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Negative refraction and photonic bandgap
materials

Photonic crystals are inhomogeneous materials that consist of a periodic arrangement of (usually) dielectric scatterers which create a periodic modulation
of the dielectric function in space. Photonic crystals are one of the very few
inhomogeneous materials that can be treated exactly within the framework of
the electromagnetic theory due to their inherent periodicity. The latter is at
the heart of their working principle and is responsible for some unusual properties, such as the appearance of a photonic bandgap (John 1987, Yablonovitch
1987), i.e., a frequency band within which propagating waves are excluded
from the crystal.∗
Most photonic crystals, studied theoretically and realized experimentally,
are two-dimensional, where the inclusions are inﬁnitely long (very long compared to the transverse dimensions in experiments) cylinders of circular crosssection. One-dimensional photonic crystals or periodically layered materials have been extensively studied as well, especially since the work of Lord
Rayleigh (see Chapter 1), but have been less popular because of the fewer degrees of freedom they oﬀer. Nonetheless, due to such well-established grounds,
one-dimensional photonic crystals have beneﬁted from the resurgence of interest in the search for negative indices of refraction. Three-dimensional photonic
crystals are less common because they are more complex to analyze theoretically and more challenging to realize experimentally. Here also, however, the
regained interest in negative refraction phenomena and in particular in ﬂat
lens imaging has given the study of three-dimensional photonic crystals a ﬁllip
and various studies have been reported in the literature.
Within the framework of this book, we shall primarily discuss one- and
two-dimensional periodic materials. The one-dimensional level is used to illustrate how a bandgap appears when a wave propagates through the medium
whose index of refraction is modulated periodically. It is intended to show
that just an elementary knowledge of transmission line theory is suﬃcient to
understand the appearance of a bandgap, which is a key property in photonic
crystals. The speciﬁc theory of photonic crystals based on the Maxwell equa∗ This property is the reason for the terminology photonic crystals: a periodic modulation
of the index of refraction similar to the periodic arrangement of atoms in natural crystals,
which deﬁnes a frequency band of forbidden propagation of photons.
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tions is then applied to two-dimensional structures with cylindrical inclusions
of circular cross-section. The theory is used within the framework of lefthanded media, with speciﬁc attention to negative refraction, collimation, and
lensing eﬀects. Theoretical details are provided in order to help the reader
follow the concepts and reproduce the results. For a more detailed discussion
of photonic crystals speciﬁcally, with in-depth analysis and explanations, we
refer the reader to Joannopoulos et al. (1995), whose notation we follow in Section 4.1.4. For more information on natural crystals and solid-state physics,
the reader is referred to Ashcroft and Mermin (1976) and Kittel (1996). For
a detailed description on how photonic crystals can be utilized to tailor the
photonic density of modes and radiation properties of embedded emitters, we
refer the reader to Sakoda (2005).

4.1
4.1.1

Photonic crystals and bandgap materials
One-dimensional photonic crystals: transmission lines
approach

Note: As is customary in transmission
line theory, we use the symbol j to
√
indicate the imaginary number −1 in this section alone, instead of i which
is used in the rest of this book.
Although photonic crystals are most commonly realized in two or three dimensions (as a periodic arrangement of dielectric inclusions in a host medium),
it is still beneﬁcial to ﬁrst simplify the conﬁguration to a one-dimensional one.
The one-dimensional photonic crystal is then equivalent to a layered dielectric
medium and can be analyzed with one of the many theories oﬀered in this
regard. We choose here to follow the transmission line theory since it is a
common and well-known method. We therefore consider a layered medium
made of two families of media, characterized by their permittivity, thickness, wave-vector, and impedance: (ε1 , d1 , k1 , η1 ) and (ε2 , d2 , k2 , η2 ). The
one-dimensional succession of these layers can be viewed as a series of transmission lines, as shown in Fig. 4.1.
The voltages and currents at the input and output of each transmission line
¯ (i = 1, 2) (Pozar 2005):
are related via the matrices M̄
i
 




Vn+ 12
Vn
−jη1 sin k1 d1
cos k1 d1
¯
¯
M̄1
= M̄1 ·
where
,
In+ 12
In
−j sin k1 d1 /η1 cos k1 d1
(4.1a)






Vn+ 12
−jη2 sin k2 d2
cos k2 d2
Vn+1
¯
¯
M̄2
= M̄2 ·
where
.
In+1
In+ 12
−j sin k2 d2 /η2 cos k2 d2
(4.1b)
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For the purpose of illustration, we take k1 d1 = k2 d2 = kd, while the interested
reader might carry on the treatment with the general variables. Combining
Eqs. (4.1):
 


Vn+1
¯ · Vn ,
¯ · M̄
= M̄
2
1
In+1
In
  

2
V
cos kd − (η2 /η1 ) sin2 kd −j(η1 + η2 ) cos kd sin kd
· n .
=
In
−j(1/η1 + 1/η2 ) sin kd cos kd cos2 kd − (η1 /η2 ) sin2 kd
(4.2)
For forward propagating waves, we look for periodic solutions of the type
Vn+1 = Vn exp(−jθ), In+1 = In exp(−jθ) in the inﬁnite lattice. Introducing
these expressions into Eqs. (4.2), multiplying the two equations, and simplifying by Vn In , we ﬁnally obtain the dispersion relation
cos θ = cos2 kd −

η1 /η2 + η2 /η1
sin2 kd .
2

(4.3)

Interesting points are at kd = mπ and kd = mπ/2 where the value of the
right-hand side term (shown as the black line in Fig. 4.2) is 1 and −(η1 /η2 +
η2 /η1 )/2 < −1, respectively. Hence, at kd = π/2 and within a small band
around, the right-hand side term of Eq. (4.3) is smaller than (−1) and θ does
not admit real values as a solution. Since θ represents the propagating vector
of the voltage wave in the transmission line (which is immediately related to
the propagation of the electromagnetic wave through the layered medium),
this is tantamount to saying that the wave-vector does not take real values
in a certain frequency band, and the wave is evanescent. The frequency band
where this phenomenon occurs is called a frequency bandgap, for obvious
reasons, and is represented by the gray areas in Fig. 4.2. Note that from
Eq. (4.3), we see that a frequency bandgap appears in the dispersion as soon
as there is a mismatch between the layers, however small. In the case when
ε1 = ε2 = ε0 , real solutions for θ always exist, the dispersion relation is linear
as expected, and no bandgap is formed.
n

n+

1
2

n+

n+1

¯
M̄
1

¯
M̄
2

(ε1 , d1 )

(ε2 , d2 )

(ε1 , d1 )

3
2

(ε2 , d2 )

Figure 4.1 Transmission line model of a one-dimensional photonic crystal composed of two media with permittivities and thicknesses (ε1 , d1 ) and
(ε2 , d2 ). Nodes are numbered with integers n to denote the periodicity with
respect to medium 1; half-integers denote the periodicity with respect to
¯ are the transmission line matrices of each medium (i = 1, 2).
medium 2. M̄
i
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Figure 4.2 Illustration of the bandgap opening in a one-dimensional photonic
crystal (equivalent to a layered medium). The governing equation is Eq. (4.3):
the function on the right-hand side is shown in black line (with a minimum
of −(η1 /η2 + η2 /η1 )/2), while real solutions for θ are shown in gray line. The
bandgap corresponds to values where cos θ < −1 and is shown as the gray
areas.

Despite its simplicity, one-dimensional photonic crystals have had important applications in the design of highly reﬂective coatings, for example in
laser applications. More recently, within the framework of left-handed media,
it was shown that a structure with material parameters alternating between a
regular medium and a left-handed medium can exhibit a transmission coeﬃcient with an unusual angular dependency when the average refractive index
of the structure is close to zero (Li et al. 2003a, Shadrivov et al. 2003), or
can even create a bandgap for both TE and TM polarizations, therefore being
eﬀectively opaque to any in-plane propagating waves (Shadrivov et al. 2005).
Additional interesting properties have also been presented in Section 2.5.2 on
52.

4.1.2

Two-dimensional photonic crystals: deﬁnitions and
solution

The concepts presented in the previous section in one-dimension are generalizable to two and three dimensions, although the theory itself becomes more
involved than the simple transmission line approach. Yet, dispersion relations
and frequency bandgaps are concepts generalizable to any number of dimensions, and are fundamental to the study of general photonic crystals. We shall
present the theory for two-dimensional photonic crystals next.
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There is a close analogy between the electromagnetic problem under consideration (to ﬁnd the electromagnetic ﬁelds inside a periodic two-dimensional
photonic crystal) and the problem of ﬁnding the potential function in natural
crystals. Consequently, the electromagnetic community has borrowed many
concepts and terminology from solid-state physics, useful for the solution of
the Maxwell equations in periodic media. Some of this terminology is brieﬂy
reviewed hereafter, to the extend that it is necessary for a self-contained reading of the sections to follow. For more details, the reader is referred to Ashcroft
and Mermin (1976) and Kittel (1996).
4.1.2.1

Direct lattice

The photonic crystal we consider is two-dimensional: invariant along the ẑ
direction and periodic in the (xy) plane. In this plane, we can therefore
deﬁne a translational vector R and express any vector r in the (xy) plane as
r = r + R ,

(4.4)

where r is a vector within the unit cell of reference arbitrarily chosen. Mathematically, if (ux , uy ) are the lattice vectors, then R = ux ax + uy ay , where ax
and ay are integers, positive or negative. Two of the most common lattices
are the square and the triangular ones (also referred to as hexagonal), shown
in the left panels of Fig. 4.3.
4.1.2.2

Reciprocal lattice

The reciprocal lattice can be thought of as deﬁned in the Fourier transform
space of the (xy) plane. In electromagnetic parlance, this corresponds to the
spectral domain, deﬁned by the wave-vector k. Since the reciprocal space is
also periodic, we can deﬁne a reciprocal translational vector G which, similarly
to R, can be written as G = vx bx + vy by , where (bx , by ) are integers, positive
or negative. The reciprocal lattice vectors (vx , vy ) are obtained from the
direct ones (ux , uy ) by enforcing the periodicity in the permittivity function.
Indeed, being a periodic function, ε(r) can be Fourier decomposed as:


1
ε(r) =
ε̃(r) eiG·r where ε̃(G) =
(4.5)
dr ε(r) e−iG·r ,
Vcell
G

where the ∼ sign denotes the Fourier component and where Vcell is the area
(volume) of the two-dimensional periodic unit cell. Using this expansion and
imposing ε(r + R) = ε(r), we write

ε̃(G) eiG·r eiG·R ,
(4.6)
ε(r + R) =
G

which imposes the condition exp(iG · R) = 1 or G · R = 2mπ, where m ∈
{. . . , −1,0, 1, 2,. . .}. This condition is immediately satisﬁed by deﬁning the
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(a) Square lattice.

vy
M
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K

Γ
vx

(b) Triangular lattice.

Figure 4.3 Square and triangular lattices represented in both the direct
space (left) and reciprocal space (right). The Brillouin zones are highlighted
in gray and the irreducible Brillouin zones are highlighted in darker gray. The
symmetry points in each case are indicated.

following relation between the vectors of the direct lattice and those of the
reciprocal lattice
ui · vj = 2πδij ,

i, j = x, y .

(4.7)

More explicitly,
v1 = 2π

u2 × u3
,
u1 · u2 × u3

(4.8)

while the other vectors can be obtained by index permutation. The right
panels in Fig. 4.3 show the reciprocal lattices for the square and triangular
direct lattices, respectively. It can be seen that the square lattice transforms
into another square lattice, while the triangular lattice transforms into a rotated triangular lattice. The deﬁnitions of the vectors (vx , vy ) are provided
in Tab. 4.1 for both cases.

© 2009 by Taylor & Francis Group, LLC

4.1 Photonic crystals and bandgap materials
4.1.2.3

151

Brillouin zone and irreducible Brillouin zone

The spatial periodicity in the spectral plane is generated by the repetition
of a unit cell, or tile, which can be generated by choosing a lattice point as
reference, drawing all the connections to its closest neighbors, and drawing
the medians to all the segments thus deﬁned. The smallest area delimited by
the medians is called the ﬁrst Brillouin zone, as shown in Fig. 4.3.
This zone is, however, not the smallest self-repeating tile: because of its
symmetry, the ﬁrst Brillouin zone can be folded into an even smaller region,
called the irreducible Brillouin zone. The latter is represented in Fig. 4.3 for
the two examples of square and triangular lattice and is important for a few
reasons. First, it deﬁnes the smallest area that needs to be examined for
the reciprocal vectors: the behavior of the whole crystal can be inferred by
the study of the irreducible Brillouin zone only. Second, its edges correspond
to points of maximum diﬀraction. Third, its symmetry points (identiﬁed by
Γ − X − M and Γ − K − M for the respective cases of a square and triangular
lattices) correspond to zero group velocities of the waves: the tangents to the
dispersion contours at these points are horizontal, as it is clear by a direct
inspection of the band diagrams. Hence, when studying the wave propagation
inside the photonic crystal, the wave-vectors need to be varied so as to span
the regions deﬁned by the symmetry points of the irreducible zone:

• For the square lattice:
Γ → (kx = 0, ky = 0),
π
X → (kx = , ky = 0),
a
π
π
M → (kx = , ky = ).
a
a

(4.9a)
(4.9b)
(4.9c)

Table 4.1 Deﬁnitions of ui and vj vectors for square and triangular (or hexag-

onal) lattices (i, j = x, y).
Lattice

Fractional vol.
πR2
Square
fr = 2c
a
2πR2
Triangular fr = √ c
3a2
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Direct vectors
ux = x̂a
uy = ŷa
ux = x̂a
√
uy = a(x̂ + 3ŷ)/2

Reciprocal vectors
vx = x̂ 2π/a
vy = ŷ 2π/a
√
vx = 2π/a (x̂ − √
3/3 ŷ)
vy = ŷ (2π/a) (2/ 3)
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• For the triangular (hexagonal) lattice:
Γ → (kx = 0, ky = 0),
2π
2π
, ky = √ ),
K → (kx =
3a
3a
2π
M → (kx = 0, ky = √ ).
3a

4.1.3

(4.10a)
(4.10b)
(4.10c)

Bloch theorem and Bloch modes

Intuitively, the periodicity of the medium induces a periodicity in the electromagnetic ﬁelds, which can therefore be written as the product of two functions:
one governing the propagation of the wave itself, the other one reﬂecting the
periodicity. For example, the magnetic ﬁeld is written as
Hk (r) = eik·r Φk (r),

where Φk (r + R) = Φk (r) .

(4.11)

These are often referred to as Bloch waves. Note that we have anticipated
the notation and have added an index k to denote the dependency of the ﬁeld
with the wave-vector. A justiﬁcation of this is provided subsequently. Since
Φk is periodic, it can be Fourier transformed:
Φk (r) =



Φ̃G eiG·r ,

(4.12)

G

where the sum spans all the reciprocal vectors G (i.e., the integers bx and by
are summed from −∞ to +∞). This expansion is important subsequently for
the expression of the ﬁeld in the photonic crystal.

4.1.4

Electromagnetic waves in periodic media

Based on the previous brief review of fundamental concepts, we proceed with
the study of electromagnetic ﬁelds per se in the photonic crystal. The governing equations are of course the Maxwell equations and the Helmholtz wave
equation. Since the treatment based on the magnetic ﬁeld yields a Hermitian operator when only the dielectric permittivity is inhomogeneous and
thus an eigen-system simpler to solve than the one based on the electric
ﬁeld (Joannopoulos et al. 1995), we choose to proceed with the former and
write


ω 2
1
∇ × H(r) =
μr H(r),
(4.13a)
∇×
ε(r)
c
∇ · H(r) = 0 .
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The whole problem is therefore to ﬁnd the modes of H(r) that satisfy the
eigenvalue problem
ω 2
μr H(r),
(4.14a)
ΘH(r) =
c
where the linear operator


1
∇× .
(4.14b)
Θ=∇×
ε(r)
The solution of this system yields a series of eigenvectors that correspond to
functions that describe the ﬁeld distribution, and a series of eigenvalues that
correspond to the squared frequencies of each mode. Since the eigenvalue
problem is restricted to a limited domain in space (deﬁned by the irreducible
Brillouin zone), the eigenvalues are discrete. In other words, for each value of
k, a discrete number of modes of the magnetic ﬁeld are allowed. The band
diagram of the crystal is therefore constructed by letting k span the edge of
the irreducible Brillouin zone and looking at the evolution of each eigenvalue
(only the necessary ﬁrst few are important in practice).
We proceed by using the Bloch theorem of Eq. (4.11), based on which the
operator Θ is rewritten as


1
(ik + ∇)× (ik + ∇) × [κ(r)(ik + ∇)×] ,
(4.15)
Θ = (ik + ∇) ×
ε(r)
where we have deﬁned κ(r) = 1/ε(r). The inverse permittivity κ(r) is also a
periodic function which, similarly to Eq. (4.5), can be Fourier expanded as

κ(r) =
κ̃(G) eiG·r ,
(4.16)
G

and introduced into the operator of Eq. (4.15). By the virtue of Bloch theorem, the solutions of the magnetic ﬁeld that are sought are of the form

hG ei(k+G)·r
(4.17)
Hk (r) =
G

and the eigensystem is written as



κ̃r (G )(k + G )× [(k + G ) × hG ] ei(k+G +G )·r
−
G G

=


ω 2 
μr
hG ei(k+G )·r .
c


(4.18)

G

Upon substituting G = G + G , simplifying by exp(ik · r), multiplying by
exp(−iG · r), integrating over the whole space, and ﬁnally substituting G
by G (since the indices are dummy), we obtain

ω 2
−
κ̃r (G − G )(k + G ) × [(k + G ) × hG ] =
μr hG
(4.19)
c

G
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for all G. The vector hG has in principle three components. Making use of
Eq. (4.13b), however, the number of components can be reduced to two in the
appropriate coordinate system. From Eq. (4.17),
(k + G ) · hG = 0,

(4.20)

so that we can deﬁne three vectors (ê1 , ê2 , ê3 ) such that
k + G = |k + G | ê3 ,
ê1 · ê3 = ê2 · ê3 = 0,

(4.21a)
(4.21b)

and (ê1 , ê2 , ê3 ) form a right-handed orthonormal basis. Note that this decomposition is standard in other areas of electromagnetics: it is for example used
in the deﬁnition of the horizontal and vertical polarizations of waves (Tsang
et al. 2000a), and is also at the basis of the (kDB) system for the study of
wave propagating in anisotropic and bianisotropic homogeneous media (Kong
2000). Within the basis deﬁned by the vectors (ê1 , ê2 , ê3 ), the vector hG has
only two components and is written as

hG = h1G ê1 + h2G ê2 =
hλG êλ ,
(4.22)
λ=1,2

where again we follow the notation of Joannopoulos et al. (1995). The wave
equation (4.18) becomes

−
hλG κ̃r (G − G ) [(k + G) × [(k + G ) × êλ ] ei(k+G)·r
G

G

λ

=


ω 2  
μr
hλG ei(k+G )·r êλ .
c


G

(4.23)

λ

The exponential term can be disposed of in the usual manner, i.e., by simplifying by exp(ik · r), multiplying by exp(−iG · r), and integrating over the
entire space, leaving a delta function. Finally, dot multiplying both terms of
the wave equation by êλ and using the identity C · (A × B) = B · (C × A),
we obtain the governing equation as
'. ./

ω 2


μr hλG .
(k + G) × êλ · (k + G ) × êλ
κ̃r (G −G)hλG =
c
G λ
(4.24)
This equation can be simply cast into a matrix form yielding the operator of
Eq. (4.14a):


ê2 · ê2 −ê2 · ê1
Θ = κ̃r (G − G) |(k + G)| |(k + G )|
.
(4.25)
−ê1 · ê2 ê1 · ê1
The diagonal elements of this system yield the TE and TM propagating modes
in the photonic crystal, which correspond to the magnetic ﬁeld and the electric
ﬁeld being parallel to the two-dimensional inclusions, respectively.
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At this stage, only the Fourier components κ̃r need to be detailed. In the
case of inﬁnitely long dielectric rods of circular cross-section and permittivity
εa embedded in a background of permittivity εb , an analytical expression for
κ̃r can be derived (Cassagne 1998). Since it is more intuitive to discuss the
permittivity contrast rather than the inverse permittivity contrast, we only
present the derivation for the permittivity. The inverse κ(r) is obtained in an
exactly similar way.
As a reminder, we write the permittivity as


1
ε̃(G) eiG·r ,
ε̃(G) =
dr ε(r) e−iG·r ,
(4.26)
ε(r) =
Vcell Vcell
G

where Vcell denotes the surface of the elementary cell and where it should be
kept in mind that all vectors lie in the (xy) plane. The idea is to write the
permittivity as

S(Rc − |r − R|) ,
(4.27)
ε(r) = εb + (εa − εb )
R

where Rc is the radius of the dielectric rods and S denotes the step function.
Merging these two equations, we obtain:



εa − εb
εb
dr e−iG·r +
dr
S(Rc − |r − R|) e−iG·r .
ε̃(G) =
Vcell Vcell
Vcell Vcell
R
(4.28)
The ﬁrst integral is immediately evaluated as εb if G = 0 and zero otherwise.
The second integral is evaluated by introducing the change of variable r = r−
R. Since r spans the periodic domain Vcell and R is the translational vector,
r spans the whole space. We can therefore replace the sum of integrals over
Vcell by a single integral over the whole two-dimensional space. Separating
the cases when G = 0 and G = 0, we obtain

ε a − εb
(4.29a)
dr S(Rc − |ρ − Rρ |) = fr (εa − εb )
Vcell
for G = 0, where fr is the fractional volume (see Tab. 4.1), and for G = 0,
1
Vcell


(εa − εb )

∞

−∞



dr S(Rc −|r − R|) e−iG·r
=

εa − ε b
Vcell


0

εa − ε b
=
2π
Vcell

Rc



dr r



2π



dφ e−iGr

cos(φ−θ)

0
Rc

 

dr r J0 (r G),

(4.29b)

0

where we have used the standard change of variable x = r sin φ, y  = r cos φ,
Gx = G sin θ, Gy = G cos θ, and the ,well-known identity for the Bessel function. The integral is evaluated using xJ0 (αx)dx = x/α J1 (αx), yielding the
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ﬁnal result

'
ε̃(G)

εa fr + εb (1 − fr )
(GRc )
(εa − εb )fr 2J1GR
c

if G = 0
elsewhere.

(4.30)

The reconstructed permittivity in the two cases of a square and a triangular lattice is shown in Fig. 4.4. The expected Gibbs phenomenon due to
the Fourier transformation cannot be entirely removed, but has a minimal
inﬂuence on the solution of the eigensystem and can therefore be ignored.

4.2
4.2.1

Band diagrams and iso-frequency contours
Free-space and standard photonic crystal

The previous section presented the mathematical equations necessary to solve
the eigensystem (4.14a) and highlighted the following methodology:
• Geometry:
1. Set the basis and the background (e.g. circular rods of radius Rc
and permittivity εa in a background εb ).
2. Set the direct lattice (e.g. a square lattice with vectors |ux | =
|uy | = a).
3. Compute the vectors of the reciprocal lattice (vx , vy ).
4. Determine the edge of the irreducible Brillouin zone (e.g. the coordinates of Γ, X, and M ).
5. Compute a set of vectors G by spanning (bx , by ). Sort the vectors
according to their magnitude (the most important vectors being
close to the origin).
• Electromagnetics:
1. Compute κ̃(G) using the equivalent of Eq. (4.30).
2. Compute a set of k vectors spanning the edge of the irreducible
Brillouin zone. The coordinates of the symmetry points are given
in Eqs. (4.9) and Eqs. (4.10).
3. For each incidence k from the set, build and solve the eigensystem:
for each G from the set, span G from the same set and compute
(k + G; ê1 ; ê2 ), (k + G ; ê1 ; ê2 ), κ̃(G − G ) (where G − G is also
a vector of the reciprocal lattice), build the system of Eq. (4.25),
and solve for the eigenvalues.
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(a) Square lattice.

(b) Triangular lattice.

Figure 4.4 Reconstruction of the permittivity proﬁle from Eq. (4.30) for
cylindrical rods in a square and triangular lattice (εa = 10, εb = 1, Rc /a =
0.2).

Note that this method has the computational drawback of requiring a convergence check because of the direct solution of the eigensystem. As is customary
in direct solution schemes, the eigenvalues depend on the size of the system
chosen and they eventually converge to their ﬁnal values once enough modes
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have been included. When plotting the band diagram of photonic crystals,
one is usually interested in the ﬁrst few eigenvalues (ten or so), which might
require the inclusion of the ﬁrst hundreds or so of reciprocal vectors (hence
the necessity of sorting them in increasing order of magnitude). In that regard, the use of other methods, typically variational, might be of interest to
the reader.
As a ﬁrst illustration, we shall compute the band diagram of free-space with
a double purpose in mind. First, the solution is of course simple and analytic,
but should also be obtained by the method presented in the previous section.
Free-space therefore constitutes a ﬁrst good check of validity of the algorithm.
Second, the band-diagram already looks very much like the band-diagrams of
real photonic crystals so that free-space provides a ﬁrst intuition of the folding
mechanism of the dispersion relation due to the spectral periodicity.
We therefore proceed by supposing that free-space is a periodic medium
with inclusions of εa = ε0 organized in a square lattice in a background of
εb = ε0 . We suppose without loss of generality that the vectors ux,y are
orthonormal so that the vectors |vx,y | = 2π. The irreducible Brillouin zone
is therefore delimited by the points (Γ, X, M ). The electromagnetic aspect of
the problem can be treated in closed form. The dispersion relation of freespace is of course given by kx2 + ky2 = (ω/c)2 where the left-hand side depends
on the values of kx and ky , i.e., on how we move in the reciprocal plane. The
ﬁrst way of walking the path Γ → X → M is to start from the origin and
follow (kx , ky ) as
π
,
a
π
π
X → M : kx = 0 → , ky = ,
a
a
π
π
M → Γ : kx = → 0, ky = → 0.
a
a

Γ → X : kx = 0, ky = 0 →

(4.31a)
(4.31b)
(4.31c)

This path is, however, one of the many possible paths: because of the periodicity of the medium, there are in fact an inﬁnite number of Γ points in the
crystal, as well as an inﬁnite number of X and M points. We could therefore,
for example, decide to walk the same path, but translated by 2π/a in the
kx direction, or similarly in the ky direction, or even jump between cells. All
those paths are possible and yield increasingly larger values of (ω/c) as kx and
ky move away from the origin (arbitrarily chosen). The lower values of (ω/c)
are of course the most inﬂuential, and it is clear that the higher the frequency,
the more possibilities of walking along (Γ − X − M − Γ). In other words, the
higher the frequency, the more modes are obtained. Eventually, keeping the
ﬁrst few modes, the dispersion relation of free-space expressed in a photonic
crystal language is shown in Fig. 4.5. The ﬁgure does look more complicated
than the free-space dispersion, but it is only due to the folding mechanism
along the directions suggested by the assumption of a periodic medium. It
can be seen that as expected, the density of curves increases with increas-
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Figure 4.5 Band diagram of free-space when modelled as a periodic medium
with εa = εb = ε0 .

ing frequency (or normalized frequency). In addition, at low frequencies, the
dispersion along the paths Γ → X and X → M are straight lines, characteristic of free-space. Finally, the band structure does not exhibit a bandgap,
like expected for free-space (this is the same situation as the one-dimensional
photonic crystal studied in Section 4.1.1: no modulation in the permittivity
does not produce a bandgap).

The band diagram of a realistic photonic crystal is shown in Fig. 4.6 (the
parameters are given in the caption of the ﬁgure). At low frequencies, the
similarity with Fig. 4.5 is clearly seen, with the major diﬀerence appearing at
the symmetry points of the crystal where the tangent to the curves becomes
horizontal. At higher frequencies, the coupling between the modes renders the
band diagram very diﬀerent from the one of free-space, as expected. Fig. 4.6
also illustrates the property of a partial bandgap: it is seen that a TM mode
exists at all frequencies, while the TE modes have no solutions for normalized
frequencies in [0.23, 0.28] and [0.35, 0.39], approximately. These frequencies
therefore correspond to bandgaps for TE modes but not for TM modes. A
total bandgap would be obtained if both modes had coinciding bandgaps,
which can be obtained by properly adjusting the parameters of the crystal
(i.e., the size of the inclusions and the permittivity contrast).
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Figure 4.6 Band diagram of a photonic crystal with the parameters from Luo
et al. (2002): εa = ε0 , εb = 12ε0 , Rc /a = 0.35, organized in a square lattice.

4.2.2

Iso-frequency contours

Like in the previous case of band diagrams, let us ﬁrst start by a brief discussion on the iso-frequency contours in free-space, as a way of relating new
concepts to well-established grounds.
The iso-frequency contours of free-space (or any homogeneous isotropic dielectric if the permittivity is included in the equation) are straightforwardly
obtained from the dispersion relation
kx2 + kz2 = k 2 =

ω 2
,
c

(4.32)

where we have supposed that ky = 0. The iso-frequency contours are therefore
circles of increasing radii with frequency, and along with the phase matching
condition (i.e., the continuity of the tangential component of the wave-vector
across an interface) can be used to derive Snell’s law at the boundary between
two media. Although elementary, this simple picture contains a subtlety that
has been usually overlooked because refraction was always assumed to be
positive: upon phase-matching the wave-vector, two solutions appear in the
transmitted medium, corresponding to two possible transmitted waves (see
Fig. 5.1 and the corresponding discussion for more details). Yet, only one is
chosen based on power ﬂow argument: the power ﬂow normal to the interface
has to always be of the same sign, i.e., the power has to always ﬂow away from
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the source. From the iso-frequency diagram, the power ﬂow direction, or group
velocity direction, is obtained from the relation vg = ∇k ω (see Section 1.4).
Being vectorial, this relation deﬁnes a direction and orientation that can be
both obtained from the iso-frequency diagram. Let us imagine the circles
obtained from Eq. (4.32) at a frequency ω and at a slightly higher frequency
ω + δω: the second circle is slightly larger than the ﬁrst one and centered
at the same point (kx , kz ) = (0, 0). Hence the direction of the gradient is
in the radial direction (a straightforward conclusion in the case of a circle)
while the orientation is given by the change due to frequency, outward in this
case. The power at a given phase-matched point is therefore perpendicular to
the iso-frequency contour and pointing outward. The same methodology can
be applied to more irregular shapes of iso-frequency contours, an example of
which is given in Chapter 5.
Let us also remark that the iso-frequency contour deﬁned by Eq. (4.32)
can be plotted in the (k, ω) space rather than the (kx , ky ) space, and yields
a straight line, referred to as the light-line. It is now interesting to look back
at Fig. 4.6, speciﬁcally around the Γ point at low frequencies: the dispersion
relation is seen to be very well approximated by the light line if the permittivity of the background is accounted for (and it is of course the free-space light
line in the case of Fig. 4.5). This indicates that at low frequency, the photonic
crystal appears as a periodic medium where the various dielectric inclusions
are not coupled: the iso-frequency contours look like the ones shown in the
top left panel of Fig. 4.7: a series of independent circles obeying (in the ﬁrst
approximation) Eq. (4.32) centered at the symmetry points of the reciprocal
lattice. The obvious question is: what happens as the frequency increases?
Within the simple picture of Eq. (4.32), the circles would continue to expand,
intersect each other, and remain circles of increasing radii. This picture is
obviously not correct since it neglects the interactions between the dielectric
inclusions in the photonic crystal, but it is still inspiring to some extent as we
shall illustrate subsequently.
The formalism to obtain the correct iso-frequency contours has been presented in Section 4.1.2 and yields the patterns shown in Fig. 4.7(b): the circular shapes centered at Γ points disappear at higher frequencies and squarelike shapes (in the case shown here of a square lattice) appear centered at
M points. Diﬀerent from the initial circles, these squares are larger at low
frequencies than at higher frequencies. In addition, gaps appear since the contours do not touch each other (showing that the simple vision of increasing
and intersecting circles is indeed incorrect). These gaps in the iso-frequency
contours are the fundamental explanation of the bandgaps appearing in the
band diagrams, for example the one shown in Fig. 4.6: the appearance of a gap
prevents a solution to the phase-matching condition to exist at that speciﬁc
incident angle and frequency. If the gap is large enough (obtained by a larger
contrast in permittivities inside the photonic crystal), no solution exists for
any incident angle, and a bandgap appears (Notomi 2000). Fig. 4.7(c) shows a
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Figure 4.7 Frequency contours at a normalized ω for a photonic crystal
deﬁned by the parameters of Fig. 4.6. The superposed circle is a ﬁctitious
iso-frequency contour corresponding to an isotropic medium.

three-dimensional view of the ﬁrst eigenvalue in the space (kx , ky , ω). The isofrequency contours shown in Figs. 4.7(a)−4.7(b) are therefore diﬀerent cuts
of this curve at various heights. It can be seen that the three-dimensional
surface starts from the Γ point and expands as a cone corresponding to a
homogeneous dielectric medium. At higher frequencies, the cone is deformed
due to the interaction between the dielectric inclusions inside the photonic
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Figure 4.8 Iso-frequency contours at higher ω for the same conﬁguration
as in Fig. 4.7. The superposed circle is a ﬁctitious iso-frequency contour
corresponding to an isotropic medium.

crystal. It can also be seen that as frequency increases, the iso-frequency
contours shrink toward the M point.
Coming back to our simple vision of expanding circles, it should be noted
that the gaps appear near those points where we were expecting the circles to
intersect. This is where the coupling between all the Bloch diﬀracted waves is
the strongest, related to the maximum diﬀraction at the edge of the Brillouin
zone. Although not completely accurate, the simple picture of expanding
circles is nonetheless instructive. Indeed, looking away from the gap, we
see that the apexes of the squares are not linked by straight lines but by
inward curved ones. These lines in fact correspond to the circles centered at
Γ which keep expanding, as illustrated by the ﬁctitious circular iso-frequency
contour in Fig. 4.7. Hence, as frequency increases, the circles of Eq. (4.32)
keep increasing, making the square shrink until they ultimately disappear. As
frequency continues to increase, the circles continue to expand and other gaps
appear at their new crossing points. The inﬂuence of the increasing isotropic
circle can still be seen as shown in Fig. 4.8, although the visualization of the
circles is much less obvious at higher frequencies. This deﬁnes higher modes
and more complex iso-frequency contours in the photonic crystal, yet always
based on the same principle.
Let us ﬁnally remember the previous discussion on the group velocity in freespace: we have argued that the group velocity is pointing outward because the
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circles are expanding with frequency. Following the same reasoning, it is seen
that the group velocity obtained on the shrinking squares may point inward
(we remain cautious since this conclusion needs to be checked by a thorough
examination of the curvature of the iso-frequency contours, and because the
notion of “inward pointing” is not precisely deﬁned). Like in the case of
homogeneous dielectrics with ε < 0 and μ < 0 treated in Chapter 5, this
property can potentially yield negative refraction.

4.3
4.3.1

Negative refraction and ﬂat lenses with photonic
crystals
Achieving negative refraction

Unlike metamaterial structures discussed in other chapters of this book, photonic crystals do no have unit cells that are small compared to the wavelength and therefore cannot be viewed as homogenizable media. It is remarkable, however, that to some extent, they can be described based on their
iso-frequency contours and in that regard, one is left wondering if they can
exhibit a negative refraction when they operate at a frequency where the
contour shrinks around a point†
We have seen in Fig. 4.7 that the photonic crystal whose parameters are
given in Fig. 4.6 does exhibit a shrinking iso-frequency contour around the
M point. This contour, however, is not circular at ﬁrst (see the shape of
the contour at the normalized frequency a/λ = 0.173), and becomes more
and more circular as frequency increases, until the mode disappears and the
second mode takes over. During this process of “becoming more and more
circular,” the curvature of the contour changes from concave to convex, with
the important diﬀerence that the group velocity changes from pointing away
from M to pointing toward M . The notion of “pointing toward” is here deﬁned as the tendency of the normal directions to the iso-frequency contour to
converge, as opposed to being divergent with concave contours, as illustrated
in Fig. 4.9. In the ideal situation of a circular contour, the convergence happens toward the same point, instead of being smeared out like in the present
case which is non-ideal. Fig. 4.9, however, proves that negative refraction is
possible provided that the wave-vectors on the proper contour can be excited,
i.e., can be phase-matched with an incident wave-vector.
This issue of excitation by phase matching is directly related to the orientation of the crystal at the interface with an incident medium or, in other
† Homogenizable

media such as metamaterials exhibit iso-frequency contours that shrink or
expand about the origin in the spectral plane, whereas photonic crystals exhibit expanding
and shrinking contours about any symmetry point of the reciprocal lattice.
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Figure 4.9 Illustration (zoom) on the iso-frequency contour at the normalized frequencies a/λ = 0.173 and a/λ = 0.210 for the photonic crystal of
Fig. 4.6. The normal directions at various points along the contour show a
divergent direction at a/λ = 0.173 and a convergent direction at a/λ = 0.210.

words, to how the crystal is cut. As a matter of fact, a rotation of the direct
lattice induces a rotation in the reciprocal lattice, while the interface with
the incident medium deﬁnes the direction of phase matching. Two situations
are represented in Fig. 4.10, where the spectral and spatial representations
are shown on the left and right, respectively. The iso-frequency contours are
shown at the normalized frequency a/λ = 0.210, where a negative refraction
is expected (Luo et al. 2002). In the ﬁrst case, the crystal is cut along a line
parallel to a direct lattice vector so that the spectral plane looks like the one
in Fig. 4.7. Two wave-vectors are considered in the homogeneous incident
medium, ki1 and ki2 . Note that we have not assumed any speciﬁc values for
the constitutive parameters of the incident medium so that the radii of the
circular iso-frequency contours are chosen arbitrarily. Of course, as soon as
the permittivity and the permeability are chosen, the radii must be obtained
from the speciﬁc frequency at which the iso-frequency contour of the photonic
crystal has been obtained (corresponding here to a/λ = 0.210). The medium
for the ﬁrst incident vector ki1 is selected such that the circular dispersion
relation has a small radius and does not yield any real solution to the phase
matching condition. The wave is therefore totally reﬂected from the crystal. The medium for the second incidence is chosen with a higher index of
refraction, increasing the radius of the circle and oﬀering real solutions to
the phase matching condition beyond a certain incident angle. Choosing the
phase-matched solution that corresponds to an up-propagating power, it is
seen that the wave experiences a positive refraction, also represented in the
right panel. In Fig. 4.10(b), the crystal is cut at a 45◦ angle, as shown in
the right panel. The corresponding spectral domain representation is shown
in the left panel, where it is seen that not only a phase-matched solution exists, but also that it corresponds to a negative refraction of the power. Note,
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Figure 4.10 Correspondence between the spectral domain (left) and spatial
domain (right) for two crystal orientations, and illustration of the associated
phase matching. Note that the radii of the circular iso-frequency contours of
the homogeneous media are chosen arbitrarily for the purpose of illustration.

however, that as already mentioned, this negative refraction is not isotropic
because of the non-circular shape of the iso-frequency contour.
The above discussion therefore illustrates that negative refraction is indeed
possible with a photonic crystal, provided that the following conditions are
met:
1. At the operating frequency, portions or the whole iso-frequency contour
is convex in order to induce converging energy refraction.
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Figure 4.11 Focusing a point source with a slab of photonic-crystal. (Courtesy of Prof. J. Joannopoulos, MIT, Cambridge, USA.)

2. The crystal is properly cut in order to allow phase matching from the
incident medium.
3. The frequency is chosen such that the iso-frequency contours of the
photonic crystal and of the incident homogeneous medium yield real
solutions to the phase matching condition.
It should be mentioned that Luo et al. (2002) added the condition that the
frequency should be below πc/as , where as is the surface parallel period. In
addition, the authors also generalized the concept of negative refraction to an
all angle negative refraction, by which all incident rays are negatively refracted
by the photonic crystal. For this to happen, the third condition needs to be
updated in the sense that all the incident wave-vectors need to be included in
the iso-frequency surface of the photonic crystal.
Developing upon the concept of negative refraction, Luo et al. (2002) showed
an important analogy with the negative refraction obtained in metamaterials:
after identifying two frequency bands in which all the above conditions are
met, the authors showed that a slab of such photonic crystal is able to image
a point source placed in front of it, very much like the imaging capabilities of
slabs of left-handed media (see Chapter 8). An illustration of such imaging
capability is oﬀered in Fig. 4.11.
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Image quality and stability

Despite the interesting possibility of using photonic crystals as a ﬂat lens for
imaging a source in the near-ﬁeld, the negative refraction in photonic crystals
is very diﬀerent from the one obtained with metamaterial structures described
in the other chapters. The most fundamental diﬀerence concerns the homogenization condition: as much as metamaterials are composed of unit cells that
are small compared to the operating wavelength and can be characterized by
eﬀective constitutive parameters, photonic crystals are based on the complex
superposition of multiple Bragg scattering due to a periodicity and a unit cell
on the order of the operating wavelength. Consequently, photonic crystals
are still inherently inhomogeneous, even if their macroscopic properties can
be understood based on iso-frequency contours. As we have seen, these contours are rapidly evolving with frequency, changing shapes, curvature, and
even symmetry points. Although circular contours can be obtained, yielding
similarities with homogeneous isotropic media where indices of refraction can
be deﬁned, they are obtained over a very narrow frequency band and therefore cannot be used as a deﬁning characteristic of photonic crystals. In fact,
photonic crystals cannot be viewed as homogeneous media, even though they
exhibit some of the properties of homogeneous media.
An immediate consequence of these considerations is that the wave propagation inside the crystal strongly depends on the orientation of its constituents
for example, which would be unexplained if the crystal was truly homogenizable. Upon designing a conﬁguration that supports negative refraction (based
on the same principle enunciated above), Martinez and Marti (2005) showed
that an incident beam is indeed negatively refracted for some particular lattice
orientations only. For other ones, the beam is either strongly attenuated‡ or
scattered to multiple Bloch modes. Similarly, Moussa et al. (2005) and later
Decoopman et al. (2006) showed that surface termination has a direct and
important impact on the transmission level through a slab of photonic crystal
as well as on the values of the associated eﬀective constitutive parameters, despite the fact that the crystal was optimized to exhibit a circular iso-frequency
contour. It has been postulated by Decoopman et al. (2006) that these eﬀects
are due to the interplay between the inﬂuence of the impedance and the inﬂuence of the index of refraction on the wave propagating inside the crystal.
As a matter of fact, the iso-frequency contour provides information on n only
(which is here understood to be an eﬀective parameter), but not on the permittivity and permeability. Hence, any values of eﬀective ε and μ that satisfy
√
εμ = n comply with the iso-frequency contour and in particular, once n is
ﬁxed, any value of ε that satisﬁes ε = n2 /(μc2 ) is acceptable. However, ε and
μ are also strongly dependent on the location of the boundary (i.e., the cut)
‡ It

should be emphasized that the iso-frequency contours drawn in the spectral plane only
give an indication on the propagation direction of waves, while no information is provided
on their amplitude, which can potentially be very low.
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Figure 4.12 Dispersion diagram for a triangular array of circular rods r =
0.45a. Horizontal axis: Bloch vector describing the ﬁrst Brillouin zone Γ −
K − X. Vertical axis: Normalized frequencies a/λ, with λ the wavelength.
Right: Iso frequency contour at the intersection of the light line in vacuum
with optical band showing negative group velocity at λ = 3.66a. (Redrawn
c 2007, American Physical
from the data in Ramakrishna et al. (2007b) 
Society.)

within a unit cell: while maintaining a constant product, the ratio between
them is not preserved so that the surface impedance of the crystal varies, and
so does the transmission level. These results therefore conﬁrm the fact that
the iso-frequency contours are not suﬃcient to conclude on the isotropy of a
photonic crystal.
Despite these words of caution, iso-frequency contours can still be used
as an intuitive tool to understand some aspects of propagation in photonic
crystals, especially for frequencies corresponding to the higher bands and for
crystals cut along their symmetry directions (Foteinopoulou and Soukoulis
2005). Using these principles, both negative refraction and imaging by a ﬂat
slab have been consistently reported, in a one-dimensional structure (Monzon
et al. 2006), in a two-dimensional hexagonal lattice (Wang et al. 2004), in
a three-dimensional structure (Lu et al. 2005b), and even in a metallic photonic crystal (Parimi et al. 2004) and a photonic crystal with silver nanowires
operating at optical frequencies (Ao and He 2005).
For the sake of further illustration, we subsequently present the calculated
results for the case of a triangular lattice of cylindrical dielectric rods with
a refractive index of n = 4 in air. The band structure for this conﬁguration
is shown in Fig. 4.12 where it is seen that the second band has a negative
slope or a negative group velocity. Thus, the iso-frequency surface shrink
around the Γ point as the frequency increases. The point of intersection of
this band with the dispersion curve for free light in vacuum with (n = +1)
corresponds to λ = 3.66a. The iso-frequency surface is shown on the right
side of Fig. 4.12 at this wavelength and it is seen to be almost circular, which
is ideal for focusing applications. Note that the ratio of the crystal lattice
period and the free-space wavelength is still smaller than unity and that an
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incident plane wave couples to a single Bragg mode inside the photonic crystal.
In Fig. 4.13, we show the results of a calculation where a Gaussian beam of
ﬁnite width is incident upon a slab made of this photonic crystal (16 × 70
cylinders) and undergoes a negative refraction. A multipole method (Tayeb
and Maystre 1997) has been used to calculate the ﬁelds with the magnetic
ﬁeld along the cylindrical axis, and the magnitude of the electric ﬁeld has
been plotted as a gray scale in the ﬁgure. It is clear that the beam experiences
a negative transverse shift upon transmission across the slab, which is one of
the hallmarks of negative refraction. One can also see the negative refraction
onto the same side of the normal inside the photonic crystal although that is
quite obscured by the interference pattern inside the slab. The interference
pattern on the incident side arises due to interference between the incident
and reﬂected beams. Although we have negative refraction in this case which
almost appears like n = −1, we do not have impedance matching which
sensitively depends on the surface termination of the photonic crystal (the
plane at which the slab is cut out of the crystal). The ﬁnite reﬂectivity arises
from this impedance mismatch. Note that one has to keep the beam width
reasonably large to avoid a large beam divergence which would otherwise
not allow the clear demonstration of the negative refraction eﬀect. One can
clearly see the negative refraction inside the photonic crystal by considering
the refraction of a ﬁnite beam through a prism made of the photonic crystal.
An equilateral triangular prism formed out of this photonic crystal by placing
cuts along the symmetry directions is shown in Fig. 4.14. A Gaussian beam
of light of wavelength λ = 3.6798a is incident on the prism from the bottom
left, making an angle of 30o with the vertical axis. The beam is centered on
the middle of the prism side consisting of 60 rods, and its width is 20a. It
is clear that the beam refracts negatively across the prism and bends toward
the apex. In this ﬁgure, due to the spatial separation between the two beams
inside the photonic crystal, there are no interference eﬀects that obscure the
negative refraction, which is thus clearly visible. Note that the beam on the
top right side of the prism arises from the reﬂection at the second interface.
It should also be emphasized that whenever it is obtained, the imaging
phenomenon with a photonic crystal-based ﬂat lens usually achieves some
amount of sub-wavelength resolution due to the larger iso-frequency contours
than those of the incident medium at the same frequency. As a matter of fact,
the reciprocal eﬀect of total reﬂection occurs, by which an evanescent wave
in the incident medium is coupled to a propagating wave inside the crystal.
For sources in the near ﬁeld of the ﬁrst slab interface, the evanescent waves
have not decayed enough to be negligible and the corresponding propagating
waves inside the crystal carry meaningful information that can be transmitted
over a large distance, typically to the other side of the slab. The resulting
image, if also in the near ﬁeld of the ﬂat lens, therefore contains information
from the evanescent waves from the source and can thus have sub-wavelength
resolution to some extent.
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Figure 4.13 Negative refraction of a Gaussian beam across a slab of a twodimensional photonic crystal with a triangular lattice. The radiation has a
wavelength of λ = 3.6798a and is incident from the top right as shown by the
arrow. The beam negatively refracts inside the photonic crystal and has a
negative transverse shift upon transmission across the slab. (This ﬁgure has
been kindly provided by Gérard Tayeb, Institut Fresnel, Marseilles, France.)

4.4

Negative refraction vs. collimation or streaming

The ambiguity in deﬁning homogeneous parameters for photonic crystals is at
the origin of some seemingly contradictory results reported in the literature.
As we have argued in the previous section, deﬁning the index of refraction of
a photonic crystal solely based on a circular iso-frequency curve at a given
frequency can be justiﬁed within some very speciﬁc conditions, but is not exact
in general and is quickly bound to be misinterpreted. Hence, simultaneously to
the reports of ﬂat lens imaging based on the negative refraction property, other
authors interpreted apparently similar imaging results based on a diﬀerent
wave propagation mechanism, thus questioning the relative importance of
negative refraction.
The argument to question the homogeneity and the importance of the negative refraction in a photonic crystal is based on a simple property of the
imaging conﬁguration using a ﬂat lens: a truly isotropic and homogeneous
medium with a negative index of n = −1 creates an image of a point source
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Figure 4.14 Negative refraction of a Gaussian beam in an equilateral triangular prism of two-dimensional photonic crystal with a triangular lattice. The
radiation has a wavelength of λ = 3.6798a and is incident from the bottom
left making an angle of 30◦ with the vertical axis. The beam is centered on
the middle of the triangle side consisting of 60 rods and has a width of 20a.
c 2007, American Physical Society.)
(Taken from Ramakrishna et al. (2007b) 

A

B

C

Figure 4.15 Ray tracing illustration of the ﬂat lens made of an isotropic
homogeneous medium of index of refraction n = −1. The distance between
the image point and the second interface of the lens varies as function of the
distance between the source and the ﬁrst interface (situation A to B), as well
as function of the lens thickness (situation B to C).

whose position can be varied by two parameters, the distance between the
source and the ﬁrst interface of the lens as well as the lens thickness. These
observations come directly from the simple ray diagram illustrated in Fig. 4.15.
Upon choosing a conﬁguration that exhibits a negative refraction, however,
Li and Lin (2003) showed using a multiple scattering approach that the image
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does not follow the expected behavior reported in Fig. 4.15, but instead that
it is consistently located in the near ﬁeld of the second interface. In addition,
no focusing inside the slab was visible either, but a seemingly collimated beam
that was propagating from the ﬁrst to the second interface of the lens. In fact,
returning to Fig. 4.9, one can see that even though the iso-frequency contour
is convex, the negative refraction is somewhat weak, and the power is more
directed toward a single direction rather than being focused to a point. The
reason of this behavior is of course the shape of the contour, which is not
circular but more square-like, with approximately ﬂat portions whose normal
vectors point in very similar directions. This eﬀect has been termed collimation due to the conﬁned lateral extent of the beam as it propagates through
the crystal. Consequently, a Gaussian beam which, contrary to a Bessel beam
for example, naturally spreads, can be collimated in a photonic crystal by
using its inherent anisotropy at a frequency where the iso-frequency contour
has a low curvature. Interestingly, this collimation is a purely linear eﬀect,
unlike for example solitons which are created by a nonlinear compensation for
the beam spread due to diﬀraction.
A theoretical study of the collimation eﬀect in photonic crystals can be
performed by studying the curvature of the iso-frequency contour, as suggested
in Shin and Fan (2005). Supposing that the relationship between kz and
(kx , ky ) is known, kz = f (kx , ky ), one can compute the radius of curvature as
R=

1
,
∂ 2 f /∂u2

(4.33)

where û = x̂ cos θ + ŷ sin θ is an arbitrary tangential direction. Hence, the
photonic crystal exhibits collimation in a given direction if R is inﬁnite in that
direction. Of course, in order to realize a good collimation, it is necessary to
obtain an inﬁnite radius over as wide portion of the iso-frequency contour as
possible. It has been suggested that such a wide, ﬂat portion of the contour
can be obtained at frequencies for which the contour mimics the form of the
ﬁrst Brillouin zone (Chigrin et al. 2003). Applications for example include
the reshaping of the radiation pattern of a dipole source (or an antenna in
general), with enhanced directivity in speciﬁc directions (Chigrin 2004, Guven
and Ozbay 2007).
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