6
Energy and momentum in negative refractive
index materials

The previous chapter has extensively addressed properties of media exhibiting
a negative permittivity and permeability, and has led us to revisit some of
the most common eﬀects of refraction, radiation, and propagation. In this
chapter, we return to a somewhat more theoretical topic: the propagation
of energy in left-handed media, with its immediate counterpart, the transfer
of momentum from the propagating electromagnetic wave to matter and the
traversal of pulses through such media.
The study of energy propagation is deeply rooted in the study of left-handed
media since negative constitutive parameters can lead to paradoxical conclusions if not considered carefully. Questions such as where does the energy go;
in which direction does the phase propagate; or can a signal propagate in such
media without violating fundamental physical laws were therefore addressed
within the framework of left-handed media and frequency dispersive media in
general.
We start this chapter with a study of energy in frequency dispersive media,
keeping causality in perspective. Upon including losses in the media, we
emphasize that the energy has to be treated with care, since quantities such
as the energy density are not thermodynamically well deﬁned when radiation
interacts with a lossy dissipative medium. The description of energy in such
media therefore either necessitates the speciﬁcation of the micro-structure of
the medium which implies a model for dispersion of the material response
functions, or the speciﬁcation of the integrals over the time history of the
interactions. Within this chapter, we speciﬁcally focus on the energy dynamics
of radiation in a lossy medium idealized to be an assembly of independent
oscillators, yielding a Lorentz type of dispersion for both the permittivity and
the permeability.
In parallel, the transfer of momentum from an electromagnetic wave to matter is formulated within the classical framework of the Maxwell stress tensor
and the Lorentz force. Two physical subsystems are considered: the electromagnetic subsystem constituted by the propagating electric and magnetic
ﬁelds governed by the Maxwell equations, and the matter subsystem described
by the type of material the wave is propagating through. We speciﬁcally
identify the contribution of the electromagnetic wave and the contribution of
matter to the total momentum, a distinction closely related to the Abraham-
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Minkowski debate initiated in the 1920s (Minkowski 1908, Abraham 1909).
We ﬁnally conclude this discussion by applying the theory again to a medium
governed by a Lorentz dispersion relation.
When considering physical subsystems, one is often interested in knowing
if energy or momentum is conserved. This is not to say, of course, that
energy is not conserved in general, but that it may not be when one restricts
the consideration to speciﬁc subsystems. Mathematically, the equations of
conservation of energy and momentum are cast in the most general form as
∂W
= − φ,
∂t
∂G
= −f,
∇ · T̄¯ +
∂t

∇·S+

(6.1a)
(6.1b)

where S and T̄¯ denote the energy and momentum ﬂow, respectively, while
W and G denote the energy density and momentum density, respectively.
The quantities φ and f , if non-zero, imply that the subsystem considered is
open, i.e., that energy and/or momentum is transferred to or from another
subsystem that has not been considered. Hence, writing Eq. (6.1b) with
f = 0 in fact implies that the momentum is not conserved, but part of it is
transmitted to matter in the form of a force able to do work (Gordon July
1973). This is in contrast with other subsystems for which the right-hand side
of Eq. (6.1) is zero. An immediate example in electromagnetics is the well
known charge conservation law
∇·J+

∂ρ
= 0.
∂t

(6.2)

In the following sections, we study the propagation of energy in left-handed
media and cast their equations to follow the form of Eqs. (6.1).

6.1
6.1.1

Causality and energy density in frequency dispersive
media
Causality in left-handed media

Causality is a simple but very fundamental principle that states that the cause
should precede the eﬀect: a physical quantity may depend on other physical
quantities evaluated in the past but not in the future. A restatement of this
principle within the context of special relativity is that information cannot
travel faster than the speed of light in vacuum (c).
This principle has deep consequences in electromagnetics: apart from the
ﬁniteness of the speed of light, it also implies restrictions on the functions that
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describe the frequency variations of the permittivity and the permeability. It
is indeed well known that there is a non-local connection (in time) between
the electric ﬂux D(t) and the electric ﬁeld E(t) (See Eq. (1.5)), where the
Fourier components of these quantities are related by the frequency-dependent
permittivity function (Landau et al. 1984, Jackson 1999). Similar arguments,
of course, hold for the magnetic permeability that relates B(t) and H(t). As a
consequence of this non-instantaneous response and of the causality principle,
the real and the imaginary parts of the permittivity (and of the permeability)
are related by the Kramers-Kronig relations (see also Eqs. (1.9a) on page 17)
 ∞
 (ω  )/0
1
dω 
,
(6.3a)
 (ω)/0 = 1 + P V
π
ω − ω
−∞
 ∞
 (ω  )/0 − 1
1
dω 
,
(6.3b)
 (ω)/0 = − P V
π
ω − ω
−∞
where P V denotes the principal value of the integral. Eqs. (6.3) are theoretical relations that have an immediate application in practice. For example,
knowledge of the imaginary part of the permittivity from absorption measurements across frequencies allows for the determination of the real part via
Eq. (6.3a), as illustrated in Fig. 1.8 on page 18.
Within the framework of left-handed media, two important consequences
should be mentioned. First, Eqs. (6.3) impose restrictions on the models
that are used for (ω) and μ(ω). As a matter of fact, one needs to derive or
assume functions that do not violate causality in the relation between D(t)
and E(t). The Lorentz model, commonly used to model left-handed media
as we have seen in Chapter 1 and to which we shall return in greater length
subsequently in this chapter, is one such example. The second important
consequence of Eq. (6.3) is that lossless left-handed media are unphysical
and are merely a theoretical idealization that should be understood as such
(Eq. (6.3b) indicates that the imaginary part of (ω) cannot be zero if the real
part is non-zero). In particular, the assumption of lossless left-handed media
breaks down at frequencies that are close to the resonance of the permittivity
and of the permeability.

6.1.2

Causality and phase propagation

Let us consider a more intuitive aspect of the causality principle and its consequences on left-handed media: signals carried by an electromagnetic wave
cannot travel faster than the speed of light. This principle was erroneously
used to argue that negative refraction is impossible, with the following argument (Valanju et al. 2002): consider a plane wave impinging on a boundary
between two semi-inﬁnite media, one being free-space and the other one being
case dependent. When the second medium is a standard dielectric, the phase
fronts of the electric ﬁeld look like those shown in Fig. 6.1(a). Consider that
there is a time variation (e.g. one period) between points Ai and Bi , then
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again one period between Bi and Ci . At a given time step, A1 and A2 are
on the same phase front, and become B1 and B2 at the next time step, then
C1 and C2 at the following time step. Throughout this process, the phase
front is simple to track and obeys the standard Snell’s refraction law of positive refraction. The situation of a left-handed medium is somewhat diﬀerent,
schematically shown in Fig. 6.1(b). The points with subscripts 2 behave unambiguously like in the previous case: A2 becomes B2 which in turn becomes
C2 at the next time increment. The points with subscripts 1 are apparently
more problematic: what happens after A1 has become B1 ? In order to be in
phase with B2 and then C2 , B1 needs to become C1 , thus propagating along
the path B1 C1 B1 at an inﬁnite velocity. Hence, this argument (again, erroneous) apparently indicates that negative refraction violates causality and is
therefore unphysical.
A more striking illustration of an apparent impossibility is provided by
considering the eﬀect of frequency dispersion inherent to left-handed media
on the refraction of a signal composed of the superposition of two incident
waves. Let us consider two ŷ polarized (TE) incident waves of the type shown
in Fig. 6.1, with similar incident angle but diﬀerent frequencies. Upon transmitting into the left-handed medium, each wave is refracted with a diﬀerent
angle because of the diﬀerent value of the permittivity at the two respective
frequencies. The electromagnetic ﬁelds are simply written as (we assume a
unit amplitude for the two waves):
Eiy = eikx x−ikiz z + R eikx x+ikiz z ,

kiz  ikx x−ikiz z
e
− R eikx x+ikiz z ,
Hix =
ω μ0

kx  ikx x−ikiz z
Hiz =
e
+ R eikx x+ikiz z ,
ω μ0

Ety = T eikx x−iktz z ,
ktz
T eikx x−iktz z ,
Htx =
ω μt
kx
Htz =
T eikx x−iktz z ,
ω μt

(6.4a)
(6.4b)
(6.4c)

(6.4d)
(6.4e)
(6.4f)

where the subscripts i and t denote the incident and transmitted media, respectively,  = 1, 2 distinguishes the two frequencies, and where R and T are
the Fresnel reﬂection and transmission coeﬃcients given by (as a special case
of Eqs. (2.98) on page 63; see also Appendix A)
R =

μt kiz − μ0 ktz
,
μt kiz + μ0 ktz
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2kiz μt
.
μt kiz + μ0 ktz

(6.5)
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(a) Refraction between free-space and a
standard dielectric.
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(b) Refraction between free-space and a
medium exhibiting a negative refraction.

Figure 6.1 Wave-fronts illustrating the refraction of a plane wave from freespace to (a) a standard dielectric and (b) a left-handed medium. The points
Ai , Bi , Bi , and Ci are deﬁned for the purpose of discussion.

The pattern of the electric ﬁeld is shown in Fig. 6.2. In both media one can
see wave-fronts and an interference pattern. Although the wave-fronts are
refracted negatively, the interference pattern is clearly “refracted” positively.∗
We subsequently present two arguments to resolve these paradoxes: the ﬁrst
argument illustrates why causality is not violated in a negative refraction process, while the second proves mathematically the subtle fact that interference
∗ Note that we speak of refraction of an interference pattern, which is only a language
simpliﬁcation for the purpose of illustration. Rigorously, refraction only occurs for the
phase and the energy.
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Figure 6.2 Electric ﬁeld from two waves at two frequencies (f1 = 10 GHz
and f2 = 11 GHz) impinging from free-space onto a left-handed medium. At
the two frequencies, the relative parameters are (1 , μ1 ) = (−2.5, −1) and
(2 , μ2 ) = (−1.5, −1). The interference pattern is positively refracted while
the wave-fronts are negatively refracted.

pattern and Poynting vector are not perpendicular to each other.
The paradox presented in Fig. 6.1 is resolved by realizing that a time harmonic plane wave is a theoretical idealization: it exists everywhere and for all
time in the past and the future. Hence, the point B1 does not need to move
inﬁnitely fast to B1 : the point C1 which is part of the same plane wave and of
the same wave-front (one period away) is the one that propagates to B1 at the
speed of the electromagnetic wave, thus without violation of causality.† Consequently, what has gone astray in the original argument is the assimilation
of phase motion with information transfer.
In addition, for a transient phenomenon, such as a sharp pulse of ﬁnite
duration, Fig. 6.1 is not a valid illustration. When the pulse ﬁrst impinges
on the interface, the negative refraction does not happen instantaneously but
takes time to build up. Eventually, the pulse is negatively refracted, but with
a time delay compared to the same pulse refracted positively by a standard
dielectric (Foteinopoulou et al. 2003, Alù et al. 2006b). Moreover, the problem
of pulse propagation is intrinsically multi-frequency in nature and cannot be
understood properly by considering a single frequency component. The time
required for traversal of pulses is dealt with separately in Section 6.5.2.2 on
page 247.
The seemingly positive refraction of Fig. 6.2 is clariﬁed by realizing that
† One

has to be cautious with the notion of causality and to what it is applied. As a matter
of fact, special relativity only puts restrictions on information carrying signals travelling
faster than the speed of light in vacuum. Hence the notion of signal itself needs to be
properly deﬁned.
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(a) Refraction between free-space and a
standard dispersive dielectric.
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(b) Refraction between free-space and a
medium exhibiting negative refraction.

Figure 6.3 The background shows the x̂ component (along the interface) of
the Poynting vector at a given time from the same two waves as in Fig. 6.2.
Arrows indicate the time average Poynting vector and therefore correspond to
the direction of energy. Black arrows correspond to < Sx >> 0 while white
arrows correspond to < Sx >< 0.

the interference pattern created in the left-handed medium is due to the two
waves refracting at diﬀerent angles, and is therefore not a wave-front for the
energy of the total transmitted ﬁeld (Pacheco, Jr. et al. 2002). In particular,
the interference pattern is not perpendicular to the Poynting vector and therefore cannot be used to conclude on the positive refraction of the energy (note
that a time animation of Fig. 6.2 does show the interference pattern seemingly
propagating with a positive refraction – this is just a visual eﬀect due to the
inﬁnite extent of the patterns). A more visual realization of this fact is proposed in Fig. 6.3: Fig. 6.3(a) shows the refraction of the signal composed of
the two waves when the transmitted medium is a frequency dispersive dielectric with a positive permittivity, while Fig. 6.3(b) shows again the case when
the transmitted medium is a left-handed medium. Being a refraction between
two media with positive index of refraction, Fig. 6.3(a) should show a positive
refraction while the interference pattern seems to indicate a negative refraction. This counter-example therefore proves that the interference pattern does
not provide the necessary information on the refraction of energy. Conversely,
Fig. 6.3(b) shows a positive refraction of the interference pattern, while the
transmitted medium is a left-handed medium and should therefore exhibit a
negative refraction. In order to unambiguously conclude on the propagation
direction of the energy, the time averaged Poynting vectors need to be calculated. The results are shown in both cases as superposed arrows, and conﬁrm
the positive and negative refractions in Figs. 6.3(a) and 6.3(b), respectively.
A closer examination of the sign of the x̂ component of the Poynting vector
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Figure 6.4 Spectral diagram of Fig. 6.2 to visualize the direction of the
interference pattern.

(not shown) conﬁrms these conclusions (Pacheco, Jr. et al. 2002).
A schematic argument based on the spectral representation of phase matching can also be used to understand the direction of the interference pattern. Taking ﬁrst the case of refraction in a standard dielectric, we write
the transmitted waves-vectors of the two waves as k1 = x̂k1x + ẑk1z and
k2 = x̂k2x + ẑk2z . Assuming that the transmission coeﬃcient is identical for
the two waves (this is a simpliﬁcation without quantitative consequence on
the ﬁnal result if the transmission coeﬃcient is relatively constant between
the two frequencies), the total electric ﬁeld can be written as
Etot  eik1x x+ik1z z + eik2x x+ik2z z
i(k1x +k2x )x/2

= 2e

i(k1z +k2z )z/2

e



k1x − k2x
k1z − k2z
x+
z
cos
2
2


(6.6)

The interference pattern is governed by the cosine term and therefore has an
equivalent wave-vector of K = x̂(k1x +k2x )+ẑ(k1z +k2z ), shown in Fig. 6.4. As
can be seen, K points downward (negative x̂ component) and therefore gives
the impression of a negative refraction. The group velocity was incorrectly
deﬁned by Valanju et al. (2002) as the reciprocal of the frequency derivative
of this vector K. However, as already pointed out, K has no relation to the
power direction, which in this case points upward (positive x̂ component).
The case of a refraction into a left-handed medium is very similar, and
is also illustrated in Fig. 6.4. The wave-vectors are denoted with primes:
k1 = x̂k1x − ẑk1z and k2 = x̂k2x − ẑk2z . The vector K related to the
interference pattern has therefore the same x̂ component as K but an opposite ẑ component, as seen in Fig. 6.4. The interference pattern is therefore
“refracted” positively (with a positive x̂ component), but again does not correspond to the direction of the power. The use of a beam of light with ﬁnite
transverse width is also very illustrative in this case: a simulation using two
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Gaussian beams (Smith et al. 2002b) with slightly diﬀering frequencies clearly
shows that the beams experience negative refraction while the normal to the
interference fronts point in a diﬀerent direction that would correspond to a
positive angle of refraction. Finally, note that this phenomenon is visible with
any wave packet that is localized in the transverse direction (Lu et al. 2002;
2004) whereas this sideways motion of the interference fringes is not apparent
in the case of plane waves due to their inﬁnite transverse extent.

6.1.3

Energy in dispersive media

We proceed by studying the propagation of energy in frequency dispersive
media from a more fundamental point of view. The permittivity (ω) and
permeability μ(ω), yet to be related to the time domain electromagnetic ﬁelds,
do not assume any speciﬁc form (such as Lorentz or Drude forms) but are only
supposed to obey obvious conditions such as causality, reality of the ﬁelds, etc.
The propagation of the energy of an electromagnetic wave is given by the
Poynting vector, directly obtained from the Maxwell equations. The latter
are here cast in the Chu form, where the material contributions are clearly
identiﬁed by the polarization currents P = D − 0 E and μ0 M = B − μ0 H:
∂E(t)
=
∂t
∂H(t)
=
∇ × E(t) + μ0
∂t
μ0 ∇ · H(t) =
ε0 ∇ · E(t) =
∇ × H(t) − ε0

∂P
≡ Je (t) ,
∂t
∂M
− μ0
≡ −Jm (t) ,
∂t
− ∇ · μ0 M ≡ ρm (t) ,
− ∇ · P ≡ ρe (t) .

(6.7a)
(6.7b)
(6.7c)
(6.7d)

In this form, the fundamental electromagnetic ﬁelds are E(t) and H(t) and
the electric and magnetic sources in the medium (Je , ρe ), (Jm , ρm ).‡ It is
well known that the electromagnetic energy and momentum quantities can
be derived solely for the electromagnetic subsystem without assuming speciﬁc
models for P and M, as is the case for lossless frequency dispersive media. For
lossy frequency dispersive media, however, this is not the case and failing to
realize this may lead to unphysical conclusions on negative energy for example.
We address this issue in Section 6.2, on page 230.
The Poynting vector is obtained by combining Eq. (6.7a) and Eq. (6.7b)
dot multiplied by E(t) and H(t), respectively. After using a standard vector
identity, the law of conservation of energy is cast in the form of Eq. (6.1a)

‡ Note

that the magnetic sources are added purely on a theoretical basis, as a dual of their
electric counterparts.
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where the following terms are deﬁned:
Seh = E × H,
μ0
ε0
H · H,
Weh = E · E +
2
2
φeh = Je · E + Jh · H ,

(6.8a)
(6.8b)
(6.8c)

and where the subscript “eh” is used to speciﬁcally denote the electromagnetic
subsystem. This is the well-known Poynting theorem for non-dispersive media.
Note that within this Chu formulation, only E and H are considered fundamental electromagnetic quantities, whereas the material is considered to
contribute to sources (as seen from the deﬁnitions of the polarization currents
P and M). For this reason, the energy term of Eq. (6.8b) is only proportional
to the free-space permittivity ε0 and permeability μ0 , while the material contribution is included in φeh . Within the more standard Minkowski formulation
where all the ﬁelds E, D, H, and B are considered fundamental and where
the sources are either conduction currents or induced currents at boundaries,
the energy is proportional to the material constitutive parameters ε and μ. In
this case, it is seen that the negative constitutive parameters of left-handed
media would imply a negative stored energy, which is physically unacceptable. The correction to this paradox stems from recognizing the fundamental
diﬀerence between a monochromatic wave and a quasi-monochromatic wave
propagating through a dispersive medium such as a left-handed medium, and
is considered next.
Let us return to the most general deﬁnition of the time domain electric ﬁeld
E(t) and ﬂux D(t), expressed as a Fourier transformation of their spectral
domain quantities (Landau et al. 1984, Jackson 1999) (see also Chapter 1).
In order to express the electric ﬁeld energy We = E(t)·∂D(t)/∂t (the magnetic
ﬁeld energy is obtained following similar steps), we write:
 +∞
E(t) =
dωE(ω)e−iωt ,
(6.9a)
−∞
+∞


D(t) =

dωD(ω)e−iωt

(6.9b)

−∞

with the constitutive relation D(ω) = ε(ω)E(ω). Let us assume that the
electric ﬁeld is dominated by a narrow range of frequencies, centered at ω0 ,
weighted by a slowly varying envelope Eα (t) (in the limiting case of an inﬁnitely narrow band and an inﬁnitely slowly varying envelope, this assumption
reduces to the common plane-wave):
E(t) = Eα (t) cos(ω0 t),

where Eα (t) = E0 cos(αt),

(6.10a)

so that
E(t) =


E0 (t)
cos [(ω0 + α)t] + cos [(ω0 − α)t] .
2
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Expressed in terms of its spectral components:
 +∞

E0 
δ(ω0 + α) + δ(−ω0 − α) + δ(ω0 − α) + δ(−ω0 + α) e−iωt .
dω
E(t) =
4
−∞
(6.11)
The electric displacement is then given by
 +∞
dωε(ω)E(ω) e−iωt ,
(6.12a)
D(t) =
−∞

E0 (
=
ε(ω0 + α) e−i(ω0 +α)t + ε(ω0 − α) e−i(ω0 −α)t
2
)
+ε∗ (ω0 + α) e+i(ω0 +α)t + ε∗ (ω0 − α) e+i(ω0 −α)t ,

(6.12b)

where we have used the condition ε(−ω) = ε∗ (ω) due to the reality of the
ﬁelds (and the reality of ω since we have not deformed the integration path
in Eq. (6.12a)). The permittivity is subsequently expanded in a Taylor series
about ω0 :
∂ε(ω0 )
+ ... ,
(6.13)
ε(ω0 ± α) = ε(ω0 ) ± α
∂ω
and similarly for ε∗ (ω), where we neglect the higher order terms in α, and
where the second term is a short-hand notation for ∂ε(ω)
∂ω ω=ω0 . Introducing
the permittivity expression:
E0 (
ε(ω0 ) e−i(w0 +α)t + ε(ω0 ) e−i(w0 −α)t
D(t) =
4
)
+ ε∗ (ω0 ) ei(w0 +α)t + ε∗ (ω0 ) ei(w0 −α)t

∂ε(ω) −i(ω0 +α)t
E0
∂ε(ω) −i(ω0 −α)t
α
e
e
+
−
4
∂ω
∂ω

∂ε∗ (ω) i(ω0 +α)t
∂ε∗ (ω) i(ω0 −α)t
e
e
+
−
,
∂ω
∂ω
∂ε (ω0 ) ∂Eα (t)
sin ω0 t
= ε (ω0 )Eα (t) cos ω0 t +
∂ω
∂t
∂ε (ω0 ) ∂Eα (t)
cos ω0 t,
(6.14)
+ ε (ω0 )Eα (t) sin ω0 t −
∂ω
∂t
where Eq. (6.10a) has been used as well as some simple trigonometric identities. In the previous equation, we remind the reader that the primed quantities
denote the real parts whereas the double primed quantities denote the imaginary parts (ε (ω) = Re{ε(ω)} and ε (ω) = Im{ε(ω)}, and similarly for μ).
Taking the derivative with respect to time, multiplying by E(t), and taking
the time average with respect to ω0 yields
E(t) ·

∂D(t)
∂t

ω0

=
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1 ∂(ωε (ω))
4
∂ω

ω=ω0

1
∂|Eα (t)|2
+ ω0 ε (ω0 )|Eα (t)|2 .
∂t
2
(6.15)
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Adding the magnetic counterpart, we ﬁnally obtain
E(t) ·

∂B(t)
∂D(t)
+ H(t) ·
∂t
∂t

=

∂W 1 
+ ωε (ω0 ) < |E(t)|2 >
∂t 2
1
+ ωμ (ω0 ) < |H(t)|2 >,
2

(6.16)

where we have omitted the subscript α and ω0 for convenience and where
W =

1 ∂(ωε (ω))
1 ∂(ωμ (ω))
|E(t)|2 +
|H(t)|2
4
∂ω
4
∂ω

(6.17)

is the electromagnetic energy in a frequency dispersive medium. It can now
be easily veriﬁed that even when ε(ω) < 0 and μ(ω) < 0, the energy is positive
provided that the frequency derivatives in the expression are positive.§ The
apparent paradox that a medium without dispersion and with ε < 0 and μ < 0
would yield a negative energy is easily lifted: such medium cannot exist since
it would violate the causality condition and would therefore not represent a
physical medium.
As we shall see in the next section, however, Eq. (6.17) should be interpreted
carefully within the frame of left-handed media: these media being necessarily
lossy, W does not represent the total energy density. Failing to realize this
leads to erroneous conclusions that the energy can still take negative values
in some frequency ranges.

6.2

Electromagnetic energy in left-handed media

6.2.1

Erroneous concept of negative energy in lossy
dispersive media

The causality conditions require that the constitutive parameters of lefthanded media be both frequency dispersive and lossy. Although Eq. (6.17)
has been derived for a frequency dispersive medium, it fails to give the stored
energy when losses are not negligible. We shall illustrate this point by considering a medium that exhibits a Lorentz dispersion relation. In order to yield
a positive energy, Eq. (6.17) requires that
∂(ωε (ω))
> 0 and
∂ω

∂(ωμ (ω))
> 0.
∂ω

(6.18)

Yet, for non-negligible losses, these relations are not veriﬁed around the resonance ωeo (see Eqs. (6.26) subsequently): at a frequency slightly beyond
§ This

result was ﬁrst obtained by Brillouin (1960).
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resonance, the dispersion is anomalous and both the real part of the permittivity ε (ω) and its slope ∂ε (ω)/∂ω are negative, producing a negative energy
as illustrated in Fig. 6.5.
The situation of lossy frequency dispersive media must therefore be considered with care since it is in general not possible to introduce the concept of
electromagnetic energy density. Mathematically, this comes from the impossibility of uniquely dividing the Poynting theorem into parts corresponding to
the change in energy and parts corresponding to dissipation: it can be found
that both the conductivity (or the imaginary part of the permittivity) and
the permittivity itself may contribute to the stored energy (Agranovich and
Ginzburg 1966, Askne and Lind 1970, Ginzburg 1970). Physically, the impossibility of deriving a closed-form expression of the stored energy in arbitrary
lossy media is due to the fact that two media with identical complex ε(ω)
and μ(ω) can store diﬀerent amounts of energies. One can think of a direct
analogy in circuit theory where a similar phenomenon occurs: it is impossible
to uniquely determine the circuit layout from the sole knowledge of its input
impedance. Indeed, two circuits with identical input impedances at all frequencies may store diﬀerent energies. In other words, the knowledge of the
input impedance does not provide the knowledge of the micro-structure of
the circuit, from which the stored energy can be calculated (Tretyakov 2005).
One can easily see this by looking at the example in Fig. 6.6 (Ginzburg 1961):
when R1 = R2 = R = L/C the input impedance of the circuit is Zin = R,
which conveys no information concerning the energy stored in the circuit,
which is obviously non-zero. The same situation occurs in materials: the sole
knowledge of ε(ω) and μ(ω) does not provide the knowledge of the microstructure of the medium and therefore the stored energy cannot be predicted.
The unambiguous determination of W in lossy frequency media is therefore
possible only when the explicit functions of the permittivity and permeability
are known as functions of the frequency, the collision frequency, the plasma
frequency, etc. The implication is that the energy density needs to be solved
for every material separately. Alternatively, if one knows the electromagnetic
ﬁelds inside the medium at all previous times, one can express the energy density in terms of integrals over the ﬁeld quantities at all past times (Glasgow
et al. 2001).

6.2.2

Lossy Lorentz media

In the following, we assume that the lossy dispersive medium can be modeled
as an idealized assembly of independent oscillators where the motion of the
electrons is described by (see also Chapter 1)
 2

d ri
dri
2
m
+ ωi ri = −eE ,
+ γi
(6.19)
dt2
dt
where ri is the displacement vector of the N electrons and m is their mass.
Deﬁning the polarization vector P = −N er where −e is the charge of the
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Figure 6.5 Lorentz-like relative permittivity and various energy deﬁnitions.
It is seen that it is possible to produce ∂(ω )/∂ω < 0 with a very lossy
Lorentz medium. The values of the Lorentz model in Eq. (6.26a) are ωeo =
2π × 10 [rad/s], ωep = 2π × 15 [rad/s] and the two cases denoted by the
subscripts “1” and “2” correspond to diﬀerent loss amount: γe1 = 108 Hz and
γe2 = 1010 Hz. The value of the energy W in both cases is obtained from the
second term of the right-hand side of Eq. (6.21b).
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C

R2

Figure 6.6 Illustration of the fact that the knowledge of the input impedance
Zin at all frequencies does not provide information on the stored energy in
the electrical circuit: by taking R1 = R2 = R = L/C one ﬁnds Zin = R
which conveys no information on the stored energy.

electrons, the equation of motion of the electrons under the action of an
electric ﬁeld can be rewritten as
∂P
∂2P
2
2
+ ωeo
+ γe
P = ε0 ωep
E,
∂t2
∂t

(6.20a)

where ωep and ωeo are the electric plasma and resonant frequencies and where
γe is the electric collision frequency responsible for losses in the medium.
Similarly, the magnetization of the medium due to the series of split ring
resonators introduced in Chapter 3 is governed by
∂M
∂2M
2
2
+ ωmo
+ γm
M = F ωmp
H,
∂t2
∂t

(6.20b)

where ωmp and ωmo are the magnetic plasma and resonant frequencies, γm
is the magnetic collision frequency, and where F is the ﬁlling factor of the
magnetic resonators.
In order to obtain the energy conservation law of the entire system composed
of the electromagnetic wave and of the material, the material contribution
needs to be added to the laws of Eqs. (6.8). This is done by dot multiplying
Eq. (6.20a) by ∂P/∂t and Eq. (6.20b) by ∂(μ0 M)/∂t which yields a set of
two scalar equations, and adding them to Eq. (6.8a). After rearranging the
terms, we obtain the time domain energy conservation which takes the form
of Eq. (6.1a) with the following deﬁnitions:
S = Seh = E × H ,



ε0
∂P ∂P
μ0
1
2
E·E +
H·H +
·
+ ωeo P·P
W =
2
2
2
2ε0 ωep
∂t ∂t


∂M ∂M
μ0
2
·
+ ωmo M·M ,
+
2
2F ωmp
∂t ∂t
μ0 γm ∂M ∂M
γe ∂P ∂P
·
−
·
.
φ= −
2
2
2ε0 ωep ∂t ∂t
2F ωmp
∂t ∂t
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As expected, the energy ﬂow is entirely deﬁned by the electromagnetic contribution since it is the only cause of energy propagation in the medium.
The energy density W , however, contains the electromagnetic contribution of
Eq. (6.8b) but also the kinetic and potential energy of the electric and magnetic dipoles. Under this form, Fig. 6.5 shows that the values of W are positive
across the entire frequency range, and in particular at those frequencies where
Eq. (6.17) produces negative values. Finally, the connection to other subsystems is provided by the losses in the medium, function of γe and γm . Hence,
in the limit of a lossless medium, the system composed of the electromagnetic
wave and matter is closed. For lossy media, however, the system is open and
contributes for example to thermodynamic eﬀects (heating).

6.3

Momentum transfer in media with negative material
parameters

The topic of momentum density in left-handed media is related to an important part of electrodynamics (electro-magneto-dynamics in fact), which
relates electromagnetic eﬀects to forces and motion of matter. The relation
between ﬁeld and forces is, of course, expressed via the Lorentz force
f = ρe (t)E(t) + ρm (t)H(t) + Je (t) × μ0 H(t) + Jm (t) × 0 E(t) .

(6.22)

This force, usually well known on free currents and charges, can be written
in terms of the ﬁeld quantities only by substituting the expressions of ρe (t),
ρm (t), Je (t), and Jm (t) from Eqs. (6.7). Upon doing so, one obtains an
equation similar to Eq. (6.1b) where
1
T̄¯eh = (ε0 E · E + μ0 H · H) − ε0 EE − μ0 HH ,
2
Geh = ε0 μ0 E × H ,
feh = ρe E + ρh H + Je × μ0 H − Jh × ε0 E ,

(6.23a)
(6.23b)
(6.23c)

where again we have used the subscript “eh” to denote quantities solely related
to the electromagnetic subsystem. In Eqs. (6.23), T̄¯eh is the free-space Maxwell
stress tensor in which the terms EE and HH are dyadic products, Geh is the
Abraham momentum density, and feh is the resulting force on the medium.
Like already mentioned in the introduction, the fact of having a non-zero force
implies that the system is open and one might think what other subsystems
must be included (typically the kinematic subsystem) in order to close it.¶
¶ For

example, one can show that the kinetic and hydrodynamic subsystems are both open
but that combined together, they form a closed system (Penﬁeld and Haus 1967).
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Like in the case of the energy, the material contribution must be added to
Eqs. (6.23) in order to obtain the momentum conservation law for the entire
system formed by the electromagnetic ﬁeld and matter (Loudon et al. 1997,
Kemp et al. 2007). This is done by dot-multiplying Eq. (6.20a) by −∇P and
Eq. (6.20b) by −μ0 ∇M (which are dyads) to obtain

∂2P
∂P
2
+
ω
+
γ
P
,
e
eo
∂t2
∂t
 2

∂ M
∂M
μ0 ∇M·
2
+
ω
·
+
γ
M
.
−μ0 H · ∇M = −
m
mo
2
F ωmp
∂t2
∂t
−E · ∇P = −

∇P
·
2
ε0 ωep



(6.24a)
(6.24b)

Adding these two relations to the conservation law of Eq. (6.23) and performing some algebraic manipulations yield a momentum conservation equation
as in Eq. (6.1b) where
 

1
1
(D · E + B · H)I¯ − DE − BH + (P · E + μ0 M · H)I¯
2
2

 

1
∂P ∂P
2
+
·
− ωeo
P · P I¯
2
2ε0 ωep
∂t ∂t

 

μ0
∂M ∂M
2
+
(6.25a)
·
− ωmo M · M I¯ ,
2
2F ωmp
∂t
∂t
1
μ0
∂P
∂M
G=D×B−
−
,
(6.25b)
∇P ·
∇M ·
2
2
ε0 ωep
∂t
F ωmp
∂t
γe
μ0 γm
∂P
∂M
f= −
−
.
(6.25c)
∇P ·
∇M ·
2
2
ε0 ωep
∂t
F ωmp
∂t
T̄¯ =



Unlike the energy case in which the energy ﬂow was unchanged and expressed
by the Poynting vector, we see here that the medium contributes to the momentum ﬂow with additive terms directly obtained from the polarization vectors P and M. The momentum ﬂow is therefore expressed as the sum of the
momentum in non-dispersive media and a material contribution. Likewise, the
momentum density G contains the Minkowski momentum D × B and terms
due to the dispersion of the material. Finally, the force f is directly due to
losses in the medium via γe and γm , and therefore represents dissipation. All
these terms are expressed as function of the micro-structure of the medium,
where the plasma frequency, the resonance frequency, and the damping rates
appear explicitly.
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Limit of plane wave and small losses

The previous sections did not suppose a speciﬁc form for the electromagnetic wave, but only a speciﬁc form of the medium micro-structure given by
Eqs. (6.20). Here, we particularize the previous results to a monochromatic
electromagnetic wave, where ﬁeld quantities in the frequency domain are related to the ﬁeld quantities in the time domain by E = Re{E(t)e−iωt }, and
similarly for all other quantities. In this regime, we can substitute the operators ∂/∂t by −iω and ∇ by ik which yields the speciﬁc Lorentz model for the
permittivity and permeability:
0
1
2
ωep
,
(6.26a)
ε = ε0 1 − 2
2 + iωγ
ω − ωeo
e
0
1
2
F ωmp
μ = μ9 1 − 2
.
(6.26b)
2 + iωγ
ω − ωmo
m
Likewise, the electric and magnetic polarizabilities, as well as their derivatives,
are expressed as
4
ε20 ωep
|E|2 ,
2 )2 + ω 2 γ 2
(ω 2 − ωeo
e
4
F ωmp
|M|2 = 2
|H|2 ,
2
2
(ω − ωmo )2 + ωγm
∂P
= ω 2 |P2 | ,
∂t
∂M
= ω 2 |M2 | .
∂t

|P|2 =

6.4.1

(6.27a)
(6.27b)
(6.27c)
(6.27d)

Energy

The previous expressions can be directly used in the energy relation Eq. (6.21b).
Upon taking the time average, we obtain
.
2
2
ωep
(ω 2 + ωeo
)
ε0
1+ 2
|E|2
W =
2 )2 + γ 2 ω 2
2
(ω − ωeo
e
.
2
2
F ωmp
(ω 2 + ωmo
)
μ0
1+ 2
+
(6.28)
|H|2 ,
2 )2 + γ 2 ω 2
2
(ω − ωmo
e
which again yields positive energy values across the entire frequency spectrum
of the left-handed medium (Loudon 1970, Cui and Kong 2004, Boardman and
Marinov 2006, Kemp et al. 2007). Although left-handed media cannot be
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lossless, we can still suppose that in some regions of the frequency dispersion
the real parts of the permittivity and permeability are much larger than their
imaginary counterparts. These regions correspond to transparent regions,
where we can assume the losses to be negligible. Taking the limit of γe → 0
and γm → 0, Eq. (6.28) takes the known form of Eq. (6.17). Note also that
the dissipation rate given by Eq. (6.21c) is directly related to the imaginary
parts of the permittivity and permeability via
φ = −ω |E|2 − ωμ |H|2 ,

(6.29)

where (from Eqs. (6.26))
2
ωγe ωep
,
2 )2 + γ ω 2
(ω 2 − ωeo
e
2
ωγm F ωmp
μ = μ0 2
.
2 )2 + γ ω 2
(ω − ωmo
m

ε = ε0

(6.30a)
(6.30b)

Since the time average of the rate of change of energy is zero, the energy
conservation given by Eq. (6.1a) then reads
− ∇·S =


1   2
ω |E| + ωμ |H|2 ,
2

(6.31)

which is the complex Poynting theorem with S = 12 Re{E × H∗ }.

6.4.2

Momentum

Applying a similar procedure to the momentum density, the time average is
obtained from Eq. (6.25b) as
2
ε0 ωωep
1
G = Re D × B∗ + k 2
|E|2
2 )2 + γ 2 ω 2
2
(ω − ωeo
e
.
2
μω F ωmp
2
+k 2
|H| .
(6.32)
2 )2 + γ 2 ω 2
(ω − ωmo
m
In the lossless case, this expression takes the known form (Veselago 1968)


1
k ∂ε(ω) 2 k ∂μ(ω)
G = Re D × B∗ +
|E| +
|H|2 ,
(6.33)
2
2 ∂ω
2 ∂ω
where we have used
2
2ωωep
∂ε(ω)
= ε0 2
,
2 )2
∂ω
(ω − ωeo
2
2ωF ωmp
∂μ(ω)
= μ0 2
,
2 )2
∂ω
(ω − ωmo
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Figure 6.7 Index of refraction (real and imaginary part) and sign of n ·Gz for
a ẑ propagating plane wave in a Lorentz medium characterized by Eqs. (6.26)
with ωeo = ωmo , ωep = ωmp = 1.5ωep , γe = γm = 0.5ωeo . It is seen that the
momentum density is not always parallel to the wave-vector in the presence
of losses.
from Eqs. (6.26). It is important to realize that relation (6.33) is shown here
to be valid in the limit of a lossless medium, while the momentum in lossy
media should be computed from the more general relation (6.32). This has
an important consequence on the collinearity between the momentum density
and the Poynting power ﬂow.
As is apparent from Eq. (6.33), the momentum is obtained from the sum
of three terms: D × B∗ which is anti-parallel to the vector E × H∗ and
parallel to the vector k, and two terms proportional to k and to the slope
of the permittivity and of the permeability. In the limit of a lossless Lorentz
medium, these two slopes are always positive and do not aﬀect the direction of
the second and third terms with the eﬀect that the momentum is anti-parallel
to the Poynting power. The lossy situation governed by Eq. (6.32), however, is
diﬀerent: there exist frequency regions where the momentum and the Poynting
power are parallel to each other, as illustrated in Fig. 6.7. Consequently, the
momentum ﬂow may or may not be anti-parallel to the phase vector or to the
energy ﬂow, depending on the dissipation in the medium (Kemp et al. 2007).
The momentum ﬂow reduces to
1
T̄¯ = Re
2

1
(D · E∗ + B · H∗ )I¯ − DE∗ − BH∗
2

(6.35)

since the dispersive terms tend to zero upon time averaging. Similarly to the
energy density, the time average of the rate of change of momentum density
is zero, i.e., ∂G/∂t = 0, so that
1
(6.36)
− ∇ · T̄¯ = Re {ω E × B∗ − ωμ H × D∗ } ,
2
which is recognized to be the force density on free currents Jc = ωε E (and
similarly for the magnetic part) (Loudon et al. 2005, Kemp et al. 2006).
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Traversal of pulses in materials with negative
material parameters

The phase velocity of waves in negative refractive index media is negative.
“What then does it imply for the speed of light traveling through the medium?”
is a question that one often encounters from an enthusiastic undergraduate
student. A more experienced graduate student would immediately voice the
often heard response that the phase velocity could be anything, but it is the
group velocity that has information on the rate of motion of light through
the medium. While this is correct to some extent, it does not encompass
the whole truth as simply evidenced by media where the group velocity of
light within some frequency bandwidth could also be negative. Moreover, the
group velocity does not properly account for absorption or gain in a medium.
The absorption or gain can drastically modify the spectrum of a pulse of light
propagating in the medium and the pulse can be enormously reshaped. For
example, a preferential absorption of the leading or trailing edge of a pulse
can make it appear to have an ultra-slow or ultra-fast velocity. If the medium
has rapidly varying material parameters over the bandwidth of the pulse, the
eﬀects on the pulse can be drastic, such as breaking the original pulse into a
number of pulses. Hence a description by the group velocity alone might not
suﬃce and one might need to study the energy ﬂow in many such cases.
Metamaterials with negative material parameters usually have large dispersion in the eﬀective medium parameters, reasonably large levels of dissipation,
and additionally the energy ﬂow represented by the Poynting vector is opposite in direction to the phase vector in isotropic negative refractive index
media. Further, as shown in Section 3.3.2 (see Fig. 3.25), some metamaterials can also have a negative group velocity in addition to the negative phase
velocity. There can only be evanescent waves inside media that have only
one of ε or μ negative. The transport of evanescent pulses is interesting in
its own right (Büttiker and Thomas 1998). Thus metamaterials have all the
ingredients that can make the study of propagation of pulses through them
very interesting.
In this section, we discuss the time taken by a pulse to traverse a medium – a
quantity that encompasses several aspects of pulse propagation in the medium.
The traversal time for a pulse through a dispersive medium is interesting and
important both from a fundamental viewpoint, as well as for technological applications such as delay lines and systems with enhanced nonlinearities. We
refer the reader to the many sources available in the literature, e.g. Landauer
and Martin (1994) and Chiao and Steinberg (1997), for more detailed discussions of the fundamental importance of this quantity and various aspects of
the traversal time. A related growing topic is the superluminal propagation
of pulses through dispersive media, i.e., a pulse of light apparently traveling
faster than the speed of light in vacuum (Milonni 2005). Although it is almost
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eighty years at the time of this writing since Brillouin and Sommerfeld showed
that information transport represented by a sharp edge (irregularity) in the
wave cannot be superluminal (Brillouin 1960), this topic has held the Physics
community fascinated. The apparent superluminality for smooth pulses can
arise either out of group velocity eﬀects (Wang et al. 2000) or reshaping due to
absorption or gain in the medium (Bolda et al. 1994). We reiterate that any
pulse with a shape described by a holomorphic function of time (i.e., without any discontinuities or singularities) can exhibit superluminal propagation
without violating causality or special relativity. This is because there is no
information in the peak that is not already contained in the leading edge of
the pulse. The peak can, in fact, be obtained by a Taylor series expansion
about any point in the leading edge. Information can only be encoded by a
meromorphic function through singularities in the function itself or in some
higher order derivative of the function. These singularities, however, cannot
propagate faster than the speed of light in vacuum.
In this section, we examine some of the aspects (Nanda et al. 2006, Nanda
and Ramakrishna 2007) of pulse propagation through a medium with negative
material parameters using the Wigner delay time (Wigner 1955), which is
based on an extrapolation of the group velocity, and another quantity that
is based on the ﬂow of energy through a medium (Peatross et al. 2000). To
model causal metamaterials with negative medium parameters, we assume
that the dielectric permittivity is described by that of a plasma (a Drude
model), while the magnetic permeability has a Lorentz-like dispersion around
a resonance frequency (see Fig. 3.21 for the lossless case):
ωp2
,
ω(ω + iγp )
ωb2
μ(ω) = 1 + 2
.
ω0m − ω 2 − iωγm
ε(ω) = 1 −

6.5.1

(6.37a)
(6.37b)

Wigner delay time for pulses in NRM

The Wigner (group) delay times (Wigner 1955) deﬁned as
τw = ∂φ/∂ω,

(6.38)

where φ, the phase of the wave, has been a popular measure for the time
delay of a pulse with a slowly varying envelope and a well-deﬁned carrier
wave frequency of ω. The Wigner delay time is based on tracking a ﬁducial
point on a wavepacket that moves with the group velocity vg = ∂ω/∂k, but
has been generalized to include the phase shifts that arise due to scattering
as well. The Wigner delay time can often unsurprisingly be superluminal or
even negative as there is no causal relationship between the peaks of the input
and output pulses (Martin and Landauer 1992). By a negative delay time, it
is implied that the peak (for example) of the output pulse emerges out of the
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system under consideration even before the peak of the input pulse has entered
the system. Surprising as this is, it should not be a cause for consternation
as the two peaks are not causally connected. In a homogeneous medium, this
arises from the superluminality or negativity of the group velocity (also see
Section 5.3):
1−1
0
∂k
c
=
,
(6.39)
vg =
∂n
∂ω ωc
n(ωc ) + ω ∂ω
ωc
where n is the refractive index, ωc is the carrier frequency of the pulse, and
the derivatives are evaluated at the carrier frequency. It is clear that when
∂n
∂ω |ωc is large and negative as happens in the case of anomalous dispersion, the
group velocity can be superluminal and even negative. On the other hand,
where this quantity is a large and positive number, the group velocity can
become very small and gives rise to ultra-slow light where the pulse travels at
terrestrial speeds of a few meters per second. It can also be seen that a positive
group velocity is possible for media with n < 0 only when the dispersion in
the refractive index is large enough.
The fact that the Wigner delay time (or the group velocity) can be superluminal or negative has often been used to term the Wigner delay time
(or the group velocity) as physically unimportant. But the group delay time,
superluminal or otherwise, has been shown to well describe the arrival of electromagnetic pulses across absorptive media (Garrett and McCumber 1970)
and amplifying media (Bolda et al. 1994), particularly for narrow bandwidths
and short propagation distances. In such cases, the apparent superluminal
propagation of the pulse can be explained by a preferential attenuation or
ampliﬁcation of the trailing or leading edge, respectively. However, the experiments of Wang et al. (2000) on superluminal pulse propagation in an almost
non-absorptive or non-amplifying medium but with highly and anomalously
dispersive refractive index have been a signiﬁcant achievement in underlining
the importance of the group velocity and the Wigner delay time in describing
pulse propagation.
Let us calculate the Wigner delay time for the transmission of radiation,
incident at some oblique angle, across a slab of material with some arbitrary
material parameters (ε and μ). The transmission coeﬃcient across the slab is
given by
tt e(ikz2 d)
,
(6.40)
T(ω) =
1 − r2 e(2ikz2 d)
where d represents the slab thickness and t, t , and r represent the Fresnel
coeﬃcients of transmission and reﬂection relating the magnetic ﬁelds across
the slab interfaces and are given by
t=

2 kεz1
1
kz1
ε1

+

,
kz2
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ε2

t =

2 kεz2
2
kz2
ε2

+

,
kz3
ε3

r =

kz2
ε2
kz2
ε2

−
+

kz3
ε3
kz3
ε3
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for P-polarized light. Here the unprimed and primed coeﬃcients stand for
the ﬁrst and the second boundaries, respectively. For S-polarized light, the ε
are simply replaced by the corresponding μ in the expressions of the Fresnel
coeﬃcients. Also the Fresnel coeﬃcients would then relate the electric ﬁelds
across the interface rather than the magnetic ﬁelds. The suﬃx 2 represents
the parameters inside the slab medium while the suﬃxes 1 and 3, respectively,
represent the parameters on the incident and exit side of the slab, respectively.
We take the media to be the same on both sides of the slab.
The Wigner delay time can be calculated using the phase of the transmission
coeﬃcient given above, and is given by
τ=

∂φ
=
∂ω

∂p
∂ω

z2
tan(kz2 d) + p sec2 (kz2 d) ∂k
∂ω d
,
1 + p2 tan2 (kz2 d)

where
1
p=
2



kz1 ε2
kz2 ε1
+
kz2 ε1
kz1 ε2

(6.41)


(6.42)

for P-polarized radiation, and
1
p=
2



kz1 μ2
kz2 μ1
+
kz2 μ1
kz1 μ2


(6.43)

for S-polarized radiation. It is understood that all quantities in the above are
evaluated at the carrier wave frequency of the pulse. Note that the expressions
for P and S polarized light become identical at normal incidence.
Consider a slab of metamaterial with ω0m = 0.3ωp , ωb = 0.5197ωp , and
γm = γp . Our choice of ω0m and ωb corresponds to a magnetic plasma frequency of ωm = 0.6ωp when μ = 0. We note that ε < 0 for ω < ωp and μ < 0
for ω0m < ω < ωm . In Fig. 6.8, we show the Wigner delay times obtained
for transmission across the slab for normally incident radiation in diﬀerent
frequency bands when the medium has negative refractive index or positive
refractive index, and for non-dissipative and slightly dissipative media. One
can clearly see that the delay times can be large for pulse traversal in the
negative index band (ω0m < ω < ωm ). This is actually due to the large values
of μ (and correspondingly n) near the magnetic resonance frequency in this
case. The delay time as a function of frequency shows a large number of peaks
that arise due to the slab resonances which are determined by the poles of the
transmission coeﬃcient. In the negative index bandwidth, we appear to have
two sets of resonances – one near the magnetic resonance frequency where the
magnetic permeability has a large magnitude and another near the magnetic
plasma frequency where the magnetic permeability has small magnitude and
is negative. In both cases, the resonances aﬀect the delay times signiﬁcantly
due to the large impedance mismatch with vacuum. When the dissipation
is small to moderately large (γp = γm ∼ 10−2 ωp to 10−3 ωp ), one can have
still large values of the delay times although much of the resonant features
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Figure 6.8 Wigner delay times for pulse propagation across a slab for radiation incident at normal incidence. Top left: For a non-dissipative negative
refractive index medium (γm = γp = 0). Top right: For a non-dissipative
positive refractive index medium. Bottom left: Same as for top left, but with
moderate dissipation γp = γm = 0.02. Bottom right: Same as for top right,
but with moderate dissipation γp = γm = 0.02.

due to the slab resonances become negligible. The pole structure for the positive index frequency band is diﬀerent. The resonant features that appear are
those due to the slab resonances caused by a small value for ε at frequencies
beyond and near the plasma frequency. Similar results have been shown for
metamaterials in the zero dissipation limit in Duttagupta et al. (2004), who
also conﬁrmed these results by numerically propagating pulses with narrow
frequency bandwidths. We conclude that negative index media could have
large group indices due to the resonant nature of the material parameters
and this is not drastically modiﬁed by moderate levels of dissipation in the
medium. This has much potential for applications where solid-state large
group index media are required. The only restriction is that the frequency
bandwidth of the pulse should be narrow enough compared to the bandwidth
of the metamaterial resonance.
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Figure 6.9 Wigner delay times for pulse propagation across a slab of thickness (Δr = λp /5) with moderate dissipation γp = γm = 0.01ωp and embedded in vacuum as a function of frequency and parallel wave-vector magnitude.
Left: The delay times for P-polarized light. Right: The delay times for Spolarized light. The grayscale maps predominantly trace out the conditions
for the existence of surface plasmon polariton modes where the delay times
are very large in magnitude.

We next consider the Wigner delay times for the case of oblique incidence of
waves and for evanescent incident waves. We plot the Wigner delay time vs.
both the frequency and the parallel wave-vector in a moderately dissipative
slab (γp = γm = 0.01ωp ). In a comparatively uniform landscape of delay
times, the resonant conditions for the slab surface plasmon polaritons (SPPs)
stand out in stark contrast where the magnitude of the delay times are very
large. The entire dispersion of the SPPs can be traced out by the regions of
large magnitude of the Wigner delay times as can be seen in Fig. 6.9. Both
the antisymmetric and symmetric SPP modes of electric nature manifest for
the P-polarized light, while similar SPP modes of magnetic nature manifest
for S-polarized light. More discussion of the nature of these modes and their
dispersion can be found in Chapter 7. The other notable features are the
large negative delay times that occur near the electric (ωp ) and magnetic (ωm )
plasma frequencies for the P- and S-polarized light, respectively. The other
very large feature in the plots occurs for both polarizations at the magnetic
resonance frequency which is characterized by extremely large magnitudes for
τw . We conclude that delay times of very large magnitudes are possible for
evanescent waves interacting with the slab due to their coupling with the slab
plasmon polariton modes. This can be an important and interesting manner of
providing for delay times in plasmonic systems and future plasmonic devices.
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Traversal times based on the ﬂow of radiative energy

In this section we discuss a time scale, due to Peatross et al. (2000), that
directly relates to the average ﬂow of electromagnetic energy through the
medium. For pulses, and particularly broadband pulses, the arrival time of a
pulse at a point r can be well described by a time average over the component
of the Poynting vector S normal to a (detector) surface at r as
,∞
u · −∞ tS(r, t)dt
,∞
.
(6.44)
tr=
u · −∞ S(r, t)dt
Here u is taken to be the unit vector along the normal to the given surface.
The time for traverse between two points (ri , rf ) is equal to the diﬀerence
of the arrival times at the two points, and we call this quantity the traversal
time. This traversal time can be shown analytically (Peatross et al. 2000) to
consist of two parts: a contribution by the spectrally weighted average group
delay at the ﬁnal point rf ,
,∞
u · −∞ S(rf , ω) [(∂ Rek/∂ω) · Δr] dω
,∞
ΔtG =
,
(6.45)
u · −∞ S(rf , ω)dω
and a contribution that can be ascribed to the reshaping of the pulse by
dissipation,
ΔtR = T [exp(−Imk · Δr)E(ri , ω)] − T [E(ri , ω)] ,

(6.46)

which is calculated with the frequency spectrum of the pulse at the initial
point ri . Here the operator T is
(
)
,∞
u · −∞ Re −i ∂E(r,ω)
× H∗ (r, ω) dω
∂ω
,∞
T [E(r, ω)] =
,
(6.47)
u · −∞ S(r, ω)dω
which represents the arrival time of a pulse at a point r in terms of the
spectral ﬁelds and S(r, ω) ≡ Re [E(r, ω) × H∗ (r, ω)] represents the Poynting
vector. Here we take the real parts of the quadratic terms since we use complex representation for the ﬁelds, i.e., ei(k·r−ωt) for a plane wave. The total
traversal time has been shown (Peatross et al. 2000) to remain subluminal
for broadband pulses for traversal across a medium with Lorentz dispersion
for the dielectric permittivity. The most signiﬁcant aspect of this proposal is
that unlike any description based on the group velocity such as the Wigner
delay time, it does not involve any perturbative expansion of the wave number
around the carrier frequency. Also note that while there are signiﬁcant diﬃculties related to the deﬁnition of an energy density in a dispersive medium as
discussed earlier in this chapter, there is no such ambiguity about the Poynting vector or the power ﬂux. This underlines the importance of this traversal
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time which does not depend on the speciﬁc details of the model for dispersion. The arrival time based on the average of the Poynting vector has also
been shown to be equivalent to the arrival times measured by the average rate
of absorption in an ideal impedance matched detector (Nanda et al. 2006).
In fact, these times have also been experimentally measured for ultrashort
pulses (Talukder et al. 2005) propagating through dispersive media as well as
angularly dispersive systems (Talukder et al. 2007) underlining their importance as an important quantity to characterize the time spent in a medium by
pulses. Even if the output pulses are badly deformed these delay times have
been shown to experimentally well describe the motion of the centroid of the
pulse (Talukder et al. 2007).
6.5.2.1

Traversal times through negative refractive index media

We discuss subsequently the nature of traversal times for a pulse traversing
across a slab of negative refractive index medium as a function of the carrier
frequency for a pulse with broad bandwidths. We show in Fig. 6.10 the delay
times obtained by Eq. (6.45) and Eq. (6.46) for pulse traversal across a slab
whose material parameters are described by a plasma form for the dielectric
permittivity and a Lorentz form for the magnetic permeability, respectively.
The relevant frequencies have been chosen to be ωp,b,0 = 2πfp,b,0 with fp , fb
and f0 taken to be 12 GHz, 6 GHz and 4 GHz, respectively. First, we note
that for ultrashort pulses with large frequency bandwidths compared to the
resonance bandwidths, the resonant features in the graph of the traversal time
such as due to the slab resonances tend to get averaged out. In the presence
of dissipation in the medium (ﬁnite width of the resonance), the Wigner delay
time can become superluminal or even negative at frequencies near the resonance frequency due to the anomalous nature of dispersion. However, if the
bandwidth for the pulse is made suﬃciently large, the traversal times based
on the energy ﬂow become positive and eventually subluminal (See Fig. 6.10).
Hence the problem of super-luminality is not present with this deﬁnition. The
nature of large delay times near the magnetic resonance frequency outside the
region of anomalous dispersion is still retained, although the corresponding
delay times are not as large as in the limit of zero dissipation.
Another important issue is the relative contribution of the group delay time
and the reshaping delay time to the total delay time. In an experiment, one
usually measures the total traversal time. To avoid any resonant features
arising from the slab resonances here, we place the source inside the negative
index medium assumed to be semi-inﬁnitely extended and a distance d away
from the boundary with vacuum. A detector is assumed to be placed immediately outside the boundary as depicted schematically in Fig. 6.10. For a
plane wave pulse propagating normal to the interface, the delay times based
on the energy ﬂow are shown in Fig. 6.10(c). We can immediately conclude
that there is appreciable contribution to the total traversal time from both the
group delay time as well as the reshaping delay time. Particularly, the group
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delay time dominates due to large dispersion near the resonance frequency,
while away from the region of anomalous dispersion near the resonance, the
reshaping delay times contribute very signiﬁcantly. Hence in the interpretation of any experiment involving the delay times of pulse through negative
index media such as the one reported by Dolling et al. (2006b), one would
have to carefully sort out the relative contribution of the group delay times
in order to conclude anything about the dispersion in the medium and the
refractive index. As an aside we also note here an unusual result that the reshaping delay time for a medium with ε(ω) = μ(ω) is identically zero (Nanda
et al. 2006) and only group delay eﬀects are present in such a medium.
6.5.2.2

Traversal times for evanescent waves

We consider in this section the traversal times for pulses composed entirely
of evanescent waves. This is analogous to quantum mechanical tunneling
of a particle under a potential barrier. Such situations arise directly in the
transport of radiation across a metal slab or under conditions of total internal reﬂection when the parallel component of the wave-vector becomes larger
than the wave number in the medium. Since the phase vectors for the evanescent waves are imaginary, interesting questions arise regarding their traversal
times (Landauer and Martin 1994). One of the most paradoxical aspects is
the Hartman eﬀect (Hartman 1962), which is the saturation of the Wigner
delay time with the barrier thickness, i.e., the delay time stops increasing with
the thickness of the barrier beyond a certain point. Hence the delay time of
evanescent pulses through suﬃciently thick barriers always appears superluminal. We study here the traversal time associated with the energy transport
for a pulse composed predominantly of evanescent modes. It is actually difﬁcult to envisage the motion of such a pulse. At any point away from the
source, the intensity of such a pulse would simply appear to increase and then
decrease in time. If the source were located in an inﬁnitely extended medium
(of spatial extent large compared to the wavelength of light), then the maximum of the pulse would always appear to be concentrated at the point of the
source! But that is the nature of the non-radiative near ﬁeld of a source. The
problems that we consider arise in the detection of such near ﬁelds either by
a local absorbing detector or by coupling to propagating modes.
Consider the complex wave-vector in a medium,
k 2 = εμ

ω2
.
c2

(6.48)

In the limit of small imaginary parts of ε and μ, one can write for the wavevector
ω √
kr = Re(k) 
εr μr − εi μi ,
(6.49)
c
ω εr μi + εi μr
√
.
(6.50)
ki = Im(k) 
c 2 εr μr − εi μi
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For propagating waves, the real part of the wave-vector depends primarily on
εr and μr , while the imaginary part is directly proportional to εi and μi or
the dissipation. This, however, becomes the other way around for evanescent
waves. To make the discussion for evanescent waves clear, we consider an
absorbing electric plasma with εr < 0, εi > 0, μ = μr , and then
*
ω 1 μr
εi ,
(6.51)
kr 
c 2 |εr |
ω
ki 
|εr |μr .
(6.52)
c
Thus the real part of the wave-vector depends on the levels of dissipation in
the medium (εi ), while the imaginary part of the wave-vector which determines the decay of the wave depends on |εr |. This implies, in turn, that the
deﬁnitions of the group delay time and the reshaping delay time given by
Eq. (6.45) and Eq. (6.46), respectively, get interchanged for evanescent waves.
This is an important diﬀerence for the arrival times of evanescent waves from
that of propagating waves (Ramakrishna and Kumar 2002). This behavior
can also be analytically continued for larger values of the imaginary parts.
This diﬀerence arises because the quintessential decay length for evanescent
waves is determined by εr and not εi .
We consider, ﬁrst, the time for traversal of an evanescent pulse through
a plasma. There is an inherent negativity associated with the the time of
transport for an evanescent wave in an inﬁnitely extended dissipative medium.
The energy transport for such a wave happens through the phase shift caused
by the imaginary part of the dielectric permittivity (Ramakrishna and Armour
2003). At any point in the medium, the energy ﬂow away from the source
is proportional to the energy dissipated in the entire region of space beyond
that point all the way up to inﬁnity. Thus, it is almost as if the source
has to correctly anticipate the dissipation at regions far away and radiate
accordingly. This is conﬁrmed by calculating the traversal time using the
energy ﬂow at a point in the plasma, a distance d away from the source placed
inside the plasma medium. The total traversal time comes out to be negative
(see Fig. 6.11(a)) and dominated by the reshaping delay time indicating the
dominance of dissipation in the energy transport in this conﬁguration. This
behavior is rather independent of the bandwidth of the pulse. This situation
is, however, unnatural as the detector would have to be placed inside the
plasma medium.
It is better to consider a semi-inﬁnitely extended plasma medium with the
source placed inside the plasma a distance d away from the boundary and the
detector to be in vacuum outside the plasma. A corresponding physical situation would be an atom or an antenna located within the plasma and emitting
radiation, whose leakage is detected outside the plasma or the metamaterial
with ε < 0. For simplicity, consider only waves with zero parallel wave-vector.
This results in the wave not coupling to any surface plasmon modes of the
plasma-vacuum interface (see Chapter 7). Thus our source would be an inﬁ-
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nite plane of current parallel to the interface. In this situation and for small
distances, d ∼ c/100γ and  c/10γ, the reshaping delay time is actually
negligibly small compared to the group delay time even for ω < ωp and the
group delay dominates the total delay time (see Fig. 6.11(b) and (c)). This
important diﬀerence from the case of an unbounded plasma results because
of the presence of a reﬂected evanescent wave from the boundary. Now energy transport is primarily determined by the phase diﬀerence of the incident
evanescent wave and the reﬂected wave, and not merely by the dissipation
in the medium. Thus the group delay time plays the determining role for
small distances when the eﬀect of the reﬂected wave can be considerably well
felt. For large distances d ∼ c/γ, however, the reshaping delay time (ω̄ < ωp )
tends to that of the behavior in an inﬁnite plasma, while the group delay
time strongly moderates this contribution to the total delay, and the total
delay time is positive everywhere, at least asymptotically with increase in the
frequency bandwidth of the pulse.
Another interesting aspect is the presence of a Hartman eﬀect even for the
energy transport of a pulse through the plasma medium. We show here the
traversal time calculated for the detection of an evanescent pulse emitted by a
source placed inside the plasma. The schematic diagram for the arrangement
is shown in Fig. 6.10. Figure 6.11 (d) shows the traversal time for the source
distances of c/1000γp , c/10γp and for c/γ. We ﬁnd that over frequency band
of the plasma behavior between 2γp and 8γp , there is hardly any appreciable
change in the traversal both with distance and frequency. In fact, hardly
any change in the delay time can be seen when the distance is changed from
d = c/(1000γp ) to c/(10γp ). For large thicknesses, however, the dissipation in
the medium begins to play a greater role and the Hartman eﬀect is lost. The
new feature here is the presence of the Hartman eﬀect for broad-band pulses
as well.
It should be re-emphasized that even superluminal energy transport by a
pulse described by a holomorphic function does not actually violate causality
or special relativity. But the traversal times in such cases reassuringly turn
positive and even sub-luminal whenever the bandwidth of the pulse is made
large enough! Finally, it should be noted that in some of the cases that we
have discussed the amount of energy that is actually transmitted across the
plasma medium via the evanescent waves may be minuscule although large
enough to be detected. But the time at which the pulse arrives and the
amplitude with which the pulse arrives are entirely diﬀerent matters.
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Figure 6.10 (a) Traversal times for pulse propagation across an NRM slab
of thickness (d = λp /5) for broadband pulses as a function of the carrier
frequency. (b) When there is large dissipation in the medium, γp = 0.1ωp .
(c) Pulse traversal time in a negative index medium showing the relative
contributions of the group delay time and the reshaping delay time in an
NRM. The geometry of the source and detector for case (c) is shown. In all
cases here, τ is the pulse width in time and ω̄ is the carrier frequency.
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Figure 6.11 (a) Traversal time in an inﬁnitely extended dissipative plasma
when the radiation is both emitted and detected a distance d away inside
the plasma. The reshaping delay time is negative and determines the total
traversal time as well. (b) and (c) Traversal times for pulse propagation across
a plasma medium composed of a plasma of thickness for broadband pulses. (d)
Pulse traversal time in a plasma medium showing the Hartman eﬀect for the
traversal time. The traversal time does not change appreciably in magnitude
for over two orders of magnitude change in the distance. In all cases the
traversal time is plotted as a function of the carrier frequency and the plasma
frequency is taken to be ωp = 10γp .
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