5
Media with ε < 0 and μ < 0: theory and
properties

This chapter presents various theoretical aspects related to left-handed media,
i.e., media whose permittivity ε and permeability μ can achieve negative values
simultaneously. As we have already mentioned in previous chapters, the sole
possibility of achieving ε < 0 and μ < 0 prompts us to revisit even the most
basic phenomena of electromagnetics and optics, one such example discussed
at length being the sign of the index of refraction.
We thus start by identifying the possible origins of negative refraction,
showing that the negative refraction of the power is not a new phenomenon.
The speciﬁcity of left-handed media is shown to come from the negative refraction of both the power and of the wave-vector k, which prompts us to
examine the choices of k and its consequences. A few key properties are then
discussed, such as the reversal of Snell’s law, of the Doppler shift, of Čerenkov
radiation, and of the Goos-Hänchen shift. The modiﬁed Mie scattering is also
discussed, providing a vivid illustration of the impact of negative refraction
on the ﬁeld distribution: it is shown that the usual forward focusing obtained
with standard dielectric Mie spheres is modiﬁed, yielding a clear focus of the
ﬁeld inside the sphere.
The chapter continues by expanding the discussion to anisotropic media
and indeﬁnite media, where the signs of the diagonal terms in the permittivity
and permeability are allowed to be independently chosen, either positive or
negative. The various iso-frequency contours thus generated are presented,
and their impact on the amphoteric refraction∗ of waves, on the inversion of
the critical angle and the Brewster angle, and on the realization of ﬂat lenses is
discussed. The chapter terminates by a generalization to bianisotropic media,
showing how a strong bianisotropy can ﬂip the refraction from positive to
negative.

∗ By amphoteric refraction, it is implied that the refraction can be either positive or negative.
For example, one could have a situation where the refraction of the phase is positive while
the one of the power is negative.
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Origins of negative refraction

Wave refraction at an interface between two media is one of the most fundamental phenomena of optics and electromagnetics, and is quantiﬁed by
Snell’s refraction law which stipulates that the transmitted angle θt is related
to the incident angle θi by the relation ni sin θi = nt sin θt , where ni and nt
are the refractive indices of the incident and transmitted media, respectively.
Within a ray optics approximation, Snell’s law can be obtained as a direct
application of Fermat principle and yields a positive refraction for media with
positive index of refractions, which represent all the natural homogeneous
media known to date. As the wave theory of light matured with Fresnel and
later with Maxwell’s electromagnetic theory, Snell’s law was shown to be the
consequence of the more fundamental concept of phase matching. Furthermore, Maxwell’s theory also pointed out the necessary distinction between
refraction of the phase, related to the propagation vector k of the wave, and
the refraction of the power ﬂow associated with the wave. Within this more
general framework, it appeared that both positive and negative transmission
angles were solutions of the refraction equations, but that a negative refraction of the power would also require a negative refraction of the phase. Since
no media were known to exhibit this property, negative refraction was sought
within more complex media such as anisotropic or inhomogeneous.
In the case of uniaxial anisotropic crystals for example, the dispersion relation, which represents the variation of the components of the wave-vector k
with frequency (ω), yields elliptic iso-frequency contours that can be rotated
by cutting the crystal appropriately with respect to its axes in order to achieve
a negative refraction of the power ﬂow (but a positive refraction of the phase)
within a speciﬁc range of incident angles. In the case of inhomogeneous media,
intense eﬀorts by the photonic crystal community have led to the successful
demonstration of photonic crystal structures exhibiting negative refraction,
as discussed in the previous chapter. Unlike the anisotropic situation, the
negative refraction in this case is most often due to shrinking iso-frequency
contours around a given point in the spectral space as a function of increasing
frequency.
An important conceptual generalization was to reconcile isotropy and shrinking dispersion relation, which was done by postulating the existence of substances exhibiting negative values of the permittivity ε and the permeability
μ within a certain frequency band (Veselago 1968). A few interesting properties of such media were immediately identiﬁed, among others the negative
refraction, but also the left-handed triad formed by the electric ﬁeld vector,
the magnetic ﬁeld vector, and the wave-vector, which led to the terminology
“left-handed media” (LHM) for these substances, the reversal of Doppler shift
and the reversal of Čerenkov radiation. All these phenomena were later experimentally conﬁrmed: negative refraction has been measured in a prism ex-
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periment (Shelby et al. 2001b) using an artiﬁcial metamaterial based on small
unit cells containing split rings and rods discussed in Chapter 3 (Pendry et al.
1998; 1999), backward phase waves were shown by simulating real metamaterials Lindell et al. (2001), while reversed Čerenkov radiation and Doppler
shift have been reported in Lu et al. (2003), Luo et al. (2003), and Stancil
et al. (2004), respectively.
A few facts can be highlighted from these considerations. First, negative
refraction is not unusual and has been known and studied for decades already.
However, left-handed media have an interesting property of exhibiting a negative refraction of both the power and the phase, which had not been achieved
before. Second, negative refraction does not imply ε < 0 and μ < 0 while
the implication holds in the other direction. Third, negative refraction (of
the power and/or the phase) can be attributed to one of the following four
origins:
1. An elliptic dispersion relation properly oriented in the spectral domain,
typically achieved by uniaxial media.
2. A shrinking iso-frequency contour with frequency like in photonic crystals.
3. A negative index of refraction due to negative values of the permittivity  and the permeability μ, which eﬀectively also yield a shrinking
dispersion relation but within an isotropic and homogeneous medium.
4. The motion of an otherwise isotropic and homogeneous medium.
It should be mentioned that negative refraction can be obtained by yet other
methods, for example the proper design of a series of parallel plate waveguides. However, unlike the four properties listed above, most of these other
methods cannot be associated with eﬀective material properties and we shall
therefore not consider them here in detail. In the following, we describe how
the negative refraction phenomenon is generated by the four aforementioned
properties, and we start by discussing the fundamental concept of dispersion
relation.

5.1.1

Dispersion relation

The dispersion relation is fundamental in order to understand the refraction
phenomenon at the boundary between two homogeneous media. The dispersion relation relates the components of the wave-vector of the propagating
electromagnetic wave to the properties of the medium and to the frequency.
In the case of a homogeneous isotropic dielectric of relative constitutive parameters ε and μ for example, the dispersion relation is well known and is
written as
ω√
εμ ,
(5.1)
k = kx2 + kz2 =
c
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where c is the velocity of light and where the wavenumber k is the magnitude
of the wave-vector k = x̂kx + ẑkz , written here in two dimensions for the sake
of simplicity. The parameters  and μ are understood to be relative values.
A systematic way of obtaining the dispersion relation of a medium is to
combine the Maxwell equations and the constitutive relations to yield an equation for the electric ﬁeld only (a generalization of the well-known Helmholtz
equation for homogeneous media). The dispersion relation is obtained upon
setting the determinant of the matrix operator to zero, a condition that can
be written as
¯ ¯−1 · k̄¯ = 0.
(5.2)
ω 2 ε0 ε̄¯ + μ−1
0 k̄ · μ̄
Note that this method can be generalized to bianisotropic media as well,
¯ are
as shown in Chapter 2, Eq. (2.81) on page 59. In Eq. (5.2), ε̄¯ and μ̄
second-rank tensors and can be potentially fully populated. Of course, for
highly complex constitutive tensors, it may be diﬃcult to obtain an analytical
solution to Eq. (5.2).
The graphical representation of the dispersion relation in the spectral plane
yields information on both the refraction of the wave-vector and of the power
when an interface is present. The refraction of the wave-vector is a direct consequence of phase matching (i.e., the continuity of the tangential
component of the wave-vector across the interface). This situation is represented in Fig. 5.1: Fig. 5.1(a) shows the physical situation while Fig. 5.1(b)
shows the spectral representation. A wave impinging from a homogeneous
medium of parameters (ε0 , μ0 ) onto another homogeneous medium of parameters (ε1 , μ1 ) = (εε0 , μμ0 ) experiences both a reﬂection and a refraction phenomenon. In the ﬁrst medium, the wave-vectors are ki and kr for the incident
and reﬂected waves, respectively, while in the second medium the transmitted
wave propagates with a wave-vector kt . The components of these wave-vectors
satisfy the dispersion relations in the respective media (supposing again for
simplicity that ky = 0):
2
2
kix
+ kiz
= ω 2 ε0 μ0 ,
2
2
+ krz
krx
2
2
+ ktz
ktx

(5.3a)

2

(5.3b)

2

(5.3c)

= ω ε0 μ0 ,
= ω ε1 μ1 ,

as well as the phase matching condition
kix = krx = ktx ,

(5.4)

so as to satisfy the continuity of the tangential components of the ﬁelds across
the interface between the media. These relations are represented in Fig. 5.1(b):
Eqs. (5.3) yield circles while Eq. (5.4) yields the dashed line, and the intersection between the two indicates the wave-vectors that are solutions of both
conditions. From this picture, it is obvious that both the incident and transmitted media support two solutions. In the incident medium, both solutions
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Figure 5.1 Spatial and spectral representation of a plane wave impinging
onto a dielectric half-space, generating a reﬂected and a transmitted wave. In
the spectral domain, the wave-vectors satisfy Eqs. (5.3) and Eq. (5.4). Solution A corresponds to a regular medium where the wave-vector (thin arrow)
and power ﬂow (thick arrow) are parallel whereas solution B corresponds to
a left-handed medium where the wave-vector and the power ﬂow are antiparallel. The direction of the power ﬂow is obtained from the gradient of the
iso-frequency curve with respect to the frequency.

are excited: one is the incident wave and the other one is the reﬂected wave.
The situation in the transmitted medium deserves further discussion. It has
been customary to choose solution A, which yields the regular positive refraction phenomenon, but one is left wondering if the second solution B could be
chosen as well.
The resolution of this question lies in the physical requirement that the
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power always ﬂows away from the source. In the situation of Fig. 5.1, this
requires the ẑ component of the Poynting vector to be always negative (the
source being located at z → ∞ and the wave propagating downward in the
ﬁgure).
The direction of the power ﬂow can be obtained from the gradient of the dispersion relation with respect to frequency ∇k ω(k) (if the dispersion ω(k) does
not vary fast – see Section 6.5). Graphically, we can draw an iso-frequency
contour at frequency f and another one at frequency f + δf (where δf is a
small frequency increment), the gradient giving the direction of the power.
For a standard dielectric as considered in Fig. 5.1, the iso-frequency contour
expands with frequency, yielding the gradient shown by the thicker arrows at
point A, while a similar outgoing arrow corresponds to point B (not shown).
Clearly, only one solution is permitted (only one solution has a negative z
component), which corresponds to the solution intuitively chosen. One could
imagine, however, that if the iso-frequency contour were shrinking with frequency, the gradient would point inward and the other phase-matched component would have to be chosen, corresponding to the situation at point B’.
This is precisely what happens in left-handed media, as we further discuss in
Section 5.1.4.

5.1.2

Anisotropic media with positive constitutive parameters

When the permittivity and the permeability tensors are not scalar quantities,
the medium is said to be anisotropic, i.e., the material properties are diﬀerent
in diﬀerent directions of propagation. In this case, the iso-frequency contours
are more complex than the simple sphere of a homogeneous medium, and
typically take elliptic shapes. We consider here a biaxial medium: the relative
permittivity and permeability tensors are simultaneously diagonalizable and
the three values might be diﬀerent:
⎞
⎛
⎞
⎛
μx 0 0
εx 0 0
¯ = ⎝ 0 μy 0 ⎠ .
and
μ̄
(5.5)
ε̄¯ = ⎝ 0 εy 0 ⎠
0 0 εz
0 0 μz
Note that an isotropic medium is just the limiting case of an anisotropic
biaxial medium where εx = εy = εz and μx = μy = μz .
For a plane wave in the xy plane with an electric ﬁeld polarized along
the ŷ direction and a magnetic ﬁeld in the xz plane (corresponding to an S
polarization), the dispersion relation equivalent to Eq. (5.1) is written as:
kx2
k2
+ z = k02 .
εy μz
εy μx

(5.6)

The components (εx , εz , μy ) inﬂuence the other polarization. When all the
parameters of Eq. (5.6) are positive (we shall consider the case when they
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Figure 5.2 Illustration of the amphoteric refraction between free-space and
a rotated anisotropic medium. The incidences on the left and right yield a
positive and a negative refraction of the power, respectively. In both cases,
the refraction of the phase is positive.

can be negative in Section 5.3), the iso-frequency curves are elliptic with the
principal axes aligned with the x̂ and ẑ directions. These directions, however,
may not coincide with the principal axes of the crystal. This is to say, the
medium might be biaxial in some coordinate system diﬀerent from the (x̂, ŷ, ẑ)
system deﬁned a priori. When this happens the iso-frequency contours in the
xz plane become rotated ellipses, and this rotation can induce a negative
refraction of the power.
The above situation is illustrated in Fig. 5.2, while the mathematical treatment of this case is postponed to Section 5.3. Upon performing the phase
matching and gradient considerations as described above (all the parameters
here being positive, the iso-frequency curves are expanding with frequency),
we see that for a proper choice of parameters and rotation angle, some incidences (Fig. 5.2(a)) have a positive refraction, whereas some other incidences
(Fig. 5.2(b)) have a negative refraction of the power but positive refraction of
the phase. When using a beam of light as illustrated in Fig. 5.3, one would
therefore witness a negative refraction of the beam and could conclude on a
negative refraction phenomenon with a natural material, for example a properly cut crystal of CaCO3 or of YVO4 (Chen et al. 2005c, Du et al. 2006).
This negative refraction, however, has some fundamental diﬀerences when
compared to the negative refraction due to left-handed media:
1. It holds only for the power, whereas the phase (i.e., the wave-vector),
is positively refracted. These media therefore do not support backward
waves.
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Figure 5.3 Amphoteric refraction of a beam of light between free-space and
a rotated anisotropic medium. Parameters are: εy = 3ε0 , μx = μ0 , μz = 3μ0 ,
and a rotation of 45 degrees. The incidence is from top to bottom in both
cases and the weaker beam represents the reﬂection from the interface.

2. It holds only for a few incident angles, whereas the refraction is positive
for most other angles. This would, for example, preclude the use of
these media for lensing applications as described in Chapter 8.

5.1.3

Photonic crystals

Photonic crystals have been treated in detail in Chapter 4 and, more speciﬁcally, the phenomenon of negative refraction has been treated in Section 4.3.
It is therefore known that in this case as well, despite the very inhomogeneous nature of the medium, negative refraction can still be understood with
iso-frequency contours and their evolution as function of frequency. Thus a
wave incident from free-space would couple to a single Bragg mode with a
negative phase vector in the photonic crystal. It then becomes a designing
procedure: the proper permittivity of the background and that of the inclusions as well as the distance between them and the operating frequency need
to be determined in order to obtain a shrinking iso-frequency contour around
a symmetry point of the crystal. Additionally, circular iso-frequency contours
are often sought in order to mimic an isotropic medium and to borrow the
terminology of index of refraction. If these conditions can be met at a low
enough frequency, it is possible to cut the crystal in such a way to obtain an
all-angle negative refraction (Luo et al. 2002).
Photonic crystals, however, are inherently inhomogeneous media, and circular iso-frequency contours can be obtained only within a very narrow frequency
band. In addition, they depend very sensitively on the relative placement of
the scatterers and the lattice. We therefore prefer to refrain ourselves from
deﬁning an index of refraction in this case, and consider the negative refraction produced by photonic crystals as a special case of a much more complex
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wave propagation phenomenon governed by the theory of Bragg diﬀraction.

5.1.4

Left-handed media

We consider here left-handed media as they were originally deﬁned (Veselago 1968): homogeneous and isotropic substances with a negative dielectric
permittivity and a negative magnetic permeability. The case of anisotropic
left-handed media, fundamentally related to their physical implementation as
a succession of metal split rings and thin wires, is postponed until Section 5.3.
We have discussed earlier the properties of the dispersion relations and their
inﬂuence on the iso-frequency contours of standard dielectrics, which has enabled us to explain the well-known phenomenon of refraction at an interface
in a systematic manner. This approach was necessary in order to understand
the refraction between free-space and a left-handed medium: since our intuition is of no help in this new situation, we need to resort to a mathematical
approach and examine its consequences.
We have seen in the previous chapter that left-handed media exhibit a
negative permittivity and a negative permeability within a certain frequency
range, as a result of a frequency dispersive phenomenon (typically a Drudelike model for the permittivity and a Lorentz-like model for the permeability).
A typical evolution of these parameters in a homogeneous medium is shown in
√
Fig. 3.21, where the index of refraction n = μ is directly proportional to the
magnitude of the wave-vector k in Eq. (5.1). From this picture, it is therefore
clear that when the index of refraction is negative, its magnitude decreases
with increasing frequency, thus yielding a smaller circle in the (kx , kz ) plane
(since k 2 = kx2 + kz2 and k decreases with frequency). The iso-frequency
contour therefore shrinks with the frequency, changing the direction of the
gradient. Consequently, for the same incidence as in Fig. 5.1, the solution B
needs to be chosen (the one with a negative ẑ component of the power), which
is equivalently represented by the point B’ and yields a negative refraction.
In order to preserve the phase matching condition (kx continuous across the
interface), kz needs to be in the opposite direction with respect to the case in
Fig. 5.1. This inversion of the wave-vector in the propagation direction is at
the origin of the backward waves supported by left-handed media. An example
of negative refraction of a ﬁnite beam of light at the interface between freespace and a left-handed medium is shown in Fig. 5.4, while Fig. 5.5 illustrates
the motion of a pulse through a negative index medium where the phase of
the wave propagates backward while the envelope of the pulse propagates
forward.

5.1.5

Moving media

The electrodynamics of moving media represent an entire topic per se whose
extensive discussion would merit a chapter by itself. This being out of the
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Figure 5.4 Illustration of the refraction of a Gaussian beam between freespace and a left-handed medium characterized by the constitutive parameters
(−ε0 , −μ0 ). Note the simultaneous negative refraction of the power and of
the phase.

A

B

C

Figure 5.5 Illustration of the propagation of a pulse through a standard
medium and through a left-handed medium. Top: reference position. Middle: position at a later time when the pulse propagates through a standard
medium. Bottom: position at a later time when the pulse propagates through
a left-handed medium.

scope of this book, we refer the reader to Kong (2000) as well as to the open
literature for more details, while we shall only present this topic within the
scope of negative refraction.
The motion of a medium is potentially a fourth cause of negative refraction (Grzegorczyk and Kong 2006) which, like in the previous situations, can
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be directly understood from the dispersion relation given by
kx2 +



1
kz − kz+ kz − kz− = 0,
α

(5.7)

where it is assumed that the motion is in the ẑ direction,
kz± = k0

n±β
,
nβ ± 1

α=

1 − β2
,
1 − n2 β 2

(5.8)

k0 = ω/c, n2 = c2 ε μ > 1, c is the velocity of light in free-space, β = ẑβ =
v/c, β < 1, and ε and μ are the isotropic permittivity and permeability of the
medium in its rest frame, respectively. The iso-frequency contours are then
either ellipses (if β < 1/n) or hyperbolae (if β > 1/n), both centered at kz0 =
k0 β(n2 − 1)/(n2 β 2 − 1). We note that kz0 < 0 if β < 1/n, which indicates
that the ellipses are displaced toward negative kz values, while kz0 > 0 if β >
1/n (the Čerenkov zone), which indicates that the hyperbolae are displaced
toward positive kz values. Consequently, the phase of the wave can only be
positively refracted, while the refraction of the power can be either positive
or negative. Two regimes can be distinguished: one below and one above the
Čerenkov limit of β = 1/n. For velocities below the limit, the displaced ellipse
can produce a negative refraction for the proper quadrant of incident angles,
as illustrated in Fig. 5.6(a). All the angles in the quadrant are included if
β = 1/n2 . For velocities above the Čerenkov limit, the displaced hyperbola
produces a negative refraction for an entire quadrant of incident angles, as
shown in Fig. 5.6(b), and explains the standard high-velocity Fizeau-Fresnel
drag (Censor 1969, Parks and Dowell 1974).
Note, however, that this negative refraction holds only for the power and
not for the wave-vector. Consequently, a backward phase vector is not generated here. Additionally, the motion of the medium can be combined with the
natural negative refraction of an isotropic left-handed medium for example.
The combined eﬀect is either an enhanced refraction or an attenuated refraction with a possible sign change, as function of frequency (the constitutive
parameters of left-handed media being frequency dispersive), incident angle,
and velocity (Grzegorczyk and Kong 2006).

5.2

Choice of the wave-vector and its consequences

A fundamental consequence of the inversion of the wave-vector in the phase
matching diagram is the inversion of the sign of the index of refraction. This
concept is so deeply related to the topic of left-handed medium and metamaterials that the terminology “negative index media” (or an equivalent) has often
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(a) β < 1/n

(b) β > 1/n

Figure 5.6 Iso-frequency contours for free-space (circle) and for a moving
medium as function of its velocity. The wave-vectors (thin arrows), power
(thick arrows) and phase matching condition show the possibility of obtaining
a negative refraction at some incident angles. In all cases, the refraction of
the k-vector is positive. Note that the curves are given only for the purpose
of illustration and are not drawn to scale.
been used to characterize them. In this section, we examine more rigorously
why a negative dielectric permittivity and a negative magnetic permeability
induce a negative index of refraction.†
Mathematically, the index of refraction n is expressed as function of the
product of the permittivity and the permeability as (the Maxwell relation)
√
n = εμ.
(5.9)
Hence, it is not immediately obvious that ε < 0 and μ < 0 imply n < 0. Like
often in electromagnetics, one has to look at the lossy situation in order to
extrapolate the conclusions to lossless media.
Upon including losses, the permittivity and the permeability are written in
the polar coordinate system (in the complex plane) as
ε = |ε|eiθε ,

μ = |μ|eiθμ .

(5.10)

The index of refraction thus becomes
1

n = |ε| |μ| ei 2 (θε +θμ ) .
(5.11)
√
Our convention (using i = −1 to denote the imaginary number) imposes that
ε > 0 (the imaginary part of the permittivity to be positive‡ ) and μ > 0, so
that θε ∈ [0, π] (illustrated in Fig. 5.7 in the case of a negative permittivity)
and θμ ∈ [0, π]. Consequently, the angle of the index of refraction is (θε +
† We

shall limit our discussion to media where it makes sense to talk about an index of
refraction, i.e., isotropic and homogeneous media in our case.
‡ We denote by single primes the real part operator and double primes the imaginary operator, so that Re(ε) = ε and Im(ε) = ε .
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Figure 5.7 Representation of the permittivity in the complex plane.

θμ )/2 ∈ [0, π]. This range is reduced to [π/2, π] in the situation when ε < 0
and μ < 0, so that the real part of the index of refraction is negative (n < 0).
In particular, the lossless limit is obtained as θε → π and θμ → π which
produces:
n=

|ε| |μ| eiπ = − |ε| |μ|.

(5.12)

Under the assumption of an isotropic medium, this index of refraction can
be directly introduced into Snell’s law and is seen to reverse the refraction
direction, as already explained based on phase matching of the wave-vector.
Another situation inducing n < 0 should be pointed out, theoretically
justiﬁed but of practical limited interest. As a matter of fact, a negative
index of refraction is obtained as soon as (θε + θμ ) > π. This can be obtained
when θε > π/2 and θμ > π/2, which is the situation of a standard lefthanded medium described above, or for example if we let θε = π/2 + δε ,
where δε ∈ [0, π/2]. In this latter situation, a negative n is obtained when
θμ > π/2 − δε :
1. When δε → π/2, a situation can be selected where the permittivity has
a negative real part and small losses (θε → π/2) and the permeability
has a positive real part and small losses (θμ → 0). With the proper
combination of angles, a negative refraction can be obtained.
2. When δε → 0, the permittivity has a small negative real part and high
losses which, combined with a permeability with a small positive real
part and high losses, can also yield a negative refraction.
In both cases, however, the resulting complex n has a negative real part as
desired, but also a very large imaginary part. This conﬁguration therefore
corresponds to a medium with high losses where electromagnetic waves are
strongly evanescent, and has a limited practicality except for some very speciﬁc near-ﬁeld applications.
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Modiﬁed Snell’s law of refraction

Let us examine the modiﬁed Snell’s law of refraction more closely. Consider
an interface in the xy plane between (for example) vacuum and a medium
with some arbitrary homogeneous, isotropic medium with complex material
parameters (ε = ε + iε and μ = μ + iμ ). While the medium could also
be amplifying in general, we conﬁne ourselves to the discussion of passive,
dissipative media only: ε ≥ 0 and μ ≥ 0. If we deﬁne the incident plane as
being xz, the incident wave has a parallel component of the wave-vector kx ,
which is conserved upon refraction due to phase matching. The discussion on
obtaining the refractive index presented above is a special case (for kx = 0)
of the more general problem of choosing the sign of the square root for the
normal component of the wave-vector in the medium:
1/2
1/2


= ± [ε μ k02 − ε μ k02 − kx2 ] + i[ε μ + ε μ ]k02
,
kz = ± εμk02 − kx2
(5.13)
where k0 = ω/c. In order have a propagation in the medium, we assume that
the levels of dissipation are low and subsequently can extrapolate to large
values if required. In the case of small values of ε and μ :
kz = ± { [ε μ k02 − ε μ k02 − kx2 ]1/2 + i

[ε μ + ε μ ]k02
.
− ε μ k02 − kx2 ]1/2

2[ε μ k02

(5.14)

Note that we have non-propagating evanescent waves with a predominantly
imaginary wave-vector if (ε μ − ε μ )k02 − kx2 < 0.
Physical boundary conditions have to be imposed to obtain the correct sign
of the wave-vector. The relevant condition here is that the ﬁeld amplitudes
and the energy ﬂow should go to zero as z → ∞ since the medium is dissipative. Hence for propagating waves and ε > 0 and μ > 0, it is obvious that
the positive sign for the wave-number has to be chosen since it results in the
decay of the wave amplitude with z. Similarly, for propagating waves and
ε < 0 and μ < 0, the negative sign has to be chosen in order to yield waves
of decaying amplitude with z if [ε μ + ε μ ] < 0. It is necessary to look at
the limit of zero dissipation to obtain the physically sensible wave-vector in a
non-dissipative medium. Obviously in a medium where ε and μ have opposite signs, the waves are all evanescent and we again have decaying waves into
the medium. Since it is meaningless to associate a direction of propagation to
evanescent waves, we do not discuss the choice of the sign for the square root
for this case, except to remark that the sign should always be chosen such
that the wave decays to zero at the inﬁnities in a dissipative medium.
We note in passing that physically relevant quantities such as the transmission coeﬃcient and the reﬂection coeﬃcient of a slab of a material are all
invariant under the transformation kz → −kz . A second point is that a slab
can support both evanescent decaying and evanescent growing waves. In the
case of media with negative material parameters, it is possible to have some
cases where the amplifying waves dominate the solution, which is a scenario
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Figure 5.8 Pictorial examples of the modiﬁed refraction process for a negative index medium where it is assumed n = −1 (Top, from left to right): A
planar interface (the phase vectors are shown in grey), a prism, a ﬂat slab
and a plano-convex lens. Bottom: Refraction across a wedge. In the second
case (right) which can be obtained by decreasing the angle in the ﬁrst case
(left), the rays become tangential to the second interface and the output rays
appear as if associated with a source at inﬁnity.

that usually arises due to the resonant excitation of surface waves on the far
surface.§ However, note that the solution in a semi-inﬁnite medium cannot
be obtained from the solutions of a ﬁnite slab by taking the limit of inﬁnite
slab thickness d → ∞ unless the light has a ﬁnite coherence length (or a ﬁnite
frequency bandwidth).
Finally, Fig. 5.8 presents graphically a few interesting cases of negative
refraction. In the ﬁrst case we have the usual negative refraction at an interface: note the opposite directions of the phase vector and the energy ﬂow
(ray). The second panel on the top shows a prism made of a negative material: the negative refraction causes the ray to deﬂect toward the apex, in
contrast to the usual case of refraction toward the base in normal positive
materials. The third panel (top) shows a ﬂat lens or imaging device that can
focus a source located on one side of the lens to an image on the other side. A
convex lens, shown in the fourth panel, made of the negative material behaves
as a diverging lens and, by analogy, a concave lens causes rays from inﬁnity

§ See

Fig. 8.5 on page 295, for example.
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to converge. Monzon et al. (2005) also presented an intriguing case of light
incident on a triangular wedge with n = −1. One can see that as the angle
of incidence changes beyond a point, the incident bundle of rays approaches
the tangent to the lower interface. The rays on the other side of the interface
appear as if they could be associated with another source located inﬁnitely far
away. This scenario arises because negative refraction at the other interface
happens at a point inﬁnitely far away from the apex of the wedge. Actually
the power ﬂow in this example associated with the rays is similar to the power
ﬂow associated with surface plasmons (see Chapter 7).

5.2.2

Reversed Doppler shift

The Doppler eﬀect refers to the frequency shift between the frequency of a
source emitting a time harmonic radiation and the one measured by a receiver,
when the source and the receiver are in relative motion with respect to one
another. The Doppler eﬀect can be easily measured with both electromagnetic
waves as well as acoustic waves. In the ﬁrst case, it is for example responsible
for the red shift measured when observing a receding star, whereas in the
second case, it is responsible for the change of pitch heard before and after
the passing of an ambulance.
Fig. 5.9 gives a simple illustration of the origin of the frequency shift. A
source S is moving at a velocity v while radiating. At subsequent times ti ,
the source is at ri , i ∈ {0, 1, 2, 3}. The ﬁgure shows the time history of the
positions as well as the wave-fronts at the speciﬁc time t4 . Hence, for example,
the circle marked C0 is centered at the position r0 along the path of the source
(from which the radiation was originated) with a radius corresponding to the
time step t4 . From this simple ﬁgure, it is clear that the receiver R1 , from
which the source is moving away, measures a decrease in frequency, whereas
the receiver R2 , toward which the source is moving, measures an increase in
frequency.
This illustration supposes that all the circles are in phase, i.e., that the
phase is propagating forward. One can therefore intuitively understand that
a reversal of the phase velocity induces a reversal of the Doppler shift: the
receivers R1 and R2 would measure an increase and a decrease in frequency,
respectively. It is a simple exercise to repeat the intuitive illustration of
Fig. 5.9 in the case where the phase is propagating backward in the background
medium, and to track the circles of identical phase in order to see the reversal
of the Doppler shift.
The illustration of Fig. 5.9 is, however, a non-relativistic intuitive explanation, whereas the Doppler shift is a fundamental eﬀect for electromagnetic
radiation that is based on the relativistic invariance of the phase. Within this
formulation, and for an emission frequency of ω in a background medium characterized by the index of refraction n, the frequency measured by a detector
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Figure 5.9 Illustration of the Doppler shift: a source S moves at a velocity
v while radiating. The receiver R1 measures an apparent smaller frequency,
whereas the receiver R2 measures an apparent higher frequency.

considered to be at rest in the frame of the negative medium is
ω  = γ (ω + k · v) = γ ω +


nvω
cos θ ,
c

(5.15)

where γ = (1 − v 2 /c2 )−1/2 is the relativistic factor and θ is the angle between
the wave-vector and the velocity vector of the source. For an emission along
the direction of the motion (θ = 0) in a medium with n = −1, we therefore
obtain
*
c−v
ω
=
< 1,
(5.16)
ω
c+v
so that the measured frequency by a detector is conﬁrmed to be smaller when
the source is moving toward it. This should be compared to the frequency
increase that is measured in a normal medium for which n > 0. Again it
is the reversed phase vector in the negative refractive index medium that is
responsible for this reversed Doppler shift.
Although this eﬀect is often quoted as a fundamental property of lefthanded media, it has not been measured within this context because it requires
the unrealistic conﬁguration of the entire background supporting a backward
wave (the inhabitants of an anti-world, where the normal vacuum would be
anti-free-space, would measure a reversed Doppler shift compared to ours).
However, as we have seen, an inverse Doppler shift only requires the background medium to support backward waves, which does not limit this eﬀect
to left-handed media only. For example, a reversed shift has been measured
in the context of negative phase velocity of dipolar spin waves in a Yttrium
Iron-Garnet (YIG) magnetic material (Stancil et al. 2004).
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(a) Standard dielectric.

(b) Left-handed medium.

Figure 5.10 Illustration of the Goos-Hänchen shift when a beam impinges
onto a standard dielectric and a left-handed medium. The incidence is initially
centered at (x, z) = (0, 0). The beam represents the total ﬁelds, whereas the
one-dimensional curve represents the reﬂected ﬁeld only.

5.2.3

Reversed Goos-Hänchen shift

The phenomenon of total reﬂection occurs for incident angles greater than
the critical angle when a wave impinges from a medium onto a less dense
medium. In this case, the reﬂection coeﬃcient is a complex number with unit
amplitude (corresponding to the total reﬂection phenomenon) and a certain
phase:
0
1
μ0 kx2 − kt2
2iφ
−1
where φ = − tan
,
(5.17)
R=e ,
μt kz
where the subscript “t” indicates the transmitted medium, (kx , kz ) are the
components of the incident wave-vector, and kt is the transmitted wavenumber. The phase φ introduces a spatial shift in the reﬂection of a ﬁnite
beam, which is known as the Goos-Hänchen shift. For angles of incidence sufﬁciently away from the critical angle and the grazing angle, the displacement
of the beam was shown to be (Artmann 1948)
δgh = −

∂φ
∂kx

(5.18)

and is illustrated in Fig. 5.10(a) for the case of an incident Gaussian beam
onto a standard dielectric half-space. The incident beam is taken centered
at (x, z) = (0, 0) whereas it is clear that the reﬂected ﬁeld (one-dimensional
curve) and the total ﬁeld (two-dimensional plot) are both shifted to the right.
Fig. 5.10(b) illustrates the Goos-Hänchen shift obtained when the beam is
impinging onto a left-handed medium half-space. Both in the ﬁgure and
analytically, it is straightforward to see that the shift is negative in this case.

© 2009 by Taylor & Francis Group, LLC

5.2 Choice of the wave-vector and its consequences

193

It is, however, not correct to conclude that left-handed media are necessarily associated with a negative Goos-Hänchen shift. This conclusion holds only
for half-spaces, whereas the situation in the case of a slab is more complex because of the presence of the second interface (multi-layer conﬁgurations with
alternating positive index and negative index media have also been considered
in Kim (2005)). The complexity comes from the fact that left-handed media
slabs can support growing evanescent waves, so that a surface plasmon resonance can be excited at the second interface, with high ﬁeld magnitudes that
strongly inﬂuence the ﬁeld distribution back in the incident medium. The two
limiting cases are as follows:
• When the left-handed medium slab is strongly mismatched to free-space,
the growing evanescent waves are only weakly excited, thus not inﬂuencing the ﬁeld distribution in the incident medium. The case is therefore
similar to a half-space situation, and the Goos-Hänchen shift is negative.
• When the left-handed medium slab is exactly matched to free-space
(i.e., its constitutive parameters are −ε0 and −μ0 ), the surface plasmon
is excited at its resonance and the very strong ﬁeld amplitude at the
second interface dominates the ﬁeld distribution. The Goos-Hänchen
shift is in this case positive, as shown in Fig. 5.11 (Grzegorczyk et al.
2005a).
For parameters in-between these two limiting cases, the Goos-Hänchen shift
can take either positive or negative values as a function of the incident angle
of the impinging beam (Chen et al. 2005a). Note also that the magnitude
of the shift can be much enhanced if the operating frequency is close to a
resonance of the medium, as pointed out in Wang and Zhu (2005).

5.2.4

Reversed Čerenkov radiation

The reversal of Čerenkov radiation is one of the key properties of left-handed
media, already mentioned in 1968 (Veselago 1968). The Čerenkov eﬀect is
a relativistic eﬀect whereby a charged particle emits electromagnetic radiation when it travels at a velocity v larger than the velocity of light in the
surrounding medium:
c
,
(5.19)
|v| >
|n|
where c is the velocity of light in free-space and n is the refractive index of
the medium. This radiation was ﬁrst observed by Čerenkov in 1934 (although
the most commonly cited English papers appeared only in 1937 (Čerenkov
1934)) and later explained theoretically in Frank and Tamm (1937): the wavevector was shown to be expressed as (Kong 2000) k = ρ̂kρ + ẑω/v where
kρ = k 2 − ω 2 /v 2 , and the electric ﬁeld was shown to be perpendicular to
the plane deﬁned by the radiation wave-vector and the velocity vector of
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Figure 5.11 Top: Total reﬂection of a Gaussian beam impinging on a slab of
metamaterial above critical angle (ε2ry = −0.5, μ2rx = μ2rz = −0.5). Center:
Surface plasmon excited at the second interface of the slab when the third
medium is exactly matched (ε3ry = 0.5, μ3rx = μ3rz = 0.5). Bottom: Amplitude of the reﬂected electric ﬁeld at the ﬁrst interface showing a displacement
to the right, illustrating a positive Goos-Hänchen shift.

the particle. In addition, this radiation exhibits a cylindrical symmetry and
creates the well-known Čerenkov cone whose angle θ is given by
cos θ =

c
.
nv

(5.20)

We re-examine these conclusions here within the speciﬁc framework of lefthanded media, where the index of refraction n is negative. The analysis
starts by expressing the current deﬁned by the motion of the charged particle
as (Kong 2000)
J(r, t) = ẑqvδ(z − vt) δ(x) δ(y),
(5.21)
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where q is the charge of the particle that is assumed to move with a speed v
along the ẑ direction (hence v = ẑv), and where δ is the Dirac function. The
current density thus deﬁned can be transformed into the frequency domain
and used in the vectorial wave equation for the electric ﬁeld. The latter is
readily solved using a standard Green’s function technique and the separation
between the variables ρ and z. In the cylindrical coordinate system, the
equation in ρ reduces (still in the frequency domain) to the Poisson equation:




δ(ρ)
1 ∂
∂
2
,
(5.22)
ρ
+ kρ g(ρ) = −
ρ ∂ρ
∂ρ
2πρ
where g(ρ) is yet to be determined and where
*
ω
c2
kρ =
n2 − 2 .
c
v

(5.23)

Eq. (5.22) admits two solutions that are directly related to the two-dimensional
Green’s function. Since no justiﬁcation on the choice of the sign of the solution
has been given yet, the two solutions are kept and are written as:
1)
2)

i (1)
H (kρ ρ),
4 0
i (2)
g(ρ) = − H0 (kρ ρ),
4

g(ρ) =

k = ρ̂kρ + ẑkz ,

(5.24a)

k = −ρ̂kρ + ẑkz .

(5.24b)

As can be seen, the ﬁrst set of solutions correspond to outgoing waves whereas
the second set correspond to ingoing waves. In order to be able to choose a
particular solution, it is necessary to compute the energy W radiated in both
the ρ̂ and the ẑ directions, keeping in mind that the energy radiated in the ρ̂
direction is subject to the Sommerfeld radiation condition.
After some manipulations, one ﬁnds that the two directed energies can be
expressed as follows for the ﬁrst set of solutions (Lu et al. 2003):
 +∞
 ∞
kρ2
q2
(1)
,
(5.25a)
dt Sρ (r, t) =
dω
Wρ =
8π 2 ρ 0
ωε
−∞
 +∞
 ∞
q2
kρ
(5.25b)
Wz(1) =
dt Sz (r, t) =
dω ,
2
8π ρv 0
ε
−∞
whereas for the second set of solutions:
 +∞
 ∞
kρ2
q2
Wρ(2) =
,
dt Sρ (r, t) = − 2
dω
8π ρ 0
ωε
−∞
 +∞
 ∞
q2
kρ
Wz(2) =
dt Sz (r, t) =
dω ,
2 ρv
8π
ε
−∞
0

(5.26a)
(5.26b)

where Sρ and Sz are the ρ̂ and ẑ components of the Poynting vector, respec(1)
tively. In a regular medium with ε > 0 and μ > 0, we see that Wρ > 0 and
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Figure 5.12 The Čerenkov radiation cone angle is modiﬁed for a reversed
phase vector. There is constructive interference for emission only in one direction as the phase of the wavefront emitted by the particle at A, B, and
C has to be identical. The case on the left represents the Čerenkov radiation in a positive medium with positive k, while the case on the right shows
the emission in a medium with negative k. (Reproduced with permission
c 2005, Institute of Physics Publishing, U.K.)
from (Ramakrishna 2005) 
(2)

Wρ < 0. Since an energy Wρ < 0 would violate the Sommerfeld radiation
condition mentioned above, we conclude that in regular media, the ﬁrst set
(1)
of solutions has to be chosen, yielding the Green’s function (i/4)H0 (kρ) as
(1)
expected. In addition, this situation corresponds to Wz < 0, so that the
Poynting power and the wave-vector are directed toward the same direction.
In a left-handed medium, the situation is reversed: ε < 0 and μ < 0 corre(1)
(2)
spond to Wρ < 0 and Wρ > 0 so that the second set of solutions needs
(2)
to be chosen, corresponding to the Green’s function (−i/4)H0 (kρ).¶ The
(2)
energy in the ẑ direction is in this case negative (Wz < 0), and yields a
Poynting vector in the opposite direction to the wave-vector. The Čerenkov
cone is in this case still deﬁned by the angle of Eq. (5.20) in which the index
of refraction n is negative, as illustrated in Fig. 5.12.
We can attempt to follow the same intuitive approach as in the previous
section for the Doppler shift to explain the Čerenkov radiation. As a matter
of fact, the starting point is very similar in both cases: a source is moving
with a certain velocity and radiates an electromagnetic wave as it progresses.
The major diﬀerence of course is that in order to have a Čerenkov radiation,
the source needs to move faster than the speed of light in the medium. Let
us return to Fig. 5.9: it is clear that the source is moving at a velocity slower
than the velocity at which the radii of the wave-fronts increase. It is therefore
not a relativistic situation with consequently no Čerenkov radiation. Let us
then repeat this ﬁgure for a source that is moving faster than the rate of
¶ Note

that we still require μ < 0 in order to have a real wavenumber and, thus, a propagating electromagnetic radiation.
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(a) Family of wave-fronts at a given time when the phase is
increasing with time (as in a regular medium).

(b) Family of wave-fronts at a given time when the phase is
decreasing with time (as in a left-handed medium).

Figure 5.13 Time history of the wave-front as emitted by a source moving
at a velocity larger than the velocity of light in the medium.

increase of the radii of the wave-front, which yields Fig. 5.13(a) (note that
we also show the wave-fronts at each time step for each discretized position
of the source). A family of wave-fronts at a given time is highlighted with
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darker lines, under the assumption of a positive phase increase as the wave
propagates. It is seen that the wave-fronts deﬁne a coherent radiation and
provide a vivid illustration of the Čerenkov cone. In Fig. 5.13(b), we have
repeated the exact same ﬁgure as in Fig. 5.13(a) but the family of wave-fronts
is selected this time under the assumption of a backward phase propagation.
It is clearly seen that the cone is reversed but that it otherwise maintains the
same absolute value of its angle. Fig. 5.13 therefore provides a simple and
intuitive illustration of the Čerenkov radiation and its reversal depending on
the background medium.
Next, we need to examine the eﬀect of frequency dispersion, inherent in lefthanded media, on the previous conclusions. Upon examining the spectrum of
frequencies and the regions where n(ω)2 > 1 (a necessary condition to have
the possibility of Čerenkov radiation), it is an easy exercise to realize that
the previous conclusions indeed hold so that the Čerenkov radiation is indeed
reversed in a left-handed medium, as originally predicted in Veselago (1968).
Finally, it is known that frequency dispersion necessarily implies dissipation
so that these conclusions should be generalized to lossy media as well. A
detailed treatment of the Čerenkov radiation in dispersive and dissipative
regular media can be found in Saﬀouri (1984), and a similar methodology can
be reproduced in the case of left-handed media. The derivations are left as
an exercise to the interested reader.

5.2.5

Modiﬁed Mie scattering

We conclude this section by considering a standard scattering problem generalized to left-handed media: the scattering of a plane wave by a sphere.
This problem is well known to be analytically solvable by the Mie theory and
has been presented in numerous textbooks (Bohren and Huﬀman 1983, Kong
2000). The motivation of including it here stems from the necessity of carefully re-examining the derivation of the scattering coeﬃcients, which usually
cannot be taken from the standard texts and applied to negative values of
permittivity and permeability.
We therefore consider the standard problem of a sphere of radius a and of
constitutive parameters (εs , μs ) illuminated by a plane wave which we write
in the spherical coordinate system as
E = x̂E0 eikz = x̂E0 eikr cos θ = x̂E0

∞


(−i)−n (2n + 1)jn (kr)Pn (cos θ), (5.27)

n=0

where jn is the spherical Bessel function and Pn is the Legendre function.
Following the Mie scattering theory, the incident plane wave is further decomposed into Debye potentials πe and πm depending on the polarization
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(TE to r or TM to r) so that
A = r̂πe ,
∂
1 ∂
πe − φ̂ πe ,
H = ∇ × A = θ̂
sin θ ∂φ
∂θ

(5.28a)
(5.28b)

for TM waves and
Z = r̂πm ,
∂
1 ∂
πm − φ̂ πm ,
E = ∇ × Z = θ̂
sin θ ∂φ
∂θ

(5.28c)
(5.28d)

for TE waves. The Debye potentials are given by
πe =

∞
E0 cos φ  (−i)−n (2n + 1)
ψn (kr)Pn1 (cos θ) ,
ωμr n=1
n(n + 1)

πm = −

∞
E0 sin φ  (−i)−n (2n + 1)
ψn (kr)Pn1 (cos θ) ,
kr n=1
n(n + 1)

(5.29a)
(5.29b)

where ψn is the Riccati-Bessel function deﬁned as ψn (kr) ≡ krjn (kr).
In order to match the boundary conditions for the tangential electric and
magnetic ﬁelds, the internal and scattered ﬁelds (denoted by the subscripts i
and s, respectively) are expanded in a similar fashion:
πes =

∞
E0 cos φ 
an ξn (kr)Pn1 (cos θ) ,
ωμr n=1

s
πm
= −

πei =

∞
E0 sin φ 
bn ξn (kr)Pn1 (cos θ) ,
kr n=1

∞
E0 cos φ 
cn ψn (ks r)Pn1 (cos θ) ,
ωμs r n=1

i
πm
= −

∞
E0 sin φ 
dn ψn (ks r)Pn1 (cos θ),
ks r n=1

(5.30a)
(5.30b)

(5.31a)
(5.31b)

where the Riccati-Bessel function ξn (kr) ≡ krhn (kr). In the above deﬁnition
of the potentials, the Hankel function has been used for the scattered ﬁeld
since the potential has to decay at inﬁnity in order to obey the radiation
condition. In the interior domain of the sphere, however, the potential needs
to be regular at the origin r = 0 so that the Bessel functions are chosen. Note
that the potentials in Eqs. (5.29) are entirely determined since they represent
the incident ﬁeld which is a known quantity. The potentials of Eqs. (5.30)
and Eqs. (5.31), however, are written as function of unknown coeﬃcients
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(an , bn , cn , dn ) that need to be solved for by applying the boundary conditions
for the tangential ﬁelds at the boundary of the sphere. Upon doing so, the
coeﬃcients are obtained as (Pacheco, Jr. 2004)
(−i)−n (2n + 1) kεs ψn (ks a)ψn (ka) − ks εψn (ka)ψn (ks a)
,
(1)
n(n + 1)
ks εξn (ka)ψn (ks a) − kεs ψn (ks a)ξn (ka)
ikεs μs
(−i)−n (2n + 1)
cn =
(1)
n(n + 1)
kεs μψn (ks a)ξn (ka) − ks εμξn (ka)ψn (ks a)

an =

(5.32a)
(5.32b)

for the TM waves and
(−i)−n (2n + 1) kμs ψn (ks a)ψn (ka) − ks μψn (ka)ψn (ks a)
,
(1)
n(n + 1)
ks μξn (ka)ψn (ks a) − kμs ψn (ks a)ξn (ka)
iks μs
(−i)−n (2n + 1)
dn =
(1)
n(n + 1)
kμs ψn (ks a)ξn (ka) − ks μξn (ka)ψn (ks a)
bn =

(5.33a)
(5.33b)

for the TE waves.
The importance of these expressions is revealed by examining their symmetry properties with respect to the sign of ks . Using the properties of the
Riccati-Bessel functions, one can show that
an (−ks ) = an (ks ) ,
bn (−ks ) = bn (ks ) ,

(5.34a)
(5.34b)

cn (−ks ) = (−1)n+1 cn (ks ) ,
dn (−ks ) = (−1)n dn (ks ).

(5.34c)
(5.34d)

From these relations, it can be seen that the potentials of Eqs. (5.30) and
Eqs. (5.31) are independent of the sign of ks (use the fact that Jn (−x) =
(−1)n Jn (x)). Consequently, Eqs. (5.32)−(5.33) avoid the necessity of choosing a speciﬁc sign for ks depending on whether the medium is a regular
medium or a left-handed medium.
Fig. 5.14 illustrates the diﬀerence between the Mie scattering from a regular
dielectric sphere and a left-handed medium sphere. Both spheres have the
same radius of 1.5λ0 where λ0 is the free-space wavelength, with the respective
relative constitutive parameters equal to (2, 1) and (−1, −1). In the case of the
regular dielectric, the pattern shows the well-known strong forward scattering,
illustrating the lensing eﬀect of the sphere. In the case of the left-handed
medium sphere, however, the focus point is seen to lie inside the sphere, due
to the negative refraction of the rays at the interface of the sphere.
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(a) Sphere with parameters (εr , μr ) =
(2, 1).
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(b) Sphere with parameters (εr , μr ) =
(−1, −1).

Figure 5.14 |Ex | of the total ﬁeld due to the Mie scattering of a plane wave
E = x̂eikz by two diﬀerent spheres. In both cases the sphere has a radius of
1.5λ0 , where λ0 is the wavelength in free-space. Note the forward focusing
with the regular medium and the focusing inside the sphere for the left-handed
medium.

5.3

Anisotropic and chiral media

The topic of anisotropic media has already been approached in Section 5.1.2
while discussing the origins of negative refraction. In the present section, we
want to generalize this discussion, allowing for some or all of the components
of the permittivity and permeability tensors to take negative values. The
media considered are characterized by the following constitutive tensors:
⎛
⎞
⎛
⎞
εx 0 0
μx 0 0
¯ = ⎝ 0 μy 0 ⎠ ,
ε̄¯ = ⎝ 0 εy 0 ⎠ ,
μ̄
(5.35)
0 0 εz
0 0 μz
where the sign of each component is arbitrary (positive or negative). We
consider in addition that the electric ﬁeld is polarized along the ŷ direction
and the magnetic ﬁeld is in the xz plane, so that the only relevant parameters
are εy , μx , and μz , governed by the dispersion relation of Eq. (5.6). The
possibility of having negative constitutive components oﬀers the possibility
of achieving hyperbolic dispersion relations, a unique feature for stationary
media. Due to the fact that these media are described by tensors that are
neither deﬁnite positive nor deﬁnite negative, they have been termed indeﬁnite
media (Smith and Schurig 2003, Smith et al. 2004a). Some of the unique
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properties that they exhibit are discussed subsequently.

5.3.1

Indeﬁnite media

The refraction of the phase and the power ﬂow at an interface between freespace and an indeﬁnite medium is obtained in the exact same way as previously discussed: phase refraction is governed by phase matching whereas the
refraction of the power ﬂow is governed by ∇k ω(k). As usual, it is important
to ascertain whether the iso-frequency contour is expanding or shrinking with
frequency, and which are the proper axes of the medium with respect to the
boundary. Tab. 5.1 summarizes the various cases by providing information
on the shape of the dispersion relation from Eq. (5.6), the axes of the foci
(important in the subsequent considerations), and the sign of the refraction
obtained when the medium boundary coincides with the xy plane. The isofrequency contours for the two hyperbolic cases are illustrated in Fig. 5.15. It
is seen that the standard left-handed medium, corresponding to case (viii), is
not the only conﬁguration that yields a negative refraction. Yet, as is seen in
Fig. 5.15, the other situations do not induce a negative refraction of both the
phase and the power, thus emphasizing the uniqueness of left-handed media
in this regard.
Table 5.1 Shapes of iso-frequency curves and

refraction properties of the power for anisotropic
media governed by Eq. (5.6) (Thomas et al. 2005).
Case εy
i
+
ii
+
iii
+
iv
+
v
−
vi
−
vii
−
viii −
∗
Indicates

μx
+
+
−
−
+
+
−
−
the

μz
+
−
+
−
+
−
+
−
axis

Shape
Refraction
elliptical
positive
z ∗ -hyperbolic negative
x-hyperbolic
positive
imaginary
imaginary
x-hyperbolic
negative
z-hyperbolic
positive
elliptic
negative
on which the foci lie.

Indeﬁnite media are directly realizable using the proper orientation of split
ring resonators and rods, as discussed in Chapter 3, to achieve all the situations listed in Tab. 5.1. Supposing a direction of propagation along the ẑ
axis, in the xz plane:
• A negative εy can be achieved by introducing a medium of wires along
the ŷ direction and impinging a polarized electric ﬁeld along ŷ as well.
As described in Chapter 3, the medium of wires can be modeled as an
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kz

kz

k̄i

θc

k̄i

kx
kx

(a) x-hyperbolic case with no phase
matched solution.

(b) x-hyperbolic case with phase
matched solutions at large incident angles. This case illustrates
the inversion of critical angle discussed in Section 5.3.3.

kz

k̄i

kx

(c) z-hyperbolic case.

Figure 5.15 Iso-frequency contours for x-hyperbolic and z-hyperbolic lefthanded media, corresponding to cases (ii, iii, vi, vii) in Tab. 5.1.

eﬀective medium with a frequency dispersive permittivity that obeys
a Drude model. Thus, below the plasma frequency, the dielectric permittivity takes negative values. Note also that it was described in Section 2.5.2 how a layered stack of silver and silica (layered along the ẑ
direction) can produce εx < 0 and εz > 0 or εx > 0 and εz < 0 in
diﬀerent frequency ranges. The magnitudes can be tuned by the layer
thicknesses.
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• A negative μx is achieved by introducing split rings whose axes are
parallel to the x̂ axis. Chapter 3 described how such a metamaterial can
be equivalently modeled by an eﬀective medium exhibiting a Lorentz
frequency dispersive permeability, yielding a negative μx between the
plasma and resonant frequencies. A proper design for the rod spacing
and the rings needs to be found if the regions of εy < 0 and μx < 0 are
expected to overlap.
• A negative μz is achieved in a similar fashion as a negative μx but with
the axis of the rings parallel to the ẑ axis.

The combination of the three metamaterial elements above yields all the cases
listed in Tab. 5.1. For example, case (iii) is obtained by having one set of
rings only with axis aligned with x̂, while case (vi) is obtained by combining
wires and rings with axis along ẑ.

5.3.2

Amphoteric refraction

The previous sections have presented qualitative results on the wave propagation in indeﬁnite media, which are media whose components in the permittivity and permeability tensors can take negative values. In the present section,
we are interested in the quantitative study of the same phenomenon, with the
purpose of being able to exactly compute the numerical values of the angles
of refraction of both the phase and the power.
The systematic study of the iso-frequency contours is obtained by studying
the general form of Eq. (5.6) written as
Ellipse:
Hyperbola:

kx2
kz2
+
= 1,
α2
β2
kx2
kz2
−
= 1,
α2
β2

(5.36a)
(5.36b)

where
α2 = k02 |εy μx | ,

β 2 = k02 |εy μz | ,

(5.37)

the permittivity and the permeabilities being given as relative values. At ﬁrst,
we assume that kx and kz are aligned with x̂ and ẑ, which correspond to the
situation where the interface of the metamaterial coincides with the direction
of its lattice. The rotated case is treated subsequently.
In order to obtain the refraction angles of the phase and the power, we
need to generalize Snell’s law to the cases of hyperbolic contours (elliptic
contours share the same refraction laws since the two cases are related by
the transformation β 2 → −β 2 ). Using the convention that angles are deﬁned
with respect to the ẑ axis and are counted positive if the x̂ component of the
wave-vector is positive, one obtains after some simple algebra (Grzegorczyk
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et al. 2005c):
sin θk = 
sin θs = 

sin θi
εy μx + (1 − μx /μz ) sin2 θi
sin θi
εy μz − (1 − μx /μz ) sin2 θi

,
*

(5.38a)
μx
.
μz

(5.38b)

where θi is the incident angle, θk is the refraction angle of the phase obtained
from the phase matching condition, and θs is the refraction angle of the power,
obtained from the gradient of the iso-frequency contours. Eq. (5.38a) is the
refraction law of the wave-vector for positive (i.e., expanding with frequency)
elliptic and hyperbolic dispersion relations. The angles for the dual cases are
obtained from the transformation θk (θi ) → π−θk (θi ). Similarly, Eq. (5.38b) is
the power refraction laws for the positive elliptic and negative hyperbolic cases
while the dual cases are obtained from the transformation θs (θi ) → −θs (θi ).
The case of rotated dispersion relations is accounted for by redeﬁning the
permittivity and permeability as
ε̄¯ = T̄¯(φ) · ε̄¯ · T̄¯−1 (φ) ,
¯ · T̄¯−1 (φ) ,
¯ = T̄¯(φ) · μ̄
μ̄

(5.39a)
(5.39b)

where φ is the rotation angle illustrated in Fig. 5.16 and T̄¯ is the rotation
matrix about the ŷ axis. Under the limitation of studying εy and (μx , μz ),
¯ loses its dithe rotation leaves the permittivity unchanged (εy = εy ) but μ̄
agonal property if μx = μz . If the two components of the permeability are
equal (μx = μz ), however, the dispersion relation reduces to a circle and the
refraction is obviously not aﬀected by any rotation.
The determination of the refraction laws is a mathematical exercise that
can be approached from various directions, either geometrical or analytical.
The choice of the demonstration method is left to the discretion of the reader,
and the ﬁnal result is written as (Grzegorczyk et al. 2005c)
sin θi (μx sin2 φ + μz cos2 φ)
,
√
(μz − μx ) sin θi sin φ cos φ + Δ μx μz
√
(μx − μz )Δ sin φ cos φ + μx μz sin θi
tan θs =
,
Δ(μx sin2 φ + μz cos2 φ)

Δ = εy (μx sin2 φ + μz cos2 φ) − sin2 θi .

tan θk =

(5.40a)
(5.40b)
(5.40c)

The numerical computation of the angles depends on their domains of deﬁnition, either [0, 2π] or [−π, π], the latter being chosen here. In addition, the
square roots need to be carefully chosen: like in the case of homogeneous lefthanded media, the square root should be taken in the complex plane and in
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Figure 5.16 Illustration of the iso-frequency contour when it corresponds to
a rotated ellipse by an angle φ. The two rotation angles of the wave-vector
(i)
(i)
and of the Poynting vector are identiﬁed by θk and θs , respectively, i = 1, 2.
c 2005 IEEE).
(From Grzegorczyk et al. (2005c).
√
particular, μx μz yields a negative number if μx < 0 and μz < 0. Moreover,
one should note that depending on the numerical evaluation of the arctangent function, the numerators and denominators in Eqs. (5.40) might have to
be simultaneously multiplied by i or (−1). Despite these numerical adjustments, Eqs. (5.40) can be viewed as the generalized Snell’s laws of the phase
and power for the indeﬁnite media and provide the value of the refracted
angles of the phase and of the power, as function of the incident angle and
the material parameters. Consequently, the negative refraction qualitatively
explained previously on the basis of iso-frequency curves is now exactly quantiﬁed. Some examples are provided in Fig. 5.17 for elliptic contours and in
Fig. 5.18 for hyperbolic contours. In both cases, it is seen that the phase is always refracted positively as expected from the iso-frequency arguments (i.e.,
θk is positive/negative when θi is positive/negative, respectively), whereas
the power may be refracted negatively (i.e., θs is positive/negative when θi is
negative/positive, respectively). In particular, all the cases of Tab. 5.1 can be
veriﬁed, which is left as an exercise.
We conclude this section by considering a prism conﬁguration, which has
been historically used for the ﬁrst demonstration of the negative refraction
obtained with metamaterials (Shelby et al. 2001b). The prism conﬁguration
is essentially a two-interface problem: the ﬁrst interface coincides with the
principal axes of the metamaterial, whereas the second interface is cut at an
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Figure 5.17 Curves of θk (θi ) and θs (θi ) for an elliptic contour, either expanding or shrinking. Parameters are: α = 0.5k0 , β = 1.5k0 , φ = −40◦ .
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Figure 5.18 Curves of θk (θi ) and θs (θi ) for a hyperbolic contour either expanding or shrinking. Parameters are: α = 0.5k0 , β = 0.5k0 , φ = 35◦ .

angle. In terms of iso-frequency contours, this implies no rotation at the ﬁrst
interface and a rotation at the second (Smith et al. 2004a, Thomas et al.
2005). Nonetheless, this rotation is not arbitrary: by construction, the angle
of incidence of the wave at the second interface is equal to the physical angle
of the prism (see Fig. 5.8), thus exactly opposite to the rotation of the isofrequency contour: θk = θs = −φ. This very special incidence on the iso-

 Note

that in Eqs. (5.40), the incidence is from free-space to the left-handed medium, so
that θi is in free-space, whereas θk and θs are inside the left-handed medium. At the
second interface of the prism, however, the incidence is from the left-handed medium into
free-space. The known angles are therefore θk and θs , whereas θi (the transmitted angle to
free-space) needs to be solved for.
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frequency contour drastically simpliﬁes the refraction law which becomes
√
(5.41)
sin θi = ± εy μx sin φ ,
where the ± sign refers to expanding and shrinking contours. Eq. (5.41) is
simple enough to be assimilated to a modiﬁed Snell’s law with a redeﬁned in√
dex of refraction n = εy μx . Remarkably, the refraction law does not depend
on μz , which explains the similarity between the results obtained with onedimensional and two-dimensional prism conﬁgurations. This independence
is directly visible from the iso-frequency contour: the very speciﬁc incidence
maps onto the lower point of the hyperbola (a similar argument holds for the
ellipse) which depends on α only, thus on εy and μx only.

5.3.3

Reversal of critical angle and Brewster angle

This section focuses on cases (iii) and (vi) in Tab. 5.1, where the iso-frequency
curves are hyperbolic with foci on the x̂ axis. Interestingly, the phenomenon
of refraction is inverted compared to standard dielectrics:
1. At small incidences (close to normal), there is no real solution for the
transmitted wave-vector and the ﬁeld is totally reﬂected.
2. At high incidences (close to grazing), a phase matched solution exists
and the ﬁeld is transmitted with a certain refraction angle.
This phenomenon is in drastic contrast with the refraction at interfaces with
standard dielectrics, where the incident ﬁeld is transmitted into the second
medium for low incidences and may reach a critical angle at higher incidences
beyond which the ﬁeld is totally reﬂected. If we think of this latter situation
as a high-angle ﬁlter, the former is a low-angle ﬁlter.
In addition to the inversion of critical angle, the Brewster angle (corresponding to no reﬂection) is also inverted: when it exists, it occurs beyond
the critical angle, whereas it occurs of course below the critical angle in standard dielectrics. This inversion of the critical angle and the Brewster angle
strongly depends on the proper combination of positive and negative signs in
the constitutive tensors.
A quantitative analysis of this phenomenon requires the analytical expressions of the Fresnel reﬂection (and transmission) coeﬃcients, for example using
the method presented in Section 2.6. In the case of a one-interface problem
(i.e., a half-space problem denoted by the subscript “hs”), these coeﬃcients
are given by Eqs. (2.98) on page 63, rewritten here as:
Rhs =

kz1 =

kz1 μx2 − kz2 μ1
,
kz1 μx2 + kz2 μ1
ω 2 /c2 − kx2 ,
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2kz1 μx2
,
kz1 μx2 + kz2 μ1

(5.42a)

 ω2
 μx2
y2 μz2 − kx2
,
2
c
μz2

(5.42b)

Ths =

kz2 =
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Figure 5.19 Absolute value of the Fresnel reﬂection coeﬃcient at the interface between free-space and two diﬀerent media deﬁned by Medium 1:
(ε2y = 1, μ2x = μ2z = 0.5) and Medium 2: (ε2y = −1, −μ2x = μ2z = −0.5).
where the subscripts “1” and “2” refer to the free-space and the biaxial
medium, respectively. Setting the reﬂection to 1 or 0 yield the critical angle θc and the Brewster angle θb , respectively:
*

y2 μz2
θc = sin−1
,
(5.43a)
1 μ1
1
0
μ
(
μ
−

μ
)
z2
y2
1
1
x2
.
(5.43b)
θb = sin−1
1 (μ21 − μx2 μz2 )
When these two angles exist, the analytical formulae conﬁrm their relationship (greater or smaller): θc > θb when all the parameters are positive, θc < θb
when the appropriate parameters are negative. This inversion is illustrated in
Fig. 5.19. The ﬁrst medium represented is described by only positive constitutive components, yielding a medium less dense than the incident free-space.
In addition, the parameters have been chosen so that a Brewster angle exists
as well. As can be seen, the Brewster angle occurs for an incidence of about
35.3 degrees, whereas the critical angle occurs beyond, at 45 degrees. The
second medium represented in Fig. 5.19 is an x-hyperbolic medium that is
also less dense than the incident free-space. The Brewster angle is seen to
occur at about 50.8 degrees, whereas the critical angle occurs before, again at
45 degrees.
These considerations can be extended to a slab conﬁguration, which is more
suitable for experimental measurements (the wave does not need to be measured inside the metamaterial but can be measured outside). The reﬂection
and transmission coeﬃcients, identiﬁed by the subscript “slab,” are given in
this case by
Rslab =

Rhs (e2Φ − 1)
2 e2Φ − 1 ,
Rhs

Tslab =

2
−1
Rhs
,
2
Rhs e2Φ − 1

(5.44)

where Φ = ikz1 d. The condition Rslab = 0 is still fulﬁlled with Rhs = 0,
indicating that the Brewster angle for the half-space is also a Brewster angle
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for the slab. Additional Brewster angles are obtained by letting (e2Φ − 1) = 0,
which produces the family of angles deﬁned by Grzegorczyk et al. (2005d):
0
θbm = sin

−1

y2 μz2
μz2 (mπ/d)2
−
1 μ1
μx2 (ω 2 /c2 )1 μ1

1
,

(5.45)

where m = 1,2,3,. . . (note that m = 0 is excluded since it yields the critical
angle). A study of Eq. (5.45) easily reveals that when it exists, θbm occurs
after θc in the case shown in Fig. 5.15(b).
Note that the experimental veriﬁcation of the inversion of critical angle can
be performed on a simple metamaterial based on wires to produce εy < 0
and on rings perpendicular to the direction of propagation to produce μz < 0.
As no rings are present along the other direction, the material has a μx > 0.
Experimental results showing the inversion of the critical angle have been
demonstrated, for example, in Grzegorczyk et al. (2005d).

5.3.4

Negative refraction due to bianisotropic eﬀects

As has been seen and demonstrated in the previous sections, the recipe to
obtain a negative refraction of the power is to design a metamaterial whose
dispersion relation presents a proper gradient as function of frequency, within
a certain frequency band. The knowledge of the dispersion relation of a metamaterial is therefore fundamentally important and holds the key to the understanding of the refraction phenomena.
With this understanding and mathematical tool, let us look back at the
material constituted by the well-known square split ring resonators of Fig. 2.8
on page 66. It has been argued in Chapter 2 that this material can be described by bianisotropic constitutive parameters of the form of Eqs. (2.101)
on page 64, also repeated here for convenience (Marques et al. 2002):
⎤
⎤
⎡
⎡
1 0 0
εx 0 0
¯ = ⎣0 μy 0⎦ ,
(5.46a)
μ̄
ε̄¯ = ⎣ 0 1 0 ⎦ ,
0 0 1
0 0 εz
⎡
⎤
⎡
⎤
0 0 0
00 0
ξ¯ = ⎣0 0 0⎦ ,
ζ̄¯ = ⎣0 0 iξ ⎦ .
(5.46b)
0 −iξ 0
00 0
The dispersion relation inside such medium has been derived as Eq. (2.103)
on page 65 and is written as
εz 2
ω2
kz2 = 2 (εz μy − ξ 2 ) − kx2 .
εx
c

(5.47)

This equation is similar to Eq. (5.6) for biaxial media with an additional ξ factor. The discussion on biaxial media can therefore be extended to the present
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case, and the iso-frequency contours are expected to be ellipses or hyperolae as
function of the signs of the various terms. An important diﬀerence, however,
is that we need to look at the sign of (εz μy − ξ 2 ) instead of the sign of εz μy
only as in the biaxial case. It is immediately seen that if the sign of εz μy is
positive, the sign of (εz μy − ξ 2 ) is governed by the bianisotropic parameter: a
low bianisotropy does not change the shape of the iso-frequency curve while
a strong bianisotropy does.
This situation is depicted in Fig. 5.20 for a hypothetical case where εx = 1.5,
εz = −1.5, and μy = −1.5. The cutoﬀ value for ξ is therefore 2.25. Fig. 5.20(a)
shows the iso-frequency contour when ξ = 0, which reduces to the known case
of a biaxial medium. The iso-frequency contour is similar to the cases of
Fig. 5.15(a) and Fig. 5.15(b). Taking an interface along the x̂ axis, low incidences yield no phase-matched solutions, while high incidences might yield a
solution if the free-space circle is suﬃciently large. If, however, the metamaterial is realized with split rings that exhibit the bianisotropy of Eqs. (5.46)
and if this bianisotropy is strong enough, the refraction phenomenon is totally diﬀerent. Fig. 5.20(b) illustrates the iso-frequency contour for a medium
with the same parameters as before but with ξ = 2. The contour is seen to
still be hyperbolic but with its foci along an axis rotated by π/2 compared
to the other case. This situation corresponds to an always phased-matched
situation, and additionally exhibits a negative refraction that is illustrated in
Fig. 5.21.
The proper characterization of a split-ring resonator in terms of constitutive
tensors is therefore seen to be fundamentally important: failing to realize that
a ring induces a bianisotropic behavior might lead to the expectation that
the behavior will follow Fig. 5.20(a), whereas reality might be governed by
Fig. 5.20(b).
In addition to the bianisotropy of Eqs. (5.46), chirality has been proposed
as a way of achieving negative refraction (Pendry 2004a). A chiral medium is
a medium that exhibits scalar bianisotropic constitutive parameters, so that
the constitutive relations are written as
D = εE + iξH ,
B = − iξE + μH .

(5.48a)
(5.48b)

This medium supports two circularly polarized waves propagating at diﬀerent
velocities and can therefore induce the rotation of the wave-vector of an impinging linearly polarized wave. This rotation is referred to as optical activity,
and is reciprocal (unlike the rotation induced by gyrotropic media (Agranovich
et al. 2005), the Faraday rotation, which is non-reciprocal).
The dispersion relation for this material is given by
ω √
k = ± ( εμ ± ξ) .
c

© 2009 by Taylor & Francis Group, LLC

(5.49)

212

Media with ε < 0 and μ < 0: theory and properties
3
3

2
2

1

kz /k0

kz

1

0

0

−1
−1

−2
−2

−3
−3
−3

−2

−1

0
kx

(a) ξr = 0.

1

2

3

−3

−2

−1

0

kx /k0

1

2

3

(b) ξr = 2.

Figure 5.20 Iso-frequency contour of a medium governed by Eqs. (5.46)
with relevant parameters being εx = 1.5, εz = −1.5, μy = −1.5. The ﬁrst
case (ξ = 0) yields no phase matching along an x̂-directed interface, whereas
the second case (ξ = 2) yields an always phased-matched conﬁguration that
also exhibits negative refraction.

Figure 5.21 Illustration of the negative refraction of a Gaussian beam induced by a strong bianisotropy. The iso-frequency contour of the second
medium is identical to Fig. 5.20(b).

For ξ = 0, the dispersion relation of course becomes the one of an isotropic
medium so that the eﬀect of ξ = 0 is to lift the degeneracy and split the
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modes. Fig. 3.27 on page 132 illustrates the band diagram (totally equivalent
to the dispersion relation) of a medium for which the permittivity is frequency
dispersive of the form
ω2
(5.50)
εr = 1 + 2 0 2 .
ω0 − ω
When ξ = 0, the wave-number is real and propagating modes are sustained
√ below the resonant frequency and above the plasma frequency (equal to 2ω0 ).
When ξ = 0, however, the modes split and a region of negative group velocity
(negative slope) and positive phase velocity appears, a signature of negative
refraction. The point where k = 0 is particularly interesting on this diagram.
Apart from the trivial solution ω = 0, the point k = 0 corresponds to a
situation where the phase velocity is inﬁnite but the group velocity is ﬁnite,
which is of particular interest for some antenna applications where multiple
elements must be fed with a similar phase. Note that more details on chiral
metamaterials can also be found in Section 3.4.

5.3.5

Flat lenses with anisotropic negative media

We conclude this section with a discussion on the possibility of realizing a
ﬂat lens using an anisotropic left-handed medium, whereas a more extensive
discussion on the lensing eﬀect using metamaterials is postponed until Chapter 8.
A lens is traditionally thought of as a dielectric device that refracts light and
concentrates beams toward a focal point or plane, providing the well-known
imaging capabilities. Lenses are usually made of glass or other dielectric
materials, and can have various shapes such as biconvex and biconcave, planoconvex and plano-concave, convex-concave or meniscus. A common feature of
all these conﬁgurations is that they all present at least one curved interface,
whereas a lens with two ﬂat interfaces (equivalent to a slab) would have no
focusing eﬀect on the propagating beam.
This was true until the advent of metamaterials and the possibility of achieving negative constitutive parameters. The negative refraction thus produced
allows a lens to operate in two possible regimes. The ﬁrst one is standard in
which a beam parallel to the axis of the lens is focused to a point: negative
refraction allows in this case for more design parameters but still requires at
least one curved surface (Greegor et al. 2005). The second regime is proper
to left-handed media lenses, in which a point source located at a distance 
from the ﬁrst interface is refocused at a distance  + 2d, where d is the thickness of the ﬂat lens. This lens was ﬁrst proposed in Veselago (1968) where it
was shown that its constitutive parameters have to be exactly anti-matched
to those of the surrounding background in order for the refocusing to occur.
Hence, if the left-handed medium lens is surrounded by free-space characterized by the permittivity ε0 and the permeability μ0 , the lens must have a
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permittivity of (−ε0 ) and a permeability of (−μ0 ).∗∗ Under this condition,
and provided that the lens is thick enough (the thickness needs to be greater
than the distance between the ﬁrst interface and the source), all the rays emanating from the point source can be bent with the exact proper angles to form
an image inside as well as an image outside the lens, as shown in Fig. 5.8. Note
that it is assumed that the lens is of inﬁnite extent in the lateral direction, an
assumption that is examined in further detail in Section 8.3.2 on page 305.
The fundamental principle by which the lens proposed in Veselago (1968)
can refocus a point source is the phenomenon of negative refraction. One is
therefore left wondering if other media, which also exhibit a negative refraction, could be used to realize a ﬂat lens. In particular, Tab. 5.1 has identiﬁed
two other metamaterials, anisotropic, that exhibit a negative refraction: when
μz < 0 and all other parameters are positive, and when μx > 0 and all other
parameters are negative. The latter case is immediately excluded because it
presents a cutoﬀ angle below which rays are totally reﬂected. The former
case, however, does not present such disadvantage and is examined in further
detail subsequently.
The main diﬀerence between the isotropic and anisotropic μz < 0 metamaterials is the dispersion relation: circular in the ﬁrst case and obeying the
standard Snell’s law with a negative refractive index, it becomes hyperbolic in
the second case and obeys the generalized Snell’s laws derived in Section 5.3.2.
As much as a circular iso-frequency contour yields exactly matching angles
and refocuses all rays to a single point, a similar phenomenon does not happen with a hyperbolic contour so that it is expected that the image either
does not exist or is smeared out. In fact, both phenomena can happen, as
function of μz . If μz is too large, the hyperbola becomes too ﬂat and the
negative refraction of the power is not suﬃcient to fold back the rays onto
themselves. This can be seen by comparing the ray tracing ﬁgures as well as
the evolution of θs between Fig. 5.22 (for the case of μz = −1 also examined
in Smith et al. (2004b)) and Fig. 5.23 (for the case of μz = −2). In the latter
case, θs is smaller for a similar θi than in the former case and the rays indeed
do not converge to form an image either inside the ﬂat lens or outside. In the
case of μz = −0.5 shown in Fig. 5.24, however, the concavity of the hyperbola is much enhanced and a stronger negative refraction is obtained, clearly
refocusing the rays both inside and outside the lens. Note, however, that this
focusing is never perfect and the image formed is seriously aberrated: some
∗∗ Variations

away from these ideal values directly impact the quality of the refocused image.
In particular, it has been shown in Section 1.3.1 that the causality condition prevents
the constitutive parameters to be negative and purely real, i.e., a left-handed medium is
necessarily lossy. Consequently, a medium with constitutive parameters of (−ε0 , −μ0 ) is
not physical and the metamaterial lens must be intrinsically lossy. Discussion on the impact
of mismatch parameters on the image quality is postponed to Chapter 8.
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Figure 5.22 Top and bottom right: Ray tracing from a point source atop
a ﬂat lens. Bottom left: Relation between the incident angle θi and the
refracted angles (θk , θs ). Flat lens parameters: (εry , μrx , μrz ) = (1, 1, −1). A
small focused image close to the second boundary can be seen.

rays are either not refocused or are not in phase at the expected location of
the image, and the resolution is worsened compared to the isotropic case with
(−ε0 , −μ0 ) (Dumelow et al. 2005, Grzegorczyk et al. 2005b).

© 2009 by Taylor & Francis Group, LLC

216

Media with ε < 0 and μ < 0: theory and properties

40
30

θkr, θsr [deg]

20
10

Real(θ )
kr

Real(θ )
sr

0
−10
−20
−30
0

20

40

θ [deg]

60

80

100

i

Figure 5.23 Top and bottom right: Ray tracing from a point source atop a
ﬂat lens. Bottom left: Relation between the incident angle θi and the refracted
angles (θk , θs ). Flat lens parameters: (εry , μrx , μrz ) = (1, 1, −2). The rays
are seen not to focus and the ﬂat lens does not produce any image.
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Figure 5.24 Top and bottom right: Ray tracing from a point source atop a
ﬂat lens. Bottom left: Relation between the incident angle θi and the refracted
angles (θk , θs ). Flat lens parameters: (εry , μrx , μrz ) = (1, 1, −0.5). The rays
are seen to focus farther away from the second boundary compared to the
case of Fig. 5.22
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