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Preface
It is now over forty years since

Resonance radiation

and excited atoms by A.C.G. Mitchell and M.W. Zemansky,
(Cambridge University Press, 1934), first appeared. Since
then there have been many advances, and in teaching for the
Final Honour School of Physics at Oxford I have often felt
the need of an up-to-date account of the progress that
has been made in the field of optical physics, particularly
during the last quarter of a century.

This volume is an

attempt to fill that need. The first five chapters of the
book prepare the foundations of atomic physics, electromagnetism, and quantum mechanics which are necessary for an
understanding of the interaction of electromagnetic radiation
with free atoms. The application of these concepts to processes involving the spontaneous emission of radiation is
then developed in Chapters 6, 7, and 8 while stimulated
transitions and the properties of gas and tunable dye lasers
form the subject matter of Chapters 9 to 14.

The last four

chapters are concerned with the physics and applications
of resonance fluorescence, optical double-resonance, optical
pumping and atomic beam magnetic resonance experiments.
It proved remarkably difficult, once the manuscript had been
completed, to find a title which accurately described the
content of the book.

Atomic and laser spectroscopy is in-

tended to indicate the wide range of the material treated
within, but it is slightly misleading in the sense that I
have been concerned not so much with an explanation of the
gross spectra of atoms but rather with demonstrating how
the techniques of atomic spectroscopy and lasers have been
applied to a wide range of problems in atomic and molecular
physics. In a sense therefore this text is complementary
to those well-known books Atomic spectra by H.G. Kuhn
(2nd edn

Longmans 1970) and Elementary atomic structure

by G.K. Woodgate (McGraw-Hill 1970).
This volume is an extended version of a set of lectures
on atomic physics given to third year undergraduates at the
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University of Oxford. By this stage these undergraduates
have already completed introductory courses in electromagnetism, atomic physics, and quantum mechanics, courses
which I regard as prerequisite for a full understanding of
this book. This text should then provide an excellent basis
for an advanced undergraduate course in atomic physics. However, the later sections of many chapters are more suitable
for work at the graduate level and for this reason the book
should also prove valuable to those engaged in research in
the fields of atomic physics, lasers, astrophysics, and
physical chemistry. Since this book is intended mainly for
experimentalists, I have not attempted to develop the theory
of the interaction of atoms and radiation in a rigorous
manner but have made use of classical or semi-classical
calculations whenever possible. This approach has the advantage of simplicity and moreover it often yields great
insight into the physics of the problems under discussion.
For those students who wish to progress to a more rigorous
development of the theory I strongly recommend The quantum
theory of light by R. Loudon, (Clarendon Press, Oxford 1973).
Throughout the book the equations are given in SI
units although readers who prefer to work in the c.g.s system
can make the transposition in most cases by removing factors
of (l/4ire0) or (u /4ir) from the expressions given. The problems at the ends of the chapters form an important part of
the book since they are designed to develop a feel for the
order of magnitude of the quantities involved and to illustrate and extend the topics discussed in the main text. The
bibliography at the end of each chapter includes only those
papers which I consider most important for the particular
topics under discussion. However, these references, together
with the suggestions for further reading, should enable the
student to progress easily to the current literature in most
fields.
In spite of the length of the book some important
topics had to be omitted; these include photodissociation,
photoionization, and free-free transitions. Perhaps more
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important still it was not possible to include a discussion
of the non-resonant scattering of light, the refractive
index of gases, and the non-linear susceptibility of atomic
vapours.

Similarly, although tensor operators are briefly

mentioned, it was felt that a complete discussion of radiation processes in general and resonance experiments in
particular using irreducible tensor operators was beyond
the level of this book.
Over the years my understanding of atomic and laser
spectroscopy has benefited considerably from discussions
with my colleagues and students in the Clarendon Laboratory.
I am especially grateful to Professor G.W. Series who first
aroused my interest in atomic physics and under whose expert and enthusiastic guidance I performed my first research.
I wish to thank Dr C.E. Webb for advice on laser population
mechanisms and for his constructive criticism of Chapters
11-13, and Dr G.K. Woodgate who read the complete manuscript.

Many of the improvements in the final draft are

due to his invaluable assistance.

I also want to thank

Professor J.N. Dodd and the staff members of the Department
of Physics, University of Otago, New Zealand for providing
the hospitality and seclusion which enabled me to complete
a substantial part of this book. Of my many antipodean
friends I am particularly indebted to Drs

C.fi. Carrington

and D.M. Warrington who read the manuscript in an incomplete
state and made many helpful suggestions.
Finally I thank my wife not only for her patience and
encouragement but also for computer programming and curve
plotting, for tracing the line drawings of most of the
figures, and for a true labour of love in typing the whole
manuscript.

A.C.
Clarendon Laboratory, Oxford.
July 1976.
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1
Introduction
The purpose of this 'book is to present a unified account
of the exciting developments in the field of quantum
electronics which have occurred during the last two decades.
Following introductory chapters on electromagnetism and
quantum mechanics, the basic processes involving the interaction of radiation and atoms are discussed in some detail.
We believe that a thorough understanding of this material
is essential for later chapters.
However, in order that the reader shall not lose sight
of our ultimate objective, we present here a brief historical
introduction showing how our understanding of light and
matter has developed since the end of the nineteenth century.
It is hoped that this will allow the student to set the
material which follows in the proper context and will give
him or her an appreciation of the beauty and fascination
of the field of optical physics.
1.1. Planck's radiation law
By the end of the nineteenth century the development
of the wave theory of light, commenced by Young and Fresnel,
seemed to have reached its culmination in the brilliant
theoretical work of Maxwell. In another branch of physics
the theory of heat leading on to the kinetic theory of
gases and to statistical mechanics as developed by Clausius,
Boltzmann, Maxwell, and Gibbs also seemed to be complete in
most of its essential points.
to write in 1899:

This encouraged Michelson

'The more important fundamental laws and facts of
physical science have all been discovered, and these are
so firmly established that the possibility of their ever
being supplanted in consequence of new discoveries is exceedingly remote.'
There was, however, an unresolved discrepancy in the
theory of black-body radiation. In fact the solution of
this apparently minor problem by Planck (1901) was to be

2
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the starting point of the quantum theory and of our present
understanding of the structure of atoms and molecules.
Following the work of Kirchhoff on the connection between emission and absorption coefficients, it had been
proved that the radiation inside a totally enclosed cavity
maintained at a uniform temperature was a function of the
temperature alone and was identical with the radiation which
would be emitted by a perfectly black body at the same
temperature. The spectral distribution of the radiation
had been investigated experimentally and it was found that
the intensity increased slowly with decreasing frequency
until it reached a peak, after which it decreased very
rapidly (Fig.1.1). However, all attempts to derive an
equation giving the intensity as a function of frequency
had failed. The most convincing approach made by Rayleigh
and Jeans on the basis of classical thermodynamics gave the
result

where p (u>) du> represents the energy of radiation per unit
volume in the angular frequency range between w and u+do).
T-he term kT in equation (1.1) comes from the equipartition of
energy applied to a linear oscillator which is assumed to act
as the emitter or absorber of radiation of frequency u/Zir.
We see from equation (1.1) and Fig. 1.1 that the intensity
predicted by the Rayleigh-Jeans law increases indefinitely
at higher frequencies, the well-known ultraviolet catastrophe,
in complete contradiction with the experimental results.
Planck realized that the difficulty lay in the principle of equipartition which could only be circumvented by
a complete departure from classical mechanics. He postulated
that an oscillator of frequency to/2IT, instead of being able
to assume all possible energy values, could exist only in
one of a set of equally spaced energy levels having the
values 0, hu, 2hto
, mhoo,
m is an integer and
h=h/2Tr, where h is a constant now known as Planck's constant.

INTRODUCTION

Fig. 1.1.

3

Energy density of black-body radiation as a function of the angular frequency to

The unit of energy tiu, which cannot be further subdivided,
Planck called a quantum. If we now assume that the probability of finding an oscillator with the energy mhu is given
by the Boltzmann factor exp (-mfiu>/kT) , then the average
energy of an oscillator is given by

4
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When this expression is inserted in place of kT in equation
(1.1), the energy density of the black-body radiation at
the frequency u/2-rr becomes

This expression proved to be in perfect agreement with experiment when ft was given a certain finite value, and the classical Rayleigh-Jeans law was obtained only in the limit as
h+0.

Thus the turn of the century ushered in Planck's law

and with it the birtli of the quantum theory of radiation.
1.2.

The photoeleatv-La effect
In spite of this agreement between theory and experi-

ment, not all physicists were willing to accept the quantum
hypothesis.

Indeed Planck himself believed initially that

it applied only to the atomic oscillators in the cavity
walls and not to the radiation inside the cavity.

However,

Einstein (1905) soon showed that the quantum theory could
explain certain puzzling features of the photoelectric effect
in a very simple way.
The emission of electrons from the surface of a metal
which is illuminated by ultraviolet light was discovered by
Hertz in 1887.

Later experiments by Lenard showed that when

the intensity of the incident light was changed, without
altering its spectral distribution, the kinetic energy of
the ejected electrons remained constant and only the number
emitted varied. We now know that at very low intensities the
rate of emission can become so small that only a few electrons per second are ejected. In this limit, it appears as
if all the energy in the light wave falling on the surface
would have to be concentrated on a single electron in order
to give it the observed kinetic energy.

This seems to be at

variance with classical electrodynamics, for the energy in
a li-ght wave is usually assumed to be distributed uniformly
across the wavefront.
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To resolve this difficulty, Einstein made the bold
hypothesis that the energy in the radiation field actually
existed as discrete quanta, now called photons, each having
an energy of hw and that in interactions between light and
matter this energy is essentially localized at one electron.
In the photoelectric effect an electron at the surface of
the metal gains an energy hu by the absorption of a photon
and the maximum kinetic energy of the ejected electron is
observed to be

where <j> is the work function of the surface measured in
electron volts. According to this theory the rate of emission of photoelectrons will be proportional to the flux of
quanta incident upon the surface, in agreement with Lenard's
experiments. Moreover Einstein's theory predicts that the
maximum kinetic energy of the photoelectrons should be a
linear function of the frequency of the incident light.
This was later confirmed experimentally by Millikan (1916) ,
and led to a value of h which agreed to within 0.5 per cent
with the value derived by fitting equation (1.3) to the
black-body spectrum. With this clarification of the quantum
aspects of the interaction of light and matter, the stage was
then set for further advances in the field of atomic spectroscopy.
1.3.

Early atomic apectroseopy

The spectroscopy of gases had been studied since the
middle of the nineteenth century, first with prism spectroscopes and later with spectrographs using diffraction
gratings. Atoms excited in gas discharges were found to emit
spectra consisting of many sharp lines of definite frequency, in contrast to the continuous spectra emitted by
black-body sources or by solids at high temperatures. Although most atoms had very complicated spectra, that of

6
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hydrogen was relatively simple and in 1885 Balmer discovered
an empirical formula which fitted the wavelengths of the
visible lines to surprisingly high accuracy. For many purposes it is more convenient to work with the wavenumbers, v,
which are related to the wavelengths in vacua, A V 3. C , by
The Balmer formula for hydrogen then becomes

where n is an integer taking the values 3, 4, 5,
and
R,, is a constant having the value 109 677- 58 cm" . Further
work by Rydberg in the 1890s showed that the lines of the
alkali metals could be classified into a number of spectral
series, each of which was described by a similar formula

where n is again an integer and d is a constant. The Rydberg
constant, R, was shown to have the same value, to within
0-05 per cent, for all elements and for the first time indicated a common link between the spectra of different chemical elements.
In both the Balmer and the Rydberg formulae the wavenumber of a spectral line is given by the difference of
two quantities. In 1908 Ritz showed experimentally that in
any spectrum it was possible to set up tables of quantities
called terms, having dimensions of cm-1, , such that the wavenumbers of the observed spectral lines could be written as
the difference of two terras. This is known as the Ritz
combination principle. In hydrogen, new spectral series
were predicted with lines given by

where m and n are integers and m is fixed for a given series.
When, in the same year, Paschen discovered one of these new
series in the infrared region, the principle received striking
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confirmation.
These spectral lines at precisely related frequencies
seemed to be in violent disagreement with the picture of the
atom proposed by Rutherford

(1911) to explain experiments

on the scattering of a-particles.

In this model, described

more clearly by Bohr (1913), the atom was assumed to consist
-12
of a massive positively-charged nucleus, radius ^10
cm,
which was surrounded by a cloud of negatively-charged elec-8
trons moving in orbits of radius «10 cm. But according
to classical mechanics, an electron moving in the Coulomb
field of the nucleus would radiate electromagnetic energy
at the frequency of its orbital motion.

As the electron

lost energy it would slowly spiral into the nucleus, emitting
radiation of continuously

increasing frequency.

Obviously

this did not happen in real atoms for they are observed to be
stable in their normal state and to radiate only certain discrete frequencies when excited.

The first major step for-

ward in the solution of this problem was taken by Bohr (1913).
1.4.

The postulates of Bohr's theory of atom-La structure
In order to develop a quantitative theory of the hy-

drogen atom, Bohr put forward three basic postulates.
Postulate 1.

A bound atomic or molecular system can exist

only in certain discrete energy levels denoted by the values
E^ ,E_ ,.. . . ,E^ ,. . . . These energies are determined by superimposing certain quantum conditions (Postulate 3) on to
classical mechanics.
Postulate 2.

In the absence of any interaction with radia-

tion, the atomic system will continue to exist permanently
in one of the allowed energy levels which are therefore
called stationary states.

The emission or absorption of

radiation is connected with a process in which the atom
passes from one stationary state to another.

In emission,

the energy lost by the atomic system appears as energy in
the radiation field and the frequency of the light emitted
is given by

8
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where h is Planck's constant divided by 2ir. The energy in
the radiation field appears in the form of a photon and,
following Einstein's hypothesis, has many of the characteristics of a material particle. In absorption, a photon
is removed from the radiation field and the atom makes a
transition from a lower to a higher energy level.
These two postulates were confirmed in the following
year by the experiments of Franck and Hertz (1914) on the
critical potentials of atoms. They found that when atoms
were bombarded with a monoenergetic beam of electrons, only
elastic collisions occurred at low energies. As the accelerating voltage is increased, a point is reached at which
the electrons have sufficient kinetic energy to raise the
atoms to the lowest excited energy level. Inelastic collisions occur and the atoms start to emit light in the
transition connecting the lowest excited state to the
ground level. As the electron energy is increased again,
further excitation thresholds are reached and the spectrum
of the atom appears line by line.

Finally the bombarding

electrons have sufficient energy to release an electron
from the atom, so ionizing the gas. These experiments provide a direct, although rather imprecise, measurement of
the energy levels and ionization potentials of atoms.
These two postulates also explain the existence of
spectral terms and the Ritz combination principle. We see
from equation (1.7) that the wavenurcbers of spectral lines
are given by differences of quantities of the form E-/hc.
These must therefore be the spectral terms. Thus the work
of the spectroscopists in deducing the terms from the observed spectra immediately provides one with a table of
atomic energy levels. Following this important clarification and the later development of selection rules for radiative transitions, the classification and analysis of atomic
and molecular spectra proceeded rapidly. Energy-level tables
are now available for the majority of atoms, ions, and simple
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molecules, although the analyses of the complex spectra
of the rare earth metals and of highly-ionized atoms are
still often incomplete.
Postulate 3. For the hydrogen atom Bohr assumed that the
electron moved in circular orbits about, the nucleus under
the influence of the Coulomb attraction. The allowed circular orbits were then determined simply by the requirement
that the angular momentum of the electron should be an integral multiple of ti. This restricts the energies of the
hydrogen atom, in states of angular momentum nh, to the
quantized values

where £„ is the permittivity of free space and p is the reduced mass of the electron, given by y = m/(l+m/M) where m
and M are the masses of the electron and proton respectively.
2
Not only do the predicted energy levels have the 1/n dependence, in agreement with the formulae for the wavenumbers
of the lines of the Lyman , Balmer, and Paschen series in
hydrogen, but the empirical Rydberg constant is, for the
first time, given in terms of atomic constants:

When this expression is evaluated, it agrees with the spectroscopic value within the combined errors of the various
constants involved.
1.5.

Development of quantum mechanics

This tremendous accomplishment of Bohr stimulated
other theoreticians, and soon Sommerfeld (1916) had generalized Bohr's quantum conditions and applied the results to
elliptical orbits in the hydrogen atom. By including relativistic effects he was able to interpret many of the details
of the hydrogen fine structure. The introduction of an
additional quantum number describing the allowed orientations

10

INTRODUCTION

of the orbits in space also gave a partial explanation of
the observed Zeeman effect. However, one of the most important theoretical developments was Bohr's own correspondence principle.

This states that in the limit of large

quantum numbers, the results of quantum theory must be in
agreement with the physical laws deduced from a combination
of classical mechanics and electromagnetism.

When this prin-

ciple was combined with the relations connecting the transition probabilities for spontaneous and stimulated transitions derived by Einstein (1917) , many of the results of
the modern theory of radiation were obtained.
However, the old quantum theory was incomplete.

It

gave no definite basis for the calculation of the relative
or absolute intensities of spectral lines. It also failed
to give satisfactory results when attempts were made to calculate the energy levels of atoms containing more than one
electron. Even in an apparently simple atom like helium,
numerous attempts to calculate the energy of the ground
state failed to reach agreement with the experimentally
determined value.
The starting point of a new quantum theory of atoms
was the hypothesis put forward by de Broglie (1924) that a
particle moving with linear momentum p has associated with
it a wave whose wavelength is given by

This idea was improved and extended by Schrb'dinger (1926) and
led to the development of the equation which now bears his
name.

Almost simultaneously Heisenberg (1925) developed a

theory of matrix mechanics which was soon shown to be
mathematically equivalent to Schrodinger's wave mechanics.
The development of the quantum theory of atomic structure
and a review of some of the important results are continued in Chapter 3. We therefore now turn our attention to
the development of the quantum theory of radiation processes.
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Interaction of atoms and radiation 1926-39

In the period between 1926 and 1939 the development of
our understanding of radiation processes parallels the development of the theory of atomic and molecular structure.
Many of the results which had been derived by the use of
the correspondence principle and the old quantum theory were
re-derived in a more rigorous and satisfactory manner. The
quantum-mechanical expression for the refractive index of
a gas or vapour is an example of this type of progress. In
hydrogenic systems the rates of radiative transitions were
calculated and the theoretical lifetimes of the different
excited levels were derived. In other atoms only approximate estimates of the transition probabilities were possible,
but the lifetime measurements made by canal rays and fluorescence from atomic beams were not sufficiently accurate
to demand more refined calculations.
Thus by 1939, it appeared once again that the understanding of atoms and light was almost complete, although
it is true that in. many cases satisfactory agreement between
theory and experiment was only reached with the use of the
more sophisticated techniques developed after the end of
the second world war. A relativistically-invariant theory
of one-electron atoms which included the effects of electron
spin in a consistent manner had been developed by Dirac.
This appeared to be the final solution to the problem of
the hydrogen atom. However, it should be remembered that a
few experimentalists were not entirely happy and questioned
whether the Dirac theory of the fine structure was completely
correct. There was therefore a need to develop new experimental techniques which would increase the accuracy of fine
and hyperfine-structure measurements.
1.7.

Optical physics singe 1945

The work on radar and radio communications carried out
during the second world war proved to be of immense assistance to one of the new spectroscopic techniques. This was
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the magnetic resonance method first applied by Rabi et al.
(1939) to atomic beams, and extended after the war to liquids
and solids by Bloch, Purcell, and their colleagues (Bloch
et al. 1946; Purcell et al. 1946).

The first major shock

to atomic physics came, however, when Lamb and Retherford
(1947) applied this new technique to metastable hydrogen
2
2
atoms and showed that the 2 S, and 2 P, levels of atomic
2

2

hydrogen were not degenerate as predicted by the Dirac
theory.

This experiment stimulated the development of the

theory of quantum electrodynamics and led to the precise
calculation of radiative corrections to atomic energy levels.
Further applications of the magnetic resonance method were
opened up by the invention of the optical double resonance
and optical pumping techniques by Kastler and his pupils in
Paris (Brossel and Kastler (1949), Kastler (1950)).

The

extraordinary precision of these experiments has enabled a
detailed study of the interactions of atoms with light and
radio waves to be made, and has revealed subtle new effects
which were previously hidden or unsuspected.
More recently the invention of microwave masers and of
lasers operating at optical frequencies has transformed the
field of optical physics in a remarkable way.

In solid

state physics, Franken's demonstration of the frequency
doubling of ruby laser light immediately opened up a new
field of non-linear optics. In atomic and molecular physics
the applications of laser radiation were initially less rapid
and spectacular. However, following the development of
narrow-bandwidth tunable dye lasers in 1970, the interest in
this field of research has experienced an explosive growth
which as yet shows no signs of slowing down.
1.8.

The present situation

(1975)

We now believe that quantum mechanics, extended where
necessary by quantum electrodynamics, is able to explain
satisfactorily all features of the energy-level structure
of atoms and molecules. Precise and detailed calculations
of the energy levels of many atoms have now been made, and
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there is generally excellent agreement with the empirical
data obtained by spectroscopists.

Similarly, we now believe

that we have a good understanding of the processes involving
the interaction of atoms with light, at least for experiments
involving incoherent light or coherent radiation of low intensity.

However, the effects of coherent, high intensity,

radio- and optical-frequency radiation on atoms and molecules are at present only partially understood. Thus a
great deal of experimental and theoretical work on the nonlinear optics and spectroscopy of gases is currently in progress .
It is therefore safe only to say that this book is an
attempt to present the state of our knowledge of the interaction of atoms and radiation as it exists now. In certain
areas, theory and experiment dove-tail so neatly together
that these processes must be considered to be well understood. In other areas, disagreement exists or work is still
in progress and we should certainly be prepared for further
surprises and unexpected developments in the future.
Problems
1.1.

By considering the electromagnetic field confined
within a large cubical box having perfectly reflecting
sides, show that the number of modes of the radiation
field per unit volume in the angular frequency range

b e t w e e n t o a n d u + d w 2 i s w d to / i r 2c c 3 .
1.2.

(a) From Planck's expression, equation (1.3), show
that the angular frequency at which the energy density
of black-body radiation is a maximum at a fixed temperature is proportional to the temperature. This is
Wien's displacement law.
(b) By integrating equation (1.3) over all frequencies,
show that the total energy density of black-body radiation is proportional to T4 and that the constant of proportionality is given by
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This is the Stefan-Boltzroann law.
1.3.

A classical model of a one-electron atom consists of
a positive charge of amount +e uniformly distributed
throughout the volume of a sphere, radius R, together
with a point electron of charge -e which is free to
move within the sphere. Show that the electron will
oscillate about its equilibrium position with simple
harmonic motion and find the frequency of oscillation,
If the atomic radius R is equal to the radius
2
2
of the first Bohr orbit, a,,=
0 /me , show that io0
0 4TreJi
is twice the Rydberg angular frequency,

1.4.

o
In air, Angstrom determined the wavelengths of the
spectral lines of the visible series of atomic hydrogen
as

Show that these lines are accurately described by the
Balmer formula and from them calculate a value for the
Rydberg constant, RR. The refractive index of air
in the visible region of the spectrum may be taken
as 1-00028 at standard temperature and pressure.
By replacing the factor 1/22 in equation (1.5)
2
2
by l/l and 1/3 in turn, calculate the wavelengths
in vaauo of the first four lines of the Lyman and
Paschen series respectively.
1.5.

Using the Bohr formula, equation (1.8), and the modern
value of the Rydberg constant,
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-1
R^ = 109 737 cm
= 13-6 eV, construct energy-level
diagrams for atomic hydrogen and singly-ionized helium
to the same scale.
1.6.

Show that as n-*-00, the frequency of radiation emitted
by a hydrogen atom in the transition from a level
of principal quantum number n to one of quantum number
n-1 tends to the frequency of the orbital motion of
the electron as deduced from classical mechanics.
This is an illustration of Bohr's Correspondence Principle.
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2
Review of classical electrodynamics
This chapter gives a concise account of those sections of
classical electromagnetism which we shall require later. We
commence by introducing Maxwell's equations for time-dependent
electric and magnetic fields and from them derive the electromagnetic wave equation. The properties and polarization of
plane electromagnetic waves are examined and expressions for
the energy flux and energy density obtained. We then introduce the scalar and vector potentials and discuss the radiation of electromagnetic waves by time-varying distributions
of current and charge. This enables explicit expressions for
the fields produced by oscillating electric and magnetic
dipoles to be obtained. We derive expressions for the rate
at which these dipoles radiate energy and angular momentum
which will later be fundamental to our treatment of the spontaneous emission of radiation by excited atoms. Finally, we
consider the radiation fields of electric quadrupole charge
distributions and show how the angular distribution and rate
of radiation differ from those of dipole sources.
2.1.

Maxwell's equations

We now recognize that many apparently unrelated physical
phenomena such as y-rays, X-rays, visible light, thermal
radiation, and radio waves are all forms of electromagnetic
radiation, having frequencies ranging from 1020 Hz for
Y-rays to 10 Hz for radio waves. The idea that electromagnetic waves could be propagated through space was first
suggested by Faraday and was later confirmed by the brilliant
theoretical work of Maxwell published in 1864.

Maxwell

started from the basic laws of electricity and magnetism
for macroscopic phenomena, which, when stated in their
differential form in the rationalized M.K.S. system are as
follows:
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(a)

Gauss's theorem applied to Coulomb's Law:

(b)

the absence of free magnetic poles:

(c)

Faraday's and Lenz's law of electromagnetic induction

(d)

Ampere's law:

In these equations D is the electric displacement and 13 the
magnetic induction, while E_ and H are the electric and
magnetic fields. The electric charge density is given by
P.
Maxwell observed that the equations are inconsistent
in this present form if J' is identified with the ordinary
current density J. This is easily proved by taking the
divergence of botli sides of equation (2.4) and recalling that
div curl of any vector is identically zero. This leads to
the equation div J' = 0 and if J_' = J, this would conflict
with the equation of continuity

at least in time-dependent situations. Maxwell realized
that the continuity equation could be converted into a
vanishing divergence by substituting for p from equation
(2.1), giving

Hence if .J1 is defined by

the inconsistency in the equations for time-dependent situa-
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tions is removed.
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The additional term in equation (2.7),

is called the displacement current.

Since D = P + E g E,

the displacement current can be regarded as arising from the
changing polarization of the medium and the vacuum under the
effect of time-varying electric fields.
The four equations:

are known as Maxwell's equations. When combined with
Newton's second law of motion and the Lorentz expression
for the force on a particle of charge q moving with
velocity v,

they give a complete description of electromagnetic fields
and the non-relativistic motion of charged particles.
In macroscopic media Maxwell's equations must be
supplemented by the constitutive relations which enable the
average effect of a large number of atoms to be taken into
account without requiring detailed knowledge of the response of individual atoms to the effects of electric and
magnetic fields. For an isotropic permeable conducting
dielectric these relations are of the form:

In the M.K.S. system, e_
0 is called the permittivity of free
space and is experimentally determined to have the value
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-12 22 11 - 2
8-85 x 10
C N"
m
while p n is the permeability of free
space and is defined as having the exact value 4?r x 10-7 m m-1.
The properties of the medium are given either by the dielectric constant, e, and the magnetic permeability, u, or
by the electric and magnetic susceptibilities represented
by xe and xm respectively. The third relation, equation
(2.14), is just a generalization of Ohm's law and a is the
specific electrical conductivity of the medium. In the
following sections we assume that the susceptibilities xe
and xm are independent of the strengths of the fields 15 and
H. We therefore ignore any non-linear effects such as
optical second- and third-harmonic generation, optical sum
and difference frequency generation, etc., which have recently been obs'erved using focused beams of high-intensity laser
radiation.
2.2.

The electromagnetic wave equations
For the case of an uncharged infinite, isotropic, non-

conducting medium, substitution of the constitutive relations into Maxwell's equations yields

By taking the curl of equations (2.17) and (2.18) we can
transform these first-order differential equations which involve both E and H into second-order equations for either
E_ or H alone.

We make use of the vector identity
curl curl E grad div -

and note that the first term on the right will be zero in
both cases because of equations (2.15) and (2.16). We have
therefore
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and

Finally by using equations (2.17) and (2.18) again, we obtain

In order to present these equations in a more familiar formfj
we may write the electric field as
We see then that each cartesian component of the fields E
and H satisfies the equation

which is the equation governing wave motion in three dimensions. Maxwell's equations therefore lead directly to the
prediction of wave-like solutions for E and H which propagate with the phase velocity, v, given by

It is important to note that equations (2.17) and (2.18) predict that every electric wave will be accompanied by an
associated magnetic wave, and vice versa. The waves are
therefore more properly termed electromagnetic waves. In
1888, following an experimental search for the magnetic
effects of Maxwell's displacement current, Hertz discovered
waves which had exactly this electromagnetic character and
possessed all the other properties which can be predicted
from Maxwell's equations. Our present sophisticated radio
and telecommunication systems have all developed from these
first primitive experiments.
In free space, where y = e = 1, these electromagnetic
waves travel with a velocity given by
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where the most accurate value of £„ has been used to evaluate equation (2.22).

Within the experimental error, this

value is identical with the velocity of light
c

=

299 792 457-4 - 1-1 m s"1,

where we have quoted the result of the most accurate of a
series of recent measurements of this important fundamental
quantity.

The inescapable conclusion is that visible light

is another example of electromagnetic radiation.
In material media the phase velocity is given by

where n = (ye) ' is the refractive index of the medium.

In

general, the dielectric constant is frequency dependent,
e(w), and waves of different frequencies propagate with
different phase velocities.

Consequently a wavepacket made

up of waves of different frequencies will change its shape
as it travels through the medium.

In addition, the centre

of the packet will travel at the group velocity v
the medium is said to be dispersive.

o

/ v and

However, since the

Fourier integral theorem enables any disturbance to be
represented by a superposition of monochromatic waves, there
is no loss of generality if we consider from now on only
sinusoidal oscillations at the angular frequency u>.
2.3.

Plane wave solutions
We can show by direct substitution that the scalar

wave equation (2.20) has solutions of the form (Problem 2.1)

where the angular frequency u and the magnitude k of the
wavevector .k are related to the phase velocity by
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In terms of the wavelength A we have k = 2ir/A.
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instant t, the amplitude of the wave is constant over the
surface

This is the equation of a plane normal to the vector Ic and
the solution (2.24) therefore represents a plane wavefront
travelling with velocity v in the direction k (Problem 2.2).
However, the electric and magnetic fields are vector
quantities and we therefore assume that the plane-wave
solutions of equations (2.19) are of the form:

where _ e ,, ^are unit vectors which we assume initially to
be in arbitrary directions and £ „ , K0 are complex amplitudes.
We adopt the convention that the physical fields are obtained by taking the real part of the complex quantities.
This notation is very useful since all operations which are
linear in the fields can be performed directly on the complex expressions of equations (2.27) and (2.28) and the real
part is taken at the end of the calculation.
Unfortunately
expressions involving products of the fields cannot be
treated in this simple way, as we explain in section 2.5
below.
By substituting equations (2.27) and (2.28) into the
equations

div E = 0 and div H = 0 we find that

This means that both E_ and H are perpendicular to the direction of propagation k^, and these solutions to Maxwell's
equations therefore describe transverse waves. Important
relations connecting the magnitudes and directions of E_ and
H are obtained by the application of equation (2.17), giving
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Since the vector part of equation (2.30) is satisfied if

we find that (e^, £2' —^ f°rm a right-handed orthogonal set
of vectors, as illustrated in Fig.' 2.1. The scalar part of
equation (2.30) shows that the fields E_ and H have the same
phase and that the amplitudes have a constant ratio, Z, given
by

This ratio has the dimensions of resistance and is called
the intrinsic impedance of the medium. For free space the
intrinsic impedance, Z~, is given by

Thus once one of the electromagnetic fields is specified,
the direction and magnitude of the accompanying field is
uniquely determined by equations (2.31) and (2.32).
2.4.

Linear and circular polarizations
The electromagnetic plane wave given by equations
(2.27) and (2.28) has its electric vector pointing in the
constant direction *™
e,-L and is said to be linearly polarized
with polarization vector e,. To describe a general state of
polarization for the transverse electromagnetic wave, we
need to specify another wave which is linearly polarized
in a direction orthogonal to the first. We choose the two
linearly independent solutions

with the magnetic fields given by

The most general solution for a plane-wave propagating in
the direction k is given by the linear combination
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Fig.2.1.
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The electric and magnetic fields of a plane wave
are perpendicular to the direction of propagation
^
Ic, and (,E,H,k) form an orthogonal, right-handed
set of vectors.

When £, and &~ have the same phase, equation (2.34) represents
a linearly-polarized wave with its polarization vector making
an angle 6 = tan-1(£ 9/£,) with the direction £-, and having
magnitude E =
When £., and £2 have different phases, the tip of the
electric vector traces out an ellipse in any fixed plane perpendicular to k and the wave is said to be elliptically
polarized. This general case is most easily discussed if we
choose a coordinate system in which the z-axis coincides with
the direction of propagation k_ and e, , £~ are in tne directions Ox, Oy respectively. If the complex amplitudes are
given by £ , = E1exp(i61), £2 = E2exp(i62), then the components
of the electric field, obtained by taking the real part of
equation (2.34) are
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where cf> = (kz - tot).
obtain (problem 2.3)

Eliminating (j> from these equations, we

where the phase angle
This is the equation of an ellipse inscribed within a
iectang.le whose sides are parallel to the coordinate axes and
whose lengths are 2E^ and 2E, respectively. The major axis
of the ellipse makes an angle ty with the direction Ox given
by

which is illustrated in Fig.2.2(a).

Fig.2.2.

Fields of a right-handed elliptically-polarized
electromagnetic wave. The direction of propagation
is towards the reader.
(a) Electric^field;
(b) Magnetic induction.

REVIEW OF CLASSICAL ELECTRODYNAMICS

27

We can distinguish two cases of elliptical polarization
depending on the sense in which the tip of the electric vector traces out the ellipse. The convention is that if an
observer, facing into the approaching wave, sees the ellipse
described in a clockwise sense, the polarization is said to
be right-handed. If we consider the values of Ex and Ey
V
given by equation (2.35) at two time instants separated by
a quarter of a period, we see that the ellipse is described
in a clockwise sense if sin 6 < 0. If sin 6 > 0 the ellipse
is traced out anticlockwise and the polarization is said
to be left-handed. From equations (2.33) we see that the
magnetic field H and the ellipse it traces out are obtained
by rotating the vector E_ and its ellipse by ir/2 about the
direction of k in such a sense that EAH points in ^the direction k as shown in Fig.2.2(b).
Two cases of elliptical polarization are of particular
interest.

These arise when the amplitudes

are equal,
E, = E, = £„, and the phase difference 6 = - -rr/2. At a
fixed point in space the electric vector then traces out a
circle at the angluar frequency ID and the field is given by

In this equation the positive sign corresponds to anticlockwise rotation for an observer facing into the oncoming
wave, as we can verify by taking the real part of equation
(2.38) to obtain the actual electric field components. When
combined with the time dependence exp(-iut), the vectors
(£, - i£?) correspond to left and right circularly-polarized
waves respectively.
The two circularly-polarized waves form an alternative
set of independent field polarizations which is especially
useful in many problems concerning the interaction of light
with atoms subjected to external magnetic fields. If we
define the basis of spherical orthogonal unit vectors by
the relations
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then any electromagnetic field can be expanded in the form

where again the quantities f
(Problem 2.4).
2.5.

i

are the complex amplitudes

The energy density and the Poynting vector
By applying the principle of conservation of energy to

a finite volume V bounded by the surface S, we can derive an
expression for the energy flux associated with time-dependent
electromagnetic fields.

Since the rate at which an external

electromagnetic field does work on a charge q is qv.E_, where
v is the velocity of the particle, the total rate at which
work is done by the fields on a continuous distribution of
charges contained within the volume V is given by

Substituting for J_ from equation (2.11) we obtain

We now make use of the vector identity
div(E/H)
and Faraday's

=

law, equation

II. curl E - E.curl If
(2.10), in the right-hand side

of equation (2.41), giving

If we assume that the dielectric constant e and the magnetic
permeability y are independent of t, i.e. the fields E and H
are not large enough to introduce non-linear effects, and use
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Gauss's theorem to transform the first term on the right-hand
side of equation (2.42) into a surface'integral, we obtain

The rate at which work is done by the field is now seen to
equal the sum of two quite distinct terms. The first represents the rate at which energy flows into the closed
volume across the bounding surface.
The vector

is called the Poynting vector. In most cases it represents
the energy flux crossing unit area of the boundary, although rigorously only the surface integral of N has a physical significance (Problem 2.5). The second term represents
the decrease in the energy stored in the electromagnetic
fields within the volume concerned. The quantity

may be regarded as the energy density of the electromagnetic
field.
The Poynting vector N represents the instantaneous rate
at which energy flows through unit area, but in a sinusoidal
wave E_ and H are rapidly oscillating functions of time and
we are generally interested in the average value of N over
a complete period. In general, the time average of the
product of the real parts of two complex vectors f_ and G^,
both of which vary as exp(-iwt), is given by (Problem 2.6).

Using the properties of the plane-wave solutions discussed
in section 2.3, we-find that the time-averaged energy flux
is given by the real part of the complex Poynting vector
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where £3 is a unit vector in the direction of the wavevector
k.

Similarly the time-averaged energy density U is given by

From equations (2.46) and (2.47) we see that

showing that the energy density associated with a plane wave
is propagating with the same velocity as that of the fields.
The Poynting vector has a dual role for it can be
shown that the electromagnetic radiation fields transport
momentum as well as energy, and that the momentum density
2
is given by N/c .
This relationship is most easily derived
by making use of the idea that radiation consists of photons
of energy hu whose momentum in vacua is ftu/c, which follows
from the quantum theory of radiation (Problem 2.7).
2.6.

Vector and scalar potentials
The solutions of Maxwell's equations in terms of .E

and H which we have discussed in sections 2.3-2.5 illustrate
in a direct and simple way the properties of electromagnetic
waves.

However, we have avoided the much more difficult

problem of how these fields are generated by time-varying
distributions of current and charge.

This problem can be

simplified by formulating the differential equations in
terms of the scalar potential $ and the magnetic vector
potential A, rather than attempting the direct solution
in terms of !E and H.

The magnetic induction 15 is related

to the vector potential A through the definition

Since div curl = 0 this automatically satisfies one of
Maxwell's relations, equation

(2.9).

(2.48) into equation (2.10) we obtain

Substituting equation
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Now curl grad operating on any scalar function $ is identically zero, thus the solution of equation (2.49) is given

by

This reduces to the usual relation between .E and the electrostatic potential for problems involving static fields.
The remaining two of Maxwell's equations, equations
(2.8)

and (2.11), can now be expressed in terms of the

potentials:

These equations are coupled by the third term in equation
(2.52) and would be difficult to solve as they stand.
ever, because of the way the potentials

How-

are defined, it

can be shoivn that it is possible to impose the additional
condition (Panofsky and Phillips 1962, Ch.13)

without affecting the values of E_ and H obtained.

This

relation, equation (2.53), is known as the Lorentz gauge
condition and its use in equations

(2.51) and (2.52) un-

couples those equations, enabling them to be solved for $
and A separately:

These are known as the inhomogeneous wave equations.

The

solutions of equations (2.54) and (2.55) consist of particular solutions

involving integrals over the charge and
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current distributions together with complementary solutions
obtained by setting J = p = 0. The latter are obviously
just the electromagnetic waves discussed previously, since
the scalar and vector potentials then satisfy the same
homogeneous wave equations as the fields E_ and PI.
For a system of static charges, equation (2.54) reduces
to Poisson's equation, for which the solution is known to
be of the form

The time-dependent equation (2.54) possesses a similar solution given by

The square brackets in equation (2.56) indicate that the integrand is to be evaluated at the retarded time
t' = t - |_r - r_' |/v.
This ensures that the potential at
the space-time point (r_,t) is the result of disturbances
which have travelled with the velocity of light, v, from
the charge at the point _r', which existed at some appropriate
earlier time t'. The solution of equation (2.55) for the
retarded vector potential has a similar form:

Mathematically correct solutions also exist in which
t,t' are related by t' = t + |r - r_' | /v. These are known as
the advanced potentials, but since they appear to contradict
the causality relation they seem to have no physical significance. Nevertheless they have been incorporated into a
number of attempts to solve certain theoretical difficulties
which arise in electrodynamics, one of which is briefly
mentioned in section 4.4.1 in connection with the spontaneous
emission of radiation.
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Electr-ie d-ipole radiation

We now investigate solutions of equations (2.56) and
(2.57) for simple systems of charges and currents which
vary in time. Since we can make a Fourier analysis of the
time dependence and then treat each monochromatic component
separately, there is no loss of generality if we assume that
the system of charges and currents oscillates sinusoidally
at the angular frequency to:

Again we must take the real part of these expressions if we
wish to obtain actual physical quantities. We are generally
interested in the radiation fields in free space outside
the current and charge distributions. Thus setting y = e = 1
and making the dependence on the retarded time t' explicit
in equation (2.57), we have

since w/k = c. If the source is confined to a volume whose
dimensions are small compared with the distance to the point
P at which the radiation fields are observed, as shown in
Fig.2.3, then

where £ is a unit vector along the direction from the origin
to P. Substituting into equation (2.59) we have

In this book we shall be mainly concerned with radiation from excited electrons in atoms or molecules, so that
the dimensions of the charge distributions are of the order
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Fig.2.3.

Coordinates of the source point S and a distant
point of observation P referred to an origin 0
within the charge and current distribution.

-s

r' = 10 cm. If we consider radiation in the centre of the
visible region A = 5000 A, then k » 1 x 105 cm'1. Consequcntly kr' « 1 x ID'3 and we can expand the exponential
term in equation (2.60) as a power series:

For the present discussion we retain only the first term in
this expansion and also set the denominator in equation
(2.60) equal to r. This is known as the electric dipole
approximation and we see that A(ir,t) has the form

We now transform the integral in equation (2.62) by using
the expansion formula
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and the continuity equation, equation (2.5), applied to the
sinusoidal currents and charges of equation (2.58):

Since the surface integral of xJ vanishes for any surface
outside the current distribution, we have

where p_ is the electric dipole moment of the system of
charges defined by

We see that the vector potential, A(_r,t), has the space-time
dependence characteristics of a spherical wave expanding
from the origin.
The magnetic field produced by the oscillating electric
dipole moment is given by equation (2.48)

Making use of the vector expansion
curl{£ f(r)}

=

f(r) curl £ - £ A grad f(r)

we have

Outside the source, the electric field is obtained by applying Maxwell's relation equation (2.18), taking into account
the sinusoidal nature of the fields:
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We see that the magnetic field is always perpendicular to
the radius vector ? but that in general the electric field
has components both parallel and perpendicular to r. Further discussion of equations (2.66) and (2.67) is simplified
if we consider the fields in three spatial regions defined
in the following way:
(a) The near zone, d <r <X.
Here d is the size of the
source distribution and we have already imposed the condition d<\ in the expansion of equation (2.61).
region the electric field is given by

In this

Except for the time-dependent factor, this expression is
identical to the field produced by a static electric dipole.
This term is responsible for the interatomic forces between
neutral atoms (van der Waals forces) as we discuss in
Chapter 8. These forces are only appreciable when the atoms
come close together, as in a collision, due to the 1/r3
dependence of the static field.

The magnetic field in this

region is smaller by a factor of kr and is therefore negligible.
(b) The intermediate zone, d ^ r ** A.

In this zone the fields

are rather complicated since there is still an appreciable
radial component of E_. The situation is illustrated in
Fig.2.4 for several successive instants of time.

We see

that in this region closed loops are formed in the streamlines of the electric field and that there is no well-defined
wavelength which characterizes the field distribution.
(c) The wave zone, d < A < r.

In this zone the situation
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again becomes simplified since only those field components
which decrease as 1/r need be considered.

The radiation

fields are given by

Fig.2.4.

Streamlines of the electric field about a linear
dipole oscillator of moment £=£Q cos cot.

where we have introduced the impedance of free space
Z Q = 1/EgC. We see that E and H have the form of spherical
waves expanding from the origin with a characteristic wave-
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length X = 2Tr/k. The fields have all the properties characteristic of the wave fields which were discussed in section
2.3. In particular, E_ and H are perpendicular; they are
transverse to the direction of propagation r; and they have
amplitudes bearing the constant ratio [S./Jf,, = ZQ in the
case of a linearly oscillating dipole. As r-"° the spherical
waves become closer and closer approximations to the plane
waves discussed previously.
The polarization of the electric field is determined
by the motion of the elementary charge producing the timedependent dipole moment. If the electron is performing
linear oscillations, equations (2.69) and (2.70) show that
the radiation fields are also linearly polarized. In the
more general case of elliptical or circular motion, the

Fig.2.5.

Polarization of the electric field seen by looking
from different directions at a dipole oscillator
executing (a) linear oscillations and (b) circular
oscillations. The observer is a t - a large fixed
distance and the amplitude of oscillation of the
electron has been greatly exaggerated.
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radiation is generally elliptically polarized and the shape
of the ellipse depends on the direction of observation. This
is illustrated in Fig.2.5 for the case of (a) a linear
oscillation, and (b) a circular oscillation of an electron,
and is discussed in more detail in section 5.2.2.
2.8.

Rate of radiation by an electric dipole oscillator
The time-averaged intensity of the radiation at the

point P'(r,6,<J>) is given by the Poynting vector
N = Re(EAH*)/2 and the average power radiated into unit solid
angle,

is therefore

Making use of equations (2.69) and (2.70) we see that the
result is independent of the radius of the sphere r:

If £ is a linear oscillator, the angular distribution of the
radiation is given by

where 6 is the angle between the direction of observation
and that of p_. The sin2 6 angular dependence, illustrated
in Fig.2.6(a), is characteristic of dipole radiation leading
to a maximum intensity in the plane 6 = ir/2 and zero intensity
in the directions 9 = O,TT.
For the case of circular oscillation in the x-y plane,
the angular distribution can be shown to be (Problem 2.8)

which is shown in Fig.2.6(b). In this case there is no
direction in which the intensity is zero although the intensity in the direction 9 = ir/2 is only half that along the
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polar axis.
The total power radiated by an oscillating electric
dipole moment, P EI, is obtained by integrating over the
solid angle dn = sine de d<f>. In both cases we have

Fig.2.6.

Angular distribution of electric dipole radiation
for the case (a) of linear oscillation parallel
to the z-axis, and (b) of circular motion in the
x-y plane. The length of the radius vector is
proportional to

2.9. Angular momentum of dipole radiation
It has been shown experimentally that a beam of circularly-polarized light exerts a torque on any optical component, such as a quarter- or half-wave plate, which
changes the state of polarization of the light. This corresponds to a transfer of angular momentum from the radiation
fields to the material system.

To calculate the rate at

which angular momentum is radiated by an electric dipole
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source we consider the oscillating current distribution to
be surrounded by a large, perfectly absorbing sphere.
Associated with the time-averaged flux, N, in the
direction k is an energy density U given by Uk = N/c.
relativistic energy equation

The

shows that there is also an associated momentum density
2
G_ = N/c since the rest mass m,. of a photon is zero. Thus
the torque exqrted on an element of area dS of the absorbing
_ 2
sphere is c dS (£AN/c ) and the angular momentum radiated
per unit time is given by

Substituting for the time-averaged Poynting vector from
equation (2.46) and expanding the triple vector product,
we obtain L_ in terms of the fields:

For electric dipole radiation the first term in equation
(2.76) is identically zero since the magnetic field H* is
everywhere perpendicular to _r, equation (2.66). The electric
field in the wavezone, equation (2.70), is also perpendicular
to _r and therefore in the second term of equation (2.76) we
retain the intermediate field contribution to E_ which varies
as (1/r ).

We obtain

Finally if we use the term in (1/r) for the magnetic field ,
equation (2.69), we obtain a result which is independent of
the radius r of the absorbing sphere:

We observe that although the radiated energy is. carried by
the fields in the wave zone, the angular momentum is trans-
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ported by a subtle combination of the intermediate zone E_
field and the wave zone H field.
An expression for the z-component of angular momentum,
L Z , in terms of the components of the electric dipole moment
(p ,P ,P ) can be obtained by introducing the explicit angular dependence of the cartesian components of r_ and performing the angular integration, giving

Similar expressions may be obtained for L ,L by cyclic perx y
mutation. We find that a given component of L, depends on the
perpendicular components of £ and moreover that these perpendicular components must be out of phase, since if p , p
x
y
are real or have the same phase L , from equation (2.79), is
zero. Thus a linear dipole radiates zero z-component of
angular momentum.
2
The maximum angular momentum for a fixed value of |p_|
is radiated when £ has two perpendicular components which are
of equal magnitude and ft/2 out of phase and a third component
which is zero.

Then if p = - ip , corresponding to left
y
x
and right circularly-polarized radiation respectively, we
find

The significance of this result becomes evident if we take
the ratio of maximum z-component of angular momentum radiated
per unit time to the total power radiated, P pi . From
equations (2.74) and (2.80) we have

By introducing the factor of h we are able to interpret this
classically-derived relation in terms of the quantum theory.
We see that each quantum ftu of circularly-polarized light
emitted by an oscillating dipole moment transports a z-com-
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ponent of angular momentum of - h , depending on the sense
of circular polarization. We shall meet these ideas again in
section 5.2 where we discuss the selection rules and polarization of electric dipole radiation (Problem 2.9).
2.10.

Magnetic dipole radiation
If, by reason of symmetry, the electric dipole moment

of the system (2.65) is zero, we must investigate higherorder contributions to the vector potential. The next term
in the expansion of equation (2.60) includes contributions
from both the denominator and the exponential factor and
has the form

It is convenient to separate the integrand into two parts ,
one symmetric and the other antisymmetric in J and _r':

If we consider first the antisymmetric component, we see that
it is related to the magnetic dipole moment m of the current
distribution:

The symmetric component is related to the electric quadrupole
moment of the charge distribution and will be considered in
detail in the next section.
From equation (2.81) the oscillating magnetic dipole
moment gives rise to the magnetic vector potential:

Comparing equations (2.66) and (2.84), we see that the vector
potential for magnetic dipole radiation, A,., (r) , is proportional to the magnetic field of electric dipole radiation,
—El'-—-'' Provided we replace £ by m:
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It follows that the magnetic field for magnetic dipole
radiation can be obtained directly from equation (2.67)

Similarly, from equations (2.50) and (2.85), we find that
the electric field for the magnetic dipole source is (-Vri)
times the magnetic field of an electric dipole. Thus

All the remarks concerning the behaviour of the fields
in the near and wave zone which we made in section 2.7 in
connection with the electric dipole fields apply in the magnetic dipole case if we make the interchanges

This, of course, means that the plane of polarization is
different in the two cases. For electric dipole radiation
the electric vector lies in the plane defined by r_ and
p_, while for magnetic dipole radiation it is perpendicular
to the plane containing £ and ro.
The angular distribution of the radiation is the same
for the two kinds of dipole, but the total power radiated
by an oscillating magnetic dipole is given by

2.11.

Eleatria quadrupole radiation

We now consider the first term in equation (2.82)
which is symmetric in J and jrf . This can be transformed
using the vector identity
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and the continuity equation in the form div>J = iwp(:r). The
corresponding vector potential equation (2.81) is given by

The integral in equation (2.89) involves second moments of
the charge distribution and we can therefore identify this
contribution to the vector potential as originating from an
oscillating electric quadrupole moment.
The general expressions for the fields produced by an
electric quadrupole source are of rather complicated form.
However, we are mainly interested in the fields in the wave
zone since this will enable us to discuss the angular distribution and total power radiated. When using 13 = curl A
we therefore retain only the term which varies as 1/r. The
magnetic field is found to have the following form:

and the electric field in the wave zone is related to H in
the usual way

The explicit expression for the magnetic field is obtained
by combining equations (2.89) and (2.90), giving

The integrand in equation (2.91) can be rewritten in a more
convenient form as

In equation (2.92) Q(r) is a vector whose components are
defined by

In this equation ra

are the direction cosines of the unit
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vector r and Q
are the components of the electric quadrupole moment tensor

where (xa,x_,x ) are the cartesian components of r_.
With the use of these definitions, the magnetic field
is given by

The time-averaged power radiated per unit solid angle by
the oscillating electric quadrupole moment is given by

s\

Using the definition of Q(_r) (equation (2.93)), we can
expand the angular dependence of equation (2.96) in the form

It is apparent that the angular distribution of electric
quadrupole radiation is generally a rather complicated function of 8 ,<(> but a simple example will serve to illustrate
the main features. We consider an oscillating spheroidal
charge distribution.

In this case the off-diagonal elements

of the electric quadrupole moment tensor vanish because of
the symmetry of the system.

If the z-axis is taken as the

axis of symmetry we have Q,, = Q??' an<^ since the tensor is
defined in such a way that the sum of the elements on the
leading diagonal is zero, we may write

Substituting these values into equation (2.97) and using ex-
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/\

for the cartesian components of r, we

find that the angular distribution of the radiated power is
given by

This is a four-lobed pattern, as shown in Fig. 2.7, with
zero intensity in the directions 6 = 0 , ir/2, IT, and with
maximum intensity in the directions 6 = ir/4, 3ir/4. It is
quite different from the distributions for an oscillating
dipole shown in Fig.2.6.

Fig.2.7.

Angular distribution of quadrupole radiation from
an oscillating spheroidal charge distribution.

We are also interested in the total power radiated
since this will enable us to derive an expression for the
transition probability for electric quadrupole radiation in
section 7.2. From equations (2.96) and (2.97) we see that
we require integrals over products of the cartesian compo-
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/s

nents of _r expressed in terms of spherical polar
These are readily shown to be

coordinates.

Thus we find

The second term in this expression is zero since the tensor
is defined in such a way that its trace is zero. Thus the
total power radiated by an electric quadrupole source is
given by (Problem 2.10)

2.12. Multipole fields
In sections 2.7, 2.10, and 2.11 we have expanded the
radiation fields of an arbitrary charge distribution by the
use of simple and direct methods. This technique is adequate for a discussion of excited atoms since only the
electric dipole, and occasionally the magnetic dipole and
electric quadrupole terms are significant.

However, in

nuclear physics higher-order terms are frequently required
and it is clear that a more general and powerful
should be used.

technique

In this method the charge distribution is

expanded in terms of its multipole moments and the radiation
fields are constructed from spherical waves which have welldefined values of the square of the total angular momentum
L2 and of its z-component, L . This enables changes in the
—
z
angular momentum and parity of excited states of nuclei in
radiative y-ray transitions to be discussed in a very elegant way. The same techniques are applicable to excited
states of atoms and molecules, but unfortunately they are
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beyond the level of this book and the reader is referred to
Rose (1955) for a complete discussion.
Problems
2.1.

Show that equation (2.20) may be reduced to the form

^

x\

where c, = £.k_ and k is a unit vector in an .arbitrary
direction.

Hence prove that the general solution of

the wave equation is given by

W

=

WT(p) + W2(q)

where p = <;-vt and q = C+vt.
2.2.

By considering the surfaces on which W(r_,t) =
= W0exp(i(k. r_-ut)} is constant, prove that this represents a harmonic plane wave propagating in the direction k with a wavelength given by A = 2ir/k = 2irv/u).

2.3.

Verify that equation (2.35) may be reduced to equation
(2.36) by eliminating the common phase angle <)>. By a
rotation of the coordinate axes about the Oz direction
or otherwise, show that the tip of the electric vector
specified by equation (2.35) traces out an ellipse
with semi-axes E, and E~ and that the

major axis of

the ellipse is inclined at an angle fy, given by
equation (2.37), to the Ox direction.
2.4.

Prove that the spherical unit vectors specified by
equation (2.39) satisfy the orthonormality condition
and
here 5
if
otherwise.
Show that the real parts of

represent left and right circularly-polarized waves
respectively.
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A long straight cylindrical conductor of radius
and resistivity p carries a steady current I.

a
Find an

expression for the Poynting vector at a radius r < a.
Show that for a cylindrical shell in the conductor of
inner and outer radii r^ and r 2 , the net flow of energy
from the electromagnetic field into the shell is
equal to the ohmic heating in the shell.
2.6.

Prove that the time average of the product of the real
parts of two complex vectors, both of which depend on
time as exp(-iwt), is given by one-half of the real
part of the product of one with the complex conjugate
of the other.

2.7.

The numerical value of the Poynting vector in a collimated, single-frequency laser beam is 0.13 W cm-2.
Calculate the amplitudes of the fields E_ and H and
the pressure exerted on a completely absorbing surface
normal to the beam.

2.8.

A particle of charge -e executes a circular path in
the x-y plane given by _r=r g (i_ coswt + j_ sinoot). Show,
by using equation (2.71), that the angular distribution
of the emitted radiation varies as (1+ cos 8).

2.9.

Circularly-polarized waves of finite extent propagating
in the z-direction are given approximately by

where E,.(x,y) is some arbitrary function of x and y.
Show that the magnetic fi.~ld is given approximately by

Calculate the time-averaged components of the
angular momentum Lz parallel to the direction of
propagation and show that the ratio of L Z to the
electromagnetic energy density U is given by
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A linear quadrupole oscillator consists of a charge
+2e which is stationary at the origin and two negative
charges of -e at z. and z^ given by
z,

=

-z ~

=

a cos(wt/2).

Compute the electric and magnetic fields at a large
distance from the origin and find the rate at which
energy is radiated by the system.
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3
Review of quantum mechanics
The main aim of this chapter is to obtain the form of the
wavefunctions which describe atomic energy levels. These
wavefunctions will be essential in our discussion of radiation processes in later chapters.

We start by introducing

Schrodinger's equation and summarize some of the operations
which are fundamental to quantum mechanics. We then show
how the angular part of Schrodinger's equation can be solved
exactly in the case of spherically symmetric potentials.
The orbital angular momentum operator is defined and the
physical significance of the quantum numbers 1,m is explained. The radial dependence of the wavefunctions is
illustrated by considering hydrogenic systems. Next the
concept of intrinsic spin is discussed and the effect of
spin-orbit interaction in one-electron atoms is treated
in some detail. We outline the extension of these results
to atoms containing several electrons by considering the
central-field approximation. Finally Russell-Saunders or L-S
coupling and the fine structure of atomic energy levels is
discussed since this introduces the spectroscopic notation
which will be used frequently in later chapters.
3,1.

The Sahrodinger wave equation
In his doctoral dissertation de Broglie postulated that

particles such as the electron, proton, etc. should also
possess wave-like properties in exact analogy with the
particle-like properties exhibited by electromagnetic waves
in the quantum theory of radiation. For motion in one
dimension he postulated that the momentum of the particle p
and its kinetic energy E were related to the wavevector k
and angular frequency 01 of the guiding wave, ¥, by the
relations
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In the case of a free particle of mass m moving along
the x-axis, the energy and momentum satisfy the equation
E

=

2

p /2m.

The wavefunction ¥(x,t) = exp{i(kx-wt)} describing the
motion of the particle must therefore satisfy an equation
involving a first-order derivative with respect to t and a
second-order derivative with respect to x.
sible equation is

One such pos-

To extend this to three dimensions we use

and the wave equation becomes

with the complex solution

This suggests that the energy and momentum of a particle can
be represented by differential operators which act on the
wavefunction Vfrjt) where

For a particle of mass m moving in a potential V(r) the sum
of the kinetic and potential energy of the system is constant,
Schrodinger postulated, therefore, that equation (3.3)

could

be generalized to include this case and that the equation
governing the motion of the particle is then

The validity of Schrodinger ' s wave equation rests not on the
plausibility arguments we have used to justify it but on the
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excellent agreement between theoretical predictions made
from equation (3.5) and experimental results.
The usual interpretation of the wavefunction is that
the probability P(_r,t) dv of finding the particle in the
volume element dv centred on the point £ at time t is given
by

The time-dependent Schrodinger equation has solutions
of the form

where ty(r) is a solution of the time-independent equation

This equation may be written symbolically in the form

where

is called the Hamiltonian of the system, and in a conservative system represents the sum of the kinetic and potential energies. Thus equation (3.9) is in the form of an
eigenvalue equation in which the wavefunction ^ (_r) is the
eigenfunction and E is the eigenvalue of the operator X0.
The eigenvalue is in fact the measurable value of the
physical observable represented by the operator, which in
this case gives the total energy of the system. If V(_r)
is finite, we require the wavefunction \ji (T) to be continuous,
finite, and single valued at every point in space. This
ensures that a definite physical situation can be represented
uniquely by a given wavefunction and that the probability
density P(_r,t) is everywhere finite and continuous (Problem

3.1).
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values and matrix elements

Before solving the time-independent Schrodinger
equation, equation (3.9), explicitly we briefly review some
of the algebraic properties of wavefunctions. All the information about a quantum-mechanical system is contained
in the wavefunction f(r_,t) which is usually subjected to
the normalization-condition

where the integration is over all space. To obtain this
information we must make a series of measurements on the
system. We assume that every observable such as position,
momentum, energy, etc. can be represented by an operator
which acts on the wavefunction.
If T is such an operator,
we define the expectation value of T as

where f* is the complex conjugate of ¥. The expectation
value can be regarded as the average of the results of a
large number of measurements made on independent systems
all of which are described by the same wavefunction ¥. If
f=u. is an eigenfunction of the operator r with the eigenvalue y • then

and the expectation value of r is simply

since u^ is assumed to be normalized (Problem 3.2). In this
case every measurement on the system gives the result y with zero statistical spread in the values observed.
If f is not an eigenfunction of r it can be expanded
in terms of any complete set of normalized orthogonal eigenfunctions w.:
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The expectation value of r is now given by

Thus the operator T is now represented by a square matrix
th
with the element in the jth row andth
column being given
by < j | r | i > .

The quantity < j | r | i > = r

is called the matrix
^
element of the operator r. It depends not only on the form
of the operator but also on the basis set w. which was chosen

for the representation
of the operator.
If the functions
w - are eigenfunctions of the operator r corresponding to the
eigenvalue y., then we have

and the matrix of the operator is diagonal in this representation. This of course means that the basis set of eigenfunctions is a particularly simple and useful representation
in which to \\rork.
2,3.

Solution of Sahrodinaer 's equation for spheriaallysymmetria potentials

We shall be concerned mainly with the wavefunctions of
electrons in atoms and in this case the predominant contribution to the .potential comes from the Coulomb attraction
of the nucleus. This potential is ,spherically symmetric and
therefore V(_r) is a function of the radial coordinate r alone.
This enables the Schrodinger equation to be separated into
three differential equations which involve r, 8, and <|>
separately.

If we consider the motion of a single electron

of mass m about a nucleus of mass M we can separate off
the centre-of-mass motion and consider only the relative
motion of the electron. In spherical polar coordinates
equation (3.8) becomes (Problem 3.3)
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where y = n)M/(m+M) is the reduced mass of the electron.
we write the wavefunction in the form
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If

and substitute into equation (3.13), we obtain

Since the left-hand side of equation (3.14) depends only on
r and the right-hand side on 6 and <j>, both sides must equal
a constant which we call X. Thus Schrodinger's equation
separates into a radial equation

and an angular equation

It is apparent from equation (3.15) that the energy of
the electron is determined mainly by the radial part of the
wavefunction R(r) , just as we would expect from classical
mechanics. However, the detailed form of the radial wavefunction can only be determined exactly when the dependence
of V(r) on r is specified, and then only in certain special
cases. By contrast the angular dependence of the wavefunctions can be obtained relatively simply, even in the
general case, by means of the substitution Y(6,<j>) = 0(6) $(<)>).
Equation (3.16) then separates into:
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2
where m is the separation constant. The constant is chosen
in this form since equation (3.17) then has solutions of
the type

The physical requirement that $(<(>) shall be continuous and
single-valued in the range 0 < <f> < 2ir can only be satisfied
if m is an integer

Unfortunately the solutions of the 6-dependent equation are
considerably more involved. By substituting £ = cos 6 in
equation (3.18) we obtain

Again we require for physical reasons that the solutions of
equation (3.21) should be single-valued, finite, and continuous in the range -1 £ C - 1.
if the constant \ has the form

This can only be achieved

and if

The physically acceptable solutions of equation (3.21) are
known as associated Legendre functions, 6(6) = P^(cos6).
These are polynomials in cos6 whose form depends on the
particular values of m and 1.
The solutions of equation (3.16) are now seen to have
the form
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where N1!1 is a constant whose value is chosen so that the
total angular wavefunction is normalized when integrated
over the surface of the unit sphere:
£•

These functions are called the normalized spherical harmonic
and, for m > 0, are given by:

The explicit form of the spherical harmonics of low-order
numbers (Z.,m) are given in Table 3.1. It may be verified
by direct integration that they also obey the orthogonality
relation (Problem 3.4)

TABLE 3.1.
The normalized spherical harmonics
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The spherical harmonics of negative

m

are given by

These solutions to the angular part of the one-electron
Schrodinger equation are very important since they determine
many of the atomic properties in which we are interested.
These include the polarization of emitted light, selection
rules for the emission and absorption of radiation, and
Zeeman and Stark splittings. Thus although we can often
only find approximate solutions for the radial wavefunctions,
equation (3.15), we can usually describe the angular properties exactly (Problem 3.5).

As an illustration of this,

we consider the effect of inverting the coordinates of the
electron through the origin,

This is known as the parity operation. The effect on the
wavefunction obviously depends only on the properties of
the spherical harmonics. Since it can be shown (Problem
3.6) that

the wavefunction will either change sign or remain unchanged, depending on whether I is odd or even.
function is said to possess odd or even parity.

The waveThe atomic

Hamiltonian is unchanged or invariant under the parity
operation provided there are no external perturbations such
as electric or magnetic fields acting on the atom.

Hence

the parity of the wavefunction is a constant of the motion.
This has the immediate consequence that in a state of welldefined parity the expectation value of the electric dipole*
moment of an atom, defined by

is zero.

This follows since if we calculate this expectation

value in a coordinate system obtained by reflection through
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the origin, the sign of fy*fy does not change while that of r_
does.

We would therefore have the non-physical situation

of obtaining two different results for < - e j r > depending on
our choice of coordinate system.

The parity of atomic wave-

functions is also important in determining the selection
rules for radiative transitions between excited states, as
we shall see in sections 5.2.3 and 7.3.1.
3.4.

Orbital angular momentum
In classical mechanics the angular momentum of a

particle is given by

where r_ is the position vector with respect to the origin
and p is the linear momentum.

The quantum-mechanical or-

bital angular momentum operator is obtained by substituting
p = -ih grad, giving

The factor ft is introduced to

make l_ a dimensionless

operator with cartesian components

where 1y and 1 are obtained by cyclic permutation. Transforming the operator Iz into spherical polar coordinates
gives

and from equation (3.24) we see that Y?(e,((>) is an eigenfunction of the operator h Z.z

Ls

with the eigenvalue mh:

We can also show (Problem 3.7) that
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which enables equation (3.16) to be written as an eigenvalue equation

We can now give the quantum numbers I ,in a physical
significance: h 2 £(Z+l) is the expectation value of the
square of the orbital angular momentum operator and mh is
the expectation value of the z-component of this operator.
This corresponds to the classical result that the angular
momentum is a constant of the motion in a sphericallysymmer.ric potential, V(r) .

However, unlike the classical

case, only the z-component of l_ has well-defined values,
is not an eigenfunction of 1,1.

since
equations

(3.20) and (3.22) restrict Iz

of integer values, 2Z+1 in number.

x'

y

In addition

to a discrete set
This is known as space

quantization and m is called the magnetic or spatial quantum
number.

We can represent l_ diagrammatically by a vector

of length (I(Z.+ 1)}2 whose projection on the z-axis can only
have integral values between +1 and -I, as shown in Fig.3.1.
By allowing this vector to precess at a constant

angle

about the z-axis, we can include the fact that the components

x and Iy• are not observable, i.e. they are not constants of

l

the motion (Problem 3.8).
3.5.

Hydrogenic

wave functions

In hydrogenic systems such as H, He + , Li++, ....

the

central potential has the simple form V(r)
where Z is the nuclear charge.

In 'this case the radial wave-

equation, equation (3.15), can be solved exactly.
the following substitutions:

We make

REVIEW OF QUANTUM MECHANICS

Fig. 3.1.

63

Space quantization of orbital angular momentum
showing the 21+1 projections of the angular
momentum vector l_ on the z-axis.
drawn for the case 1=2.

The figure is

Recalling that X = 1(1+1), we may transform equation (3.15)
into

Solutions of equation (3.38) which remain finite as p-*-» and
also as p+0, and are therefore physically acceptable, have
the form

where F(p) is a polynomial in p.

In order that the power
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series for F(p) should terminate at the term pn , thus making
F(p) a finite polynomial, it is necessary that n should be a
positive integer given by

From equations (3.35), (3.37), and(3.40) we see that the
negative energy eigenvalues are given by

The integer n is called the principal quantum number and can
have any value from n = 1,2,3, .....
If we substitute for the reduced mass u = mM/(m+M) in
equation (3.41), we obtain

where R^ is a universal constant called the Rydberg, corresponding to the case of a nucleus of infinite mass:

From equation (3.41) we see that states with the same
value of n but different values of the quantum numbers I,m
have the same energies. They are said to be degenerate and
the total number of states with the same energy is given by

The degeneracy with respect to the orbital quantum number 1
is a special feature of the energy-level schemes of hydrogenic
systems brought about by the Coulomb potential V(r) °= 1/r.
It is not found in other effectively one-electron systems
such as the alkalis, where the orbital states Z of a given
principal quantum number n usually differ considerably in
energy. In these atoms the valence electron moves in a
central potential in which the Coulomb potential of the
nucleus is modified by the screening effect of the inner
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shells of electrons. The hydrogenic energy- level scheme
is approached only at large values of n when the valence
electron no longer penetrates this inner core. The
accidental Z-degeneracy in hydrogenic systems has the important consequence that the Stark splitting is a linear
function of the strength of the applied electric field,
whereas in other systems it varies quadratically with the
field and is generally much smaller. The degeneracy with
respect to the azimuthal quantum number m is a general
feature of atomic energy levels. It can be lifted by the
application of external electric or magnetic fields.
The shape of the radial part of the wavefunction is
determined by the quantum numbers n and I. Therefore the
total wavefunction has the form

Since the spherical harmonics Y?(e,<})) have been normalized
by integrating over the surface of the unit sphere, the
complete wavefunction will be normalized over all space if

The explicit expressions for the first few normalized hydrogenic radial wavefunctions are given in Table 3.2 and
plotted in Fig.3.2. The scale of the radial wavefunctions
is determined mainly by the exponential term in equation
(3.39) through the characteristic length

where aQ is the radius of the first Bohr orbit for a nucleus
of infinite mass:

From the graphs of Fig. 3.2 it can be seen that larger
values of n correspond to wavefunctions of greater radial
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extension in accord with the Bohr model (Problems 3.9 and
3.10).
The dependence of Rnl (r) on the quantum number 1 which
is apparent in equation (3.39) has the important consequence
that states for which 1=0 have -a finite probability density
at the origin,

whereas for l^Q this probability density is zero. The finite
overlap with the nuclear charge distribution which occurs
for states with 1=0 leads to large magnetic hyperfine
structures and to large nuclear volume effects in the isotope shifts of medium and heavy elements.
TABLE 3.2.
The normalized hydro genie radial wave functions R (r)
?
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Radial wavefunctions for liydrogenic systems.

Note

the different ordinate scales.
3.6.

Spin angular momentum
We have obtained a detailed description of the spatial

wavefunction, tj^^ (r, 9 ,<}>), of one-electron atoms, equation
(3.43).

However, the Stern-Gerlach experiment, the anoma-

lous Zeeman effect, and the fine structure of spectral
lines provide ample evidence that the wavefunction

is incom-

plete and that an additional degree of freedom or an addi-
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tional quantum number is required for a complete description.
In 1925 Uhlenbeck and Goudsmit postulated that each electron
possesses an intrinsic spin angular momentum hs_ which has
only two possible values of space quantization, m = - -*-.
5

LI

The spin operator £ acts on spin wavefunctions denoted by
X(m ) in a special space which is quite separate from the
ordinary three-dimensional coordinate space in which the
orbital angular momentum h_Z operates.
It is therefore difficult to see how we can obtain
explicit expressions for the operators s2 and s analogous
~
2
2
to the differential operators which were obtained for l_
and 1z in section 3.4. We seem to require a wider conceptual basis and a more generally applicable technique for
the discussion of angular momentum operators and their eigenfunctions. One possible way in which this may be achieved
follows from the form of the cartesian components of the
operator l_, equation (3.30). It may be shown that

where f is any dif f erentiable function of x,y,z. This
equation can therefore be written as an operator equation
with the function f omitted:

Similar equations which can be obtained by cyclic permutation are conveniently summarized by

These are known as the commutation relations for orbital
angular momentum.
By purely algebraic methods it can be shown that the
whole quantum theory of angular momentum follows from these
equations. In particular, if j_ is a Hermitian operator
which is defined to obey the commutation relations
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then there exist eigenfunctions iji.m , whose explicit form need
2
not be specified, which are simultaneous eigenfunctions of j_
and j with eigenvalues given by

The quantum number j can have any of the values j = 0, •=-, 1,
y, 2, ..., that is any integer or half integer, and for a
fixed j the permitted values of m are

In this purely formal theory the operatory ft j_ can represent
either orbital or spin angular momentum, or as we shall see
below, can even represent the sum of two angular momenta
(Problem 3.11).
3.7.

Co'upling of two angular momenta

If j_j and j_- are operators which separately obey the
commutation relations, equation (3.49), then it can be shown
that the operator defined by

also obeys the same commutation relations and is generally
called the total angular momentum of the system, j, and j_~
may both be orbital momentum operators, or may both be spin
operators or may be a mixture of the two. Thus once we have
found eigenfunctions for the individual angular momenta j,
and j_2, we then have the problem of constructing wavefunctions
for a compound system of two angular momenta. These wavefunctions are essential for the complete description of a
single particle whose total angular momentum is a sum of
orbital and intrinsic spin, as we shall see in section 3.8
below. They are also necessary for the discussion of manyelectron atoms which we take up in section 3.9. Finally the
results obtained in this section will be useful in the dis-
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cussion of the selection rules for the emission and absorption of radiation which we give in Chapter 5.
Let the eigenfunctions of the angular momentum operators
respectively, such that

We have used the same symbol tjj for both eigenfunctions even
though they refer to different spaces, and may in the case
of orbital and intrinsic spin wavefunctions have completely
different forms.

The simple direct-product wavefunctions

are simultaneous eigenfunctions of the operators
J 2z and form one possible set of basis functions for describing the combined system. This basis is called the uncoupled representation. We seek a new representation in
2 are diagonal, where
which j_ 2 and j together with j_,2 and j~
j_ is the total angular momentum operator j_ = j_, + j__ and jz
is its z-component. This coupled representation, denoted by
is obtained by taking suitable linear combinations
of the uncoupled wavefunctions:

The quantities C( j -^ j ^ j j m ^m ^ m) are simply numerical coefficients called Clebsch-Gordan or vector-coupling coefficients.
The three magnetic quantum numbers m-|,m,,,m are not all
independent, as we discover by operating on both sides of
equation (3.54) with J z = J l z + J 2 z - We obtain
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which may be rewritten as

Now since the uncoupled

are

wavefunctions

linearly independent, this summation will only vanish if each
term is identically zero, i.e.
(m-m1-m2)C(j .j^j2j ;m1m2in)

=

0.

Thus the Clebsch-Gordan coefficients are zero unless
m

=

m, +ITU .

The double summation in equation (3.54) therefore reduces
to a single summation since ir^m-m, is fixed once m, and m
are specified. This condition can be incorporated in the
Clebsch-Gordan coefficient and the third projection quantum
number can be suppressed, giving

The Clebsch-Gordan coefficients have the form of square roots
of simple fractions and explicit relations for
C(J i

\ j ',m, ,m-m,) and C(j, 1 j ;m-, ,m-m,) are given in Tables
3.3 and 3.4.
The range of the quantum numbers j and m must now be

specified. Since j_ is an angular momentum operator we know
that

Since m=m, + iTi 2 > "the maximum value of m is obtained when m-,
and nu both have their maximum values. Thus

This must also be the largest value of the quantum number j ,
thus J max = Ji+J?' ^ne sta'te ^n which j=m=j-^+J2 is called
the stretched state and there is a particularly simple
relation between the coupled and the uncoupled representation
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in this case, since only one combination of m, and m 2 is
possible. We have

where the first two subscripts have been dropped from the
notation of the coupled representation for the sake of
clarity.
The next smaller value of m is m=j , +J 2 -l which corresponds to the two uncoupled states 1/1 . . , iji . . and
^l3!'1 3 Z 3 Z
i/i 3. 3. i/i - - 1
, . There are an infinite number of pairs of in1 1 ^Z"
dependent linear combinations of these states, one of which
must represent the coupled state 41 3. .3- 3- . - 1•, and the
1 2 > 1 J2"
other must represent the coupled state 1/1 J. . ,1 .3 . ,.
l ^Z" ' ! ^Z"1
Thus the allowed values of j are obtained as the series

The smallest allowed value of j is obtained when the total
number of linearly-independent coupled states equals the
total number of uncoupled states from which they were formed,
thus

From this equation we find that j .
allowed values of j are given by

= Ij i 'j ? !

an<

^ the

If the numbers j-,,J2» and j are represented as lengths,
then from equation (3.57) we see that these three lengths
must be capable of forming the sides of a triangle whose
perimeter is an integer. If this triangular condition,
represented symbolically by Mj.j-j), ^-s not satisfied, then
the Clebsch-Gordan coefficients in equation (3.55) are
identically zero (Problem 3.1Z).
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TABLE 3.3.
The Clebsch-Gordan coefficients

3.8.

Spin-orbit interaction and the vector model
We now illustrate the usefulness of the coupled re-

presentation by considering the problem of spin-orbit interaction in one-electron atoms.

The anomalous Zeeman effect

shows that each electron with intrinsic spin angular momentum
h£ possesses an associated magnetic moment given by

where the spin g-factor has the value gs = 2(1-0011600-000002) and yfi = (9-27410-0-00006) * 10"24 J T"1 is the
value of the Bohr magneton.

In an atom this magnetic moment

experiences the effect of the magnetic induction B 7 created
L

by the orbital motion of the electron, and consequently
there is an additional contribution to the Hamiltonian of
the system of the form

where 5(r) is given by

TABLE 3 . 4 .

The Clebsah-Gordan coefficients C(j1 l j; m1, m-m1)

m, = m - 1

J-Ji+1

j-j1

J=J!-1

ID, = m

m-, = m + 1
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This expression is only really useful in hydrogenic systems
where the electrostatic potential V(r) is accurately known.
To obtain a simple description of one-electron atoms
we must find wavefunctions which are simultaneous eigenfunctions of the main Hamiltonian *0* equation (3.9), and
of the much smaller spin-orbit interaction, X s.o. ' equation

(3.59). An alternative way of stating this problem is that
we are seeking a representation (i.e. a set of wavefunctions)
is diagonal.
in which the total Hamiltonian X = JCn + X
0
s.o.
The wavefunctions of the uncoupled representation,

which are obtained by taking direct products of the spatial
wavefunctions, equation (3.43), with the spin wavefunctions,
do not satisfy this requirement. The uncoupled representation would be a good description of the atom only if the
spin-orbit interaction was negligible and in this case
states with different values of m 7 ,m would be degenerate.
However, wavefunctions which are simultaneous eigen2
2
2
functions of the operators l_ , s_ , j_ , and j where j_=L+-L>
do satisfy this requirement since then

In this representation the expectation value of the spinorbit interaction has the well-defined value

where
(Problem 3.13).
The wavefunctions i|>

. = |nZjm> are just those of the
IT7L j m
coupled representation given by equation (3.55). For a
single electron s=y, and there are, according to' equation
^
+
(3.57), only two possible values of j given by j = I - \.
The
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effect of the spin-orbit interaction is to split the previously degenerate states into two discrete energy levels
separated by an amount AE = £(Z-+|) as shown in Fig. 3.3.

Fig. 3. 3.

The effect of spin-orbit interaction in a oneelectron atom.

The following explicit expressions for the wavefunctions representing a one-electron atom may be obtained
by using the Clebsch-Gordan coefficients given in Table 3.3:

The angular momenta _Z and £ are said to be coupled by the
spin-orbit interaction to give a resultant total angular
momentum j_. This coupling, which is represented analytically
by equation (3.64), can be shown much more simply and vividly
by means of the vector model. We represent the angular
momentum operators 1, s, and j as vectors which, because
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of the requirement A(Jsj), must form the sides of a triangle
as shown in Fig.3.4. The spin-orbit interaction produces
a torque which causes the vectors l_ and s^ to precess about
j_ with the angular velocity
This additional
energy gives rise to the two fine-structure energy levels
Since expectation values in quantum mechanics are equivalent
to time-averages in the vector model, the lengths | l \ , |sj,
and |j_| are constant. However, the projections l and sz
z
on a z-axis fixed in space fluctuate due to the precessional
motion. This corresponds to the fact that ml> ms are no
longer good quantum numbers and the uncoupled representation
becomes a poorer and poorer description of the atom as the
spin-orbit precession gets faster and faster. By contrast,
j and m are good quantum numbers since we assume that there
are no external forces acting on the atom.

Fig.3.4.

3.9.

Vector model of a single-electron atom showing
the precession of the angular momentum vectors l_
and £ about their resultant j_.

Many-eleatron atoms

We wish now to introduce the more general case of an
atom possessing N electrons and to derive the wavefunctions
and quantum numbers which enable the energy levels of an
atom to be labelled in a systematic way. The discussion
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will not be complete since the problem is considerably more
difficult than the case of the one-electron atoms discussed
previously.
3.9.1. The central-field approximation. The Schrodinger
equation for the electrostatic interaction of N electrons
in an atom with a nuclear charge Z is given by

where the mutual repulsion term is summed over all pairs of
electrons and ¥ now represents the time- independent N electron wavefunction. The mutual repulsion term prevents the
direct solution of equation (3.65) using single-electron
wavefunctions and it is necessary to find an approximate
method for dealing with this equation. We therefore assume
that each electron moves in a spherically-symmetric potential U(r.) and rewrite the Hamiltonian of equation (3.65)
in the form

where

and

We assume that W,, which contains the effect of the noncentral forces, is small compared withJf g . Then in the
zeroth approximation in which JC, is neglected, we must
solve the equation

Substituting for ¥ a product of single-electron wavefunctions,
we find that equation (3.69) is separable into a set of
Schrb'dinger equations for each electron:
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The total energy is given by the sum of the single-electron
energy eigenvalues

and the individual electron wavefunctions or spin-orbitals
have the form

where a stands for the set of four quantum numbers n,Z,m7i, ,m j .
Since U(r.) is no longer a simple Coulomb potential, states
with the same n but different values of I may be widely separated in energy. When the values of n^, 1. for all the N
electrons have been given we have specified the electron
configuration. In the central-field approximation the
electrons of the configuration move completely independently
of one another since the mutual interaction term, X., has
been neglected.
3.9.2.

The Pauli exclusion principle.

According to the

Pauli exclusion principle, not more than one electron in a
given atom can have a particular set of the four quantum
numbers r\,l,m ,m . Electrons with the same n, l are called
i,
J
equivalent electrons since they have the same energy. Because of the degeneracy with respect to m and m , a maximum
s

L

number of 2(21+1) electrons can occupy a ehell with a specified set of n and 1. In the usual spectroscopic notation
the value of n for a shell is given as a number, the value
of I by a letter and the number of electrons in the shell
as a numerical superscript. The letter code and the maximum
number of electrons per shell are given by
1=0,1, 2, 3, 4, 5
s, P, d, f, g, h
2(21+1) = 2, 6,10,14,18,22
For example, the ground-state configurations of sodium (Z=ll)
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and mercury (Z=80) are:
2
2
6
Na : Is 2s 2p 3s
2

Hg : is

2

2s

6

2p

2

3s

6

2

3p (4s

10

6

2

3d )4p (5s

10

4d )5p6
2

(6s

14

4f

10

5d ).

The sequence in mercury gives the usual order in which the
shells are filled as we go through the periodic system. The
brackets indicate shells which have nearly the same energy
and where the situation is often more complicated. The
chemical properties of the elements are determined mainly by
the least tightly-bound or valence electrons (3s in the case
of sodium and 6s2 in the case of mercury). The spectra of
atoms and ions in the visible and near-ultraviolet regions
are due to the excitation of one of these valence electrons
to states of higher energy.
The Pauli principle can be included in a more general
symmetry principle, proposed by Heisenberg and Dirac, which
states that electrons and other particles with half-integer
spin must be represented by wavefunctions which are totally
antisymmetric with respect to an interchange of the spin and
coordinates of any two electrons. Slater showed that this
requirement could be satisfied by a normalized determinantal
product wavefunction of the form

since an interchange of two electrons is equivalent to an
interchange of two columns of the determinant.
Pauli's principle is included since f (a,fj,...,v) is
zero if any pair of the sets of four quantum numbers are
equal, e.g. a = g. The Slater determinantal wavefunctions foi
an uncoupled representation where the good quantum numbers
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are"the sets (n,Z,m7if ,m 5 ) for each electron.
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generally several states belonging to the same configuration
corresponding to the different possible combinations of
m 7if,m S quantum numbers. In the central-field approximation
these states are all degenerate.
3.9.3.

Corrections to the central-field approximation.

Two

important terms are omitted in the central-field approximation. The first is the residual electrostatic interactions
represented by 3C, (equation (3.68)). This gives rise to
non-central forces \\rhich cause the motion of the electrons
to be correlated with one another, rather than completely
independent as in the central-field approximation. The
second term is the magnetic spin-orbit interaction which
was not included in equation (3.65):

We now assume that the energy intervals between one configuration and the next are very large. We nee~d then only
consider the results of JC-^ and X^ acting within a specified
configuration. We shall find that the main effect of these
interactions is to remove some of the degeneracy which
exists in the central-field approximation.
It can be easily shown that the sum in K- (equation
3.73)) is zero when taken over a closed or full shell. Thus
we are concerned only with the effect of the spin-orbit
interaction among the valence electrons. Similarly only
the electrostatic repulsion term
(equation (3.68)) acting on the valence electrons leads
to a splitting of the degenerate states belonging to the
configuration. The effect of all the other terms in X.
taken over the valence electrons, or of X1 as a whole taken
over closed.shells, is simply to shift the total energy of
the configuration without lifting the degeneracy.
We have therefore to consider the effect of the perturbation
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where now the summations are taken only over the valence
electrons of the configuration. The theory of complex
spectra consists of finding the linear combinations of determinantal wavefunctions belonging to the configuration which
diagonalize the perturbation given by equation (3.74).
3.9.4. L-S or Russell-Saunders coupling. In general the
problem of diagonalizing JC, and JC~ simultaneously is rather
difficult, and only when either JC^ or JC_ i s negligible is it
possible to give a simple treatment. The most usual situation is that in which the electrostatic terms in equation
(3.74) are much larger than the spin-orbit terms, i.e.
jq > K'2. This is called the Russell-Saunders case. The
electrostatic interaction of one electron on another produces a torque which causes the individual orbital angular
momenta l_. to precess as indicated in Fig. 3.5. The orbital
angular momenta l_. are coupled by the electrostatic interaction and a suitable representation is one in which the
total orbital angular momentum I. = £ l_. is a constant of the
motion. Although JC. does not act in spin" space, the exchange symmetry requirement which is built into the determinantal product \iavefunctions means that spin and orbital
angular momenta are closely linked. The result is that the
individual spin angular momenta s^ are also coupled so that
the total spin S^ = £ s_. is a constant of the motion, as
i ~
shown in Fig.3.5.
The representation in which .L and S_ are good quantum
numbers is obtained by forming suitable linear combinations
of the determinantal product wavefunctions, equation (3.72).
The first-order shift in the energy produced by the electrostatic interaction is given by

It can be shown that AE, depends on the values of L and S,
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Vector model for the addition of the angular
momenta of two electrons in L-S coupling.

a particular combination of L,S being called a term.

Since

AE , is independent of the values of the magnetic quantum
numbers M, and M g , there is a (2L+1)(2S+1)- fold degeneracy
with respect to M, ,Mg.
The spectroscopic notation for a term is obtained by
representing the value of the quantum number L by a capital
letter according to the code given in section 3.9.2. A
numerical superscript is then added to indicate the value
of the multiplicity given by 2S+1.

Thus the term

3

D has

L=2 and S=l. For the case of the configuration consisting
of the valence electrons 4p3d the possible values of L and
S are given by

L = 3,2,1
S = 1,0.
All combinations of these values of L and S are allowed and
the levels corresponding to the different terms of this con-
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figuration are shown schematically in Fig.3.6. If the configuration consists of equivalent electrons, the Pauli exclusion principle considerably reduces the number of possible
combinations of L,S (Problem 3.14).

Fig.3.6.

The terms and levels belonging to the configuration
4p3d in triply-ionized vanadium. (The spin-orbit
splitting is not drawn to scale).

3.9.5.

Fine structure in L-S coupling.

We now consider the

effect of the spin-orbit interaction

If we assume that terms corresponding to different values
of L,S are well separated in energy, then only the effect
of JCi within a single term need be considered.

2

one-electron case discussed in section 3.8, the

As in the
perturbation

is diagonal in a representation in which the total angular
momentum J=L+;3 is a constant of the motion. This is another
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example of the coupled representation.
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In this case the

wavefunctions are given by

where y represents all the other quantum numbers required to
specify the configuration. The first-order shift in the
energy produced by the spin-orbit interaction is given by

By means of a rather lengthy calculation this expression may
be transformed to

where c;(L,S) has the dimensions of energy and is constant
within the levels of a given term.
Thus the spin-orbit interaction lifts the degeneracy
of the term with respect to J and produces a fine-structure
mult-iplet of closely spaced levels. Each energy level is
specified by a set of quantum numbers (Y,L,S,J), the value
of J being added as a subscript to the spectroscopic notation.
Each level is still (2J+1)- fold degenerate with respect to
the magnetic quantum number M, and consequently a state speciJ
fied by the set (y,L,S,J,MT) is sometimes referred to as a
ij

sub-level. Singlet terms, S=0, are not split by the spinorbit interaction since in this case J=L and AE 2 = 0. The
effect of the spin-orbit interaction in the configuration
4p3d is shown at the extreme right of Fig.3.6.
The energy difference between two neighbouring levels
in the same fine-structure multiplet is given by

and is proportional to the larger value of J. This is known
as the Lande interval rule and is useful for determining the
J-values of observed energy levels. Departures from the in-
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terval rule indicate a breakdown of one or more of the approximations we have made previously

(Problem 3.15).

In the vector model the effect of the spin-orbit interaction is to cause the vectors L_ and £ to precess about the
direction of their resultant J, as indicated in Fig. 3. 5.
The L-S coupling approximation assumes that this precession
due to the magnetic spin-orbit interaction is much slower
than the precession of the vectors l ,s_- about .L and 55
respectively, which is produced by the electrostatic interaction.
3.9.6.

The Zeeman effect in L-S coupling.

Finally in this

review of quantum mechanics we recall that every circulating
current I in classical electromagnetism possesses a magnetic
moment, determined by the product of I and the area of the
current loop. Similarly in the atom there exists a magnetic
moment jj, associated with the orbital motion of the electron
where y, is given by the quantum mechanical operator
— I = ~&l ^B— ' Although numerically g, = 1, this factor is
introduced explicitly so that orbital and spin angular
momenta are treated identically. It should be noted that
the vectors jj, and _Z point in opposite directions due to the
negative charge on the electron.

As we mentioned in section

3.8, there also exists a magnetic moment associated with
the electron spin angular momentum,

where gs is almost exactly twice the orbital g-factor. In
a many-electron atom the individual orbital and spin magnetic
moments combine to produce a total atomic magnetic moment
given by

When a magnetic field E_ is applied to the excited
atoms in a gas discharge tube the spectral lines are observed
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to be split into a number of closely spaced components, a
phenomenon known as the Zeeman effect. This splitting is
caused by the additional energy acquired by the atomic
magnetic moments in the applied magnetic field and is described by the perturbation operator

In most experiments the Zeeman splitting is small compared
with the fine-structure separations and the effect of the
magnetic field can be obtained by calculating the diagonal
matrix elements of the perturbation operator. It can be
shown (Problem 3.16) that the energy of the sub-level
|y LSJM , > is changed by an amount

where the Lande g-factor is defined by

Thus only the component of the atomic magnetic moment
parallel to J is observable and equation (3.81) may be replaced by the expression

By substituting the values g ? =g /2=1 into equation (3.84),
an approximate expression for the Lande" g-factor is obtained

which is sufficiently accurate for most purposes.
From equation (3.83) we see that the external magnetic field removes the degeneracy of the fine-structure
states |Y LSJMj > . In weak magnetic fields a set of equally
spaced magnetic sub-levels is produced separated by energies
of hwL, where wL = gJ uB B/h is the Larmor angular frequency.
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In the vector model of the atom the total angular momentum
J_ is inclined at a constant angle to the direction of the
field B, determined by the magnetic quantum number M T , and
—
j
precesses about B at the Larmor frequency u,/2-n.
L

With the exception of the hyperfine structure and
Zeeman effect .of atoms with finite nuclear spin I, which
are considered separately in Chapter 18, this concludes our
brief review of the quantum theory of atoms.
Problems
3.1.

Construct the time-independent Schrodinger equation of
a classical harmonic oscillator of mass m and restoring
force constant k.

Find the value of a for which

is an eigenfunction of this equation.

Calculate the

corresponding eigenvalue in terms of the classical
1 '
frequency of vibration OJ^/ZTT = (k/m)
/2iy.

3.2.

2
Calculate the expectation values of x, x , px and
using the wavefunction given in Problem 3.1.
Show

that the product (Ap)2 (Ax)2=h 2 where Ap and Ax are
defined by (Ap)2 = < p2, > - < P x > 2 and (Ax)2 = < x2 > - < x > 2 .

This is one example of the Heisenberg uncertainty
principle. { T exp(-au ) du = (ir/a)2 ' }
—*to

3.3.

Construct the time-independent Schrodinger equation
for the hydrogen atom in terms of the coordinates £,
and r_2 °f tne electron and nucleus "respectively. Introducing the coordinates of the centre of mass, R,
and of the electron relative to the centre of mass, r_,
show that the Schrodinger equation may be separated
into:
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and

The first equation describes the motion of the electron
relative to the centre of mass and the sedond describes
the free motion of the centre of mass.
3.4.

Verify that the spherical harmonics given in Table 3.1
satisfy the orthonormality relations of equation (3.25).

3.5.

Plot the angular dependence of the functions
on a polar diagram for 1=0,1,2.

3.6.

Verify that the spherical harmonics given in Table 3.1
satisfy the relation

3.7.

The orbital angular momentum operators are defined by

|Y"?(e,<j>)|

2

L ~ !A2.- Using x = rsin6 cos<|>, y = rsinG sin<j>, z = rcos9
express the cartesian components o£ L, in terms of
2
and
Hence v e r i f y that L
is
given by equation (3.33).
3.8.

Using equations(3.31) and (3.33) verify that the
spherical harmonics given in Table 3.1 are eigenfunctions of I

and l^.

Show also that these functions

are not eigenfunctions of the operators Ix and Iy.
3.9.

The wavefunction of an electron in the ground state of
atomic hydrogen is given by

For this state calculate:
(a)

the most probable value of r

(b)
(c)

the expectation value of r
the expectation value of the potential energy

(d)

the expectation value of the kinetic energy.

90

REVIEW OF QUANTUM MECHANICS

where n is a p o s i t i v e
i n t e g e r and a > 0 . ]
3.10. By direct substitution in equation (3.13) calculate
the energy associated with the hydrogenic wavefunction

Also calculate the expectation values of Z2 and Zz
for an atom in this state.
3.11. Show that the Pauli spin matrices

satisfy the relations:
and cyclic permutations
where I is the 2x2 unit
matrix

3.12. -If

and

show that
2
are eigenfunctions of s_. and s.z . Using equatio
(3.55) and Table 3.3, construct the coupled spin
wavefunctions for two spin 1/2 particles. Show that
there are three possible states having a total spin
angular momentum quantum number of unity which are
eigenfunctions of Sz = s1z + s , having eigenvalues
2
-1, 0, +1 respectively.

3.13. Show that the fine-structure splitting arising from
spin-orbit interaction in the configuration nZ (Z^O) of
a hydrogen-like ion of atomic number Z is
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where a = e /4ire, fic is the f i n e - s t r u c t u r e constant and
,
for hydrogenic s y s t e m s we have

2
3.14. Find the allowed terms of the configuration np in L-S
coupling. Show that, for the configuration nZ.x of
x equivalent electrons each of orbital angular momentum
I, the largest value of the total orbital angular
momentum for terms of the highest multiplicity in L-S
coupling is

3.15. The spectrum of calcium, atomic number 20, contains a
normal multiplet of six lines at 0, 14, 36, 106, 12
-1
and 158 cm
above the lowest frequency line of the
multiplet. From an analysis of these data in the L-S
coupling approximation, what information can be obtained about the quantum numbers of the states involved
in the transitions?
3.16. In the Zeeman effect the direction of the applied magnetic field is taken as the axis of quantization, Oz.
Using the relations

which hold in L-S coupling, together with similar ones
obtained by interchanging .L and S^, expand the perturbation operator Jf, given by equation (3.82) in
terms of J_ 2, 1,2 , and S^2 . Hence show that the change in
energy of the sub-level |JMJT > is given by AE=g jy RijBM,
J
and obtain an expression for the Lande factor, g-,.
General references and further reading
A selection from the many texts available on atomic
quantum mechanics and the quantum theory of angular momentum
is given below. The condensed account presented in this
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chapter closely follows the treatment in Woodgate's excellent
book.
Brink, D.M. and Satchler, G.R. (1962).

Angular momentum,

Oxford University Press, London.
Dicke, R.H. and Wittke, J.P. (1960).
mechanics^

Introduction to quantum

Addison-Wesley, Reading, Mass.

Dirac, P.A.M. (1958).

The pri.noi.ples of quantum mechanics,

Clarendon Press, Oxford.
Messiah, A. (1962).

Quantum mechanics, Vols. 1 and 2.

North Holland Publishing Company, Amsterdam.
Rose, M.E. (1957).

Elementary theory of angular momentum,

Wiley, New York.
Woodgate, G.K. (1970). Elementary atomic structure,
McGraw-Hill, London.

4.

The spontaneous emission of radiation
Most of our knowledge about the energy levels of atoms and
molecules, and the composition and physical processes occurring in the sun and stars comes from the study of radiation
emitted in spontaneous transitions. In this chapter we shall
be concerned only with spontaneous electric dipole transitions. We start by considering a^classical model of the
atom and then, by the application of the correspondence principle, show how the classical rate at which energy is radiated can be converted into a quantum-mechanical transition
probability. This result is compared with that derived by
the rigorous quantum theory of radiation and some difficulties which arise in the interpretation of quantum electrodynamics are discussed. We then show how the radiative lifetime of an excited atom can be calculated and introduce expressions for the oscillator strengths or f-values of
spectral lines. These concepts are illustrated by a discussion of the f-values, transition probabilities, and
radiative lifetimes of hydrogenic systems before the difficulties of calculating f-values for more complex atoms
are briefly described.
4.1.

The olassioal atom-La model

We have seen in the previous chapter that the motion
of electrons within an atom can only be correctly described
by the methods of quantum mechanics. However it is often
instructive to consider in detail a classical model of an
atom since:
(a)
(b)

the concepts and mathematical methods involved are
simpler than those of quantum mechanics
the model provides a physical picture which is a
considerable aid in understanding many aspects .of the
interaction of light with atoms
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the results of calculations made using this model are
often identical with those obtained by the full
quantum mechanical treatment.

Indeed, during the early years of the twentieth century,
the predictions of the classical Lorentz theory provided
a guide to the development of a complete and rigorous quantum
theory of the interaction of atoms and radiation.
The classical theory assumes that the 'atom' contains
a massive nucleus, positive charge Ze, and Z negatively
charged electrons. The electrons and nucleus each have
155m
dimensions of the order of 10mand are assumed to occupy
the same volume when the 'atom' is in its lowest energy
level. If the 'atom' is excited, for example by a collision
with an energetic particle, one or more electrons may be
displaced from their equilibrium positions. They are then
assumed to perform simple harmonic motion about the nucleus
with characteristic frequencies given by OK/ZTT. These frequencies are chosen to correspond to the wavelengths of
light emitted by real atoms, X. = 2w C/OK. The binding
forces which are responsible for the harmonic oscillations
are one of the postulates of the theory and cannot be derived
from a consideration of the electrical forces within the
'atom'.
We now calculate the rate at which an excited 'atom'
radiates energy. We assume, for the sake of simplicity,
that it contains a single electron which is oscillating
harmonically with'amplitude ZQ and angular frequency w along
the direction of the z-axis:

The instantaneous

electric dipole moment of the atom is

given by

where p n = -ez,,. At a point P(r,6,<|>) in the wavezone, the
radiation fields obtained by substitution in equations (2.69)
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and (2.70) are given by

The emitted radiation is linearly polarized in the plane
containing the z-axis and the point of observation, P.

The

time-averaged intensity at P is given by the Poynting vector,
equation (2.46) :

The intensity decreases with the 1/r

2

dependence that we

expect for radiation from a localized source, and has a
sin 6 angular dependence which is characteristic of radiation
from linearly-polarized dipoles.

The intensity is zero in

the polar directions 8=0 and 8 = TT and is independent of the
angle <j>.

The oscillating electron is losing energy in the

form of radiation at a rate given by

in agreement with equation (2.74).
4.2.

Radiative

lifetime of a classical atom

The total energy of the harmonically oscillating electron, W, is the sum of the kinetic and potential energies
2 2
given by W=mto Zg/2. The fraction of this energy lost by
radiation in one period of the oscillation is

At optical frequencies , u> « 10 15 s -1 , this fraction is ex-
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-8
tremely small (« 10 ), and we are therefore justified in
writing the differential equation for the energy of the
classical atom in the form

The solution of this equation has the decreasing exponential
form which is characteristic of all types of spontaneous
decay processes:

where

is the classical spontaneous emission or radiative decay
rate.

The mean lifetime of the classical atom in the ex-

cited state is given by

We now evaluate the classical lifetime, equation (4.11),
for an oscillating electron representing: (a) an excited
2
sodium atom in the 3 P 3 / 2 level, and (b) an excited mercury
atom in the 6 1P, level. The results are given in Table
4.1, together with the results of recent experimental
determinations, T . (Problem 4.1).
-8
-9
The classical lifetimes, 10 -10
s, are typical of
the lifetimes of excited atoms which are able to decay by
allowed electric dipole transitions. More surprisingly
perhaps, the classical values are extremely close to the
experimentally measured lifetimes, although this close
agreement is only found in the case of the true resonance
lines of atoms, i.e. allowed transitions connecting the first
excited level to the ground state.

Thus, although the motion

of electrons in atoms can only be properly described by
quantum mechanics, nevertheless a simple classical model is
often capable of yielding accurate and useful results, es-
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TABLE 4.1.
Comparison of classical lifetimes and experimental
results in sodium and merauvy

Level

Wavelength
emitted
(X)

Na(3 2P3/2)

5890

Hg(6 1P )
1

1850

Classical
lifetime
(ns)

15-6

1-54

Experimental
lifetime
Reference
(ns)

16-6 - 0-4

Kibble et aZ.
(1967).

1-31 - 0-08

Lurio (1965)

pecially when problems involving the interaction of atoms
with resonance radiation are being considered. The Classical
radiative lifetime, equation (4.11), depends strongly on
the angular frequency of the emitted radiation and we therefore expect that excited levels of nuclei which decay by
emission of y-rays might have lifetimes of the order
10"15 --1710s s. Conversely, in the radio and microwave
region, spontaneous emission by atoms and molecules is so
slow that it is generally negligible under laboratory conditions and de-excitation -in this case is due mainly to
collisions. Only in the tenuous clouds of gas existing in
interstellar space is the effect of collisions reduced to
the level where spontaneous microwave emission becomes important.
4.2.

Spontaneous emission probability A, .

4.5.1. Inadequacy of
simple quantum theory. The quantum
theory of atoms outlined in Chapter 3 provides a timedependent description of excited states of atoms. An excited
hydrogen- atom, for example, in the level n=2, 1=1, m=0 is
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described by the time-dependent wavefunction:

In the absence of external radiation, however, the theory
predicts that if the atom is prepared in this state at time
t=0 then it will remain in that state indefinitely. This
is clearly incorrect, since hydrogen atoms in the 2p state
are observed to decay rapidly to the ground state Is with
the spontaneous emission of Lyman a radiation, A = 1216 A.
Thus the simple quantum theory is inadequate and to
account for the spontaneous emission of radiation we adopt
alternative techniques: the first of these takes the classical result of section 4.2 and attempts to convert it into
a quantum-mechanical form; the second develops a complete
quantum theory in which not only the atoms but also the
radiation fields are properly quantized. We examine each
of these methods in the following sections.
4.3.2.

Conversion of the classical result into quantummechanical terms.

We start from the classical

result for the time-averaged rate of radiation of energy by
an oscillating electric dipole moment, equation (2.74):

where

We now identify the frequency of the classical oscillator
with that of the spontaneous electric dipole transition from
level k to level i:

(We use a convention in which the energy levels of an atom
are labelled ..... i,j,k, ..... in ascending order from the
ground state of the atom, but usually omit j to avoid confusion with the total angular momentum quantum number.) The
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mean rate of radiation can therefore be described in terms
of the probability per unit time, A, ., for the emission of
a quantum of energy, hoj, . , as follows

It is now necessary to replace |pn|~ by a quantum-mechanical
expression. A classical linearly oscillating electric
dipole moment is given by

and a corresponding quantum-mechanical expression having
the same frequency dependence as the second term in equation
(4.15) would be

We therefore postulate that the radiation field accompanying
a spontaneous transition from a state k of higher energy
to a state i of lower energy is the same, as far as the
angular intensity distribution, polarization, and total
power are concerned, as that given by the classical theory
for a charge distribution whose electric dipole moment is
given by

where £ = -er_ is the electric dipole moment operator.
An explicit quantum-mechanical expression for the
transition probability for spontaneous emission is obtained
by substituting for p_0/2 in equation (4.14), giving

Expressing r_ in terms of its cartesian components,
the matrix element in equation (4.18) may
be written in the form
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A rigorous derivation of A

from the classical theory is
,,
obviously impossible and the justification for the final
result must rest on the agreement which exists between theoretical transition probabilities calculated from equation
(4.18) and experimentally determined values.

equation

However,

(4.18) is identical with the rigorous quantum elec-

trodynamic result whose derivation is outlined in the next
section.
4.4. Spontaneous

emission according to quantum electrodynamics

The quantized field theory of radiation treats the
radiation field as an ensemble of harmonic oscillators, each
mode of the field being associated with an oscillator of
angular frequency u> and having the allowed energies:

where n, e specifies the number of quanta in this mode of the
J£ >
field. Tfie wave vector of the radiation is given by k, and
§_ specifies the state of polarization. The number of quanta
per mode is very small in the optical fields produced by
conventional sources and only in laser beams does n,ic ,_e become appreciably greater than unity.
The theory now treats the combination of an atom plus
the radiation field as a single system. If the system is
in an initial state in which there are n,
quanta in the
— '—
radiation field and the atom is in an eigenstate labelled
by k, then the probability per unit time that the atom will
make a transition to a final state in which there are
(n,
+ 1) quanta present and the atom is in a state of
_»£.
lower energy i is given by (Loudon(1973)):

This is independent of the vectors k and £ because an average
has been performed over the directions of k and £ corres-
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ponding to the interaction of the atom with isotropic unpolarized radiation. The transition probability consists
of two terms:
(a)

(b)

the first term is proportional to the radiation
density initially present in the field.

and corresponds to stimulated emission which we shall
consider in detail in Chapter 9,
the second term is finite even in the absence of external radiation (n,K ,e = 0). This is the spontaneous
emission process ami the transition probability is
identical with the result derived in the previous
section, equation (4.18).

4.4.1.

Comments on the quantum theory of spontaneous

emission.
Quantum electrodynamics is a sophisticated theory and as far as is presently known the results of
calculations made with this theory are in agreement with
experiment. However, the elegant mathematics of the theory
does not answer the question: 'Is there a physical mechanism
responsible for spontaneous emission?'. The usual answer
to this is the following: even when there are no quanta
present in the radiation field, there are still fluctuating
electric and magnetic fields present which are associated
with the zero-point energy of each mode, hu/2. These zeropoint fields are responsible for a small increase of the
electron spin g- factor over the Dirac value of g = 2,
s
equation (3.58), and the Lamb shift in hydrogenic systems.
It is therefore plausible to suppose that they are also responsible for spontaneous emission.
An alternative explanation of the mechanism of spontaneous emission has been proposed by Wheeler and Feynman
(1945) in a theory which includes both the retarded and advanced electromagnetic potentials introduced in section 2.6.
The difference between the two theories is most evident if
we consider a hypothetical universe containing a single
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excited atom. Quantum electrodynamics predicts that the
atom would immediately radiate spontaneously according to
equation (4. 21). Wheeler and Feynman claim that this result
is incorrect and that,in order for spontaneous emission to
occur, there must exist somewhere in the universe other atoms
which are capable of absorbing the emitted radiation. The
advanced electric fields of these absorbers act on the excited atom in such a way that emission occurs and the energy
is conveyed by the retarded fields from the emitter to the
absorber.
The radiative decay rate calculated by Wheeler and
Feynman is identical to that given by equation (4.21), provided that there is sufficient matter in the universe to
allow the emitted radiation to be completely absorbed. If
this condition is not satisfied or if the distant matter
is receding from the emitter with too great a velocity,
then the rate of spontaneous emission will be less than
that given by equation (4.21). Thus a connection can be
made between spontaneous emission and cosmology which is
discussed in detail by Hoyle and Narlikar (1968) and Pegg
(1968).
This discussion has been included to show that our
understanding of such an apparently simple phenomenon as
spontaneous emission is not perhaps as complete as we would
wish. Other difficulties which are connected with divergent
expressions which occur in quantum electrodynamics are discussed by Leighton (1959, Ch. 20.12).
4.5.

Spontaneous

transitions between degenerate levels

The expression for the spontaneous transition probability, equation (4.18), refers to a transition between
non-degenerate states k and i. Thus k and i are labels
which should actually specify the magnetic quantum numbers,
m

and m . , of the levels involved. Then the total decay rate
,
of a non-degenerate sub-level |km,> to a degenerate level
|i> would be given by the sum of the transition probabilities

taken over all the possible decay channels to the lower
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level :

However, if now the upper level is also degenerate we expect
intuitively that the different degenerate states |km, > will
all decay at the same rate. If this were not so then there
would be a preferred direction in space and the polarization
of the emitted radiation would be observed to change with
time. The following result must therefore hold (Problem
4.2):
is independent of the value of m,.
Thus equation (4.22) also gives the radiative decay rate
between degenerate levels k and i. The form of this result
can be made more symmetrical by introducing an additional
summation over m^ and dividing by the statistical weight
g, = 2j,+l of the upper level:

In many-electron atoms, the operator in this equation should
be replaced by r_ -* J jr^ where the summation extends only
i
over the valence electrons provided that there is no configuration mixing.
The sum of the electric dipole matrix elements in
equation (4.23) might, for a typical strong transition, have
the value * 20e2aQ2
. *The resultant transition probability
for a spectral line with X = 5000 A would be of the order of
108 s"1 (Problem 4.3).
4.6.

Radiative lifetimes of excited atoms

Let us consider an assembly of atoms in which N-, (0)
atoms per unit volume are excited into the level k at time
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t=0. In general these atoms will be able to decay by
emission of radiation to a number of lower levels i. In the
absence of effects such as collisional depopulation, repopulation by cascade from higher levels, etc., the population density in level k decreases at the rate given by

where the prime on the summation indicates that it extends
only over those levels which have lower energy than that of
level k. The population of the excited level decays exponentially:

with radiative lifetime, T,, given by

Since the transition probabilities for strong lines are of
the order of 10 8 s -1 , the lifetime of a typical excited
level would be » 10- 8s.
In the case of the lowest excited levels of many atoms,
there is often only one term in the summation in equation
(4.26). Thus a measurement of the lifetime of that level
determines directly the transition probability of the resonance line. Techniques for the direct measurement of the
radiative lifetimes of atoms and molecules are discussed in
Ch ap t e r 6.
4.7.

Intensity of light emitted by optically thin sources
In a gas discharge, atoms are usually excited iso-

tropically by random collisions and the populations in
different magnetic states of the same level can be assumed
to be equal.

This is known as natural excitation.

The

emitted radiation is unpolarized and of equal intensity
in all directions. If the population density N, in the
excited level k is uniform throughout the volume V of the
source, then N-, VA, . quanta per second will be emitted in the
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The intensity of the source, which is the

power radiated per unit solid angle, is given by

This expression assumes that the source is optically thin,
that is, every photon emitted is able to escape from the
source without being re-absorbed by atoms in the lower level
i.

Self-absorption is usually only important if i is the

ground state or is a metastable level.
The population density of excited atoms, N^, is determined by the conditions existing in the source. The simplest
situation is that in which the collisional excitation and deexcitation rates for some or all of the excited levels are
much larger than the radiative decay rates. This is called
local thermodynamic equilibrium (LTE) and for laboratory
sources LTE generally exists only in high current arcs and
shock tubes. In this case the density of excited atoms is
determined by the Boltzmann distribution

where N is the total density of atoms and
Z(T) = I g. expC-E./kT) is the partition function.

The

relevant temperature T is that which describes the distribution function of the exciting species. This is usually-the
0
0
electrons and T may be between 1 4 and 1 K. However, since
electron-atom collisions are very inefficient in transferring
momentum, the temperature describing the distribution of
atomic kinetic energies will generally be much lower.
By contrast in low-current gas discharges, the equilibrium population is determined by a balance between excitation by electrons an<J decay by radiative and collisional
processes.

In this case detailed information is required

about electron collision cross-sections and electric dipole
transition probabilities before Nv can be calculated. How-6
ever, the population in excited levels rarely exceeds 10" of
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the ground-state population. If we take A, . * 10 s
and
K1
huv. * 4eV corresponding to emission in the blue-green
region of the spectrum we find that the optical power
radiated into unit solid angle at a typical source pressure
of 1 Torr is of the order of 0.15 W cm"3.
In some cases the excitation process is deliberately
chosen to be anisotropic. For instance, the atoms may be
excited by absorption using a unidirectional beam of light
or by impact using a well-defined beam of electrons. The
emitted radiation is then generally polarized and anisotropically distributed in space. This forms the basis of
several extremely powerful techniques for the study of the
Zeeman and hyperfine structure of atomic energy levels
which are considered in detail in Chapters 15-17.
4.8.

Osa-illator strengths

We have seen in section 4.2 that the experimentally
observed transition probabilities are often close to the
classical radiative decay rate, y, given by equation (4.10).
It is therefore convenient to introduce a dimensionless quantity f, known as the oscillator strength or f-value, which
describes what fraction of the energy of the classical
oscillator should be ascribed to a given transition. For
transitions from an upper level k to a lower level i we
define the emission f-value, f , - , by the relation
Kl

and for an upward transition from level i to level k the
absorption f-value, f-j,, is defined by

The f-values defined by equations (4.28) and (4.29) refer
to transitions between degenerate levels and therefore include an average over all values of the magnetic quantum
numbers as in equation (4.23).
Transitions which exhibit the classical Zeeman effect
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i.e. gi,= 3, K4= l> come closest to behaving as classical oscillators. In such a transition if A, . =y, we would have an
absorption f-value f.,=l and an emission f-value f
= -1/3.
,•
Transitions with oscillator strengths of this order of magnitude generally produce intense spectral lines and give
rise to short lifetimes, in the range 10 - 8-10 - 9 s. Transitions which are partially forbidden may have much smaller
f-values, in the range 0-002-0-0004, and give rise to rela10
tively long radiative lifetimes, 10-5 - " s. The associated
spectral lines may be so weak that they are difficult to
detect.
Substituting for y from equation (4.10) into equations
(4.28) and (4.29), we obtain explicit expressions for the
transition probability A, . in terms of the emission and absorption oscillator strengths:

Finally the use of equation (4.23) enables the f-values to
be related to the matrix elements of the electric dipole
moment:

Again for many- electron atoms we must make the replacement
r -*• J r . in equation (4.31)
i i
A knowledge of the f-values of spectral lines is important in many problems in the fields of spectroscopy ,
astrophysics, and plasma physics.

Recently considerable

effort has been made to compile tables of reliable f-values
from the best available theoretical and experimental results.
Two such compilations have been published by Wiese e,t al.
(1966, 1969), the first containing data for the elements
hydrogen to neon and the second for the elements sodium to
calcium.

These f-values are also useful in problems which

are not directly connected with radiation processes.

Thus
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expressions for the Van der Waals interaction between two
neutral atoms involves a sum over f-values, and the refractive index of gases and the Stark shift of the energy
levels of an atom subjected to an external electric field
may be calculated in a similar way.
4.8.1.

Oscillator strength sum rules.

Sum rules for os-

cillator strengths are of considerable importance for checking the internal consistency of sets of calculations or
measurements. It can be shown that if i is the lowest level
in the energy-level system of a one-electron atom, then the
absorption f-values obey the sum-rule (Problem 4.4)

This result may be derived intuitively since the sum of the
different transitions should be equivalent to a single
classical oscillator. A similar rule applies to the sum
of the emission and absorption f-values for all the transitions from an excited level j:

The terms in this sum rule tend to cancel since the emission
f-values f.. are negative fractions.

This is known as the

Thomas-Kuhn-Reiche sum rule. In more complex atoms useful
approximate sum rules can be obtained by replacing the value
unity on the right side of equations (4.32) and (4.33) by z,
where z is the number of equivalent electrons in the valence
shell of the atom.

This approximation breaks down if there

is any appreciable interaction between different electron
configurations.
In the central-field approximation more detailed sum
rules can be derived for the jumping electron
Salpeter 1957) :

(Bethe and
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where n and 1 denote the principal and orbital quantum
numbers respectively. Again the summation includes both
emission (n'<n) and absorption (n'>n) processes. The sum
rules show that for transitions in which l->-l-~L, the downward
transitions give the dominant contribution to the summation,
whereas for Z.+ Z+1 the upward transitions are more important.

4.9. The line strength, S-,ki
The starting point of theoretical calculations of the
oscillator strengths and transition probabilities of spectral
lines are the wavefunctions of the energy levels involved.
In these calculations it is often found to be convenient to
compute first a quantity called the line strength:

This is the quantum-mechanical analogue of the square of the
classical electric dipole moment, p_01 2 (equation (4.13)).
The line strength is symmetrical with respect to the initial
and final states and is often quoted in atomic units,
-3
a2e 2 = 6.459 x 10 6 cm 2 esu 2 = 7.188 x 1 0-5 9 m 2 C 2. Once
the line strength is known it is a simple matter to combine
equations (4.29), (4.31), and (4.35) to obtain the oscillator
strengths for absorption or emission:

4.10.

Oscillator strengths in hydrogenic systems

Since explicit wavefunctions are available only for
hydrogenic systems, it is in these cases alone that exact
values for the f-values and transition probabilities can be
calculated. To illustrate the use of the expressions derived in preceding sections, we consider the first line in
2
?
the Lyman series, 2 P+l S, which in atomic hydrogen has
a wavelength of 1216 A (Problem 4.5). We ignore the fine
structure since in hydrogenic systems it is so small that
it can be observed only if high-resolution techniques are
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used. The statistical weights of the different terms are
therefore given by (2s + l)(2Z+l) = 2(21+1}.
We start by evaluating the angular integrals appearing
in the expression for the line strength, equation (4.35),
using the detailed expressions for the spherical harmonics
given in Table 3.1. The result is

The factor of 2 arises from the two possible values of
, and it is also found that each m, state of the 2P
term contributes equally to the sum in equation (4.35), as
we expect on the grounds of symmetry. The radial integral in
equation (4.37) may be evaluated by using the hydrogenic
wavefunctions given in Table 3.2 with the result:

This shows that the line strengths for hydrogenic systems
with nuclear charge Z are related to those of hydrogen by

From equations (3.42) and (3.46) the angular frequency of
2
the Lyman transition is given by h.u21 = 3Z2e /8a0. Using
this result and equation (4.37) in equation (4.36), we
obtain the emission oscillator strength

The oscillator strengths of hydrogenic systems are therefore
independent of the nuclear charge,

as one might expect from the oscillator strength sum rules,
equations (4.32) and (4.33).
The f-values of other transitions in hydrogenic systems
can similarly be expressed in terms of the radial integrals
(Problem 4.6)
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However, the evaluation of these integrals in the general
case is rather difficult and we simply quote the final results of these calculations in Table 4.2.

The table gives

either the absorption or the emission oscillator strength,
depending on the energies of the initial and final states
of the transition.

We see that the absorption f-value of the

Lyman a resonance line accounts for over 40 per cent of the
total oscillator strength in the Lyman series and that in
all cases the oscillator strengths decrease rapidly with
increasing value of the upper term principal quantum number,
n. The second column of Table 4.2 illustrates the f-sum
rule, equation (4.32), and shows that states in the continuum above the n P series limit make a significant contribution to this sum. In the columns where either 2 P or
2
3 P is the initial term, we see that the emission processes
2
P
dominate in the f-value sums for the transitions 2 2 +n' S
2
and 3 P->n' 2S, while absorption processes dominate for the
2
2
2
2
transitions 2 P^n' D and 3 P+n' D, as predicted by the detailed sum rules of equation (4.34). In both cases the total
sum of the positive and negative contributions is zero.
From the results contained in Table 4.2 the transition
probabilities and radiative lifetimes of hydrogenic energy
levels can be calculated using equations (4.30) and (4.26)
respectively. For the Lyman a transition in atomic hydrogen we obtain A21 = 6.265 x 108 s-1 and consequently
2
r(2 P) = 1.60 x 10 9 s. The results for other terms in
hydrogen are given in Table 4.3. We see that all 2P terms
are short lived because there are always strong radiative
2
transitions down to the ground state. By contrast the S
terms have remarkably long lifetimes due to the fact that
all spontaneous transitions from these terms involve an
increase in the i-quantum number and are therefore relatively
weak, as predicted by the detailed sum rule, equation (4.34).
Since the f-values of hydrogenic systems are independent of
Z while the angular frequencies of the transitions are pro-

TABLE 4.2.
Absorption

(or emission) oscillator strengths for hydrogen and the hydrogenic ions

Initial s t a t e

Is

2s

Final state

n'p

n'p

n' =

1

3s

2p

n's

n'd

n's

3d

n'd

n'p

n'f

-0.026

-0-1387

2

0.4162

3

0.0791

0.435

0.0136

0.696

4

0.0290

0.103

0.0030

5

0.0139

0.042

6

0.0078

0.022

nn'

0.5650

0.649

Continuous
spectrum

0.4350

Total sum

1.0000

£

n'p

3p

-0.041

-0.145

0.122

0.485

0.032

0.618

0.011

1.018

0.0012

0.044

0.121

0.007

0.139

0.002

0.157

0.0006

0.022

0.051

0.003

0.056

0.001

0.054

-0.119

0.928

0. 707

-0.121

0.904

-0.402

1.302

0.351

0.008

0.183

0.293

0.010

0.207

0.002

0.098

1.000

-0.111

1.111

1.000

-0.111

1.111

-0.400

1.400

-0.417
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portional to Z2 , the transition probabilities, equation

(4.30), will increase rapidly with increasing nuclear charge:
A

Z

= Z4 AH (Problem 4.7).
TABLE 4.3.

Transition probabilities A, . and
radiative lifetimes T, for atomic hydrogen
Transition

Wavelength

(X)

Si

Sk

Tk
(ns)

Aki

Cs-1)
8

Is - 2p

1216

2

6

6- 265

X

10

2p - 3s

6563

6

2

6- 313

X

10

Is - 3p

1026

2

6

1- 672

X

10 8

2s - 3p

6563

2

6

2- 245

X

10 7

6

7

2p - 3d

6563

6

10

6- 465

^.

10

2p - 4s

4861

6

2

2- 578

X

10 6

3p - 4s

18 751

6

2

1- 835

X

Is - 4p

973

2

6

6- 818

X

10 6
7
10

2s - 4p

4861

2

6

9- 668

X

10 6

3s - 4p

18 751

2

6

3- 065

X

10 6

3d - 4p

18 751

10

6

3- 475

X

10

5

2p - 4d

4861

6

10

2- 062

X

7
10

3p - 4d

18 751

6

10

7- 037

X

10

3d - •4f

18 751

10

14

1- 379

X

10

6
7

1.596
158-4

5-273
15-47

226-6

12-31

36.16

72.52

A selection of recent results of lifetime measurements
in hydrogenic systems is given in Table 4.4. The agreement
between the theoretical values and the experimental results
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Measurements have also been made on other

lines in the Balmer series n' ->• n=2.

However, since the fine

structure was not resolved in these experiments the measured
lifetime is generally an average over the values for the
different

I states, weighted according to

lation distribution.

the initial popu-

Since this is rarely a statistical

equilibrium distribution, the interpretation of the results
is difficult and for this reason we have not included them
in Table 4.4.
TABLE 4.4.
Comparison

of theoretical and experimental
in hydrogenic

Atom
or
Ion
H

He +

Li + +

State

theory
(ns)

2p

1- 596

T

(ns)

1- 600

5- 273

5- 58

2p

0- 100

0- 097

3p

0- 330

o- 31

3s

1- 96

2- 1

2' 80

Reference

expt

3p

4s

4.11.

T

lifetimes

systems.

2- 9

+

0- 004

Bickel and

+

o- 13

Goodman (1966)

+

o- 003
o- 03

Heroux

o- 1

Bukow et al

+
+
+

0- 1

(1967)

(1973)

Theoretical oscillator strengths in complex atoms
The calculation of line strengths and f-values for other

atomic systems again involves the calculation of the angular
and radial integrals appearing in equation (4.35).

The

angular integrals can generally be calculated exactly using
the vector coupling techniques discussed in sections 3.7 and
3.9 , provided that L-S coupling is a good approximation.
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However, the radial integrals can only be calculated using
approximate radial wavefunctions.

These are obtained by a

variety of techniques such as the Hartree-Fock self-consistent field method and variational calculations. The
accuracy of these wavefunctions is generally tested by calculating the expectation value of the Hamiltonian operator,
JC,., and comparing the result with the spectroscopicallydetermined energy levels. Agreement to within 1 per cent is
often considered to be satisfactory. However, this procedure tests the wavefunction only over a limited range of
the parameter r, since < if | Wn |ty> involves essentially an
overlap integral of the wavefunction with itself. The expression for the oscillator strengths, equation (4.31), requires an integral which is a weighted overlap between different wavefunctions and the result is generally considerably
less accurate than the energy eigenvalues.
It is therefore difficult to achieve an accuracy of
better than 20 per cent in theoretical calculations of
oscillator strengths unless a great deal of care and effort
is taken. More importantly, the calculations arex>qften only
carried out for a few transitions in a given atom although
for many applications in astrophysics and plasma physics results are required for many transitions in several different
atoms or ions. In an attempt to remove some of these
difficulties, Bates and Damgaard devised a technique in
which the optically active electron was described by a hydrogenie wavefunction.
This technique is relatively simple, it
is easily applicable to a large number of different atoms,
and often produces results which are surprisingly accurate.
Unfortunately space does not permit us to discuss this
method and the reader is referred to Griem (1964) for a detailed description.
Problems
4.1.

Show that equation (4.11) for the mean lifetime of a
classical oscillator may be rewritten in the form
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where A is the wavelength of the emitted radiation
and r n =e 2/4ire0mc 2=2-82 x 10 -15 m is known as the
classical radius of the electron. Hence verify that
the classical lifetimes for sodium and mercury given
in Table 4.1 are correct.
4.2.

Using the identities

and

prove that the summation

is independent of the value of the magnetic quantum
number, m, .
4.3.

An electron is confined to the region 0<x<a by an
infinitely deep one-dimensional square-well potential.
The normalized wavefunctions for the electron are
given by

Show that the matrix elements of the electric dipole
moment operator, p=e(x-a/2), taken between states
with quantum numbers m and I are given by

When a=10aun, show that the first excited state decays
o
with the emission of light of wavelength 3079 A and
that the transition probability for decay by the
spontaneous emission of electric dipole radiation is
2 - 2 5 x 108 s"1.
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It can be shown that the matrix elements of the components of the electron position and momentum operators,
r_ and p_ respectively, are connected by the equation

Use this relation to evaluate by matrix multiplication
the diagonal matrix elements, < i m . | C | i m . > , of the
commutator C = [p.Av.,x]. Finally, by introducing the
commutation relation, [pJC ,x] = -ih, show that

which is the sum rule for the absorption f-values,
equation (4.32).
4.5.

Using the hydrogenic wavefunctions for the states n=l,
1=0, m=0, and n'=2, ^'=l, m'=0, -1 given in Tables 3.1
and 3.2 show that

21
where the line strength S,n defined by equation (4.37)
-ifj
Q J. U
is equal to 2 (ea,,) /3 . Hence evaluate the tran-

sition probability, A,., of the Is - 2p Lyman a transition and show that the lifetime of the 2p level
against spontaneous decay by electric dipole radiation
is Tk = 1'596 x 10~9 s.
4.6.

Show that the radial integrals

and line strengths, Sn ' " , for the fine-structure
Tl Li

components of the Balmer a line of atomic hydrogen
have the values given by:
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Hence verify that the transition probabilities and lifetimes given in Table 4.3 are correct.
4.7.

The lifetime of the 2p level of hydrogen against spontaneous decay by electric dipole radiation is
1'596 x 10- 9s. Estimate the radiative lifetimes of
the 2p levels of both singly-ionized helium and doublyionized lithium.
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5
Selection rules for electric dipole transitions
5.1. Introduction
When the emission spectrum of an element is examined
in detail it is soon realized that the number of observed
lines is far smaller than the number one might expect if
transitions between all pairs of levels were allowed. For
example, in the spectrum of neutral helium, lines corresponding to the transitons 1 S,.-n ^7 1 0 anc^ "*" ^0~n ^2
are not observed. These transitions are said to be forbidden by the electric dipole selection rules. These selection rules allow one to calculate quickly which transitions
will occur once the angular momentum quantum numbers of the
energy levels are specified. This is very helpful in the
analysis of spectra, for instance in the transitions between
the levels Dg,- 3/7 an<^ ^3/2 1/2' tne -^ne corresponding to
2 2
J = 5 / 2 <* J = l / 2 is forbidden and the
D- P m u l t i p l e t s consist
of only three components. Similarly if one wishes to calculate the radiative lifetime of a given level the application of the selection rules usually reduces the summation
in equation (4.26) to just a few non-zero terms.
5.2. One-electron atoms without spin
We consider first the case of atoms whose emission
spectrum can be ascribed to a single electron. This includes
all the hydrogenic systems, the alkalis and the singlyionized alkaline earth elements, etc. For the sake of simplicity at this stage we use the uncoupled representation
of equation

(3.61):

This would correspond to a situation in which _Z and s^ had
been completely uncoupled by the application of a large
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external magnetic field (Paschen-Back effect).
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Since the

electric dipole moment operator, equation (4.18), does not
act directly on the spin wavefunctions we have in this case
the selection rule

We can therefore neglect the effect of the spin and describe
the electron by the spatial wavefunction alone:

5.2.1.

Selection rules for magnetic quantum number m,.

We

are interested in the selection rules for transitions between
an upper level labelled by the quantum numbers (n,l,m ) and
if
a lower level labelled by (n1 , Z-',m'). Since the degeneracy
if

of the states with respect to the m quantum number has been
lifted by the application of the external magnetic field,
is

we can use equation (4.18) for the transition probability
between non-degenerate states:

In Cartesian components the vector r_ is given by

However, since the wavefunctions are expressed in terms of
spherical polar coordinates it is more convenient to expand
_r in terms of its components in the spherical basis

These1 components are defined by the equations
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To derive the selection rules for m 7L we need only consider
the <j>-dependence of the matrix elements given by

where a, b, and c involve integrals over r and 6. The integrals over the angle $ are identically zero unless the
exponents of the exponential factors vanish. Thus the
electric dipole transition probability is zero
of the selection rules

unless one

is satisfied.
5.2.2. Polarization of the radiation. The polarization of
the radiation emitted when one of these selection rules is
satisfied can be obtained by making use of the correspondence
between the quantum-mechanical and classical dipole moments,
equation (4.17), and the radiation field of a classical
dipole oscillator. From equation (2.70) we see that the
polarization of the electric field is determined by the component of £ perpendicular to the direction of observation r_.
Thus the ellipse traced out by the electric vector E_(r,6,<t>)
has the same shape and orientation as the projection on to
the plane perpendicular to r_ of the ellipse described by
the electron. In addition the motion of the E_ vector
round its ellipse is in the same sense as the projected
motion of the electron.
Introducing the time dependence explicitly we find
that £+,exp(-iut) represents anti-clockwise circular motion
when viewed from the positive z-axis. Thus from equation
(5.6) the wave emitted in transitions for which Am 7 = +1 is
left circularly polarized when observed from the positive
z-axis and is labelled a , as shown in Fig.5.1.

Similarly
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Fig.5.1.
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Selection rules for magnetic quantum number m ?
and polarization of electric dipole radiation
observed in the direction 6=0.

transitions for which Am, = -1 in emission correspond to
right circularly polarized radiation when observed from
the direction 6=0 and are labelled a . The sense of rotation of the electric vector for a radiation is the same as
that of the electric current in a coil generating the magnetic field.
In general the intensity and polarization of the detected radiation depend on the position of the observer (6,<|>)
with respect to the atom. We denote by (_r,§.,f_) a right-handed
set of unit vectors in the directions of increasing (r,6,<j>)
respectively, as shown in Fig.5.2. Then since an arbitrary
vector p can be expressed in terms of its components parallel
and p e r p e n d i c u l a r to the unit vector r_ by
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Fig. 5.2. Polarization of electric dipole radiation as a
function of angle of observation for electric dipole
transitions satisfying the selection rule Am, = +1.

we see, from equation (2.70), that the electric field is given

by

It is then a straightforward exercise (Problem 5.1) to express the field in terms of its linear and ellipticallypolarized components:
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where

The first term in equation (5.8)

gives a contribution to the

field which is left circularly polarized in the direction
8=0 and becomes left elliptically polarized in directions
0<6<iT/2. In the plane 6=ir/2 this light is linearly polarized
with the electric vector perpendicular to the direction of
the applied magnetic field 13.

Finally in the 'southern

hemisphere' this radiation is observed to be right elliptically polarized as shown in Fig.5.2. The second term in
equation (5.8)

is responsible for radiation which is linearly

polarized in a plane through the z-axis and the point of observation while the third term corresponds to right elliptically polarized light in the 'northern hemisphere'.
Combining equation (5.8) with the selection rules
derived from equation (5.6), we see that the relative intensities of the different Zeeman components are given by

In these expressions eigenfunctions of the total angular
momentum )jm> have replaced the orbital angular momentum
wavefunctions | Z-m^) since, as we shall show below, the results of this paragraph have a general validity. The matrix
elements of the components of £ are given in Table 5.1 and
enable the relative intensities of the Zeeman components
to be calculated for any given transition (Problems 5.2-5.4).
As expected, the angular distributions given by equation
(5.9)

are identical to those associated with the classical

dipole oscillator which we discussed in section 2.8. In
particular we notice that the intensity of ir-polarized radiation, emitted in transitions for which Am=0, is predicted
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TABLE 5.1.
Matrix elements squared of the components
of the electric dipole operator, p.

For j'=j

For j '=j + l

For j ' = j - l

The constant
factors
are defined by
equation (5.18)

to be zero in the directions 6=0 and 6 = 11, which agrees with
one of the characteristic features of the observed Zeeman
splittings of spectral lines.
5.2.3. Selection rules for orbital quantum number 1. For
an electric dipole transition to take place, we require
that the matrix element of the electric dipole moment opera-

tor

SELECTION RULES FOR ELECTRIC DIPOLE TRANSITIONS

127

shall be non-vanishing.
By inverting the coordinate system
and calculating the new value of this matrix element using
the parity properties of the spherical harmonics, equation
(3.27), we obtain a result which is (-1) + times the
previous value.

Thus only transitions between states of

opposite parity are allowed for electric dipole radiation
and we have

A more detailed selection rule may be obtained by considering the angular integrals in the matrix element of
equation ("5. 10). These involve the products cos6
and sinf) Y-, (8,4)) which can be transformed by the use of ,the
recursion relations

Now using the orthogonality property of the spherical harmonics we see that the electric dipole matrix elements of
equation (5.10) will vanish unless

5.2.4.

Intrinsic angular momentum of photons.

In a tran-

sition which obeys the selection rule of equation (5.13),
for example the emission of Lyman a radiation 2 2P ->- 1 2 S the
angular momentum of the atom decreases by one unit. The
principle of conservation of angular momentum therefore requires that the emitted photon shall have an intrinsic angular momentum of h. Similarly in the decay of the m 7 = +1
sub-level of 2 P the z-component of angular momentum of
the atom decreases by h. To compensate for this the a
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(left-circularly polarized) photon which is emitted (Fig.
5.1) has an angular momentum whose projection on the z-axis
has the value +1*. Similarly a" polarized photons possess
a. component of angular momentum along the z-axis of -lh.
These properties of the photon are consistent with the
classical result discussed in section 2.9.
5.3.

One-electron atoms with sp-Ln

The non-relativistic wavefunctions describing a oneelectron atom with spin are given by equation (3.64), the
good quantum numbers being (J,s,j,m). In an electric dipole
transition from an initial state with total angular momentum
quantum number j to a final state with quantum number j',
a photon of unit intrinsic angular momentum is emitted. The
selection rule for the j quantum number can now be derived
by applying the principle of conservation of angular momentum
to a vector model of the atom plus the radiation fields. It
must be possible to create the initial angular momentum vector j_ by vector addition of j_' , representing the atom in its
final state, and l_ where \_ is a unit vector representing
the emitted photon. Applying the rules of the vector model
we see that either j=j'-l or j=j'. Therefore the selection
rule for the total angular momentum quantum number is

Similar considerations show that the magnetic quantum number
m must obey the rule

The polarization and angular distribution of radiation satisfying a given Am selection rule are the same as those discussed in section 5.2.2.
In the special case where the total angular momentum
of the initial and final states is zero, j=j'=0, it is obviously impossible to satisfy the principle of conservation
of angular momentum. These transitions are therefore strictly
forbidden, a fact which can be expressed symbolically by
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This rule is respons-ible for the metastability of the lowest
PQ levels in mercury, cadmium, zinc, neon, argon, etc.
This derivation of the selection rules, equations
(5.14), (5.15), and (5.16), has necessarily been rather
qualitative and a more rigorous treatment is given in section 5.4.1 below.

Meanwhile by using the explicit wave-

functions of equation (3.64) and the recursion

relations

(5.11) and (5.12), it is possible to evaluate the electric
dipole matrix elements directly and to verify that

these

selection rules are in fact correct (Problem 5.5).
5.4.

Tensor properties of the electric dipole operator
Unfortunately

in order to derive the selection rules

for many-electron systems and to give a rigorous derivation
of the Aj selection rule it is necessary to employ the powerful techniques of the quantum theory of angular momentum
which were discussed briefly in section 3.7.

We start by

expressing the electric dipole operator for a single electron
in terms of its components in the spherical basis.

Using

equation (5.5) and Table 3.1 we have

It follows that the spherical components of the electric
dipole operator will transform like spherical harmonics of
order unity under any arbitrary rotation of the coordinate
system.

A quantity which transforms under rotations like

the spherical harmonic Y?(6,<)>) is said to be an irreducible
k
tensor operator T of rank k and projection q where the projection quantum number can take any integer value from -k
to +k.

Since any arbitrary function of 8 and $ can generally

be expanded as a sum of spherical harmonics, it is usually
possible to express any physical operator in terms of irreducible tensor operators.

For instance, the electric quad-

rupole moment operator defined by equation (4.45) can be
shown to be a tensor of rank 2 (Problem 5.6).
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The Wigner-Eckart theorem.

In the theory of the

interaction of radiation with atoms we are interested in the
matrix elements of tensor operators taken between states of
different quantum numbers. The very powerful Wigner-Eckart
theorem states that these matrix elements are given by:

where J,M are the total and magnetic quantum numbers of the
states respectively, and a', a represent any additional
quantum numbers required to specify the state. The matrix
element therefore factorizes into a Clebsch-Gordan coefficient which contains all the information about the
angular dependence of the states and of the operator involved, and a quantity < a' J' II T II a J> called the reduced
matrix element which is independent of q,M, and M'.
The numerical value of the Clebsch-Gordan coefficient
is zero unless the triangular condition A(J' k J) is satisfied.

Thus we have

The Clebsch-Gordan coefficient is also zero unless the magnetic quantum numbers satisfy the condition

These two conditions ensure essentially the conservation of
the total angular momentum of the system and of the component
of this angular momentum on the axis of quantization.
Since, as equation (5.17) shows, the single-electron
electric dipole operator is a tensor operator of order unity,
k=l, the triangular condition of equation (5.19) enables the
selection rule for the j-quantum number

to be derived in a completely rigorous way.

Similarly, using

equation (5.20), we have the selection rule for the magnetic
quantum number:
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The reduced matrix element for the electric dipole operator
is effectively the radial integral of r taken between the
states involved (Problem 5.7).

A more detailed discussion

of the Wigner-Eckart theorem may be found in Messiah (1962,
Vol.11, p.573 and Appendix C).
5.5. Many-electron atoms
5.5.1. Wavefunctions in L-S coupling.
We recall that in
the central field approximation, discussed in section 3.9,
each electron in a many-electron atom is considered to move
in a central potential independently of the others, at least
in the first approximation.

The i

electron may then be

described by the function ip (i) (equation (3.71)) in terms of
a product of spatial and spin wavefunctions.

If there are N

electrons the Pauli principle requires that each of the sets
of quantum numbers a,E>,y

,v should be different and a

simple N-electron wavefunction would consist of the direct
product of single-electron wavefunctions:

A total wavefunction which is antisymmetric with respect to
the exchange of the space and spin coordinates of any two
electrons is then obtained by combining several direct product wavefunctions

in the normalized Slater determinantal

wavefunctions given by equation (3.72).

These form an un-

coupled representation in which the good quantum numbers
are (nlm7m ) for each electron. The residual Coulomb int'eru s
action, is diagonal in a representation in which the good
quantum numbers are (LSM,Mc).
tained by taking suitable

This representation is ob-

linear combinations of the deter-

minantal product wavefunctions and is called the L-S or
Russell-Saunders coupling scheme.
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where a. are the expansion coefficients and y now represents
all the quantum numbers which are required to specify the
electron configuration. Finally the magnetic spin-orbit
interaction is treated as a small perturbation which can be
diagonalized by a transformation from the (LSM.Mg) representation to the representation in which (LSJM<JT) are good
quantum numbers. This transformation involves the use
the Clebsch-Gordan coefficients:

We now derive the selection rules for electric dipole
radiation using atomic wavefunctions in the L-S coupling
approximation (equations (5.24) and (5.25)). We shall find
that certain of the selection rules are rigorous but that
others are only applicable if L-S coupling is a good description of the atomic system.
5.5.2. Selection rule for 1.
The matrix elements of the
electric dipole operator for an N-electron atom have the
form

The electric dipole operator,

is odd under the

parity transformation and therefore the parity of the electron configuration, given by
, must change in an
electric dipole transition. This is a generalization of
equation (5.13) and is known as the Laporte rule. Since
the parity property of a free atom remains well defined whatever the coupling scheme, the Laporte rule remains valid even
in complicated cases where it is no longer possible to assign
a unique configuration to a given energy level. In a complicated spectrum it is therefore useful to characterize the
energy levels as having odd or even parity, a term of odd
parity being indicated by a superscript ° , for example,
npnd 3D° .
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Substituting equations (5.24) and (5.25) into equation
(5.26), we see that the matrix element of the electric dipole operator eventually reduces to a sum over products of
single-particle wavefunctions.
summation has the form

A typical term in this

From the discussion in section 5.2 it is clear that for one
particular electron we must have AZ ^ = -1 and that for the
remaining electrons the initial and final quantum numbers
must be identical, otherwise the orthogonality of the singleelectron wavefunctions will ensure that all contributions to
the dipole matrix element are zero.

The selection rules

for one-electron jumps,

rest on the assumption that the wavefunction is described
exactly by a single-electron configuration. If there is
strong configuration mixing then transitions involving the
simultaneous change in the (nZ.) values of two electrons
may occur and the rules of equation (5.28) will not apply.
However, even for these two-electron jumps the parity selection rule must be obeyed.
5.5.5.

Selection rule for J.

The electric dipole operator

-ejTj, is the sum of tensor operators of rank k=l which
operate on the spatial part of the wavefunctions of individual electrons. In other words, it operates in the
orbital space (1.) of the individual electrons. However,
it also operates in the coupled orbital space (L) and the
total space (J) because the (LSM.M<O and (LSJMj) representations are constructed from single-electron wavefunctions,
equations (5.24) and (5.25). Applying the Wigner-Eckart
theorem in the (LSJMT) representation and equations (5.19)
J

and (5.20), we obtain the selection rules
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These selection rules are rigorous ones which are independent of the exact coupling scheme describing the individual
spins and orbital angular momenta.
5.5.4.

Selection rule for L.

If we use the expansion of

coupled wavefunctions given by equation (5.25), the matrix
element of the electric dipole operator, equation (5.26),
can be expressed as a sum over quantities of the type

Applying the tensor properties of the electric dipole operator and the Wigner-Eckart theorem to the space of the total
orbital angular momentum (L), we derive the selection rules

These selection rules are based on the assumption that L
is a good quantum number and that Russell-Saunders coupling
is an exact description of the atomic system. This is a
good approximation in light atoms where the magnetic interactions are generally very much smaller than the residual
electrostatic interactions. However, we may observe transitions which violate equations

(5.31) in the spectra of

heavier elements.
The selection rule AL = 0 needs a little further explanation since transitions of this type are not observed
in the spectra of most one- and two-electron atoms. For
one-electron systems such as hydrogen and the alkalis, we
have L = I- and the selection rule A l - = -1 effectively
prevents AL = 0 transitions.
For simple two-electron
systems such as helium, the alkaline earth elements, and
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zinc, cadmium, and mercury, the lowest configuration consists
of two equivalent s electrons.

The normal excited levels are

almost entirely due to the promotion of just one of these
electrons into a higher shell. Thus again L = Z- and transitions corresponding to AL = 0 are not observed.
As an example of a more complex atom we consider the
case of carbon which has a ground state configuration of
2 p2 and excited configurations of the type 2pnp, 2pnd with
n>3 amongst others. The terms and their parities arising
from these three configurations are given in Table 5.2.
Transitions which simultaneously satisfy A Z - = - 1, AL = 0
and the parity selection rule are now possible and the
multiplets

are observed in the spectrum of atomic carbon, CI.
TABLE 5.2
Terms and parities of selected configurations
of the neutral carbon atom

Configuration

Parity

2

even

2pnp

even

2pnd

odd

2P

Terms

5.5.5. Selection rule for S.
When the transition probability for electric dipole radiation is expressed in terms of
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the single-particle matrix elements of equation (5.27) it is
obvious that the electric dipole operator does not act on the
spin wavefunction of any of the electrons. We must therefore
have ms = m^ for all N electrons. Similarly the electric
dipole operator does not act in the total spin space of the
electrons (S) and the spin quantum numbers of the initial
and final states in equation (5.30) must be the same, i.e.

This selection rule is not rigorous since it is again based
on the assumption that L-S coupling is an exact description
of the excited states of a given atom and transitions which
violate equation (5.32) are well known.
An interesting example of the progressive breakdown of
L-S coupling is provided by the group IIB metals Zn, Cd, and
Hg. The lowest electron configuration of these elements is
2
ns resulting in an n ~SQ ground state. The first excited
configuration is nsnp which gives rise to the levels n 1P l
and n 3p
Electric dipole transitions from the levels
2,1,03
n P 2,0 are forbidden by the rigorous AJ selection rules
(equation (5.20)) and these levels are metastable. If L-S
coupling was an exact description of these levels, the
transition n 1SQ -n 3Pl would also be forbidden. However,
this intercombination line is observed in the spectra of
all three elements and in mercury it is one of the most
intense lines in the spectrum.
To explain this fact we must assume that the true
3
wavefunction describing the n P 1 levels is a mixture of the
pure L-S coupled wavefunctions *LS (1p1) and LS (3p1):

where a and 6 are numerical factors. Similarly the true
wavefunction for the P, level is also a mixture of these
states and since it must be orthogonal to ^Pp, we may
write it as
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We obviously hope that a « 1 and 6 = 0 , otherwise the L-S
representation will be a very poor description of these
energy levels. Assuming that the L-S wavefunctions are
normalized and orthogonal, the normalization of i|»(1P^
) and
and
1)
3
*( PI) is achieved when
Since the levels n 1P1, and n 3P1, can each decay by
only a single transition to the ground state n 1S Q , we find
from equations (4.23) and (4.26) that the ratio of the lifetimes is given by

Assuming that the ground-state wavefunction is given by a
pure L-S state we have, using equations (5.33) and (5.34),
TABLE 5.3.
L-S coupling mix-ing parameters for Group IIB metals

Element

n

T

l
(10-9 s)

A

T
l
3
(Å) (10-7 s)

X

3

(1-a)

6

cX)

(x 10 )

(x 103)

4*86

4

Zn

4

1- 41

2138

200

3076

0-118

Cd

5

1-66

2288

23-9

3561

0-921

13-6

Hg

6

1-31

1850

1-18

2537
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Thus once the radiative lifetimes T, and T, of the singlet
and triplet levels have been measured, the mixing parameters
a and 3 can be determined with the aid of equations (5.35)
and (5.37). The experimentally measured lifetimes for
these levels in Zn, Cd, and Hg are given in Table 5.3 together with the resultant values of a and 6.
We see that the value of 3 increases rapidly as we go
from zinc to mercury, showing that magnetic spin-orbit interactions are becoming progressively more important. However, even for mercury the value of a is close to unity,
showing that L-S coupling is still a useful description of
the atomic system.
5.6.

Relative intensities
tvansitions

in L-S coupling and forbidden

The relative intensities of a group of spectral lines
which arise in electric dipole transitions between one L-S
fine structure multiplet and another may be calculated from
equation (5.26). The angular factors in this expression
depend on the quantum numbers (S,L,J) and (S',L',J') of
the levels involved and may be calculated by vector coupling techniques. Unfortunately the formulae so derived are
themselves rather complicated and the reader is referred to
standard works on atomic spectroscopy, for instance Condon
and Shortley (1967), where tabulations of the relative intensities may be found.
Magnetic dipole and electric quadrupole transitions,
which we have ignored so far, will be discussed in detail
in Chapter 7. However, it should be noted that the selection rules governing these 'forbidden' types of radiation
can be derived by the application of the techniques already
discussed here. The results are summarized in Table 7.1
together with the rules for electric dipole radiation previously derived in this chapter.
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Problems
5.1.

In spherical polar coordinates show that the unit
vectors (_r,8,<t>) are related to the cartesian unit
vectors (i.,l>£) by

/\

Hence show that (pfl9 + p,$) may be expressed in the
0—
^P~"~
form given in equation (5.8), where p,. and p, are the
components of the electric dipole moment
in the directions £ and <£ respectively.
5.2.

operator £

Using equations (3.86) and (5.6) verify that the
1
1
°
transition 5 S g -5 P-, at 2288 A in the spectrum of
atomic cadmium displays the classical Zeeman effect.
Show that the magnitude of the splitting between the
IT and a polarized components in a field o.f 1 T is
4-669 cm" .

Calculate the relative intensities of the

Zeeman components viewed in directions parallel and
perpendicular to the applied magnetic field using a
classical argument and compare with the results obtained from equation (5.9) and Table 5.1.
5.3.

P
Show that the Landg g-factors of the 3 2S1/23, 3 2 1/2,

and 3 2P j/3/2
levels of atomic sodium are 2, 2/3, and
/
4/3 respectively.

Hence show that in a magnetic field

of 0-25 T the D1 line, 2s1/2 -2p1/2, wil1 be split into

components at

and the D2 line,

2

2
S, ,~- P ^ / T J will be split into com-

ponents at

1
where A = y,,B/hc = 0- 1167 cm- . The Zeemari pattern is
assumed to be observed in a direction perpendicular
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to the applied field.
Using the selection rules for the magnetic quantum
number and equation (5.9), determine the polarizations
and relative intensities of the Zeeman components of
the D, and D~ lines viewed in directions both parallel
and perpendicular to the applied field. The populations
of the excited Zeeman sub-levels and the frequencies
of the Zeeman components of the line may be assumed
to be equal in this part of the calculation.

5.4.

Show that the radiation emitted in electric dipole
transitions between degenerate levels, equation (4.23),
is unpolarized and has the same intensity'in ajll directions. (Hint: in the direction (8,<|>) the relative
intensities and polarizations of the light emitted in
transitions between specified Zeeman sub-levels are
given by equation (5.9)).

5.5.

Making use of the coupled one-electron wavefunctions
given by equation (3.64) and the recursion relations
for the spherical harmonics, equations (5.1) and
(5.12), show, by detailed calculation, that the matrix
element of the z-component of the electric dipole operator between the states \j> n , -,^ , •j_—7 .£. >1 /J. 9/ <i,
_ m and

ij)n , jt-~_Ljj™t-'~.j/^jjn
is identically zero as required by
7 . . _, ,,.-,
the selection rules for j.
5.6.

Show that the cartesian components of the electric
quadrupole operator defined by

where xa =x, xb =y, x =z can be expressed in terms
y

of the spherical harmonics of order 2 given in Table
3.1. This proves that the quadrupole operator is a
second rank tensor.

5.7.

By considering the matrix elements of the components

SELECTION RULES FOR ELECTRIC DIPOLE TRANSITIONS

141

p = (-e)r of the electric dipole operator (a first
q
q
rank tensor), show that the reduced matrix element
for the 2p-*ls Lyman a transition of atomic hydrogen
is given by

General references and further reading
Condon, E.U. and Shortley, G.H. (1967).

The theory of atomic

spectra, Cambridge University Press, London.
Messiah, A. (1962). Quantum mechanics, Vols. 1 and 2. NorthHolland Publishing Company, Amsterdam.
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Measurement of radiative lifetimes
of atoms and molecules
We have shown in previous chapters that the f-values of
spectral lines are important fundamental data which must be
known before detailed calculations of the behaviour of gas
discharges, plasmas, or stellar atmospheres can be undertaken. Since it is difficult, in many cases, to make theoretical calculations of f-values to an accuracy of better than
20 per cent, experimental measurements of these quantities
are essential. A considerable number of different techniques have been developed for this purpose, many of them involving the determination of radiative lifetimes. In this
chapter we discuss two such techniques, namely the beamfoil and the delayed-coincidence methods. In Chapter 8 we
shall discuss the determination of the f-values of resonance
lines by studies of the profiles of spectral lines and in
Chapters 15 and 16 the use of the Hanle effect and optical
double resonance methods.
From the relations given in Chapter 4 it can be seen
that there are also a number of ways of measuring the fvalues of electric dipole transitions which do not involve
the measurement of lifetimes. For example, the intensity
I, . of the spontaneous emission in the spectral line corresponding to the transition from level k to level i is given
by equation (4.27):

Thus an absolute measurement of I, . will allow the transition probability and hence the f-value of this line to be
determined, provided that the density of excited atoms, N^,
is known. It is possible to calculate N^ from thermodynamic
arguments as explained in section 4.7 if arcs or plasmas are
used in which LIE holds.

Often, however, only relative f-

values are obtained by this technique and they must be nor-
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malized by reference to lifetime measurements.
this method are given by Foster (1964).
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Another technique

which we shall not have space to discuss but which has been
widely used, especially in the U.S.S.R., is the
Rhozdestvenskii hook method. This technique makes use of the
anomalous dispersion of an atomic vapour which occurs close
to an absorption line. It is discussed in detail by Ditchburn (1963) and Marlow (1967).
These alternative techniques usually require a knowledge of the density of atoms in a given level. Since this
is often difficult to determine accurately, the absolute
f-value measurements by these methods are generally inaccurate. This problem is avoided in lifetime measurements
provided the data are taken at pressures low enough for
radiation trapping and collision effects to be negligible.
However, the radiative lifetime of a given level, equation
(4.26), is usually determined by the sum of the transition
probabilities of several different lines and in these situations the alternative techniques have an advantage since
they give a direct measurement of the f-value of a single
transition. Thus the two approaches are in a sense complementary.
We discuss first the beam-foil method for the measurement of lifetimes since conceptually and experimentally it
is very simple. The technique is usually applied to the
measurement of the lifetimes of excited states of atomic
and molecular ions. The delayed-coincidence method which we
treat in the second half of this chapter is experimentally
more complex but it is perhaps the most accurate and widely
applicable of the modern techniques.
6.1.

The beam-foil method.

6.1.1. Early experiments using canal rays and atomic beams
The time-dependent exponential decay of excited atoms,
equation (4.25), may be converted into a spatial variation
of intensity by exciting a beam of fast-moving atoms at a
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given position. This is .the basis of the canal ray method
used by Wien (1927). Positive ions which have been accelerated in the cathode fall region of a low pressure glow discharge are allowed to pass through a narrow channel in the
cathode, as shown in Fig. 6.1. The canal rays emerge into
the evacuated space behind the cathode as excited atoms,
having captured electrons by charge exchange collisions with
atoms in the channel. The radiative decay of the moving
atoms produces a faint glow extending beyond the cathode.
The length of this glow enables the radiative lifetime to
be measured, provided that the velocity of the atoms can be
estimated. Unfortunately the lifetimes obtained by this
technique were generally much too long due to repopulation
of the excited states by radiative decay from higher levels.
Several similar methods were developed by the early
workers in this field and these are described in Mitchell
and Zemansky

(1961).

One technique, developed by Koenig

and Ellett (1932) , overcame the problem of repopulation by
using optical excitation of a thermal atomic beam. However, this method was restricted to lifetimes greater than

10-6s owing to the low velocity, v ~ 105 cm s-1 , of the
atomic beam.

In all of these experiments the calibration

of the beam velocity led to considerable uncertainties in
the final results. For this reason these techniques were
little used after 1932.
6.1.2.

Principle of the modern technique.

Recently the

concept of converting the time-dependent decay into a spatial
variation of intensity has again become the basis of an important technique for the measurement of radiative lifetimes.
This followed the discovery, made independently by Kay (1963)
and Bashkin (1964), that ions in the beam of a Van de Graaff
accelerator can be strongly excited by passing the beam
through a thin carbon foil. The high velocity of the beam,
8
-1
v * 10 cm s , means that the radiative decay usually extends over several centimetres and is easily measured. The
velocity of the excited ions is generally known to an accu-
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racy of 2 per cent or better, and therefore accurate lifetime measurements can be made in many cases.

Fig.6.1. Decay of excited atoms and spatial variation of
intensity in canal ray experiment.
Since the original discovery, this technique has been
considerably developed both by Bashkin's group at the
University of Arizona and by physicists in many other laboratories. The proceedings of the beam-foil spectroscopy
conferences held in 1970 and 1972, (Martinson et al 1970,
Bashkin 1973), provide useful collections of papers in
'this and related fields.
6.1.3.

Apparatus for beam-foil experiments.

(a) General outline. The apparatus for a typical beam-foil
experiment is shown in Fig.6.2. A beam of high-energy ions
from the analysing magnet of a Van de Graaff accelerator
is passed through a thin carbon foil. In the foil the ions
interact strongly with the atoms of the foil and an appreciable number of the ions in the beam emerging from the downstream side of the foil are in excited levels. Usually
there are several stages of ionization present in the excited
beam, depending on the initial energy of the ions. It is
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Fig.6.2. Experimental arrangement for studies of atomic
spectra and the measurement of lifetimes of excited
ions by the beam-foil technique.
(1974)).

(After Martinson

generally much more difficult to produce excited neutral
atoms unless low beam energies are used. On the far side
of the foil the beam is seen to glow, often with a faint
blue light, as the excited atoms and
eous emission.

ions decay by spontan-

Owing to the very high velocity of the beam,

the excited particles are able to move a considerable distance downstream before they decay. The intensity of the
light emitted by the beam decreases downstream and a
measurement of the intensity of the light from a given level
of an ion as a function of distance from the position of the
foil gives the lifetime of that level. In the apparatus
shown in Fig. 6.2 the variation of intensity may be obtained
as a plot on an X-Y recorder as the foil is translated away
from the region of observation.
The excited beam has several important characteristics
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as a light source:
(i)

The de-excitation of the ions in the beam occurs in
-6
a drift tube under high vacuum, ~ 10
Torr, and the
effective density of the beam itself is very low. The
ions therefore decay freely and are not influenced
by the effects of collisions or radiation trapping.

(ii)

Ions of most of the light and medium-heavy elements
can be excited.

Since, in many cases, very highly-

ionized species are produced it is possible to study
the lifetimes of levels which are not easily excited
in other laboratory sources. The technique can also
be applied to the study of the lifetimes of molecular
ions.
(iii) The chemical purity of the excited beam is very high,
which considerably simplifies the classification of
spectral lines not previously observed in other sources.
(iv)

Vacuum ultraviolet spectrographs may be easily coupled
to the drift tube.

(b) Details of the Van de Graaff beam. In a typical beamfoil experiment energies of 2 MeV might be used for ions
such as He , C , and N .

The initial spread of beam energy

is determined by the resolution of the analysing magnet
and might be approximately -0-02 MeV. For N+ this beam
8
-1
energy corresponds to a particle velocity of 5-2 x 10 cm s
The beams are excited by passing them through carbon, or
occasionally aluminium, foils ranging in density from
5 - 40 pg cm-2 . These correspond to foil thicknesses of
o
o
250 A and 2000 A respectively. Thus the beam particles
-13
spend less than 10
s within the foil and the ions are
effectively excited instantaneously. Gaseous targets have
also been used to provide fast beams of excited atoms or
molecules. In this method the Van de Graaff beam passes
-3
through a chamber filled with gas at 10
Torr before
emerging into the observation chamber which is maintained
0at les.s than 1 5 Torr by differential pumping.
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Beam currents are typically of the order of 1 yA,
12
-1
which gives 6 x 10
ions s
passing through the foil for
a singly-charged species. If we assume that the beam cross2
section is 0-25 cm we find that the particle density is
4
-3
only 5 x 10 ions cm . If all the ions were in excited
levels and if the mean radiative decay rate for the system
8 -1
were 10 s , the total photon flux radiated into 4v solid
12
- 3 -1
angle would be of the order of 5 x 10
cm
s . Although
this makes the beam easily visible in a darkened room,
the number of photons on a single transition that can be
collected within the solid angle of a given raonochromator
is often rather small.
The foils are prepared by vacuum evaporation from a
carbon arc on to microscope slides which have first been
coated with a thin film of soap or detergent. The carbon
film can be floated off on water and pieces mounted on thin
metal frames.

The amount of light produced by the foils

depends on their thickness but owing to surface contamination,
foils of equal thickness do not necessarily produce equally
intense excitation of the beam.
(c) Spectrographs and monochroroators.
For the preliminary
identification of the lines produced by a given ion beam
a fast spectrograph is useful, since the photographic plate
provides a simple means of detection and long-term integration of the light emitted on all lines simultaneously.
Alternatively a scanning photoelectric monochromator may be
used, as shown in Fig.6.2.

The lifetimes of excited levels

can be,obtained by photographic methods if the image of
the ion beam is formed parallel to the slit of a stigmatic
spectrograph. In these instruments there is a one-to-one
correspondence between points in the image and points in
the slit and therefore the plate records the spatial decay
of intensity in each spectral line. However, this method
gives very inaccurate results owing to the difficulty of
calibrating the exposure of the photographic plate.

Photo-

electric detection is therefore essential for accurate lifetime measurements.
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(d) Photon detection and signal measurement. Many of the
spectral lines of interest in beam-foil experiments lie in
the vacuum ultraviolet. In this region of the spectrum,
the signal is often extremely small due to the restricted
solid angle of the collection optics and the low efficiency
of diffraction gratings. Consequently it is necessary to
choose the most efficient detection method available and
photon counting techniques are generally used. In this
method the anode of the photomultiplier is usually operated
at a high positive potential and each pulse of charge corresponding to a photoelectron emitted by the cathode is coupled
capacitatively into a pulse amplifer. These pulses are
counted by a sealer for a pre-selected time interval, of the
order of 10-100 s. The number of counts recorded in this time
might be typically 5 x 10 when the monochromator is set
to receive light from the beam just as it leaves the foil.
In the visible region of the spectrum the signal level
is often considerably higher than in the vacuum ultraviolet.
Although the photon counting technique still has clear advantages, a large number of measurements have been made by
recording the amplified photomultiplier current on a chart
recorder as a function of the foil position.
As in all experiments, there is generally some unavoidable source of noise which contributes a background
on which the signal is superimposed. In the vacuum ultraviolet this is due to energetic X-rays produced by the
accelerator. In the visible region it is caused by thermal
electrons randomly emitted by the cathode of the photomultiplier. In this case the so-called 'dark current1 can
be eliminated by cooling the photomultipler to -40°C. An
additional contribution to the background may be present if
the pressure in the target chamber is not maintained below
10-6 Torr, for the ion beam may then excite the residual
gas. In this case a further correction must be made to the
observed signals.
(e) Calculation of lifetimes from the data. Once the spectral lines emitted by an ion beam have been identified, the
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decay of a given excited level, k, can be investigated by
adjusting the monochromator to pass one of the radiative
transitions from k to a lower level i. Let the number
density of ions in the level k at the downstream face of
the foil, x=0, be given by N, (0). Then if the beam remains
K
of uniform cross - section S, and the ions have a uniform
velocity v, the number density of excited ions at the position x = I downstream is given by

where t = Z/v is the time taken for an ion to travel from
the foil to the observation region and T, is the mean radiative lifetime of the level k. The number of ions which
decay radiatively in the beam between I and Z- + AZ. is given
by

The length of the observation region AZ is determined by
the geometrical optics of the light-collecting system. The
observed signal is proportional to N , (Z,AZ), the constant
of proportionality being determined by the solid angle of
the collection optics, the combined efficiency of the
monochromator and photomultiplier, and the branching ratio,
Aki ?\i' for the observed spectral line. Typically the

/

ratio of the number of photons detected to the number emitted
-4
in a given transition will range from 10
in the visible
-6
region to 10
in the vacuum ultraviolet.
The results of observations by Heroux (1967) on the
+
o
2s22p2 3 P-2s2p 3 3P° transition of N at 916 A are shown in
Fig.6.3. The counts observed in 100 s intervals are plotted
semilogarithmically as a function of the distance from the
foil. The data have been corrected for a constant background of 4 counts s-1 . The accuracy with which the data
points lie on a straight line leads to the conclusion that
the lifetime of the excited level may be derived directly.
°
T(3P ) = (0-96 ± 0-03) x 10"9 s.
The result in this case is
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Fig.6.3. A semilogarithmic plot of the number of photons
detected on the Nil transition at 916 X as a function of foil position. The data were obtained by
+
Heroux (1967) using a N beam energy of 1 MeV and
a foil thickness of 500 A. The transition is seen
to be free of cascade.
6.1.4.

Experimental difficulties.

(a) The effect of radiative cascade. Unfortunately the
linear semilogarithmic plot of Fig.6.3 is not typical of
most of the results obtained by the beam-foil technique.
For many levels the plots show a pronounced curvature which
is due to repopulation of the level being studied by radiative decay from higher-lying levels. This is only to be
expected when one considers the unselective nature of the
excitation process.
To study this problem in more detail we consider the
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simplified energy-level diagram of a hypothetical atom shown .
in Fig.6.4. If the atoms in level 2 decay freely with a
total rate A2 then the population at time t after excitation,
assuming no repopulation of level 2, is

The time dependence of the population of level 1 is determined by the total spontaneous decay rate from this level,
A,, plus the cascade contributions from level 2. Thus the
population of level 1 is determined by the equation

where A--, is the transition probability of the line connecting these two levels. The solution of equation (6.5)
is given by

where N,(0) is the population of level 1 at t=0.

Thus in a

beam-foil experiment the measurement of the emission from
level 1 will yield a decay curve which consists of a sum
or difference of two exponentials with lifetimes characteristic of levels 1 and 2.
In general, therefore, the da,ta from beam-foil experiments must be analysed as a sum of exponential decay
curves:

A typical experimental curve showing the effect of cascade
2
2
+
is given in Fig.6.5 for the resonance line 1 S-2 P of He
at 304 A. The curve can be interpreted as the sum of a
rapid decay due to the initial population created in the
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Fig.6.4. A simplified energy-level diagram showing the foil
excitation and radiative cascade processes.
2
2 P level and a slower decay produced by the repopulation of
the 22P level by cascade. In this case the data were analysed
by fitting a straight line to the tail of the curve, and by
linear extrapolation the data at earlier times were corrected
for the long-lived component.

The result is that the fast

decay exhibits a lifetime of

Since the helium ion is hydrogenic an accurate theoretical
value for the lifetime is available:
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This is an important experiment which shows that it is possible to obtain accurate lifetimes for levels exhibiting
fast decays even in the presence of much slower components.
It also indicates that the beam-foil method permits the
measurement of very short lifetimes which are at present
beyond the range of most other techniques
Numerical methods are also used to resolve the observed
decay curves into a sum of exponential, components. However,
considerable care is required in analysing and interpreting
the results obtained since the scatter of the data points
at longer times leads to slow convergence in the fitting
procedures. Serious errors may occur in the reported lifetimes if this difficulty has not been recognized.
(b) Calibration of the beam velocity. Two methods are
available for determining the mean velocity of ions in the
excited beam. The first involves a calibration of the
accelerator voltage using nuclear reactions for which the
cross-sections have sharp peaks at energies which have previously been accurately measured. For example, the re7
7
action Li(p,n) Be has a threshold at 1880-60 - 0'07 keV.
The heavy ions can either be accelerated at this calibration
voltage or the bending magnet of the Van de Graaff may be
calibrated over a small range.

The energy loss of the ions

passing through the foil must also be taken into account.
The second technique is to use a 90° electrostatic
analyser in the target chamber. This enables the mean
energy and also the energy distribution of the beam to be
measured both before and after passing through the foil.
This is the most satisfactory way of determining the energy
loss of the ions passing through the foil, which may be
quite large for ions of high atomic number moving at low
velocities. The effect of the velocity distribution in the
beam is usually negligible in comparison to other experimental errors.
(c)

The
effect of the Doppler shift.
1

The excited ions are

moving with extremely high velocities, ~ 5 x 10

8

cm s

-1
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Fig.6.5. A semi-logarithmic plot of the number of photons
detected on the Hell transition at 304 A as a function of foil position. The data were obtained using
a He beam energy of 1 MeV and a foil thickness of
o
500 A. The transition is affected by cascade.
•, data corrected for background; A , data corrected
for background and cascade. (After Heroux (1967)).
Thus although the beam is generally viewed at right angles
to the direction of motion, the finite range of the spectrometer acceptance angles gives rise to large Doppler shifts.
When the spectrograph slit is perpendicular to the beam
direction, this results in a Doppler broadening of the obo
served lines which may be of the order of 2 A. This does not
affect the lifetime measurements directly but it may well
complicate the identification of the observed lines. When
the spectrograph slit is parallel to the beam direction,
° are possible.
Doppler shifts of +- 10 A
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(d) Beam fluctuations and foil breakage. The Van de Graaff
beam current cannot be held completely stable and consequently the intensity measured at a position fixed with
respect to the foil fluctuates. It is necessary to correct
for this by normalizing the experimental data to a constant
beam current. The beam current can be monitored by a Faraday cup. The charge collected by the cup may be recorded
continuously as a current or integrated for the same period
as the photomultiplier signal. Difficulties arise in this
method owing to the fact that the Faraday cup measures
the total charge collected and the excited beam usually consists of a distribution of charge states which may change
as the foil ages. Thus the charge collected by the cup is
not directly related to the number of ions in a given excited level. During the lifetime measurement the distance
from the foil to the cup should remain constant to eliminate
the effects of the divergence of the beam after passing
through the foil.
A better method of obtaining the data necessary for
normalization is to monitor the intensity of light in the
transition of interest at some fixed distance from the foil.
This overcomes most of the difficulties associated with
changes in the populations of different charge states and
different excited levels. This technique also enables the
instant when a foil breaks to be detected. Foil breakage
occurs frequently with 1 jjA beam currents of heavy elements
like Fe , and this information is necessary to avoid undue
wastage of data.
6.1.5. Comparison of experimental and theoretical results.
The usefulness of the results obtained by the beam-foil
technique may be illustrated by considering the f-values of
the resonance lines 2s S-2p P in the lithium isoelectronic
sequence. In Fig.6.6 the sum of the absorption f-values of
2
2
2
2
the transitions S1/2- P1/2 and S1/2- P3/2 calculated
from the lifetime data using equations (4.26) and (4.30)
are plotted together with the results of theoretical calculations using a variety of techniques. The data are dis-
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Fig.6.6. Variation of the sum of the absorption f-values for
2
2
the 2s S1/2- 2p Po/2, 3/2 transitions of the
lithium isoelectronic sequence as a function of
-1
(nuclear charge, Z)
. A , experimental values;
°, theoretical values.
played as a function of Z-1 , where Z is the atomic number,
since we expect the f-values for a given transition to vary
smoothly as we move up an isoelectric sequence. There is
very close agreement in this case between theory and experiment. In similar cases unknown f-values could be obtained by interpolation or extrapolation of other curves
of this type.
Unfortunately this simple variation as a function of
Z-1 does not always occur, as may be seen in Fig.6.7. This
shows the f-values of the transition 2s22p 2Po - 2s2p2 2D
in the isoelectronic sequence of boron. The experimental
data in this case include results from beam-foil and other
lifetime measurements.

Both the upper and lower levels of
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this transition arise from configurations of equivalent
electrons. Since in these cases the electrons interact
strongly with one another, the independent particle approximation breaks down. The level wavefunction must then be
described by a mixture of several configurations. This configuration interaction causes the f-values to rise to a
maximum. The theoretical f-values obtained using the independent particle model and self- cons is tent field wavefunctions are seen to be in error by factors of 2 or 3 and
the same is true of f-values obtained using a charge expansion method. More elaborate calculations using configuration mixing give much better agreement between theory
and experiment.

Fig.6.7. Variation of the sum of the absorption f-values for
2
2 2
the 2s 2P 2P?/2)3/2 - 2s2p
D 3/2>5/2 transitions of
the boron isoelectronic sequence as a function of (nuclear charge, Z) . i, theoretical calculations using
self-consistent field; o, theoretical calculations
taking account of configuration interaction; •, experimental results obtained by a variety of techniques.
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These two isoelectronic sequences clearly illustrate
the usefulness of the lifetime measurements made by the beamfoil technique. Since the uncertainty in the beam velocity
is often less than 2 per cent, the accuracy of the results
for those levels which are free of cascade is usually limited
by the photon counting statistics. However, for levels which
do show cascade contributions uncertainties arise, especially
if the decay rates of the different exponential components
are of similar magnitude. It appears that these difficulties were not always realized in some of the early beamfoil experiments.
6.2. Fast beam experiments

using laser excitation

The problems associated with radiative cascade in beamfoil experiments can be avoided by replacing the foil by
selective optical excitation using one of the powerful lasers
which are now available.

In the first experiments of this

kind reported by Andra et al. (1973), the 4545 A output of
an argon ion laser was used to excite a 3 yA beam of Ba
accelerated to 300 keV. By adjusting the angle between
the laser beam and the ion beam to approximately 23°, the
+
2
laser was Doppler-tuned to the Ba resonance line 6 S1/26 2P3/2z at 4554 Å. Good signals were obtained on the
•->/
o
fluorescent light at 4554 A with a maximum count rate of
10 4 s -1 . The decay curve was obtained as in a beam-foil
experiment and was found to consist of a single exponential
component. Analysis of the count rate over three decades
gave a lifetime of t(6 2P3/2) = (6.20 + 0.02) x 10-9 s.
Similar experiments have been performed on ion beams which
have been excited by passing through gas target cells and
which are then re-excited by a tunable dye laser. An
accuracy of 1 part in 10 seems to be attainable with this
new technique and many more results will appear in the near
future.
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6.3. The delayed-coincidence method using electron excitation
6.3.1. Principle of the technique.
The delayed-coincidence
technique, which is well known in nuclear physics, was
first applied to the measurement of the lifetimes of excited atoms by Heron et al. (1954, 1956). However, it was
not widely used until Bennett (1961) improved the method
by incorporating a multichannel analyser into the experimental set up. Since then a large number of measurements on
different elements have been made and the technique is now
probably one of the most accurate and widely applicable of
the methods currently available for the measurement of lifetimes .
In this technique a sample of atoms or molecules is
excited to some level k, usually by a pulsed electron gun.
The excitation is then cut off instantaneously at time t=0.
The probability of detecting a photon on the decay transition
from level k to level i in a time interval between t and
t+At after the removal of the excitation is given by

The emitted photons are detected by a photomultiplier. Each
photo-electron produces a pulse of charge at the anode and
the number of pulses received in a given time interval is
counted by means of a fast sealer. A semilogarithmic plot
of the number of counts accumulated as a function of the delay
time t enables the radiative lifetime T, to be obtained.
6.3.2. The single channel method.

The apparatus used by

Heron et al. (1956) is shown in Fig.6.8. The excited atoms
were produced by electron bombardment of helium at pressures
•z
_2
in the range 5 x 10
to 5 x 10
Torr. The electron beam
pulse was obtained by applying a positive voltage pulse of
2 x 10-8 s duration to the grid of the electron gun, which
was normally held negative. The electron gun produced a
current of 100 yA and was pulsed at a repetition rate of
10 kHz. The accelerating voltage was adjusted between 30
and 100 volts to give the maximum intensity for the line
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chosen for study.

Fig. 6.8. Schematic diagram of the single-channel delayedcoincidence apparatus used by Heron et al.(1956)
for lifetime measurements in helium.
An interference filter placed between two collimating
slits in front of the photomultiplier enabled a given
spectral line from the excited level k to be selected. The
arrival of a photon at the photomultiplier produced a sharp
negative voltage pulse at the anode. This pulse was amplified
and shaped before being applied to one side of a coincidence
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circuit. The pulses applied to the other input of the coincidence circuit were obtained from the electron gun pulse.
These were delayed by a known amount by passing them down
a fixed length of delay cable.

The coincidence unit summed

the two input voltages and provided an output to a discriminator and sealer. The coincidence rate was measured as a
function of the delay time t by changing the length of the

delay cable. The lifetimes of the 4 3S, 3 3P, 4 3P , and

3
3 D levels of helium were obtained to an accuracy of 5 per
cent.
Unfortunately, this method is inefficient since the
detector is sensitive to photons which arrive only within a
specified short interval of time following the excitation
pulse. Since the intensity of light produced by electron
bombardment sources is usually low, only a small number of
discrete delay times could be used in any given experiment.
Obviously an instrument that is sensitive to photons arriving at all times after the removal of the excitation pulse
would have a great advantage and would enable a monochromator to be used to increase the spectral resolution. The
development of this technique is described in the next
section.
6.5.3.

Recent improvements using multichannel techniques.

The extension of the technique used by Heron et al. (1956)
may be understood by reference to Fig.6.9. Again a sample
of excited atoms is prepared by a pulsed electron gun.

The

gun voltage is applied simultaneously to the start input
of a time-to-pulse-height converter. This initiates the
charging of a capacitor by a constant current source.
Some
time later an atom in the sample may emit a photon on the
transition of interest, which is isolated by the spectrometer and detected by the photomultipler. The resulting
voltage pulse is amplified and applied to the stop input of
the time-to-pulse-height converter. At this instant the
capacitor stops charging and a voltage pulse, whose amplitude is proportional to the time interval which has elapsed
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between the excitation cut-off and the detection of the
first photon, is sent to the multichannel pulse-height analyser. The nth address in the memory of the analyser corresponds to a voltage interval between Vn and Vn + AV. If the
incoming voltage pulse lies within this interval, one count
will be added to the number stored in this particular address.
Each address or channel of the analyser therefore corresponds to a definite time interval after the removal of the
excitation pulse and the system has the advantage of being
sensitive in all channels following this pulse. If no
photon is detected before the capacitor reaches its peal;
charging voltage, corresponding to the last channel of the
analyser, the time-to-pulse-height converter is reset for the
start of a new excitation and decay cycle. When this sequence
has been repeated many times the number of counts in a given
channel is proportional to the number of excited atoms present
at that time.
This multichannel delayed-coincidence technique was
developed by Bennett (1961) and has since been applied to
detailed studies of the lifetimes and collision-induced relaxation of excited levels of many different atoms, molecules,
and ions.

An excellent review of this method is given by

Bennett ei, al. (1965).

In the following sections we discuss

various details of the experimental technique, methods used
for the reduction of the data, and experimental difficulties.
(a) Electron gun design.

Ideally the electron gun should pro-

duce a current pulse of several milliamperes since the crosssections for electron impact excitation of atoms are very
small, especially close to threshold. The width of the
energy distribution of electrons in the beam should be less
than 0 - 5 eV, otherwise many levels will be excited and radiative cascade will cause difficulties. In order to obtain
good time resolution the electron beam must be cut off instantaneously and the transit time of electrons across the
observation region should be as small as possible. Resolution
times of 5 x 10 - 9 s are typical, although with more compact
-9
designs this can be reduced to approximately 1 x 10 s.
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Fig.6.9. Schematic diagram of the multichannel delayedcoincidence apparatus developed for precision lifetime measurements by Bennett (1961).
(b)

Photon detection.

The use of a monochromator with a
dispersion of the order of 16 ft/mm is essential for experiments on neon and other inert gases which have an abundance of closely spaced lines throughout the visible spectrum.

It is desirable that the spectrometer should have a

large numerical aperture so that the light-gathering power is
high, .and if the monochromator is to be used as efficiently
as possible several gratings blazed for different spectral
regions are required.
The photomultiplier should be chosen to have high
sensitivity

at the operating wavelength and low dark

current.

In the near infrared it is necessary to cool the photomultiplier to liquid nitrogen temperatures, 77 K, to reduce
this dark current.

In any photomultiplier

there are fluc-

tuations in the time taken for electrons to travel from the
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cathode to the anode which are caused by variations in the
electron path between dynodes. This transit time spread may
be of the order of 2 x 10-9 s and contributes to the finite
resolving time of the system.
(c) Calibration. The multichannel analyser may be calibrated
by introducing various lengths of delay cable before one input of the time-to-pulse-height converter. The time-delays
so introduced are obtained from the resonant frequencies of
the given cables, and the observed displacement of the peaks
of the decay curves calibrates the time axis of the system.
(d) Differential non-linearity. In the ideal multichannel
system the width of each channel is the same and remains
constant over long periods of time. Any variation in channel
width with channel number will lead to an excessively high
or low number of counts being recorded in a given channel
and to the appearance of spurious peaks and valleys in the
experimental decay curves. This effect is known as differential non-linearity and is caused by departures from
linearity in the saw-toothed waveform generated in the timeto-pulse-height converter. When this effect occurs the
experimental data must be corrected before the final stage
in the analysis is reached.
6.5.4.

Experimental difficulties.

(a) The effect of radiative cascade. Close to threshold
the electron excitation cross-sections are usually very
small, * 10-19 cm2 . Consequently the photon counting rates
are often very low and to increase the signal it is frequently necessary to increase the mean electron energy
above the threshold value. This usually results in the
excitation of levels above the level being studied and
radiative cascade occurs. Data typical of this situation
are shown in Fig.6.10. In this plot the rapidly decaying
component is due to the population directly excited into
the 2p,- level of neon while the more slowly decaying tail
is probably caused by radiative cascade from the 2s and 3s
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group of excited levels which lie between 1 and 2 eV above
the 2p,- level, as shown in Fig.8.12.
The appearance of multiple components in the observed
decay curves is an undesirable complication which must be
avoided if at all possible. The only certain way of eliminating this problem is to use electron beams with very narrow
energy distributions and to operate close to the excitation
threshold of the level being studied. If this is not feasible the data must be analysed in terms of a multicomponent
exponential as discussed in section 6.1.4.

Fig. 6.10. A plot of the log of the number of counts in a
given channel of the multichannel analyser as a
function of the delay time represented by the
channel address. The data were obtained on the
_
_ r btransition of Nel__a 6143 Å by
- Klose by Klose
1s5
- 2p6
(1966) and illustrate the effect of cascade on the
apparent lifetime of the 2p, level.
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(b) The effects of collisions.

In lifetime measurements in
helium it has been found that at pressures above 10-2 Torr
the decay of excited singlet levels is increased by inelastic collisions with helium atoms in the ground level:

The initial effect of these collisions is to increase the
decay rate from the spontaneous emission rate T A, . to
i Kl

Here N is the density of atoms in the ground level, v is the
mean relative velocity of the two colliding atoms, and a is
the mean collision cross-section which has been obtained by
averaging over the velocity distribution of the two particles:

This increase in the apparent decay rate due to atomic collisions is a very common phenomenon although the importance
of the effect varies from level to level owing to the wide
variation of the inelastic collision cross-sections. For
near-resonant collisions, where very little energy needs to
be transferred to or from the thermal kinetic energy of
the system, the cross-sections tend to have very large
13
2
values, of the order of 10
cm . If energy differences of
the order of kT exist between the two sides of a reaction
such as that given in equation (6.9), the observed crosssections are of the same order as the gas kinetic crossis
2
sections, K 10
cm , while for energy differences greater
than a few tenths of an eV the cross-sections tend to be very
- 20
2
small, » 10
cm , and are negligible for most purposes.
The numerical value of the collision-induced relaxation
rate at the absolute temperature T is given by
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where P is the pressure in Torr and the cross-section a is
2
measured in units of cm
M,, M, are the atomic mass numbers of the two atoms involved in the collision. Thus at
300 K the collision-induced rate will be equal to a radiative
O

_ 1

rate of 10 s" at a pressure of 39-0 Torr, assuming
2.
M 1 =M 2 =20 and a = 10"15 cm
When measurements are made of the apparent relaxation
rate, equation (6.10) predicts a linear variation as a
function of pressure.
Results obtained by Bennett et al.
(1965) for the decay of the 4 Sn level of helium are shown
in Fig.6.11. The intercept of this graph yields a radiative
O
lifetime of T = 8-40 x 10" s and the total inelastic crosssection, obtained from the slope of the linear portion of
16
the curve, is a = 16 x 10cm2 . It is obvious that at
the highest pressures used the decay rate is not a linear
function of pressure.

The reason for this is that at these

pressures the reverse reaction of equation (6.9) becomes
significant, a process which is known as reciprocal transfer. It should be noted that the delayed-coincidence technique is probably the most direct and accurate method available for the measurement of inelastic collision crosssections .
(c) Photon trapping. When the lifetime of a level which has
a strong allowed transition to the ground level is measured,
a marked increase of the lifetime with density is observed
even at pressures which are so low that collisional effects
are negligible. This is illustrated by measurements on the
3 2P levels of sodium (see Fig.6.13) which are discussed in
more detail in section 6.4 below. The effect is well understood and in this case it is caused by the reabsorption with2
2
in the sample of photons in the 3 S, ,^- 3 ^1/2 1/2 tran"
sitions at 5890 A and 5896 A*. This is called trapping or
imprisonment of the resonance radiation.
On average each
reabsorption process increases the effective lifetime of
the sample by approximately the natural atomic lifetime.
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Fig.6.11. The decay rate of the 4 1S0 level of helium

measured as a function of pressure by Bennett
et al. (1965). The solid curve shows the result
of a least-squares fit of the data to an equation
of the form

The departure of the curve from a straight line
at the highest pressures is due to the effect of
reciprocal transfer.
The size of the effect is due to the very large absorption
coefficient, K Q , for radiation at the centre of the Dopplerbroadened resonance line, A,,. The probability that a photon
will be reabsorbed while travelling a distance L through
a gas of density N~ is given by x where

The maximum value of the absorption coefficient «„ is given
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by

where A^Q is the transition probability for the resonance

line, M is the mass of the atom, and g, and gn are the

statistical weights of the resonance and ground levels res-

pectively.

In sodium vapour at 300 K the effective cross-

section for the reabsorption of resonance radiation defined
by equation (6.14) has the enormous value of

oAbs. = 1.2 X 10-11 cm2 (see Problem 9.6).

A theoretical treatment of the effect of trapping on
the escape of radiation from a sample of excited atoms has
been given by Holstein (1947, 1951). The general solution
of the problem is difficult but an approximate solution was
obtained using the assumption K-.L > 1. For the usual case
where the Doppler broadening is very much greater than the
natural or the collision broadening of the resonance line,
the decay of a population of excited atoms which are initially distributed according to the lowest-order diffusion
mode of an infinite cylinder of radius R (see Problem 7.10)
is given by

where g is an imprisonment factor given by

Thus for levels with transitions which terminate on
the ground level of the atom, accurate measurements over a
wide pressure range are required in order to establish the
true radiative lifetime of the excited level. For example,
in helium measurements of the decay rates for the n 1P1,
-3
-2
levels at pressures in the range 10
to 10
Torr still
give results which correspond to the complete trapping of
the resonance lines, g * 0. In discharges photon trapping
also occurs on transitions which terminate on metastable or
resonance levels; however, this problem does not arise in
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delayed-coincidence lifetime measurements owing to the
very low population density created in these levels.
6.3.5. Comparison of experimental results in neon.

Table

6.1 gives the results of several recent determinatioof
the lifetimes of the levels of the 2p 3p configuration in
neon obtained by the delayed-coincidence technique.

The

levels are labelled in the Paschen notation. This has the
advantage of conciseness but gives no indication of the
spectroscopic character of the levels which in this configuration can only be correctly represented in intermediate coupling. We see that the results for most of the
levels are in good agreement. However, those of Bennett and
Kindlmann (1966) are systematically shorter than those of
the other authors and are generally considered-to be the
most accurate.

A small uncorrected cascade contribution to

the decay curves in the other experiments might account for
this discrepancy.

There is also close agreement between

the experimental results and the sophisticated theoretical
calculations of Feneuille et al. (1970).
A knowledge of the lifetimes and collision crosssections for these levels is important since they are the
lower levels of several important He-Ne laser transitions,
for instance the well-known red transition 2p - 3s2 at
,
6328 X.
6.4.

Delayed-coincidence experiments using optical excitation
It is also possible to apply the method of delayed

coincidences to the measurement of the lifetimes of atoms
which have been excited optically. This technique has the
advantage that the very selective nature of the optical
excitation process eliminates the effects of cascading discussed in section 6.3.4. In the past this method has
been restricted to those levels whiah can be excited from
the ground level by the absorption of intense re.sonance
radiation. Thus only one or two levels could be studied
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TABLE 6.1
Experimental and theoretical lifetimes (in ns)
of the 2p 5 3p configuration of neon

Delayed-coincidence measurements
Level

Klose
(1966)

Bennett
and
Kindlmann
(1966)

Bakos
and
Szigeti
(1967)

Theory
Oshiro- Feneuille
vich and et al
Verolai- (1970)
nen
(1967)
14 ± 1

13-65

20 - 1-6

17-82

18 - 1-3

16-66

19-1 - 0-3

24 - 1-5

18-19

18-9 - 1 - 7

19-9 - 0-4

23 - 1-5

18- 78

2

P6

22-0 - 1-9

19-7 - 0 - 2

21 - 1-4

18-77

2P7

20-3 - 1-6

19-9 - 0-4

22 - 1.-3

18.62

2p8

24-3 - 2 - 0

19-S - 0-2

28-4 - 1 - 2

25 - 1-4

19-05

2pg

22-5 - 1-9

19-4 - 0-6

19-5 - 1-6

24 - 1-5

18- 52

2

27-4 - 2-9

24-8 - 0-4

26 - 1 - 5

23-65

2Pl

14-7 - 0-5

14-4 - 0-3

2p2

16-8 - 1-4

18-8 - 0-3

2p3

23-3 - 4-8

17-6 - 0-2

2P4

22-4 - 4-4

2p5

PlO

14-8 - 0-15

28-2 - 0-85

22-0 - 0-6

in any one atom and the technique was further limited to
those atoms whose resonance lines lie in or near the visible
part of the spectrum. However, the recent development of
pulsed dye lasers has removed some of these restrictions.
These lasers are tunable in the range 3400 A -12 000 A and
with frequency doubling wavelengths down to 2400 A can be
achieved.

Their intense peak powers enable almost all
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levels to be reached either by direct or stepwise excitation.

Fig.6.12. The multichannel delayed-coincidence apparatus
used by Kibble et at. (1967) in the measurement
2
of the lifetime of the 3 P levels of sodium using
optical excitation.
As an illustration of the optical excitation technique,
we consider a detailed investigation made by Kibble et al.
(1967) of the effect of the imprisonment of sodium resonance
radiation on the measured lifetime of the 3 2P levels of
sodium as well as the effect of molecular and atomic collisions on these levels. The apparatus used by Kibble et al.
(1967) is indicated schematically in Fig.6.12. Atoms of the
sodium vapour contained in the resonance cell are excited to
the 3 2P1/2, 3/2 levels by the absorption of light in the
sodium D lines 5890 A and 5896 A emitted by an Osram sodium
lamp.

The excitation is pulsed by focusing the exciting

radiation through a Kerr cell shutter placed between crossed
polarizers.
The Kerr cell is filled with nitrobenzene and
requires a voltage of 15 kV to open it fully.
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The resonance cell is specially designed to make the

paths of the incident and fluorescent

light within the

absorbing vapour as short as possible. This is necessary
to reduce the effects of strong resonance trapping. The
main body of the resonance cell is contained in an electrically heated oven. A side arm containing liquid sodium
is maintained at a slightly
mines the density of sodium
cell is continuously pumped
order to remove any gaseous
experiments.

lower temperature and so detervapour in the main cell. The
through a 3 mm bore tube in
impurities evolved during the

Using this apparatus, Kibble et al. obtained a value of

(16-6 - 0-4) x 10-9 s for the lifetimes of the 3 2P1/2,3/2
/2 3/2

levels of sodium.

They also investigated the effect of

resonance trapping on the lifetimes of these levels for a
7
range of sodium vapour pressures from 10- to 10-4 Torr.
Their results are given in Fig.6.13 and have been compared
with the theories of Holstein (1947, 1951) and Milne (1926)
by fitting the theoretical expressions to the data at the
encircled point and at the low pressure limit of the observed lifetimes.

Some uncertainty

in this fitting is

due to the fact that the contributions of the two separate
2
levels 3 P1/2 and 3 2P3/2 were not resolved in this experiment. This does not affect the value of the lifetime
measured at the lowest pressures, but at higher densities
the fact that the absorption oscillator strength for the
2
2
3 S., /T ~3 ^7/7 transition is twice as large as that of the
2
2
3 2S1/2-3 2P1/2 transition will cause stronger resonance
trapping of the 5890 A line. Thus in general, the observed
decay curves should consist of two components with slightly
different decay rates. It was not possible to resolve these
in the analysis of the original data and it was therefore
assumed that the observed lifetime was the mean of the
effective lifetimes of the J=l/2 and J=3/2 levels.

Milne's

theory is seen to be in good agreement with the experimental
values over the whole pressure range, while Holstein's expressions are in agreement only at pressures above
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5 x 10-5 Torr where the condition K0L > I assumed by Holstein
is satisfied .

Fig.6.13. Variation of the measured lifetime of the 3 2P
levels of sodium obtained by Kibble et al. (1967)
as a function of sodium vapour density. The points
are experimental, the solid curve is obtained from
the theoretical predictions of Milne (1926) and
the broken curve from those of Holstein (1947,
1951).

The encircled point and the zero density
-8
lifetime of T = 1-66 x 10 s were used in the fit
of the theoretical curves to the experimental data.
The same apparatus has been used to measure the decay
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rate of sodium atoms in the 3 2P levels as a function of
the pressure of the molecular gases N ~ , H~, HD, and D 2 « The
collision processes which cause an increase in the observed
decay rate with increasing pressure are usually called
quenching collisions in these cases since the energy of the
sodium atom is converted into vibrational, rotational, and
kinetic energy of the colliding molecules. These measurements
have yielded accurate quenching cross-sections for these
gases.
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Forbidden transitions and metastable atoms
We have seen in Chapter 5 that the transition probability for
electric dipole radiation, equation (4.23), is only non-zero
if certain selection rules are satisfied. In particular
the initial and final states of the system must have opposite
parity, where the parity of an electron configuration is
given by (-1)
. In many atoms the lowest configuration consists of several equivalent electrons and so gives rise to a
number of different terns; for instance, in atomic oxygen
4
the lowest configuration is 2p and gives rise to the levels

3P0,1,2, 1D2, and 1S0 as shown in Fig-7.1(a). Each of these
levels has even parity, and thus, although the levels 1D,
and 1Sn are 2 eV and 4 eV respectively above the ground state
3
?£, decay by electric dipole radiation is strictly forbidden. In the absence of collisions these excited levels
can decay only by the magnetic dipole and electric quadrupole
transitions shown in Fig.7.1(a).

As we shall show below,

these processes are much slower than decay by electric dipole
radiation, thus the 1 D 2 and 1 S0 , levels are metastable with
radiative lifetimes of the order of 100 s and 1 s respectively.
Many other atoms possess metastable levels, e.g. mercury
and the inert gases. In gas discharges these play an important role since the population in the metastable levels
can be very high and these atoms are more easily ionized than
atoms in the ground state.

Hoivever, forbidden magnetic di-

pole and electric quadrupole lines are difficult to observe
in the spectra of laboratory sources since they are extremely
weak in comparison with the allowed electric dipole transitions. Also, the metastable atoms are often quenched by
collisions with other atoms or with the walls of the discharge tube before radiation can occur.

By contrast, in

the upper atmosphere, the solar corona, and in gaseous
nebulae the densities of atoms are so low that collision pro-
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Fig.7.1. Energy levels of the ground configurations of 01,
Oil, and OIII showing the observed forbidden
transitions. m indicates a magnetic dip-ale transition; e indicates an electric quadrupole transition; wavelengths are in A.
cesses are often negligible (Problem 7.1). Consequently
in the spectra of the aurora and the airglow the forbidden
lines 5577 A and 6300/6364 A of atomic oxygen are prominent
features. Similar transitions in the spectra of 0 and
0++ , shown in Fig.7.1(b) and (c), together with corresponding transitions in N+ and N++ , are among the strongest
lines in the spectra of gaseous nebulae. In the solar
corona while the mean density is very low, the effective
6
temperature is over 10 K and the visible spectrum is characterized by forbidden transitions of highly-stripped ions
such as CaXII, FeXIII, NiXVI, etc.
Metastable levels also occur in the energy-level
schemes of simple molecules, e.g. N,, ^2' ^®> an<^ ^' These
metastable molecules are responsible for prominent emission
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bands in the spectra of planetary atmospheres. Carbon monoxide in particular is of great interest, since the forbidden
Cameron bands a 3n -*• X 1E are the main feature in the spectra
of the atmosphere of Mars obtained by the Mariner space
probes.
The transition probabilities for magnetic dipole and
electric quadrupole radiation are important since they can
be combined with measurements of the absolute and relative
intensities of forbidden lines emitted by nebulae, the
aurora, or the solar corona to yield estimates of the number
density, composition, and temperature existing in these
various sources. We therefore proceed to obtain explicit
expressions for these transition probabilities, making use
of the expressions for the power radiated from the corresponding classical current and charge distributions which we
obtained in sections 2.10 and 2.11.
7.2. Magnetic dipole trans-it-ions.

7.1.1. Breakdown of the electric dipole approximation. The
expression for the transition probability for spontaneous
emission of electric dipole radiation in a one-electron atom,

was derived on the assumption that the spatial extent of the
electron charge distribution in the atom was small compared
with the wavelength of the light emitted. If this assumption
is valid then phase differences in the contributions to the
emitted electromagnetic wave from different parts of the
atom can be neglected. This is known as the eleatria dipole
approximation and when the matrix element in equation (7.1)
is finite, the emitted radiation is called electric dipole
(El) radiation.
However, if the matrix element in equation (7.1) is
identically zero for some reason, then it is necessary to
introduce the factor
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(2.61) which takes account of the relative

phases of the contributions from different parts of the
electron distribution.
As shown in sections 2.10 and 2.11,
the second terra in the expansion of equation (7.2) can be
separated into two distinct components. The first gives
rise to magnetic dipole radiation and from equation (2.88)
we find that the power radiated by a classical oscillating
magnetic dipole is given by

The quantum-mechanical expression for the magnetic dipole
transition probability can be obtained from equation (7.3)
in exactly the same way that the electric dipole transition
probability was derived in section 4.3. We make the substitution

Then introducing the statistical weight g^ to take account
of the degeneracy of the upper level as in section 4.5, we
have

where the quantum-mechanical magnetic moment operator is
given by

For a many-electron atom, the single-electron operator in
equation (7.5) must be replaced by a summation over the
valence electrons and we have:

From equations (7.1)

and (7.5) we find that the ratio
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of the magnetic dipole to the electric dipole transition
probability for an ion of atomic number Z is given approximately by

where a is the fine structure constant e /(4iTe he) * 1/137.
We can therefore usually neglect the effect of forbidden
transitions on the lifetime of a given level if any of the
electric dipole transition probabilities from that level
o

_i

are finite. Since a typical value for AE1, is 10 8 s-1
equation (7.7) shows that levels which can decay only by the
emission of magnetic dipole radiation in the visible spectral
region are expected to have lifetimes of the order of 10-3 s
or longer.

These levels are therefore termed metastable.

7.1.2. Magnetic dipole radiation from atomic hydrogen. An
interesting application of equation (7.5) arises in the case
of the radio emission from atomic hydrogen at the frequency
of 1420 MHz. This is the famous 21 cm wavelength line which
has been used by radio astronomers to map the distribution
of atomic hydrogen throughout the galaxy. It will be recalled that the ground state of atomic hydrogen has the
2
electronic configuration Is S,/n and that the proton
L/1,
possesses a nuclear spin of I = —• Ttheground-state hyperfine
structure, shown in Fig.7.2, therefore consists of two levels
F=l and F=0 separated by an energy corresponding to the
microwave frequency v hfs = 1420-40575 MHz. An atom in the
upper hyperfine level can decay by spontaneous magnetic dipole
radiation with a transition probability (Problem 7.2) given
by
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Fig.7.2. The hyperfine structure of the ground state of
atomic hydrogen,
The spontaneous radiative lifetime for this electron spin
7
re-orientation process is therefore 1*14 x 10 years and
only the great extent of the clouds of hydrogen gas makes
the radio emission sufficiently intense to permit detection.
This calculation also shows that spontaneous magnetic dipole emission in the radio or microwave region will
be quite unobservable in laboratory experiments. The techniques of radio frequency spectroscopy of atoms and nuclei
in solids, liquids, and gases therefore depend on the stimulated emission and absorption processes which are discussed
in detail in Chapter 9.
7.2. Eleatria quadrupole radiation
The second term in the expansion of the classical
vector potential for an oscillating distribution of current
and charge, equation (2.81), contains contributions from
both magnetic dipole and electric quadrupole distributions,
as shown in sections 2.10 and 2.11. We therefore expect
these different distributions to radiate at similar rates.
Thus, whenever the electric dipole transition probabilities
from a given level are identically zero we must consider
the possibility of decay by electric quadrupole radiation
in addition to the magnetic dipole radiation discussed in
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the previous section.
The quantum-mechanical expressions for dipole radiation
transition probabilities were derived from the classical
expressions for the power radiated, ?„. or P M I , by the relation

while simultaneously the classical dipole magnitude was transformed into a quantum-mechanical matrix element. Applying
equation (7.9) to the total power radiated by a classical
electric quadrupole source, equation (2.100), we obtain
the electric quadrupole transition probability in the form

where r and rfi are the cartesian components of the electron
position vector r_. For a'many-electron system the electric
quadrupole operator may be written in terms of the individual
electron position vectors, r_. , as

where -^ is the unit tensor.
The ratio of the electric quadrupole to the electric
dipole transition probability is given by equations (7.1) and
(7.10) as

Again the effect of forbidden electric quadrupole transitions
on the lifetime of a given level will be negligible if any
electric dipole transitions from that level are allowed.
The lifetimes of levels which can decay only by the emission
of electric quadrupole radiation are expected to be very long,
of the

order of 10
s or more (Problem 7.3).
For the visible region of the spectrum it is a good
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approximation to neglect all emission of higher orders such
as magnetic quadrupole and electric octupole radiation.

How-

ever, in the X-ray and y-ray region, this approximation is
no longer valid since the wavelength of the radiation emitted
is of the same order as the extent of the charge distribution
involved in the emission process. Thus in nuclear spectroscopy, dipole and quadrupole radiation processes occur at
similar rates and a study of the selection rules is necessary
before the observed lines can be correctly assigned to a given
decay mode. We shall also find such a study useful in the
visible and ultraviolet regions of the spectrum.
7.3. Selection rules for magnetic dipole and electric
quadrupole transitions
The selection rules for electric dipole radiation have
already been considered in detail in Chapter 5 and are summarized in Table 7.1. Those for magnetic dipole and electric
quadrupole transitions may be derived from equations (7.5)
and (7.10) by the application of similar techniques. The
task is therefore left as an exercise for the student
(Problem 7.4); however, the comments which follow indicate
the line of reasoning used and may prove helpful.
7.5.1. Rigorous selection rules.

The rules given in Table

7.1 can be divided conveniently into two distinct sets:
the rigorous selection rules and those which hold only when
certain approximations are satisfied. Rules 1-3 are rigorous
in the absence of nuclear spin and are derived from general
symmetry arguments. Thus rule 1 comes from the fact that
the photon possesses an intrinsic spin angular momentum, h ,
and the application of the principle of conservation of
angular momentum in the atom-photon system. The angular
symmetry properties of atomic wavefunctions about the axis
of quantization are used in the derivation of rule 2, while
a reflection through the origin and the symmetry argument
applied to states of well-defined parity leads to rule 3.
Of these rigorous selection rules perhaps the most im-

TABLE 7.1.
Selection rules for single photon transitions in atomic spectra

Rule

Electric dipole

Magnetic dipole

Electric quadrupole

3.

Parity change

No parity change

No parity change

4.

One electron jump

No electron jump

One or no electron jump

1.

2.

5.
6.

FORBIDDEN TRANSITIONS AND METASTARLE ATOMS
portant is the parity rule.

187

For most excited atomic levels

there exist lower energy states of opposite parity, and the
atom therefore decays by the emission of electric dipole radiation.

Forbidden transitions are generally only observed

in atoms or ions in which the lowest electronic configurationin atoms or ions in which the lowest electronic configuration
gives rise to several different terms, as in the case of the
neutral and ionized oxygen level schemes shown in. Fig.7.1.
7.3.2. Approximate selection rules. The last three selection
rules in Table 7.1 are derived using explicit forms for the
atomic wavefunctions. Since these can only be .approximate
solutions of Schrodinger's equation in the case of a manyelectron atom, rules 4-6 in turn apply only approximately in
many cases.

Thus rule 4 is obeyed only if each of the states

involved can be correctly described by means of a single
configuration of electrons. Similarly rules 5 and 6 may be
expected to apply only in Russell-Saunders coupling where
the spin-orbit interaction is negligible compared with the
electrostatic forces between the electrons.
In the Russell-Saunders approximation we see that magnetic dipole transitions are only possible between two states
belonging to the same configuration and having the same
values of L and S.

Two such states must belong to the same

fine structure multiplet and consequently their energy separation will be extremely small. The emitted radiation is
then in the microwave or radio-frequency region and spontaneous transitions of this type have a negligibly small probability as we noted in section 7.1.2. We shall consider
the selection rules for induced magnetic dipole transitions
in more detail in Chapter 18 when we discuss hyperfine structure measurements by radio-frequency magnetic resonance.
As we discussed in section 5.5.5, many electric dipole
transitions are known which violate the selection rule AS=0,
especially in the spectra of the heavier elements. A similar
breakdown of this rule occurs also in magnetic dipole and
electric quadrupole transitions, as Fig.7.1 shows.
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7.3.3. Transition probabilities of forbidden lines.

Accurate

theoretical calculations of the transition probabilities of
forbidden lines can be made without great difficulty for
those lines which satisfy all the selection rules in Table
7.1. However, there are many cases of magnetic dipole or
electric quadrupole lines where one or more of the approximate rules is broken. In these cases the atomic wavefunctions must be calculated in intermediate coupling and the
resulting transition probabilities are consequently less
reliable.
Unfortunately no generally applicable method of
measuring the transition probabilities of forbidden lines
has been developed. This is mainly because the lifetimes
of the metastable levels which can decay only by magnetic
dipole or electric quadrupole radiation in the visible
region of the spectrum are of the order of 10" s"or longer.
In beam-foil experiments the velocities would be so great
that no decay would be observed in any apparatus of convenient laboratory size. Similarly in the single-photon
delayed-coincidence technique, the time required to obtain
sufficient data would become quite prohibitive. The few
reliable lifetime measurements that do exist have been made
by the static afterglow technique. This was originally
developed for experiments on the collisional destruction
and diffusion of metastable atoms, which are discussed in
detail in section 7.6. The difficulties encountered in
the application of the afterglow and other methods to the
experimental determination of the transition probabilities
of forbidden lines have been reviewed by Corney (1973) and
Corney and Williams (1972).
In this chapter so far we have been concerned with
forbidden transitions between low-lying metastable levels
belonging to a single electronic configuration. Recently
interest has focussed on the energetic metastable levels
of hydrogen-like and helium-like ions which emit radiation
in the X-ray and vacuum ultraviolet region. Since these
atoms are important in many atomic physics experiments, we
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discuss their properties in detail in the following sections.
7.4. Two-photon deoay of hydro genie systems
7.4.1.

Introduction.

The metastable 2

2

S, ,_ level of hydrogen and its isoelectronic ions He , Li , etc.) forms
an exceptionally interesting case. We show the relevant
H

energy levels for singly-ionized helium in Fig. 7.3. since

+

Fig.7.3. Simplified energy level diagram for He and possible
2
decay modes of the 2 S, , j state. (Not to scale).
many of the experiments that we shall discuss have been made
on this particular system. In this ion, the metastable
2 s1
/22 level lies 40-8 eV above the He+ ground state, which2 level lies 40-8 eV above the He+ ground state, which
in turn is 24-58 eV above the ground state of the neutral
2
2
helium atom. On the Dirac theory the 22 S1/2 2S1/22 and
and 2 p1/2
P, ,,
levels are predicted to be degenerate. However, owing to the
interaction of the electron with the quantized vacuum radia2
2
tion fields, the 2 s 1/2 hlevel is displaced above the 2 p 1/2
level by an amount known as the Lamb shift. Theory shows
4
that the Lamb shift scales approximately as (aZ) and has
the values 1-058 GHz and 14-040 GHz in hydrogen and ionized
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helium respectively.
Let us now consider in detail the metastability of the
2
2 S
level. For an isolated atom or ion the only states
1/2
'
2
of lower energy are the 1 S, .^ ground state and the Lamblevel. Spontaneous electric dipole transihifted 2 2p
1/2 2
tions to the 2 Pj/2 l eve l aareallowed, but owing to the
small value of the Lamb shift the transition probability is
negligibly small, being about 2 x 10- 10 s-1 in hydrogen,
which is equivalent to a lifetime of 163 years (Problem 7.5).
Decay to the ground state by electric dipole radiation is
strictly forbidden since the Is and 2s states have the same
parity.
When higher-order transitions between the Is and 2s
states are considered, we find that electric quadrupole radiation is strictly forbidden since- both levels have J = y,
(see Table 7.1). Magnetic dipole transitions are also forbidden in the non-relativistic approximation since the radial
wavefunctions of the two states are orthogonal.
However,
when relativistic corrections to the magnetic moment operator,
equation (7.6), are introduced the matrix element is no
longer exactly zero, although the transition probability
for the magnetic dipole decay is smaller than that of the
2
2
allowed electric dipole transition 1 S,/7 - 2 P 1 ,_ by a
,
I//
I/ /
factor of (Za) . The explicit calculation by Drake (1971)
gives

From this we predict a lifetime for-the 2 2s1/2 level of
hydrogen of about five days and this decay mode is therefore
quite negligible for hyd.rogenic ions of low atomic number.
In fact the largest contribution to the radiative decay
of the2 2 S1/2
1/2 level comes from a process which cannot be
predicted classically and which we have so far neglected.
This is the simultaneous emission of two photons whose combined energies equal the energy difference between the
2 2s
and 1 S, ,7 levels. In such a two-quantum process
1/27
the angular momenta of the emitted photons can be coupled in
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such a way that the principle of conservation of angular
momentum is also satisfied.

The probability of this two-

photon transition is smaller than that of an alloived transi2
2
tion by a quantity of order a(kan) « a(Za) , and in hydrogen
-1
the decay rate turns out to be 8-23 s . The mean lifetime

of the 2 2sS1
is thus still extremely long compared
1/2 /2 level
2

with that of the 2

P. ._ level, a fact which was used to
advantage in the first measurements of the Lamb shift. The
study of two-photon decay is important for our understanding
of the hydrogen atom and of multiple quantum processes. We
therefore discuss the theoretical and experimental investigation of the phenomenon in some detail.
7.4.2. Theory of two-photon processes.
The general theory
of two-photon processes was first discussed by GoppertMayer (1931) and later applied by Breit and Teller (1940)
2
to the 1 2S
~2 2 S, ,_ transition in hydrogen. The probabi, /7
lity per unit time for the spontaneous emission of two
photons, 'one of which has an angular frequency between to-^
and (i)-,+dw-| , is given by

By conservation of energy, the sum of the energies of the two
photons emitted equals the energy difference between the initial state k and the final state i:

and the matrix element for the simultaneous emission of two
electric dipole photons is (Breit and Teller 1940)

In equation (7.13) this matrix element must be averaged over
the directions of propagation and the polarization vectors
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e_^ and e^ °f the emitted photons independently.

Finally,

the summation in equation (7.14) must be carried out over all
possible intermediate states, here denoted by |j> , including
the continuum as well as the discrete n 2P states.
7.4.3. Angular correlation of the emitted photons. It can
readily be shown that the transition probability given by
equation (7.13) is proportional to the square of the scalar
product of the polarization vectors of the emitted photons,
(f-l-i^ 2• Averaging over the polarizations of both photons
yields an angular distribution varying as (1+cos 6) where 6
is the angle between the propagation vectors of the two
photons. Thus if the metastable atoms are monitored by two
detectors which are insensitive to polarization, the photoncoincidence counting rate should vary as (1+cos 8) . The
directions of emission of the photons are correlated as a
consequence of the conservation of angular momentum in the
total atom-photon system.
This angular correlation was first investigated experimentally by Lipeles et al . (1965) in the case of the
2 S . / level of He+. A schematic diagram of their apparatus,
further details of which are included in a review of twophoton decay processes presented by Novick (1969) , is given
in Fig. 7. 4.

The apparatus consisted of an electron bom-

bardment ion source, differential pumping chambers for
pressure reduction, and a detection chamber. A slow beam
of metastable and ground-state helium ions was focussed into
the detection chamber by means of electrostatic lenses.
Photons emitted were detected by two photomultipliers , one
of which could be rotated about the beam axis. Although
the pressure in the detection chamber was less than
8
1 x 10
Torr, a large photon flux was produced by collisions
of the ground-state helium ions with the background gas.
The two-photon signal was separated from this background
radiation by photon-coincidence counting and also by selectively quenching the metastable ions. This was achieved by
2
exciting the ions to the radiating 2 P]/2 l eve l using
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Fig.7.4. Experimental apparatus for the investigation of
the two-photon decay of the metastable
level of He+.

(After Novick (1969).)

stimulated absorption of microwave power at the 14 GHz
Lamb shift frequency.
The two-photon coincidence counting rate arising from
the metastable helium ions is shown in Fig.7,5 for various
angular positions of the moveable phototube. The solid
curve in Fig.7.5 was obtained by integrating the theoretical
angular factor of (1+cos 6) over the area of the1 photomultiplier cathode and over the length of the ion beam exposed to the detectors. The agreement of the experimental
results with the predicted angular distribution gave the
first unambiguous evidence that the 2 S. ,~ level of He
decays by the simultaneous emission of two photons.
7.4.4. Spectral distribution of two-photon emission.

From

equation (7.14) we see that the spectral distribution is
continuous and is also symmetric in to, and to.-,, which is to
be expected since both photons are emitted simultaneously.
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Fig.7.5. Angular distribution of two-photon coincidence
counting rate observed in the radiative decay of the
metastable level of He
(After Novick

The spectral distribution A-p, (<*)-, ) must therefore be symmetric about the angular frequency 0)^/2= (E,-E- ) /2ft. In
ionized helium this means that one photon of the two-photon
o
o
pair will lie in the region between 304 A and 608 A while
the other has a wavelength greater than 608 A. The theoretical spectral distribution calculated by Spitzer and
and Greenstein (1951) is shown in Fig.7.6 and displays a
broad symmetric peak centred on the angular

frequency
o
oj, -/2, corresponding to a wavelength of 608 A. Detailed
experimental verification of this distribution has not been

possible so far, although the results of Novick (1969)
and his students show that there is no major discrepancy
between theory and experiment.
In hydrogen as in ionized helium, the most intense
part of the two-photon emission continuum lies in the
vacuum ultraviolet. However, this two-photon decay of the
2
2 -S,12 state of hydrogen is thought to make a significant
contribution to the continuous emission spectra of planetary
nebulae in the visible region, although radiative recombina-
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Fig.7.6. Theoretically
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predicted two-photon spectral dis-

tribution on an angular frequency scale.

(After

Novick (1969).)
tion of hydrogen and helium ions and free-free transitions
are also important.
7.4.5. Radiative lifetimes of metastable helium ions.

total probability of two-photon emission,A 2E1 (2

2

The

S1/2), is

obtained by integrating the spectral distribution of the
two photons, A,,.,,(u),), over all possible emission frequencies:

The factor of one-half in equation (7.15) arises because in
the integration over the range from 0 to w, - each photon
pair

(w1,w2)

is counted twice. The total theoretical transi-

tion probability was obtained by Schapiro and Breit (1959)
in the form
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hich leads to a predicted lifetime for the 2S1/2 /? state of
+
'
He of 1-899 ms. Since non-relativistic wavefunctions were
used in this calculation the results are likely to be accurate only for ions of low and medium atomic number, Z.
The radiative lifetime of metastable helium ions has
been investigated experimentally by Prior (1972) using a
Penning ion trap. In this device a combination of static
electric and magnetic fields is used to create a potential
well in which ions of low kinetic energy can be stored for
considerable periods of time. The apparatus used by Prior
is shown schematically in Fig.7.7. The trap consists of
two cylindrical electrodes connected by a web of thin
copper wires and two plane circular electrodes.

Electrically

these form a closed cylinder, IS cm in radius and 30 cm long,
whose ends are maintained at a positive potential of between 0 - 5 - 3 - 0 V with respect to the body. The electrostatic
field limits the motion of the ions in the axial direction
while a magnetic field of between 40-65 G applied coaxially
with the cylinder limits the ion motion in the transverse
direction.
The trap electrodes are enclosed in a high vacuum
system where the background pressure is maintained below
5 x 10

_ o

Torr.

During an experimental run, helium gas is

admitted to the chamber through a needle valve and a small
number of metastable helium ions are created at time t=0
by a pulsed electron beam. The ions are stored in the
trap for a period of several lifetimes and during this
time the exponential decay of the metastable ion population is monitored by photon counting. The signal is accumulated in a multichannel memory unit used in a multiscaling
mode.

In this mode of operation the memory address being

accessed is advanced sequentially during the decay cycle
by an internal or external pulse generator, and the photons
detected are recorded as the counts stored in the different
channels of the memory. By repeating the excitation and
decay cycle many times a decay curve with a very low noise
level can be built up in the memory.

Fig.7.8 shows the
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Fig.7.7. Schematic diagram of the Penning ion trap used by
Prior (1972) in measurements of the radiative lifetime of He

(2

2S

1/2 )

The rectangular shape in

the centre of the figure represents a microwave
horn located outside the trap. This enables ions in
state to be selectively quenched by inthe 2 2S 1
/2 2
ducing the 2 P 1 -2 2S
electric dipole transi1/2
/2
tion.

data accumulated after a run lasting 90 minutes. In this
experiment it was again necessary to separate the twophoton decay from the radiation emitted by the background
gas by selectively quenching the 2

2S

1/2

metastable ions.
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+

2

level of He
Fig.7.8. Typical decay curve for the 2 S
1/2
obtained by Prior (1972). The line represents the
least-squares fit to the data giving T = 1'866 ms.
The measured decay rates must be corrected for the
effects of collisional destruction by atoms of the background gas and for the quenching caused by the electric
and magnetic fields applied to the trap. These fields have
2
state with the
the effect of mixing the metastable 2 S1

2 2P

/2

1/2

state which then decays rapidly to the ground level.

In these experiments the corrections amount to only 3 per
cent and the final result is given in Table 7.2. The result
is in agreement with a less accurate value obtained in experiments made by Kocher et al. (1972) in which the metastable beam intensity was measured as a function of distance
from the source using the apparatus shown in Fig.7.4. There
is also excellent agreement between the theoretical and experimental lifetimes given in Table 7.2 for the 2

2S

1/2
level of He .
This close agreement has further interesting consequences.
If a parity non-conserving interaction exists
in hydrogenic systems, the wavefunction of the 2S level
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TABLE 7.2.
Theoretical and experimental lifetimes of the 2
level of hydrogenia systems

Ion

T

Ttheory

expt

H
He+

S +1S

Ar +17

S, ,,,

0-1216 s
1-922 - 0-082 ms

7-3

- 0-7

3-54

- 0-25

ns

ns

1-899 ms

7-25

ns

3-57

ns

would include a small mixture of the wavefunction of the 2P
state, thus
¥(2S)

=

aiK2S) + 6<K2P)

(7.17)

where the wavefunctions of well-defined parity are denoted
by fy. The mixed 2S state would then be able to decay to the
ground state via the allowed Lyman a electric dipole transition, 1 2S 1/2 -2 2P 1/2- The uncertainty of the experimental
lifetime given in Table 7.2 implies that in He
-5 (Problem 7.6), and places an upper limit on
|B|< 4-7 X 10
the strength of any parity non-conserving interaction.
7.4.6. Radiative decay rates of other hydrogenic ions. Al2
though the lifetime of the 2 S 1/2 state in hydrogen and
ionized helium is very long, equation (7.16) shows that in
hydrogenic ions of atomic number Z «= 20 the lifetime is
reduced to a few nanoseconds and can therefore be measured
by the beam-foil technique. In the apparatus used by Marrus
and Schmieder (1972), shown in Fig.7.9, argon or sulphur
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Fig.7.9. Experimental arrangement of Marrus and Schmieder
(1972) for the investigation of the forbidden
decay modes of one- and two-electron ions of high Z,
ions are accelerated to an energy of 10-3 MeV/nucleon by
the Berkeley heavy ion accelerator, HILAC. For
Ar in
the +14 charge state, this results in a final energy of 412
MeV and a velocity of 4-4 X 10,9 cm s -1
The beam is extracted from the HILAC by a steering magnet and passes into
a long pipe containing a series of collimators and a
lOOyg/cm 2 beryllium foil mounted on a moveable track. After
passing through the foil the argon beam consists approximately of 25 per cent Ar
(helium-like), 50 per cent Ar
, -| n

(hydrogen-like), and 25 per cent Ar
(fully stripped).
The ions in excited levels possessing allowed electric dipole
transitions decay very close to the foil and the beam at the
detectors consists only of ground state and 'metastable' ions.
Ions in the metastable 2 2 Sl/2 level decay by the emission
of X-ray photons (Prob lem 7.8) which are detected by a pair
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Fig. 7.10. Delayed coincidence spectra from hydrogenic
(a) the number of counts versus
time-delay between photons; (b) number of photons
contributing to coincidence events as a function
of photon energy; (c) number of events as a function of the sum of the energies of the two photons.
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of lithium-drifted silicon crystals operated at liquid
nitrogen temperatures. These detectors, which are normaMy
used for nuclear y-ray spectroscopy , not only allow the
single-photon counting rate to be measured at any given foildetector separation but also permit photon- coincidence experiments. Furthermore, the size of the pulse from the detector output is linearly proportional to the energy of the
incident photon, thus at these energies a pulse-height
analyser replaces the spectrometer used in the more conventional beam-foil apparatus.
The evidence that the two-photon decay of hydrogenic
Ar+
(2 s i ^ has been detected is shown in Fig. 7. 10. In
Fig. 7. 10 (a) the number of coincidence events is plotted as
a function of the time-delay between the arrival of each of
the photons forming the pair. The pronounced peak at zerotime-delay provides good evidence for the simultaneous emission of two photons.

In Fig.7.10(b) the energy spectrum

of the coincidence photons is displayed. Although the spectrum is clearly continuous, it does not have the smooth
symmetric profile of the theoretical curve shown in Fig. 7. 6
owing to the distorting effect of the spectral response
of the detectors. However, when the number of coincidence
events is plotted as a function of the sum of the energies
of the two photons detected, Fig.7.10(c), a single line
peaking at 3-3 keV is obtained. This provides very con+17 is
vincing evidence that the two-photon decay of Ar
respons ible.
The lifetimes of the 2 2S1/2 levels of Ar+17 and S+1S
were obtained by measuring the emitted intensity as a function of the separation between the foil and the detectors.
The intensity was obtained by summing the counts recorded in
an appropriate spectral range and then normalizing to the
total integrated beam current as measured by the Faraday
cup. After correction for a small background signal, the
semi-logarithmic plots of the total number of counts as
a function of foil-detector separation were linear and the
radiative lifetimes could be determined accurately.
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The results obtained are given in Table 7.2 together
with the theoretical lifetimes calculated from equation
(7.16). There is good agreement between theory and experiment for all the ions listed in Table 7.2., although when the
relativistic magnetic dipole decay, equation (7.12), is
taken into account the theoretical lifetimes of S+15 and
Ar+17 should be reduced by 2 and 3 per cent respectively. It
is clearly desirable that the decay rates of these highlyionized atoms should be measured to an accuracy of one per
cent or better. This would determine whether or not the
discrepancy noted above was significant.
It would also provide a more accurate check of the two-photon emission rates
which so far have only been calculated using non-relativistic
wavefunctions.
The successful detection of two-photon emission in hydrogenic systems prompted a more careful examination of the
decay modes possible for metastable levels in two-electron
atoms and ions. This has revealed further interesting features
and we discuss the progress which has been made recently in
the following section.
7.5. Forbidden transitions in helium-like
7.5.1. Introduction.

systems

The first few energy levels of the

neutral helium atom are shown in Fig.7.11.

We consider

first the 2 S n metastable level, the -decay of the lower
3
lying 2 S, level being discussed briefly in section 7.5.4.
Since the 2 1Sp. level lies above the 2 3S-, level, decay by
relativistically assisted magnetic dipole radiation is
possible.

However, the low frequency of this line combined

with the AS=0 selection rule makes decay by this route very
improbable. Further consideration of the selection rules
shows that the decay of the 2 S n level by single-photon
1
emission to the 1 SQ ground state is rigorously forbidden
in all orders.

Only by the simultaneous emission of two

photons can the total angular momentum of the system be
conserved and the J=0 ->- J=0 transition accomplished. Theoretical calculations of the radiative lifetime of the

204

FORBIDDEN TRANSITIONS AND MFTASTARLI ATOMS

Fig.7.11. The principal decay modes of the low-lying energy
levels of the neutral helium atom (not to scale).
2 1SQ level by Drake et al. (1969) and by Jacobs (1971)
gave a value of 19-5 ms. Since the calculations depend in
a sensitive way on the wavefunctions of the states involved
it is important to have confirmation of this result by an
accurate measurement of the experimental lifetime. We now
give details of an apparatus that was built for this purpose.
7.5.2. Thermal beam time-of-flight experiments.
(a) Details of the apparatus.
The thermal beam time-offlight technique was developed by Van Dyck, Johnson, and
Shugart (1970, 1971) at the University of California in
Berkeley especially for the measurement of the radiative
lifetimes of metastable atoms and molecules. The principle
of this technique may be easily understood from the schematic
diagram of their vacuum apparatus shown in Fig.7.12. Atoms
or molecules of the gas which it is desired to investigate
pass through a cooled source chamber and effuse through a
slot into a differential pumping region. They are next excited to the required metastable levels by a pulsed electron
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Fig.7.12. Schematic diagram of the thermal beam time-offlight apparatus developed by Van Dyck, Johnson,
and Shugart (1970,1971) for measurements of the
radiative lifetimes of metastable atoms.
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Finally the beam of metastable atoms or molecules

is collimated and enters a drift region 4-8 m long which is
maintained below 1 x 10"

o

Torr.

In this region are two

targets, the first consisting of a 60 per cent transparent
copper mesh and the second a copper plate. Associated with
each target is an electron multiplier which detects the
Auger electrons ejected from the target surface by the impinging metastable atoms.

By recording the output pulses

from these detectors as a function of time after the electron gun excitation pulse, and knowing the distance of the
targets from the excitation region, it is possible to obtain the velocity distribution of the metastable species at
two spatially separated points in the beam. Since the
slower metastables have more time to decay radiatively between the two detectors, the velocity distribution at the
second detector is weighted towards the faster velocity
classes.

A comparison of the number of metastable atoms

within specific velocity intervals arriving at the two
detectors yields the number which decay in flight between
them and enables the mean radiative decay rate of the metastable species to be determined.
A block diagram of the data collection system used
is shown in Fig.7.13. The PDF-8 computer stores the Auger
electron counts in memory locations corresponding to arrival
times after the electron gun pulse and it also controls the
magnetic field solenoid and electron gun voltages.

The time

base is generated by a crystal-controlled oscillator which
supplies the channel advance pulses for the PDP-8.

The

electron gun is pulsed on for channel 0 then the following
199 channels are used to record the time of flight distributions.

The dwell time per channel can be varied from

12'75 ys to 1 ms, depending on the radiative
measured.

lifetime being

Data counts are collected at both detectors simul7
For good signals 10 metastable atoms would be
5
counted during a 2 hour run; for weaker signals 4 x 10
counts in 12 hours would be typical. The data is punched
taneously.

on to cards for the final analysis.
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Detector 2

Detector I
PDF -8

Amplifier

Discriminator

Sealer

Amplifier

Time base

Scope ,
keypunch

Interface network

Solenoid
pulse-circuit

Electron gun
pulse-circuit

To solenoid

To electron gun

Discriminator

Sealer

Lamp
oscillator

Count-rate
monitor

To lamp

Fig.7.13, Block diagram of the data collection and storage
system used in the time-of-flight experiments by
Van Dyck et al. (1971).
(b) Time-of-flight data analysis.
If we assume that the beam
contains only one metastable state, the number of metastable
atoms, N^(v), with velocity v that are counted at detector
i is

where t^ is the time-of- flight from the source to detector i,

208

FORBIDDEN TRANSITIONS ANT METASTABLF ATOMS

T is the radiative lifetime, and e. is the surface efficiency
of detector i. If the initial velocity distribution of
metastables is uniform across the beam, each point on the
detector sees the same velocity distribution. The number of
metastables counted is then

where

This uniform distribution is achieved by having the exciting
electron beam coaxial with the atomic beam.

Early experi-

ments with transverse electron beam excitation led to atom
recoil and serious systematic effects due to non-uniform
velocity distributions over the beam cross - sect ion.

The

mean radiative lifetime is determined by taking the ratio
of the number of metastable atoms in the same velocity interval at the two spatially separated detectors since

where ^t^-t-, is the time-of-flight between the two detectors.
The tirne-of-flight distributions for the helium metastable level 2 SQ are' shown in Fig.7.14. The velocity intervals are determined by the channel width at detector 1, and
the data for detector 2 have been averaged in such a way
that the data plotted in Fig.7.14 give the number of metastable atoms in the same velocity intervals.

Unfortunately,

helium also has another long-lived metastable level, the
2 S,,
and it is necessary to find some way of distinguishing
1
1
between this state and the 2 S0 level. This is the purpose
of the lamp shown in Fig.7.12. Metastable atoms in the
2 1SQ level can be excited by the absorption of radiation
at 20 581 A* to the 2 1P1 level from which there is a fast
allowed decay to the ground state.
2

The metastables in the

Sn can therefore be preferentially quenched while the
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Fig.7.14. Time-of-flight distributions for He(2 1SQ) obtained
by Van Dyck et al. (1971). The channel numbers
refer to detector 1. The data for detector 2 have
been averaged over velocity intervals whose widths
are determined by the channel width at detector 2.
2 S, metastables are unaffected. Data collection sweeps are
performed with the quench lamp alternatively on and off and
subtraction of the two sets of data allows the time-offlight distributions for the
metastable alone to be
determined.
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(c) Results of the time-of-flight technique. The decay plot
for the 21s0 level of helium is shown in Fig.7.15. The ratio
of detector 2 to detector 1 metastable distributions is

Time-ol-riighl (ins)
Fig.7.15. Decay plot for the He 2 S level obtained by
Van Dyck et al. (1971). The mean lifetime is
obtained from the slope of the least-squares fitted
straight line.

Data arising from points in the

velocity distribution curves having less than 10
per cent of the peak values are not included in
this fit.
plotted on a logarithmic scale as a function of the time-offlight between the detectors, and the mean lifetime is obtained from the slope of the least-squares fitted straight
line.
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The final result for the experimentally determined
lifetime of the 2 S- level of neutral helium is given in
Table 7.3. We see that there is good agreement with the
results of recent theoretical calculations in this particular case.
TABLE 7.3.
Experimental and theoretical lifetimes of the
2 S« level of heliurn-like systems

T expt

Ion

He
Li+
Ar+16

19-7

- 1-0

T

ms

theory

19-5

ms

0-503 - 0-026

ms

0-513

ms

2-3

ns

2-35

ns

- 0-3

7.5.3. Two-photon decay of helium-like ions.

The two-photon

decay of helium-like Li in the 2 S. level has been measured
by Prior and Shugart (1971) using the Penning ion-trap technique described in section 7.4.5. Their result, listed in
Table 7.3, is also in good agreement with the theoretical
calculations of Drake et al. (1969). The two-photon decay
of helium-like Ar+19 has been confirmed by Marrus and
Schmieder (1972) using the high energy beam-foil technique
discussed in section 7.4.6. Although the accuracy of their
lifetime result is not particularly high, the data collected
in Table 7.3 provide a very convincing check of the theoretically computed decay rates over seven orders of magnitude.
We may therefore conclude that spontaneous decay by
the simultaneous emission of two electric dipole photons is
now reasonably well understood in both one- and two-electron

212

FORBIDDEN TRANSITIONS AND METASTABLE ATOMS

systems. This knowledge could be important in the future
since a closely related process involving the simultaneous
absorption of two photons is rapidly becoming a favourite
method of tunable dye laser spectroscopy.
7.5.4. Decay of the 2 S.. level of helium-like systems.
The lowest excited energy level of helium and its isoelectronic ions Li + , Be ++ , B +++ .. .. is the 2 S, level shown
in Fig.7.11. Atoms in this state can decay radiatively
only to the ground level and an examination of the selection
rules given in Table 7.1 shows that decay by electric dipole
radiation is strongly forbidden since the states have the
same parity. The 2 S, level is therefore metastable. Furthermore decay by electric quadrupole radiation is also forbidden since this would violate the J=l **>J=0 rule. Although the transition to the ground state does seem to be
possible by magnetic dipole radiation, this would violate
the AS=0 rule and since L-S coupling is an excellent approximation in helium, it was thought for a long time that the
triplet metastable level would also decay preferentially by
two-photon emission with a transition probability between
10-8-10-9 s'1.
Recently, however, Gabriel and Jordan (1969) suggested
that certain solar X-ray lines should be identified as the
1 Sg-2 S^ transition in the spectra of helium-like ions
ranging from CV to MgXI. This single-photon emission was
ascribed to spin-dependent relativistic corrections to the
magnetic dipole operator, equation (7.5), of the type already discussed in connection with the decay of the 2
level of hydrogenic systems.

S, ,,

Calculations then showed that

in helium the 2 S, level decayed by this mode at a rate of
-4 -1
1-27 x 10
s
and that the transition probability scaled
as 1-66 x 10
Z
s
for ions of high atomic number.
In helium this single-photon decay mode has so far
proved to be too slow to permit accurate experimental
measurements although some evidence for the existence of
a line at 625-56 A in the spectrum of a helium afterglow
has been obtained by Moos and Woodworth (1973). In helium-
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like Ar
, however, the decay rate is considerably faster
and Marrus and Schmieder (1972) have succeeded in making
measurements by the beam-foil technique. They obtained the
value 172-30 ns for the radiative lifetime, which is in
approximate agreement with the theoretical value of 213 ns
obtained by Drake (1971). Further experiments on other
helium-like systems of medium and high atomic number are
clearly required.
7.5.5. Radiative decay of other metastable species. In the
light of the previous section it seems unlikely that we have,
at present, anything like a complete understanding of the
radiative decay of highly stripped ions. In these systems
relativistic effects are becoming important and in addition
the frequency dependence of the transition probabilities of
higher orders of multipole radiation may cause these decay
modes to compete effectively with decay by electric dipole
radiation. This point has been emphasized by Marrus and
Schmieder (1970) who observed a magnetic quadrupole line,
1 Sp-2 P2, in helium-like Ar
although in neutral helium
the 2 P9 level decays by an allowed electric dipole tran*•
3
sition to the 2 S, metastable level. We are therefore
likely to see continued developments in this field during
the next few years.
The other noble gases Ne, Ar, Kr, and Xe all possess
energetic metastable levels which in L-S coupling would be
labelled as n P n and n P-. Metastable levels with the
same angular momentum quantum numbers also occur in the term
schemes of the group IIB metals Zn, Cd, and Hg. Since these
metastable states have opposite parity to the ground state,
decay by the simultaneous emission of two photons is forbidden. Thus in all cases decay by very weak magnetic
dipole and magnetic and electric quadrupole transitions is
involved (Problem 7.9). Although Van Dyck, Johnson, and
Shugart (1972) have been able to place a lower limit on
the lifetimes in the case of the noble gases, no experiments
are known which give an accurate measurement of the true
radiative decay rate of these levels. We turn therefore to
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a discussion of the behaviour of these metastable atoms in
gases at finite pressures.
7.6. Collision processes involving metastable atoms

7.6.1. Introduction.
We have now shown in considerable
detail that under high vacuum conditions atoms and ions in
metastable levels decay by radiative processes which are
generally very slow. Under more usual conditions such as
_ o
-]
exist in gas discharges at pressures in the range 10 ^'-1C
Torr, these metastable species are rapidly destroyed by
collisions and by diffusion to the walls of the container.
The radiative transitions make an•insignificant contribution
to the effective decay rate and consequently we now examine
some of the more important collision processes. Although in
the active discharge electron-atom interactions are significant we do not have space to consider the many different
aspects of such collisions. Instead we shall restrict ourselves to a consideration of the following atom-atom collision processes:
(a)

(b)

(c)
(d)
(e)

(f)

Two-body quenching collisions in which the excitation energy is transferred into relative
translational energy.
Three-body collisions leading to the formation of
excited molecules

Diffusion to the walls followed by complete deexcitation.
Collisional transfer to states from which optical
transitions to the ground state can occur.
Collisions involving a transfer of excitation to
atoms of a different species

Ionizing collisions (Penning ionization) with
atoms of a different species
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One of the simplest and most accurate techniques for
investigating the collision processes involving metastable
atoms is the pulsed afterglow method. In this technique a
sample of metastable atoms is created in a cylindrical or
spherical cell by means of a pulsed discharge and the decay
of the metastable density is observed following the termination of the excitation pulse. By measuring the decay rate
as a function of gas pressure it is often possible to obtain
enough information to determine the individual contributions
to the observed decay rate made by each of the processes
listed above.
7.6.2.

The pulsed afterglow technique

(a) Typical experimental apparatus.

The apparatus required

Fig.7.16. Schematic diagram of pulsed afterglow apparatus
for the investigation of the collisional destruction of metastable atoms. (After Collins (1973).)
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for a modern pulsed afterglow experiment is shown schematically in Fig.7.16. The heart of the system is the sample
cell, usually cylindrical in shape, which is attached to a
vacuum and gas handling system. In many experiments reproducible results can only be obtained if the cell is freed
of adsorbed gases by careful bake-out and evacuation to
10
Torr before being refilled with specially purified gases,
The discharge in the cell is created by a d.c. or r.f. power
supply which is controlled by a master pulse generator.
The metastable atoms created by the discharge are then detected by measuring the absorption of light in a transition
9

connecting/ the metastable level with a higher radiating
' instance, in helium afterglows the 2 1
state. For
Sg-3 1P,
transition at 5016 A and the 2 3S,-3 3Pn , 7 multiple! at
n
1
U , l, ^
3888 A may be used to monitor the densities of the singlet
and triplet metastables respectively. Light of the correct
wavelength is obtained from a separate source tube containing the gas being investigated. Some of the precautions
which must be observed when using the absorption monitoring
technique are discussed in section 10.6.3. After passing
through the sample cell light of the required spectral line
is isolated with a monochromator and detected by a photomultiplier.
Immediately following the termination of the discharge
pulse the metastable density and the absorption coefficient
of the cell are high. As the density decays away in the
afterglow, the absorption coefficient is reduced and the
intensity of the light transmitted through the cell increases
towards its maximum value. The afterglow signal may be recorded in real time either digitally by employing the photon
counting and multichannel scaling technique described in
section 7.4.5 or in analogue format by using a multichannel
signal averager. Either of these instruments is simpler
and makes more efficient use of the available signal than
does the pulse-sampling method originally developed by
Phelps and Pack (1955). By repetitively pulsing the discharge and triggering the channel address cycle of the
memory device, a signal is accumulated with a relatively
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Subsequent read-out and analysis of the

data from the memory allows the effective decay rate of the
metastable atoms to be determined. These data can then be
interpreted in terms of various collision processes using
the discussion which

follows.

(b) Simplified model of the afterglow in pure gases.

We con-

sider first afterglows in gases consisting of a single atomic
species.

We assume that in the late afterglow the electron

density is very small and we can therefore neglect the
effects of collisions between metastable atoms and thermal
electrons. We also assume that the density of metastable
atoms created by the discharge is sufficiently low that we
can neglect collisions involving a pair of metastable atoms.
With these approximations the rate of change of the metastable atom density, N,(t), is given by

On the right-hand side of equation (7.24) the first term
represents the loss by diffusion. D.. is the diffusion coefficient for the metastable atoms and is inversely proportional to the pressure in the cell. The second term represents the destruction of the metastables by two-body collisions with ground state atoms of density Nfl, which occurs
at the rate uQNQ. The third term gives the rate at which
three-body collisions of the type given by equation (7.21)
occur. Late in the afterglow it can be shown (Problem 7.10)
that the metastable density decays exponentially with time
according to

The effective decay rate, r,, is given by

where A is the characteristic length of the lowest-order
diffusion mode of the cell. For a cylindrical discharge
cell of radius r and length I we have (McDaniel 1964, p.503)
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It is now clear that the measurement of the effective decay
rate r, over a suitable range of gas densities will allow
the diffusion coefficient and the rate coefficients, O.Q and
SQ, for two- and three-body collisions to be determined
provided the dimensions of the discharge vessel are accurately known.
7.6.3. Afterglow experiments in pure helium. Some of the
first systematic studies of discharge afterglows were made
by Phelps and Molnar (1953) in argon, neon, and helium. Soon
afterwards improvements in the techniques for measuring
small, time-dependent absorption coefficients allowed Phelps
(1955) to make a more detailed study of the collision pro-

Fig. 7.17. Measured decay rate of the population of He(2 S-^)
metastable ato'ms as a function of hslium pressure
at 300 K in two different absorption cells. (After
Phelps (1955).)
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cesses occurring in the helium afterglow. He found that
late in the afterglow the decay of the 2 1SQ metastable
density was due to diffusion and two-body collisions while
the collisional destruction of the 2 3S1 metastable atoms
occurred mainly in three-body processes. The effective
decay rate of the triplet metastable level measured as a
function of helium pressure is shown in Fig.7.17 for two
different absorption cells. At pressures below 3 Torr the
diffusion term in equation (7.26) dominates and the decay
rate varies inversely proportionally with pressure, while
above 30 Torr the collisional destruction term 3gN Q is the
most important. A detailed analysis of Fig.7.17 and similar
data for the 2 1SQ level resulted in the values of the
diffusion and collisional rate coefficients listed in Table
7.4. For the singlet metastables, the two-body rate coefficient can be expressed in terms of a velocity-averaged
collision cross-section, aQ=a(v)v, having the value
o(v)=3 x 10"
cm at 300 K. Measurements of the diffusion
coefficients and collision cross - sections over a wide range
of temperatures can give valuable information about the
interatomic forces between metastable and ground-state
TABLE 7.4.
Metastable

atom diffusion and collisional destruction
coefficients in helium at 300 K

Helium

Diffusion

metastable
level

coefficient
D

l

2

(cm s"1 at 1 Torr)

Z
2

J

Sb Q

2 3S

440 - 50
470 - 25

Rate coefficient for
two-body
collisions,
(cmV1)

Rate coefficient for
three-body
collisions,
(crcV1)

5 x 10"15
2 - 5 x 10"34
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atoms as Fitzsimmons et al. (1968) have shown.
It turns out that helium is a particularly simple
system to understand since the nearest short-lived excited
states, 2 P n 1 , and 2 P 1 , lie 1-1 and 0*6 eV respectively
u , i, L
i
above the 2 S, and 2 SQ metastable levels. The transfer
of metastable atoms into these radiating levels by thermal
collisions is therefore extremely unlikely and can safely
be ignored in helium. Unfortunately the- effects of these
collisions can no longer be neglected in systems like mercury and the other noble gases. There the radiating and
metastable states are strongly coupled by collisions and in
addition radiation trapping occurs in both the strong and
weak emission lines. Although the afterglow technique is
still applicable, the experimental results are considerably
more difficult to interpret. We therefore move on to a discussion of collisions of the type given by equation (7.22),
which are important in the helium-neon laser.
7.6.4. Afterglow experiments in helium-neon mixtures. When
the afterglow of a helium-neon gas mixture is studied, it
is found that the helium metastable population decays very
much more rapidly than in pure helium at the same pressure.
An examination of the helium and neon term diagram shown in
Fig.11.3 quickly reveals that the He(2 S,) metastable level
lies very close to the 2s levels of neon. The destruction
of the helium metastables is therefore accomplished mainly
by excitation transfer reactions of the type

Since the rate of metastable destruction by neon atoms usually greatly exceeds the effect of helium-helium collisions,
we neglect the last two terms in equation (7.24) and rewrite '
that equation as

is the total destruction cross-section for
where
collisions between helium metastables and ground state neon
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atoms of density n,,.
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It is again a straightforward exercise

to show that the helium metastable density in the afterglow
decays exponentially with an effective decay rate given by

The density of excited neon atoms in one of the 2s
levels, n,, is determined by the competition between excitation transfer from the helium metastables and radiative
decay to the lower 2p levels:

where o^fv) is the velocity-averaged cross-section for the
excitation transfer to the particular level k. In most cases
the rate of decay by spontaneous emission,
very much faster than the collisional excitation rate and the
decay of excited neon atoms in the afterglow mirrors that of
the helium metastable population:

The cross-section for the helium-neon excitation transfer process was determined by Javan et al. (1961) by observing the rate of decay of the densities of excited
He(2
S-^) and Ne(2s) atoms in the afterglow of a pulsed r.f.
discharge. The helium atoms were monitored by absorption
3
^
on the 2 S,-2 P n , 7 infrared transition, while the light
1
U , 1, L
emitted in certain of the 2p-2s neon lines enabled the decay
of the excited neon atoms to be recorded. It was foun'd that
the decay of the Ne(2s) population was identical to that of
the helium triplet metastable population, as equation (7.32)
predicts. Then by studying the decay rate of the Ne(2s)
levels as a function of neon partial pressure, the total
velocity-averaged cross-section for inelastic collisions
was determined to be
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at 300 K.

Most of these collisions result in excitation

transfer to the Ne(2s) levels and are responsible for the
population inversion in the helium-neon laser systems discussed in detail in section 11.4.2.
7.6.5.

Afterglow studies of Penning

ionization collisions.

Helium atoms in the 2 S-, metastable level possess almost
20 eV of internal energy, an amount greater than the ionization potential of any other neutral atom. Consequently in
collisions with atoms of another species there is always a
certain probability that the energy will be used in an
ionization process of the type described by equation (7.23).
This is an example of a Penning ionization collision. If
the collision involves atoms of metallic elements having low
ionization potentials, e.g. zinc and cadmium, enough energy
is available to raise the metallic ion simultaneously to an
excited state:

Pulsed afterglow studies of Penning ionization excitation have been made by Collins et al. (1971 a,b) and are
described in more detail in a review article by Collins
(1973).

The apparatus employed was similar to that shown

in Fig.7.16, with the exception that the absorption tube
contained zinc or cadmium pellets and was surrounded by an
oven to maintain a suitable metal vapour density.
decay rate of the spontaneous

The

emission from excited levels

of the zinc ions in a helium-zinc afterglow was studied as
a function of the zinc atom density. Typical experimental
o
results obtained on the Znll transitions at 5894 A and
7478 X are shown in Fig.7.18. The helium triplet metastable
decay rate was measured in the same tube by absorption monitoring. Fig. 7.18 shows that the decay rates of the
•7
'
Q
He(2
S,)
density and spontaneous Znll emission at 5894 A
1
o
and 7478 A are identical over a wide range of zinc atom
density.

This confirms that Penning ionization collisions

FORBIDDEN TRANSITIONS AND METASTABI.E ATOMS

223

Fig.7.18. Decay rate of spontaneous emission from levels
of the 3d^4s

configuration of Zn+ measured in

a He-Zn afterglow as a function of zinc vapour
density. The decay of the helium metastable
atoms in the 2 1Sf) and 2 3S-, levels were measured
by absorption monitoring in the same afterglow.
(After Collins (1973).)
with helium triplet metastables are providing the main
source of excitation to the 3d 9 4s 2 levels of the zinc ions
in the afterglow. The experiments can therefore be analysed
in terms of the modified afterglow equations discussed in
section 7.6.4. From the slope of the curves in Fig.7.18
the total velocity-averaged cross-section for the destruction
of He(2 S,) metastables by zinc atoms is determined to be

Penning ionization collisions provide an efficient means of
selective excitation and their importance in metal vapour
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laser systems is discussed in section 11.4.4.
7.6.6. Conclusion.

We have had space here to consider only

a few of the collision processes involving metastable atoms.
A much more complete discussion of both theory and experiment
is to be found in Massey (1971). Interatomic collisions also
have an important effect on the radiation emitted by excited
levels which can decay by allowed electric dipole transitions,
This forms the main subject matter of the following chapter.
Problems
7.1.

The density of hydrogen atoms in a gaseous nebula is
10 cm
and the effective temperature is 100 K. As-18
?
suming a collision cross-section of 1-4 x 10
cm ,
show that the mean time between quenching collisions
q
for a metastable oxygen atom is 4*8 x 10 s.

7.2.

Generate the wavefunctions

describing a hydrogen atom

in the ground-state hyperfine sub-levels |F=l,Mp>
|F=0,Mp=0>

using equation (3.55) and Table 3.3.

and
Hence

show that each of the matrix elements of the magnetic
dipole moment operator between these sub-states has the
value UT>. Evaluate equation (7.8) and calculate the
radiative lifetime, in years, of the upper hyperfine
level.
7.3.

Using the hydrogenic wavefunctions listed in Tables
3.1 and 3.2, show that the transition probability of
the Is - 3d electric quadrupole transition in atomic
hydrogen has the value 2-27 x 10 s
In practice the 3d level decays preferentially by
allowed electric dipole radiation to the 2p level.

7.4.

Using the fact that the electric quadrupole moment
operator is a symmetric second rank tensor and the
magnetic dipole moment operator transforms as an axial
vector, derive the selection rules for magnetic dipole
and electric quadrupole radiation given in Table 7.1.

7.5.

Using Tables 3.1, 3.2, and equation (7.1) show that the

FORBIDDEN TRANSITIONS AND METASTABLE ATOMS

225

transition probability for spontaneous electric dipole
2
2
radiation on the 2 S, /9~2 P-i/? transition of atomic
hydrogen is 8-01 x 1 0 ° s
in hydrogen is 1058 MHz.
7.6.

.

The Lamb shift frequency

The transition probability for the 1

S^.^-2

P^

Lyman a line in He+ is 1 x 10
s" . Using the lower
limit for the measured lifetime of metastable
He (2 S-..^) given in Table 7.2., show that the magnitude of the parity-mixing coefficient 3 introduced
in equation (7.17) is less than 4-7 x 10"5.
7.7.

The 2 S, ,- and 2 PI/T states of hydrogenic systems
will also be mixed, as in equation (7.17), if the
atoms are subjected to a finite static electric field
E_. In the case of ionized helium show that the effect
of this Stark mixing of the 2 S,,~ state is to induce
decay by single-photon electric dipole transitions at
a rate given by

ifhere ftu is the energy corresponding to the Lamb-shif1
frequency of 14-04 GHz and the perturbation matrix
element is given bv

.(In these expressions E is expressed in Vm .)
Hence show that if T Stark is to be less than 1 per
of the theoretical two-photon decay rate of 527 s
then | E_ must be less than 29 V m

cent
,

In neutral hydrogen the restrictions on | E_| are
very much more severe owing to the smaller values of
both the Lamb shift and the two-photon decay rate.
7.8.

Show that a photon emitted on the Lyman a line of hydrogenic Ar+
has an energy of approximately 3-3 keV.
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(Calculations including relativistic corrections show
that the high-energy limit of the continuous two-photon
emission spectrum of Ar+ (2 S-. ,_) lies at 3-34 keV) .
7.9.

The resonance and metastable levels of mercury,
6s6p P, and P~ , „ lie respectively 54 050, 41 179,
39 412, and 34 781'cm" 1 above the ground state 6s2 lSn.
The 6 3P 7 level can decay by either magnetic dipole or
electric quadrupole radiation to the 6 3P, and 6 3P^
levels respectively. Show that the transition probabilities of these forbidden lines are of the order
of 1-33 s"1 and 2 x 10~3 s" 1 respectively.

7.10. By writing the metastable density in equation (7.24) in
the form
N1(x,y,z,t)

=

nx,y,z)T(t)

show that the equation can be separated into:

T(t) + TT(t)

=

0

and

where r = k D+a,,N,, + SQN,, and k is a constant.

By fur-

ther separation of the variables in cylindrical coordinates, show that the general solution for the
spatial distribution of metastable atoms is given by

2 2 2
where n =k -q , Jm(£) is the Bessel function of order

m and Cmnq is a constant determined by
the distribution
'
at t=0. If ¥(r,6,z) is zero at the boundaries of a
cylinder of radius r and length I, show that the characteristic length of the lowest-order diffusion mode is
given by equation (7.27).

(JQ(C)=0 at £=2-405).
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The width and shape of spectral lines
So far we have assumed that the radiation emitted in a given
transition is strictly monochromatic and that the spectral
line recorded by an ideal spectrograph would be infinitely
sharp.

Normally, however, the lines observed with a simple

spectrograph have an easily observable width which is directly related to the width of the entrance slit. If the width
of this entrance slit is progressively reduced, the width
of the spectral line eventually reaches a limiting value
which is determined by diffraction or aberration effects in
the instrument. The linewidth can be reduced still further
by increasing the size of the grating, so increasing the
resolving power, until, when instruments of the highest
resolution are used, it is found that each spectral line consists of an intrinsic distribution of frequencies about the
line centre, w,.. The profile of every spectral line has a
finite width and characteristic shape which are determined
by the conditions existing in the source, and it is this
profile which we now wish to consider.
In the sections which
follow we shall assume that an instrument of infinite resolving power is being used unless otherwise stated.
We start this chapter by considering the width of
spectral lines emitted by isolated stationary atoms. We
again make use of the classical model of the atom and show
how the finite lifetime of excited atoms leads to the socalled natural width. Although in the visible region of the
spectrum the natural width of spectral lines is significant
only in a few rather special cases, it does set a theoretical
limit on the attainable accuracy of spectroscopic measurements. We next consider how interatomic forces affect the
shape of the emitted line. These are responsible for the
effect of pressure broadening which becomes significant at
pressures above 10-100 Torr, and which is the dominant
broadening mechanism in high temperature arcs and plasmas.
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In the ultraviolet and visible region of the spectrum, however, most laboratory sources emit lines whose shape and
width are determined mainly by the Doppler effect due to
the random thermal motion of the emitting atoms.
The width and shape of spectral lines are of interest
since:
(i)
they can provide information about temperature, density,
and composition existing in the source;
(ii) detailed calculations of the interaction of radiation
with atoms require an accurate knowledge of the line
profile;
(iii) the line profile is important in determining many of
the characteristics of gas lasers.
In this chapter we shall be concerned only with the shape of
lines emitted by an optically thin source. The change in
the observed intensity distribution which can occur as a
result of self-absorption by ground-state or metastable
atoms will be discussed in Chapter 10.
8.1. The natural or radiative lineshape
8.1.1. The radiation reaction force.

We return to a con-

sideration of the classical atomic model which was introduced
in sections 4.1 and 4.2. We found that there was a loss of
energy in the form of radiation which occurred slowly over
many cycles of the electron's motion. However, this loss
of energy was not taken into account in the mechanical equation of motion of the electron. This situation can be remedied by introducing a radiation reaction force, F , such that
the work done by the reaction force in one cycle of the oscillation is equal to the energy emitted into the radiation
field:

where we have introduced the instantaneous rate of radiation
obtained by using equation (4.3)

and integrating the Poynting
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vector over the surface of a sphere, radius r.
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Now setting

z=u and integrating the right-hand side of equation
by parts, we have

(8.1)

If the interval t^-t-, is an integral multiple of the period
of the cyclic motion then the first term on the right-hand
side of equation (8.2) is zero. Thus energy will be conserved on average if

8.1.2. The classical lineshape. The modified equation of
motion for the oscillating electron may now be \vritten in
the form

It can be easily shown (Problems 8.1 and 8.2) that the radiation reaction force is small compared with the binding force
at the angular frequencies in which we are interested. Thus
the equation of motion of the electron oscillator may, to
a good approximation, be written in the form
2
3
where y = e 2u),./6iTegC
m is the classical decay rate derived
in section 4.2. The solution for Y < to,, has the form of a
damped oscillation:

It follows from equation (2.70) that the electric field
radiated by the classical atom has a similar time-dependence:

Since the emitted wave is no longer of infinite extent, it
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is no longer strictly monochromatic and may be resolved
into its different component frequencies by taking the
Fourier transform:

Substituting from equation (8.7) we have

The distribution of intensity, I(co), that would be obtained
using a spectrograph of infinite resolving power is proportional to |E(u))| and is given by

The intensity distribution has been normalised by introducing
IQ, the total energy radiated in the line, where

This distribution is called the natural or radiative lineshape and is illustrated in Fig.8.1. It is a bell-shaped
curve known as the Lorentzian distribution, £ (u-oj,, ,y) , whose
full width at half maximum intensity, (FWHM), is given by

This is exactly the width which is predicted by the application of the uncertainty principle:

When expressed in terms of wavelength, the classical line
width is a universal constant
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Fig.8.1, (a) Electric field radiated by classical dipole
oscillator, (b) ^Spectral distribution of this
radiation illustrating the normalized Lorentzian
line profile defined by equation (8.10).
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In this section we have derived the lineshape for a
single classical oscillator. However, it can be shown
(Problem 8.4) that the spectrum of an ensemble of randomly
phased oscillators is identical to that given by equation
(8.10).
8.1.5. The quantum-mechanical lineshape.
The uncertainty
principle, equation (8.12), shows that those energy levels
of an atom which have finite radiative lifetimes cannot be
considered to be infinitely sharp. Instead the discrete
energy levels must be replaced by maxima in a continuous
spectrum of energies as shown in Fig.8.2. The half-width
of the energy or frequency distribution for the level k is
determined by the radiative lifetime of that level

where A, . are the transition probabilities of the allowed
electric dipole transitions from k to all possible lower
levels, i. Since in general both the upper and lower levels
of an electric dipole transition have finite lifetimes, the
uncertainty

in the frequency

clude the uncertainty

of the emitted quanta must in-

in the energy of both the upper and

the lower levels. This frequency distribution was first
obtained quantum mechanically by Weisskopf and Wigner (1930)
in a paper which is available in translation in Hindmarsh
(1967).

The result is once again a Lorentzian curve

with a half-width (FWHM) given by AtL1 1/2 where
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Fig.8.2. The finite width of excited atomic levels and the
natural lineshape of radiation emitted spontaneously
on the transition k -> i.

The natural linewidth of a typical transition", T, ^ 10

o

s,
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would be r/2ir = 16 MHz which is generally small in comparison
to other contributions to the width of the line. Only in
cases where one of the levels has a radiative lifetime
-9
T < 10
s does the natural width significantly affect the
shape of the observed spectral line. Examples of this
situation are discussed in more detail in section 8.7.3
below. Spectroscopists often quote the linewidth in units
known as milliKaysers where

8. 2. The pressure broadening of spectral lines
Although, as we have just shown, an isolated atom will
emit a spectral line of finite width, in any real source
the atom will be subjected to the interaction forces of
neighbouring atoms, ions or electrons.

These will perturb

the state of the radiating atom and will lead to a broadening
of the line which is often greater than its natural width.
This increase in the linewidth is a function of the density
of the perturbing species and is therefore known as pressure
broadening. The influence of a single perturber at a distance r from an excited atom is shown schematically in
Fig.8.3. If AV,K. (r) and AV.(r)
are respectively the changes
1
in the energies of the upper and lower leA^els of a given
transition, we assume that the instantaneo.us angular frequency of the transition is changed by

8.2.1. Interatomic forces. It is often possible to represent
the long-range interaction between the excited atom and a
perturber by a potential of the form

is a constant which depends on the excited level
where
involved and also on the perturbing species. The different
values of the integer n which are of interest here are:
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Fig.8.3. Energy levels of an atom as a function of the distance from a perturbing atom or molecule. The
levels k and i do not remain parallel and the
Franck-Condon principle predicts that the emitted
radiation is shifted away from the unperturbed frequency 0), . .
(i)

n=2. This applies to the case of hydrogen and hydrogenie ions in the electric fields produced by other
ions or electrons. These give rise to a Stark shift
of the energy levels which depends linearly on the
electric field strength.
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n=4. This describes the Stark broadening in helium
and other systems where the splitting is a quadratic
function of the electric field of the perturbers.

(iii) n=3. This applies to the case of the resonance dipoledipole interaction. This interaction is finite only
when the excited atom interacts with an identical atom
in the ground state and when a strong allowed electric
dipole transition, usually the resonance line of the
atom, connects the two levels.
is proportional to
the f-value of this resonance line.
(iy)

n=6. This applies to the case of the long-range attractive van der Waals dipole-dipole interaction which
always exists between any two atoms.

The first two interactions are important only in highlyionized gases and will not be treated further in this book.
Turning now to un-ionized gases and low current discharges,
we find that the resonance and van der Waals interactions
are the most significant for line broadening problems, although other contributions to the long-range attractive
forces undoubtedly exist. The short-range forces which are
responsible for chemical bonding or interatomic repulsion
have been omitted from the list because, unlike the longrange forces, they are difficult to calculate and cannot
be expressed by any general formula. However, in the case
of spectral lines broadened by collisions with hydrogen,
helium, and neon, these repulsive forces play a very significant part..
8.2.2. The quasi-static and the impact approximations.

The

representation of the interatomic forces by equation (8.18)
refers to the simple case of a binary system of an excited
atom and a single perturber having a fixed separation and
orientation.

In general, however, the excited atom may in-

teract with several perturbers and it is necessary to average
over the different orientations and paths of these perturbers.
This averaging can only be performed satisfactorily in two
limiting cases known as the quasi-static and the impact or
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phase shift approximations respectively. We will now derive
qualitative criteria which define the range of validity of
these two approximations.
From the properties of the Fourier transform, equation
(8.8), we see that the shape of the line profile at a frequency separation A<o=iOg-<o from line centre is determined by
the wavetrain emitted during the time interval At, where
At * 1/Au). If we imagine the atom to emit a wavetrain until
perturbed by a strong collision, the time of interest, At,
will be the mean time between collisions,
This time
must be compared with the duration of one collision
It

V

V

is often a valid approximation to consider the perturber
moving past the emitting atom on a classical trajectory. For
neutral species these paths would be approximately straight
lines, whereas for ions or electrons they would be hyperbolae.
One can then consider the radiating atom to be perturbed only
during the duration of the collision, defined by

where p is the distance of closest approach and v is the mean
velocity at this point.
When the duration of a collision is much greater than
the time betxveen collisions, the line broadening is produced
while the perturber moves only a short distance. It is
therefore possible to ignore the motion of the perturbers
completely and we have the quasi-static approximation:
Quasi-static approximation
The excited atom is assumed to emit a wave shifted in frequency by equation (8.17) and the lineshape for the sample
as a whole is obtained by averaging over the probability distribution of the stationary perturbers. This approximation
is used to calculate the Stark broadening produced by ions
in a plasma and for neutral atom broadening at pressures
> 100 Torr. From equations (8.19) and (8.20) we see that
the quasi-static approximation is likely to be better at
high densities, where Tc is short, and at low temperatures,
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where v is small.
At the other extreme, where the duration of the collision is short compared with the time between collisions,
the impact approximation can be used:
Impact approximation
The phase shift produced by one collision is calculated and
the result is averaged over all impact parameters. The impact approximation is used to describe the line broadening
at pressures from 0-100 Torr. From equations (8.19) and
(8.20) we see that the impact approximation should work
best at low pressures, where T is long, and high temperac
tures, where v is large.
However, it should be remembered that the time of
interest is determined by the frequency displacement from
line centre, Au>. It is therefore possible that the wings
of the line profile have to be calculated by the quasistatic approximation while the profile near the line centre
is described by the impact approximation.
8.2.3. Line broadening in the quasi-static approximation.
We consider first the interaction of an excited atom at r=0
with a single stationary perturber. The probability that
the perturber lies in the spherical shell between r and r+dr
is given by

where V is the volume of the enclosure.

From equations

(8.17) and (8.18) the excited atom will emit a wave whose
frequency is shifted from the line centre by an amount

Substituting for r in equation
where
(8.22), we find that wings of the line profile are given by
the probability distribution
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This result can be easily modified to describe an assembly
of N perturbing particles provided that the actual frequency
shift is attributed only to the effect of the nearest neighbour. However, this is only satisfactory for those interactions which have a relatively short range, i.e. n 2 6. For
Stark broadening, n=2 and 4, it is necessary to include the
simultaneous effect of all the perturbers, which greatly
complicates the calculation. Experimental results illustrating the application of the quasi-static theory will be
discussed in section 8.7.5 below.
8.2.4. The development of impact approximation theories.
(a) The Lorentz theory. The impact approximation (Problem
8.5) was introduced in its simplest form by Lorentz (1906).
He assumed that an atom excited at the instant t=0 would continue to radiate according to equation (8.7) until the wavetrain was terminated at the instant of collision, t=T.. The
spectral distribution of this truncated damped harmonic oscillation may be obtained using the technique developed
in section 8.1.2 with.the result:

For y * 0 this distribution is identical to the Fraunhofer
diffraction pattern of a single slit. This spectrum must
now be averaged over-the distribution of times between collisions, T. . The probability that the atom will suffer a
collision in a distance dl after having travelled a distance
I without collision is

where A is the mean free path for the excited atom. The distribution of times between collisions is therefore given by

where

I/TC

is the mean number of collisions per unit time,
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The spectral distribution of radiation, obtained by averaging
equation (8.25) over the distribution of equation (8.27), is
given by

The line profile is again predicted to be a Lorentzian
with a width at half intensity (FWHM) which is increased to

where N is the density of perturbers.
v = {8kT'(M^ M )/* M^}"1'2 is the mean relative velocity
2
and a is the collision cross-section. In terms of the
kinetic theory, the collision cross-section is given by
2
a = rrp where the collision radius p is taken as the distance between the centres of the atoms at the moment of
collision, or alternatively as the sum of the radii of the
colliding particles.
The Lorentz theory is in qualitative agreement with
the experimental result that the increase in the linewidth
at low pressures is proportional to the density of perturbers. However, the values of the collision crosssection derived from the observed pressure broadening by
neutral atoms, a * ID'14 -ID'15 cm2, are considerably
larger than gas kinetic collision cross-sections,

a * ID'16 cm2.

This discrepancy could be explained by the

fact that the effective radii of excited atoms are always
greater than those of ground-state atoms. However, the
Lorentz theory also requires the radiation to be completely
quenched by the collision. Although quenching collisions
occur in certain situations, they generally have crosssections which are much too small to explain the observed
pressure broadening.

Moreover many examples of interatomic
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collision processes are known, e.g. excited sodium atoms
2
in the 3 P I/T 3/7 levels perturbed by inert gases, where
broadening of the lines is observed in the complete absence
of quenching. We shall now consider some improvements on
the simple Lorentz theory.
(b) The Weisskopf theory.

Weisskopf (1933) showed that the

assumption of a complete disruption of the radiation is not
essential since the broadening may be explained by optical
collisions in which the change of phase is sufficient to
cause the light waves emitted before and after the collision
to be completely incoherent. The change in the instantaneous
angular frequency Ao> during a single collision in \tfhich the
perturber follows the straight line path shown in Fig.8.4(a)
is plotted in Fig.8.4(b). The phase shift for this collision
is then given by the analytical expression

where in this case p is the impact parameter. Using the substitution vt = ptanB, the integral may be expressed as

where a is a standard integral
of the form
&
n

For the cases of interest here we have &^=v , a^=2, a^=v/2,
a6=3ir/8. Weisskopf assumed arbitrarily 'that a collision
which produced a phase change equal to or greater than unity
caused the wavetrain which followed to be completely incoherent with that which preceded the collision. This produces a collision in the Lorentz sense without, however,
quenching the atom. From equation (8.32) the optical
collision radius, or Weisskopf radius, is given by
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This theory again predicts a Lorentzian line profile in
which the pressure broadening produced by the optical
collision cross - section , a =
is given

For van der Waals broadening, n=6, the values of collision
radius calculated from equation (8.34) are of the order of
o
5-10 A while for the strong resonance interaction, n=3, they
o
are considerably larger, 35-50 A (Problem 8.6). Thus the
significant difference in the magnitude of van der Waals and
resonance broadening can be explained. However, since the
assumption that a collision has occurred when n(p) > 1 is
quite arbitrary, the agreement between the theoretical linewidth calculated from equation (8.35) and the experimentally
observed broadening is only approximate. In contrast, the
dependence of the linewidth on the mean relative velocity
v is expected to be correct.
For resonance broadening, n=3,
Aw-]/? is predicted to be independent of temperature, while
for van der Waals broadening, n=6, we find that there is a
small temperature dependence:

Thus by observing the dependence of the pressure broadening
on the temperature of the source important information can
be obtained about the interatomic forces which are responsible for the broadening of the line.
The Weisskopf theory, however, is unable to account
for the shift in the frequency of the centre of the line
which is observed in both van der Waals and Stark broadening.
In order to improve the theory it is necessary to include
the effect of weak, distant collisions for which n(p) - 1
and in addition to consider in detail the phase changes
which occur in strong collisions.
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Fig.8.4. Interatomic collisions and the broadening of
spectral lines. (a) Trajectory of perturber moving
past a radiating atom. (b) Frequency shift of
emitted radiation as a function of time.

(c) The adiabatic impact theory. A method of including
phase changes smaller than unity by considering the Fourier
transform of the instantaneous electric dipole moment of the
ensemble was introduced by Lindholm (1941) and Foley (1946).
The result of this calculation is again a Lorentz profile
given by
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The width o£ the line is determined by the real part of the
optical collision cross - section defined by (Problem 8.7)

and the shift of the line centre is determined by the imaginary part

The integrands of equations (8.37) and (8.38) are plotted
in Figs.8.5 (a) and (b) respectively as functions of p . The
real and imaginary parts of the optical collision cross
section are therefore represented by the areas beneath the
curves. For p < P ' the integrand of equation (8.38) is
W
a rapidly oscillating function which averages to zero. The
main contribution to the line shift therefore comes from
the distant collisions, p >
On the other hand, the

V

integrand of equation (8.37) shown in Fig.8.5(a) is always
positive and the broadening of the line is determined almost
entirely by collisions for which p < p,^.
The adiabatic theory enables quite accurate theoretical
estimates of the broadening and shift of spectral lines to
be made in simple cases. For interaction potentials of the
form C /rn it predicts a unique ratio of line.width to line

n

In the case of the van der Waals interaction
shift, 2ar /V
this has the value of 2-76, while for resonance broadening
the shift in the line centre should be identically zero.
However, the adiabatic theory assumes that the perturbation
causes no change in the internal state of the system.

It is

well known that inelastic collisions of atoms and molecules
can cause transitions between degenerate or nearly degenerate levels. Modern developments of the theory have attempted
to include these non-adiabatic effects and have led to very
precise information about the shape and width of pressure
broadened lines, as explained in section 8.7.
Finally it is useful to note that the radiative and
collision broadening processes have the same effect on all
atoms in the sample. They are consequently known as
homogeneous broadening mechanisms. By contrast, the Doppler
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Fig.8.5. Impact theory of line broadening.
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Integrands of

(a) the real and (b) the imaginary parts of the
optical collision cross - section for a two-body
collision as a. function of (impact parameter, p)..

frequency shift associated with moving atoms is an example
of a broadening mechanism which varies from one atom to
another. It is therefore referred to as an -inhomogeneous
broadening mechanism. Although collision broadening is

248

THE WIDTH AND SHAPE OF SPECTRAL LINES

important in high pressure or highly-ionized gases the shape
and width of the spectral lines emitted by most low pressure,
low current discharge lamps are determined by the Doppler
effect, as we now explain.
8.3.

Voppler broadening

Let us consider a stationary atom which emits a wave
of angular frequency <o0. When the atom is moving with a
velocity v ^ c relative to an observer the observed frequency is given by

is a unit vector in the direction from the observer
where
to the atom. If we choose a system of coordinates in which
the z-axis lies along
then the probability, PC vz dv z >
of an atom having a velocity between V7 and vz+ dv is given
by the Maxwellian distribution

)

where M is the
rature. Using
of detecting a
and u'+ dwi is

mass of the atom and T is the absolute tempeequations (8.39) and (8.40), the probability
wave with an angular frequency between
given in terms of the linewidth parameter

by

Thus the profile of a Dopper-broadened spectral line is
given by the normalized Gaussian distribution
shown in Fig.8.6. The half width (FWHM) is given by
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where A is the atomic or molecular weight of the radiating
particle. As an example the Doppler width of the red lines
o
3
of neon, A * 6000 A, A=20, is 16-6 x io- X = 4 6 - 2 mK at
T=300 K. This is about two orders of magnitude greater
than the natural width of spectral lines discussed in
section 8.1. The large Doppler width of spectral lines,
particularly in the case of light elements such as hydrogen
and helium, has severely limited the resolution attainable
in optical spectroscopy and has delayed fundamental discoveries such as the Lamb shift.
It is important to note that the Doppler width is
proportional to the observed frequency, u>0. Thus one
powerful technique of improving the resolution in experimental studies of fine or hyperfine structure is to use
microwave or radio frequencies. These methods are discussed
in detail in Chapters 16-18. Similarly from equation (8.42)
we see that Awl/2 (Doppler) <* /T. Thus the Doppler width
at optical frequencies can be reduced by cooling the source,
but it is often necessary to go to liquid nitrogen temperatures before any useful increase in resolution is obtained.
Even in cooled discharges, however, the effective temperature of the radiating atoms is generally higher than the
walls of the tube since they are excited in energetic
collisions with ions and electrons. Consequently it is
also necessary to limit the current through the cooled discharge to a low value « 1 mA. Experiments involving the
use of cooled discharge tubes are discussed in section 8.7
below.
The Doppler width at optical frequencies can be considerably reduced by using a well-collimated beam of atoms,
as described by Odintsov (1961) and Stanley (1966). The
radiation emitted or absorbed is observed in a direction
at right angles to the beam and the effective velocity in the
line of sight can be reduced indefinitely by increasing the
collimation of the beam (Problem 8.8). These sources are,
however, considerably more difficult to construct than conventional discharge tubes or absorption cells and have very
low intensities and absorption coefficients. In addition
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the width observed in emission in the case of light atoms
is always larger than that estimated from the beam collimation and oven temperature because of the momentum imparted
by electron impact excitation. For these reasons the
technique has not been widely used.
The recent invention of tunable dye lasers seems likely
to overcome some of these problems. Moreover these devices
have already led to the development of other powerful methods
of eliminating the Doppler effect, some of which are discussed in Chapters 13 and 14.

Fig. 8.6. Normalized Gaussian distribution defined by equation
(8.41) describing the Doppler broadening of spectral
lines .
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8.4. Comparison of Doppler, collision, and natural widths
In order to compare the different contributions to the
width of a spectral line, let us take as an example an atom
of atomic mass A=100 having an excited level with a life-8
time of 10 s, which radiates at 5000 1. The gas temperature
is assumed to be 300 K and the optical collision cross - section
2
'15
5 x ID
cm . The various consection is taken as °r
tributions to the linewidth are evaluated in Table 8.1, for
a gas pressure of 10 Torr,

We see that under these con-

ditions, which are typical of a low pressure glow discharge,
the collisional width and the natural width are of the same
order of magnitude but are smaller by a factor of nearly
2

10 than the Doppler width. The instrumental resolving power
which would be required to investigate the Doppler profile
6
Si 10 .
To attain this kind of
in detail would be R > (A/A XD ) sy
resolution a spectrograph would generally require a very
large grating combined with a collimating system of several
metres focal length. Instruments of this type are found
in only a few research laboratories. The scanning FabryPerot etalon is much more compact and for a given resolution
has a much larger light-gathering power. Consequently this
is the instrument generally used for line profile studies.
TABLE 8.1.
A comparison of natural, collisional, and Doppler widths
Natural
width

1

Collisional
width

Doppler
width

Units

8

10

s-1

0- 573

118

9-12

744

MHz

0- 53

0- 304

24-8

10-3 cm'1

0-133

0-076

6-2

mA

15-9
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8.5. Voigt profiles
Although we have considered the various

contributions

to the width of spectral lines separately, it is obvious
that in any experimental situation several effects will
usually be acting simultaneously.

Consequently the observed

lineshape will not have either a simple Lorentzian or
Gaussian profile.

To investigate this we consider a moving

atom whose resonance frequency is observed to be at
Due to collisions or to the finite radiative lifetime the
emitted radiation cons'ists of a distribution of frequencies
a) about the centre frequency
Lorentzian

which is given by the

function

where r is the full width of the distribution at half
intensity.

The spectral profile emitted by an ensemble

of moving atoms is obtained by averaging equation (8.43)
over the thermal distribution of equation (8.41) giving

The resulting line profile has the form of a folding integral of the Lorentzian and Gaussian distributions:'

which is known as the Voigt profile.

The shape of this

profile is determined uniquely by the ratio

F/A, and in

Fig.8.7 the Lorentzian, Gaussian, and Voigt profiles are

1/2

compared for the case F = Afln 2)
Unfortunately the
Voigt profile cannot be expressed in an analytic form. However, it can be evaluated numerically and several tabulations
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of this and related functions have been published, including those by Davies and Vaughan (1963) , Fried and
Conte (1961) , and Hummer (1965).
For the example considered in section 8.4 we have
r/A < l and the line profile would be Gaussian out to three
Doppler widths from the line centre before changing over
to the more slowly decreasing Lorentzian shape. For the
opposite case, F/A > 1, the profile would be approximately
Lorentzian over the entire lineshape.

When r/A « 1 it is

possible to determine both T and A from a detailed comparison of the experimental and theoretical line profiles as
is explained in more detail in section 8.7 below.

Fig.8.7. Comparison of the shapes of the Lorentzian distribution £, the Gaussian distribution^7, and the

1/2
.

Voigt line profile ^ for which r = A(ln 2)
Profiles are normalized to the same peak intensity and have the same half width.
8.6. Effect of the -instrumental profile

In the analysis of the shape of spectral lines it is
often necessary, as we have seen, to use spectroscopic in-
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struments of the highest possible resolving power.

Even

then the width of the instrumental profile is frequently
comparable with the width of the line which it is desired
to examine. We must therefore consider
the shape of the observed spectrum.
The instrumental function is most
fied in terms of the angular frequency,
chromatic wave which produces a maximum

how this affects
conveniently specitop, of the monointensity on a de-

tector located at the point P. In a grating spectrograph,
for example, oj_ would vary as the detector P was moved along
the focal plane. If the instrument is now illuminated by
monochromatic light of angular frequency u the instrumental
profile is given as the transmission function, T(w-Wp).
For a grating spectrograph with a relatively wide entrance
slit the instrumental profile would be a rectangular function

where the width Ato is proportional to the width of the
entrance slit. If the entrance slit is made very narrow,
the instrumental profile will be given by the grating diffraction pattern

where N is the total number of grooves on the grating and
Au is now inversely proportional to the width of the
grating.
When the instrument is illuminated with light whose
intrinsic spectral distribution is represented by I(u), the
spectrogram obtained as the detector position is changed
is given by the folding integral:
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The effect of this convolution is illustrated in Fig.8.8 for
the case of a spectrograph with a rectangular transmission
function illuminated by light having a broad symmetric spectral profile.

Fig.8.8.

The relation between the intrinsic spectral distribution of the source IO) and the observed
profile S(a)p) for a spectrograph having a rectangular transmission function T(aj-up).

It is now necessary to find a method of determining
the intrinsic line profile, I(w), from the shape of the observed spectrum, S(iop). If the data are available in
digital form it is possible to compute the theoretical folding integrals for a number of assumed profiles I(u) until
there is satisfactory agreement between the theoretical and
experimental spectra. Alternatively, it may be possible
to assume that the instrumental profile is approximately
described by a Lorentzian or Gaussian distribution and to
make use of the following theorems:
(i)

The folding integral of two Lorentzian distributions
whose widths are characterized by r and r 2 respectively
,

256

(ii)

THE WIDTH AND SHAPE OF SPECTRAL LINES

+ F
r
is a Lorentzian whose width is given by
i
2The folding integral of two Gaussian functions whose
widths are characterized by A and A is a Gaussian
whose total width is given by

l

2

The instrumental profile should of course be checked
experimentally at one or more discrete frequencies.
This
can be done, as shown in Fig.8.9, by illuminating the
instrument with light from a single mode laser whose frequency and intensity are stable over the period required to
obtain the spectrum.

Alternatively a single isotope lamp

Fig.8.9. Central part of the instrumental profile of the

echelle grating spectrometer of the Department of
Astrophysics, University of Oxford. The grating
has 300 grooves mm"1 and the ruled area is
256 x 128 mm

2

(After Collins (1970).)
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run at low current and cooled to an accurately measured
temperature may be used.

It is then assumed that the lamp

emits a Doppler-broadened line corresponding to the bath
temperature.
8.7. Line profile measurements at low pressures and temperatures
At low pressures the

impact theory of line broadening

should accurately predict the shape and width of the central
part of the line profile, as discussed in section 8.2.2.
To study this region of the spectral line it is necessary
to employ the techniques of high-resolution spectroscopy
described by Jacquinot

(1960) and Steel (1967), and in

addition to reduce the Doppler width as far as possible by
cooling the light source.

The inert gases are very suit-

able for this type of high-resolution spectroscopy since
pure samples of the even isotopes can be readily obtained.
This eliminates the difficulties caused by isotope sh.ifts
or the hyperfine structure associated with the odd isotopes.
Discharges can be run in the inert gases over a wide range
of temperature and the pressure of the gas may be determined accurately.

These factors are important in the line

broadening measurements, as will be seen in the following
discussion.
8.7.1. Apparatus for high-resolution studies of line profiles
A schematic diagram of the apparatus used by Kuhn and
Vaughan

(1963), Vaughan

Vaughan

(1968) in a series of detailed studies of spectral

(1966a), Kuhn and Lewis (1967), and

line profiles in helium, neon, argon, and krypton is shown
in Fig. 8. 10.

The source was a loiv current d.c. discharge

tube cooled in a bath of liquid nitrogen or ice.

The light

was taken from a constricted region of the discharge to
reduce the effects of self absorption.

Typical discharge

currents were O'S mA at pressures in the range 0-1-10 Torr.
An f/16 Littrow spectrograph using Bausch and Lomb
precision replica gratings isolated the spectral line which
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Fig.8.10. A schematic diagram of the apparatus used for highresolution studies of spectral profiles of the
inert gases. (After Rebbeck (1970).)
it was desired to study.

This spectrograph was combined with

a Fabry-Perot etalon to obtain the necessary high resolution.
The etalon plates, which were flat to better than A/150, were
coated with high-reflectivity films of silver, aluminium or
multilayer dielectrics depending on the wavelength of the
line being studied.

The size of the etalon spacer was chosen

so that overlapping of orders due to the finite \vidth of the
spectral line was avoided.

The central spot of the Fabry-

Perot fringe pattern was imaged on to a pinhole which replaced the entrance slit of the spectrograph.
To record the profile of a spectral line, the FabryPerot fringe pattern was scanned across the pinhole by slowly
changing the pressure of carbon dioxide in a chamber surrounding the etalon.
In the early work the intensity of the
light received by a photomultiplier placed behind a similar
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pinhole in the focal plane of the spectrograph was recorded
as a function of pressure in analogue form on an X-Y recorder.

The pressure scale was linear and could be converted

directly into a wavenumber scale since the peaks of successive orders are separated by (l/2d) cm
where d is the
etalon spacing.

Recently the apparatus has been improved

by using the photomultipliers in the photon counting mode
and recording the data digitally on punched paper tape.
typical experimental trace of the helium line
5047

X

A

at

obtained by this technique is shown in Fig.8.11.

Fig.8.11. Profile of the 2
line of helium at
A
5047
recorded using a scanning Fabry-Perot etalon
and photon counting. (After Malvern (1975).)
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8.7.2. Analysis of the experimental curves.

The digital

output enables the line profiles to be computer analysed,
which is considerably more accurate than the graphical
analysis used by Kuhn and Vaughan (1963) and others. The
different orders of the experimental recording are superimposed to produce an averaged experimental trace which is
treated as a Voigt profile.

This is compared with computer-

generated Voigt functions until there is agreement between
the theoretical and experimental curves, thus determining the
Lorentzian and Gaussian parameters (T,A) of the observed
spectrogram. It can be shown that the instrumental profile
of the Fabry-Perot etalon can be represented as a convolution of Lorentzian and Gaussian functions whose widths
r
A ) are determined respectively by the reflectivity of

c

2' 2

the etalon and the imperfect parallelism and flatness of the
etalon plates. The theorems given in section 8.6 may then
be used to obtain the linewidth parameters for the spectral
line (F 1'A l ) from the parameters (F,A) of the observed spectrogram.
8.7.3. Resonance broadening in the inert gases. A.partial
energy-level diagram for neon is shown in Fig.8.12. The
level structure is also typical of argon, krypton, and xenon.
The first four excited levels have been labelled in the L-S
notation although the spacings of the levels indicate that
intermediate coupling is the only accurate description. The
P, levels of all the inert gases are connected by strong
resonance lines to the ground level and have short radiative
-9
lifetimes in the range 5 x 10 -10 -1 x 10 s . The interlevels are weaker in argon
combination lines from the
and neon and the lifetimes of these levels are slightly
longer.

All these transitions lie in the vacuum ultra-

violet so that it is impossible to study them directly at

and
high resolution. However, the widths of both the
levels
may
be
obtained
by
high-resolution
studies
of
the
lines which terminate on these levels.

Some of these tran-

sitions, which in neon are in the red region of the spectrum,
are shown in Fig. 8. 12. They start on levels whose radiation
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A partial energy-level diagram for neon.

widths are generally very small and which can be accurately
calculated from the measured lifetimes listed in Table 6.1.
Detailed analysis has proved that at pressures between
0-20 Torr and temperatures between 85-300 K the profiles
of these lines are accurately represented by Voigt functions.
The Lorentzian widths, r,, are found to be a linear function
of the density of the inert gas in the dis.charge, as shown
in Fig.8.13. The pressure broadening is due mainly to the
broadening of the lower levels of these transitions through
the resonance interaction discussed in section 8.2.1. Under
these conditions the impact theory of pressure broadening
is expected to be valid, and indeed measurements at different
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Fig.8.13. Lorentzian width of the 2
line of helium
o
at 7281 A measured as a function of helium density.
The lower level of this transition is broadened
by collisions through the resonance dipole-dipole
interaction. (After Vaughan (1966a).)
gas temperatures have shown that the broadening is independent
of temperature (as predicted by equation (8.35) for the resonance interaction, n=3) and that there is no shift of the
line centre.
The impact theory of resonance broadening (Breene 1964,
p.48) predicts that

where N is the density of perturbing atoms, fJ'J and to are
the absorption oscillator strength and angular frequency of
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the resonance line, and k JJ' is a constant which depends
on the total angular momentum quantum numbers J,J' of the
upper and lower levels of the resonance transition.

Values

of k 1 obtained by several recent calculations are given in
JJ
Table 8.2 for the
resonance lines. The last four
values quoted in the table are expected to be accurate to
better than 2 per cent.
TABLE 8.2

Theoretical values of the resonance
broadening constant, k JJ'

k 10

Reference

1-45

Omont (1965)

1-53

Omont and

1-532

Stacey and Cooper (1969)

1-54

Berman and Lamb (1969)

1-532

Carrington, Stacey, and

Meunier (1968)

Cooper (1973)

Unfortunately, accurate theoretical f-values for the
resonance lines of the inert gases are difficult to calculate except in the case of helium where a precise value
for the absorption f-value of the 1
line at 548 £
= 0-2761 - 0-0001)

resonance
has been obtained

by Schiff and Pekeris (-1964) . This has enabled Vaughan (1966b)
- 0-09 from his observations
to obtain the value k
10 = 1-44
of the resonance broadening of the 7281 X and 6678 X lines
in helium.

The agreement between this result and the theo-

retical values listed in Table 8.2 is within the experimental
precision and is an indication of the accuracy of the modern
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line broadening calculations.
Alternatively the theoretical value, k
10 = 1-53, may
be accepted and the experimental measurements of resonance
broadening may be combined with equation (8.47) to obtain
the f-values of the resonance transitions in the inert gases.
These values are given by Corney (1970) where they are compared with f-values obtained by other experimental and theoretical techniques.
8.7.4. Resonance broadening in the alkali metals. The technique described in section 8.7.2 has been applied to a study
of resonance broadening in potassium by Lewis et al. (1971).
In principle the shape of the resonance lines of the alkali
metals can also be studied in absorption as described by
Chen and Ph^lps (1968). However, most absorption experiments
have been performed with only moderate spectroscopic resolution and the observations are confined to the far wings of
the lines. The widths of the absorption lines are almost
entirely determined by the effect of collision broadening,
but unfortunately

it is not possible to apply the results

of the impact theories since these apply only to that part
of the line profile satisfying A
section 8.2.2.
8.7.5. Foreign gas broadening.

, as explained in

We shall now consider briefly

the case of non-resonant interactions. This includes the
broadening of spectral lines by neutral foreign gases and
also the self-broadening of lines not connected to the
resonance levels. It is observed that most of the perturbing
gases produce a shift of the line centre towards the red
end of the spectrum. Since the dominant long-range force
is the attractive van der Waals interaction, this effect
is adequately explained by equation (8.38). Of the noble
gases only helium and occasionally neon produce shifts towards the violet end of the spectrum.

These perturbers

have such small polarizabilities that the short-range repulsive forces have a larger effect on the spectral line
than the relatively weak van der Waals attraction.
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Typical of experiments performed under conditions where
the impact approximation is valid are those in krypton made
by Vaughan and Smith (1968) using the techniques of highresolution spectroscopy described previously. The most
accurate measurement of the width-to-shift ratio for selfbroadening gave the value -2-96 - 0 - 2 which is in good
agreement with the theoretical value of -2-76 expected for
the van der Waals interaction. The ratio of the broadening
at T=295 K and T=90 K was found experimentally to be
1-48 - 0-12 whereas the ratio predicted by equation (8.35)
for van der Waals broadening is 1-43. There is therefore
excellent agreement between theory and experiment in this
case.
However, when the broadening of krypton by other noble
gases was examined, widely different temperature coefficients
and width-to-shift ratios were obtained. This confirmed a
conclusion reached earlier by Smith (1967) : an adequate
theory of foreign gas broadening in the impact approximation
requires the use of a potential containing both attractive
and repulsive components. Unfortunately such potentials are
extremely difficult to calculate theoretically, nor is it
possible to unambiguously derive an empirical potential,
V(r), from measurements made under conditions where the
impact theory is valid.
On the other hand in the far wings of the line the
observed spectral profile is non-Lorentzian and depends
strongly on temperature.

Gallagher and his co-workers

(Hedges et al. 1972, Carrington and Gallagher 1974) have
shown that in this region the quasi-static theory of linebroadening is applicable and that interatomic potentials can
be determined without ambiguity. Experiments have been
carried out in cesium and rubidium broadened by noble gases
19
-3
at densities of the order 10
cm
and potentials for
2
2
2
the X Z, A n and B £ states of the alkali-inert gas molecules have been determined. Unfortunately the theoretical
analysis is somewhat involved and the reader should refer
to the original papers for further details.
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Prob terns

8.1.

A classical electron oscillator emits light of wavelength 5000 A. Show that in this system the radiation
reaction force is approximately 10 8 times smaller than
the harmonic binding force,

8.2.

A more accurate description of the radiation from a
classical electron oscillator may be obtained by
assuming a solution of the form z=z 0 exp(-at) in equation (8.4) Show that a is given by the roots of the
equation

To terms of order (Y/WO) 2 , show that the complex roots
of this cubic equation may be expressed in the form:

where Au)n is the radiative level shift given by
Au0 = -5 Y 2 / S o u . This is the classical counterpart
of the well-known Lamb shift in hydrogenic systems.
8.3.

A stationary atom of mass M emits a photon of energy
hoi and momentum
where
= io/c. Applying the
principles of conservation of energy and momentum,
show that the relative shift in the angular frequency
of the photon due to recoil of the atom is
Estimate the ratio of the recoil angular frequency shift to the natural width of the transition
for

an atom of 20 Ne e m i t t i n g :

(a) a photon of visible light, h.oo * 2 eV, and
(b) a y-ray photon, hoi « 15 keV.
Owing to these recoil shifts resonant absorption of
y-rays by nuclei cannot generally take place. Those
nuclei which demonstrate the Mossbauer effect form
an exception to this rule.
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Consider the electromagnetic wave emitted by an
assembly of a large number, N, of stationary
electron oscillators.

classical

The individual oscillators, each

having the resonance

frequency u)Q/2tr, are assumed to
be excited with random phases at arbitrary instants
of time.

Show that the frequency

distribution of the

radiation emitted by the ensemble is identical to the
spectrum of a single oscillator, equation

(8.10), but

that the intensity of the radiation is greater by a
factor of N.
8.5.

By neglecting radiation damping and the Doppler effect
show that the emission spectrum of an ensemble of
colliding, classical electron oscillators is given by

where T

is the mean time between collisions.

It may

be assumed that each collision completely quenches
the radiating atom and that the times between collisions are governed by a Poisson distribution.
8.6.

The interaction constant for resonance broadening is
given approximately by

where

w , - and £., are respectively the angular frequency
and absorption f-value of the atomic resonance line.
Hence calculate the Weisskopf optical collision radius,
equation (8.34), for the case of resonance
of:

broadening

o
(a) the sodium D2 line at 5890 A, and
o
(b) the mercury intercombination line at 2537 A,

given that the absorption f-values of these lines are
0-650 and 2-45 * 10 -2 respectively.
Estimate the collision-broadened width of these
spectral lines in their own atomic vapours at 0-1 Torr
pressure.
8.7.

Using equations (8.32) and (8.37) show that, according
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to the impact theory of pressure broadening, the half
widths of the emission lines in gases where the atoms
interact with one another either through the resonance
dipole-dipole interaction or by means of van der Waals
forces are

and

where

X

l

and

J

2 are given by

Hence calculate the collision-broadened width of the
o
7601 A line of krypton at 300 K and a krypton pressure
of 50 Torr given that
8.8

= 5-10 x 10 -31 cm 6 s -1

An atomic beam light source is formed by placing a
circular collimating aperture, diameter 2a, at a distance I from a fine hole in the source oven. After
passing through the collimating aperture the atoms
are excited by electron bombardment and collisional
recoil effects are assumed to be negligible.

Show that

light emitted in a direction at right angles to the
axis of the beam has a Gaussian spectral profile

where A = (2 U /c) (2kT/M) 1/2
The Doppler width of
0
light emitted by the beam is therefore smaller by a

factor of (1+ Z 2 /a2 3 1/2 *= I/a than that emitted by
atoms in random motion at the temperature of the source.
A beam of helium atoms is excited to the 2

level < E k = 21-2 eV, Tk = 5-55 x 10 -io s) by electron

bombardment.

Estimate the effect of line broadening

due to atomic recoil and compare this with the natural
line width of the 2

line at 2-058 ym.
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9
The absorption and stimulated emission
of radiation
So far in this book we have emphasized the spontaneous
emission of radiation. This occurs at a constant rate, independent of any external influences.

Now we wish to turn

our attention to the processes of stimulated emission and
absorption of radiation which are induced by the presence
of an external electromagnetic wave. In this chapter we
prepare the foundations for an understanding of both the
formation of spectral lines, which is considered in detail
in Chapter 10, and the physics of gas lasers which is discussed in Chapters 11-13.
We commence by deriving the absorption cross-section
of a classical electric dipole oscillator.. The result
should be similar to that obtained on the basis of the
quantum theory and is of further interest since the frequency dependence of the cross-section is predicted in a
simple way. Next we obtain the relations between the spontaneous emission transition probability, A, . , and the
Einstein coefficients for absorption and stimulated emission,
denoted by B., and B, . respectively.
IK

Kl

The expressions for

B., and B , - are then confirmed by means of quantum mechanics
IK

K1

using time-dependent perturbation theory. This enables the
probability of stimulated emission and absorption of radiation to be given in terms of the oscillator strengths of
spectral lines.

Finally we show that there is close agree-

ment between the classical and quantum-mechanical expressions
for the total absorption cross - sect ion and explain how the
atomic frequency response may be introduced into the quantummechanical results.
9.1. Classical description of absorption by eleotric dipole
os ci1 lator
We consider first the absorption of radiation by a
classical 'atom', represented by an harmonically oscillating
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electron, interacting with the electric field, E_(t) , of an
incident electromagnetic wave. The equation of motion for
the oscillator is obtained by writing equation (8.5) in vector form and including the additional force experienced
by the electron:

To solve this equation we make a Fourier expansion of both
r (t) and E (t) :

Since both _r(t) and E_(t) are real, the negative frequency
components of their transforms must equal the complex conjugates of the positive frequency components:

Substituting equations (9.2)

and (9.3)

into the equation

of motion we obtain

just as for a monochromatic wave.
The energy absorbed by the oscillator from the
radiation field, AU, can be obtained by calculating the time
integral of the rate of work done by the field on the oscillator:

Using equations (9.2) and (9.3) together with the reality
conditions, equation (9.4), and the Fourier representation
of the Dirac delta function:
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we can transform equation (9.6) to (Problem 9.1)

Substituting from equation (9.5), the energy absorbed by
the electron is given by

Since y * "n > t'le integrand is sharply peaked around u=ton
and
and the approximations
are
valid.

Thus we obtain

The energy absorbed can also be written in terms of the product of the energy flow per unit area and an absorption
cross-section.

From equations (2.44) and (9.3) the energy

flux per unit angular frequency

range in a medium where the

refractive index may be assumed to be unity is given by

Therefore, if the spectral distribution of intensity,
[E(oj)| , changes slowly compared with the frequency

response

of the oscillator, we may interpret equation (9.9) in terms
of a frequency-dependent absorption cross - section given by

As might be expected, the absorption cross-section has the
Lorentzian frequency

dependence which is characteristic

of the classical oscillator.

The intensity of a collimated

beam of radiation, Iw (x), propagating through a gas of
stationary classical 'atoms', density N per unit volume,
would vary as
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The total, energy absorbed per unit length is proportional
to the integral of the absorption cross-section over the
atomic frequency response. This has a constant value given
by

where we have introduced the classical radius of the electron given by

and thus established a classical sum rule for absorption
processes.
In this calculation the phases of the different frequency components of the electric field were assumed to be
randomly distributed, corresponding to the radiation field
of a conventional thermal source. However, when the incident radiation is monochromatic the average energy absorbed may be either positive or negative, depending on
the phase of the atomic oscillations with respect to those
of the perturbing electric field.

Energy may now be trans-

ferred either to the atom from the radiation field, or from
the atom to the field. The latter case provides a classical
analogue of the stimulated emission process introduced by
Einstein and discussed in detail in the following section.
9.2, Einstein's treatment of stimulated emission and
absorption
We must now consider how the stimulated emission and
absorption of radiation are treated in the case of a real
atom.

The relations between the probability of stimulated

and spontaneous transitions were derived by Einstein
using arguments based on statistical mechanics.

(1917)

This paper,

which appeared well before the development of a complete
quantum theory, is available in translation in ter Haar
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Einstein considered a gas of identical stationary

atoms interacting with radiation inside a cavity maintained
at the temperature T. The atoms are assumed to have quantized energy levels E.,E.,E
with statistical weights
V,
J] K
g-,g.,gi,,
In thermal equilibrium the total number of
1
] K
atoms, N, will be distributed over the available levels
according to the Boltzmann distribution

This distribution is maintained by a dynamic equilibrium in
which atoms continually make upward and downward transitions
between the levels. We consider in particular the transitions between the levels i and k, shown in Fig.9.1, where
E^ > E.. An atom can make an upward transition from the

Fig.9.1. Spontaneous and stimulated emission and absorption
of radiation. The rate at which transitions take
place between the levels k and i is given for atoms
interacting with radiation whose energy density
per unit bandwidth is p(u).
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level i by the absorption of a photon of energy fioi, ..

The

transition probability per unit time, P - ^ J for absorption
will be proportional to the energy density of radiation per
unit bandwidth, p(w,.), at the angular frequency to, . ,
in accord with the results of the classical calculation of
section 9.1.
Introducing the Einstein coefficient for
absorption B?, , we have

The rate at which upward transitions are occurring is given
by

Upward rate
The transition probability for dowmvard transitions from
level k to level i, P ^ - » is the sum of the spontaneous
emission probability, A, ., and a stimulated emission probability which is also proportional to the radiation density
Introducing the Einstein coefficient for stimulated emission
B?., we have

The rate at which downward transitions occur is given by

Downward rate
In thermal equilibrium the rate at which atoms leave level
i must obviously equal the rate at which they arrive in
that level, but since we are considering an atom with a
large number of available levels, there are many more processes contributing to these rates than those considered
here.

However, in statistical mechanics the principle of

detailed balancing states that in equilibrium the rate of
transfer from i to

k must equal the rate from k to i for

every contributing transfe'r process.

Thus we have
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which leads to

An alternative expression for the ratio of the populations
in thermal equilibrium may be obtained from equation (9.14)

From equations

(9.16) and (9.17) we obtain an expression for

the energy density of radiation in the cavity:

This expression should be compared with the result obtained
by Planck for black-body radiation:

If equations (9.18) and (9.19) are to be compatible at all
temperatures we require (Problems 9.2 and 9.3)

and

Introducing the explicit expression for A, . in terms of the
atomic matrix elements, equation (4.23), we obtain the
absorption B-coefficient for electric dipole radiation

The relations between the spontaneous emission co-
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efficient and the coefficients for stimulated emission and
absorption, given by equation (9.20), do not include the frequency response of the atom. They have been derived for an
electromagnetic field which is assumed to be isotropic and
unpolarized, and which is described in terms of a density
of radiation, P(ID) du, which is assumed to be a slowly
varying function of the angular frequency w.

Different ex-

pressions for the B-coefficients will be obtained if the
radiation field is characterized by its intensity, as will
be explained in section 9.4 below.
The Einstein derivation assumes an idealized situation
in which the excitation and de-excitation processes are
controlled by the radiation in the cavity. This situation
is achieved in reality only inside stars or very high temperature plasmas. In a low pressure discharge there is usually
no thermal equilibrium between the atoms and the radiation
because the light readily escapes from the source. Consequently we observe a line spectrum rather than a continuum. Collisions play the dominant role in maintaining
the equilibrium populations in a low pressure discharge.
However, this does not invalidate the arguments used here
since the A- and B-coefficients depend only on the internal
structure of the atoms and not on their external environment.
An important feature of the stimulated emission process which is not obvious from the Einstein treatment is the
fact that the radiation which is emitted in a stimulated
transition k -»• i has the same frequency and direction of
propagation as that which stimulated the transition. This
aspect is most easily visualized on the basis of the classical oscillator model section 9.1 since the phase of the
amplified wave must have a definite relationship with that
of the incident wave.

This coherent amplification process

forms the basis of all laser systems.
9.3. The semi-classical treatment of absorption and induced
emission
We shall now examine the interaction of atoms with
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electro-magnetic radiation in more detail using the semiclassical theory developed in most standard texts on quantum
mechanic;, e.g. Schiff (1968). In this method the atoms
are described quantum mechanically while the electromagnetic
field is described classically. We consider a plane, linearly polarized wave propagating in the direction k and represented by

This will later be taken as the Fourier component at the
angular frequency to of a more general time-dependent field.
It is convenient to represent this electric field in the
complex notation

The wave is assumed to interact with a stationary, oneelectron atom whose instantaneous dipole moment is given
by p_ = -er_. For transitions involving the absorption or
emission of a single electric dipole photon it is sufficient
to take the classical interaction energy -p_.E_(t) as the perturbation operator. The small additional contribution to
the Hamiltonian of the system is thus given by

The wavefunction, ¥(£,t), describing the atom perturbed by
the incident radiation, is now a solution of the time-dependent Schrodinger equation

where

and Jfg is the Hamiltonian for the unperturbed atom, equation
(3.9). We seek solutions of equation (9.25) of the form
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where the spatial wavefunctions are eigenstates of the timeindependent equation

For the moment these wavefunctions are to be understood to
represent nondegenerate eigenstates.
If the atom is in state i at t=0 then a.(0)=l and
a /-(0)=0. We now wish to calculate the probability,
I ak(t)l 2, that after a time t the atom has made an upward
transition and is in the state k.

Substituting equation

(9.26) into equation (9.25), we have

Since ijj (r)
becomes

is

an e i g e n f u n c t i o n of

JL, equation ( 9 . 2 8 )

The radiation field is now assumed to be so weak that the probability amplitudes an(t) do not change significantly with
time. We may therefore, as an approximation, use the initial
values of a on the right-hand side of equation (9.29) with
the result:

To obtain a, we multiply equation (9.30) by ijj£ expfiEjt/*1)
and integrate over the spatial coordinates, giving

Introducing the explicit time dependence of W-. from equation
(9.24), we have
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where to^^ = (E^-E^)/fi. The probability amplitude, a, (t),
may now be obtained by integrating equation (9.32) using the
initial condition a, (0) = 0:

The contribution to the integral from the second term in
equation (9.32) is negligible in the region ui » w, - where
absorption takes place due to the factor (to, .+u) which
K1
appears in the denominator. Thus the probability of finding
the atom in the excited state k at time t is given by

For most problems involving the interaction of atoms with
optical-frequency radiation we are concerned with radiation
from broad-band rather than from perfectly monochromatic
sources.

We therefore integrate equation (9.35) with res-

pect to u and assume that the spectral distribution of the
incident radiation varies slowly compared with that of
the atomic frequency response. The result is

where we have used the standard integral
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and the magnitude of the Poynting vector of the incident
radiation is now given by equation (9.10).

The absorption

transition probability per atom per unit time is therefore

Since |jr
the order of 10

is of the order of 10
cm

, k._r

cm and |k| is of

is small compared to unity and

we may expand the exponential factor in equation (9.37) as

and retain only the first term of this expansion.

The tran-

sition probability then involves only the matrix elements
of the electric dipole operator:

Introducing the polarization vector £ through the relation
E_ = £ E and using equation (2.47) to express the electromagnetic wave in terms of its radiation density per unit
angular frequency interval,

the transition probability becomes

This gives the transition probability between nondegenerate
states induced by the absorption of radiation from a linearly polarized beam.

If the radiation is isotropic and un-

polarized we must average equation (9.40) over all possible
e
directions of the polarization vector giving

where
Comparing equation (9.41) with the definition of the
Einstein coefficient for absorption given in section 9.2
leads to the result
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The transition probability for stimulated emission from k
to i is obtained by using the second term in equation (9.32)
(Problem 9.4). For nondegenerate levels we obtain

This result, which also follows directly from the Hermitian

property of the perturbation operator V,, is an example of

microscopic reversibility which provides the quantum mechanical basis for the principle of detailed balancing used in
section 9.2.
The results given by equations (9.41) and (9.42) are
valid only for nondegenerate states.

Thus the labels i and k

should be replaced by m., m, representing nondegenerate Zee-

man states of the levels i and k.

A result valid for tran-

sitions between degenerate levels is obtained by summing
equation (9.42) over the final states and averaging over
the initial states, giving

which is in agreement with the result obtained by the
Einstein derivation, equation (9.21). For a many-electron
atom the electric dipole moment operator in equation (9.43)
£ = -er_ must be replaced by
9.4. Einstein B-coeffiaients defined in. terms of intensity
The isotropic, unpolarized radiation field which induces stimulated transitions betiveen the levels i and k
may also be described in terms of its intensity I (to) . Since
the probability of a transition can be expressed in terms
of either p(to) or I(u), we introduce a new B-coefficient
through the definition
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For isotropic radiation, I (to) and p (01) are related by

for a medium whose refractive index is unity.

Consequently

the absorption B-coefficient when the radiation is expressed
in terms of its intensity becomes

Additional expressions, differing by factors of 2ir from those
of equations (9.43) and (9.46), will be obtained if the
radiation field is expressed in terms of normal frequency
rather than angular frequency units, since we require that

It is often convenient to have expressions for the probability of transitions stimulated by an approximately undirectional beam of unpolarized light which fills the solid
angle dn. The transition rate is then dn/4ir of the transition rate for isotropic radiation as may be verified from
equation (9.40) (Problem 9.5).
9.5. Relations between Einstein B-coefficients and f-values
It is also convenient to have expressions for the
Einstein B-coefficients in terms of the oscillator strengths
of spectral lines introduced in section 4.8.

Substituting

equations (4.30) and (4.31) into equations (9.43) and (9.46)
for the absorption coefficients we obtain

Expressions for the coefficients for stimulated emission

follow directly by using the relation g^B, ^ = g-^B^ given ^n
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equation (9.20).
9.6. The integral of the total absorption cross-section
We new consider a beam of radiation, intensity I(u),
uniformly filling the solid angle do. The power absorbed
from this beam by one atom is given by the energy of one
photon multiplied by the transition probability:
Power absorbed

where use has been made of equation (9.48). The power absorbed may also be expressed in terms of the integral of
the total absorption cross-section per atom introduced in
section 9.1 as folloiifs:
Power absorbed
From equations

=

(9.49) and (9.50) we obtain an expression

for the integral of the total absorption cross-section
associated with the transition i to k:

This result should be compared with the classical expression,
equation (9.12). We see that the f-value of an absorption
line can be interpreted as that fraction of the integral of
the classical total absorption cross-section which is to be
associated with the given transition.
9.7. Introduction of the atomic frequency response
The Einstein B-coefficients discussed in sections 9.29.6 apply to the case of atoms interacting with a radiation
field whose energy density per unit angular frequency interval, p(u), is a slowly varying function of w. The transition probabilities have effectively been averaged over the

286 THE ABSORPTION AND STIMULATED EMISSION OF RADIATION
frequency response of the atoms in the ensemble. However,
in many applications and particularly in the case of lasers,
we require the transition rates induced by a monochromatic
wave of angular frequency o>.

These may be obtained by mul-

tiplying the frequency-averaged B-coefficients by the appropriate normalized line shape function, g(u>), discussed in
Chapter 8. Thus for the case of a line whose shape is determined by natural or collision broadening, g(oj) will be the
normalized Lorentzian distribution

More frequently g(io) will be given by the Doppler-broadened
lineshape (Problem 9.6)

or alternatively one of the Voigt profiles discussed in
section 8.5.
This lineshape factor was not included in the quantummechanical calculation of section 9.3 since the wavefunction

was expanded in terms of the stationary states of yn>fy (n) >
whose energy uncertainty, AE , is identically zero. The

classical calculation discussed in section 9.1 has the ad-

vantage that g(u) is included explicitly, as may be seen
by referring to equation (9.11).
Pvoblems
9.1.

Using the Fourier expansions defined in equations (9.2)(9.4), prove that the energy absorbed by an oscillating
electric dipole p_ = -e:r(t) from an electromagnetic field
E_(t) having a wide spectral distribution is given by

9.2.

Show that the relation between the

Einstein coeffi-

cients for spontaneous and stimulated emission,
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is consistent with the requirement, equation (4.21), that the ratio of the stimulated and spontaneous transition probabilities is
equal to the number of quanta per mode of the radiation field .
9.3.

An atom is placed in a cavity and allowed to interact
with black-body radiation.
(a)

For radiative transitions:

in the visible region at a frequency of 10

15

and

(b)

in the microwave region at a frequency

of 10

Hz,
g

Hz,

show that the probability of stimulated emission will
equal that for spontaneous emission at temperatures
of 6-93 x io4 K and 6-93 x 10"2 K respectively.
This illustrates why resonant cavities for
amplification by stimulated emission in the visible
region (lasers) need to have very much greater 0 values
than those for the amplification of microwaves (masers).
9.4.

An atom interacting with a beam of radiation is initially in an excited state |i> such that E. > E,.
1

1C

Show

that the term oscillating as exp { i (to,.+u) t } in equation
(9.32) is now responsible for stimulated emission and
hence prove that the probabilities for absorption and
stimulated emission involving two non-degenerate levels
are equal.
Making use of the results contained in section
5.2.2 or otherwise, show that the atomic transition
probability per unit time induced by the absorption of
unpolarized, isotropic radiation of energy density
P(u) is given by equation

(9.41).

9.5. Prove that the transition probability, Pj^> f°r a^sorption induced by an approximately

undirectional

beam of unpolarized light of intensity I(u) which
uniformly fills the solid angle dn is given by
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9.6.

In two cells containing helium gas and sodium vapour
respectively, the atomic densities at 300 K are sufficiently small that the absorption line profiles are
dominated by Doppler broadening.

Show that the maxi-

mum absorption cross-sections per atom for:

(a) the sodium D
L9

line at 5890 A. ,f.,
= ,0-650, and
IK

0

(b) the helium resonance -2line,
P at 584
1 A,
S
Q

I

k = 0-.276
f.

are 1-232 x in"11 cm2 and 2-164 x 10"13 en2 resReferences
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Radiative transfer
and the formation of spectral lines
We shall now apply the concepts developed in Chapter 9 to a
discussion of the emission and absorption of radiation by
an excited gas. We start by deriving the equation of radiative transfer in terms of the volume emission and absorption
coefficients for line radiation and consider simple solutions
for the case of uniformly excited sources. The terms source
function and optical thickness are defined and the effect
of self absorption and self reversal in optically thick
sources is outlined.
We then turn to a consideration of the absorption
lines produced by the transmission of a continuous spectrum
through an absorbing vapour. The concept of equivalent
width is explained and we show that the equivalent width of
an absorption line is determined by the product N.f.,L.
1

IK

Details are given of the measurement of relative osci'llator
strengths by the absorption technique using a King furnace.
Absorption spectrophotometry also provides a sensitive
technique for the measurement of the density of atoms. We
consider the applications of this technique to the determination of the abundance of the elements in the solar '
atmosphere, to spectrochemical analysis, and to the measurement of metastable and ground-state densities in gases or
vapours.
10.1. Derivation of the equation of transfer
We shall now derive a simple equation which determines

the change of intensity I (x) of an approximately collimated
beam of radiation confined to the solid angle dn as it propagates in the direction Ox through a gas of excited atoms.
The radiation is assumed to be unpolarized and its angular
frequency to is chosen to lie close to that of an atomic

absorption line, oo, . . The absorption and emission coefficients of the gas will then be determined mainly by the
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Einstein A- and B-coefficients associated with the transition
k -*• i. The transfer'equation is obtained by considering the
change in the radiant energy contained within the angular
frequency interval du as the beam passes through a cylindrical
volume-element of cross-section dS and length dx, as shown
in Fig. 10.1.

Fig.10.1. The geometric volume-element considered in the
derivation of the equation of radiative transfer
for a beam of light confined to the solid angle dfi.
As dx -* 0 in Fig. 10.1 we have

The energy absorbed from the beam as it passes through the
volume-element is given by the energy of one photon multiplied by the number of upward transitions occurring in the
time interval dt.

If there are N- atoms per unit volume in

the level i we have
Energy absorbed
(10.2)
The lineshape factor, g(o)), has been introduced to describe
the atomic frequency response, as discussed in section 9.7,
while the term df2/4iT takes account of the fact that we are
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considering transitions induced by a collimated beam of
radiation confined to the solid angle dfi.

Atoms in the ex-

cited level k give energy to the beam by both spontaneous
and stimulated emission of radiation into the solid angle
dfi and frequency interval du.
time interval dt is given by

The energy emitted in the

Energy emitted

Using equations (10.2) and (10.3) in equation (10.1), the
equation of radiative transfer becomes

Introducing the relation g-B., = g^B, ., we find that the
equation of transfer may be written more concisely as

where e^ and K U

are the volume emission and absorption co

efficients respectively defined by

and

In the M.K.S.
system the absorption coefficient, K , has
-1

units of m . In most physical situations and particularly
in the examples considered in this chapter, the upper and
lower level population densities satisfy g-N,/g,N.<
1

1C

1C 1

1. Con-

sequently the absorption coefficient, equation (10.7), is
positive. However, there are a few systems where conditions
can be chosen so that a population inversion exists for some
of the possible transitions.
In these cases the absorption
coefficient is negative and an electromagnetic wave travelling through the medium will be amplified rather than at-
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tenuated. Some examples of these systems will be discussed
in Chapters 11-13.
Once the emission and absorption coefficients of the
excited gas are specified as functions of frequency and'
position, the equation of transfer, equation (10.5), may in
principle be solved to obtain the intensity at any point.
In practice this equation is difficult to solve in all but
the simplest possible situations, some of which are considered in the next section. Nevertheless, solutions of
the general equation of radiative transfer are essential
to a complete understanding of the behaviour of stellar and
planetary atmospheres.
10.2. Solution of the transfer equation for uniformly excited sources
We now assume that the volume emission and absorption
coefficients are independent of x, i.e. the atomic densities
N, and N. and the lineshape factor g(u) are constant.
K

1

The

equation of transfer, equation (10.5), may then be solved
by multiplication by the integrating factor expfx^x), giving

If the excited gas is taken to be in the form of a slab
bounded by the planes x=0 and x=L, the intensity of radiation
at the angular frequency oj that would be observed at the face
x=L is given by

where I (0) is the intensity of the beam of radiation incident on the sample at x=0.

The ratio S =e /K, appearing in equation (10.9) is
usually referred to as the source function and the quantity

T (L) = K L is known as the optical thickness of the source.
It determines the amount by which a collimated beam of in-

tensity I (0) is attenuated as it passes through the medium.
When the absorption coefficient is a function of position, a
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more general expression for the optical thickness is

where z=L-x is measured from the face x=L into the medium.

In this case T (z) would more correctly be termed the optical

depth. The distance z at which T (z) = 1 represents the

effective depth within the sample from which, most of the
light of frequency (o/2ir is emitted. For a commercial sodium
discharge lamp this depth will vary from a fraction of a mm
at the centre of one of the resonance lines to more than a cm

in the ivings of the line, owing to the rapid variation of K
with a) as determined by the line profile, g(w).
10.2.1. Optically thin sources, T,,,(L) < 1.

To investigate

the intensity of radiation emitted by a uniformly excited
column of gas of length L, we set the incident intensity,
I (0), equal to zero and equation (10.9) reduces to

If the effective optical depth is very small,

the source is said to be optically thin. Expanding the exponential factor in equation (10.11) we have

In this case the intensity is proportional to the density

of excited atoms, N, , to the spontaneous emission transition
probability, A, ., and to the length of the column of excited gas, L.

The spectral distribution of the emitted

radiation is identical to the intrinsic line profile, g(w).
This particular relation was an important postulate underlying the discussion of the shape of spectral lines presented
in Chapter 8. The measurement of the intensities of spectral
lines emitted by optically thin sources is the basis of two
widely-used techniques: the spectrochemical analysis of
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metals and other materials and the determination of oscillator
strengths of atomic and molecular transitions. Details of
the first are given in Sawyer (1963) and of the second by
Foster (1964). A comprehensive table of f-values determined
by the emission method has been published by Corliss and
Bozmann (1962).
10.2.2. Optically thick sources, TOJ(L) > 1.

jn the case of

spectral lines which terminate on the ground, metastable,

or resonance levels of an atom the assumption W(L)
that•* T1
is frequently invalid. Substantial populations accumulate
in these levels in a gas discharge and consequently the
emitted radiation has a large probability of being reabsorbed before it leaves the source. When the optical
depth is of the order of or greater than unity, it is con-

venient to substitute for e^ and K

in equation (10.11) the

explicit expressions given by equations (10.6) and (10.7).

The ratio A, -/B-j, which occurs can be expressed in terms

of fundamental constants by using equation (9.20) and re-

calling that B-, = 4iTB:^/c.
T

fl

Finally the emitted intensity

is given by

As the number density of atoms or the length of the column
of excited gas is increased, there is initially a proportional

increase in the emitted intensity I (L). However, when the

optical depth, K L, is of the order of unity self absorption

becomes appreciable and the intensity increases more slowly.
Simultaneously the profile of the emitted radiation becomes
broader and then starts to flatten off as shown in Fig.10.2.
Thus self absorption tends to level out intensity differences
between spectral lines. When this is undetected it can cause
serious errors to be made in the relative oscillator strengths
of spectral lines determined from intensity measurements.
Self absorption may also distort the intensity distributions
predicted in fine or hyperfine structure multiplets. • For
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instance, the intensity ratio of the sodium D lines emitted
by a sodium discharge lamp is usually observed to be approximately 1:1 instead of the ratio 2:1 predicted theoretically.
Eventually, vhen K L ^ 1, self absorption leads to an
equilibrium between the radiation and the collision processes
responsible for the excitation of atoms in the gas. If the
populations of the levels i and k are maintained in thermal
equilibrium at the electron temperature T Q then the limiting

intensity, obtained by using K L ^ 1 in equation (10.13),
is given by the black-body distribution

Fig.10.2. The effect of self-absorption on the profiles of
spectral lines emitted by a uniformly excited
column of gas.
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Thus the measurement of the absolute intensity of an optically-thick line would enable the effective- temperature of the
system to be determined.
10.3. Non-uniform sources
In most laboratory sources the excitation temperature
decreases towards the boundary of the discharge region. Consequently the absorption in this part of the source is increased and the profile of the emitted radiation is not only
appreciably broadened but often shows a pronounced dip at the
centre of the line. This effect is known as self reversal
and it has been studied in detail by Cowan and Diecke (1948).
It is particularly important that self reversal is avoided
in the lamps used in the resonance fluorescence experiments
described in Chapters 15-17, for the strengths of the signals are proportional to the intensity at the line centre

frequency w, ./2ir.
In the atmospheres of the Sun and stars the excitation
temperature also falls from the centre outwards to the boundary of the photosphere. In the outer regions this temperature gradient is responsible for the absorption line
spectrum (the dark Fraunhofer lines) which is superimposed
on the continuous spectrum of the Sun. By measuring the
equivalent widths of these absorption lines (see section
10.4), and by solving the equation of radiative transfer,
it is possible to deduce the chemical composition and
physical state of the stellar atmosphere.
10.4. Equivalent widths of absorption

lines

10.4.1. Definition of equivalent width.

The source function,

e /K , for a gas or atomic vapour which is not excited by an

electric discharge is very small even for a system in thermodynamic equilibrium at 2000 K (Problems 10.1 and 10.2).
Spontaneous and stimulated emission can therefore often be
neglected. Consequently, the intensity of radiation of
angular frequency to transmitted by a column of absorbing gas
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whose temperature and density is uniform is given by equation
(10.9) as

If the incident radiation comes from a tungsten lamp or highpressure xenon arc, I (0) will be essentially constant in the
region of an absorption line.

The transmitted intensity

will then have a dip centred on o>, . and the spectral line
is observed in absorption, as shown in Fig. 10. 3.

The

equivalent width, W , of the absorption line is defined as
the width of a rectangular strip of height I (0) which has
the same area as that of the absorption line. This equality
is represented by the two shaded areas in Fig. 10. 3 and leads
to the expression:

where the integral is taken over the profile of the absorption line. From equation (10.16), the equivalent width is
given by

where W has units of angular frequency. In astrophysical
applications the intensity is usually measured as a function
of the wavelength A, and the equivalent width W,, which
A
has units of length, is defined by

In older references (e.g. Mitchell and Zemansky 1966)
the equivalent width is often referred to as the total
absorption since the total power absorbed from the beam is

given by W I (0). Thus .it is not essential to resolve the
absorption line and the equivalent width may be measured
using a spectrometer of only moderate resolving power. However, the results should be corrected for the -effect of
light scattered by optical components in the spectrometer
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Fig.10.3. Definition of the equivalent width of an absorption
line, W , in angular frequency units. The areas
of the shaded sections are equal.
and serious systematic errors may occur if the instrumental
profile possesses extensive wings. It is therefore preferahle to employ a high-resolution instrument, if this is
available, and to obtain W by making measurements of transmitted intensity at a number of discrete points on the profile of the absorption line.
The equivalent width is given in terms of the absorption
coefficient by substituting equation (10.15) into equation
(10.17), giving

Referring to equation (10.7) we see that the equivalent width
of an absorption line is determined by the product B^N^L,
or alternatively £ . , N - L when the oscillator strength is inIK 1
troduced. Thus the measurement of equivalent widths is an
important method for determining either oscillator strengths
or atomic densities and further details of these techniques
are given in the sections which follow.

RADIATIVE TRANSFER AND THE FORMATION OF SPECTRAL LINES

299

ML •* 1.
10.4.2. Equivalent width for optically-thin samples,
K

For a column of absorbing gas in which the optical depth at

the centre of the line is small compared to unity, K L < 1,
we may expand the exponential factor in equation (10.19) and
to a good approximation we have

The integral in equation (10.20) is equal to unity since the
lineshape function g(u) is normalized. Also for most transitions in the visible region, the ratio of upper to lower
state populations in thermal equilibrium satisfies

at all temperatures which are attainable in the laboratory.
Thus equation (10.20) reduces to

Introducing the absorption f-value for the transition from
equation (9.48) we have finally (Problems 10.3-10.5)

In the optically-thin case the f-value of an absorption
line can be obtained directly from a measurement of the equivalent width provided that the density of absorbing atoms,
N - , is known. Experiments in which this technique has been
used to determine oscillator strengths of astrophysical
interest are described in section 10.5. Alternatively, if
the f-value of the line is known, a measurement of W enables
w
the density of absorbing atoms to be obtained. This forms
the basis of the experimental techniques discussed in section
10.6.
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10.4.5. Equivalent width for optically-thick samples,
K^L > 1. When the approximation K L < 1 is no longer valid,
the complete expression for the equivalent width, equation
(10.19), must be used. The frequency dependence of the absorption coefficient, equation (10.7), is given by the
normalized line shape g(to) which is usually taken to be a
Voigt function. However, the shape of the Voigt profile
depends on the ratio of the Lorentzian to the Gaussian linewidth parameters, T/A, which is not usually accurately known.
In this case it is therefore difficult to obtain the oscil-,
lator strength of an absorption line directly from a measure-

ment of its equivalent width.

Consequently values of W

are

measured as a function of the density of atoms in the ab-

sorbing gas and a graph of log W

is plotted against log N..

This is a curve of growth. Theoretical curves of growth are
also plotted by evaluating equation (10.19) using a range
of different parameters a = 2T/A as shown in Fig.l0.4(a). At
low densities the equivalent width is proportional to N., in
agreement with equation (10.23), but as N. increases the
curve of growth flattens out and eventually at high densities
it can be shown (Problem 10.6) that

The comparison of the theoretical and experimental curves

of growth enables the best values of r/A and f.^ to be determined.
Experimental results for the resonance line of copper,
2

1/2-4 2P3/2» at 3247 A obtained by Bell and Tubbs (1970)

4 S
are shown in Fig.10.4(b). The full line is the theoretical
curve of growth which gives the best fit to the experimental
data points.

The absorption f-value obtained by this in-

vestigation is f., = 0-43 - 0-02 and is in good agreement
with the results obtained by other techniques.
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Fig.10.4. Equivalent width as a function of the product N^f^L
in optically thick samples, (a) Theoretical curves
of growth for different values of a=2F/A. (b) Experimental curve of growth for the resonance line of
copper, 4 Z S 1/2-4 2P3/2> at 3247 A obtained by
Bell and Tubbs (1970).
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10.5. Measurement of relative f-values by absorption techniques
The first attempts to measure the oscillator strengths
of refractory elements by the absorption method were made by
King and King (1935, 1938). This early work was of limited
accuracy owing to errors introduced by the use of photographic detection and micro-photometry of the plates.

In

addition the measurements gave only relative oscillator
strengths because no reliable information could be obtained
about the number density of absorbing atoms. Bell et al.
(1958) attempted to overcome this difficulty by using an
atomic beam as the absorbing sample and determining the
density by collecting a known cross-section of the beam
on a microbalance. The use of photographic photometry again
led to errors in the measured absolute f-values, which have
been eliminated only by the application of photoelectric
detection techniques as described by Bell and Tubbs
Most of these measurements involved
absorption lines and required the analysis
growth. The discussion of section 10.4.2
siderable simplifications are possible if
is optically thin.

Consequently

(1970).

the use of strong
of curves of
shows that conthe absorbing sample

an apparatus has been de-

veloped by Peach (1969) and Blackwell and Collins (1972)
in the Department of Astrophysics at Oxford for the measurement of the equivalent widths of weak absorption lines in
metal vapours. The main components of this system, which is
shown schematically in Fig.10.5, are discussed in the following sections.
10.5.1. The light source.
In these experiments the profile
of the absorption line is studied under high resolution and
the detector receives radiation contained within a very
small wavelength or frequency interval. Moreover, the
relatively small solid angle of the spectrometer allows only
a small fraction of the light emitted by the source to be
collected. Consequently a source of high intensity is
required and in these experiments the continuum emission from
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Fig.10.5. Schematic diagram of King furnace and spectrometer
for measurements of relative f-values by the absorption technique. (After Collins (1970).)
a high pressure xenon arc is used.
10.5.2. The absorption cell. A few elements, such as the
alkali metals, have appreciable vapour pressures at easily
attainable temperatures and may be studied by using sealed
absorption cells of glass or quartz. However, for astrophysical applications there is considerable interest in the
elements of the first transition series, e.g. manganese, iron,
cobalt, and nickel. For these elements suitable vapour
pressures are only attained at temperatures above 2000 K and
the standard technique involves the use of a carbon furnace
introduced by King (1922) as the absorption cell. At high
temperatures, carbon is one of the few suitable materials
since it reacts only slowly with most metals and has a low
vapour pressure.
A King furnace consists basically of a carbon tube
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mounted in a vacuum enclosure.

The high temperature is

attained by passing a very large current through the tube.
In the Oxford apparatus the carbon tube is 122 cm long,
7.6 cm outside diameter and 5.0 cm bore.

Currents of up to

5000 A at 42-5 V are passed through the tube from a 200 kW
transformer.
The tube and surrounding vacuum jacket are
evacuated to 0-02 Torr by a rotary pump and then filled with
argon at pressures of the order of 5 Torr to reduce the
rate of diffusion of the metal from the hot region of the
tube.
In the derivation of equation (10.23) it was assumed
that the density was uniform throughout the absorbing vapour.
It is therefore important that the temperature

along the

tube is constant. The temperature distribution is measured
by sighting an optical pyrometer on to carbon blocks which
are fixed at intervals along the tube. These measurements
show that the temperature in the tube is uniform to - 10 K
over a length of 80 cm.
10.5.3. The spectrometer and detection system.

The intrinsic

width of a weak absorption line is determined mainly by the
Doppler width characteristic of the furnace temperature.
Thus to obtain detailed measurements across the line profile
it is necessary to employ a spectrometer of high resolving
power.

The Oxford instrument has an dchelle grating with

316 grooves mm , blazed at 63° and used in a Littrow mounting. The grating is 256 x 128 mm, giving a theoretical re-

solving power of 6-93 x 10 in 9th order. A resolution of
95 per cent of the theoretical value has been achieved in

practice. The collimator lens has a focal length of 9-60 m
giving a dispersion of 6-4 mm/A in the focal plane.. The
small free spectral range of the main instrument makes it
necessary to use a small prism monochromator as a predisperser.
Light transmitted by the spectrometer is detected by
an EMI 9558 photomultiplier.

This is combined with a selec-

tive chopper and phase-sensitive detector to generate a sig-
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As the

exit slit of the spectrometer is stepped across the absorption line profile, the output from the phase-sensitive detector is converted into digital form and

punched on paper

tape for detailed analysis, as indicated in Fig.10.5. The
system enables long integration times to be used and has
the advantage that the absorption line profile is measured
from a zero base-line. In addition, source fluctuations are
compensated by a feedback loop which controls the high voltage applied to the photomultiplier. This low noise detection system is capable of measuring the profiles of
very weak absorption lines and so enables experiments to
be performed on the linear portion of the curve of growth.
A typical scan of an absorption line in the spectrum
of iron is shown in Fig.10.6. The detection system has been
calibrated by placing in the beam coated glass plates whose
attenuation has been measured in separate experiments.
10.5.4. Discussion of some typical results. The equivalent
width of an absorption line, such as that shown in Fig.10.6,
may be obtained by integrating the area under the absorp-

tion profile. To obtain the oscillator strength from W
(equation (10.23)-) it is necessary to know the density of
absorbing atoms. Unfortunately in the King furnace the
vapour density cannot be deduced from the measured temperature since the system is not in thermal equilibrium.
There is a constant diffusion metal vapour as atoms evaporate from the hot central section of the furnace and then condense on the cooler outer sections.

Absolute f-values are

therefore very difficult to obtain by this method. However, the ratios of f-values of several absorption lines
which all start from the same lower level i can be obtained
since in this case the unknown atomic density, N., is eliminated. Some of the results for the product g - f - v obtained
1 IK
by Blackwell and Collins (1972) for lines in the spectrum
of neutral manganese are given in Table 10.1.
The results
o
have been normalized to the gf value for the 4030-75 A line
which is arbitrarily taken as 100. There is good agreement
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o
Fig.10.6. Absorption line of iron at 4427 A obtained using
the King furnace and scanning spectrometer shown
in Fig.10.5. The integration time was 1 s per point
and the spectrometer slit was adjusted to give a
= 1-1 x io5. (After Collins (1970).)
resolution
with the results of Ostrovsky and Penkin (19S7) obtained
by the hook-method, but the result for the 4034-49 A line
obtained by Corliss and Bozmann (1962) by the emission method
is in serious error.

This is undoubtedly due to the effects

of self absorption in the source which were emphasized in
section 10.2.2.

The relative f-values

obtained by the ab-

sorption technique for lines which originate on the same
lower level are probably accurate to better than 5 per cent.
The relative f-values of absorption lines which start
on different lower levels i and i' can be obtained if the
ratio of the populations i/N.,
N

is assumed to be given by
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TABLE 10.1.
Relative oscillator strengths for the transitions

a
a

6

S
- z 6P
b
5/2 Z F3/2,5/2,7/2 in the spectrum of neutral manganese.

Wavelength
0

(A)

4030-755

Blackwell
and
Collins
(1972)
gf

Ostrovsky
and
Penkin
(1957)
gf

100

100

Corliss
and
Bozmann
(1962)
gf

L-S

coupling
gf

100

100

4033-073

70-42 - 1-4

71-43

69-6

75

4034-490

46-63 - 1 - 3

48-26

25-3

50

the Boltzmann distribution. This assumption is probably
valid, provided that i and i' are not separated by more than
1-2 eV. In this case we have from equation (10.23)

where L-, and L. ,, , are the effective absorbing path lengths
for the two lines concerned.

These are not equal due to

the fall in temperature from the centre to the ends of the

absorption tube. The ratio L.,,,/L., may be estimated by
assuming that the vapour density at any point is proportional
to the vapour pressure of the pure substance at the local
temperature and that the same temperature determines the
distribution among the excited levels.

Results obtained by

Peach (1969) for lines in the spectrum of neutral iron are
given in Table 10.2. The large error estimate for the

5167-49 A line is due to the uncertainties in the effective

path correction and the measured temperatures.
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TABLE 10.2.

Relative f-values for lines in the spectrum of Fe I
obtained by measurement of equivalent widths

Wavelength

Transition

Energy of
lower level

A)

gf

(eV

7D

5166-29

a 5D

5168-90

a 5D3 - z 7D°

5167-49

a 3F

4

- z

°

4 - z 3D°

0

0-05

1-48

1

1-61 - 0'03

906 - 136

10.6. Determination of chemical composition and atomic densities by absorption techniques

10.6.1. Abundance of elements in the solar atmosphere. Using
the King furnace absorption technique, Blackwell and Collins
(1972) measured the relative f-values of 20 lines in the
spectrum of neutral manganese. These were then converted
to an absolute scale using results previously obtained by
Ostrovsky and Penkin (1957). Many of the same transitions
appear as absorption lines in the solar spectrum, a section
of which is given in Fig.10.7. This spectrum was taken with
the low-noise spectrometer described in section 10.5 combined
with a coelostat. Since the f-values of these lines are now
known it should be possible to obtain the solar abundance
of manganese from a measurement of the equivalent widths
of the observed lines.
Unfortunately the inversion procedure is rather involved. In order to calculate the theoretical equivalent
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Fig.10.7. High-resolution scan of the solar spectrum showing
absorption lines of neutral manganese.
(After
Collins (1970).)
width of a solar absorption line it is necessary to first
construct a model of the Sun's atmosphere giving, amongst
other things, the abundance of important elements and the
variation of temperature and pressure with depth. Using
this model atmosphere the line and continuum absorption
coefficients must be calculated. Finally the equation
of radiative transfer must be solved to give theoretical
line profiles for assumed values of the product gi^^N^,
where N- is proportional to the solar abundance of the
element under consideration.
Calculations along these lines have been performed by Blackwell et <zZ. (1972) using experimentally determined gf-values. When the results were compared with the
measured equivalent widths of the manganese solar absorption
lines they obtained a solar abundance of
log N(Mn) = 5-4 - 0'2 referred to an assumed hydrogen abundance of log N(H) = 12-0. This result is significantly
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larger than the value obtained by Miiller and Mutschlecner
(1964), log N(Mn) = 4-81 - 0-2, using f-values from the
compilation of Corliss and Bozmann (1962). Since it is
known that there are systematic errors in these tabulated
f-values, due probably to the effects of self absorption, it
seems possible that the solar abundance of manganese should
be revised to the more recent result of Blackwell et al.
This view is supported by the inconsistency which has
been discovered between the abundances of elements determined from photospheric absorption lines and those obtained
from the intensity of coronal emission lines (Pottasch (1963,
1964)).

As shown in Table 10.3,- discrepancies of at least

a factor of ten exist for all of the elements in the iron
group. In the case of iron this difficulty has now been
resolved. Recent measurements of f-values of iron by the
beam-foil technique have shown conclusively that previous
f-values for iron obtained by the emission method contained
serious systematic errors and there has been a consequent
revision of the abundance of iron in the Sun towards the
coronal value.
10.6.2. Atomic absorption in spectrochemical analysis.
Atomic absorption spectrophotometry is widely applied in the
metallurgical, medical, agricultural, and industrial fields
for the determination of trace concentrations of many elements. The technique is based on the measurement of the absorbance, ln(I„(0)/I„(L)}, of an optically-thin atomic
vapour at the peak of the absorption line.
(10.7), (10.15), and (9.48) we obtain

From equations

Thus the absorbance is directly proportional to the atomic
concentration N- which it is desired to measure.
A typical atomic absorption spectrophotometer is
shown schematically in Fig.10.8. It consists of a hollowcathode lamp emitting an intense, narrow, and unreversed
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TABLE 10.3
Comparison of solar abundances of iron group elements
derived from photospheric absorption
and coronal emission lines

log N

Element

Corona

Photosphere

Hydrogen

Goldberg
et a!. (1960)

Miiller and
Mutschlecner
(1964)

12 ' 0

12-0

Pottasch
(1964)

12-0

Chromium

5-36

5 '07

6-0

Manganese

4-90

4-81

5-7

Iron

6-57

6-70

7-87

Cobalt

4-64

4-41

5-6

Nickel

5-91

—

6-72

line of the element which it is desired to measure.
Usually
the resonance line of the element is chosen. The absorbing
vapour is formed by spraying a solution of the material for
which the analysis is required into the flame of a carefully
designed burner. A mixture of air and acetylene burning at
2325°C is most commonly used, but for elements which form
refractory compounds it may be necessary to employ the
nitrous-oxide/acetylene flame which burns at 2700°C. In the
flame the solvent rapidly evaporates and chemical compounds
undergo thermal dissociation to form an atomic vapour containing the element of interest.
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Fig.10.8. Schematic diagram of an atomic absorption spectrophotometer used for chemical analysis.
Light from the hollow-cathode lamp is focussed into
the flame and then refocussed on to the slit of a monochromator. The monochromator serves simply to isolate the
spectral line chosen for analysis and thus only a moderate
resolving power is required. The light is detected by a
photomultiplier and the absorption signal is obtained by
phase-sensitive detection using the double beam and
chopper arrangement shown in Fig.10.8. This eliminates
background emission from the flame and enables a.c, amplification to be used. The absorbance may be obtained directly by incorporating a logarithmic amplifier and the signal
is displayed either digitally or on a moving-coil meter.
The instrument is usually calibrated by measuring
the absorbance produced by a range of standard solutions
and then plotting an empirical working curve. In this way
atomic absorption spectrophotometry may be used for the
analysis of some 68 elements and in many cases the limit
of sensitivity is as low as O'l parts per million. Unfortunately the assumption that the linewidth of the source
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is negligible compared with the linewidth of the absorption
coefficient of the flame is not in fact correct and the
linear relation predicted by equation (10.26) holds only at
the lowest concentrations. For direct absolute measurements of atomic densities these line profiles must be considered in detail. This forms the subject of the following
section.
10.6.3. Measurement of atomic densities by optical absorption
A knowledge of the densities of atoms in the ground and metastable levels is often essential for the interpretation of
data in atomic collision experiments. This is particularly
true for the alkali metals where optical pumping experiments
are frequently used to determine collision cross-sections.
Since data obtained from vapour pressure tables are unreliable, the required densities are often obtained by
measuring the absorption of the gas or vapour when illuminated by light of the resonance or other suitable lines.
The f-values of the resonance lines of the alkalis are known
from direct lifetime and Hanle effect experiments and it
should therefore be possible to obtain accurate vapour
densities.
Absorption techniques which require no spectral resolution and in which the profile of the resonance lamp must
be assumed rather than determined experimentally are described by Mitchell and Zemansky (1966). These methods were
used in early experiments such as the work on the population of metastable levels in inert gas discharges reported
by Ladenburg (1933). Unfortunately systematic errors are
difficult to avoid in these experiments since the profile
of the resonance lamps is usually considerably distorted
by self absorption or even self reversal. Both of these
effects vary noticably with lamp design and operating conditions .
Most of these uncertainties may be avoided by measuring the lamp and the absorption profiles using a pressurescanned Fabry-Perot e"talon and the techniques of high-
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resolution spectroscopy described in section 8.7. The
gradual improvements that have been made in this method are
described by Jarrett and Franken (1965), Gibbs and Hull
(1967), and Gallagher and Lewis (1973). The apparent spectrum of the lamp is given by the convolution of the actual
source spectrum S(w') with the instrumental transmission
function T(u-w'):

Similarly, after passing through the absorption cell of
length L, the- apparent absorption spectrum is

In the limit that the instrumental profile is very much
narrower than the emission and absorption profiles, the

measured absorbance, ln{I (0)/I (L) }, would approach the
value given by equation (10.26) with S(WQ) replaced by g(u).
This situation is difficult to achieve in practice owing
to the narrow widths of the Doppler-broadened lines. Thus
equations (10.27) and (10.28) must be evaluated using the
known .instrumental function T{a>-u') and assumed values of
the lamp profile and the absorption coefficient until there
is agreement with the observed emission and absorption
spectra. This procedure determines the absorption coefficient K w and hence the atomic densitv.
'
Results obtained by Gallagher and Lewis (1973) for
the vapour density of rubidium are shown in Fig.10.9. Also

shown is a plot of the density N in atom cm calculated
from the expression

which was obtained by Nesemeyanov (1963) from a weighting
of various vapour pressure data. The excellent agreement
is perhaps fortuitous since some of the individual data
used by Nesemeyanov differ by up to 60 per cent from the
results of Gallagher and Lewis (1973), thus indicating the

RADIATIVE TRANSFER AND THE FORMATION OF SPECTRAL LINES

315

Fig.10.9. Vapour density of rubidium as a function of temperature. • , experimental measurements of
Gallagher and Lewis (1973). The line plots
equation (10.29) with A=4S29-6, B=2-991, C=15-8825,
and D=0-00059.
need for accurate measurements by the absorption technique.
Problems
10.1. Show that the ratio of the emission coefficient to the
absorption coefficient for a gas in thermal equilibrium at 2000 K is of the order of 10"13 Jnf2 at a

wavelength corresponding to w=4 x 10 s . Hence in
the visible region of the spectrum spontaneous emission from gases is quite negligible unless they are
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excited, either by an electric discharge, or by some
other means.

10.2. A collimated beam of light from a xenon arc, effective

temperature 10 K, is passed through an atomic absorption cell contained in a furnace at 2500 K. Calculate
the ratio of the intensities of radiation emitted by
the arc and the cell at the frequency

corresponding

to h.oi = 3 eV, assuming that both emit as black-body
sources at their respective effective temperatures.
(Ans: 2-85 x lo"5).
10.3. Making use of the concept of the atomic absorption
cross-section introduced in Chapter 9, show that the
equivalent width of an optically-thin column of gas
of density N and length L is given by

Hence derive an expression for W in terms of the oscillator strength of an atomic absorption line.
10.4. Collimated light from a tungsten lamp is passed through
a column of sodium vapour 1 cm long containing 10

n

.sodium atoms cm at a temperature of 500 K. The wave2
» Pi/
length of the sodium D, line,2 3 S,.~-3
2

is

5896 A and its absorption oscillator strength is
0-325.

Show that the column of vapour is optically

thin at this wavelength and that the equivalent width
of the absorption line formed by the vapour is

5-42 x io7 s"1.

10.5. An absorption spectrum is formed by passing a collimated beam of light from a tungsten filament lamp
through a column of iron vapour 10 cm long containing

3-5 x io atoms cm at a temperature of 1600 K.

Calculate the oscillator strength of the absorption
o
line at 4430 A whose equivalent width is measured as
W

A = 8-13 x IO"3 A\ (Ans: fiR = 1-337 x IO"4).

10.6. At high densities the atomic lineshape function, g(oO,

»
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may be represented by a Lorentzian distribution of
half width, r.

When, under the same conditions, the

equivalent width of a spectral line is measured in an
optically-thick sample, show that

(Hint: replace the continuous intensity distribution
of the lamp by a Gaussian emission profile,
2
2

I(ai) = I(w
ki)exp{-a (io-<jjki) *}, and calculate the limit

of Wu(a) as a ->• 0) .
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Population inversion mechanisms
in gas lasers
Conventional light sources rely either on thermal emission
from incandescent solids at high temperatures, e.g. lamps
with tungsten filaments operating at 2000-3000 K, or on
spontaneous emission from atoms and molecules excited by
collisions in electric discharges, e.g. fluorescent, discharge tubes, mercury and sodium arc lamps. It is found
that the widths of the spectral lines emitted by such sources
are quite large, = 1000 MHz.

Also, at two spatially separa-

ted points on the same wavefront, the phases of the electric
fields are completely uncorrelated unless the points considered are very close to one another. These sources are
therefore said to be spatially and temporally incoherent
and consequently are of very limited utility in holography
and long path-difference interferometry. Moreover, the
intensity of radiation emitted by such sources cannot exceed that of a black body at the effective temperature of
the source, as we have seen in section 10.2.2.
In contrast the light emitted by a laser is generated
by stimulated emission in an optical resonator. As a result
the radiation has high spatial and temporal coherence which
is not found in light emitted by any other source.

In ad-

dition, the energy densities of radiation in laser beams
are equivalent to those emitted by black-body sources at
2 5 K. These unique protemperatures in the range 10 1 5
-10
perties of laser radiation have proved a great stimulus
to fundamental and applied research over the last fifteen
years.
In this and the two subsequent chapters we shall
discuss the basic physics of gas lasers and show how they
have led us to a deeper understanding of the interaction
of light and atoms (Problem 11.1).
11.1. Introduction
A laser amplifier consists of a gas, liquid or solid
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sample in which the intensity of an electromagnetic wave is
increased by power supplied from the medium through the
stimulated emission of radiation, hence the acronym laser:
Light Amplification by Stimulated Emission of Radiation. As
in radio or microwave electronics an amplifier at optical
frequencies may be converted into an oscillator by providing
positive feedback. This is achieved by enclosing the amplifying medium in an optical cavity formed by two highly-reflecting plane or concave mirrors. Provided that the gain in
the medium is sufficient to overcome the losses in the cavity,
oscillation will occur and the characteristic laser output
beam will be observed. As an electromagnetic wave propagates
through the amplifying medium, energy will be given to the
wave by stimulated emission while simultaneously it is abstracted from the wave by the reverse process of absorption.
In order that there should be a net amplification on a transition connecting non-degenerate states, it is necessary that
the number density of atoms in the upper level should exceed
that in the lower laser level. This fundamental requirement
is known as a population -inversion.
The first experiments in which a medium with an inverted population was used for the amplification of electromagnetic radiation were performed by Gordon, Zeiger, and
Townes (1954). They used a beam of ammonia molecules and
obtained oscillation on the 24 GHz microwave inversion transition. The possibility of extending these experiments to
the coherent amplification and generation of infrared and
visible frequencies was suggested by Schawlow and Townes
(1958). Laser oscillation at 6943 A was first successfully
demonstrated by Maiman (1960) using a ruby rod which was
optically pumped by a pulsed xenon flash lamp. Soon afterwards Javan et al. (1961) reported continuous wave (C.W.)
laser oscillation at 1-15 ym and four other infrared wavelengths using a gas discharge in a mixture of helium and neon.
o
Visible output at 6328 A was later obtained from a similar
laser by White and Rigden (1962). Since then laser oscillation has been obtained on many hundreds of radiative
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transitions in atomic and molecular gases, liquids, and
solids under both pulsed and continuously operating conditions. Lasers are now widely used in distance measurement and alignment devices, holography, atomic and molecular physics, and many other areas of pure and applied
science. This rapid development is described in a useful
collection of Scientific American articles entitled Lasers
and Light edited by Schawlow (1969). More detailed reviews
of the early work in this field have been published by
Bennett (1962, 1965).
The main purpose of this chapter is to examine the
mechanisms by which population inversions are created in
the most important of currently available gas laser systems.
First, however, we derive detailed expressions for the gain
coefficient in gas discharges and consider the conditions
that must be satisfied by the radiative lifetimes and collision rates involved to ensure that gain should exist in
steady state systems.
11.2. Population inversion and the atomic gain coefficient
The propagation of light through an excited gas was
considered in detail in Chapter 10. If spontaneous emission
is neglected, the intensity of radiation of angular frequency u emerging from a column of gas of length L, I (L),
is related to the intensity of radiation incident at z=0
by

where K(U) is the absorption coefficient given by equation
(10.7). Introducing the relation between the Einstein Aand B-coefficients, equation (9.20), the absorption coefficient becomes

where g(to) describes the atomic lineshape.

For systems in
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thermal equilibrium the population densities per magnetic
sub-level are related by the Boltzmann factor

as shown in Fig.ll.l(a). Consequently the absorption coefficient is positive at all frequencies, K (o>) > 0, and the
beam transmitted through the gas is attenuated. This is
the situation which exists in most gas discharges. However, there are now many systems in which, under special
conditions, a population inversion, N,/g, > N./g., can be
K
K
1 1
created between two or more levels, as shown in Fig.11.1(b).
In this case K(IO) < 0 and a beam of radiation whose angular

frequency is close to that of the transition w, . will be
amplified as it passes through the medium. The amplification or gain coefficient at the angular frequence to may be
defined as

The gain coefficient, a (w), given by equation (11.4) is
known as the small signal or unsaturated gain coefficient.
It determines the gain which exists before amplification of
radiation or laser oscillation starts to draw energy from
the system thus reducing the population inversion,

(N,/g, - N./g.)> below the value which exists in the ab1C

K

1

1

sence of radiation. This topic is treated in detail in
sections 13.3-13.5 below.
11.2.1. Inhomogeneous broadening. We shall be concerned
mainly with laser lines connecting two stable atomic or
molecular levels. Thus in general the lineshape g(w) must
be represented by a Voigt profile, equation (8.45), and no
simple expression for the gain coefficient is possible. However, for laser transitions in the ultraviolet and visible
regions of the spectrum, the line profile is dominated by
Doppler broadening and in the limit that the Lorentzian
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Fig.11.1. Population densities of excited atoms per magnetic sub-level for gas discharges in which
(a) thermal equilibrium exists,

k/gk =(Ni/gi)exp{-(Ek-Ei)/kT}, and the absorption

N
coefficient of the gas is positive at all frequencies; (b) a population inversion exists be-

tween the levels k and i, N,/g,
> N .1/ g1
- , and light
K
K

at the frequency w, ^/Zir will be amplified by
s t i m u l a t e d emission of radiation.
width is much smaller than the Doppler width we have

where the li.newid.th parameter A is given by

By substituting in equation (11.4), the explicit expression
for the gain coefficient in the limit of dominant Doppler
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broadening becomes (Problem 11.2)

It is important to realize that in this situation the standing electromagnetic wave in the cavity at the angular frequency u> is able to interact only with those atoms whose

axial velocities ±v cause them to be Doppler shifted into
resonance, that is

The electromagnetic field in the laser therefore draws
energy from only a small fraction of the total excited state
population and consequently this is termed an inhomogeneously
broadened transition.
11.2.2. Homogeneous broadening. The Doppler width of
spectral lines decreases as we go from the visible into the
infrared region of the spectrum and eventually the line profile will be dominated by collision or natural broadening.
In this case the gain coefficient has the familiar Lorentzian line profile:

and is given explicitly by

In contrast to the situation discussed in the previous section, all excited atoms in the medium can interact with
the wave of angular frequency u and the transition is said
to be homogeneously broadened. In the limit that the tran-

sition is dominated by natural broadening, r, . ->- A, . , the

POPULATION INVERSION MECHANISMS IN GAS LASERS

325

maximum value of the gain coefficient is given by

where AN = (N,/g,
K
K - N./g.)
1 1 may 'be termed the population
inversion density.

Thus for a given inversion density the

maximum gain decreases inversely as the square of the transition frequency. This is one of the reasons why laser oscillation is easier to achieve in the infrared than in
the visible region of the spectrum and accounts partly for
the dearth of laser transitions in the near and vacuum
ultraviolet region (Problem 11.3).
U.S.

Transient and steady state population inversion
Laser emission on some atomic and molecular transitions
can be obtained only in a pulsed mode of operation using
very rapid discharges. The nitrogen molecular band system
at 3371 R and the copper vapour lines at 5106 A and 5782 A
are examples of this kind of transition. It is found that in
these cases the radiative lifetime of the lower laser level
is longer than that of the upper laser level, thus the populations of the two levels concerned can only be transiently
inverted. This inversion is rapidly destroyed by the accumulation of atoms in the lower level and the laser pulse,
lasting typically 5-10 ns, is self -terminating. Because
of the high gain and short inversion times these lasers are
frequently operated without feedback mirrors. The output
then consists of amplified spontaneous emission and these
devices are sometimes misleadingly referred to as 'superradiant lasers'.
Most other laser systems can be operated either on a
long pulse, > 1 vis, or on continuous wave output provided
that the problems connected with the supply of the necessary
electrical power and its dissipation in the discharge tube
can be solved. We now wish to derive the conditions which
must be satisfied by the lifetimes and collision rates of
the levels involved in order that a steady population in-
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version may be achieved in gas laser systems.
11.3.1. Necessary conditions for steady state inversion.

In

solid and liquid state lasers the existence of broad absorption bands means that the population inversion can be
created by optical excitation using high intensity flash
lamps. This process is sometimes called 'optical pumping',
a term which we prefer to reserve for the experiments involving free atoms and polarized light which are described in
Chapter 17. This method is impracticable for most atomic
and molecular gases due to their very narrow absorption lines,
and consequently the population inversion is usually created
by atom-atom or atom-electron collisions in an electric discharge.
In order to derive the conditions necessary for steady
state population inversion in a gas discharge, let the upper
level be populated by collisions and radiative cascade from

higher excited levels at the total rate S, atoms m3 s , as
shown schematically in Fig. 11. 2. The corresponding rate for
the lower laser level, S., specifically excludes the cascade
contribution from level k to level i since, as we shall see
later, this particular mechanism plays a significantly different role from those of the other contributing processes.
The effective lifetimes of the two levels under the conditions existing in the discharge are taken as T^ and T^.
These are determined by the sum of the spontaneous transition
probabilities to lower levels and by the rate of destruction
produced by collisions with electrons and neutral atoms.

For

instance T, is given by

The exceptions to this rule include the cesium vapour
laser described by Rabinowitz et al. (1962) which is pumped
through an accidental coincidence with the intense helium line
at 3888 A, and the atomic iodine laser at 1-315 urn which is
pumped by broad-band photodissociation of organic compounds

of iodine, such as CFjI and CHjI (Kaspar and Pimental 1964).
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Fig.11.2. Rates of the population and destruction processes
for the levels k and i in a gas discharge.

where 0 and a are the velocity-averaged cross-sections for
destruction by collisions with electrons and

neutral atoms

whose densities are given by N and N respectively. An expression similar to equation (11.12) applies for the total

decay rate, I/T., of the lower level. Usually I/T^ and
1/T- are dominated by the radiative decay rates although
atomic collisions often make significant contributions.

In

the steady state the rates of change of the population densities of the upper and lower level are zero, giving

and
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where the term A, .N, accounts for the rate at which atoms
are fed into the level i by spontaneous decay from the level
k and the superscript zero indicates that the intensity of
radiation at the angular frequency w, . is assumed to be negligible.

The equilibrium population densities are given by

and

Thus a steady state population inversion, N,/g,
> N./g.,
K K
1 1

will be obtained only if the rates of excitation and decay
satisfy the condition

Assuming for the moment that the spontaneous decay

rate A, . is negligible, we see that the required population
inversion can be achieved most easily if two conditions are
satisfied. Firstly, the pumping rate to the upper level, S, ,
should be very much larger than the pumping rate to the lower
level; that is, a selective population mechanism should exist.
Secondly, the lifetime of the upper level, T, , should be much

longer than that of the lower level, T-.
Unfortunately the excitation rate to the lower level
can never be zero since even in the absence of collisions
with atoms and electrons, the lower laser level is populated
by spontaneous emission from the upper level k at the rate

N-.A, ^. A minimum requirement which must be satisfied for a
steady state inversion to be possible may be obtained in
this case by substituting S.=0 into equation (11.15) giving

Very approximately this condition means that the lifetime
of the upper level must exceed that of the lower level and
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that unless this is satisfied, C.W. laser oscillation is
impossible. This is the reason for the inherently pulsed
mode of operation of the super-radiant molecular nitrogen
transition at 3371 A referred to in section 11.3. In this
laser the lower-level lifetime, T. * 10 ys, is much longer
than that of the upper level, T, * 40 ns, and the output is
self-terminating some 7-10 ns after laser action first
commences (Problem 11.4), unless some impurity gas is employed to selectively quench atoms in the lower level.
The condition set by equation (11.16) is, however,
only a minimum requirement and even if this is satisfied,
C.W. laser oscillation may not be possible for collision
processes in the discharge may prevent the attainment of a
population inversion by creating lower-level atoms at an
excessive rate, S^O. Many gas laser systems therefore rely
on a combination of both a favourable lifetime ratio and a
selective population mechanism. To close this discussion
we should point out that equations (11.15) and (11.16)
illustrate an important application of the lifetime measurements discussed in Chapter 6, particularly for the case of
neon and the other noble gases mentioned in section 6.3.5.
11.4. Population inversion mechanisms in gas lasers
11.4.1. Introduction. By considering the equilibrium populations of excited atoms in a gas discharge, Basov and
Krokhin (1962) have derived expressions enabling the conditions under which gain will exist to be specified. However, the collision processes occurring in a gas discharge
are so complex and so few of the necessary cross-sections,
such as a and a in equation (11.12), are accurately known
that it is impossible to predict theoretically which atomic
and molecular species will be useful as gas lasers and on
which transitions inversion will be obtained. Most laser
transitions have been discovered by empirical investigation
of systems which appeared to be promising on some rather
general and often speculative arguments. We therefore present a discussion of the five types of population mechanisms

330

POPULATION INVERSION MECHANISMS IN GAS LASERS

which are mainly responsible for inversion in gas lasers
without attempting a detailed analysis of any particular
system. Although laser oscillation has been obtained on
many hundreds of atomic and molecular transitions, we will
have space to mention only those systems which seem to be of
most importance at the present time.

Measurements of the

collision cross-sections relevant to some of these systems
have already been considered in Chapter 7.
11.4.2. Resonant energy transfer between atoms - the He-Ne
laser. Laser oscillation in gases was obtained first using
a helium-neon discharge as the active medium. This is still
an important system, the red He-Ne output at 6328-A being
probably the only laser line with which most people are
familiar. Since the discovery of the He-Ne system in 1961-2
many detailed investigations have been completed and consequently our understanding of it is perhaps the most complete of any laser system.
(a)

Population by inelastic atom-atom collisions.

When an

electric discharge is run in pure helium at pressures of the
order of 1 Torr, large populations of atoms accumulate in

the two metastable levels 2 1SQ

and 2 S.^ These metastable

levels are populated mainly by direct electron excitation
from the ground level but also receive some contribution by
radiative cascade from higher levels. At current densities
_2
of K 200 mA cm
the steady state population in the metastable level approaches 10

-5

of that in the ground level.

The metastable atoms can be destroyed by collisions with
atoms or electrons or by diffusion to the walls of the discharge tube.
If a small amount of neon is added to the helium discharge the mean electron energy is not appreciably altered;
a helium-neon ratio of approximately 7:1 has been found to
be optimum for discharge tubes of 6 mm bore. Collisions then
occur between the metastable helium atoms and ground level
neon atoms. As shown in Fig.11.3 there is a close coincidence between the 2 3S1 metastable level of helium and the 2s 2
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(In Fig.11.3 the Paschen no-

tation has been used for the neon levels.

The numerical sub-

scripts in this notation have no spectroscopic significance
and it is used simply as a concise method of labelling the
levels. The correspondence between the Paschen notation
and the j-l coupling notation introduced by Racah is given
in tables of atomic energy levels (Moore 1949). However, in
neon and the other inert gases most of the levels can be
correctly represented only in intermediate coupling.)
1

A

similar coincidence exists between the helium 2 S~ metastable level and the 3s- level of neon, AE=0-05 eV, and
resonant transfer of energy of excitation occurs in atomatom collisions:

The energy defects involved in these reactions are of the
order of kT and the cross - section for excitation transfer
-16
-17
may be expected to be quite large, of the order of 10
-10
cm , as explained in section 6.2.4 (Problem 11.5).

The total

destructive collision cross-sections of helium metastables

-17

by neon atoms have been measured as a = (3-7 - 0-5) x 10
1
1 1and 2 S Q 0
levels respectively. Thus the collisions defined by equations (11.17) and (11.18) provide a selective excitation

cm2 and a = (4-1 - 1-0) x 10~16 cm2 for the 2 3S
mechanism for the 2s^ and 3s2 levels of neon which is important for the attainment of a population inversion, as
shown by equation (11.15).
(b) The existence of favourable lifetime ratios. In neon
the 2s, and 3s2 levels are connected to the ground level
by strong allowed transitions in the vacuum ultraviolet
and at very low pressures they have short radiative lifetimes, * 10-20 ns, as the measurements of Lawrence and
Liszt (1969) have shown. However, at neon pressures greater
than 0-1 Torr there is almost complete resonance trapping
of these lines and the effective lifetimes are increased to

332

POPULATION INVERSION MECHANISMS IN GAS LASERS

Fig.11.3. Energy levels of helium and neon showing the dominant excitation mechanisms and the neon transitions
responsible for laser action in the visible and
near infrared.
T(2s2) = 0-96 x io" 7 s and T(3s2) =.1-1 * 10"7 s. In contrast Bennett and Kindlmann (1966) have shown that the lifetimes of the levels of the 2p 3p configuration are all of
the order of 20 ns, in particular x(2p.) = 18-5 ns. Detailed
values for the other levels are given in Table 6.1. Consequently in addition to the selective population mechanism,
there also exists a favourable lifetime ratio, and a steady
state population inversion can be maintained between the
2s- and 2p. levels, producing C.W. laser oscillation at
1-15 urn. This was the strongest of the five gas laser tran-
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Similar in-

versions exist between the levels (Ss^-Sp.) and (3s~-2p.)
giving strong laser oscillation at 3-39 pm and 6328 A respectively.
Inelastic collisions with helium atoms in the 2 S n
and 2 3S, metastable levels are only 'moderately specific
and other levels of the 3s and 2s groups are also populated.
Since favourable lifetime ratios exist for all the transitions between the levels of the 2p55s, 2p 4s, and 2p 3p
configurations, many other lines have been made to oscillate
on C.W. output; some of these are given in Table 11.1. However, the lines at 6328 A, 1*15 Pm and 3-39 ym remain the
strongest and most useful of the He-Ne laser .transitions.
(c) Details of laser construction. The amplifying medium of
the first gaseous optical maser was excited by a 50 W radiofrequency discharge and the optical cavity was formed by
highly reflecting plane mirrors which were located inside
the evacuated discharge envelope. This arrangement is
experimentally very inconvenient. Moreover, as will be explained in section 12.2 below, it was necessary to maintain
the parallelism of the mirrors to within 6 arc seconds to
obtain a cavity Q factor which was sufficiently high for
oscillation to take place.
The construction of present medium power He-Ne lasers
is shown in Fig.11.4. The laser is powered by a d.c. discharge between internal electrodes running typically at
25-50 mA at =* 2000 V. Amplification is obtained in the
positive column of the discharge but unfortunately this
region is extremely sensitive to impurities in the discharge. Contamination of the gas can be prevented by a
higli temperature bake-out under vacuum and by careful attention to the cleanliness of electrode materials. The
optical cavity is formed by concave mirrors mounted externally on a rigid base and provided with fine angle adjustments. The alignment of the concave mirrors is much
less critical than that of a plane mirror cavity. The discharge tube is terminated in windows set at the Brewster

TABLE 11.1
A

88

lection of the neon C.W. laser transitions excited in a helium-neon discharge

Transition configurations
- 5,
3p
2p 5 5s -> 2p

Transition configurations
2p 5 4s; -> 2p53p

Transition configurations
2p55s - 2P54p

Wavelength
(ym)

Wavelength
(ym)

(Paschen
notation)

Wavelength
(ym)

1-080
1-084
1-114
1-118
1-139
1-141
1-152
1-160
1-161
1-177
1-198
1-207
1-523

2s, -> 2p7
2s2 + 2p6

2-782
2-945
3-318
3-333

3s3 +
3s . -»•
3s4 ->•
3s, -»•

2p g
2p5
2p4
2p ,

3-335

3s5 - 3p9

2s , -»• 2p r

3-583
3-981

0-5939
0-6046
0-6118
0-6293
0-6328
0-6352
0-6401
0-7305

(Paschen
notation)

3s2 - 2 Pg
3s2 -* 2p?
3s2 + 2p6
3s9Z -> 2p ro

3s2 -> 2p4

3s 2 - 12p3
3s2 -* 2p2
3s2 -> 2p1

2s4 - 2pg

2s5 - 2p9
2ss
2s2
2s2
2 s7

->
-»•
+
•+•

2s22 - 2p22
2s3 - 2p2
2s5 - 2p6
2s

2 "*

2p

l

3-390
3-391
3-448

(Paschen
notation)

Z

3s2
3s2
3s4
3sr5
3s4

->
H->•
•>

3p?
3p,0
3p8
3pr
o

3p2
3p4
3p?
3p,
F
6
3p3
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These eliminate the reflection loss for the com-

ponent of the electric field linearly polarized in the plane
of incidence, but lead to an output beam which is almost
completely linearly polarized. Further details of laser
cavity design are discussed in section 12.5 below.
An even simpler method of construction is used in low
o
power 6328 A He-Ne lasers, in which the mirrors are sealed
directly on to the ends of the capillary discharge tube.
The thick walled capillary provides mechanical stability and
no mirror adjustments are required. The output of these
devices is typically 0 - 5 - 1-0 mW and the beam is unpolarized.

Fig.11.4. Schematic diagram of external mirror He-Ne laser.
(d} Input/output power characteristics of He-Ne lasers. It
seems plausible to expect that the density of helium metastable atoms, and hence the output power of the He-Ne laser,
could be increased by simply increasing the current through
the discharge. However, the results of White and Gordon
(1963), shown in Fig.11.5, clearly demonstrate that, for
a given pressure and tube diameter, there is a well-defined
optimum current. As the discharge current is increased
beyond this value the laser output power decreases until
eventually oscillation ceases altogether.
To account for this behaviour several different factors

336

POPULATION INVERSION MECHANISMS IN GAS LASERS

must be considered, the most important of which is the equilibrium helium metastable density, N, . This is determined
by a balance between the electron excitation rate and the
destruction rate produced by the combined effects of inelastic electron collisions and diffusion to the walls. Thus
in the limit of low neon density, 'the ratio of the helium
metastable density to the helium ground state density, NQ ,
is given by (Problem 11.6)

where a,., and a,g are the velocity- averaged electron excitation and destruction cross-sections respectively, T -,
is the metastable loss rate due to diffusion and collisional
excitation transfer to neon atoms, equation (7.30), and n
is the mean electron density.

Since n

is proportional-

to the discharge current density we would expect that the
ratio N../NQ would approach a constant value at quite moderate
discharge currents. This behaviour has been observed experimentally by White and Gordon (1963).

However, the mea-

sured metastable densities are several orders of magnitude
less than the theoretical value predicted by detailed balancing:

since in equation (11.19) we have neglected the metastable
loss rate produced by ionizing collisions. Nevertheless it
is generally correct to say that the maximum output power
of lasers, such as the He-Ne and He-Cd systems which are
pumped by collisions with metastable species, are restricted
to < 100 mW by the saturation of the metastable density.
The density of atoms in the lower laser level is determined mainly by the equilibrium between direct electron excitation from the ground level and radiative decay, giving
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where N is the neon ground state density and T- is the
effective lifetime of the level determined by equation
(11.12). From equations (11.19) and (11.21) we find that

the gain coefficient at the line centre, a (tu, •), which is
0
0
proportional to (%/gT,
" Ni/Sj),
is expected to vary with
discharge current, I, as

where K,, K^ , and K, are constants involving the electron
collision cross-sections. As Fig.11.5 shows, this simple
expression fits the measurements of the unsaturated gain
on the 3-3-9 ym line remarkably well. It has been found experimentally for a range of discharge tube diameters, d, extending from 1-15 mm that the optimum gain occurred at a
constant value of the product pd *> 3-6 Torr mm where p is
the total pressure. This is consistent with equation (11.22)
and arises from the fact that as the diameter or pressure is
changed the balance of creation and destruction processes
is shifted permitting the use of higher currents before
metastable saturation is reached, a point which is discussed
in more detail by Gordon and White (1963).
At very high current densities a large population
builds up in the neon Is resonance and metastable levels.
This also causes a reduction in the observed gain since the
population of the lower laser level is increased by the combined effects of stepwise electron excitation and radiation
trapping of the 2p ->• Is neon transitions. However, this
neon 'metastable bottleneck' is certainly not the main
effect limiting the output power of He-Ne lasers.
11.4.3. Resonant energy transfer between molecules - the
^-CO^ laser. The quantum efficiency of the He-Ne laser,
defined as the ratio of the energy of the emitted photon
to the energy of excitation of the upper laser level, is
quite low, being less than 5 per cent for most transitions.
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Fig.11.5. Unsaturated gain on the neon transition 3p^ - 3s2
at 3-39 ym as a function of discharge current.
Gas conditions are 5:1 HerNe mixture;
pd = 3-6 Torr mm, d = 6 mm. Experimental results
are given for both He 4-Ne and He 3-Ne gas mixtures.
(After White and Gordon (1963).)
The actual operating efficiency, defined as the ratio of
optical output power to electrical input power, is smaller
by a factor of approximately one hundred since only a small
fraction of the collisions in the discharge produce atoms in
the upper laser levels. In an attempt to overcome this low
efficiency Patel (1964a,b) investigated the possibility of
laser oscillation on vibrational-rotational transitions in
the carbon dioxide molecule. In the initial experiments
laser oscillation at several wavelengths around 10-6 pm and
9'6 pm was achieved, but the output power was quite low.
Subsequently Patel (1964c,1965) obtained increased output
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power by mixing the carbon dioxide with molecular nitrogen,
but more significantly operating efficiencies of 20-30 per
cent were obtained. Carbon dioxide lasers with C.W. output
powers of several kW are now widely used for machining,
welding, and refining metals, while pulsed systems with.peak
powers of 10 GW or more are important in current research in
the field of thermonuclear fusion in laboratory-generated
plasmas. We shall therefore now consider some of the physics
of this important laser system.
The molecular vibrational levels pertinent to the
C02-N2 laser are shown in Fig.11.6. Each vibrational level
is associated with a set of closely spaced rotational levels
which are not included in the diagram for the sake of clarity. Nitrogen is a homonuclear diatomic molecule and hence,
by symmetry arguments, it cannot possess a permanent electric
dipole moment. Thus radiative decay of the excited vibrational levels of the lowest electronic state of the nitrogen
molecule is strictly forbidden and the lifetimes of these
levels are therefore quite long, « 0-1 s at 1 Torr, being
determined by collisional destruction and the diffusion
loss to the walls. It is found that between 10-30 per cent
of the nitrogen molecules in the laser discharge accumulate
in the v=l level.
The internal vibrations of the triatomic carbon dioxide molecule can be represented approximately by linear
combinations of three orthogonal normal modes of vibration
The state of the vibrating molecule is given by a set of
three vibrational quantum numbers (v-v-v,) corresponding
to the degree of excitation of each of the three normal
modes, namely the symmetric stretching mode represented by
the states (v-,00), the symmetric bending mode represented
by (OV20), and the asymmetric stretching mode represented by
(OOv,). From Fig.11.6 it is clear that the excited vibrational level 001 of the carbon dioxide molecule is in nearperfect coincidence (AE=18 cm ) with the highly populated
v=l vibrational level of molecular nitrogen. Consequently
a very efficient and selective population of the 001 level
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Fig.11.6. Partial energy-level diagram showing low lying
vibrational levels of nitrogen and carbon dioxide
together with the CO- infrared laser transitions
pumped by vibrational energy transfer.
occurs by resonant transfer of energy between nitrogen and
carbon dioxide molecules.
In addition to this selective excitation process, the
001 vibrational level also has a favourable lifetime ratio
with respect to the 100 and 020 levels.

Consequently in a

wide bore N^-CO^ discharge tube at *» 10 Torr pressure, strong
laser oscillation occurs at 10-6 urn and 9-6 urn on the closely
spaced rotational transitions of the 001 -»• 100 and 001 ->• 020
bands of carbon dioxide.

It has been found that the operating

efficiency can be increased to 30 per cent by the addition
of helium to the discharge.

This high overall efficiency

is the result of a combination of the following factors:
(a)

the levels involved all belong to the electronic
ground state of the molecule resulting in a quantum efficiency of approximately 45 per cent;

(b)

a very large fraction of the excited nitrogen
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molecules accumulate in the v=l level;
(c)

a large fraction of the carbon dioxide molecules
excited by electron impact rather than resonant
energy transfer still accumulate in the 001 level
as a result of energy sharing collisions with
molecules in the 000 level;

(d)

there is an efficient depopulation of the lower
laser levels which is increased still further by
the addition of helium to the gas mixture.

Having briefly considered examples of lasers using
gases of neutral atoms and molecules, we must now discuss
the possibilities which exist for laser action in ionized
species .

11.4.4. Penning ionization collisions with He ( 5.,).
atoms in the 2

3

->•—

Helium

S, metastable level possess a large amount
of internal energy, as shown in Fig. 11. 3. When these metastable atoms collide with atoms of another

species of low

ionization potential, for instance atoms of a metallic element M, it is possible for this energy to be used in ionizing
the metal atoms.

This is an example of a process known as

Penning ionization.

In the case of the metastable helium

atom enough energy may be available for the

metallic ion to

be simultaneously raised to an excited level:

Penning ionization collisions of the type represented by
equation (11.23) were proposed as the main excitation mechanisms for certain laser transitions discovered in the spectra
of zinc and cadmium ions which are listed in Table

11.2.

Time-resolved and flowing afterglow studies which have subsequently confirmed this suggestion have been reviewed by
Collins (1973) and are described in detail in Chapter 7.

The

zinc and cadmium ion lasers are just two examples of the
class of metal vapour lasers of which a very readable account
has been given by Silfvast

(1973).
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TABLE 1 1.2
Laser ti<?ansitiona exaited by Penning ioniza tion
CO 1\li.si.ons

in He-Zn an d He-Cd discharge 8

Upper laser
level

Lower laser
level

Active
species

5894

3d94s2 2D3/2

3d104p 2P°/2

Zn+

7478

3d94s2 2D5/2

3d104P 2P°/2

Zn+

3250

4dy5s

D3/2

4dl05P 2P°/2

Cd+

4416

4d95s2 2D5/2

4d105P 2P°/2

Cd+

Laser
wavelength

(A1)

Q

7 7

In a discharge in helium containing a trace of cadmium
vapour the cadmium ions are selectively excited to a group
of energy levels, shown in Fig.11.7, which are nearly resonant with the energy of the metastable helium atom. The
afterglow experiments shew that the main excitation process
is to levels of the 4d 6s and 4d 5s configurations and
that the total cross-section for the destruction of He( S,)
by cadmium atoms is large, a = 6-5 * 10 -15 cm2 . It has also
been shown that the rate of production of ions in the
4d 9 5s 2 configuration is three times as great as that for
ions in the 4d 5p configuration, thus demonstrating that a
selective population mechanism exists. In addition there
exists a very favourable lifetime ratio, since
T(4d95s2) = 700 ns while T(4d105p)=1-2 ns. Consequently
o
o
C.W. laser oscillation at 4416 A and 3250 A has been obtained
in helium discharges when cadmium vapour is introduced from
a small reservoir heated by an oven. Typical operating
parameters are: helium pressure «= 1 Torr; cadmium pressure
« 5 x io" 3 Torr; discharge current 100 mA at 6 kV. A similar
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mechanism is responsible for the excitation of the levels
9 2
of the 3d 4s configuration of the zinc ion in helium-zinc
o
discharges which produce C.W. laser oscillation at 7478 A
and 5894 X.

Fig.11.7. Energy-level diagram for Cd+ showing known laser
transitions pumped either by Penning ionization
collisions with metastable helium atoms, He(2 S,) ,
or by charge transfer reactions with helium ground
state ions, He (1 S, /2)• The wavelengths of laser
transitions are enclosed by rectangles.
(After
Webb et al. (1970).)
o

o

q

2 2

The 3250 A and 4416 A transitions connect the 4d 5s
D
o
10
and the 4d Sp P terms of Cdll and would be strictly for-
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bidden in the central field approximation since they are
both two-electron transitions. However, mixing of the
4d 5s and the 4d 5d configurations, both of which give
rise to D terms of the same parity and total angular momentum quantum number, means that these laser transitions are
weakly allowed.

This accounts for the relatively long life-

time of the upper laser levels. The lower laser levels are
optically connected to the ground state of the ion and thus
have short radiative lifetimes.

There is no trapping of

these resonance lines due to the low density in the ion
ground state.
A maximum output of 300 mW has been obtained on the
o
4416 A line by Silfvast (1973) using a discharge tube 2m
long. The same tube produced SO mW on the 3250 A line.
This transition is, at present, the shortest wavelength C.W.
laser transition available and is widely used in the fields
of photochemistry and phtitofabrication.

Unfortunately,

lasers pumped by Penning reactions are limited in output
power by the saturation of the helium metastable density
at high currents, exactly as in the case of the helium-neon
system discussed,in section 11.4.2(d). In an attempt to
overcome this limitation, considerable effort has been made
to develop metal vapour laser systems excited by thermalenergy charge transfer.
11.4.5. Thermal-energy charge transfer reactions.

When the

current in a helium discharge tube is increased from 100 mA
to 10 A the density of helium ions, He , increases proportionally in contrast to the helium' metastable density which
has already reached its maximum value.

The helium ion

ground state, He (1 S, ,-), lies 24'6 eV above the neutral
atom ground state and when this ion collides with a metal
atom, this energy is available for the simultaneous ionization and excitation of the metal atom:

This process is known as thermal-energy charge transfer.
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The metal ion is selectively excited to those levels which
are in close resonance with the energy of He (1
shown in Figs. 11.7 and 11.9.

S, / 2 )>

as

The process is even more

specific than the Penning ionization excitation of equation
(11.23) since in the final state there is now no third
particle available to share the kinetic energy and momentum
released.
TABLE

11.3.

Cadmium i on laser transit ions excited by t hermal energy
char ge transfer reac tions in a He-Cd discharge
Laser

Upper laser

Lower laser

wavelength

level

level

Charge- trans fer
cross-section
(cm2)

(A")

« 22f?/z

5337
5378

« F?/2

6355

6g

6360

6g 2 G g/2

7237

6f

7284

6£

8067

,
6p

f.f

,-r

5d 2D3/2

2

G?/2

7
F

4T
4r

hF°

5/2

2nO

F

7/2

6d 2D5/2

2-0
P3/2

6s 2S1/2

2?

5/2

n

7-7 x 10'16

7/2

6d 2D3/2

F

l n -18

n

4f

C°

2

,

5d 2D5/2

8-2 x 10"16

< TO' 18

7

2

8531

6p P°/2

6s S1/2

8878

9s 2S1/2

7

8-2 x 10"16

P ^3/2

In a helium-cadmium discharge, selective excitation
by charge-transfer reactions produces steady-state population inversions between the levels of the (4d
and (4d

10

6f - 4d

10

10

6g - 4d

10

4f)

6d) configurations, producing C.W. laser

oscillation on the lines listed in Table 11.3 and shown dia-
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grammatically in Fig.11.7. Radiative cascade from these
upper levels is then responsible for laser oscillation on
10
10
transitions connecting the (4d 4f - 4d 5d) configurations.
Laser oscillation occurs on similar transitions in the Znll
and Sell spectra excited by charge transfer reactions in a
helium discharge. Selenium is particularly interesting
since Silfvast and Klein (1970) were able to obtain C.W.
laser oscillation on 24 visible transitions of Sell ranging
in wavelength from 4604 A to 6535 A. All the transitions
originate from the configuration 4s 2 4p 2 5p which is close in
energy to He (1 S, ,j). Many new laser transitions in
metal vapours excited by thermal-energy charge transfer
have been discovered by Piper and Webb (1973) using the
hollow-cathode discharge tube shown in Fig.11.8. In this
configuration the large potential fall at the cathode produces highly energetic electrons and thus leads to an
efficient production of He ions.

Fig.11.8. Hollow cathode laser discharge tube.*
and Webb (1973).)

(After Piper

Fig.11.9. Energy level diagram for ionized iodine shoiving known laser transitions pumped by
thermal energy charge transfer reactions with ground state helium ions, He+(l

s

,/7)
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The important features of the charge-transfer excitation process are its wide applicability and the fact that
the density of the pumping species, He , can be increased by
simply raising the current density in the discharge. Piper
and Webb (1976) report output powers of ** 100 mW on several
of the transitions in singly ionized iodine shown in Fig.
11.9. This is generally considerably higher than the output
available on transitions pumped by Penning reactions and
competes favourably in some cases with those available from
the noble gas ion lasers described in the following section.
However, the expectation that thermal-energy transfer would
lead to -laser oscillation on the ultraviolet transitions
shown in Figs.11.7 and 11.9 has not been realized. This is
probably due to the high input powers required to produce
useful gain on short-wavelength transitions, as may be deduced from equation (11.11). In su-ch systems there are inevitably many problems associated with the design and
engineering of the plasma tube. These have been satisfactorily solved only in the case of the argon and krypton ion
lasers, to which we now turn our attention.
11.4.6. Inelastic electron collisions —noble gas ion lasers.
In an Attempt to increase the list of known laser transitions
Bell (1964) and Bridges (1964a,b) investigated the behaviour
of high current pulsed discharges in the noble gases neon,
argon, krypton, and xenon and also in atomic vapours of mercury, carbon, silicon, etc. Within a very short time, 200
new wavelengths were added to the growing list of laser transitions. The strongest lines in argon, krypton, and xenon
were made to oscillate on a C.W. basis by Gordon et al.
(1964) , although in most other cases C.W. operation has not
been achieved, presumably because the very high current densities required can only be obtained on a pulsed basis. Because of their high output power at wavelengths ranging
from the near ultraviolet to the near infrared, argon and
krypton ion lasers have been widely used in fundamental
research.
The energy levels and transitions involved in the argon
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Fig.11.10. Schematic diagram showing ten of the-visible laser
lines emitted by excited states of Ar . Wavelengths are given in A units; the diagram is not
drawn to scale. The levels involved in the laser
transitions lie » 20 eV above the argon ion ground
state, which is itself 15-6 eV above the ground
state of the neutral atom.
ion laser are shown in Fig. 11.10. They are typical of the
laser transitions which occur in the singly-ionized spectra
of all the noble gases.

When these devices are operated in
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the C.W. mode using a positive column discharge there is no
obvious selective excitation mechanism, in contrast to the
lasers discussed in previous sections. Since the mean
electron energy in the discharge is quite low, 4-5 eV, it
seems certain that the upper laser levels are populated by

a two-step process.

First, an appreciable number, 13
1013 cm"

of ground-state ions are created in the high current discharge and then collisions with fast electrons excite these
ions to very high levels in the Aril term diagram. This
explanation is supported by the fact that the unsaturated
gain varies as I over a considerable range of current densities, I. Although the excitation process is unselective,
a steady-state inversion is possible due to a very favourable lifetime ratio.
It will be observed that the upper laser levels have
odd parity and cannot decay directly to the argon ion ground
state. Measurements of the lifetimes of these levels have
been made by Bennett et al. (1964) using the delayed-coin-

cidence technique, and the value t( D ) = 7-5 x 10 s is
typical of the results obtained.
2

On the other hand, the even

parity 4s P-i/-? 7/7 levels shown in Fig. 11. 10 can decay to
the ion ground state via the vacuum ultraviolet resonance lines
On the basis of a classical calculation using equation (4.11)
the expected lifetime would be of the order of

T( P) = 3-0 x 10" s. The density of Ar+ ions in the ground
level is sufficiently small that these resonance lines are
not affected by resonance trapping and, just as important,
the lower laser levels are sufficiently high above the neutral
atom ground or metastable levels that the thermal population
is negligible in spite of the plasma temperature of 3000 K.
Thus there is a very favourable lifetime ratio T,/T^ « 20 and
strong C.W. laser oscillation is possible on all the transitions shown in Fig.11.10.
Output powers in the range 1-10 W on the strongest lines
at 4880 A and 5145 X is standard on commercially available argon ion lasers. A typical argon laser plasma tube
would have a diameter of 3 mm, gas pressure of 0-4 Torr and
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would be operated with a current of 30 amps at 240 V d.c.
Thus 7-5 kW of power is dissipated in the small volume of
the discharge capillary, most of which is transferred directly to the walls of the tube by ion bombardment. A great deal
of research and development has gone into solving the problems connected with this energy dissipation. There are very
few materials of the necessary purity which are able to withstand the intense ion bombardment and high wall temperature.
They must also possess high thermal conductivities, thus
permitting efficient heat transfer to water flowing through
a cooling jacket surrounding the discharge. At present
graphite or beryllia (BeO) is used for the bore of the discharge tubes.

It has been found that the output power of

argon ion lasers can be increased by a factor of two or three
by applying an axial magnetic field of approximately 0-1
Tesla (1000 gauss) to the discharge tube. The reason for this
behaviour is not properly understood.

It may be due to an

increase in the electron density in the plasma at a given
value of the current, owing to the fact that the electrons
are now constrained to move in helical orbits along the
tube and the loss to the walls is reduced. In other respects, however, the argon ion laser construction resembles
that of the He-Ne laser shown in Fig.11.4.
Problems
11.1. A helium-neon laser operating on the 6328 A line has an
output power of 1 mW. The laser beam can be focus.sed
to a small, diffraction-limited, spot in which the

intensity is 250 MW m s sterad . Show that the same
intensity would be obtained from a source of black19
body radiation having a temperature of 2'28 x 10
K.
11.2. Calculate the gain coefficient for the neon lines at
6328 A and 3-39 ym attained in a helium-neon discharge
assuming that an inversion density
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of 10 atoms cm
exists for both of the lines. The
spontaneous transition probabilities for emission at
6328 A and 3-39 ym are 1-38 x I06s"1 and 9'66 x 105s"1
respectively, and the profiles of both lines may be
assumed to be dominated by Doppler broadening at the
effective gas temperature of 400 K.
11.3. The proposal is made to construct an X-ray laser operating at a wavelength of 10 A. Assuming that the width
of the X-ray gain profile is dominated by natural
broadening, show that to obtain a gain coefficient of
10" m , an inversion density of 6-28 x 10 m is
required.
Assuming that the inverted population radiates
spontaneously at 10 A at the classical rate, estimate
the minimum power which must be delivered to the system in order to attain the required inversion density.
(Ans: 2-77 x lo14 W.)
11.4. It is proposed to construct a gas laser operating on a
transition between an upper level |k> having a statistical weight gj,= 5 and a lower level i> having a statistical weight g-=3. Under the operating conditions
in the discharge, the lower level has an effective lifetime of 50 ns and the spontaneous transition probability of the laser line is A, . = 1-35 x 107 s""1. Is
C.W. laser oscillation possible in this system?
(Ans: No.)

11.5. The energy separation between the 2 S, metastable
level of helium and the 2s~ level of neon is
AE = 0-04 eV. Compare this with the mean kinetic
energy of the atoms in a gas at 450 K and make an
estimate of the cross-section for excitation transfer.
11.6. In a helium-neon gas discharge it may be assumed that
the densities N-- and N, of the helium ground and metastabl.e levels respectively are determined only by
collisions with electrons and by the diffusion loss of
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glecting the effect of other excited levels, show
that the ratio of metastable to ground-state helium
atom densities is given by equation (11.19).
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12
Resonant modes of optical cavities
In gas discharges at pressures below 10 Torr, the low density
of atoms means that the gain of many laser transitions is
only a few per cent per metre, making these devices quite
unsuitable as optical-frequency amplifiers. However, these
systems can usually be made into oscillators if sufficient
positive feedback is applied by enclosing the gain medium
in an optical cavity formed by highly-reflecting plane or
concave mirrors. The temporal and spatial coherence of the
laser output is then very largely determined by the properties of the optical cavity. In this chapter we therefore examine the resonant frequencies and spatial distributions of the electromagnetic fields which form the
laser cavity modes. We shall discover that only certain
combinations of mirror curvatures and spacings form cavities
with stable, low-loss modes. For these cavities detailed
calculations, which we can only present in outline, have
enabled the diffraction losses to be investigated. We shall
show finally how the total cavity loss determines the cavity
Q-value and hence the intrinsic spectral purity of the laser
output.
12.1. Introduction
The optical cavities' of many gas lasers must necessarily
be rather long in order that amplification in a low-gain
medium can offset the unavoidable cavity losses which can
seldom be reduced below 1-2 per cent. It is not immediately
obvious then that such open-walled structures will indeed
possess a set of low-loss modes. The cavity will certainly
have very substantial losses for any radiation which propagates in a direction making a large angle with the cavity
axis.
Therefore, in order that such a resonator should possess
low-loss, high-Q modes, two criteria must be satisfied:
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Firstly, on the basis of geometrical optics, there
must exist a family of rays which after suffering
repeated reflections from the two mirrors, do not piss
either mirror until they have made between 20-100
complete transits through the cavity.
Secondly, to avoid excessive losses due to diffraction
the second mirror should lie in the near-field diffraction pattern of the first. This condition is
satisfied if the Fresnel number, F, of the optical
system obeys the inequality

where a is the radius of the mirror aperture, which is
assumed to be circular, and L is the mirror separation.
The Fresnel number is approximately equal to the number
of Fresnel zones seen in the aperture of one mirror
from the centre of the other (Problems 12.1 and 12.2).
12.2. Numerical solution of cavity mode problem

A rigorous solution for the eigenmodes of an open
resonator has not so far been obtained. However, if the
dimensions of the resonator are large compared with the wavelength of light and if the electric field is assumed to be
a linearly polarized transverse electromagnetic (TEM) wave,
then the Fresnel-Kirchhoff formulation of Huygens' principle
can be used. This enables the field distribution on mirror
2, £2(^2^2), to be related to the field distribution existing on mirror 1 through the surface integral

where R is the distance between the points (u-^,v,) and
(u?,v2) on the mirrors 1 and 2 respectively, and 6 is the
angle which the direction of R makes with the normal to the
mirrors, as shown in Fig.12.1. The variables (u,v) specifying positions on the mirror surfaces may be expressed in any

RESONANT MODES OF OPTICAL CAVITIES

357

Fig.12.1. Geometry for diffraction calculations in an
optical resonator.
convenient orthogonal coordinate system.
By assuming an arbitrary initial field distribution
on the first mirror, the field produced at the second mirror
may be computed using equation (12.2). This process can
then be repeated over and over again for successive transits
through the cavity. If there is a steady state solution,
i.e. if an eigenmode
ists, the field distributions across
the mirrors after many transits will be identical except
for repeated multiplication by a complex constant
Y = YoexP(iR). This represents the change in amplitude and
phase, over and above the normal geometrical phase change
given by exp(-ikL), suffered by the wave in travelling from
one mirror to the other. In a cavity composed of identical
mirrors the mode must have the same distribution over each
mirror, thus after p single-pass transits between the mirrors
we have

Substituting equation (12.3) into equation (12.2) we obtain
an integral equation for the spatial distribution and propagation constant Y °f the eigenmode E (u, ,v-,) :

358

RESONANT MODES OF OPTICAL CAVITIES

where K is known as the kernel of the equation and is given
by

Fox and Li (1961) showed by repeated numerical integration
of equation (12.4) for the case of a plane mirror cavity
that an initial arbitrary field distribution eventually
settled down to a steady-state solution after some 200-300
transits through the resonator. This demonstrates that
eigenraodes do exist in open-sided resonators having finite
rectangular or circular apertures. The eigenmodes of rectangular symmetry can be classified as TEM
where m,n, and
q-1 are the number of nodes in the x, y and z-directions
respectively.

The z-direction is usually chosen to coincide

with the axis of the cavity. For mirrors having circular
apertures the modes are designated by TEM -, where p and 1
give the number of circular and radial nodal lines respectively.
For a plane-parallel Fabry-Perot type cavity for \vhich
F > 10, resonance occurs when the cavity length, L, is equal
to an integral number of half wavelengths ,

For a typical cavity of length L=100 cm we have q * 3 x 6
o

at X=6328 A. Thus the integer q is always very large, while,
as we shall see, the low-loss modes are those for which

(m,n) or (p,Z) are confined to combinations of small integers
by the diffraction losses. Consequently the field distribution of a mode in the (x,y) plane is nearly independent
of the longitudinal mode number q. It is convenient to refer
to these field configurations, some of which are shown in
Fig.12.2, as the transverse or spatial mode distributions.
2
The fractional power loss per transit, 1 - Y Q > °^~
tained by Fox and Li (1961) for the lowest-order transverse
modes of a plane mirror cavity having circular apertures,
is shown in Fig.12.3 as a function of the Fresnel number

Fig.12.2.

Diagrammatic representation of the linearly-polarized field configurations
of transverse modes of optical resonators for (a) square, and (b) circular
mirror apertures. (After Kogelnik and Li (1966).)
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Fig.12.3. Diffraction effects in optical cavities: fractional
power loss per transit as a function of the Fresnel
number, F.
, plane mirror cavity with circular apertures;
, confocal spherical mirror
cavity. (After Fox and Li (1961) . Reprinted with
permission from the 'Bell System Technical Journal,
@1961, The American Telephone and Telegraph Company.)

of the cavity, F=a2 /^L. Similar calculations have been performed by Fox and Li (1961) and Boyd and Gordon (1961) for
the confocal cavity formed by two identical concave mirrors
separated by their common radius of curvature.
Their
results for the lowest-order transverse modes are also shown
in Fig. 12.3. It is clear that in the confocal cavity the
diffraction loss may be orders of magnitude less than that
of the plane mirror cavity. This is reasonable since the
curved mirrors tend to reflect light back towards the axis
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of the resonator.
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It is also important to notice that the

ratio of the diffraction losses of the TEMQ, and TEM QO modes
of the plane-parallel resonator is approximately two over
a wide range of cavity dimensions. Thus a small additional
loss, such as that caused by a speck of dust or a window of
poor optical quality, will cause a laser with a planeparallel cavity to operate in higher-order transverse modes.
In contrast, the ratio of the diffraction losses for the confocal configuration is much higher, of the order of 25 for
resonators with F > 1 and it is much easier to ensure
operation in the Uniphase TEM.p. mode.
The effects of non-parallelism of the mirrors in a
nominally plane-parallel cavity have been studied by Fox
and Li (1963). The diffraction loss is found to increase
rapidly for only slight deviations from perfect alignment
or from perfect optical quality of the windows and mirrors.
For instance, in order to maintain the diffraction loss
below 1 per cent per pass at 6328 A in a 1 m long cavity,
having an effective aperture of 3 mm diameter, it is necessary to maintain the parallelism of the mirrors to within 1
arc sec. This is an extremely stringent requirement for a
mechanical structure of this size. Fortunately cavities
using spherical mirrors are between 10 and 100 times less
sensitive to mirror misalignment and consequently the
plane-parallel resonator is now seldom used.
12.3. Approximate analytic solutions for transverse modes
Boyd and Gordon (1961) showed that explicit analytical
expressions for the electric field distribution in the
transverse modes may be obtained by allowing the limits of
integration in equation (12.4) to tend to infinity. This is
a valid approximation for stable resonators having Fresnel
numbers which satisfy th.e condition F > 1, i.e. the size of
the mirror aperture is large compared with the size of the
laser cavity mode. The condition that stable solutions exist
for radiation which is propagated back and forth within the
resonator is then equivalent to requiring that the field
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distribution in the far-field diffraction pattern must be
identical to that of the near-field distribution. In this
case equation (12.4) reduces to a Fourier integral which in
cartesian coordinates has the form

where A is a constant and now R > L.

Thus the spatial mode

distributions are approximately described by functions which
are their own Fourier transforms. The solutions of equation
(12.7) have the form (Problem 12.3)

where H m and Hn are Hermite polynomials
of order m and n
r j
respectively. Some of the Hermite polynomials of low order
are given in Table 12.1.

The parameter w has dimensions

of length and is often called the beam radius or the spot
size. It is determined by the geometry and dimensions of
the resonant cavity, as will be explained in section 12.4
below. The field distributions given by equation (12.8)
should be familiar since they are identical with the wavefunctions of the two-dimensional harmonic oscillator.

It is

then apparent that the mode distributions corresponding to
different values of (m,n) form a complete orthogonal set of
functions which may be used for the expansion of any
arbitrary field distribution E(x,y).
Frequently the symmetry of the transverse modes is
determined by the circular cross-section of the laser discharge tube. In this case the two-dimensional Fourier
transform is expressed in polar coordinates (r,9) as

The solutions of equation (12.9) are of the form
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Table 12.1.
Hermits polynomials and generalized Laguerre
polynomials of low order

Hermite polynomial

Laguerre polynomial

Lp(x)

H ( x)

where the functions L

are known as the generalized Laguerre

polynomials, some of which are given in Table 12.1.
The mode patterns of a laser oscillating in some of
the lowest-order modes of rectangular symmetry are shown
in Fig.12.4.

These should be compared with the diagrammatic

representation of electric fields shown in Fig.12.2.

The

higher-order modes clearly have more extended field distributions and consequently higher diffraction losses than
the lower-order modes, as we have already remarked. The
wavefronts of these modes contain one or more phase reversals
of IT arising from the particular form of the Hermite or
Laguerre polynomial which' determines the field distribution.
The lowest-order mode has identical form in both
rectangular and cylindrical symmetry:
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F i g . 1 2 . 4 . Field patterns of a gas laser o s c i l l a t i n g in singlel o w - o r d e r t r a n s v e r s e modes of r e c t a n g u l a r s y m m e t r y .
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2 2 2
where r =x +y . This mode has the lowest diffraction loss
and is often referred to as the dominant mode. It is particularly important in laser applications because the electric field has a constant phase across the entire wavefront.
In addition the beam from a laser oscillating in the TEMnn
mode has the smallest angular divergence outside the cavity
and it can be focussed down to give the smallest spot size
consistent with the theory of diffraction. To ensure operation in the TEM,.g mode, an adjustable aperture may be placed
inside the laser cavity and the diffraction losses of higherorder modes increased until they cease to oscillate. Alternatively, once the bore of the discharge tube is fixed,
then the spacing and radii of the mirrors may 'je chosen
to achieve the same result. In this case the numerical
calculations by Li (1965) of the diffraction losses in resonators with circular apertures provide a useful guide.
When the laser is oscillating on the single TEMQO
transverse mode, the phase is constant across the wavefront
and the beam may be said to possess complete spatial coherence. This spatial coherence should be regarded as a
consequence of the properties of the optical resonator
rather than the stimulated emission process which is responsible for the laser oscillation.
12.4. Mode size and aav'ity

stability

The relationship between the characteristic length w
appearing in equations (12.8) and (12.10) and the dimensions
of the optical cavity was first derived for confocal resonators by Boyd and Gordon (1961) and then extended to more
general resonator configurations by Boyd and Kogelnik (1962).
Consider a resonator consisting of mirrors 1 and 2 having
radii R, and R~ separated by a distance L as shown in Fig..
12.5. The mirror radii are defined as positive if the
mirrors are concave and facing inwards to form the laser
cavity. Then the radius w, of the laser mode at the first
mirror is defined as the distance from the axis at which
the field drops to 1/e of its maximum amplitude and is given
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Fig.12.5. Definitions of the parameters R, , R2, and L for an
optical cavity and the radii characterizing the
Gaussian field distribution of the laser transverse modes.

The beam radius at the second mirror, w _ , may be obtained
by interchanging the indices 1 and 2 throughout equation
(12.12).

For the symmetrical confocal resonator we have

R-,=R7 = L and the mode radius at the mirrors is given by the
simple expression (Problem

12.4)

Within a concave mirror resonator, the beam contracts to a
minimum diameter where the equiphase surface is a plane, as
shown in Fig.12.5.
is given by

The

diameter, 2w Q , at this beam waist
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Outside the resonator the angular divergence of a transverse
mode is measured by the far-field diffraction angle 0, which
is defined as the ratio of the spot size at a distance z
divided by z in the limit z -»• °°.

It may be shown that

e=A/irw0, (Problem 12.5).
It can be demonstrated by simple ray tracing that not
all combinations of mirror radii and mirror separations
represent stable cavities since a beam, initially launched
parallel to the cavity axis, may after several reflections
start to diverge. The cavity then has a very high diffraction loss and is said to be unstable. The conditions
which must be satisfied for the resonator to be stable and
so possess low-loss, high-Q modes can be deduced from

,

equation (12.14), since w,
We therefore require that

must, in this case, be positive.

For concave mirrors this cavity stability condition may be
stated in the form: the cavity will be stable if either
both centres of curvature lie inside the cavity and overlap
or both centres of curvature lie outside the cavity.

In

more general cases it is convenient to recast the stability
criterion in the form (Problem 12.6):

The various resonator geometries can then be represented
diagrammatically as in Fig.12.6 where the boundaries between
the stable and unstable (shaded regions) are determined by
equation (12.16). We find that the symmetric confocal,
(R,=R2=L) , the symmetric concentric, (R,=R2=L/2), and the
plane-parallel resonators are all on the verge of instability
and may, by accidental misalignment, become extremely lossy.
Thus it is virtually impossible to obtain laser oscillation
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in these cavities with low-gain systems. Fortunately such
singularly undesirable configurations of symmetric mirrors
may be easily avoided by slightly increasing or decreasing
the mirror separation. On the other hand, in high-gain
systems such as the pulsed CO- lasers, an unstable cavity
may not prevent laser action and may offer a convenient way
of extracting power from the oscillator, as Sinclair and
Cottrell (1966) have demonstrated.

Fig.12.6. Stability diagram for optical resonators. Shaded
areas are those for which the stability criterion
0 < (1-L/Rj) (1-L/R2) <; 1 is violated. In these
regions the cavity has a high loss.
12.5. Design considerations for practical systems
To illustrate some of the considerations involved in
designing a simple optical cavity, we consider the low gain
He-Ne system operating at 6328 A. We assume that the design
aim is to obtain the maximum output power on the TEM.,,. mode.
We arbitrarily choose a discharge tube of length 80 cm, and
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in this case a mirror separation of 100 cm would be convenient. The diameter of the plasma tube is then determined
by making a compromise between achieving the highest gain,
which varies inversely with d as explained in section
11.4.2(d), and attaining maximum output power, which increases as d^ due to the increased volume of active material.
We assume that this fixes the bore of the tube at d=4-0 mm.
The optimum cavity is now one for which the spot size fills
the plasma tube. However, in order that the diffraction
loss of the dominant mode should not be too high, the mode
radius everywhere within the cavity should be smaller than
the bore of the discharge tube by a factor of between 3-5
and 4-0. Hence in this case (Problem 12.7),
1-0 mm < win 3. A < 1-14 mm. Using equation (12.12), we find
that this spot size can be achieved in a symmetrical mirror
cavity using either an almost concentric system with
R, « S O - 5 cm or a long-radius cavity with R *> 48 m. An
alternative arrangement would involve an approximately hemispherical system having one plane mirror and one concave
mirror with R =» 104 cm. The main differences between these
cavities is the volume filled by the TEM
mode and the
ease of alignment of the cavity mirrors. Although the mode
volume of the hemispherical cavity is only one third of the
total available volume (since the spot size on the plane
mirror approaches zero in the hemispherical limit), it is
larger than that of the concentric system and is likely
to be the preferred resonator due to the difficulty of
aligning mirrors with large radii of curvature.
To ensure that the dominant transverse mode is the
TEM,,,. mode, the surface figure of the laser mirrors should
be accurate to < A/20 over the size of the laser beam.
Similarly the Brewster angle windows of the laser discharge
should have surfaces flat to A/4 and parallel to one minute
of arc, although the tolerance on the actual Brewster angle
is less stringent being « 1° (Problem 12.8). The surface
scatter from the windows and mirrors should be held to an
absolute minimum by a lengthy final state in the optical
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polishing and by careful cleaning before use.

The mirrors

are usually coated with alternate A/4 layers of high and
low refractive index materials.

Hard dielectrics like TiO-

and SiO~ are now used in place of the softer materials ZnS
and cryolite.
Reflectances of up to 99-8 per cent with
absorption and scattering losses of 0-2 per cent can be
routinely obtained.

The laser mirrors are held in mounts

capable of fine adjustments to within a few seconds of arc
and these mounts are rigidly fixed to a quartz or invar
base to obtain cavity length stability.

Further parameters

requiring optimization, such as the transmission of the
output mirror, the gas pressure and composition, and the discharge current density are discussed by Smith (1966).
12.6. Cavity

Q-faotov and resonance linewidth

We have seen in preceding sections that the diffraction
losses in optical cavities can be reduced to negligible
values by careful design.

However, all practical resonators

have finite losses associated with the output transmission
at the mirrors and so the Q of the cavity, defined by

is finite.

This quality factor Q determines the frequency

uncertainty or linewidth of the cavity resonance Ao>

as

we can see by considering the decay of the energy W(t) stored
in the cavity when the source of excitation is removed at
t=0.

From equation (12.17) we have

which has solutions of the form W(t) = W(0) exp {- t/ (Q/io) } .
The time dependence of the electric field in the cavity is
exactly the same as that emitted by the damped harmonic
electron oscillator considered in section 8.1, and the
width of a resonant mode of the passive cavity is therefore
given in angular frequency units by
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To relate Aw to the cavity losses, we consider a
collimated beam of radiation of intensity IQ launched inside
the cavity parallel to the cavity axis. After making one
complete "trip the beam returns to its starting point with

an intensity (I0-scI0) where s c is the fractional round-trip
loss of the cavity.

This fractional loss will include the

diffraction loss discussed in section 12.2, but will usually
be dominated by the losses produced by absorption, scattering,
and output transmission. Since a round trip in the cavity
takes a time At=2L/c, we have

Thus the cavity decay time is given by 2L/6 c and an alternative expression for the cavity resonance width is given
by (Problem 12.9)

For a cavity in which diffraction and scattering losses are
negligible, we have 6 *> l-fi,^ where iR, and &*, are the
power reflection coefficients of the cavity mirrors at the
laser frequency. A typical value of 6 would be 0-02, giving
fi -1 = 0-5 MHz for a cavity^ 1 m long. From equaAu> =3 x 10 s
tions (12.19) and (12.21) we have

For the example considered above, the Q-value of the optical
g
cavity is of the order of 10 , which is very high compared
4
with the maximum Q of the order of 10 which is achievable
in the microwave region.
The cavity losses determine not only the minimum inversion density required to sustain oscillation, which we
shall discuss in Chapter 13, but also the theoretical spectral purity of the laser output.

By considering the noise
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power produced by spontaneous emission into a cavity mode,
which cannot be separated from the power derived by stimulated emission, it can be shown that the line width of the
laser output is limited to a value (Schawlow and Townes

1958)

where P is the laser output power. Using the value of Aw
c
- 3 - 1
derived above, we obtain Ao)T=2ir x 10
s
for a typical
He-Ne laser emitting 1 mW of power at 6328 A. In many lasers
this theoretical limit is never achieved (Problem 12.10)
because of mechanical vibrations and temperature fluctuations in the laser resonator.

However, by careful design

and the use of electronic frequency stabilization schemes
it is now possible to approach this theoretical limit very
closely, as we shall see in Chapter 13.
Prob terns
12.1. The cavity of a helium-neon laser has a length of
60 cm and an effective circular aperture of radius
2 mm at the mirrors. Calculate the Fresnel number
of this cavity when used for laser oscillation at the
wavelengths of 0-633, 1-15 and 3-39 ym respectively.
(Ans: 10-5, 5-80, 1-97.)
12.2. The cavity described in Problem 12.1 is equipped with
plane mirrors which are initially aligned perfectly
parallel to one another.

Show that if one of the

mirrors is accidentally tilted through a small angle
6, a ray of light which was initially coincident with
the axis of the cavity will, after (2N+1) transits
between the mirrors, have been displaced off-axis
through a distance y where
y

a

2L6N(N+1).

For successful laser oscillation the beam must complete not less than 61 transits before leaving the
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cavity. Hence show that the parallelism of the
mirrors must be maintained to better than 0-37 sec of

arc.
12.3. By expressing the field distribution E (x, ,y-, ) in a
0
0
laser cavity mode as a product E (x,)E (y-,) , show that
the double integral in equation (12.7) may be separated
into two independent integrals over x, and y, respectively. Hence, using the Hermite polynomials HQ(£)
and H,(£) given in Table 12.1, prove that the functions

and
are their own Fourier transforms.
12.4. In an optical resonator having mirrors of equal curvature and fixed separation L, show that the minimum
mode spot size at the mirrors is obtained in the confocal system, R,=R 2 =L.
Plot the ratio of the mode spot size at the mirrors
of a symmetrical resonator to the value it has in the
confocal system as a function of L/R and show that the
spot size becomes infinite in the plane-parallel and
concentric mirror cavities.
12.5. Show that the 6328 X output beam from a helium-neon
laser having a i m long confocal cavity has a minimum
-4
angular divergence of 8-98 x 10
rad. The laser beam
is expanded by projection through a telescope with a
magnification of 100, and directed towards the Moon
which is 3-78 x io5 km from the Earth. Calculate
the radius of the laser spot on the Moon's surface.

(Ans: 3-39 km.)
12.6. Show that

and hence or otherwise prove that the cavity stability
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criterion, equation (12.15), may be rearranged in the
form given in equation

(12.16).

12.7. Using the explicit expressions for the electric field
distributions given by equation (12.10) and Table 12.1,
calculate the fraction of the power in the TEMQO and
TEM,,-, cylindrically-symmetric modes which is lost
when an aperture of diameter 3-5 w is inserted close
to one of the mirrors of a symmetric mirror laser
cavity.
(Ans: 2-19 x io"3 and 8-89 x Id'3.)
12.8. A plane electromagnetic wave falls on the interface
between two transparent dielectrics having refractive
indices n, and n~.

When the direction of propagation

makes an angle 6 with the normal to boundary and the
wave is linearly polarized in the plane of incidence,
the reflectivity, r, is given by

where 9" is the angle of refraction determined by the
condition sin6/sin8"=n7/n,. Show that the reflectivity
-1
is zero at the Brewster angle, 8=tan (^/n,) , and
calculate the tolerance on the setting of the Brewster
angle window of a laser discharge tube if the re-

flectivity loss is to be less than 2-5 x 10 per
interface.

The refractive index of fused silica at

6328X may be taken as 1-4572.

(Ans: 30'.)

12.9. An air-spaced Fabry-Perot etalon is formed of two
plane-parallel plates, each having reflectivity (R,
separated by a distance L. When the dtalon is illuminated at normal incidence with monochromatic light
of wavelength X, the ratio of the transmitted to the
incident

intensity is given by
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where 6 = 4irL/X. Plot I t/IQ as a function of 6 for
plates of 90 per cent reflectivity and show that the
half-width of the transmission maxima is given by

Prove that this expression reduces to equation (12.21)
when <R is close to unity.
This problem demonstrates the link between the
widths of the cavity response and the transmission
peaks of this well-known interferometer. However, the
fringe pattern observed with a Fabry-Perot etalon
should not be confused with the mode pattern of a laser
having a plane-parallel resonator. The Fabry-Perot
etalon is normally used with the plates so close together that all the transverse modes of the corresponding optical cavity are virtually degenerate in
frequency.
The plane wavefronts assumed in the discussion of the theory of the etalon are composed of an
infinite sum over the transverse modes of the cavity.
12.10.An optical resonator designed for use with the argon
ion laser transition at 5145 A consists of two mirrors
having reflectivities of 99-8 and 87-8 per cent re-

spectively which are spaced 60 cm apart.

Calculate

the width of the resonant modes of the passive cavity
and the theoretical laser linewidth when the single
mode output power is 0-5 W.
Then, using equation (12.6), estimate the change
in the resonator length which would result in a shift
of the frequency of oscillation equal to the theoretical
linewidth of the laser output.
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Saturation characteristics and
single-frequency operation of gas lasers
In Chapter 11 we showed how, in some gas discharges under
rather special conditions, a population inversion can be
created which leads to amplification at visible wavelengths.
By enclosing such an amplifier in one of the optical resonators whose properties were discussed in Chapter 12, oscillation at optical frequencies can be obtained. We now
consider in more detail the intensity and frequency distribution of the radiation emitted by these laser oscillators,
In this chapter we derive detailed expressions for the
gain necessary to achieve oscillation threshold in a cavity
whose losses are known. These enable the inversion density
required for successful laser operation to be estimated
in most cases.

We next show how the growth of the radia-

tion density inside the laser cavity reduces the inversion
density through the effect of stimulated emission, leading
eventually to the establishment of steady-state oscillation
at a well-defined output power. This phenomenon is known
as gain saturation and is treated in detail for both homogeneously- and inhomogeneously-broadened transitions. Its
effect on the measurements of gain coefficients is also
briefly discussed.

In lasers with inhomogeneously-broadened transitions
it is found that oscillation usually occurs simultaneously
on a number of longitudinal cavity modes. The reasons for
this behaviour are explained and we examine one method for
stabilizing the intensities and inter-mode frequency differences in multi-mode operation. Next we consider several
different techniques which have been used to obtain oscillation on a single longitudinal mode and this leads on
naturally to a discussion of the output power versus oscillation frequency of single-frequency gas lasers. The
experimental observation and theoretical interpretation of
the Lamb dip is the main topic of section 13.8.
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The Lamb dip is an important manifestation of the
saturation of the gain which occurs in inhomogeneouslybroadened transitions when the oscillation frequency coincides with the centre of the laser line. A similar phenomenon occurs if the laser frequency is tuned close to the
centre of an absorption line of a sample of atoms or molecules interacting with the standing wave field of the laser.
This saturated absorption has become an important new technique in atomic and molecular spectroscopy since it removes the limit on the attainable resolution which was
formerly imposed by the Doppler broadening of absorption
lines .
Finally we discuss the frequency stabilization of gas
lasers and show how the techniques of saturated absorption
and frequency stabilization have been combined in a recent
measurement of the velocity of light which attained a
hundred-fold increase in precision. However, since this
chapter is very largely concerned with the frequency distribution of the laser output, we first discuss in more
detail the frequencies of the modes of the passive optical
cavity.
13.1. Frequencies of the resonant cavity modes
In a typical gas laser the frequencies of the longitudinal modes of the optical resonator .are separated by only
one tenth of the width of the Doppler-broadened gain curve.
Consequently most gas lasers oscillate simultaneously on
several longitudinal modes and the time dependence of the
total laser output depends on the amplitudes, frequencies,
and relative phases of these oscillating modes. We therefore now consider in more detail the resonant frequencies
of the modes of the passive cavity. These are determined
by the phase of the propagation constant y = YgexpCig)
introduced in section 12.2. We recall that the propagation
constant may be obtained by solving equations X12.4) or
(12.7) using either numerical or analytical methods respectively. The cavity will be resonant at the angular fre-
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quency ui=kc if, after one round trip involving reflections
off both mirrors, the change in phase of 2(kL-3) is equal
to a multiple of 2it. Thus the cavity resonant frequencies
are given by

where (q-1) is an integer giving the number of nodes in
the electric field along the z axis. Using the approximation
that the aperture of the laser mirrors is very large compared
with the mode radius, Boyd and Kogelnik (1962) obtained the
frequencies of the stable modes of a general two-mirror
cavity in the form

where R, and R2 are the radii of curvature of the two mirrors
which are separated by a distance L. For cavities with
circular rather than rectangular symmetry, the factor
(m+n+1) in equation (13.2) should be replaced by (2p+l+l).
From equation (13.2) we see that transverse modes
belonging to a given longitudinal mode number q generally
differ in frequency. This is a consequence of the fact
that the phase velocity of the wave in the cavity increases
with increasing transverse mode number. However, in a planemirror resonator we have R, = R2 = °° and the transverse modes
belonging to a given longitudinal mode number q are degenerate
in frequency:

Plane-parallel
This is in agreement with the result of an earlier, less
rigorous derivation given in equation (12.6). Considerable
frequency degeneracies also occur in the case of the confocal cavity, R-,=R2 = L, where

Confocal
In practice, however, even very slight deviations from the
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exact plane-parallel or exact confocal geometries cause
the transverse modes (m,n) of the same longitudinal mode
number q to have frequencies which differ from one another
by a few MHz (Problem 13.1).
In contrast, the frequency difference between adjacent
longitudinal modes having the same transverse field distribution is the same for all cavity geometries:

Longitudinal mode spacings for some commonly-used cavity
geometries are given in Table 13.1.
It is evident that for
the longer cavities many longitudinal modes will lie within
a Doppler width of the line centre and may oscillate simultaneously provided that the gain at these frequencies is
sufficiently high. This is indicated schematically in
Fig.13.1.
TABLE

13.1.

Longitudinal mode spacings for typical cavity lengths

Cavity length
(cm)
Mode spacing
(MHz)

10

30

60

100

180

1500

500

250

150

83

It is important to recognize that this discussion
applies only to the resonant frequencies of the empty, or
passive, cavity. When the cavity is filled with an amplify-,
ing medium, anomalous dispersion causes the refractive index
to vary with frequency close to the laser linecentre. As a
result the frequencies of the longitudinal modes are no
longer exactly equally spaced. However, in gas*lasers these
frequency shifts are only of the order of one part in a
thousand and for the moment we neglect them, returning for
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Longitudinal modes and the Doppler-broadened
gain curve. Laser oscillation is possible on all
modes for which a (u)- > 6c/2Lm.

a more detailed discussion of this point in section 13.6.
13.2. Gain required for oscillation
For laser oscillation to occur at the angular frequency a) two conditions must be satisfied.
First, u should
equal or be very close to the angular frequency wm
of a
resonant cavity mode, and second, the gain in the medium
due to stimulated emission must exceed the loss per round
trip in the cavity. For a medium exhibiting gain at the
frequency o> we have from equations (11.1) and (11.4)
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where L is the length of the amplifying medium within the
laser cavity. At the threshold for laser oscillation,
2ct (u)L is generally small compared with unity and the
fractional increase in power is given by

The resonator losses, made up of unavoidable losses due to
absorption and scattering in the end windows and mirrors,
diffraction, and the useful output transmission through
one or both mirrors, may be described by the fractional
round-trip loss, 6 , introduced in section 12.6. The
threshold condition at which laser oscillation occurs is
then given by:

where the explicit expression for the unsaturated gain coefficient a (to) given by equation (11.4) has been introduced.
In the ultraviolet and visible spectral regions the lineprofile g(w) is dominated by Doppler broadening and, using
equation (11.7), the threshold condition becomes

where M is the atomic mass. In this case the gain profile
has the Gaussian lineshape shown in Fig.13.1 and is said
to be inhomogeneously broadened. The case of a homogeneously-broadened line is considered in detail in section 13.3
below.
Using equation (13.9), it may be shown (Problem 13.2)
7

R

- "^

that inversion densities of the order of 10 - 10 cm
are
required to reach the oscillation threshold in visible and
near infrared lasers. With the gain just slightly above
threshold, laser oscillation will occur only if one of the
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is close to the line centre, w ki- For
mnq'
a long cavity, L 2 SO cm, reference to Table 13.1 shows that

axial modes,

w

the modes are closely spaced and this condition is therefore
satisfied automatically. However, for a short cavity, L
L < 15 cm, the mode spacing is comparable with the Doppler
width in many cases.

Thus it may be necessary to tune the

mode frequency towards line centre by slightly altering
the length of the cavity before laser oscillation will
commence.
13.3. Gain saturation - homogeneously-broadened transitions
From equation (13.6) it would appear that the intensity
of radiation bouncing to and fro inside the laser cavity
would increase indefinitely. This is an unphysical situation and occurs because we have so far neglected the effect
of stimulated emission on the populations of the laser levels.
As soon as oscillation commences, stimulated transitions
start to reduce the inversion density below the value that
it had in the absence of oscillation. In a time of the order
of the inverse of the cavity linewidth,

Awc ,

a steady state

is established in which the gain at the oscillation frequency
is reduced to a value equal to that required to replace the
cavity losses. This process is known as gain saturation.
The changes which occur in the population inversion density,
between the laser on/laser off equilibrium
situations may be quite considerable. They can be detected

CN
k/gk-Ni/gi)

by measuring the variations in the intensity of spontaneous
emission from either the upper or lower laser 'levels which
occur when a shutter inside the laser cavity is alternately
opened and closed. If the signal is to be displayed on an
oscilloscope, a toothed disk spinning with its axis parallel
to that of the laser forms a convenient shutter.
We now proceed to consider gain saturation in detail
for the case of a homogeneously-broadened transition. Although experimentally this is not the most common situation
the analysis required is somewhat less involved than that
necessary in the case of the inhomogeneously-broadened lines,
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discussed in section 13.4. We need to derive the population
densities of atoms in the upper and lower laser levels, Nk
and N^ respectively, existing in equilibrium with the laser
radiation. These population densities are determined by the
rates of depletion and re-population of the levels. Including only the most significant processes and using the
notation defined in section 11.3.1 we have:

where k'Si
are the rates at which the levels k and i are
S
populated by collisions and radiative transfer from other
levels; T k , TJ are the effective lifetimes of the levels
under the conditions existing in the discharge, as given by
are the Einstein coefficients
equation (11.12); A,ki. and
for spontaneous and stimulated emission respectively;
21 (u) = I+(u)+I (w) is the sum of the intensities of the
forward and backward propagating laser beams inside the
cavity, and g(w) in this case has the Lorentzian line profile given by equation (11.9). It is important to note
that in the case of homogeneous broadening all atoms in the
sample are able to interact with both components of the
electromagnetic field of angular frequency ui. The lineshape
factor g(u) simply determines the strength of this interaction relative to that at the resonance frequency uiki• • The
steady-state solution of equations (13.10) and (13.11) is
obtained by setting
relation
manipulation,

Then, making use of the
we have, after some straightforward
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where a and g are dimensionless constants given by

and

which

The unsaturated inversion density,

exists under small signal conditions is obtained from
equation (13.12) by allowing I((jo)-s-0, giving

Thus the connection between the saturated and unsaturated
inversion densities is given by the simple expression

where the relation

derived

from equation (9.20). has been used to introduce the saturation parameter

defined by

The saturation parameter has a minimum value on resonance
given by

From equation (13.16) we see that the inversion density which
exists in equilibrium with an intracavity radiation intensity of I (01) is necessarily less than the unsaturated
inversion density, as we deduced earlier by qualitative
arguments.

We may now combine equations

(11.10) and (13.16)

to obtain a general expression for the saturated gain co-
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efficient of a homogeneously-broadened transition, giving

Using the explicit expression for
given by equation
(11.10), it is a straightforward exercise (Problem 13.3)
to show that
is also described by a Lorentzian distribution with a maximum amplitude given by

and a full width at half maximum given by

This increase in linewidth may be interpreted as due to
the effect of the reduction of the effective lifetimes of
the upper and lower laser levels caused by stimulated transitions from these levels.
The effect of gain saturation on the behaviour of a
homogeneously-broadened gas laser is best explained by
assuming that an additional optical component with a variable
loss is introduced into the optical cavity of a conventional
laser. When the inserted loss is high, as indicated by level
(i) in Fig.13.2, laser oscillation is impossible. The intensity in all cavity modes remains negligibly small and
the gain has its maximum unsaturated value shown by curve
(a), Fig.13.2. As the additional loss is slowly reduced, the
for the
point is reached at which the unsaturated gain,
longitudinal mode closest to linecentre is sufficient to overcome the distributed cavity losses, 6 /2L . This is indicated
by level (ii) in Fig.13.2.

Laser oscillation is then estab-

lished on this mode with an intensity which is obtained from
to the distributed cavity
equation (13.19) by equating
loss.

Further reduction of the inserted loss to level (iii)

allows the intensity I(w) in this mode to increase.

However,

at the same time the gain saturation produced by the oscillating mode is sufficient to maintain the gain at all other
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mode frequencies below the threshold value, as shown by
curve (b) in Fig.13.2.

Thus we expect lasers with homo-

geneously-broadened transitions to oscillate preferentially
on a single cavity mode.

Fig.13.2.

Gain curves for homogeneously-broadened laser
transition.
(a) Cavity loss is so great that
oscillation is prevented; (b) cavity loss reduced
well below threshold.

This single-frequency operation has been observed by
Smith (1971) in a He-Ne waveguide laser oscillating on the

6328 A line. The narrow bore of the waveguide, 0-43 mm,
enabled the laser to be operated at the relatively high
pressure of 7 Torr.

The pressure-broadened homogeneous line-

width r, -/2TT = 1000 MHz under these conditions is comparable
with the Doppler width of 1700 MHz, and leads to strong mode
competition. The spectrum of the laser was analysed using
a high finesse, piezoelectrically scanned interferometer and
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is shown in Fig.l3.3(a).

In this laser it was possible to

tune the frequency continuously up to c/4L from line -centre
by altering the length of the cavity before the laser jumped
to oscillate in the next mode closer to line centre.
However, when the excitation level is well above
threshold, it is found that lasers with homogeneouslybroadened transitions do oscillate simultaneously in several
different longitudinal and transverse modes. This is attributed to a phenomenon known as spatial hole burning. Since
the field inside the laser cavity consists of a standing
wave there will be regions round the nodal planes of a
given mode where the gain is not saturated by that particular
mode. This gives other modes with suitable standing field
spatial distributions sufficient gain to enable them to
oscillate simultaneously.
We have discussed gain saturation in detail for a
homogeneously-broadened line since simple explicit expressions can be obtained for the gain coefficient and the intensity of laser radiation. Unfortunately this is not
possible in the case of inhomogeneous broadening which we
examine in the following section.
13.4. Gain saturation - inhomogeneously-bicoadened transitions
13.4.1. Theoretical analysis and hole burning.

The spectral

profile of the spontaneous emission from an excited gas at
low pressure is usually a Voigt profile determined by a
folding integral of Gaussian and Lorentzian functions, as
discussed in section 8.5. An analysis of gain saturation
in this situation is considerably more complex than in the
case of pure homogeneous broadening and for the sake of
simplicity we consider first a sample of excited atoms
through which an electromagnetic wave of intensity I+(w) is
propagating towards +°°. The electromagnetic wave can now
interact only with a restricted class of atoms whose axial
velocities , v « O-uki)/k, are such that they are Doppler
shifted into resonance with the angular frequency of the wave.
Thus when rate equations analogous to equations (13.10) and
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Fig.13.3.

Output power spectra of He-Ne lasers obtained
using high resolution scanning Fabry-Perot e"talons.
(a) Single-mode oscillation on the 6328 X line ;
high pressure waveguide laser.

(b) Multimode os-

cillation on the 6328 X line; low pressure gain
tube in conventional cavity.
(13.11) are written down they must refer to the population"
densities, NkO) and Ni(v), of atoms moving with a particular
velocity v p a r a l l e l to the d i r e c t i o n of p r o p a g a t i o n . / Simi-
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larly the re-population rates k
and i
S
must be replaced by
S
SkP(v) and SjPCv) describing the rates at which atoms in the
velocity class v, v+dv are created. The function P(v) is a
normalized velocity distribution which we assume to have the
usual Gaussian form for a system in thermal equilibrium at
some effective temperature T (see equation (8.40)). In this
situation the rate equations have the form

where g+(v,o>) is the Lorentzian frequency response of atoms,
moving with axial velocity v, to the forward propagating
beam I+(o>).

In its own rest frame, the atom sees a wave

of angular frequency oj(l - v.k/c) .
equation (11.9) we have

Thus substituting into

As before, the steady-state inversion density is obtained
by requiring that Nk(v)=Ni(v)=0, giving

where a and £5 are defined by equations (13.13) and (13.14)
respectively. The total inversion density existing under
small signal conditions may be obtained by integrating over
the total range of axial velocities, giving
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since the velocity distribution function, P(v), is normalized.
This enables the relation between the saturated and unsaturated inversion densities to be given in a simple form:

The saturation parameter,

(v,oi) , in this case depends on

both v and 01 and is given by

In the small-signal limit, I+(o))->-0, and equation
(13.26) predicts that the inversion density has a Gaussian
distribution as a function of the velocity v, as shown by
curve (a) in Fig.13.4. However, at finite values of I (u),
a localized reduction of the inversion density occurs around
the value v= (oo-uv^) /k since at this point
(v,o)) has its
minimum value. This situation is illustrated by curve (b)
in Fig. 13.4. The beam of radiation of angular frequency 01
propagating through the medium is said to burn a hole in
the velocity distribution. The width of the hole burned in
the inversion density velocity distribution may be determined by assuming that P(v) is constant over the range of
velocities considered. Taking the width at half the maximum
depth of the hole gives (Problem 13.4)
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As explained in section 13.3, the increase in the hole
width at high intensities is the result of an effective reduction in the lifetimes of the upper and lower laser levels
caused by stimulated emission and absorption.

Fig.13.4.

Inversion density as a function of atomic axial
velocity for a gas discharge interacting with an
electromagnetic wave propagating to +°°.
(a) Gaussian distribution of thermal velocities.
(b) 'Hole' burned in normal velocity distribution.

13.4.2. The number of simultaneously oscillating modes. The
hole burning phenomenon provides a simple explanation of the
operation of lasers with transitions dominated by inhomogeneous broadening. In such a laser, as the inversion density
is increased by raising the current through the discharge,
oscillation occurs first on the longitudinal mode whose frequency is closest to line centre. The standing wave of the
laser field can be separated into two travelling waves. Each
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of these two counter-propagating waves interacts with atoms
in a well-defined velocity class and so burns a separate
hole in the velocity distribution. The inversion density
as a function of velocity is shown in Fig.13.5 for a laser
oscillating on a single mode whose frequency is well separated
from the line centre, "^ki > ki"
The two holes are symr
metrically located about the line centre.

Fig. 13.5.

Inversion density as a. function of atomic axial
velocity in a gas laser oscillating on a single
axial mode.

In general the frequencies of the longitudinal cavity
modes are separated by intervals which are large compared
with the linewidth I\ . and each axial mode is able to draw
energy from a different part of the atomic velocity distribution. Thus, as the inversion density is increased still
further, the gain at other mode frequencies becomes sufficiently large to overcome the cavity losses and the laser
is able to oscillate simultaneously on several longitudinal
modes. In this situation a large number of holes are burned
in the atomic velocity distribution and therefore no attempt
has been made to show this in Fig.13.5.

The multimode output

394

SATURATION CHARACTERISTICS

spectrum of a typical inhomogeneously-broadened laser
transition is shown in Fig.l3.3(b). This was obtained using
a high finesse piezoelectrically scanned interferometer.
The actual number of longitudinal modes which oscillate
simultaneously in an inhomogeneously-broadened gas laser is
determined mainly by the Dopper width and the intermode frequency difference, equation (13.5), although the maximum inversion density and the distributed cavity loss 6 /2L will
also have to be taken into account in specific cases (Problem
13.5). Since the intensities and relative phases of these
oscillating modes generally fluctuate in a completely random
fashion, the coherence length of a multimode laser is usually
determined by the spread of oscillating frequencies in spite
of the almost perfect monochromaticity of the radiation in
each individual mode. The coherence lengths of some typical
multimode gas lasers calculated on this basis are given in
Table 13.2, together with the Doppler widths appropriate to
the various discharge temperatures.
TABLE 13.2.
Doppler widths and effective coherence lengths
of typical gas lasers.
Laser

(K)

Doppler
width
(MHz)

11 523
33 912

400
400
400

1700
920
310

30
60
150

He-Cd

4416

600

1130

20

Ar+

4880

3000

3SOO

10

He-Ne

Wavelength

(X)

6328

Effective
temperature

Coherence
length
(cm)

13.4.5. The saturated gain coefficient. Before we can discuss in detail the propagation of a beam of laser radiation
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through an inhomogeneously-broadened medium, it is necessary
to complete the analysis of saturation which was started in
g

section 13.4.1. The saturated gain coefficient, a+(v,u),
for atoms in the specified velocity class v,v+dv may be
obtained by replacing the unsaturated inversion density in
equation (11.10) by the saturated value given in equation
(13.26).

In addition the lineshape factor, g(u>) , must be

replaced by the frequency response, g+(v,o)), appropriate
for atoms with velocity v interacting with an electromagnetic
wave propagating to +°°. The total gain coefficient at the
angular frequency to may then be obtained by summing the contributions from atoms in all possible velocity classes,
giving

By some further manipulation this expression may be recast
in the form of a folding integral of Lorentzian and Gaussian
distributions whose widths are specified by the linewidth
1/2
parameters r^d + I+(to)/I
g Oki) } and A respectively.
In the general case this means that it is impossible to
derive a simple expression for the intensity of the laser
beam, unlike the case of homogeneous broadening discussed
in section 13.3. However, in the limit that IY- < A, the
velocity distribution function, P(v), is essentially constant over the region about v=(u-uv.)/k whence the main
contribution to the integral in equation (13.29) originates.
Taking P( (u-u)-,. )/k) outside the integral sign, the remaining
expression can be manipulated to the form
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Then, using equation (8.40) for P( (u)-w

ki ) A ) ,

the saturated
gain coefficient in the limit of dominant inhomogeneous
broadening becomes

where

In the small-signal limit we see that equation (13.30) reduces to equation (11.7) as expected. Comparing equations
(13.19) and (13.30) we find that the gain of a Dopplerbroadened transition saturates more slowly than that of a
homogeneously-broadened line. This is a consequence of the
fact that in the inhomogeneous case only a small fraction
of the total number of atoms are on 'speaking terms' with
radiation of angular frequency w.

Fig.13.6.

Schematic diagram of apparatus used for measurement of gain coefficients in laser amplifiers.
(After Bridges (1963).)

13.5. Measurement of gain coefficients
Although positive gain is essential for successful
laser oscillation it is, in many cases, quite difficult to

SATURATION CHARACTERISTICS

397

perform accurate measurements of the gain coefficient.
This
is especially true for low-^ain transitions or for transitions on which successful laser oscillation has not yet
been attained.

However, when a laser operating on the

transition of interest is available the experimental arrangement may be made -quite simple.
is shown in Fig.13.6.

That used by Bridges (1963)

In this experiment the collimated beam

from a xenon laser oscillating at 3-508 ym is used as a
source for gain measurements in a separate amplifier.

The

30 cm long amplifier tube has a bore of 7 mm and is filled
with pure Xe or xenon-helium mixtures at various pressures.
The discharge in the amplifier is excited by connecting the
internal electrodes to the tank circuit of an r.f. oscillator, while that in the laser is a hot cathode d.c. discharge. Before entering the amplifier the laser output
power of 0-5 mW is attenuated by Corning glass filters.
These filters and the detector are tilted with respect
to the optical axis to ensure that the levels of laser oscillation and of gain in the amplifier are not altered by
light at 3-51 ym reflected back into their respective discharge tubes. An iris in front of the thermopile is used to
eliminate stray radiation from the hot filament of the laser
discharge.
If I 1 and I are the intensities of radiation at 3-51 ym
2
entering and leaving the amplifier tube, the gain in
decibels in the amplifier is defined as

(I

The ratio
2,/ I 1) is equal to the ratio of the thermopile
readings after these have been corrected for the spontaneous
emission from the amplifier tube. The experimental results
for two different gas fills are shown in Fig.13.7 as a
function of the input intensity I 1' In the absence of
saturation the dB gain would have a constant value given by
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From Fig.13.7 we see that even at the lowest input signal
of 7-8 yW there is clear evidence of gain saturation. For
a homogeneously-broadened line we have from equation (13.19)

Integrating over the amplifier pathlength L we have

This curve is also plotted in Fig.13.7 and the agreement
between the experimental results and the theoretical prediction is seen to be good, considering that the approximation of pure homogeneous line broadening is unlikely to be
completely correct in this case. The results shown in
Fig.13.7 clearly illustrate the importance of working at the
lowest input levels I, if measurements of the unsaturated
gain a (to) are required.
When an unambiguous interpretation of the measurements
is required it is also necessary to have an accurate knowledge
of the spectral distribution of the probe laser for exactly
the same reasons as in the absorption measurements described
in section 10.6.3.
In the experimental arrangement shown in Fig.13.6 the
laser oscillator may be replaced by a conventional discharge
tube emitting lines free from self-reversal. However this
will necessitate the use of a spectrometer or narrow-band
interference filters to isolate the line of interest and the
signal levels will be much lower, perhaps requiring phasesensitive detection. In addition, considerably more care
is required to obtain correct collimation of the light from
a conventional source.
Gain measurements on pulsed systems introduce further
difficulties in signal detection. Moreover the light levels
from the amplifier may now be sufficient to drive the de-
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tector into a non-linear response regime. This difficulty
occurs even with photomultipliers when the anode current
exceeds 1/1000 of the current flowing in the dynode voltage
resistor chain. Care should be taken to correct for this
non-linearity or to reduce the light levels to more suitable values by inserting additional attenuators before the
detector.

Fig.13.7.

Laser amplifier gain as a function of input signal
intensity. • , experimental results obtained on
the 3-51 pro line of Xe. Solid plot is of the
theoretical prediction, equation (13.35), for a
homogeneously-broadened line. (After Bridges
(1963).)

13.6. Mode-looking of gas lasers
As we explained in section 13.4.2 laser transitions
which are dominated by inhomogeneous broadening usually
oscillate simultaneously on a number of longitudinal modes.
The time-dependent electric field of the optical output of
the laser may therefore be written in the form
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Thus the total field depends on the amplitudes, frequencies,
and relative phases of all the oscillating modes. Generally
the mode frequencies are not equally spaced owing to the
modification of the passive cavity resonances by anomalous
dispersion in the gain medium, as detailed studies by Bennett
(1962) and McFarlane (1964) have shown. In addition, random
fluctuations in the length of the cavity produce changes in
the positions of the holes burned in the Doppler-broadened
gain curve.

Whenever these holes overlap, two or more modes

compete for the available gain and the relative amplitudes of
these modes may suddenly alter. Hence, when no attempt is
made to stabilize a free-running laser, the amplitude of the
electric field in the output beam fluctuates in a random and
uncontrollable fashion.
As a result the coherence length
of a multimode laser is of the same order as that of light
emitted from a conventional discharge lamp, as we see from
Table 13.2.
However, it is possible to force the oscillating modes
to adopt equal frequency separations and to maintain constant amplitudes and relative phases. This is known as
mode-looking or phase- lock-ing. Many different techniques
for achieving mode-locking have been developed and these
are clearly described in the review articles by Harris (1966)
and Smith (1970). In one of the simplest of these methods,
described by Hargrove et al. (1964), a polished quartz block
is placed inside the laser cavity and is driven into acoustic
resonance by a piezoelectric crystal. In the quartz block
the standing acoustic wave induces periodic refractive index
variations which act as a diffraction grating and lead to a
cavity loss which is a periodic function of time. This internal modulation produces side bands on each longitudinal
mode which have well-defined phase relations with one another. If the frequency of modulation equals the resonator
mode spacing of c/2L, and if the depth of loss modulation
is sufficiently great, these sidebands act as the main driving
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Consequently the modes

are locked with a constant phase difference in this case
Using 0) = OJ 0+q Aw and <f> a = * + q T, we find that
0
q
q
equation (13.36) becomes

of * +1 -<j> = ir.
q

This represents a carrier wave at the centre frequency u
0
whose envelope is determined by the number and relative amplitudes of the oscillating modes. In the approximation
that all the modes have equal amplitudes, it is easily shown
(Problem 13.6) that the envelope has the form, of a pulse
whose width is given approximately by the inverse of the
total frequency spread of the oscillating modes. The output
of a multimode laser in which many modes are locked together
by internal loss modulation therefore consists of a train of
very narrow pulses with a pulse repetition frequency of c/2L.
Other mode-locking schemes, such as that using an internal
phase modulation, produce light which is frequency modulated,
but unfortunately space does not permit a description of
these techniques.
An alternative picture of how this pulse train is
generated can be obtained by considering the radiation propagating back and forth inside the laser.

Since the modula-

tor period of 2L/c is equal to the time required for light
to make one round trip in the cavity, radiation which sees
a loss at the modulator in one cycle will suffer attenuation
in repeated passes through the modulator. Only light which
arrives when the modulator loss is close to zero will be
sufficiently amplified in the gain tube to offset these
losses, and thus the radiation inside the cavity builds up
into a narrow pulse.

In the limit of very narrow pulses the

average output power of the mode-locked laser will equal
that of the same device when free-running, since the average
modulator loss is then effectively zero. Consequently the
intensity in the pulses from mode-locked lasers is extremely
high and they may be used in experiments on the non-linear
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optical properties of solids, liquids, and gases.
Unfortunately a lower limit on the width of the pulses
from mode-locked gas lasers is imposed by the relatively
narrow bandwidth of the Doppler-broadened gain curve.

Thus

o
using the He-Ne laser oscillating at 6328 A, pulse widths of
330 ps are the narrowest

obtainable so far. In the cadmium

ion laser, however, it is possible to create an artificially
broad oscillation bandwidth of approximately 8000 MHz by
using the overlapping -lines of a carefully prepared mixture
of different even isotopes.

In this way a continuous

train

of pulses with pulse widths as narrow as 100 ps was obtained
o
o
on the 4416A and 3250 A laser lines. Very much shorter
pulse lengths may be obtained by raode-locking a C.W. dye
laser; the present limit of 1 - 5 ps is imposed by dispersion
in the optical components over the very wide oscillation
bandwidth.

These pulses are being used to investigate very

rapid relaxation processes in liquids and solids, the initiation of thermonuclear fusion by laser-induced compression, and as a carrier for an optical pulse-code modulation system.
13.7. Single-frequency

operation of gas lasers

13.7.1. Wave length selection in gas lasers.

Many laser gas

discharges create population inversions on several different atomic transitions,

0)

ki'

If the gain coefficients

are small, oscillation will usually occur on only one of
these lines due to the selective reflectivity of the cavity
mirrors.

However, in high gain systems, like the krypton

ion and argon ion lasers, several transitions will generally
oscillate simultaneously, especially if the mirrors have been
coated to give a high reflectivity over a broad spectral
range.

When these lasers are used as light sources for

fluorescence

or scattering experiments it is first necessary

to obtain oscillation on a single wavelength.

This is en-

sured by replacing one mirror of the optical cavity by a
Brewster angle prism assembly-which has a highly-reflective
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Optical cavity with internal Brewster angle
prism used to select one of several possible
transitions for laser oscillation.

coating on the rear face, as shown in Fig.13.8. Laser oscillation then occurs only on that transition for which refraction and reflection combine to send the light back down
the axis of the cavity. By rotating the prism through a
small angle, the laser can be tuned in turn to the different
possible oscillating wavelengths. This wavelength selection
has the added advantage of eliminating the competition for
the available gain which occurs when two laser transitions
start or terminate on the same energy level. For example,
in He-Ne lasers the 6328 A and 3-39 ym transitions both
originate on the 3s2 level (Fig.11.3). In medium power
lasers the gain saturation produced by the 3-39 ym transition
is sufficient to prevent oscillation at 6328 A unless the
infrared line is suppressed in this way.
The resolution obtainable in laser spectroscopy experiments is limited ultimately by the bandwidth of the
multimode laser output.

This is not usually important in

laser-induced fluorescence or Raman scattering experiments.
However, for Brillouin scattering, for saturated absorption,
and for two-photon absorption experiments, single-frequency
lasers are essential. These are also necessary in interferometry and holography whenever the optical path difference
exceeds 30 cm. Many different schemes for obtaining singlefrequency output from lasers have been reported. We shall
consider only a few of the most commonly used techniques. We
assume throughout that the laser has been constrained to
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oscillate on a single wavelength in the TEM
00 transverse
mode.
15.7.2. Low power single-frequency lasers. As the discussion
of section 13.4.2 showed, single-frequency oscillation is
possible in lasers with long gain tubes, Lm > 50 cm, if the
level of excitation is so low that only the longitudinal mode
nearest to the line centre has sufficient gain to overcome
the cavity losses.

This method is not used very often for

the available output power is low and it is difficult to adjust the discharge current to the required level. Moreover
drifts in the cavity length lead to large variations in the
intensity of the laser output.
An alternative method of securing oscillation on a
single longitudinal mode is to choose the length of the
cavity so that only one axial mode lies within a Doppler
width of the line centre. In the case of the 10-6 ym transition in CO
2' the narrow Doppler-width means that the cavity
can be up to 100 cm long and single-frequency output powers
of several watts are possible. However, in the visible
region the Doppler width is much larger and, referring to
Tables 13.1 and 13.2, we see that the cavity length for a
o
single frequency He-Ne laser oscillating on the 6328 A transition should lie between 10-15 cm (Problem 13.7). Details
o
of the construction of short, single-frequency 6328 A lasers
have been given by Collinson (1965), Baird et al, (1965),
and Bruce (1971).

In these designs the frequency of the

oscillating mode is tuned to the line centre by varying the
temperature of the laser and relying on the thermal expansion
of the resonator.

The frequency stability is therefore deter-

mined directly b.y the resolution and stability of the temperature controller.
The disadvantage of these short lasers is that the
output power is usually less than 100 yW owing to the short
length of the gain tube. Moreover the technique is not applicable to lasers such as the argon ion system, where the
high plasma temperature produces a very wide oscillating bandwidth. In this case a cavity length as short as 3 cm would be
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interferometric mode selection techniques have been developed
for use with high or medium power lasers and we now proceed
to consider the two most commonly used devices.
15.7.5. Single-frequency operation using a Fox-Smith interferometer. In most of the interferometric methods of longitudinal mode selection, an arrangement of three or more
mirrors is used to form a complex laser resonator which has
only one high Q, low-loss, mode lying within a Doppler width
of the line centre. For lasers with medium output powers,
< 100 mW, one of the most useful of these devices is the
Fox-Smith interferometer illustrated in Fig. 13.9(a). It
consists of two high-reflectivity mirrors, M and M
and

1

2>

a beam splitter, making a two mirror interferometer which
replaces the usual output mirror of the cavity. The resonances of this interferometer are spaced by c/2L and the

1

reflectivity versus wavelength characteristic is identical
to the transmittance versus wavelength characteristic of a
Fabry-Perot interferometer, as shown in Fig.l3.9(b).

If

the frequency of a longitudinal mode of the long cavity L 2
coincides with one of these resonances, all the light
entering the interferometer is reflected back on itself
regardless of the reflectance of the beam splitter, provided only that the mirrors M 1 and M 2 have reflectivities
of unity. The reflectance of the beam splitter is important,
however, since it determines the Q-value or bandwidth of the
interferometer resonance.
The use of this interferometer in He-Ne and argon ion
lasers has been described by Smith (1965) and Gorog and
Spong (1969) respectively. To ensure that the laser oscillates in a single longitudinal mode, the interferometer
length L 1 should be chosen so that c/2L 1 is greater than
the amplification bandwidth of the laser, and the width of
the interferometer resonance should be as narrow as possible.
Unfortunately it is not feasible to use a high-reflectivity
beam splitter because scattering losses in both the beam
splitter and the interferometer mirrors reduce the maximum
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Laser cavity using Fox-Smith interferometer for
selection of a single longitudinal mode,
(a) Mirror geometry; (b) gain/loss curves.

reflectance below the ideal value of unity. In practice beam
splitter reflectances of only 30-60 per cent are possible
and this results in a rather low finesse for the interferometer. Consequently longitudinal modes of the cavity
L? lying on either side of the resonant mode also have a
moderately high reflectivity at the interferometer and may
oscillate in high-gain systems. This technique is therefore
not as suitable for use in high power lasers as the internal
Fabry-Perot e"talon described in the following section.
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13.7.4. Single-frequency operation using a Fabry-Perot etalon.
In high power systems,such as the argon ion laser, the gain
on many of the transitions is so high that additional optical components can be inserted in the optical cavity without laser oscillation being prevented by the unavoidable
losses. A single longitudinal mode of the long cavity can
then be selected by inserting a Fabry-Perot etalon as shown
in Fig.13.10(a). When the etalon is aligned with its axis

Fig.13.10.

Laser cavity using internal Fabry-Perot etalon
for mode selection. (a) Mirror geometry;
(b) experimental display of laser output as a
function of the thickness of the internal FabryPerot etalon.

parallel to that of the laser it becomes an integral part of
the cavity. The normal cavity resonance frequencies are
modified and become very sensitive to the position of the
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etalon relative to the cavity mirrors-.

However, if the

etalon is tilted so that the angle it makes with the cavity
axis is greater than the angular radius of the lowest-order
1/2
transverse mode, 6 > (X/w)
, it then acts simply as a
bandpass transmission filter.
To ensure oscillation on only a single longitudinal
mode, the free spectral range of the etalon, c/2nd, should
equal or exceed the gain bandwidth of the laser and the reflection finesse should be sufficient to discriminate against
frequencies located approximately one homogeneous linewidth
from the maximum transmission frequency of the etalon. For
a typical argon ion laser, having an inhomogeneous linewidth
of 5 GHz and a homogeneous linewidth of 500 MHz, a solid
quartz etalon 10 mm thick having 20 per cent reflectivity
multi-layer dielectric coatings on each face would be suitable. The operation of such a single-frequency argon ion
laser is discussed in detail by Hercher (1969). Approximately
50 per cent of the total multimode power was available in
single-frequency operation and the coherence length of the
laser was extended from 10 cm to 10 m. Unfortunately this
simple technique is not suitable for use in low-gain systems,
for the tilt of the etalon with respect to the laser axis
eventually causes the laser beam to walk out of the cavity.
There is therefore an unavoidable loss, typically of the order
of 5 per cent, which would be sufficient to extinguish or
greatly reduce the output power of such lasers.
15.7.5. Tuning characteristics of single-frequency lasers
with interferometric mode selection.

In the single-frequency

lasers discussed in the two preceding sections, oscillation
will only occur when an interferometer resonance is close
to the frequency of one of the longitudinal modes of the main
cavity. This adjustment can be made in the Fox-Smith interferometer by mounting the mirror M, on a piezoelectrically
driven shaft, while in the case of the internal Fabry-Perot
it may be accomplished either by varying the tilt of the
gtalon with respect to the cavity axis or by enclosing the
solid etalon in a thermostatically controlled oven and using
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409
In both cases,

when the length of the main cavity is held fixed and the
interferometer resonance frequency is continuously varied,
the laser frequency changes discontinuously as the laser
hops from one longitudinal node to the next. The peak
amplitudes of the oscillating longitudinal modes in this
case trace out the envelope of the single-frequency saturated
gain curve, as shown in Fig.13.10 (b). The dip which is
apparent close to line centre is explained in detail in the
following section. To obtain single-frequency output which
is continuously tunable over the gain bandwidth of these
long lasers, it is necessary to alter the length of the main
cavity in synchronism with the frequency scan of the interferometer resonance.

Although this is a'difficult adjustment,

the experiments described in section 13.9.2 below show that
it can be performed successfully. However, in our discussion
of the output power of single-frequency gas lasers which now
follows we assume, for the sake of simplicity, that we are
dealing with one of the short single-frequency lasers described in section 13.7.2.
13.8. Output power versus tuning curves for single-frequency
gas lasers
13.8.1. Experimental observations of the Lamb dip. When the
frequency of a single mode laser is tuned over the gain
bandwidth of the atomic transition, by altering the length
of the cavity for instance, one expects intuitively that the
output power should increase to a definite maximum at the
line centre. However, the observed output versus frequency
curves usually have noticeably flattened peaks and in
favourable situations a clearly defined dip occurs in the
power output at line centre. This dip was first predicted
theoretically by Lamb in summer school lectures he gave
during 1962 and 1963 and is one of the main results in an
important paper (Lamb 1964) , which gives the first reasonably
complete account of the theory of gas laser oscillators.
The power dip predicted by Lamb was soon confirmed experimen-
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tally by the observations of McFarlane et al. (1963) and
Szoke and Javan (1963).
This Lamb dip, as it is now called, may be explained
simply in terms of the hole burning picture introduced by
Bennett (1962). When the laser oscillation frequency
approaches the line-centre frequency w
ki' the Doppler shift
required to bring atoms into resonance with the two travelling waves of the standing wave pattern becomes very small.
Consequently these waves are no longer drawing their energy
from two completely independent velocity classes and the
holes burned in the population distribution of Fig.13.5 must
overlap as 0) 0)
ki' Since now both travelling waves are
interacting with atoms in the same velocity class, the population inversion density saturates at a value lower than that
for the case of a single travelling wave. Hence the laser
output power is reduced at the line centre. The width of
the dip is determined by the widths of the holes burned in
the gain curve and is of the order of the homogeneous linewidth of the laser transition, r

ki'

Output power versus frequency curves are shown in
Fig.13.11 for several different values of the discharge
current in a single mode He-Ne laser oscillating on the
1-15 ym transition. The laser discharge tube was filled
with isotopically enriched 20Ne and helium since the Lamb
dip in the naturally occurring mixture of 91 per cent 20Ne
22 Ne is obscured by the isotope shift of the
and 9 per cent
1-15 ym line. The laser was tuned by magnetostriction of
the invar cavity spacer, and the frequency axis of Fig.13.11
was calibrated by tuning three successive cavity modes,
separated by c/2L, across the line centre. At power levels
well above threshold the dip in the output power versus
tuning curve is clearly visible. The Lamb dip is also
apparent in the envelope of the single-frequency power output
of the laser shown in Fig.13.10(b) , although in this case
oscillation occurs only at discrete frequencies across the
gain bandwidth for the reasons discussed in section 13.7.5.
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Output power versus frequency for single mode
helium-neon laser oscillating on the 1-15 ym line.
The laser contained helium and isotopically pure
20 Ne and results are given for several discharge
input power levels. (After Szoke and Javan (1963).)

15.8.2. Simple theory of the Lamb dip. The Lamb dip is another example of the saturation effects which occur in in-.
homogeneously-broadened laser transitions. The theoretical
basis of these effects was discussed in section 13.4 for
the case of a travelling wave laser. However, in the case
of a single-frequency laser oscillator it is necessary to
modify the last term in both equation (13.21) and equation
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(13.22) by making the substitution
I + O ) g + O , w ) -> { I + O ) g + ( v , o O + I _ O ) g _ ( v , ( D ) } .
The additional term represents the stimulated transitions
induced by the component of the oscillator standing wave
which propagates to -°°. For this wave the lineshape factor,
g_(v,o)), differs from that given in equation (13.23) by the
replacement of k by -k. Assuming now that the intensities
of the forward and backward travelling waves in the laser
oscillator are identical, I+ (w)'=I (o>) = I(w), we find that
the saturated inversion density is given by

The effective saturated gain coefficient in the singlefrequency gas laser is then obtained by taking the mean of
the saturated gain for the positive- and negative- going
waves following the procedure outlined in section 13.4.3
for the case of a single travelling wave. Using equations
(11.10) and (13.38) and summing the contributions from atoms
in all velocity classes, we have

The steady-state intensity inside the laser cavity,
I (o>) , is determined by the condition that the effective
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saturated gain coefficient just equals the effective loss

S

per unit length in the cavity, thus a ((0) = 6 /2L
m' Unc
fortunately an analytic expression for the integral appearing
in equation (13.39) does not exist and the equation for I (CD)
can only be solved by numerical methods. However, an approximate expression describing the output power as a function of
frequency for the single mode laser can be obtained by
assuming that the Doppler width is large compared with the
homogeneous linewidth. The velocity distribution function,

P(v), is then constant over the regions around V = + (to- (Jj )/k
ki
where the main contributions to the integrand of equation
(13.39) occur and it may be taken outside the integral sign.
Then making a binomial expansion of the denominator to the
first order in I M/l (ai ), we find that equation (13.39)
s ki
reduces to a sum of Lorentzian functions and products of
these functions.
It can be shown (Problem 13.8) that the
saturated gain coefficient in this approximation reduces to

It follows that the intensity of radiation in the cavity of
a single-frequency gas laser is given by

where the unsaturated gain coefficient in the limit of domi(u), is given by equation
nant inhomogeneous broadening,
(13.31). The result given in equation (13.41) accurately
describes the output power versus frequency curves for low
and medium power lasers when the condition I(o))/I (" ) < 0-1
S ki
is satisfied. In the case of the He-Ne laser oscillating on
o
-2
The
the 6328 A line, this requires I (to) < 2 - 4 W cm
Gaussian shape of the Doppler-broadened unsaturated gain co(u), determines the broad envelope of the tuning
efficient ,
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curve, while the narrow Lorentzian shape of the Lamb dip
comes from the second term in the denominator of equation
(13.41). This term is important only when the laser frequency, to, is within a homogeneous linewidth of the line
centre, uki.
Detailed studies of the Lamb dip.saturation phenomenon
at different pressures have been made by Szoke and Javan
(1966), Smith (1966), and Cordover and Bonczyk (1969). In
addition to determining the homogeneous linewidth in the
actual laser discharge, these experiments have shown that the
shape of the Lamb dip becomes asymmetric and that there is
a pressure shift away from the line centre at high pressures.
Since the pressure in a gas laser is fixed within certain
limits by the need to have sufficient gain to sustain oscillation, a laser stabilized to the centre of the Lamb dip
can never become a primary wavelength standard. Finally we
note that our theory of saturation effects was developed
only in terms of the rates of contributing processes. It
is therefore only an approximate description and the neglect
of the .phases of atomic wavefunctions and laser radiation
fields may be important in certain experiments.
13.9. Saturated absorption spectrosaopy using tunable gas
lasers
13.9.1. Saturated absorption spectroscopy of atoms. In the
previous section we considered the saturation of the inverted
population density in the gain tube produced by interaction
with the standing field inside the cavity of a singlefrequency laser. When an additional cell is placed in the
cavity and filled with atoms or molecules which have an inhomogeneously-broadened absorption line close to that of the
laser transition, these atoms and molecules will also be
subjected to the laser standing field. The two* runningwave components of this field will burn two holes in the
velocity distribution of the absorbing atoms which we assume
to have a normal rather than an inverted population dis-
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tribution.
The primary effect of this additional absorption loss
in the laser cavity will be to reduce the laser output
power.

However, as the laser oscillation frequency is tuned

towards the centre of the absorption line, the two holes
burned in the population of absorbing atoms will start to
overlap. At the line centre the population difference, and
hence the absorption coefficient of the sample, is reduced
by the saturation of atoms with zero axial velocity interacting with both components of the laser standing-wave
field. This sharp drop in the absorption coefficient, ivhich
occurs about the centre of the absorption line, reduces the
internal losses of the cavity and gives rise to a sharp
increase in the power output of the laser.
This effect is known as saturated absorption and was
first observed by Lee and Skolnick (1967) on the power output
versus tuning curve for a He-Ne laser oscillating on the
o
6328 A transition using the apparatus shown in Fig.13.12(a).
This laser had a 42 cm long cavity containing two separate
Brewster-angled discharge tubes. The first tube, 7 cm long
with 1-5 mm bore, was filled with a mixture of He and

20 Ne at 3-0 Torr pressure to provide the gain necessary for
laser oscillation. The second tube, 15 cm long by 3-0 mm
bore, was filled with 20Ne at 0-1 Torr. When an electrical
discharge was run in this tube a normal population distribution of excited atoms was obtained which produced
o
significant absorption on the 6328 A, 2p,-3s2 transition of
neon. When the laser frequency was tuned across the oscillating bandwidth, the power output showed a narrow inverted Lamb dip on top of the broad Gaussian envelope of the
curve (Fig.13.12(b)). The peak of this saturated absorption
signal occurred at a frequency 60 MHz below the laser linecentre frequency. Since the pressure in the absorption tube
was relatively low, it was assumed that this frequency offset represented the shift of the laser line centre produced by the relatively high pressure existing in the gain
tube, as mentioned at the end of section 13.8.2. The width
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Saturated absorption on the 6328 A transition
of a helium-neon laser. (a) Neon absorption
tube inside laser resonator. (b) Output power
as a function of oscillation frequency showing
saturated absorption resonance superimposed on
normal Gaussian envelope. (After Lee and
Skolnick (1967).)

of the saturated absorption signal was relatively narrow,
* 30±5 MHz, and was close to the natural linewidth expected
for the 6328 A transition.
This new technique of saturated absorption spectroscopy
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obviously had great possibilities, for here was a method for
optical spectroscopy in which the Doppler effect was elimi7
8
nated and a resolving power of 10 -10 easily attainable.
However, saturated spectroscopy is possible only if the
absorption feature of interest lies within the tuning range
of a single-frequency laser.

Unfortunately the tuning range

of gas lasers is limited approximately to the Doppler width
of the laser line and thus, in the case of atoms, they can
usually be applied only to the saturated absorption spectroscopy of the laser transitions themselves.
13.9.2. Saturated absorption spectroscopy of molecules. Fortunately molecular absorption lines are far more numerous
than those of atoms and several accidental coincidences exist
with known gas laser transitions. The first of these to be
studied by saturated absorption spectroscopy was the coincidence between the 6328 A He-Ne laser and the R(127) rotational absorption line of the 11-5 vibration band in the

X

ly +
L

12

0g

•* B

II*

electronic transition of molecular iodine,

V

The fluorescence resulting from this absorption process is easily visible in a darkened room if the beam from
a 1 mW laser is passed through an evacuated cell
containing iodine vapour at room temperature.

Hanes and

Dahlstrom (1969) were able to resolve 14 hyperfine components
in the saturated absorption spectrum of the line using an
iodine absorption cell inside the He-Ne laser cavity.
This work was extended by Hansch et al. (1971) using a
krypton ion laser, and the apparatus shown in Fig.13.13. In
this experiment the iodine.absorption cell was placed outside the laser cavity and a standing wave was obtained by
arranging two laser beams, each of 10 mW power, to intersect at an angle of less than 2 mrad inside the 20 cm long
absorption cell. From equation (13.40) the saturated absorption coefficient when both beams are present in the
cell is given approximately by
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Apparatus used by Hansch et al. (1971) for
s a t u r a t e d absorption spectroscopy of I- vapour.

where r a b and u> ab are the homogeneous linewidth and angular
frequency of the centre of a given molecular absorption line
respectively. The direct saturated absorption signal would
therefore be observed against a large background signal
having the usual Doppler-broadened Gaussian lineshape associated with the unsaturated absorption coefficient, KG(W). To
remove this background, one of the laser beams is chopped
and the modulation produced by saturation of the absorption
coefficient is monitored on a probe beam and recovered by
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phase-sensitive detection. The phase-sensitive detector
signal, S (d)), is thus proportional to the change in the absorption coefficient seen by the positive-going beam when
the negative-going beam is removed by the chopper, giving

In this equation K+(U) has been obtained by modifying
equation (13.30).
The saturated absorption signals obtained as the laser
frequency is scanned by simultaneously changing the tilt of
a mode-selecting internal e"talon and adjusting the length
o
of the laser cavity are shown in Fig.13.14. The 5682 A line

Fig.13.14.

Hyperfine structure of the P(117) rotational
line of the 21-1 vibrational band of the molecular iodine absorption spectrum at 5682 A - o b served by laser saturation spectroscopy.
(After
Hansch et al. (1971).)

of the krypton ion laser coincides with the P(117) rotational
line of the 21-1 vibrational band in the molecular iodine
absorption spectrum and the large gain bandwidth of the
krypton ion laser allows the complete hyperfine structure of
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of the P(117) line to be obtained. The saturated absorption
peaks have a half width of 10 MHz, corresponding to a reo
solution of 10 , and vividly demonstrate the power of this
new technique.
13.10. Frequency stabilisation of single- frequency gas lasers
13.10.1. Passive frequency stabilization.

The intrinsic

bandwidth of the output of an idealized single- frequency
laser would be of the order of 1 Hz or less, as we showed
in section 12.6.

In any real laser, however, the output

frequency drifts more or less rapidly with time owing to the
fact that the instantaneous frequency of oscillation within
the bandwidth of the Doppler-gain curve is determined by the
optical length of the cavity rather than by the centre frequency of the atomic emission line. Mechanical vibrations,
thermal expansion of the cavity spacer, and fluctuations of
the refractive index of the air between the cavity mirrors
and the Brewster angle windows of the gain tube in an external mirror laser all contribute to the frequency instability of the laser. By surrounding a short internal
o
mirror He-Ne laser oscillating at 6328 A with an oil bath,
Baird et al. (1965) initially obtained a frequency stability
of 2 x 10

per hour, where the frequency stability of a

single- frequency laser may be defined as

where v,j_i is the average frequency generated by the laser and
AV,(T) is some measure of the frequency fluctuations during
the period of observation T. Similar passively stabilized
lasers have been described by Collinson (1965) , Bruce (1971) ,
and others. The laser constructed by Baird et aZ.(1965) was
later modified to include temperature control to ±0-01 C and
O

eventually a frequency stability of 2 * 10 per day was
attained. This is, however, the upper limit imposed by the
oil-bath thermostat and the thermal expansion of the fused
quartz spacer (Problem 13.9). To obtain further improvement
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in the long-term stability, a more sensitive system for controlling the length of the resonator is required.
15.10.2. Frequency stabilization using the Lamb dip. The
power output versus frequency characteristic of a single-mode
laser provides one way of detecting changes in the oscillation frequency and Fig.13.15 shows how this may be used to

Fig.13.15.

Block diagram of laser frequency stabilization
scheme using the Lamb dip. (After Bloom (1968).)

stabilize a laser to the centre of the Lamb dip. Such
lasers were, until recently, available commercially from
Spectra-Physics Ltd. One of the resonator mirrors is mounted
on a piezoelectric element which is driven by a.c. voltage,
thus sweeping the laser frequency periodically over a small
range. The output power from the other end of the laser is
detected by a photocell where the a.c. signal is amplified
and fed to a phase-sensitive detector. The d.c. output voltage from the phase-sensitive detector is proportional to the
first derivative of the power output versus tuning curves
shown in Fig.13.11, and thus goes from a negative to a posi-
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tive value as the laser frequency is tuned across the cent're
of the Lamb dip. This provides an error signal which is
amplified and used to adjust the d.c. bias voltage applied
to the piezoelectric element. Thus the laser frequency is
servo controlled on to the centre of the Lamb dip.
The width of the Lamb dip is determined by the homogeneous linewidth and is of the order of 110 MHz in a He-Ne
laser oscillating- at 6328 A and filled to a total pressure
of 1-35 Torr. Thus the long-term frequency drift of Lamb
dip stabilized lasers can be reduced to less than ±1 MHz,
corresponding to a frequency stability or precision of
Q
better than 2 x IQ p er day. Unfortunately, however, the
exact profile of the Lamb dip is determined by the effects
of interatomic collisions and these produce slightly asymmetric line shapes and a shift in the linecentre frequency.
Thus the absolute frequency of individual lasers depends on
the filling pressure and has been observed to change by
40 MHz over the range 2-4 Torr (Bloom and Wright 1966). Comparisons with the krypton 86 wavelength standard made by
Mielenz et al. (1968) have shown that Lamb dip stabilized
lasers of similar design may differ in wavelength by more than
than 1 part in 10 and this is a measure of the accuracy or
reproducibility of the device. Thus these lasers cannot be
used as wavelength or frequency standards and

it is neces-

sary to consider alternative frequency-stabilization techniques .
15.10.3. Stabilization to molecular resonance frequencies.
The combination of moderately high operating pressures and
large pressure shifts effectively rules out any selfstabilized laser oscillator as a primary standard. On the
other hand, such oscillators may be used as sources to
generate saturated absorption resonances in molecular systems,
as discussed in section 13.9.2.
Such resonances have
several advantages for frequency stabilization schemes:
(a) the absorbing gas can often be at a low enough
pressure that collisional broadening and line
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shifts are negligible;
(b) the width of the saturated absorption line may
be extremely narrow if the absorption occurs from
the ground state to a long-lived excited level
of the molecule;
(c) the design parameters of the laser oscillator and
of the absorption cell may be optimized independently of one another.
A large number of these accidental coincidences of molecular
absorption lines with gas laser transitions are now known
and some of the most important examples are listed by Hall
(1973) in a review of saturated absorption spectroscopy.

(a) Stabilization of the 6328 A helium-neon laser to
saturated absorption resonances in molecular iodine. A
schematic diagram of a simple molecular iodine stabilized
helium-neon laser is shown in Fig.13.16. The operating
principle is very similar to that of the Lamb dip stabilization scheme discussed in section 13.10.2; however, the
saturated absorption peaks in iodine have a linewidth
of only 4 MHz and by locking the laser to one of the hyperfine components of the iodine line, a frequency stability
of 5 x 10
for a 10 s sampling time can be attained.
The spectral distribution and frequency stability of
the output of these stabilized lasers cannot be studied by
the methods of conventional high-resolution spectroscopy.
Instead it is usually necessary to construct two stabilized
lasers, one of which may be regarded as a local oscillator,
and to investigate the frequency stability using optical
heterodyne techniques. As shown in Fig.13.17 the outputs
of both lasers are superimposed coherently on the surface
of a square-law detector, such as a photodiode or photomultiplier. The detector output signal then contains a component corresponding to the beat note or frequency difference
between the two lasers. The power spectrum of this optical
heterodyne signal may be -displayed directly on an r.f.
spectrum analyser and its mean frequency determined pre-
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Schematic
frequency
saturated
tained in

diagram showing stabilization of the
of a 6328 A He-Ne laser to one of the
resonances of iodine molecules conan intracavity absorption cell.

cisely by means of a frequency counter.
As in heterodyne detection at r.f. frequencies, the
optical heterodyne technique eliminates the problems caused
by intrinsic or dark current noise in the detector and the
effective signal-to-noise level is limited only by the
quantum efficiency of the detector. On the other hand
because lasers have frequencies of the order of 2 x 10
Hz,
this technique is only applicable if laser frequency stabilio
ties of better than a few parts in 10 have been attained;
although of course this restriction does not apply to homodyne detection in which one laser acts both as source and
local oscillator.
Q£
By careful comparison with the
Kr standard, Schweitzer
et al. (1973) have shown that the frequency reproducibility of
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Schematic diagram of apparatus for laser spectrescopy using optical heterodyne techniques.

these iodine stabilized helium-neon lasers is about 1 part
in 10 . Thus they provide extremely useful secondary wavelength standards for work in the visible region of the
spectrum.

In spite of this, even greater accuracy and fre-

quency stability have been attained using the infrared
helium-neon line at 3-39 ym.
(b) Stabilization of the 3-39 ym helium-neon laser. Some of
the most spectacular demonstrations of the power of the
saturated absorption technique have been performed by Hall
and his co-workers (Barger and Hall 1969, Uzgiris et al.
1971, Hall and Borde" 1973) using the helium-neon laser line
at 3-3913 ym. By adjusting the helium pressure inside the
laser, the centre of the neon gain curve at 3-39 ym can be
made to coincide almost exactly with the P(7) line of the
v, band of methane, CH,. In methane the radiative lifetime
of the upper molecular level involved in the absorption tran-
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sition is estimated to be as long ~s 10 ros. Consequently at
pressures of the order of 1 mTorr the linewidth of the saturated absorption
interaction time
absorption cell,
(Problem 13.10).

resonance is determined mainly by the finite
of the atoms with the laser beam in the
and is typically of the order of 100 kHz
The linewidth can be reduced by expanding

the laser beam inside the absorption cell and by cooling
the methane to liquid nitrogen temperatures. Methanestabilized lasers have been shown to have a frequency stability of 3 x 10
and a reproducibility of better than 1
part in 10 . As we shall see later, this wavelength reproducibility is two orders of magnitude better than the
present standard of length.
For saturated absorption spectroscopy experiments
using the 3-39 pm line it was found convenient to transfer

Fig. 13.18.

Schematic diagram of apparatus used by Barger and
Hall (1969) for saturated absorption experiments
in methane employing the frequency-offset locking
technique. (After Hall (1973).)
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the high-frequency stability of the methane-stabilized reference laser to a second more powerful probe laser by a
technique known as frequency offset locking. The apparatus
involved in these experiments is shown schematically in
Fig.13.18. In the first stage the reference laser 1 is
stabilized to the line centre of the methane saturate.! absorption resonance by means of an internal absorption cell
in the usual way. Then the outputs of lasers 1 and 2 are
mixed together and the frequency of the local oscillator
laser is servo-controlled so that the beat note is exactly
5000-0 kHz. This transfers the frequency stability of laser
1 to laser 2 and also locks the local oscillator laser to a
frequency offset by 5 MHz from the centre of the methane
resonance. In the second stage the output of the powerful
probe laser 3 is mixed with that of laser 2 and the beat
note is servo-controlled to a frequency which may be set
anywhere between 0-25 MHz and 15 MHz. This laser 3 combines great frequency stability with continuously variable
output frequency and may be used for ultra-precise saturated
absorption spectroscopy. Fig.13.19 shows the first derivative of the methane saturated absorption resonances obtained in this way using an external absorption cell. The
curves obtained at various pressures are very accurately
described by derivatives of Lorentzian line profiles and
the half-width (FWHM) due to collision broadening is given by

where P is the methane pressure measured in mTorr. The
reader will appreciate the remarkable nature of these experiments when he realizes that a spectroscopic resolution
n
of the order of 10 has been achieved at optical frequencies.
13.10.4. Measurement of the velocity of light. A knowledge
of the velocity of light is now important in many diverse
fields such as geophysical distance measurement, studies
of the planets using microwave radar and in conversions between electrostatic and electromagnetic units. The extremely
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First derivative of the output power of laser
number 3 versus offset-lock frequency (f,-f_).
The curves show the saturated absorption resonance on the P(7) line of the v, band of methane
at different methane pressures and are very
accurately described by derivatives of Lorentzian
functions. (After Barger and Hall (1969).)

high accuracy with which the 3-39 pm He-Ne laser can be
locked to the methane saturated absorption resonance has led
to the possibility of redetermining the velocity of light
with an accuracy which is about 100 times better than that
of the previously accepted value of 299 792 500 ± 100 m s"1
obtained by Froome (1958). The determination involves the
measurement of the wavelength and frequency of a stabilized
laser giving c = X v.

The wavelength of the 3-39 urn He-Ne

laser stabilized to the methane saturated absorption line was
86
°
measured in terms of the
Kr wavelength standard at 6057 A
by Barger and Hall (1973) using a servo-controlled plane-
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parallel Fabry-Perot interferometer. The accuracy of the
.40
wavelength measurement was limited to ± 1-2 x 10
A by the
small intrinsic asymmetry of the 6057 A line emitted by
the standard lamp. The Consultative Committee on the Definition of the Metre (CCDM) has recommended that when such
asymmetries are observed, the defined wavelength (Table 13.3)
should be taken to apply to a point on the krypton line half
way between the maximum and the centre of gravity of the observed line profile. Using this definition, the result for
the 3'39 pm neon line given in Table 13.3 is the mean of the
two values reported by Barger and Hall (1973) in which they
assumed that the standard applied either to the maximum or to
the centre of gravity of the krypton line.
The frequency of the 3-39 ym methane-stabilized laser
has been determined in terms of the cesium beam primary frequency standard (described in section 18.7) by Evenson et al.
(1973). Since a direct comparison of the frequency of the
standard at approximately 9 - 2 fiHz and that of the laser at
88 THz is not possible at present, the experiment involved
frequency multiplication using the chain of klystrons and
far infrared lasers shown schematically in Fig.13.20. At
each step in the multiplication chain one measures the beat
frequency between an harmonic of the lower-frequency oscillator and the fundamental of the higher-frequency oscillator.
At the low-frequency end of the chain conventional silicon
point contact harmonic generator-mixers are used, but in the
final stages novel tungsten-nickel diodes must be employed.
These consist of a 2 mm long, 25 ym diameter tungsten catwhisker with a sharpened tip which is lightly contacted to
the nickel surface. These diodes act as antennae, harmonic
generators, and mixers up to the 88 THz frequency of the
3-39 ym laser, but require more than 50 mW of laser power
for adequate signal-to-noise. The result of this frequency
measurement is given in Table 13.3. The estimated error of
6 parts in 10
does not represent the final limit of
accuracy since, given sufficient care, frequency measurements
can be made in terms of the cesium primary standard to a few

TABLE 13.3c
Measurement of the velocity of light by determination of the frequencies and
wavelengths of stabilized lasers
Source

Frequency
(kHz)

Wavelength
(fm)

Velocity of

Reference

light
Cm s'1)\

86

Kr lamp

133

Cs atomic beam

He-Ne laser
methane stabilized

605 780 210- S

Defined standard

9 192 631-770

Defined standard

88 376 181 627

3 392 231 390

299 792 457-4

±50

±12

± I'l

(v) Evenson et aZ.(1973)
(X) Barger and Hall (1973)
(c) Evenson et aZ.(1972)

C02 laser

32 176 079 482

9 317 246 348

299 792 459-0

±28

±24

± 0-8

(v) Blaney et aZ.(1973)
(A) Jolliffe et al
(1975)
(c) Blaney et al . (1975)

SATURATION CHARACTERISTICS

Fig.13.20.

431

Diagrammatic representation of frequency synthesis chain used in determination of the
velocity of light.

parts in 1013.
When these wavelength and frequency measurements are
combined the result for the velocity of light, given in
Table 13.3, is about two orders of magnitude more accurate
than the previously accepted value. This result has been
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confirmed by independent measurements made at the National
Physical Laboratory using a 9-3 urn C02 laser stabilized to
the saturated absorption resonance produced by the R(12]
component of the vibration-rotation band in CO-. It is
interesting to note that the accuracy of these determinations
is limited by the uncertainty of about 3 parts in 10 introduced by the inherent asymmetry of the emission line -from
the krypton standard. Clearly a new standard of length is
required. However, in the near future there is the intriguing possibility of being able to combine the standards
of length and time/frequency in a single saturated absorption stabilized laser. The wavelength and frequency of
this device would then be related by a defined velocity of
light. Indeed the CCDM is already pledged to maintain the
velocity of light at the value c = (299 792 458 ± 1-2) m s"1
whatever changes may be made in the definitions of length and
time units in the future, assuming of course that there are
no unsuspected errors in the present measurements.
Problems
13.1. Derive an expression for the frequencies of the modes
of a hemispherical cavity consisting of one plane
mirror and one concave mirror, whose radius of curvature R is equal to the separation of the mirrors L^.
Show that the frequencies of these modes coincide with
those of a concentric cavity formed by two concave
mirrors, radius R, separated by a distance L- = 2R.
Calculate the frequency separation between the
transverse modes of an almost plane-parallel cavity
in which two concave mirrors of 50 m radius of curvature are separated by a distance of 1 m. (Ans:

9-56 MHz.)
13.2. Calculate the population inversion density per unit
volume required to achieve the threshold of oscillation
in a he] ium-neon laser operating at 632-8 rim.

The

transition probability of the 632-8 nm neon line is
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6 -1
estimated to be Aki » 5.1 x 10 s
and the full
width at half maximum intensity of the Doppler profile
of this transition under the conditions existing in
the laser discharge is 1700 MHz. The cavity mirrors
each have a reflectivity of 99-9 per cent at the laser
wavelength and the active length of the discharge is
7
-3
Lm = 0.60 m; Jk = 1, Ji = 2. (Ans: 3.7 x 10 cm .)
m
K
i
13.3. Show that the variation of the saturated gain coefg

ficient aeL (w) as a function of the angular frequency
to for a homogeneously-broadened laser transition is
described by a Lorentzian function whose maximum value
is

and whose full width at half maximum amplitude is
given by

The intensity of laser radiation inside the cavity is
given by I (ID), and Ig(u>, .) is the saturation parameter
defined by equation (13.18).
A laser with a homogeneously-broadened line is
operated in a cavity in which one mirror is perfectly
reflecting while the other has an output transmission
of t.

The total round trip loss of the cavity is there-

fore given by 6 = t + 6' where 6' represents the unavoidable fractional cavity losses.

Plot the laser

output power for several different values of 6' as a
function of the mirror transmission t and show that the
mirror transmission for maximum output power is given
by
t

optimum

13.4. When inhomogeneous broadening is dominant, prove that
the width of the hole burned in the velocity distribu-
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tion of the laser population inversion density is given
by

where I+(u) is the intensity of laser radiation inside
the cavity propagating towards +°° and Ic(u>, -) is the
o

saturation parameter defined by equation

Kl

(13.18).

Calculate the saturation parameter for a helium-neon
laser oscillating on the 632-8 nm transition, assuming
the following values for the necessary parameters:
(a)

Statistical weight and effective lifetime of
upper laser level gi c = 3, T,=12-2 ns.

(b)

Statistical weight and effective lifetime of

(c)

Spontaneous

lower laser level g - = 5 , T.=5-88 ns.
transition probability of the 632-8 nm

line, A ki = 1-38 x 106 s"1.
(d)

Halfwidth of Lorentzian frequency response,
rki/2TT = 144 MHz. (Ans : 20-5 W cm"2.)

o
13.5. A helium-cadmium laser is operated on the 4416 A transition with a constant length of active discharge in
a cavity whose length can be varied continuously.

At

the linecentre the round-trip gain, 2Lm a\jr (w,-),
is 5
ic i
per cent and the round-trip cavity loss 6 is 3 per
cent.

The gain profile varies as a Gaussian dis-

tribution whose width is determined by the temperature
of 600 K existing in the laser discharge tube.

Show

that oscillation can only occur within a restricted
frequency range on either side of line centre and calculate the maximum length of the cavity for which oscillation is restricted to a single longitudinal mode.

(Ans: 31 cm.)
13.6. In a mode-locked laser the phases of adjacent longitudinal modes q are separated by a constant value of
When the laser is oscillating simultaneously on N longitudinal modes all having the same
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amplitude, show that the laser output consists of a
sequence of pulses with a repetition frequency of c/2L
and a pulse width given approximately by At = 2L/Nc.

o
13.7. The gain profile of the 6328 A line in a helium-neon
laser may be assumed to be dominated by Doppler broadening with a full width at half maximum intensity of
1700 MHz. Calculate the optimum cavity length for
single frequency oscillation. (Hint: maximize the
difference in gain per round trip for adjacent longitudinal modes one of which is tuned to the linecentre)
(Ans: 15 cm.)
13.8. Show that equation (13.39) for the saturated gain coefficient may be reduced to equation (13.40) in the
approximation that the velocity distribution function
P(v), is very much wider than the homogeneous line width
T,.. (Hint: make use of the properties of the folding
integrals of Lorentzian and Gaussian functions which
are listed in section 8.6).
13.9. The mirrors of a 6328 A single-frequency helium-neon
laser are separated by a spacer formed from a cylinder
of fused quartz 14 cm long. The entire laser is enclosed in an oil-bath whose temperature is maintained
constant to within ± 0-01 °C. Calculate the frequency
stability expected for this device given that the linear
expansion coefficient of fused quartz is 4-7 x 10-7 per
°C.
The laser output is directed into a two-beam interferometer. Estimate the maximum optical path difference
in the interferometer at which two beam interference
fringes would still be visible. (Ans: stability =
2-1 x io8; path difference = 21 m.)
13.10.Estimate the contributions to the linewidth of the
3-39 ym saturated absorption signal obtained from a
sample of methane gas, CH., from the following physical
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processes:
(a) the radiative lifetime of the upper level in
methane which is approximately 10 ms;
(b) collision broadening in methane at a pressure of
1 mTorr assuming a collision cross-section of
3 x 10-15 cm2 at a temperature of 300 K;
(c) the passage of the molecules across the finite
radius, r=0-75 mm, of the laser beam in the
methane absorption cell. (Ans: (a) Av=16 Hz;
(b) Av=l-4 kHz; (c) Av=133 kHz.)

References

Baird, K.M., Smith, D.S., Hanes, G.R., and Tsunekane, S.
(1965). Appl.Opt. £, 569.
Barger, R.L. and Hall, J.L. (1969). Phys.Rev.Lett. 22, 4.
and

(1973). Appl.Phys. Lett. 22_, 196.

Bennett, W.R. Jr. (1962). Phys.Rev. 126, 580.
Blaney, T.G., Bradley, C.C., Edwards, G.T., Knight, D.J.E.,
Woods, P.T., and Jolliffe, B.W. (1973). Nature,Land.
244, 504.
Blaney, T.G., Bradley, C.C., Edwards, G.T., Jolliffe, B.W.,
Knight, D.J.E., Rowley, W.R.C., Shotton, K.C., and
Woods, P.T. (1975). Nature,Lond. 251, 46.
Bloom, A.L. (1968). Gas lasers. Wiley, New York.
and Wright, D.L. (1966). Appl.Opt. ,5, 1528.
Boyd, G.D. and Kogelnik, H. (1962). Bell Syst.tech.J. _41,
1347.
Bridges, W.B. (1963). Appl.Phys.Lett. 5, 45.
Bruce, C.F. (1971). Appl.Opt. 1£, 880.
Collinson, J.A. (1965). Bell Syst.tech.J. 44, 1511.
Cordover, R.H. and Bonczyk, P.A. (1969). Phys.Rev. 188, 696.

SATURATION CHARACTERISTICS

437

Evenson, K.M., Wells, J.S., Petersen, F.R., Danielson, B.L.,
Day, G.W., Barger, R.L., and Hall, J.L. (1972).
Phys.Rev.Lett. 29, 1346.
Evenson, K.M., Wells, J.S., Petersen, F.R., Danielson, B.L.
and Day, G.W. (1973). Appl.Phys. Lett. 22_, 192.
Froome, K.D. (1958). Pvoa.R.Soc. 247A, 109.
Gorog, L. and Spong, F . W . (1969).

R.C.A. Rev. 3£, 2 7 7 .

H a l l , J . L . (1973). Atomic physics, Vol.3.
G . K . W a l t e r s ) . Plenum, N e w York.

(Eds. S . J . S m i t h and

and Borde", C. (1973). Phys .Rev. Lett. !50, 1101.
Hanes, G . R . and D a h l s t r o m , C . E . (1969). Appl.Phys.Lett.
362.

14,

Hansch, T.W., Levenson, M.D., and Schawlow, A.L. (1971).
Phys.Rev.Lett. 26, 946.
Hargrove, L.E., Fork, R.L., and Pollock, M.A. (1964).
Appl.Phys .Lett. _5, 4.
Harris, S.E. (1966). Appl.Opt. _5, 1639.
Hercher, M. (1969). Appl.Opt. ^, 1103.
Jolliffe, B.W., Rowley, W.R.C., Shotton, K.C., Wallard, A.J.,
and Woods, P.T. (1975). Nature,Land. 251, 46.
Lamb, W.E. Jr. (1964). Phys.Rev. 134, A1429.
Lee, P.H. and Skolnick, M.L. (1967). Appl.Phys.Lett. 1£, 303.
McFarlane, R.A. (1964). Phys.Rev. 155, A543.
, Bennett, W.R.Jr., and Lamb, W.E. Jr. (1963).
Appl.Phys.Lett. 2_, 189.
Mielenz, K.D., Nefflen, K.F., Rowley, W.R.C., Wilson, D.C.
and Engelhard, E. (1968). Appl.Opt. ]_, 289.
Schweitzer, W.G., Kessler, E.G., Deslattes, R.D., Layer, H.P.,
and Whetstone, J.R. (1973). Appl.Opt. 12, 2927.
Smith, P.W. (1965). I.E.E.E.J. Quantum Electron. QE-1, 343.
(1966). J.Appl.Phys. 37, 2089.

438

SATURATION CHARACTERISTICS

Smith, P.W. (1970). Proa.Inst.elea.and electron.Eng. 58, 1342.
(1971). Appl.Phys.Lett. 1£, 132.
Szb'ke, A. and Javan, A. (1963). Phys. Rev. Lett. 10, 521.
and
Uzgiris

(1966). Phys.Rev. 145, 137.

E.E., Hall, J.L., and Barger, R.L. (1971).

Phys.Rev.Lett. 26, 289.
General references and further reading
A non-mathematical account of laser saturation spectroscopy is given in the article by
Feld, M. and Letokhov, V.S. (1973). Sci.Amer. 229, No.6,
p.69.
A comprehensive review of mode selection techniques in
lasers is given by
Smith, P.W. (1972). Proc.Inst.elea.and electron.Eng. 60, 422.

14

Tunable dye lasers and atomic spectroscopy
14.1. Introduction
In the previous three chapters we have discussed the
properties of gas lasers and have shown how they can be designed for single frequency oscillation, and also how the
output frequency may be tuned continuously over the bandwidth of the Doppler-broadened gain curve.

Unfortunately

this tuning range is relatively narrow and the application
of these gas lasers to atomic and molecular spectroscopy is
restricted to studies of the laser transitions themselves,
or to accidental coincidences with molecular absorption lines.
It would therefore seem that the new and powerful technique
of saturated absorption spectroscopy was also of relatively
limited applicability.
Fortunately, in the past decade, several different
types of narrow-bandwidth widely tunable lasers have been
developed and of these the organic dye laser has played the
most prominent role in atomic and molecular spectroscopy.
These dye lasers provide tunable coherent radiation throughout the wavelength range from the near ultraviolet to the
near infrared, and moreover, by optical harmonic and laser
difference frequency generation, the accessible spectral
region can be extended into the vacuum ultraviolet and the
far infrared.
This new device has led to a rapid growth in the nonlinear spectroscopy of atoms and molecules. In addition
the narrow spectral bandwidth and great intensity per unit
spectral range of these dye lasers have made it possible to
extend the range of classic spectroscopic techniques such as
absorption and fluorescence spectroscopy. Even the more
precise spectroscopic methods such as the Hanle effect, the
optical double resonance, and the optical pumping techniques
have all benefitted from the increasing availability of
tunable dye lasers. Selective step-wise excitation using dye
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lasers now enables atomic energy levels to be studied which
have the same parity as the ground state and which consequently cannot be efficiently excited by conventional
lamps.
Thus dye lasers have led to an enormous increase in
activity in many areas of atomic physics. In the sections
which follow we will briefly discuss the principles of dye
laser operation and the construction of some typical laser
systems. We will then consider a few of the recent applications of these devices to atomic spectroscopy. Further information on dye lasers and their spectroscopic applications
is contained in the excellent collections of review articles
edited by Schafer (1973), Walther (1976) and Shimoda (1976).
14.2, Tunable organic dye lasers
14.2.1. Principles of dye laser operation.

Many organic

compounds that absorb strongly in certain regions of the
visible spectrum also fluoresce very efficiently, emitting
radiation which covers a large wavelength range. The first
descriptions of stimulated emission from these fluorescent
organic dyes in liquid solution were reported almost simultaneously by Sorokin and Lankard (1966) and Schafer et al.
(1966). It was not long before Soffer and McFarland (1967)
had demonstrated that the stimulated emission was also
tunable and the rapid development of tunable dye lasers had
commenced.
The energy-level scheme of a typical organic dye
molecule in dilute solution is shown schematically in Fig.
14.1.

It consists of a ground state Sg and a series of

excited singlet levels S,,S2,

together with another

series of triplet levels T1,T2,.... in which the lowest
-1
level lies about 15 000 cm
above the ground state Sn. The
-1
energy level separation Sg-S-, is typically about 20 000 cm
In the singlet states the spin of the active electron and
that of the remainder of the molecule are antiparallel, while
in the triplet states the spins are parallel. Transitions
between states of the same multiplicity give rise to the in-
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Schematic energy level diagram of typical dye
molecule. (After Hansch (1973).)

tense absorption and fluorescence spectra of the dye while
singlet <* triplet radiative transitions involve a spin flip
and are therefore far less probable. Each electronic level is
also associated with an array of vibrational and rotational
levels. The vibrational levels are spaced by intervals of
_i
1400-1700 cm
while the spacing of the rotational levels is
smaller by a factor of approximately 100 and consequently is too
small to be shown in Fig.14.1. Due to rapid relaxation processes the rotational and vibrational levels are smeared
out to form broad continuous energy bands. These account for
the continuous absorption and emission spectra, examples of
which are shown in Fig.14.2 for the case of the well-known
laser dye rhodamine 6G in ethyl alcohol solution. The colour
of the dye is determined by the broad absorption band SQ^SJ
which results from the excitation of an electron in a
ir-orbital.
When the dye solution is illuminated by light whose
wavelength falls in the absorption band, molecules are op-
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Absorption and fluorescence spectra of the laser
dye rhodamine 6G in ethanol solution. (After
Hansch (1973).)

tically excited from the level SQ into some rotationalvibrational level b belonging to the excited singlet state,
S,. Following the excitation, rapid collisions with other
molecules dissipate the excess vibrational-rotational energy
and the molecule relaxes to the lowest vibrational level of
the S1 state in a time of the order of 10-11-10-12" s. From
here the molecule can decay by spontaneous emission, with a
radiative lifetime T * 10" s, to any of the rotationalvibrational levels of the ground state. Consequently the
emitted light is of longer wavelength than the pumping radiation. Finally non-radiative relaxation processes return
the molecule to the v=0 level of the electronic ground state,

V

If the intensity of the pumping radiation is very high,
T
exceeding about 100 kW cm" , a population inversion between
S, and S Q may be attained. Light amplification by the stimu-
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lated emission of radiation is then possible over almost the
entire fluorescence band with the exception of that part
which is effectively overlapped by the absorption band of
the molecule. In the absence of frequency-selective feedback, the dye laser will oscillate on a band approximately
10-50 A wide close to the peak of the fluorescence curve.
However, due to the rapid thermalization of the vibrational
and rotational levels, the spectral profile of the gain curve
is essentially homogeneously broadened and it is possible
to channel almost the entire available energy into a narrow
spectral range by using a laser cavity with wavelengthselective feedback. Thus continuously
oscillation may be obtained.

tunable dye laser

Unfortunately there are several processes which compete
with the fluorescent decay mode of the molecule and therefore
reduce the efficiency of the laser. The most important of
these are non-radiative relaxation to the ground state
Sj+Sg, and non-radiative intersystem crossing S^T,.

This

latter process is particularly undesirable since a large
population of molecules may build up in the triplet level
-7
owing to the relatively long lifetime, tT = 10-3 -10
s, of
this metastable state.

Absorption on the allowed transition

such as T^T, can then cause considerable cavity losses if
these absorption bands overlap the S^-»-Sg fluorescence band,
and laser oscillation may be quenched or prevented completely. This triplet loss may be reduced by adding small
quantities of chemicals such as cyclooctatetrene to the dye
solution, for these favour the non-radiative transitions
T-,->-S0 and thus shorten the effective lifetime of the T,
level.
To date laser action has been achieved on several
hundred organic dyes, many of which are listed in the survey
by Warden and Gough (1971). Examples of some of the most
useful dyes together with their .respective tuning ranges
are shown in Fig.14.3. The tuning range of certain dyes
can be extended by adjusting the pH value of the solvent.
Thus Shank et al. (1970) have been able to cover the entire
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Examples of laser dyes, their structure and respective tuning ranges. (After Hansch (1973).)

range of the spectrum from the near ultraviolet to the yellow,
390-544 nm, using 4-methyl-umbelliferone and its excited
acidic complex. Mixtures of different dyes in the same
solution have also been used to extend the tuning range or
to transfer energy to a dye whose absorption bands did not
match the emission of the pump source. However, for use
in high-resolution spectroscopy wide tuning range in a single
dye is of less importance than high fluorescence efficiency.
Happily new dyes which have been especially synthesized for
high efficiency over particular spectral regions are becoming
increasingly available. The fluorescence efficiency, the
triplet losses, and the absorption spectrum of the'dye all
impose stringent requirements on the properties of the dye
laser pump source and we now turn to a consideration of the
main types of sources used at present.
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14.2.2. Flashlamp - pumped dye lasers. Many laser dyes with
emission bands ranging from the near ultraviolet to the
infrared have been successfully pumped using flashlamps.
These lamps consist of quartz tubes filled with xenon or
some other gas at a relatively high pressure and they are
excited by a pulsed high-current discharge from a storage
capacitor. Flashlamps with short risetimes, of the order
of 100 ns or less, are the most suitable for use with dye
lasers. The flashlamp and dye cell may be coaxial or alternatively the lamp and cell may be held at the foci of an
elliptical cylindrical reflector as indicated schematically
in Fig.14.4. Difficulties are encountered in these lasers

Fig.14.4.

Schematic diagram of flashlamp-pumped dye laser.
(After Hansch (1973).)

because of the large amount of thermal energy transferred
to the dye solution. This causes refractive index variations
throughout the dye cell and leads to very large diffraction
losses in the optical cavity. In order to overcome these
thermal schlieren effects, the solution is usually circulated
rapidly through the dye cuvette by means of a small pump.
In order to achieve a narrow bandwidth tunable output
one mirror of the normal laser cavity is usually replaced
by a diffraction grating as shown in Fig. 14.4. The grating
normal makes an angle 8 with the axis of the cavity and in
this Littrow arrangement the condition
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must be satisfied for radiation to be reflected back along
the cavity axis. In this equation A is the oscillating wavelength of the laser and d is the grating spacing. Light of
other wavelengths is not reflected back along the cavity
axis and consequently this radiation sees a very lossy resonator and oscillation is prevented. Thus narrow bandwidth
laser output is obtained and wavelength tuning may be accomplished simply by rotating the grating. Prisms, Fabry-Perot
etalons, and combinations of these elements with diffraction
gratings have all been used as tuning elements in flashlamppumped dye lasers and the bandwidths obtained range typically
o
from 0 - 3 - 3 - 0 A. Flashlamp-pumped dye lasers can be very
cheap and simple to make and output energies of up to several
Joules per pulse have been obtained. Generally, however,
the pulse repetition rate is too low and the output spectral
bandwidth is too large to permit their use in high-resolution
atomic spectroscopy.
14.2.5. Laser-pumped dye lasers - pulsed systems.
(a] Solid state laser-pumped dye lasers. The first reported
dye lasers were pumped by giant pulse (Q-switched) solid
state lasers such as the ruby laser at 694-3 nm and the frequency-doubled neodymium laser at 530-0 nm. These pump
sources continue to play an important part in applications
requiring very high peak powers. The inherently short pulse
length of the Q-switched solid state lasers, 5-100 ns, effectively eliminates the problems of triplet state absorption
and dye laser efficiencies of up to 50 per cent have been
reported in certain cases.
These laser-pumped dyes exhibit very large gain co3
efficients, » 10 mm-1 , and low-Q optical cavities containing'
several rather lossy tuning elements may be used.

Thus by

combining a Littrow mounted e"chelle grating and one or more
Fabry-Perot etalons, single mode operation with bandwidths
of less than 0-01 A can be achieved. Ruby laser pumping is
essential for most of the infrared dye lasers since the absorption bands of these molecules lie towards the red end
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of the spectrum and moreover these dyes are easily destroyed
by photodissociation when sources of shorter wavelength are
used. However, solid state laser-pumped dyes are not restricted to the long wavelength end of the spectrum, for
efficient second and fourth harmonic generation makes the
ruby (347-2 nm) and neodymium (265-0 nm) lasers very effective pump sources for dye lasers in the near ultraviolet.
Laser pumping certainly provides the easiest route to
tunable dye laser radiation once the pump laser exists.
Unfortunately the very low repetition rate of many of the
Q-switched solid state lasers is a great disadvantage in experiments in atomic and molecular spectroscopy.
(b) Molecular nitrogen laser-pumped dye lasers. A particularly reliable and convenient pump source is the pulsed
nitrogen laser operating at 337-1 nm. The short wavelength
of this laser radiation excites many dyes to high-lying
singlet levels, but in all cases the molecules relax very
quickly to the bottom edge of the lowest excited singlet
level, dissipating the excess energy in the solvent, and dye'
laser oscillation occurs on the S-^S., transition. Since most
dyes have a strong absorption band in the ultraviolet region
the nitrogen laser provides an almost universal pump source.
The short pulse length and high repetition frequency of this
laser provide a convenience similar to that of C.W. operation and it is one of the most widely used systems in atomic
spectroscopy.
A schematic diagram of the nitrogen laser-pumped dye
laser system developed by Hansch (1972) is shown in Fig.
14.5. The nitrogen laser consists of a rectangular channel
» 1 m long through which a rapid discharge is passed from a
triggered high-voltage capacitor system. Nitrogen molecules are
excited to the C3 II11 state by collisions with fast electrons
3
3
and a transient inversion is created on the B n ** C n ultrag
u
violet emission band. The radiation emitted by the laser is
self-terminating because the lower level has a longer lifetime
than that of the upper level,and in most of these devices the
output consists of a pulse of amplified" spontaneous emission
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Dye laser with narrow bandwidth output pumped by
pulsed nitrogen laser. (After Hansch (1973).)

at 337'1! nm lasting 7-10 ns and having a peak power of « 300 kW
The radiation from the nitrogen laser emerges in the
form of a beam of rectangular cross-section, approximately
5 mm x 40 mm, which is focussed by a spherical quartz lens
into a line near the inner wall of the dye cell. The active
volume of the dye forms a cylindrical filament about 0-2 mm
diameter and 10 mm long having a single pass gain which
approaches 103 mm-1 under these conditions. The optical
cavity of the dye laser is about 40 cm long and consists of
a plane dielectrically-coated mirror at one end and a Littrowmounted diffraction grating at the other. Owing to diffraction,
the rather small active cross-section in the dye results in a
substantial angular spread of the emerging radiation and this
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would normally limit the bandwidth obtainable with angledependent wavelength selectors such as gratings and e"talons.
However, this problem may be overcome by using a telescope
as a beam expander within the cavity so illuminating the
whole aperture of the grating.

In this system a bandwidth

of 0-03-0-05 A can be obtained using the grating and telescope alone and the output bandwidth can be reduced by a
further factor of ten by inserting a tilted Fabry-Perot
etalon into the cavity. As explained in section 13.7.4 this
acts simply as a narrow bandpass filter with the transmission
maxima determined by the condition

where <}> is the tilt angle, and y and t are the refractive
index and thickness of the etalon respectively. The laser
wavelength can be tuned continuously over a range of several
Angstroms by altering the tilt angles of the etalon and
grating simultaneously. The wavelength stability is limited
by temperature changes in the etalon, but can be as good as
0.01 A over several hours.
In dye lasers of this type the efficiency can be as
high as 20 per cent.

At low repetition rates thermal

schlieren effects are absent because the pulse length is so
short, 5-10 ns, and the output beam is nearly diffraction
limited. However, for repetition rates above 10 Hz it is
necessary to circulate the dye transversely through the cell.
Peak optical output powers of several kW can then be generated at repetition rates approaching 100 Hz.
•14.2.4. Argon laser-pumped dye lasers - C.W. systems.

The

very high intensity required to pump dye lasers on a C.W.
basis can so far be obtained only by using, the tightly
focussed beam of an argon or krypton ion laser, as shown
in Fig. 14.6. In this particular design, developed by Kogelnik
et al. (1972) , the argon laser beam enters the dye laser
cavity through a Brewster angle prism and is focussed to a
spot of approximately 10 pro diameter in the tilted dye cell
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Argon ion laser-pumped C.W. dye laser using three
mirror cavity. (After Walther (1974).)

by an off-axis, short radius of curvature mirror. The folded
arrangement of three mirrors and the Brewster angle prism
then form the dye laser cavity and astigmatism is compensated
by careful choice of the radii of curvature of the mirrors.
Unlike the pumping schemes discussed previously, the single
pass gain in C.W. systems seldom exceeds a few per cent and
a low-loss optical cavity is necessary for successful dye
laser oscillation. This means that diffraction gratings
cannot be used as tuning elements; however, even the low dispersion provided by a single prism is sufficient to reduce
the output bandwidth to * 0-25 A, for the amplified radiation
now makes a much larger number of transits before leaving the
cavity.
In order to reduce the bandwidth still further it is
first essential to provide high thermal and mechanical
stability, for instance by mounting all the optical components on a massive invar base.

Oscillation on a single

cavity mode can then be achieved by employing a tilted intracavity etalon and bandwidths as low as !•5-5-0 MHz have
been attained. With this etalon fixed, the dye laser output
can be tuned over the free spectral range, c/2L » 500 MHz, of
the main cavity by mounting one of the mirrors on a piezo-
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electric drive and thus varying the length of the cavity.
Continuous tuning over the bandwidth determined by the prism
is considerably more difficult and requires

synchronous

tuning of the lengths of both the cavity and the modeselecting e"talon.
For many experiments in atomic and molecular spectroscopy C.W. dye lasers would seem to be the natural choice \vere
it not for the fact that, of all the systems we have discussed, they are the most difficult to operate successfully.
o
Moreover their output is often limited to the 5400-6500 A
region by the fact that only a few dyes such as rhodamine
6G, rhodamine B and coumarin 6 can be made to oscillate on a
o
C.W. basis when the strong blue-green argon lines at 4880 A
and 5145 A are used as the pump.

It is possible to extend

the operating range to 4000-7000 A by pumping with the
ultraviolet lines of the krypton or argon ion lasers, but
here pump powers of 10-15 W or more are usually

necessary.

14.2.5. Comparison of different dye lasers. Representative
values of the output power, pulse duration, and tuning-range
of dye lasers pumped by the four schemes we have just considered are given in Table 14.1.
The table also includes
values of the minimum output bandwidth but these should be
treated with some caution since results in individual cases
are very largely determined by the alignment and stability
of the dye laser cavity. Moreover this figure may be increased by several orders of magnitude should the number of
frequency selective elements in the cavity be reduced.
The range of tunable dye laser radiation may be e.xtended down to 230 nm by frequency doubling or optical sumfrequency generation using non-linear optical materials.
Similarly coherent infrared radiation can be generated using
difference frequency mixing in non-linear crystals or by
stimulated Raman scattering in alkali metal vapours, as
indicated in Table 14.2.

However, the efficiency of these

conversion processes is often rather low, especially in
the infrared region, and experiments outside the normal

TABLE 14.1.

Operating parameters of dye lasers
Pump

Output power

source

(peak value)

Pulse
duration
(ns)

Repetition
rate
(Hz)

Approximate
minimum

Wavelength
range

bandwidth

(nm)

(MHz)
Flashlarop
Ruby or neodymium

20 - 50 kW

300 - 500

10 - 100

0 - 5 - 5 - 0 MW

5-20

« 1

2-0 - 200 kW

2 - 8

4

350 - 850

50

350 - 1200

30 - 500

500

350 - 1200

C.W.

0-5

400 - 700

laser
Molecular nitrogen
laser
Argon ion

laser

50 - 500 mW
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TABLE 14.2
Wavelength range of ultraviolet and -infrared radiation
generated by dye laser sum and difference
frequency mixing in non-linear media
Non-linear
optical
material

Wavelength
range

Input
power
(peak)

Conversion
efficiency
(per cent)

Ammonium dihydrogen
phosphate (ADP)

280 - 290 nm

20 MW

10

Cooled ADP

250 - 325 nm

60 kW

10

Lithium formate
monohydrate

230 - 300 nm

50 kW

2

Proustite
(Ag3AsS3)

3-2 - 5-6 ym

900 kW

2

Lithium iodate

4'1 - 5 - 2 um

4 MW

10 -2

Proustite

10-1 - 12-7 pm

290 kW

10 -6

Sodium/potassium
vapour

2-21 - 23-4 yro

20 kW

10 -5

tuning range of dye lasers are still rather difficult.
When shorter pulse lengths are necessary these can be
generated by mode locking a dye laser as discussed in section
13.6. The very wide gain bandwidth of dye lasers should
theoretically permit the generation of sub-picosecond pulses,
but dispersion in the cavity optics and other problems have
so far imposed a lower limit of about 1-5 ps on the attain-
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able pulse length.
14.3. Saturated absorption speatrosaopy using tunable dye
lasers
14.3.1. Saturation spectroscopv. The resolution attainable
in conventional emission or absorption spectroscopv of gases
in the visible region of the spectrum is limited by the large
Doppler broadening produced by random thermal motion of the
atoms or molecules. As explained in section 13.9 laser
saturated absorption spectroscopv virtually eliminates
Doppler broadening since the beam of monochromatic light
interacts only with atoms or molecules in a narrow interval
of the total axial velocity distribution. If the laser intensity is sufficiently strong, the velocity-selective population changes which it induces can be detected by a second
counter-propagating laser beam and the saturated absorption
resonance which occurs when the laser frequency is tuned to
line centre may be located very precisely. Until recently
these experiments were restricted to gas laser transitions
or to molecular absorption lines with which they happened
to coincide.

Now, however, this restriction has been

eliminated by the development of stable, narrow-bandwidth
tunable dye lasers.
The first application of tunable dye lasers to the
high-resolution saturated absorption spectroscopv of atoms
was reported by Hansch, Shahin, and Schawloiv (1971). They
studied the yellow resonance lines of sodium,
2
2
o
o
3 S, / 7 - 3 P - , / 7 7 / 7 at 5896 A and 5890 A u s i n g a rhodamine
l/Z
1 / Z , o/ /
6G dye laser pumped by a pulsed nitrogen laser. The bandwidth of the tunable laser output was 300 MHz, but this was
reduced still further by passing the beam through an external confocal interferometer approximately 1 m long. This
interferometer serves as a very narrow bandpass filter and
an output linewidth of approximately 7 MHz was obtained.
Using saturated absorption spectroscopy, the hyperfine
splittings of both the ground state and the excited levels
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of sodium were resolved, corresponding to an optical resolution of about 1 part in 10 . Although these splittings
have in fact been measured more accurately using the atomic
beam and optical double resonance techniques described in
the following chapters, this experiment demonstrated for
the first time that it was possible to apply the methods
of saturation spectroscopy to virtually any atomic or molecular absorption line throughout the visible region of the
spectrum. Since this pioneering experiment several other
transitions have been studied by saturation spectroscopy,
but perhaps the most important experiment reported so far
concerns the high resolution study of the Balmer a line
of atomic hydrogen.
14.5.2. Fine structure of atomic hydrogen. The red Balmer a
o"
line of atomic hydrogen, n=3-»-n=2 at 6563 A, is perhaps the
most extensively studied of all spectral lines. In spite
of this effort, precise measurements of the structure and
wavelength of this important line have always been extremely
difficult because of its very large Doppler width. In fact,
owing to the fine-structure splitting of the n=2 and n=3
levels, the line consists of seven closely spaced components,
as shown in Fig.l4.7(a). According to the Dirac theory, the
energy of a hydrogenic ion in the state |nZjm> is given by

where a = e /4iTEghc « 1/137 is called the fine structure
constant and R,, is the Rydberg constant for the isotope of
mass M under consideration. This theory predicts that
levels of the same j but with different values of 1 will be
degenerate. The Dirac theory, however, is not quite in
agreement with experiment, for Lamb and Retherford (1947)
were able to show by means of an atomic beam radio-frequency
2
resonance experiment that the S1/2 and 2P1/2 levels be-
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Fine structure in hydrogenic systems - the Balmer
a line of deuterium. (a) Energy levels and
allowed fine-structure transitions.
(b) Profile
of emission line from cooled deuterium gas discharge and fine structure components with theoretical relative transition probabilities,
(c) Saturation spectrum of Da line showing optically resolved Lamb shift.
(After Hansch
(1975).)

TUNABLE DYE LASERS AND ATOMIC SFECTROSCOPY

457

longing to the n=2 state in atomic hydrogen were in fact
separated by an interval of approximately 1058 MHz, as
shown in Fig.14.7(a). The level degeneracy in I is similarly
removed in other hydrogenic states, but the shifts are con2
siderably smaller than those of the S levels.
This effect may be explained in terms of the quantum
theory of electrodynamics. According to this theory each
mode of the quantized radiation field possesses a zero-point
energy of hu/2. This implies that, even in the absence of
external radiation, the mean square value of the time-dependent electric field is finite and that a hydrogen atom will
experience a perturbation produced by the fluctuations in
this field. These zero-point fluctuations cause the electron
to wobble randomly in its orbit and so smear the charge over
a greater volume of space. Since the electron is bound to
the nucleus by a non-uniform electric field, the reduction
in electron density causes a shift in the atomic energy
levels. This Lamb shift, as it is now called, is greatest
2
for those states in which |(0)| is finite, i.e. the n 2S1/2
states.
In hydrogen the fine-structure components of the Balmera
line always overlap considerably when observed by conventional
spectroscopic techniques. Although the heavier isotopes
deuterium and tritium may be used and the discharge tube may
be cooled with liquid hydrogen or helium, the problem of
Doppler broadening is far from being eliminated, as Fig.14,7
(b) demonstrates. A complete analysis of this blend of unresolved components is impossible, even though the finestructure intervals have been measured very precisely
using the radio-frequency spectroscopic techniques described in Chapters 16 and 18, for the relative intensities
of the fine-structure components observed in most sources
do not obey any simple rule. Thus an accurate determination
of the wavelengths of the different components is very
difficult. On the other hand these measurements are very
important since the value of the Rydberg constant, defined by
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is determined from the wavelengths of these fine-structure
components after small corrections have been made for the
Dirac fine structure, the Lamb shifts and the finite mass
of the nucleus. These experimental difficulties led Series
(1971) to suggest that the accuracy of 1 part in 107 claimed
for the value of the Rydberg constant in the assessment of
fundamental constants by Taylor, Parker, and Langenberg
(1969) may well be over-optimistic. Nevertheless it has
become apparent over the last few years that any adjustments
and consistency tests applied to the values of the fundamental constants will in future require a value for R^ which is
Q
accurate to a few parts in 10 . This stimulated Kibble
et al. (1973) and Kessler (1973) to remeasure the Rydberg
using conventional high-resolution techniques. But before
their experiments were completed it became apparent that a
dramatic improvement in accuracy was feasible, for in 1972
H.ansch and his co-workers (Hansch, Shahin, and Schawlow
1972) succeeded in resolving the fine structure components
of H using tunable dye laser saturated absorption spectroscopy.
14.3.3. Determination of the Rydberg constant by laser
saturation spectroscopy. A simplified diagram of the
apparatus used for saturated absorption spectroscopy of
atomic hydrogen is shown in Fig.14.8. In order to be able
to observe absorption on the Balmer a line it is first
necessary to prepare hydrogen atoms in the n=2 level. Thus
the absorption cell consists of a section 15 cm long in the
centre of the positive column of a pulsed discharge. The
tube is operated at room temperature and electrolytically
generated hydrogen or deuterium gas is continuously pumped
through it at 0 - 1 - 1 - 0 Torr pressure. The saturated absorption on the Balmer a transition is measured during the
discharge afterglow since this almost completely eliminates
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Schematic diagram o£ laser saturated absorption
spectrometer and wavelength comparator for
measurement of the Rydberg constant. (After
Hansch (1975).)

the effects due to Stark broadening and level mixing induced
by the charged particles and electric fields which are
present in the active discharge.
The nitrogen laser-pumped dye laser used in these experiments has already been described in section 14.2.3(b). It
was again necessary to reduce the dye laser bandwidth to
about 30 MHz by passing the beam through an external confocal
e"talon. For the absorption measurements the dye laser output was split into two weak probe beams about 1 mm diameter
and one strong counter-propagating saturating beam. This
beam is alternately chopped and overlaps just one of the
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probe beams. When the dye laser is tuned to one of the
fine-structure components of the Balmer a line, these two
counter-propagating waves interact with the same atoms and
the strong saturating beam bleaches a path through the sample
for the overlapping probe beam. The second probe beam
enables a compensation to be made to the observed signals
for the random fluctuations of the dye laser intensity. The
saturation spectrum of the D line obtained by Hansch, Nayfeh,
Lee, Curry, and Shahin (1974) using this technique is shown
in Fig.l4.7(c). Four strong'components can be observed
and for the first time the Lamb shift is clearly resolved at
optical frequencies.
The absolute wavelength of the dye laser output was
measured by sending a small fraction of the beam through
a Fabry-Perot etalon and recording the observed transmission
peaks as the dye laser frequency is tuned across the Balmer
a line. The spacing of the etalon was determined very accurately by manually controlling the pressure of the surrounding gas so that the interferometer was maintained on a
transmission peak for the 6328 A line of an auxiliary heliumneon laser. The wavelength of this laser is precisely known,
for the output frequency was electronically stabilized to
one hyperfine component of the 129 1^ absorption line, as
described in section 13.10.3(a).
For the determination of the Rydberg constant, the
2
strong component 2 2P3/2 - 3 D5/2 of the Balmer a line was
chosen since it possesses the smallest hyperfine structure.
The saturated absorption profile of this component observed
in deuterium is shown in Fig. 14. 9, together with the dye
laser Fabry-Perot transmission peaks which were recorded
simultaneously. The absolute wavelength of the finestructure component may thus be determined by measuring
its separation from the nearest interferometer resonance.
The results for the Balmer a lines of hydrogen and deuterium
are given in Table 14.3.
Using theoretical calculations,
corrections have been made to these wavelengths for the
effects of fine structure, Lamb shifts, and the finite
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Section of saturation spectrum of Balmer a line
of deuterium together with transmission maxima of
Fabry-Perot i n t e r f e r o m e t e r . The wavelength of

the component 2

2
2
PJ/T " 3 D,-/^, labelled (1) in

the diagram, is determined by measuring its
separation from the transmission peak corresponding to the 194 463th order. (After Hansch
(1975).)
nuclear mass, and new values of the Rydberg constant obo
tained which are accurate to about 1 part in 10 . It is
possible that even this high precision will be exceeded in
future measurements, which may then confirm the slight
systematic difference between these most recent measurements
and the les.s accurate values obtained by Kibble et al. (1973)
and Kessler (1973) using conventional high-resolution spectroscopy.
Our interest in the spectrum of hydrogen, which at
first glance seems so simple and yet is the most rewarding
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14.3.

Results of recent determinations of the Rydberg constant
Transition

Reference

H(2 2P3/2 - 3 2Ds/2)

109 737-3130
±0-0006

Hansch, Nayfeh,

D(2 2 P 3 / 2 - 3 2 D 5 / 2 )

109 737-3150
±0-0006

Lee, Curry and
Shahin (1974)

D(n=2 - n=3)

109 737-326
±0-008

Kibble et a£.(1973)

He+(n=3 - n=4)

109 737-3208
±0-0085

Kessler (1973)

from a theoretical point of view, is not yet exhausted, for
atomic hydrogen is also being probed by the newly developed
technique of two-photon absorption spectroscopy.
14.4. Two-photon absorption speatrosaopy
14.4.1. Principles of the technique.

In section 7.4 we dis-

cussed in detail the spontaneous decay of excited atoms
by the simultaneous emission of two electric dipole photons.
Consideration of arguments similar to those used in Chapter 9
in the derivation of the Einstein relations show that,
corresponding to this spontaneous decay process, there must
also exist stimulated transitions involving the simultaneous
emission or absorption of two photons. Such multiplequantum transitions were observed experimentally in radiofrequency resonance experiments by Brossel et al. (1954) and
Kusch (1954), and a theory of this effect for magnetic dipole
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transitions has been developed by Winter (1959). However,
it was not until the development of lasers that sufficiently
intense sources of radiation were available to demonstrate
the existence of these effects at optical frequencies. From
the spectroscopic point of view, the phenomenon remained
something of a curiosity until the development of narrowbandwidth tunable dye lasers. The growing interest recently
in the two-photon absorption technique arises from the fact
that, like saturated absorption spectroscopy, it allows the
Doppler broadening of an absorption line to be completely
eliminated, as we explain below.
We consider an atom in the ground state E^ moving with
velocity v through the standing wave radiation field of a
tunable dye laser whose output frequency is w/2ir. In its
own rest frame the atom sees two electromagnetic waves
travelling in opposite directions with angular frequencies
of o>(l-v /c) and w(l + v /c) respectively. If the dye laser
frequency is such that the atom can now reach an excited
state of energy E, by simultaneously absorbing one photon
from each of these waves, then the following resonance
condition must be satisfied:

The terms depending on the velocity of the atom cancel out,
since the absorption of a photon from each of the counterpropagating beams leaves the linear momentum of the atom
unchanged. Consequently the Doppler broadening of the twophoton absorption line is completely eliminated and the
width of the absorption resonance should theoretically be
of the same order of magnitude as the natural linewidth
determined by the homogeneous broadening of the upper and
lower levels involved. Two-photon absorption experiments
require rather more laser power than saturated absorption
experiments but have the advantage that at resonance all
atoms in the sample contribute to the signal instead of only
those atoms which have zero axial velocity. In one sense,
however, the two techniques are complementary, for saturated
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absorption can be applied only to transitions between levelsof different parity while two-photon absorption requires that
the parities of the levels involved should be the same.
14.4.2. Two-photon spectroscopy of sodium atoms. The elimination of Doppler broadening in multiphoton optical transitions was studied theoretically by Cagnac et al. (1973) and
soon verified experimentally in sodium vapour by three independent research groups: Biraben et al. (1974a), Levenson
and Bloembergen (1974), and H'ansch, Harvey, Meisel, and
Schawlow (1974). The apparatus used in improved experiments
by Biraben et a£.(1974b) is shown in Fig.14.10. The output

Fig.14.10.

Apparatus for two-photon absorption spectroscopy
of sodium vapour using a C.W. dye laser. (After
Biraben et al.(1974b).)

of a 1 W C.W. argon ion laser is used to pump a C.W. dye
laser system producing about 10 mW of tunable radiation with
an output bandwidth of * 10 MHz. The dye laser radiation is
focussed into a cell containing sodium vapour and the trans-
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mitted light is then refocussed into the cell .using a concave mirror to produce the laser standing wave field necessary for the elimination of the Doppler effect. When the dye
o
laser output is close to 6022 A, sodium atoms in the 3s
ground state can simultaneously absorb two photons and make
a transition to the excited 5s state, as shown in Fig.14.11
(a).
This resonant two-photon absorption is monitored using
the fluorescent light emitted at 6154 A and 6160 A as the
atoms in the 5s state decay spontaneously by electric dipole
2
transitions to the 3 Pj/2 3/2 levels. A recording of the
photomultiplier current obtained as the dye laser frequency
is tuned over the two-photon absorption resonance is shown
in Fig.l4.11(b).
Two narrow peaks of 24 MHz halfwidth are observed
superimposed on a broad Gaussian background due to single
photon absorption by Na^ molecules in the vapour. These
peaks correspond to the two-photon transitions permitted
between the hyperfine levels of the 3s and 5s states and
the separation of the peaks can be determined by simultaneously recording the transmission fringes of a confocal
Fabry-Perot e"talon illuminated by the dye laser output.
This measurement permits the hyperfine structure constant
for the 5s state to be determined, since that of the 3s
ground state is already accurately known from atomic beam
resonance experiments.
This experiment clearly demonstrates the power of
the new two-photon absorption technique: the structure of
high-lying atomic levels having the same parity as the
ground state can now be studied at a resolution which is
limited only by the natural widths of the levels involved.
14.4.3. Two-photon spectroscopy of atomic hydrogen. Twophoton spectroscopy allows one to detect transitions between levels having the same parity, and obviously it would
be very desirable to observe the 1 S. ,~ - 2 S, ,_ transition in atomic hydrogen by Doppler-free two-photon absorption spectroscopy. In this case the upper level is
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Fig.14.11.

(a) Partial energy-level diagram of sodium showing
two-photon transitions and hyperfine structure
of the 3s and 5s levels. (b) Intensity of sodium
fluorescence at 6154 A and 6160 X as a function
of dye laser frequency showing two-photon resonance signals. (After Biraben et al, (1974b).)

metastable, as discussed in Chapter 7, and the ultimate
width of the resonance should be extremely narrow. -A precise determination of the frequency of this transition w o u l d _
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therefore permit an even more accurate measurement of the
Rydberg constant than that described in section 14.3.3.
2
2
Unfortunately, however, the 1 s i/ 2 " 2 Pi/? 3/2
Lyman a absorption line, which is almost coincident with the
2
2
1 S,/7 - 2 S,/7 transition, lies in the vacuum ultraviolet
0
Q
at 1215 A. Even the wavelength of 2430 A required for twophoton absorption lies outside the range of present narrowbandwidth dye laser systems.

In spite of these difficulties

Hansch et al. (1975) have recently succeeded in making the
first measurements on this interesting transition using
the frequency-doubled output of a pulsed dye laser.
The apparatus used in these experiments is shown
schematically in Fig.14.12. The nitrogen laser-pumped dye
laser consists of a pressure-tuned oscillator-amplifier sys-

Fig.14.12.

Apparatus used for two-photon absorption spectroscopy of atomic hydrogen. (After Hansch et al.
(1975).)
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tem which has been described in detail by Wallenstein and
Hansch (1974, 1975). This laser generates pulses 10 ns long
with a peak optical power at 4860 A of 30-50 kW and an output bandwidth of 120 MHz. The blue laser output is frequency doubled in a 10 mm long crystal of lithium formate
o
monohydrate, and 2430 A radiation is generated with a peak
power of about 600 W. This radiation is then focussed into
the Pyrex absorption chamber through a quartz Brewster-angle
end window. Atomic hydrogen or deuterium is pumped through
the cell from a discharge source and the recombination of
atoms is inhibited by applying a thin coating of syrupy
phosphoric acid to the Pyrex walls of the cell.
As before, the standing wave laser field necessary
for two-photon absorption is obtained by refocussing the
transmitted light back into the cell using an external
spherical mirror. The absorption resonance is monitored by
observing the intensity of fluorescent light in the Lyman a
line which is generated by collisional excitation transfer
of hydrogen atoms from the 2 S,,~ to the 2 PI/T 3/7 l eve l s The radiation is transmitted through a MgF~ window and detected by a solar-blind photomultiplier; typical Lyman a
counting rates are of the order of 10-20 photons per laser
pulse. The two-photon absorption signal recorded in this
way on the ls-2s transition in deuterium is shown in Fig.
14.13(b). Using the Bohr theory of the hydrogen atom it is
a simple exercise to show that the Balmer B line coincides
with the dye laser fundamental wavelength. Thus the conventional absorption profile of the Balmer 6 line may be
recorded simultaneously by sending a small fraction of the
blue dye laser light through a 15 cm long section of the
positive column of a Wood's discharge tube, as shown in
Fig.14.13(a). A comparison of these two spectra enables
2
the Lamb shift of the ground state 1 S, ,_ to be determined:

and
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Dye laser frequency detuning (GHz)
Fig.14.13.

(a) Profile of the deuterium Balmer B line observed in absorption together with theoretical
fine structure.
(b) Lyman a fluorescence signal
2
2
recorded simultaneously on the 1 S, ,~ - 2 S, ,~
two-photon resonance in deuterium. (After
Hansch et al. (1975).)

These results are in good agreement with theory and are
rather more accurate than previous measurements made by
conventional vacuum ultraviolet spectroscopic techniques.
Lee et al. (1975), however, have already substantially
improved the precision of these experiments by resolving
the fine-structure components of the Balmer g line using
the saturated absorption technique. It appears, therefore,
that the development of atomic and molecular spectroscopy
using tunable dye lasers will continue to be very rapid
and the reader will of necessity have to consult the
current literature to learn the present state of the art.
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The Hanle effect and the theory of
resonance fluorescence experiments
From the beginning of this century experiments using resonance radiation and resonance fluorescence have been
largely responsible for our increasing understanding of excited atoms and their interaction with radiation.. In the
1920's the polarization of resonance fluorescence from atoms
subjected to external magnetic fields was studied in detail
by Hanle and used to measure radiative atomic lifetimes.
More recently Brossel and Kastler (1949) and Kastler (1950)
pointed out that polarized resonance radiation could be used
to produce and detect differences in the populations of the
Zeeman sub-states of both excited and ground state atoms.
Following these suggestions, the techniques of magnetic resonance were widely applied to a study of bulk samples of
free atoms. These experiments enabled detailed information
about the Zeeman and hyperfine structure of excited and
ground levels of atoms to be obtained, together with measurements of radiative lifetimes and interatomic collisional relaxation rates. The techniques of magnetic depolarization
of resonance fluorescence, magnetic-optical doubleresonance, and optical pumping of metastable and groundstate atoms now cover an important area in the field of
atomic physics and will be disucssed in this and the two
subsequent chapters.
This chapter opens with an account of resonance fluorescence and its depolarization by external magnetic fields, a
phenomenon now known as the Hanle effect. Experiments of
this type in mercury vapour are described and we develop a
classical theory to explain the shape of the observed signals.

This is followed by a discussion of the applications

of this technique to the accurate measurement of atomic
lifetimes. For the sake of simplicity the effects of interatomic collisions and of trapping or reabsorption of resonance radiation in these experiments are not considered
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until sections 16.4 and 16.5.
Next we proceed to develop the theory of resonance
fluorescence experiments using the ensemble density matrix
to describe the system of atoms. The important concepts of
optical and radio-frequency coherence and of the interference of atomic states are discussed in detail. As an illustration of this theory general expressions describing the
Hanle effect experiments are obtained. These are evaluated
in detail for the frequently employed example of atoms whose
angular momentum quantum numbers in the ground and excited
levels are J _ = 0 and J =1 respectively. Finally resonance
fluorescence experiments using pulsed or modulated excitation are described.
We stress the fact that in this chapter we are concerned only with the low field Zeeman effect of the even
isotopes of an element. This simplification is not fundamental and is made purely for the sake of clarity of exposition. The effects of hyperfine structure in the odd
isotopes and of the decoupling of the electronic and
nuclear spins which occurs in large magnetic fields will be
considered in Chapter 18.
15.1. Resonance radiation and resonance fluorescence
The simple spectra of many elements are dominated by
one or two lines of enormous intensity, the most familiar
example being the intense yellow emission from the sodium
lamps used in street lighting. These transitions, which in
o
o
sodium occur at 5896 A and 5890 A, are known as the resonance
lines of the given element and often have absorption oscillator strengths close to unity. Generally they are the
spectral lines of longest wavelength connecting the excited levels with the ground state by means of allowed electric dipole transitions.
When the yellow light from a sodium lamp is focussed
into an evacuated cell containing sodium vapour in equilibrium with the metal, only a little stray light due to reflection will be seen when the cell is cold. However, at
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temperatures of the order of 100°C a faint cone of scattered
light becomes visible in the body of the cell, especially
if the cell is viewed at right-angles to the incident beam.
The scattered light observed in this experiment is known as
resonance fluorescence and was first studied in detail by
Wood (1913). As the cell temperature is increased still
further the resonance fluorescence rapidly becomes stronger
but the edges of the cone of light become

increasingly

diffuse owing to multiple scattering, until at 200°C the
whole bulb begins to glow with resonance radiation. At very
high vapour pressures the resonance fluorescence is concentrated in a thin layer close to the front face of the cell
and at temperatures above 500 C, specular reflection of the
incident light occurs.
This phenomenon can be easily explained in terms of the
classical theory: the incident radiation sets up dipole oscillations in the medium which re-radiate electromagnetic
waves of the same frequency.

Resonance fluorescence is

thus a special case of the scattering of light in which the
frequency of the incident electromagnetic wave coincidences
with the natural frequency of the internal vibrations of
the atomic electrons.

Both the classical and quantum theory

of light scattering are described in detail by Loudon (1973).
However, for many of the experiments discussed in this and
the two subsequent chapters, the scattering process can be
considered to consist of the two separate events of excitation and radiative decay. In our present example we
2
would say that sodium atoms in the ground level 3 S,,absorb photons from the beam of resonance radiation and
are raised to either of the 3 P,
The excited
/9 ,/9 levels.
l/z,o/z
_g
atoms in these levels have a mean lifetime of » 1-6 x 10
s
and then decay spontaneously, re-radiating the yellow fluorescent light in all directions.
Resonance fluorescence can be excited in the vapour
of many other elements provided that suitable light sources
and resonance cells are available. The equipment required
in the case of mercury vapour is particularly simple and is
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shown schematically in Fig. 15.1. Mercury has the advantage
that a suitable vapour pressure, =* 1-2 * 10-3 Torr, is obtained at room temperature and, in contrast to sodium, it

Fig.15.1.

Schematic diagram of the apparatus used for resonance fluorescence and Hanle effect experiments
3
on the P1 level of mercury.

does not react with Pyrex or quartz.

Of more fundamental

importance i's the fact that natural mercury consists of
70 per cent of even isotopes whereas 23Na has a complex hyperfine structure. The only disadvantage is that the resonance
lines of mercury are in the ultraviolet, as Fig.15.2 shows.
The transition at 1850 A is the true resonance line but as it
lies in a region where molecular oxygen is strongly absorbing,
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all the optical paths in this case would have to be in vacuum
or filled with nitrogen. Resonance fluorescence experiments
o
using the intercombination line at 2537 A avoid this difficulty and are relatively easy to carry out. The progressive break down of L-S coupling in the heavier elements
which makes this one of the most intense lines in the mercury spectrum was discussed in section 5.5.5.

Fig.15.2.

Resonance lines and f i r s t few energy levels of
mercury.

15.2. Magnetics depolarization of resonance radiation - the
Eanle effect
15.2.1. Historical introduction. In one of the earliest investigations of resonance fluorescence, Lord Rayleigh (1922)
showed that the radiation scattered from mercury vapour was
polarized when the atoms were excited by polarized light.
Soon afterwards Wood and Ellet (1924) showed that the polarization of the fluorescent light was destroyed by applying
small magnetic fields to the resonance cell. Further experimental studies of this effect were made by Hanle (1924) ,
who also worked out a classical theory describing the influence of the magnetic field on the polarization of the
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resonantly scattered light. He showed that the effect,
which now bears his name, could be used to measure the lifetimes of excited atoms. Interest in the field of atomic
physics in general and resonance fluorescence in particular
declined over the next two decades, but recently the Hanle
effect has been developed into one of the most reliable
methods for measuring the lifetimes of excited levels of
atoms and molecules. Although we shall concentrate our
attention on the alkalis and the elements of group IIB,
namely Zn, Cd, and Hg, it should be remembered that this
technique has been much more widely applied and experiments
on the noble gases, the rare earth elements, and molecules
such as NO and OH have been reported.
15.2.2. The Hanle effect in mercury. The apparatus necessary
to study the magnetic depolarization of resonance radiation
in mercury vapour is shown schematically in Fig.15.1. Light
from a quartz mercury lamp is passed through a filter which
o
removes all but the 2537 A line and then through a linear
polarizer whose transmission axis is at right angles to
the direction of the magnetic field IB. This field is produced in a Helmholtz coil pair which is not shown in the
diagram. The resonance radiation is focussed by a quartz
lens into a quartz cell placed at the centre of the Helmholtz coils. This resonance cell is prepared by evacuation
to pressures below 10-7 Torr and is then sealed off after a
small quantity of mercury has been distilled into it.

For

the present we shall assume that the cell contains only even
isotopes of mercury.

The atoms of the attenuated vapour

in the resonance cell are excited by absorption of the
linearly polarized light. As we will see in section 15.5,
these excited atoms must be described by wavefunctions which
are a coherent superposition of the m,=±l states belonging
to the 6 3P, level. Nevertheless after a mean lifetime
of T «= 10 - 7 s, the excited atoms decay spontaneously back to
the ground level, re-emitting the 2537 A radiation.
*
The fluorescent light emitted in a direction at rightangles to the direction of the incident radiation is collected
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by a fused silica lens, passed through a linear polarizer,
and is detected by a photomultiplier. As the magnetic field
is slowly varied from -5 G to +5 G, the intensity of fluorescent light observed undergoes pronounced variations, displaying either a Lorentzian or dispersion shape centred at
the zero-field position as shown in Fig.15.3. The experimental signal is produced by a change in the state of polarization of the fluorescent light from almost perfect polarization at zero magnetic field to complete depolarization at

Fig.15.3.

Hanle effect or zero-field level-crossing signals
for the 6 P, level of mercury. The four curves
correspond to rotation of the polarizer in
successive steps of ir/4. (After Kibble and Series
(1961).)
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fields of only 5-10 G.

This constitutes the Hanle effect

or the magnetic depolarization of resonance radiation.

These

experiments are also sometimes referred to as zero-field
level-crossing experiments for reasons which will be explained in section 15.6.1.
15.2.3. Classical theory of the Hanle effect.

The detailed

dependence of the intensity of scattered light as a function
of the magnetic field strength may be derived by applying
the classical model in which an excited atom is represented
by a single, harmonically oscillating electron. This approach is useful because it gives a clear picture of the
processes responsible for the Hanle effect and correctly
predicts the shape of the signals observed in all experiments.
The more rigorous quantum-mechanical formulation of the
theory will be considered in section 15.5 below, where it
will become apparent that the Hanle effect is analagous to
the perturbed angular correlations which may be observed in
the y-ray decay of excited nuclei.
The excitation process is treated by assuming that the
electron in one of the atoms receives an impulse at the moment
of excitation, t,,, which starts it oscillating in a direction
specified by the polarization vector of the incident radiation. This simple representation of the excitation process
is valid provided that the width of the resonance line emitted
by the lamp is very broad in comparison with both the natural
linewidth and the Zeeman splitting of the atoms in the resonance cell.

The excited electron, oscillating at the angular

frequency, W Q , now radiates in the usual dipole distribution
pattern producing an electric field at a point on the axis
of observation given by

For the present we assume that the damping constant is determined only by the radiative lifetime of the excited atom,
F=1/T. From equation (15.1) we see that at zero magnetic
field the fluorescent light is linearly polarized in a direc-

THF HAKLE EFFECT

481

tion parallel to the electric vector of the incident radiation.
However, when the magnetic field is finite, the oscillating electron also experiences the Lorentz force of
-evAlB which causes the plane of oscillation to precess about
the field direction with the Larmor angular frequency given
by

where gj is the Lande factor for the excited 6 3P1 level and
\ji-n = eh/2m is the Bohr magneton. In the absence of a polarizer, a hypothetical observer looking towards the resonance
cell from the position of the detector would see the electron tracing out the paths shown in Fig.15.4. A? the magnetic field strength is progressively increased, the excited
electron is able to complete more and more of the rosette
before its energy has been radiated away and consequently
the electric field emitted suffers progressive depolarization.
This precession of the classical electron is associated in
the quantum-mechanical theory with the time development of
the transverse magnetic moment created by the coherent excitation of the in-, = ±1 levels.
At time t, the plane of oscillation of the electron
makes an angle {w,(t-tn)-a'} with the transmission axis of
Ij

the polarizer, and the
detector is given by

U

intensity of light recorded by the

This damped modulation of the intensity at twice the Larmor
frequency has been observed in time-resolved experiments
which are described in section 15.8 below. For the moment
we are concerned with steady-state experiments in which
the intensity of fluorescent light is measured for a sample
of atoms that were excited at a constant rate, R, for all
times from tQ = -°° to the time of observation t.
case we have

In this

Fig.15.4.

Classical explanation of the Hanle effect. The atoms behave like damped harmonic
oscillators. The orbits of the oscillating electron for weak, medium, and strong
magnetic fields are shown from left to right in the figure.
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Thus in this experimental geometry, the shape of the
Hanle effect signal depends on the orientation of the polarizer in the detection beam.

The signals have a Lorentzian

shape for a'=0 or tr/2 and a dispersion shape for a'=ir/4 or
3ir/4 when plotted as a function of the magnetic field dependent variable w,, as shown in Fig.15.3. It is a remarkable fact that the field-dependent terms of equation (15.4)
correctly describe the shape of the Hanle signals for any
atomic system, regardless of the angular momentum quantum
numbers that characterize the levels. A quantum-mechanical
analysis.is necessary only for levels with hyperfine
structure or for nearly degenerate fine-structure multiplets.
15.2.4. Hanle effect width and determination of lifetimes.
Hanle effect experiments can in fact be performed in a
variety of geometrical arrangements differing from that shown
in Fig.15.1 (Problem 15.1), and in some of these the use
of polarized light is unnecessary. However, in most cases
it is arranged that the observed signal has the Lorentzian
form. In these experiments the field-dependent term falls
to half its maximum value at magnetic fields B+ given by

as shown in Fig.15.5. The full width of the signal, AB,
at half the maximum intensity is therefore connected with
the radiative lifetime through the relation

Thus the lifetime of the excited level may be determined

484

THE HANLE EFFECT

directly from the width of the measured magnetic depolarization curve provided, of course, that the Lande factor gj
of the level is known, (Problem 15.2). This width is usually
obtained by a detailed fit of the theoretical lineshape to
the observed signal rather than by a single measurement of
AB at the half-intensity level.

Fig.15.5.

Schematic Hanle signal with the definition of AB,
the full width at half maximum intensity.

It is important to note that although optical radiation is being used in these experiments both for excitation
and detection, the width of the depolarization signal is
determined by the natural linewidth of the excited level
rather than by the Doppler width of the optical line. The
detection system is in fact equally sensitive to all frequencies within the line profile and the shape of the optical line is not resolved. The depolarization signal
appears effectively at zero (d.c.) frequency and hence we
may say that Doppler broadening is theoretically impossible.
Over the last fifteen years this simple and powerful
technique has been used to obtain accurate measurements of
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the radiative lifetimes of a large number of excited levels,
some of which are given in Tables 15.1 and 15.2.

Represen-

tative experiments in this field are described in the papers
referred to in these tables.

In a number of cases the re-

cent measurements differ significantly from the results
obtained by the early workers in this field and tabulated in
Mitchell and Zemansky (1966).

These discrepancies are gene-

rally due to the effects of radiation trapping and collisional

broadening which were not thoroughly understood until

about 1965.

Since these effects also.occur in experiments

involving optical double resonance, we defer a discussion
of them until Chapter 16.

We now consider how the range

of applicability of Hanle effect experiments has been extended by the use of electron bombardment and excitation
from metastable levels.
15.3. Exeitat-ion by electron impact
It is difficult to apply the Hanle effect to levels
above the resonance level using optical excitation from
the ground state because of the low oscillator strength
and short wavelength of many of the absorption lines.

Thus

in an effort to extend the number of accessible levels
several investigators have used electron impact excitation.
It is well known that when atoms are excited by a collimated
beam of electrons whose energy is at or just above the excitation threshold, the light emitted is strongly polarized.
In order to create the atomic polarization necessary for
Hanle effect signals using electron bombardment excitation,
it is necessary that the electron velocity vector should be
perpendicular to the applied magnetic field 13.
In these experiments the experimental chamber usually
consists of a small triode valve structure in a glass envelope sealed on to a vacuum and gas handling system, as

The second members of the principal series in the alkalis Na, K, Rb, and Cs form an exception to this rule.
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TABLE

15.1.

2

Lifetimes of the n P - 7 / 2 level of alkali atoms and
their isoelectronic ions obtained by resonance
fluorescence experiments
Atom

Lifetime
(ns)

Resonance
line wavelength
D-j^
D2

or
ion

(X)

rf)

Absorption
f-value
of D 2 line

Reference

Li(n=2)

6708

6708

27-8 ± 0-8

0-50

Na(n=3)
Mg+(n=3)

5896
2803

5890
2796

16-0 ± 0-5
3-67+ 0-18

0.650
0-64

(a)
(b)

K(n=4)
Ca+(n=4)

7699
3968

7665
3934

26-0 ± 0-5
6'72± 0-20

0-678
0-66

(c)
(b)

Rb(n=5)
Sr+(n=5)

7948
4216

7800
4078

25-5 ± 0-5
6-53± 0-2

0-715
0-71

(a)
(b)

Cs(n=6)
Ba+(n=6)

8944
4934

8521
4554

32-7 ± 1-5
6-27± 0'25

0-666
0-74

(a)
(b)

(a)
(b)
(c)

Schmieder et aZ.(1970)
Gallagher (1967)
Schmieder et aZ.(1968).

shown in Fig.15.6. The electrons are produced by a heated
oxide-coated cathode and are accelerated into the grid-anode
space where atomic excitation takes place. The emitted
light is detected in a manner similar to that described in
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section IS.2, the only difference here being that a monochromator or narrow-band interference filter must be used
to isolate the spectral line of interest. This technique
has been used, for instance, in Hanle effect lifetime
measurements in helium and neon (Faure et al. 1963).

Fig.15.6.

Sample cell and electrode structure for Hanle
effect and optical double-resonance experiments
using electron impact excitation. (After PebayPeyroula (1969).)

However, electron impact excitation in hot-cathode
triodes is not suitable for elements that poison the cathode
or require high temperatures for vapourization.
To overcome
these difficulties Lombard! and Pebay-Peyroula (1965) developed a method using electron excitation in an intense r.f.
discharge. The experimental chamber in this case consists
of a thin cylindrical cell placed between two flat condenser
plates which form the termination of a A/4 length of r.f.
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The principle of the technique is that at low enough

pressures and with high r.f. electric field strengths between the plates of the condenser, the electrons in the discharge oscillate in a direction parallel to the applied
electric field. Typical operating parameters are 0-1 Torr
pressure in the cell with r.f. electric field strengths of
250 V/cm at 250 MHz. The electron mean free path is of the
order of 1 mm and the mean energy is around 20 eV. This
technique has been used successfully for Hanle effect experiments in Ca, Cd, and He.
Although electron excitation extends the range of levels
and elements which can be studied by the Hanle effect, it
suffers from the fact that an electron, moving at rightangles to the depolarizing magnetic field, experiences the
Lorentz force -evAlJ. Its trajectory is no longer linear but
curved and this causes the admixture of some dispersion shaped
signal on the wings of an otherwise Lorentzian profile. The
correction which must be made for this effect can sometimes
change the measured lifetime by as much as 20 per cent and
so limits the accuracy of this technique. In addition to
this difficulty, the Hanle effect produced by electron excitation suffers from the problem of cascade.. It often
happens that the mean-electron energy must be well above
threshold to obtain sufficient signal. In this situation
levels above that of interest are excited and the atomic
polarization created in these is carried down to lower levels
by radiative cascade. This situation has been treated theoretically by Nedelec (1966), and the results show that the
observed signal will then be the product of the Hanle signals
expected on the cascading and observed transitions, as shown
in Fig.15.8. If the lifetimes of the two levels are sufficiently different the two contributions to the experimental
curve may be resolved, but this is often not the case.
Hanle effect signals have also been observed in the
light emitted by d.c. rather than r.f. gas discharges. Using
the apparatus shown in Fig.15.7, Carrington and Corney (1971)
were able to show conclusively that, in the neon discharge at
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pressures in the range 1-10 Torr, the signals were created
by optical excitation from highly populated metastable levels
by absorption of the light produced within the discharge
itself. Although the exciting radiation is necessarily unpolarized, the geometrical anisotropy of the excitation,
which in this case is due to the use of a long, narrow discharge tube, and a suitable orientation of the magnetic
field allow useful Hanle effect signals to be obtained. However, at pressures below 0.1 Torr, the mean free path of
electrons within the discharge becomes sufficiently large to

Fig.15.7.

Block diagram of the apparatus used by Carrington
and Corney (1971) in studies of the Hanle effect
in noble gases excited by d.c. discharges.
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Fig.15.8.

THE HANLE EFFECT

Hanle e f f e c t on the Is - 2p 9 transition of neon
5
at 6402 A showing inversion of the signal at low
pressure due to cascade of alignment from higher
excited levels. Mixtures of argon and neon were
used in the gas discharge and the partial pressures
of the two components are shown in the diagram in
mTorr. (After Carrington (1972).)

produce direct alignment, often in levels above those studied.
Radiative cascade then feeds this alignment into the lower
levels, just as in the case of electron excitation, and the
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resulting signals have a complex shape as shown in Fig.15.8.
Thus although the use of discharges and electron bombardment has widened the range of applicability of Hanle
effect experiments, the signals are often weak and their
interpretation is complicated by the large number of
competing processes which occur in these systems.
IS. 4. Range and accuracy of lifetime measurements
The atomic lifetimes measured by the resonance f j.uorescence techniques range from (2•0*0-2) x 10-5 s for the
4s4p 3P,1 level of zinc to (5-69±0-23) x 10"10 s for the
1 -Is2p P, level of helium, although the majority of measure-6
ments would fall in the range 10
--910s s. The range is
limited at long lifetimes by the low resonance scattering
cross-section of levels with small f-values and by the
effects of wall collisions in the resonance cell. Magnetic
field inhomogeneities over the scattering cell are also a
problem, thus for the P-, level of zinc a field inhomogeneity
of 1 roG over the cell would broaden the signal by approximately 10 per cent in the absence of wall collisions. Although
it is possible to construct Helmholtz coils of the required
homogeneity, it is difficult to eliminate the effects of
stray a.c. and d.c. magnetic fields at levels below 1 mG.
At the short lifetime end of the range, the application
of the Hanle effect becomes more difficult because the
fields required for appreciable depolarization also produce
Zeeman splittings of the states of the absorbing atom which
are a substantial fraction of the Doppler width of the
source. The approximation that the spectral profile of the
exciting radiation is essentially flat over the absorption
profile of the cell is no longer valid and it is found that
the intensity of fluorescent radiation decreases on the
wings of the Hanle signal. This effect has been observed in
Hanle effect experiments in Hg, He, and Xe. It can be
reduced to some extent by artificially broadening the lamp
profile by applying a magnetic field of a few hundred gauss
to the source of resonance radiation.
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The relatively simple apparatus, high sensitivity,
and the selective nature of the optical excitation used in
many resonance fluorescence experiments combine to make this
method the most accurate method for measuring atomic lifetimes. In many cases the experimental measurements may be
made at densities which are so low that the effect of resonance trapping and collision broadening are completely
absent. In these cases the experimental results are usually
quoted with errors in the range 3-5 per cent. The method
is suitable for precision lifetime measurements and may for
this reason allow a set of relative oscillator strengths obtained by the absorption or emission methods to be placed
on a reliable absolute basis.
The extension of the Hanle effect measurements to nonresonance levels has usually resulted in increased experimental difficulties and a consequent increase in the uncertainty of the lifetime measurements, although the results
are still usually accurate to better than 10 per cent.
15.5. Theory of resonance fluorescence

experiments

15.5.1. Introduction of the density matrix. We now wish to
'prepare the basis of the theoretical analysis which will be
used to describe the resonance fluorescence experiments discussed in this and the two subsequent chapters. We are concerned with experiments in which a sample of atoms is
illuminated with resonance radiation and a signal is obtained by monitoring either the intensity or the polarization of the fluorescent light. Alternatively the amount of
light absorbed by the sample can be measured as in the optical pumping experiments described in Chapter 17. From the
survey of quantum mechanics given in Chapter 3, we know that
the most general description of the i a atom in the sample
involves a linear superposition of eigenfunctions with timedependent coefficients:

TABLE 1 5 . 2 .
Lifetimes of the nsnp P-, and P, levels of Group IIB
elements and the absorption f-values of the
corresponding resonance lines

Atom

Multiplicity
of

Resonance
line

transition

wavelength

(A)
Zn(n=4)

Cd(n=5)

Hg(n=6)

Singlet

2139

Triplet

3076

Singlet

2288

Triplet

3261

Singlet

1850

Triplet

2537

Lifetime

Ab s o rp t i on
f-value

Reference

(ns)

1•41+0-04

(2 • 0 + 0 - 2 )

x

!• 46
IO4

1 •66 + 0-05
(2 •39 ± 0-04) x io3

1 •36 ± 0-05

(1 •18 ± 0-02) x io2

2-13 x io~4
1-42
2-00 x io"3
1.18
2-45 x io"2

Lurio et al.
(1964)
Byron et al.
(1964b)
Lurio and
Novick (1964)
Byron et al .
(1964a)
Lurio (1965)
Barrat (1959)
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The expectation value of any physical observable, represented
for instance by the operator^", is then given by

where

We see that the observable properties of this atom are determined not so much by the individual coefficients a^1-^ (t)
f ' ~\
but by the products of the amplitudes represented by
p^1J.
These may conveniently be arranged in the form of a matrix.
If the atomic wavefunction is changed, then the expectation
value of -<# is also changed because the matrix of the coefficients P mn has been altered. Hoi\rever, the matrix
elements of the operator < n |_^| m > will remain the same.
Alternatively if we wish to calculate the expectation value
of a different operator, the matrix (p
) is unaltered but
the operator matrix elements appearing in equation (15.7)
will be changed.

Thus the matrix (p^

), called the atomic

density matrix, would seem to be a more useful description
of the system than the original atomic wavefunction.
In resonance fluorescence experiments, however, we
are never able to study just a single atom, rather we are
forced to investigate the properties of a sample containing
N atoms.

The measurable properties of this sample are then

given in terms of the average values, Uft , of a set of
physical observables taken over the ensemble of independent
atoms where

For this reason it is now convenient to use the average
values of the products of the probability amplitudes to define
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the elements of the density matrix p of the ensemble:

From equations (15.9) and (15.10) we see that the mean value
of the observable ^can be expressed in terms of the ensemble
density matrix by

where Tr indicates that the trace of the product matrix is
to be taken.
Although the density matrix is less familiar than the
description in terms of atomic wavefunctions, it has the advantage that its elements have an immediate physical significance. For instance the probability of finding an atom
of the vapour in the state |m> is given by p . These diagonal elements of the density matrix also determine the magnetization of the sample when it is placed in an external
magnetic field.

The description of the ensemble in terms

of the density matrix means that it is not necessary to
know the wavefunctions

of individual atoms, and indeed it

may be quite impossible to write down a wavefunction for
each atom owing to the effects of interatomic forces or of
interactions between the atoms and the radiation fields
(Problem IS.3).
15.5.2. The Liouville equation. We now derive the differential
equation which controls the time development of the density
matrix operator p. From equations (15.8) and (15.10) the
rate of change of the matrix element p
is given by

Since the time dependence of the probability amplitude
a^^Ct) is given approximately by exp(-iE t/h), we see
that off-diagonal elements of the density matrix are periodic
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functions of time with characteristic angular frequencies
given by (E -E )t/h. The detailed development of the atomic
wavefunction is controlled by the Schrodinger equation

once the Hamiltonian operator is specified.
equation (15.6) into this equation gives

Substituting

Using this result in equation (15.12) together with the definition of the density matrix, equation (15.10), and the
Hermitian property of 3f leads to the required differential
equation:

In operator form, equation (15.14) becomes

where the square bracket denotes the commutator product
(3Cp - pJf) . This result is known as the L-iouv-Llle equation.
The theory of resonance fluorescence experiments therefore
reduces to a study of the solutions of the Liouville equation
for appropriate forms of the Hamiltonian operator JC.
15.5.3. Application of the density matrix to the theory of
resonance fluorescence. Much of the theoretical development
of the density matrix which follows applies equally well to
all types of resonance fluorescence experiment. We shall,
however, use the Hanle effect as a simple example of the
general treatment. We start by assuming that the Hamiltonian
T
3C, is the sum of a large time-independent operator Jf and
smaller perturbations X, and JC which represent the effects of
optical excitation and radiative decay respectively. In this
situation the Liouville equation becomes
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The time-independent Hamiltonian Jfn is itself the sum of an
operator 3f
which determines the unperturbed eigenvalues
and eigenfunctions of the atomic electrons, and an operator
3f ., which describes the interaction of the atom with
static external magnetic fields. In Chapters 16 and 17
additional terms will be introduced into equation (15.16)
to account for the effects of magnetic resonance and optical
pumping respectively.
In resonance fluorescence experiments we are usually
interested in just two electronic levels, one of which is
normally the electronic ground state. The wavefunctions
required for the expansion of this restricted density
matrix consist of the ground-state basis functions |p> and
those of the excited state represented by |m>. These wavefunctions are eigenfunctions of the angular momentum opera2
tors —J and JZ with angular momentum quantum numbers given
by (J ,y) and (J ,m) respectively.
15.5.4. The excitation process. The perturbation, JC^, represents the interaction between the atoms and the incident
flux of resonance radiation. If, for the sake of simplicity
the radiation field is treated classically then the perturbation has the form 3C, = -£.E_(t) . Most of the experiments
with which we shall be concerned have been performed with
conventional resonance lamps. The radiation from these
sources has a wide spectral bandwidth, implying very limited
temporal coherence, and the spatial coherence is also very
small. Thus in resonance fluorescence experiments an ensemble electric dipole moment which oscillates at the optical
frequency of the incident radiation cannot be created in the
sample. All off-diagonal elements of the density matrix of
the form p
are therefore identically zero and we say that

498

THE HANLE EFFECT

the density matrix possesses no opt-Laal adherence.
In
these experiments the density matrix therefore reduces to
the sum of a ground-state part p and an excited state
o
part p . Since at present we are chiefly interested in the
time development of p , we will assume for the sake of simplicity that p has only diagonal matrix elements, i.e.
P u v i i = 0 unless y=n' .
The wide spectral bandwidth of the source of resonance
radiation also means that the transition of the atom from
the ground to the excited level is effectively instantaneous
on the time scale during which the excited atoms evolve
significantly. Thus the effect of the perturbation Jf, can
be treated in terms of a rate process, as discussed in
detail in section 9.3. When the incident radiation is in
a pure state of polarization, i.e. either a , o~ or IT polarization, the atoms of the sample are excited to a pure Zeeman
sub-state of the excited level. The rate at which atoms
are generated in the sub-state m > by optical excitation is
then

where P
is the absorption transition probability given
by equation (9.40). However, this result does not give a
complete description of the excited state density matrix
since it determines only the diagonal matrix elements of
p . In Hanle effect experiments these terms are responsible
for a background of resonance fluorescence which is fieldindependent. The magnetic depolarization signal is observed

Finite values of the off-diagonal elements p
would
imply that the phases of the oscillating electric dipole
moments induced in different atoms were coherently related
to one another. Such a situation can only be achieved if
the atoms are stationary and are interacting with a beam of
radiation of high spatial and temporal coherence, as for
instance obtained from a laser.
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only when the off-diagonal elements of p
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are also non-zero.

Since the concepts involved in this case are so important
they are considered separately in the following section.
15.5.5. Radio-frequency coherence and interference of
atomic states. The off-diagonal elements of the excited
state atomic density matrix, p^ , , are complex numbers whose
phases (J>^ are determined by the phase differences of the probability amplitude coefficients a 1 - 1 - 1 and a^, as shown by
equation (15.8). When the average is performed over the
ensemble of N atoms in equation (15.10) two different physical situations may be distinguished. In the first the
ensemble of excited atoms is prepared in such a way that
all values of the phase $. are equally probable. For sufficiently large N this automatically leads to the vanishing
of the off-diagonal elements, p ,, of the ensemble density
matrix.
In the second case the distribution of phases is not
isotropic and the off-diagonal matrix elements are consequently finite, p ,^0. For this to happen it is necessary
that the excited atoms are prepared in such a way that the
phase difference between the interfering states |m> and
m'> is the same for all atoms of the ensemble. One method
of achieving this is by means of optical excitation using
light which is a mixture of different polarization components,
s*.
If the polarization vector of the incident radiation, e_, is
expanded in terms of spherical unit vectors in the form

where E» coincides with the axis of quantization, then we
require at least two of the coefficients £ to be non-zero.
In this case the rate at ivhich the off-diagonal elements of
the excited state density matrix are created is obtained
by generalizing equations (9.40) and (15.17), giving:
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To avoid confusion with the density operator, it is-

now more convenient to represent the energy density of the
incident radiation by U(u) and for similar reasons the
electric dipole moment operator for the atom is taken as
JJ = -Je£. . In contrast to the situation considered in
i
section 15.5.4, the radiation now excites the atoms to a
superposition of different Zeeman sub-states.

In this case

we may say that the polarization of the beam of radiation
is coherent and that this coherence is transferred to the
atoms.
Moreover, radiation which is polarization coherent
possesses a finite component of angular momentum at rightangles to the magnetic field .B and this angular momentum is
also transferred to the atoms at the moment of excitation.
Thus finite values of the off-diagonal matrix elements
p

, also imply that there exist finite expectation values

of the transverse components of the angular momentum operators < J + > ,<J + > etc. and of the transverse components of the
magnetic dipole moment, < NO

and < M > .

Again we should

note that this situation only occurs when the angular momentum components of different atoms in the direction perpendicular to the axis of quantization are coherently phased
rather than being oriented at random.
The time-dependence associated with the off-diagonal
elements p , is given by exp{-i(E -E ,)t/h} and can be
regarded as a manifestation of the interference between the
atomic states m> and |m'> . When these Zeeman sub-states
belong to the same level of the atomic fine or hyperfine
structure, the angular frequency

(E -E ,)/h lies in the radio

band and we say that the ensemble of atoms possesses radiofrequency or Hertzian coherence.

Since Hanle effect ex-

periments are performed at zero (d.c.) frequency, this
Hertzian coherence manifests itself as a change in the polarization of the fluorescent light rather than as a radiofrequency beat.

Radio-frequency modulation of the fluores-

cent light can be observed if the Hertzian coherence is
generated using pulsed or modulated excitation, as described
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in sections 15.8 and 15.9 below. Light beats can also be
observed when the radio-frequency coherence is generated
by magnetic resonance in excited levels, a topic which is
considered in the following chapter.
15.5.6. The relaxation processes.

The second perturbation

term in equation [15.16) represents the effect of relaxation
processes. At present we are concerned only with the excitedstate density matrix and assume that the relaxation is due
only to spontaneous emission.

Since this is again an

essentially random process, being triggered by the zeropoint fluctuations of the vacuum radiation fields, the effect
of ^ can be represented as a rate process and we have

where r = £

A, - is the spontaneous decay rate.

Interatomic

collisions and resonance trapping of the fluorescent radiation make additional contributions to the relaxation of the
excited state but a detailed discussion of these effects
is reserved until sections 16.4 and 16.5.
15.6. Theory of the Hanle effect
15.6.1. The excited-state density matrix. We now apply the
general formalism developed in the previous paragraphs to the
particular case of the Hanle effect. In these experiments
the excited atoms are subjected to a static external magnetic field 15 whose direction is chosen as the axis of quantization. In the absence of hyperfine structure the timeindependent Hamiltonian for the system becomes

where J z is the z-component of the dimensionless angular
momentum operator introduced in section 3.6 and co,J_i is the
Larmor angular frequency defined by equation (15.2). The
Hamiltonian operator Jf determines the unperturbed energy
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levels of the atom. Using equation (15.21) in the Liouville
equation (15.16), we discover that the elements of the
excited-state density matrix are solutions of the equation

Substituting the explicit expressions for the excitation
and relaxation rate processes from equations (15.19) and
(15.20) and using the fact that the states |m> and |m'>
eigenfunctions of the operator J , we have

are

where Fntin , = < m | —e .~~
D | y > <u|§*.D|m'>
is often called the ex— —
citation matrix. We again note that the off-diagonal elements
of the excited-state density matrix are periodic functions
of time with an associated angular frequency of 10, (m-m1).
It is interesting to note that the time-development of the
transverse components of the excited-state magnetic dipole
moment is identical to the Larmor precession of the electron
oscillators introduced in the classical model of section 15.2.
In most experiments the excited atoms are created by
a lamp whose intensity is independent of time and we can
obtain the steady-state density matrix by setting p ,=0
in equation (15.23), giving

We see that appreciable Hertzian coherence, implying large
off-diagonal elements of p , is created only when the
angular frequency w T (m-m') is comparable to or less than
LJ

the relaxation rate r.

Since F determines the width of the

excited-state energy levels in angular frequency units, this
coherence is destroyed when the magnetic field is large
enough that different Zeeman sub-levels no longer overlap.
This is the reason why Hanle effect investigations are sometimes known as zero-field level-crossing experiments.
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15.6.2. The polarizati.on of the fluorescent light.

The Hanle

effect signal is usually obtained by measuring the intensity
of the fluorescent light with polarization vector £' emitted
in some well-defined direction £.

From equations (2.70) and

(5.8) it can be shown (Problem 15.4) that the intensity of
light with this polarization emitted when an excited atom
in the sub-state |m.) decays to the ground-state sub-level

|y'>

is

when measured in terms of photons/s-steradian.

To include

the case of excited atoms described by an arbitrary density
matrix, we generalize equation (15.25) by forming the fluorescent light monitoring operator L p defined by

Thus the observed intensity of fluorescent light can be obtained using equations (15.11), (15.24), and (15.25) in the
form

where Gm,m = <m'|g'.D y'> <y'||/*.D|m> is called the emission
matrix.
We see that field-dependent terms appear in the
denominator of equation (15.27) when m^m', i.e. the Hanle
effect signal is a direct result of the Hertzian coherence
created in the excited state by excitation with coherently
polarized light. We can describe the phenomenon as the
result of a quantum-mechanical interference between the
scattering amplitudes for the two possible routes from the
initial ground level sub-state

y > to the final sub-state
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|u'> , as indicated diagrammatically in Fig.15.9. This
quantum-mechanical interference manifests itself as a change
in the polarization and spatial distribution of the scattered
resonance radiation as the separation of the Zeeman substates of the excited level is varied. The interference
effect disappears when these levels are separated by more
than their natural width r.

Fig.IS.9.

Energy level diagram illustrating the quantum
theory of the Hanle effect. The excited states
|-m> and |m'> are degenerate at zero magnetic field.
In a finite magnetic field, the excitation of |m>
and m'> from a single ground level sub-state |u>
by coherently polarized light results in interference effects in the coherently scattered radiation provided that a)mm, = (m-m')wL < r where r
is the natural radiative width of the levels.
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It should be clear from this discussion that similar
effects are to be expected when the Zeeman levels of an
atom with hyperfine structure intersect at large magnetic
fields. These high-field level-crossing signals are discussed in detail in Chapter 18. Similar changes in the angular distribution of electromagnetic radiation are well
known in nuclear physics and the perturbation of the angular
correlation of cascading y-rays produced by a large external
field is widely used in the spectroscopy of excited nuclei.
15.6.5. Effect of hyperfine structure on the Hanle signal.
For an element having an odd isotope with nuclear spin I,
equation (15.27) shows that the principal effect of hyperfine
structure in the Hanle effect experiments will be to replace
the Lande factor g., used in the calculation of the Larmor frequency, equation (15.2), by the hyperfine g-factor g_, where,
to a good approximation

and F is the total angular momentum quantum number of a
given hyperfine component of the excited energy level. Thus,
except for the case when J=I, the different hyperfine levels
have different values of g p and so produce Hanle effect signals with different widths. Since it is not usually possible to excite to just a single hyperfine level, the observed signal will depend on t;he detailed form of the
emission and absorption profiles of the lamp and resonance
cell respectively. It is therefore difficult to use the oddisotope Hanle signals for accurate lifetime measurements, and
experiments on pure samples of the even isotopes are to be
preferred.
These are not possible in the case of sodium and potassium and here an even more complex situation arises, for
these elements have an excited state hyperfine structure
in zero field which is only slightly larger than the radiation width of the levels. The magnetic fields required for
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the Hanle effect are sufficiently large to cause appreciable
decoupling of the electronic and nuclear spin angular momentum vectors, J and _!.. In this situation the excitation of
different hyperfine levels can no longer be treated as independent processes and the coherence created is responsible
for level-crossing signals at finite fields. These levelcrossing signals overlap the zero-field Hanle signals and
therefore a detailed comparison of the experimental and
theoretical signals over a wide range of magnetic fields is
required to determine the lifetimes and hyperfine structure
constants of the levels. This topic will be discussed again
in Chapter 18.
15.7.

Theory of resonance fluorescence in the J =1 -*• J =0
case

15.7.1. Details of the experimental geometry.

The excitation

and emission matrices appearing in equation (15.27) are
determined solely by the geometry of the apparatus and the
orientation of the polarizers used. They are therefore a
common feature of many different types of resonance fluorescence experiment and we demonstrate their manipulation in
some detail. We consider a sample of atoms excited by a
beam of resonance radiation whose direction of propagation
is defined by the angles (9,((>) in a spherical coordinate
system. We assume that the light is linearly polarized with
its electric vector making an angle a with the unit vector
JB .as shown in Fig. 15.10.
In cartesian coordinates it may be shown (Problem 15.5)
that the polarization vector of the incident radiation is
given by

For the evaluation of the atomic matrix elements, however,
it is more convenient to expand ^ in terms of the spherical
in the form given by
unit vectors
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Geometry for theoretical description of resonance
fluorescence
experiments.

equation (15.19).

In this system we have

The electric dipole moment operator, D, may be expanded in
the same manner and it can then be shown that

We -must now evaluate the matrix elements of the electric dipole operator. We choose as an example a system in
which J = 0 and J =1 for the numerical values of the matrix
elements in this case are particularly simple. Using
equation T5.181 we havp
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where < D > = < yO|| 1)11 y'1> is the reduced matrix element of the
operator JJ. The excitation matrix can now be calculated with
the help of equations (15.31) and (15.32), giving

where

The de-excitation matrix for light emitted in the direction
(6',(()') and linearly polarized parallel to the electric
vector e' is defined by

where ^' makes an angle a' with the direction of the unit
vector §_' . In this geometry G , is identical to F, except that all quantities in equation (15.33) are now distinguished by a prime. The matrices for the case of unpolarized light may be obtained by summing those for light
polarized in directions a and a+ir/2 respectively.
15.7.2. Application to Hanle effect experiments. We now use
the excitation and emission matrices derived above to obtain expressions for the Hanle effect signals in the
j =0 «• J =1 system. These would apply, for instance, to
experiments on the even isotopes of Zn, Cd, Hg, and several
other elements. With the rather general geometrical arrangement of Fig. 15.10 it is convenient to separate the signal,
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dl/df2, into contributions made by terms in equation (15.27)
for which Am = m-m' | is constant. Using the explicit
expressions for F , and G i given by equation (15.33), we
then have

where

and

In this example pg,, is the density of atoms in the
ground state. This separation into three terms also has a
physical significance for the density matrix of the ensemble of excited atoms can be rearranged into components
which transform under rotations as tensors of rank 0, 1, and
2 respectively. These components are known as the population, orientation, and alignment of the system. In fact the
different expressions given by equations (15. 35) - (15 . 37)
describe almost exactly the signals arising from the population dl/dn (Am=0) , orientation dl/dn (Am=l) , and alignment
dI/dfi(Am=2) of the sample of excited atoms. We shall return
to this topic when we consider the effects of relaxation by
collisions and the trapping of resonance radiation in section
16.4.
For the particular geometry shown in Fig. 15.1 we have
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(9=TT/2, <f> = 0, a=ir/2) and

(6'=0, <t>'=ir/2).

By substituting

these values into equation (15.30) to obtain explicit values
for £ and fi , , it can be shown (Problem 15.6) that
equations (15 .35) - (15 . 37) reduce to

a result which is identical to that obtained by the classical theory, equation (15.4).

This detailed analysis proves

the validity of the . statement made in section 15.2 that the
shapes of the Hanle effect signals are correctly predicted
by the classical theory. However, in systems other than the
J =0 •*» J =1 we can see by referring to equation (5.18) that
the field-dependent term is generally a smaller fraction of
the constant background signal arising from the terms with
Am=0. This reduces the signal-to-noise level and may necessitate the use of phase-sensitive detectors or other signal
averaging techniques.
15.7.3. Effect of deviations from perfect geometry.

In most

resonance fluorescence experiments lenses and light pipes
subtending large solid angles are used in both the exciting
and detection arms of the apparatus in order to increase the
size of the signal. In this situation the observed signal
must obviously be obtained by averaging the expressions
given in equations ( 15 . 35) - (15 . 37) over the finite solid
angle used.

The main result of this in a geometry where

the pure Lorentzian-shaped Am=2 signal is expected is to
•cause some slight admixtures of the dispersion-shaped Am=2
signal, and possibly contributions from the Ara=l signals as
well. This leads to a slight asymmetry and broadening of
the observed signals which can usually be corrected in the
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analysis of the data.
15.7.4.

Estimate of the size of the signal.

The size of

the resonance fluorescence signal is determined by the rate
0 at which photoelectrons are produced at the cathode of the
photomultiplier by the scattered light. In equilibrium the
rate at which photons are re-emitted is equal to the rate
at which they are absorbed, which in turn is determined by
the effective absorption cross-section, a ^.p. Thus for a
resonance cell of length d and cross-sectional area A which
is filled with absorbing atoms at a uniform density n, we
have

where F is the flux of resonance radiation photons incident
on the cell, and K is the combined collection and detection
efficiency factor.

The effective cross-section may be ob-

tained from equation (9.51) by multiplying the total absorption cross-section by the normalization factor fo:r the
folding integral of the Gaussian emission and absorption
profiles of the resonance lamp and cell, giving

where AID and Au are the Doppler widths of the light source
and absorbing atoms respectively. The large value of the
resonance scattering cross-section is one of the main reasons
for the great sensitivity of resonance fluorescence experiments. The factor K in equation (15.38) is given by the
quantum efficiency of the photomultiplier multiplied by the
solid angle subtended by the collection optics expressed as
a fraction, of 4ir.
For typical values of the parameters in equations
(15.38) and (15.39), we find (Problem 15.7) that
Q » 3 x 10 s . This is much larger than either the dark
current of the photomultiplier (« 10 s ) or the shot
noise due to random fluctuations in the photon counting
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statistics (« Q ' ). Thus in many resonance fluorescence
experiments excellent signal-to-noise ratios can be obtained,
and experiments at very low densities or using only milligram
quantities of mass-separated stable or radioactive isotopes
are possible. However, equation (15.38) does emphasize the
need for intense light sources in these experiments and the
importance of achieving high collection and detection efficiency for the fluorescent light.
IS.8. Resonance fluorescence experiments using pulsed
excitation
15.8.1. Introduction and experimental techniques.
In previous sections we drew attention to the fact that, in both
the classical and quantum theories, expressions derived
for the intensity of resonance fluorescence from atoms subjected to an external magnetic field, equations (15.3) and
(15.23) respectively, contain terms which may lead to a
modulation of the intensity at the Larmor frequency or its
second harmonic. This radio-frequency modulation has been
observed in several different kinds of experiment, the
simplest of which makes use of pulsed excitation and timeresolved detection of the fluorescent light.
The first of these experiments were performed simultaneously by Dodd et cz£.(1964) and Aleksandrov (1964). The
improved apparatus used by Dodd et al. (1967) in a more
detailed study of this phenomenon is shown in Fig.15.11.
Resonance fluorescence in cadmium vapour excited by the
intercombination line 5 1Sg - 5 3P^ at 3261 9
A was chosen
for this investigation. The cadmium atoms in a heated
resonance cell were excited to the 5 P I level by a pulse
of resonance radiation lasting O-Zps. This excitation pulse
was obtained by passing the light from a commercial cadmium
lamp through a Kerr cell shutter operated by a high voltage
pulse unit. The time dependence of the resonance fluorescence emitted in a direction at right-angles to both the
magnetic field and the direction of the incident light was
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Block diagram of the apparatus of Dodd et al.
(1967) for cadmium resonance fluorescence experiments using pulsed excitation.

studied using the single-photon counting techniques described
in section 6.3.3. The result of a seven-hour-long run obtained with the cadmium vapour at 200°C and an applied magnetic field of 345 mG is shown in Fig.15.12(a). This displays the number of counts recorded in each channel of the
analyser after a correction has been made for the background
produced by photomultiplier dark current pulses and by the
light reflected from the cell walls. The experimental trace
can clearly be resolved into two distinct contributions consisting of a decaying but unmodulated intensity and a damped
intensity modulation as shown in Figs.15.12(b) and (c)
respectively. The observed angular frequency of modulation
was (9-25 ± 0-30) x 106 s"1, in good agreement with that
predicted from the known g, factor for the 5 P, level
Problem (15.9).
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Transient

decay of cadmium atoms excited by a

pulse of polarized resonance radiation, (a) The
experimentally observed fluorescence
tion of time.
modulated

as a func-

(b) The exponential decay of un-

fluorescent light.

component of the fluorescent

(c) The modulated
light.

The modu-

lation is produced by Larmor precession i-n the
applied magnetic field of 345 mG. (After Dodd
et al. (1967).)
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15.8.2. Theoretical interpretation.
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For the moment we con-

centrate on the interpretation of the signal shown in
Fig.15.12(c). The phenomenon can be explained classically
by imagining that the exciting pulse created a set of electric dipole oscillators with their axes all initially aligned
parallel to the electric vector of the incident radiation
(Problem 15.9).

Subsequently these dipoles precess at the

Larmor angular frequency about the magnetic field direction
while simultaneously they suffer damping by re-radiation.
The angular distribution of the electric dipole radiation
pattern then produces maxima in the observed intensity every
time that the axis of the dipoles is at right-angles to the
direction of observation.
A general expression for the intensity of light observed in these experiments may be obtained using the density
matrix formalism developed in section 15.6. We rewrite
equation (15.23) allowing for the fact that the energy density
of the incident radiation, U(ui,t), is now a function of time:

where x=w,(m-m'). Multiplying by the integrating factor
exp{(r+ix)t} gives

For the sake of simplicity we now assume that the pulse of
incident radiation has a rectangular shape,

0

for all other values of t.

Then integrating equation (15.41) we have for t > t,, +

At

n:
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where we have assumed that all the atoms in the sample are
in the ground state before the arrival of the excitation
pulse, i.e. Pmmi(t)=0 for t < t«. The terms in equation
(15.42) which involve At™ are dependent on the length of
the exciting pulse. The simplest situation occurs when
the pulse is very much shorter than either the radiative
lifetime or the period associated with the Larmor precession,
i.e. rAtn < "T Atn "* !• In this limit we find that equation
(15.42) reduces to

Finally, applying the monitoring operator L_, we obtain a
general expression for the intensity of fluorescent light
in experiments using pulsed excitation:

This calculation makes it clear that light beats are
associated with the time evolution of the off-diagonal elements of the excited-state density matrix. Consequently they
can only be observed in pulsed experiments if the light which
excites the atoms of the sample is also polarization coherent.
Only then is the necessary Hertzian coherence created in the
excited-state density matrix. The theory predicts that
modulation at the angular frequencies w, and 2ai, will be
detectable depending on the geometry and

polarization used

in the experiment.
15.8.3. Application to the J =1 case. In the notation of
section 15.7.1 the geometrical arrangement used by Dodd
et aZ.(1967), and shown in Fig.15.11, is described by the
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directions (9=ir/2, <t>=0, ct=ir/2) and (9'=ir/2, <j>'=ir/2).

The

excitation and emission matrices for this geometry may be
evaluated using equations (15.30) and (15.33) and it can then
be shown that the signal predicted by equation (15.44) is
given by

where the signals obtained with the analyser at angles of
a 1 and a ' + i r / 2 have been summed corresponding to the d e t e c t i o n
of unpolarized light.
The theory therefore predicts an intensity modulation
of 100 per cent in this geometry when the excitation pulse
is sufficiently short. For pulses which do not satisfy
the condition u)LiTAtUn < 1 it is found that the depth of modulation is reduced and that there is a phase shift in the
modulation term. The reason for this can be easily visualized on the classical model, for the Larnor precession during
a long excitation pulse causes the dipoles to be distributed
through an angle u) T At_ in the plane perpendicular to B,
rather like a fan. In the limit that u T A t > 1, the dipoles
are isotropically distributed in this plane and no modulation is observed.
In the experiments of Dodd et aZ..(1967) the short pulse
criteria is reasonably well satisfied since u^At- =» 0-14
and the reduced depth of modulation apparent in Fig.15.12(a)
is due to depolarization by collisions with foreign gases
contaminating the resonance cell. Fluorescence from the
F=l/2 levels of the odd isotopes lllCd and 113Cd (both 1=1/2),
which have a total abundance of 25 per cent in the natural
cadmium used in the resonance cell, also contribute to this
background since in this geometry interference effects from
levels separated by Am=l are not observable. The signal from
the F=3/2 level of the odd isotopes is modulated, however,
at a frequency which is 2/3 of that of the even isotope
signal, as evaluation of equation (-15.28) will show. This
small additional component of the fluorescent light can be
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clearly identified by detailed analysis of the experimental
data.
One of the principal difficulties in these timeresolved experiments is the low intensity of the conventional
sources of pulsed resonance radiation, as the seven-hour
running time of Dodd et al. (1967) emphasizes. Excitation
by means of pulsed tunable dye lasers seems likely to overcome this difficulty and we now briefly refer to some recent
experiments using this technique.
15.8.4. Pulsed laser excitation. Quantum beats produced by
dye laser excitation have been observed by Gornik et al.
21
3
(1972) on the 6 s
S,,-6s6p P, intercombination line of
ytterbium at 5556A. In this experiment the conventional
resonance cell was replaced by an atomic beam of ytterbium
and the atoms were excited by radiation from a nitrogen
laser-pumped dye laser using a solution of sodium fluorescein
and esculin in methyl alcohol. The dye laser radiation was
linearly polarized in a direction at right-angles to the
magnetic field applied to the atoms in the scattering chamber
and the laser output was tuned on to the resonance line by a
combination of three tilted solid quartz e"talons and an interference filter. At a pulse repetition rate of 30 Hz a peak
output power of several hundred watts was obtained with a
spectral bandwidth of < SO x 10" cm" . The laser pulse
length of 7 ns is approximately a hundred times shorter than
the radiative lifetime .of the P, level, thus the analysis
of section 15.8.2 may be applied without any modification.
The fluorescent light from the atomic beam was monitored
by a photomultiplier and recorded in a Tektronix transient
analyser. Quantum beat signals having excellent signal-tonoise ratios and displaying 100 per cent depth of modulation
could be obtained with a single pulse of excitation. From a
measurement of the modulation frequency (2-99 MHz) and a
knowledge of the applied magnetic field (0-714 G), the Lande
g-factor for the P-, level may be obtained to an accuracy
of about one per cent. Moreover the exponential envelope
of the signal yields a radiative lifetime of
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P,) = 860 ± 43 ns, in good agreement with previous

determinations.
The g-factors and lifetimes of the lowest-lying P,
states in barium and calcium have also been measured using
the quantum beat technique by Schenck et aZ.(1973). However, a much larger number of lifetime measurements have
been made in zero magnetic field by simply observing the
exponential decay of the fluorescent light following dye
laser excitation on a fast oscilloscope. A representative
sample of the available results is given in Table 15.3. As
the table indicates, this new technique is applicable to
measurements over a wide range of lifetimes. Perhaps equally
interesting is the new information on collisional quenching
cross-sections which may also be obtained by this selective
optical excitation method.
TABLE 15.3.
Radiative lifetimes of atomic and molecular levels obtained
using pulsed dye laser excitation
Atom
or
molecule

Lifetime

Level

Reference

Na

3p 2P1/2

16'4 ± 0-6 ns

Erdmann et aZ.(1972)

Ca

4s5s 3S1

10-7 ± 1-0 ns

Gornik et aZ.(1973)

Mg

3s3p

3

2 - 2 ± 0 - 2 ms

Wright et aZ.(1974)

Z

B 3n*u

1-6 - 2 - 1 ys

Sakurai et a Z . (1971)

0-14 - 1-3 ps

Capelle et a Z . (1971)

41 - 43 ys

Sakurai and
Capelle (1970)

2

P1

>'=0 - v'=25)
Br2

B

3

Hg u

>' = ! - v' = 31)
N0

2

Unknown
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15.9. Resonance fluorescence experiments using modulated
excitation
15.9.1. Introduction and experimental technique.

The clas-

sical theory of resonance fluorescence, in which the atoms
are treated as dipole oscillators processing at the Larmor
frequency, leads one to predict that interesting effects
will also occur if the atoms are excited by light whose
intensity is periodically modulated. As the external magnetic field is varied in these experiments a point is
reached at which the Larmor frequency, 01,, equals the angular frequency of the modulation, f. Additional atoms will
then be excited in phase with the Larmor precession of
those already in the upper state and a significant transverse magnetic moment is built up in the ensemble of excited atoms. We would therefore expect a resonant increase
in the amplitude of modulation of the fluorescent light
when the condition w,=f is satisfied.
The first resonance fluorescence experiments using
intensity-modulated excitation were performed by Aleksandrov
(1963) and independently by Corney and Series (1964 a,b) .
The apparatus used by Corney (1968) in a more detailed investigation of the phenomenon is shown in Fig.15.13.
5

P, level of cadmium was again chosen for study.

The
The

light source was an electrodeless capillary discharge tube
made from fused silica and was excited by applying a radiofrequency voltage at 231 kHz to external electrodes of
aluminium sheet.

It was found that the radiation from the

lamp was intensity modulated at 462 kHz owing to a 100 per
cent modulation of the mean energy of the electrons in the
discharge which occurs at twice the frequency of the applied
voltage (Harries and von Engel 1954).

However, the depth

of modulation of the 3261 A radiation emitted by the lamp
was only of the order of 1 per cent, indicating that direct
electron impact excitation accounts for only a small
fraction of the total population of the 5

P, level.

The

light from the discharge was focussed on to a cylindrical
resonance cell in an oven heated by hot air to 200 C. The
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Schematic diagram of the apparatus used in
resonance fluorescence experiments on cadmium
vapour excited by intensity-modulated light.

magnetic field was produced by a Helmholtz coil pair having
a mean diameter of 24-9 cm and was uniform to 2 per cent
over the volume of the cell. Stray d.c. magnetic fields
were reduced to less than 0•5 mG using three mutually
orthogonal Helmholtz coil pairs and care was taken to
eliminate stray a.c. fields by careful location of electronic equipment.
The intensity of the fluorescent light was monitored
by a photomultiplier and the time-dependent signal was
isolated by an amplifier tuned to 462 kHz. The radiofrequency modulation of the fluorescent light was readily
confirmed by this method, but the small percentage modulation
of the incident light made phase-sensitive detection essential for detailed studies. This technique had the advantage
that the amplitudes of the in-phase and quadrature components
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of the fluorescent radiation,
I(t)

=

A cosft + B sinft,

could be studied separately.
15.9.2. Experimental results.

In the experimental geometry

shown in Fig.15.13 atoms were excited to a coherent superposition of the m - = ±1 states when the incident light was
polarized at right-angles to the field direction.

An experi-

mental recording of the amplitude of the in-phase component
of modulation of the fluorescent light is shown in Fig.15.14
(a) as a function of the applied magnetic field.

The trace

consists of two Lorentzian shaped resonances, overlapping
slightly in the region of zero magnetic field, and centred
at fields of ± 0-110 G. At these values of the magnetic
field the nij = ±1 states of the excited atom are separated
by a frequency interval 2u,/2n = 462 kHz, as expected. The
resonances can thus be regarded as the effect of interference
between the a+ and a" polarized Zeeman components of the
fluorescent light. The theory developed in the next section
shows that the amplitude of the in-phase component is given
by

This expression was evaluated using the experimental lifetime for the 5 3P, level of T = 2-25 x lo"6 s obtained by
Barrat and Butaux (1961), and is plotted in Fig.15.14(b).
The agreement between the experimental and theoretical curves
is very satisfactory.
15.9.3. Theory of resonance fluorescence excited by modulated
light. Theoretical expressions for the intensity of light
observed in resonance fluorescence experiments using modulated excitation can be obtained by a simple extension of
equation (15.41). We now assume that the energy density
of the incident radiation, U(to,t), is amplitude modulated at
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Study of the fluorescent radiation from a sample
of cadmium atoms excited by light which is intensity modulated at the frequency f/2ir = 462 kHz.
(a) Experimental recording of the in-phase component of the modulated fluorescence as a function of applied field, B. (b) Plot of the theoretical expression, equation (15.46). Resonances
occur when B = ±Bn/2 where B. = hf/gjuR.

the angular frequency f.

Thus U(w,t) is given by

where a is the depth of modulation.

Substituting into

equation (15.41), we have

Integrating over t from t = -°° to the instant of observation
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t, and assuming P mm r (~°°)=0, we have

Finally, introducing the monitoring operator L p , the general
expression for the intensity of fluorescent light is given
by

shere x=wL (m-m').
This general expression consists of a sum of timeindependent terms which describe the usual Hanle effect
signals and terms modulated at the angular frequency f
which are resonant when wTJ_i(m-m') = ±f. These terms control
the amplitude of modulation of the fluorescent light and
originate in the off-diagonal elements of the excited state
density matrix. When the condition f > T is satisfied, excitation by amplitude-modulated light creates substantial
Hertzian coherence at fields which are well separated from
the zero-field level-crossing region.
15.9.4. Application to J =1 case.

The geometrical arrange-

ment shown in Fig.15.13 is described by the angles
(e=ir/2, <(> = 0,cO and(e'=ir/2, <)>' =ir/2 ,a') in the notation of
section 15.7.1. Using equations (15.30) and (15.33) to
evaluate the excitation and emission matrices in this geometry we obtain, after substitution in equation (15.50),
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The time-independent terms in equations (15.51a,b,c)
describe Hanle effect signals excited by the unmodulated
component of the incident radiation density, equation (15.47),
while the time-dependent terms in equation (IS.Sla) describe
the phase shift and depth of modulation which is expected
when a system having a damping constant r is periodically
excited (Problem 15.10). Since this is a population effect
these terms are independent of the applied magnetic field.
By contrast the time-dependent terms in equations (15.51b,c)
are resonant at fields given by u, = ±£ and 2w, = ±f, corresponding to interferences between states with Am=l and Am=2
respectively. These resonances in the amplitude of modulation have the familiar Lorentzian or dispersion lineshape,
depending on the phase of the modulation detected.
The signals shown in Fig.15.14a were obtained in this
geometry by detecting unpolarized fluorescent light. The
required theoretical expression is obtained from equation
(15.51) by summing expressions with the polarizer angles
set at a' and a'+ir/2. The contributions from the terms
with Am=l vanish, corresponding to the fact that the orthogonal states of polarization, a and IT, of the fluorescent
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light can no longer interfere.

In this case equation ("15.51)

reduces to

As the polarization angle a of the incident radiation is
varied from 0 to ir/2 the intensity of the resonant terms increases from zero to a maximum value. This corresponds to
the change from TT polarization when only the state m=0 is
being excited, to a polarization when atoms are excited
to a coherent superposition of m=±l states.

For a=ir/2 the

expression given in equation (15.46) for the amplitude of the
in-phase component of modulation is now easily verified,
while the amplitude of the sinft component of modulation is
given by

and displays dispersion-shaped resonances at 2<oJ_iT =±f.

Further

detailed studies of the resonance signals excited by modulated light are described by Corney (1968).
Problems
15.1. The Hanle effect is observed using the apparatus shown
in Fig.15.1.

Prove that the polarization of the

fluorescent light, defined by P=(I -Ix )/(! +1 ), is
7

7

7

given by P = F / ( F + 4 u i j ) .

y

y

*

The geometry of the apparatus is then changed so
that the magnetic field, the direction of the incident
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light, and the axis of observation are mutually orthogonal; and the atoms are excited by unpolarized resonance radiation. Using the classical description of
the Hanle effect show that the intensity of the fluorescent light observed without a polarizer is given by

15.2. The widths of the Hanle signals, AB, observed in mercury vapour at low densities using the 1850 A and
o
2537 A resonance lines are found to have the values
85-1 ± 5-26 G and 0-649 ± 0-011 G respectively. The
Lande g-factors for the 6 P-, and 6 P-, levels have
the values 1-02 and 1-486 respectively. Calculate
the radiative lifetimes of these levels and the absorption oscillator strengths of the corresponding
resonance lines.
(Ans: rC1?-^ = (1-31 ± 0-08) x 10"9 s; £ik = 1-18
T(3P1) = (1-18 ± 0-02) x 10"7 s; fik = 0-0245.)
15.3. The density matrix of an ensemble of spin y particles
in the

|m > representation is given by

Using the spin angular momentum operators

show that

< s .x> = < s y> = < s z> = 0 .
In another experiment every particle of the
ensemble is prepared in a coherent superposition of
the m g = ± y states such that

Show now

that < s > = < s > =

and

< s > = 0.
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15.4. Show that the intensity of light 'of polarization £'
emitted as an atom in the Zeeman sub-level |m> decays
radiatively to the sub-level |y'> of the ground state
is given by equation (15.25).
15.5. The polarization vector e? shown in Fig. 15.10 is expressed in terms of the unit vectors (£,40 by
je = §_ cosa + £ sina. Using the relationships which
exist between the unit vectors (i^^,£) and (£,§_,$) show
that £ may also be expressed in the form given by
equation (15.29). Hence complete the detailed derivation of the excitation matrix, equation (15.33).
15.6. The Hanle effect geometry of Fig.15.1 corresponds to
the case (6=ir/2, <J> = 0 , a=ir/2) and (6 ' =0 , <j>' =ir/2) . By
substitution in equations (15.30) and equations (15.35)
-(15.37), show that the intensity of the fluorescent
light observed in this experiment for the case
J 6 =1 •» J =0 is given by
6

15.7. The quantum theory of the Hanle effect predicts that
the intensity of the fluorescent light is determined
by the factor C/T, where

Hence show that when this fluorescent light is detected
by a photomultiplier, the rate Q at which photoelectrons are released from the cathode surface is
given by equation (15.38).
Calculate Q assuming the following values for the
relevant parameters:
Total flux of resonance radiation incident on the cell
Illuminated area of resonance
cell

= 10

15

= 3 cm

photons cm

-2-1
s
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= 2 cm

Density of ground state atoms
- 1010 cm"3

in cell

Combined collection and cathode
quantum-efficiency factor
= 5 x 10"
Absorption oscillator strength
of resonance line

= 1 x io~

Doppler width of both source
and absorption cell
7

(Ans: 3.53 x 10

= 1500 MHz

1

s" .)

15.8. In a time-resolved experiment a sample of cadmium atoms
is excited to the 5

P-^ level by a short pulse of

linearly polarized resonance radiation.

The atoms

are subjected to an external magnetic field of
0-345 G and the exponential decay of the fluorescent
light is observed to be intensity modulated.

Calculate

the modulation frequencies expected for atoms of both
the even (1=0) and the odd (1=1/2) isotopes of cadmium.
(Ans: u/2-rr = 1-45 MHz; 0-965 MHz.)
15.9. The geometry of a pulsed resonance fluorescence experiment is described by the angles (3=ir/2, $ = 0,
a=ir/2) and (9 ' =ir/2 , <f>' = ir/2) .
Using expressions similar
to those developed in section 15.2.3, show that the
intensity of the fluorescent light observed is given
by

15.10.A sample of gas at low pressure in zero magnetic field
is subjected to a periodic excitation process, R(t) ,
which has a fundamental angular frequency w.

By ex-

panding R(t) as a Fourier series show that the intensity
of light emitted by atoms or molecules in the excited
level k is modulated and that the signal at the fundamental frequency is given by
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and

where

The spontaneous transition probability of the
observed line is A, . and r = I/T^ is the effective
total decay rate of the excited level k; a, and b,
are the in-phase and quadrature Fourier expansion
coefficients of R(t) at the fundamental frequency and C
is an arbitrary constant. In such an experiment the
phase shift <)>-, observed on the A II -»• X Z transition
of NO is 62° at the fundamental frequency
W/ZTT = 5'5 MHz. Calculate 'the effective lifetime of
the excited A II state.
(Ans: T, = 5-4 x lo"8 s.)
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16
Optical double resonance experiments
16.1. Magnetic resonance and exoited atoms
16.1.1. Introduction.

In our discussion of the Hanle effect

in the previous chapter, we assumed that the g-factors of
the excited atomic levels were already well known or could
be calculated to sufficient accuracy from the Lande formula

However, in the spectra of mercury and many other elements the
the existence of intercombination lines shows that L-S coupling does not hold rigorously and that small deviations of
the actual g-factors from the L-S values may be observed.
These deviations contain useful information about the atomic
wavefunctions and a technique which would permit the accurate
measurement of the Zeeman splittings of excited levels is
clearly very desirable.

It would also be interesting to

make accurate measurements of the hyperfine structures of the
excited levels of odd isotopes since these give information
about the magnetic dipole and electric quadrupole moments of
the atomic nucleus.
Unfortunately, however, conventional techniques of
high-resolution optical spectroscopy are limited by the
large Doppler widths of spectral lines, typically of the
order of 0-050 cm"1 = 1500 MHz.

Many of the hyperfine

structure intervals that must be measured lie in the range
(3-30) x io"3 cm"1 H (90-900) MHz and low field Zeeman
splittings are generally even smaller. Thus the techniques
of optical spectroscopy are incapable of achieving the
required resolution or precision.

This is mainly due to the

fact that a small energy separation is being measured indirectly by taking the difference between two very large
optical frequencies.
From equation (8.42) we recall that
the Doppler width is proportional to the observed frequency.
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If, therefore, some means could be devised to measure the
splittings between the excited levels directly, then the
Doppler width associated with the signal would be reduced
to a negligible value.
This desirable result is in fact achieved in the
magnetic resonance technique, which is well known in atomic
beam experiments and in solid state physics.

In investiga-

tions of ground-state Zeeman splittings by this method, the
/s

atoms are subjected to a static magnetic field .B=Bk which
splits the magnetic sublevels by an amount hw, where
to,=gjygB/h is the Larmor angular frequency.

In addition the

atoms experience a time dependent field .B, which rotates in
a plane perpendicular to B at the angular frequency «„.
The coils which generate this magnetic field may be regarded as a source of radio frequency photons having an
energy hug.

When the frequency of the r.f. field is such

that UQ=(I), , magnetic dipole transitions are induced between
the levels with the absorption or stimulated emission of
quanta of the radio frequency field.

In solid state ex-

periments these transitions are usually detected by means
of the sharp increase in the r.f. power absorbed by the
sample which occurs at resonance.

Since the transition pro-

babilities for stimulated emission and absorption between
a given pair of states are equal, it is necessary to establish a population difference between them before
sonance can be detected.

the re-

In solid state experiments this

population inequality is provided by the Boltzmann

factor

~ exp(-gjUBB/kT) and can be enhanced by working at low temperatures .
For several years it seemed unlikely that the magnetic
resonance method could be applied to excited atoms because
of the low population of atoms that can be created in excited levels and the high temperatures required to attain
appreciable vapour densities.

However, it was pointed out

by Brossel and Kastler (1949) that the excitation of ators
using polarized resonance radiation allowed very large
population differences to be established between excited sub-
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levels, and that the change in the polarization of the fluorescent light which occurs at resonance provides an extremely sensitive method of detecting the induced magnetic
dipole transitions. This method of studying excited atoms
in which optical resonance fluorescence and radio frequency
magnetic resonance are combined is known as the opt-ioal
double-resonance technique. We shall now describe the
pioneering experiments in this field carried out by Brossel
and Bitter (1952).
16.1.2. Description of the Brossel-Bitter experiment. The
apparatus used by Brossel and Bitter (1952) in the first
successful application of the optical double-resonance method
is shown in Fig.l6.1(a). The excited 6 P, level of mercury
was again chosen for study, although similar work on many
other elements has been reported subsequently. Light from
a low pressure mercury lamp is passed through a linear
polarizer oriented so that the electric vector of the
radiation is parallel to the constant magnetic field 13
applied to the atoms in the resonance cell. This field is
produced by Helmholtz coils which are not shown in the
diagram. With this polarization the incident 2537 A radiation can only stimulate electric dipole transitions for
which Anij=0, Fig.l6.1(b). If we restrict our attention
for the moment to the atoms of the even mercury isotopes,
only the nij=0 state of the excited level is populated. In
the absence of other perturbations these atoms would decay
after a mean lifetime T = 1/F, re-emitting light which is
also polarized parallel to B (IT polarization).
If, however, the excited atoms are subjected to the
influence of a strong radio frequency field JB^, rotating
in a plane at right-angles to the steady field 15, then
conditions are right for magnetic resonance to occur. When ,
the Larmor frequency UTLI of the excited atoms in the field
I? approaches the angular frequency u,, of the applied r.f.
magnetic field, absorption and stimulated emission of magnetic dipole radiation transfers the atoms to the nij = ±1
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states. Since atoms in the mJT = ±1 states decay by emitting
+
light which is left and right circularly polarized (a and
a~ respectively in Fig.16.l(b)) , the magnetic dipole transi-

Fig.16.1.

(a) Schematic diagram of the apparatus used by
Brossel and Bitter (1952) for optical doubleresonance experiments on the 6 P, level of
mercury. (b) The optical excitation and fluorescent decay processes involved together with the
magnetic dipole transitions induced between the
Zeeman sub-levels of the 6 P, level.

tions will be accompanied by an increase in o-polarized and
a decrease in ir-polarized resonance fluorescence.
These
changes were detected by two photomultipliers which received light emitted in the direction of, and perpendicular
to, the field 13. The photomultiplier anode currents were
sent in opposition through a bridge network which enabled
the noise produced by lamp fluctuations to be eliminated
and at the same time doubled the observed signal. The
difference current was measured on a galvanometer and when
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these readings were plotted as a function of the field
strength B, a beautiful set of resonance curves was obtained, as shown in Fig.16.2. When the strength of the r.f.

Fig.16.2. Optical double-resonance signals observed on the
6 1S,, - 6 3 P-, transition of mercury at 2537 °
A as
a function of the d.c. magnetic field. The curves
illustrate the effect of increasing the magnitude
of the r.f. field, B1. (After Brossel and Bitter
(1952).)
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magnetic field was increased the amplitude of the signal
grew, corresponding to an increase in the stimulated transition probability.

The resonance curves also broadened and

eventually became double peaked as the stimulated transitions
reduced the population differences between excited states.
By measuring the frequency of the r.f. field and calibrating the static field by means of proton resonance, Brossel
and Bitter deduced a value for the Lande" g T -factor of the
3
6 P^ level of the even mercury isotopes of
gj = 1-4838 ± 0-0004.
This differs quite significantly from the L-S coupling value
(Problem 16.1).
However, the importance of this experiment lies not so
much in the result quoted above as in the demonstration of
the feasibility of the optical double-resonance method.

This

pioneering work stimulated renewed interest in resonance
fluorescence experiments and opened up a new branch of
atomic physics.

We shall now derive a detailed expression

for the shape of the resonance signal and consider what
further information can be obtained by careful studies of
the linewidth.
.26.2. Theory of the Brossel-Bitter experiment
16.2.1. Classical theory of precession of magnetic dipoles
in external magnetic fields.

The theory of magnetic

resonance can be treated quantum mechanically by introducing
into Schrodinger's equation a time-dependent

perturbation

operator, -u^.B_(t), representing the combined effect of the
magnetic fields applied to the atom.

The time-dependent

transition probabilities between different magnetic sublevels may then be calculated.

It is instructive, however,

to approach the calculation first from the classical point
of view and to attempt to describe the motion of a classical
magnetic dipole moment v_ in the combination of static and
time-dependent fields.

The ideas developed in this dis-

cussion of magnetic resonance experiments are useful in many
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situations and moreover they lead to expressions for the
shape of optical double-resonance signals which are in
agreement with observations for the case of an excited level
with J =1 decaying to a ground state with' J =0.
o

(a) Precession in a static magnetic field. We first examine
the behaviour of a magnetic dipole moment U_ in a static
magnetic field .B=Blc pointing along the z-axis. The magnetic
dipole moment is assumed to be associated with an angular
momentum vector hj by the relation ja—yhJ where y = gjViD/h
is called the magneto-gyric ratio. The magnetic dipole
experiences a torque which acts to change the direction of
the angular momentum vector, giving the equation of motion

Substituting for J in this equation we have

It is not difficult to show (Problem 16.2) that the steady
state solution of equation (16.2) may be written in the form

This solution co.rresponds to a precession of the magnetic
dipole about the direction of the magnetic field at the
Larmor angular frequency oj, = yB with _y inclined at some
constant but arbitrary angle 6, as shown in Fig. 16. 3.
(b) Equation of motion in rotating coordinate systems.

When

we consider a magnetic dipole moment subjected in addition
to time-dependent fields, it is first of all appropriate to
discuss the motion in a coordinate system which rotates
at the angular velocity uj~ with respect to the laboratory
frame. The rate of change 3A/3t of a vector in the rotating
frame is related to the rate of change dA/dt in the laboratory frame by
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Fig.16.3. Precession of a magnetic dipole moment y about a
steady magnetic field B.

Applying equation (16.4) to the rate of change of JJ given
by equation (16.2) , we have

Thus the equation of motion in the rotating frame is
identical to that in the laboratory frame when B is replaced
by the effective field

In particular if —(J
to. = yB
then 3y/3t
= 0 and the magnetic
—
—
moment is at rest in the rotating frame, thus confirming
the solution of the equation of motion given by equation
(16.3).
(c) Application to time-dependent fields.

IVe

now consider
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a magnetic moment v_ subjected simultaneously to a static
field B=Bk and a radio frequency field

which rotates in a plane perpendicular to the z-axis in the
counterclockwise sense at the angular frequency O)Q . In a
coordinate system Ox'y'z which rotates about the z-axis at
the same rate (Fig. 16.4) the effective- field is

and is clearly time independent. The magnitude of the
effective field is

and it is inclined at the angle 3 to the z-axis, where

From the discussion of section 16.2.1(a), it follows
that in the rotating frame the magnetic dipole precesses
at the angular frequency u Q = yB Q about the fixed direction
of the. effective field 15 inclined at a constant arbitrary
angle. This precession is indicated in Fig.16.4. In the
rotating frame the vector jj traces out the surface of a cone
whose axis is defined by the direction of the effective field,
and the tip of the vector moves on a circle in a plane perpendicular to .B . In this plane a magnetic dipole jj, originally created parallel to the z-axis at some time t,., will
have precessed through the angle <jj by time t where

At this later time t, the angle a that the dipole moment
makes with the z-axis is obtained by applying the cosine law
to the two triangles indicated in ,Fig.16.4, giving
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The components of the effective magnetic induction .B in a coordinate system rotating1 with
the angular velocity uiglk. The field in the
laboratory frame is given by
£ B^ costoQt + 2. B,sino)0t + k B.

In a combination of static and rotating fields the z-component of the magnetic dipole moment,

is therefore a periodic function of time. On resonance, when
a)l_jT =toUn , we have 3 = Tr/2 and yZ oscillates sinusoidally between
±y at a rate determined by the field strength B,.
16.2.2. Interpretation in terms of transition probabilities.
This result, derived on the basis of classical mechanics, can
now be interpreted quantum mechanically by assuming that the
magnetic moment ja is associated with the spin of an electron.
In the laboratory frame the electron wavefunction may be
written as a linear superposition of spin up, x(+l/2), and
spin down, x(~l/2), eigenfunctions:

544

OPTICAL DOUBLE-RESONANCE EXPERIMENTS

The expectation value of the magnetic moment of the system
is

Equating equations (16.13) and (16.15), we have

Finally combining this equation with the normalization
condition

These equations describe the motion of an electron which at
time t,, was prepared in the spin down state corresponding
to a classical dipole moment pointing along the z-axis.
Thus the probability of a transition occurring to the spin
up state is given by

wheixe to, = yB-, and w = yB . On resonance the electron
oscillates periodically between the spin-down and the spinup states, as shown in Fig. 16. 5. The rate at ivhich the
transition occurs is determined by the strength of the
rotating field B,. The classical precession of the magnetic dipole moment in the combined magnetic fields can
therefore be interpreted quantum mechanically in terms of
margnetic dipole transitions stimulated by the applied
radio- frequency field .B, (Problem 16.3).
16.2.3. Magnetic dipole transitions between isolated excited
states . We now consider magnetic dipole transitions between
two isolated excited atomic states which have the same
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Fig.16.5. A plot of the time-dependent probabilities,
|a+(t)| and |a (t)| , of finding an electron in
the m = + -j and m = - -* states respectively.
The electron was prepared in the m = - -j state
at time t = t,. and the magnetic resonance condition
a>0 = yB = Uj , is assumed to be satisfied exactly.
radiative decay rate r. This calculation would apply to the
Brossel-Bitter experiment, for example, if the fluorescent
light was transmitted through a circular polarizer, thus
allowing the increase in the a polarized radiation alone
to be measured. We are then concerned only with transitions
from the mj
The intensity of light
T =0 to the m T =+l states.
j
emitted at time t by atoms which were prepared in the
state nij=0 at time t« is given by

where P(t,tg) is the magnetic resonance transition probability and the exponential factor takes account of the
radiative decay of the excited atoms. Using equation (16.18)
the resonance fluorescence signal obtained from a sample
of atoms which are excited at a uniform rate R from
t0 = -» is
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Not unexpectedly this is a Lorentzian-shaped signal centred
at the magnetic field BQ=WQ/Y. The full width at half the
maximum intensity,

is determined, at low r. f. powers, by the radiative widths
of the two energy levels involved. The magnetic dipole
transitions stimulated by the external r.f. field artificially shorten the lifetime of the states and lead to the
power broadening of the resonance signals which is evident
in Fig.16.2. This power broadening is expressed quantitatively in equation (16.21).
16.2.4. Derivation of the Brossel-Bitter formula. In a
static magnetic field the 6 P, level of mercury splits into
three magnetic sub-states which are essentially equally
spaced for fields less than 10 G. Thus the simple result
presented above does not apply for the detection scheme
used in the Brossel-Bitter experiment and equation (16.20)
must therefore be modified. The magnetic dipole transition
probabilities for a system with a multiplicity of equally
spaced levels have been calculated quantum mechanically
by Majorana (1932) and Rabi (1932). However, we prefer to
return to our classical model in which the excited atoms
are represented as electric dipole oscillators. When
ir-polarized excitation is used, as in the Brossel-Bitter
experiment, the axes of the dipoles at the instant of
excitation are parallel to the z-direction. Under the
combined influence of the static and rotating magnetic
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fields these dipoles precess until after a time interval
(t-tg) they are inclined at the angle a to the z-axis,
where cosa is given by equation (16.12).

The a-polarized

resonance fluorescence signal observed in the direction
of the magnetic field (see Fig.16.1) is proportional to the
square of the component of the electric dipole moment perpendicular to 13, giving

The signal observed in a steady state experiment is obtained
by integrating equation (16.22) from t,, = -°° to t; after some
manipulation we obtain (Problem 16.4)

In the original experiments of Brossel and Bitter (1952)
this expression was checked by determining the values of
Rig and o^ which fitted the experimental data at resonance
and then plotting equation (16.23) using a value for r which
was obtained by a method described below. As may be seen
from Fig.16.2 there is excellent agreement between the
theoretical curves and the experimental points over the
entire range of values of both static and r.f. field
strengths. When w, = yB-i ^ r the curves are bell shaped
with a maximum at B,. = a)g/Y. As the strength of the rotating
field is increased, the amplitude of the resonance signal
grows rapidly, as we see in Fig.16.2. Eventually, when the
condition w, > T is approached, the second term in equation
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(16.23) becomes important and the signal becomes double
peaked. This can be regarded as the effect of saturation of
the magnetic resonance which occurs when the rotating field
B_-^ is sufficiently strong that the induced magnetic dipole
transitions substantially change the populations of the
levels within the excited state lifetime of 1/r.
IS. S. Discussion of the

optical double-resonance method

16.5.1. The effects of hyperfine structure.
In their
original investigation Brossel and Bitter (1952) also
performed double-resonance experiments on the odd mercury
199
201
isotopes
Hg and
Hg which have nuclear spin 1-1/2 and
3/2 respectively. The r.f. magnetic field now induces
transitions between the hyperfine structure levels |F,Mp>
which satisfy the selection rule AF=0, AM p = ±1. In low
magnetic fields the observed resonances allow the gp factor
(equation (15.28)) of a given hyperfine level to be determined and so lead to a determination of the nuclear spin
I (Problem 16.5).
In addition to these Zeeman resonances, however, r.f.
transitions satisfying the selection rule AF = ±1, AMp = ±1
can also be detected and enable the hyperfine structure
intervals in zero field to be obtained.

Indeed the in-

vestigation of the hyperfine structure of excited energy
levels has been one of the main applications of the optical
double-resonance technique. However, we reserve a detailed
discussion of these experiments until Chapter 18 when the
hyperfine structure experiments on both excited and ground
state atoms will be considered.
16.3.2. Comparison with the Zeeman effect in optical
spectroscopy.
In optical double-resonance experiments the
Doppler shift due to the motion of an atom through the r.f.
magnetic field is negligible in comparison with the natural
width of the excited levels. Substituting into equation
(16.21) a typical atomic lifetime of 10"7 s leads to a linewidth for the magnetic resonance signal, at low r.f. power of
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3 MHz. If the centre of this resonance can be determined
to 1/100th part of the linewidth and the r.f. field employed
has a frequency of 150 MHz, we achieve an accuracy 0'02
per'cent in the measurement of gj. Although this precision
is poor compared with that attainable in atomic beam experiments on ground or long-lived metastable states, it is
nevertheless orders of magnitude better than that obtained
when using the techniques of optical spectroscopy (Problem
16.6).
The disadvantage, however, of the optical doubleresonance method is that the excited levels can only be
investigated one by one, and often only a few levels in any
given atom can be excited sufficiently strongly to enable
accurate measurements to be made. This should be contrasted
with the optical Zeeman effect experiments in which a great
deal of information about many different spectral lines
can be recorded simultaneously by combining a conventional
spectrograph and a Fabry-Perot etalon.
16.5.5. Sensitivity of optical double-resonance experiments.
In conventional solid state magnetic resonance experiments
the necessary population difference between the states is
created by the Boltzmann factor exp(;u. I5/kT) and is enhanced
by working at low temperatures and high field strengths.
The resonance is detected by changes in the bulk magnetization of the sample or in the radio frequency power absorbed.
These factors together limit the sensitivity of the method
and samples containing 10 . spins per cubic centimetre are
required in electron resonance experiments.
By contrast optical double-resonance experiments can
be performed with vapour densities as low as 10 atoms cm
This great increase in sensitivity is due to the high atomic
polarization achieved by optical excitation combined with
the fact that in these experiments the absorption of an r.f.
quantum triggers the detection of a visible or ultraviolet
quantum whose energy is 'some 10 - 10 times greater. Optical double-resonance experiments can therefore be performed on samples containing only a few milligrams of mass-
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separated isotopes or even on short-lived radioactive isotopes .
16.5.4. Amplitude and frequency of the rotating field. An
examination of equation (16.23) reveals that strong resonance
signals will be observed only when the condition

is satisfied. This is the r.f. magnetic field strength
that will cause the classical magnetic moment to precess
through one radian during a mean lifetime T = 1/r . Using
_ Q
7
1
1
typical values of T = 10
s and y = 10 s G
(corresponding to a magnetic moment of approximately one Bohr
magneton) we find B, * 10 G. Actually this is an overestimate since in many cases induced magnetic dipole transitions are detectable at much smaller r.f. field strengths.
However, it shows clearly that in general r.f. power amplifiers will be necessary to excite the resonance.
The frequencies of the rotating fields must also be
chosen so that the Zeeman states are well resolved at
resonance. This indicates the use of frequencies in the
10-100 MHz range and even higher frequencies are required
for hyperfine structure investigations in the group IIB
elements. For levels with very short lifetimes it may be
difficult to obtain r.f. magnetic fields of the necessary
magnitude. Furthermore the application of high power, high
frequency fields to the resonance cell often leads to the
excitation of a discharge in the cell. This difficulty can
be overcome by improving the vacuum in the resonance cell
or by using r.f. loops which are specially designed to
produce a node in the electric field distribution.
16. 3. S. The linewidth of the magnetic resonance signal.
Equation (16.21) predicts that the square of the half-width
of the resonance signal should be a linear function of the
r.f. power applied. This relationship was verified by
Brossel and Bitter (1952) and their results are shown in
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Fig.16.6. Broadening of the Brossel-Bitter optical doubleresonance signal as a function of r.f. power.
(After Brossel and Bitter (1952).)
Fig.16.6. However, since in their experiments all three
Zeeman levels were coupled by the r.f. magnetic field,
equation (16.21) must be modified to

which can be derived from equation (16.23) after some
straightforward but rather tedious algebra.
Both equations (16.21) and (16.24) show that the
natural linewidth r may be obtained by extrapolation of the
measured linewidths to zero r.f. field strengths,. When
this extrapolation was performed in the original Brossel-
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Bitter experiment, the effective lifetime obtained for the
level of mercury was

This result is some 30 per cent longer than the currentlyaccepted value of the radiative lifetime:

Initially this discrepancy was difficult to understand since
most processes such as atomic collisions and field inhomogeneity tend to shorten the effective lifetime. It was
eventually realized that the problem arose from the trapping
or re-absorption of resonance radiation within the cell
owing to the rather high vapour pressure (2 x io~ Torr at
0 C) used in these initial experiments. It was found later
that similar narrowing occurs in the Hanle effect signals
described in Chapter 15. We now take the opportunity to
discuss this topic in more detail.
18.4. Radiation trapping and ooherenoe narrowing
16.4.1. Experimental measurements using linearly polarized
light. The first detailed investigation of the width of
optical double-resonance signals over a wide range of
pressure were made by Guiochon et a£.(1957). Both the odd
and even isotopes of mercury were studied and similar measurements using the Hanle effect were made by Barrat (1957).
These experiments demonstrated a pronounced narrowing of the
resonance fluorescence signals as the mercury vapour pressure
is increased. This leads to an increase in the value of
T ff deduced from the widths of the measured signals, and
results obtained by the two techniques for the even isotope
Hg are shown in Fig.16.7. There is good agreement between
the values of T ,.,. obtained and further results are included
in a review of the experimental data prepared by Barrat
(1959a).
This narrowing of the signals is attributed to re-
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Fig.16.7. Coherence narrowing of Hanle effect and optical
double-resonance signals in
Hg at high vapour
densities. (After Barrat (1957).)
absorption or trapping of the emitted resonance fluorescence photons within the cell. If the atoms which are
involved in the multiple scattering process are contained
in the same magnetic field, then the time development of
their excited state wavefunctions will be identical.
Consequently information about the polarization of the atom
in the excited state can be partially transferred by a
photon from one atom to another. The second atom can contribute to the observed signal and the lifetime of the atom
has effectively been doubled. The resulting increase in
the average lifetime of the ensemble of excited atoms
causes the resonance signals to be narrower than expected
and the phenomenon is therefore often called coherence
narrowing.
Barrat (1959b) developed a density matrix theory to
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describe the effect of this multiple scattering of resonance
radiation, which was later improved by D'yakanov and Perel
(1965a). For the moment we restrict ourselves to a consideration of the J = l ** J =0 case.

The theory shows that

the shapes of the resonance fluorescence signals are unchanged but that in experiments

in which linearly polarized

light is used to excite the atoms, the natural linewidth
appearing in equations in this and the previous chapter
should be replaced by the effective decay rate

In this equation x is the probability that a photon emitted
in the resonance line will be re-absorbed before leaving
the cell and is given in terms of the absorption coefficient
at the line centre, K « , by

where the length parameter L is of the order of the dimensions
of the resonance cell.

Theoretical curves obtained by evalu-

ating equation (16.25) are in good agreement with the experimental results over the density range from

1010 - 2 x 1013 cm'3.
Unfortunately

it is difficult to extend these measure-

ments to higher densities because strong multiple scattering
is accompanied by a considerable depolarization of the
fluorescent light and a consequential reduction in the
signal-to-noise ratio.

In the limit of very high densities,

where the atoms are being isotropically irradiated by
scattered photons, the fluorescent light is expected to be
completely depolarized. Expressions for the percentage
polarization at intermediate densities were obtained by
Barrat (1959b) by averaging the coherence transferred over
the arbitrary directions of propagation of the intermediate
photons.

For the case of excitation by linearly polarized

light in the presence of a strong static field, the results

are
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for excitation by a- and ir-polarized light respectively.
The r.f. magnetic field is assumed to be zero. The polarizations for both a and TT excitation and the amplitude of the
Hanle effect signals all tend to zero at high densities,
x * 1, as expected.
16.4.2. Comparison with delayed-coincidence lifetime measurements . It is interesting to note that the effective lifetimes
measured by the resonance fluorescence techniques using
linearly polarized light reach a theoretically predicted
maximum value of (10/3)x at'high densities. This is in
contrast to the lifetimes measured by the time-resolved
techniques described in section 6.4 which increase indefinitely as trapping becomes more effective, as shown
by Fig.6.13. We must recognize that these two techniques
are monitoring different parts of the ensemble density
matrix. Those described in sections 6.3 and 6.4 measured
only the rate of relaxation of the excited state population,
determined by the diagonal elements of the excited state
density matrix. On the other hand, the Hanle effect and
optical double-resonance experiments using linearly polarized
light measure a quantity called the transverse alignment
which depends on the off-diagonal elements of p .
16.4.3. Experimental measurements using circularly polarized
light. Further investigations of coherence narrowing by
Omont (1965a) using circularly polarized light showed that
there was yet a third relaxation rate. This characterizes
the decay of the orientation of the excited state, a quantity
which is proportional to the magnetic moment of the ensemble
of excited atoms. The terms population, orientation, and
alignment are explained in more detail in section 16.8. For
the moment they can be identified approximately with the
Am=0, 1 and 2 terms respectively of the general expression
for the Hanle effect signal given by equations (15.35)-(15.37).
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The theoretical expression, equation (16.25), for the
effective decay rate must now be cast in the more general
form

kl takes the
For the J =1 -»• J = 0 case, the parameter a v f'
following values:

Fig.16.8. Effect of radiation trapping on the relaxation
rates of the orientation (r^ ') and alignment (r*- 0
of a sample of 198Hg atoms. The alignment lifetime
is increased by a factor of 10/3 in the limit of
complete trapping while the orientation lifetime is
increased by a factor of 2. o , •, experimental
points; solid lines, theoretical curves. (After
Omont (1965a).)
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By using circularly and linearly polarized light alternatively in the same geometry, Omont (1965a) was able
to measure both I ^ i and F^i using the Hanle effect in isotopically pure
Fig.16.8

198

Hg.

The results obtained are plotted in

together with theoretical curves derived from

equations (16.26) and (16.28) using L=l-l cm.

The agree-

ment between the theory and experiment is obviously very good.
The ratio of the orientation and alignment linewidths was
checked by plotting {r - r^}/r against {r - r^}/r and
an excellent fit to a straight -line with a slope of 5/7 was
obtained in complete agreement with the theory.
It was then realized that these different decay rates
can be measured directly in delayed-coincidence experiments
if suitably polarized light is used.

Time-resolved ex-

periments by Dodd et a£.(1970) and also by Deech and Baylis
(1971), which are similar to those described in section 15.8,
have confirmed the original measurements made by Omont.
16.5. Collision broadening in resonance fluorescence
experiments
16.5.1. Introduction.

When Hanle effect or optical double-

resonance experiments are extended to very high atomic
densities, the width of the signal increases very rapidly.
This is illustrated in Fig.16.9 for the case of the Hanle
signals from the (6s 6p7s)

P, level of lead studied by

Happer and Saloman (1967). In the density range 10
coherence narrowing is important, but above 10

-10

cm

cm

there

is a broadening of the signal due to collisions between the
radiating excited atoms and other atoms in the electronic
ground state.

During a collision we can imagine that a

torque is exerted on the classical oscillating dipole moment
of the atom and that its direction of oscillation is changed.
In terms of a fixed laboratory axis of quantization, this
rotation can be described by a mixing of the different
Zeeman sub-levels of the excited atom.

Thus collisions

cause the components of the ensemble-averaged density matrix
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Fig.16.9. Coherence narrowing and collision broadening of
the width of the Hanle effect signals on the
P° state of lead. (After Happer and Saloman
(1967).)
to relax more quickly, leading to an increase in the widths
of resonance fluorescence signals and to a reduction in the
polarization of the fluorescent light observed in zero
magnetic field.
As in the case of radiation trapping, collisions also
cause the population, orientation, and alignment of the
excited state to relax at different rates, the orientation
being typically from 5 per cent to 25 per cent more sensitive
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to collisions than the alignment. In many cases, however,
collisional quenching of the excited atoms is negligible
and the population relaxation rate is determined solely
by the radiative lifetime. Long range electrostatic interactions are responsible for most of the collisional depolarization and Hanle effect studies have become one of the
most sensitive probes of this interaction. These experiments have recently stimulated considerable improvements in
the theory of collision broadening.
The density range over which most resonance 'fluorescence experiments can be performed is such that only
collisions involving two atoms need be considered. In this
case the additional collisional relaxation rate, r f kl-,-,,
may be expressed in terms of a binary collision cross-section
o^f kl (v) , averaged over the distribution of relative velocities v of the perturber and excited atoms:

where N is the number density of perturbers. It is usual
to write this equation-in terms of a velocity averaged
—
cross-section, a^f kl (v),
by assuming a Maxwellian distribution for the relative velocities, giving

where

and

It is found that the effects of collision broadening and
resonance trapping are additive, and the effective decay
rate for the simple case of an excited atom which has only
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a single allowed emission line becomes:

Thus in the region where binary collisions are dominant,
the half-widths of the Hanle effect and optical doubleresonance signals are proportional to the density of the
perturbing atoms and these experiments provide an accurate
means of measuring the velocity-averaged collision crosssections. Although Mitchell and Zemansky (1966) include
accounts of many early investigations of collision broadening, we shall not refer to these experiments again. The
effects of resonance trapping, collisional quenching and of
hyperfine structure were not sufficiently investigated by
these early workers and an accurate interpretation of their
measurements is now largely impossible.
16.5.2. Experimental investigations of resonance broadening.
The most important term in an expansion of the long-range
interatomic potential is the electrostatic dipole-dipole
interaction:

V(R)
where R=Ru is the position vector of the perturber (2) with
respect to the excited atom (1) and -a
D = - Y er^
-i is the
i
electric dipole operator for atom a.

That part of equation

(16.31) which is angular dependent is responsible for the
collisional depolarization observed in resonance fluorescence experiments, while the scalar part is responsible for
the broadening of the spectral distribution of the resonance
line as discussed in section 8.2.

When an excited atom in a

resonance level collides with an identical atom in the
ground state the odd parity operator of equation (16.31)
possesses finite matrix elements in first-order perturbation
theory (Problem 16.7). During the collision there is a
resonant transfer of excitation from atom 1 to atom 2 and
the depolarizing cross-sections can be as large as 10
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for strongly radiating states.

These depolarization cross-

sections are many hundreds of times larger than the gas
kinetic cross-sections and are typical of resonance or
self broadening

collisions.

As a first example we consider

the resonance broadening of Hanle effect signals in lead.
(a) Resonance broadening of the (6s 6p7s) "P? level of lead.
The 3P, level of lead may be excited from the ground state
2 2
3
<?
(6s 6p ) P R by absorption of resonance radiation at 2833 A,
as shown in Fig.16.10. Unlike mercury, the 6 P, level in
Q
9
lead can also decay by line fluorescence at 3639 A and 4058 A

Fig.16.10. Energy-level diagram showing the
of lead, the two metastable levels
and the resonance

level

P° .

P O ground state
P-^ and

P2,

The thermal popu-

lation of the metastable levels is normally very
small so that little trapping of the cross
fluorescent light at 4058 A and 3639 A occurs.
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to the P^ and ?2 levels. These metastable levels lie
several tenths of an eV above the ground state and are not
normally sufficiently populated to cause trapping of the
4058 A and 3639 A fluorescent light. Consequently the coherence narrowing and accompanying reduction in signal-tonoise due to depolarization are not nearly as great as they
would have been in the absence of these branching transitions.
This enabled Happer and Saloman (1967) to measure the depolarizing collision cross-sections using a fused quartz
7 f) Q
resonance cell containing a few milligrams of
Pb of
99-75 per cent purity. The results of their experiments
are given in Table 16.2 and are discussed in more detail
after the following section.
(b) Resonance broadening of the 6 P-. level of mercury. By
contrast, in mercury at the high vapour pressures required
for the observation of collision broadening, the polarization of the fluorescent radiation has become so weak
owing to the depolarization caused by resonance trapping
that the signal-to-noise ratio is too low for accurate
measurements.

The direct approach used by Happer and Saloman

therefore fails.

Fortunately the difficulty may be overcome
202
by using a mixture of two isotopes. Thus if
Hg is present
as a small concentration in a mixture with another isotope,
such as 204'Hg, the resonance broadening cross-sections for
the 6 P, level of
Hg may be measured by illuminating
the cell with resonance radiation from a lamp filled with
202
Hg. As Table 16.1 shows, the isotope shift is sufficiently large compared with the Doppler width of the 2537 A line
that this radiation is not trapped by the
Hg which forms
the main vapour in the cell. Nevertheless, since the iso204
topes have the same electronic structure,
Hg will depolarize
Hg on collision in exactly the same way that
202
'Hg atoms would do, provided that the isotope shift
AE < h/T

where T

is the duration of one collision.

This

condition is satisfied by a number of different pairs of
mercury isotopes.
With this technique Omont and Meunier (1968) were able
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TABLE 16.1

o
Hyperfine structure of Hg 2537 A line
The positions of the components are measured with respect to
198
that of the isotope
Hg

Isotope

Excited level
quantum number
F

201
199
198
201
200
202
201
204
199

1/2
3/2
1
3/2
1
1
5/2
1
1/2

Position of component
(10~3 cm"1)

+ 229-4
+ 224-6
0-0
- 22-6
- 160-4
- 337-2
- 489-3
- 511-1
- 514-3

to measure the cross-sections for the destruction of alignment ,and orientation of the 6 P-, level of mercury using the
Hanle effect. Their results for 202Hg broadened by 204Hg
are shown in Fig.16.11. The non-linear variation of r f^kl
>
as a function of density indicates that trapping of the
202
fluorescence from
Hg has not been entirely eliminated.
The measured values were therefore corrected by using
equation (16.30) and choosing a concentration for the
Hg
isotope such that the revised data were linear as a function
of density. The cross-sections obtained in these experiments
with different isotopic mixtures are in good agreement and
only the average value is included in Table 16.2.
16.5.3. Comparison with theoretical calculations in resonance
broadening. The impact theory of collision bfoadening in re-
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Fig.16.11. Collision broadening of 202Hg Hanle effect signals
by 204Hg atoms. Uncorrected measurements :
o alignment; + orientation. Measurements corrected
for radiation trapping assuming
Hg concentration as 2 x 10" : • alignment ; x orientation.
(After Omont and Meunier (1968).)
sonance fluorescence experiments has been developed by Omont
(1965b) and D'yakanov and Perel (1965b) using the density
matrix approach. In the case of resonance broadening the
theories predict that the collisional relaxation rate,
r^ |,, is independent of the relative velocities of the
atoms and is proportional to the oscillator strength of the
resonance line, fJT ,JT :

The constant K^ •* (i) depends on the approximations made in
the calculations and on the particular experimental method
chosen to monitor a given multipole moment. The values of

TABLE 16.2

Resonance broadening collision cross-sections
in lead and mercury

Level
studied

Pb(7s

3

P°)

Orientation-destroying
cross-section, a^ '
(10~13 cm2)
Experiment

Alignment-destroying
cross-section, a^f 2")
(10~ 1 3 cm 2 )
7-6 ± 1 - 7

T=1240K
Theory

Hg(6p Sp^
T=350K

Experiment
Theory

7-50

1-38 ± 0-15
1-45

6-25

1-46 ± 0 - 1 5
1-51

aw/a™

1-21 ± 0 - 0 5
1-20

0-95 + 0-03
0-96
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K^kJ (i) shown in Table 16.3 were obtained in recent numerical
solutions of the coupled differential equations appearing
in the broadening theory and are expected to be accurate to
between 1 per cent and 2 per cent. Using the f-values of
the mercury and lead resonance lines obtained by experiments
at low pressures, the theoretical broadening cross-sections
determined from equations (16.29) and (16.32) have been
evaluated and are given in Table 16.2. There is good agreement between the experimental and theoretical values of
the cross-sections, and the agreement between the a*- -'/a^- '
ratios, in which the experimental uncertainties in N and
fj,j are eliminated, is even more impressive. We can therefore be certain that the problem of depolarization in
resonant collisions is now well understood.
TABLE 16.3
Constants for collisional relaxation obtained by
numerical integration in the resonance broadening case
Relaxation
constant

Omont and
Meunier (1968)

Carrington, Stacey
and Cooper (1973)

2-57

2-551

2-72

2-652

2-63

16.5.4. Experimental investigations of non-resonance
broadening. When the perturbing atoms or molecules are of
a different chemical species from that of the emitter, the
broadening is known as foreign or non-resonance broadening.
In this case the dipole-dipole interaction of equation
(16.31) has finite matrix elements only in second-order
perturbation theory. The energy of interaction is proper-
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tional to 1/R and is thus the angular equivalent of the
scalar van der Waals potential discussed in section 8.2.

This second-order calculation must also be used in the case
of any level which does not possess an allowed electric
dipole transition to the ground state. It also applies in
cases such as the 4 P, and 5 P, levels of Zn and Cd respectively where the oscillator strength of the resonance
line is very small. The resulting depolarization collision
cross-sections are typically 10"

- 10~

cm , i.e. only

slightly larger than the gas kinetic cross-sections.

Indeed

the cross-sections observed in foreign gas broadening are so
small that the effects of the overlap of the wavefunctions
of the emitter and perturber which give rise to short range
repulsive forces often need to be considered.
(a) Foreign gas broadening of the 6 P, level of mercury.
The depolarization of resonance fluorescence signals by
foreign gases has been thoroughly investigated by Barrat
et at.(1966) for the case of the 6 3P1 level of 202Hg. In
the presence of collisions it can be shown that the polarization of resonance fluorescence excited by ir-polarized
light, equation (16.27), is modified to

For constant mercury vapour pressure the probability of
photon re- absorption , x, is constant. Thus if, the collisional
quenching is negligible, r£ ^ * 0 , a plot of 1/P is a
linear function of the pressure of the perturbing gas, as
shown in Fig. 16. 12 for the noble gases and N9.

From

these

graphs the alignment destruction cross-section, a f 21 , can

be obtained directly. Similar plots for the cases of depolarization by 0 _ , H,-,, CO, and CO- showed definite curvature
and values of a^ -* and a^ ' were obtained by manipulating
equation (16.33) into a more suitable form. The values of
the sums of the cross - sections , (a , ' + a

), were checked
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by independent measurements of the widths of the Hanle
effect signals excited by linearly polarized light, while
observations with circularly polarized radiati,on enabled the
sum of the quenching and orientation cross-sections,
(en •* + a^ -*) , to be obtained. The results of these measurements are given in Table 16.4. There is good agreement
between the results obtained by the different techniques.
It was found that quenching was absent in collisions with
the noble gases and very small in the case of N^. This
corresponds to the fact that the electronic states of these
perturbers are separated by several eV from the 6 P, level
of mercury.
For quenching to take place all the electronic
energy of the mercury atom would have to be converted into
kinetic energy, which is a very unlikely process in twobody collisions.
TABLE 16.4
Collision cross-sections for foreign gas broadening
of the 6 P, level of mercury
Polarization measurements

Hanle effect measurements

Perturber

(10"16cm2)
He
Ne
Ar
Kr
Xe
H

2
2
°2
CO
N

co2

0
0
0
0
0
25-1
3<
62-8
20-4
15-7

(l(T16cm2)

(10"16cm2)

CIO'16 cm2)

40-2
46-5
83-3
123
170
33-0
135
53-4
140
248

39-6
47-1
83-3
124
173
56-6
145
112
160,
270

45- 5
59- 7
101
145
179
61- 3
145
112
160
270
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Variation of (mercury resonance fluorescence
polarization, P)~

as a function of the pressure

of perturbing gas. (After Barrat et aZ.(1966).)
16.5.5. Comparison with theoretical calculations of foreign
gas broadening.

The theoretical evaluation of foreign gas

broadening cross-sections contains difficulties which do not
occur in the case of resonance broadening.

These are as-

sociated with the summations over intermediate states which
appear in second-order perturbation theory.

In reducing

these summations to expressions which can be evaluated using
available atomic wavefunctions, several approximations must
be made. Consequently there is a corresponding uncertainty
in the final result of the calculation.
=

However, for the

J e =l •* J g 0 case the collision cross-sections may be expressed approximately in the form
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In this equation a, and a^ are the polarizabilities of the
emitter and perturber respectively and C,~ is a constant
determined by the energy level structure of both of the atoms
involved.
The alignment-destroying cross-sections for the 6 P,
level of the even mercury isotopes perturbed by the noble
gases have been calculated from equation (16.34) and are
listed in Table 16.5. They are compared with the mean values
of the experimental cross-sections measured independently by
Barrat et ai.(1966) and Faroux and Brossel (1966). The
agreement between the theoretical and experimental values
is quite reasonable considering the approximations involved.
The table also includes the experimentally determined ratio
of a^ •'/a'- ' which should be compared with the value of
I'll predicted theoretically. This ratio eliminates the
uncertainties involved in the determination of C,-? a,, and
o.j and it would appear from Table 16.5 that the theory of
collisional depolarization, at least for atoms, is in a
satisfactory state.
However, discrepancies appear when the temperature dependence of the cross-sections for the broadening by helium
and neon is examined in detail. Faroux and Brossel (1967)
observed that the cross-sections for the depolarization of
the 6 P, level of mercury are almost independent of temperature in the range 0 to 600°C instead of varying as
(T)~ ' as predicted by equation (16.34). Similar results
were obtained by Carrington and Corfiey (1971) for the
broadening of the Hanle signals observed on the 2p levels
of neon using the technique of alignment in a d.c. discharge referred to in section 15.3.
These experiments
indicate the necessity of including the effects of short
range repulsive interactions when broadening by atoms of low
polarizability (weak van der Waals forces) is being considered. So far the theory of these interactions has been
worked out only for the very simplest atoms and the ex-
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periments therefore suggest a need for the development of
new methods of calculation.
TABLE 16.5.
Experimental and theoretical alignment-destroying
cross-sections for the 6 P, level of mercury

Perturber

theory

experiment

experiment

CIO'16 cm2)

(1(T16 cm2)

He

27-5

39

1-17

Ne

37

47

1-25

Ar

72

83

1-20

Kr

99

121

1-14

Xe

121

168

1-06

16.5.6. Comment on collisional depolarization studies. The
resonance fluorescence experiments described above have
served to stimulate and test the development of'recent
sophisticated theories of collision broadening. However,
the hope that new information on interatomic forces would
be obtained by these experiments has not been realized. This
is largely because the observed broadening is the mean effect
of collisions averaged over all possible relative orientations and over the thermal velocity distribution of the ensemble. It may be that in the future more detailed information on the interatomic potentials could be obtained by
combining tunable dye laser excitation and atomic beam
scattering techniques.
Unfortunately limitations of space do not permit us
to describe further studies of the quenching of resonance
fluorescence or experiments involving sensitized fluores-
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However, a very complete discussion of this work

is contained in Massey (1971).
16.6. Light modulation in double-resonanae experiments
16.6.1. Introduction. So far we have studied only the timeindependent signals observed in optical double-resonance experiments. It is now interesting to consider whether there
are signals linked with the off-diagonal elements of the excited state density matrix which are time dependent. The
classical expression of equation (16.22) clearly includes
terms modulated at the angular frequency a) but, since the
phase of this nutational motion is fixed by the instant
of excitation, these terms do not give rise to time-dependent
signals in steady state experiments. However, the phase of
the forced precession at the angular frequency u,, is fixed
by the phase of the r.f. magnetic field and is the same
for all atoms of the ensemble.

When the static field 13 is

exactly on resonance, B=Bg=a}g/Y, the classical dipoles may
be imagined to be uniformly distributed in a circular disk
which spins about the direction of Oz at the angular frequency UQ , as shown in Fig.16.13(a).
If the a-polarized
light emitted in the direction of B_ is observed through a
linear polarizer, we would expect the fluorescent intensity
to be modulated at twice the frequency of the r.f. field.
Quantum mechanically the modulation of the fluorescent
light is associated with the radio frequency coherence of the
excited state density matrix. In a standard Brossel-Bitter
double-resonance experiment ir-polarized light excites the
atoms initially to the m=0 state of the excited level, Fig.
16.13(b), and then interaction with the r.f. magnetic field
transforms each atom into a coherent superposition of the
m=0,±l states.

The relative phases of the probability amp-

litudes of these states are fixed by the phase of the r.f.
field and are the same for every atom of the sample.

Thus

the r.f. field is able to generate substantial hertzian
coherence in the excited state density matrix.

The fluores-

cent light emitted in the direction of B is then a coherent
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Fig.16.13. (a) Geometrical arrangement of an optical doubleresonance experiment illustrating the forced precession of the atomic dipole moments,
(b) The excitation and decay processes responsible
for modulation of the fluorescent light.
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mixture of a and a light and the insertion of a linear
polarizer allows these orthogonal states of polarization to
interfere, producing beats at the angular frequency 2ug.
16.6.2. Experimental investigation of modulation phenomena.
Experiments which confirmed that the fluorescent light in a
double-resonance experiment was strongly modulated were first
reported by Dodd et a£.(1959), but a more detailed account
of the techniques employed is given in a later publication
(Dodd et aJ.1963).

When the atoms were initially excited

to a pure Zeeman state the intensity of the fluorescent light
emitted-in an arbitrary direction was found to be modulated
at the frequencies WQ and 2o)g:

I (t)

=

Ig(A

+

BcostOgt + Csinojgt + DcosZoipt + E s i n 2 u > , , t ) ,
(16.35)

corresponding to interferences between states differing by
Am=l and 2 respectively. The amplitudes of modulation B,
C, D, and E were found to. be resonant functions of the static
magnetic field B with resonances occurring at B=B r =fiu) n /g ,yn .
•7

(J

U

<J

15

The experiments were performed on the 6 Pi level of
o
mercury using' the 2537 A resonance line. The apparatus was
similar to that used by Brossel and Bitter (1952) with the
exception that the photomultiplier was followed by a narrow
band amplifier tuned to one of the harmonics of the oscillator frequency to,,/2iT.

Radio frequencies of the order of

10 MHz were used and the signals were recorded by audio
frequency modulation of the magnetic field B_ and phasesensitive detection. The observed signals therefore corresponded to the differentiated forms of the resonance functions
B, C, D, and E. Later investigations using low frequency
(1 kHz) r.f. fields allowed the shape of the resonances to
be observed directly. The results of Kibble and Series
(1963) for the resonances corresponding to the terms D and
E in equation (16.35) are shown in Fig. 16. 14, together with
theoretically computed resonance curves.

There is excellent

qualitative agreement between theory and experiment.
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Modulation amplitude, E

Fig.16.14. Resonances in the amplitude of modulation of fluorescent light in an optical double-resonance experiment for the case w <

T.

(a) The in-phase component D at the angular frequency 2a>0.
(b) The out-of-phase component E at the angular
frequency 210.,.
The upper curves are experimental, the lower ones
are computed from theoretical formulae describing
the phenomenon.

(After Kibble and Series (1963).)

576

OPTICAL DOUBLE-RESONANCE EXPERIMENTS
When excitation by coherently polarized light is used

in these experiments, hertzian coherence in the excitedstate density matrix is generated both by the excitation
process and by the interaction with the r.f. magnetic field.
This produces additional modulation terms at the frequencies
3oj,. and 4o),. which have also been confirmed experimentally.
The resonances in the amplitude of modulation now appear at
fields given by B^B^/Z and ^3B,,/2 in addition to the normal
resonances at B=B,..

The theory of this light modulation

in resonance fluorescence experiments has been developed
by Dodd and Series (1961) and by Barrat (1961).

Since this

theory provides an elegant method of treating magnetic
resonance quantum mechanically, we shall now outline the
method of calculation.
16. 7. Magnetic resonance in the density matrix formalism
16.7.1. Transformation to the rotating coordinate system.
We wish to extend the density matrix formalism developed in
Chapter 15 to the optical double-resonance experiments discussed in this present chapter.

We must therefore modify

the Liouville equations of sections 15.5 and 15.6 by including a time-dependent perturbation, 3C,(t), which describes
the effect of the r.f. magnetic field B^(t).

Using equation

(16 . 7) , we have

where y

=

gjP B A-

As in the case of the classical problem

discussed in section 16.2.1, it is easier to solve the
quantum-mechanical equation of motion in a coordinate frame
Ox'y'z which rotates about the z-axis at the angular frequency u)Q.

A wavefunction

y(t) in the laboratory frame is

transformed into the corresponding wavefunction
rotating frame

y'(t) in the

by the application of the quantum-mechanical

rotation operator exp(iJ co^t) , giving
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as shown in Rose (1957). Consequently the density operator
in the rotating frame, 0, is given by

In the rotating frame the equation of motion for the density
operator becomes

where the Hamiltonian for the system has been transformed to

As in the classical case the transformation to the rotating
frame has eliminated the time dependence of the r.f. perturbation 3f,(t) and has introduced the effective static
magnetic field

which is shown in Fig.16.4.

In equation (16.39) the Liou-

ville operator £(a) represents the effect of the excitation
and relaxation terms, d^ -* /dt and d*- -Vdt respectively in
equation (15.16), when transformed into the rotating frame.
16.7.2. Expansion in the eigenstates of the effective field.
In order to solve the new equation of motion, equation
(16.39), it is convenient to perform a further transformation
of coordinates so that the axis of quantization Oz' lies
parallel to the direction of the effective field .B .
is accomplished by a rotation through the angle

This

about the Oy' axis and is represented quantum mechanically
by the rotation operator R. The density operator in this
frame becomes a' where
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After this second transformation the equation of motion
takes a very simple form:

where J , is the component of the angular momentum operator
J along the direction of the effective field .B . In this
frame the equation of motion is identical to that given by
equation (15.22).

Thus we recognize the fact that the

solutions of equation (16.42) represent Larmor precession
about the effective field B

at the nutational angular

frequency
If v > and |v'> are eigenstates with respect to the new axis of quantization Oz',
having magnetic quantum numbers v and v' respectively, then
the components of the density matrix in this frame satisfy
the equation

This follows from equation (16.42), since the radiative decay
process represented by d^ •'a' ,/dt is isotropic and independent of the axis of quantization.
16.7.5. The excited state density matrix. In order to solve
equation (16.43) it is necessary to express the excitation
term in the laboratory frame of reference.

Using the two

rotation operators we have

Multiplying equation (16.43) by the integrating factor
exp[{iu (v-v')+T}t] and substituting from equation (16.44), we
have
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where |n>, |n'> are eigenstates referred to the laboratory
axis of quantization Oz having magnetic quantum numbers n
and n' respectively. The states n > and |v> are related
by the linear transformation

where
(0,3,0)
are the elements of the rotation matrix
(Rose 1957). For the case J =1 we have

We see that the elements of the rotation matrix are functions
of B-, and B which show resonance behaviour in the region
B=B =WQ/Y- Essentially they describe the effectiveness of
the perturbing field ~B-^ in mixing the different states of the
system.
Making use of the fact that |n> and |n'> are eigenstates of J enables equation (16.45) to be reduced to

where
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The rate at which the element p , of the density matrix
is created by optical excitation is given by equation (15.19)
in the form

where F , is the excitation matrix defined by equation
(15.23) and p
is an element of the ground-state density
matrix in the laboratory frame. Using the fact that
a' , (-°°) = 0 and integrating equation (16.48) from -°° to t,
assuming that the system of atoms is illuminated by light
whose intensity is independent of time, produces the result:

The density matrix in the laboratory frame is obtained by
inverting the sequence of the rotations, giving

Finally the elements of the excited state density matrix in
the laboratory frame are given by

16.7.4. The intensity of fluorescent light. Introducing the
monitoring operator Lp defined by equation (15.26), we
obtain an expression for the intensity of fluorescent light
observed in optical double-resonance experiments in the form

OPTICAL DOUBLE-RESONANCE EXPERIMENTS

581

where Gm!m is the emission matrix defined by equation (15.34).
The fluorescent light is clearly modulated at harmonics of
the r fc f. frequency Wg/Zir, the amplitudes of modulation being
functions of the magnitudes of the magnetic fields B, and B_.
These functions have resonant behaviour which is determined
by the detailed form of the rotation matrix elements R
and of the demoninator (T+ix).

In general, modulation fre-

quencies up to the fourth harmonic are predicted but the
amplitudes of some of these terms may be small or identically
zero in certain experimental situations. We may reg-ard the
factor l/(T+ix) in equation (16.54) as a measure of the
hertzian coherence existing in the excited state density
matrix. We see that this coherence will only attain appreciable values when x=u (v-v 1 )+U Q (n-n 1 ) £ r. The experimental
phenomena predicted by equation (16.54) are exceedingly rich
and varied. It is impossible here to give more than an outline of the main features and the reader is urged to consult
the original papers by Series and his co-workers. It is
convenient to distinguish three main experimental situations.
(a) Excitation to a pure state. When the direction and polarization of the incident light are chosen so that the atoms
are excited to a pure eigenstate with respect to the axis
of quantization along the field B_, the excitation matrix has
only a single diagonal element and in equation (16.54) we
have n=n'. Modulation of the intensity of the fluorescent
light can now occur only at the frequencies u>0 and 2u,,.

For

those terms in the general summation satisfying the condition
v=\)' , the denominator (F + ix) is independent of the field B
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and the resonance behaviour in the amplitude of modulation
arises solely from the resonant denominators of the elements
of the rotation matrix. These resonances occur at fields
satisfying the condition B = BQ, i.e. when the Larmor precessional frequency matches the frequency of the r.f. magnetic field. The unmodulated component of the fluorescent
light, arising from the terms with m=m', has exactly the same
shape as that given by the classical calculation, equation
(16.23), and describes the familiar Brossel-Bitter resonance
curves.
(b) Excitation to a mixture of states. If the direction and
polarization of the incident light are chosen so that the
atoms are excited to a coherent superposition state we
must consider terms for which n^n'. Additional modulation
at the frequency Su. is possible corresponding to terms for
which n-n'=±l. The condition x < r can now be satisfied
only if v^v 1 and the resonances in the amplitude of moduand
lation occur at fields given by
(c) Excitation to degenerate states. If the frequency of
the r.f. magnetic field is such that u,, < T then those terms
which satisfy the condition v=v' in equation (16.54) also
automatically fulfil the condition x < T for all values of
n and n'
Under these conditions additional resonances
at the frequency 4w,, are observed which are not detectable
when WQ > r.
16.7.5. Modulation of light from incoherent sources. The
light beats observed in resonance fluorescence experiments
should be clearly distinguished from those observed by
Forrester et al. (1955) . In that experiment an exceedingly
weak modulation was detected in the light emitted from a
conventional mercury lamp. In this source the atoms are
excited by random collisions and the ensemble density
matrix possesses zero hertzian coherence. The beat frequencies observed were due to the mixing at the detector
of the radiation frequencies emitted by different atoms and
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consequently the spectrum of modulation frequencies ranged
over the entire Doppler width of the observed spectral
lines. By contrast the modulation in resonance fluorescence
experiments is present in the radiation emitted from each
atom, it is confined to harmonics of the frequency u)n/2ir,
and the depth of modulation can attain 100 per cent in favourable situations.
16.7.6. Optical double-resonance excited by modulated light.
We have seen that in an optical double-resonance experiment
the intensity of the fluorescent light is modulated at harmonics of the driving angular frequency u,,. The nutation
which occurs at the angular frequency
w

e = ^e = Y{(B-BQ) +B^} is not observed in these steady

state experiments because the phase of this motion is random.
However, when the atoms are excited by light which is intensity modulated at the frequency f/2ir, it is found that
changes in the amplitude of modulation of the fluorescent
light indicate resonance at the nutational frequency. These
effects were first observed by Corney and Series (1964) and
a more detailed account of the work is given by Corney (1968).
When the fluorescent light modulated at the frequency f/2ir
is detected, resonances occur whenever the modulation frequency matches an energy separation in the rotating coordinate system:

One example of these nutational resonances is shown in
Fig.16.15 together with the appropriate frequency diagram.
Theoretical expressions to cover this experimental situation
may be derived by an extension of the light beat calculation
detailed above, allowing for the modulated excitation in the
manner described in section 15.9.3. When these are evaluated
the agreement between theory and experiment is found to be
quite satisfactory, as Fig.16.15 shows.
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Fig.16.15. Resonances observed at nutational frequencies in
optical double-resonance experiments on atoms
excited by intensity-modulated light. The upper
part of the figure shows a plot of the relevant
energy levels in the rotating coordinate system.
16,8. Expansion of the density matrix in terms of irreducible
tensor operators
The ensemble density matrix for atoms in an excited
level with total angular momentum quantum number J has
(2J +1)2 elements. In general, therefore, (2Jg+l)2 different
parameters would be necessary to describe the relaxation of
the system in the presence of collisions, radiative trapping
etc. Fortunately, however, in resonance fluorescence ex-
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periments the atom is effectively in an isotropic environment since the external magnetic fields applied to the
atom are generally small compared to other interactions. In
this situation it is convenient to expand the density matrix
in terms of quantum-mechanical operators which are themselves
invariant under rotations of the coordinate system. These
operators are called the irreducible tensor operators,
J
T^fkl
. They are tensors of rank k and have (2k-i-l) different
components labelled by the projection quantum number q,
where -k < q < k. In terms of these operators we may write
the density matrix in the form

1;

The parameters p are known as the components of the
q
2k -multipole moment of the ensemble density matrix.
Now in order that the relaxation rates should be consistent with the requirements of spherical symmetry, it is
necessary that all the (2k+l) components of the k
multipole moment decay at the same rate, that is:

Thus in an isotropic environment the number of different
relaxation rates is reduced from (2J +1) to (2J +1) , giving
one relaxation rate for each multipole moment of the excited
state. Experimentally the number of effective relaxation
rates might still be embarrassingly large were it not for
the fact that in resonance fluorescence we prepare and monitor the excited atoms through the absorption and emission
of electric dipole radiation. The electric-dipole matrix
elements have the properties associated with rank one
tensors and consequently the observable multipole moments
in these experiments are limited to those corresponding to
tensors of rank 0, 1, and 2 respectively.
The irreducible tensor operators are defined in terms
of the Dirac bra and ket vectors, |J M > and < J ,M -q respectively, by the expression
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where the third term in equation (16.58) is a numerical
factor called the 3-j symbol whose values may be found in
tables. For certain purposes it is convenient to represent
the irreducible tensor operators by combinations of the
spherical components of the angular momentum operator ^J.
For the state with J =1 we have

These expressions enable the physical significance of
the different multipole moments of the ensemble of atoms
to be specified more precisely. Thus p« is proportional to
the average population of all the sub-levels belonging to the
given excited state; p corresponds to one of the three components of the orientation of the sample and is proportional
to the spherical components of the magnetic dipole moment
<M>
= <-g TJ)j Jj—
corresponds to one
TJ J> of the ensemble; while p
~~
Q
of the five components of the alignment or quadrupole moment
of the excited atoms. In the limit of vanishingly low atomic
densities, these multipole moments all relax at the natural
radiative decay rate r. At finite densities, however, the
effects of radiation trapping and interatomic collisions
combine to produce different relaxation rates r^ , T^ ,
and r^f 21' for the ensemble population, orientation, and
alignment respectively.
Problems
16.1. In intermediate coupling the wavefunction describing
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P, level of mercury may be written as

where a and g are numerical coefficients and <PTg( PI)
and I{ITO( P-,) are pure L-S coupled wavefunctions . Show
that the Lande" g-factor is given by

and hence calculate the g-factor for the 6 P, level
of the even isotopes of mercury in
(a) the L-S coupling approximation (a=l, 3=0), and
(b) in intermediate coupling using the values of a
and 0 given in Table 5.3.
Compare your results with the value of
gj = 1-4838 ± 0-0004 obtained experimentally by
Brossel and Bitter (1952).
(Ans: (a) gj = 1-50116; (b) gj = 1-4863)
16.2. A magnetic dipole moment jj, associated with a spin
angular momentum hJ = -JJ/Y , is subjected to an external magnetic field B_. Starting from the equation
of motion, equation (16.2), show that jj is independent of time and that jj satisfies the equation

constant.
Hence prove that ja precesses at the Larmor angular
frequency to, =yB about the direction of the applied
field.
16.3. An atom having a permanent magnetic dipole moment
V- = 'SjV-oJ
is acted on by a time- dependent magnetic
—
<J
.D~~
field B^(t) which rotates counterclockwise in the
x-y plane at the angular frequency WQ. Show that the
atom experiences a perturbation given by

where y + = y

± iy . Hence, using the time- dependent
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perturbation theory developed in section 9.3, prove
that the induced magnetic dipole transition probability
between two isolated Zeeman sub-levels is given by
equation (16.18) with u-, everywhere replaced by

16.4. Derive the Brossel-Bitter formula, equation (16.23),
and show that at low r.f. field strengths the fullwidth of the signal at half-maximum intensity is given
by

16.5. Low field Zeeman magnetic resonances in the 5s5p P-,
state of radioactive 109 Cd have been studied using the
optical double- resonance technique. Three resonance
signals were found corresponding to gp values of
0-600, 0-420 and 0-165.
1 OQ
luy
Cd is 1=5/2.

Hence show that the nuclear

spin of
16.6.

Describe the Zeeman splitting of the D2 resonance line
of sodium (3 2S,/2 - 3 2P3/2) at 589° A in a field
of 0 - 2 T. Sketch the energy level diagram and the
allowed electric dipole transitions together with
the polarization of the radiation observed in directions parallel and perpendicular to the applied field.
Calculate the minimum separation between the Zeeman
components in terms of the Doppler width of the D^
line assuming that the effective temperature of the
source is 400 K.

Optical double-resonance signals
7
are observed on the 3 PT/T level in the same magnetic
field. Calculate the ratio of the centre frequency of
the resonance to the half-width of the signal assuming
that the radiative lifetime of the 3 P?/ level is
16 ns. The effects of hyperfine structure may be
ignored.
(Ans: 0-19 ; 1-9 x 10"2.)
16.7. An excited mercury atom in the 6

P, level collides
1
with a second mercury atom in the ground state, 6 S Q .
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By expressing the total wavefunction of the system
as a product of the wavefunctions of atoms 1 and 2,
prove that the matrix elements

of the electrostatic dipole-dipole interaction, equation (16.31), are finite. Hence show that in firstorder perturbation theory the energy of interaction
is proportional to (e f^, /e^rou, .)(1/R ) where f.^ and
lit-,,
are respectively the absorption oscillator strength
Kl
o
and angular frequency of the 1850 A resonance line,

6 1SQ - 6 1P1.
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17

Optical pumping experiments
17.1. Introduction
The success of the Hanle effect and optical double
resonance experiments as a means of investigating the lifetimes, energy levels, and collisional processes involving
excited atoms raises the interesting question: Can similar
techniques be applied to a study of free atoms in the ground
state? A way of achieving this, now known as optical
pumping, was proposed by Kastler (1950), although the first
experimental demonstrations of the optical pumping and
optical double-resonance methods were not published until
1952. Professor Kastler was awarded the Nobel Prize in
1966 for his seminal contributions to both of these fields.
Optical pumping, then, is a method for producing
significant changes in the population distributions of atoms
by means of irradiation with light. The term, as used in
this chapter, refers to changes in the relative populations
of either Zeeman or hyperfine levels belonging to the ground
or metastable states of an atom. These changes can be monitored by the modification of the intensity of polarization of
the resonantly scattered light, as in optical double-resonance experiments, or more directly by means of the change
in intensity of the light transmitted through the opticallypumped sample.
The optical pumping technique permits the investigation
of ground-state Zeeman intervals using magnetic resonance
methods and many g-factors have been determined to high
precision. From the width of the magnetic resonance signals
and from the decay rate of transient signals the transverse
and longitudinal relaxation times, T2 and T-^ respectively,
can be evaluated and mechanisms for the collisional relaxation elucidated.
In low-pressure systems the relaxation
occurs principally at the walls of the optical pumping cell
and thus a study of the relaxation has increased our under-
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standing of surface physics. Optical pumping magnetic resonance signals can be very narrow and this fact has allowed
a systematic study to be made of the interactions of atoms
with electromagnetic fields in the optical and radio frequency range. This has led to the discovery of shifts in
atomic energy levels produced by light and of multiple
quantum transitions.
In this chapter we shall be concerned mainly with the
principles of the technique, the effect of relaxation processes, and magnetic resonance transitions between Zeeman
sub-levels. We shall therefore initially describe the experiments in terms of the populations of the ground state
sub-levels. The discussion of the effects of phase coherence (Hertzian coherence) and experiments involving transverse pumping is reserved until section 17.8. Moreover the
application of optical pumping methods to the investigation
of hyperfine intervals and the measurement of nuclear moments
is postponed until Chapter 18, as are the applications of
this technique in devices such as magnetometers, atomic
clocks, and masers.
17.2, Principles of optical pumping
17.2.1. Zeeman pumping in pure vapours. The aim of this
particular pumping technique is to create a non-thermal distribution of population among the different magnetic sublevels belonging to the atomic ground state.

The basic

principle of the technique may be understood by reference
to Fig.l7.1(a) which gives details of the energy levels and
resonance lines of rubidium. This structure is typical of
all the alkalis; however, we have neglected the nuclear spin
and the diagram would apply strictly only to the case 1=0,
e.g. 40 Ca + .- By absorption of optical resonance radiation
in either the D, or D9 lines, the rubidium atoms can be
2
2
excited to the 5 PI/T or s P3/2 levels from which they
will decay spontaneously after a mean lifetime of » 10 s.
In an optical pumping experiment, Fig.17.2, the light
from a rubidium lamp is usually passed through a simple
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Fig.17.1. (a) Energy levels and resonance lines of rubidium,
(b) Zeeman structure of the D, and D2 resonance
lines showing the relative transition probabilities
of the a" and vr-polarized components.
interference filter which transmits only the D, resonance
line. The radiation is then circularly polarized by using a
linear polarizer followed by a quarter-wave plate. The
light is focussed into a cell which has previously been
evacuated and has then had a small quantity of metallic
rubidium distilled into it before being sealed off. At
room temperature (300 K) the vapour pressure of rubidium
(« -10" Torr) is sufficient to ensure that the sample will
initially absorb most of the incident D-j radiation. A static
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Fig. 17. z. Schematic diagram of the apparatus for a rubidium
optical pumping experiment.
magnetic field is applied to the cell in a direction parallel
to that of the incident light.
We now recall the selection rules for the Zeeman components of an electric dipole transition:
Am = m' - m" = 0, ±1

where m' and m" are the magnetic quantum numbers of the
upper and lower Zeeman states respectively. The selection
rule Am = +1 corresponds tothe absorption of a -polarized
light. For this polarization the sense of rotation of the
electric vector is the same as that of an electric current in
the Helmholtz coils which generate the magnetic field. An
observer looking towards the lamp from the position of the
detector in Fig. 17. 2 would see the electric vector of cr circularly-polarized light rotating in the anti-clockwise sense
and would call it left circularly-polarized radiation.
From Fig.l7.1(b) we see that when the atoms in the cell
are illuminated with a -polarized D, radiation, only those
atoms in the
state of the ground level can absorb
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These atoms are excited to the m T = + -~ state
2
PI/T level where they spend an average lifetime

8
of 2-8 x 10
s before spontaneous decay. Two possible
decay routes exist:
fa) back to the m , = - -j state with the re-emission of a
polarized light, and

(b) down to the m, = + -y state with the emission of irpolarized light.
The transition probabilities for these two decay routes are
in the ratio of 2:1. Thus after they have experienced
one cycle of absorption and radiative decay, one third of
the atoms which were
originally in the m Tj = -TL state end
,

up in the m j= + 7 state of the
The atoms have therefore
a lower to a higher nij state.
of the angular momentum of the

ground level.
been optically pumped from
Simultaneously the z-component
atomic system < J > , has been

increased. This additional angular momentum has been
transferred from the pumping beam to the atomic sample by
the absorption of 0 -polarized photons, each of which
possess an angular momentum component of +lh along the
direction of propagation. The random initial orientations
of the atomic magnetic moments are therefore altered by
the pumping process and the sample acquires a net magnetization. The sample is said to be oriented or polarized
by the pumping process. Clearly changing the pumping light
to a -polarization will create an atomic polarization in the
reverse direction.
This type of optical pumping which results in a sample
possessing a non-thermal distribution of population among the
sub-levels of the atomic ground state should be distinguished
from the flash lamp pumping used in solid state and liquid
lasers. In those systems the aim is to transfer a large
fraction of the ions or molecules into a different electronic
level.
As Fig.l7.1(b) shows, a -polarized D^ radiation may also
be used for optical pumping, the Zeeman component
m y = - -j -»• m ,. = + j- being the effective transition. Although
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absorption also occurs in the mT=+-y "* mj=+T component this has
no effect on the orientation process. Starting from equal
populations in the m =+•=• levels, the D2 line will transfer two
thirds of the atoms from the lower to the upper state after
one pumping cycle. When both D, and D, lines are used together
the optical pumping effect is additive provided that the atoms
are not subjected to collisional perturbations whilst in the
excited level. We consider the effect of such collisions in
the following paragraph.
17.2.2. Zeeman pumping in the presence of a buffer gas. In
an evacuated cell atoms of the vapour travel to the cell
4
walls in a time of the order of 10
s and there the orientation is destroyed. This short effective lifetime of
ground state atoms makes it difficult to attain high atomic
polarizations and a foreign gas is often added to the
optical pumping cell to slow down this relaxation. Most of
the atoms on which optical pumping experiments have been
performed have ground electronic states with zero orbital
angular momentum (e.g. the S,/7 states of alkalis and the
,
LI L
S,, states of group IIB metals). The wavefunctio.ns of these
states are spherically symmetric and the atoms are relatively
insensitive to collisions. For these atoms diamagnetic
gases such as H~, N^, and the noble gases act as 'buffer
gases'. The interatomic collisions not only preserve the
orientation of the ground state but also prevent the atoms
from colliding with the walls of the cell.
Unfortunately collisions also occur between the excited atoms and those of the added gas and at sufficiently
high pressure the mean free time between collisions becomes
smaller than the radiative lifetime of the excited atoms.
Most atoms then undergo collisions before they return to the
ground state and the effect of these collisions is to induce
transitions between the Zeeman levels of the excited state.
As a result of this mixing the emitted resonance fluorescence is partially depolarized, a phenomenon that we discussed in detail in section 16.5.4.
If the foreign gas pressure is very high the excited
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atoms will be uniformly distributed among the Zeeman states
of the excited level and atoms will then return at the same
rate to all states of the ground level. In this extreme
the efficiency of the optical pumping process depends only
on the rate at which the incident radiation is absorbed by
the different ground state Zeeman levels. We consider
again the case of an alkali atom illuminated with 0 + -polarized light. If self-absorption in the lamp causes the
intensities of the D-, and D, lines to be equal, then both the

tates °f the ground level will be emptied at the
same rate. This can be verified from Fig.l7.1(b) by adding
the transition probabilities for the D, and D 2 lines. Under
these conditions optical pumping can only become efficient
if the D7 radiation is suppressed with a suitable filter.
1
Then only atoms in the m-, = --*• state will be excited and an
orientation of the sample will be achieved as before. We
see therefore that optical orientation can be achieved both
with and without a buffer gas but that the illumination conditions must be carefully chosen in each case to ensure the
optimum efficiency for the pumping process.
17.2.5. Detection of atomic orientation - transmission
monitoring.
When either the D, or the D_ line is used on
its own, the discussion of section 17.2.1 shows that a high
atomic polarization can be attained after all the atoms
in the m-, = - •=• state have undergone a single optical pumping

cycle.

If N± are the number densities of atoms in the

m, = ±-j

states, the polarization is defined by

From Fig.l7.1(b) we deduce that after one cycle the polari1
2
zation would equal either -^ or -^, depending on whether the
D, or the D2 line was used for pumping. As the pumping
process continues the cycle is repeated for those atoms
left in the m, = - -^ state and in the absence of relaxation
processes all the atoms would eventually be pumped into the
my = + i

state.

When this situation is reached the sample
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is no longer able to absorb a -polarized radiation. Thus
during the process of orientation, the transparency of the
sample to the a -polarized D-, line increases and the intensity of light transmitted through the cell is directly
related to the atomic polarization. A simple photocell
followed by an amplifier can be used to monitor the progress
of the optical pumping, as shown in Fig.17.2. By the use
of phase-sensitive detection the signal-to-noise ratio can
4
be improved and changes of the order of 1 part in 10 of
the transmitted light intensity can be detected.
17.2.4. Detection of atomic orientation - fluorescence
monitoring. An alternative method of monitoring the optical
pumping process involves the detection of the fluorescent
light emitted by the optically excited atoms in the cell.
When the orientation of the sample is complete a -polarized
D, radiation cannot be absorbed and consequently the atoms
no longer re-radiate fluorescent light. Thus the intensity
of the fluorescent light directly monitors the population
of atoms in the m, = -1/2 level. The polarization of the
fluorescent light in this case is constant although generally
it too can be used to monitor the orientation. However, when
a high pressure of buffer gas is used in the cell, collisions
will equalize the populations of the Zeeman levels of the
excited state and the polarization technique will no longer
be applicable.
Finally it should be noted that when the sample is
pumped by the D, and D2 lines simultaneously, the absorption
of the D2 line becomes stronger as the sample orientation
increases. Thus in both the transmission and the fluorescence monitoring schemes the sign and magnitude of the
signal obtained when radiation in the D, and D2 lines falls
on the detector cannot be simply related to the polarization
of the sample. It is therefore again desirable to filter out
the D2 component.
17.2.5. Optical pumping in mercury. In order to widen the
scope of our discussion of optical pumping experiments, we
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recall that mercury has a high vapour pressure at room
temperature. It is therefore a very convenient element for
optical pumping experiments, especially when the 6 SQ - 6 P^
intercombination line at 2537 A is used. We are now of course
199
201
only concerned with the odd mercury isotopes
Hg and
Hg
which have nuclear spins of I = •»• and I = •*• respectively. To
improve the efficiency of the optical pumping cycle it is
again desirable to be able to isolate different components of
the resonance line. Although the hyperfine structure cannot be
resolved by anything as simple as an interference filter,
nevertheless the use of separated isotopes in the resonance
lamps enables the necessary selection to be obtained. Thus by
204
199
using
Hg in the lamp and
Hg in the cell it is possible to
pump on the component connecting the 6 S n (!=•*•) ground state
3
1
with the 6 piCF=7) level only. The pumping scheme is then
identical to the pumping of alkali atoms using filtered D-^
radiation and much of our preceding discussion applies
equally to the experiments on mercury.
There are, however, two very important differences:
first the spin angular momentum of the ground state atoms
is now associated with a nuclear magnetic moment rather than
with an electron moment. Consequently the relaxation time
for the nuclear spins is very much longer than that of the
electron spins and optical pumping experiments in mercury
ought to be easier than those in alkali vapours. Secondly,
however, the transition probability for the 2537 A* line,
is a factor of ten smaller than those of the resonance lines
of the alkalis. This means that the time constant for nuclear orientation by optical pumping in mercury is rather
long and indeed many of the initial experiments failed
because of the low intensities of the available sources of
o
2537 A radiation. The first successful experiments were
reported by Cagnac (1958) using intense microwave lamps.
This pioneering work is described in more detail in his
thesis (Cagnac 1961).
The isotope 199 Hg has only two ground state magnetic
sub-levels and so has served as an important test case for
the basic theory of optical pumping, developed in more detail
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Many detailed comparisons be-

tween the theory and experiments using this isotope can be
found in another outstanding thesis from the Paris group
(Cohen-Tannoudji 1962). Although in201
Hg the ground state
has four magnetic sub-levels, it is still true that by
illuminating the cell with a -polarized radiation from a
204
Hg lamp, the atoms will be concentrated in the states of
higher Mj quantum numbers and the sample acquires a net
magnetic moment. In this case the ground state nuclear
spins are said to be oriented. However, if the cell is illuminated with unpolarized light travelling along the
direction of the field 13 both a and a" components are absorbed with equal probability. The ground state sub-levels
with large values of M,| are then filled at the expense of,
those with small values of Mj|. Although the sample now has
no net magnetic moment, it does have a non-thermal distribution of population and is said to be aligned. When we do not
wish to distinguish between orientation and alignment we
shall say that the sample is polarized.
17.3. Effect of relaxation processes
17.3.1. Conditions to be fulfilled for efficient pumping.
The state of complete polarization is, of course, never
attained experimentally since relaxation processes tend to
restore the spin distribution to thermal equilibrium. In a
given experimental situation one relaxation process is
generally dominant and can be characterized by a definite
longitudinal relaxation time T-,. When the pumping light
is suddenly interrupted, for instance by a shutter, the
rate of change of the population difference, n=N + -N_, obeys
the equation

Since the net magnetic moment per unit volume of the system
is given by
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where |yj = gjPgJ is the magnetic moment of an atom with
total angular momentum J, it will decay exponentially with
the time constant T, :

For completeness we note that the magnetization <M Z> and the
degree of polarization defined by equation (17.1) are proportional to one another, being related by

where N is the total number density of atoms in the sample.
The longitudinal relaxation which takes place in the
dark is obviously also present when the cell is illuminated
with pumping radiation. However, we must now take into
account the transitions stimulated by the absorption of
light. The net rate at which atoms are pumped from the
state to the
state is given by

where P
is the absorption probability for electric dipole
transitions given by equation (9.40) and a is a numerical
factor less than unity which accounts for the fact that only
a certain fraction of the excited atoms decay to the
m T = + i state. Noting that N_ = (N-n)/2 and that the absorption probability is proportional to the intensity of the
incident light, I, we find that

where K' is a constant. Introducing the pumping time constant
T' = 1/K'I, the total rate of change of the difference in
population.densities under the simultaneous action of both
the pumping and the relaxation processes becomes
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Thus the approach to the equilibrium polarization is described by the equation (Problem 17.1):

where

and P(°°) is the steady state polarization given by

We see that to obtain a large steady state polarization we
must satisfy the condition T 1 < T,, i.e. the pumping rate
must be faster than the relaxation rate.

Although this con-

dition could have been derived intuitively, the equations
developed above will be useful in the subsequent discussion
of the experimental determinations of the longitudinal
relaxation time T,.
17.3.2. Light sources for optical pumping.

Obviously for a

high pumping rate an intense source of resonance
is required.

With ordinary

of the order of 10

radiation

commercial lamps pumping times

s can be obtained, but substantial

improvements can be made by using small electrodeless lamps
which are excited by microwave or high radio frequency
power (Problem 17.2).

To avoid self- reversal of the re-

sonance lines the lamps are made in the form of a thin disk
or a re-entrant sphere as shown in Fig. 17.3. The lamps are
thoroughly baked under vacuum before being filled with a small
quantity of metal and approximately 1 Torr of noble gas, usually argon, to carry the discharge while the lamp is warming up.
Because the quantity of metal that is required for these lamps
is very small (* 5 mg), they are very convenient when using
pure isotopes.
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Fig.17.3. Electrodeless lamp for optical pumping experiments
in alkali metal vapours.

17.3.3. Optical pumping cells. In order to attain strong
steady state polarization it is also necessary to make
the relaxation as slow as possible. The first optical
pumping experiments of Brossel et al. (1952) and Hawkins
and Dicke (1953) were made on atomic beams of sodium where
relaxation is absent. However, the rapid flight of the atoms
through the pumping region severely limited the time that
the atoms were illuminated. It was later realized that the
experiments could be performed more simply by using low
density atomic vapours in sealed-off cells. The relaxation
time is then the mean time between two wall collisions and
is of the order of 10" s for a spherical cell having a
diameter of 5 cm (Problem 17.3). This relaxation time can
be increased considerably either by filling the cell with
a suitable buffer gas or by coating the walls of the cell
with certain hydrocarbon films. These techniques will be
discussed in more detail in the following section.
17.4. Investigation of longitudinal relaxation times
17.4.1. Experimental technique.

A convenient method for the
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Fig.17.4. The time dependence of the intensity of light
transmitted through an optically-pumped atomic
vapour.
measurement of longitudinal relaxation times was introduced
by Franzen (1959) in a study of the effect of different
buffer gases on the efficiency of the optical pumping cycle.
The principle of this technique may be understood by
reference to Fig.17.4, which shows the signal observed in a
transmission monitoring experiment. At time t=0 the optical
pumping lamp is switched on but, because there are initially
equal numbers of atoms in the m , = ± y states, the vapour is
absorbing and the transmitted intensity is low. The transparency of the vapour increases with time as the pumping proceeds and the signal approaches its maximum value with the
exponential time constant T ., given by equation (17.10). At
some later time t,, a shutter is inserted to cut off the
pumping beam and the atoms of the vapour start to relax in
the dark with a time constant T,, as described by equation
(17.4). Thus when the shutter is re-opened at time t, + At-,,
the transparency of the vapour has been reduced below its
maximum value and the transient optical pumping signal starts
again from a point lying between I
and I . .
m ax
mm
The exponential curve governing the relaxation in
the dark can be mapped out by superimposing the signals
corresponding to a series of different time intervals At-,
on a single oscilloscope photograph. This is illustrated
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Fig.17.5. Oscillogram showing the longitudinal relaxation
O "7
of
Rb vapour observed by Gibbs and Hull (1966).
The transients result from reopening the shutter
after different time intervals spent relaxing in
the dark and show the approach to optical pumping
equilibrium. The bright spots from which each
trace begins plot out the decay curve, exp(- At,/T-,)

87
in Fig. 17. 5 for the relaxation in a
Rb cell observed by
Gibbs and Hull (1966). The starting points of the transient
signals lie on the curve

and a detailed analysis enables the longitudinal relaxation
time T, to be determined. Once the value of T-, has been
measured, the pumping time T' for a given light intensity
can be obtained by analysis of the transient signals obtained when the cell is illuminated.

17.4.2. Relaxation on the cell walls.
(a) Uncoated cells. The relaxation times measured in pure
—•—•
_4
alkali vapours at low pressures are of the order of 10
s
and are found to be proportional to the linear dimensions of
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the optical pumping cell.

pressures below 10"
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This is to be expected since at

Torr the atomic mean free path is large

compared with the dimensions of the cell. The relaxation time
T, can then be identified with the mean time of flight T
of the atoms between two collisions with the walls. In a cell
of volume V and surface area S, this time of flight is given

by

where v is the mean number of atoms colliding with unit area
of the surface per second.
From simple kinetic theory v is
given in terms of the atomic number density N by

where v = (SkT/irm) ' is the mean thermal velocity. For a
spherical cell of diameter d or a cubical cell of the same
length, the volume to surface ratio is d/6 and thus

For
Cs at 300 K we have a mean velocity
v = 2-18 x io4 cm s"1 and we find that Tw = 0-92 x 10~4 s for
a cell of 3 cm diameter.
Since the observed relaxation times in uncoated cells
are of this order of magnitude, we can conclude that at
every collision with the walls of the cell the spin of the
alkali atom is completely disoriented. In fact the atom is
usually absorbed on to the surface and a finite time elapses
before it is re-evaporated into the cell. During this time
the atom is subjected to the large local magnetic and
electric fields produced by the ions and molecules forming
the cell walls, and consequently the orientation of its
magnetic moment with respect to the external magnetic field
is completely destroyed.
These short relaxation times reduce the maximum
polarization which can be attained with a given source,
equation (17.11), and also lead to rather broad signals in
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magnetic resonance experiments. It was therefore fortunate
when Dehmelt and his co-workers (Robinson et al. 1958) discovered that much longer relaxation times could be obtained
by covering the glass walls of the pumping cell with
coatings of special organic compounds.
cuss this technique.

We now briefly dis-

(b) Coated cells. Optical pumping cells can be coated with
straight-chain saturated hydrocarbons such as eicosane
(C20H.2) or tetracontane (C40Hg2) by melting these paraffins
in an atmosphere of noble gas and then randomly shaking
the cell as it cools. These compounds have long molecules
which may be imagined to project into the cell and thus prevent the oriented atoms from coming within the range of the
fields produced at the cell walls. Certain organosilanes
such as Drifilm (dimethyl-dichloro-silane) may be used for
the same purpose.
A detailed study of wall relaxation in pure rubidium
isotopes has been made by Mme. Bouchiat and .her colleagues
(Bouchiat and Brossel 1962, Bouchiat 1963, Bouchiat and
GrossetSte 1966). They find that the longitudinal re8S
laxation time T, for
Rb (1=5/2) is approximately twice as
87
long as that for
Rb (1=3/2). The relaxation times are of
the order 0'2 s for

o7

Rb in spherical cells of 6 cm dia-

meter coated with paraffin or silicone films. By using
deuterated paraffins, the relaxation times can be increased
07

Qr

by a factor of five giving TI( 7 Rb) *> 1 s and T1(03Rb) *> 2 s.
Since the nuclear magnetic moment of hydrogen is three times
larger than that of deuterium, these results indicate that
magnetic dipole-dipole interactions between the electron spin
of the alkali atom and the nuclear spins of the wall coating
is a significant relaxation mechanism. It also has been
shown that collisions of the alkali atoms with the coatings
do not perturb the phase of the atomic wavefunction. Thus
very narrow Zeeman magnetic resonance signals can be observed
having linewidths of only a few Hz.

Although similarly

narrow resonances can be obtained by using buffer gases in
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the cell, the low pressure coated cells have the advantage
that the moving atoms effectively 'see' only the average
magnetic field in the cell. Thus inhomogeneities in the
applied magnetic field do not result in a broadening or
distortion of the resonance signals and coated cells are
preferable for the precision measurements discussed in
section 17.7.5.
17.4.3. Spin relaxation in buffer gases.
(a) Diffusion to the cell walls. When the optical pumping
cell is filled with a diamagnetic gas, collisions of the
gas molecules with the oriented atoms hinder their free
flight towards the cell walls. At sufficiently high
pressures, p > 1 Torr, the atomic mean free path becomes
smaller than the cell dimensions and the motion of an atom
in the cell is determined by a diffusion process. In the
absence of any other relaxation mechanism the decay of the
orientation of the sample is determined by the diffusion
equation

where D is the diffusion coefficient for the optically-pumped
atoms in a given buffer gas at the pressure p. The diffusion coefficient may be obtained in terms of its value
D,, at some standard pressure p,. by the relation D=DQP,,/P. If
we assume that the orientation is completely destroyed at
the cell walls, then the longitudinal relaxation rate may
be identified with the decay rate 1/T,, of the lowest-order
diffusion mode for the given cell geometry. For a spherical
cell of diameter d we have (Problem 17.4):

The relaxation times for rubidium atoms measured as a
function of neon and argon pressures are shown in Fig.17.6.
At low pressures we see that T, is linearly proportional
to the buffer gas pressure p as predicted by equation (17.15)

610

OPTICAL PUMPING EXPERIMENTS

Fig.17.6. Longitudinal relaxation times, T,, for optically
pumped rubidium atoms as a function of buffer
gas pressure. (After Franzen (1959).)
but that at higher pressures T, passes through a maximum
value and then starts to decrease. This is interpreted as
the effect of an additional spin relaxation process involving collisions with the buffer gas atoms.
(b) Collisional relaxation by buffer gases. If we assume
that only binary collisions are important then the additional relaxation rate can be represented by N a(vr) v r ,
where N is the atomic density of the buffer gas at the
pressure p, v is the mean relative velocity, and a(v ) is
the velocity averaged spin-disorienting collision crosssection. The total relaxation rate in a cell containing
a buffer gas is therefore the sum of the diffusion decay
rate and the collisional rate and may be written in the
form

for a spherical cell.

Detailed analysis of experimental

data, such as those shown in Fig.17.6, allows the best
values of D and a(v ) to be determined. Results obtained
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by several different experimentalists are given in Table

17.1.
TABLE 17.1
Diffusion coefficients and spin disorientation
cross-sections for rubidium and cesium in foreign gases

Cs

Rb
Foreign

gas

°!
2

(cm

s-1)

He

0- 7

Ne

0- 5

Ar

0- 4

Kr

0- 16

Xe

0- 13

N

0- 33

2

H

2

1- 34

o(vr )

(cm2 )
3- 3 x 10" 25
3- 3 x 10" 24
1- 1 x 10" 22
20
2- 3 x 10"
19
1- 3 x 10"
23
5- 7 x 10"
2- 2 x 10

»:

(cm2 s"1)

a(vr)
(cm2)

0-20

2-8 x 10"

0-15

9-3 x 10"

0-13

1-0 x 10"

—

2-1 x 10"

0-07

2:
23
21
21

4-6 x 10" 20
5-5 x 10" 22

24

Values for Dn refer to gas at 760 Torr pressure.

The values of the diffusion coefficients listed in
Table 17.1 are similar to the gas kinetic diffusion coefficients measured by other techniques. However, the
disorientation cross-sections are quite remarkable, being
many orders of magnitude smaller than gas kinetic crosssections. In the case of Rb-He collisions, for instance,
o
the rubidium atoms can make over 10 collisions with the
buffer gas atoms without losing their orientation. The
very small size of these collision cross-sections is due
to the fact that both the alkali atoms and the atoms of
the buffer gas possess spherically symmetric ground state
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The relaxation can therefore only proceed

through weak magnetic dipole-dipole interactions or through
a spin-orbit interaction acting in second order. The
detailed nature of the relaxation mechanism is in fact
rather complicated and the reader is referred to the excellent review article by Happer (1972) for a detailed discussion.
(c) Effect of buffer gases on magnetic resonance signals.
For a cell of given diameter we see from equation (17.16)
and Fig.17.6 that there is an optimum buffer gas pressure
at which the longitudinal relaxation time T, is a maximum.
This relaxation time determines the decay of the diagonal
elements of the ground state density matrix and hence the
magnetization of the sample along the axis of quantization
equation (17.5). More generally the density matrix also
possesses off-diagonal elements whose relaxation is described by the transverse relaxation time T,.

These elements

of the density matrix determine the sample magnetization in
the x-y plane and hence the width of optical pumping magnetic resonance signals. In addition to the relaxation
caused by collisions which induce changes in the spatial
quantum numbers of the atoms concerned, the off-diagonal
elements of the density matrix are also destroyed by
collisions which merely perturb the relative phases of the
atomic sub-states. In spite of this the transverse relaxation time, T~, remains of the same order of magnitude as
T,, 0-01 - I'd s, and consequently very narrow resonance
signals may be obtained using cells filled with a buffer
gas. In this case, however, the atoms are no longer able
to average the applied magnetic field by rapid motion through
the whole cell and a very uniform magnetic field is required.
For low-frequency Zeeman transitions the buffer gas technique is therefore not as convenient as the use of a suitably coated empty cell.
However, when optical pumping techniques

are used to

study microwave transitions between different hyperfine
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levels of the atomic ground state, the Doppler broadening
of the magnetic resonance signal in an empty cell becomes
quite appreciable. In this case the reduction of the mean
free path that occurs in cells filled with buffer gases has
the effect of changing the resonance lineshape from the
Gaussian to the Lorentzian form and of reducing the linewidth to the value (Problem

17.5)

where L is the mean free path of the oriented atom and X is
the wavelength of the microwave radiation. Since the linewidths can be a factor of 300 times narrower than the
microwave Doppler width, the buffer gas technique offers a
significant advantage in these experiments.
17.5. Spin-exchange collisions
17.5.1. Spin-exchange between like atoms. When measurements
of the longitudinal times T-, are made in coated cells -as a
function of the alkali vapour pressure, it is found that
the relaxation rate is a linear function of .the vapour
oc
density. Experimental results for cells containing
Rb
87
and
Rb respectively are shown in Fig. 17. 7. In these experiments the additional relaxation at finite pressures is
produced by rubidium- rubidium collisions in which the
electrons of the two atoms involved are simply exchanged.
These collisions are therefore termed spin-exchange
collisions. Although the electron spin polarization of the
sample is preserved in this process, there is a decoupling
of the nuclear and electron spins at the instant of exchange which leads to a rapid thermalization of the populations of the two hyperfine levels F = liy.
Since the forces responsible for spin-exchange are of
an electrostatic nature, in contrast to the interactions responsible for relaxation in buffer gases, the spin-exchange
collision cross-sections are very large, aGX « 10~
cm .
Experimental results for the alkalis are listed in Table 17.2,
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Fig.17.7. Hyperfine

relaxation rate of Rb and 5Rb as a

function of the rubidium vapour pressure.

1/T

ex

is the relaxation rate due to exchange collisions;
1/TW is the relaxation rate due to collisions with
the walls of the cell which are coated with polythene.

(After Bouchiat and Brossel (1963).)

17.5.2. Spin-exchange between unlike atoms.
Spin-exchange
collisions have played an important role in optical pumping
experiments for they occur not only between like atoms, but
also between atoms A and B of two quite different elements.
A simple spin-exchange collision can be represented by the
equation

Before the collision the atom A, which we assume to have
been oriented by direct optical pumping, has its electron
spin in the mc = + T state. After the collision the atom B
is in the spin-up state and atom A is in the spin-down state.
The orientation which originally existed in atom A has now

TABLE 1 7 . 2

Experimental values of the spin-exchange cross-sections of alkali atoms (10 cm )

°Na-Na

°K-K

2-7 ± 0-7

0

Rb-Rb

2-1 + 0-3

a

Cs-Cs

2-20 ± 0-35

G r o s s e t e t e (1967)

2 - 2 0 ± 0-15

Ernst and Strumia
(1968)

1-109 ± 0 - 0 0 5
1-03

± 0-21

Reference

M o r e t t i and Strumia
(1971)
1-45 ± 0 - 2 1

1-9 ± 0 - 2

2'06 ± 0-2

Ressler et a Z . ( 1 9 6 9 )
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been transferred to atom B by the spin-exchange collision.
This phenomenon has enabled optical pumping techniques
to be applied to systems which, for one reason or another,
cannot be oriented directly. For instance, in atomic hydrogen the Lyman a resonance line, 1 2S, ,, - 2 2P,/9 ,/9 ,
Q!/ L
± / L , oy L
lies in the vacuum ultraviolet at 1216 A and the construction
of lamps, cells, filters, and polarizers for this region
is so difficult that a successful experiment involving the
direct optical pumping of atomic hydrogen has not yet been
reported. Fortunately atomic hydrogen and many other species
can be oriented indirectly by spin-exchange collisions.
The basic apparatus required for spin-exchange optical
pumping is identical to that shown in Fig.17.2. 'The only
major difference is that the cell now contains hydrogen at
o "7
»1 Torr pressure in addition to the alkali vapour, say
Rb.
Free hydrogen atoms are created by running a mild discharge
in the cell and the orientation of the rubidium atoms,
created by pumping with circularly polarized D^ resonance
radiation, is transferred by spin-exchange collisions to
the hydrogen atoms. The use of this technique in the measurement of the gyromagnetic ratios of hydrogen, tritium, free
85
electrons, and
Rb is discussed in section 17.7.4 below.
Further applications of spin-exchange optical pumping to the
measurement of the ground state hyperfine structure of oneelectron atoms will be described in Chapter 18.
17.6. Optical pumping of metastdble atoms
All the noble gases have two metastable levels lying
10-20 eV above the ground state. These levels can be populated by electron impact in a weak discharge and by the
use of suitable light sources the metastable levels having
J?*0 can be oriented by optical pumping. The arrangement of
the apparatus and the energy levels involved in the optical
pumping of the 2 S, metastable level of helium are shown
in Figs.l7.8(a) and (b) respectively. Triplet metastable
atoms at concentrations of 1010 - 10
cm" are produced by
running a mild r.f. discharge in the helium gas which fills
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Fig.17.8 (a) Schematic diagram of apparatus used for optical
pumping experiments in helium. (After Greenhow
(1963).)
the optical pumping cell to a pressure of a few Torr. The
ground state helium atoms serve as a buffer gas for the
metastables which are then optically pumped by the strong
infrared lines of the fine structure multiplet 2 S, - 2 ^Q1 2
at 10 830 A. Since photomultiplier tubes have high dark
currents and low quantum efficiencies at this wavelength,
silicon or lead sulphide photocells are often used for the
transmission monitoring. The pumping of helium has an importance comparable to that of the alkali atoms since it is
used in the construction of sensitive magnetometers, as a
source of polarized electrons, and may be used to polarize
ions via Penning reactions with atoms and molecules. Optically-pumped helium atoms have also been used to polarize
He nuclei as we now explain.
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Fig.17.8 (b) Partial energy-level diagram of helium showing
the levels involved in the optical pumping
cycle. (After Greenhow (1963).)
17.6.1. Optical pumping of He. Optical orientation of the
metastable atoms can be achieved using either He or He in
the optical pumping cell. In the latter case the nuclear
spin of I = -j gives rise to two hyperfine levels belonging
3
to the 2 S, state with total angular momentum quantum
1
3
numbers of F = -* and -~. Provided that the coupling of the
electronic and nuclear spins is not broken down by the
application of a large external magnetic field, the He
nuclei share in the orientation of the metastable state and a
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large nuclear polarization is created.
Then in helium a special kind of exchange collision
occurs in which the energy of a metastable atom is trans4
ferred to a colliding ground state atom. In the case He
it is impossible to detect such a transfer because the atoms
are indistinguishable, having zero nuclear spin. In He,
however, the nuclear polarization produced in the 2

S-, state

is preserved and metastability exchange collisions of the
type

transfer the nuclear polarization to the 1 S~ ground state.
The metastability exchange collision cross-sections are
1 f\
?
quite large, * 4 x 10"
cm at 300 K, and this process
provides a rapid and efficient method of producing polarized
nuclear spins in the ground state.

By this method nuclear

polarizations of up to 40 per cent have been obtained in

He

gas at 1 Torr pressure.
Because of their large number density it may take
several minutes to polarize the ground state He atoms at
typical optical pumping rates. Consequently the optical
pumping transients in

He are an order of magnitude longer

than in any other optically pumped system. Also the orientation of the nuclear magnetic moment in the SQ state
is extremely resistant to depolarization by either wall or
atomic collisions and relaxation times as long as ten hours
may be achieved if the discharge in the cell is turned off.
With the discharge running, collisions with free electrons
destroy the polarization within a few minutes.
17.7 Optical pumping and magnetic resonance
17.7.1. Principles of the magnetic resonance technique. By
means of optical pumping techniques large population differences can be generated between the Zeeman levels JM TJ>
or |FMp> of the ground or metastable states of a sample of
free atoms. If these atoms are then subjected-to a radio
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frequency magnetic field B, which rotates at the angular
frequency 01,, in a plane perpendicular to the static field
B_, magnetic resonance transitions can occur as explained
in detail in section 16.2. When the frequency of the applied
field equals the Larmor angular frequency,

magnetic dipole transitions satisfying the selection rules
AM, = ±1 or AMp = ±1 are stimulated between the Zeeman levels
with the emission or absorption of quanta of the radiofrequency field. This is in fact one of the most important
applications of the optical pumping technique. We proceed
to consider the detection methods used in these experiments
before discussing briefly a few of the many results obtained
by this technique.
17.7.2. Detection of magnetic resonance transitions.
(a) Transmission monitoring. We return to a consideration
of the optical pumping of alkali atoms using a polarized
radiation in the D,
In the steady state a certain
1 line.
i
population distribution between them j= * 7 ^eeman levels
is established by the combined effects of the optical pumping
and relaxation processes • When a radio frequency magnetic
field 13, is applied to the cell, magnetic dipole transitions
are induced and atoms are returned more rapidly to the
m, = - y level. A new dynamic equilibrium is reached in
which the transparency of the vapour is reduced below the
value it had in the absence of B,. The reduction in transparency depends on the angular frequency difference (u),-cn)g)
arid on the magnitude of the radio frequency field. When
the frequency of the applied field is slowly varied with
|B| and |B1| fixed, the changes in the intensity of the
transmitted light trace out a magnetic resonance curve.
This can be displayed directly on an oscilloscope connected
to the photocell, as shown in Fig.17.9, or may be recorded
point by point by using a micro-ammeter.
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Fig.17.9. Schematic diagram of the apparatus required for
optical pumping magnetic resonance experiments.
(b) Fluorescence monitoring. The magnetic resonance transitions may also be monitored using the changes which occur
in either the intensity or the polarization of the fluorescent light emitted from the optical pumping cell. Magnetic
resonance curves obtained by Cagnac (1961) with this technique on the nuclear spin transition
1
199
in the 6 SQ ground state of
Hg are shown in Fig.17.10.
As in the case of magnetic resonance in excited states discussed in section 16.2.3, the signals here also show a power
broadening as the amplitude of the radio frequency field
is increased.
199

These experiments have enabled the nuclear moments of
201
Hg and
Hg to be measured to very high precision:

where u is the nuclear magneton. The nuclear'moments of
radioactive mercury isotopes and of 111 Cd and 113 Cd have also
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Fig.17.10. Nuclear magnetic resonance in the ground state of
199
Hg observed by Cagnac (1961) using optical
pumping techniques.
been measured in this way.
17.7.3. Discussion of optical pumping magnetic resonance experiments .
(a) Population differences created by optical pumping. In the
absence of optical pumping the ratio of the populations of
adjacent Zeeman sub-levels is given by the Boltzmann formula

At room temperature (300 K) the thermal energy kT is of the
order of 0-025 eV = 200 cm" . Now hyperfine splittings and
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Zeeman intervals in easily produced magnetic fields rarely
and
exceed 1 cm'1 = 30 000 MHz, thus

These thermal population differences are generally negligible
and certainly are not sufficiently large to permit the
direct observation of magnetic resonance. Fortunately the
distribution of the population among the ground state sublevels can be changed considerably by optical pumping. Relative population differences (N, -No) /(N, "^N^) of the order of
0 - 3 to 0-8 are easily obtained and strong magnetic resonance
signals may be observed in the transmitted or the resonantly
scattered light.
(b) Magnetic resonance linewidth. The width of the magnetic
resonance signal at half-intensity gives information on the
rate at which the precessing magnetic dipoles move out of
phase with the r.f. field which forces their precessional
motion. This process can be described by a relaxation time
T£ called the transverse relaxation time. The measurement
of 1~ will be discussed in more detail in section 17.7.5
below; in general, however, T ^ is different from the longitudinal relaxation time T, associated with the decay of the
z-component of the sample 'magnetization.
Since the width of the magnetic resonance line is
determined by the inverse of the relaxation time for the
spins in the system, it is in turn dependent on the method
by which the optical pumping cell has been prepared. In
evacuated and uncoated cells the relaxation time is of the
order of 10 - 4 s and linewidths of approximately 2 kHz are
obtained. In cells which have been coated or which are
filled with a buffer gas at the optimum pressure, the
relaxation time is increased by a factor of between 10 and
10 arid correspondingly narrow resonance signals may be
observed.
These narrow resonances enable the centres of the lines
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to be measured very accurately and in favourable cases a
relative precision Av/v = 10~ has been obtained for
Zeeman resonances. If the magnetic field has been calibrated
by means of proton resonance then this precision can be
transferred to the measured g-factors. The accuracy of many
of the results is comparable with or better than measurements made by the atomic beam technique.
Because of the very long relaxation times associated
with atoms in ground or metastable states, the amplitude of
the r.f. fields required in these magnetic resonance experiments is correspondingly small. We need only satisfy
the condition YB-^ * 1 and fields of the order of a milligauss or less are all that is necessary. These can be
supplied directly by r.f. oscillators or signal generators,
thus eliminating the power amplification which is necessary
•when short-lived excited levels are being studied.
(c) Sensitivity of optical pumping experiments. Optical
pumping experiments share the same high sensitivity that was
noted in section 16.3.3 in the case of the optical doubleresonance experiments. The detection scheme can be imagined
to be a 'trigger' mechanism in which the absorption of a
radio frequency photon, v = 10 Hz, is followed by the absorption of a photon in the visible or near ultraviolet
region where v * 10 . There is therefore a quantum gain
of 1012 and good resonance signals can be obtained on samples
containing as few as 1011
atoms.
17.7.4. Spin-exchange magnetic resonance experiments. Atoms
whose resonance lines lie in the vacuum ultraviolet can
often be polarized by spin-exchange collisions with opticallypumped alkali atoms as discussed in section 17.5. In the
case of- hydrogen atoms polarized by spin-exchange with rubidium, the application of an r.f. field at the hydrogen
Larmor frequency will induce magnetic resonance and so reduce the polarization of the hydrogen atoms in the sample.
This magnetic resonance can in fact be monitored by its
effect on the transmission of the rubidium resonance radia-
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tion through the cell, for spin-exchange collisions with
the disoriented hydrogen atoms serve to reduce the polarization of the rubidium atoms.

Balling and

Pipkin (1965)

have used this spin-exchange technique to measure the ratios
of the g-factors of free electrons, hydrogen, tritium, and
Rb to a precision of 1 part in 10 or better. In a similar
way the metastability exchange collisions in helium allow
the nuclear resonance in the He(l S,.) ground state to be
observed via the absorption of the 10 830 A line by atoms
in the 2

S, metastable level.

17.7.5. Results of precision measurements of g-factor ratios.
The results of a number of precision measurements of different g-factor ratios are given in Table 17.3. In these experiments particular attention has to be paid to the homogeneity and stability of the applied magnetic field in order
to obtain symmetric and narrow magnetic resonance signals.
TABLE 17.3
Results of precision measurements
Gyromagnetic
ratio
o7

of g-factor ratios

Experimental
result
oc

Reference
Q

gT(0/Rb)/gT(o:)Rb)

1 + (4-1 ± 6-0) x io" J

gT(85Rb)/g(e)

1 + (6-3 ± 1-0) x io"6

gT(lH)/g(e)

! - (17-4 ± 1-0) x io"6

White et al.
(1968)
Balling and
Pipkin (1965)
Balling and
Pipkin (1965)

gT(85Rb)/gT(1H)

1 + (23-74 ± 0-1) x 10~6 Balling and
Pipkin (1965)

g (3H)/gT(1H)

1 - (0-11 ± 0-3) x io"6

Balling and
Pipkin (1965)

gj(87Rb)/gJ(p)

658-234 ± 0-004

Bender (1962)

gT(He 2 3S,)/gl(p)

658-199 ± 0-012

Schearer and
Sinclair (1968)
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It is also found that the position of the centre OL tne
resonance depends on the intensity of the pumping radiation
for reasons which are discussed in section 17.9.7. Consequently it is necessary to make a series of measurements
at different light intensities and to extrapolate the results
to zero intensity in order to find the position of the unperturbed resonance. Although all of the g-factor ratios
included in Table 17.3 are of interest since they provide
tests of the theoretical calculation of atomic g- factors,
the ratio for the free electron is of particular importance
in the determination of fundamental atomic constants (Problem
17.6).

The application of the optical pumping magnetic

resonance technique to the determination of atomic hyperfine
structures is equally important and is described in Chapter
18.

17.7.6. Measurement of the transverse relaxation time T^.
(a) Steady state experiments. When a magnetic resonance
signal is observed in a simple optical pumping apparatus,
the width of the resonance is often determined by the inhomogeneity of the applied magnetic field. However, by
careful design of the field coils this problem can be overcome and the measured linewidth Aw-, i^ then depends on the
effective transverse relaxation time T ^ and the radio frequency power used to drive the resonance. The explicit
expression for AGJ-, /-, is

which reduces to equation (16.21) when the effective longitudinal and transverse relaxation times are equal.

Since the

phc-s i -memory of the precessing atoms is destroyed by optical
excitation, the effective transverse relaxation time is
given by

where 1/T

= KI is the relaxation rate induced by the pumping

light and is proportional to the incident intensity.

If the
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resonance half-widths are measured as a function of B, and
I then two extrapolations to zero r.f. power and zero light
intensity can be made and the intrinsic transverse relaxation time 12 maY be obtained. A large number of measurements
are required in this technique and the apparatus must operate
in a very stable and reproducible manner. Since these are
stringent requirements, the simpler transient method described below is often preferred.
(b) Transient experiments. When a radio-frequency magnetic
field .B-^, close to the resonance frequency, is suddenly
applied to an optically pumped sample at time t=t n , the
spins of the atoms begin to nutate in phase. As explained
in detail in section 16.2.1 the motion in the rotating
frame can be described classically as a precession of the
macroscopic magnetization vector < M) about the effective
field

with a precessional angular frequency oj =yB . Quantum
mechanically this forced precession can be interpreted in
terms of induced magnetic dipole transitions betiveen the
ground state magnetic sub-levels, and an application of the
results of section 16.2.2 leads to an expression for the
population excess, n=N -N , in the form

On exact resonance wn->-u>T and B ->B, so that this formula
reduces to

and the atoms oscillate between the two spin states at a
frequency determined by the magnitude of the radio frequency
magnetic field. This gives rise to oscillations in the in-
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tensity of the light transmitted or scattered by the cell
which can be detected and displayed directly on an oscilloscope. The transient nutation at resonance of the groundstate nuclear spins on an optically-pumped He sample is
shown in Fig.17.11. The oscillations are obviously damped.

Fig.17.11. Transient nutation at resonance of He (I = -jO
atoms in the ground state, 1 S_. The time constant for relaxation can be obtained from the
damping of the signal. (After Greenhow (1963).)
This damping occurs because the nutating atoms relax and
because atoms that are optically pumped after the time t Q
begin to nutate with different phases.

It has been shown

by Cagnac (1961) that the damping constant for the sinusoidal
oscillations is given by

It depends on the longitudinal relaxation

time TJ (equation

(17.10)) and on the transverse relaxation time i^

(equation

(17.22)), both measured in the presence of the pumping light.
By combining this type of transient measurement with that
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the intrinsic transverse relaxa-

tion time T~ can be obtained. At resonance the nutational
frequency also permits an absolute measurement of the magnitude of the r.f. magnetic field 13-, as shown by equation
(17.25).
27.8. Transverse magnetization and Hertzian coherence in
optical pumping experiments
17.8.1. Distinction between longitudinal and transverse quantities .

In this chapter so far we have described the en-

semble of atoms in the optical pumping cell in terms of the
populations of the different Zeeman sub-levels |y> of the
atomic ground state.

The optical pumping technique allows

the experimenter to create large differences between the
Zeeman state populations and to study the behaviour of
physical quantities, such as the macroscopic longitudinal
magnetization of the sample < M > , which depend directly
on these population differences. These experiments can be
described quantum mechanically by means of a ground-state
density matrix p which possesses only diagonal matrix
elements, i.e. p ,=0 for pj'y'.
However, recalling the extensive discussion of the
density matrix in section 15.5.5, we recognize that it may be
possible in certain optical pumping experiments to prepare
atoms in such a way that the relative phases of the probability amplitudes a^(t) and a^, (t) of the states y and
y' do not vary randomly from one atom to another. The
ground-state density matrix then has finite off-diagonal
elements. We recall that these off-diagonal elements evolve
in time according to

where u, is the Larmor angular frequency of the ground-state
LI
atoms in the applied external magnetic field and all other
external perturbations have been neglected. Since the characteristic frequencies u>T (y- y ' ) /2ir lie in the radio frequency
Li
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range, the density matrix in this case is said to possess
finite Hertzian coherence. When the off-diagonal elements
of the ground-state density matrix are finite we may expect
to observe new phenomena in optical pumping experiments, such
as zero field level-crossing signals and radio frequency
modulation of the transmitted light intensity. As we shall
now demonstrate, these new phenomena are closely connected
with the existence, in a plane perpendicular to .B, of a
finite component of the ensemble magnetization called the
transverse magnetization, <M > .
17.8.2. Transverse pumping in a weak magnetic field. At
thermal equilibrium the transverse magnetization <M > of
the sample is zero due to the fact that there is no
privileged direction in the transverse plane. The projections of the atomic magnetic moments in this plane vary
randomly in direction from one atom to another, so that
the resultant <M > is zero. This situation remains unchanged if the incident radiation is in a pure state of
polarization (a , a , or IT) with respect to the field B
for there is still no privileged direction in the plane
perpendicular to 15. However, a finite transverse magnetization can be created by arranging the pumping beam so that
it propagates along the Ox direction, perpendicular to the
applied magnetic field B, as shown in Fig.17.12. If the
light is circularly polarized with respect to the Ox direction then, with respect to the axis of quantization Oz, it
appears to be a coherent mixture of a , a , and IT polarizations, and a privileged transverse direction has been determined.
In this experiment the magnetic dipole moment of an
atom which has just completed the optical pumping cycle at
time t n finds itself pointing along the Ox axis. Immediately
afterwards it starts to precess about the magnetic field B
at the Larmor angular frequency to, of the ground-state atoms.
J_i
This precession does not last indefinitely for after a
mean time T the orientation of the atom is destroyed by a
collision or by absorption of another photon. In order to
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Fig.17.12. Geometrical arrangement for transverse optical
pumping experiments.
calculate the transverse magnetization of the vapour at some
time t, it is necessary to find the resultant of the dipoles
which were created at all previous times t,, and which have
not yet experienced a disorienting process. These dipoles
are spread out in the form of a fan starting from the Ox
axis and having an angular spread of the order of w,L T in
the plane perpendicular to Oz. If the-applied magnetic
field is very small, so that OJ,T < 1, then the angular spread
is also small and the transverse magnetization has a finite
value. When the magnetic field is increased, so that
W LT T > 1, the angular distribution in the xOy plane becomes
isotropic and the transverse magnetization is reduced to zero.
The components of the transverse magnetization can be
obtained as functions of the applied field by using the tech-
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niques employed in the classical Hanle effect calculation
detailed in section 15.2.3. We obtain

and

where C is a constant and r = 1/T is the e f f e c t i v e width of
&
the ground-state sub- levels. Thus < M > and (M > are predicted to vary as a Lorentzian and dispersion curve respectively when measured as a function of the applied field 13.
These predictions have been confirmed experimentally
by Lehmann and Cohen-Tannoudj i (1964) using111
Cd (1=1/2)
pumped by the 5 SQ - 5 ^ transition at 2288 X. The experimental signals were obtained by monitoring the polarization of the fluorescent light and are very narrow owing to
the very long relaxation times (x=l/r ) of the ground-state
atoms. This technique therefore provides an extremely sensitive method of measuring very weak magnetic fields.
These experiments are in fact entirely analagous to the
Hanle effect or zero-field level-crossing experiments involving excited atoms discussed in Chapter 15. The coherent
polarization of the pumping light referred to the quantization axis Oz in Fig. 17. 12 prepares the atoms in a coherent
superposition of ground-state Zeeman sub-levels. The ensemble density matrix now has finite off-diagonal elements
Pi i = P * i i f the modulus and argument of which represent
2~ 2
22
respectively the magnitude and orientation of < M > in the
plane perpendicular to .B.
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17.8.3. Transverse pumping with modulated light.

In our

discussion of resonance fluorescence experiments involving
modulated excitation, section 15.9, we showed how large
oscillating coherences could be created in the density matrix
of the excited state at fields which are considerably different from zero.

This technique had, in fact, been deve-

loped three years earlier by Bell and Bloom (1961) in optical
pumping experiments on alkali vapours.

The pumping is again

effected by a circularly-polarized beam propagating in the
Ox direction, as shown in Fig.17.13, but the pumping light

Fig.17.13. Production of oscillating coherence by transverse
optical pumping with modulated light. When the
pumping light is modulated at the Larmor frequency coherence may be generated between the
ground state Zeeman sub-levels.

The coherence

causes a change in the mean intensity of the
transmitted light. (After Bell and Bloom (1961).)
is now modulated at the angular frequency f by amplitude
modulation of the r.f. power supplied to the lamp.
The effect of the modulated excitation becomes clear
when we consider the behaviour of the dipoles in a frame
of reference OXYZ which rotates about the Oz axis at the fre-
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quency f/2ir. In this frame, the OZ axis of which coincides
with the z-axis of the laboratory frame, the majority of
the dipoles are created with their axes along the OX
direction. They then start to precess at the angular frequency Oj-f) characteristic of the rotating frame. Thus
in this frame we have the same situation as that discussed
in the previous section with the exception that the angular
frequency OJLjT is now replaced by (w,-f).
If the frequency
Lj
of modulation of the pumping light is close to the Larmor
precessional frequency, then |IOT-£|TSI and a large precessing
transverse magnetization is built up in the ground state.
This precessing magnetization causes a resonant change in
the mean intensity of the transmitted light as the magnetic
field is swept through the value corresponding to w,=f,
as shown schematically in Fig.17.13.
We have now seen that it is possible, using the techniques discussed in this and the previous section, to create
a global transverse magnetization. In the former experiments the magnetization was static while in this latter
example it is time dependent and is associated with an optically-driven spin-precession at the frequency f/2tr.

We

shall now discuss a third technique for creating a finite
transverse magnetization which relies not on transverse
pumping but on the ground-state coherence generated in magnetic resonance

experiments.

17.8.4. Transverse magnetization created by magnetic resonance experiments. In a conventional optical pumping experiment the circularly-polarized pumping beam propagates
in the direction of the static magnetic field 13 and the
vapour acquires a longitudinal magnetization (M > .

If in

addition a magnetic field 15, is applied which rotates in
the plane perpendicular to B at the angular frequency <*)„ ,
then magnetic resonance can be induced in the ground state
as UQ approaches the Larmor angular frequency

ui^.

The

classical theory of magnetic resonance discussed in section
16.2 shows that the magnetization of the sample starts to
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nutate about the direction of the effective field in a coordinate system rotating about Oz at the frequency Ug/2ir.
In the steady state experiments considered here, the competition between nutation and relaxation processes leads to
the creation of a finite transverse magnetization < M > in
the rotating frame. The amplitude and phase of < M > relative to these of B, depend on the frequency difference
(WQ-WJ) and on the effective longitudinal and transverse
relaxation times T, and T, respectively. In the laboratory
frame the transverse magnetization appears to undergo a
forced precession at the frequency co n /2ir, and consequently
those physical observables of the system which depend on
(M > and < M > are modulated at the same frequency.
17.8.5. Detection of transverse magnetization using the
crossed beam technique. We now describe an optical detection
technique proposed by Dehraelt (1957) and applied first in the
optical pumping of sodium and potassium by Bell and Bloom
(1957) . This method is extremely useful since it provides
optical signals which are directly proportional to the transverse magnetization of the sample. The technique consists
of adding a second light beam to a conventional optical
pumping magnetic resonance experiment. The first beam,
labelled 1 in Fig.17.14, optically pumps the vapour in the
resonance cell while the cross beam 2, propagating in a
perpendicular direction, monitors the polarization of the
sample. The intensity of the lamp in the detection beam
is arranged to be sufficiently weak that it does not appreciably perturb the ensemble of atoms, and we also assume that
the static magnetic field is sufficiently large that no
transverse pumping can occur, i.e. U J-iT T > 1.
We now consider the application of the crossed beam
technique to magnetic resonance experiments in which the
1 qq
optical pumping cell is filled with
Hg (1=1/2). When the
resonance lamp for the detection beam 2 contains 204Hg , only
the 6 1S (1 = 1/2) -> 6 3P (F = l/2) component of the 2537 A
199 Hg can be excited. The optical transitions
line of
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Fig.17.14. Detection of transverse magnetization using the
crossed beam technique. (After Cohen-Tannoudji
and Kastler (1966).) .
possible for the detection beam are therefore identical
to those of the D, line of an alkali atom having zero nuclear
spin. When the precessing transverse magnetization <M >
of the sample points in the Ox direction, the atoms are
effectively in the m-, = 1/2 sub-level with respect to a quan-
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tization axis taken parallel to Ox.
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Referring to Fig.17.1

we see that the absorption on the F=l/2 hyperfine component
o
of the 2537 A line will be small. One half-period later the
precessing magnetization <M > will be pointing in the negative Ox direction and, with respect to Ox as the quantization axis, the atoms are in the ITU = -1/2 state. The absorption is now very strong.

We conclude that on the cross

beam 2 the absorption signal will be modulated at the frequency o)n/2ir characteristic of the forced precession of <M > .
1
199
Magnetic resonance curves obtained in
Hg by CohenTannoudji (1962) using the cross-beam technique are shown in
Fig.17.15. Each curve corresponds to a fixed value of the
amplitude of the r.f. field B,, the signal intensity in-

Fig.17.IS. Nuclear magnetic resonance curves for

199Hg ob-

tained by Cohen-Tannoudji (1962) using the crossed
beam technique. (After Cohen-Tannoudji and
Kastler (1966).)
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creasing with increasing values of |Bj| . In this experiment
the amplitude of modulation of the photoelectric current
from detector C was measured as a function of the applied
magnetic field 15. The measured signal is therefore proportional to |< M > .
Using phase-sensitive detection of the radio frequency
modulation of the cross-beam absorption signal both the inphase and quadrature components of < M > may be studied
separately. The in-phase component gives a signal proportional to

which varies as a dispersion curve, as shown in Fig. 17. 16.

Fig.17.16. In-phase and quadrature components of the transverse magnetization, <M > , obtained by phase-sensitive detection using the cross-beam technique in
199
Hg. (After Cohen-Tannoudji and Kastler (1966).)
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The signal in quadrature is proportional to

and displays an absorption profile when plotted as a function
of (oj,-a).) . The cause of the central dip in some of the
curves displayed in Fig.17.15 is now obvious since the
signal recorded without phase-sensitive detection is pro7
71/7
portional to (< M > ^ + < M > )^'L .
x
y
The signal-to-noise ratios obtained in cross-beam
experiments are obviously excellent and demonstrate clearly
the importance of this method. This technique can also be
used in pulsed experiments to measure the transient relaxation rate I/T^ of the off-diagonal elements of the
ground-state density matrix.

Finally it should be noted

that the light used in the detection beam 2 of Fig.17.14 is
coherently polarized and monitors the atomic coherence
created in the ensemble of ground-state atoms by magnetic
resonance. These experiments are therefore the modulated absorption analogues of the light beat experiments of Series
and co-workers described in section

16.7.

17.9. Quantum theory of the optical pumping cycle
17.9.1 Introduction.
That a quantum theory of the optical
pumping cycle is necessary is clearly illustrated by the
experiments discussed in the previous section. These can
only be interpreted quantitatively if the time-development
of the non-diagonal elements of the density matrix is known.
We also recall that the ground-state magnetic resonance
curves are observed to be broader at higher intensities of
the optical pumping beam (section 17.7.6), demonstrating
that the atoms in the cell are perturbed by the very light
which enables the atomic orientation to be created. This
perturbation must be evaluated quantitatively to discover
whether the broadening of atomic energy levels is the only
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result of the interaction of atoms with the pumping beam.
The density matrix theory of the optical pumping cycle
was developed by Barrat and Cohen-Tannoudj i (1961) and by
Cohen-Tannoudj i (1962) in his doctoral thesis. The reader
should refer to these papers for detailed discussions of the
main results for we shall have space enough here to give
only an outline of their derivation and physical interpretation. The theory is an extension of the density matrix
formalism laid down in Chapters 15 and 16 during our discussion of resonance fluorescence experiments involving excited atoms. In the optical pumping experiments considered
here, the light source is again assumed to be a conventional
resonance lamp emitting a Doppler-broadened spectral line.
In the optical sense the source is incoherent and the total
density matrix of the ensemble of atoms can therefore be
separated into density matrices p and p belonging to the
ground and excited states, respectively. In Chapters 15
and 16 we have shown how p can be calculated in a number
of different physical situations. In the present experiments
the calculation of p may need to be modified slightly to
take account of finite ground-state coherences, p ,^0,
since p can no longer be assumed to be diagonal.
o
Following a discussion similar to that given in
section 15.5 it can be shown that the Liouville equation for
the ground-state density matrix is given by

f

The commutator bracket [^Q,P ] describes the time-development
of the system under the effects of the atomic Hamiltonian
3C. and of any static external magnetic field, while the
last three terms give the evolution under the influence of
depopulation pumping, repopulation pumping, and relaxation
processes respectively. These processes are considered
separately in the sections which follow.
Detailed solutions of equation (17.32) result not only
in expressions for the populations of the different ground-
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state sub-levels which are equivalent to those discussed
previously in this chapter, but also demonstrate clearly
that finite hertzian coherence is generated in certain
optical pumping experiments. The theory enables explicit
expressions to be obtained for the signals observed in both
absorption and fluorescence monitoring experiments. Furthermore the quantum theory of the optical pumping cycle leads
to the prediction that the atomic energy levels are not
only broadened but are also shifted by interaction with
the pumping light. These light shifts are discussed in
detail in section 17.9.7.
17.9.2. Depopulation pumping. The term d^ -1 p /dt
in
&
equation (17.32) represents the effect of optical excitation of ground-state atoms by the pumping light and is
therefore termed depopulation pumping. Depopulation pumping
occurs when certain ground-state sub-levels absorb light
more strongly than others. Since atoms are removed more
rapidly from the strongly absorbing sutj-levels, an excess
population will tend to build up in the weakly absorbing
levels, thus creating an orientation of the sample. Depopulation pumping can occur if the pumping light is anisotropic or polarized, or if the frequency spectrum of
the light is non-uniform in the neighbourhood of the atomic
absorption lines.
For the moment we assume that no coherence exists in
the ground state and that the atoms are illuminated with
light of broad spectral profile. Then the rate, P , at
which atoms in the ground-state sub-level |y> absorb light
and are raised to the sub-level m> of the excited state
is given by the result of the perturbation theory calculation detailed in section 9.3. From equation (9.40) we
have

where U(u) is the energy density of radiation at the atomic
is the atomic electric diabsorption frequency,
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pole moment operator and e_ is the polarization vector of
the incident light.

The total rate at which the population

of the ground-state sub-level |y> is depleted as a result
of depopulation pumping is obtained by summing over the
accessible excited state sub-levels, with the result

The mean pumping rate R is given by

and plays a role for the ground-state atoms analogous to that
of the spontaneous decay rate in the case of excited atoms.
Equation (17.34) is applicable only when there is no coherence in the ground state. Barrat and Cohen-Tannoudji
(1961) have shown that the correct generalization of equation
(17.34) for the case of light whose spectral profile is independent of frequency in the neighbourhood of the ab.sorption
lines is given by

where

We shall consider depopulation pumping for the case of light
of non-uniform spectral 'distribution in section 17.9.7, where
we discuss the problem of energy level shifts produced by
optical pumping.
17.9.3. Repopulation pumping. For an excited atom in the
optical pumping cell there is a total probability per unit
time, T, .., that it will return to the ground state by
K1
spontaneous emission. From equation (.4.18) the transition
probability between non-degenerate
written in the form

sub-levels can be
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and the rate at which the sub-level | y > of the ground state
is repopulated is therefore given by

We shall not consider the generalization of equation (17.39)
which must be made when there is atomic coherence in the
excited state. Details of this are given by Happer (1972)
and by Barrat and Cohen-Tannoudji (1961).

It should be noted,

however, that the polarization of the atomic ground state may
be partially conserved during the absorption and re-emission
of a photon. This circulation of coherence in the optical
pumping cycle combined with the long relaxation times of
ground-state atoms produces many interesting new effects which
are not observable in experiments on excited atoms.
17.9.4. Effect of relaxation processes. In an optical
pumping experiment the vapour in the cell eventually reaches
a time-independent equilibrium state provided that the intensity of the pumping light and the magnitude of the external fields are maintained constant.

When any one of

these experimental parameters is suddenly changed the en.semble of atoms relaxes towards a new equilibrium state at
a rate determined by the combined effects of optical pumping,
diffusion to the cell walls, and by interatomic collisions.
Unfortunately this relaxation is seldom described by a
single exponential time constant and is in general a rather
complicated process, details of which are given in the
review article by Happer (1972). Here we make the simplifying assumption that only two relaxation times T, and T2 are
involved, describing respectively the collisional relaxation
of the diagonal and off-diagonal elements of the groundstate density matrix. We have
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and

This hypothesis is justified for systems such as

199

Hg or

alkali atoms with zero nuclear spin since these atoms possess
only two magnetic sub- levels in the ground state.

For most

atoms, however, many more sub-levels are involved, necessitating the introducion of further relaxation times.
17.9.5. Density matrix formulation of the monitoring
operators . The intensity of light emitted by a sample of
excited atoms into a solid angle dfi about the direction
specified by the polar angles (6,<f>) has already been derived
in detail in section 15.6.2. We have

where L p is the fluorescence monitoring op'erator defined by

and e/ is the polarization vector of the emitted radiation.
In absorption monitoring the change, AI, in the intensity of light transmitted through an optically thin
sample of length AI depends on the rate at which atoms are
stimulated to leave the ground state:

The absorption signal may be expressed in a form similar to
that of equation (17.42) by the introduction of a light
absorption monitoring operator, L. , defined by
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For light of energy density U(u) and the polarization
vector £, we have from equations (17.33) and (17.44)

We see that the fluorescence and absorption monitoring
operators have very similar forms. However, because equation (17.45) involves the ground-state part of the ensemble
density matrix, the absorption monitoring technique offers
a more direct way of measuring the parameters of interest
in many optical pumping experiments.
199
17.9.6. Application to optical pumping of
Hg. As an
example of the previous discussion we consider now the

application of the density matrix theory to magnetic re199
sonance experiments in the ground state of
Hg, 1=1/2.
The atoms in the cell are subjected to an external magnetic field B which defines the axis of quantization Oz
and the static Hamiltonian takes the form

where p and g... are the nuclear magneton and g-factor
respectively.
In addition there exists a time-dependent
field B, rotating in a plane perpendicular to 13 at the
angular frequency 03,,. We must therefore add to equation
(17.32) the perturbation operator

where I + = I

± il .

It is convenient to remove the time

dependence of equation (17.48) by a transformation to the
rotating frame. The density operator transforms as

and the Liouville equation in the rotating frame becomes
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The operator X is determined by the effective field in the
rotating frame and takes the form

Since the depopulation, Depopulation, and relaxation terms
in equation (17.32) do not depend explicitly on time and
are rotationally invariant, they have the same form in the
rotating frame as they had in the laboratory frame of
reference .
199
We now assume that the
Hg atoms in the cell are
optically pumped by circularly-polarized a radiation propagating in the direction of the field B. If the light is
emitted by a 204Hg lamp, then only the ~
F=l/2 component of
o
the 2537 A line is absorbed by the atoms in the cell and it
can be shown (Problem 17.7) that the depopulation and- repopulation terms in equation (17.50) are given by

where T is the mean pumping time defined by equation (17.35)
The Liouville equation can then be separated into a
set of four linear differential equations for the components
of the ground-state density matrix in the rotating frame.
Not -all of these equations are independent because of the
normalization condition which we write here in the form
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The equations can be simplified (Problem 17.8) by defining
three new variables

which are in fact the components of the sample magnetization
in the rotating frame. For convenience the angular brackets
on M , M , and M have been dropped and y = g T p I is just
X

y

Z

the nuclear magnetic moment of one atom.
some manipulation, we have

——

1.

Tl

Finally, after

The effective longitudinal and transverse relaxation times
in the presence of the pumping light are given by

and M^ = 4|jj| T-./3T is the equilibrium magnetization of
the sample. In the limit of very weak pumping light, T -*»
and equation (17.55) becomes identical with the Bloch (1946)
equations which are so well known in solid state magnetic
resonance experiments.
We complete our illustration of the power of the density
matrix treatment by seeking the stationary solutions of
equation (17.55) in the rotating frame.

By setting all time
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derivatives equal to zero, we obtain

and M

and M

respectively.

are given by equations (17.30) and (17.31)
From equation (17.42) it can be shown that

the magnetic resonance signals obtained by fluorescence
monitoring and displayed in Fig.17.10 are proportional to

The derivation of equation (17.21) for the width of the
magnetic resonance signals observed in an optical pumping
experiment is now quite straight-forward. A study of the
time-dependent solutions of equation (17.55) (Problems
17.9 and 17.10) leads to equations which we have discussed
earlier in connection with the measurement of the longitudinal and transverse relaxation times in transient experiments .
17.9.7. Light shifts in optical pumping experiments.
(a) Generalization of the theory of depopulation pumping.
When the atoms in the optical pumping cell are illuminated
with light whose spectral profile is no longer uniform over
the region about the absorption lines, a small shift in
the atomic energy levels can be observed in addition to the
usual level broadening given by equation (17.56).

The

theoretical expression for this light shift may be derived
using a semi-classical argument due to Pancharatnam (1966).
This generalizes the expression for the energy of - ^ aE
acquired by an atom of polarizability a in an external
electric field E. For the Fourier component jE(uj) exp(-iut)
of the incident radiation field, the frequency-dependent
atomic polarizability tensor has the form
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where u
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= (E -E )/h is the angular frequency of the optical

absorption line and T is the radiative width of the excited
states |m>. The energy of interaction with electromagnetic
radiation of density U(ai) is then determined by the complex
operator

The effective Hamiltonian can be expressed in terms of its
real and imaginary parts:

giving a Hermitian light shift operator 6& and a Hermitian
light absorption operator 6T.
(17.61) we have

From equations (17.60) and

and

Finally the depopulation pumping rate may be expressed in
terms of the effective Hamiltonian by

This completes the generalization of equation (17.36) to the
case of light of non-uniform spectral profile.
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The evaluation of the integrals in equations (17.62) and

(17.63) is illustrated in Figs. 17.17(a) and (b) respectively.
The spectral distribution of the incident pumping light is
assumed to be centred at to and to have a Doppler-broadened
profile of width Ato . The integrals in equations (17.62)
and (17.63) therefore represent the folding of this spectral
profile with the atomic absorption and dispersion curves
which are centred at the resonance frequency to /2ir.

We

have assumed that the atoms in the cell are stationary so
that the width of the atomic response curves, T, is determined by the natural width of the excited level and T < DJ .
The width and shift of the ground-state energy levels are
then obviously proportional to the intensity of the incident
light. The variation of 6F and 6£ with the angular frequency separation (to -ui ) may also be simply predicted.
Since A to is large compared with T, we see that ST will have
the same shape as U(to) and will reach a maximum value when
to =o) . On the other hand, 6S is zero by reason of symmetry
p my
'
'
'
when a) =to
and increases with (to -to ) , eventually reaching
a maximum when C^^""™ ) * Au . As a function of (to -to )
the light-shift operator should be asymmetric like the
atomic dispersion curve.
This difference in behaviour between 6F and 5£
suggests that these quantities can be associated with two
different kinds of radiative transitions.
6T reaches a maximum when to =to

For instance

, at which point photons

in the light beam can be absorbed by an atom. The atom makes
a real transition between two energy levels and the total
energy is conserved in the atom-photon system. By contrast,
6£ reaches a maximum when u -to *» A to and real absorption
r
p mp
p
can no longer occur since energy would not be conserved.
However, because of the uncertainty relation AE At « h , the
atom can make a virtual transition, the effect of which is
to slightly modify the energy level of the atomic ground
state.
The effect of these real and virtual transitions on
the propagation of light through the medium has been known
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Fig.17.17, Evaluation of the broadening and shift of atomic
levels due to optical excitation, (a) The integral for the absorption operator, 6F.(b) The integral for the light shift
operator 6a , The operators ST and 6& are proportional to the
folding integrals of the plotted functions. (After CohenTannoudji and Kastler (1966).)
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for a long time.
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The real transitions account for ab-

sorption or attenuation of the light beam and the virtual
transitions, in which the propagation of a photon is instantaneously arrested, account for the reduction in the
velocity of propagation. Since the real and imaginary parts
of the refractive index of the medium are determined by the
complex atomic polarizability of equation (17.59), this
discussion should have made it clear that the shift and
broadening of atomic energy levels are simply the complementary aspect of the interaction of light and matter observed
from the atom's point of view instead of from that of the
photon.
(b) Experimental verification of light shifts in optical
pumping experiments.

The displacement of atomic energy

levels by light was first observed experimentally by CohenTannoudj i (1961) in optical pumping experiments on ground
199
state
Hg atoms. The shift in the magnetic resonance signal M = - ->• M = is shown in Fig. 17.18. The centre

Fig.17.18.

Experimental proof of the shift of the line centre of the nuclear magnetic resonance signal in
19 9Hg induced by virtual optical transitions.
(After Cohen-Tannoudji and Kastler (1966).)
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curve gives the results obtained under ordinary optical
pumping conditions using circularly-polarized light from a
199
Hg lamp. The curves on either side show the effect of
simultaneously irradiating the pumping cell with either a
201
or a polarized light from a
Hg lamp. This isotope was
selected since one of the hyperfine components emitted by the
Hg lamp is about a Doppler width away from the F=-*- com199
9
ponent of the
Hg 2537 A resonance line. The use of
circularly-polarized light ensures that in the first case
only theMT = ' 7 sub-level is shifted by the virtual
transitions while in the second case only the M-, = i sublevel is displaced.
To measure the shift in the resonance frequency as a
function of w -w , the 201Hg lamp was removed and the pre199
viously symmetric profile of the
Hg lamp was distorted
by passing the light through a magnetically-scanned absorp198
tion cell containing
Hg. The results shown in Fig.17.19

Fig.17.19.

Frequency dependence of the light shift due to
virtual optical transitions. The shift is proportional to the refractive index of the vapour.
(After Cohen-Tannoudji and Kastler-(1966).)
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clearly demonstrate that 6& varies as a dispersion curve
in complete agreement with the theory.
Additional contributions to the shift in atomic energy
levels by light come from the circulation' of coherence in
the optical pumping cycle and are described theoretically by
generalizations of equation (17.39). Although the shifts involved in all these experiments are usually less than 10 Hz
and are small compared with the Zeeman resonance frequencies
of 1-100 kHz, nevertheless they are significant in precision
experiments. Systematic errors can be avoided by extrapolating the resonance frequency measurements to zero intensity of the optical pumping lamp. Considerably larger
energy level shifts have been observed by Aleksandrov et al.
(1966) and Bonch-Bruevich et al. (1966) using high power
lasers, but the experimental and theoretical analysis of
this phenomenon is still far from complete.
Ppoblems
17.1. In an optical pumping experiment the polarization of
the atoms in the cell is zero when the pumping lamp
is switched on at t=0. Show, by direct substitution
in equation (17.8), or otherwise, that the approach
to the equilibrium polarization is given by equation
(17.9).
17.2. The flux of circularly-polarized radiation in the D-,
resonance line incident on an optical pumping cell
from a conventional sodium lamp is measured as
8-12 x io14 photons cm" 2 s'1. The linewidth of the V^
line is found to be 10
Hz, which is about 20 times
the Doppler width of the atomic absorption line in the
cell. By using equations (9.50) and (9.51) and assuming
that the absorption oscillator strength for a polarized
radiation is 1/6, show that the mean photon absorption
rate per atom, 1/T' is equal to 3-59 x 10 s"1. If
P
-4
the longitudinal relaxation time T^ is 1 - 5 x 10
s,
show that the maximum polarization attainable is only
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The use of microwave lamps enables the

pumping time to be reduced by a factor of 10 and in
this case the equilibrium polarization would approach
35 per cent.
17.3. An optical pumping cell, 5 cm in diameter, is filled
with
Cs vapour. Show that the mean thermal velocity
4
-1
of the atoms at 300 K is 2-18 x 10 cm s
and hence
that the mean time between two collisions with the
-4
walls is approximately 2 x 10
s.
17.4. Using the techniques developed in Problem 7.10,
separate the diffusion equation

in spherical polar coordinates, (r,6,<j>).

Hence show

that the spherically-symmetric solutions are given by

where A and k are arbitrary constants.

If the density

of oriented atoms is finite at the centre of a spherical
optical pumping cell and is zero at the cell walls,
show that the decay rate of the lowest-order diffusion
mode is correctly given by equation (17.15).
17.5. The microwave transition between the ground-state hyperfine levels of 87Rb occurs at 6835 MHz. Show that the
Doppler width of this transition at 300 K is
Aw
5-71 x 10 s" . If, instead of moving
,, , =
freely, the radiating atoms are constrained to
oscillate about their mean positions with simple harmonic motion of frequency f/2ir and amplitude L, show
that the emitted wave is frequency modulated.

By

qualitative arguments show that the line width of the
radiation is given approximately by equation (17.17).
Assuming a gas kinetic collision cross-section of
1-08 x 10"
cm , estimate the factor by which the
Q "7
Doppler width of the
Rb microwave line is reduced
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in a cell containing a buffer gas at a pressure of
50 Torr.

17.6. The gyromagnetic ratio of the proton in a spherical
water sample, Y = gj V g A > has been determined to be
(2-67513 ± 0-00001) x 1Q8 (sT)"1. By combining this
or
value with the gyromagnetic ratios gj( Rb)/g(e);
87
85
87
gj( Rb)/gj( Rb) , and gj( Rb)/g[(p) given in Table
17.3, show that these lead to the result

Hence, using the theoretical quantum-electrodynaroical
value of g(e)/2 = 1-001 159 6, obtain a value for e/m
and compare your result with the currently recommended
value.

17.7. Using the selection rules for a polarized radiation
and equations (17.34) - (17.37), show that the de199
population pumping term for
Hg atoms illuminated
o
with the F=l/2 component of the 2537 A line is given

by

By equating the rate at which atoms enter and leave
the F=y , Mp=y sub-level of the excited state, and
using the relative transition probabilities indicated
in Fig. 17.1, show that the repopulation pumping term
is given by

17.8. Show that the matrix of the effective Hamiltonian
operator, equation (17.51), is given by
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Hence show that in the absence of pumping and relaxation terms the time evolution in the rotating frame
is given by

Finally, introducing the detailed expressions for the
pumping terms into equation (17.50), write out the
complete differential equation for each component of
the density matrix. Using equations (17.53) and (17.54)
show that this set of linear differential equations may
be reduced to the form given by equation (17.55).
17.9. Optical pumping experiments in which there is no
applied r.f. magnetic field are described by setting
u-, = 0 in equation (17.55).

Show that the transient

signal observed under the action of the pumping light
alone is determined by

This reduces to equation (17.9) when the initial magnetization M Z (0) is zero.
17.10.At resonance, U)T =wn in equation (17.55).
Li

U

Show that in

this situation the x-component of the sample magnetization in the rotating frame decays exponentially with
the time-constant T_.
Show also that on resonance, M
solutions of the equation

is given by the
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, prove that M (t) oscillates

sinusoidally at the angular frequency u, and is exponentially damped with the time constant

in agreement with equation (17.26).
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18
The hyperfine structure of atoms and its
investigation by magnetic resonance methods
When an optical spectral line is isolated and examined under
high resolution it is usually found to consist of a partially resolved blend of many different components lying
within 10" - 1 cm" of the line centre. This complex of
components is generally the result of two quite different
effects: isotope shift and hyperfine structure. As we have
already noted several times in Chapters 15-17, the centres
of gravity of the spectral lines emitted by different isotopes are displaced from one another by the effect of the
different masses and charge distributions of their nuclei.
Although isotope shifts contain valuable information about
some properties of the atomic nucleus, measurements of these
shifts by magnetic resonance techniques are impossible because the energy levels involved belong to two quite distinct atoms.

We shall therefore not discuss isotope shifts

any further but refer the reader to the review article by
Stacey (1966) for additional information. The effect can
be eliminated when it is experimentally undesirable by
using a source containing a single pure isotope of the
element of interest.
On the other hand when the spectra of each of the odd
isotopes of an element are examined in detail, it is found
that there is a residual structure known as the hyperfine
structure, Pauli (1924) suggested that this was due to a
magnetic moment jjj associated with an intrinsic nuclear spin
angular momentum of hl_. The interaction of the magnetic
moment of the nucleus with the magnetic field produced by
the valence electrons causes a small splitting of the energy
levels of an atom and provides the largest contribution to
the observed hyperfine structure.
The small scale of the hyperfine splittings and the
large Doppler width of spectral lines makes accurate
measurements by optical spectroscopy very difficult. Mag-
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netic dipole transitions, however, can be induced directly
between the different hyperfine-structure levels of a given
configuration and the precision of the measurements by radiofrequency spectroscopy is then generally limited only by the
natural width of the energy levels involved. This precision
can be extremely high for the ground states and long-lived
metastable states of free atoms, as we saw in Chapter 17.
Magnetic resonance measurements on both ground state
and excited levels of atoms yield values of the nuclear spin,
the nuclear magnetic moment, and of the nuclear electric
quadrupole moment. In this chapter we shall discuss the investigation of the hyperfine structure of atoms by the
optical pumping, atomic beam, and optical double-resonance
techniques. Although the data obtained are of fundamental
interest, the application of these techniques to the construction of atomic clocks and maser oscillators is perhaps
of more practical importance. Before moving on to the discussion of these topics, we briefly outline the basic theory
of atomic hyperfine structure and the associated Zeeman
effect closely following the more detailed account given in
Woodgate (1970) .
18.1. Theory of hyper fine structure
18.1.1. Magnetic dipole interaction. We consider first the
interaction of the nuclear magnetic moment jjj with the magnetic field J! , (0) produced at the nucleus by the valence
electrons. Consideration of the classical energy of orientation in the field allows the Hamiltonian describing the
interaction to be written in the form:

We assume that this term can be treated as a small perturbation when compared with the zeroth-order Hamiltonian,
3C,, , which describes the central electrostatic field of the
atom, the repulsion between electrons, and the spin-orbit
interaction. We need therefore only consider the effect of
3C, on the states labelled by the quantum numbers (y LSJ) . It
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follows that J and I are good quantum numbers and that the
nuclear magnetic moment may be written in the form

where gj is the nuclear g-factor and y

= eh/2M is the

nuclear magneton which depends on the proton mass, M.

The

nuclear magnetic moment of the atom, PJ, is defined as the
largest observable component of ]£-,-:

Two points should be noted in connection with equation (18.2):
firstly, the sign adopted in this equation differs from that
of the corresponding equation (3.85) for electronic magnetic
moments because the nucleus is positively charged; and secondly, nuclear magnetic moments are typically two thousand
times smaller than atomic magnetic moments since
yn/Ug = m/M * 1/1836. The nuclear g-factor, which is of
the order of unity, takes account of the way the resultant
nuclear moment is built up from the magnetic moments of individual nucleons. It therefore contains information about
the detailed internal structure of the nucleus.
Since the magnetic field at the nucleus, 13 ,(0),
is determined by the motion of the atomic electrons it follows
that equation (18.1) may be rewritten as

where Aj is called the magnetic hyperfine structure constant
and is the quantity which is determined directly from experimental measurements. For a hydrogenic atom, or an atom
with just one electron outside closed shells, B .,(0) and J
—e -L
—
are antiparallel and the constant Aj will be positive if
the nucleus has a positive value of gj. The magnetic field
at the nucleus will be zero for atoms with closed sub-shells
and will be largest for those atoms with electrons in penetrating orbits. We would therefore expect to observe the
largest hyperfine splitting in atoms with unpaired s-electrons,
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e.g. hydrogen and the alkalis.
It can be shown that, of the possible higher-order
multipole moments, the nuclear magnetic moments of even
order vanish because of symmetry requirements with respect
to the nuclear equatorial plane. The next non-vanishing
moment, the nuclear magnetic octupole moment, is very small
and-will be ignored here.
18.1.2. Electric quadrupole interaction. Although the magnetic dipole interaction is responsible for the largest
contribution to the observed hyperfine structure, the finite
extent of the nuclear electric charge distribution is also
significant in many cases. We therefore consider the electrostatic interaction between a proton at the point r and
"•"•IT

an electron at the point _r , given by

where the origin is taken as the centre of mass of the
nucleus. To account for the finite extent of the nuclear
charge distribution, we assume r > r and expand equation
(18.4) in ascending powers of r /r , giving

where Pk(coseen) is the Legendre polynomial of order k and

en is tne anSle between _re and £n shown in Fig. 18.1.
The first term in the summation of equation (18.5)
represents a monopole interaction and when summed over all
the protons and electrons gives the familiar Coulomb interaction
The second term represents a nuclear electric dipole interaction which, by the application
of parity and time-reversal symmetry arguments, can be
shown to be identically zero, as are the higher electric
multipole moments of odd order. Finally the term with k=2
corresponds to an electric quadrupole interaction as we
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Fig. 18.1. Definition of the angles (9 ,()> ) for a proton
charge +e and of (6 , cj> ) for an electron of charge
-e , together with the angle 9
r and r .
en between —e
shall now demonstrate. We complete the separation of electric
and nuclear coordinates in equation (18.5) by applying the
spherical harmonic addition theorem:

qt
h component of the spherical harwhere Y^ (6,(j>) is the
monic of order k and the spherical polar coordinates (9,<j>)
are defined with respect to an arbitrary z-axis fixed in
space (see Fig.18.1).
then becomes

The electric quadrupole interaction
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When summed over all the protons and electrons, this equation
gives the complete nuclear electric quadrupole interaction.
We observe that it has the form of the scalar product of a
nuclear electric quadrupole tensor and an electric field
gradient tensor, each of rank two.
The expression given in equation (18.7) may be simplified by defining the nuclear electric quadrupole moment Q
as

where the summation extends over all the protons in the
nucleus (Problem 18.1). In the same way the electronic part
of equation (18.7) may be simplified by introducing the
average field gradient at the nucleus defined by

where the summation is now over the valence electrons of the
atom. Using equation (18.8) and (18.9), it can be shown that
the electric quadrupole interaction can be written in the
form
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where B T is the electric quadrupole interaction constant
d e f i n e d by
J

Hyperfine structure measurements on free atoms enable
the values of B T to be determined experimentally. However,
J
the nuclear electric quadrupole moment can then only be
calculated if theoretical estimates of the field gradient
exist. Since the values of
are seldom known to
an accuracy of better then 25 per cent, precise values of
the electric quadrupole moments have only been determined
in a few special cases. Finally we note that the quadrupole
moment Q is positive if the nuclear charge distribution is
elongated along the direction of the nuclear spin I_ (prolate)
and is negative if the distribution is flattened in this
direction (oblate).
18.1.3. Hyperfine structure Hamiltonian. The energy of an
atom with finite nuclear spin in a uniform external magnetic
field _B is then determined by the sum of the zeroth-order
Hamiltonian Jf» and the hyperfine structure Hamiltonian:

The third and fourth terms in this equation represent the
interaction of the electronic and nuclear magnetic moments
with the external magnetic field, the difference in sign
arising from the difference in the conventions used in defining gj and g, as noted above. The interaction constant
Bj is identically zero if 1=0 or •=-, for the nuclear charge
distribution is spherically symmetric in these cases: similarly B T is also zero if J=0, •*• for then the electron charge
distribution is spherically symmetric and < 3 2V /3z2 > vanishes,
It follows that, even when the nucleus possesses a finite
quadrupole moment, this cannot be detected by measurements
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on the ground states of elements of groups I, II, or III of
the periodic table. The information obtained by optical
pumping and atomic beam methods is therefore incomplete and
this provided one of the major incentives for the development of the optical double-resonance technique, for states
with J > y can then be investigated.
18.1.4. Hyperfine structure in zero magnetic field.

In the

absence of nuclear magnetic dipole or electric quadrupole
interactions the zeroth-order wavefunctions |YJIM T M T > are
J 1
(21+1)(2J+1)-fold degenerate in the nuclear and electronic
magnetic quantum numbers. To evaluate the energy shift
arising from the hyperfine interaction in zero magnetic
field, we take linear combinations of the functions
|YJIMjMj> to form new zeroth-order wavefunctions |yJIFMp>
for which the total angular momentum F and the projection
Mp=Mj+M-r are good quantum numbers. On the vector model the
magnetic interaction A T I.J may be imagined to cause I and
j — —
—
J to precess rapidly about the resultant total angular
momentum

The energy of a particular hyperfine level is then given
by

where E T is the energy of the fine-structure multiplet
j
level with total electronic angular momentum quantum number
J, and K is given by

From equation (18.14) we see that the magnetic and
electric interaction between the nucleus and the orbital
electrons splits a given fine-structure level into a hyper-
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fine-structure multiplet.

The number of levels produced is

equal to the number of possible orientations of the angular
momentum vectors I_ and J, i.e. 21+1 if J > I and 2J + 1 if
I > J.

Although the quadrupole term vanishes identically

in only a few cases, it has generally been found to be small
compared with the magnetic dipole term. Thus, in the limit
Bj < A,, we find that there is an exact analogy between the
magnetic interactions giving rise to fine structure on the
one hand and hyperfine structure on the other, the quantum
numbers (L,S,J) being replaced by the quantum numbers (J,I,F)
respectively. From equations (18.14) and (18.15) it follows
that in the limit Bj < A-, there is a hyperfine-structure
interval rule (Problem 18.2):

corresponding to the interval rule for fine structure derived
in section 3.9.5.
A consideration of the additional energy shift produced when BJT is finite shows that each hyperfine level is
affected in a different way and this upsets the interval
rule.
Na

23

For the case of nuclear spin 1=3/2, which applies to

, K 39 , Rb 87 , Hg201 amongst others, the zero-field hyper-

fine splittings are predicted to have the following values
(Problem 18.31:

It follows that in the state J=3/2, the order of the hyperfine levels depends critically on the sign and magnitude of
the ratio Aj/Bj.
18.1.5. Zeeman effect in weak magnetic field.
fields of less than 10

In magnetic

T the condition gjPgB < Aj is usually
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satisfied and the nuclear spin I_ and the electronic angular
momentum J_ remain strongly coupled. However, the third and
fourth terms in equation (18.12) introduce an extra energy,
Epjyjp, which must be added to that given by equation (18.14).
Using the techniques developed in section 3.9.6 we find that

where g p is the effective g-value given by

and the magnetic quantum number M_ takes the 2F+1 values
F, F-l,
, -F. The interaction with the external
magnetic field therefore removes the previously existing
(2F+l)-fold degeneracy of each hyperfine level |yJIF> and
causes the vector F_ to precess about the field direction at
the Larmor angular frequence w, = gpiaRB/h, as shown in
Fig..l8.2.
In equation (18.18) the factor g-.m/M is three orders
of magnitude smaller than gj and can often be neglected,
especially in experiments involving excited atoms. We are
then ignoring the direct interaction of the nuclear magnetic moment with the laboratory field while retaining its
interaction with the -internal atomic field, the effects of
which are described by the first term in equation (18.18).
18.1.6. Zeeman effect in strong magnetic fields.

In the

Zeeman splitting of fine-structure levels it is rare to find
a case in which the applied field is sufficiently large that
L_ and S^ are completely decoupled and the Paschen-Back effect
observed.

On the other hand, in hyperfine levels where the

largest values of Aj/h have typical values of 1000 MHz, then
a field of only 0-1 T must be considered quite strong. In the
high field limit gr^g55 ^A T > the complete hyperfine
tonian'is evaluated in the uncoupled representation yJIMjlO
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Fig.18.2. Vector model for the atomic magnetic moment jj
showing the projections first on the direction of
F_ and then on the z-axis. The interaction between
I.JT and the external field is neglected.
and the energy obtained using first-order perturbation theory
is given by

The first term in this equation represents the Zeeman
splitting of the multiplet level characterized by the
quantum number J while the third term causes each Zeeman
sub-level Mj to be further sub-divided into (21+1) hyperfine
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Zeeman levels corresponding to the different possible values
of M-,. For any Zeeman level the transition from weak to
strong field takes place in such a way that the magnetic
quantum number M is preserved. In weak fields M is
identical with the quantum number Mp, and in strong fields
we have M = M, + M,..
18.1.7. Zeeman effect in intermediate fields. In intermediate fields all the matrix elements of the hyperfine
interaction, -K^pg > must be evaluated and the energy levels
obtained by the solution of the secular equation. For
large values of I and J this is a task best left to a
computer, but if I or J does not exceed -j then no equation
of order higher than quadratic is involved. The solution
for J=l/2 and arbitrary values of I is important because it
applies to the S, ,_ ground states of hydrogen and all the
alkalis. The result is the well-known Breit-Rabi formula
(Problem 18.4) :

where

is the energy separation between

the levels

in zero magnetic field,
and the dimensionless parameter x is given by

In equation (18.20) the plus sign is to be used for states
originating from the zero-field hyperfine level F=I + -i and
1
the minus sign for states originating from F=I - -~.
In
many ground-state magnetic resonance experiments the precision is such that intermediate coupling and formulae
like equation (18.20) provide the only satisfactory basis in
which to analyse the observed resonance frequencies.
The quadrupole interaction vanishes for J = -^ so that
the Breit-Rabi formula gives an exact description of the
hyperfine structure, in this case. If the small term g,. y BM is
omitted, a universal plot can be made of E^ ^ as a function
J

-L
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of the parameter x, which is in turn proportional to the
applied magnetic field IB.

Such a plot is shown in Fig.18.3

for an atom having J = •» and I = •*• and a further example is
shown in Fig.18.14. The construction of additional diagrams
is left as an exercise for the student (Problem 18.5). It

Fig.18.3. A plot of the B r e i t - R a b i formula for the case
I = -|. The abscissa is given by
x = (gj + gjm/M) y B B/hv H pg where hv^pg is the
energy difference between the levels F=2 and F=l
in zero field.
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is useful to remember that M remains a good quantum number
in intermediate fields, states for which M = Mp in low
fields, going over into states with M C| = M Tj.+M(JT in strong
fields.
18.1.8. Selection rules for magnetic dipole transitions.

In

the following sections we shall be mainly interested in magnetic dipole transitions induced between the different hyperfine sub-levels by a time-dependent magnetic field B^(t).
The effect of this field on the atoms may be calculated using
the techniques described in section 9.3, provided only that
the perturbation operator X,1 = -p.E(t) is replaced by the
i
-operator 3C, = -y/. 13, (t) . For a magnetic field of amplitude
B, rotating in the x-y plane at the angular frequency con we
have

where y + = ux ± ipy • If the small nuclear contribution is
ignored, the atomic magnetic moment may be taken as
]j s jj

= -gjiJ-n J_.

Then we see, from equation (9.35), that

the transition probability for the induced emission or absorption of magnetic dipole radiation depends on the matrix
elements of the perturbation operator, equation (18.22),
taken between the states involved. In a weak magnetic
field 15 the states are correctly expressed in the coupled
representation

yJIFMp) > while in strong external fields the

uncoupled representation lyJIMjMj) is more appropriate. By
applying the general considerations discussed in Chapters 5
and 7, the selection rules for magnetic dipole transitions
may be obtained and are listed in the second column of
Table 18.1.
These transitions are labelled ir since the
polarization vector of the electric field associated with
I3-, (t) is, in this case, parallel to the axis of quantization.
On the other hand, when the time-dependent field B^ft) has a
corrroonent narallel to Oz, the transitions in Table 18.1
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TABLE 18.1

Selection pules for magnetic dipole transitions between
hyperfine levels belonging to states with the
same electronic angular momentum J
Static magnetic

7r-polarization

field
B

(B1 i B)

Weak

Mp = ± 1

Weak

F

= 0,

a-polarization
(B1 II B)
Mp = 0

± 1

F

= ± 1

Strong

Mj = ± 1

MJ = °

Strong

Mj = 0

MJ = o

labelled 'a-polarization' may be induced.

The relative in-

tensities of the different resonance lines may be obtained
from the matrix elements given in Table 5.1

provided that

the substitutions (j ,m) •+ (F,Mp) and £ ->- _u are made.
Additional transitions satisfying the selection
rules

are possible if the interaction of .B^t) with the nuclear
magnetic moment is included. However, these will generally
be too weak to be observable unless the amplitude of the r.f.
field is increased by a factor of the order of y T /y T * 103.
J 1
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18-.2. Investigation of hyper fine structure of ground-state
atoms by optical pumping

Fig.18.4. Effect of hyperfine structure on the optical
pumping cycle.
(a) Hyperfine structure of the 5 sj/2 anci 5 Pl/2
levels of
Rb. (b) Zeeman structure of the
transitions excited by a polarized light from the
hyperfine level F=l of the ground state of
b5 2Sb1/2.

Q *7

Rb,
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18.2.1. Effect of hyperfine structure on efficiency of
pumping cycle.

As an example of the effect of hyperfine

structure on the optical pumping process, we consider the
87
^
case of
Rb which has a nuclear spin I =7 . The electronic
2
ground state 5 S, ,~, which we previously assumed to consist
of a single level, is in reality split into the two hyperfine
levels F=l and F=2 shown in Fig.l8.4(a). The excited state
5 P, /2 also consists of two hyperfine levels with the same
values of F but separated by a much smaller interval than
those of the ground state. In a weak magnetic field, the
selection rules for electric dipole transitions between these
hyperfine levels of opposite parity are the same as those
for the (JM,) quantum numbers:

and

Consequently when an optical pumping cell filled with

87
Rb

is illuminated with a circularly-polarized D, radiation
from a rubidium resonance lamp, all the transitions shown
in Fig.l8.4(b) will be excited for those atoms in the F»l
level of the ground state. The transitions for atoms in the
F=2 hyperfine ground-state level are even more complex and
are not shown for this reason. We see that there are many
more states involved than in the case shown in Fig.17.1,
where the effect of nuclear spin was ignored, and that the
transition probabilities of the different decay routes are
also more nearly equal.

The net result is that hyperfine

structure makes the Zeeman pumping process much less efficient.
This point is discussed in more detail in early papers by
Hawkins (1955) and Franzen and Emslie (1957).
However, with irradiation by a polarized light there
is still a tendency for atoms to be transferred from states
of low values of Mp to states of higher values of M p , and
eventually a steady state is reached in which the populations
of the ground-state sub-levels are related by:
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F=l
F=2

Nl > N0 > N-l
N 2 > N 1 > NQ > N_ 1 > N _ 2 .

Illumination of the cell with a~ polarized light reverses
the sense of the atomic polarization and pumping with
linearly-polarized a radiation transfers the atomic population symmetrically towards states of higher )MF| values
and results in alignment rather than orientation of the
s amp1e.
or

07

18.2.2. Zeeman magnetic resonance in
Rb and
Rb. Th e s e
differences of population created between hyperfine Zeeman
sub-levels enable magnetic resonance signals to be observed in optical pumping experiments. As an example we
now consider the low frequency Zeeman transitions, AF=0,
AMp = ±1, in an optical pumping cell containing a natural
Or
oy
mixture of the two rubidium isotopes,
Rb and
Rb. The
basic properties of these isotopes are listed in Table 18.2
along with those of other alkali atoms required later in
this chapter.
TABLE 18.2
Basic atomic parameters of alkali atoms
Natural
Atom

abundance

I

(per cent)
6

Li

7

Li

23

Na

39K
41

K

85

Rb

87

Rb

133

Cs

V
I
(nuclear

magnetons)

V

HFS

(MHz)

1

0-8220

228-2

92-5

3/2

3-2564

803-5

100

3/2

2-2176

1772

93-2

3/2

0-3914

461-7

6-8

3/2

0-2148

254-0

72-2

5/2

1-3527

3036

27-8

3/2

2-7506

6835

100

7/2

2-579

9193

7-5
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(a) Resonances observed in low- resolution experiments.

When

the optical pumping cell is prepared without a wall coating
and contains no buffer gas, the magnetic resonance signals
have a line width of 10-20 kHz. The resolution is then relatively low and at fields of the order of 1 G = 10" T only
two resonance signals are observed, as shown schematically
in Fig. 18. 5 (a).

The reason for this is as follows:

in low

fields the Zeeroan splitting is described by the hyperfine
Lande g-factor, equation (18.18), which may be written
approximately as

Since the ground-state hyperfine levels of a particular
rubidium isotope are given by F=I ± -j, we find that equation
(18.24) leads to identical g-values, differing in sign:

Thus, in this approximation, the magnetic resonance transitions AMp = ±1 between the hyperfine levels of a given
isotope all occur at the same value of the static field 13
determined by

where cJ0/2ir is the frequency of the r.f. field. In this
rubidium optical pumping experiment the observation of two
well-resolved resonances is just due to the presence in the
cell of two isotopes having different values of the nuclear
spin I. From equation (18.26) it follows that these low-field
Zeeman resonances provide a simple means of determining the
nuclear spin I provided that the Lands' factor g T is known,
which is usually the case. In a fixed field of 1 G the resonances in rubidium occur at the frequencies uin/2Tr given
by
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Fig.18.5. Schematic diagram showing the effect of hyperfine
structure on optical pumping magnetic resonance experiments in rubidium vapour,
(a) Signal observed with uncoated cell filled with
or
Q "7
natural isotopic mixture of
Rb and
Rb; lowresolution experiment.

(b) Signal observed with
o7

coated or buffered cells containing
Rb only;
moderate-resolution experiment.
(c) Signal observed with coated or buffered cell in a uniform
O -7
magnetic field; high-resolution experiment on
Rb.
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and it is then a straightforward exercise (Problem
to show that

or

Rb and

o7
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18.6)

Rb have nuclear spins of 1=5/2 and

3/2 respectively.
(b) Resonances observed in medium- resolution experiments.
When the width of the magnetic resonance signals is reduced
to » 200 Hz by the use of suitably coated or buffered optical
pumping cells, it is found that each of the broad resonances
discussed in the previous section is resolved into two
separate signals, as shown in Fig.l8.5(b) for the case of
87
Rb . Now we can no longer ignore the term in equation
(18.18) which involves the nuclear g-factor, g T , and we find
-i
Jthat the hyperfine levels F=I ± •*• belonging to a given isotope have slightly different effective g-factors, gp.

In a

fixed magnetic field B the resonance frequencies are given
by

and

85
87
In
Rb and
Rb these resonances are separated by 824-9 Hz
and 2796-1 Hz respectively in a field of 1 G. From these
splittings of the low-field Zeeman resonances, approximate

values of the nuclear magnetic moments may be determined
(Problem 18.7) and the results compared with those given in
Table 18.2.
(c) Resonances observed in high-resolution experiments.

In

optical pumping experiments with rubidium it is possible to
reduce the magnetic resonance linewidth still further by
careful design of the magnetic field coils and preparation
of the optical pumping cell.

When Av-,/ 2 < 20 Hz it is found

that all the different transitions, AF=0, AM- = ±1 , within
a single Zeeman multiplet are well resolved even in fields
as low as 1 G, as shown in Fig. 18. 5 (c). We are now observing the very first effects of the decoupling of the nuclear
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and electronic angular momenta which occurs at high fields.
The Zeeman sub-levels for a given total angular momentum
quantum number F are no longer equally spaced, as Fig.18.3
clearly demonstrates, and consequently each of the composite
resonances observed in the case of moderate linewidth is
resolved into 2F separate resonance signals.

By expanding

the last term in equation (18.20) for the case of small
magnetic fields, gjUBB

< A J t it can be shown (Problem 18.8)

that each resonance is separated from the next by an amount

In

oc

Rb and

07
0/

Rb Av n has the values of 144 Hz and 143 Hz
-4
T, and from this information

respectively in a field of 10

very approximate values of the zero-field hyperfine separation hvpjpg can be calculated.
The hyperfine separations and the hyperfine structure
constants A, ,~ can be determined much more accurately either
by increasing the magnetic field B and following the AF=0
resonances into the intermediate field region, or more
directly by studying the AF= ±1 transitions between the
different hyperfine levels as we shall now describe.
18.3. Hyperfine pumping and the measurement of v ' _ c .
or' o

18.3.1. Hyperfine pumping.

As we emphasized in Chapter 17,

optical pumping was initially developed to produce differences
of populations among the Zeeman sub-levels of the ground state.
When this state also possesses hyperfine structure, a detailed analysis of the pumping process shows that there is
simultaneously a tendency to concentrate atoms in the upper
hyperfine level when a

polarized light is used.

However,

if the atoms are illuminated by a beam of radiation containing all the hyperfine components of the resonance line
this hyperfine pumping is very inefficient, and the population differences created between levels with different values
of F are always rather small owing to the rapidity of the
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competing relaxation processes.
Much larger differences of populations between the
different hyperfine levels can be created by suitably
altering the relative intensities of the hyperfine components of the pumping lamp. Since these components are
very close together conventional interference filters cannot
be used, but fortunately in many cases the natural displacement between the resonance lines of different isotopes
of an element enables selective light sources to be constructed. This is especially true in mercury, as shown
by Table 16.1, and in the case of rubidium which we consider
now.
The energy levels and hyperfine structure of D,1 reo
-sonance line of rubidium at 7947 A are shown in Fig. 18. 6 for
or
o "7
the naturally occurring isotopes
Rb and
Rb. The hyperfine intervals in the excited state 5 P - i o ARE small compared with the Doppler width and the resonance line of
each isotope consists of only two components labelled A, B
or
o7
for
Rb and a, b for
Rb . The relative positions of these
components are shown in Fig. 18. 6 (b). Components A and a are
nearly coincident and overlap because of Doppler broadening,
while components B and b are well resolved. Hyperfine
pumping is now possible with a number of different combinations of isotopically separated lamps, filters, and
pumping cells.
For instance, if a cell containing 8 7Rb is illuminated
8S
with light from a
Rb lamp only the component A will be
absorbed, pumping atoms from the upper hyperfine level F=2
of the ground state. The population of the hyperfine level
Q -7
F=2 of the
Rb atoms in the cell will decrease while the
population of the lower level F=l increases.
Alternatively if light from a 8 7Rb lamp is passed
or
through an absorption cell containing
Rb , only the b component of the lamp will be transmitted by the filter. When
this light is focussed into an optical pumping cell con87
taining
Rb atoms the b component preferentially pumps the
atoms from the F=l to the F=2 ground-state hyperfine level.
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Fig.18.6. Hyperfine structure of the D, resonance line
(5 2S1/2 - 5 2P1/2) of 85Rb and 87 Rb; (a) energy
levels; (b) hyperfine structure components of the
D, line.
In either case the resulting population difference enables
the hyperfine magnetic resonance transitions AF = ±1 to be
detected when microwave power at 6835 MHz is fed into the
optical pumping cell. Analagous techniques can be used to
achieve hyperfine pumping in the mercury isotopes
Hg as inspection of Table 16.1 reveals.

Hg and

18.5.2. Measurement of the hyperfine interval hv^ps* The
magnetic resonance transition AF = ±1, M p = 0 <*• Mp = 0 is
usually chosen for the measurement of the hyperfine interval
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hVpjpg since this particular transition depends on the magnetic field only through a second-order term which is very
small in weak fields. According to the Breit-Rabi formula,
equation (18.20), the frequency of this transition is given
by (Problem 18.9)

The frequencies of the nearest other hyperfine transitions
AF = 1, Mp = 0 «• Mp = ±1 are strongly field dependent:

and may be separated from the main (0,0) resonance by applying an external magnetic field of the order of 10" - 10
G.
In fact the frequency of these field-dependent transitions
can be used to make an exact evaluation of the quadratic
term in equation (18.29), thus leading to a precise measurement of v^pg. In these experiments the uncertainty in the
measured field values leads to a relative error in the determination of the hyperfine interval of Av n /v
= 10" ,
U Hr o
provided that the effects of the light and pressure shifts
discussed below are eliminated.
18.5.5. Pressure shifts of the hyperfine resonance lines.
As explained in section 17.4.3 buffer gases are used in
optical pumping cells not only to increase the efficiency
of the pumping cycle by increasing the relaxation time
but also to reduce the Doppler width of the microwave hyperfine transitions. Unfortunately detailed studies of the
AF=0, Mp = 0 «• Mp = 0 transitions have revealed that there
are also important shifts of the resonance frequency which
are proportional to the buffer gas pressure and which vary
with different gases, as shown in Fig.18.7. These shifts
are caused by collisions between paramagnetic alkali atoms
and the atoms of the diamagnetic buffer gas. Both positive
and negative frequency shifts occur because of the competing effects of the repulsive and attractive parts of the
interatomic force; the Pauli exchange repulsion tends to

TABLE 18.3
Comparison of measurements of ground-state hyperfine intervals by the optical
pumping and atomic beam magnetic resonance techniques

Atom

Nuclear
spin

I
X

2

Hyperfine interval vucc
Optical pumping^fa")
'
[MHz)

H

1420-405 749 (6)

H

327-384 349 (5)

f

Atomic beamA '
CMHz)

1420-405 73 (5)
327-384 302 (30)

3

H

6

Li

228-205 28

7

Li

803-504 04

23

39

Na

K

Reference

riro

1516-701 477 (6)

1771-626 2

(1)

461-719 690 (30)

1516-701 70

1771-631
461-719 71

(7)

(a)
(b)
(a)
(b)

Pipkin and Lambert (1962)
Kusch (1955)
Pipkin and Lambert (1962)
Kusch (1955)

(a) Pipkin and Lambert (1962)
(b) Prodell and Kusch (1957)

(10))
) (b) Schlect et al. (1962)
(50))
(2)

(a) Arditi (1960)
(b) Logan and Kusch (1951)

(15)

(a) Bloom and Carr (1960)
(b) Kusch and Hughes (1959)

40T

4

1285-790

(7)

(b) Eisinger et al. (1952)

3035-732 439 (5)

(b) Penselin et al. (1962)

6834-682 608 (7)

6834-682 614 (3)

(a) Bender et al. (1958)
(b) Penselin et al. (1962)

9192-6320 (5)

9192-631 770 (20) (a) Arditi and Carver (1958)
(b) Markowitz et al. (1958)

85 D,

Rb

87

Rb

133

LS

7

-jf

The numbers in parentheses indicate the uncertainty in the last digits of
each quoted value.
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Fig.18.7. Pressure shift of zero-field hyperfine resonance
line of
Cs for different buffer gases.
(After
Arditi and Carver (1961).)
increase the electron density at the nucleus resulting in an
increase in the hyperfine splitting, while the van der Waals
2 an<
attraction tends to reduce the value of |^(0)
3 produces
a negative contribution to the observed frequency shift.
This latter effect is proportional to the polarizability
of the buffer gas molecules and is predominant in Kr and Xe.
Thus, in addition to the extrapolation to zero intensity of the pumping light which must be made to eliminate
systematic errors due to the light shifts discussed in
section 17.9.7, a further extrapolation of the measured
hyperfine resonance frequencies to zero buffer-gas density
must be made. Zero-field hyperfine intervals measured by
the optical pumping method are listed in Table 18.3, together with a selection of the results obtained by the atomic
beam technique. Generally the optical pumping results are
more precise than the older atomic beam results. The table
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also includes values for hydrogen, deuterium, and tritium obtained by the spin-exchange magnetic resonance technique
discussed in sections 17.5.2 and 17.7.4. These results are
of particular importance because the magnetic interaction
constant Aj can be calculated with considerable accuracy
in a one-electron system, as we shall discuss later in
section 18.8.1. In rubidium the hyperfine frequency is of
considerable practical interest since the optical pumping
technique permits the design and construction of a simple
and compact atomic clock which is described in the following
section.
18.4. Optically pumped rubidium frequency standards
The rubidium hyperfine resonance fulfills three of the
requirements necessary for a frequency standard, namely a
linewidth which is narrow compared with the frequency of
the line, a transition frequency in the high r.f. range, and
a high signal-to-noise ratio. Following early development
work by Carpenter et al. (1960) and Packard and Swartz (1962),
compact optically-pumped frequency standards became available commercially and are now widely used, (Hellwig 1975).
A block diagram of a typical rubidium atomic clock is
Q "7
shown in Fig.18.8. The light from an
Rb lamp is passed
or
through an
Rb filter and is used to pump the hyperfine
87
levels of
Rb atoms in the cell. The cell is enclosed in
a microwave cavity which is in turn surrounded by a Mu-metal
shield which reduces the earth's magnetic field to «* 1 mG.
The microwave power required to induce the resonance is
obtained by multiplication of the output frequency of a
temperature stabilized, voltage tunable 5 MHz quartz oscillator. When the quartz oscillator is adjusted so that
the 1368
harmonic of the output frequency is close to
6835 MHz, magnetic dipole transitions are induced between
87
the hyperfine levels of the
Rb ground state. The optical
transmission monitoring technique is used to detect the magnetic resonance and to provide the input to the frequency
control servo system. By phase-modulation of the microwave
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87
Fig.18.8. Block diagram of optically pumped
Rb frequency
standard. (After Carpenter et al. (I960).)
power at a frequency of approximately 20 Hz, an error signal
is generated, as shown in Fig.18.9, whose amplitude and
phase are used to adjust the frequency of the quartz oscillator. Thus the quartz oscillator is servo-controlled to a
sub-harmonic of the atomic rubidium (0,0) hyperfine frequency.
When the whole device is carefully temperature stabilized, a frequency stability, Av/v, of 5 * 10
over periods
of a year has been demonstrated, and the degree of short-term
stability is even higher. However, it should be noted that
we quote stability rather than accuracy since the actual
operating frequency of each device depends on the composition and pressure of the buffer gas and on the illumination
conditions in the optical pumping cell, as explained in
sections 17.9.7 and 18.3. Provided that these conditions
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Fig.18.9. (a) Resonance signal showing the effect of low frequency phase-modulation of the microwave power;
87
(b) Amplitude of modulation of
Rb magnetic resonance signal as a function of microwave frequency.
The dispersion-shaped curve provides the necessary
frequency-error feed-back signal.
do not change, the frequency stability of the device is
assured and it can be used as a compact, light-weight secondary frequency standard or alternatively as an atomic clock.
At present the primary frequency standard is based on the
atomic beam technique which we study in the following
sections.
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18.5. The atomic beam magnetic resonance technique
The requirements for efficient optical pumping are
that an element must possess a spherically-symmetric
electronic ground state and a strong resonance line in the
visible or near ultraviolet spectral region. Few easily
vaporizable elements satisfy these conditions and consequently the investigation of ground-state hyperfine
structures by optical pumping methods has been rather
limited. A far greater number of results has been obtained
by the powerful atomic beam magnetic resonance technique
which we shall now discuss, albeit rather briefly. Fortunately all but the most recent developments of the subject are covered in detail in the splendid monograph by
Ramsey (1956).
18.5.1. Principle of the technique. This magnetic resonance
method, developed by Rabi et al. (1938) , is an extension
of the early atomic beam experiments performed by Stern
and Gerlach which, amongst other things, demonstrated the
existence of the spatial quantization of angular momentum
and the intrinsic spin of the electron. A beam of atoms
or molecules is formed, generally by heating the substance
of interest in an oven until the vapour pressure is about
10~ Torr. The atoms effuse through a fine slit and a
sequence of collimating apertures into a highly evacuated
enclosure, as shown in Fig.18.10. In the main chamber the
_7
pressure is of the order of 5 x 10
Torr and is sufficiently
low that most of the atoms travel the entire length of
the apparatus, 0-5 - 2-0 m, without suffering a collision.
At the end of the apparatus the beam of atoms is monitored
by either a surface ionization detector or a simple mass
spectrometer.
The beam is defined by means of a collimating slit
S, of the same width as the source and detector slits, which
is usually placed in the centre of the apparatus. In the
absence of perturbations the full beam intensity will only
be detected when the source, collimator, and detector slits
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Fig.18.10. Atomic beam magnetic resonance apparatus.

The

broken curves in the B magnet show the paths of
atoms which have undergone a magnetic dipole
transition in the field of the C magnet due to the
influence of the applied r.f. field.
are in line. However, between the source and the detector
the atoms pass through regions of inhomogeneous magnetic
fields labelled A and B in Fig.18.10.

Atoms which have

a permanent magnetic moment will be deflected by the transverse force that they experience in the region A and will
only pass through the collimator slit if the trajectory on
which they left the oven possesses the correct combination
of velocity v and angle of inclination 9 to the axis of the
apparatus. In the absence of the inhomogeneous field B
these

atoms would then miss the detector altogether.

How-

ever, when the field gradient in the B-region is opposite
to that in A and is adjusted to have the correct value,
the deflected beam will be refocussed at the detector. This
refocussing will only occur if the magnitude and orientation
of the atomic magnetic moment remain constant throughout the
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apparatus. The inhomogeneous fields therefore serve the
same purpose as the polarizer and analyser in the resonance
fluorescence experiments described in previous chapters.
We can now understand how the atomic beam technique
may be used to detect magnetic resonance transitions between
ground-state hyperfine sub-levels. In the region labelled
C in Fig.18.10 the atoms experience a uniform static field
13 and in addition a radio frequency field I!, which usually
rotates in the perpendicular plane at the angular frequency
WQ. At resonance, magnetic dipole transitions are induced
between the hyperfine sub-levels and the orientation of the
magnetic moments of a substantial number of the atoms will
have been altered before they leave the C-field region.
These atoms will not be refocussed at the detector in this
so-called 'flop-out' arrangement of the 'polarizer' and
'analyser' fields. Consequently when the detector current
is recorded as a function of UQ for a fixed value of B_,
a series of sharply defined minima will be observed. The
width of these magnetic resonance lines is often as narrow
as 300 Hz and permits very precise measurements of the
spins and magnetic moments of both atoms and nuclei. We
shall now discuss some aspects of the atomic beam apparatus
in more detail before considering the application of this
technique to hyperfine structure measurements in one-electron
atoms.
18.5.2. Details of the atomic beam apparatus.
(a) Deflection in inhomogeneous fields. The perturbation
experienced by a paramagnetic atom in a magnetic field B,
which we discussed in detail in section 18.1, may now be
regarded as an effective potential energy, E(B).
If the
field is non-uniform the atom or molecule will then experience a net force given by

The component of this force in the z-direction, transverse
to the axis of the apparatus, is
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This equation has the same form as the force experienced
by a constant magnetic dipole moment in a non-uniform field.
However, the effective magnetic moment defined by
\i ., = -3E/3B is generally field dependent. For the case
J=l/2, using the detailed expression of E(B) given in
equation (18.20), we have

The effective magnetic moment is plotted in Fig.18.11

Fig.18.11. Variation of the effective magnetic moment with
magnetic field. The nuclear magnetic moment is
assumed to be positive.
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for the case I = •=• and is clearly the negative slope of the
energy levels plotted in Fig.18.3.
The necessary inhomogeneous fields are created by
magnets with pole pieces in the shape of arcs of circles
of different radii, as shown in Fig.18.12(a).

These pole

Fig.18.12. (a) Cross section of the pole pieces of the A
and B magnets used in the atomic beam apparatus
of Fig.18.10. (b) Radio-frequency loop for
producing the rotating component of the timedependent field, B,.
pieces produce fields of

uniform magnitude and gradient

over the rectangular cross-sectional area traversed by the
beam. The deflection suffered by an atom as it passes
through a non-uniform field of length Z is obtained by inte
gration of the equation of motion Mz = F , giving

where M is the mass and v the velocity of the atom.
If the arrangement of all components of ^the apparatus
is symmetrical about the collimator slit C, the deflection
of an atom in the plane of the detector, a distance V beyond
the end of the B-field region, is given by
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The negative sign in equation (18.33) refers to the arrangement in which the field gradients in the A and B regions
are in opposite directions.

In this case all atoms which

have passed through the C-field region without making a
transition will be refocussed at the detector, independent
of their velocities. On the other hand, the gradients in
the A and B regions are often arranged to be in the same
direction. The deflections in the two magnets now reinforce
one another as the positive sign in equation (18.33) demonstrates and, in the absence of r.f. transitions, only a few
atoms which travel with very high velocities will reach the
detector. This 'flop-in' arrangement of the 'polarizer'
and 'analyser' fields has the advantage that the ratio of
signal to background is larger than in the 'flop-out'
arrangement discussed previously. In a compact apparatus
where I « V * 10 cm, fields of the order of 0-25 T with
gradients of 50 T m

are required to obtain atomic de-

flections of the order of a millimetre (Problem 18.10).
(b) Detectors. The atoms passing through the final slit are
usually detected by an ionization technique which, in the
case of the alkalis and other elements of low ionization
potential involves surface ionization on a heated tungsten
wire about 0-015 mm diameter. An atom such as potassium
(ionization potential 1 = 4 - 3 eV) striking the wire is
adsorbed on to the surface and has a certain probability of
releasing its valence electron to the tungsten metal (work
function <J> = 4• 5 eV). These atoms are re-evaporated as ions,
the ratio of ions to neutral atoms released per unit time
being given by

Provided that the work function of the tungsten wire is not
reduced by contamination of the surface, the detector efficiency, N /(N++N ), will be over 80 per cent in the case
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of potassium. The ions are drawn to a collector electrode
held at a negative potential and the detector current is
amplified and measured finally with a microammeter or
galvanometer.
For atoms with high ionization potentials the atomic
beam is usually ionized by electron bombardment and the ions
so formed are accelerated into a simple magnetic-deflection
mass spectrometer. Selective chopping of the atomic beam
with a mechanical shutter enables the ion signal of interest
to be separated from the mass spectrum of ions formed from
the background gas in the apparatus. The ions are usually
counted individually using an electron multiplier, the first
dynode of which produces secondary electrons when bombarded
with energetic ions. The number of atoms collected per unit
time is determined by the solid angle subtended by the
detector at the source slit and rarely exceeds 5 x 10 9 s -1
(c) Radio-frequency fields and the resonance line shape. In
the C-region the atoms experience a uniform field 15 in the
z-direction and a radio-frequency field of amplitude B,
which, for the moment, we assume to be rotating in the x-y
plane at the angular frequency ut,. This field is usually
created by feeding radio-frequency power into a conductor
bent in the shape of a U, as shown in Fig.18.12 (b) . An oscillating magnetic field 2B-,cosu>Qt is produced in the x-y
plane which can be decomposed into two counter-rotating
fields each of amplitude B,.
The observed signal is proportional to the magnetic
dipole transition probability, equation (16.18), which we
write as

where <o, = yB-, and T = AZ/v is the time that the atoms spend
in the r. f . field whose effective length is AZ. Here
u)T/2ir is to be interpreted as the frequency of any one of
J_j

the a l l o w e d t r a n s i t i o n s b e t w e e n the h y p e r f i n e Zeeman sub-levels

THE HYPERFINE STRUCTURE OF ATOMS

699

The resonance is a symmetrical bell-shaped curve which peaks
at the resonance frequency <i>n=u)T. The amplitude of the peak
signal is a maximum when the magnitude of the r.f. field
satisfies the condition OJ,T = IT, corresponding to a transition probability of unity for a mono-energetic beam of
atoms .
As the oscillator frequency is tuned off-resonance the
signal drops and, in the limit of low r.f. field strengths
u-, < (UL-WO) , the intensity is zero when (u),-o)n)T = ± 2-rr.
For a mono-energetic beam the half-width of the resonance
is given by Au^^ ~ 2irv/AZ., in accord with the uncertainty
principle, although when equation (18.34) is correctly
averaged over the velocity distribution of atoms in the
beam, the full width at half the peak intensity becomes

where

is the most probable velocity of atoms in the beam source.
In a simple apparatus the effective length of the r.f.
field would be about 3 cm, leading to a resonance linewidth
of approximately 15 kHz (Problem 18.11).
When the length of the r.f. loop is increased it is
usually found that the reduction in the width of the resonance is limited by inhomogeneities in the static magnetic field in the C-region. There are great practical
difficulties in producing a very homogeneous field but these
are avoided in the technique, introduced by Ramsey (1949),
in which two separate oscillating fields are used at either
end of an extended C-magnet. The resonance line shape,
shown in Fig.18.13, then has the appearance of a double-slit
diffraction pattern in which the centre frequency UQ/2ir
corresponds to the average processional frequency of the
atoms between the two Ramsey r.f. loops. The width of the
narrow central peak of the resonance is determined by the
separation L of the loops, while the width of the overall
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Fig.18.13. Transition probability as a function of frequency
for the Ramsey double-loop technique. The full
line is calculated near resonance, the dashed line
is calculated off resonance and the dotted line
is interpolated between these. (After Ramsey
(1956).)
signal is determined by the time v/AZ. spent in just one of
the r.f. field regions.
(d) Advantages of the atomic beam method. The atomic beam
magnetic resonance technique has several important advantages,
The atoms are essentially 'free' and are unperturbed by
collisions with other atoms, either in the beam or in the
background gas. The method has a high sensitivity and tiny.
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quantities of material are quite sufficient for most experiments. The method is applicable to most systems from
highly refractory materials like tungsten to radioactive
isotopes with half lives as short as 10 min. The technique
is also applicable to molecules and radio or microwave electric dipole transitions may be studied in addition to the
magnetic dipole transitions emphasized in this chapter.
Finally the precision of the method, v /Av, , is intrinsio
*j
cally very high, especially when the Ramsey double-loop
technique is used to induce the resonance.
18.6. Hyperfine structure investigations by the atomic beam
technique
The design of the A and B deflecting fields of a given
atomic beam apparatus determines which of the magnetic
dipole transitions occurring in the C-field region are
actually observable. If the field strength in the inhomogeneous regions is so high that I_ and J are decoupled,
then all states with the same value of Mj effectively have
the same value of u ,-r- The beam at the collimator slit
consists of (2J+1) components corresponding to the allowed
orientations of the atomic magnetic moment —J
p T , each component propagating at a slightly different angle to the
beam axis. In this situation only those transitions which
involve a change of M T can be observed. Thus for
3
potassium-39 , I = -j , in low C-field only one low-frequency
trans iti on

is observable, while of the high-frequency transitions,
that corresponding to

will be absent. The observed radio-frequency spectrum is
consequently simplified, although there is no overall loss
of information.
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However, if the beam intensity and detector efficiency
are high, the deflecting magnets of the apparatus can be
made longer and operated at lower fields corresponding to
the intermediate coupling situation. It is then apparent
from equation (18.32) and Fig.18.3 that any one of the
allowed transitions can be detected. Whatever the situation
in the A and B magnets, it should be noted that the magnetic
dipole transitions in the C-region can be induced over a
wide range of values of E, and for the sake of conciseness
we restrict ourselves to the particular cases of low and
high fields.
18.6.1. Measurements at low fields, g-rPgB < A,. The measurement of the frequencies of the AF=0, AMp= ±1 transitions in
low magnetic fields leads to an unambiguous determination
of the nuclear spin I, as equation (18.24) demonstrates.
Then, once the nuclear spin is known, the electronic Lande"
factor, g,, can be determined to high precision. In the
early atomic beam experiments there was, however, little
interest in accurate measurements of g T since it was presumed that, for the 2S, ,^ ground states of the atoms used
in most experiments, the magnetic moment would have the Dirac
value of exactly one Bohr magneton. Later, however, the
measurements of Kusch and Foley (1947, 1948) showed that the
electron spin g-factor is not exactly 2 but has the experimentally determined value of

Relativistic quantum-electrodynamic calculations then showed
that the anomalous electron g-factor is modified by the
vacuum fluctuations of the radiation field and should be
given by

Thus atomic beam experiments provide important information
about the value of the fine-structure constant a.
When the high-frequency transitions AF= ±1, AMp= ±1 are
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induced in a weak magnetic field, thex Zeeman pattern of the
hyperfine multiplet has the form shown in Fig.18.14.

Fig.18.14. The Zeeman pattern of the line |AF| = 1 of

In this

K

observed for very low amplitude of the r.f. field,
Only TT-polarized components of the line are observed. (After Kusch et al. (1940).)
experiment all possible 7r-polarized components of the line
are observable although two pairs of transitions are not in
fact resolved. From measurements of this type the hyperfine
separation, v^pg, in zero magnetic field can be calculated
with the aid of equations (18.14) and (18.17). A selection
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of the many values of vnr
u _ c obtained by the atomic beam
o
technique is included in Table 18.3.
There is excellent
agreement with the results obtained by the optical pumping
method although in the case of hydrogen, deuterium, and
tritium both techniques have been superceded by measurements
using the hydrogen maser described in section 18.8.2.
18.6.2. Measurements at high fields, SjV-p B > A,_^ Hyper fine
structure separations, Vopc > can also be obtained from
measurements of the frequencies of the AM,.= ±1, AMj=0
transitions induced when the C-field is sufficiently strong
that I_ and J are completely decoupled. For an alkali atom
equation (18.19) shows that these transitions occur at frequencies given by

From equation (18.37) we see that at high fields the resonance has a dou-blet structure. The mean frequency of
the two lines is v,,pg/(2I + l) and thus permits an extremely
precise determination of the zero-field hyperfine interval.
In addition the doublet separation is given by 2gj.y B/h
and an accurate value for the nuclear magnetic moment may
be determined directly. These transitions have the advantage of occurring at lower frequencies than the AF= ±1
low-field hyperfine transitions, a fact which was important
in early experiments when microwave sources were not easily
available. The application of the atomic beam technique
to measurements of the hyperfine structure of atoms is
illustrated in more detail in Problems 18.12 - 18.15. The
method is not restricted to ground-state atoms: a considerable number of experiments have been performed on the
metastable states of elements of Group IIB. Moreover, by
illuminating the C-field region with light from .a resonance
lamp, it is possible to detect radio-frequency transitions
between the hyperfine levels of excited atoms (Senitzki and
Rabi 1956). This is a technique which is likely to increase in importance with the further development of high-
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intensity C.W. tunable dye lasers. However, we turn now to
an important practical application of the atomic beam technique: the development of our present standard of time and
frequency.
18.7. Cesium beam atomic alack
18.7.1. Time interval standards. The familiar, though
expensive, electronic wrist watches are clearly time interval
standards since they are read in seconds, minutes, and hours.
Yet at the heart of the watch is a crystal-controlled oscillator operating at a frequency of * 1 MHz; so the lucky
owner also possesses a personal frequency standard of quite
respectable quality. Having made the point that time and
frequency standards are basically identical, we recall that
for many centuries our methods of determining time intervals
have relied on sub-division of a basic standard: the length
of the day as measured on earth (see Table 18.4)'. In the
TABLE 18.4
Definitions of time standards

Era of use
-1956

Time system
Universal

(UT)

Definition of the second
1/86

400 of the mean solar day

(earth's rotation
on axis)
1956-1964

Ephemeris (ET)
(earth's orbit
about sun)

1/31 566 925-9747 of the
tropical year 1900

1964-?

Atomic (AT)
(cesium atomic
beam clock)

9 192 631 770 periods of
cesium hyperfine oscillation
in zero magnetic field

Future

(hydrogen maser)

1 420 405 751-786 periods of
hydrogen hyperfine oscillation
in z-ero magnetic field

1
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1950' s, however, the comparison of careful astronomical
observations with quartz crystal clocks revealed that there
were annual variations of the rate of the earth's rotation
o
on its axis amounting to about 1 part in 10 . Similar
measurements showed that the yearly rotation of the earth
about the sun was considerably more stable and in 1956
Ephemeris Time was adopted as the absolute standard. Clearly
to obtain Ephemeris Time requires a long series of tedious
astronomical observations and is unsatisfactory for laboratory experiments. Therefore a standard is required which
does not suffer from the disadvantages of quartz crystal
clocks which drift with age and are sensitive to ambient
temperature variations.
The precision of the atomic beam magnetic resonance
method naturally led to the proposal that it could be used
as the basis of an atomic clock. Of the many available
elements, cesium was chosen because it combines a hyperfine
transition of very high frequency with simplicity of experimental details: an atomic beam can be obtained from a
cesium oven at only 200 C, the high atomic mass gives a
relatively low thermal velocity of 2- 5 x 10 cm s" , and
the beam is easily detected by the surface ionization method.
18.7.2. Cesium beam frequency standard.
occurring isotope

The only naturally-

Cs has a nuclear spin of I = -*• and two

ground-state hyperfine levels F=4 and F=3 which are separated
by an interval of approximately 9192 MHz. When this microwave transition is excited in a beam apparatus in

which

the r.f. loops are separated by 50 cm, the width of the
centre peak of the Ramsey resonance pattern is 325 Hz.
Q-value of the resonance Q = v^pg/Av » 3 * 10
very high.

The

is therefore

Moreover the precision can be made substantially

greater than that indicated by the Q-value alone since with
a typical signal-to-noise ratio of 10 , the centre of the
resonance can be located to a small fraction of its width.
A schematic diagram of the cesium beam frequency
standard is given in Fig. 18. 15.

As in the rubidium fre-
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Fig.18.15. Schematic diagram of cesium atomic beam frequency
standard.
quency standard discussed in section 18.4, a quartz crystal
oscillator is servo-controlled to a sub-harmonic of the
frequency of the (F=4, M =0) •"• (F = 3, Mp=0) hyperfine transition. The frequency of this transition has only a secondorder dependence on the strength of the magnetic field in
the C-region, as equation (18.29) shows, and for
Cs we
have

A field of approximately 0-050 G is used in the C-region
to separate the (0,0) resonance from the other field dependent hyperfine transitions. This field need only be maintained constant to 1 per cent for the frequency to be stable
to 1 part in 10 . Following pioneering work by Essen and
Parry (1957) at the N.P.L., the frequency of the cesium
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hyperfine interval was determined by Markowitz et al. (1958)
at the U.S. Naval Observatory in terms of Ephemeris Time
with the result
vucc.(Cs)
nr o

=

9 192 631 770 ± 20 Hz.

When this work was carried out, the atomic clocks at the
N.P.L. and N.B.S. (Mockler et al. 1960) agreed to within 1
part in 10
and had a substantially higher accuracy than
the time interval determined from the mean solar day. Thus
in 1964 the International Committee of Weights and Measures
adopted the cesium clock as the standard of frequency and
time, defining the second as the time interval which contains exactly 9 192 631 770 cycles of the cesium hyperfine
frequency in zero magnetic field.
The accuracy of the atomic clock is determined mainly
by the stability and uniformity of the C-field. The present
cesium beam frequency standards are stable to ± 2 parts in
10
per day and are reproducible to better than 1 part in
10 . However, they may soon be replaced by the hydrogen
maser discussed in section 18.8.2.
18,8. Hyperf-ine structure of atomic hydrogen
18.8.1. Theoretical analysis. Precise theoretical calculations of atomic hyperfine structures are possible only in
hydrogenic systems, for example the 1 S, ,9 ground states
'
2
of hydrogen, deuterium, and tritium. In the S state the
electron wavefunction is spherically symmetric and consequently the internal magnetic field at the nucleus, B -,(0),
arises solely from the spin magnetic moment of the electron.
In calculating B_ ,(0) we note, however, that the magnetic
field at the centre of a uniformly magnetized spherical shell
is zero, so that the whole contribution to B_ ,(0) comes from
the electron magnetization. The magnetization or spin magnetic moment per unit volume is non-vanishing at the nucleus
and is given by
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2
where |ij)(0) I is the1 electron probability density at the
nucleus, r=0. For a uniformly magnetized sphere we have,
from classical magnetostatics,

In this field the point nuclear magnetic dipole moment y T
~* JL

acquires an additional energy of orientation determined by
the interaction

and the magnetic hyperfine constant for the
of hydrogenic systems is given by

S, ,, states

In atomic hydrogen the nucleus is a single proton
with spin I = -*- and the ground-state hyperfine structure
consists of the levels F=l and F=0 separated by the frequency interval v-u-cc = ^-./^/hIn the 1 S, ,~ state the
electron density at the nucleus is given by

where a« is the Bohr radius. Thus after substituting for
the proton magnetic moment p., = 2-792 75 y and including
some small relativistic and reduced mass corrections, the
best theoretical value of v u _ c obtained using the value
g s =2 is

nr o

This differs considerably from the experimental value obtained by Kusch (1955) using the atomic beam magnetic resonance technique :

This discrepancy, first discovered in 1947-8, led to the
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suggestion that the electron spin g-factor is greater than
g =2. The inclusion of the anomalous value for the electron
magnetic moment given by equation (18.36) greatly improves
the agreement between the theoretical and experimental hyperfine intervals. Indeed the agreement in 1956 was better than
the accuracy with which the fine-structure constant a was
then known and consequently the experimental results were
combined with the theoretical analysis to provide an experimental determination of the fine-structure constant.
However, these measurements, carried out in the 1950s, have
now been superseded by more recent experiments with the
hydrogen maser.
18.8.2. The hydrogen maser.

The hyperfine structure of

atomic hydrogen is shown as a function of the external magnetic field strength in Fig.18.16. When we study this diagram and recall our discussion of the emission and absorption of radiation in Charter 9, it becomes apparent that

Fig.18.16. The field dependence of the Zeeman sub-levels
arising from the hyperfine structure of the
1

I =

S, ,? ground state for (a) atomic hydrogen,
,

and (b) atomic deuterium, 1=1.
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microwave radiation at the hyperfine frequency could be
amplified by stimulated emission if some means could be
devised for preparing a sample of hydrogen atoms in which
the F=l level was more highly populated than the F=0 level.
Experiments to this end were initiated by Ramsey and his
co-workers and successful maser oscillation at the hydrogen
hyperfine frequency of approximately 1420 MHz was first
reported by Goldenberg et aZ.(1960). A schematic drawing of
a typical hydrogen maser is shown in Fig . 18 . 17 (a) .

Fig. 18. 17. Schematic diagram of atomic hydrogen maser.
(After Goldenberg et aZ.(1960).).
Molecular hydrogen at 0-2 - 0-02 Torr pressure is
dissociated in the source by an r.f. discharge and a beam
of atomic hydrogen emerges into the high-vacuum part of the
apparatus. The atoms then pass through a six-pole state
selecting magnet whose cross-section is shown in Fig.l8.17(b)
The magnetic field on the axis of the state selector is zero
but it increases rapidly off- axis. Thus if an atom enters
the state selector in the F=0 state its energy decreases
as the atom moves further from the axis, and from equation
(18.31) and Fig. .18. 16 we see that these atoms will be defocussed. On the other hand, those atoms which, enter
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the magnet in the Mp = +1 and 0 states belonging to the F=l
level will be spatially focussed on to a small hole in a six
inch diameter, Teflon-coated quartz storage bulb. The atoms
make random collisions with the walls of the bulb but preserve their orientation, in the absence of microwave radiation, until they eventually effuse out through the entrance
aperture.
The storage bulb is surrounded by a microwave cavity
tuned to 1420 MHz and a set of Mu-metal shields which reduce the field seen by the atoms to a few milligauss. Owing
to the focussing action of the state selector, the bulb
is filled predominantly with atoms in the F=l level and a
population inversion is achieved. Consequently the system
can be used as a low-noise maser amplifier. However, when
the flux of hydrogen atoms into the bulb exceeds about
10
s , the cavity losses can be overcome and the device
breaks into steady state oscillation at the hydrogen hyperfine frequency. Although the output power of 10
W is
very low compared with laser oscillators in the visible and
infrared regions of the spectrum, the frequency and amplitude of oscillation are extremely stable.
The atoms are stored in the bulb for about 1 s and
consequently the linewidth, calculated from the uncertainty
principle, is narrower by a factor of 10 than that achieved
in a conventional atomic beam apparatus. This accounts for
the great frequency stability of the oscillator: the frequencies of two hydrogen masers have been observed to be
stable to 1 part in 10
over a 12-hour period. Unfortunately, however, during the storage time the atom undergoes * 10
collisions with the walls of the bulb. Although the atoms
preserve their orientation these collisions cause slight phase
changes and result in a shift of the maser oscillation frequency of about 2 parts in 10 . To correct for this systematic error, it is necessary to compare the output frequencies of two masers with bulbs of different sizes and
extrapolate the frequency to a bulb of infinite diameter.
When this wall shift correction is understood more completely
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hydrogen raasers and saturated absorption stabilized lasers
must be considered as possible new frequency standards.
18.8.3. Hyperfine separations in hydrogen and its isotopes.
In one of the first applications of the atomic hydrogen
maser the hyperfine separations of hydrogen and

its iso-

topes were remeasured to greatly increased accuracy.
results obtained were as follows:

The

The measurement in the case of hydrogen is based on the
international definition of the second in terms of the
hyperfine separation in atomic cesium, as discussed in
section 18.7, while the results for deuterium and tritium
are measured in terms of the hydrogen hyperfine

frequency.

From equations (18.36) and (18.42) the hyperfine separation
for the hydrogen atom is given theoretically by

where y /Ug is the proton magnetic moment expressed in Bohr
magnetons, a is the fine structure constant, R^ is the
Rydberg constant, and the factor (1 + m/M) takes into
account the reduced mass of the electron in the hydrogen
atom. There are some small additional terms in a and a
which have been omitted from equation (18.46). Of the
atomic constants appearing in equation (18.46) the least
well known is the fine-structure constant a. Consequently
from the measured hyperfine frequency given in equation
(18.45) a precise value for a may be obtained:

An analysis of the fundamental constants by Cohen and
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Du Mond (1965) showed that this value of a differed significantly from that derived from measurements of the Lamb
shift and fine structure in hydrogen. However, subsequent
improvements in these fine-structure measurements have
confirmed the value of a given in equation (18.47) and the
theoretical interpretation of the hyperfine structure of
atomic hydrogen.
18.9. Investigation of the hyperfine structure of excited
states
18.9.1. Optical double-resonance experiments.

So far in this

chapter we have concentrated on the measurements of the
hyperfine structure of the ground states of hydrogenic and
alkali atoms. Owing to the spherical distribution of
electron charge in these states, we obtain no information
about the nuclear electric quadrupole moment. It is
principally for this reason that we now turn to a consideration of the excited levels of atoms. The hyperfine
structure of excited states is generally considerably
smaller than that of the ground states and consequently
conventional high-resolution optical spectroscopy is of
limited usefulness. Obviously we must again employ a technique in which the Doppler broadening is negligible or
completely eliminated. The optical double-resonance method,
which was described in detail in Chapter 16, satisfies
this requirement and is the first of the techniques we
shall now consider.
A typical experimental arrangement for the investigation of the excited states of the alkali metals is shown
in Fig.18.18. The light source is an electrodeless, highfrequency discharge in a vapour of the relevant alkali
metal, the pressure of which is controlled by cooling one
end of the source by an oil circulation system. By the
use of suitable optical filters and a photocell, the intensity of light in the resonance lines is monitored and
the signal used to electronically stabilize the fluctuating
intensity of the source. Light from the source is polarized
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Fig.18.18. Schematic diagram of the apparatus for optical
double-resonance experiments in alkali metal
vapours. (After zu Putlitz et al. (1965).)
and focussed into a resonance cell containing the alkali
vapour of interest where the absorption of the polarized
resonance radiation creates the non-statistical distribution
of population among the hyperfine levels of the excited state
which is essential in any resonance experiment.
The fluorescent light emitted by the atoms in a direction at right-angles to the incident beam is collected by a
lens and detected by a photomultiplier. Depending on the
transitions being studied a polarizer may also be inserted
in the detection arm of the apparatus. The resonance cell
is located inside the tank coil of an r.f. oscillator and
it is this coil which produces the rotating field component
'••'•-h stimulates the magnetic dipole transitions between
.Cerent hyperfine levels. These transitions produce
changes in the polarization and spatial distribution of the
fluorescent light and enable the magnetic resonance to be
monitored. To extract the desired signal from the background
of light scattered from the walls of the resonance cell, the
r.f. power is modulated at audio frequencies. The a.c.
signal from the photomultiplier is amplified by a narrow-band
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amplifier and detected by a phase-sensitive detector and
chart recorder.
In alkali atoms many of the investigations have been
carried out in zero magnetic field, 15=0, and in this case the
resonance signal is obtained by slowly varying the frequency
of the r.f. oscillator. A typical resonance signal, obtained
on the second resonance level of
Cs, 7 ?•*/?> by Althoff
(1955), is shown in Fig.18.19. It will be noticed immediate-

Fig.18.19. (a) Hyperfine structure of the 7 P,/7 level of
T-7-7
-V
Cs, (b) Schematic diagram of zero-field optical
L

double-resonance signals observed on this level.
(After Althoff (1955) .)
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ly that the resonances are considerably broader than those
observed in ground-state investigations owing to the short
radiative lifetime of the excited atoms. Consequently
the results obtained by this technique, some of which are
listed in Table 18.5, are considerably less precise than
those obtained on ground-state atoms (Problem 18.16). Nevertheless the electric quadrupole moments obtained from an
analysis of the hyperfine structure of excited states with
J > •_- give valuable information about the shape of the
nuclear charge distribution.
In a resonance cell of normal dimensions, L « 4 cm,
the number of atoms in the vapour phase is only * 10 .
Thus it is possible to carry out experiments with very small
numbers of atoms provided that chemical reactions with the
walls of the cell do not reduce the number of usable atoms.
Indeed working resonance cells have been prepared which
contain only 1 pg of radioactive cesium isotopes such as
131
Cs (T1/2 = 9 - 7 days) and 132Cs (T1/2 = 6-6 days). In
these cells the loss of cesium atoms to the walls was
controlled by adding approximately 1 mg of rubidium to act
as a buffer. The rubidium atoms are not, of course, excited by the incident cesium resonance radiation.
In these experiments it is often difficult to hold
the strength of the r.f. field constant over the frequency
range covered during the recording of the magnetic resonance signal. The r.f. power must be monitored continuously either by a bolometer or by measurement of the
oscillator voltage of the r.f. generator in order that the
distortions in the observed signals may be corrected. A
more serious practical difficulty is the attainment of the
necessary r.f. field strengths. In order that an excited
atom shall have an appreciable probability of making a magnetic dipole transition during its finite lifetime, T = 1/T,
the amplitude of the r.f. magnetic field must satisfy the
condition yB,
Even-for a relatively long lifetime of
L « r.
_7
10
s this means that B, « 1 G and it often proves difficult
to generate sufficient power to create high-frequency fields

TABLE 18.5
Hyperfine structure of alkali atoms; results mostly from resonance fluoreseenae techniques
Isotope

n

Aj(n 2S1/2)
(MHz)

7

Li

2

401-75

3
23

Na

^Q
jy

K

or
s

Rb

3

885-82

4

202 (3)

4

230-85

5

55-50(60)

6

21-81(18)

5

1011-9

Aj(n 2P1/2)

Aj(n 2P3/2)

(MHz)

(MHz)

46-17(35)

-3-07(13)

13-5(2)

-0-96(13)

94-3(2)

18-65(10)
6-006(30)

28-85(30)
8-99(15)

120-7(1)

Bj(n 2P3/2)
(MHz)

-0-18(12)

2-82(30)

Q
(10~24 cm2)

-0-03(2)

0-0.97(11)

0-86(9)

6-09(4)

2-77(10)

1-972(10)

0-866(15)

0-866(8)

0-370(15)

25-029(16)

26-032(70)

6

239-3(1-2)

39-11(3)

8-25(10)

8-16(20)

7

94-00(64)

17-65(2)

3-71(1)

3-65(10)

+0-059(6)

+0-298(1)

87

Rb

133

Cs

5

3417-3

409-1(4-0)

84-852(30)

12-510(57)

6

809-1(5-0)

132-56(3)

27-70(2)

3-947(13)

7

318-1(3-2)

59-92(9)

12-57(1)

1-768(8)

8

158-0(3-0)

6

2298-16

6-747(14)

292-1(3)

7

546-3(3-0)

94-5(9)

8

218-9(1-6)

42-97(10)

9

109-5(2-0)

+0-141(1)

0-933(20)

50-31(5)

-0-38(18)

16-609(5)

-0-15(3)

7-626(5)

-0-090(24)

4-129(7)

-0-051(25)

Detailed references are given by Rosen and Lindgren (1972) and Happer (1975)

-0-0036(13)
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of this magnitude. Fortunately there are two alternative
techniques for studying the hyperfine structure of excited
states which do not require r.f. fields, namely quantum
beats and level-crossing spectroscopy, and these are discussed in the sections which follow.
18.9.2. Quantum beats and hyperfine structure.

In sections

15.8 and 16.7 we described experiments in which the resonance
fluorescence from excited atoms was observed to be modulated
at frequencies in the range 0*5 - 10 MHz, corresponding to
the separation of the Zeeman sub-levels of the excited atoms
in low magnetic fields. These light beats arise because
the atoms were prepared in a coherent superposition of at
least two excited states,

where a and b are expansion coefficients and hoi and hoi^
are the energies of the two states involved. When atoms in
this superposition state decay to a common lower level |g>
the intensity of the emitted light is given by

and is intensity modulated at the frequency corresponding
to the difference in energy between the states |l> and |2>.
In experiments involving transient excitation the depth
of modulation will only be significant when the excitation
pulse length At satisfies the condition ((i^'^i) At < I. The
experiments we described in section 15.8 were difficult due
to the low intensity of the available conventional sources
and were limited to the observation of quantum beats corresponding to low-field Zeeman splittings in Cd and Hg by the
relatively long pulse of excitation. However, there is in
principle no reason why the technique should not be applied
to the measurement of the separation between hyperfine levels
in zero magnetic field, although of course the fluorescent
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light will then generally display beats at several frequencies .
(a) Hyperfine quantum beats: optical excitation. The development of high-intensity tunable dye lasers now solves many
of the problems associated with the earlier experiments. Of
these devices perhaps the most useful for time-resolved
studies is the dye system pumped by a pulsed nitrogen laser.
The tunable output has a typical pulse duration of 2 ns,
which implies a Fourier-limited linewidth of the order of
1 GHz. Thus excited-state hyperfine levels spanning a frequency range of up to 1 GHz may now be coherently populated
by optical excitation. The first experiment of this kind
o
was reported by Haroche et aZ.(1973) on the 4555 A,
6 S,/_ - 7 PJ/T transition of
Cs. The detection apparatus consisted essentially of a fast photomultiplier,
sampling oscilloscope, and signal averager. Although the
results obtained in this particular experiment were less
accurate than the previous measurements of the hyperfine
splitting using optical double-resonance, the precision of
future experiments could be increased by sampling the oscillatory decay curve at a larger number of points and by
averaging the signal over a larger number of excitation
pulses. However, in spite of the increased intensity provided by the pulsed laser source, the time resolution of the
photomultiplier and the associated signal processing equipment is likely to restrict the hyperfine separations measured
by this technique to frequencies < 200 MHz. This limitation
does not apply in the fast beam experiments which we now
consider.
(b) Hyperfine quantum beats: excitation of fast beams. The
time-dependent decay of a sample of excited atoms or ions
may be converted into a spatial variation of intensity by
localized excitation of a beam of fast moving particles.
This is the principle of the beam-foil technique which has
an attainable time resolution of the order of 10
s, as
described in section 6.1. It is therefore apparent that
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hyperfine quantum beats will be superimposed on the observed
exponential decay curves in a fast beam experiment when the
ions of odd isotopes are prepared in a coherent superposition
of excited hyperfine levels. In order to achieve a high
atomic alignment and to avoid problems associated with
radiative cascade, the carbon foil excitation of the normal
beam apparatus may be replaced by optical excitation using a
C.W. laser as shown in Fig. 18. 20 Ca) .
In this experiment, performed by Andr'a (1975, 1976),
the 4545 A line of an argon ion laser was Doppler tuned to
coincide with one or other of the two groups of unresolved
o
hyperfine components of the 4554 A D^ resonance line,
6s Sj/2 ~ ^P ^3/2 » ^n
^a ^= ~T) ky correct adjustment
of the angle of intersection of the laser and ion beams.
The laser light was linearly polarized with its electric
vector perpendicular to the image plane at the photomultiplier. The time-resolved signal was observed exactly as in
a beam- foil experiment by measuring the intensity of light
emitted from a well-defined segment of the beam AZ as a
function of the distance T, downstream from the excitation
region.
The quantum beats observed when the laser was tuned
to the lower- frequency component of the D2 resonance line
of the barium ion are shown in Fig. 18. 21(a) . These arise
from interferences between the states F=3, F=2 and F=l of
the 6 P?/ 9 level in zero magnetic field, as shown in Fig.
o/ /

18.20(b). The frequencies corresponding to the hyperfine
intervals between these pairs of levels may be obtained
directly from the Fourier transform of the observed decay
signal which is shown in Fig. 18 . 21 (b) . Similar measurements
on the high-frequency component of the D_ resonance line
2
enable t h e complete h y p e r f i n e structure o f t h e 6 P o level
to be determined and the results of this preliminary investigation are given in Fig. 18. 20 (b) .
It has also been discovered that ion beams excited by
the usual interaction with a carbon foil also emit polarized
light and may be used for zero-field quantum beat measure-
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Fig.18.20. (a) Schematic diagram of the apparatus used for
laser excitation of fast beams of Ba . The observation window is moved along the beam axis
relative to the fixed laser excitation region,
(b) Level scheme of
Ba showing selective excitation from the F=l and F=2 ground-state hyperfine levels. (After Andra (1975).)
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Fig.18.21. (a) Quantum beats observed in fluorescence on the
4554 A line of 13'Ba+ excited from the F=2 level
of the ion ground state.
(b) Fourier transform of the observed signal and
level scheme showing the measured beat frequencies.
(After Andra (1975).)
ments. The accuracy of this technique approaches 1 part in
10 and can be used for the direct measurement of hyperfine
splittings in the range 30 MHz - 10 GHz. It therefore
represents an attractive alternative to the other techniques
for studying excited atoms and possesses unique advantages
when one is interested in ionized systems.
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18.9.3. Level-crossing experiments.
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In optical double-

resonance experiments the excited states of the atom are
mixed by the effect of an r.f. magnetic field and this
results in changes in the angular distribution and polarization of the fluorescent light. Similar changes in the
resonance fluorescence occur in the absence of r.f. fields
when two or more energy levels cross at zero magnetic field,
as is demonstrated by the Hanle effect experiments discussed in Chapter 15. When the atomic nucleus has a finite
spin I, some of the hyperfine Zeeman levels belonging to
states with J > -=• intersect not only at zero fields but
also in the intermediate-field region where the electronic
and nuclear angular momenta are becoming progressively decoupled.

An example of this type of high-field level-

crossing is shown in Fig.18.22 where the Zeeman splitting
of the hyperfine levels belonging to the SsSp P-, state of
1 1 3 1
Cd(I = -j} are plotted as a function of the strength of
- i - i
the applied field B. In this case the levels (F= -i, M_= ~i)
3
3 ~
and (F= •*-, M_= -j) in the weak field notation intersect at
a field of approximately 2055 G and the characteristic
Lorentzian- or dispersion-shaped level-crossing signals
o
are observed when the polarization of the 3261 A
(5 Sg - 5 P-,) resonance fluorescence is monitored as a
function of the applied field.
High-field level-crossing signals were first observed
by Colegrove et <z£.(1959) about 34 years after the original
discovery of the zero-field crossing signals by Hanle
(1925). A theory of the effect was soon worked out by
Franken (1961) but again this turned out to be very similar
to a much earlier treatment given by Breit (1933). An expression for the intensity of the fluorescent light of a
given polarization observed in a well-defined direction may
be obtained by a modification of the theoretical Hanle
effect signal, equation (15.27). We simply replace the lowfield energy level separation h(m-m')u, by the more general
express ion
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Fig.18.22.
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Zeeman effect of the hyperfine structure of
the (SsSp) ^ state of 113Cd showing a high-field
level-crossing. (After Thaddeus and Novick (1962).)

with the result

Of course, the correct intermediate-field wavefunctions
should be used in the evaluation of the electric dipole
matrix elements appearing in the excitation and emission
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Fig.18.23.
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Diagram illustrating the origin of levelcrossing signals. As the magnetic field is progressively increased the excitation process
changes from incoherent to coherent and back
again, resulting in a spatial redistribution of
the fluorescent light.

matrices, which are now written as FM ,., and GM, ..

q q

qq

re-

spectively. We have also assumed that the levels M and M 1
both decay at the same rate, F, which is valid for substates arising from the same fine-structure level. The width

q

q
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of the high-field level-crossing signal depends on this
radiative decay rate r and also on the relative slope of
the intersecting levels. Using the Breit-Rabi formula,
we find that in the case of
Cd the single high-field
level-crossing signal for the 5 PI state will be centred
at

Thus an experimental determination of this magnetic field
enables the hyperfine structure constant A, to be measured
very precisely provided that the values of g, and g T are
accurately known.
The apparatus required for these high-field levelcrossing experiments is very similar to that used in the
Hanle effect and optical double-resonance experiments previously described. The main difference is that large magnetic fields are necessary, sometimes involving the use of
an electromagnet, and that care must then be taken to
ensure that stray fields do not affect the gain of the
photomultiplier tube and so distort the observed signals.
Since the phenomenon is again basically a quantum interference effect it is necessary that the polarization of the
incident radiation should be such that the atoms are created
in a coherent superposition of the intersecting states and
that these states should be monitored in fluorescent radiation of coherent polarization down to a single lower level,
as shown in Fig.18.23. This requirement restricts the
observable level crossings to those satisfying:
AM

M

- M'

M

- M1

±2

(using linearly-polarized light)

±1

(using circularly- or ellipticallypolarized light).

and

AM

=

=

Level-crossing experiments on the P^ and P^ levels of Zn,
Cd, and Hg have also been extended to stable and radioactive
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isotopes having I > -j.
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In these cases it is obvious that

more than one level crossing occurs and from the measured
fields the values of the magnetic dipole and electric quadrupole hyperfine interaction constants may be obtained.
Some of the results obtained on the group IIB metals by
the level-crossing, optical double-resonance, and optical
pumping techniques are given in Table 18.6. The levelTABLE 18.6
Hyperfine structure of excited levels of elements of group IIB
measured by resonance fluorescence techniques
Iso-

State

tope

A

J
(MHz)
+535-163(2)t

B

J
(MHz)

u:

Q
24

(nuclear (10- cm2)
magnetons)

65
Zn
67
Zn

4

in

cd

5 3P1

-4123-81(1)

0-591 444(6)

113
Cd

5 3P1

-4313-86(1)

0-590 776(6)

199
Hg
201
Hg

6 3P1

+14 750-7(50)

+0-497 865(6)

1

4

P

I

3
Pl

3

6 P1

+608-99(5)

+2-870(5) 0-7688(2) -0- 024(2)
-19-37(9)

+0- 18(2)

-0-551 344
+0-50
-5454- 569(3) -280-107
C9)
(5)

The numbers in parentheses indicate the uncertainty in the
last digits of each quoted value.

crossing method has clear advantages over the doubleresonance method when short-lived excited states with large
hyperfine splittings are being investigated, for the production of the intense r.f. fields required to induce
transitions between the short-lived states is thereby
avoided. Moreover the level-crossing signals are large
compared with those observed in most double-resonance ex-
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periments since all atoms in the states concerned contribute to the signal whereas in the resonance experiments
only a small fraction of the atoms actually undergo r.f.
transitions before they decay. However, it should be
appreciated that the positions of the level crossings, such
as that given by equation (18.50), determine only the ratio
of the hyperfine structure constants to the electronic gfactor gj and that in precise work this must be determined
separately by an optical double-resonance experiment in low
fields.
18.10. Conalus-ion
18.10.1. Further applications of the atomic beam and resonance fluorescence techniques. The reader will no doubt
have realized that our treatment of the measurements of
the hyperfine structure of atoms has perforce been very
selective, and for further information about ground-state
atoms we recommend the monographs by Ramsey (1956) and
Kopfermann (1958). Although no similar treatment exists
for excited atoms, excellent reviews of the optical doubleresonance and level-croSsing techniques have been written
by Series (1959), zu Putlitz (1965), and Budick (1967).
These describe the techniques in greater detail and also
treat their application to the investigation of excited
atoms perturbed by external electrostatic fields (Stark
effect), a topic which we have not had space to include.
A more serious omission is that we have not discussed the
application of any of these techniques to the study of the
Lamb shift in hydrogenic systems and the fine structure of
the light elements H, He, Li, etc. The development of our
understanding of the fine structure of hydrogen-like and
helium-like atoms is reported in the proceedings of the
International Conferences on Atomic Physics which are
published under the title Atomic Physios, Vols. 1-4.
18.10.2. Future developments in atomic spectroscopy. Most
of the precise, Doppler-free investigations of atomic fine
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and nyperfine structure made prior to 1970 were restricted
to measurements on the 'first few excited levels of neutral
atoms and their singly-ionized ions by the low intensities
of the available light sources.

Following the recent

development of tunable dye lasers, step-wise excitation
now enables the level-crossing and optical double-resonance
techniques to be applied to highly excited states of neutral
atoms. Moreover two-photon absorption spectroscopy also
gives results with the same kind of precision.
Similarly
the use of beam-foil and beam laser excitation has enabled
the quantum beat technique to be applied to fine- and
hyperfine-structure measurements in a wide range of ionized
species which were previously inaccessible. This burst of
activity in atomic spectroscopy has already significantly
increased our knowledge of the Lamb shifts in hydrogenic
systems and the hyperfine structure of highly excited states
in the alkali metals. Doubtless these techniques will soon
be applied to elements in other groups of the periodic table
and will stimulate a complementary development of new theoretical calculations. Although some of the experimental
techniques we have described will certainly become obsolete
in the next few years, the basic concepts will remain valid
and we hope that this book will continue to provide a good
introduction to the field of advanced atomic physics.
Problems
18.1. The surface of a nucleus of atomic number Z is represented classically by an ellipsoid of revolution:

where 6 is the angle between the vector _r and the axis
of symmetry Oz, and a is a constant deformation parameter. Assuming the nuclear charge density to be
constant and equal to that of a uniformly charged
sphere of radius r _ , show that to first order in a
the nuclear electric quadrupole moment is given by
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Q
where a = r(0)
ellipsoid.

=

2Z(a2 - b2)/5

and b=r(TT/2) are the semi-axes of the

18.2. In the spectrum of

Cs+ the transition

6s[l-i]° - 6p[2-i]2 at 4953 A

consists of a hyperfine

multiplet with lines at positions 0, 0-081, 0-195,
0-337 and 0-513 cm
above the lowest frequency component of the multiplet. Assuming that the hyperfine
structure of the lower term is too small to be resolved, show that the interval rule is obeyed approximately and hence determine the nuclear spin I.
18.3. From equation (18.14) determine the hyperfine structure
of levels with total electronic angular momentum
J= •_- and -j for the case 1= -^ in terms of the magnetic
dipole and electric quadrupole interaction constants.
Assuming, for the sake of simplicity, that the
quadrupole interaction constant B•JT is identically zero,
prove that the centre of gravity of the hyperfinestructure multiplet defined by
E

=

F=I+J
F=I+J
IV
(2F+1)E /
I
(2F+1)
^ // F=I-J
F = T-.T
F=I-J

is equal to the energy of the original fine-structure
level, Ej.

18.4. Show that the scalar product of the electronic and
nuclear spin angular momenta may be expressed in the
form

where
I± = Ix ± ily and J ± = Jx ± iJy.

Hence

calculate all the matrix elements of the hyperfine
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in the uncoupled

representation for the case 1= -j, J= -=•. The raising
and lowering operators have the following properties:

Finally, by solving the secular equation, determine
the energies of the hyperfine sub-levels in fields
of arbitrary strength. Verify the correctness of the
results using the Breit-Rabi formula and Fig.18.16.
18.5. Construct an energy level diagram to show how the
Zeeman splitting of the hyperfine levels of a state
having J= -j and 1= -^ changes as the external magnetic field is varied from zero to some large value.
18.6. Using the information given in section 18.2.2(a), show
that
Rb and
Rb have nuclear spins of 1= -=• and -j
respectively. On the nuclear shell model the nuclear
spin is due to the odd neutron or proton, both with
spin -y, moving in an orbit within the nucleus having
angular momentum Ih. This gives an observed nuclear
spin of 1 ± •=• . Apply the general formula for the
Lande factor, equation (3.84), to calculate the
nuclear magnetic moment, assuming that for a proton
gi=l and gs = 5-586, and for a neutron g-,-0 and g s = -3-826.
Show that the magnetic moment, Mr^gi- y I, is given by
the Schmidt limit formulae:
(a)

odd proton

(b)

odd neutron

18.7. For the hyperfine levels F=I ± •=• of the ground states
of alkali atoms in low magnetic fields, verify that
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the frequencies of the Zeeman' magnetic resonance
transitions AF=0, AMp= ±1 are given by equation (18.27).
From the frequency separations of these Zeeman resonances, given in section 18.2.2(b), show that the nuclear
magnetic moments of 85Rb and 87Rb are 1-351 and 2-7488
nuclear magnetons respectively. How well do these
values agree with the Schmidt limits derived in
Problem 18.6?

18.8. Expand the Breit-Rabi formula up to terms of order x
and thus obtain a precise expression for the frequency
of the Zeeman magnetic resonance transitions AF=0,
AM_= ±1 in small magnetic fields. For a given hyperfine level F show that the frequencies of the transitions (Mp •» Mp + 1) and (Mp+1 •» Mp+2) are separated
by an amount 2vHFgx /(2I+1) . Given that this frequency separation is about 144 Hz in a field of 10
T
for both rubidium isotopes, show that the zero-field
or
Q7
hyperfine separations in
Rb and
Rb are approximately 3-03 GHz and 6-82 GHz respectively.
18.9. Construct a diagram showing the low-field Zeeman
splittings of the ground-state hyperfine levels of an
alkali atom with nuclear spin 1= y . Indicate the
permitted magnetic dipole hyperfine transitions
AF= ±1, AMp=0, ±1 and sketch the magnetic resonance
spectra observed with both a and TT polarized radiofrequency fields.
By expanding the Breit-Rabi formula in the
weak field approximation prove that the frequency of
the AF= ±1, Mp = 0 «• Mp=0 transition is given by

and calculate the frequencies of the other transitions
to first order in the parameter x.
18.10.In an atomic fream apparatus the components are symmetrically arranged about the collimating slit C with
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the detector slit placed a distance 1' beyond the end
of the B-magnet which itself is of length I. By integration of the equation of motion in the direction
transverse to the axis of the apparatus, show that in
a 'flop-in' arrangement:
(a)

(b)

those atoms which undergo transitions in the
C-field strike a detector on the axis of the
apparatus, independent of their velocity
those atoms which do not undergo transitions
are deflected by an amount

Show that atoms travelling with the most probable velocity v = (2kT/M)
in an oven at a temperature of 420 K are deflected by 1-17 mm in an
apparatus in which I = 8-9 cm, I' = 12-0 cm and
8B/3z = 50 T m"1.
18.11.The r.f. loop in an atomic beam apparatus is 3 cm
long. Assuming that the C-field is perfectly homogeneous, show that the observed linewidth of a resonance using 39 K atoms emitted from an oven at 420 K
should not exceed 15 kHz.
18.12.In an atomic beam magnetic resonance experiment the
transitions AF=0, AM.p= ±1 are observed to occur at
40
the frequencies 1-557 MHz and 3-504 MHz for
K and
K respectively in the same weak magnetic field. The
nuclear spin of
K is 1= 7 . Show that the nuclearr
An
spin of
K is 1=4 and that the applied magnetic
field is 5-001 x 1Q~4 T.
In an atomic
18.13.The ground state of
Ga is 4p P-,/
beam experiment the field in the resonance region is
set at 6 x 10
T and a resonance is observed at
f.q
1-400 MHz. Show that the nuclear spin of
Ga is
The low lying m e t a s t a b l e s t a t e 4p

P - z / o i-s

a

lso
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well populated at the oven temperature used and the
ratio of the gj-values was measured by Kusch and Foley
(1948) as

Hence, using equation (3.84), show that this leads to
a value for the electron spin g-factor of
gs

=

2(1-001 14 ± 0-000 04)

and compare this result with the theoretical value
given in equation (18.36).
18.14.In atomic beam experiments on 39 1C and 7 Li, both of
which have nuclear spin 1= -~, Kusch et aZ..(1940)
observed that the low field Tt-polarized hyperfine
transitions, shown in Fig.18.14, occurred at the
following

frequencies:

Transition
(F,M_) «• (F',Mp)

K resonance

Li resonance

frequency

frequency

(MHz)

(MHz)

(2,-2)

(1,-D

461-64

803-22

(2,-D
(2, 0)

(1, 0)
(1,-D

461-72

803-45

(2, 1)
(2, 0)

U, 0)
(1, 1)

461-79

803-64

(2, 2)

(1, 1)

461-87

803-84

Show that the zero-field hyperfine separations

deduced

from these figures are 461-75 MHz and 803-54 MHz for
K and

Li respectively and that the magnetic fields

employed were 0-05 G and 0-15 G.
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18.15.In

39

K and 7Li Kusch et <zZ.(1940) also observed

AM<J.T =0, AM,=
±1 transitions at fields which were not
J.
quite large enough for the complete Paschen-Back
formula, equation (18.37), to be applicable.

By

expanding the Breit-Rabi formula up to terms of order
2
/gjMnB, obtain modified expressions for the
frequencies of these transitions.

Hence analyse the

experimental data given below to redetermine vpjpg and
show that the nuclear g-factors are given by
gTC

^Q

7

K) = -0-261 and gT( Li) = -2'18.

Transition

B=395n G
39V
K resonance

(Mj.Mj) «• (Mj.MJ)

frequency

frequency

(MHz)

(MHz)

B=3060 G
Li resonance

119-904

220-72

117-347

209-96

115-776

199-78

114-961

200-65

113-374

190-51

111-115

182-38

18.16. It may be shown that the magnetic hyperfine

interaction

constant A. for the |nZj> excited states of alkali
atoms with lf-0 is given by

where r is the radial coordinate of the valence
'electron and FR(j) is a relativistic correction
of order unity.

factor
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(a)

The fine structure separation Sv-pc between the
2
2
n PI/? an^ n ^V7 levels is also proportional
to < -i> (Problem 3.13), and the ratios of the
r
fine-structure separations in the first and
second resonance levels of the alkalis have
the values:
Atom

Na
(n=3)

K
(n=4)

3-13

3-09

Rb
(n=5)

3-066

Cs
(n=6)

3-061

Use the measurements listed in Table 18.5 to
confirm that

(b)

Show also that

Use the measurements on

K and

Cs given in

Table 18.5 to verify this relationship and to
estimate the magnitude of the relativistic
correction factor Fj,(j).
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Table of Fundamental Constants
Accurate values of some physical constants in SI and cgs units.

These values are selected

from Table 32.1 of the paper by E.R.Cohen and B.N.Taylor, J.Phys. Chem.Ftef .Data, 2_, 663, (1973)

Quantity

Symbol

Units

Value

cgs1"1-

SI
Elementary charge

e

1-602 189 2(46)

10"19 C

ID'10 esu

4-803 242(14)
Planck constant

10"20 emu

-Ll
77

h

6-626 176(36)

ID'34 J s

10

h=h/2ir

1-054 588 7(57)

ID'34 J s

10"27 erg s

6-022 045(31)

1023 mol" 1
10"31 kg

1023 mol" 1

10"27 kg

ID"24 g

1011 C kg"1

10' emu g"1

Avogadro constant
Electron rest mass
Proton rest mass

m
M

9-109 534(47)
1-672 648 5(86)

Ratio of proton mass to
electron mass

M/m

1836-151 52(70)

Electron charge to mass
ratio

e/m

1-758 804 7(49)
5-272 764(15)

erg s

10"28 g

1017 esu g"1

RCO

1 - 0 9 7 373 177(83)

107 m- 1

105 cm"1

Bohr r a d i u s ,
[v0c2/4w]"1(h2/me2)=a/4uRa;

a

o

5-291 770 6(44)

10"11 m

10"9 cm

Fine structure constant,
[y0c2/4Tr](e2/hc)

a
-1
a

7 - 2 9 7 3 5 06 ( 6 0 )
1 3 7 - 0 3 6 04(11)

ID'3

ID'3

Speed of light

c

2 - 9 9 7 9 2 4 583(12)

108 m s"1

1010 cm s-1

Classical electron radius,
[p0c2/4TT](e2/mc2)=a3/4TrRoo

r

o

2 - 8 1 7 938 0 ( 7 0 )

ID'15 *

10"13 cm

Thomson c r o s s - s e c t i o n , (8/3) Trr,,

ae

0 - 6 6 5 2 4 4 8(33)

ID'28 m 2

ID'24 cm2

9-274 078(36)
9 - 2 8 4 832(36)
6 5 8 - 2 1 0 688 0 ( 6 6 )

I D ' 2 4 J I'1
I D ' 2 4 J T' 1

10"21 erg G" 1

5-050 824(20)
1-380 6 6 2 ( 4 4 )

10" 2 7 J T' 1
10" 2 3 J K'1

10'2* erg G" 1

Rydberg c o n s t a n t ,
[y0c2/47r]2(me4/47rh3c)

Free electron g - f a c t o r or
electron magnetic moment in
Bohr magnetons
Bohr magneton, [ c ] ( e h / 2 m c )
Electron magnetic moment
R a t i o of electron and proton
magnetic moments
Nuclear m a g n e t o n , [ c ] ( e h / 2 M c )
Boltzmann c o n s t a n t

g e / 2 = V^B

P

B

"e
y

e/yp
v

n
k

1-001 159 656 7 ( 3 5 )

10'21 erg G"1

10'16 erg K'1

Stefan-Boltzmann constant,
^2k4/60f.3c2
Permeability of free
space (by definition)
Permittivity of free
2
space,(l/P0c )
Impedance of free space, (l-igc)

o

V

0

E

z

0

o

5-670 32(71)

10"8 W m~ 2 K~ 4

4ir=
12-566 370 614 4
8-854 187 818(71)

10"7 H m"1

3-767 303 14(15)

102 ohm

10"5erg s^cm^K"4

lO'12 F m'1

Note that the numbers in parentheses are the one standard-deviation uncertainties in the
last digits of the quoted value computed on the basis of internal consistency. In cases
where formulae for constants are given (e.g., R^), the relations are written as the product
of two factors. The second factor, in parentheses, is the expression to be used when all
quantities are expressed in cgs units, with the electron charge in electrostatic units.
The first factor, in brackets, is to be included only if all quantities are expressed in
SI units.
^In order to avoid separate columns for 'electromagnetic' and 'electrostatic' units, both are
given under the single heading 'cgs Units'. When using these units, the elementary charge
e in the second column should be understood to be replaced by em or e , respectively.
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optical, 171-6,497-9,512,520,
536ff,593ff
excitation matrix, 5O2,5O8
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definition, 56,88
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Fabry-Perot etalon
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407-9
mode spectrum analyser, 394
in absorption line measurements, 313-4
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258-6O
fast beam experiments
determination of lifetimes,159,
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hyperfine quantum beats,721-4
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transition probabilities, 181,
184,188,191,226
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264-5,566-71
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432,689-91,705-8
Fresnel number, 356,358,361,372
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hyperfine, 670,679-81
Lande% 87,139,534,587,736
nuclear, 663,681,737
orbital, 86
spin, 73,101,656,710,736
measurement using atomic beam
magnetic resonance, 7O2
optical double resonance,
534,539,587
optical pumping, 620-6
quantum beats, 518-9
gain coefficient, see lasers
gain saturation
homogeneously broadened transitions, 383-8,433
inhomogeneously broadened
transitions, 388-96,434
gauge transformation, 31
Gaussian line shape, see
Doppler broadening
Hamiltonian, see atomic Hamiltonian, interaction
Hamiltonian
Hanle effect, 477ff
classical theory of, 480-3,
526-7
collision broadening in, 55763
effect of hyperfine structure,
5O5-6
effective decay rate, 556
electron impact excitation in,
485-91
polarization in, 503-4
quantum mechanical theory,
5O1-6,506-10,328
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resonance broadening in, 561-3
use in determination of lifetimes, 484-92,506,555-6,
527
helium metastable atoms
collision processes, 214-23,
330-1,335-7,341-8
forbidden transitions, 203-12
optical pumping of, 616-9
helium-like metastable ions
forbidden transitions, 211-3
Hermite polynomials, 362-3,373
Hertzian coherence
conditions for, 502,581
definition of, 50O
in optical pumping, 629-3O
homogeneous line broadening, 233,
246
in lasers, 324,383-8
see also collision and natural
broadening
hydrogen, atomic
Bohr radius, 14,65
Bohr theory, 7-9,14
fine structure, 455-7
measurement using saturated
absorption spectroscopy,
458-62
forbidden transitions, 182-3
hyperfine structure
measurement of hyperfine
interval, 713-21
theory, 662-70
Lamb shift, 101,190,455,468
line strengths, 110
maser, 710-2
oscillator strengths, 112
radiative lifetimes, 113
transition probabilities, 113
two-photon absorption spectroscopy, 465-9
two-photon decay, 189-95
wavefunctions, 62-6,66
hydrogen-like ions
Lamb shift, 101,190,193
line strengths , HO
oscillator strengths, 112
radiative lifetimes, 114
for two-photon processes,199
two-photon decay, 189-91
investigation, 192-2O3
wavefunctions, 62-6, 66
hyperfine structure, 661ff
atomic hydrogen, 7O8-13
effect on Hanle signal, 5O5-6
effect on optical pumping,677-8

758

SUBJECT INDEX

electric quadrupole interaction, 664-7
excited states
investigation by level
crossing experiments,72530
by optical double resonance, 714-20,738
by quantum beats, 72O-4
ground state
investigation by atomic
beam magnetic resonance,
701-4,736-7
by optical pumping magnetic resonance, 677-89
interaction matrix elements,
732-3
interval rule, 668-9,732
magnetic dipole interaction,
66,661-4
selection rules, 674-5
magnetic hyperfine structure
constant, 663
for hydrogen, 7O9
measurement, 718-9,729
mercury, 563
multiplets, 732
theory, 662-675
Zeeman effect, 669-74
imprisonment of radiation, see
photon trapping
induced emission, see stimulated emission
inhomogeneous line broadening,
247-8
in lasers, 322-4,388-96
inhomogeneous wave equations,
31
instrumental profile
effect of, 253-7,260,298,314
intensity of light emission
from optically thin sources,
104-6,293
from optically thick sources,
294-5
in optical double resonance,
547
in resonance fluorescence,
503,509
interaction Hamiltonian
electric dipole, 279-81
electric quadrupole, 664-7
hyperfine structure, 667-9
in resonance fluorescence,
496-8,501

effect of r.f. magnetic
field, 577
in optical pumping. 64O,
645-6,649-50,657
magnetic dipole, 674
electronic, 87
nuclear, 662-4,709
multipole expansion, 666
spin-orbit, 73,81-4
intercombination lines, 136-8
interval rule
in L-S coupling, 85-6
in hyperfine structure, 668-9,
732
isotope shift, 66,455,562,600,
661,683
King furnace, 3O3-4
krypton wavelength standard,
428-9
Laguerre polynomials, 363
Lamb dip, 409-14
use in frequency stabilization, 421-2
Lamb shift, 101,190,193,455
determination of, 468
Lande g-factor, see g-factor
Lande interval rule, 85-6
Laporte rule, 132
Larmor angular frequency, 87-8,
481,501,540
Larmor precession, 87-8,539ff
laser cavities, see optical
cavity
lasers, gas
Doppler widths, 394
effective coherence lengths,
394
frequency stabilization,
420-7,435
gain coefficient
saturated, 386,394-9,412
unsaturated, 322-5,337,352
gain required for oscillation,
381-3
gain saturation, 383-92,412
homogeneous broadening,
383-8
inhomogeneous broadening,
388-92
He-Cd, 342-4
He-Ne
construction, 333-5,368-70
input-output power characteristics, 335-7
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population mechanism, 330-3
He-Se, 346
He-Zn, 341,346
hole burning, 391,410
Lamb dip, 408-14
mode or phase locking, 399402
N2-C02, 337-41
noble gas, 348-51
saturated absorption, 415
saturation parameter, 385,391
single frequency operation,
402-9
spatial hole burning, 388
spectral purity, 371-2
superradiant, 325,329
use in fast beam experiments,
159,722
use in measurement of velocity
of light, 427-32
lasers, tunable dye
methods of pumping, 445-54
principles of operation, 44O
-3
use in Doppler free absorption
spectroscopy, 454-69
use in production of hyperfine
quantum beats, 721-2
use in resonance fluorescence,
518-9
wavelength range, 453
laser transitions
in He-Ne discharge, 334
in He-Cd discharge, 342,345
in He-Zn discharge, 342
Legendre polynomials, 58-9
level crossing signals
at finite fields, 506,725-30
at zero field, 48O,5O2
lifetimes, see radiative lifetimes
light
amplification, see lasers
conventional sources of, 319
modulation from incoherent
sources, 582-3
in optical double resonance, 572ff
in resonance fluorescence,
512-26
velocity, 21-2
measurement of, 427-3O
light beats, see quantum beats
line shape function
Doppler or Gaussian 248
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effect of instrument profile,
253-7
homogeneous, 247
in absorption and stimulated
emission, 285-6
in laser lines, 322-5
inhomogeneous, 247-8
natural or radiative, 23O-6
Voigt, 252-3
line shift, 245-6,264-5,414-5,
422,685
line strength, 109
for hydrogenic systems, 11O,
117
line width of spectral line , 251
collision, 241-6, 267
Doppler, 248-9
in magnetic resonance
relation to transverse
relaxation, 623-4
natural or radiative, 233
Liouville equation, 496-7,5778,64O-8
local thermodynamic equilibrium, 1O5
Lorentz force, 481
Lorentz'gauge condition, 31
Lorentzian distribution, 233
L-S coupling
definition, 82-3,91
fine structure in, 84-6
interval rule, 85-6
selection rules in
for electric dipole radiation, 134-8
for electric quadrupole
radiation, 186-7
for magnetic dipole radiation, 186-7
wavefunctions in, 131-2
Zeeman effect in, 86-8
LTE, 1O5
magnetic depolarization, see
Hanle effect
magnetic dipole moment
behaviour in static fields,
539-40,587
behaviour in time-dependent
fields, 540-3
of a nucleus, 661-3
of an atom, 87
of an ensemble
related to orientation, 586
magnetic dipole radiation, 43-4,
180-3
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classical emission rate, 44
spontaneous transition probability, 181
stimulated transition probability, 544-5,587-8,698
selection rules, 185-7,674-5
magnetic hyperfine structure,
see hyperfine structure
magnetic resonance
classical theory of, 540-3
in atomic beams, 698
in optical double resonance,
544-5
in optical pumping, 619-28
width of signal, 612-3
Zeeman resonances, 678-82
in solid state, 535
multiple quantum transitions,
463
quantum theory, 576-81
selection rules, 185-7,674-5
maser
ammonia, 320
hydrogen, 710-3
matrix elements, 56
of electric dipole operator,
116,126,141
of magnetic dipole operator,
224,674
Maxwell's equations, 17-21
plane wave solutions, 22-4,49
solutions in terms ,of vector
and scalar potentials,
30-3
metastable atoms, 178ff
collision processes, 330-1,
335-7,341-8
forbidden transitions, 203-12
optical pumping of, 616-9
mode locking, 399-402,434-5
Mossbauer effect, 266
multiplet structure of spectral
lines, 85,91
relative intensities in, 138
multiplicity, 83
multipole fields, 48
multipole moments, 585-6
natural broadening, 231-6
nuclear magnetic moment, 663,
681,733-4
measurement of, 621,704
nuclear quadrupole moment, 6647,668,717,731

optical cavity
beam radius, 362,365-6
design, 368-70,435
diffraction loss, 358-61
Q factor, 370-1
resonance width, 370-1,375
resonant frequencies, 378-81,
432
spatial mode distribution,
356-65
spot size, 362,365-6,373
stability, 367,373
optical coherence, 319,355,498
optical depth, 293
optical double resonance
Brossel-Bitter experiment,
536-9,546-8
coherence narrowing in, 553
collision broadening in, 55760
light modulation in, 572-6,583
photon trapping in, 552-4
quantum theory of, 576-86
sensitivity, 549
use in hyperfine structure
measurements 548-9,714-20
use in radiative lifetime
measurements, 546,555
optical pumping
apparatus, 594,603-4,616-7
depopulation pumping, 641-2,
648-53,656
effect of hyperfine structure
on, 677-8
hyperfine pumping, 682-8
light shifts, 648-54
magnetic resonance, 612-3,61928,678-88
of metastable atoms, 616-9
quantum theory, 639ff
relaxation processes in, 60116,623-9
theory of, 643-4
repopulation pumping, 642-3
rubidium frequency standard,
689-91
transient signals, 603,606,
627-9,648,657-8
transverse magnetization, 62939
Zeeman pumping, 593-8
optical thickness, 292-6,316
optically thick sources
intensity of light emitted,
294-6
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optically thin sources
intensity of light emitted,
104-6,293-4
orientation, atomic, see atomic
orientation
oscillator strengths, 106-9,
156-9
in complex atoms, 114-5
in hydrogenic systems, 109110,112
measurement, 142-3
by absorpt ion techniques,
302-8
effect of self absorption, 294-5,306
related to absorption crosssection, 284-5
related to Einstein B coefficients, 284
related to equivalent widths,
298-301
sum rules, 108-9,111
see also radiative lifetimes,
transition probabilities
parity operation, 60-1,127,132,
178,225
Paschen-Back effect, 121
Paula exclusion principle, 79
Pauli spin matrices, 9O
Penning ion trap, 196,211
Penning ionization collisions,
214,222-4,341-4
photoelectric effect, 4,5
photon angular momentum, 127-8
photon counting, 149,160,162,
192,196,202,216,259,513
photon trapping
in delayed-coincidence experiments, 168-70,174-5
in optical double resonance
experiments, 552-5
Planck's radiation law, 1-4,
277,295
polarization
atomic ,see atomic alignment,
atomic orientation
of electromagnetic waves, 258,49
of electric dipole radiation,
38-9
of fluorescent light, 5O3-5
of magnetic dipole radiation,
44,674-5
of Zeeman components, 122-5
population inversion, 320,382,433

mechanisms, 329-33,339-51
steady state, 326,383,390,412
transient, 325,329,447
potentials, advanced, 32-3,102
potentials, retarded, 32,1O2
Poynting vector, 29-30,39,50,95
pressure broadening, see collision broadening
probability density of electron,
54,66,708-9
pulsed afterglow method, 215-6
Q-factor
cavity, 287,370-1,712
quantum beats, 512-9,529-30,
720-4
quantum numbers
j
68-72,76-7
J 84-5
I
61-2,64-6,79
L 82-4
fflj 62,70-2
m
76-7,79
m

76-7,79

M_

668-75

M

668-75

M
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n
S

64,79
82-4

radiation reaction force, 230-1,
266
radiation trapping, see photon
trapping
radiative lifetimes
classical oscillator, 95-7,116,
266
excited atoms, 103-4
helium like systems
metastable levels, 203-13
hydrogenic systems, 111-4,1178,224-6
metastable levels, 195-203
measurement of
beam foil method, 143-59
delayed coincidence method,
160-76
Hanle effect, 483-5,486,493
optical double resonance,
550-5
quantum beats technique,
518-9
related to line width, 233-6

762

SUBJECT INDEX

radiative line shape, 231-6
radio frequency coherence, see
Hertzian coherence
Rayleigh-Jeans law, 2
relaxation processes
density matrix, 643-4
longitudinal relaxation time,
602-3
measurement of, 604-13
optical double resonance,
553-5,566,585
resonance fluorescence, 501
spin exchange, 611,613-6
transverse relaxation time,
623-4
measurement of, 626-9
resonance broadening, see
collision broadening
resonance fluorescence
collision broadening in,
557-71
definition, 474-77
density matrix theory, 492512
using modulated excitation,
52O-6
theory of, 522-6
using pulsed excitation, 5129

theory of, 515-7
see also Hanle effect, optical double resonance,
optical pumping
resonance lines, 96,172,260,263,
331,344,350,474
resonance trapping, see photon
trapping
Ritz combination principle, 6,8
Russell-Saunders coupling, see
L-S coupling
Rydberg constant, 6,9,64,458
determination of, 458-62
saturated absorption spectroscopy
estimate of line width, 435-6
using gas lasers, 414-20,4258
using tunable dye lasers,
454-62
determination of Rydberg
constant, 458-62
Schmidt limits, 733
Schrodinger wave equation, 52-5
of classical harmonic oscillator, 88

solution for hydrogenic systems, 62-6,88,90
for many-electron atoms,77-9
for spherically symmetric
potentials, 56-9
selection rules, 186-7
for electric dipole radiation
for j , 128-3O
J, 133-4
I , 126-7,132-3
L, 134-5
m, 128,131
mj ,121-2

S, 135-8
for electric quadrupole radiation, 186-7
for magnetic dipole radiation,
186-7,674-5
self reversal, 296,313,603
Slater determinantal wave function, SO
source function, 292
space quantization, 62,71,668
spherical harmonics, 58-9,89,140
addition theorem, 127
spin-orbit interaction
in one-electron atoms, 73-7
in many-electron atoms, 81,
84-6,132
spontaneous emission probability,
97-103,276-7
Stark effect, 65,225,237-8,241,
244
Stefan-Boltzmann law, 14
stimulated emission, 101,286-7
classical theory, 274
semi-classical treatment, 27883
stretched state, 71
sum rules
for absorption, 274
for oscillator strengths, 108,
111,112
Thomas-Kuhn-Reiche sum rule,
108,111
superradiant lasers, 325,329
tensor operator
definitions, 129,584-6
electric quadrupole, 140,184,
224,666
terms, 6,8,83,91,135
thermal beam time-of-flight
experiments, 204-11,213
thermal energy charge transfer,
344-8
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Thomas-Kuhn-Reiche sum rule,
108,111
transition probabilities
electric dipole radiation
absorption, 276,282-3
spontaneous .emission, 97-1O1,
102-3
hydrogen, 111,113
two-photon processes, 191
stimulated emission, 276
electric quadrupole radiation,
184
magnetic dipole radiation, 181
related to line width, 234-5
see also oscillator strengths
two-photon absorption spectroscopy, 462-9
two-photon emission, 189
angular correlation of emitted
photons, 192-3
investigation in helium-like
systems, 203-11
investigation in hydrogenic
systems, 195-203
spectral distribution, 193theory of, 191-2
transition probability, 195
Van der Waals broadening, 238,
244,264-5,566-71
Van der Waals forces, 36,108,
238,567,688
vector model
for one-electron atoms, 73,77
for many-electron atoms, 86
in Zeeman effect, 88
Voigt profile, 252,260,300,395
volume emission coefficient, 291
wavelength standard, 428-9
Wien displacement law, 13
Wigner-Eckart theorem, 130,133-4
Zeeman effect, 86-8,91,139,549
investigation using magnetic
resonance spectroscopy,
534-6,588
of hyperfine structure, 669-74
relative intensities in, 125zero field level crossing signals, 480,502
see also Hanle effect
zero-point energy, 457
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