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It was mentioned in Chapter 5 that a slab of negative refractive index material
with n = −1 can have a lens-like action: this slab (of inﬁnite transverse width)
can form the image of a source located on one its side at two locations, one
within itself and another on the opposite side of the source. We call this ﬂat
lens a Veselago lens after its original proposer (Veselago 1968). Its imaging
action arises as a direct consequence of the negative refraction of a ray across
a planar interface between positive and negative index media. An additional
condition for a real image to be formed is that the sum of the distances
from the source to the slab (d1 ) and the slab to the external image plane
(d2 ) in the positive medium equals the thickness of the negative index slab
(d = d1 + d2 ) as shown in Fig. 8.1. All this can be deduced with a simple
ray analysis. The Veselago lens is a remarkable device: it maps each point
on the object plane onto a point in the image plane and thus suﬀers from no
geometrical aberrations. This lens is an example of an Absolute Instrument
in geometric optics, preserves distances and angles in the image, and the
imaging is projective (Caratheodory 1937). The image does, however, suﬀer
from chromatic aberrations, given that media with negative refractive index
are necessarily dispersive. The lens is also short-sighted and can only form
images of objects placed within a distance d of the slab. The Veselago lens also
accomplishes an image transfer while preserving the transverse translational
symmetry, in contrast to conventional lenses, which have curved surfaces that
enable them to image.
The Veselago lens is, however, much more than just a ﬂat lens. In 2000, a full
wave analysis of the ﬂat lens revealed that, in principle, the image produced
by the slab with ε = −1 and μ = −1 had an inﬁnite spatial resolution (Pendry
2000). That is to say, the lens can resolve geometrical details in the source
that are much smaller than the imaging wavelength, theoretically without any
limit. This capability of the Veselago lens to give image resolution beyond
the so-called diﬀraction limit in conventional optics actually derives from the
capacity of negative index materials to support surface states (discussed in
Chapter 7). These surface states interact with and involve the non-radiative
near-ﬁeld modes of the source in the image formation process. These nonradiative ﬁelds are associated with the spatial features of the source at a
subwavelength length scale and are conﬁned to the immediate vicinity of the
source. Hence their involvement enables image resolution beyond conventional
optics.
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Figure 8.1 Drawing showing the focusing of rays emitted by a point source
by a slab with refractive index of n = −1. One image is formed on the other
side of the slab while another image is formed inside the slab. The condition
for forming a real image is d = d1 + d2 .

In practice, however, no imaging system can have inﬁnite resolution and
the resolution of the Veselago lens is also limited by other factors such as the
impossibility of having a purely real, negative value for refractive index and
the inherent spatial lengthscales of the metamaterial making up the slab. It
turns out that the restoration of the evanescent components is quite sensitive
to imperfections in the negative refractive index material (NRM) and this
does somewhat curtail the subwavelength focusing capabilities of the lens.
Nonetheless, subwavelength image resolution is possible to quite some extent
even with these imperfect lenses, which we henceforth refer to as super-lenses.
The perfect lens eﬀect (Pendry 2000) has been one of the most celebrated
consequences of media with negative constitutive parameters, and its concept
has been generalized to several conﬁgurations of spatially inhomogeneous negative refractive index media as well (Pendry and Ramakrishna 2003). These
ideas have also given rise to another kind of a hyper-lens (Jacob et al. 2006)
whereby the evanescent non-radiative modes are coupled into propagating
modes in an indeﬁnite medium (see Chapter 5) to be subsequently imaged at
the far end of the medium.

© 2009 by Taylor & Francis Group, LLC

8.1 Near-ﬁeld information and diﬀraction limit

8.1

283

Near-ﬁeld information and diﬀraction limit

The diﬀraction limit imposed on the image generated by an optical system is
one of the classic results in Optics: it relates the smallest discernible spatial
features on the image to the wavelength of the illuminating or emitted light.
Let us ﬁrst re-examine it here. Consider the electromagnetic ﬁelds in the xy
plane (called the object plane hereafter), typically emitted by some extended
source. By imaging we usually imply that the intensity in this plane is reproduced on another parallel plane (called the image plane) at some distance
along the (normal) z axis (called the optical axis hereafter). Conventional
lenses or imaging devices collect radiation from the object plane and reproduce them in the image plane. Consider the imaging action of a conventional
convex lens: the lens has more material in its center than at its extremities in
order to compensate for the longer path-lengths in the air of the rays propagating at larger angles. Thus all the waves propagating at diﬀerent angles
arrive at the image plane with the same phase shift.
Mathematically, the ﬁeld emitted by the source can be Fourier decomposed
in terms of plane waves propagating in diﬀerent directions. Hence, for the
electric ﬁeld E(x, y, 0) at the object plane, the Fourier integral can be written
as

E(x, y, 0; t = 0) =

1
2π

2 


dkx dky Ẽ(kx , ky ) exp [i(kx x + ky y)] ,

kx

ky

(8.1)
where the amplitude of the Fourier components Ẽ(kx , ky ) is given by the
Fourier transform:
 
dx dy E(x, y, 0) exp[−i(kx x + ky y)].
(8.2)
Ẽ(kx , ky ) =
x

y

Note that kx and ky (spatial frequencies) represent the Fourier components of
the spatial variation in the source in the x and y directions, respectively. The
spatial variation of the ﬁelds on the object plane can be thought of as arising
from the superposition of periodic functions with diﬀerent periodicities. Each
spatial frequency (kx,y ) represents a periodicity Δx,y = 2π/kx,y of variation of
the electromagnetic ﬁelds on the source plane. In general, each set of spatial
frequencies (kx , ky ) on the source acts as an inﬁnite sheet source emitting
a plane wave along (kx , ky , kz ). The electromagnetic ﬁelds at any point for
z > 0 can be written as a superposition of these plane waves

E(x, y, z; t) =

1
2π

2 


dkx dky Ẽ(kx , ky ) exp [i(kx x + ky y + kz z − ωt)] ,

kx

ky

(8.3)
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Figure 8.2 Pictorial representation of diﬀraction from periodic objects such
as a grating. The object on the left has greater spatial period and the
diﬀracted beams emerge at smaller angles. The diﬀracted beam from the
more ﬁne grating on the right has a much larger angle for the same diﬀracted
order. Higher orders in this case have become evanescent and do not propagate.
where ω is the frequency of the radiation. The Maxwell equations impose that
kx2 + ky2 + kz2 =

ω2
= k02
c2

(8.4)

in free space.
A periodic planar object of period Δx has a periodic variation of the electromagnetic ﬁelds and acts as a sheet source emitting a plane wave along
kx = 2π/Δx . Since we can decompose the ﬁelds of an arbitrary source into periodic variations on the object plane, it is suﬃcient to consider what happens
to light emitted or scattered by a periodic object. Consider the diﬀraction of
light from such periodic object (for example, a grating that is periodic along
one dimension) as shown in Fig. 8.2. We assume that there are many periods
involved in the scattering of the plane wave incident at normal incidence. The
parallel component of the wave-vector can change upon scattering by a Bragg
vector G = m.2π/L along the direction of the periodicity (the x̂ direction for
example), where m is an integer and the diﬀracted beams emerge in a number
of directions (diﬀraction orders) for the diﬀerent values of m. If the periodicity of the object is large (L > l), the diﬀracted beams scatter through smaller
angles (φ < ϕ). For some maximum value of m, the parallel component of the
wave-vector of the diﬀracted beam given by kx = mG becomes larger than the
magnitude of the wave-vector (k0 = ω/c) in the medium (assumed to be air),
yielding an imaginary longitudinal component kz (because of the dispersion
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relation kx2 + kz2 = k02 ) and waves evanescent along the ẑ direction. These
waves remain in the vicinity of the source, are non-propagating, and have
appreciable amplitudes only over distances lesser than a wavelength near the
source. Consequently, a grating of smaller periodicity shows a smaller number of diﬀracted beams as the beams for larger m are all evanescent. For a
periodicity Lx < 2π/k0 , the beams are evanescent for any non-zero value of
m and no diﬀracted waves other than the zeroth order wave propagate out.
Returning to the original problem of light emitted or scattered by an arbitrary object, the electromagnetic ﬁelds vary over multiple lengthscales. The
sources can have intensity or ﬁeld variations even over arbitrarily small distances. As an example, consider the case of isolated molecules on a surface
emitting radiation in which case the Δx,y can literally be on atomic lengthscales. The corresponding transverse wave-vectors kx and ky are very large,
and the waves are highly evanescent. Thus the waves with large kx > k0 and
ky > k0 are evanescent and decay in amplitude exponentially away from
the source z = 0 plane. These near-ﬁeld modes have a decay length of
1/kx,y < λ/2π. In conventional imaging systems, these evanescent modes
are never detected because of their minuscule amplitudes at the detectors,
typically located at large distances (on the scale of a wavelength). Hence
the corresponding source information about the fast varying features of the
source is entirely missing. For these reasons, it is often assumed that the
largest propagating wave-vector that contributes to the image is k0 (assuming
a unit numerical aperture), yielding the corresponding spatial frequency of
the wavelength λ = 2π/k0 to be the minimum limit on the spatial resolution
in the image. Thus, even the best made lenses are limited in their resolution of small details on a lengthscale ﬁner than the wavelength of light at the
operating frequency.
It is worth noting that an image resolution of almost λ/2 can nevertheless
be obtained, if one considers light to be incident at almost grazing incidence
with a parallel wave-vector with kx  ±k0 . In this case, light can scatter
via two Bragg wave-vectors and emerge out with a parallel wave-vector of
kx  ∓k0 . This is actually used in confocal imaging where one uses a very
large numerical aperture lens to focus light on the source and to collect the
scattered light over a broad cone of angles. Because of this possibility, the
diﬀraction limit is stated to be λ/2 in many references.
In order to obtain an image resolution beyond the diﬀraction limit, one
has therefore to measure the near-ﬁeld radiation of a source and use the
information it contains to reconstruct the image. This is the central idea of
optical near-ﬁeld microscopy where there are a variety of techniques that have
been developed to measure the near-ﬁeld and image subwavelength features
on the source.∗ Near-ﬁeld imaging is predominantly done by either feeding
∗ This does not violate any fundamental principle such as the Heisenberg uncertainty principle. Consider for example the identity for a wave kx · Δx  1. In order to resolve features
with Δx = λ, we can count on kx = 2π/λ at most. For smaller Δx resolution, larger kx are
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energy into the near-ﬁeld modes or by coupling out the energy in the near-ﬁeld
modes via a ﬁne ﬁber tip tapered down to a few nanometers. The tapered
ﬁber tip couples the near-ﬁeld modes of the sample under investigation to the
propagating modes in the ﬁber thus enabling excitation or detection of the
near-ﬁeld modes. The drawback is, of course, that the coupling eﬃciencies can
be very small, typically of the order of 10−8 , which limits the measurements
of ﬁne eﬀects. The reader is referred to more comprehensive treatises devoted
to this subject (Paesler and Moyer 1996, Kaupp 2006) for the technical details
of near-ﬁeld imaging.

8.2

Mathematical demonstration of the perfect lens

Consider a lens as proposed by Veselago (1968) consisting of a slab of NRM of
thickness d with ε = −1 and μ = −1 and surrounded by a positive dielectric
medium as shown in Fig. 8.3. Let ε+ and μ+ be the relative dielectric permittivity and the relative magnetic permeability of the positive medium outside.
Similarly, let ε− and μ− be the relative dielectric permittivity and the relative magnetic permeability of the NRM. Consider that we need to calculate
the ﬁelds at z = 2d (the image plane) when a source is placed at z = 0 (the
object plane) in the positive medium for which the transmission coeﬃcient
of the slab is required. The latter, along with the reﬂection coeﬃcient for
completeness, is (see Appendix C)
4η1 η2 exp(ikz2 d)
,
(η1 − η2 − (η1 + η2 )2 exp(2ikz2 d)
(η12 − η22 ) exp(i2kz2 d)
,
R=
(η1 − η2 )2 − (η1 + η2 )2 exp(2ikz2 d)

T =

)2

(8.5)
(8.6)

where η1 = kz1 /ε+ and η2 = kz2 /ε− for P-polarized incident light and
η
1 = kz1 /μ+ and η2 = kz2 /μ− for
 S-polarized incident light. Here kz1 =
2
2
2
ε+ μ+ k0 − kx − ky and kz2 = ± ε− μ− k02 − kx2 − ky2 , where kx and ky are
the parallel components of the wave-vector for the incident light. The sign
of kz2 should be taken in accordance with the discussion in Section 5.2 for
consistency. However, note that the transmission and reﬂection coeﬃcients
given above are invariant with respect to a sign change of kz2 .
needed (kx > k0 ), i.e. evanescent waves. For a perfect resolution, Δx → 0 and kx → ∞: all
the evanescent waves are needed. Although the transverse image resolution might be very
small the corresponding transverse component of the wave-vector is arbitrarily large, thus
satisfying the wave property kx · Δx ∼ 1. The essential higher (> 1) dimensional nature of
the problem makes this possible.
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When the NRM has, for example, ε− = −ε+ = −1 and μ− = −μ+ = −1
(say), we obtain trivially for propagating waves that kz2 = −kz1 , η1 = η2 ,
and
R = 0.
(8.7)
T = e−ikz1 d ,
Hence we have
E(z = 2d) = exp(ikz1 d/2) exp(−ikz1 d) exp(ikz1 d/2) E(z = 0),
= E(z = 0),

(8.8)

which clearly shows that the total phase change for propagation from the
object plane (at z = 0) to the image plane (at z = 2d) is zero, thus yielding
the same result as that obtained through
 an elementary ray analysis.
For evanescent waves with kz1 = i kx2 + ky2 − ε+ μ+ ω 2 /c2 = iκz , then we
have kz2 = kz1 and η1 = −η2 . The transmission and reﬂection coeﬃcients for
the slab come out to be
T = e+κz d ,

R = 0,

(8.9)

i.e. the slab actually increases exponentially the amplitude of the evanescent
waves at the same rate at which they decay in free space. We similarly have
E(z = 2d) = exp(−κz d/2) exp(κz d) exp(−κz d/2) E(z = 0),
= E(z = 0).

(8.10)

There is no net change in the amplitude of the evanescent waves at the image
plane (at z = 2d) from the object plane at z = 0 and we have an exact compensation for the decay of the evanescent wave in free space (see Fig. 8.3).
Thus, not only does the Veselago lens cancel the phase accumulation for the
propagating waves, but it also restores the amplitudes of the evanescent components, bringing them both to a focus at the image plane. Further the
reﬂection is identically zero for all incident plane waves due to the impedance
matching (η1 = η2 ). The information carried by the evanescent waves, usually lost because of their exponential decay, is here totally transmitted to the
image plane. As a consequence, all the ﬁne features of the source can be
reproduced and the lens has an inﬁnite resolution in principle. This lens goes
beyond the diﬀraction limit as it includes all the components of the near-ﬁeld,
too, and hence it is a perfect lens.
This result was ﬁrst demonstrated in Pendry (2000) using the transmission and reﬂection coeﬃcients of the slab calculated by a multiple scattering
technique. Both methods of calculation obviously yield the same results, but
the multiple scattering technique gives some more insight into the functioning
of the perfect lens and some fundamental aspects of the physics involved in
the problem. Hence we now examine the salient aspects of that solution. In
the multiple scattering method, one decomposes the total transmission and
reﬂection from the slab into the partial reﬂections from the interfaces and

© 2009 by Taylor & Francis Group, LLC

288

Veselago’s lens is a perfect lens
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μ=1

z=3d/2 z=2d

Figure 8.3 The perfect lens system consisting of a slab of NRM. The object is
at a distance d/2 from the surface of the NRM and is focused on the other side
of the slab. The restoration of the amplitude of an evanescent component is
depicted schematically. The partial reﬂection/transmission coeﬃcients across
the boundaries are shown. (Reproduced with permission from Ramakrishna
c 2005 Institute of Physics Publishing, U.K.)
(2005). 

sums the contribution from all such inﬁnite number of partial waves as (see
Appendix C)
t21 t32 eikz2 d
,
1 − r12 r32 e2ikz2 d
r21 + r32 e2ikz2 d
R=
,
1 − r12 r32 e2ikz2 d

T =

(8.11)
(8.12)

where tjk and rjk are the Fresnel transmission and reﬂection coeﬃcients across
the interfaces between the diﬀerent media (see Appendix A). For the conﬁguration when ε− = −ε+ = −1 and μ− = μ+ = −1, we obtain trivially for
propagating waves that kz2 = −kz1 , tjk = 1, and rjk = 0 due to the perfectly
matched impedance across the interfaces. Hence we have T = exp(−ikz d)
and R = 0 as in theother mode of calculation. Now consider the evanescent
waves with kz1 = i kx2 + ky2 − ε+ μ+ ω 2 /c2 = iκz . The proper choice of the
wave-vector for evanescent waves in absorbing media implies that kz2 = kz1 ,
and when ε− = −ε+ and μ− = −μ+ the partial coeﬃcients tjk and rjk actually diverge. However, the total transmission and reﬂection coeﬃcients for
the slab are still well deﬁned in the limit:
lim
ε− →−1
μ− →−1
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T = e+κz d ,

lim
ε− →−1
μ− →−1

R = 0.

(8.13)
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This is due to the fact that the partial transmission and reﬂection Fresnel
coeﬃcients diverge in the same manner (their denominators are identical). An
identical result has been obtained with the previous method, conﬁrming that
the amplitudes of the evanescent waves increase exponentially upon traversal
across the slab.
Note that the total transmission and reﬂection coeﬃcients are well deﬁned
in spite of being the sum of a geometric series of the partial waves whose
magnitude can be greater than unity, and are actually divergent in the case
of evanescent waves. This is well known and justiﬁed on grounds of analytic
continuity and convergence of inﬁnite series: the validity of the sum of an
inﬁnite series transcends the divergence of the individual terms themselves
provided that the sum was carried out to include all such inﬁnite terms and
provided that the series is not truncated at any point.† In fact, we could
have obtained the solution for the evanescent waves directly from that of the
propagating waves by a simple analytic continuation kz → iκz .
The process of restoring the amplitudes of the evanescent components,
henceforth called ampliﬁcation in this book,‡ does not really involve any
energy transport, as the Poynting vector associated with purely evanescent
waves in a lossless medium is strictly zero (Ramakrishna and Armour 2003).
These are the steady-state solutions of the Maxwell equations and give the
ﬁeld distributions essentially at inﬁnite time. The large energy density associated with the exponentially enhanced ﬁelds in the NRM is obtained from
the source itself and is built up over some time. One can see that in the
region d/2 < z < 3d/2 the individual evanescent waves are required to be
over-ampliﬁed in order to compensate for the decay of the ﬁelds outside in
3d/2 < z < 2d. In the limit of large wave-vectors (kx → ∞) the ampliﬁcation
of these evanescent waves leads to an exponential mathematical divergence in
the electromagnetic energy (Garcia and Nieto-Vesperinas 2002, Gomez-Santos
2003). These over-ampliﬁed ﬁelds do not correctly represent the ﬁelds in the
region before the object plane (z < 0) and represent the price that has to be
paid in order to project out a point source into free space. This is a manifestation of the pathological nature of the perfect lens and arises primarily
from the lack of a large momentum (wave-vector) cutoﬀ (Haldane 2002) in
the problem. In principle, however, with all metamaterials there is always
actually a cutoﬀ for the parallel wave-vector that corresponds to the inverse
†A

simple example is provided by the series expansion for
e−t = 1 −

t2
t3
t
+
−
+ ···
1!
2!
3!

,

for t > 1. As t → ∞, each term of the series individually diverges, while the sum monotonically and identically tends to zero. In fact, the sum cannot be obtained by truncating the
series anywhere.
‡ Note that the solution ampliﬁes with distance and not with time. This ampliﬁcation is
distinct from the more usual ampliﬁcation related to laser gain or ampliﬁers in electronics
where there is an increase of energy with time.
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of the lengthscale of the structure of the metamaterial kc ∼ 1/a. Some of the
eﬀects of non-locality are discussed in Section 8.6. The ideal lens conditions
ε− = −1 and μ = −1 are very singular. All calculations should be carried
out by adding an inﬁnitesimal imaginary quantity, iδ, to the frequency ω and
the limit δ → 0 should be taken to recover the causal solutions. Since ε and
μ are dispersive, this implies that calculations must always be made with a
small absorptive imaginary part to ε and μ. Thus, the unphysical divergences
disappear when one has even a ﬁnite level of absorption in the NRM, however
small. Any ﬁnite amount of dissipation ε− = −1 + iδ and μ− = −1 + iδ
essentially sets its own large momentum cutoﬀ. This is investigated in more
detail in Section 8.3. In fact, the absorption in the material limits the ability
to amplify the evanescent waves with a ﬁnite ﬂux of energy available from
the source. This limitation becomes particularly acute for the ﬁelds associated with large transverse wave-vectors, and hence aﬀects the high resolution
capabilities of the perfect lens.
The solution for evanescent waves is actually non-trivial and one is puzzled about the mechanism of their ampliﬁcation. In the partial wave picture
where the wave amplitude is decomposed, the proper choice of the sign of the
wave-vector gives a deeper understanding of the process. The divergence of
the scattering coeﬃcients is a generic property of a linear system when the
excitation frequency corresponds to some eigen frequency of the linear system. The divergence of the partial scattering coeﬃcients for the evanescent
waves therefore indicates the essential role of some resonances in the process of
restoring the amplitudes for the evanescent waves. We investigate the nature
of the resonance which is due to the surface plasmons in the next section.
The ﬁrst demonstration of focusing of evanescent waves and subwavelength
imaging was made in Grbic and Eleftheriades (2004), Iyer et al. (2003) using a
slab of two-dimensional transmission line metamaterials (shown in Fig. 1.6) at
microwave frequencies. The measured full width at half maximum (FWHM)
for the image was about λ/5, clearly demonstrating the subwavelength image
resolution and a transversally conﬁned image was measured inside the slab as
well.

8.2.1

Role of surface plasmons

In the proposal for the perfect lens (Pendry 2000), it was hinted that the
surface plasmon excitations played a signiﬁcant role. In the quasi-static limit
of large wave-vectors (kx → ∞), ε− = −ε+ are exactly the conditions for the
excitation of the surface plasmons on a metal surface for P-polarized light.
Similarly, μ− = −μ+ are the conditions for the S-polarized surface modes
of magnetic nature on the surface of a semi-inﬁnite medium. These surface
electromagnetic modes have been studied in Chapter 7. In the special case
when both these conditions are satisﬁed at a single frequency ω, the conditions
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for the surface modes on a semi-inﬁnite NRM,
kx2 − ε+ μ+ ω 2 /c2
+
ε+

kx2 − ε− μ− ω 2 /c2
= 0,
ε−

(8.14)

kx2 − ε+ μ+ ω 2 /c2
+
μ+

kx2 − ε− μ− ω 2 /c2
= 0,
μ−

(8.15)

hold for all kx and all the surface plasmon modes (of both polarizations) become degenerate at ω. These dispersionless modes have a zero group velocity
along the interface v = (∂ω/∂k|| ) = 0 (see Chapter 7).
For a slab of negative index material, the presence of the other interface
detunes the surface plasmon resonance on each interface. The slab modes have
resonance frequencies which are detuned by an exponentially small amount
exp(−k|| d) for large wave-vectors. The dispersion of the slab polaritons for this
case looks alike that obtained in the quasi-static limit of ω → 0. The condition
for resonant excitation of a slab plasmon polariton at the frequency when
ε− = −ε+ and μ− = −μ+ becomes k|| → ∞. Thus, the action of the perfect
lens crucially depends on not resonantly exciting any slab polariton resonance.
When excited by evanescent waves from a source, these slab plasmon modes
make their contribution to the total electromagnetic ﬁeld oﬀ-resonantly. There
is an increasing contribution from SPP modes with larger parallel wave-vector
because the detuning from the frequency of the exciting radiation becomes
exponentially small. Thus, one can produce exponentially large ﬁelds for
the large wave-vectors and the predicted ampliﬁcation of the electromagnetic
ﬁelds results. The perfect lens condition of ε− = −ε+ and μ− = −μ+ is very
special because it enables the excitation of the surface plasmon modes to just
the right degree. However, as pointed out before, there is always some large
wave-vector cutoﬀ that prevents physical divergences of the ﬁelds or energy
densities. This implies that for such large wave-vectors, our assumption of
local response functions breaks down and the complete degeneracy of the
surface plasmon modes also does not hold. These aspects are investigated in
more detail in later sections of this chapter.
When the perfect lens conditions are satisﬁed, the total ﬁeld can be written
as a sum of the ﬁelds due to the exciting source, and the ﬁelds of the surface
mode excitations on the two surfaces for any wave vector iκz as
E(z) = Ae−κz |z| + Be−κz |z−d1 | + Ce−κz |z−d2 | ,

(8.16)

where A = 1 is the evanescent ﬁeld of the source at z = 0, B = −e−κz d1
is the contribution from the surface plasmon at the left surface z = d1 , and
C = e−κz (d2 −2d) is the ﬁeld of the surface plasmon at the right surface z = d2 .§
The ﬁeld of the surface plasmon on the ﬁrst interface exactly cancels the
incident ﬁeld for z > d1 leaving behind only the ﬁelds of the second surface
§d
1

= d/2 and d2 = 3d/2 in our case. But it is true as long as d1 + d2 = 2d.
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plasmon in this region. Note that the amplitude C of this plasmon becomes
exponentially large with k|| . On the left side of the slab z < d1 , the ﬁelds
of the two surface plasmons exactly cancel (for zero reﬂectivity) and only the
ﬁelds of the exciting source can be felt in this region. Thus, we are able to
understand the exponentially large ﬁelds on the far-interface (from the source)
as shown in Fig. 8.3. Contrastingly there are small ﬁelds on the near interface
and it appears as if an unphysical anti-surface plasmon mode, with a ﬁeld
structure exp(+κz |z − d1 |) that appears to be exponentially growing with
distance on both sides, has been excited at the ﬁrst interface. This coherent
interaction of the surface plasmons is responsible for the perfect lens action
and renders the image resolution beyond the diﬀraction limit possible.
Actually the ampliﬁcation of the evanescent waves is a more general property of the Helmholtz equation. For example, we can consider the onedimensional time-independent Schrödinger equation (which is a Helmholtz
equation) for a quantum mechanical particle and assume two identical negative δ potentials or two rectangular potential wells separated by some distance
d. It is straightforward to show that if the incident energy of an incident quantum particle corresponds to the energy of the bound states in the potential
wells, then the wave increases exponentially in the region of space between
the two potential wells. The solutions are very similar in structure to the
ones presented above. Thus, the crucial element is the presence of a bound
state. The negative refractive index media can support surface plasmon states
at the interfaces by themselves so that we do not require more structure like
the rectangular potential well considered in our previous example. However,
it should be noted that in the case of the quantum wells, we do not have a
degeneracy of bound states for all incident wave-vectors in higher dimensions,
which we do for negative index media. The modes disperse rapidly for larger
wave-vectors which makes it diﬃcult to obtain focusing using electronic waves.
A similar discussion holds for acoustic waves where evanescent waves can be
ampliﬁed in a similar manner using two resonant acoustic waveguides in place
of the potential wells.

8.2.2

Quasi-static limit and silver lens

We note that the perfect lens works when the conditions on both the permittivity and the permeability, ε− = −ε+ and μ− = −μ+ , are satisﬁed. From
our discussion in Chapter 3, it is clear that generating media with both ε < 0
and μ < 0 at the same frequency involves complex designs. Particularly at
optical and ultraviolet frequencies, this problem is more acute due to the
lack of magnetic materials with small enough unit cells. It is at the optical
and ultraviolet frequencies that the prospect of imaging the near-ﬁeld modes
becomes most exciting, and there is enormous potential requirement for subwavelength imaging techniques. Thus, we would be severely handicapped by
the impossibility of achieving a perfect lens at those frequencies due to the
lack of proper materials.
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An important simpliﬁcation can be achieved (Pendry 2000) upon considering the situation when all the lengthscales in the problem such as the sizes of
the objects involved, the distances involved, etc. are much smaller than the
wavelength at the operating frequency. This is the extreme near-ﬁeld limit
or the quasi-static limit. All the wave-vectors involved are very large and we
have kx,y  k0 = ω/c and kz  ikx in both the positive and negative media.
In this limit, the Fresnel coeﬃcients for the S-polarization across an interface
between media j and k become approximately
rjk 

μk − μj
,
μj + μk

tjk 

2μk
.
μj + μk

(8.17)

The coeﬃcients are seen to be independent of ε of the two media involved.
Similarly the Fresnel coeﬃcients across an interface between media j and k
for P-polarized light become approximately
rjk 

εj − ε k
,
εj + εk

tjk 

2εk
,
εj + εk

(8.18)

which are independent of the magnetic permeabilities of the two media. In
this extreme near-ﬁeld limit, the P- and S-polarizations are therefore totally
decoupled and appear like electrostatic and magnetostatic ﬁelds, respectively.
Hence a slab with negative dielectric permittivity (ε− = −ε+ ) alone can act as
a near-ﬁeld lens for the P-polarized light, while a slab with negative magnetic
permeability (μ− = −μ+) alone can act as a near-ﬁeld lens for the S-polarized
light.
As emphasized in Chapter 3, some metals behave as good plasmas at optical and ultraviolet frequencies and have negative dielectric permittivities.
A simple slab of a metal like silver or potassium has the potential to work
as a near-ﬁeld lens for imaging with P-polarized light at a frequency where
ε− = −1. Noting that dissipation aﬀects the capability to resolve large wavevectors, a highly conducting metal such as silver or potassium should be chosen. Alkali metals may be diﬃcult to use due to their high reactivity and
a noble metal like silver or gold would be preferable for direct use in such
imaging applications. In Fig. 8.4, we show the intensities corresponding to
the image of two slits separated by a small distance imaged by a slab of silver.
These calculations have been carried in the near-ﬁeld approximation and the
subwavelength resolution capabilities are clearly visible. The resolution is,
however, limited by the large levels of dissipation in silver. It actually turns
out that the image intensities are also inﬂuenced by retardation eﬀects, which
are discussed in Section 8.3.
It is important to emphasize that these theoretical considerations have been
veriﬁed experimentally, and in particular the silver lens has been implemented
in practice. Fig. 1.5 shows its subwavelength imaging capability where subwavelength features on a nanosized object prepared by focused ion beam etching were reproduced in the near-ﬁeld image produced by the silver lens. This
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Figure 8.4 A thin ﬁlm of silver can act as a near-ﬁeld lens. The conﬁguration
used is shown on the left-hand side. The two slits, placed apart by 100 nm
(subwavelength distance), are clearly resolved by the lens while they cannot
be resolved when at the same distance in vacuum. The calculations have
been carried out in the electrostatic limit and a value of ε− = −1 + i0.4 has
been used for silver. (Reproduced with permission from Ramakrishna (2005).
c 2005 Institute of Physics Publishing, U.K.)


image was then used to lithographically etch the nanosized object in a photopolymer demonstrating the potential of this process for subwavelength photo
lithography (Fang et al. 2005). Spatial features as small as 40 nm are clearly
resolved. The silver lens has also been used by Melville and Blaikie (2005) for
nano-lithography, and lithographic etching of periodic features of about λ/4
has been demonstrated.

8.2.3

“Near-perfect” lens with an asymmetric slab

The “perfect” lens requires the conditions of
ε− = −ε+ ,

μ− = −μ+

(8.19)

to be satisﬁed at both the interfaces of the slab to enable the ampliﬁcation of
evanescent waves. Nonetheless the restoration of the amplitude for evanesecent waves can be accomplished even if these conditions are satisﬁed at merely
one interface only (Ramakrishna et al. 2002). This aﬀords a considerable ﬂexibility in the design of these lenses for practical applications where it may be
desirable to have diﬀerent media on either side of the ﬂat lens. For example,
a thin silver ﬁlm deposited on a dielectric surface like GaAs or silica is much
more mechanically robust than a free-standing thin ﬁlm of silver in air.
Consider the geometry shown in Fig. 8.5 with the negative medium slab of
thickness d placed between between two positive media of diﬀerent permittivity and permeability. The transmission coeﬃcient for the P-polarization is
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Figure 8.5 The asymmetric lens system consists of a slab of NRM with
dielectric media with diﬀerent ε on either side. The ﬁgure shows the three
cases of (a) ε1 = ε3 = −ε2 – the perfect lens, (b) Matching the perfect lens
conditions on the far-side ε3 = −ε2 only and (c) Matching the perfect lens
conditions on the near-side ε1 = −ε2 only. (Reproduced with permission
c 2005 Institute of Physics Publishing, U.K.)
from Ramakrishna (2005). 
given by
Tp (kx ) =

kz2
exp(ikz2 d)
4 kεz1
1 ε2

( kεz1
+
1

kz2
kz2
ε2 )( ε2

+

kz3
ε3 )

− ( kεz1
−
1

kz2
kz2
ε2 )( ε2

−

kz3
ε3 ) exp(2ikz2 d)

.

(8.20)
It is suﬃcient for the ampliﬁcation of evanescent waves if the plasmon conditions on both ε and μ are satisﬁed at either one of the interfaces, i.e. for an
incident evanescent wave if we have
kz3
kz2
+
=0
ε2
ε3
on the far surface from the source, or
kz1
kz2
+
=0
ε1
ε2
on the near surface. In either case, the transmission coeﬃcient reduces to
Tp (kx ) =
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which clearly shows the ampliﬁcation for the evanescent modes by letting
kz → iκz . For propagating waves (real kz ), we would have to choose the
negative sign of the wave vector in the negative index medium. Under the
condition of perfect impedance matching at any one interface, we can again
obtain the same result as above which demonstrates the phase reversal for
propagating waves.
Although we can obtain the ampliﬁcation of the evanescent waves with this
asymmetric conﬁguration, the ﬁeld strength of a plane wave at the image
plane diﬀers from the object plane by a factor 2(kz1 /ε1 )/[(kz3 /ε3 ) + (kz1 /ε1 )]
that depends on kx . In the extreme near-ﬁeld limit (ω → 0 and kz → ikx ),
this term becomes independent of kx and is given by


2ε3
Tp (kx ) =
exp(−kx d).
ε1 + ε3
Thus only the image strength would be changed from that of the source in the
near-ﬁeld limit. It is also easily veriﬁed that wave-vectors with diﬀerent kx
refocus at slightly diﬀerent positions except in the quasi-static limit kx → ∞.
There is no unique image plane and the focus of this lens is aberrated. There
is also an impedance mismatch at one interface and the reﬂection coeﬃcient is
clearly non-zero. Hence, this asymmetric slab has been termed a near-perfect
lens (Ramakrishna et al. 2002). We note that while the transmission is the
same in both cases, the spatial variation of the ﬁeld is completely diﬀerent,
depending on which interface the perfect lens conditions are satisﬁed on, as
shown in Fig. 8.5 for an incident evanescent wave from a source placed in the
object plane. Depending on which surface the perfect lens are satisﬁed on,
resonant surface plasmons are excited on that surface and these resonances can
contribute to the enhancement of the amplitude of the evanescent waves at the
image plane. The reﬂection coeﬃcient of the slab in the case of ε2 = −ε1 is also
highly ampliﬁed. This is due to the resonant excitation of a surface plasmon
ﬁeld at the near interface. In the case ε2 = −ε3 , we have a ﬁeld variation
over the distance from the object plane to the image plane in a manner that
is more akin to the case when the perfect lens conditions are satisﬁed on
both interfaces. In fact, this conﬁguration turns out to give better image
resolution in the presence of dissipation in the negative medium as discussed
in Section 8.3, and is preferable to the ﬁrst case.
A similar result holds for the S-polarized wave incident on the slab. The
presence of a large reﬂectivity has serious consequences for the use of a lens for
near-ﬁeld imaging applications as it would disturb the object ﬁeld. This aspect
of the reﬂectivity deteriorating the image formation has been investigated by
some researchers. In spite of these disadvantages, the possibility of using
asymmetric slab structures simpliﬁes the technology of making the lenses by
deposition of thin ﬁlms, a well-established technology. In some lithographic
situations, it is also imperative to have diﬀerent materials such as a mask
layer so that the possibility of having asymmetric structures can facilitate the
lithographic processes.
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Limitations due to real materials and
imperfect NRMs

As we have pointed out in our discussions, the perfect lens with inﬁnite image
resolution would be possible, in principle, only if we could have a medium
with exactly ε = μ = −1 and no dissipation. Further, it should be possible to
regard the medium as homogeneous at all lengthscales, however small. In this
section, we consider the eﬀects of the underlying structure and dissipation in
real materials which limits the image resolution to some ﬁnite levels. These
limitations, which always arise in real materials, prevent as an exaggerated
example, the possibility of imaging of atoms at lengthscales of 10−10 m using
radio-frequency waves with wavelengths of over 10 m.
It has been emphasized that the inﬁnite image resolution in the perfect lens
arises from the absence of a large momentum cutoﬀ. With all real materials, however, there exists an inherent large momentum (wave-vector) cutoﬀ
and this inﬁnite resolution is actually not possible. In metamaterials, it is
clear that once the radiation can probe the structural details of the metamaterial, eﬀective medium parameters make no sense anymore (see Chapter 2). This already imposes a natural cutoﬀ on the transverse wave-vector
of kx < kc = 2π/a, where a is the lengthscale of the periodicity of the metamaterial structures. In the case of metamaterials, the boundaries of the slab
are also indeterminate on the lengthscale of a unit cell, which can also lead
to some extra dispersion on the surface modes thereby causing some degradation of the image (Feise et al. 2002). Even with metals, the dielectric constant
becomes dependent on the wave-vector for large wave-vectors and is spatially
dispersive. For example, the Lindhard form (Ashcroft and Mermin 1976) for
the dielectric permittivity of a metal at small wave-vectors k  kF where kF is
the wave-vector at the Fermi surface, within the random phase approximation
(for the single particle excitations), yields
ε(ω, k) = 1 −

ωp2
1
,
ω 2 1 − 3/5(k · vF /ω)2

(8.21)

where vF = kF /m∗ is the Fermi velocity (m∗ being the eﬀective electron
mass). This expression yields a quadratic wavenumber dependence to a ﬁrst
approximation. The random phase approximation holds until there is suﬃcient screening and is valid even at lengthscales of a few atomic sizes (∼2 nm).
But given the spatial dispersion, we would not aim at resolving atoms or small
molecules with visible or IR light. Some eﬀects of spatial dispersion on the
image resolution are discussed in Section 8.6.
Much before the limits caused by the graininess of the structure of matter or the metamaterials set in, other mechanisms come into play to limit
the ability of this lens to focus the waves with large transverse wave-vectors,
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and the image resolution. Foremost is the eﬀect of absorption in the metamaterial comprising the lens. As we have seen in earlier chapters, dissipation always accompanies the large dispersion in metamaterials (due to the
Kramers-Kronig relationship) which gives rise to negative refractive index.
Thus, there would always be some amount of dissipation in the lens medium,
although in principle, it can be made arbitrarily small by using lesser and
lesser dissipative materials in the construction of the metamaterials. The
levels of absorption are maximal in the regions where there are large electromagnetic ﬁelds present (let us remind ourselves that absorption is proportional
to [Im(ε)|E|2 + Im(μ)|H|2 ]). The exponential growth of the evanescent waves
results in extremely large ﬁelds at the far-side interface. Thus, very large
absorption occurs for the larger wave-vector components, essentially implying
that the source emitting a limited amount of power cannot sustain the ampliﬁcation of these waves with a large transverse wave-vectors.¶ By regulating the
energy ﬂow, absorption sets its own large wave-vector cutoﬀ: the larger the
absorption rate, the smaller the corresponding cutoﬀ wave-vector. Thanks to
this limit, the divergence in the region d < z < 3d/2 is avoided (theoretically,
an arbitrarily small amount of dissipation suﬃces to lift the divergence).
The eﬀects of absorption can be accounted for by including the imaginary
part of ε− and μ− in the models. Consider the transmission coeﬃcient for
the P-polarized light across a symmetric slab of a negative refractive index
medium (obtained by setting ε3 = ε1 , μ3 = μ1 , and kz3 = kz1 in Eq. (8.20)):
Tp (kx ) =

) ( kεz2
)
4 ( kεz1
+
−
( kεz1
+
+

kz2 2
ε− )

exp(−ikz2 d) − ( kεz1
−
+

kz2 2
ε− )

exp(ikz2 d)

.

(8.22)

For evanescent waves, note that the exponential in the second term decays in
amplitude while the exponential in the ﬁrst term increases with kx . Under
the perfect lens conditions, the ﬁrst term in the denominator vanishes for
the evanescent waves and there is no exponential increase of the amplitude.
However, if there is a mismatch of the material parameters (ε− = −1 + iδε
and ε+ = +1, say), the ﬁrst term is no longer zero, and beyond some value of
kx , it begins to dominate the behavior of the denominator due to the growing
exponential term. When this happens, the transmission coeﬃcient begins to
decay exponentially. Thus, the wave-vector for which the two coeﬃcients are
approximately equal sets a cutoﬀ for kx beyond which the evanescent waves
are no longer eﬀectively ampliﬁed across the slab. In the quasi-static limit
(kx  ω/c), we ﬁnd that the two terms in the denominator are approximately
equal when
(8.23)
kx d = − ln |δε/2|,
which can be adopted as being the largest wave-vector for which there is an
eﬀective ampliﬁcation.
¶ Note

that the Poynting vector is zero for purely evanescent waves in a non-dissipative
medium. The dissipation causes a phase shift that now drives an energy ﬂow.
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Upon deﬁning the subwavelength resolution as the ratio of the optical wavelength to the linear size (Δmin ) of the smallest resolved feature, we obtain
res =

− ln |δε/2| λ
λ
.
=
Δmin
2π
d

(8.24)

Thus, the resolution depends logarithmically on the deviations of the material
parameters and inversely on the width of the slab, implying that the perfect
lens eﬀect is indeed very sensitive to the material imperfections.
For the silver slab lens with a thickness of one tenth the wavelength of
radiation, this expression yields a minimum resolved feature of about λ/2.5.
In the case of the asymmetric lens, we note that the resolution becomes
res = λ0 /λmin = −

ln |ε2 /2ε3 |λ0
4πd

(8.25)

(assuming ε3  ε2 and ε3  ε1 ) in the favorable case of low reﬂection when
ε2  −ε3 . In the limit of large ε3 , the resolution is actually enhanced (Ramakrishna et al. 2002). Note that the enhancement in the image resolution
obtained by increasing ε3 results from a smaller percentage mismatch in the
material parameters arising from a given value of the imaginary part of ε or μ.
It does not arise from the fact that waves with larger transverse wave-vectors
propagate in the high index medium as in an oil-immersion lens.
Due to dispersion in the material parameters, in practice, one can also end
up with deviations in the real parts of ε and μ due to a mismatch in the
choice of the operating frequency. In general, the perfect lens eﬀect turns out
to be rather sensitive to any deviations from the lens conditions ε− = −ε+
and μ− = −μ+ (Shamonina et al. 2001, Ramakrishna et al. 2002, Shen and
Platzman 2002, Fang and Zhang 2003, Smith et al. 2003, Merlin 2004). The
deviation considered above, δε, could be in the real part of ε− and the same
expression given by Eq. (8.24) would be obtained for the image resolution.
The ﬁelds at the image plane for a point source in the limit of small δε
has been analytically obtained in Merlin (2004) and it has been shown that
the transverse width of the image is eﬀectively given by the same number
predicted above. A similar result holds for the limit on image resolution
caused by the deviation in δμ from the ideal conditions for S-polarized light.
A detailed analysis of this condition for deviations in the real parts of the
material parameters is given in Section 8.3.1.
Actually the image formed by using P(S)-polarized radiation is more severely
aﬀected by deviations in ε− (μ− ) than deviations in μ− (ε− ) from their ideal
theoretical values. This is a true reﬂection of the electric nature of P-polarized
light compared to the magnetic nature of S-polarized light. However, a deviation in μ− from the ideal conditions would also set an ultimate limit on the
image resolution possible for P-polarized light even if ε− = −ε+ in an ideal
manner and with no dissipation. Even in the limit of large kx , the image resolution would be limited via retardation eﬀects – the surface plasmons on both
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sides of the slab just cannot keep pace with each other. For example, let us
examine the transmission coeﬃcient for P-polarized light through a slab with
ε− = −ε+ , but with μ− = μ+ = μ, which is a rather large deviation in the
magnetic permeability from the ideal conditions. Let us determine the value
of kx for which the two terms in the denominator become approximately equal
in Eq. (8.22). As we expect this to happen at reasonably large values of the
wave-vectors, let us approximate the normal components of the wave-vector
in the two media by
*
ω2
ω2
),
(8.26)
kz± = i kx2 − με± 2  i(kx − με±
c
2kx c2
i.e. we only retain terms to ﬁrst order in kx−1 . In this case, we obtain the
corresponding condition on the wave-vector in the form of a transcendental
equation


k2
(8.27)
kx d  − ln |ε± μ| 02 ,
2kx
where k0 = ω/c as usual. For a lossless medium with ε = ±1, μ = 1, and
slab thickness of k0 d = 0.35, we can estimate the cutoﬀ wave-vector to be
kx ∼ 18.7, which agrees very well with the transmission function plotted in
Fig. 8.6 (curve (1) in the left panel). Thus we ﬁnd that the eﬀects of even
such a large mismatch in the μ is rather limited compared to the eﬀects of a
mismatch in ε when imaging with P-polarized light. However, for very thin
slabs the limit obtained here due to the retardation eﬀects eventually makes
the ampliﬁcation ineﬀective for larger wave-vectors and sets a fundamental
limit on the process.
The limit on image resolution caused by deviations in the real parts of
the material parameters essentially arises from the ﬁnite detuning from the
resonance frequency for oﬀ-resonantly exciting the slab plasmon polaritons.
For the perfect lens the detuning becomes exponentially small for large wave
vectors in comparison. Thus, the slab plasmon polaritons for large transverse
wave-vectors (kx → ∞) cannot be excited suﬃciently strongly in this case
and the exponential enhancement of the electromagnetic ﬁelds required for
the large wave-vectors cannot occur. For any small amount of deviation in the
real parts of the parameters, slab plasmon polaritons are, instead, resonantly
excited at certain wave-vectors as evidenced in Fig. 8.6. These resonant excitations of the slab would imply a very large transmission at the corresponding
wave vector (for evanescent waves T > 1 is allowed). The direct excitation
of these slab modes for imaging applications is undesirable, as the ﬁelds due
to these resonances are disproportionately represented in the image. Yet, the
existence of these resonances is essential, since the recovery of the evanescent
modes can be seen as the result of driving the surface plasmons oﬀ-resonance.
The absorption mainly causes an exponentially decaying transmission for
large wave-vectors. Absorption actually damps these transmission resonances
and makes possible the very lensing action with some subwavelength resolution
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Figure 8.6 Absolute value of the transmitted ﬁeld at the image plane
(1)
|T exp(ikz d)|, for the P-polarization as a function of kx , showing the transmission resonances caused by the resonant excitations of the slab plasmon
polaritons. On the left panel, μ = +1 and (1) ε = −1 + i0.0, k0 d = 0.35;
(2) ε = −1 + i0.01, k0 d = 0.35; (3) ε = −0.9 + i0.01, k0 d = 0.35; (4)
ε = −0.9 + i0.01, k0 d = 0.5, and (5) ε = −1.1 + i0.01, k0 d = 0.35. On
the right panel, (1) Reε = −1 and (1) Im(ε) = 0, μ = −1.1, k0 d = 0.35; (2)
Im(ε) = 0.01, μ = −1.1, k0 d = 0.35; (3) Im(ε) = 0.01, μ = −1.1, k0 d = 0.5;
(4) Im(ε) = 0, μ = −2, k0 d = 0.35. The absorption broadens and softens the
resonances. Deviation in ε aﬀects the P-polarization more than the deviac 2005,
tions in μ. (Reproduced with permission from Ramakrishna (2005). 
Institute of Physics Publishing, U.K.)

capabilities in the case of the silver lens with μ = +1. Although the limitation
they impose on the resolution is similar, the detailed eﬀects of absorption and
the deviations in the real part of the μ or ε which introduce retardation eﬀects
are quite diﬀerent. The perfect lens solution in the absence of losses is very
special, and can lead to paradoxical interpretations. The Poynting vector at
the location of a point focus is strictly ill-deﬁned. However, the presence of
a small and ﬁnite absorption makes the focus a small blob instead and the
Poynting vector also becomes well deﬁned everywhere.

8.3.1

Analysis of the lens transfer function for mismatched
material parameters

It has already been discussed above that the mismatch in the constitutive
parameters between the lens material (ε− , μ− ) and its surrounding medium
(ε+ , μ+ ) is a key factor in deteriorating the performance. The inherently
dispersive and dissipative nature of left-handed media implies that both ε−
and μ− cannot be purely real. An additional reason, less fundamental but
important in practice, is that exactly achieving a value of (−1) for both the
permittivity and the permeability simultaneously is quite diﬃcult in practice.
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Consequently, the previous section has examined the importance of the impact
of small deviations from the perfect case (ε− , μ− ) = (−1, −1) on the resolution
of the lens. We have already analyzed the addition of losses so that we shall
focus here on a more analytical treatment of the mismatch in the real parts.
Note that in order to keep the eﬀects separate, we suppose here that the
imaginary parts are zero, and study the eﬀect of a mismatch in the real part
only.
The conﬁguration is the symmetric one shown in Fig. 8.3: a slab of lefthanded medium, characterized by constitutive parameters (ε− , μ− ), is surrounded by free-space, whose constitutive parameters are denoted by (ε+ , μ+ ).
Since the problem is eﬀectively two-dimensional, we shall use a two-dimensional
source in the form of a line source expressed by
J(r) = ŷIδ(x)δ(z).

(8.28)

For a S-polarized incidence, the ﬁeld in the three regions (regions 1 and 3
being to the left and to the right of the lens, region 2 being the lens itself)
can be expressed in integral form as
 +∞


dkx eikz1 z + Re−ikz1 z E eikx x ,
(8.29a)
Ey1 =
−∞
+∞


Ey2 =

−∞
 +∞

Ey3 =

−∞



dkx A eikz2 z + B e−ikz2 z E eikx x ,

(8.29b)

dkx T eikz1 z E eikx x .

(8.29c)

In the previous equations, kx is the phase-matched transverse wave-vector
component and is the same in all three media, kz1 and kz2 are the longitudinal components of the wave-vector in regions 1 and 2, respectively (the
longitudinal component in the third region is equal to the one in the ﬁrst
region). In addition, the reﬂection and transmission coeﬃcients (R and T )
as well as the coeﬃcients of the left-propagating and right-propagating waves
inside the slab are obtained in the usual fashion by matching the boundary
conditions, and are given by (see Appendix C)
r21 + r32 e2ikz2 d
,
1 + r21 r32 e2ikz2 d
4 ei(kz2 −kz1 )d
,
T =
(1 + p21 )(1 + p32 )(1 + r21 r32 e2ikz2 d )

R = eikz1 d/2

(8.30a)
(8.30b)

A=

2 e−i(kz2 −kz1 )d/2
,
(1 + p21 )(1 + r21 r32 e2ikz2 d )

(8.30c)

B=

2r32 e−i(kz2 −kz1 )d/2 e2ikz2 3d/2
,
(1 + p21 )(1 + r21 r32 e2ikz2 d )

(8.30d)
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where
μ+ kz2
,
μ− kz1
μ− kz1 − μ+ kz2
=
,
μ− kz1 + μ+ kz2

p21 =

p32 =1/p21 ,

(8.31a)

r21

r32 = − r21 .

(8.31b)

Finally, the term E represents the spectral kernel of a line source and is given
by
ωμ0 μ+ I
.
(8.32)
E = −
4πkz
Consequently, it can be seen for example that in the case of no reﬂection,
R = 0 and the expression of E1y reduces to the integral representation of a
Hankel function, which is what we expect from an inﬁnitesimal source in two
dimensions (the electric ﬁeld is in this case directly analogous to the Green’s
function in two dimensions).
¿From the previous expressions, it can be seen that all ﬁeld components
2
e2ikz2 d . When this term
contain a similar term in their denominator, 1 − r21
is zero, for speciﬁc values of kz2 , the electric ﬁelds in all three regions diverge,
i.e. we have a mathematical pole. The location of this pole usually needs to be
determined numerically but the analysis can be carried out analytically in the
following situation: let us introduce a mismatch δ > 0 (δ is thus real) in the
constitutive parameters of the slab while keeping the wave-number constant
so that (Lu et al. 2005a)
μ− = −(1 + δ) ,

ε=−

1
,
1+δ

(8.33)

and take (ε+ , μ+ ) = (1, 1). Since all the wave-numbers have the same magnitude, kx is identical in all three regions and kz = −k2z (although the solution
is independent of the choice of the sign of kz2 ). Under these circumstances,
the reﬂection coeﬃcient R12 simply becomes R12 = δ/(2 + δ) and the electric
ﬁeld in the third region (where we expect the image of the line source to be
formed) is written as
 ∞
1
eikz1 z
2ωμ− μ0 I 1 + δ
E3y = −
2 cos(kx x) dkx , (8.34)
2
π
(2 + δ)
kz1 2ikz1 d
δ
0
e
− 2+δ
where we have folded the integration from [−∞, +∞] to [0, +∞] by symmetry.
The poles of the integrand are obtained by letting the denominator go to zero,
which trivially yields


2+δ
i
mπ
+ ln
kz1 =
,
(8.35)
d
d
δ
where m is an arbitrary integer and where we ﬁnd again a logarithmic dependency as in Eq. (8.24). In order to understand the inﬂuence of this pole on the
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value of the electric ﬁeld, we need to transform the previous integral from the
kx plane to the kz plane. This is immediately done using the dispersion relation which reveals that values of kx ∈ [0, ω/c] map onto values of kz ∈ [ω/c, 0],
whereas kx > ω/c map onto the imaginary axis kz ∈ [i0, +i∞]. We therefore
see that the pole corresponding to m = 0 in Eq. (8.35) falls exactly onto
the integration path, which therefore needs to be deformed in the complex
kz plane. In addition, this pole is representative of the surface plasmon excited at the boundary between the free-space and the medium characterized
by (ε− , μ− ).
Upon transforming the integration from the kx plane to the kz plane, the
path needs to be deformed in order to avoid the pole. Nonetheless, the kernel
of the integrand is increasing up to the value of the pole, making the numerical evaluation of the integral potentially challenging. In particular, when the
parameters of the slab approach those required by the perfect lens condition
(ε− , μ− ) → (−1, −1), δ decreases, the pole moves away toward inﬁnity, and
the integral becomes increasingly diﬃcult to evaluate, being divergent in the
limit of δ = 0. Note that the numerical integration of Eq. (8.34) is very much
akin to the numerical integration of Sommerfeld integrals and similar techniques can be used such as the weighted average algorithm (Michalski 1998),
an adaptive Simpson’s rule or a Romberg’s rule on a modiﬁed integration
path (Chew 1990).
It is important to repeat the previous analysis in the case when ε− and
μ− are positive, in order to verify that a similar mode is not sustained by
this conﬁguration. Upon doing so, we ﬁnd that the poles are given by the
condition


2+δ
i
mπ
− ln
kz =
,
(8.36)
d
d
δ
which clearly shows that the imaginary part of kz is negative in this case and
therefore that the pole does not inﬂuence the spectral integration of the electric ﬁeld which extends over the positive imaginary axis only. In other words,
no surface plasmon is supported at the interface between the two positive
index media, as expected.
As we have mentioned previously, the pole is directly related to the surface
plasmon excited at the interface between the two media (for a symmetric
conﬁguration like here, a surface plasmon is excited at each interface). Since
the pole has a longitudinal wave-vector (obtained for m = 0)


2+δ
i
(o)
(8.37)
kz = ln
d
δ
(o)

(o)

the wavelength of the surface mode along the ŷ direction (λy = 2π/ky ) can
be directly computed and yields
λ(o)
y = 
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(ω/c)2 +

1
d2

ln

 2+δ  .
δ

(8.38)
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It is seen that as the conﬁguration approaches the perfect lens, δ → 0 and
λoy → 0, indicating that the lens is able to discern ﬁner and ﬁner details.
When λoy = 0, the lens is perfect.
Interestingly, this argument is very much akin to the principle of uncertainty
of quantum mechanics. If we write it as Δky Δy ≤ 2π, then it is clear that in
order to have Δy → 0, we must make sure that Δky → ∞, which corresponds
to a pole that moves to inﬁnity. As a direct consequence, we see that a perfect
resolution is achieved only when all the evanescent waves are included in the
spectrum (in addition to the propagating waves of course), which can only
be achieved by a perfect lens with (ε− , μ− ) = (−1, −1) and of inﬁnite lateral
extent.

8.3.2

Focussing properties of a ﬁnite slab of NRM

The previous discussion on the perfect lens has highlighted a few unphysical
assumptions necessary for the achievement of perfect resolution. The most
obvious one, discussed at length, is the requirement of a lossless medium perfectly matched to its surrounding, i.e. of constitutive parameters (−ε0 , −μ0 ) in
the case of a free-space background. The degradation of the image resolution
as function of deviations from this ideal situation have been studied and have
led to the more physical concept of super-lenses. In this section, we examine
the second most stringent assumption of the perfect lens, namely, its inﬁnite
extent along the transverse direction. Being impractical, this theoretical idealization naturally breaks down when physical systems are realized, and it
appears important to provide a methodology for the study of the resolution
degradation as function of the ﬁnite transverse extent of the lens.
Results of numerical calculations based on the Finite Element Method for
the imaging of two line sources through a ﬁnite slab of about 0.8λ width and
ε = −1 + i10−4 , and μ = −1 are shown in Fig. 8.7. At the image plane, the
images of the two line sources placed about 0.2λ apart are clearly resolved
although the slab itself is of subwavelength size. The ﬁeld proﬁle along the
imaging direction clearly reﬂects the excitation of an anti-symmetric plasmon,
although this can diﬀer depending on the overall size of the slab and the relative transverse placement of the sources. Overall, while some information is
lost due to the loss of some propagating modes, much of the near-ﬁeld information is still preserved. Eﬀectively the slab of ﬁnite transverse extent appears
to also have the eﬀect of an aperture whereby propagating waves incident at
large angles from a localized source are lost. But the transport of evanescent
components does not appear to be substantially aﬀected and they appear to
be able to contribute to image formation eﬀectively. Similar calculations reveal that unless the transverse size becomes comparable to the size of the
objects imaged, it does not signiﬁcantly aﬀect the image. It is also seen that
large surface plasmon excitations form standing waves along the length of the
slab. The ﬁnite levels of dissipation quickly damp out the surface plasmon
excitations with large wave-vectors while allowing the excitation of surface
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Figure 8.7 Images obtained by FEM calculations for a slab lens of ﬁnite
transverse extent and ε = −1 + i10−4 , μ = −1. The images of the two line
sources placed at a subwavelength distance apart (0.2λ) are clearly resolved
in the image plane although the slab itself is subwavelength in size (0.8λ).
The object plane is at z = −0.2, the image plane is at z = 0.2, while the lens
occupies the region −0.1 < z < 0.1 and −0.4 < x < 0.4. Top: Gray-scale
plot of the electric ﬁeld. The outer lines show the boundaries for the FEM
calculations where Perfectly Matched Layers (PML) are imposed to have no
reﬂections. Bottom left: The ﬁelds at the object and image planes. Bottom
right: The ﬁeld pattern along the imaging direction shows the excitation of
an antisymmetric slab plasmon. The ẑ axis runs through one of the sources.

plasmons of smaller wave-vectors. The image resolution in these calculations
is also constrained by the levels of dissipation. The fact that the slab lens can
be ﬁnite and actually even smaller than the wavelength is very signiﬁcant for
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imaging and lithographic applications.
While the above numerical example shows that subwavelength resolution
is possible with a slab of ﬁnite transverse width, it does not oﬀer much insight into the physics of the perfect imaging process and its degradation. In
addition, since some numerical techniques are prone to errors when applied
to the case of the perfect lens (see Section 8.4), they should be taken cautiously, merely providing a ground of comparison and cross validation with
more analytical approaches.
We have shown in Section 8.3.1 that the resolution of a left-handed medium
lens is directly related to a pole in the complex kz plane, which sets a cutoﬀ
point: the evanescent waves below it are ampliﬁed and their information is
used in the image reconstruction whereas the evanescent waves above it are
practically lost. This deﬁnes the spectrum of the lens (a broader spectrum
implies a better the resolution), which is a good metric to quantify the quality
of the lens. In the extreme case of a perfect lens, the spectrum is inﬁnitely
broad and all the evanescent waves are reconstructed. The purpose of this
section is therefore to examine the inﬂuence of the ﬁnite transverse extent of
the lens on its spectrum.
The conﬁguration of the problem is similar to Fig. 8.3 except that the length
the x̂ direction is ﬁnite and denoted by L. Although analytical solutions
the Maxwell equations exist in the case of some canonical geometries such
sphere, cylinders, spheroids, etc., it is not the case for a ﬁnite length slab
that we have to resort to some well-justiﬁed approximations.
We approach the problem from the Huygens’ equivalence principle, by which
the ﬁelds at the second boundary, denoted by z = d2 for the sake of generality,
can be replaced by radiating currents, which in turn can be used to obtain
the ﬁeld in the transmitting region at z > d2 , where we expect an image
point to be formed. The problem is therefore reduced to the deduction of the
equivalent currents at the second boundary and asserting their similarities
and diﬀerences between conﬁgurations with ﬁnite and inﬁnite boundaries.
Let us ﬁrst consider the situation of an inﬁnite slab. The electric ﬁeld in
the region beyond the second boundary is given by Eq. (8.29c), whereas the
magnetic ﬁeld is directly obtained from the Maxwell equations (we assume
μ+ = −μ− = 1):
in
to
as
so


T (kz ) ikz d2 ikx x
ωμ0 ∞
dkx
e
e
,
4π −∞
kz
 ∞
1
Hx (x, z = d) = −
dkx T (kz ) eikz d2 eikx x ,
4π −∞

Ey (x, z = d2 ) = −

(8.39a)
(8.39b)

where we have supposed that I = 1 without loss of generality. The ﬁeld
beyond the slab boundary is obtained from the Huygens’ principle written in

© 2009 by Taylor & Francis Group, LLC

308

Veselago’s lens is a perfect lens

the Stratton-Chu form as

dx { iωμ0 [n̂ × H(r )] g(r, r ) + [n̂ · E(r )] ∇ g(r, r )
E(x, z) =
S

+ [n̂ × E(r )] × ∇ g(r, r ) }

(8.40)

where the surface can be taken over a line only due to the translational invariance of the problem in the ŷ direction, g(r, r ) is the two-dimensional Green’s
(1)
function given by g(r, r ) = i/4 H0 (k0 |ρ − ρ |), and where n̂ is the normal
to the boundary. Introducing Eqs. (8.39) into Eq. (8.40) yields two terms for
the electric ﬁeld:


ωμ0 +∞  +∞
(1)
dx
dkx T (kz ) eikz z eikx x H0 (k (x − x )2 + z 2 )
Ey (x, z) =
16π −∞
−∞


iωμ0 +∞  +∞
dx
dkx T (kz ) eikz z eikx x ×
−
16π −∞
−∞
∂ (1)
H (k (x − x )2 + (z − z  )2 )|z =d2 .
(8.41)
∂z  0
Upon using the integral representation of the Hankel function, it can be shown
that the terms are equal, indicating that the contribution from the electric
current sheet is identical to the contribution from the magnetic current sheet.
The electric ﬁeld in the spectral domain is therefore given by
Ey (kz ) = −

ωμ0 e2ikz (d2 −d1 )
T (kz ) ,
4π
kz

(8.42)

where T (kz ) is the transmission coeﬃcient of the slab. ¿From these equations,
we see that the spectrum of the image is composed of the spectrum of the line
source multiplied by the transmission coeﬃcient (Chen et al. 2006c).
This approach, developed for an inﬁnite slab, can be approximately extended to the slab of ﬁnite transverse width. As a matter of fact, we assume
that the electric ﬁeld can be written as in Eq. (8.39a) but weighted by a spatial window function (we reiterate that this is only an approximation and it
is not the exact solution):
 +∞
T (kz ) ikz d2 ikx x
ωμ0
f (z)
dkx
e
e
,
(8.43)
Ey (x, z = d2 ) ≈ −
4π
kz
−∞
where the functions f , still to be determined, is the window function. Following the same procedure as previously, it can be shown that the spectrum of
the image is given by
E(kx ) ≈ −

ωμ0 e2ikz (d2 −d1 )
[T (kz ) ⊗ F (kz )] ,
4π
kz

(8.44)

where the ⊗ symbol represents the convolution operator and F is the Fourier
transform of f . Consequently, the spectrum of the image due to a ﬁnite-size
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Figure 8.8 Comparison between the electric ﬁelds at the image plane obtained from an inﬁnite and a ﬁnite slab. The top plots represent the amplitudes whereas the bottom plots represent the phases. (Reproduced with
c 2̃006 by The American Physical
permission from Chen et al. (2006c). 
Society.)

width is approximately given by the spectrum of the source itself multiplied
by the convolution of the transmission coeﬃcient and the Fourier transform
of the window function f . In this way, the ﬁnite size of the slab explicitly
appears in the image spectrum and is thus directly related to the resolution
of the lens.
Let us work out an example in order to illustrate how the methodology just
presented can be applied to the study of the resolution of a ﬁnite width slab
of thickness d = 0.2λ and of transverse dimension L = 2λ, where λ is the freespace wavelength. The above dimensions are chosen to typically represent the
ratio of most of the experiments realized to date.
Fig. 8.8 represents the ﬁelds at the second boundary of both the ﬁnite and
the inﬁnite lens, where the ﬁrst ones have been obtained using the FDTD and
the second ones have been obtained using Eq. (8.39a), i.e. from the Huygens
principle and the inﬁnite current sheet. Note that the constitutive parameters of the ﬁnite lens studied by the FDTD have been chosen with a slight
deviation from the ideal situation of (ε− , μ− ) = (−1, −1) in order to account
for the discretization error in the FDTD (a discussion on this issue is oﬀered
in Section 8.4).
Comparing the ﬁelds, it is seen that the phases are very similar within
the region −L/2 < x < L/2. This result is very signiﬁcant since it allows
us to immediately conclude that the resolutions of the ﬁnite and the inﬁnite
lens are comparable in the case studied. As a matter of fact, the phase
similarity indicates that the ﬁelds at the second boundary are dominated by
the surface plasmon related to the pole in the complex kz plane, in both the
ﬁnite and inﬁnite lens cases, in turn indicating that the spectra of the two
lenses present a similar cutoﬀ and therefore that the lenses present a similar
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Figure 8.9 Comparison between the spectra of the electric ﬁeld at the image
plane as produced by an inﬁnite slab and a slab of length 2λ. In both cases the
thickness of the slab is 0.2λ and the spectrum is normalized to the line-source
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Figure 8.10 Amplitude (top) and phase (bottom) of the window function f .
The exact value has been obtained using the FDTD whereas the approximate
function is chosen to have a truncated Gaussian shape. (Reproduced with
c by The American Physical Society.)
permission from Chen et al. (2006c). 

resolution (see Section 8.3.1). It should be mentioned that a corroborating
conclusion was also reported in Lagarkov and Kissel (2004), although using
diﬀerent arguments. This conclusion is also conﬁrmed in Fig. 8.9, which
compares the two spectra and clearly shows the similar cutoﬀs. This similarity
suggests that the surface plasmon is only weakly perturbed by the ﬁnite extent
of the lens, at least for the aspect ratio of the example.
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Although it is out of the scope of this chapter to present an exhaustive
study of the impact of lens size on the resolution, we still want to propose a
fast methodology for doing so. Indeed, both Fig. 8.8 and Fig. 8.9 present important discrepancies which may become important as the lateral dimension
of the lens is reduced. In Fig. 8.8 for example, it is seen that the amplitude of the ﬁelds tapers oﬀ much faster in the ﬁnite lens case, whereas in
Fig. 8.9, spectral oscillations are seen that are not reproduced by the inﬁnite
lens approximation. Both eﬀects are in fact related to the aperture function
f which still needs to be determined and imposed. Fig. 8.10 shows the ratio
of the ﬁelds of Fig. 8.8 and reveals that f could be a real function with a
Gaussian tapered amplitude exp(−x2 /g 2 ) truncated at the aperture of the
lens. The shape of the function f is shown as the dashed line in Fig. 8.10
and resolves both issues mentioned above: the ﬁeld amplitude now naturally
tapers oﬀ at the edge of the lens and the spectrum presents the oscillatory
behavior obtained from the FDTD (not shown but easily veriﬁed). Consequently, the simple method that consists of tapering the current distribution
obtained from an inﬁnite boundary is seen to yield very similar characteristics
to those obtained from a full-wave numerical study of a real ﬁnite lens, and
can therefore be used for a more systematic study of various lens widths.

8.4

Issues with numerical simulations and time evolution

Soon after the demonstration of the perfect lens eﬀect (Pendry 2000) there
were several attempts to model this eﬀect numerically. Some calculations
obtained focusing (Paul et al. 2001, Kolinko and Smith 2003), while some
others (Ziolkowski and Heyman 2001) did not show any steady focusing at
all, while yet others obtained focusing, but not subwavelength image resolution (Karkkainen and Maslovski 2002, Loschialpo et al. 2003). In view of the
controversy surrounding the eﬀect at that time, it was felt that some degree
of numerical veriﬁcation based on exact simulations of the Maxwell equations
was necessary. On afterthought though, it is realized that one was attempting to verify an exact analytical solution with numerical simulations that are
necessarily approximate due to the ﬁnite diﬀerencing.
It was ﬁrst pointed out in Cummer (2003) that the discrete ﬁelds on a lattice
do not obey the same dispersion relations as the continuous ﬁelds do and that
many of the discrepancies noted are an artifact due to this fact. To understand
the sensitivity of the solutions to numerical errors and excitation of spurious
resonances, consider the dispersion of the ﬁnite diﬀerence equations used for
a spectral method (for a speciﬁed ω) on a simple cubic lattice in media with
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spatially constant material parameters (Pendry 1994):
ω 2 (k) =



c2 2
c2
1
2 1
2
ka)

k
(ka)
4
sin
(
1
−
,
εμa2
2
εμ
12

(8.45)

where a is the numerical grid size. This evidently tends to the dispersionMaxwell equations for the continuum Maxwell equations only when ka  1,
or particularly, for very small a when we consider subwavelength wave-vectors.
We can rewrite the above dispersion as


ω2
1
2
2
(8.46)
k = εμ 2 1 + (ka) ,
c
12
where the second term can be eﬀectively regarded as arising from a deviation,
δμ (or a deviation δε in ε) from the ideal case of ε = μ = ±1. For S-polarized
light, this deviation,
μk 2 a2
,
(8.47)
δμ =
12
in the real part of μ gives rise to a resonant excitation on a slab of NRM of
thickness d with a parallel wave-vector (kx ) given by Eq. (8.24),

kx d = − ln

δμ
2




= − ln

kx2 a2
24


,

(8.48)

in the limit of large parallel wave-vector kx  k0 . In the limit kx a  1, the
parallel wave-vector for this spurious resonance induced by the discretization
is kx ∼ (a large number)/d. In the ideal continuum limit of a → 0, we have
kx → ∞ as expected from the continuum equations. Thus, at any level of
discretization, one always excites a spurious resonance of the system for some
(s)
ﬁnite kx in a numerical calculation. The value of the parallel wave-vector kx
(s)
for the spurious resonance gives the range of kx signiﬁcantly smaller than kx
for which the calculations would have converged.
Thus, any discrete method has a wavenumber dependence and an inbuilt
higher momentum cutoﬀ depending on the level of discretization that automatically precludes the perfect focus with inﬁnite image resolution. In the
case of the perfect lens, as it has been pointed out, the focusing is very sensitive to meeting the prescribed conditions on ε = −1 and μ = −1. The
diﬀerent dispersion for the discrete ﬁelds is equivalent to having slightly different material parameters, which thus lead to quite imperfect focusing as
some investigators reported. Particularly for large wave-vectors, the diﬀerent
dispersion is acutely felt and it was found to be only remedied by resorting to
a much larger degree of discretization (Pendry and Ramakrishna 2003). The
level of subwavelength focusing that can be obtained by a numerical calculation is a function of the ﬁniteness of the diﬀerencing scheme even under the
perfect conditions of zero dissipation.
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For the FDTD technique, the dispersion for the ﬁnite diﬀerence equations
on a cubic lattice would be given similarly by



2
  2
  2


ω δt
kx δx
ky δy
1
1
1
sin2
sin2
sin2
=
+
cδt
2
δx
2
δy
2

 2

kz δz
1
sin2
+
,
(8.49)
δz
2
where δt is the time step involved while δx, δy, and δz are the sizes of the
numerical grid used to represent the ﬁelds. Similar problems to the ones outlined for the spectral calculations would result in FDTD calculations as well
due to the diﬀerence in the dispersion for the discrete equations. Cummer
(2003) also pointed out that the resonant surface plasmon modes at the interfaces for n = −1 are always excited by any causal incident wave or pulse
with a ﬁnite bandwidth even when the perfect lens conditions are satisﬁed
at the carrier frequency. In a FDTD calculation, these resonances with large
electromagnetic ﬁelds at the two interfaces would ring indeﬁnitely and dissipation is always introduced into the material parameters in any such calculation
to reach a steady state in a reasonable amount of time. This probably explains the results of some research reports, such as in Ziolkowski and Heyman
(2001), where it was found that the FDTD simulations never reached a steady
behavior for non-lossy NRM. The loss also damps out the ampliﬁcation for
large wave-vectors and the image resolution has been shown to be consistent
with the estimate in the previous section. These conclusions have also been
conﬁrmed by FDTD calculations (Li et al. 2003b, Rao and Ong 2003) where
diﬀerent boundary conditions were used to simulate evanescent waves.
For example, the discretized Drude model over an FDTD mesh yields a
relative permittivity expressed as
εr = 1 −

ωp2
4 sin2 (ωΔt/2)/(Δt)2

,

(8.50)

which clearly converges to the continuous form εr = 1 − ωp2 /ω 2 when Δt →
√
0. However, at the theoretical value of ω = ωp / 2 where the continuous
permittivity is equal to (−1), the discrete value of Eq. (8.50) presents a slight
variation from (−1) as soon as Δt = 0. For example, a value of about −1.0003
is obtained for the typical grid size of λ/100 [where the grid size and time step
are related by the Courant condition (Taﬂove and Hagness 2005)]. This small
perturbation has almost no eﬀect on the propagating waves, but it has a
critical impact on the ampliﬁcation of the evanescent waves, which require an
exact matching between the lens and its surrounding medium. Consequently,
even in the hypothetical situation of a lossless lens, the resolution obtained
from a method such as FDTD is inherently limited because of the method
itself. It is important to realize, however, that this is merely a numerical
artifact and not a physical limitation of the conﬁguration.
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Figure 8.11 Comparison between the spectra obtained with FDTD and using an analytical calculation for two slab thicknesses. The FDTD simulation
was run in both cases with a step size of λ/100. (Reproduced with permission
c 2005 Optical Society of America.)
from Chen et al. (2005b). 

An illustration of this phenomenon is provided in Fig. 8.11, where the spectra of the electric ﬁelds computed both analytically and numerically at the
image plane are shown for two slab thicknesses. The numerical results have
been obtained using a modiﬁed FDTD implementation as suggested in Chen
et al. (2005b), whereas the analytical results have been obtained as described
previously but on slightly mismatched constitutive parameters in order to
match the discrete values inherently obtained by the FDTD (the values of
both the permittivity and the permeability are set to −1.000297). The excellent agreement between the two spectra, as well as the large variations of
the spectra between the two slab thicknesses (and thus the diﬀerent resolutions obtained), prove that the analytical results based on the mismatched
constitutive parameters indeed match those obtained numerically, although
the later ones have been originally designed to reproduce the perfect lens conﬁguration (which is obviously not reproduced since the spectra are cut oﬀ and
the resolution is not inﬁnite).
Consequently, it is important to keep in mind the inherent numerical limitations of discrete methods such as the FDTD in simulating a highly idealized and theoretical conﬁguration as the perfect lens. Usually, the deviation
between the two solutions (discrete and continuous) can be minimized and
neglected, but the ideal situation of the perfect lens is so stringent that numerical deviations may yield inaccurate results nonetheless. Losing this from
sight presents the danger of attributing to physics what in fact comes from
mere numerical artifacts.
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Temporal evolution of the focus

As brieﬂy noted before, the temporal evolution of the perfect focus is interesting as the focus reﬁnes in time, and under the ideal conditions, reﬁnes to a
point focus at inﬁnite time which is what we obtain with the time-harmonic
solutions. A calculation based on Laplace transform methods (Smith et al.
2003) indicated that for a source that is sharply switched on at t = 0, the lens
forms a steady image only at times that are of the order of the absorption
time (t ∼ 1/Im(εμ)ω).
It was pointed out in Gomez-Santos (2003) that the resonant excitation of
the plasmons on the two surfaces is identical to the problem of two coupled,
identical oscillators when one of the oscillators is forced by an external force.
The equations of motion for such a system of oscillators are
ẍl + γ ẋl ω02 xl + kc xr = f (t),

(8.51)

x¨r + γ x˙r ω02 xr + kc xl = 0,

(8.52)

where xl and xr are the amplitudes for the left and right oscillators and kc is
the coupling between them. First note that forcing the system at ω0 with no
damping makes only xr non-zero in the steady state. The left oscillator does
not move at all, and all the excitation energy is passed on the right oscillator.
This corresponds to the zero reﬂection in the case of the perfect lens and all
the electromagnetic energy seems to be concentrated at the interface far from
the source. In the steady state, the solutions for a time-harmonic excitation
f0 exp(−iωt) are
xl =

(ω02 − ω 2 + iγω)f0
,
(ω02 − ω 2 + iγω)2 − kc4

xr =

−kc2 f0
,
(ω02 − ω 2 + iγω)2 − kc4

(8.53)

and it can be seen for the case of non-zero dissipation at resonance, the left
oscillator is also excited. For large dissipation, the right oscillator is no longer
excited, which corresponds to the non-eﬀective ampliﬁcation in the case of the
NRM slab. From this model we can further consider the temporal evolution
of the imaging process by considering the rate at which energy is transferred
between the two surfaces. Note that the slab plasmon polariton modes are
decoupled from the single plasmon frequency. However, a source with a sharp
onset has a frequency ﬁnite bandwidth and would excite them. The transmitted ﬁeld across the lossless slab then has an amplitude (Gomez-Santos
2003)
(8.54)
Et (t) = Θ(t)A(t) exp(−iω0 t) exp(kx d),
where Θ(t) is the Heaviside step function. In the quasi-static limit, A(t) 
1/2(Δωkx t)2 where Δωkx is the frequency spacing between the two slab plasmon polariton modes at a wave-vector kx . As pointed out before, the spacing
between the slab plasmon modes monotonically decreases and is exponentially
small at kx . Thus the large wave-vector components are very small at short
times and a cutoﬀ time can be deﬁned by Δωkx tkx ∼ 1 for every wave-vector
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kx , before it does not appreciably contribute to the image formation. Thus
the image initially is ill-deﬁned and increasingly improves with the passage of
time until it reaches the optimal resolution that is possible given the levels of
absorption in the system. Also note that without absorption, the slab plasmon polariton modes would ring indeﬁnitely, never allowing the formation of
a steady image. Thus, absorption is essential to the very process of the image
formation with the perfect lens.

8.5

Negative stream of energy in the perfect lens
geometry

Let us return to the perfect lens conﬁguration and examine more precisely the
energy distribution at the second interface. Upon taking a point source or a
line source in two dimensions, it has been reported that a peculiar phenomenon
occurs by which negative time average energy stream can be witnessed at the
second boundary (Chen et al. 2004b). By “negative energy stream,” it is
meant here that the energy propagates backward toward the source: for a
point source at z = 0 and a slab between z = d1 and z = d2 > d1 , it
is found that the z component of the Poynting vector Sz can take negative
values beyond the second boundary. In general, this situation is perfectly
acceptable when scatterers are present: in the ﬁrst region for example, for
0 < z < d1 , the ﬁrst boundary of the slab reﬂects the wave so that some
energy is returned to the source, after propagating away from it. Beyond the
second boundary, however, for z > 2d, no such scatterer is present since the
medium is semi-inﬁnite, so that the phenomenon of negative energy ﬂow is at
ﬁrst unexpected.
It is important to realize that when a single plane wave impinges onto the
slab, no negative energy stream is witnessed, i.e. all the energy propagates
away from the source. This suggests that the latter eﬀect is due to the interaction between multiple waves, as originating from the line source.∗∗ Let us
therefore consider these interactions. Three situations need to be examined,
all present under a line source excitation: the interaction between two propagating waves, between two evanescent waves, and between a propagating and
an evanescent wave (Chen et al. 2006c).
 There has been some debate about a source-sink-source solution to the perfect lens conﬁguration, whereby the image inside the slab acts as a sink and the image outside the slab
acts as a second source. Such a solution seems physically unsatisfactory and we therefore
do not pursue it here. Note, however, that the concept of negative energy stream would
not be clearly deﬁned in this case.
∗∗ We remind the reader that the spectrum of a line source can be expressed as a continuous
superposition of weighted plane waves.
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For the ﬁrst situation, we consider the two normalized electric ﬁelds expressed by
()
()
(8.55)
Ey = eikx y+ikz z ,
2

() 2

where  = {1, 2} identiﬁes the two plane waves, and where k () = kx
() 2
kz

2

()
kx

2

+

()
kz

= ω ε+ μ+ /c , for which both
and
are real. A straightforward
calculation of the time average Poynting power yields the ẑ component as
1
(k (1) + kz(2) ) [1 + cos(Δkx x + Δkz z)] ,
(8.56)
Sz =
2ωμ+ z
(1)

(2)

(1)

(2)

where Δkx = kx − kx and Δkz = kz − kz . In the third medium, the z
components of the wave-vector are all positive, as well as the permeability, so
that Sz is always positive and hence the interaction between propagating
waves always yields a positive longitudinal power. This explains for example
why, when only propagating waves are taken in the spectrum of the line source,
no negative energy stream is witnessed, as seen by some authors.
In the second situation, we need to compute the interaction between two
evanescent waves expressed as
()

Ey = eikx

x −αz() z

e
,
(8.57)

()
() 2
where αz = k 2 − kx . In such case, the time average z component of the
Poynting vector becomes
(1)
(2)
1
(αz(1) − αz(2) ) sin(Δkx x) e−(αz +αz )z .
(8.58)
Sz =
2ωμ+
As can be seen, this time average power ﬂow has a sine form along the x̂
direction, yielding positive and negative values and apparently oﬀering a possible explanation for the negative energy stream. The case of a line source,
however, is more complex than the simple interaction of two evanescent waves
and therefore requires a more careful examination. As a matter of fact, the
spectrum of a line source is composed of evanescent waves that need to be all
included by carrying out the integration shown in Eq. (8.39a). Upon doing so,
(1)
(2)
we see that we are integrating an odd function of (kx − kx ) over the entire
spectrum with symmetric amplitude distribution, eﬀectively yielding no real
power. Consequently, for a line source, the interaction between the evanescent
waves does not oﬀer the explanation on the negative energy stream observed
at the second interface.
Finally, the third situation we shall examine concerns the interaction between evanescent and propagating waves. The power along the x̂ direction is
found in this case to be
(2)
1  (1)
kz + kz(1) e−αz z cos[Δkx x − kz(1) z]
Sz =
2ωμ+


(2)
+αz(2) e−αz z sin[Δkx x + kz(1) z] ,
(8.59)
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(a) Poynting power along the direction of
propagation at the image location in the
case of an inﬁnite slab and a ﬁnite slab.

(b) Separate contributions from the interactions between propagating waves only,
evanescent waves only, as well as propagating and evanescent waves together in the
case of the inﬁnite lens.
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Figure 8.12 Poynting power in various conﬁgurations and from various
c 2̃006 by The
wave interactions. Results are taken from Chen et al. (2006c). 
American Physical Society.)

(1)

(2)

which is no longer an odd function of (kx − kx ) as in the previous case.
(2)
Moreover, Sz can take negative values if the e−αz z term is compensated by
the amplitude of the evanescent wave. Such ampliﬁcation, or growth, is precisely one of the key properties of left-handed media, whereas it is not achieved
with conventional media. Consequently, a slab of left-handed medium ampliﬁes the evanescent waves to a degree enough that it perturbs the near-ﬁeld
energy distribution at the second boundary of the perfect lens conﬁguration
and the perturbation is so important that it is responsible for the negative
energy stream. The ampliﬁcation of the evanescent waves being so crucial, it
is also clear why this eﬀect had not been observed in conﬁguration involving
standard media.
As a consequence, we see that the negative energy stream observed at the
second interface of the perfect lens has a simple explanation based on simple
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electromagnetic properties of wave interaction, and is not due to numerical
artifacts or cavity eﬀects. A vivid illustration of the interactions between propagating and evanescent waves is provided in Fig. 8.12, where we include the
case of a lens of ﬁnite transverse extent for the sake of comparison. Fig. 8.12(a)
shows the total Sz component at the image plane and illustrates that Sz
can take negative values despite the absence of scatterers beyond the image
plane. Fig. 8.12(b) shows the separate contributions of the three interactions
studied above. It it seen that the interaction between propagating waves yields
a positive Sz only, that the interaction between evanescent waves yields no
real power ﬂow as expected, and that most of the power ﬂow comes from the
interaction between propagating and evanescent waves, which is also seen to
be the only mechanism responsible for a negative Sz . These conclusions can
be generalized to the case of a ﬁnite lens case as well as shown in Fig. 8.12(c)
(see Section 8.3.2), except for the evanescent waves that start to diﬀract from
the edge of the lens and can yield a real power, including negative values as
well (Chen et al. 2006c).

8.6

Eﬀects of spatial dispersion

We now brieﬂy approach the problem of spatial dispersion in the material parameters and its eﬀects on the imaging process of the ﬂat lens. As mentioned
earlier in this chapter, once the graininess of the material (or the metamaterial) begins to get probed by the electromagnetic ﬁelds, the response is no
longer isotropic and, more importantly, is also no longer local. That is to
say, the electric ﬁeld applied elsewhere begins to make a contribution to the
polarization in the medium at a given point. The charge distributions are
not properly screened out and this can give rise to spatial dispersion. The inadequate screening causes the material parameters to also become functions
of the wave-vector k to a ﬁrst approximation. Here we assume that only
the absolute distance between the given point and the point where the ﬁeld
is applied is important and that there is no preferred point in the medium.
This can be rarely violated in some metamaterials where there may be very
special points of symmetry. The material parameters are now functions of
both the frequency and the wavenumber: ε(ω, k) and μ(ω, k), when the wavevector becomes a signiﬁcant fraction of 2π/ls where ls is a typical screening
length below which the presence of individual constituents (whether atoms
and molecules or metamaterial units) becomes felt by the radiation. It must
be said here that non-local eﬀects in metamaterials have not yet been well
studied.
Let us now consider the eﬀects of spatial dispersion on the silver lens. It
has been shown for example (Ruppin 2005) that spatial dispersion can actu-
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Figure 8.13 Left: Dispersion of surface plasmon modes at the interface of
a semi-inﬁnite plasma with vacuum. Right: Dispersion of the slab plasmon
polaritons on a slab of thickness kp d = 0.5. In both cases, the solid lines show
the dispersion for the non-local Lindhardt form of ε while the dotted curves
show the dispersion for a local plasma. (Taken with permission from Ruppin
c 2005 Institute of Physics Publishing, U.K.)
(2005). 
ally improve the image resolution at intermediate lengthscales while setting
an ultimate limit on the resolution at smaller lengthscales. First consider
Eq. (8.21) which gives the wave number dependence of the dielectric permittivity of a metal. As a direct consequence, the bulk plasmon in the system
become dispersive with a dispersion given by (ε = 0 being the condition)
3
ω 2 (k) = ωP2 + k 2 vF2 .
5

(8.60)

The dispersive nature of the bulk plasmons now renders it possible to excite the standing bulk plasmons in thin ﬁlms of metals using radiation of the
appropriate frequency. The reﬂection and transmission of light from the surface of such a non-local medium has been calculated (Melnyk and Harrison
1970) by including the excitation of a third longitudinal component, which
showed that there were small diﬀerences in the reﬂectivity from that of a local
medium. The dispersion of surface plasmons on the interface of a non-local
metal with vacuum as well as the slab plasmon polaritons in a thin ﬁlm of
a non-local metal has been calculated in Ruppin (2005) and the results are
presented in Fig. 8.13: it can be seen that while there are no substantial
diﬀerences from that of a local medium at small wave numbers, the salient
eﬀect of the spatial dispersion is that the SPP modes disperse linearly at large
wave-vectors. They are not degenerate at the surface plasmon frequency for
large wave numbers as in a local medium. Since the perfect lens focusing
action requires an exponentially small detuning from the conditions of reso-
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nance for SPP modes at larger wave-vectors (see Section 8.2.1), detuning the
dispersion at large wave-vectors aﬀects the image resolution at subwavelength
lengthscales. At any frequency of operation, the detuning of the SPP modes
begins to increase beyond some wave-vector, setting a large wave-vector cutoﬀ
beyond which the ampliﬁcation of evanescent
√ waves ceases to be eﬀective. By
choosing an appropriate frequency near ωp / 2, however, it might be possible
to enhance the image resolution from that of the local medium due to a better
overlap with the SPP modes at intermediate wave-vectors. Fig. 8.14 shows
the image resolution oﬀered by a local medium and a non-local medium for
a slab of thickness of about 50 nm where it is clear that the non-local metal
slab oﬀers far better image resolution. Thus non-locality might actually be
utilized to improve image resolution and may explain the experimental image
resolution of almost λ/6 obtained by Fang et al. (2005) whereas one would
predict only about λ/3 for a local medium.
Among other non-local eﬀects, one is that the assumption of a sudden
change in the charge density at the interfaces of the lens breaks down. One
can incorporate a non-abrupt change in the electron density for the plasma
by assuming an extra surface charge layer at the boundary with diﬀerent
charge density than the bulk one. Bratkovsky et al. (2005) have attempted
to incorporate such boundary layers with diﬀerent ε and μ at the boundaries of metamaterials and shown that its presence usually lowers the image
resolution. There are no universal non-local models for the material parameters of metamaterials, such as the local Lorentz model, with which one could
study non-local eﬀects in the imaging process. But to a ﬁrst approximation,
non-local contributions have a quadratic dependence on the wave number in
general, and the validity of the above study can be extended to imaging using
non-local negative index media as well. The signs of the non-local contributions can, of course, be diﬀerent for diﬀerent metamaterial designs.
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Figure 8.14 Images of two slits placed at subwavelength distance of about
100 nm obtained by a thin ﬁlm of silver with a thickness of 50 nm at an
operating frequency corresponding to 3.68eV when silver approximately has a
dielectric constant of about −1+i0.4. The solid curves are for the calculations
that incorporate non-local eﬀects while the dotted curves assume a local model
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for ε. (Taken with permission from Ruppin (2005). 
Physics Publishing, U.K.)
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