (el • e2) 2 rg(1 +n,o) [hq2/(4ne2)] l m { - l/z},
where n~, = [exp(hco/kBT)- 13-1 .

(4.10a)
(4.10b)
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If the RPA correction is neglected, e in (4.10a) is replaced by unity,
and we have d 2 R / d 0 ) d O o c n - l I m { F } , the free particle excitation
spectrum. This is screened by a factor of leh- 2 when C o u l o m b interactions
are considered within the RPA. The nature of the screening depends
on the values of q and 0). For small q and at low frequencies where
0) ~ qv e (re is either the Fermi velocity vr or a thermal electron velocity
v,h = (2 kB T/m)~), e is approximately

e ~-- I + (qZ/q2).

(4.11)

The screening wave vector qs is given by the Fermi-Thomas result
(k BT ,~ E 0

qvT = (6 n n e2/EO ½ = ]//3 t%/vf

(4.12a)

or the Debye-Hiickel result
qD = (4n n e2/k. T) ½ = V~0)p/V., = 1//30Jp/1)rm s

(4.12b)

in the degenerate-quantum and classical limits, respectively.
In the degenerate, small q, T = 0 case, the free particle excitation
spectrum ( - I m {F}) is proportional to 0) from co = 0 to 0 ) = q yr. It then
drops to zero at co = qvr +hq2/2m [4.4]. A finite value of T will cause
additional rounding near 0) = q Vr, as will damping due to a finite electron
lifetime. This latter effect was discussed by MERMIN [4.6]. At nonzero
temperatures ( - - I m {F}) is nonzero for negative 0). This allows nonzero
anti-Stokes light scattering.
In the classical high temperature limit, there is a Maxwellian
excitation spectrum
- Im {F} oc exp [ - 0)2/(q Vth)2] .
In both degenerate and classical cases the screening by the factor ]el-2
2 2 , which gives, according
is very large in the limit q .~ q~ for then e ,~ qs/q
to (4.10a)

dE R/d0) d(2 oc (-- Im {F}) (q/qs) 4 .

(4.13)

It is known that S(q, 0)) obeys several exact sum-rules [4.3, 4], one
of which leads to the following exact low temperature result for the
scattering cross-section per electron
o)(d 2 6/d0) dye) d m = (0)2/0)1) 2 (e 1 • e2) 2 r~ hq2/(Zm).
0

(4.14)
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When (4.13) is integrated, it gives a much smaller result for small q
than is predicted by (4.14). The discrepancy is removed by using (4.10b),
which equals (4.10a) when Im{F} ~0, but which contributes an extra
term to the scattering efficiency from regions where e itself (or more
properly, its real part) is zero. Such behavior is found at the plasma
frequency C%q, whose dispersion relation is approximately [4.3]
(/)pq =

O)p(1 + 3qZv~c%2/lO),

(4.15a)

where
o.~p= (4n n e2/m)~,

(4.15 b)

is the plasma frequency for q = 0. For o9 near Ogp one can show that [4.3]
~ ( q - ~ O , co) = 1 - ~o~/(o~ 2 + i ~ o r ) .

(4.16)

Here we have added a phenomenological electron lifetime F-1. If this
quantity obeys c % ~ F , (4.10b) then yields a Lorentzian line at the
plasma frequency with an integrated cross-section per electron that to
lowest order in q is (~z/~Ol) 2 (e 1 • ez) 2 r 2 h 2 qz/(2mmp), in agreement with
(4.14).
If q is sufficiently large, OJpq given by (4.15) will be degenerate with
the free particle excitation spectrum. The plasmon ceases to exist as an
elementary excitation. This effect is sometimes called "Landau damping".

4.1.2. Light Scattering from Bloch Electrons

Electrons (or holes) moving through a perfect crystal within the conduction (valence) band will undergo intraband scattering of light via
the ]AI2 terms of (4.1) and (4.2). The p. A term in (4.1) used with secondorder perturbation theory produces virtual intraband and virtual interband transitions. The former are negligible for small electron velocities
I-4.7]. The effect of the virtual interband transition is to produce real
intraband and interband scattering of a Bloch electron (hole) accompanied by the absorption of one photon and the emission of another. We
treat the scattering produced by the real intraband transition. The
scattering amplitude is proportional to the sum of two terms having
denominators of the form ~o~-o~ 1 and o9~ + cn2, where hcoC is the
appropriate energy gap for the interband transitions. The result has been
discussed by WoLVF1,4.7] for a simple case and more generally by JHA
[4.8] and by BLtJM I-4.9]. For small q and for o91 sufficiently less than ~;2c

Electronic Raman Scattering

153

the denominators can be replaced by co~,~, and the resulting expressions
then combine with the contribution of the IAI 2 term, through the k. p
effective mass expression, to give a scattering Hamiltonian [Ref. 8.1, Eq.
(2.144)]

.ff~ = rolzA~ A*2 e x p ( - i¢ot) Qq+ H.C.,
for carriers in a single band, where /~-= e l - ~ ' e 2 ,
times the reciprocal effective mass tensor. When the
is close to the band gap, (4.17) must be multiplied
hancement factor R22, which for light mass carriers

(4.17)
with ~ given by in
photon energy h~o 1
by a resonance enis:

2 ~r'2 h2c92)-1
R12 ~ E G~'-'G--

(4.18)

With these changes the RPA results (4.10a) and (4.10b) still hold for the
scattering efficiency [4.9] (see [Ref. 8.8, Sect. 2.3.2b])

d 2 R/do) dr2
= ((~)2/091)2 R22 ]12 y2 (1 -1- n¢,) [h q2/(4rc e2)] ~:~Im { -- 1/e},

(4.19)

where e is given by an appropriate modification of (4.9) to include
screening of free carriers by virtual interband transitions in the crystal.
Equation (4.19) is often incomplete, since it does not include phonon
effects.
The polarization selection rules are hidden in the definition of It.
Note that the rule (el. e 2 ) + 0 implied by (4.10) is replaced by /~+0
implied by (4.17). For simple mass ellipsoids, this gives "parallel" selection rules with respect to the principal axes of the ellipsoids.
4.1.3. Experimental Results for GaAs [Ref. 8.8, Chap. 2]
MOORADIAN performed a series of experiments on scattering of 1.06 lam

light from a YAG : Nd 3÷ laser by free carriers in GaAs [4.10-13]. For an
electron concentration n < 1016 cm- 3 at room temperature the plasmon
does not exist. The free particle excitations produced a symmetric
Gaussian spectrum centered at zero frequency shift, as expected. Such
scattering will be discussed in more detail in Section 4.4.
For n > 1016 cm -3 a plasma line emerges from the free-particle
spectrum. Figure 4.1 provides a good example. The notation is conventional and gives incident and scattered propagation directions k~
and /c2 and polarization directions el and e2 as follows: kl (el, e2)f:2.
The plasmon is seen at 130 cm-1 in the (zz) spectrum. The free particle
spectrum is also visible, as are the sharp transverse optical phonon (TO)
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Fig. 4.1. Polarized R a m a n spectra from n-type
GaAs at room temperature [4.13]

at oat = 272 cm -1 and the sharp longitudinal optical phonon (LO) at
col = 296 cm -1. The position of the plasmon is proportional to n ½ until
it reaches the vicinity of %. Then for a crystal lacking inversion symmetry, such as GaAs, the plasmon interacts with the LO phonon producing coupled modes L + and L- at frequencies 03+ and co- [4.14-16].
These modes can be detected in the lower two traces of Fig. 4.2, which
shows the scattered light spectrum from a more heavily doped crystal
at 2 K. The T O phonon is unaffected, but the L O phonon and the
plasmon have ceased to exist.
Figure 4.2 reveals other new phenomena. The single particle spectrum
shows the expected cut-off near q vr, but it appears in the (yz) polarization
geometry. This is unexpected, since the effective mass is isotropic. The
reason for this will be given below in our discussion of spin-density
fluctuations. The L ± peaks appear in the (zz) geometry expected for
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Fig. 4.2. Polarized Raman spectra from n-type GaAs
at 2 K [4.12]

charge density fluctuation scattering in a cubic crystal, but they also
appear in the (yz) geometry, which is allowed by the usual selection rules
for the LO phonon [4.17].

4.1.4. Scattering by Coupled LO Phonon-Plasmon Modes
The LO phonon and plasmon interact because each produces a longitudinal electric field (or scalar potential) that interacts with the charge
density of the other [4.14]. The resulting coupled mode frequencies are
roots of the equation Re {e} = 0, where for small q the dielectric constant
is given by

co?_
=

co2 - F_o

)
FcoO +-

2

SsCOp

coz + icoF "

(4.20)

Here e~ is the bound electron contribution, the first term is the contribution of bound electrons and phonons, and the second term is due to the
plasmon. The equation Re {~} = 0 is quadratic in co2; the two solutions
obey the inequalities co+> col, cop and c o - < co, COp. A comparison of
experiment and the theoretical solutions for co+ in GaAs is given in
Fig. 4.3.
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Fig. 4.3. Frequency shift of Raman scattered light due to L= phonon-plasmon mixed modes
in GaAs at room temperature [4.11]. The solid curves are the calculated roots of the
equation Re {e(q~0, o))} = 0

There are three mechanisms responsible for light scattering from the
coupled modes; they will be denoted ~, u, and E mechanisms. In the
mechanism the key elements as given in (4.17) are roA 1A~ times the
electronic density fluctuation ~)q. Scattering by the ionic density fluctuation is negligible since it involves the ionic Thompson radius (mro/M) ~ ro.
In the u mechanism scattering occurs via modulation of the bound
electronic susceptibility ~ by the phonon coordinate u. This is often
called the "deformation potential" mechanism discussed in detail in
Chapters 2 and 3. The corresponding scattering Hamiltonian may be
obtained by considering modulation of the polarization energy of
the bound electrons in the presence of the optical field E o
-

½S Eo(R). ~(R). Eo(R ) d3R.
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-g,~,'= (icoI A1/c) (ico2 A2/c)* e x p ( - ico t) (8Z/c~u) Uq + H.C.,

(4.21a)

Uq = I u(R) exp(iq. R)d3 R,

(4.21 b)

O'[/Ou = ~ (OX.b/duc) el.ezbqc/Iql.

(4.21c)

The resulting cross-term of interest is

where

and

abc

In the E mechanism the modulation of the polarization energy is by the
total longitudinal field E. This is often called the "electro-optic" mechanism and leads to a scattering Hamiltonian
.;¢t~ = - (icot At~c) (ic% A2/c) t e x p ( - io)t) (c~)~/OE)Eq+ H.C.,

(4.22)

where E o and 0)~/c3E are analogous to Uq and (?X/(?u1. The LO phonon
part of the coupled modes has both a displacement u and a contribution
to E; it scatters light via both (4.24) and (4,22), The plasmon part of the
coupled modes scatters light via (4.17) and (4.22). These mechanisms for
the plasmon are 90 ° out of phase, since from Poisson's equation 0q is
90 ° out of phase from the plasmon's contribution to Eq, and they do not
interfere; the scattered intensities simply add.
The efficiency of light scattering by the coupled modes due to the
electron density fluctuations (4.17) is given by [4.18]
(d 2 R/do9

df2)~

(4.23)

= R221 (no, + 1) (c02/col) 2 ( p r o c o v q ) 2 (4rc2 e2) -1 he~o9 l ' ( o j 2 - (02)2/A ,

where
A = [092 (09~ - ~2) - cop(cot
z
2 - co2)] 2 + co 2 F 2 (o~ 2 - co2) 2 .

(4.24)

The first term [-in the square bracket in (4.24)] is zero at co = co+. Note
the presence of the term (~o2-co~z) 2 in the numerator of (4.23). This
produces a zero in the scattering at ~ol for all values of the damping F.
We have set the components of E in Roman type in order to distinguish them
from the eigenvalues of the energy.
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The result of scattering of light by the coupled modes via deformation potential and electro-optic mechanisms is [4.11, 18, 19]
(d 2 R/do)

dO).,E

(4.25)

= (no + 1) (41re~-1)2 (0•/0 E) 2 (4~2) -1 (o)2/c) 4 ho) 2 ~s co F(~o~ - o)2)Z/A,
where
o)~ = o)2(1 + C)

(4.26)

with [Ref. 8.1, Eq. (2.93)]

e* (Oz/?u)
C -

Mo)Z ' t?z/OE

(4.27)

,

e* is the effective charge associated with the optical phonons, and M is
their reduced mass.
Apparently [4.18] is the only reference to derive (4.23). BLUN and MOORADJAN [4.20]
stated it correctly, but they refered to MOORAD~AN and McWHORTER for the derivation
[4.11]. These latter authors gave a formula which reduces to the correct one only for o)
near o)+ or on-. Large plasmon damping F yields appreciable scattering away from co+ and
co- ; in such a case their result will give an incorrect spectrum.
The parameter C is called the "Faust-Henry coefficient" [4.21]. It is denoted by C~
in [4.1 I] and by 1/1, in [4.18] and [4.19]. It determines the ratio of scattering by LO and TO
phonons in an undoped crystal

(dR/dw)(LO)
(dR/do)) (TO)

((,01-{-(.,01)4(.01( i,/)12-(,02)
2
(0~1 + o~Oaah 1 + ~

.

(4.28)

C is an important parameter also in the theory of light scattering from polaritons [4.23].

Equation (4.25) says that the scattering is zero at o)=o)o for the
mechanism, whereas (4.23) say it is zero at o)=~o~ for the
mechanism. In both cases, the spectra are not simply two peaks
at co = o)+ and ~o = co-. This is amply illustrated by experimental data
on n-type CdS [4.24], G a P [4.19], and SiC [4.18]. In all three cases the
u , E mechanism dominates. A detailed discussion of the theoretical
response functions and spectra due to the u, E mechanism has been given
by HON and FAUST [4.19]. They showed that for large F the L- branch
can be so severly distorted and smeared out that it cannot be observed in
practice. Figure4.4 shows their fits in the L+ region. Note that the
plasmon is over-damped ( F ~ o ) o ) . The parameter C is - 0 . 5 3 for GaP.
This gives a value of ~oo = 2 5 0 c m -1. The scattering in this frequency
region was too weak for one to notice the zero at co = o)0.
(u,E)
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Fig. 4.4. R a m a n s c a t t e r i n g from p u r e a n d n-type G a P [4.19]. The solid lines are t h e o r e t i c a l
fits using p a r a m e t e r s s h o w n in the table

A direct comparison of theoretical spectra due to (u, E) and Q mechanisms has been given for SiC: N by KCEIN et al. [4.18]. There F was
approximately 3~Op. The zero in scattered intensity at o)=co o was observed and an experimental value of C = +0.39 determined. F r o m it
and from a previous value of OZxx/~E z a value for OZ~,x/au~ was determined.
In n-type CdS SCOTT et al. [4.22] observed a zero at co =o20 and found
C to be + 0.50.
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In GaAs the damping F is relatively small, and MOORADIAN and
MCWHORTER [4.10, 1 I] were able to measure cross-sections for scattering
from L+ and L- modes via both Q and u, E mechanisms. The mechanisms
can be separated by the polarization selection rules (see Fig. 4.2): The
x ( y z ) y spectrum ([I, 3- in their original notation) shows the results of
the u, E mechanism; the x(zz) y spectrum (_t_, 3_ in their notation) shows
the results of the Qmechanism. Figure 4.2 reveals that the two mechanisms
produce comparable scattering for 1.06 p.m light in GaAs, and MOORADIAN
and MCWHORTER obtained excellent agreement between their observed
intensities and calculations from expressions equivalent to our (4.23)
and (4.25) for various values of the electron concentration.
In addition to the systems discussed above, scattering from coupled
plasmon-phonon modes has been observed with 1.06 Bm laser light in
CdTe and InP [4.12], and scattering by the plasmon in InSb has been
observed with 10.6 tam light ]-4.25]. A study of the coupled phononplasmon modes as a function of electron concentration has been made in
lnSb with the use of a 5.39 I~m laser [4.20].
There is a trend in the experimental results on coupled plasmonphonon modes referred to in this section. For GaAs observed with
1.06 ~m light the (u, E) and Q mechanisms are comparable in intensity.
for smaller band-gap materials studied with longer wavelength lasers
the ~ mechanism dominates. For larger band-gap materials studied
with visible lasers the (u, E) mechanism dominates. This trend can be
explained by examining how the various quantities in (4.23) and (4.25),
or sum rules derived from these equations [4.28], scale with the bandgap. In making this comparison one uses laser frequencies which are
approximately proportional to the corresponding band-gap energy.

4.2. Raman Scattering from Bound Electrons and Holes
Electrons on donor atoms or holes on acceptor atoms scatter light very
efficiently while undergoing transitions among bound states. These are
somewhat like the well-known infrared excitations [4.26, 27]. We shall
show that unlike the scattering of light by plasmon density fluctuations,
the cross-section is independent of q and is of order (r 0 m/m*) 2 multiplied
be a resonance enhancement factor, where relevant. Per electron or hole,
this is greater than that for plasmons.
Complete calculations of the scattering intensity start from the
Hamiltonian of (4.1) [4.28, 29]. The dominant term can be easily obtained
using the effective mass approximation, as shown below.
Measurements of the positions, selection rules, and intensities of the
scattered light from donors and acceptors can, in principle, yield detailed
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information about some of the impurity wave functions and about the
band structure of the host crystal. We first discuss the existing measurements and then discuss the effective-mass theory of the effect.

4.2.1. Experimental Results--Aeeeptors
The first experiments of this type were done by HENRY et al. [4.30] on
G a P containing Zn and Mg acceptors. They saw five lines or bands:
A, A', B, C, and D, four of which are indicated schematically in Fig. 4.5.
These lines can be explained as follows. The acceptor ground state is
pulled up and derived from the top of the four-fold degerate p~, or F8
valence band. Within the effective mass approximation, it is made up
of Bloch functions from these bands multiplied by (predominantly) lS
hydrogenic envelope functions. This level splits into two Kramers
doublets under stress. Line A was observed at practically zero energy
shift and was attributed to transitions between such doublets split by
residual stresses in the crystal. Band A' was attributed to transition A
accompanied by the emission of an acoustical phonon. As shown in
Fig. 4.5 line A shifts upwards in energy when a stress is applied. Line B
occurs at 33.1 meV for Zn acceptors and 34.4meV for Mg acceptors.
It is found to shift half as much with stress as line A at low temperatures
and split into two components at higher temperatures [4.311. Its final
state must therefore be a Kramers doublet, F6 or Fv. Band C was attributed to unresolved transitions to higher bound states, presumably
No Stress
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D

/
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B(T>O)
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//////////////~////"///.
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f

Ao
P112' F7 /~/'~
I///////////////////Z
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Fig. 4.5. Energy level scheme for acceptor transitions.
Adapted from [4.30]
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Dopings are; (a) 5 x 10t7 cm 3 Zn and (d) 2 x 10t8 cm 3 Te. The geometry is [171] (lIT0],
unanalyzed) [ 1]-0]
derived from the/'8 valence band, and Band D was attributed to transitions to the valence band.
A more detailed study of acceptors in G a P was performed by
MANCHON and DEAN [4.31]. They found that the energy of the B transition decreases somewhat as the binding energy of the hole to the acceptor increases. Their spectra for three acceptors are shown in Fig. 4.6.
They also studied the splitting under stress of the B line for the Zn doped
sample.
WRIGHT and MOORADIAN [4.28] investigated light scattering from
Boron acceptors in Si. A sharp line o f " B " type was found at 23.4 meV,
depolarized like the optical phonon line. In a later paper, they found
that this line splits with stress like the B line in G a P [4.32].
The splitting of the B line due to the Boron acceptor in Si under stress
and in a magnetic field was studied in detail by CHERLOW et al. [4.33].
They determined the shear deformation potentials due to the splitting
of the 1 S F 8 acceptor ground state and the spin Hamiltonian parameters for the same state. The excited state remained unsplit in both cases.
Their spin Hamiltonian parameters disagreed with those determined
from magnetic resonance measurements.
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T a b l e 4.1. L o w e s t o b s e r v e d a c c e p t o r R a m a n t r a n s i t i o n s
Host

Ao
[MeV]

Acceptor

Transition
energy [meV]

Si
GaP

44 u
100 e

Ge
GaAs

300 ~
330 *

B
C
Mg
Zn
Ga
Cd
Zn

23.4 h, 22.7 c
36.5 f
34.7 r
33.3 f
6.5-10.5 h
25.4 j
21 j

"
b
¢
"

[4.37].
[4.28].
[4.33].
[4.383.
[4.39].

f
8
h
~
J

Binding
energy [ m e V ]

>44.32 d
486
53.5 g
64 g
11 ~
21 i
24 i

Type

B
B
B
B
C
C
C

[4.31].
[4.40].
[4.35].
[4.41].
[4.32].

W R I G H T and MOORADIAN observed a single line due to Cd, Zn, Mn,
and Mg acceptors in GaAs [4.32, 34]. In the first two cases, the line was at
about 25 meV. No stress measurements were performed.
DOEHLER et al. have studied the Ga acceptor in Ge using the 2.1 gm
line of an ABC-YAG laser [4.35]. They did not see a B line, but observed
a band of unresolved lines of the C type in the 6.5-10.5 meV range in a
crystal contaning 2 . 5 x l 0 ~ 6 c m - a acceptors. Some resolved lines
appeared at lower doping [4.36].
The acceptor transitions are broader in the heteropolar G a P and
GaAs lattices than in the homopolar Si lattice. This is attributed to
stronger coupling to phonons and hence a shorter lifetime in the heteropolar case.
Some information concerning the lowest observed acceptor transitions has been assembled in Table 4.1.

4.2.2. Experimental Results--Donors
The first donor transition to be seen by light scattering was observed at
13.1 meV in Si(P) by WRIGHT and MOORADIAN [4.28]. It was polarized
and presumably had group theoretical E-symmetry. Its position agreed
with the known energy of the 1 S ( A 0 ~ I S ( E ) valley-orbit transition.
W R I G H T and MOORADIAN worked out the theory of the scattering and
showed that such valley-orbit transitions should be the strongest donor
transitions. Later WR1GHT and MOORADIAN reported observing the same
transition on As and Sb donors in Si and on Te donors in AISb [4.34].
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Fig. 4.7. The Raman spectrum of the 6H polytype of SiC containing N donors [4.29].
This (XX) polarization geometry couples to excitations of A1 and E2 symmetry. The
valley-orbit donor peaks are at 13.0, 60.3, and 62.6 meV. The peak at 78.8 meV is thought
to be a localized phonon gap mode. The Aj (LO) phonon is at 119.5 c m - L There are E 2
phonon lives at 18.0, 18.5, 32.5, 95.0, and 97.7 meV

MANCHON and DEAN observed 1S(A1)~ IS(E) transitions due to Se,
S, and Te donors in GaP [4.31]. The line split symmetrically under stress,
a fact consistent with this assignment.
COLWELLand KLEIN observed lines of E 2 symmetry at 13.0, 60.3, and
62.6 meV in the 6H polytype of SiC doped with N donors [4.29] (Fig. 4.7).
They were attributed to 1S (A1)--* l S(E2)valley-orbit transitions of donors
occupying the three inequivalent carbon sites in that lattice. In the 15R
polytype four and possibly five lines were seen; this was consistent with
the existence of five inequivalent C sites in that lattice. For the 6H
polytype, the fact that precisely three lines of E 2 symmetry were observed locates the conduction band minima along the line ML at the
edge of the Brillouin zone [4.29, 42]. The donor lines were also seen in
6H SiC by DEAN and HARTMAN[4.43].
DOEHLER et al. observed the I S(A I)-~ 1S(T2) valley-orbit transition
at 34.6 cm-I (4.3 meV) due to As donors in Ge [4.35]. An experimental
measurement gave a scattering cross-section within a factor of three of
the theoretical prediction.
As mentioned above, the strongest donor or acceptor transitions
that originate on the ground state should be 1 S ~ 1 S . The reason the
transition is seen at finite energy is that degeneracy in the bands is
split, by the valley-orbit interaction for the donor case and by the spinorbit interaction for the acceptor case. For donors in GaP [4.31] and
SiC [4.29] the light scattering data have yielded the first direct measurements of the 1 S ( A ) - 1 S(E) splittings. Other transitions, while possibly
allowed by symmetry, are much weaker and may be difficult to observe.
An exception occurs near resonance, for then cross-sections can be
considerably enhanced. There are no valley-orbit transitions in CdS,
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since the conduction band minima are at k = 0, but in that material doped
with C1 donors HENRY and NASSAU were able to observe light scattering
from the 1S--,2S and 1S--*2P~ donor transitions [4.44]. This was done
with 4880 A laser excitation under near resonance conditions.
4.2.3. Effective-Mass Theory of Donor Raman Transitions
The wave functions for the electron on a donor (hole on an acceptor) are
derived from the Bloch functions ~b~(r) at the lowest conduction band
minima (highest valence band maxima). These are assumed to be
degenerate. The donor or acceptor wave functions can be written in the
form [4.45]

~/'(r) = ~ F](r) (oj(r),

(4.29)

J

where the F] are "envelope functions" that are slowly varying on the
scale of one lattice constant. The effective mass wave equation is

j'

a~//

~JJ'e, et~ + [ U ( r ) - E] 6jj

Fj',(r) = 0.

(4.30)

Here the A j j, matrix represents the spin-orbit interaction. This is important for valence band states having p-character. The coefficients D
are generalized reciprocal effective mass parameters resulting from
interband transitions to states l outside the set j
D~fl = m - 2 2

(,J'lp~[l> <l[pplj'>(Ej-Et) -1 +6jj, b,,(2m) -1 . (4.31)

1

U(r) = ea/(e~r) is the Coulomb potential of the donor or acceptor. The
eigenvalue E is the energy relative to the band extremum. An effective
mass Hamiltonian for the scattering of radiation may be obtained from
(4.30) by replacing p by p + eA/c and collecting the A z terms. Such a
treatment is valid for photon wavelengths much longer than a lattice
constant and for photon energies well below the band gap. The matrix
element for the transition from n to n' is

<n'[o~'ln>
=

(4.32)
j

fl

D~j,~(el,e2~ + eltje2~) I F~ Fj, d a

The contribution of this transition to the power scattering cross-section is

de (n, n')/dQ = ((02/o)1)2 r02R122m2[ [ ] [2

(4.33)
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where the empty square bracket denotes the factor in square brackets in
(4.32). We have inserted the factor R22, defined by (4.18), to approximate
the effect of near-resonant conditions [4.28, 29].
For donors in a crystal having a many-valley conduction band, the
matrix D is diagonal in the valley index j and is just ~'~t~t
,~J)(2m~~ where
A{J)
~lJ = (m/m*)~ for valley j. Within the effective mass approximation the
Fj' are written FT= ~ H ~ ("), where the H~(r) form a complete orthonormal set of hydrogenic wave-functions that, in principle, take into
account the mass anisotropy of valley j. The ~ are numerical coefficients
determined from symmetry considerations [4.45]. The cross-section
becomes [-4.29]

dg(n, n')/dO = (~o2/~1)2 r~ R~2
•

[~;

,J) ,'* ,

)

el~eztj#~ecx J ajyH~t,)*Hy(,,)d3r 2.

(4.34)

The overlap integral gives the selection rule that h(n)=h(n'): The
hydrogenic quantum numbers must bethe same. Thus if n refers to the
ground state, only transitions within the 1S manifold are allowed by this
effective mass theory. Calculations starting with virtual interband
transitions due to p. A terms in the Hamiltonian show that other
transitions that are allowed by symmetry are indeed much weaker than
those considered here [-4.29].
The term in square brackets in (4.34) is readily evaluated• For Si and
GaP, the valleys are in (100) directions, and there will be parallel and
perpendicular components of the p-tensor with respect to these directions.
We find for E-polarization geometry elll [110] and e211[110J--that the
square bracket is equal to (/~11- P±)/]//6' For Ge, there are four valleys
along (111) directions. The valley-orbit transition has Tz symmetry.
For e~[[x and e2[[y, one obtains (~11-#~)/3 for the square bracket
[4.33]. For 6H SiC, there are effectively three valleys along the lines ML
in the center of the rectangular faces of the hexagonal Brillouin zone.
For E 2 polarization geometry [(xx), (yy), or (xy)], one finds (#~ - pyy)/V~
for the square bracket. Here z is along the hexagonal axis, x is perpendicular to the zone face in question, and y is parallel to that face. Thus

da(1SA, 1SE)/df2
= (~o2/e,~)z ro2 R~2(#II- #~ )2/6,

(4.35a)
for

Si,

for

Ge,

for

6H SiC.

de((1SA, 1S T2)/df2
~---(032/091)2 rE R22(~/11-//*)2/9'

(4.35b)

dtr(1SA, 1SE2)/dQ
= (~02/~0~)2 r~ R~2(p~-p,,,,)2/8,

(4.35c)
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In addition, there will be elastic (Rayleigh) scattering with a cross-section

da/dg] = ((n2/col)2r 2 R22/~2 ,

(4.35d)

where g = e~. [Avj'~c~)].e2 . DOEHLER et al. calculated da/dO from
(4.35b) to be 1.4 x 10- 24 cm2/sr for the scattering of 2.1 p.m laser light
by the valley-orbit transition in Ge [4.35]

4.2.4. Effective-Mass Theory of Aeceptor Raman Transitions
Apart from a comment by WRIGHT and MOORADIAN [4.32], there are
apparently no discussions in the literature of the theory of light scattering
by acceptor transitions. We sketch such a theory here.
We start with the matrix elements (m[~t~'[n) given by (4.32). The D
coefficients are relatively simple if the states j transform like p-orbitals
times spin ½ spin functions. The spin-orbit interaction is diagonalized in
the Jms representation. In it the matrix

Djj, = ~ Dff ½(el~,e2p+etae2, )

(4.36)

has the form of the matrix in DRESSELHAUSet al. (Ref. [4.46], Eq. (62)), if
one replaces the matrix k~k~ in the latter reference by S~/~=½(else21j
q- elt~e2~). The detailed nature of Dj j, thus depends on the photon polarization vectors e~ and e2, but in general there will be non-zero entries both
within and between the blocks representing the J -- 3 and J -- ½manifolds.
This last statement holds only for the traceless part of S,~. Fullysymmetric Aa (or /'1) scattering will not take place at finite frequency
shift. This may be seen by replacing S,p by 6~/j. Then Djj, takes the form
Do 6j~,. When this is inserted in (4.32) and use is made of (4.39), given
below, one finds that ( n ' l . ~ ' l n ) is proportional to 6,,,,.
The point group is Td, the double tetrahedral group [4.47]. Let us
consider a 1Sp~(Fs) to 1Sp~(Fv) acceptor transition (Fig. 4.5). The
symmetry of the Raman transition will be either F 3 (E) with, say, e~l][l 10]
and ¢2]][110] Or F4(T2) , with, say edlx and e2]ly. The F'~(r) envelope
functions in (4.32) have IS, 3D, etc., components, all belonging to F8+
or F~, in the notation of SCHECHTER[4.47]. TO estimate cross-sections,
we assume that all the F~ are the same function. This assumption will
yield rough estimates for the numerical values of the cross-sections,
but the ratios o'B(E)/ffB(T2) and O'A(E)/O'A(T2) , obtainable from (4.37a)
and (4.38a) and (4.38b) will be correct within the effective mass approximation. With Djj, determined, as described above, it is possible to
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calculate the cross-sections for the E and T2 components of the B and A
transitions in Fig. 4.5. For the B transition, assuming it is 1Sp~(F~)

~lSp~(r(),
da/d f2 R(E) = r 2 R 22 [2m (L - M)/h2] 2/3 ,

(4.37a)

da/dQa(T2) = rg R22 [2mN/hZ]2/3 .

(4.37b)

The dimensionless quantities 2 m l L - M I / h 2 and 2m[N[/h z were defined
by DRESSELHAUSet al. [4.46] and equal 2.25 and 9.36, respectively, for Si
[4.48] and 25.9 and 33.7, respectively, for Ge [4.49]. The A transition
results from splitting under stress of the mj = _+3 levels from the ms
= +_ ½ levels in the J = ~- manifold. The cross-sections for them are

da/df2A(E) = r2o R22 [2m(L - M)/h212/6,

(4.38a)

da/dOA(T2) = r 2 R22 [2mN/hZ]Z/6.

(4.38b)

Band C, observed in G a P [4.30, 31], has been attributed to unresolved
transitions from the ground state to higher bound states [4.30]. If there
were a single envelope function for each of these states, it would have to
be orthogonal to the envelope function of the ground state. According
to (4.29), there is a set Fj'(r) of envelope functions for each state n; the
orthogonality condition is
~. I Ff* F] d 3 r = 6,,,,,.

(4.39)

J

Thus, in general, a sum derived from (4.32) and (4.36) of the form

[...] - • Dji, S F~"* Fj', d 3 r

(4.40)

jj'

will not be zero for n + n'. The actual value of this quantity depends
upon the details of the envelope functions [4.47, 50-52]. A general
theory of the intensities of the C transitions cannot be given without
detailed calculations for each crystal.

4.2.5. Discussion
The general features of the experimental valley-orbit donor spectra seem
to be well-understood. The acceptor transitions present some difficulties.
The interpretation of transition B given here imples certain features of
some relevant data. If line B involves a "IS" to "IS" transition, its
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energy should equal the spin orbit splitting of the valence band, A o,
plus a correction due to differences in effective-mass binding energies
in the two states, plus the difference in central-cell corrections. MENDELSON and S c n v L r z have performed an effective mass calculation of the
energies of various acceptor levels for Si I-4.51]. They predict a ground
state binding of 37.1 meV and a B transition energy of 30.2meV.
From Table 4.1, we thus conclude that the central cell correction for the
ground state would be 4 4 . 3 - 3 7 . 1 = 7.2 meV; the difference in central
cell corrections would be 3 0 . 2 - 2 2 . 7 = 7.5 meV; the central cell correction for the S~(F~) state would then be 7.5 + 7.2= 14.7 meV. The G a P
data may also imply that the central cell correction for the upper level is
greater than that for the ground state and increases more rapidly than
that for the ground state as the acceptor binding increases.
Some alternate explanations for line B have been advanced that would
not require such a large difference in central cell corrections. MANCHON
and DEAN have suggested that the spin orbit splitting may be reduced by
the dynamic Jahn-Teller effect [4.31], and MORGAN has suggested that
line B is a Jahn-Teller phonon sideband of line A I-4.53]. The experimental
evidence is insufficient to decide among these explanations. There is a
need for additional theoretical and experimental work on the acceptor
transitions.

4.3. Raman Scattering
from Coupled Electron-Phonon Excitations
We discussed scattering from coupled LO phonon-plasmon excitations
in Section 4.1. Other types of coupled excitation will be considered in
this section.

4.3.1. TheoreticalIntroduction
The experimental data to be presented below will be interpreted using
various modifications of the simple coupled two excited level system
shown in Fig. 4.8. The unperturbed system has a ground state 19), an
excited electronic state Je) with excitation energy E~, and a one-phonon
excited state IP) with energy E o = h m o . Higher phonon oscillator
states will ordinarily be neglected. Transitions to the states ]e) and IP)
are Raman-active; the Raman matrix elements connecting them to the
ground state are T~ and T~. Electron-phonon coupling is assumed to be
present in the form of a matrix element V between {e) and IP). This
produces a mutual repulsion of the levels Eo and E o to positions E+
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Fig. 4.8. System with two excited states
coupled by a matrix element V
that are the roots of the secular equation

(E o - E)(E~- E ) - V 2 = O.

(4.41)

(For simplicity V is assumed to be real.)
Rather than deal with the proper eigen-states 14-) to calculate the
intensities, it is more convenient to use the Green's function operator
[4.54]

G(z)=(,~_z)_~ = (~OvZ

E eV- z) -~ '

(4.42)

The Raman spectrum is proportional to

I(E)

= ~ ~

l(glTla)l 2 f i ( E . - E)

tl=4-

(4.43)

=Im f ~

Ti(iIG(z)[J)Ts}

O,j=e,p

z = E + i0 + .
(For simplicity T~ and Tv are assumed to be real.) The matrix inversion
in (4.42) is easily performed, and (4.43) gives

I(E) = Im { TZ(Eo - z ) - 2V T~ Tv + T 2 ( E e - z) }

(/~o~ z~(E0- z)- v 2

(4.44)

The poles in the denominator of (4.44) at E = E ± lead to deltafunctions. The spectrum can be written in various ways, one of which is

l(E) = zc(E+ - E_)-' [ 5 ( E - E+) + 5(E - E_)]
(4.45)
• lEo -

El [T~ + T~(E -

Eo) -j

V] 2 .
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The last factor in (4.45) shows that an interference exists between two
Raman amplitudes for the g---re transition, namely between the direct,
first-order, transition with amplitude T~ and the indirect, second-order,
transition g ~ p ~ e with amplitude T p ( E - Eo) -t V.
We now discuss a case considered first by FANO [4.55] and then by
many other authors in various versions (see NITZAN for a listing [ 5 . 5 4 ] ) the interaction of a sharp (phonon) level p with a(n) (electronic) continuum. We assume for simplicity that each level e in the continuum
couples to the ground state with a constant Raman matrix element T~
and to the excited phonon state with a constant matrix element V.
Then (4.44) will still hold if we make the replacement

( E o - z) --, 1/g(z)
where
(4.46)

,q (z) = ~ (Eo - z)-'
¢

is the unperturbed Green's function for the electronic continuum. The
quantity
~(E) = r~- 1 Im {9 (E + i 0 +)}

(4.47a)

is the number of electronic excitations per unit energy interval. Its
Hilbert transform is

R(E)--- R e ( 0 ( E + i 0 + ) } = P ~ ( E - Ec) -1
e

(4.47b)

= P I o (E') ( E - E')-' d E',
where P stands for "principal value".
When these changes are made in (4.44) one takes the imaginary part
and obtains
l(E) =

rcQ(E) T,,2(Eo- E -

V Tp/T~) 2

(4.48)

[E o - E + V 2 R(E)] 2 + ~2 V4 ~(E)2 •
The denominator of (4.48) says that the interaction V has produced a
width 2~r V 2 Q(E) to the phonon excitation, which has been shifted due to
the interaction and now has maximum response at E = E o + V 2 R(E).
Equation (4.48) can be written in a form equivalent to that given by FANO,
namely
l(E) = 7~0 (~) T~ (q + g)2/(1 q-/32),

(4.49a)
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where
r. = [ E - E o - V 2 R (~)]/[n V 2 e(E)],

(4.49b)

q = I V Tp/T~ + V 2 R(E)]/[zr V 2 0(E)].

(4.49c)

and

Equations (4.48) and (4.49) differ from those in FANO'S paper [4.55]. We
have included the density of state 0(E), since our (quasi-) continuum
wave functions le) are normalized to unity, whereas his are given a deltafunction energy normalization [-4.56]. The line shape given in (4.49) is
particularly useful when the continuum is broad so that the energy
dependence of Q and R can be neglected. Then q is a constant, and e is a
scaled energy variable.
If 0 (E) is non-zero when E = E , - E o - V T v / T ~, or, equivalently, when
t: = - q , the spectral function l(E) will reveal an "antiresonance" at
E = E, ; there is then an exact cancellation between the R a m a n amplitudes
T,~ and Tp(E - Eo) 1 V.

4.3.2. Phonon Coupled to Interband Hole Transition in Silicon
In heavily doped p-type silicon the Raman-active L O phonon line is
strongly broadened and distorted by interactions with free holes 1-4.57].
CERDEIRA et al. studied this effect in detail [-4.58, 56] and noted that
there is scattering present from a continuum and a Fano-type interference
between the LO phonon line and the continuum. An example of their
results is shown in Fig. 4.9. The points represent experimental data. The
solid lines were calculated using (4.49a) with a constant R (E) and with a
constant F = - z V E ~ = 8.24cm -~ and with their parameter c o - ~ the
same as our E - E o - V 2 R . The observed frequency shift for m a x i m u m
phonon response was 6£2 = + V Z R = - 4 . 9 cm -1 for all the curves.
The curves in Fig. 4.9 have different shapes because the parameter q is
dependent on the laser wavelength--it varies from 7.0 at 4545 A to 2.0 at
6471 ,~, CERDEIRA et al. found the dependence of q on the laser photon
energy EL tO be approximated well by q oc (3.3 eV - EL)- 1, except for the
6471 A value. They suggested that this dependence is due to a resonant
behavior of the ratio (T,/T~)oc ( 3 . 3 - EL)-1 for photon energies near the
Eo critical point at 3.3 eV.
According to (4.49c) a more precise application of this line of reasoning suggests that q - R ( l r ¢ ) - l = ( T p / T ~ ) ( r c V ¢ ) - l should vary as
(3.3--EL) -1. The correction, - R ( r r o ) -1, numerically amounts to
+0.59. I have replotted the data of CERDEIRA et al. I-4.58] and find that,
as expected, the fit is indeed better with the correction.
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Fig. 4.9. Room temperature Raman spectra for p-type Si [4.56, 58]. For easier viewing
the curves have been shifted vertically with respect to one another. The points are experimental data; the lines are calculated curves using (4.49a) with constant e, R

The nature of the electronic continuum has not been studied experimentally in detail, but theoretical papers by MmLS et al. [4.59] and
by WRIGHT and BALKANSKI [4.60] may be relevant. The continuum is
thought to be caused by nearly vertical transitions between occupied
light-hole valence band states and unoccupied heavy-hole states [4.56].
Given a Fermi level about 100 MeV below the top of the valence band,
appropriate for l 0 2° holes/cm 3, and with the large known directional
anisotropy in the separation between the two bands, one can explain
the existence of a very broad electronic continuum from almost zero
energy ahnost to the Fermi energy [4.563.
CERDEIRA et al. have given a rough derivation of the width parameter
F -- n V2~oappearing in (4.48) and (4.49) [4.56]. We provide here an order
of magnitude estimate done in the same spirit. The matrix element
V=(elH~l.vhlp ) is approximately do(g[ulp)/a, where d o ~ 2 9 e V is the
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valence band deformation potential, u is the phonon coordinate, and a is
the lattice constant. At low temperatures we have I(g[u[p)[2
= h(2MN(~)t) -t, where hol = Eo, M is the reduced mass per unit cell,
and N is the number of unit cells. The density of states is roughly
0 ~ (Nh -- Ni)/p, where Nh and Nt are the number of holes in the upper and
lower valence bands, respectively, and kt is the Fermi energy. Thus

F = n V 2 ~ ( E ) ~ n ,u

2M~la 2

For the sample of Fig. 4.9 we guess (Nh - N t ) / N = l . 5 x 10 3, use
/~=0.1 eV and find F ~ 3 meV = 2 4 c m -1, which is three times higher
than the experimental value. The more precise, but still rough, estimate of
CERDEIRA et al. was five times greater than the experimental result
[4.56].
CERDEmA et al. have performed additional measurements as a function of concentration at 77 and 300 K and have also studied the spectrum
as a function of stress (which splits the states at the top of the valence
band) [4.56]. More recently they have observed a Fano-type of interference between the electronic continuum and the localized optical
phonon modes of the boron impurity atoms in Si [4.61, 97, 98].

4.3.3. Optical Phonon Modes Bound to Neutral Donors in GaP
By Raman and photo-luminescent techniques DEAN et al. observed L O
phonon localized modes in G a P containing neutral donors [4.62-1.
Their Raman data are reproduced in Fig. 4.10. The localized modes
denoted by the arrows lie 0.8 to 1.6 meV lower in energy than the unperturbed phonon (LOr) at E 0 = 50.2 meV. The localized modes are
due to the bound state that forms when the "free", i.e. plane wave,
phonon states couple to a spatially localized electronic excitation of
slightly higher energy. For the Raman data in Fig. 4.10, the latter transitions are assumed to be 1S(A1) to 2P donor transitions [-4.62]. According
to our discussion in Subsection 4.1.3, the bare 1S--*2P donor transition
is expected to give relatively weak Raman scattering. The Raman
parameter T~, is approximately zero for this case. The general problem of
electron-phonon and exciton-phonon bound states has recently been
reviewed by LEVINSON and RASHBA [4.63].
We now sketch the theory of the bound localized phonon modes in
n-type GaP. We have modified somewhat the original discussion of
DEAN et al. [4.62] to better fit the notation of this section.
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Fig. 4.10. Local phonon modes due to neutral Sn, Te, and S donors in GaP [4.62]. Donor
concentration : about 10~8/cm~. Laser wavelength: 5145 A
The e l e c t r o n - p h o n o n coupling is due to the Fr6hlich interaction. The
interaction H a m i l t o n i a n can be written
~ l - v h --

4rcee* ~ [~ d3rt/~(r)elk'rtPi(r)] Uk/il("
e~Nv~)

(4.51)

Here e * = Coo[My 0 e,,~(e~-e~y(4r~e,)]~ is the effective charge of the
p h o n o n [-already used in (4.27)], Vo is the volume of a unit cell, ~Pi and ~f
are initial and final d o n o r electron envelope functions, and U~ is defined
in (4.21b). T h e excited p h o n o n state denoted by [p) in Subsections 4.3.1
and 4.3.2 now becomes a set of (nearly) degenerate states Ik). The matrix
element of (4.51) between a one p h o n o n excited state of wave-vector k,
denoted by Jk), and the excited states of the 1 S ~ 2 P j d o n o r transition
(j = x, y, or z), denoted by lej), is
(ejJ~j_phlk)-

4ztee*

~o Vo

V

h

2 1 v f N coI

Fj(k)
ik

'

(4.52)
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where F~(k) is the integral in the brackets in (4.51) and obeys
F~(k) _
3]/~kj
ik
a~ k(k 2 + k2)3 '

(4.53)

ko = 3/(2ao).
Here a o is the donor Bohr radius, and kj is the jth Cartesian component
ofk.
We write (4.52) in the form

(e.j[,kf~l_ph ]k) = V Tl~j(k)

(4.54a)

where ~#i(k) is normalized to unity and is given by
ll,j(k ) = ~I-~ (kHk)(k 2 +kg)

3, with

r/2 = 7Nvoa9/(2rc3~°).

(4.54b)

Equations (4.54a) and (4.54b) have a simple interpretation if the
phonon dispersion is neglected. Then the states Ik) are degenerate. One
particular linear combination of them, namely [pj ) - ~ ~pj(k)lk) couples
to the 1S---,2P i electronic transition le.j):
k
(e.j] ,~(#c.-ph]PJ) = V.

(4.55)

All other linear combinations, orthogonal to 1PJ) will be uncoupled to
]ej). Their energy remains E0 = haL. Thus we return to an effective
coupled 2-level system as in Fig. 4.8. ~i(k) is the phonon wave function
in k-space. Equation (4.41) holds for the perturbed energies, namely

(4.41)

(E o - E) (Ee - E) = V2
with E o = htz~l and E~ =
V2 =

56
6561

E2p--

/
/ a o \e,~,

Els. The parameter V2 is given by
1\

~| hot.
e~/

(4.56)

Now E o is less than E e, and except for the Sn donor in GaP, E o differs
enough from E e so that the second-order perturbation result
E n = E o - E_

= VZ/(Ee -

Eo)

(4.57)

is a good approximation to the binding energy for the lower energy
solution of (4.41). The eigen-function will be mostly that of the phonon
state IPJ). Actually, (4.57) is somewhat inaccurate, as the operator U~ in
(4.51) can both create and annihilate a phonon. A better second-order
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expression for E B adds the result of a virtual transition to a two-phonon
excited electronic state of energy 2 E 0 + E~ to (4.57), giving [4.62]
Ea = 2E~ V 2/(E~2 - Eo).
2

(4.58)

DEAN et al. have compared the experimental values of EB for S, Te, and Si
donors with the prediction of (4.58). For the Sn donor case, they had
to use the coupled-mode result (4.41) corrected by perturbation theory
for the two-phonon electronic excited state at 2 Eo + E¢. The calculations
underestimate E B. This is not surprising, since one should really have a
sum over electronic excitations e in (4.58).
The Raman scattering Hamiltonian for both the regular LO phonon
and for the bound state ]pj) may be obtained from (4.21) and (4.22) with
slight modifications. Consider an (xy) polarization Raman scattering
geometry. Then for LO phonons in the zincblende structure the only
non-zero susceptibility derivatives are 8X~y/Ou = and 8L~y/gE :. The
longitudinal electric field and the displacement of the LO phonon are
related as follows
(4.59)

Eq = - 4rt e* G (z~ Vo)- '
The scattering Hamiltonian is
.~,' + ,¢#~ = (leo, A1/c) (io) 2 A2/c)* exp(-- i~ot) X' Uqq:/q,

(4.60)

where

X' = 3)~y/3u: - 4 x e * ( e ~ %)-1 t?Z~/0E= "
The matrix element of Uq from the phonon ground stale to an unperturbed
LO phonon state of wave-vector q is
(4.61)

(q ]Uq[O) = Vo [hN/(2Mrot)] 1
and that to the bound phonon state )/?j)= ~ ~pj(k)lk) is
k

(P.J] gqlg) = (ql gql9) ~pj(q)*.

(4.62)

Thus the ratio of Raman intensities for Nd = no N vo total donors is

/bo,,,,~

Na ~ I(p.][uq 10)12

ILo

I(ql G Io)I 2

./

= 8192r~a3o ha~63.

= gd E I1pJ(q)12
i

(4.63)
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We have gone to the q = 0 limit of ~p~(q)2 after performing the sum over./.
This is appropriate, since q <~ ao 1
Equation (4.63) is ~ times larger than a result given by DEAN et al.
[4.62]. The ratio in (4.63] has been independently verified as correct
[4.643.
BARKER has shown that most of the properties of these localized LO
phonon modes can be understood using a phenomenological approach
[4.65]. The donor atom is replaced by a dielectric sphere embedded in a
polar medium. The resonance frequency of the dielectric is close to that
of the medium. They interact via the electric field of the phonon, which
polarizes the dielectric. As a result a bound phonon mode is formed.
In essence, BARKEa'S picture would be consistent with the microscopic
theory of DEAN et al. [4.62] if one could approximate the transition
charge density - e ~ f ( r ) * ~#i(r) in (4.51) as a constant for r less than the
radius of the sphere, which is of order ao, and zero for r greater than this
radius.

4.3.4. Coupled Valley-Orbit and E 2 Phonon Excitations in SiC
In Subsection 4.2.2 there was a discussion of Raman scattering from the
E z valley-orbit transition in nitrogen-doped 6H SiC. At a donor concentration of 4 x 1018/cm 3 the 13 meV E 2 valley-orbit line has a half
width at half maximum of 1 meV [4.29]. The high energy tail of this
line shows an anti-resonant interaction with a phonon of E2 symmetry
at 18 meV. This is barely visible as a sharp high energy drop in that
phonon peak in Fig. 4.7, but it shows up clearly in higher resolution data
published by COLWELL and KLEIN [4.29]. A similar effect was observed
between a 22 meV phonon line and a broadened valley-orbit transition
in the 15R polytype of SiC [4.29].
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Fig. 4.11. Raman spectra of 6H SiC : N, 6 x 1019/cm3 at 9.8 K [4.29]. The ~(xy) z geometry

couples to E 2 excitations only. The F(xx)z geometry couples to 41 and E 2 excitations.
This spectrum reveals Fano-type interferences between a broad electronic c o n t i n u u m
and E2 p h o n o n modes at 18 and 33 meV, and a coupled LO phonon-plasmon mode near
125 meV. Laser wavelength: 5145 ,~i
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F i g u r e 4.11 s h o w s R a m a n d a t a f r o m 6 H S i C d o p e d w i t h 6 x 1019 N /
c m 3 i-4.29]. S u c h a s a m p l e s h o w s m e t a l l i c c o n d u c t i v i t y and, as a l r e a d y
d i s c u s s e d in S e c t i o n 4.1, has a b r o a d L O p h o n o n - p l a s m o n c o u p l e d m o d e
at a b o u t 125 m e V . F a n o - t y p e i n t e r f e r e n c e s a r e r e a d i l y seen n e a r 18 a n d
33 m e V b e t w e e n E 2 p h o n o n m o d e s a n d a g r e a t l y b r o a d e n e d e l e c t r o n i c
continuum.
COLWELL a n d KLEIN fit t h e i r d a t a f r o m 1 0 - 2 5 m e V on the 4 x 10~8/
crn 3 s a m p l e u s i n g (4.48) w i t h o ( E ) a s s u m e d to be a L o r e n t z i a n c e n t e r e d
at 13 m e V I-4.29]. U s e o f this e q u a t i o n in this c o n t e x t is an o v e r s i m p l i f i c a tion b e c a u s e it c o n s i d e r s n e i t h e r the l o c a l i z e d n a t u r e o f the c o u p l e d
m o d e s n o r the s i m u l t a n e o u s p r e s e n c e o f R a m a n s c a t t e r i n g f r o m u n perturbed phonon modes.
A more correct theory will now be discussed. It essentially synthesizes the treatments
of Subsections 4.3.1 and 4.3.3. The details of the electron-phonon coupling are specific to
6H SiC, but the remaining discussion has more general applicability.
As mentioned above in the discussion following (4.34), there are effectively three
valleys in the conduction band of 6H SiC. Let them be at kl, k2, and k 3. These will be
assumed to couple to an E 2 phonon coordinate u and thereby change their energies by the
amounts

3E(k2) = - 3E(k3) = 6 E

(4.64)
6 E ( k t ) = O,

where fie = ud/a, and d is an appropriate deformation potential.
If the envelope functions of ~bj(r) in (4.29) are assumed to be independent of the valley
index j (and of n), the effective-mass valley-orbit functions are for the 1S(A) level
3-½ (q~l + ~b2 + ~b3) f(r)

(4.65a)

and for the I S(Ez) level
(4.65b)

2 ~ (4'2 - 4~3) f ( " ) .

Now f ( r ) is slowly varying on a dislance of order a (at least within the effective mass approximation). For phonon displacements u(r) that are also slowly varying we have from
(4.64) and (4.65).
(E2 I'~l-ph[ A) = 2d 6 ~ta- 1 j- i.f(r)12 u (1')d 3r.
Now introduce U, from (4.21 b) via
u(r)= vo I N-I Z Uke ik.,
and find
(E2 l.¢{~,.,rA) = 2 d N - 1 vo i a - 1 6

~ ~ U~ F(k),
k

(4.66a)
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where

F(k) = J" If(r)l 2 e i~'~d3r = (1 +q2a2/4)-2

(4.66b)

for a 1S function f(r).
Using (4,61) we find for the coupling between an Ez phonon state of wave-vector k
and the excited E2 valley-orbit state
2d
/
h ~i
(el'~[;'-v"lk)- a(6N) ~ [2Mco],-) F(k).
We write this in a form similar to (4.54):
(e I.'//~.t_~,,Ik) = V H (k),

(4.67)

where
H(k) ~ = 1.
k

If we approximate Wk by too = cOk-o, we havc

tf(k)=(

Nvo ) II+q2a~/4)-2

(4.68a)

and
V2-

Vo

d2

a 3 48n

h

Mo~tla 2

(4.68b)

The coupled modes can be treated using a generalization of the Green's function of
(4.42). Again we let G(z) = (#g'- z) -1, where now (e[,;(#]e) = Ee, (k J#[] k)= Ek = hO~k, and
(e[.~'{k) = (k ].¢{'[e) = VH(k). We find that
~ , ~ = ( e , G , e ) = [Ee- z - V2 ~k II(k)2 (Ek- z) ~1 x

(4.69a)

(k IGI e) = (e IGI k) = - VH(k) .%(Ek -- z) 1,

(4.69b)

(kdGI k') = (k" IGI k) = 6kk'(Ek-- Z)-'
(4.69c)

+ V z H(k) H(k')g~(E k - z ) 1 (E~,- z) 1 .
The R a m a n amplitude Tv will be the appropriate matrix element of . ~ , ' ~ z'Uu for
q ~ 0. Thus the R a m a n spectrum will be given by this modification of (4.43)

I(E) = Im {~,j=~q=o T~(i[GIj) Tj}
(4.70)

= I m { T g ( E o - z ) ' +[T,,- V H(O) Yo(Eo- z)-']2 O~}.
This result holds for a single electronic center. If there are Nd non-interacting centers, we
must multiply the second term in (4.70) by Nd.
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A simplification results when we can neglect phonon dispersion and set E k = E o.
Then for Nd impurities (4.70) becomes

I(E)

[4.71)

=Im~Tff[1-N,,H(O)2]
(
Eo -

+

N ~ [ ( E o - z ) T,,2-2VIt(O)ToT,,+H(O)2ToZ(E¢-z)]}
(E o - z) (E~ - z ) - V 2

"

The first term in (4.71) gives scattering at the unperturbed phonon energy E0 with an
intensity [ 1 - N a H(0) 1] times that of an undoped crystal. This factor corrects for the
phonon scattering strength that has been transferred to the coupled modes via the second
term.
The second term in (4.71) gives /'Ca multiplied by our previous result (4.44) with T~,
replaced by H(0) To. With these changes the manipulations we performed on (4.44) apply
to this term also. In particular, if the electronic level E~ is homogeneously broadened and
has a density of states q(E), then the appropriately modified version of (4.48) will replace
the second term in (4.71), giving
(4.72)

I(E)
= 7"cTff [1 - N d H(0) 2] 6(E - Eo) + nNa T~2

o(E) lEo - E - V It(0) To/T,,] z
[ E o - E + V 2 R(E)] 2 + rr2 1/~"0(E) 2 '

For donors at finite concentration (below that of the metal-insulator transition)
the donor transition energy E~ is inhomogeneously broadened due to concentrationproduced fluctuations in the potential. If N d o(E¢)dE~ represents the number of donors
with excitation energy between E~ and E~ + dE~, then (4.71) becomes

l(E) = n rift [l -- N d H (0) z] 6 (E - Eo)

(4.73a)

+ N a Im {J" o(E~) dEe [(E° - z) T,,2 --(if-o-2
V H(O)~(EcT°zTe3)+-~H(O)z T°(E~ - z)] }
or

I(E) = n 7"o2[l -- Nd H(0) 2] 6(E - Eo)

(4.73 b)

+ nA~ T~2 [E 0 - E - V H(0) T0/TJ z (Eo - E) 2 8[E + VZ(Eo - E) l].
Equation (4.73b) was obtained by evaluating (4.73a) at its poles and by assuming ~,(Eo) is
sufficiently well-behaved,
Exccp! with a Lorentzian L)(E) function, (4.72) and (4.73) give different results. COL',VI~Lt.
and KLEIN fitted their low concentration SiC:N data by using the second term of (4.72)
with a Lorentzian ~o(E) and by ignoring the first term [4.29]. It would be valuable to take
more extensive data and repeat the computer calculations for varying concentrations on
both sides of the metal-insulator transition in an effort to determine experimentally whether
the electronic transition is homogeneously or inhomogeneously broadened.
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4.4. Single Particle Spectra
4.4.1. Introduction
In the limit of small q an electron moving with velocity v will scatter
a photon with a frequency shift q - r due to the Doppler effect. For a
non-interacting free electron gas the light scattering spectrum would
thus be a superposition of Doppler shifted lines. The result, as given in
(4.8) and (4.10) and the following discussion is
N (d2 ff/d(D d~~)/V = d2 R/d(.o d~~ = (¢JJ2/c.D1)2

r2o(1 +

n,o)

• h -1 n Im{ - F(q, co)}

(4.74)

= (co2/c01)2 r~(1 + no,) ~ [n(k + q) - n(k)] 6(co - q. Vk).
k

The response of a simple electron gas to a 1 --+2 scattering process can
be treated in terms of the scattering Hamiltonian of the form (el. ez)
-roAl A*zQq e x p ( - l o o t ) given in (4.5). A free electron gas would respond
to this perturbation to give the cross section in (4.74), but when electronelectron Coulomb interactions are taken into account within the RPA
the longitudinal electric field associated with Oq suppresses the strength
of the response. The result is that (4.74) must be multiplied by Ie(q, o~)[-2,
which is much less than unity for q less than the screening wave-vector q,,.
4.4.2. Scattering from Spin Density Fluctuations [Ref. 8.7, Sect. 2.3.2]
In a solid it is possible to take advantage of several band structure effects
to drive an electron gas by the external radiation fields A 1 and A*2 in
ways other than via the charge density fluctuation Qq. It is often possible
to drive the electron system via the spin density fluctuation operator

a(q) = y, a~e iq''~

(4.75a)

J

which is essentially the Fourier transform of the spin density operator
a(r). A connection with Oq can be established as follows. If the z-direction
is chosen as the spin quantization axis, and if we take the trace with
respect to spin variable of a(q), we find
Tr a (q) = 2 (0qr - Oq,),

(4.75b)

where OaT and 0q, are the density fluctuation operators for spin-up and
spin-down electrons. Since the total electron density fluctuation Qq
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Put + Qqs remains unexcited during this process, a coupling via (4.75a) or
(4.75b) will not be screened by the long range part of the Coulomb interactions.
The detailed theory of this light scattering process was first given
by HAMILTON and McWHORTER [4.66]. The mechanism for coupling
to ~r(q) is the same as that used by YAFET [4.67] in his theory of spinflip Raman scattering in a magnetic field, but the dynamics are different
in the two cases. A simple band structure was assumed in these theories
[4.68]. The effect relies on mixing by spin-orbit coupling of the three
p-like states at the top of the valence band to produce states of mixed
orbital character. Spin flips can then occur when the optical radiation
fields induce suitable virtual transitions between the conduction and
valence bands. The effect is present for both electrons and holes, but we
shall limit the discussion to electrons. Physical ideas will be emphasized
here. For detailed discussions of the theory, and for detailed comparisons
with experiment, the reader is referred to the literature [4.8, 66, 11, 13].
To understand the spin-density fluctuation mechanism, it is instructive to treat the spin-orbit coupling
h p. (a × V V)
.3~.,o =

(4.76)

4m2c 2

in perturbation theory. Consider the scattering of an electron in the conduction band with wavevector k and spin state c~ to a conduction band
state with wavevector k + q and spin fl in third-order perturbation
theory with the p. A terms of YfcJ-,,a in (4.1) used twice and .¢(,o used
once. Let the incident and scattered polarization vectors e~ and e 2
be along x and y axes. Let the conduction band states be s-like and be
denoted by Isc¢) and Isfi); let the valence band states transform as x, y,
and z; and let holes in the valence band be denoted by bars: 12-~), etc.
Ignore the wavevector dependence of the interband matrix elements
of the momentum p and, for now, of the energy gap E6. ,~so causes
transitions among hole states [4.69]. The matrix element Y~a as used by
BLUM [4.9] and by HAMILTONand McWHORTER [4.66] becomes
1
7~ = -~-

( s~ lpxI x fl, s~, sfi) ( xfi, s~, sill Y{~oIY-~,s~, sfl) (y-~, s~, sfllPyl sfl)
(E c - h col )2
(4.77)
+ - -1
//7
m

m

( sc~lpyky[3, s~, s[3> (y13, sc~, sill ,~o I~-~, s~, s/3> <,~-~,sct, sfl lpxls[3>
(E C + h ¢o2)2
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We use the a p p r o x i m a t i o n (')2 ={'h and the relation
m

m

&,l~)=-

Lvl¢I

<v/JI & , I x - 7 ) = - i < ~ l c r = l / ~ ) A,,/3

{4.78)

where ,4{} is the usual spin-orbit parameter (Fig. 4.5). In addition, we
let I' _ i(.vlP.~l.~'> = - i ( s l p . , . l y > , etc. Then
1,2 4 h ¢')l E(; i A {}(u. ] a: [fl)

7,, =

(4.79)

3 m ( E ~ i - h2(,)l) 2

Equation (4.79} is correct it] the limit A o <~ 1£{~.
The general result for lhe KANI! band model L4.68] has been derived
by HAMII.I'ON and M('Wtt{}RII!R [4.66] for tile spill-dependent scattering:
;'~1~= -

ief × e 2 . (y,l~rlfl)

{4.80a)

B

with
h I - "h
11 =

3m

1
t~ 2 _ h 2 ( o 2

1
]

I~.:, - t,~(,,~

2
-

, ~
e ~, h-,,,r

(4.80b}

plus a term anisotropic in k that will be neglected. The energy E; represents the vertical gap between the conduclion band and the ilh valence
band at wavcveelor k. The heavy hole band is denoted by i - 1, the lighl
hole band by i - 2. and the split-off band by i - 3.
The factor of i in {4.80a) is not present in tile analogous expression
for the spin-independent part of 7,# [see (4.89) below]. Its presence means
that tile two types of scattering cannot interfere.
If we set E 2 - E 1 - E{; and E 3 = E G + Ao, (4.80) becomes
iP 2
;'~#

~

2hf,;, {2E{~Ao + A g} [(el x e2).

--

3m

<=l,rlfi>]

{1-5(;- h" (,q) [(E{; + Ao) 2 - h- ~,)T]

{4.81}

Equation {4.81} reduces to 14.79) for small A,, and for the appropriate
polarization geomeh'y.
If we write (4.79), (4.8()}, or (4.81) in the form
3'~/~ = i;'ole, x e2l < ~ j c : = ] [ l > ,

{4.82a}

where the z axis is defined to be along e 1 × e 2, ;_lnd if we introduce dectron creation and annihilation operators C*k~,,, and (_~,#, we find thal
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the transition operator M, whose matrix element is 3,~/~,can be written as

M=i

(4.82b)

y" (1/,i + q , :( Ck,/,(ceic~=lfl) le,×e21";,,
k , at , f l

Using an obvious extension of the definition (4.4) of 0q, we find

M

i(~2qt-- 0,~) 7o let

14.82c)

x e21.

The scattering Hamiltonian consislcnl with (4.82) is

l/'=iTo[e, ×e,[AiA*2e

i'"'(C~,,T L),,,)+H.C.

(4.83)

The power scattering cross-section per unit volume is [-4.9]

,:

d~,)df2 =("J2,"~q

Av~

Iv K.flMli)[ 216(~,2,..r ,)).

(4.84}

This should be compared with (4.6) and (4.7).
When (4.84) is evaluated using the fluctualion-dissipalion thcoren~,
within the RPA the Coulomb interactions have no et]'ect, since the
electrostatic potential induced by -Oq, cancels that induced by c~,~[.
The result is
d 2R

i)i))il(2 =(+')2/'(')')21e~ xe212 ;'~(1 -I-Go)hzr 1(_ ha{l:}),

(4.85)

where F was defincd in (4.8). To (4.85) we must add the contribution of
the spin-independent processes (4.19), see (4.104) below.
When the k-dependence of the energy gaps cannot be neglecled.
7o F in (4.85) is replaced by a more complicated sum over k [4.66]. This
will affect the shape of the spectrum under resonance conditions.
Since F is a response function for the non-interacting electron gas,
lm{F} obeys a sum rule [4.3,4], which leads to the following low
temperature result that is similar to (4.14)

J" ~o(d2 R/'d¢t) df2)d¢,)

(¢)2,,()l)~ r~lei ×e2[~'/~hq2 N/'(2ml/). (4.86)

0

For a degenerate electron gas at small q, the integral on tile left side of
(4.86) is 2qc, .i" (d2R//d¢')dr~2)d")/'3.
o

Thus

the

integrated

scaltering
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efficiency is
dR
_ 3 ( ca2 ]z ro2 [el × e2127E(N/V)(hq/mvf).
dO
4 \ o31 /

(4.87)

The last factor (hq/rnvf) represents the fraction of the electrons allowed
by the Pauli principle to participate in the scattering. Below resonance
order of magnitude estimates are
da/dY2 ~ rE(m/m*) 2 (h ¢oI A o/E2) 2 (h q/m of)

(4.88 a)

in the small Ao limit [4.8] and
(4.88b)

da/dO ~ r E(m/m*) 2 (ho91/EG) 2 (hq/mvf)

in the large Ao limit.
MOORADIAN[4.12] has compared calculated cross-sections due to spin
and charge density fluctuations with measured intensities in GaAs for
various polarization geometries and carrier densities. At low densities
and high temperatures where q > q~, there is no screening, and the charge
density fluctuations dominate. When q < q,, the spin density mechanism
dominates, except at high temperatures, where the energy density
fluctuation mechanism gives a comparable effect.

4.4.3. Light Scattering by Energy Density Fluctuations
This mechanism, first proposed byWOLFF[4.70, 5] is related to the nonparabolic nature of the energy bands of real semiconductors. Using the
simplified energy bands of KANE [4.68], HAMILTON and MCWHORTER
[4.66] derived the following expression for the spin-independent part of
the matrix element for photon scattering accompanied by the scattering
of an electron from k to k + q
7~p = ~6~,

(4.89a)

where
7 = el" ~" e2,

(4.89b)

where, except for conditions of extreme resonance to be discussed below,
X depends upon k, and not upon q in the small q limit
[
2P2(
E'
+
E2
+
E3
X = I ' 1 + - ~ -m
E2_h2co~
E2_h2og~
E~-h2co z
m

E~z-h2co 2

Ez2-h2co~

)

4.89c)
'
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The notation is the same as that in (4.80); Ex, E 2 and E 3 are the vertical
gaps at k between the top three valence bands and the conduction band.
In the small col limit, the tensor A" in (4.89c) becomes the (re~m*)
tensor of the electrons. When the k-dependence of ~" is neglected, the
resulting perturbation Yt°' on the electronic system is proportional to
the number density fluctuation 0q. As was mentioned in the discussion
between (4.7) and (4.8), this perturbation takes the form

k

and within the RPA the total effective Hamiltonian is ~ e f f = o~'-- e~oinaOq.
In the small q limit the potential caused by the induced charge density
obeys ¢Plnd= - q0e~t SO that as q tends to zero ~off tends to zero; the
density fluctuations are screened.
When the k dependence of A~ and hence of ~ in (4.89a) and (4.89b)
cannot be neglected, the perturbing Hamiltonian takes the form
~'~

~ y(k) C~+qCq.

(4.90)

k

For a degenerate Fermi gas off resonance, the first term in (4.89c) is
isotropic. Its contribution to o~ff'will still be screened since we can write
~is (k) = ?is (k) -,~ ?is(kf) = constant.
The dominant effect then comes from an anisotropic second term in
(4.89c) [4.70]. If we expand E1 and E 2 about their values at k = 0 (denoted
by E~o and E20), we find for e~ II e2 that Ya,, the anisotropic part of ),, is
given by
4Pa(E2o+h2092)

~a. = 3m 2 Elo(E~ ° - h2o92)2

h2k2 (
1)
2m COS2flk--

(4.91)

where flk is the angle between k and el. Here we have used the relation
E2 - E 1 = 2 P 2 h 2 k2/(3 mz El) I-4.68].
The perturbation on the electronic system as given by (4.90) and (4.91)
can be described as a direction-dependent energy density fluctuation. It
will not be screened. The resulting calculation of the cross-section is
complicated, but an estimate of the average of the cross-section over
polarization directions has been given by WOLFF [4.70]:
da ,,, 2 r~ (O)z/¢Ot)2 (Ev/E~)E (h q/m vf).

dO

(4.92)
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In most cases this will be less than the estimates in (4.88), and this process
is not likely to be important.
At finite temperature another type of energy density fluctuation is
possible. We write

Ej ~ E~o + (1 + mffmj) K ,

(4.93)

where K = h2k2/2me is the electron's kinetic energy, me is the electron
mass, and mr is the hole mass in band j. If we then expand the isotropic
part of A in (4.89c) about k = 0, we find

Ais =

l+-~m

2 - h 2 o92
Ejo

j

-

(4.94)

(h2co2 + Ej2) (1 + me/mj)

2P 2
Z

2 - eft)
(Ejo

K

•

When the fluctuation-dissipation theorem is used with the RPA to
calculate the scattering efficiency [4.9, 66, 70], the result in the small q
limit is

d 2 R/dO dco
= - ro2 h rr- 1 (to2/t01) 2 (no + 1) Im {(L2/Lo)- (L1/Lo)2},

(4.95)

where Lo equals F as given in (4.8) and where

hLj = ~ yJ[n(k)- n(k + q)] [ m + i0 + + o~(k)- ~o(k + q ) ] - l , (4.96)
k

where now 7 = (el • e2) Ai~. It is instructive to interpret

(yi) -- L/Lo

(4.97)

as a weighted average [in the sense of (4.96)] of 7J. T h e n we have
d 2 R/d(2

dw
(4.98)

= - ro2 h n - ' (0)2/0)1) 2 (/'/to + 1) Im {F <(7 - < 7 ) ) 2 > }

•

One can show that at high temperatures

-hzr -~ S (n~+l)Im{F}do~=N/V.
-

oo

(4.99)
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The constant (first) term in (4.94) drops out, since it has no fluctuation.
If we neglect the weak co-dependence of (7) and (72), we find that the
integrated cross-section is proportional to ( ( K - ( K ) ) 2 ) , the mean
square fluctuation in the kinetic energy K; this is essentially-(kBT) z.
The integrals Lj have been calculated by WOLFF [4.70] for a Maxwellian electron distribution. He, in fact, used both isotropic and anisotropic parts of 7. The result for the integrated cross section after
averaging over polarization directions is
da/d(2 ~ 8 (m ro/m*) 2 (co2/col)2 (k B T/Ea)2 .

(4.100)

For a degenerate electron gas, this estimate should be multiplied by
hq/mvf .

WOLFF found the frequency-dependence of the cross section to be
slightly broadened from a Gaussian of the form [4.70]
exp [ -- CO2/(q Vth)2]
with
vtZh= 2 k n T/re,.
The energy density fluctuation mechanism just described explains
the strong polarized light scattering observed at room temperature in
GaAs doped in the q ~ q~ region [4.12, 13]. The polarized and depolarized
intensities are nearly equal at a carrier concentration of 1.4 × 101 s cm-a.

4.4.4. Polarized Single Particle Scattering under Conditions
of Extreme Resonance
Equations (4.92) and (4.100) have shown that off-resonance light is
scattered very weakly by the energy density fluctuations of a degenerate
electron gas. Under conditions of "extreme resonance" this changes
dramatically. In n-GaAs PINCZUK et al. [4.71] observed a strong resonance enhancement of the polarized spectra at 10 K with 6471 A (1.92 eV)
laser light on a sample with a 1.3 x 1018 cm -1 doping and with 6328 A
(1.96 eV) light on a sample with a 4.8 × 101~ cm -I doping. Their data for
the former case are shown in Fig. 4.12. One can see that the polarized
scattering is almost as strong as the depolarized scattering.
The resonant band gap in the experiments of PINCZUKet al. [4.71] was
the one involving the split-off valence band, denoted above by E 3.
For a vertical transition at wavevector kf from this band to the top of the
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Fig. 4.12a and b. Single particle spectra and coupled LO phonon-plasmon modes (L + )
for n-GaAs, n = 1.3 x 1010 cm -a. Temperature: 10 K. Excitation: 6471/~.. The interband
transition energy from the split-off valence band to the Fermi level is very close to the laser
photon energy. Estimated luminescence background is shown by the dashed line. After
PINCZUK et al. [4.71]

Fermi surface the gap is E 3 = E3o + r/El, where r / = (1 + me/mh), with mo
the electron mass and m, the mass in the third valence band. "Extreme
resonance" means that the laser energy hWl is within about qvf of E3.
Then the non-vertical nature of the transition from the valence to
conduction bands becomes very important. Consider the interband
processes that take an electron from k below the Fermi surface to
k + q above it. An incident photon of wavevector k I excites an electron
of wavevector k + q - kl in the filled valence band to k + q in the conduction band. The electron at k below the Fermi surface then falls into
the valence band hole at k + q - k t = k - k 2 and emits a photon of
wavevector k z. The energy denominator is
D ( k ) = E 3 o -k K ~ ( k + q) + K h ( k + q - k l ) - he) 1 .

(4.101)

HAMILTON and McWHORTER'S expression for the matrix element for
the transition is I-4.661
y,,a = e l . X .

e 2 c~ a l 1 - -

i(el x e2)" (0~[o'l fl) B ,

(4.102)
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where B and A-'are defined in (4.80b) and (4.89b), respectively. The terms
in ~ p m o s t resonant with the E 3 gap give
7~p ~" p 2 [ e l " e2 6~,p + i ( e 1 x e2)" (cclalfl)]/(3mD) .

(4.103)

The scattering efficiency is [4.66]

cl2~

dO dco

-

r~h~-a(co2/col) 2 (no,+ 1)

• {lea x e z l Z I m { K z } +(ea " e z ) 2 I m { L 2 - ~ ( L z L o

(4.104a)
- L ~ ) (1 - ~ L o ) - a },

where
(4.104b)

= 4rceZ/q2

and where
hK~. = y, B ~ E n ( k ) - n(k + q)]
k

(4.104C)

• [CO + i0 + + co(k) -- co(k + q ) ] - a ,
h L i = ~ AiEn(k) - n ( k + q)]

(4.104d)

k

• [co + i0 + + co(k) - co(k + q)] -a .
With the a p p r o x i m a t i o n of (4.103), we have
~ ' = AT,

(4.105a)

B = - A = - P2/(3mD),

(4.105b)

K z= L2.

(4.105c)

We set up (4.104c) for evaluation at T = 0. Let kf be a wavevector on
the Fermi surface. The [n(k) - n ( k + q)] factor says that k + q can range
from k r to k r + q. We therefore define a dimensionless variable u, 0 < u < 1,
so that k + q = kf-t-uq. Let 0 be the angle between kf and q. T h e n
(4.104c) becomes

i i u cos0

~Y~3 0=o o

y

( q v f c o s O - - c o - - i O +) ~ 3 m D ] "

(4.106)
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If we assume a backscattering geometry, where ks = q/2, then
D = ( E 3 o -t- t / E f - h 091 ) -t- h q vf cos O(rlu - mo/2 mh).

(4.107)

Now P2/3m is of order Ec. Under extreme resonance conditions
Pz/(3mD) will be large and rapidly varying as a function of u and 0.
For the polarized (e~ "e2) 2 t e r m the fluctuation ((D -1 - ( D - S ) ) z) is
likely to be dominated by ( D - 2 ) , giving a contribution almost as big
as that of the les x e212 term, which results from resonantly enhanced
spin density fluctuations.

4.4.5. Electron Velocity Distributions

At room temperature GaAs at low electron densities ( ~ l0 ss cm -3) is in
the q,> qs limit, and the charge density fluctuations are not screened.
The dominant term in the scattering efficiency as given by (4.104) is

d 2 R/dco dO = - r 2 h 7t-s (co2/cos)2 (e s • e2) 2 (n~ -t- 1) Im {L2}. (4.108a)
If the k-dependence of A can be neglected, we hav~
- (1 + n,,) Im{L2} = - A2(1 + n,,) Im{F}.

(4.108b)

For a Maxwellian distribution [4.70]
-- (1 + n,~) L2

= A 2 co- s I (k. q/me) [co - (k. q/me) ]- 1 N (E) d 3 k ,

(4.108c)

where N(E) is the Maxwellian distribution function. This leads to
- (1 + n~,) Im {L2} oc e x p ( - ~o2/q a v~h),

(4.109)

with vt2h= 2kR T/m*.
Figure 4.13 shows a single particle spectrum for n-GaAs measured
with 1.06 pm laser excitation [4.13]. The theoretical curve took into
account the weak, but not entirely negligible, k-dependence of A.
With A considered to be constant, the scattering efficiency is proportional to (4.74), which says that the scattered spectrum gives the
distribution of electrons having values of velocity in the direction of
q equal to co/q. For anisotropic crystals, this will depend on the direction
of q [4.72].
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Fig. 4.13. Polarized single particle light scattering spectrum for n-GaAs at room temperature I-4.13]. Theoretical curve from (4.108)
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In the presence ofa DC electric field Eo, the electron velocity distribution will have its mean value at the drift velocity Vo = #E0, where now # is
the mobility. Figure 4.14 shows MOORADIAN'Sdata on such a system
[4.73, 13]. The theoretical curves are essentially Gaussians for two
different values of electron temperature displaced so that they center
about co = q • %. The agreement is only fair and suggests that the velocity
distribution is distorted as well as shifted. Note the drop of intensity
when e ) = + q VLo. At this point, the electrons have enough energy to
excite LO phonons and thereby return more rapidly to equilibrium.
More detailed studies of light scattering from "hot" electron distributions would be valuable in understanding non-equilibrium plasmas
in solids [4.74-76].
It would also be desirable to study experimentally the role of various
damping processes on the shape of the single-particle spectrum [4.6, 77].
Strong damping should place the electron system in the "collisioncontrolled" regime, where hydrodynamics determines the response
functions [4.1, 4, 75, 76]. Under appropriate circumstances, one might
observe "motional narrowing" of the single-particle spectrum, in a way
similar to what has been proposed for the spontaneous spin-flip Raman
line [4.78-80].

4.5. Multicomponent Carrier Effects
There has been little experimental work on light scattering from semiconductors containing two or more types of mobile carriers, but there
has been some very interesting theoretical work, starting with a paper by
PLATZMAN [4.81]. Our emphasis in this section will be on carriers in a
multivalley semiconductor, such as n-Si, n-Ge, or the lead salts. In
such systems each of the components of the plasma is anisotropic. This
brings new features to the light scattering spectra.

4.5.1. Introductory Considerations
Consider electrons in the jth valley, where the reciprocal effective
mass tensor is m-l~). Let their charge density fluctuation operator be
Qqj. Within the RPA, the induced response (~q:) to a total longitudinal
perturbation having wavevector q is described by a function Fj(q, co), a
generalization of the function F(q, co)of (4.8)[4.81]

hFj q,
= ~ [n(k) - n(k + q)] [-e~+ i0 + + co(J)(k)- ~ot/)(k + q)]-i,
k

(4.1 lOa)
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where
(4.1 lOb)

o9°)(k) = (h/2m) k . 'if:.
j k

Fj will depend on the orientation of q relative to the principal axes of/~..
Coupling mechanisms for light scattering by the multicomponent gas
of carriers include those discussed in Section 4.4. Now each of the
density fluctuations Qq~ couples separately via the following generalization of (4.17) and (4.18)

H~ = roR12Al A2t e x p ( - loot) ~ PjOqi+ H.C.

(4.111)

J
where
]2j

=

e I " lUj • e 2 .

As the directions of the polarization vectors el and e 2 vary, the
external fields "drive" various linear combinations of the 0qi. An important role is played by depolarized (el _1_e2) scattering, which involves
solely relative fluctuations of the form (0q~-Oqj), while leaving the
total density fluctuation

Oq = ~ Q ~ i
J

(4.112)

unexcited. This can be seen by writing
~20qJ = Qq~a~v¢+ ~ (/~ - ~'J)(Oqi- Oqj).
j

(4.113)

i<j

where/~,ve is the average of the ~'i over all the valleys. ~'ave will have the
full symmetry of the crystal, and for a cubic crystal will be a multiple
of the unit tensor. This lack of coupling to 0q, while coupling to a
fluctuation (Qqj- Qql) is reminiscent of the situation for the spin density
fluctuation mechanism. According to (4.83) that coupling is of the form
le1 x e21 (Qq~ - Qq~).
If the valley j has axial symmetry about a direction represented by
the unit vector n~, with principal values of ~' parallel and perpendicular
to nj denoted by/ill and #±, then
~'-j = / l ± ~ + (/~11-- gx) nj n i

(4.114)
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Fig. 4.15. Depolarized light scattering geometry for electrons in two valleys with axes at
right angles

and for a cubic crystal

Z P)Oqj=

0q(el " e2) (]Al[ +

J

2/2±)/3
(4.115)

+(fiN--flZ) 2 F ( n i ' e l ) ( / t i ' e 2 ) -- ( n j . e l ) ( n j . e 2 ) ]
i<j
• (Oqi - - e q j ) "

The second term in (4.115) could be rewritten further by using symmetry
arguments. Only those linear combinations of the (Q~i- 0qj) appear that
belong to irreducible representations that result from reducing the traceless tensors (nin i - n~nj).
As an example, we consider the application of (4.115) to the 2-valley
system shown in Fig. 4.15. The result is
x & e . j = (& - ~t,) (oa= - o , , ) / 2 .

(4.116)

Figure 4.15 and (4.116) also apply to the x - y plane of a cubic crystal
with three (100) valleys. The representation involved is one component
of E-symmetry--the one transforming as (x z - y2). The other traceless
tensor representation for cubic symmetry is T2, with tensor representations transforming as (xy, yz, and zx). It will not couple to (100) valleys.
It will contribute, however, to light scattering via the (e 1 × e2). (0~[aq[fl)
spin density fluctuation mechanism of (4.80). Thus with E polarization
vector geometry one couples both to spin fluctuations and to "inter-

Electronic Raman Scattering

197

valley fluctuations ''2, whereas with T 2 geometry one couples only to
spin fluctuations.
This situation is exactly reversed for (111) valleys in a cubic crystal.
For then (ni.n i - nj. ni) belongs to T2, and so with T z polarization
geometry one couples to both spin and intervalley fluctuations, whereas
with E geometry the coupling is only to spin fluctuations.

4.5.2.

Theory

PLATZMAN [4.81] has derived the relevant theoretical formulas for light
scattering by density fluctuations in multivalley semiconductors. He
has also computed some sample cross-section curves (d 2 cr/dcodO) for the
two-ellipsoid case, as in Fig. 4.15, and he has discussed conditions for
observation of "acoustic plasmons" (see below). Some of his work has
been further discussed by PLATZMAN and WOLFF [4.1]. TZOAR and F o o
[4.82] have calculated theoretical spectra for a system with four (111~
valleys for various combinations of e 1 and e z. The system parameters
were appropriate for PbTe.
Foo and TZOAR [4.83] next added scattering via the spin density
fluctuation density mechanism for each valley. They pointed out that for
the E geometry [e 11[(110), e 2 [[(I10)] coupling would be to spin density
fluctuations only. Their calculations were for PbTe, which is a direct
semiconductor having both conduction band minima and valence band
maxima at the zone boundary in (111) directions. They used appropriately defined A and B factors [Eqs. (4.80) and (4.89)'] for that structure,
as calculated numerically by JHA [4.84, 85]. These would not apply to Ge,
although the valleys are ( 1 1 1 ) in both cases, because the rest of the
band structure, especially the spin-orbit effect, is quite different.
PLATZMAN'S results for the density fluctuation scattering is, in our
notation, [4.81]

d 2 R/do9 dO
(4.117a)

= -r~hn-l R~2(l + n~) Im [~ (p~ Fi~ij + crPlti#jFiFje-l)],
2 It is tempting to use the term "intervalley transition" [4.75] or "intervalley fluctuation" to describe the response induced by 0qi-0q j- The operator 0q~ induces a number
density fluctuation having wave-vector q for the electrons in the ith valley; it does not
change the number of electrons in that valley. Thus Qqi- 0qj does not cause a transfer of
electrons between valleys i and j; it induces density fluctuations of opposite sign in the
valleys. It is in this sense that we use the term "intervalley fluctuation".
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where 4~ = 4ne2/q 2 and where the dielectric constant is now given by
;: = ; ; , - q~ ~ F;.

(4.117 b)

)

The term in square brackets can be written
(4.118)
In the q ~ 0 limit we have
(4.119)
Equation (4.119) shows that only the anisotropic part, (l~ll- IX-L) njnj, Of
#j produces an unscreened scattering cross-section.
It is often possible to select the direction of q so that all the Fj(q, co)
are equal. This is the case for qlt(100) for ( I 1 1 ) valleys or qll(lll) for
(100) valleys. Then (4.117a) and (4.119) give

d 2 R/do) d~2
(4.120)

= - r o 2 h n 1R~2(l+n,,,) ~ (#,_/~)21m{Fl(q, co)/r} '
i<j

where r is the number of valleys. Equation (4.120) equals the unscreened
scattering efficiency from one valley times the factor Y' (/~ ]lj)Z/r.
-

i<j

In the high temperature limit, where (4.99) holds, (4.120) gives a
cross-section per electron that is equal within a factor of order unity to
that for the valley-orbit transitions given in (4.35). Examination of (4.81),
(4.82a), and (4.84) shows that near resonance the spin density fluctuations
mechanism and (4.120) can give comparable cross-sections. Below
resonance (4.120) contains the factor R~2 = E ~ ( E Z - h Z ( ~ z ) -2, which
tends to unity, whereas the comparable factor in (4.81) for the spin
density mechanism tends to (hcot Ao/E2) 2 for A0 <~ E o and to (hcot/EÙ) 2
for Ao~> E~ [see (4.88)]. This means that for volume scattering in an
indirect semiconductor, where hcol must be below the indirect band gap,
hcol will usually satisfy the inequality (hcol) 2 4Eg,, where Eo is the
direct band gap. In this case, the intervalley charge density scattering
will be much stronger than the spin density fluctuation scattering.
PLATZMAN [4.81] has shown that F~(q, co), the response function for
the jth valley, may be related to F(q, co), as given in (4.8), an isotropic
response function for the same number of electrons evaluated using the
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free electron mass m. For valleys with axial symmetry, PLATZMAN'Sresult
is
Fj(q, 0)) = It21/tll ~ F(¢ j~, ¢o).
(4.121 a)
where

q0) = p}_ qO) +/z~ qli ) .

(4.121b)

qli)= (q. nj) nj

(4.121c)

Here

and

q~)= q-- qli ),
i.e., qll and qz are components of q parallel and perpendicular to the
valley axis.

4.5.3. Acoustic Plasmons
We have seen that the general expression (4.119) takes a simple form
when all the Fj are the same. The other extreme is of great interest,
namely the case where the ]Tj a r e as different as possible. This can occur
if the valleys are very anisotropic so that kti >> #11 and if the direction of q
can be chosen so that for some of the valleys the ratio ]¢i~l/q is as large as
possible, whereas for the others it is as small as possible. Then fi'equencies
~o, exist for which [4.81]

Re {c(q, 0)a)} = c~+ (4z~e2/q2) Re {~ Fj(q, 0),)} = O

(4.122a)

J

and
lm{e} <~ 1.

(4.122b)

A mode obeying (4.122) might be called an "acoustic plasmon".
It is instructive to discuss such a collective mode first for a very simple
case,
Consider a two-component plasma, one with light carriers having a
plasma frequency ~:gpand one with heavy carriers for which the plasma
frequency is Oo" Select a small value of q and consider a frequency range
where [4.86].
q2 l,h,2 <~ 0)2 <~ q2 V2 .

(4.123)
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Here vl and vh are the r.m.s, or Fermi velocities of the light and heavy
carriers. Then the complex dielectric constant can be written [4.1]
e = er + iei,

(4.124a)

where
er = (1 + q2/q

2 -- ~2/co2)/~s

(4.124b)

and
~i'~ 1 .

Here q2 = 3co2plv 2 is the screening parameter for the light carriers.
The acoustic plasmon frequency satisfies Re {e} = 0, or (for q ,~ qs)
co.2 = f2p2 q 2 /q~2 = f2 2v v 2 q2/(3co2)

(4.125)

where coa2 must still satisfy Eq. (4.123). It has recently been observed
[4.99].
If the two components have opposite charges, they oscillate together,
and the light charges screen almost completely the electric field due to
the heavy charges. Thus the name "acoustic plasmon", in analogy with
acoustic phonons. If the components have the same charge, they will
oscillate 180 + out of phase, and there will still be almost complete
screening.
The formula of PLATZMAN[4.81], as given in (4.117) or (4.118), automatically allows for acoustic plasmons. When (4.122a) and (4.122b)
are satisfied, there is essentially a pole in e-1 with a large enhancement
in the cross-section over what is given by a formula such as (4.120).
It will be difficult in practice for co, to satisfy inequalities of the type in
(4.123) in a multicomponent electron plasma in solids. We can usually
expect Im {e} to be large enough to produce substantial Landau damping
of the acoustical plasmon, i.e., decay of the plasmon into single particle
excitations.
It is known that damping can be reduced and the cross-section
increased if a DC electric field is applied to impart a net drift velocity vo
to the carriers. The reason is that some of the energy of the drifting
carriers is fed into the plasma wave [4.86]. This effect was verified by
PLATZMAN'S calculations for a degenerate 2-valley plasma [4.81]. He
used ratios of/~±//~11of 5 and 10. He found an acoustic plasmon-like peak
in the calculated cross-section for co,-~qvfh, where Vrh is the Fermi
velocity of the heavy carriers. This peak was greatly enhanced whan a
dc drift velocity was added. This effect anticipates the onset of the socalled "two-stream" instability in which the acoustic plasmon grows in
time, receiving energy from the dc field [4.86].
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4.5.4. The Metal-Semiconductor Transition
As the concentration of donors in a semiconductor increases, the wavefunctions on neighboring individual donors begin to overlap, and the
donor levels broaden inhomogeneously. This is revealed in multi-valley
n-type crystals as a broadening of the valley-orbit Raman line. At a
sufficiently high donor concentration, nm, the "Mott transition" occurs,
in which the donor ground state broadens into a conducting impurity
band, and the semiconductor becomes a metal [4.873. Impurity band
conduction is characterized by a short electron mean-free path of the
order of the interdonor spacing [4.87]. At a higher concentration the
impurity band passes into the conduction band. After this has occurred
we expect to observe light scattering from a relatively free multicomponent plasma, as described in the previous subsection.
The data on n-SiC, shown in Fig. 4.11 [4.29] exhibit scattering from
a sample doped into the impurity band region. The three E 2 valley-orbit
lines shown at 13, 60, and 62 meV in the more lightly doped sample of
Fig. 4.7, seem to have broadened into a continuum. Studies have recently
been made on n-Ge [4.88] and on n-Si [4.89] at doping levels in and just
below the impurity band region to determine to what extent the valleyorbit transition occurs in the metallic state and to try to study .how the
valley-orbit spectra change into spectra characteristic of a multicomportent plasma.

4.6. Concluding Remarks
4.6.1. Present Knowledge and Possible Future Trends
The mechanisms for light scattering by the electronic excitations discussed in this article are generally well understood. The nature of the
excitations themselves is usually not in question, although this is not true
for inter-bound state acceptor transitions and for the continuum observed
in metallic SiC, Ge, and Si.
Future work in this field is likely to emphasize the shapes and widths
of the various spectral lines. Much more detailed knowledge is needed on
the effects of collisions on plasmon and plasmon-phonon coupled line
shapes and on the shapes of single particle spectra. This is particularly
true in the impurity-band concentration range, where the one-electron
eigenstates are not well represented by Bloch waves among which
collision-induced transitions take place.
In solids many more experiments need to be done on non-equilibrium
plasmas. Studies on multicomponent plasmas are needed, and efforts
should be made to produce plasma instabilities, or near-instabilities for
study by light scattering techniques.
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4.6.2. Remarks on Spin-Flip Raman Scattering
W e have d e l i b e r a t e l y e x c l u d e d s c a t t e r i n g by electronic e x c i t a t i o n s in
a m a g n e t i c field. This subject is t o o c o m p l e x a n d i m p o r t a n t to be m e r e l y
a p a r t of an article such as the p r e s e n t one. S p o n t a n e o u s R a m a n s c a t t e r i n g
b y spin flips in a m a g n e t i c field is the m o s t i m p o r t a n t of these o m i t t e d
processes because it has led to the i n v e n t i o n of the spin-flip R a m a n laser
a n d also b e c a u s e it has i n v o l v e d s o m e i m p o r t a n t new solid-state physics.
C h a p t e r 7 by SHEN briefly discusses s p o n t a n e o u s spin-flip R a m a n
scattering a n d gives several key references. T o those I w o u l d a d d two
recent conference review p a p e r s by LAX [4.90] a n d by PATEL [4.91].
Also w o r t h y of m e n t i o n are studies of spin-flip processes in I I - V I
c o m p o u n d s using visible laser light by THOMAS a n d HOPFIELD [-4.92],
FLEURY a n d SCOTT [4.93], SCOTT a n d DAMEN [4.94], SCOTT et al. [4.95],
a n d HOLLIS et al. [4.96].
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5. Raman Scattering in Amorphous Semiconductors
M. H. BRODSKY

With 29 Figures

Much of the study of Raman scattering in crystalline materials focuses
on the few allowed single phonon processes. The corresponding interest
in amorphous materials is on the breakdown of selection rules and the
broad range of allowed scattering processes. Because of the absence of a
well defined crystal momentum, a larger wealth of information about
vibrational spectra can be extracted from Raman scattering in amorphous materials. In this chapter we shall be concerned with the experimental and theoretical results obtained from the prototypical
elemental and compound amorphous semiconductors and how those
results have been used to elucidate the vibrational levels and structure of
the amorphous state. The structural results are both supplementary and
complementary to information obtainable by the traditional structural
analysis techniques of X-ray, electron and neutron diffraction.
The amorphous state [5.1, 2] is characterized by what it is not.
It is not a form of matter with long range order, it does not have large
regions in which the atoms are arranged in a periodic array, there are no
crystallites of a size large enough to give sharp Bragg diffraction lines
or spots. Often in the literature, as here in this article, the terms amorphous, non-crystalline, glassy and vitreous are used interchangeably.
There are some technical aspects of the glassy state which have not been
established for many of the amorphous semiconductors, e.g., a glass
transition temperature; but we shall not make any such fine distinctions.
The term "disordered" is more general than "amorphous" and can refer
to crystals as well as glasses. Crystal alloys, for example, can be disordered in terms of which constituent lies on a given lattice site. Liquids,
of course, are the prime example of the amorphous state, but except in
passing we shall not discuss liquid semiconductors.
The key to the definition of "amorphous" is the distinction between
long and short range ordering. In practice, simple amorphous materials
have strong short range ordering for distances out to three or four bond
lengths [5.1]. Longer range correlations are not observable except in
crystals. There does not appear to be a continuous gradation in the
correlation length over all values from single atom spacings to the crystal
dimensions. In other words, there appears to be a lower limit on crystallite
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size (about 30-40 A for silicon) and an upper limit on the correlation
length in amorphous semiconductors (about 12-15/~ for silicon).
A practical measure of non-crystallinity has been the width of the first
Bragg diffraction peak; it is either broad and characteristic of a glass,
or narrow and characteristic of a crystal. On the scale of our interests,
there are no intermediate cases except for some slight broadening for
small crystailites. Corresponding examples of no intermediate cases
exist in Raman spectroscopy for the locations and widths of the spectral
lines of amorphous Si (a-Si) and related tetrahedrally bonded amorphous semiconductors.
One further point needs to be made about the nature of the disorder
in the amorphous state. In general there is a topological disorder. No
direct and natural mapping can be made between the atom sites in the
glass and the lattice sites of a corresponding crystal. For example, an
amorphous solid is not well represented by a "hot" crystal in which each
atom is displaced by small random amounts from lattice sites [5.3].
There are many other amorphous materials other than semiconductors
which can and have been studied by Raman spectroscopy. Many theoretical [5.4, 5] and experimental [5.6, 7] studies have been reported for
the traditional glasses. Although there has been expanded interest
recently in the Raman spectra of metallic [5.8] and magnetic [5.9]
crystals because of improved experimental techniques, there does not
appear to be any reports yet of Raman spectra from amorphous metal
alloys or amorphous magnetic systems, both of which exist and are of
considerable current interest [5.10-12]. In this article we shall concentrate on the vibrational spectra of amorphous semiconductors.
Recent reviews on vibrational spectra in general have been given by
LUCOVSKY [5.13] for amorphous semiconductors, by BOTTGER [5.14] for
non-crystalline solids, and by BELL and DEAN for oxide glasses [5.4, 5].
SHUI(ER and GAMON [5.15, 16] have outlined how to go from the
concept of a disorder-induced breakdown of selection rules to a
quantitative representation of the vibrational density of states, as
measured by Raman scattering. Naturally any density of states so
derived is only a "Raman effective density of states" which is a convolution of the true vibrational spectrum with mode dependent matrix
elements. Various approaches that try to calculate the transition matrix
elements will be given in the course of this chapter. One way of viewing
the breakdown of the q = A k ~ 0 selection rule, where q is the wavevector of the phonon and A k the difference between incident and scattered
photon wavevectors, is in terms of a correlation length A which characterizes the spatial extent of a normal mode vibrational state. Of course,
in a perfect harmonic crystal A ~ oo and a vibrational normal mode is a
true phonon with a plane wave envelope to its wavefunction and hence
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a well defined wavevector. If one assumes that in an amorphous solid,
it is more accurate to picture the vibrational modes as nearly localized
[5.4, 5], then in terms of the correlation length, the eigenvector envelope
may be represented by a plane-wave factor exp(iq.r) times a spatial
damping factor exp(-r/A) [5.16]. No longer is q a good quantum
number and, in principle, there is no longer any q ~ 0 wave vector
selection rule. The exponential damping mixes the formerly distinct
q states. SHUKER and G ~ o N [5.16] then argued that the space-time
correlation is proportional to
elqJ '- e -,/a

(5.1)

for the jth mode. The Fourier transform of (5.1) is proportional to the
scattered Raman intensity of the jth mode. Summing over all modes
and allowing all q) to contribute to the sum, they find that the nonresonant stokes component at a frequency shift co is given by
(5.2)

and the anti-Stokes component is
I~pra(CO) = ~ C~¢~(1/°9) n(co, T)gh(CO),

(5.3)

b

where

n(CO,T)= [exp(hCO/kT ) - 1] -~

(5.4)

is the Bose-Einstein distribution function at a temperature T. Each
band of vibrational states b is assumed, for simplicity, to have a coupling
constant C~prx with the superscripts ~fl and ?2 describing the polarizations of the incident and scattered photons. In addition, there is the
extra radiation factor of (COL-----O9)4, where COL is the incident photon
frequency. Equations (5.2) and (5.3) are the principal results of SHUKER
and GAMON'S calculations and show how the measured Raman spectrum
of an amorphous solid is composed of the Bose-Einstein factor,
the 1/CO harmonic oscillator factor, the transition probabilities, and
finally the desired information, the vibrational density of states. If
1P(CO)is the measured Stokes part of the Raman spectrum for a particular
polarization geometry, then we define the reduced Raman spectrum as
I~(co) = CO(OK-- CO)-'*[n (CO)+ 1] -1/P(CO).

(5.5)
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We shall routinely use (5.5) throughout the discussion. The reduced
Raman spectrum only involves the density of states and frequency
dependent matrix element factors which we presume to be smooth,
slowly varying and in some special cases calculable.
In Subsection 5.1.3 we shall give an alternate way of calculating the
disorder-induced Raman scattering in terms of large unit cells with
many atoms per unit cell and therefore many q =0 phonons which are
potentially Raman active. Finally, in Section 5.2 extensive use of molecular concepts and selection rules will be made in the interpretation
of the Raman spectra from those materials which retain identifiable and
distinct molecular units.

5.1. Tetrahedrally Bonded Amorphous Semiconductors
In this section we discuss the Raman spectra of a relatively simple
class of amorphous semiconductors, namely those in which the chemical
bonding dictates tetrahedral coordination. First we give a description of
the nature of the material studied and then a summary of the basic
experimental facts on amorphous Si and Ge. We follow with a description of the various theoretical approaches towards an understanding
of the spectra in terms of structural models. Finally we mention the kind
of information sought in the Raman studies of other tetrahedrally bonded
amorphous semiconductors.

5.1.1. Elemental Group IV Films--Basic Concepts
Si and Ge have been studied in recent years as prototypes of amorphous semiconductors [5.173. The motivation for much of this interest has been for two unique reasons. First, as amorphous materials,
they possess a degree of compositional and structural simplicity unmatched by the conventional glasses. Secondly, because of their technologicaI and physical importance the body of knowledge and understanding of their crystalline states is massive and widely disseminated.
Many workers have hoped to use the crystal knowledge and the amorphous studies to bring forth some general understanding of amorphous
semiconductors. This approach has not fulfilled expectation as far
as a fundamental understanding of electronic energy states is concerned,
but it has been eminently successful in elucidating the vibrational
information of Raman, infrared, and neutron spectroscopy. The reasons
for this dicotomy are the so far inseparable mixing of the relative importance of long range and short range electronic interactions and the
comparatively simple situation of the dominance of short range forces
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in determining the vibrational properties of covalently bonded solids.
This reasoning will form much of the basis for the discussion which
follows.
Si and Ge can be prepared as thin amorphous films by several
deposition techniques. The common feature of most of the successful
deposition procedures is the quenching of dispersed atoms or small
clusters of atoms (e.g. a vapor) onto a relatively cool substrate. Typically
the substrate temperatures are ~ 450 °C for Si and < 250 °C for Ge
although in practice the temperature limits may vary hundreds of
degrees depending on the method of preparation, substrate material,
rate of deposition, and presence of impurities. The commonly reported
methods of preparation [5.1, 18] are evaporation followed by quenching
of the vapor, dc or rf cathodic sputtering in an inert gas discharge,
heavy-dose ion bombardment of a crystalline surface, pyrolytic or
glow discharge decomposition of silane (Sill4) or germane (GeH4),
and electrolytic plating. In general, amorphous Si or Ge cannot be
prepared by the conventional glass making process of quenching from
a melt to form a viscous glassy state. This is because the Si and Ge
atoms are not covalently bonded in their liquid state but are arranged
in a metallic closed pack configuration. On the other hand, the short
range ordering of solid amorphous Si and Ge is more comparable to
their covalently bonded diamond structure crystalline phases. Analysis
of pair correlation functions deduced from diffraction data show that
the nearest neighbor covalent bonds, i.e. the tetrahedral coordination
and bond lengths, are essentially identical in crystalline and amorphous
Si and Ge I-5.1]. The remarkable retention of the covalent bond is
clearly evident in the Raman scattering observations described in this
chapter. Beyond the four nearest neighbors the distortions increase and
it follows that the pair correlation function loses its distinct peaks for
atomic separations beyond about 12-14 A. The exact arrangements of
the atoms within the correlated 12-14/~ region has resulted in much
controversy over the years with arguments offered for either a microcrystalline or a random network interpretation I-5.19]. A similar controversy has arisen from time to time concerning the structure of SiO2
and related glasses. The Raman and infrared spectra of a-Si and a-Ge
tend to favor a network point of view and may give some information
on the parameters of the widely used dense random networks. However,
it is important to point out that there is no such thing as a unique network or a unique microcrystalline model, but only various manifestations thereof. There is some hope that Raman scattering studies can
help to check the various models against experiment.
Raman spectra are available for some other group IV materials
which have been prepared as amorphous films, e.g., C, SiC, and Ge-Si

210

M . H . BRODSKY

and G e - S n alloys. All of these amorphous semiconductors are believed
to be tetrahedrally coordinated with the exception of amorphous C(a-C).
Raman spectra have been used to test these structural ideas [Ref. 8.1,
Sect. 2.1.15].

5.1.2. Raman Scattering Spectra of Amorphous Si and Ge
There are two general and non-trivial physical implications that can be
drawn from the experimental Raman spectra of either amorphous Si
or Ge. These are:
1) The first-order Raman spectrum covers the entire vibrational
energy range whereas for the corresponding crystal state only one zone
center optical phonon is Raman active.
2) Not only does the observed Raman spectrum show the gross
features of the entire amorphous vibrational density of states, but the
amorphous density of states is very similar to that of the corresponding
crystal.
SMITH and his co-workers [5.20] were the first to obtain Raman
spectra of amorphous Si and Ge as well as a number of related III-V
amorphous semiconductors. A direct trace of a typical low temperature
(27 K) spectrum of amorphous Si is shown in Fig. 5.1. From (5.2) we see
that the first-order Stokes Raman spectrum is proportional to the factor
n(o, T ) + 1, where n(co, T) is the Bose-Einstein distribution at temperature Tfor vibrational energy ~o. The anti-Stokes spectrum is proportional
simply to n(co, T), and so vanishes as the distribution function goes to
zero. At 2 7 K and o ) > 1 0 0 c m -I, n(c0, T ) , ~ l (as can be seen by the
absence of the anti-Stokes spectrum), and the Stokes spectrum is independent of the distribution function. The spectrum shown therefore
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Fig. 5.1. R a m a n spectrum of a m o r p h o u s Si at 27 K [5.20]. The a-Si was prepared by ion
bombardment. The spectrum was obtained in a back scattering geometry with 0.25 W
of a 488 I.tm laser line
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differs from the vibrational density of states only by smoothly varying
factors accounting for the dispersion in the Raman coupling. SMITHet al.
observed that for energies below about 550 cm -I this Raman spectrum
bears a resemblance to the vibrational density of states of crystalline Si
and suggests that 1) the dispersion in the Raman coupling is slight or
slowly varying and 2) the vibrational spectra of the amorphous and
crystalline forms of Si are very similar. The broad continuum above the
first-order spectrum up to about 1050cm -1 is probably second-order
scattering; this is supported by the temperature dependence. The
analysis of ALBENet al. [5.21], which we review in Subsection 5.1.3, also
supports the basic conclusions of a slowly varying Raman coupling which
permits the observation of the vibrational density of states.
A common problem in the study of amorphous materials is the
variability of results obtained on different samples [5.18], therefore,
SMITH et al. [5.20] and WIHL et al. [5.22] performed a variety of experiments to establish that the reported spectra are characteristic of
amorphous Ge and Si and independent of method and temperature of
preparation. SNn'H et al. [5.20-1 prepared amorphous Si on substrates
held at temperatures from 300 K to 750 K. In addition, the methods of
preparation included vapor condensation of Si or Ge, chemical vapor
deposition of Si from sin4, rf sputtering of Si and Ge, and high-energy
ion bombardment of single crystal Si or Ge surfaces. No measurable
differences in the Raman spectra were observed. WinE et al. [5.22]
observed a 2 to 3 % difference in the location of the high-frequency peak
of amorphous Ge prepared by the electrolytic and other methods
(sputtering or evaporation) methods and related this to density differences. However, it is not clear that such a small difference is of physical
significance.
To our knowledge no structural or Raman studies have been performed on samples prepared and maintained below room temperature.
This is a significant omission because it is possible that changes in short
range order may occur for films quenched at very low temperatures.
The upper part of Fig. 5.2 shows the reduced Raman spectrum of
amorphous Si [5.20]. The reduction corresponds to multiplication of the
Stokes spectrum by the factor og/[n(og, T ) + I ] , see (5.5). SHUKER and
GAMON have pointed out that in the absence of matrix element effects,
the shape of this reduced spectrum would be that of the vibrational
density of states. Figure 5.3 gives equivalent results for amorphous
Ge [5.23] ; the results of WlrtL et al. I-5.22] are in good agreement with
those shown in Fig. 5.3. The lower parts of Figs. 5.2 and 5.3 show the
crystalline densities of states [5.24] as well as broadened versions of them.
It is clear that the general features of the reduced Raman spectra are
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Fig. 5.2. Top: The reduced Raman spectrum (dashed line) of amorphous Si from room
temperature data [5.20]. Also shown for comparison is the room temperature infrared
absorption constant (solid line) versus energy [5.27]. The maximum absorption constant
is 360 cm-1. The vertical dashed line is the position of the single sharp line in the one
phonon Raman spectrum of crystal Si. Bottom: The density of states of crystalline Si
(dashed line) from a shell model fit to neutron scattering data [5.24]. The solid line is the
crystalline density of states broadened by a convolution with a Gaussian factor of halfwidth 25 cm- 1 [5.20]
given by the crystalline density of states, a l t h o u g h the lower frequency
modes of the reduced R a m a n spectra are relatively weak.
In addition to R a m a n scattering, similar information a b o u t the
vibrational density of states of a - S i and a - G e has been drawn from
infrared spectroscopy [5.25-27]. M o r e limited results have also been
obtained from low-energy electron tunneling E5.28], high-energy electron
energy loss [5.29], and n e u t r o n scattering [5.30].
LAr~NIN [5.31--33] has examined the frequency dependence of the
coupling constants Cb in (5.2). F o r the spectral range where Debye
behavior gb(CO)OCO)2 is likely, m ~ 6 5 c m -1 for Si and o 9 ~ 3 5 c m -1 for
Ge, he found that Cb(og)oce) 2 for both a - S i (Fig. 5.4) and a - G e . Several
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Fig. 5.3. Top: The reduced Raman spectrum (dashed line) of amorphous Ge from room
temperature data I-5.23]. Also shown for comparison is the room temperature infrared
absorption constant versus energy [5.27]. The maximum absorption constant is 170 cm -1.
The vertical dashed line is the position of the single sharp line in the one phonon Raman
spectrum of crystal Ge. Bottom: The density of states of crystalline Ge (dashed line) from
a shell model fit to neutron scattering data [5.24]. The solid line is the crystalline density
of states broadened by a convolution with a Gaussian factor of half-width 25 cm -1 I-5.20]

authors [5.26, 34, 35] have attempted to calculate the spectral form of
Cb and the results are in general agreement with LANNIN'S observation.
If Cb(o9) does go as ogz for small o9 and if there is a similarly simple
analytical form for the low frequency infrared absorption, then a quantitative comparison is possible between the Raman, infrared, and neutron
scattering measured density of states. CONNELC [5.36] has assumed that
Cb(Og) OCO92, then from (5.2) it follows that
1(o9) oc o) [n(o.~, T) + 1] gg(og)

(5.6)
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Fig. 5.4a and b. Raman scattering intensity (dots) of amorphous Si versus 0>3 In(o>, T ) + l]
for low frequencies [-5.32]. The solid lines are the theoretical predictions of (5.6) for Debye
density of states. (a) Incident and scattered light are orthogonally polarized. (b) Incident
and scattered light have parallel polarizations. The data was gathered in a back scattering
geometry

for the Stokes scattered intensity I(o9) at sufficiently low frequencies.
Here 0R(m) in the Raman density of states after correcting for matrix
element effects. CONNELLthen also uses the arguments of PRETTLet al.
[5.26] which predict that the infrared absorption coefficient ~ (co) can be
expressed in term of the infrared density of states as
g,R (u) ~c ~ (~o)/~o 4 .

(5.7)

In Fig. 5.5 we reproduce the comparison [-5.36] of gR((.O) and glR((.O)
with 9N(og)the neutron scattering density of states at measured by AxE
et al. [5.30] for amorphous Ge. All three measurements give a peak in
9(m) near 88 cm -1. CONNELL then proceeded to use 9(09) to analyze
the specific heat data of KING et al. [5.37] and found that he can account
for the decreased Debye temperature of amorphous Ge relative to
crystal Ge.
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The question of the form of the low-frequency Raman scattering
spectrum is not unique to amorphous semiconductors. In fact SHUr:ER
and GAMON originally proposed their analysis for vitreous SIO2. HASS
[5.7] had pointed out that the neglect of the Bose-Einstein population
factor had lead to some misinterpretation of earlier high temperature,
low frequency data [5.38]. Another example of the derivation and
application of (5.2) was given by BARKER [5.39] for the case of lowfrequency soft modes associated with ferroelectric phase transitions.
BARKER also compares the frequency information derived from Raman
and infrared spectroscopy. However, the specific heat results of SHUKER
and GAMOY [5.40] for a-SiO 2 [5.38] are in conflict with CONNELL'S
[5.36] analysis of the specific heat for a G e . SHUKER and GAMON asSumed that the coupling constant Cb was independent of frequency while
CONNELL assumed the square-law dependence reported by LANNIN
[5.31]. Both analyses give good agreement with the specific heat data
in the temperature range of 3 to 15 K although the SHUKERand GAMON
results would be somewhat improved with a frequency dependent Cb.
There is still room for more detailed analysis of the low frequency
coupling constant in amorphous materials before we can draw firm
conclusions.
Raman scattering provides a useful tool for the study of one of the
more intriguing methods of preparation of amorphous Si or Ge, namely,
ion bombardment [5.20, 23, 41-43]. For heavy doses of order 1015 ions/
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Fig. 5.6. (a) The Raman spectra from the surface of a single crystal of Si before and after
increasing doses of 70 keV argon ions. The upper and lower curves are characteristic of
the crystal and amorphous phases respectively. (b) The factor of the final maximum spin
resonance (EPR) and Raman intensities as a function of total deposited ion energy [5.43]

cm 2 or greater, a continuous amorphous layer is formed on the surface
of a target crystal. The layer thickness depends on the incident ion
mass and ion energy, but typical numbers for Si are: an amorphous
layer about 0.5 gm thick grows after a total flux ~ 1015 ions/cm 2 for
Si28 ions accelerated to 300 keV. The exact nature of the layer formation
is not known, e.g. does the amorphous layer grow from overlapping
cylindrical damage regions about each ion track or does a thin buried
amorphous layer form first which grows with planar symmetry towards
the surface? BOURGOIYet al. [5.43] have been probing the ion damaged
region of silicon with Raman scattering in order to sort out the growth
mechanism. The usefulness of the method comes from the ability to
simultaneously see both the sharp crystalline peak with a frequency
shift of 522cm -1 as well as the broad features of the amorphous Si
spectrum with its broad peak near 480 cm -1. BOURGOIN et al. [5.43]
compared the ion doses required to saturate the amorphous Raman
spectrum with the dose required to saturate an electron spin resonance
(EPR) signal (see Fig. 5.6). The EPR signal, which arises from broken
bonds [5.44, 45] requires a higher dose before the signal strength levels
off. The Raman spectrum indicates a complete continuous amorphous
layer is formed by the ion bombardment which then undergoes ad-
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ditional ion damage with continued irradiation. This conclusion is
consistent with other ion damage studies of amorphous Si [5.46].
As exemplified above and in other studies [5.23] Raman scattering
provides a unique characterization tool for testing an amorphous Si
or Ge sample for traces of crystallinity. At the IBM laboratory we
routinely examine evaporated Si samples by Raman scattering. Any
presence of the sharp 522cm -1 line in the Raman spectrum is conclusive evidence for crystallinity and cause for rejecting the sample as
not being totally amorphous. The same results are obtainable by X-ray
diffraction, but for thin Si films, the Raman spectrum over the range of
interest is obtained in about 5 min compared with the several hours
required for diffraction. A related use is the study of induced crystallization of amorphous materials, e.g. by annealing [5.47] or by the photo
and thermal effects of the incident laser beam used for the scattering
experiments [5.48]. An example will be given below in Subsection 5.2.5.
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Up to this point we have omitted any discussion of the Raman spectrum of amorphous carbon (a-C). Amorphous carbon is in many respects
similar to a-Si and a-Ge but Raman studies [5.23, 41, 42, 49-51] have
shown that a-C is not really tetrahedrally bonded with the same short
range order as diamond. The Raman spectrum shows that the smooth
density of states of a-C is more characteristic of a graphitically bonded
solid than of diamond. Figure 5.7 shows the Raman spectra of two
samples of a-C, one made by ion bombardment of diamond, the other
by ion bombardment of graphite [5.42]. It is seen that both samples
give essentially the same spectrum, except for the strong diamond
crystal line showing through in the former sample because of the laser
penetration through the amorphous layer. Also shown are the frequencies
of the Raman active zone center phonons in diamond and graphite.
These frequencies approximately mark the maximum phonon frequencies
in these crystals. By comparison with the argument above (see Fig. 5.2)
for a-Si, we see that the Raman spectrum of a-C is not going to be well
represented by a smeared out version of the diamond density of states
and we are led to the conclusion of a short range order that is more
graphitic in nature. This conclusion is supported by the data of other
studies on the Raman spectra of various forms of vitreous carbon
[5.49-51]. (See [Ref. 8.1, Fig. 2.21].)

5.1.3. Numerical Theory

It is easy to understand intuitively that the vibrational spectra of covalently bonded amorphous solids are likely to be very similar to their
crystalline counterparts because of the retention of short-range order.
This follows from the strong short-range nature of covalent forces and
the dominant role of the short range forces in determining vibrational
spectra. For such a system, it is conceptually straightforward to use a
limited number of short-range force constants and proceed to calculate
vibrational spectra. In practice, much computational effort is required
because it is necessary to use a model with a substantial number of
atoms if the results are to be genuinely characteristic of an amorphous
solid and not merely of a molecular-like cluster of atoms. BELLand DEAN
[5.4, 5] have done extensive analyses of this kind for SiO 2 and more
recently ALBEN and his collaborators [5.21, 52, 53] have computed the
vibrational spectra for a variety of amorphous Si and Ge models. In
addition, ALBErtet al. have computed the Raman, infrared, and inelastic
neutron spectra for their models based on simple intuitive bond distribution concepts. We shall now discuss the assumption and results of their
calculations.
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For crystalline Si and Ge, one knows that any of several arbitrary
representations of the nearest neighbor bond stretching and bond
bending suffices to give most of the essential features of the vibrational
dispersion curves. More distant interactions may be needed to get
precisely correct dispersion curves, but the essential physical situation
is well described by the short range forces. ALBEN et al. chose to use the
KEATING form [5.54] of the short range potential energy

v = ~ ~ E(",- u,~). ,~(/)]~
lzl

+ ~ B Y~ [(u~- ~,~)' r~,(/) + (u,- u,,,,), r~(/)y,

(5.8)

I(AA')

where a and fl are bond-stretching and bond bending force constants,
respectively. Here rd (/) is the unit vector from the equilibrium position
of atom l to its neighbor l A ; u z and u~ are the displacements of the
atom I and its neighbor lA. With the above form of U and some models
of the amorphous structure, which were chosen for both their physical
reasonableness and computational tractability, ALBEN et al. [5.51]
computed the vibrational eigenvalues and eigenvectors for long wavelength vibrations. The long wavelength vibrational frequencies give a
satisfactory sampling of the entire vibrational spectrum, as can be seen
for the schematic example of Fig. 5.8. In Fig. 5.8a, we schematically
show the energy E versus wavevector q dispersion curves in some
arbitrary q direction for a crystal, such as diamond structure Si, with
n = 2 atoms per unit cell. There are only n x 3 = 6 eigenvalues in the long
wavelength limit as q --*0. However, if we, for example, distort the crystal
somewhat so as to double the size of the unit cell, as might be the case of
"wurtzite" structure Si [5.55], then the Brillouin zone dimensions are
halved. Figure 5.8b shows how the dispersion curves are folded back
into the first zone and naturally there are now n x 3 = 12 zone center
phonons. Finally, we exhibit in Fig. 5.8c how if the real space unit-cell
grows so as to contain many atoms, then there are many zone center
modes which together adequately represent the density of states of the
total vibrational spectrum. ALBEN et al. [5.53] used several periodic
models of the amorphous Si or Ge which had about 60 atoms in a
unit cell; each atom had a slightly distorted tetrahedral environment.
Although these models were periodic and therefore technically crystalline, the sixty-some atoms per unit cell serve the purposes of providing
enough of a basis for giving the entire density of states, of being computationally manageable and of still possessing enough disorder within
the unit cell to be a realistic amorphous model. While isolated clusters
of about the same size as one of these unit cells are equally amenable to
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Fig. 5.8a-c. Schematic representation of the folding back of the energy versus wavevector
of dispersion curves with an increasing number of atoms per unit cell. (a) The dispersion
curves for two atoms per unit cell, e.g., Si in the diamond structuree. (b) The dispersion
curves for four atoms per unit cell, e.g., Si in the wurtzite structure (solid lines). (c) The
dispersion curves for sixteen atoms per unit cell, e.g., a sixteen atom periodic model of
amorphous Si (solid lines). The dashed lines of(b) and (c) are the original two atom per unit
cell dispersion curves

calculation they suffer from the disadvantage of not having as well
defined and as realistic boundary conditions for its outside atoms in
the framework of the periodic array. However, ALBEY et al. I-5.53] did
compute the density of states for a variety of cluster models also and they
found essentially the same results, provided some account was made for
the boundary effects. More recently, THORPE I-5.56] has proposed a new
method for handling the boundary atoms of small clusters (see Subsection
5.1.4).
Figure 5.9C shows the results of a density of states calculation for a
periodic array of 61 atoms. The force constants ~ and fl were chosen so as
to be consistent with the silicon crystalline dispersion curves. Also shown
in Fig. 5.9D and E are the results of Calculations of infrared absorption
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Fig. 5.9A-E. A comparison of the theory [5.21] for the periodiccontinuous random network
(CRN) model of amorphous Si with the Raman and infrared data of Fig. 5.2. The theoretical
spectra are formed by adding weighted Lorentzian contributions from q =0 modes• The
weighting factors are given by (5.9)-(5.12), as described in the text

and R a m a n scattering spectra• ALBEN et al. arbitrarily chose as simple a
set of mechanisms as they could for the infrared and R a m a n effects. Their
infrared mechanism, as illustrated in Fig. 5.10, is entirely due to the
dipole m o m e n t of pairs of bonds and is proportional to the difference in
compression (or expansion) of adjacent bonds. The total infrared dipole
strength is calculated at each frequency by summing over all pairs of
bonds. Naturally, this sum nets out to zero for crystalline Si, as it must
for all h o m o p o l a r crystal structures with less than three atoms per unit
cell [5.57]. The infrared absorption is proportional to
M =

y~

[ r~, ( t ) - r~

(1)]

l{dA'l

(5.9)

• { [ u l - ul~]" r z ( / } - [ u j - u,~,] • r~,(/)},
where here M is the net dipole m o m e n t due to the transferring of charge
from extended to compressed bonds.
The R a m a n activity of a m o d e is given by the induced polarizability,
which must be a second-order tensor that is linear in the displacements ut.
ALBEN et al. [5.21, 52, 53-1 write this as a sum of contributions from
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M

Fig. 5.10. Schematic illustration of the mechanism described by (5.9) for the infrared
activity. During a vibration, some bond charge moves from extended to compressed bonds,
resulting in a local electric dipole moment M. The local moments cancel for modes of the
diamond cubic structure but they do not cancel in amorphous structures

individual bonds, imposing invariance with respect to translations and
inversion. They further restricted the range of possibilities by the imposition of cylindrical symmetry about the bond, so that each bond is
to be treated precisely as a homopolar diatomic molecule. Finally, they
were left with three independent forms for the polarizability
~

~

y~ It-, (l) e~ (1)- ~1 *'-~
i] ut- r. (l).

(5.1o)

IA

(Z 2
"~

=

~

1 *'(~[rd(l)
a~+ ~u, ~ ( / ) 3 - ~7"ut . r~(t)}.

(5.11)

Yu~. ,',(0

(5.12)

la

~•

=

Z

•

lA

Note that the first and third expressions depend only on the compression
(u~- uzn). rn(/)of each bond. There is an important distinction between the
first expression and the other two. The latter vanish in the case of perfectly
symmetric tetrahedral bonding, since in that case
rz (1) = 0 .

(5.13)

d

The first expression, on the other hand, has a quadratic dependence on the
bond vectors r~(/) and hence does not vanish. If ~ rn(/) were to be very
small in a given structure, clearly ~z and Qt~would be expected to contri-
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bute little to Raman activity. However, for structures of interest, the
quantity ~ ra (1) typically has magnitude 0.2 times the nearest neighbor
A

distance and ~'2 and ~'a cannot be neglected on grounds of approximate
symmetry.
The weighting of the various contributions to the Raman activity was
determined as follows. The ~3 mechanism is associated with a depolarization ratio of zero. The fact that the observed spectrum was found to have a
similar shape in the H H (incident and scattered light both polarized
parallel to each other) and HV (incident and scattered light polarized
orthogonally) with a depolarization ratio of 0.8+0.1 [5.20, 32]. See,
however, [5.112] suggests that ~'a should be given zero weighting. This
leaves (apart from the overall scale) only the ratio of the coefficients of ~'1
and ~'2 to be determined. By itself, ~1 provides a reasonable description of
the upper half of the spectrum, but gives too little activity in the lower
half. The inclusion of ~2 remedies this deficiency. The ratio 3:1 for the
weighting of ~'~ to ~'2 was used in the calculations of Fig. 5.9e.
In summary, a numerical theory of the Raman scattering in amorphous Si and Ge works reasonably well with only one adjustable parameter. That adjustment is necessary because no theory is yet available to
give the relative strength of the scattering from the two types of bond
distortions that are consistent with the data.

5.1.4. Other Theoretical Approaches
THORPE [5.56] has proposed a method for establishing physically
reasonable boundary conditions for the dangling bonds of surface atoms.
He has then used small clusters [5.58] to calculate the vibrational spectra.
In THORPE'S approach, a small cluster is embedded in an infinite solid
represented by an average potential. Each surface atom has an additional
potential imposed so that the surface and bulk atoms have, on the average,
the same mean-square displacements. Within the cluster, a Born model
[5.59] with nearest neighbor forces is then used to calculate the vibrational density of states. To date the model has only been applied to a
cluster with one interior atom, to a duster with a hexagonal "chair"
of 6 atoms, and to a cluster which is a five fold ring. Only the density of
states has been calculated, but the model is capable of extension to give
the Raman activity of the modes.
VON HEIMENDAHL[5.35] and MITRA et al. [5.60] have attempted to
calculate information about the vibrational spectra via approaches
which essentially broaden crystalline effects in accord with the broadening
of the pair correlation function. VON HEIMENDAHL[5.35] used the eigen-
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Fig. 5.11. Calculated Raman spectrum [5.35] for an array of tetrahedral units positionally
and angularity disordered with respect to each other. Compare with Figs. 5.2 and 5.3.
The crystal Raman frequency is ~o0

vector of a lattice whose sites are described by a Gaussian distribution
function
p0" - x) = (~ ~2 x)- ~ exp [ - ( r - x)2/~ ~x],

(5.14)

where r are real lattice vectors, x are the locations of atoms with respect
to local coordinates around a site in an amorphous array, and c~ is a
"positional disorder parameter". The tetrahedra centered at sites x are
also angularly disordered with respect to their neighbors. A KEATING
model [5.54] was employed to calculate the eigenvectors. Finally the
first-order Raman tensor is calculated from a single bond polarizability,
P,a = C ~ r n(n), r j(n)p r gi(n) . u(n)

(5.15)

gin

where ra(n) , are the Cartesian components of the vectors joining the
equilibrium position of an atom with its nearest neighbors (A = 1, 2, 3, 4).
The displacement of an atom n is u(n). One of the main results of the
calculation is that the o~z dependence of the reduced Raman spectra for
low frequencies is reproduced analytically.
Figure 5.11 shows the result for a-Si or a - G e with a reasonable
choice of positional and angular disorder parameters. By comparison
with Fig. 5.2 we see that the basic shape of the reduced Raman spectrum
is reproduced.
MITRA et al. [5.60] have postulated that there is a broadened line in
the Raman spectra of a-Si and a - G e which arises from the effects of
disorder on the sharp Raman line of the corresponding crystalline spectra.
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In addition to this broad line at high frequency, they claim that there is
a residual part of the spectrum that is purely disorder induced via the
breakdown of the crystal momentum selection rules. An adjustable
parameter method of subtracting out the broad main peak is used to
find the residual disorder induced excess for comparison with the
infrared spectrum, which is completely disorder induced for the case of
homopolar a-Si and a-Ge. Although complete agreement is claimed,
there appears to be certain flaws in the method. First, MXTRA et al.
[5.60] have to arbitrarily assume that 70% of the main broad peak in
the Raman spectrum of a - G e arises from the broadening mechanism
and 30 % from disordered induced Raman activity. Second, the disorder
broadened Raman activity peaks at a considerably lower frequency
than the zone-center Raman active modes of the crystal. Broadening
alone cannot account for the shift in peak position [5.41].
WEAmE and ALBEN [5.61] have presented a theorem which is useful
for the understanding of the general features of the vibrational density
of states of tetrahedrally bonded solids. Their theorem can be applied, for
example, to the reduced Raman spectra of Figs. 5.2 and 5.3.
The WEAIRE-ALBEN theorem states that the phonon density of states
of a tetrahedrally coordinated system subject to (5.8), the KEATINC
potential, should be as illustrated in the upper half of Fig. 5.12. The
important features are three bands of states: 1) a band labeled TA which
in the limit of
is a delta function at zero frequency; 2) a band
labeled T O which in the same limit is a delta function centered at 8a;
and 3) a continuous band labeled LA and LO which has the same form as
electronic density of states of the following "one-band" Hamiltonian
which has been widely used for tight binding calculations of electronic
energy bands [-5.62]

fl/a~O

H")=c~(4I- ~ II><tAI).

(5.16)

Here I is the unit operator and there is one state ll> associated with each
site. When plotted as a function of o)2, each band has a total of one state
per atom.
The lower half of Fig. 5.12 shows, for comparison, the phonon
density of states of crystal Si as determined by fitting neutron spectroscopy data by a parameterized shell model [5.24]. It is clear that even
when
there are identifiable bands corresponding to the TA and
T O delta functions and the "one-band" Hamiltonian LA and LO
states. There has been considerable discussion for the electronic case
about what implications, if any, the observed disappearance in amor-
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Fig. 5.12. (a) The p h o n o n spectrum of cubic Si with diamand structure, as given by the
Keating model (5.8) with a = 0.495 x 10 ~ dyn/cm and fl = 0. The contribution of the two 6
functions have been spread over a small finite width so that their total weight is apparent
15.61]. (b) Phonon spectrum of d i a m o n d cubic Si as shell model fitted [-5.24] to experimental
neutron scattering data

phous Ge of the deep minimum between the two points of "one-band"
Hamiltonian density of states.' For example, some calculations [5.63]
show that the minimum is filled in if five-fold rings of bonded atoms were
present in addition to the six-fold rings of the crystal. However, more
recent calculations for the electronic [5.64] and vibrational [5.53]
cases do not indicate a washing out of the minimum. ALBEN [5.65]
interprets the numerical theory of Subsection 5.1.3 and its match to
Raman and infrared data for amorphous Si as follows. The three broad
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features of the amorphous spectra are: the low energy maximum corresponding to TA in Fig. 5.12; the high energy strong maximum corresponding to a mixing of the TO band and the LO half of the "one-band"
Hamiltonian; and the middle maximum correspond to the LA half of
the "one-band" Hamiltonian. This identification is substantiated by
counting the states given by the model calculation used for comparison
in Fig. 5.9; the minimum at around 350 cm -1 divides the total number
of states in half. Such an identification seems to call into question the
current structural interpretations of the electronic density of states as
indicative of five-fold rings in amorphous Ge and of an absence of fivefold rings in amorphous GaAs [5.36, 66]. The interpretations depend
upon an assumption of a minimum in the "one-band" Hamiltonian
density of states without five-fold rings and a washing out of the minimum
with five-fold rings. However, we have seen that the model interpretation
of Fig. 5.9 indicates that a minimum can exist even with five-fold rings.

5.1.5. AmorphousHI-V Compounds
Raman spectra of the amorphous III-V compounds have been reported
by several groups [-5.20, 22, 23, 26, 31, 41, 67]. To a certain extent, the
basic results of the Si and Ge work carry over to the III-V's. That is, the
amorphous vibrational densities of states apparently are, to first approximation, a broadened version of the crystalline vibrational density
of states, and as for the group IV's the Raman spectra have structure
characteristic of the entire vibrational spectra rather than merely the
lines from Raman active zone center crystalline phonons. Figure 5.13
shows the Raman spectrum of amorphous GaAs compared with the
crystalline density of states before and after broadening.
Figure 5.14 shows the spectrum for amorphous InP and here we see
both an interesting and controversal new feature common to many
III-V's. In addition to that part of the spectrum characteristic of the
vibrational density of states, there is also an additional broad peak
slightly above 400 cm -1. This peak is attributed to phosphorus-phosphorus vibrations. The controversy lies in whether to attribute the P-P
bonds to inhomogeneities in the sample, e.g. phosphorus precipitates,
or to say that there are isolated P-P bonds scattered through the amorphous InP network. The existence or non-existence of such wrong bonds
is an important, unresolved point for those interested in the fundamental
structural nature of tetrahedrally bonded amorphous semiconductors.
It appears that the Raman data alone is incapable of resolving the controversy [-5.36, 67].
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Fig. 5.13. (a) Reduced Raman spectrum of amorphous GaAs from room temperature data
[5.23]. The dashed lines indicate the energies of the Raman active crystal GaAs phonons.
(b) The density of states of crystalline GaAs (dashed line) from a shell model fit to neutron
scattering data I-5.24]. The solid line is the crystalline density of states broadened by a
convolution with a Gaussian factor of half-width 25 cm -1 [5.23]
5.1.6. A m o r p h o u s S i C and G r o u p I V A l l o y s
The R a m a n spectra of stoichiometric or near-stoichiometric a m o r p h o u s
SiC [5.68], SiGe [-5.33, 69], and GeSn [5.31] have been reported. O f
these materials only SiC has a stable crystal form as a c o m p o u n d ,
albeit with m a n y polytypical variations. SiGe as a crystal only occurs
as an alloy. There is only trace solubility of G e in crystalline Sn, or vice
versa. It is natural then to think of the " w r o n g bonds" as a likely occurence in the a m o r p h o u s g r o u p IV alloys as there is no real strong
chemical preference for "like bonds" as in the crystal and a m o r p h o u s
I I I - V ' s . The R a m a n spectra of SiC, SiGe, and G e S n each shows evidence
of three kinds of bonding. F o r example, the SiC spectrum [5.68] has
peaks characteristic of S i - C b o n d s and then also Si-Si and C - C bonds.
Sil-xGex alloys have been measured over the entire range [5.33] of
(0 < x < 1) and show the three types of b o n d s for all x except x = 0 or 1.
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Fig. 5.14. The reduced Raman spectrum of amorphous InP [5.22-1. The vertical dashed lines
indicate the energies of the Raman active phonons of the crystal. The peak labeled P - P
near 440 cm-~ is attributed to phosphorus-phosphorus bonds. The spectrum was taken
in a back scattering geometry

It is interesting that Raman spectra can give this important information
on short range bond variations which is, in general, difficult to deduce
from diffraction studies I-5.69].

5.2. Amorphous Chalcogens and Chalcogenides
This section is concerned with the description and interpretation of
the Raman spectra of the glassy semiconductors containing S, Se, or Te.
We first classify the types of materials under consideration and then
discuss the general theme of a molecular interpretation of their spectra.
We then consider in turn each of three classes of materials: elemental
chalcogens, arsenic chalcogenides, and germanium chalcogenides.

5.2.1. GroupVI Elements in AmorphousSemiconductors
In contrast to the tetrahedrally bonded semiconductors described
above, many of the chalcogens and chalcogenides are glasses in the
strictest sense. They can be formed by quenching from the melt, they
possess a glass transition temperature at which softening occurs, and
there is a continuity of properties from the glassy solid to the true nonviscous liquid. In some cases, (e.g. Te and Ge 1_xTex) the compositional
and temperature range of formation can be extended by deposition
processes analogous to those listed in Subsection 5.1.1. The motivation
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for vibrational studies is often structurally oriented here as for the
tetrahedrally bonded materials. The general motivation for study of the
amorphous chalcogens and their compounds has often been technological.
Amorphous Se and As 1_xSex find use in xerographic processes [5.70];
arsenic chalcogenide glasses are used in infrared optics as lenses, windows,
and other components I-5.71-1; and Ge-Te based chalcogenides are
often the basic constituents of the alloys which have been proposed for
use as switching and memory elements of electronic circuitry [5.72].
All of these applications are sensitive to structural configurations of the
atoms and Raman and infrared spectroscopy have been used extensively
to identify various submicroscopic arrangements as well as transformations under external stimuli.
Our prime attention will be on three types of materials. First we shall
discuss the elemental amorphous chalcogens, S, Se, and Te [-5.1]. Only
the liquid form of sulfur is amorphous; the solid has a variety of crystal
allotropes. Selenium in its crystalline forms is either monoclinic with
eight atom rings stacked in different ways to form the various allotropic
modifications or it is trigonal with infinite helical chains closely packed
with parallel axes. Crystal tellurium consists of chains and commonly
occurs in the same structure as trigonal selenium. Raman studies have
been used in an attempt to find remants of various crystal structural
elements in the amorphous forms.
Next we shall discuss the arsenic glasses, As2S3 and As2Se3 [5.1],
which have crystalline counterparts that are micaceous, layered structures
consisting of strongly bonded AX 3, where X = S or Se, pyramidal
units within each plane. The planes are in turn only weakly bonded to
each other. Depolarization measurements of their Raman spectra along
with four-atom model calculations have indicated that these glasses are
nearly molecular even though the reduced Raman spectra look much
like a broadened crystalline density of states. Further confirmation of
molecular remanence is in the complementarity of infrared and Raman
activity.
Thirdly, the germanium chalcogenides, Gel_xYx where x is the
fractional composition of S, Se, or Te will be considered. The emphasis
here will be somewhat different because there is still considerable
controversy of the type of short range order which exists in the amorphous Ge I -xYx alloys. The two competing models are GeY2 molecular
units with four-fold coordinated Ge atom and two-fold coordinated
chalcogens versus three-fold coordinated Ge and chalcogen atoms. The
latter case would be analogous to the crystal arsenic structure and is
suggested by the fact that when x = 0.5, the Gel-~Yx materials have an
average number of valence electrons per atom equal to five and thus
should be comparable to the group V elements.
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5.2.2. Molecular Interpretations of Raman Spectra
We have seen that the Raman spectra of the tetrahedrally bonded
amorphous semiconductors can be understood in terms of the entire
vibrational density of states of a three-dimensional network that couples
the motions of all the atoms to each other. The traditional approach to
the study of the vibrational spectra of chalcogens and chalcogenides has
emphasized a molecular viewpoint. LucovsKY and his colleagues
I-5.13, 73-75] have discussed at length the relative merits of a molecular
versus density of states approach for various amorphous systems.
They pointed out that the Raman spectra of molecular solids often have
sharper features than those for which the density of states approach is
more suitable. BRODSKVet al. [5.47], and SMITH et al. I-5.76] indicated
that there are limits to the molecular approach because of solid state
interactions and that even for presumably molecular solids like amorphous Se and T e a density of states approach is applicable.
The molecular vibrations are more likely to be discernable in the
Raman spectra of those amorphous solids which are formed of identifiable, but weakly coupled small molecular units [-5.13]. For example,
tetrahedrally bonded materials like silica (amorphous SiO2) is a suitable
candidate for a molecular analysis because of the relative softness of the
bond bending force constants associated with the oxygen atoms which
bridge together the strongly bonded SiO4 tetrahedra. This is in contrast
to non-molecular amorphous silicon where the bridging Si atoms are
the same as the center atoms of the SiSi4 tetrahedral units. The fully
coupled modes are therefore necessary to understand the a-Si spectrum
while some of the high-frequency features of the a-SiO2 spectrum are
discernable as molecular in nature.
Formally, there really is not a great conceptual difference between
the two approaches. Figure5.15 schematically illustrates what the
dispersion curves and the density of states might look like in two extreme
cases. We have drawn the dispersion curves to represent simple crystals
either with (Fig. 5.15b) or without (Fig. 5.15a) molecular units.
We have made g(E) representative of the corresponding amorphous
forms by smearing out g(E) to eliminate the sharp critical point singularities which arise only from long range order. The interconnectiveness
of the atoms in Fig. 5.15a is reflected in the relative broadness of each
band of branches. Neither the acoustic nor the optic branches are narrow
in energy space. In Fig. 5.15b the situation is different. Here the separation of groups into molecular units is reflected in some nearly flat optic
branches of the dispersion curves. Therefore those branches cover only a
narrow range of energy space. In the right hand side of Fig. 5.15, we
clearly see, what is now obvious, that broad bands lead to broad peaks
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Fig. 5.15a and b. Schematic illustration of the disperison curves (left) and vibrational density
of states (right) for solids ameneable to analysis by the density of states approach (upper) or a
molecular interpretation (lower)

in g (E) and therefore in the Raman spectrum, while narrow bands lead to
sharp molecular type peaks in g(E) and therefore also in the Raman
spectrum. The Raman spectra of real molecular systems generally have
these relatively sharp and identifiable characteristic frequency peaks
which can be used to identify molecular species and their short range
ordering. It was then natural for many workers to try analogous approaches for the interpretation of the spectra of amorphous solids.
Below we shall discuss some of the successes and failures of the molecular
approach.

5.2.3. Raman Scattering from Amorphous S, Se, and Te
Sulfur as a solid occurs in many aliotropic crystalline forms but the
rhombic form has been the one most studied by Raman spectroscopy
[-5.77-80]. Rhombic sulfur is composed of puckered 8 atom rings ($8)
which are the molecular units. Raman studies I-5.77, 81] have been able
to identify the $8 rings in amorphous (i.e. liquid) sulfur because of the
relative strength of the intramolecular covalent forces compared to the
much weaker intermolecular interaction in both the crystal and melt.
Figure 5.16 shows data of WARD [5.77] for crystal S at 25 °C and liquid S
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Fig. 5.16. Raman spectra of sulfur at two temperatures [5.77]. At 25 °C sulfur is crystalline
at 213 °C it is liquid (amorphous)

at 213 °C. The crystal vibrational modes with frequencies above about
75 cm -1 are intramolecular [5.79] and are clearly preserved with some
broadening, but with little if any frequency shifts in the liquid. Thus
sulfur is an ideal example of the molecular case of Subsection 5.2.2.
Details of the mode assignments can be found in [5.77, 78].
The success of the molecular approach for sulfur encouraged many
early workers to try an analogous interpretation for Se with the added
goal of distinguishing the Se rings from the long helical chains [-5.82-85].
Figure 5.17 illustrates the original interpretiation of the Raman spectrum
of amorphous Se. Shown in Fig. 5.17 are the liquid He temperature
spectra of trigonal (chain), ~-monoclinic (ring) and amorphous Se [5.84].
The peak near 235 cm -~ in the upper trace is characteristic of the chains
in trigonal Se. The structure near 255 cm-1 in the lower trace is characteristic of the rings in ~-monoclinic Se. The next step in the reasoning
was to look at the middle trace and to identify the main peak in amorphous Se as a mixture of the 235 and 255 cm -~ peaks and therefore to
conclude that amorphous Se had a mixture of rings and chains [5.82,
84]. Further analysis tried to deduce ring concentrations in Se-S,
Se-Te, and Se-As amorphous alloys [5.85] from their Raman spectra.
Although there are good chemical and physical reasons [5.86, 87] for
believing that both rings and chains are present in amorphous Se, we
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Fig. 5.17. Raman spectra of Seleniurn in three forms: trigonalcrystal, monoclinic c[ystal,
and amorphous [5.84]

shall see from the discussion below that the Raman spectrum can not
be so simply interpreted as confirming evidence. Basically the problem is
that frequencies which are characteristic of rings or chains in one crystal
environment are not necessarily unchanged when the rings and chains
are in a new environment such as another crystal polymorph or the
amorphous state [5.47, 76, 88].
It is generally believed that the ring to chain ratio of amorphous Se
changes upon melting and can also depend on such deposition parameters
as quenching rate and the melt temperature when prepared from a melt
[5.87] and substrate temperature when prepared by vapor deposition
[5.89]. SMITHet al. [5.76] observed that the relative strength of the 235
and 255 cm-a contributions to the main peak were unchanged when
amorphous Se was heated to above the glass transition temperature.
Also the same observation was made on a variety of bulk amorphous
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Se samples prepared at different quenching rates and on thin film
samples evaporated onto substrates held at temperatures as low as
80 K or as high as 320 K. Under such a variety of conditions, changes in
the ring versus chain contributions should have been seen in the R a m a n
spectra if the original interpretation were valid. Indeed it is likely that
both rings and chains contribute to the R a m a n spectrum of a m o r p h o u s
Se, but the different frequencies at which they scatter are not distinguishable. Both rings and chains have all their atoms covalently bonded with
two-fold coordination. The bond angle in both cases is about 105 ° .
The predominant frequency observed near 255 cm -1 can be well accounted for by a molecular force calculation [5.13, 73, 75, 88] on a
three-atom cluster with two bonds separated by 105 ° . If extra intermolecular forces are included (chain-chain interactions) the frequency
shifts in the crystal trigonal Se can be calculated [5.75, 88] and it is
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Fig. 5.18. (a) Raman spectra of amorphous (solid line) and polycrystalline (dashed line)
tellurium [5.47]. The data were taken in a back scattering geometry. (b) Reduced Raman
spectrum of amorphous Te
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found to agree with the observations of the upper trace in Fig. 5.17.
Both the monoclinic and amorphous forms presumably have very small
intermolecular contributions.
In the Te case there is even a bigger difference between the isolated
chains in the amorphous form and the closely packed, inter-locked chains
of the trigonal crystal. Figure 5.18a shows the measured Raman spectra
[5.47] of amorphous and polycrystalline Te at 77 K. Amorphous Te
crystallizes near 280 K so it was necessary to prepare and maintain the
amorphous sample at low temperatures. Figure 5.18b shows the reduced
Raman spectrum (5.5) for amorphous Te. The most significant features
of the reduced spectrum are that, like a-Si and a-Ge, the gross features
are like those of an entire vibrational density of states spectrum and that,
unlike a-Si and a-Ge, the spectrum is not like a broadened version of the
corresponding crystalline density of states [5.90]. In fact, the major
contribution to the amorphous spectrum occur near the broad peak at
157 cm-1 a frequency which is significantly higher than any of the single
phonon excitations of crystal Te. Low temperature studies of the crystal
phonon spectra show that the density of states peaks near 130 cm -~.
The Raman active zone center phonons for the optical branches are the
123 and 143 cm-~ peaks seen in the polycrystalline spectrum of Fig. 5.18.
BRODSKY et al. [5.47] attributed the difference in the vibrational frequencies to inter-chain drag effects which depress the frequencies more
in the closely and coherently packed trigonal structure than in the
disordered form. LucovsKY and MARTIN [5.73, 75, 88] have computed
the intermolecular and intramolecular contributions for Se and Te in
their amorphous and crystalline forms. Their model yields the observed
frequency shifts between the essentially untethered vibrations of the
chains or rings in amorphous Se and Te and the various depressed
frequencies of the same molecular units in the crystals where there are
significant intermolecular constraints.
Although our present understanding of the Raman data on a-Se
does not allow us to draw firm conclusions on the important question of
ring versus chain statistics, there is still the possibility that resonant
Raman spectroscopy can be used to obtain such information. Resonant
Raman scattering with incident photon energies near resonant electronic
absorptions [5.89] characteristic of ring or chain configuration may
provide the means.
5.2.4. Arsenic Sulfide and Related Glasses

Arsenic sulphide As2S3 and arsenic selenide As2Se3 have been studied
for many years by Raman and IR spectroscopy both as crystals [5.91, 92]
and glasses [5.93-100]. Much of the interest in the crystalline vibrations
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Fig. 5.19. Raman spectra of amorphous As2S 3 recorded at the temperatures indicated
[5.98]. The data was taken in the 90° scattering geometry with a transparent sample. The
incident and scattered radiation had polarizations perpendicular to the scattered plane.
There is a scale shift in the Raman intensity near the Rayleigh line
exists because of their layer formations with strong intra-layer forces
and weak inter-layer forces. Thus, in a way, the arsenic compounds form
molecular crystals and are comparable to sulfur [-5.80]. Recent measurements by KOBLISKA and SOLIN [5.96--98] and by Flr~g_MAN et al. I-5.48,
100] show that the R a m a n spectra of a m o r p h o u s As2S 3 and As2Se 3 are
amenable to analysis both by the reduced R a m a n density of states
approach [5.15] and by the LUCOVSKY and MARTIN'S [5.73] molecular
model. The reason for the joint applicability is that the main contribution
to the density of states comes from modes with a molecular nature, even
in the crystalline form.
Figure 5.19 [-5.97] shows the temperature dependence of the Stokes
and anti-Stokes R a m a n spectra of As2S3 glass from 20 to 448 K. The low
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Fig. 5.20. ReducedRaman spectra for the amorphous
As2S 3 data of Fig. 5.19
frequency peak at 30 c m - ' is an artifact of the frequency and temperature
dependence of the pre-factors in (5.2) and (5.3). There is no low frequency peak in the reduced spectra. The reduced spectra (Fig. 5.20) are
all essentially temperature independent and thus verify the SHUKER
and GAMON[5.15] method of data reduction for glasses. As pointed out
above in Subsection 5.1.2, similar artificial low frequency peaks had
been observed in oxide glasses and until recently had been incorrectly
interpreted as maxima in vibrational spectra. It's particularly important
to be careful about low-frequency analyses in As2Sa because of the
occurrence of real "rigid layer" modes [5.92] in the frequency region
below 75 cm -1. Also there is considerable speculation now about the
excess specific heat in glasses and much of the speculation hinges on the
details of the low-frequency vibrational spectra [5.101]. FINKMANet al.
I-5.100] have extended the measurements of Figs. 5.19 and 5.20 to temperatures up to 1040 K. They found that even in the molten state, ms2S3
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Fig. 5.21. A comparison of the reduced Raman spectrum (solid line) of amorphous As2S a
with the infrared absorption spectrum (dashed line), o92e2, which also gives an effective
density of states I-5.95]. The arrows indicate the frequencies of an AsS3 molecule

has the same Raman frequencies and band widths. They argue that this
gives confirming evidence to the retention of a layer structure [5.102]
with molecular-like vibrations of pyramidal units of AsSa and waterlike molecules As2S within the layers [5.73, 93-1.
Further confirming evidence for the retention of molecular selection
rules in Raman scattering from As2S3 has been given by LucovsKY
[5.13, 95]. As indicated by the arguments presented in Section 5.1, a true
test of the density of state arguments is that the reduced Raman spectrum
looks like the vibrational density of states except for some envelope of a
smoothly varying matrix element factor. It should follow that in such a
case the infrared absorption spectrum should also be reducible to a
similar effective density of states which should have about the same shape
and frequency peaks as the reduced Raman spectrum [5.27]. For a-Si
and a-Ge we have shown this to be the case. However, as illustrated in
Fig. 5.21, there is a complementarity of the Raman and infrared deduced
effective densities of states. In the high frequency region where we expect
the modes to be more nearly localized [5.13], the molecular model
applies and gives two bond stretching modes, one which is a anti-symmetric stretch and more strongly IR active and the other which is a
breathing mode and more strongly Raman active [5.95]. Another test
of the retention of the molecular character of the local vibrations is by
the depolarization Raman spectrum. KOBLISKA and SOLIN [5.98] have
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measured the ratio of HV to VV scattering for amorphous As2S 3 and
the result is shown in Fig. 5.22. As is to be expected, the higher frequency
symmetric vibrations give more nearly polarized scattering as indicated
by the drop in the depolarization ratio at the peak of the scattering
intensity. (Compare Figs. 5.21 and 5.22.)
Arsenic sulfide is the only amorphous semiconductor to date in which
resonant Raman scattering has been reported (see, however [Ref. 8.1,
Fig. 2.18]). KOBLISKAand SOLIN [5.96] used a fixed laser frequency and
temperature tuned the absorption edge of their sample. Although the
value of a characteristic energy in amorphous AszS 3 is somewhat
arbitrary, KOBLISKAand SOLIN chose a band gap of

Eg(T) =

[2.32 + 6.70 × 10-4(300 - T)]

[eV],

(5.17)

where T is the temperature of measurement. The room temperature gap
Eg(300) = 2.32eV is not a well defined quantity in terms of the usual
crystal concepts of a demarcation between allow and non-allowed states
but for the sake of displaying the data it serves as a useful reference
point. Figure 5.23 shows the normalized Raman scattering efficiency
plotted against the incident laser photon energy as measured from Eg
of (5.17). The scattering efficiencies are shown for three different regions
of the Raman spectra of Fig. 5.19, namely 62, 161, and 342cm -t, for
both Stokes and anti-Stokes scattering. It is clear that there is a an
enhancement effect in the region of Eg as well as weaker effects of unknown origin about 0.4 to 0.5 eV below. No theory is yet available to
analyze resonant Raman scattering in amorphous semiconductors.
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The crystallization of As2Se a has been studied in real time by Raman
scattering [5.48]. Crystallization in the temperature region above the
glass transition Ts and below the melting point T,, occured only when
the glass was illuminated. As2Se3 is an extremely stable glass and does not
normally crystallize in the dark in this temperature range. The illumina-
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tion was provided by the same incident laser beam (5145 A argon line)
used for the scattering measurements. Figure 5.24 shows that the Raman
spectrum gradually converts in time from that of amorphous As2Se3
to that of crystal As2Se3. By examination of the shift in the weight of the
spectrum during crystallization, FINKMANet al. I-5.48] deduced that the
phonon dispersion curves of crystal As2Se3 are more closely grouped
together at the Brillouin zone edge than at the zone center. Figure 5.25
shows a schematic representation of their deductions. They were able
to reason out these results because the crystal spectrum contains information only about zone center phonons, while the amorphous
spectrum is a density of states measurement and weights the remnants
of the zone edge region because of the extra phase space with increasing
wavevector.
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The technique of using real time Raman scattering should find
extensive application in chalcogenide glasses where photo-crystallization phenomena [5.103] are of interest. Here, as also for the tetrahedral
semiconductors, Raman scattering is capable of detecting traces of
crystallization. In addition for compound glasses, phase separation is
also detectable in some cases. For example, As2Te3 is more difficult to
prepare as a glass than As2S3 or As2Se3. Raman scattering has been
used to test for traces of amorphous Te or crystalline Te segregation
[5.47].

5.2.5. The Structure of Germanium Chalcogenides
Raman studies have been reported on the three germanium-chalcogenide
alloy glass systems Ge~ _xYx, where Y = S, Se, or Te. Most of the results
are on chalcogenide rich alloys, x > 0.5, with emphasis on the most
stable glass forming region near x = 2/3. For GeY2, the structure is well
established, by Raman scattering [-5.104-107] and other means [5.108,
109], to consist of four fold coordinated Ge atoms and two fold coordinated chalcogens arranged in GeY4 tetrahedra with bridging Y
atoms. The analogy is to the amorphous quartz structure [-5.110].
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For alloy compositions more germanium rich that the x = ~ case,
there still is some speculation that as x approaches ½, then perhaps
there can be more than just an average of three-fold coordination.
Perhaps there really are a significant numbers of three-fold coordinated
Ge and chalcogen atoms.
LucovsKY et al. [5.104, 105] have studied the infrared and Raman
vibrational spectra of Ge~ _=Sx over the range 0.55 < x < 0.90. They used
the fact (see Subsection 5.2.4) that for molecular vibrations there can be a
complementarity between IR and Raman activity to discriminate
between various structural alternatives. In this case, depolarization
Raman spectra also helped, but the depolarization results were not
fully trustworthy because of optical inhomogeneities in some of the
samples. First LucovsKY et al. [5.105] pointed out (see Figs. 5.26 or 5.27)
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that the G e S 2 (x = 0.67) glass has a strong polarized 342 cm -1 Raman
peak which along with a 367 cm-1 IR absorption peak is characteristic
of the GeS 4 tetrahedral unit. The 342 cm-1 peak can that be tracked in
the Raman spectra for other compositions. For example, the 342 cm -~
peak (Fig. 5.26) is present for all the sulfur rich (x >0.67) glasses. In
addition, there are the frequencies characteristic of Ss rings in the sulfur
rich spectra. The IR data were used to establish the presence of rings
over the mere formation of some S-S bonds between Ge atoms.
Figure 5.27 shows some spectra for Ge rich (relative to GeS2) compositions. There is a gradual loss of the characteristic GeS4 peak with
increasing Ge content. The results are interpreted in terms of a restricted
random network model [5.111] with GeS4, GeS3Ge, GeS2Gez, GeSGe a,
and GeGe4 tetrahedra which allows for a gradual increase in the number
of Ge-Ge bonds. The composition range studied did not allow the
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Fig. 5.28. Schematic representation of the model of Ge l_xSx amorphous alloys for Ge
rich (x < 0.67), GeS2 (x = 0.67), and S rich (x > 0.67) compositions I5.105]

authors to make a definitive statement about the possibility of three-fold
coordination in the vicinity of a compound corresponding to GeS
(x = 0.5). Figure 5.28 summarizes in schematic form the conclusions about
the structure of Ge~-xSx [5.105].
TaoNc et al. [5.106] have studied the Se rich (x>0.67) region of
Gel_xSe= glasses by Raman spectroscopy along with measurements of
the fundamental optical-absorption edge. They conclude that for this
system there are also no G e - G e bonds and that the excess Se is accomodated by the removal of G e - S e - G e sequences. At present they
have not yet been able to extend to measurements to x < 0.6 to test the
three-fold coordination hypothesis.
The Raman and IR spectra of Gel_=Te~ have been obtained by
FISHER et al. [5.107] over a composition range of 0 . 3 3 < x < 0 . 8 and
they were able to discuss the question of the coordination in amorphous
GeTe (x = 0.5). Figure 5.29 shows their data for the extreme values of x
and for x = 0.5. They could interpret the data in term of contributions
for Ge- Te (~230cm-~), Te-Te ( ~ 8 5 and 165cm-~), and G e - G e
( ~ 275 cm -:) bonds. Because they were able to interpret all their results
in terms of two-fold coordinated Te and four-fold coordinated Ge they
excluded the possibility of three-fold coordination. The fact that over a
large composition range, the spectra are smoothly related one to another,
also supports their contention. However, for the following reasons we

Raman Scattering in Amorphous Semiconductors

g

247

0¸

>,
o

0
0

.

._c
E
el

n~

"

100

200
300
Frequency {crn -1)

L,O0

Fig. 5.29. Reduced Raman spectra of Ge l_xTex amorphous alloys for three values of x

E5.107]

feel that a case really has yet to be established against or for three-fold
coordination near x = 0.5.
It is important to have more controllable experiment parameters
than the composition if one is to use Raman spectra to reach truly unambiguous conclusions about structure. While the compositional
dependence of various Raman active modes are important steps to
building structural models for a-Gel _xX2x and a-As2~l _x)X3x alloys
it is also important to check model self-consistency by, for example,
temperature and pressure dependence. In the case of a-Se it was the
immutability of the Raman spectra with the temperature of sample
preparation which lead BRODSKY et al. [5.47] to suspect the ring and
chain mixture model since the ring to chain ratio was supposed to
depend on the temperature of preparation I-5.87].
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6. Brillouin Scattering in Semiconductors*
A. S. PINE
With 8 Figures

Brillouin scattering is known to be a valuable probe of acoustic phonons
in gases, liquids and solids. The effects peculiar to Brillouin scattering in
semiconductors will be the subject of this chapter. The velocity of sound
is determined directly from the Brillouin shift; so, generally, elastic
constants and velocity anisotropy, relaxation processes, phase transitions
and a variety of acoustic interactions with other low-frequency excitations may be accurately measured. The spectral width of the scattered
light, examined with high resolution, yields information about acoustic
attenuation arising from anharmonicity, carrier damping, structural
relaxations or other possible mechanisms. The light scattering intensity
and selection rules give insight into the fundamental nature of the coupling of the phonons to the electronic states responsible for the optical
properties and can be related to the characteristics of a variety of piezooptical and acousto-optical devices [Ref. 8.2, Chaps. 6 and 7-1.

6.1. Background on Brillouin Scattering
Typically Brillouin scattering is complementary to conventional ultrasonics techniques for the study of acoustical properties. Usually higher
frequency phonons with higher attenuations are accessible by Brillouin
scattering, smaller volumes may be probed, and often it is more convenient experimentally to contact the sample optically than piezoelectrically. Though historically Brillouin scattering has been confined to transparent media, the effect has now been observed in semiconductors above the bandgap and there is expectation that techniques
will be improved for the study of metals.
The properties of semiconductors to be discussed in this chapter will
be the determination of acoustic velocities and anharmonicities, the
interaction of acoustic waves with free carriers, the effect of opacity on
the scattered light spectral distribution, the resonance effects with nearbandgap light, and stimulated Brillouin scattering. Light scattering
* T h i s work was sponsored by the Department of the Air Force.
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from thermally excited phonons will be emphasized, though some pertinent studies with piezoelectrically and acoustoelectrically transduced
ultrasonic waves will be included. To start, the scattering kinematics,
the photoelastic coupling rules and some typical research apparatus
will be reviewed briefly.
6.1.1. Kinematics, Sound Velocity, Phonon Lifetime
The kinematics of the scattering process follow directly from the conservation of frequency (energy) and wavevector (momentum)
o9~ = o9i _ O~q,

(6.1)

k s -- k i ___q,

(6.2)

between the incident (i) and scattered (s) photons and the phonon (q).
The + sign indicates that the phonon is absorbed (anti-Stokes shift);
the - sign that the phonon is emitted (Stokes shift). Since k~.s = ni.,ogi.Jc,
where ni,~ is the refractive index for the frequency and polarization of the
respective light waves, and q = Ogq/Vq where vq is the acoustic phase
velocity, the conservation laws may be solved for the Brillouin shift
(l)q ~- O.)i(Vq/C ) [(n i -- t/s) 2 "[- 4nln, sinZ (0/2)3 ~ .

(6.3)

Here 0 is the scattering angle, cos -1 (ki" ks). Classically these scattering
relations are identical to Bragg reflection from a grating of spacing
2n/q moving with velocity vq.
Equation (6.3) neglects corrections to higher order in (Vq/C). For
example, the exact expression for backscattering, 0 =n, from (6.1) and
(6.2) is

O)q+ .= ~i(Vq/C) (rti q- ns) [1 + (nsVq/C)] -1

(6.4)

with the anti-Stokes shift, O)q+, slightly greater than the Stokes shift, ogq_.
This asymmetry in the frequency ~hifts has been predicted by several
authors but it has yet to be experimentally resolved [Ref. 8.2, Chap. 7].
Another asymmetry may occur because of the dispersion of n s between
the Stokes and anti-Stokes frequencies. Semiconductors are good candidates for observing these asymmetries because of their high refractive
indices and their large dispersion, particularly near resonance.
The spectral shape of the Brillouin scattered light with monochromatic
light incident on a transparent crystal contains contributions from the
instrumental resolution function, the scattering geometry, the velocity
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anisotropy, and the phonon lifetime. The influence of the geometry on
lineshape arises from the finite solid angle, 802, collecting a range of
frequencies, 809°, as seen from the explicit angular dependence in (6.3)
and in the implicit angular variation due to velocity anisotropy. To
second order in 80 this frequency spread is given by

8 o ~ ° / o g q = ( A + - -1f c0o t - ~ ) 8 0 + ( B -

(6.5)

Here it has been taken that ni = n~ in (6.3) and the anisotropic velocity
surface has been expressed as 8 vq/vq = A 8 0'+ B8 0 'z where the range of
phonon directions, 60', is half that of the scattered light. 80. The frequency spread from the term linear in 80 usually dominates the natural
linewidth due to phonon damping except for backscattering (0=n)
at a velocity surface extremum (A = 0).
The normalized spectral lineshape contributed by the phonon lifetime
"l~q is a Lorentzian
S(~n~, q) = Fq/n [(o9~- ~o~-T-(~0q)2 -~ /'~2] ,

(6.6)

where the exponential damping constant Fq = z~ 1 =~qVq, and ~q is the
sound attenuation coefficient. Various damping mechanisms may be
studied by measuring this natural linewidth using high-resolution
techniques.
6.1.2. Photoelastlc Constants [Ref. 8.1, Sects. 2.2.12 and 2.3.4]
The coupling between light and sound is phenomenologically described
by the photoelastic or Pockels tensor [6.1], which gives the overall
intensity and polarization properties of the scattering. BENEDI~K and
FRITSCH [6.2], and BORN and HUANG [6.3] dealt thoroughly with the
scattering cross-sections in cubic crystals, and LANDAU and LIFSHITZ
[6.4] treated the case of amorphous solids.
Generally the power Ps of light scattered into a solid angle 0f2 in the
frequency interval 0ogs is related to the Brillouin scattering coefficient a B
and the incident power P~ according to c32Ps/~f2aogs=aBPiLS(o~s,q)/2,
where L is the length of the scattering region. The Brillouin scattering
coefficient is given by
n2 ns

+1 h.~ff [ml2sin2~p

(6.7)
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Here 2s = 2r~/k~; nq is the phonon mode occupation number, nq + 1 for
anti-Stokes and nq for Stokes; Q is the density and m is a vector in the
direction of the dipole moment induced by the interacting sound wave
and incident light field/~i
m

p.e:Eiqfi q ,

(6.8)

where u is the displacement vector of the acoustic wave, and ~'and ~ a r e
the optical dielectric and Pockels tensors of the medium. The contracted
product ft. ~'-~ a fourth-rank tensor, is contracted with the three unit
vectors Ei, q, Uq (symbol !) so as to obtain the vector m. The angle ~0 is
arccos (rh. ks). For thermal scattering nq = [exp (hO)q/kT)- 1]-l. Usually
kT>>ho)q, so ( / ' / q q - 1 ) ~ - ( n q ) = k T / h c % and the Stokes and anti-Stokes
intensities are the same. For piezoelectrically or acoustoelectrically
transduced sound, nq can be orders of magnitude higher than the thermal
value; and either Stokes or anti-Stokes shifts can be selected by choice
of a traveling, rather than a standing, wave geometry.
The symmetrized Pockels tensors given in standard texts such as
NYE I-6.1] are based on strain-optical coupling. NELSON and LAZAY[6.5]
have shown that the rotational components of transverse acoustic
waves yield an additional antisymmetrical tensor coupling in birefringent
crystals. NELSON and LAX [6.6] gave the phenomenological theory of
this effect along with the form of the antisymmetrical Pockels tensors
in the various crystal classes and estimates of their magnitudes. Microscopic model calculations of the Pockels coefficients for the Brillouin
scattering coefficient illustrate the intermediary role played by the
electronic states; these will be discussed in the Section 6.4 in connection
with resonance scattering.
6.1.3. Apparatus [Ref. 8.2, Sect. 6.2]
The experimental apparatus for Brillouin scattering from thermal
phonons will be discussed. Scattering from acoustoelectrically or
piezoelectrically driven ultrasonic waves is easily observed with lasers or
conventional light sources, and the angular dependence establishes
either the sound velocity or frequency if the other is known. A particularly
simple, but versatile, apparatus of this kind was used by GARROD and
and BRAY [6.7] to study resonant Brillouin scattering in GaAs from
acoustoelectric domains. Thermal BriUouin scattering is much weaker,
so laser sources are generally used with interferometric spectral analysis.
High-resolution low-light-level Brillouin spectrometers have been well
developed for thermal scattering from transparent media [6.8, 9]. In
semiconductors modifications are necessary to observe the Brillouin-
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Fig. 6.1a and b. High contrast thermal Brillouin spectrometers

shifted light in the stronger unshifted scattered background due to
crystal surfaces and defects. Two high contrast spectrometers developed
for this purpose are illustrated in Fig. 6.1. The tandem interferometer
system consisting of a high-resolution confocal spherical Fabry-Perot
(CSFP) and a plane parallel Fabry-Perot (PPFP) prefilter was used by
PINE [6.10] to analyze below-bandgap light in CdS. The free spectral
range of the prefilter is adjusted for overlap between the Stokes and antiStokes shifts of adjacent interorders, and the filter is pressure-tuned to
this overlap. Instrumental and geometry-induced line-broadening is
minimized by back-scattering with a single mode laser. Multiscanned
collection of data in a multichannel analyzer (MCA) compensates for
laser or interferometer drift as discussed by DURAND and PINE [6.9].
The multipassed interferometer system in Fig. 6.1 was devised, and
described in detail, by SANDERCOCK [6.11] to observe scattering of
above-bandgap light in Si and Ge. For a single.~eEass finesse F, and p
l/p
passes, he obtained the overall finesse Fp = F,/l/2'Ivi, and the contrast
Cp=(2F~jn) zv. 1:1 is slightly degraded from the reflectivity finesse
FR=n]/R/(1-R) because of lack of surface flatness or parallelism.
The acceptance angle eFP for the central fringe of the multipassed FabryPerot is (22/IF~)~, where 2 is the incident wavelength and l the mirror
spacing. The &endue, or light collection efficiency, is proportional to
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c~2px beam area. Since the beam area is at least a factor ofp less than the
mirror area, the 6tendue is reduced by the same factor from a single pass
interferometer with the same plates coated for a finesse equal to Fp.
Because of this reduced light gathering efficiency for a given resolution,
the multipass system is better suited for lower resolution studies, whereas
the single pass or tandem system is more suitable for high resolution.
Of course, where the extreme high contrast is necessary, such as for
opaque, translucent or small samples, the multipassed interferometer is
unsurpassed.

6.2. Acoustoelectric Effects
6.2.1. Domain Probe
The interaction of phonons with free carriers in semiconductors has been
the subject of many Brillouin scattering studies. In particular the technique has been used to probe the dynamical characteristics of acoustoelectric domains. In piezoelectric semiconductors, where the interaction
is particularly strong, HUTSOrq and WHITE [-6.12] demonstrated that
acoustic waves could be amplified by carriers with drift velocity Va
exceeding the sound velocity. When high drift fields are applied, intense
packets of acoustic waves are observed to travel along the sample at the
sound velocity. These acoustoelectric domains theoretically [6.12]
consist of amplified thermal phonons in a narrow band of frequencies
around COuAx=(O)cO~D)~ where o)c=a/e is the dielectric relaxation
frequency, e)D= Vq2/D is the diffusion frequency, ~ is the conductivity,
and D the diffusion constant of the semiconductor. ZUCI(ER and ZEMON
I-6.13] were first to examine the spectrum of these domains in CdS by
Brillouin scattering, and they found frequencies an order-of-magnitude
lower than C0Max. They postulated that the initial phonon flux was
generated piezoelectrically from the Fourier components of the current
pulse, rather than from thermal phonons, and were amplified first to
saturation. Many subsequent light scattering studies of acoustoelectric
domains showed that the phonon frequency distribution initially peaks
near O)Maxand downshifts as the packet propagates through the crystalprobably due to anharmonic parametric conversion. These experiments
up to 1970 were reviewed comprehensively by MEYER and JORGENSEN
[6.14], SO they need not be included here. Thereafter, SPEARS[6.15], in a
thorough Brillouin scattering study of acoustoelectric domains in GaAs,
established the validity of a generalized Hutson-White theory due to
JACOBONI and PROHOFSKV[6.16] for the qle ~ 1 regime where lc is the
electron mean-free-path. He also obsei'ved the ensuing nonlinear
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parametric downconversion in the strong fluxlimit.MANY and GELBART
[-6.17] later showed that the thermal flux could be uniformly amplified
with the Hutson-White spectrum by carefully tailoring the current pulse
to avoid domain-inducing shocks. Several recent higher sensitivity
acoustoelectric studies of the effects of carriers and fields on the thermal
phonon Brillouin shift, linewidth and intensity will be discussed in the
next section. Also some experiments on the near-bandgap wavelength
dependence of the scattering from acoustoelectric domains will be
covered in the section on resonance effects.
6.2.2. E f f e c t on T h e r m a l P h o n o n s

A critical test of the small-signal theories of the acoustoelectric interaction
comes in the study of the carrier and field effects on the thermal phonons.
To this end thermal Brillouin scattering has been employed by several
workers. PiNE [6.10] measured the velocity and attenuation of 35 GHz,
c-axis, longitudinal acoustic waves in CdS as a function of temperature
in high and low conductivity samples using the tandem spectrometer
illustrated in Fig. 6.1. A spectrum from the high a sample at 95 K is
shown in Fig. 6.2. The acoustoelectric and the anharmonic contributions
to the Brillouin linewidth--hence the acoustic attenuation--are distinguished by their dependence on temperature and electron concentration, as shown in Fig. 6.3. The anharmonic damping exhibited by the
low a sample increases monotonically with temperature similar to that
observed previously in e-quartz. Also the velocity, which is proportional
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Fig. 6.2. High resolution Brillouin data; backscattering from c-axis LA phonons in CdS
(a0 =0.07 mho/cm) with 6328A light. The free spectral range of the interferometer is
1.5 GHz
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to the Brillouin shift, is measurably lower in the temperature range where
the electrons can screen the piezoelectric stiffening of the elastic constants.
The acoustoelectric theory of HUTSON and WHITE [6.121 for the
velocity relaxation and phonon damping is implicitly restricted to q le ,~ I
since they assumed a local relation between currents and fields. Several
authors [6.16, 18, 19] have used a Boltzmann-equation formulation to
generalize the ~theory for all qle. The resultant theory with no external
fields is
(Vq- vo)/v o = - KZp + (K2~ + K2dp) Re {H},
Fql(Dq = 0~q/)q/60q = - - ( K 2 ~ + K~p) Im { H } ,

H = [1 + i.£OOq/COt~]/[1 + i(coc/co q + f COq/COD)],

(6.9)
(6.10)
(6.11)
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were vo is the low frequency (coq~ CO~)sound velocity with the piezoelectric stiffening totally screened by the free carriers, and f denotes the
untrapped fraction of the space charge. The electromechanical coupling
constants for piezoelectric and deformation potential interaction are
given by
K2e = d~s/2e 3 cs3,

(6.12)

KZap = e3 q2 Z2/2e 2 caa .

(6.13)

The piezoelectric c o n s t a n t d33 , the dc dielectric constant e3, and the
elastic constant c33 are pertinent to the c-axis LA phonon in this case.
For CdS K ~ = 0.012; so for a reasonable deformation potential X"~ 10 eV,
2
2
Kdp
~ 10- 2 Kp,
and piezoelectric coupling dominates.
The dielectric relaxation frequency co~ and the diffusion frequency COD
are given in terms of the frequency- and wavevector-dependent conductivity by
O)e = O'(O)q, q)/g3 ,

(6.14)

COD= V2q/D(coq, q) ,

(6.15)

with
D (coq, q) = k T a (coq, q)/[n~ e 2 (1 - i coqz~)].

(6.16)

Here n~ is the free carrier concentration and z~ is the electron lifetime
obtained from the measured crystal mobility # = ezo/m*, where m* is
the effective mass. The electron mean-free-path for nondegenerate
statistics is given by
l~ = ze(2k T/m*) ~ .

(6.17)

Defining a dimensionless parameter x = ( 1 - icoqre)/ql~, the generalized
conductivity may be written
~r(coq, q) =

ao

(2 x/q le) [ 1 -

~

×

F (x)],

(6.18)
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where F(x) is given by the plasma-dispersion function [6.20]
oO

F(x) = 2n -½ exp(x 2) ~ e x p ( - t 2) dr.

(6.19)

X

The Hutson-White limit is reached by setting qlo---,O above, with the
result [6.20] that tr(~Oq,q)~ ao = n~el~ is the dc conductivity.
It was found [6.10] that the acoustoelectric contributions to the
phonon damping in Fig. 6.3 could not be explained by the above theory
with the expected f = 1 corresponding to no trapping. A temperaturedependent trapping model was required to fit the data. Since the trapping
at these high frequencies is not directly measurable, but is expected to be
negligible, the discrepancy is significant and may be due to the singlerelaxation time assumption for the Boltzmann collision integral used in
the theory. JACOBONI and PROHOFSKY[6.21] have extended the theory
of acoustoelectric damping by using energy-dependent relaxation times.
However, only the average mobility lifetime has been measured, so it is
difficult to confirm any distributed r e model for application to this
experiment.
WAKITAet al. [6.22] have also studied thermal Brillouin scattering in
CdS. They determined three elastic constants, cla, c**, and c12, by
single-pass interferometer analysis of 90° scattered 6328 ,& light. Their
resolution was insufficient to measure velocity relaxation or acoustoelectric damping. However, WAKITA et al. [6.23] also observed the
acoustoelectric build-up of the phonon energy density from the thermal
flux when high fields were applied. The acoustoelectric flux could then be
determined relative to the thermal flux since the light scattering efficiency
was obtained from thermal phonons in the same geometry. SMITH[6.24]
accomplished the same experiment somewhat earlier and was able to
follow the build-up of flux from the thermal level for at least six decades.
As an extension of his previous work, SMITH [6.25] painstakingly
showed, with low drift fields, that not only does the thermal flux increase
for q 11I~d, but it decreases for q anti-I] vd. The latter arises since the
electronic component of the acoustic attenuation is increased for carriers
drifting opposite to the phonon propagation. This is a difficult experiment
because of extraneous asymmetries introduced by interferometer mirror
misalignment and curvature.
Before closing this section on acoustoelectric effects, it should be
noted that free carriers also scatter light--either as single particles or as
collective plasmons [when OgpZe>l where the plasma frequency ~%
=(4nnee2/m*e)~] [6.26,27]. Scattering from the bunched carriers in
acoustoelectric domains may be distinguished from the phonons by
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polarization selection rules or wavelength-dependence and may provide
an additional tool for the study of electron-phonon interaction in semiconductor.

6.3. Effect of Opacity on Lineshape
In opaque crystals, a broadening of the Brillouin linewidth may occur in
excess of the instrumental, geometry and lifetime effects discussed earlier.
This broadening is due to the distribution of wavevectors associated
with the Fourier transform of the exponentially absorbed incident and
scattered light. For backscattering at the boundary of a semi-infinite
medium having complex refractive indices ni. s = r/i,s + ixi, s the distribution of wavevectors transferred to the phonons is [6.27a-d] (see,
however, [Ref. 8.2, Sect. 6.3.1])
S(q) = 4q qo ~o/~ [(qZ _ q~ _ ~o2)2+ (2qao)2].

(6.20)

Here the optical propagation vector and absorption constant are given by
qo = 2n0112i + r/s/2s) and c¢o= 2n(xl/2i + ×J2s). This wavevector distribution is directly related to the frequency spread by the velocity of sound.
For the low absorption case ~,s'~ rh,s and for q ~ qo, (6.20) reduces to
the simple Lorentzian S(q) ~ ao/n [ ( q - %)2 + a02] so that the excess halfwidth is 6 Wo ~ CtoVq.
The clearest demonstration of this opacity broadening has been given
by SANDERCOCK[6.28] for Brillouin scattering well above the bandgaps
of Si and Ge where z =<q. His spectra, taken with the multipass interferometer, are shown in Fig. 6.4. SANDERCOCKobtained accurate values
for the c o m p l e x refractive indices in Si and Ge from these spectra since
the sound velocities are well known. These values are in general agreement with more conventional reflectivity and transmission measurements.
Note that the asymmetric lineshape given by (6.20) fits the data of
S A N D E R C O C K better than the symmetric Lorentzian when ~-~ q.
PINE [6.29] also observed optical absorption broadening in CdS
with light slightly below the bandgap. Spectra using 5145A light at
temperatures of 295 K and 203 K, where the crystal is, respectively,
absorbing and transparent, are shown in Fig. 6.5. The broadening, evident
at higher temperature with this resolution, yields an absorption constant twice as high as the direct transmission measurements on thin
platelets by DUTmN [6.30]. This agreement is reasonable allowing for
sample and surface preparation variations and for possible laserinduced local heating and carrier generation.
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6.4. Resonance Scattering Effects
Brillouin scattering is expected to be resonantly enhanced when the
incident or scattered light approaches the electronic transitions in the
medium. This enhancement has been observed for light below the bandgap of several semiconductors. The theories of this effect, analogous to
those developed for resonant Raman scattering in earlier chapters, will
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be summarized in this section. The experimental results in the next
section will be shown to be in qualitative agreement with theory though
the enhancement seems to be less than predicted and certainly is weaker
than observed for resonance Raman scattering.

6.4.1. Theoretical Scattering Coefficients
Several models of varying sophistication exist to explain the frequency
dependence of Brillouin scattering. The simplest of these assumes that the
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light couples only to the density fluctuations accompanying the LA
phonon. Then the Pockels tensor may be calculated from the LorentzLorenz law as given by [~. ~'.N ,-~(e-1)(e + 2)/3. This approximation
is appropriate for incident and scattered light of frequencies well below
the optical absorption edges in liquids and solids. However, it underestimates the resonance behavior near the bandgap since the Re {e} is
dominated by higher energy transitions whereas the scattering is influenced strongly by the effect of strains on the nearby bandgap. Naturally
the Lorentz-Lorenz derivative with respect to density also fails to
predict piezobirefringence effects or scattering from shear waves.
A more detailed microscopic formulation of the light-scattering
problem in crystals has been given by LOUDON [6.31]. He obtained

% =

(~mc) 4 kT

1
Rj~ = V .

2 Q 192

~'k
,

cos Rj.q 2
0.) i

s I

(6.21)
,

(O[pi[#k) Z~,'
jq (#" k lp~ [0)
(cook -- (.Oi)(0)#, k -- (.Os)

(6.22)

This is a perturbation-theory description of a process whereby a photon
(ah, k3 incident on a crystal in ground state 10) creates a virtual electronhole pair in band # with wavevector k. The electron or hole then interacts
with the phonon (o)q, q, branch 3) via its deformation potential )~q,,,
possibly changing its state to #', and subsequently recombines emitting
a shifted scattered photon (cos, ks). The photon and phonon wavevectors
are neglected in comparison with those of the electron-hole pair (vertical
transitions). Here V is the crystal volume, (Ipl) is the momentum matrix
element, and hc%k is the energy of the pair state above 10). This definition
of the deformation potential is related to LouI)ON'S by z=qa~. The
resonance effects arise from the denominator of (6.22) as the optical
frequencies approach the excited electronic states. Terms with denominators of the form, (o~,k + co~,~), have been omitted.
Taken by itself, LOUDON'Stheory contains enough flexibility in the
band parameters of (6.22) to explain the resonance Brillouin data to be
given later. However, many of these parameters are specified by the
optical absorption and it is felt that the details of the theory are less
important than the relationship between the scattering cross-section and
the absorption. The absorption as given by SEITZ [6.32-] is
ei(o~i ) _

2rceZo)i

1

h m2 Cr/i(Oki) 0 ~

I<OlPl~k>lZ(Yuk/t~2k)
(0,)#k -- 09i)2 "-[-•2 k

(6.23)
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H e r e Yt~k is the electronic damping and ~h(o)0 varies slowly over the

frequency range of interest. Again the major frequency dependence
comes from the resonance denominator. It is clear from (6.22) and (6.23)
that if (couk-- coO is much greater than coq and 7Uk then aB oc c~2 if )~qu:# 0
(intraband electron-phonon scattering allowed), or aBoca j if Z~ = 0
(interband electron-phonon contribution). These are the two and three
band terms discussed in Chapter2. Experimentally, however, the
Brillouin scattering coefficient can increase sublinearly with the absorption. This is readily evident in Fig. 6.5 where the net scattering intensity
decreases as the bandgap is temperature-tuned close to the exciting light.
The apparent divergence of ~B as coi~co, k does not occur, because of the
vanishing density of states, as shown by LOUDON [6.33] for a spherical
band model. PiNE [6.29] showed that the spherical band model preserves
the relation between aBand ~i for the intraband scattering as indicated
above.
More recently, BURSTEIN et al. [6.34] have extended LOUDON'S
theory of resonance Brillouin scattering to excitonic insulators. They
treated the strongly coupled light and the quasilocalized electron-hole
pair as a polariton and considered the scattering of polaritons by
phonons. Their expression for the scattering efficiency may be written

IM?~I 2
~ 27~h ] 2QV2q v~,(o)s)vg(co,)v,(coi) '

= { co, ]2 k T

a.

(6.24)

(6.25)

M72=5-~ 1+ co.coiJ

where %(o)) and v~(co)are the phase and group velocities of the polariton
at frequency co, and S#(co) is the exciton strength of the polariton. These
are given by

,,.(co) v.(co)

=

[

4~t~.,co.',]-'

'

47zfl~,cou3co vp(co)v,(co)

s.(co)= (~_~y [

c~ 1,

t6.26)

(6.27)

where the oscillator strength fl~ may be written in terms of the momentum
matrix elements as

[ 2e2N I

IpO~]2

(6.28)
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LOUOON'S perturbation theory [6.31-1 in the limit of narrow dispersionless bands (such that Z k ~ N ) reduces to this polariton theory,
apart from a factor Vp(O)i)/Vp(OOs) which is always close to unity. Therefore
there is no distinct difference in resonance behavior between the two
theoretical approaches. On the other hand, if one considers the electronphonon coupling via the electric field accompanying a polar or piezoelectric phonon, then it is useful to distinguish between exciton and band
states. This gives rise to the electro-optical contribution to the light
scattering which is usually dominated by excitonic intermediaries. The
relative resonant Raman scattering of longitudinal-optic (LO) and transverse-optic (TO) phonons in CdS attests to this [6.35]. However,
BURSTEItq et al. [6.34] showed that the piezoelectric field strength of the
LA phonon in CdS is only a few percent that of the field of the LO
phonon, so the electro-optic Brillouin scattering terms are not expected
to be large. Experimentally [-6.29] one observes the same resonancescattering effects from LA phonons along either the piezo inactive a-axis
or the piezo active c-axis in CdS, affirming this expectation.

6.4.2. Experimental Scattering Coefficients
There have been three types of Brillouin scattering experiments exhibiting
resonant dispersion of the scattering coefficient near the bandgap of
semiconductors. The first measurements were by TELL et al. [6.36]
using small angle diffraction by transducer driven 50 MHz LA phonons
along the a-axis of CdS and ZnO.There, incident light from a monochromator filtered xenon arc lamp was tuned over several thousand A
to the transparency limit of the crystals. Over this range they obtained
almost a decade of dispersion in the P3a and Pzl tensor configurations
and less in the ply.
The second measurement was by thermal Brillouin backscattering
from LA phonons along the c-axis in CdS by PINE [6.29]. Here the
bandgap was thermally tuned well into the absorption tail for 5145 A
argon ion laser light, and a large enhancement of the scattering coefficient
was observed. The scattering coefficient was obtained from the scattered
intensity data by correcting for the absorption of the optical path,
I J l i = a B[ 1 - exp ( - 2 ai L)]/2 ai.

(6.29)

For transparent samples then Is/l ~,-., a R L whereas for opaque samples
IJli ~ aB/2ei. In the latter case if aB~:ei (or ei2) as in LOUDON'S theory
for interband (or intraband) electron-phonon coupling, then the measured
intensity would be independent of (or proportional to) the absorption.
Instead it was found that an was roughly proportional to c~, as shown
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Fig. 6.6 Optical absorption and resonance Brillouin scattering
coefficient in CdS

in Fig. 6.6. The scattering coefficient plotted there is also linearly corrected for temperature according to (6.7), (6.21), or (6.24) since the bandgap
is thermally tuned. The scale marked "frequency below the gap" is
obtained from E~(T)= (20840- 3.82 T) cm -1, as measured by DUTTON

[6.30].
The third set of resonant Brillouin experiments involved scattering
of monochromator filtered arc lamp light from transverse acoustic
phonons in acoustoelectric domains. GARROD and BRAY [6.7] found a
sharp dip in the scattering dispersion about 30 meV below the gap in
GaAs, as shown in Fig. 6.7. This minimum was attributed to a cancellation between contributions to (6.22) from the resonant band and non-
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Fig. 6.7. Brillouin scattering dispersion curves from acoustoelectrically generated shear
waves in GaAs. Higher curves for higher acoustic flux

resonant states with opposite sign. However, the residual scattering at
the minimum was not zero and in fact depended on the acoustic intensity.
It is believed that spatial inhomogeneities in the bandgap energy caused
by non-uniform acoustic flux washed out the expected null. The dispersion of the Brillouin scattering coefficient closely followed piezobirefringence data on P44 available for energies below 1.38 eV. Note
that the data in Fig. 6.7 is normalized to the light transmitted by the
sample. This automatically compensates for the absorption along the
optical path. However, IJI t neves exceeds unity and eventually both
disappear as the bandgap is approached. This implies that the resonant
portion of the Brillouin scattering coefficient increases less slowly than
the absorption just as for 1P3312in CdS, YAMADAet al. [6.37] observed
a similar resonant cancellation in the Brillouin dispersion for IP4412
in CdS using acoustoelectrically generated shear waves.

6.4.3. Predictions of N e w Modes

The exciton-polariton description of Brillouin scattering [6.34] has lead
BREN]G et al. [6.38] to predict some possible new scattering modes
above a free exciton resonance. A free exciton has a finite effective mass;
so the coupled photon-exciton polariton exhibits spatial dispersion, as
illustrated schematically in Fig. 6.8. In the absence of coupling, the
exciton frequency at zero wavevector is o~ls. Below this resonance
ordinary Brillouin scattering occurs designated by the lower K 2 ~ K ' 2
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Fig. 6.8. Dispersion curves for photon-free exciton polaritons illustrating Brillouin backscattering

line. Above the resonance an incident photon at frequency co can scatter
into four 09' channels according to the wavevector pairs KI~K'I,
K1 ~ K~, K2 ~ K~, and K2 ~ K'I ; the last three combinations are the
new modes involving the exciton-like branch. Only the Stokes shift for
backscattering from a single phonon branch is shown; the slopes of the
arrowed lines indicate the phonon phase velocities. Observation of
these new modes could provide a means of measuring the acoustic
or the exciton dispersion at large wavevector assuming that one of the
other is known from independent measurements.
The scattering cross section for each of these channels involves the
relative admixture of the photon and exciton strengths at the initial and
final polariton states such as given in (6.27, 26) for a bound exciton.
BRENIG et al. [6.38] calculated that the cross section for the new modes
should be observable very near a sharp free-exciton resonance.
It should be noted that the dispersion of Fig. 6.8 kinematically allows
forward scattering between polariton branches or on a single branch
near v~(09)= Vq. Such scattering could probably not be observed except
for very thin crystals because of optical absorption. Similarly the backscattering processes may not be observable if the cross section increases
sublinearly with absorption as seen in previous resonant Briliouin
experiments. These modes have recently been observed [-Ref. 8.2, Chap.
7].
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6.5. Stimulated Brillouin Scattering
Under intense optical excitation the Brillouin scattered Stokes light
and the acoustic wave may be exponentially amplified by a parametric
process. This effect, known as stimulated Brillouin scattering, was first
observed in e-quartz and sapphire by CHIAO et al. ]-6.39]. The exponential gain factor given by their steady state theory [6.39] for backscattering is
gn = 2 r& I'~. F'712/ni2z e Vqr q ,

(6.30)

so it is seen to relate to the Brillouin scattering coefficient GB and the
phonon damping. Usually longitudinal acoustic waves have the highest
gain and are most strongly excited. Under transient pulse excitation,
where the pulse time is less than Fq 1, the gain is derated.
Though the effect has now been reported in many solids and liquids,
semiconductors, which have large Pockels coefficients usually show
parasitic heating effects which limit or prevent stimulated Brillouin
scattering. However, ASAM et al. [6.40] did observe intensity limiting
and stimulated Brillouin backscattering in Ge using Q-switched C O /
laser radiation. Their measured gain agreed with (6.30) using the Lorentz
approximation for the Pockels coefficient and they observed up to 20 %
conversion of incident light to Stokes radiation. The stimulated acoustic
flux was estimated to be ~ 500 W/cm z though it was not directly measured.
KRESSEL and MIEROP [6.41] have suggested that catastrophic
degradation of GaAs injection lasers may be due to stimulated Brillouin
scattering. Pitting of the mirror surface was attributed to the strong
acoustic flux. The threshold for damage increased with temperature
consistent with a higher Fq, and it increased for shorter pulses indicating
transient gain reduction. However, direct observation of the Brillouin
shifted light was not made; so the mechanism for damage was not
conclusively established.
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7. Stimulated Raman Scattering
Y-R. SHEN
With 24 Figures

Stimulated Raman scattering was accidentally discovered by WOODBURY
and NG in 1962 [7.1]. In studying Q-switching of a ruby laser by a nitrobenzene Kerr cell, they detected intense infrared radiation emitted from
the Kerr cell, whose origin was not immediately identified. ECKHARDT
[7.2] first proposed the correct interpretation as stimulated Raman
emissions from nitrobenzene; this was soon thereafter verified experimentally by ECKHARDT et al. [7.3].
Subsequently, a similar effect was observed in many other liquids
by ECKHARDT et al. [7.3], GELLER et al. [7.4], and STOICHEFF [7.5], in
several solids by ECKHARDT et al. [7.6], and in hydrogen gas by MINCK
et al. [7.7]. An early theoretical treatment of stimulated Raman scattering
was given by HELLWARTH [7.8].
In Table 7.1 we list a number of Raman lines for some of the materials
in which both spontaneous and stimulated Raman scattering have been
measured. As seen from this table, one would need a laser beam of
I G W / c m 2 propagating over a 15-cm nitrobenzene cell in order to
g e n e r a t e e 3° Raman photons from a noise photon. These numbers are
Table 7.1. Frequency shift, linewidth, and scattering cross-section of spontaneous Raman
scattering for a number of substances and the corresponding stimulated Raman gain
Substance

Raman shift
[ c m - i]

Linewidth
2F [era - ']

Gas H2 ~

4155

0.2

Liquid 02
Liquid N2
Benzene
CS2
Nitrobenzene
LiNbO 3
InSb b

1522
2326.5
992
655.6
1345
258
0--300

0.177
0.067
2.15
0.50
6.6
7
0.3

Cross-section
[ c m - 1 _ ster- l]

Raman gain
GR x 103
[cm/MW]

0.48-1-0.14
0.29+__0.09
3.06
7.55
6.4
262
10

1.5 (300 K,
10 atm)
14.5-+-4
17 _+5
2.8
24
2.1
28.7
1.7 x 104

da/df~ x l0 s

a E. E. I-IAGENLOCKER,R. W. MINCK, W. G. R,ADO: Phys. Rev. 154, 226 (1967).
h For a carrier concentration n¢ --- 1016 cm -3.
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roughly the same for many other liquids from which stimulated Raman
emission has been observed. However, in the earlier experiments on
stimulated Raman scattering, laser beams of less than 100 MW/cm 2
were used, yet more than e 3 ° Raman photons per sec were recorded.
This anomaly, together with a number of other observed anomalies
I-7.5] such as the extremely sharp stimulated Raman threshold, the asymmetry of forward-backward Raman intensity, the appreciable spectral
broadening of the Raman radiation, etc., has baffled research workers in
the field for quite a few years. As we shall see in a later sections, these
anomalies are now understood as due to self-focusing of the incident
laser beam in the medium.
Both Stokes and anti-Stokes radiation are normally observed in
stimulated Raman scattering. The observation of stimulated antiStokes scattering I-7.93 was quite surprising since from the simple
theory of two-photo transitions, the anti-Stokes Raman gain is negative
at thermal equilibrium, as we shall see later. The anti-Stokes radiation is
actually generated through parametric coupling with the laser and
Stokes radiation. This also explains why the anti-Stokes generated in
liquids and solids always has intense components radiated in the offaxis directions.
Higher-order Stokes and anti-Stokes radiation were also frequently
observed I-7.9, 103. They were presumably generated by stepwise processes. Because of high laser intensity in the medium (usually in local
regions through either external focusing or self-focusing), intense firstorder Stokes and anti-Stokes radiation are first generated. They are then
intense enough to generate second-order Raman radiation which in turn
may become intense enough to generate higher-order Raman radiation.
The theoretical description of this stepwise Raman production is, however, very difficult, as we shall see.
Early interest in stimulated Raman scattering arose because it can
provide intense coherent radiation at new frequencies and because it is
a possible loss mechanism in transmitting high-power laser beams
through a medium, for example, the atmosphere. Later, it was demonstrated that stimulated Raman scattering via phonons which are both Raman
and infrared active can have its Raman frequency tuned continuously
over a certain range by varying the directions of the beam propagation
in a crystal [7.11]. This is known as stimulated polariton scattering.
Tunable far-infrared radiation is generated simultaneously with the
Raman radiation in stimulated polariton scattering [7.12]. Then, it was
discovered that stimulated Raman scattering can also occur via
two-photon spin-flip transitions in semiconductors (first observed in
InSb) [7.13"1. The Raman frequency is again continuously tunable by
adjusting the Zeeman splitting with an applied magnetic field. Since the
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spin-flip transitions can also be induced directly by far-infrared radiation,
the problem is rather similar to the problem of stimulated polariton
scattering. We can in fact use the theory of stimulated polariton scattering
to correctly describe both stimulated Raman emission and far-infrared
generation via spin-flip transitions in InSb [7.14].
The relaxation times of the Raman effect in liquids and solids are
usually very short, in the picosecond range. Therefore, with nanosecond
incident laser pulses, the Raman generation (in the absence of selffocusing) can certainly be regarded as quasi-steady-state. But when
picosecond laser pulses are used, the transient effect in the Raman
generation may become important [7.15]. The theory of transient stimulated Raman scattering is now well understood [7.16]. Experimentally,
the transient Raman effect has been used to excite coherent molecular or
phonon vibration in a medium. By monitoring the decay of such a
forced vibration, one can then measure the corresponding vibrational
relaxation times [7.17, 18]. So far, this has been the only existing method
for measuring vibrational relaxation times of liquids and solids directly.
In Section 7.2, we shall discuss the classical theory of stimulated
Raman scattering. We shall use the coupled-wave approach [7.19] to
describe the generation of first- and higher-order Stokes and anti-Stokes
radiation [7.20]. In Section 7.3, we shall review the experimental results
on stimulated Raman effect and show how we can explain the various
anomalous effects observed in stimulated Raman scattering. In Sections
7.4 and 7.5, we shall discuss two special cases of stimulated Raman
scattering, namely, stimulated polariton scattering and stimulated spinflip Raman emission. In Section 7.6 we shall consider the transient behavior of stimulated Raman emission when the pulsewidth of the pump
field is either narrower than, or comparable with the relaxation times of
the Raman excitation. In Section 7.7, we shall discuss a number of possible
applications of stimulated Raman scattering. These include measurements of phonon or vibrational relaxation times, measurements of thirdorder nonlinear refractive indices, detection of substances of low concentration, spectroscopic studies of low-energy excitations, heating of
plasmas, and transmission of high-power laser beams in a medium.
Finally, in Section 7.8, we shall give brief concluding remarks on the
anticipated future progress in this field.
There already exist in the literature several review articles on the
stimulated Raman effect I-7.21,22]. In this paper, we shall put more
emphasis on the basic understanding of the effect and on the more recent
progress in the field. The references quoted here are admittedly far from
complete. For a more complete reference list, the readers should consult
E7.21, 22], also FRef. 8.1, Chap. 4-1.
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7.1. Basic Principles
It is well known that Raman scattering is a direct two-photon process.
Simultaneously in the process, one photon at cox(kl) is absorbed and one
photon at co2(k2) is emitted while the material makes a transition from
the initial state li) to the final state I f ) (see Fig. 7.1). Energy conservation
requires h(co I -co2) to be equal to the energy difference of the two
states E y - E ~ = hcoy~ within the uncertainty limit of the linewidth. We
can have either o9t >co2 or cot < co2. The former is known as Stokes
scattering and the latter anti-Stokes scattering.
A straightforward second-order perturbation calculation leads to
the following Raman transition probability per unit time per unit volume
per unit energy interval 1-7.23]

dWs,

d(lico) = (8x3 N colco2/glg2)I(f iMI 012 (cry la + al 1oti)l2 g(A co)
M=

e2
[ i,2.,(p. ~2)ls) (sl(p • bl)e ikl'"
s~ [ e m2colco2
h(COl -- COs/)
_

_

(7.1)

(P'eOei~'~'~ls) Ksbe-ik~'~ (P e2).]
h(co2 + cosi)

Here, N is the density of molecules or unit cells in the medium, e is the
dielectric constant, p is the momentum operator, k denotes the field

hoJ,(~ l)

hoJl(~,0

h o~2(~2 )
If>

li>
Fig. 7.1. Schematic drawing showing the Stokes (oJt >t a2) and anti-Stokes (~l <0)2)
Raman transition from the initial state li) to a final excited state If)
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polarization, Is) is the intermediate state of the material system, I~)
denotes the state of the radiation field, a + and a are the photon creation
and annihilation operators, respectively, and finally g( A co = 091 - - 0")2 - - (J) f i )
is the joint density of states of the transition. If the Raman transition has a
Lorentzian lineshape, then O(dco)=F/zr[(Aco)5+F2], where F is the
halfwidth of the line.
The transition probability Wit in (7.1) is proportional to
I(~:la~- alla~)l 2. If the Raman process begins with an initial state which
contains practically no photon at co2, it is known as spontaneous Raman
emission. Then, W:~ is simply proportional to K~:lad~)l 2. Otherwise,
it is known as stimulated Raman emission. In the particular case where
the states contain integer numbers of photons at co1 and co2 such that
[~i) = Inx, n2) and 1~:) = In1 - 1, n 2 + 1), we have W f l o c n t ( n 2 + 1);
spontaneous Raman scattering corresponds to n 2 = 0 in this case. In
general, the radiation states are more complex [7.24], and no such simple
relation can be obtained. However, if the average numbers of photons
hi and if2 at col and co2 are much larger than 1, then the approximation
[(a:la~ a:lai)[ 2 ~ h-xffz is excellent [7.24].
Thus we expect that the spontaneous Raman scattering cross-section
should be linearly proportional to the stimulated Raman gain coefficient.
By definition, the differential Raman cross-section d2a/d(hc%)dO is the
probability of a unit volume of material scattering an incident photon
at co1 per unit area into a Raman photon of one polarization at co2 in a
unit solid angle around O and a unit energy interval around hco2. Since
the density of radiation modes per unit solid angle is oEdco2 = k2dk2/(21r) 3,
we have

d ~/d(hco~)dO = e~gE[dW:dd(hcos)]/l<~/a~a~ [~>l2c

(7.2)

= N wlco~e~ IM:,12 gtAco)O,,

C4E:I

where M:i = ( f I M [ i ) and Qi is the population of li). In the stimulated
Raman amplification, the change of the number of Raman photons in
one mode per unit length of propagation is given by [7.8]

dz

=

Qi
(GR--a2)~z

dco2 Qf
if n t , n 2 > > l ,

Gr~ = 8rc3 N h(cot codet e5) lM:~l 2 g( Aco) (0~ - Q:)-at (e~/c)
_

4n2cSe,
(_ d 2a
/iEtl2,
col ~2e2Qi (Qi -- Qj') \ d(hco2)d Q

(7.3a)
(7.3b)
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where ~2 is the absorption coefficient at ~o2, and lE~12el,,/2n='~lho91
is the field energy per unit volume and ex,, is the real part of the dielectric
constant. Equation (7.3) shows that GR is the Raman gain and is proportional to d2a/d(h~o2)dfL In the next section, we shall show that we
can obtain the same expression for GR from a third-order nonlinear
optical susceptibility, known as the Raman susceptibility.
Note in Table 7.1 that the material which has the strongest Raman gain
is InSb. From (7.3), we have n2(l)= n2(0)exp[(GR--~2)/]. Then, even in
InSb, in order to generate e 3° Raman photons from one noise photon in
a 1-cm crystal, we need an incident CO2 laser intensity of 2 MW/cm 2.
For this reason, stimulated Raman scattering was only observed after
the high-power laser was invented and developed.

7.2. Theory of Stimulated Raman Scattering
We shall use only semiclassical descriptions in the following theoretical
treatment of stimulated Raman scattering (SRS), i.e., we shall avoid
quantization of electromagnetic fields. This is of course not valid when
the number of phonons in the Raman mode is small, for example, when
SRS is first initiated by the spontaneously scattered photons. Therefore,
the descriptions are valid only for stimulated Raman amplification where
the input Raman radiation is sufficiently intense. For Raman oscillation
which builds up from spontaneous scattering, we must use the full
quantum description, for example (7.3a), with WygoCnl(n2+l) and
W/i~:(nl + 1)n2 I-7.25]. There are numerous papers in the literature on
the theory of SRS, see, for example I-7.8; 26-30]. In this section, we shall
discuss only the coupled-wave approach for stimulated Raman amplification I-7.19, 20].

7.2.1. Coupling of Pump and Stokes Waves
Consider the problem of SRS in a medium with energy levels shown in
Fig. 7.1. Let us first assume that only two frequency components, co1 and
0)2 with ~01 > ~o2, are present (i.e., we consider only first-order Stokes
scattering). In the semiclassical description, these two components of the
fields are represented by the waves
E1 = 81 exp(ikl • r - i o J l t )
E2 = g2 exp(ik2 "r - io~2t).

(7.4)

Stimulated R a m a n Scattering

281

In the steady-state case, they obey the wave equations
17x (V x E l ) -

~'1" El -

c2

P(31(091)
(7.5)

17 × (17 × E 2 ) - -

4~oJz2

092 "~ • E 2
c2
C---~ 02
-- - -

P(3)(092)

where the nonlinear polarizations pNL in a medium with inversion symmetry are given by [-7.31]
e~3)(~o 1) ___ (z~3~ [E 1 [2 +

x~3x)lE212)E1

pt3)(092) __. (ZCR3) IE 112 + Z(23)[E212)E2 ,

(7.6)

where the ;(3)'s are third-order nonlinear susceptibilities. For simplicity,
we assume ;(3) to be scalar.
We then see clearly that the two wave equations in (7.5) are actually
coupled with each other through the Z~3) terms in p~3). This coupling between E 1 and E z causes effective energy transfer between the two waves.
In this respect, the Z~3)'s are known as Raman susceptibilites. The Z]3)
and Z~3) terms in U 3) simply modify the dielectric constants e(~o~) and
e(o92) in (7.5). They are responsible for self-focusing of high-intensity
beams with finite cross-sections. In the following, we shall, however,
assume infinite plane wave propagation in the medium and hence we
shall neglect ~(13}and Z~3).
Consider the waves propagating along ~. For cubic or isotropic
media, V x (17 × E) = - O2E/Oz2. If the energy transfer between E 1 and E 2
is not so rapid, ¢1 and ¢2 can be considered as slowly varying functions
(I 02o~/0z2[ ~ k[O¢/Ozl). Then (7.5) reduces to

OCx/dz = i (2n o9~/c 2 k 1)Z~3J[E212¢1
(7.7)

0¢2/0z = i(2nco2z/c 2 k 2 ) z ~ [Ex [2 ¢2,
where k = o~e½/c. From (7.7), we obtain

Ig, IZ/Oz = - (4no~/c z kl) (Im Z~3~)Igl[z 1¢2tz
Ol¢21z/'gz = - (4no92/c 2 k2) (Ira X~2)) I¢1121¢212 .

(7.8)
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We can now compare the second equation in (7.8) directly with (7.3),
knowing [g212 e(o91)/2n =H2hco2. We then immediately find

GR = -(4xoo2/c 2 k2) (Ira ~(~)1~1 [z
;(3)_
-c4e~
R2 - ~Ol--~e~,

(7.9)

1
(Qi - c%-) hE(ah - o92 - ~o.r,) - iF]

dtr

d-~ + (Z(R32))NR"

We assume here g(A09) is a Lorentzian and ~REJNRt~'(3)~is the non-resonant
term due to non-resonant virtual transition. This yields a microscopic
expression for ,~R2"(3)
X R( 32)-_-

_ N IM:~I2 (0i - e:)//TE(~o ~ - ~ 2 - o~:;) - i r ]

+ {"A3)]
, ~ 2 ~ N R . (7.10)

If the field at o~ is not at resonance with some direct transitions
in the medium, then for each p h o t o n absorbed at o9~, there is a p h o t o n
emitted at 092. Applying this conservation law to (7.8), we readily find
Im {X~R~)} = -- Im {Z~2)}
and with the help of the K r a m e r s - K r o n i g relation, we obtain
z(~ ) = ( z ~ ) *

(7.~ ~)

which is the well-known symmetry relation for Raman susceptibilities
I-7.31].
With the conservation of n u m b e r of photons, [~(¢ol)1~112/¢oa
+ e~(092)1~212/092] = K, the solution of (7.8) is
Igl(z)t 2
181(z)12 - ~o~Kl~(~o~)

I#1(0)1 z

1~1 (0) 12 - o91K/e½(col)

18112 e x p E -

col KGRZ/el/2(ogx)]

(7.12)
1#2(z) l2

I,~2(z)l ~

-

co2K/e½(co2)
[o~z(O)[2

]°~2(0)[2 _ c°2K/e~(c°2) lo~1[2 exp [ + c02KGRZ/eU2(c02)].
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If Igl 12"> 1~212, we have the familiar result
(7.13)

lg"2(z)l 2 = 1~2(0)1z exp(GRz)

which shows explicitly the exponential growth of the Stokes field.
In the case where the pump and Stokes waves propagate into the
medium with a plane boundary at z = 0 along directions other than 2, the
wave vectors kl and k2 in (7.8) should be replaced by the projections of
kl and k2 along 2. This is obvious since gl and g2 are only functions ofz.

7.2.2 Raman Susceptibilities
The microscopic expression for )~(R3) c a n of course be obtained directly
from quantum mechanical perturbation calculation. The derivation is
straightforward but tedious [-7.20, 31, 32]. We can, however, derive it
very simply by realizing that so far as the response of the material to the
field is concerned, a two-photon process can be considered as an equivalent
one-photon process.
Consider the two-photon transition probability given by (7.1). It can
be obtained directly from first-order perturbation if we regard the transition as a direct transition with an effective interaction Hamiltonian
~ ' t r = - M EI E* + complex conjugate (c. c).

(7.14)

This can be proved readily if we remember E=(2rchc2/co)½a and
E * = (2r~hc2/o))½a +, and use the golden rule to derive d W:i/d(ho) ).
Similarly, we can also derive X~3) by using ~,~t°e'rrin the equation for
linear polarization I-7.33]. We then have for the third-order nonlinear

polarization p(3),
~ .I,(s)
" (.~0 = k

.~3,.E,E2E,=_

I ( f l ME'~ }i)]z (Q, _ ~f)
N ~ - ~ 2 ~ ~

E1
(7.15)

where, for simplicity, we have neglected the non-resonant term. This
equation together with ,,(3)_~(s),
,tR1 = el "~])* : e z eze z leads immediately
to the same microscopic equation for )~R2 given in (7.10) with t,,(s)~
~LR2]NR
neglected.
More generally, (7.10) can also be derived by considering the states
li) and I f ) being coherently admixed by the interaction Hamiltonian
o~¢t°/ff.Let us denote the perturbed states as li') and If'). They should
,~e2

--
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obey the Schr6dinger equation
- i h O < f ' [ / a t = < f ' l ( ~ o + :/~'fO

(7.16)

ih Oli'>/Ot = (~o + ~'ff)[i'>,

where ~(:0 is the unperturbed Hamiltonian for the material system. If
we use the interaction representation, we then have in the first-order
approximation
-h

i~-a~:i+ir

<f'li>=h

i--~-co:i+iF

<fig)

(7.17)
= <f[ aCe', I/>.
Here, we have inserted a phenomenological damping constant F for co:;.
With Jf~'rf in (7.14), the solution of (7.17) at frequency co1 - c o 2 is
-<f'li>=<fli'>=

-M:~E1E~3/h(co,-coz-co:,+ir).

(7.18)

The nonlinear polarization induced by this perturbation is given by
p(3)(co2) = N <

-

OJtaeff/OE~>

(<fl i'>*0~ + <f'Ii>*Q:)NM:~E,

(7.19)

= <f'li')*(O i - Q:)NM:iE ' .

Here again, we have considered only the resonant term. Using the expression for <fli'> in (7.18), we obtain again the same microscopic
expression for ~ .
A matter of interest here is that we can consider ~pi=<fli'> and
~p:= <f'[i> (~p=~&=-~p:) physically as excitational waves (at frequency o)a - coz) in the medium [7.16-]. They are coupled with E I and E 2
via the coupling energy
(~'rr> = <i'[ ~¢ferrIi'> Qi + <f'] Jf~rf [/'> Q:

(7.20)

= -Myi(Oi-Qf)E~E~p*+ c'c.

Following (7.17), these two waves obey the driven wave equations

" 0

h ,~--a~:i+i

F)

0<~',>

~Pi=+ 0(0:p*)

h(i0~--o~:,+ir)w:=

-

a<~'.>
a(Q:~o}) = -

M:~E,E~
(7.21)

M:,E, E*.
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E2, these excitational waves induce

P(3)( co1) = -- N O( ~ ' f f ) / OE* = N MTI E 2 ~(Oi -- aS)

(7.22)

pc3)(co2) = -- N O(M~/ff)/OE~ = N M : i E l ~p*(~oi- Q:)
which then in turn act as the sources in the driven wave equations for
E1 and E2 in (7.5). Stimulated Raman scattering (SRS) is now simply the
result of nonlinear coupling of the three waves ~p; = -~p:, E x, and E2,
and can be obtained from the solution of the coupled Equations (7.5) and
(7.21). Note that except the population factors Qi and Qy which appear to
have quantum origins, we can now treat both the material excitation and
the radiation as classical waves and SRS as the result of nonlinear
coupling of these classical waves.
We have so far assumed Qi and Q: constant. However, when the field
intensities are high so that the Raman transition probability W~s is large,
the populations 0~ and Qs can be changed appreciably during the Raman
process. Directly from physical consideration, we can write the rate
equations for Oi and O: as [7.32, 34]

O0~Ot= -(Wsi~°i-

W'sOs)+ \ 8t /damping
I des 1

O~f =(Wfi~i__ Wif.f)..~ ~._.~]damping
]
1 [ OP~3)(col)* E1 + ~P(3)(o)2)*
EEl + C" C
~t
~t
J

ho)I~(Wi;o;- N : O : ) = ~- "

1"
= glCofiN[MfiE
I E2* P *

(7.23)

- M~E~ E ~ ] (Oi- 0:).
In the simple case where (aO/3t)dampingis dominated by random relaxation
between li) and I f ) , we have
AQ=

Os -

e~ =

-

(Q, -

:)

(7.24)

t3Ao + AQ

~---U --~, =(ws'°~- w'ses)'

where Qo and Q~ are the populations at thermal equilibrium, and Tj is the
well-known longitudinal relaxation time as distinguished from the transverse relaxation time T2 = 1/1". Raman transitions and Raman susceptibilities in this saturation limit are the subject of discussion in [7.32].
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The above discussion deals with localized electronic excitations but
the general formalism is, of course, valid for any material excitation,
e.g., molecular vibration, phonon [7.20], magnon [7.35], exciton,
plasmon [7.36-1, polariton [7.37], etc. The wave equations are generally
different for different types of excitations; Eq. (7.21)should therefore be
replaced by wave equations appropriate for the excitation involved in
the problem. The coupling constant Mii in (7.21) and (7.22) should
also be changed accordingly. There is the difference between boson-type
excitations and localized excitations between two levels. For localized
excitations, we use (7.24), but for boson-type excitations, we have
W:~oioc 1 + n,j,, W~:Oyocn~,, and (a/c~t + 1/TI) (n~ - ~ ) = WyiLoi -- Wi:o:,
where nw is the average number of bosons at thermal equilibrium. The
general formalism is also valid for any two-photon transition process.
For example, it can be applied to the problem of two-photon absorption
and second-harmonic generation near an excitonic resonance, e.g., in
CuC1 I-7.38-40].

7.2.3 Parametric Coupling Between Photons and Phonons
In this section, we consider the special case where molecular vibrations
or phonons in the medium are being excited in the Raman process. This
is the most important case since at least 90 % of the published Raman
work deals with Raman scattering by molecular vibrations or phonons.
We can, of course, use quantum mechanics to describe molecular vibration or phonons [7.8, 25]. However, as shown in the previous section, we
can describe stimulated Raman amplification classically as the result of
parametric coupling between electromagnetic waves and material
excitational waves. We shall present only the classical description
here [7.20].
Let us consider first the coupling between photon and phonon waves.
It is governed by the interaction energy of (7.20) with, (in order to follow
the usual convention, [7.21]) ~ replaced by (2(o3/h)~Q, where Q is the
phonon displacement wave at frequency (os = ~ - (o2. Comparing with
the usual expression of ( J ~ ' f t ) = - ( ~ / ~ Q * ) E a E * Q * + c ' c . , we have
M~-i = (Oe/(?Q)/(2o)3/h) ~ where e is the polarizability [7.20]. The coupling
constant Myi can also be obtained from the general expression of M in
(7.1). As shown in (7.9) and (7.10), the spontaneous Raman scattering
cross-section da/df2 is directly proportional to IMsil2. We shall not go
further into the detailed microscopic theory of da/dl2 for this case since
it has already been dealt with in the other chapters of this book. For our
purposes, we only need to remember that the coupling constant Ms~ can
be easily deduced from the spontaneous Raman cross-sections da/d~2.
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The wave equation for phonons is given by [7.20]

~v~ + -Sir + 2 r

+09g Q= - o(~'.)/~Q*(~,-o~)
(7.25)

= (2°)31k:MyiE1E ~
where fl is a constant which characterizes the phonon dispersion near
k = 0, 09o is the phonon frequency at k = 0, and F is again the damping
constant. SRS by phonons is then fully described by the solution of the
three coupled wave equations (7.25), and (7.5), where PI3)(091) and
P~3)(092) are given by (7.22) with ~0i= - t p y replaced by (2093/h)lQ.
Several different cases arise depending on the values of/3 and 090.
If fl < 0, and 090 = 0, then (7.25) is the equation for an acoustic wave.
Stimulated light scattering by acoustic phonons is known as stimulated
Brillouin scattering [7.41]. From the above discussion we see clearly that
stimulated Brillouin scattering is simply a special class of SRS. We shall
not discuss stimulated Brillouin scattering any further in this chapter
but refer the reader to Chapter 6. For optical phonon waves, we have
0% + 0 and fl • 0 (usually fl > 0). In the limit where interaction between
molecules is negligible, the optical phonons become dispersionless and
reduce essentially to molecular vibrations. It is SRS by optical phonons
or molecular vibrations which one normally encounters in the studies
of SRS.
The wave vector of photons and phonons involved in SRS is of the
order of 10 5 cm-1 or less. Hence, the fl172Q term in (7.25) for optical
phonons is often negligible. We then have
O = - (209a/h) ~M s ,

E ~ E~/(09~ - 09f.~ +

i2%r),

(7.26)

where 093 = ca1-092. From (7.22) with the non-resonant term included,
we find for 093 "~ COo,
Z(3) _

R2 - - -- N IMr~I 2 (0~ - ~ y)/h(093 - 09 y~ -

i t ) + (Z~)NR

(7.27)

which is identical to (7.10). Consequently, the expression for the Raman
gain GR in (7.9) and the solution of the coupled wave equations in (7.12)
(assuming ~ and 0y constant) are still valid for the present case.

7.2.4 Stokes--Anti-Stokes Coupling
We have assumed so far that in SRS only electromagnetic waves at 091
and 092 are present in the medium. We shall now see that in general
Stokes and anti-Stokes waves (091+_093) are in fact simultaneously
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generated in the stimulated R a m a n process, even at 0 K. This is very
different from the s p o n t a n e o u s scattering case where no anti-Stokes
scattering occurs at 0 K.
We can see most clearly the simultaneous S t o k e s - - a n t i - S t o k e s
generation from the coupled wave approach. The incoming wave at ~o~
first beats with the waves at o9~ +__eo3 to drive the material excitational
wave at ~o3. T h e material excitation in turn beats with the incoming
wave at o9~ to create nonlinear polarizations at ~o~+co 3 [7.26,27].
These nonlinear polarizations then act as the sources to amplify Stokes
(o91- co3) and anti-Stokes (co 1 + o93) waves in the medium.
Let us use the scripts s and a to denote Stokes and anti-Stokes,
respectively. Then, we have ~ o ~ - o g ~ = o a ~ , o a ~ =093. The interaction
energy for coupling between E~, Es, Ea, and ~ is
(,Zf~'ff> = - M~,(O, - o f ) E , E * ,p* - M } , ( O , - o y ) E , E * ~p* + c " c ,
(7.28)
where M}; and M}~ are identical to Mj-~, except that o9~ replaces ~o2 in M}~
and co, and ma replace eo~ and 092 respectively, in M},.. If dispersion in
My~ is negligible, then M ~ i ~ M~i. T h e nonlinear polarizations at o)~,
o~,, and co~ are n o w given by
i

,

~'s' P(3)(6°s) = -- N ~ ( ' ~ ' ~ f f ) / O E ~ = N M}i(Oi -- Qf ) E 1 tp*
ba • PI3)(COa)= -- N c 3 ( , ~ . e f f ) / O E a* = U ( M } i ) * ( O i - o~f)E, q)
'

(7.29)

el "P(3)(~Ol)= -- N 6 3 ( J f ~ f f ) / c 3 E ~

= [(M~.,)* E~ ~ +

M~E°~*] (~o,-

C,/),

where we have not included the n o n - r e s o n a n t terms. The driven wave
equation for ~ is
~

h i-~--eofi+iF

)

~=

"

- M~iEIEs

,

~ M ~a. i E , E .1 •

(7.30)

Stokes and anti-Stokes generation in SRS is now governed by the solution
of the four coupled wave equations, i.e., (7.30) and the wave equations
for E 1, Es, and E a.
We can first obtain ~p from (7.30)
= -(M~iE1E*

+ M~ciEaET)/h(o-)3 - o a f i + J r ) .

(7.31)
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Then, with the above expression for ~p inserted into (7.29), the wave
equations for E~, E~, E, in the steady state becomes [7.20]

~x ' 17 x (17 x E,) 4rcco~
--

c2

e, • E,

[Z~3)IE~[2Et +(Z~3a) -kZsa(3)")EsEaE1 * + Z a(3)
a tEal 2 E l i
(7.32)

2
b~" I 17 x (17 x E~)-- -ogs
-~
ba • V x (17 x E~) -

o92

~c2

es " Es

ga " E a

]4;zo92.(a),E,12Esd_.,,(a)r;
=

1

-

c2

Lz~.

,~. -,

4no92 r~(3~*w2w,_c
c2

LA.sa

"t'l ~s

--

2

E* ]

Z(3)[E,[2E~]

where

X~ (_-3(x~s)NR
) (3) -- N IM}il 2(Qi -

Os)/h( 09 3 - o s i - i_r)

,,,sa~(3)= ~,,',saV"(
a)XmR -- N M.rs i M~ra*i(Oi - Ofl/h(o9 3 - co~i - iF)
(3)

(?.33)

a 2

Z~a3) = (Xaa)NR -- N IMpel ( 0 ; - 0I)/h(o93 - cof~- i t ) .
The solution of (7.32) is greatly simplified if we can neglect the depletion
of the incoming wave E~ in the SRS process, since then we have just a set
of two linearly coupled equations for Es and E~. Assuming an isotropic
m e d i u m with a plane b o u n d a r y at z = 0 and slowly varying amplitudes
for E~ a n d Ea, we readily find [-7.20] (see Fig. 7.2)
Es = [-C+ e x p ( i A K + z )

+ ~s- e x p ( i A K _ z ) ]

exp(iks • r - gszz)
(7.34)

E* = [d°*+ exp (iA K + z) + do*_ exp (i A K _ z)]
• exp [ - - ik a . r - (iA k + G~)z]
where

k 2 = o~2 EI/C 2
0 = 2kl~,y - k ~ , ~ - kax.y
Ak=2k~-k~-k~,

kz-k'2

d K+_ = A k/2 + [(A k/2) 2 - (A k)2]*
2
,~=(2~o.~./c

2

(a) IEll 2 ,
ks~)Z.s

~=

(.D2

F,"/C2 k~ = ct(k/k~).
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AK

k,/"/'5,

k~-" ~

~

ksx

kaz

ksz

Fig. 7.2. General relationship between the wave vectors of Stokes, anti-Stokes, and laser
waves, as stated in (7.34). (After I-7.22])

For simplicity, we have neglected here the dispersions of the absorption
coefficients e= and (2no)Z/c2 Re {k • ~})~(3). The more general solution
with the dispersion included can of course also be written down quite
straightforwardly. If B~o and gao are the boundary values of B~ and E.d
at z = 0, then we have

~±/~±

=

(AK+

-

2.)/2

d'~± = [ ( - AK~. + 2)B~o + 2~.*o]/(A K± - AK+).

(7.35)

A number of physical results follow immediately from the solution
in (7.34) and (7.35). a) If the phase mismatch Ak is sufficiently large or
X(3)
~ 12 sufficiently small so that Idkl ~>121, then the Stokes and antiSS L~I
Stokes fields are effectively decoupled. The two parts of the solution
reduce to

AK_=2
I,f*/~sl = 12/Akl ~ 1

and

JAK+=-2+Ak
{IB*/,fsl = IAk/21 ~>1.

(Note that - Im {2} = GR/2.) The first part corresponds to an almost pure
Stokes wave with an exponential gain GR and the second part corresponds
to an almost pure anti-Stokes wave with a gain - GR. These results are
what we should expect when there is little Stokes--anti-Stokes coupling
as discussed in previous sections. We notice that at thermal equilibrium,
the almost pure anti-Stokes wave has a negative gain since its energy
is now used in SRS to amplify the pump wave. b) If the linear phase
matching condition A k = 0 is satisfied, we find A K± = 0 and I~*±/Bs ± I = 1.
There is no exponential gain for both Stokes and anti-Stokes fields.
Although the Stokes--anti-Stokes coupling is maximum in this case, the
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Fig. 7.3. The Stokes power gain as a function of the normalized linear m o m e n t u m mismatch

A k/GR in the z direction. The asymmetry is due to the nonresonant part X~d = 0.1 I Im Z~allm.~.
(After [7.22])

positive work done on the Stokes field is exactly compensated by the
negative work done on the anti-Stokes field. This is well known in
parametric amplifier theory where no gain can be obtained at cos = ml
-o9~ if the other side band at COa= CO1 +093 is not suppressed, c) As Ak
gradually deviates from zero, the positive exponential gain increases
rapidly towards the value GR, as shown in Fig. 7.3, while the corresponding 18"/8sl decreases from 1 towards 0. Consequently, at some value of
IAkl, the anti-Stokes power generated in this SRS process goes through
a maximum. This is shown in Fig. 7.4 for two different values of GRZ. We
therefore expect that the anti-Stokes radiation appears in the form of
double cones in k-space. For more details on the calculation, the readers
should consult [7.20]. We shall discuss the experimental results in terms
of these theoretical predictions in a later section.

7.2.5 Higher-OrderRaman Effects
Intense higher-order Stokes and anti-Stokes fields can also be generated
in SRS I-7.3-9]. They are generated by the successively induced thirdorder nonlinear polarizations /)(3) at appropriate frequencies. For ex-
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Fig. 7.4. Anti-Stokes intensity versus the linear momentum mismath A k (normalized
by the Stokes power gain GR).The asymmetryis due to XNR= 0'111mz~a)lm.~'(After[7.22])

ample, the second Stokes field Es2 can be generated by
p(3)(

• ~ _ ~(3) 172 17, _L ,,,(3).17 fi's It?*
kt-~'s2)--g,s~t ~ s ~ 1 ~ A s / / ~ 1 ~
~a

They should appear most strongly around the phase-matching directions
given by k s z = k s + k ' s - k 1 and k s 2 = k l + k s - k , .
The generation of
second Stokes is clearly a higher-order effect since pt3)(09s2) here is
linearly proportional to the pump field JEll while P(a)(ms) and P(a)(~a)
are proportional to ]E 1[2. When the first Stokes E(ogs) becomes intense
enough, Es2 can also be generated through P(3)(tOs2) -~'13)
- - As~ E s 2p
L'S2
_1_ /~s~
v(3) "-'s
It?2 Ea2,
* where Ea2 is the second anti-Stokes. Similarly, the nonlinear
polarizations responsible for the generation of other higher-order Stokes
and anti-Stokes fields can be written down easily. The complete description of these higher-order stimulated Raman effects should then be
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obtained from the solution of the many wave equations which are nonlinearly coupled through the nonlinear polarizations. This is of course
a formidable task in general.
In the special case where we can assume that only Stokes waves along
+ i are generated, the set of coupled wave equations is [-7.20]
FOZ/Oz 2 + (091 el/cZ)]E1 = - (4r~09~/c2) z~3)*lEsl 2 E1
[~3Z/Oz 2 + (09ses/cZ)] E~ = - (4n092/c z) rL~I
x3) E ll2 E~ q- Z~3z)*iE~ziZE~]
1-02/0z2 + (09s2es2/c2)] Es2 = - (4rc09~2/c2)
. I-~(3)IE

LLs21

2~

+ v(3)* E

s2l L~s2--Ls3

2

s3{ E s 2 ] .

(7.36)
The solution of (7.36) obtained from numerical calculation for infinite
plane waves is shown in Fig. 7.5. It is seen that the first Stokes power first
increases gradually and then suddenly builds up to a maximum value
while the pump power gets almost completely depleted. As z increases
further, the first Stokes power remains nearly constant for a while, and
then again suddenly gets depleted into the second Stokes, and so on.
This was actually demonstrated in a properly designed experiment by
y o n DER LINDB et al. [7.42], as we shall see later.
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Fig. 7.6. A typical experimental set-up for investigation of stimulated Raman scattering.
PMI, PM2, and PM3 are photo-detectors measuring the laser, the forward Raman, and
the backward Raman radiation, respectively

7.3. Experimental Observations
After the accidental discovery of SRS in nitrobenzene [7.1] in 1962, the
subject of SRS soon attracted much attention. The earlier detailed experimental studies of SRS were mostly on liquids with large Kerr
constants. A typical set-up is shown in Fig. 7.6. It was then realized that
the observed Raman output was much too intense to be accounted for by
the theory. For example, from the spontaneous Raman data, one can
calculate, by using (7.3), the maximum Raman gain for nitrobenzene
to be 2.8 x 10; 3 cm/MW (see Table 7.1), i.e., in order to amplify the Raman
radiation from the noise level by e a8 times in a 10-cm cell, one would
need an input laser intensity of 1000 MW/cm 2. The Q-switched laser pulse
intensity used in the experiments was, however, always around 100 MW/
cm 2 or less, which should not be sufficient to generate any detectable
Raman radiation. This observed gain anomaly [-7.43] together with
many other related anomalous effects such as forward-backward asymmetry [7.44], spectral broadening [7.44], anomalous anti-Stokes rings
[7.44, 45], etc., had stimulated a lot of research acitivites on the subject.
Only several years later, people began to understand that most of these
anomalous effects were actually induced by self-focusing of the input
beam [7.46]. Therefore, before we compare the experimental results with
the theory, we should discuss briefly how self-focusing affects SRS.

7.3.1 Anomalous Effects Due to Self-Focusing
The gain anomaly is illustrated in Fig. 7.7. The curve of first Stokes
intensity versus input power shows a sharp threshold. The slope at the
threshold yields an anomalously large Raman gain which cannot be
understood from the theory of SRS. Now, this is known to be due to self-
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focusing. Self-focusing arises because of the existence of a positive
field-induced refractive index in the medium. Consider a beam with
finite cross-section. The central portion, which is more intense, sees a
larger refractive index and therefore propagates more slowly than the
edge. Consequently, the wavefront is distorted. Since the rays should
always propagate perpendicular to the wavefront, they then appear to
bend towards the axis and self-focus to a point. The focus is at the
position [7.47]
~r(t)

-

K/[1/~

- 1/-~-],

where K and Pot are constants depending on the beam characteristics and
material properties. As the laser power P increases, zf decreases. When
zf first appears in the medium, the intense focus generates the R a m a n
radiation readily. This then explains the observed sharp R a m a n threshold.
It has now been clearly established that SRS in self-focusing liquids is
in fact always initiated from the focal region [7.48, 49].
Self-focusing also explains the forward-backward asymmetry in SRS.
For an input beam with a finite cross-section, the Raman intensities in
different directions are expected to be different because of the different
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Fig. 7.7. First-order forward and backward Stokes power versus the toluene cell length
at three laser powers P1 = 80, P2 = 67, and P3 = 53 MW/cm2. [After Y. R. SHENand Y. J.
SHAHAM: Phys. Rev. 163, 224 (1967)]
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active lengths, but the forward and the backward Raman intensities are
supposed to be equal by symmetry. The experimental results in selffocusing liquids, however, show a clear forward-backward asymmetry, as
seen in Fig. 7.7. This is again due to self-focusing. Since SRS is first
initiated from the first focus at or near the end of the cell, the forward and
backward Raman radiation should experience very different Raman
amplification. Moreover, the fact that the backward Raman radiation
always meets head-on with the undepleted incoming laser beam could
lead to a very short sub-nanosecond Raman pulse [7.50].
Self-focusing also imposes a strong frequency modulation on the
beam. This then explains the observed spectral broadening of both
laser and Raman radiation in self-focusing liquids [7.51]. In nonself-focusing media, the spectral broadening may be due to successive
beats of laser and Raman radiation to many orders [7.52, 53].
First-order anti-Stokes radiation should appear around the directions defined by k a = 2k i - k s. However, in self-focusing liquids, another
cone of anti-Stokes radiation at somewhat larger angle from the axis can
often be observed [-7.45]. This is presumably due to anti-Stokes emitted
in the filamentary focal region, because the condition of phase matching
along the surface of the filament is now important [7.54].

7.3.2 Raman Oscillation in Non-Self-Focusing Media
Even in non-self-focusing media, study of SRS using the set-up in Fig. 7.6
shows a sharp threshold in the growth of Stokes intensity versus input
laser power. An example is shown in Fig. 7.8, which gives the Stokes
output versus the laser input in liquid nitrogen [7.55]. Self-focusing was
not observed in this case. As the laser power increases, the Stokes output
first increases linearly as a result of spontaneous scattering and then
grows quasi-exponentially. At a certain input power ILi, the Stokes output shows a sudden rise. Finally, it levels off because of depletion of laser
power. This sharp threshold was first believed to be due to feedback from
Rayleigh scattering [7.55]. Recently, SPARKS [7.25] has pointed out
that this is in fact an intrinsic behavior of Raman oscillation resulting
from parametric instability. Using the full quantum description [Eq.
(7.3a) with Wsioiw_nl(n 2 + 1 ) ( % + 1), W~sQsOC(n1 + 1)n2n~, and (c3/Ot
+ l/T1) (n~ -fi,v) = Wsi¢i- W/S0y, where fi~ is the number of thermally
excited phonons], he found a solution of the coupled equations. His
calculated results for SRS in liquid N 2 agree very well with experimental
data, as show in Fig. 7.8. However, it should be pointed out that for liquid
N 2, it is probably more appropriate to use the localized molecular
vibration model rather than the harmonic phonon model, i.e., we should
use Oi, ~j, and (7.24) instead of ns and the differential equation for ns.
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Very recently, HAIDACHER and MAIER [7.128] have shown that the
sharp Raman threshold anomaly is not due to a parametric instability,
but due to diffuse reflection from cell windows.

7.3.3. Raman Gain Measurements
The set-up in Fig. 7.6 is, of course, only good for studying Raman oscillation. In order to study stimulated Raman amplification, one must not
use a single oscillator system, but should use a combined oscillatoramplifier system [7.57]. A typical set-up is shown in Fig. 7.9. The Raman
gain can be obtained by measuring the ratio of the Stokes input to the
Stokes output of the amplifier. In Fig. 7.10, the results of LALLEMAND
et al. [7.57] on hydrogen gas are shown to be in good agreement with the
theoretical curve. Such a Raman gain measurement is, however, not very
successful in self-focusing liquids because self-focusing would occur in
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the a m p l i f i e r before the a m p l i f i c a t i o n factor differs a p p r e c i a b l y from
1 [7.583.
7.3.4.

Anti-Stokes

and H i g h e r - O r d e r

Raman Radiation

S t i m u l a t e d a n t i - S t o k e s r a d i a t i o n was first o b s e r v e d by TERHUNE [7.9].
AS shown in Fig. 7.11, it a p p e a r s in the form of b r i g h t m u l t i - c o l o r e d
rings. Different rings often c o r r e s p o n d to different o r d e r s of anti-Stokes.
In liquids, a n t i - S t o k e s rings up to the 4th o r d e r can be easily p h o t o g r a p h e d on c o l o r film. CHIAO a n d STOICH~F l-7.10b] s h o w e d in calcite

Fig. 7.11. Multicolor anti-Stokes rings created in benzene by a ruby laser beam. [After
A. Ynmv: Quantum Electronics (John Wiley, Inc., New York, 1967)]. (Picture taken by
R. W. TERHUNE)
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that the anti-Stokes is actually emitted with cone angles given by the
phase-matching relation k .... = k,.,,_ 1 + k l - k ..... where the integer n
indicates the order. We may recall that the theory (Subsection 7.2.4)
predicts for the first anti-Stokes a ring with a central dark band at the
phase-matching directions. The reason the dark band was not observed
is presumably due to the fact that a practical laser beam has a spread in
k-space which tends to smear the dark band in the anti-Stokes ring.
GARMmE made a detailed study of the anti-Stokes rings produced in
self-focusing liquids [7.45]. Two sets of cones were observed, Class I
and II. Class I appeared at the normal phase-matching directions and
Class II at some anomalous directions presumably determined by
surface phase matching along the filaments created by self-focusing
[7.45, 54].
Higher-order Stokes radiation has also been observed mostly along
the axis in the forward and backward directions. Quantitative studies of
generation of higher-order Stokes radiation are generally difficult because
of the many competing nonlinear processes present. VON DER LINDE et
al. [7.42] using subnanosecond laser pulses were, however, able to carry
out a quantitative study in a special case. The short input pulse effectively
suppresses both the stimulated Brillouin scattering and the backward
Raman radiation. The effect of self-focusing can also be minimized by
using high pulse intensity. Then, the forward SRS becomes the only
effective nonlinear process in the medium. This is just the condition under
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which (7.36) is valid. Figure 7.12 shows that the experimental results agree
very well with the theoretical curves calculated from (7.36), taking into
account the real beam profile.

7.3.5. Stimulated Anti-Stokes Absorption
As seen in Subsection 7.2.4, the gain of the stimulated first-order antiStokes radiation is negative in directions where the Stokes--anti-Stokes
coupling is weak. With both laser and anti-Stokes radiation present, the
laser field will be amplified at the expense of the anti-Stokes. Thus, if the
laser beam and a beam from a broadband source around co, propagate
together in the medium, we expect to find a dark absorption band at cob
in the broadband output spectrum. This was observed by JONES and
STOICHEFF [7.59], and has been suggested as a useful spectroscopic
technique to study molecular vibration.

7.3.6. Competition Between Different Raman Modes
Under normal conditions with nanosecond pulse excitation, only one
Raman mode which has the maximum Raman gain participates in SRS.
This is usually the Raman mode with both large cross-section and narrow
linewidth. The effective depletion of laser power into this Raman mode
forbids SRS to occur with other Raman modes. In transient SRS, it is,
however, possible to have several Raman modes show up simultaneously,
as we shall see later.

7.3.7. Competition Between Stimulated Raman Scattering and Other
Non-Linear Optical Processes
We have already seen the effect of self-focusing on SRS. Other nonlinear
processes, such as stimulated Brillouin scattering, two-photon absorption, etc., may also affect SRS. They may compete with SRS in depleting
the laser power and consequently suppress SRS [7.50]. Quantitative
studies of the influence of other nonlinear processes on SRS have not
yet been done.

7.3.8. Stimulated Raman Scattering in Solids
We give in Table 7.2 a list of crystals in which SRS has been observed.
The study of SRS in crystals has not been as extensive as in liquids mainly
because a crystal is less flexible for investigation then a liquid and often
much more expensive.
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Table 7.2. Observed stimulated Raman lines in a number of crystals
Crystal

Stimulated Raman shift [ c m - ~]

Ref.

CaCO 3
Si
Diamond
InSb
LiNbO 3
~-Sulfur
CAW04
KDP

1086
521
1332
0~300
42--200
216, 470
911
915, 93

a
b

d

e

a
b
c
d

G. ECKARDT: IEEE J. Quantum Electron. 2, 1 (1966).
j. M. RALSTON, R. K. CHANG: Phys. Rev. B2, 1858 (1970).
C. K. N. PATEL, E.D. SHAW: Phys. Rev. B3, 1279 (1971).
j. GELBWACHS, R. H. PANTELL, H. E. PUTHOFF, J. M. YARBOROUGH: Appl. Phys.
Lett. 14, 258 (1969).
e M. K. SRIVASTAVA,R. W. CROW: Optics Commun. 8, 82 (1973).

7.4. Stimulated Polarization Scattering
In more general cases, the material excitation ~ discussed in Section 7.2
can be excited not only by Raman process (or two-photon), but also by
direct infrared (one-photon) absorption. In other words, the excitation is
both infrared and Raman active. This happens, for example, with
phonons in polar crystals. Coupling of lattice vibration and infrared
wave was first studied by HUANG [7.60]. In general, the mixed excitational
wave resulting from direct coupling of photon and material excitation is
known as polariton [7.61], and obeys the so-called polariton dispersion
curve.
SRS in such a medium will excite the mixed infrared and material
excitational wave or simply the polariton wave, and therefore is called
stimulated polariton scattering (SPS). The theory of SPS has been
discussed by LOUDON [7.37], by BUTCHER et al. [7.37], by SHEN [7.62],
by HENRY and GARRETT [7.63], and by many others [7.64]. We shall
present the coupled-wave approach here [7.14, 62].
Consider four waves interacting with one another in SPS: the laser El,
the Stokes E~, the infrared E3, and the material excitation ~p. If we assume
negligible depletion of the laser power, then the wave equations for the
other three waves can be written as (see Section 7.2)

[V2 + (o92 es/c2)] Es = - (4no92 /c z) pNL (~s)
[172 -]- ( 0 2 g,3/C2)] E 3 = -- (47~o92/c 2) [P(1)((.03) + pNL (t2)3)]

h(o93 - o9yi + iF)~p = F (I) + F NL ,
where o93 = col - ogs.

(7.37)
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We have assumed that ~p has a resonant frequency o3r~independent of
wave vector. The direct coupling between E3 and ~p leads to an effective
interaction energy
<,g'~r )> = - N A : , ( Q , - Oy)~p*E3 + c . c . ,

(7.38)

where A : ~ E a = (fl,Jt°'[i> and a f ' is the usual interaction Hamiltonian
between light and matter. We then obtain
P(1)(o~a)

=

F(')=

-

a<~'f)> /aE~=

+

a<~2~)>/ODp*N(o~- o:)3 =

N A~,(o, - o y)tp

(7.39)
-

Af,E3 .

The nonlinear coupling between waves leads to

<~>

= - N M } , ( e , - o : ) E , ~ t ~* - z(2)~, E t E~ + c. c.

(7.40)

from which we find
pNL ((-Os) = X(2)E1 E* + NM~.i(~i - QI)E1 tp*

pNL(to3) -~ Z(2)E1 E*

(7.41)

FNL= - M } i E I E* .
Elimination of ~p in (7.37) yields [7.14]

[[72 + (o)~/c 2) (a*)ofr]

~* =

2 ~ )ZoffEl
(~) , E~
-(4no)s/c

[[ 72 "t- ((,02/C 2) (~3)effl E3 = - ( 4 r m ) 3 / c2

2)ZoffE1E~
(2)
,,

(7.42)

where
( ~ ) o f r = ~* + 4 = Z ~ ) l E ~

Z~a)= - NIM}ilz(cgi

12
'- e f ) / [ h ( ( . o 3 - f o f i

+

iF)]

(~3)eff = /~3 -- NIA.FiI2 (Qi - Qf ) / [ h ( o ) 3 - o.)f i + i F ) ]

7j2)_
or~ - Z(2)_

N A':iM}i(Oi -

~:)/[h(o3

- ~:~ +

(7.43)

ir)].

We have assumed for simplicity that A.r~M}i
* s is real. Note that k3 = (co3/c)
' (e3)~ffgives the polariton dispersion curve.
The equations in (7.42) are in the same form as the wave equations
governing parametric amplification [7.65]. They are also similar to
(7.32) for Stokes--anti-Stokes coupling. The solution of (7.42) is also
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similar to (7.34) and (7.35) and can be written down easily• For waves
propagating into a medium with a plane boundary at z = 0, we have [7.14]
E* = [g*+ exp(iAK+z)+~*_ exp(iAK_z)] e x p ( - i k ~ . r )

(7.44)

E3 = [~3+ exp(iAK+ z) + ~3- exp(iAK_z)] exp(ika - r + iAkz),
where
k = (og/c) (~'e.) ~

dk=k~-k~-ka~,

k~=k'2

AK± = ½(Ts- 73) ± ½[(?s + 73)2 - 4A] ½
y~ = ( k J 2 k J (icts + 2kR)
kR ----(o)2/2ks~ C2)4r~ XR IE 112

(7.45)

73 = - A k - i(ka/2k3~)~ 3
A = (4n 2 o9~o92/c2 ks~ka~) :~t2)~2
kA,e f f ! Igxl 2

1d~3/8, I = (o92kdo92 kaz)½ ih ½( d K± + 73)].
The gain corresponds to G = - 2 Im {AK± }. We consider only the mode
with G > 0.
Two special cases should be mentioned here. First, if there is neither
linear nor nonlinear coupling between E a and the other waves, i.e.,
A:i = 0 and Zt2) = 0, then the problem reduces to Stokes generation with
G = GR. Second, if the nonlinear coupling between ~p and E S vanishes,
i.e., M:~ = 0, then the problem reduces to the simple case of parametric
amplification [7.65]. The expressions of G and 183/8"1 given here also
reduce to those of H~NRV and GARR~Ta" [7.63] when ~p is replaced by
(2o93/h)*Q, the absorption coefficient as is neglected, and ea is assumed
to be real.
For given o93, the gain is a maximum at phase matching A k = 0 if the
resonance of o9:~ is sufficiently narrow. HENRY and GARRETT [7.63] have
calculated Gin,x and the corresponding 1~3/8"[ for G a P at frequencies
around the 366-cm-1 phonon mode. Their results are shown in Fig. 7.13.
In this case, only a small section below o~:~= COocan be phase matched.
The two terms in Z~2dof (7.43) are of opposite signs for co3 < o90 in GaP.
As a result, Gm,x gradually reduces to zero as o93~250 cm-1. SUSSMAN
[7.66] has made similar calculations for the 248-cm-1 phonon mode of
LiNbO 3. The results are shown in Fig. 7.14. The two terms in ~:2)
/ . e f f are now
of the same sign for o93 <COo and hence Gmax increases gradually for
f-O3 < O) o.
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Experimentally, SPS was first observed in LiNbO3 by KURTZ et
al. [7.11]. GELBWACrIS et al. [7.12] demonstrated the fact that the Stokes
frequency can be tuned over a narrow range by adjusting the relative
angle between k l and ks to achieve phase matching with 093 sitting on
the polation dispersion curve. In a resonator, up to 70% of the laser
power can be converted into Stokes. Since the infrared E 3 should be
generated simultaneously with the Stokes wave Es, S PS can also be used to
generate tunable coherent far-infrared radiation. Using a 1-MW Qswitched ruby laser beam of about 2 mm in diameter and a lens of
50 cm in focal length to focus the beam into a 3.3-cm a-axis LiNbO3
crystal, YARBOROUGH et al. [-7.67] have detected a far-infrared output

Stimulated Raman Scattering
25

305

Ip =5x 108W/cmz
/ ~

~~

XP=6943

20

15
'E
u
o, I0

5

00

Tlb) 628 cmI MODE
(LOWERABSCISSA)
I
50

I
I00

500
v i

I
150

550
(era-'}

200
600

Fig. 7.14. Plots of stimulated gain coefficient(9,) as a function of idler frequencyfor the
248 cm- 1 mode (Curve a) and the 628 cm- 1 mode (Curve b). (After [7.66])
with a peak power of 5 W and a tuning range from 50 to 238 c m Unfortunately, LiNbO3 has a low damage threshold. A good singlemode laser should be used ir~ order to avoid spatial inhomogeneity in
the beam which increase the damage probability. Observation of farinfrared output by SPS in quartz has also been reported I-7.68].

7.5. Stimulated Spin-Flip Raman Emission
We have emphasized in the previous sections that the material excitations
involved in SRS can also be electronic excitations. A case of special
interest is SRS in n-type InSb by electrons making spin-flip transition.
The corresponding Raman process is shown schematically in Fig, 7.15.
Spontaneous spin-flip Raman scattering was first observed by
SLUSHERet al. [-7.69] following the theoretical predictions of WOLFF I-7.70]
and YAFET [7.71]. YAFET showed that the Raman transition between the
spin-up and spin-down states can be considered as a direct transition
governed by an effective interaction Hamiltonian

~.'~f'~

[ E2_(ho91)2 ]a.(A1

xA*),

(7.46)
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Fig. 7.15. Schematic of spin-flip
Raman process in n-InSb

where m~ is the spin mass which is related t o the free electron mass m
and the spin g factor by m~ = 2m/Igh, Eg is the band gap, o91 is the incoming
light frequency, tr is the spin operator, and A 1 and A2 are the vector fields
of the incoming and scattered radiation, respectively. The spin-flip
frequency or the Raman frequency shift is

A o9 = 2g~BB,

(7.47)

where ~a is the Bohr magneton and B is the applied magnetic field. F r o m
the first golden rule and (7.46), we find readily the spin-flip Raman
cross-section as
(dtT/d~C2)sv~(e2/msC2)2(o)2/691)

[Eshogi/(E 2 -- h2 fO2)] 2

(7.48)

for A 1 perpendicular to A2.
In InSb, since # -~ 50, we have rns -~ 0.04 m and ifEghog~ ~ (E~ - h2(.02),
(dtr/df2)s F would be about 600 times larger than the Thompson scattering
cross-section for free electron. For ho91~ Eg (da/df2)sv can be even much
larger as a result of resonance enhancement.
Using a CO2 laser (o91 = 9 4 0 c m - i ) , SLUSHER et al. [-7.69] found
experimentally in InSb (dtr/dl2)s ~ ~- 10-23 cmE/sr which agrees fairly
well with the theoretical prediction from (7.48). With a CO laser (o91
= 1880 cm-1 while E~/h = 1900 cm-1), BRUECK and MOORADIAN 1-7.72]
observed a strong resonant enhancement and found (da/dO)sF can be
105 times larger than the Thomas cross-section (see Fig. 7.16). The spinflip Raman linewidth is also extremely narrow at low temperatures.
Depending on the carrier concentration and k s-B, where ks is the
scattering wave vector, the half width F can be as small as 0.15 c m - a at
n = 1 x 1016 cm -a [7.73].
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The above spontaneous scattering data clearly suggest that spin-flip
SRS can easily be seen in InSb. By assuming a Lorentzian R a m a n line
with a half width F = 2 c m - 1 and using (7.3) with Qi - Qy = 1, we find a
spin-flip R a m a n gain GR = 1.7 x 1 0 - 5 1 c m -1 in an n-type InSb with
n -- N -- 3 x 10 t6 c m - 3, where I is the CO2 laser intensity in W/cm 2 [7.74].
As seen in Table 7.1, this is the largest known R a m a n gain for all materials.
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The gain can be increased further by adjusting n appropriately with
respect to F and by moving h~o 1 towards Eg. With a C O laser, GR becomes
6 x 10 -4 1 c m - 1 for the same n according to (7.48).
F r o m the calculated gain, one expects that spin-flip SRS can be
generated in InSb of few m m in length with a beam of ~ 105 W/cm 2 at
10.6 ~m (CO 2 laser) or ~ 103 W / c m 2 at 5.3 lam (CO laser). PArEL and
SHAW [7.13] first observed spin-flip SRS in InSb using a Q-switched
CO2 laser at 10.6 I~m as the pump. With an input peak power of 1 K W
focused into an area of 10 - a cm 2 in a sample of ,,, 5 m m long and
n ~ 1016 c m - 3 at T ~ 18 K, they obtained a Stokes peak power of 10 W.
The Stokes frequency was tuned by an applied magnetic field according
to (7.47). It was varied from 10.9 to 13.0 ktm with B changing from 15
to 100 K G [7.74]. This then yields a practical tunable coherent source
in the infrared. The Stokes output had a linewidth of less than 0.03 c m - 1
[-7.74].
BRUECK and MOORADIAN [7.75] found that spin-flip SRS in InSb
could also be operated on the cw basis with a CO laser at 5.3 I~m as the
pump. Using a single-mode C O laser beam focused into an area of
5 x 10- s cm 2 in a 4.8-mm InSb with n ~ 1016 c m - 3 at T , ~ 30 K, they
obtained an SRS threshold of less than 50 mW, a power conversion
efficiency of 50 %, and an output power in excess of 1 W. DE SIL~rS and
PATEL [7.76] have achieved a conversion efficiency of 80% with samples
in a low magnetic field. The cw Stokes output can have a linewidth less
than 1 K H z [7.77].
Anti-Stokes radiation and Stokes radiation up to the 4th order have
been observed in the spin-flip R a m a n oscillator I-7.75, 76, 78, 79]. The
anti-Stokes is generated through coupling to the Stokes (Subsection
7.2.4) and the nth-order Stokes is generated by the (n - 1)th-order Stokes
(Subsection 7.2.5).
Very recently, stimulated spin-flip R a m a n scattering has also been
observed in InAs by ENG et al. [7.79] using an H F laser pump. The
threshold power was about 15 W and a conversion efficiency of 20% was
achieved. This may become an important tunable source in the 3-5 lain
region. SArrLEP, et al. [7.79] have observed tunable spin-flip R a m a n
scattering in Hg0.77 Cd0.23Te p u m p e d by a C O 2 T E A laser. The output
power could reach 1 W. It is believed that this tunable output is probably
also the result of stimulated scattering.
The spin-flip transition can also be excited directly by an infrared
wave through magnetic-dipole interaction. The interaction Hamiltonian
for this direct process is
J/t°' = - 9#B~r ' B.

(7.49)
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Since the spin-flip excitation can be excited by both the Raman process
and direct absorption, we should in fact use the theory of stimulated
polariton scattering in Section 7.4 to describe the spin-flip SRS. In
this case, the effective interaction energies (~¢f~f)) and (~fffL) in (7.38)
and (7.40) can be easily obtained from (7.49) and (7.46), and hence A:i
and M:i are readily known [7.14]. The solution in (7.44) and (7.45) is
then directly applicable to spin-flip SRS.
In the present case, we always have (?s+ ?s) 2>> A because the background absorption at co3 is strong. As a result, the stimulated polariton
gain is almost exactly equal to the stimulated Raman gain assuming
A --- 0, as shown in Fig. 7.17. We should, however, note that in stimulated
polariton scattering, we expect to have the far-infrared generated together
with the Stokes. In Fig. 7.17, we have also shown the ratio of the farinfrared output to the Stokes output for the collinear phase-mismatching
case and for the non-collinear phase-matching case. The non-collinear
phase-matching case appears to have a stronger far-infrared output.
N o observation of direct far-infrared output from a spin-flip Raman
oscillator has been reported yet, and only the collinear phase-nonmatching case has been tried I-7.80]. However, by feeding both the laser
and the Stokes into an InSb crystal, pulsed far-infrared output has been
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detected. Its maximum appears right at resonance [7.81]. The results
agree very well with what the theory of stimulated polariton scattering
would predict [7.14, 82]. The far-infrared output from InSb can of course
be tuned over the same frequency range as the Stokes [7.83]. This therefor gives us a potential far-infrared source which is intense, coherent,
and tunable. It is possible that the cw spin-flip SRS can also lead to a cw
tunable far-infrared source of extremely narrow linewidth.

7.6. Transient Stimulated Raman Scattering
We have so far considered only the steady-state case of stimulated
Raman emission. This is manifested by the time-independent wave
equations we used in the theory. In the experiments, however, laser
pulses are often used. Therefore, in general, we cannot neglect the timedependence in the wave equations.
We can, however, still assume slow amplitude variation of the fields.
The time-dependent wave equations corresponding to (7.5), (7.29), and
(7.32) for infinite plane waves propagating in the forward direction along
in an isotropic medium are

c3

1 O)
-~

-~z + -Vl
--

O

~(z, t)=

. [ 2~z~o2 '~
l~ c--~-l )N(M;i)*(~i-Qf)d~2A

1 0 )
. [ 2~zo92 ~
+ v,- -& g,(z, t) = l~e~--~ ) NM~i(O,- O:)g, A*

(7.50)

h(a/Ot + r ) A ( z , t) = i M ~ i g , g* ,

where gl and g2 were defined in (7.4), A is defined through the relation
~p= A exp[i(k 1 - k ~ ) z - i o y i t ], ~o~= col-co:i, vl and v~ are the group
velocities at co~ and co~,respectively.
Consider first the case where the amplitude variations of E~ and Es
are sufficiently slow, so that IOA/Otl is negligible compared with ]FAL.
Then, the material excitation A(z,t)=iM}ig~g*/hF
follows almost
instantaneously the time variation of g , g * . If the dispersion of the
medium is also negligible, then v, = v~. By transformation of variables
z' = z and t' = t - z/v, (7.50) reduces to

Ogl/Oz' = i(2no~2/e 2 kl)zka:lg2l 2gt
Ogs/Oz' = i(2no~)/e 2 ks) Z~a) ItS112,~
Z~)= NIMbi[2 ( 0 i - Q:)ihr.

(7.51)
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These equations are identical to (7.7) except that 81 and gs are now
functions of z and t - z/v. In other words, gl and ~ follow the steadystate variation in the retarded time coordinate. This is the quasi-steadystate case. Using the retarded time, all our previous theoretical discussions are valid for this case.
For backward SRS, however, we should replace v~ in (7.50) by -vs.
The steady-state solution is no longer applicable unless the amplitude
variations of the input pulses are negligible in the time which takes light
to traverse the entire length of the medium. MAIER et al. [7.50] have
found the following general solution for this case (assuming Ivll = Iv~l)

(

z

_~)

1412 t + ~ - , t -

=

I<lz(t + z/v, O)
Fs(t+z/v)+exp[-Fl(t-z/v)]

where
t+z/v

Fs(r + z/v)=

S gl¢s(Y , O)12dy
0
t - zlv

Fl(t-z/v)=

~ g181(O,y)12dy

(7.52)

0

g = - (4~o32/c ~ ks)Im {Zh3)}.

For given initial conditions at z = 0, one can then calculate the output
Stokes intensity. An example is shown in Fig. 7.18. It is seen that with a sufficiently long medium, the backward Stokes pulse is sharpened through
amplification drastically. Physically, pulse sharpening occurs because the
wavefront of the backward Stokes pulse continuously sees the fresh
undepleted incoming laser beam and gets full amplification while the
lagging part of the pulse does not. This phenomenon was actually
observed in Kerr liquids where the initial Stokes pulse was generated by
self-focusing at the end of the cell [7.50].
Consider next the case where 81 g* varies rapidly such that in (7.50)
IOA/Otlis no longer negligible compared with [FA I. This means that even
the material excitation cannot reach its steady-state value during the
pulse. Consequently, the forward Stokes generation also shows a transient
behavior. This type of transient SRS occurs when the laser pulsewidth
Tp is smaller than, or comparable with the de-phasing time T2 = 1/F of
the material excitation, or more rigorously, when Tp < GRInl T 2 where GRIn
is the steady-state Raman gain in (7.9) at the peak of the input pulse and 1
is the length of the medium [7.84, 85-1. In gases, T 2 is of the order of
10 -9 sec or longer. In liquids, T2 is usually in the range of picoseconds.
One must then use picosecond mode-locked pulses in general to study
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transient SRS, although Q-switched pulses may be used in some gas
media I-7.86]. With picosecond pulses, the backward Raman pulse
intensity is hardly detectable because of the very limited interaction
length with the incoming laser pulse. We can therefore limit our discussion to forward SRS only.
The theory of transient SRS has been discussed by many authors
I-7.85, 87-91]. It closely resembles the theory of transient stimulated
Brillouin scattering I-7.84]. Assume that both the depletion of laser
power and the induced change of the population difference (0~- Qs) are
negligible. Equation (7.50) then reduces to (assuming vl = vs)

3

1 3)~

-~-Z --]-- - - -

v fff

s ~--. irh~x(t-z/v)A*
(7.53)

( --5-[
3 + F )A* = -irl2 ~*(t-z/v)~s,
where
~i = (2z~o~/ c2 ks) N M]i(ei - Oi)

r/2

=

(M~i)*/h,

and ~1 (t - z/v) is prescribed by the initial condition.
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Combining the two equations in (7.53) and using the new variables
we obtain a second-order partial differential
equation [7.91]

Z'=z and t ' = t - z / v ,

[O2/Ot'bz ' - rtx r/2 [~, (t')l 2] U = O,
where U = F e x p ( F t ' )

(7.54)

and F stands for either A* or g~. By defining

t'

~

~ le~(t")12dt " as the integrated energy in the laser pulse up to
-oo

t', the equation is further reduced to the standard form of a hyperbolic
equation
((~2/~'C (~Zt - - / ' ] 1 / ~ 2 ) U -----0

which can now be solved with arbitrary initial conditions. The solution
takes the form [7.91],
t"

8s(z', t') = g~(0, t') + (r/, ~/2z)~ 81 (t') S e - rt,'-t"~
--o0
•

,

t,

{ e I (t)e~(O,

A*(z',t')=irl~

t~)

[z(t')-z(t")]-~Ii(2[rlltl2('c(t ')

z(t"))z']~)}dt "

,'

(7.55)

~ e -r~t'-'''~
-oo

• ef'(t") ~ ( 0 , t") Io(2[n~ r12 (z(t') -

~(t"))z'q~)}dt",

where the input conditions are A * ( z ' ) = 0 at t ' ~ - o o
and e~(z',t')
----~(0, t') at z = z' = 0, and I; is the ith order Bessel function of imaginary
argument.
The Bessel functions have the asymptotic limits that I0(x)---1 and
Ii(x)_~x for x ~ l , and I~(x)~(2nx)~exp(x) for x>>l. The Stokes
amplitude therefore first increases linearly with z. Then, in the limit
of large amplification, it varies exponentially in the form
t'

¢~(z', t') ~ el(t') ~ , ~ (t")e~(o, t") [ ~ ( t ' )

-

~(t")]-

--O0

• exp { - F(t' - t") + 2[~/t 172(z(t') - z(t"))z']~}.

(7.56)

For a rectangular laser pulse, it is easy to show from (7.56) that if the
pulse is sufficiently long, then gs takes on a steady-state exponential
gain when (t - to) > G Rz T2 where t o is the starting time of the pulse. For
this reason, Tp (pulsewidth) < GamzT2 is used as the condition for the
occurrence of transient SRS as we mentioned before•
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If Tp < T2, thr factor e x p [ - F ( t ' - t " ) ] can be neglected during the
laser pulse. We can see from (7.55) and (7.56) that the Stokes generated
does not grow appreciably at the leading edge of the laser pulse, but
increases rapidly towards the middle part. It finally drops off following
the laser pulse shape at the tail. Therefore, the Stokes peak always
appears after the laser peak and the Stokes pulse should be narrower
than the laser pulse. The material excitation behaves in a similar manner,
but towards the tail it decays exponentially as e x p ( - F t ) even after the
laser intensity has dropped to almost zero. In the limit of large amplification, we have from (7.56) [7.91]
(O~s)ma x OC exp (GT z/2),

(7.57)

where the transient gain GT is given by

Gr = 4[~/, ~/=<Id, 12) Tp/z] ~

<Igl[2> Tv - S ]tfl(t)l 2dr.
--oo

This transient gain is then independent of the laser pulse shape. For a
pulse of the form gl(t')=dl~,exp(-It'/T["), it has been shown [7.91]
that the peak of the Stokes pulse is delayed from the laser peak by a
time tD =

T(½ l O g G R m Z )

l/n.

CARMAN et al. [7.913 have carried out numerical calculations of
transient SRS for various pulse shapes. Their results of GTZ for Gaussian
laser input pulses of different pulsewidths versus the maximum steadystate gain GmR Z are presented in Fig. 7.19. It shows that when Tp > GRInz T2,
we have GT _~ GRIn, and otherwise, GT < Gain as the transient gain should
be. At sufficiently large GRmZ, the curves also show a z"~dependence for
Grz as predicted by (7.57). The variation of the time delay to with Gx for
Gaussian laser pulses of different pulse widths is shown in Fig. 7.20.
As expected, to increases with GT, more rapidly at large values of GT.
In Fig. 7.20, sharpening of the Stokes pulse with increasing GT is also
shown. The effects of phase modulation and linear dispersion have also
been studied [7.91-1.
Earlier experiments by HAGENLOCKERet al. [7.86] first suggested the
transient behavior of SRS in gases with Q-switched laser pulses. Later,
with picosecond mode-locked pulses, transient effects of SRS in liquids
were observed [7.92-97]. Since the transient gain Glr depends only on
the total Raman cross-section (~: ~/lr/2) while the steady-state gain GRm
is also inversely proportional to the linewidth F, it is possible to observe
in transient SRS some Raman modes which are not observed in steady-
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state SRS [7.96]. M o r e than one R a m a n m o d e can s h o w up in transient
SRS [7.96, 98]. CARMAN and MACK [7.99] have recently m a d e quantitative
m e a s u r e m e n t s on transient SRS in SF 6 gas. T h e y c h o s e S F 6 because of
its small linear dispersion and the absence of other nonlinear effects
during SRS. Their results agree well with the predictions of the theory.
A better experiment to test the theory of transient SRS is, however, to
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measure the temporal variation of Stokes amplification in an amplifier
cell as we discussed earlier in Subsection 7.3.2. Such an experiment,
however, has not yet been carried out.

7.7. Applications of Stimulated Raman Scattering
We have seen how SRS can be used to generate coherent light at new
frequencies. There are a number of other applications of SRS. We shall
discuss only a few of them in the following.

7.7.1. Measurements of Vibrational Lifetimes
In analogy to the magnetic resonance case, there are two characteristic lifetimes for each molecular or lattice vibration: the longitudinal
lifetime 7"1 and the transverse (or dephasing) lifetime T2 [7.34]. These
lifetimes cannot be obtained simply from linewidth measurements.
Only in the limit of homogeneous broadening is T2 equal to the inverse
halfwidth, but even then T2 can be very different from 7"1. The two
lifetimes can, however, be measured directly by watching the vibrational
decay after a short pulse excitation. Both the pulse excitation and the
monitoring of vibrational decay can be achieved through Raman
transitions. In the case of condensed matter, the vibrational lifetimes are
often in the picosecond range. Then, the SRS method appears to be
the only way to measure the vibrational lifetimes directly.
As discussed in Section 7.2 and 7.6, the time-dependent excitation
of the coherent vibrational field and the population of excited molecular
vibration is governed by the following set of equations [from (7.50),
(7.24), and (7.25)]
-~z +

(__~_z +

~x (z, t)

N

-

o:),,esO.

1 0)
(2~o9~z) ( ~ _ ) ' ~
v---~--~-t- gs(z,t)=i ~
N
M~,(~oi-~oy)glQ*
(7.58)

1

A

2h\h

)

• [M:~el ,e* Q* - M } , ¢ ? , ~ , Q]

(e,- o:)
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We assume that the experiment is designed to have negligible depletion of
the ~ field and A~ ,~ (60 -~}). Thus, with gx = constant and (~i-QI)
replaced by (40 - ~-), the solution for gs(z, t) and Q(z, t) is just the transient
solution discussed in the previous section [7.91-]. The solution for
d~(z, t) is then obtained by solving the equation of A~ with the calculated
g~(z, t) and Q(z, t). The temporal behavior of both Q and A~ can be
monitored experimentally by a probing beam. The coherent vibrational
field Q should scatter the probing beam coherently in the phase-matched
direction. The population change AQ gives rise to a change in the intensity
of the incoherent Stokes and anti-Stokes scattering.
However, since T~ and T2 of condensed matter are in the picosecond
range, it is difficult to monitor the continuous variation of scattering
of the probing beam with time electronically. We must resort to optical
means with the help of picosecond pulses. We can use a picosecond pulse
at cox to excite the vibration via Stokes transition and then another
picosecond pulse at co2, time-delayed by tD from the first pulse, to probe
Q and AQ via anti-Stokes scattering. For the coherent anti-Stokes
scattering in the phase-matching direction, the anti-Stokes field ~"~(z,t)
at frequency co2 + coo obeys the equation (see Section 7.2)
+

-

a;

go(z, t)

-7v7)

(7.59)

• (M},)*(O ° -Q~)Sz(z, t)Q(z, t + tD),
where gz is the probing pulse field, and the non-resonant contribution to
the nonlinear polarization is neglected. The anti-Stokes output from the
medium as a function of the time delay t o is given by
S ~°h(tD)oc S {g~ (l, t' = t -- Z/V)I2 dr'

(7.60)

= (constant) J"dt'l ~ dz¢2 (z, t') Q(z, t' + tD)[2 .
The incoherent (spontaneous) anti-Stokes scattering gives a signal.
si"c(tD) = (constant) J"dtdz[Sz(z, t)lZ AQ(z, t + to).

(7.61)

Knowing the exciting and probing pulses, and the solution for Q(z, t') in
(7.55) [replacing A by (2Coo/h)*Q], we can then calculate S~°h and SI"¢
from the above equations. It can be shown from (7.55) that if the exciting
pulse has a pulsewidth Tp smaller than or comparable with T2, then
Q(z, t) will show an exponential decay e x p ( - t/T2) at large t, or SC°h(tt))
oc e x p ( - tD/T2) for t D>> T2. Similarly, from the equation for AQ in (7.58),

318

Y,-R. SHEN

:'OioPi

L------IAMPUFIER~~'~ht-LLASER

KDPF

I

2
>

~

el

SCOPE
e~

v///////~

U

F1

-

FD

I

~

RS

I~

I

"

Fig. 7.21. Schematic of the experimental system for phonon lifetime measurement. The
pump beam B1 at 2 = 1.06/am and the probe beam B2 at 2 -~ 0.53 I~m interact in the Raman
sample RS. Glass rod for fixed optical delay: FD; glass prisms for variable delay: VD;
filter: F; photodetector:' P; two-photon-fluorescence system: TPF. (After [7.104])

Q..

I

I

m

I

I /

sincltD

~ sC°hlt DI
o

I

.-

162-

~

~' = 20 +-5ps

~

,'/~ --80

c~
I
0

I

~

l0

Deloy

I

20
Time

I

30

-

I

40

t D {:ps3

Fig. 7.22. Measured incoherent scattering Si"C(to)/S~, (closed circles) and coherent scattering s~°h(tt))/S~ (open circles) versus delay time tt) for ethyl alcohol. The solid and dashed
curves are calculated. (After [7,104])

we realize that AO(z, t) or Si"~(to) will show an exponential decay tail
with a time constant 7"1.Thus, if Tp ~< 7"1, T2, then we can obtain T1 and T2
directly by measuring the exponential decays of s~°h(tt)) and Si"C(tD).
DnMARTIN] and DUCUING [7.100] first used such a method to measure
T1 of the 4155 cm-~ vibrational excitation of gaseous H2. In this case,
T~ is about 30 rtsec at 0.03 atmospheric pressure. Ultrashort laser pulses
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are not needed for the measurements. Recently, ALFANO a n d SHAPIRO
[-7.101], and KAISERand his associates [7.102-105] have used picosecond
mode-locked laser pulses to measure T~ and Tz of molecular or lattice
vibration in liquids and solids. One of their experimental arrangements
is shown in Fig. 7.21. The mode-locked pulse from a Nd glass laser is
used to excite the vibration by SRS, and the second-harmonic of the
mode-locked pulse is used to probe the vibrational excitation. An
example of their results is shown in Fig. 7.22. The exponential tails
of the Si"C(to) and sc°h(to) curves in the figure yield T1 and T2 readily.
These were the first direct measurements of vibrational relaxation times
in condensed matter. The same technique can of course be applied to the
measurements of relaxation times of other types of excitations. By
detecting the incoherent anti-Stokes signal at various frequencies ¢o~ as
a function of tD, one can also study the decay routes of a particular
excitation [7.106, 107].

7.7.2. Measurements of Third-Order Nonlinear Susceptibilities
Consider now the steady-state case where the material excitation lp
with a resonant frequency o9o is driven by the incoming fields E1 and Es
at o91 and ms respectively. A third incoming field E2 at o92 is then used
to probe ~p and the coherent anti-Stokes scattering at oga= o91 - ogs+ o92
is detected. From the discussion in Subsection 7.2.4, the anti-Stokes field
E~ obeys the equation

t~Z

(7.62)

\ c2kaz] ~((3)~2glg*einkz'

where

Ak=ka +k2-k s
~(3) ~ ea" ~(3)]e2eles ~---X(R3) "4- ANR
~(3)
z~ ~ = - N M?r ,( M ) , ) * (e ° - e ~ ) / h ( ~ , - - ~

- ~o + ir),

and ANR~' ('3)is the non-resonant contribution to ,~(3). At phase matching
d k = 0, the anti-Stokes output is given by

t'2, o9 )2

[g.[2 = ~c~--~-~z] IX~a)[2[gx [2 {g212[#~[212 '

(7.63)
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With the incoming beam intensities kept constant, I¢a[2 as a function of
co, - c o s is a m a x i m u m when Iz(3)l is a maximum.
If the coo resonance is a narrow one, and the other resonances are
far away, the dispersion O!''ZNR(a)is negligible when col -co~ varies around
coo over a few linewidths. Then, we can easily show from (7.62) that the
m a x i m u m and minimum of Ix(a)l occur at ( c o l - c o , ) + and (co~-cos)_
respectively, with

°

( c o j - - co~)± = co o +

~,(3)

'

---+

+ F2

)'/•

(7.64)
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where

a = -- N M ~ ,s ( M } , a)

*

(Q,0 --

Q~)/h

such t h a t Z(Ra)=a/(gol--go~--goo+iF).
A n e x a m p l e of IZ~R3)[ v e r s u s
(got -go~) a r o u n d goo is s h o w n in Fig. 7.23. F r o m (7.64), we h a v e
(got - go~)+ + (cot - go~)_ = 2o) o - a/x~d
(7.65)
[(gol

_

_

goS)+ __ (O-)1 -- g o s ) - ] 2 = ( a / X N(3)
R) 2 + 4F 2 .

I n m a n y cases w h e r e la/ZNRI
(a) >>
>: F , t h e m a x i m u m of IZ(3)l a p p e a r s at
° 1 - gos = Oo, a n d t h e n f r o m (7.65) we c a n find a / z ~ a n d F b y m e a s u r i n g
(o91 - go~)±. W e can, of c o u r s e , d e t e r m i n e o 0 a n d F easily f r o m s p o n t a n e o u s
R a m a n s c a t t e r i n g data. T h e i n t e r e s t i n g t h i n g here is t h a t we c a n n o w
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Fig. 7.24. The nonlinear spectroscopy system. The output of laser 1 is shown as a dashed
line, that of laser 2 as a dotted line. Both laser beams are blocked after the samples, and the
output due to frequency mixing is collected and directed into the monochromators.
(After [7,112]). The signal from the reference arm and the ratioing system is used to compensate for laser fluctuations

322

Y.-R. SHn~

obtain ~./.ta)
directly from frequency measurements, and with the
f ANR
coefficient a deduced from the spontaneous Raman cross-section we can
find ZNK.
<3J" If the particular Raman mode is far away from other modes,
then ,~NR
~,t3~ is mainly due to electronic contribution. We can also obtain
Zt3)
NR by measuring the absolute intensity of the coherent anti-Stokes
signal, but frequency measurements should be much more accurate
than absolute intensity measurements.
This type of wave-mixing experiments has been carried out with
co1 -co~ around Raman-active vibrational modes in various materials
by WYNNE [7.108, 109], and by BLOEMBERGENand his associates [7.110113a]. More recently, using this method, LEVENSON[7.1 12] and LEVENSON
and BLOEMBERGEN [-7.113] have measured ~NR
~,t3) for a large number of
liquids and solids. Their experimental set-up is shown in Fig. 7.24. Two
N2-1aser-pumped dye lasers were used as the tunable sources. Their
results for calcite are shown in Fig. 7.23. When there are several Ramanactive modes close together, the analysis becomes somewhat more
complicated, but it is clear that with the help of the spontaneous Raman
scattering data, we can still deduce ZNR"
~3) from the wave-mixing results
[-7.113a]. In a crystal with no inversion symmetry, the modes can be both
Raman active and infrared active. The coupled infrared and material
excitational wave for the polariton wave discussed in Section 7.4 must
now be used instead of ~p in the above formalism. In addition, the field at
oga = o91 - cos + o92 can also be generated by another two-step process in
which the sum-frequency field E(o91 + 092) is first created and then mixed
with E*(~s) to produce g(oga). The analysis for this case is more complicated but quite straightforward [7.111, 114]. Interference between
various contributions to E a can be observed in the dispersion measurements [7.111]. We note again that the above analysis is applicable to any
material excitation such as magnon, plasmon, etc., although experiments
so far have only been performed on Raman-active vibrational modes.

7.7.3. Detection of Low-Concentration Substances

As is well known, Raman modes can be used to identify a substance.
Likewise, the resonant curve of IZ~3)I or IEalz in (7.63) can be used to
identify a substance or to detect low-concentration substances in a
mixture as long as Iz~3)lmax>~ ,~NR~~' 3)in (7.62). This latter technique is most
useful in gas mixtures where the Raman linewidths can be very narrow
and consequently, [Z~a3) [max c a n be quite large even for low concentrations
[see (7.62)]. REGNIER and TARAN [-7.115] have shown that with input
laser powers of about 1 MW, they can detect a H 2 concentration of
about 10 ppm in N 2 gas of 1 atm pressure. For comparison, the 100 ppm
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H2-in-N 2 mixture yields roughly 1 W of coherent anti-Stokes signal
from 1 MW input laser pulses, while spontaneous scattering from the
same focal volume with 1 M W of laser power would lead to an incoherent
Stokes emission of 1 0 - 1 ° W per solid angle. The detection sensitivity
can of course be greatly improved by letting o91 or o92 approach electronic
resonances. Through the resonant enhancement in Msl in (7.1), IZ~3)I for
a gas substance can increase by five to six orders of magnitude. This
technique can be used to study the gas mixture in a flame, in a combustion engine, or in a supersonic jet flow [7.115]. Presumably, it can
also be used to monitor the polluting substances in a smokestack and
automobile exhaust.

7.7.4. Other Miscellaneous Applications
Plasma waves as a material excitation can be excited by SRS [7.36, 116].
The excited plasma waves will, of course, be damped with the energy
turned into heat. This has been proposed as a possible means of heating a
plasma for controlled fusion work [7.117]. However, no clean SRS
experiment on a plasma has yet been reported.
The stimulated anti-Stokes absorption (Subsection 7.3.4) often
k n o w n as the inverse Raman effect, leads to a new Raman spectroscopic
technique [7.59, 118, 119]. By shining a laser pulse and a pulse of continuous spectrum simultaneously on a sample, the Raman spectrum can
be obtained in one shot. More recently, the technique has been extended
to the picosecond regime with the use of mode-locked pulses [-7.120].
SRS is one of the effects which limit the propagation of high-intensity
laser beams in materials. It is particularly important for high-intensity
beam propagation in air for optical communications or other purposes.
We have seen in (7.2, 3) that the Raman gain GR is proportional to
og21Mfil 2 [Ell 2 where IMfil 2 usually increases as col increases. Consequently, SRS is often weaker at lower frequencies. Therefore, in order to
transmit a high-power laser beam through a material, one should reduce
GR by using a larger beam size and a lower frequency.

7.8. Concluding Remarks
Because of limitation of space, we have omitted the discussion on
a number of topics in SRS. We have not discussed the tensorial form of
the Raman susceptibility ~Ra) with respect to the symmetry of the medium
and its tensorial relation with the spontaneous Raman cross-section
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d~/df2. We have not considered SRS in anisotropic crystals [7.121]. We
have not mentioned SRS in optical waveguides [-7.122]. We also have not
discussed resonant SRS [7.123]. The latter case is particularly interesting
in alkali vapor systems I-7.124, 125]. Resonant SRS has recently been used
to facilitate generation of tunable infrared [7.126] and tunable vacuum
ultraviolet [7.127] by optical mixing in alkali vapor.
In conclusion, we believe the physics of SRS is basically understood.
In actual experiments, the results of SRS may be complicated by other
competing nonlinear optical effects. Influence of other nonlinear effects
on SRS and vice versa are also qualitatively understood in most cases,
but quantitative analysis is often quite difficult. SRS has already been
used in a number of applications. With the recent advance of tunable
lasers, it is expected that more research on resonant SRS will be carried
out in the near future.

7.9. Addendum (1982)
There have been a series of important advances in the area of coherent
Raman scattering in the past several years. First, on the theoretical
understanding of stimulated Raman scattering, RAMER and MOSTOWSKI
[7.129] have developed a unified quantum theory for the stimulated
process with spontaneous emission and spatial dispersion. Then, on the
application side, stimulated Raman scattering has been used to extend
the tunable range of a coherent optical sources over a broad range in the
infrared I-7.130] (down to 257 ~tm) I-7.131]. Even commercial Raman cells
designed for this purpose are now available [7.132]. Anti-Stokes radiation from stimulated Raman scattering with dye lasers can also be
used as a tunable UV source. More recently, HXRmS and coworkers have
found that the spontaneous anti-Stokes scattering from a metastable
state of an ion under tunable laser radiation can also be a useful tunable
source in the XUV range I-7.133]. Finally, on the spectroscopy applications of coherent Raman effects, the progress has been most remarkable. Coherent anti-Stokes Raman scattering (CARS) has already become an important tool for combustion studies and for studies in
chemical and molecular physics 17.134]. It has also been used to obtain
Doppler-free vibrational spectra of molecules in a molecular beam
[7.135] to probe the internal energy distribution of dissociation fragments under the collisionless condition 1"7.136] and to study Raman
transitions between unpopulated excited states [7.137]. Surface CARS
with surface electromagnetic waves has been demonstrated to have the
sensitivity to study molecular monolayers absorbed on a surface [7.138],
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and so does the stimulated Raman gain spectroscopy I-7.139]. Both
stimulated Raman gain spectroscopy and inverse Raman spectroscopy
have been used to obtain high-resolution rotation-vibrational Raman
spectra of molecules unsurpassed by any other method [7.140].
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8. Overview

Light-scattering spectroscopy has recently become a standard, well
established technique for the study of solids, with most of the necessary
equipment commercially available. Highlights of this technique have
extensively been discussed in [Rrf. 8.1, Chap. ll.
In 1975, the cw dye laser had just demonstrated its capability for the
study of resonant light scattering phenomena. Hence, we devoted most of
the introduction (Chap. 1) plus Chapter 3 and some of Chapter 2 to a
discussion of the principles of resonant Raman scattering and the few
available experimental results. In the meantime, this field has grown to
maturity as a number of very diverse resonance phenomena have been
observed, mainly in semiconductors, and theoretically interpreted. A
detailed account of these phenomena has been given in [Ref. 8.1, Chap.
21 by M. C~rtooNa, incorporating a general introduction to light scattering in molecules and solids. A number of concepts used loosely in the
literature, such as those of Raman tensor, Raman susceptibility and
polarizability, scattering cross section, scattering efficiency, electronphonon interaction constants, etc., are clarified. Tables of Raman tensors
for the various crystallographic point groups and of the scattered
intensities for several orientations in cubic crystals are given.
Considerable efforts has been spent in the past few years to determine
absolute scattering efficiencies in solid. In [Ref. 8.1, Chap. 2] the various
methods used for measuring these efficiencies were discussed and a table
of their values for many solids is given. Methods for theoretically
calculating these efficiencies were also presented in [Ref. 8.1, Chap. 2].
The progress on hand would not have been achieved without a
parallel development in the field of optical and laser instrumentation.
One of the most challenging aspects of this development concerns optical
multichannel detection systems. While to this date not yet in general use,
they are ripe for widespread application, as outlined by R. K. CHANa and
M. B. LONG in [Ref. 8.1, Chap. 3]. Modern instrumentation for Brillouin
spectroscopy was discussed by C. WEIsBucn and R.G. ULBRICH [Ref.
8.2, Chap. 7].
Chapter 4 is devoted to electronic Raman scattering, a field where
progress has also been considerable. In the past years we have witnessed
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the observation of scattering due to intervalley density fluctuations [8.3],
acoustic plasmons [8.4], electron phonon coupled modes in non-polar
materials [8.5], and light scattering by two-dimensional electron gases
and by superlattices [8.6, 7]. We therefore devoted [Ref. 8.8, Chap. 2]
to cover these advances.
Light scattering by amorphous semiconductors is the subject of
Chapter 5. This topic has also become very important in the wake of the
recent boom in amorphous semiconductors, especially hydrogenated
amorphous silicon [8.9, 10]. Raman scattering techniques have become
standard for the characterization of amorphous semiconductors. Some
recent developments in the field are included in [Ref. 8.1, Chap. 2]. The
related subject of disorder-induced Raman scattering in metals was
discussed by M. V. KLEXNin [Ref. 8.2, Chap. 5].
Perhaps the most impressive growth has occurred in the field of
Briilouin scattering, thanks mainly to the development of the multiplepass Fabry-Perot interferometer [-8.11, 12] and its tandem version
[8.13]. These developments in instrumentation have made possible
the study of strongly opaque materials such as metals (in particular,
magnetic metals [8.11, 12]) and of surface excitations such as
acoustic surface waves [8.16, 17]. In the course of these studies it has
become clear that beside the standard photoelastic mechanism of
Brillouin scattering a contribution due to surface ripple appears in highly
absorbing materials [-8.18, 19]. Of considerable interest are also the
Brillouin studies of diffusive, very-low frequency excitations [8.15].
Equally spectacular is the development in the field of Brillouin
scattering resonant at polaritons in semiconductors. The phenomenon
had been predicted in 1972 (Sect. 6.4.3) [8.21], but was only observed in
1977 [8.14, 15]. It represents, in the editor's opinions, one of the rare and
most beautiful examples of a priori predictive solid-state theory. Brillouin
spectroscopy resonant at polaritons yields exciton-polariton dispersion
relations and makes possible the study of additional boundary conditions (ABC's). The advances in the field since its discovery have
been summarized in [Ref. 8.2, Chap. 7]. The reader will infer from
[Ref. 8.2, Table 7.1] that the phenomenon has been observed and
studied in at least 13 different materials.
Chapter 7 is devoted to stimulated Raman scattering and related
phenomena. In the meantime these high-power pulsed laser spectroscopic
techniques have also become standard analytical and research tools.
These coherent scattering techniques gave rise to a puzzling number of
acronyms such as CARS, RIKES, ARCS, etc. [Ref. 8.1, Fig. 4.1].
H. VOGT[Ref. 8.1, Chap. 4] has summarized these techniques and their
incoherent high-power scattering counterparts such as the hyper-Raman
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effect [8.22]. A n a d d e n d u m to C h a p t e r 7 also d e s c r i b e s r e c e n t p r o g r e s s in
c o h e r e n t R a m a n s p e c t r o s c o p y . T h e g e n e r a l t h e o r y o f C A R S will be
p r e s e n t e d in a f o r t h c o m i n g m o n o g r a p h [8.23].
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