3
Designing metamaterials with negative
material parameters

The brief historical description oﬀered in Chapter 1 showed how the initial
studies of materials with both ε < 0 and μ < 0 (Veselago 1968) did not spark
much interest at ﬁrst because such materials were not available at the time.
Their realization had to wait for more than three decades before the recipes
for achieving ε < 0 and μ < 0 (Pendry et al. 1996; 1999) paved the way
for experimentalists to design these materials. It was the ﬁrst experimental
demonstrations of such media (Smith et al. 2000, Shelby et al. 2001b) at
microwave frequencies that caused most of the scientiﬁc community to sit
up and take notice. The subsequent fevered advances in this area are now
history, but one has to remember that it was the new design principles within
a physical paradigm that made this whole area relevant.
In this chapter, we discuss the design principles of metamaterials with various material parameters. General principles for the design of media with
speciﬁed material parameters are laid down. In particular, metamaterials
with negative constitutive parameters are of special interest. It is shown that
in most cases, under-damped and over-screened resonances can lead to negative constitutive parameters (ε or μ) for the corresponding driving ﬁelds
(the electric ﬁeld E or the magnetic ﬁeld H). Negative refractive index can
be generated in many cases by putting together in a composite manner two
structures that separately show ε < 0 and μ < 0, although this presupposes
that the two structures function independently without strongly interfering
with each other, a condition that is not always automatically satisﬁed. We
also show that the same structure can exhibit both dielectric and magnetic
properties at optical frequencies through plasmonic resonances where the homogenization requirements put a premium on physically accessible designs
and sizes. We also discuss chiral and bianisotropic materials, and the design
principles for those media. The emphasis is on demonstrating how a variety
of resonant phenomena can be utilized to generate various kinds of metamaterials through concrete examples. Finally, the possibility of actively tuning
the resonance frequencies of the metamaterials by locally modifying the constituent materials in critically placed locations via non-linearities excited by
externally applied ﬁelds is presented.
The implementation of metamaterials as a succession of split-ring resonators
and rods yields a structure that is complex: the scattered electromagnetic
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ﬁeld is very inhomogeneous, intense at some locations and weak at others,
and inﬂuenced by neighboring elements in a way that is not straightforward
to predict. Consequently, a rigorous electromagnetic analysis of metamaterials requires the use of advanced electromagnetic solvers, typically based on
numerical methods. On the other hand, Chapter 2 has shown that metamaterials with small units can be homogenized, i.e., that eﬀective constitutive
parameters corresponding to homogeneous media can be assigned, based on
which macroscopic scattering properties can be inferred. This suggests that
the microscopic details of the electromagnetic ﬁeld need not be totally resolved
and only the knowledge of the average behavior is necessary. This principle
has been used for example in Section 2.5 to infer the eﬀective constitutive
parameters based on the internal ﬁelds inside the metamaterial, the latter
typically being obtained using one of the advanced electromagnetic solvers.
This ﬂexibility of not having to know the details of the scattered ﬁeld can
also be translated into a series of approximations of the ﬁelds at the microscopic level (i.e., inside the metallic constituents of the metamaterial), which
is an approach that leads to the development of equivalent circuit models in
which simple concepts such as the balance of the electromotive force (emf)
can be applied. This approach is extensively used in this chapter since it is a
simple yet intuitive tool to understand the physical working principle of split
rings, to provide good estimates of their resonant frequencies, and to study
the inﬂuence of various geometrical parameters on their performance.
Let us ﬁrst consider Faraday’s law in the integral representation form which,
combined with the Stokes theorem, reads as


∂
d · E = −
dσ · B.
(3.1)
∂t
C
S
Eq. (3.1) indicates that the surface integral of the magnetic induction B yields
a magnetic ﬂux Φ whose time variation is related to an electric ﬁeld around
the corresponding enclosing loop. Upon deﬁning the emf as the line integral
of the electric ﬁeld, Faraday’s law becomes
emf = −

∂
Φ(t),
∂t

(3.2)

which indicates that the current in the loop, related to the emf, always ﬂows
in a direction such as to oppose the change in the magnetic ﬂux Φ(t) that
produced it. This result is known as Lenz’s law. Upon resorting to some
approximations on the regularity of the ﬁelds, Eq. (3.2) becomes the building
block for the deﬁnition of equivalent circuits representing a metamaterial.
We should note that the equivalent circuits deﬁned here are circuits indeed,
but where the currents and voltages are deﬁned based on a simpliﬁcation of
the full-wave Faraday’s law of Eq. (3.1) and not based on Kirchhoﬀ’s approximation. In order to be convinced of this, consider the deﬁnition of the
voltage between two points as the integral of the electric ﬁeld between these

© 2009 by Taylor & Francis Group, LLC

3.1 Negative dielectric materials

79

two points (where the integration path is irrelevant as far as the starting and
ending points are ﬁxed). Next, let the two points merge, yielding a closed
integration path. The voltage would then vanish whereas Eq. (3.1) indicates
that the result is not zero but is equal to the time variation of the magnetic
ﬂux. Consequently, Kirchhoﬀ’s voltage law appears as an approximation of
Faraday’s equation in the electrostatic situation where ∇ × E = 0, whereas
this is not the approximation the equivalent circuits are based upon.

3.1

Negative dielectric materials

We ﬁrst address the problem of designing negative dielectric materials at
any speciﬁed frequency, starting by considering natural materials (such as
negative dielectric materials, viz., plasmas of electrical charges) and continuing
by considering engineered “designer” materials, which have become popular
over the past few years.

3.1.1

Metals and plasmons at optical frequencies

Consider an electrically neutral plasma of separated charges. Similarly to
the discussion on the Lorentz model for dielectric materials in Chapter 1,
we assume that the mass of the negative charges (electrons) is much smaller
than that of the positive charges (ion cores in a metal). Thus, it is only the
motion of the electrons that contributes to the polarization in the medium.
This model is most apt for a good metal as the conduction electrons are
almost free and delocalized in a background of static positive ionic cores with
overall charge neutrality. We subsequently show that such a plasma exhibits
a negative dielectric permittivity for frequencies smaller than a particular
frequency called the plasma frequency.
The equation of motion for an electron in a time harmonic electric ﬁeld
with angular frequency ω is
mr̈ + mγ ṙ = −eE0 exp(−iωt),

(3.3)

where the magnetic contribution to the Lorentz force is neglected as usual.∗
This equation is identical to the one we began with in the discussion on
the Lorentz model, only without the harmonic restoring force, as here the
electrons are free. mγ is the phenomenological damping force constant due
to all inelastic processes. It is assumed that the wavelength of radiation is
large compared to the distance traveled by the electron so that the electrons
∗ It is shown in Chapter 5 that such a neglect is not always possible and the magnetic
contribution can lead to non-linear eﬀects.
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(a) Real and imaginary parts of the dielec- (b) Dispersion of light in a good plasma.
tric permittivity for a good plasma. The
real part is negative for frequencies lesser
than the plasma frequency.

Figure 3.1 Electromagnetic properties of plasmas. There is a dispersionless
bulk mode at the plasma frequency (shown by the dashed line) and the dispersion for propagating modes with a real wave-vector above and near the plasma
frequency is parabolic. Below the plasma frequency we only have evanescent
waves with purely imaginary wave-vectors.

eﬀectively see a spatially uniform ﬁeld. These assumptions yield a polarization
deﬁned as the dipole moment per unit volume that can be expressed as
P = (ε − 1)ε0 E = −N er = −

N e2 /mE
,
ω(ω + iγ)

(3.4)

where N is the number density of the conduction electrons, and each electron
is assumed to contribute independently to the polarization. Hence we obtain
the relative dielectric permittivity as
ε(ω) = 1 −

ωp2
N e2 /(ε0 m)
=1−
,
ω(ω + iγ)
ω(ω + iγ)

(3.5)

where the plasma frequency is deﬁned as ωp ≡ (N e2 )/(ε0 m).
It is immediately seen from the above that the real part of the dielectric
permittivity is negative for ω < ωp and for negligible dissipation. The real
and imaginary parts of the dielectric function are plotted in Fig. 3.1(a). For
frequencies lower than the plasma frequency, the charges can move quickly
enough to shield the interior of the medium from electromagnetic radiation.
At frequencies larger than the plasma frequency, the medium behaves as an
ordinary dielectric medium. Substituting the dispersive expression for ε into
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Figure 3.2 Schematic picture showing the bulk plasma oscillation of the
cloud of electrons in a slab of metal. The schematic shows the excess positive
and negative charge density that builds up on either side of the slab and gives
rise to a restoring force on the oscillating electron cloud.

the Maxwell equations, we get
k 2 c2 + ωp2 = ω 2 .

(3.6)

Thus, waves with ω < ωp correspond to negative energy solutions and are
evanescent with an imaginary wave-number. For ω > ωp , the transverse
modes of light appear to have become massive with a ﬁnite rest mass of
m0 = ωp /c2 .† The dispersion is parabolic at frequencies near ωp and becomes
asymptotic to the light cone at large frequencies as shown in Fig. 3.1(b).
The plasma frequency has a physical manifestation as the natural frequency
of a collective excitation of the electron gas. Consider a small displacement
(Δ) of the entire electron gas in a ﬁnite metal sample relative to the positive
background (assumed homogeneous, too), as shown in Fig. 3.2 for a slab of
metal. An accumulation of net negative electronic charges is created on one
edge and of positive background charges on the other. The electric ﬁeld due
to these excess charges in the bulk can be calculated as E = N eΔ/ε0 along
the displacement direction, where N is the number density of the conduction electrons. The force on an electron is then given by F = −N e2 /ε0 Δ,
i.e. there appears a restoring force proportional to the displacement. The
natural frequency for the oscillation of this entire electron gas comes out to
be (N e2 )/(ε0 m), i.e. the plasma frequency. The bulk plasma oscillations
are called plasmon modes and have a dispersionless character shown as the
dashed line in Fig. 3.1(b). There are also other kinds of plasma oscillations
that are conﬁned to the interface of metal and a positive dielectric medium
called surface plasmons to which we shall return in Chapter 7.
† Compare

the dispersion equation with the relativistic equation of motion for a massive
particle, p2 c2 + m20 c4 = E 2 with p = k and E = ω.
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Table 3.1 Plasma frequencies of

some good metals with low
dissipation which are interesting
from a plasmonics point of view.
(∗ has high dissipation)
Metal

Plasma frequency
(in eV)
Aluminium
15
Cesium
2.845
Gold
5.8
Lithium
6.6
Nickel
9.45
Palladium∗
7.7
Potassium
3.84
Silver
3.735

Several “good” metals with low dissipation (small γ) can be reasonably well
described as a Lorentz plasma. The plasma frequencies for many metals lie in
the ultraviolet region of the spectrum. These include noble metals like gold
and silver, alkali metals such as lithium, sodium and sotassium, and others
such as aluminum. Tab. 3.1 gives the plasma frequency for some metals.
Silver with the lowest value of γ and large enough value of ωp is the best
candidate for a negative dielectric material. The γ in this case actually does
not correspond to the Drude conductivity of the metal, but the inter-subband
transitions of the d-levels actually account for much of the dissipation in noble
metals. In fact, the Drude Lorentz plasma model for the dielectric constant
is only approximate for silver and gold.
We should note that some dielectric materials can also have interesting
spectral (stop) bands with ε < 0. Going back to the Lorentz model discussed
in Section 1.3.2, if the oscillator strength is large enough and the damping
small enough in Eq. (1.15), then the dielectric constant
becomes negative over


the frequency band ω0 < ω < ωp where ωp = (ωj2 + ω02 ) is the equivalent
plasma frequency. In fact, there are optical phonon resonances in several
dielectric and ionic materials that can become important. As an example,
there is an optical phonon resonance in silicon carbide (SiC) at about 10 μm
wavelength and a negative dielectric permittivity band above the resonance
frequency. Given that the dissipation levels in dielectric materials can be
much lesser than that in metals, such dielectric materials have great potential
in the design of metamaterials for use as negative dielectric materials. This
becomes particularly relevant at low frequencies (near-mid infrared and lower
frequencies) when the dissipation in metals does not even allow for an easy
description as a Lorentz plasma. The disadvantage of these dielectric materials
is that the frequency range over which ε < 0 is often narrow unlike in metals.
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Wire mesh structures as low frequency plasmas

While it is true that a good plasma should, in principle, have ε < 0 for
frequencies lower than the plasma frequency all the way to zero frequency,
the dissipation that is inherent to all negative materials spoils this property.
As γ, the dissipation parameter, becomes comparable and even larger than the
frequency (ω), the dielectric permittivity becomes more of a complex number
and it is less accurate to describe the response using the negative real part of
the permittivity alone. Further, at low frequencies the dielectric permittivity
would have a very large magnitude implying that all radiation would decay
within very short distances in the medium. Dielectric materials such as SiC
have only a ﬁnite bandwidth with ε < 0. Hence, ideally one would seek a
way of mimicking the action of a plasma at lower frequencies in a composite
material.
It was proposed in Pendry et al. (1996; 1999) that dilute arrays of thin
metallic wires behave as a low frequency plasma with a frequency stop-band
from zero up to a cutoﬀ frequency that can be attributed to the motion of
the electrons in the wires. This metallic thin wire mesh structure is amenable
to homogenization and description by a plasma-like dielectric permittivity
function. The low frequency stop-band can then be attributed to negative
dielectric permittivity and the cutoﬀ frequency to the plasma frequency. The
rationale behind this structure is to literally dope the vacuum with metal.
Consider an array of inﬁnitely long, parallel, and very thin metallic wires of
radius r placed periodically at a distance a in a square lattice with a  r as
shown in Fig. 3.3. The electric ﬁeld is considered to be applied parallel to the
wires (along the ẑ axis) and the problem can be analyzed in the quasi-static
limit since the wavelength of the radiation λ  a  r. The electrons are
conﬁned to move within the wires only, which has the ﬁrst eﬀect of reducing
the eﬀective electron density, as the radiation cannot sense the individual wire
structure but only the average charge density. The eﬀective electron density
is immediately seen to be
Neﬀ =

πr2
N,
a2

(3.7)

where N is the actual density of conduction electrons in the metal.
There is a second equally important eﬀect to be considered. The thin wires
have a large self-inductance and it is not easy to change the currents ﬂowing
in them. Thus, it appears as if the charge carriers, namely, the electrons, had
acquired a tremendously large mass. To see this, consider the magnetic ﬁeld
created at a distance ρ from a wire. On the average, we can assume a uniform
D ﬁeld within the unit cell. However, the current density is not uniform
leading to a non-zero, non-uniform magnetic ﬁeld that is large in regions close
to the wires, which contributes to most of the ﬂux. By symmetry there is
a point of zero ﬁeld in-between the wires and hence we can estimate the
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Figure 3.3 An array of inﬁnitely long, thin metal wires of radius r on a
lattice of period of a behaves as a low frequency plasma for an electric ﬁeld
oriented along the wires. (Reproduced with permission from Ramakrishna
c 2005, Institute of Physics Publishing, U.K.)
(2005). 

magnetic ﬁeld along a line between two wires at a distance ρ from the wire as


1
1
I
−
H(ρ) = φ̂
.
(3.8)
2π ρ a − ρ
The vector potential associated with the ﬁeld of a single inﬁnitely long, currentcarrying conductor is non-unique unless the boundary conditions are speciﬁed
at deﬁnite points. In our case, we have a periodic medium that sets a critical
length of a/2. We can assume that the vector potential associated with a
single wire is
)
(
'
ẑI
a2
ln
4ρ(a−ρ) , ∀ ρ < a/2,
(3.9)
A(ρ) = 2π
0,
∀ ρ > a/2.
This choice avoids the vector potential of one wire overlapping with another
wire and thus the mutual induction between the adjacent wires is addressed
to some extent. Noting that r  a by about three orders of magnitude in
our model and that the current I = πr2 N (−e)v where v is the mean electron
velocity, we can write the vector potential as
A(ρ) = −
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This is a very good approximation in the mean ﬁeld limit. We have considered
only two wires and the lattice actually has a four-fold symmetry. Hence the
actual deviations from this expression are much smaller than in our case.
We note that the canonical momentum of an electron in an electromagnetic
ﬁeld is p − eA. Assuming that the electrons ﬂow on the surface of the wire
(for a perfect conductor), we can associate a momentum per unit length of
the wire of
p = −πr2 neA(r) =

μ0 π 2 r4 N 2 e2 v
ln(a/r) = meﬀ πr2 N v,
2π

(3.11)

and thus an eﬀective mass of
meﬀ =

μ0 πr2 N e2
ln(a/r)
2π

(3.12)

for the electron.
Assuming a longitudinal plasmonic mode for the system, we have
ωp2 =

Neﬀ e2
2πc2
= 2
ε0 meﬀ
a ln(a/r)

(3.13)

for the plasmon frequency. We note that a reduced eﬀective electron density
and a tremendously increased eﬀective electronic mass would immediately
reduce the plasmon frequency for this system. Typically one can choose r =
10 μm, a = 10 mm, and aluminium wires (N  1029 m−3 ), which gives an
eﬀective mass of
(3.14)
meﬀ = 1.12 × 10−24 kg,
which is more than six orders of magnitude larger than the bare electron
mass, and a plasma frequency of about 28.6 GHz. Thus, we have succeeded in
obtaining a negative dielectric permittivity material at microwave frequencies
since the plasma frequency has been reduced by almost a factor of 106 .
Note that the ﬁnal expression for the plasma frequency in Eq. (3.13) is
independent of the microscopic quantities such as the electron density and
the mean drift velocity. It only depends on the radius of the wires and on
the spacing suggesting that the entire problem can be recast in terms of the
capacitances and inductances of the problem. This approach has been taken
in Belov et al. (2002; 2003), and we present it below for the sake of completeness. Consider the current induced by the electric ﬁeld along the wires related
by the total inductance (self and mutual) per unit length (L),
Ez = −iωLI = iωLπr2 nev.

(3.15)

Note that the dipole moment per unit volume in the homogenized medium is
P = −Neﬀ er =
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where Neﬀ = πr2 N/a2 as before. We can estimate the inductance L by
calculating the magnetic ﬂux per unit length passing through a plane between
the wire and the point of symmetry between itself and the next wire where
the ﬁeld is approximately zero:


 a/2
a2
μ0 I
ln
H(ρ)dρ =
φ = μ0
.
(3.17)
2π
4r(a − r)
r
Noting Φ = LI, and the polarization P = (ε − 1)ε0 Ez , where ε is the eﬀective
permittivity, we obtain in the limit r  a,
ε(ω) = 1 −

2πc2
,
ln(a/r)

ω 2 a2

(3.18)

which is identical to the expression obtained using the plasmon picture. However, we lose here the physical interpretation of a low frequency plasmonic
excitation.
It is simple to add the eﬀects of ﬁnite conductivity in the wires, which has
been neglected in the above discussion. The electric ﬁeld and the current
would then be related by
Ez = −iωLI +

I
,
σπr2

(3.19)

where σ is the conductivity, which modiﬁes the expression for the dielectric
permittivity to
ωp2
,
ε=1−
(3.20)
ε0 a2 ω 2
ω ω + i πr2 σp
where ωp is given by Eq. (3.13). Thus the ﬁnite conductivity of the wires
contributes to the dissipation, appearing in the imaginary part of ε. For
aluminium, the conductivity is σ = 3.78 × 107 Ω−1 m−1 and yields a value of
γ  0.1ωp , which is almost comparable to the values in real metals (Raether
1986). Thus the low frequency plasmon is stable enough against absorption
to be observable.
In our above discussion, we considered only wires pointing in the ẑ direction. This makes the medium anisotropic with a negative ε only for waves
with an electric ﬁeld along the ẑ direction. The medium can be made to have
a reasonably isotropic response by having a lattice of wires oriented along all
the three orthogonal directions as shown in Fig. 3.4. In the limit of large wavelengths, the eﬀective medium appears to be isotropic as the radiation fails to
resolve the underlying cubic symmetry yielding a truly three-dimensional low
frequency plasma. For very thin wires, the polarization in the direction orthogonal to the wires is small (Rayleigh-like) and can be neglected. Thus, the
waves only sense the wires parallel to the electric ﬁeld and correspondingly
have a longitudinal mode. The eﬀects of connectivity of the wires along different directions at the edges of the unit cell have also been examined (Pendry
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Figure 3.4 A three-dimensional lattice of thin conducting wires behaves as
an isotropic low frequency plasma. (Reproduced with permission from Rac 2005, Institute of Physics Publishing, U.K.)
makrishna (2005). 

et al. 1998). A wire mesh with non-intersecting wires was also shown to have
a negative ε at low frequencies below the plasma frequency, but had strong
spatial dispersion for both the longitudinal bulk plasmon mode and the transverse modes above the plasma frequency (Belov et al. 2003).
Next, we discuss the eﬀects of having discontinuous conducting wire segments (or commonly called cut wires) instead of inﬁnitely long continuous
wires. The main diﬀerence is the presence of the capacitance between the ends
of the adjacent wire segments. Consider the metamaterial structure shown in
Fig. 3.5 which also allows for a tuning of the capacitance between the wire segments by adjusting the area or by embedding a dielectric in-between the edge
plates. The capacitance between the cut wires is approximately Cs = ε0 εh A/d
where A is the area of the capacitive edges, d is the distance between them,
and εh is the relative dielectric permittivity of the medium in the capacitive
gaps. The self capacitance of each wire segment is Ci = ε0 εi A/, where 
is the length of the wire segment and εi is the dielectric permittivity of the
embedding medium. Note that the thickness of the wire has been neglected as
well as the self capacitance since   d. Incorporating the series capacitance
per unit length in the expression for the electric ﬁeld along the wire segments
yields
1
I
I.
(3.21)
Ez = −iωLI + 2 +
πr σ −iωCs ( + d)
Proceeding as before for the continuous wires, we can obtain the dielectric
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Figure 3.5 A metamaterial of discontinuous metallic wire segment behaves
like a series of electric dipoles. In the metamaterial shown, the area of cross
section (A) at the edges of the wire segments of length  and the distance d
between the wire segments are design parameters that can be used to tune
the resonant frequency.

permittivity function for this composite to be of the Lorentz form:
ε(ω) = 1 +

ωp2
,
(ω02 − ω 2 − iΓω)

(3.22)

where ω0 is the resonance frequency given by
ω0 =

1
=
LCs ( + d)

2πc2 d
.
εh A( + d) ln(a/r)

(3.23)

ωp is deﬁned before by Eq. (3.13) and the dissipation parameter is
a2 ε0 ωp2
.
(3.24)
πr2 σ

This gives a frequency bandwidth of [ω0 , ω02 + ωp2 ] where the dielectric permittivity of the composite is negative.
Dipole moments are resonantly formed across the capacitive gaps between
the wire segments and the system exhibits a Lorentz-like dispersion. Thus,
the response of the cut-wire system is more akin to a system of periodically
placed dipoles. If the conductivity is large enough, the system exhibits a
negative dielectric permittivity for a ﬁnite frequency bandwidth just above
the resonance frequency ω0 . An advantage of this metamaterial is that the
Γ=
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resonance frequency can be chosen by an appropriate choice of the capacitive
gaps or the width of the capacitive gap in the metamaterial. Notice that
interestingly while both the inductance and capacitance of the system determine the resonance frequency, the bandwidth for ε < 0 is mostly determined
by the inductance. The dissipation is also only determined by the inductance
and conductivity, unless a dissipative dielectric material is placed inside the
capacitive gaps, in which case additional losses occur.
For example, consider 10 μm thick wire segments, 1 mm in length, spaced
apart by 50 μm and placed on a sparse square periodic lattice of period 5
mm. If we assume a capacitive cross-section area of π × 10−10 m2 and an
embedding medium with a dielectric permittivity of εh = 4, we obtain ωp 
28 GHz, and ω0 = 569 GHz. For denser and much smaller scale wires of
r = 0.5 μm, a = 100 μm,  = 10 μm, d = 1 μm embedded in a medium
with dielectric permittivity εh = 4 and a lattice periodicity of a = 50 μm,
we obtain ω0  13.9 THz, i.e. in the mid-infrared region of the spectrum and
ωp = 7 THz. Thus, we have a complete ﬂexibility in the choice of the negative
dielectric frequency range through the design of the metamaterial.
There is, however, a problem when we consider scaling up the structures
to high frequencies (∼10 THz and above). Metals as mentioned before do
not behave as Ohmic conductors at high frequencies, but rather as plasmas
with negative dielectric permittivity. We therefore need to analyze a system
of cut wires at high frequencies when the bulk dielectric permittivity of the
metal constituting the structure is modeled as a Drude plasma. It is assumed,
however, that the frequencies are much lower than the bulk plasmon frequency
so that the dielectric permittivity function can be approximated as
εm (ω) = 1 −

2
2
ωm
ωm
−
.
ω(ω + iγ)
ω(ω + iγ)

(3.25)

The metal, therefore, has a negative dielectric permittivity whose magnitude
is large. Let us consider the metamaterial of Fig. 3.5 with an incident electric
ﬁeld parallel to the wire segments. The cut-wire segments can be understood
as primarily two capacitors in series per unit cell – one between the adjacent
cut-wires and another one across the wire segment. The capacitance across
the metallic wire segment is then essentially negative due to the large negative
dielectric permittivity of the metal. A negative capacitance is equivalent to
an inductance, which resonates with the positive capacitance across the gap
between the wire edges. Treating the wire segment as a negative capacitance
is justiﬁed by our assumption of a large magnitude for the bulk dielectric
permittivity of the metal. This implies that all the electric ﬁeld lines along the
length of the wire segment between the two end-faces are concentrated inside
the metal segment only with very few fringing ﬁeld lines in the embedding
medium. Hence the contribution to the self-capacitance of the wire segment
arising from the free space outside can be neglected. The potential drop across
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a length 0 of the cut-wire is therefore
V =

I
= Ez 0 ,
−iωC

where the series capacitance, C, is given by


1
0
1
1
=
.
+
C
Cs
Cm  + d

(3.26)

(3.27)

Here Cm  ε0 εm πr2 / approximately and Cs = ε0 εr A/d as before. Again
relating the induced current to the induced polarization, we can calculate an
eﬀective dielectric function for the composite as
ε(ω) = 1 +

2
(πr2 /a2 )( + d)/ωm
.
− ω(ω + iγ)

2
(πr2 /A)(d/)ωm

(3.28)

Thus, we obtain again a Lorentz-like dispersion for the dielectric permittivity.
There are some interesting aspects to the above expression. The resonance
frequency occurs at a frequency lower by a ratio (πr2 /A)(d/) than the bulk
frequency of the metal. If we were to make the capacitive gaps and the wire
segments of equal sizes we would not obtain this reduction. The bandwidth
of the ε < 0 band is determined by the ﬁlling fraction f = (πr2 /a2 ) primarily
along with the bulk plasma frequency. Thus the system can be considered
literally as a diluted metal. Note that the dissipation parameter in the system
turns out to be the same as in the bulk metal. This is due to our assumption
of all the ﬁelds being concentrated in the metal, and thus the dissipation is
the same as if the metal were all pervading. The actual levels of dissipation
should be expected to be slightly lower when one accounts for the positive
capacitance coming from the embedding medium.
The above model is expected to accurately describe metamaterials with
resonances at the near-infrared and the mid-infrared frequencies. In this case,
our assumptions for the bulk dielectric function as a large and negative real
number hold. At higher optical frequencies, however, the assumption that
the electric ﬁeld is entirely concentrated in the metal wire segments with very
little fringing ﬁelds except in the capacitive gaps breaks down. Each wire
segment can itself resonate as an electric dipole when the contribution to
the self capacitance due to the ﬁelds in the surrounding medium is of the
same order as the negative self capacitance arising from the ﬁelds inside the
metal. In other words, we have a resonance of the wire segments: these are
actually the localized plasmonic resonances of the particles. These plasmonic
resonances can interact and hybridize between the wire segments and give rise
to new bands and bandgaps. A comprehensive treatment of these collective
plasmonic excitations is beyond the scope of this book and is a matter of active
research. At far lower frequencies, the dissipation parameter γ dominates
and the plasmonic nature of the particles is barely felt. Hence the previous
treatment as Ohmic wires would model the system better at low frequencies.
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The photonic response of superconducting cylinders made of high Tc superconducting materials has been considered (Takeda and Yoshino 2003) and it
was shown that the system has a low frequency cutoﬀ that is much smaller
than the corresponding energy scale for the transition temperature of the
bulk superconductor. The role of a plasmon in a superconductor as a massive
Higgs boson has been stressed in Anderson (1963). It has been pointed out by
Pendry et al. (1996; 1998) that in such thin-wire superconductor structures,
the frequency of the plasmon could well be smaller than the superconducting
gap making such media of great interest in a fundamental manner. Note,
however, that the use of a superconducting material for low, if not zero, resistivity material is valid only for electromagnetic radiation with frequency
smaller than the frequency of the superconducting gap for the Cooper pairs.
Larger frequency radiation simply excites the charge carriers across the superconducting gap and the system exhibits resistive losses.
3.1.2.1

Other photonic metallic wire materials

Metal dielectric composites have been long studied for their rich electrodynamic response. For example, composites of randomly oriented long conducting ﬁbers have been known to exhibit very large values of the permittivity (Lagarkov and Sarychev 1996, Sarychev and Shalaev 2000). Dense wire
media and similar rod media also known as fakir’s beds have been of interest
to electrical engineers for a long time (Brown 1960, Rotman 1962, King et al.
1983). However, these structures were usually considered when the periodicity of the mesh as well as the diameters of the wires was of the order of
the wavelength. Hence these systems are not easily amenable to homogenization and to the deﬁnition of eﬀective medium parameters. In dense metallic
structures the electromagnetic radiation generally penetrates only one or two
unit cells, eﬀectively interacting with only a two-dimensional surface layer of
the structure. In large periodicity photonic structures, Bragg scattering becomes important when the structure lengthscale and the wavelength become
comparable. Thus the structure cannot be eﬀectively homogenized.
For example, the existence of a low frequency stop-band from zero frequency
up to a cutoﬀ frequency in a diamond lattice wire mesh as well as photonic
bandgaps due to Bragg scattering at higher frequencies was demonstrated
in Sievenpiper et al. (1996). The low frequency stop-band could be attributed
to the ﬂow of electrons in the interconnected metallic mesh, but at the plasma
frequency the lattice size was barely half the free space wavelength. Thus the
modes have a considerable spatial dispersion as in a photonic crystal. It is
not completely clear if this structure could be homogenized in the classical
sense. An interesting transmission line model (Brown 1960) gives
 2

π
ε0
−1
sin(ka)
,
(3.29)
cos
cos(ka)
+
ε=
(ka)2
ka ln(a/(2πr))
which can be shown to agree with our expression for a low frequency plasmonic

© 2009 by Taylor & Francis Group, LLC

92

Designing metamaterials with negative material parameters

medium in the limit of very thin wires (Belov et al. 2002). Sievenpiper et al.
(1996) also considered capacitively loaded wires by cutting selected wires in
the wire mesh medium and demonstrated the presence of resonant modes
associated with the cut-wires. The photonic response of metallic cylinders
embedded in a dielectric host has been considered in Pitarke et al. (1998) and
agreed with the classical Maxwell-Garnett results when the wavelength was
at least twice as large as the spacing between the cylinders. However, these
cases do not ideally fall in the category of eﬀective media.

3.2

Metamaterials with negative magnetic permeability

Although electric and magnetic ﬁelds are just two manifestations of the same
fundamental phenomenon, the response of most materials is extremely onesided and partial to the electric ﬁelds. One can ﬁnd good dielectric materials
at almost any frequencies, from radio to the ultraviolet frequencies. The
magnetic response of most materials, on the other hand, tends to die out at
high frequencies beyond the microwave frequencies. Magnetization usually
results from unpaired electronic spins or electronic orbital currents. Shapedependent collective excitations of these systems (Landau et al. 1984) can
result in resonances at frequencies of even a few hundreds of Gigahertz in some
ferromagnetic, anti-ferromagnetic or ferromagnetic materials. But these are
rare and usually have very small bandwidths. Thus, even magnetic activity,
let alone negative magnetic permeability, is special at frequencies beyond the
microwave regime.
In fact, Landau et al. (1984) tried to give a very general argument that
magnetic activity from real electronic currents (including orbital currents)
should be negligible at optical frequencies and beyond. Their argument, however, crucially depends on neglecting the displacement currents arising from
changes in polarization compared to real electronic currents. In many submicron sized metallic systems, the displacement currents can become very
large, for instance at the surface plasmon resonances, and can dominate over
the electronic currents which become small at high frequencies. Hence such
systems can eﬀectively develop magnetization even at high frequencies.
We subsequently analyze structured materials which give rise to magnetic
activity and, in particular, to a negative magnetic permeability. The crucial issue is to design subwavelength sized structures whose resonances can
be driven by the magnetic component of the electromagnetic ﬁeld so that
the corresponding eﬀect can be reﬂected in the dispersion of the magnetic
permeability. We ﬁrst analyze how to obtain magnetic activity along any one
direction in Sections 3.2.1 to 3.2.6. The designs presented in these sections are
necessarily highly anisotropic, showing a magnetic activity only for magnetic
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Figure 3.6 (a) An applied magnetic ﬁeld along the axes of a stack of conducting cylinders induces circumferential currents that shield the interior. The
resulting eﬀective medium is diamagnetic. (b) The split-ring structure: the
capacitance across the splits in the ring causes the structure to be resonant.
The dimensions of the capacitive gaps lc and dc become design parameters to
control the amount of capacitance in the loop.

ﬁelds oriented along one speciﬁc direction. We then generalize these ideas
to structures that display magnetic activity along all three directions, with
improved designs that have a more isotropic magnetic response.
Before pursuing with the analysis of artiﬁcial magnetic structures, it is
important to note that we treat the radiation as a classical electromagnetic
ﬁeld and the structures as classical systems. Then, given that magnetic ﬁelds
do not aﬀect the free energy of a statistical system in thermal equilibrium,
one can obtain magnetism only as a quantum phenomenon. Hence one could
question our result of magnetism obtained in a classical treatment. This
apparent paradox can be resolved by noting that the material structures that
we consider and the radiation are at diﬀerent temperatures and are not at
equilibrium. Thus, the (AC) magnetism obtained here are, in fact, induced
for systems driven away from thermal equilibrium.

3.2.1

Diamagnetism in a stack of metallic cylinders

Most materials have a natural tendency to be diamagnetic as a consequence
of Lenz’s law. Consider the response of a stack of metallic cylinders to an
incident electromagnetic wave with the magnetic ﬁeld along the axis of the
cylinders as shown in Fig. 3.6(a). The cylinders have a radius r and are
placed in a square lattice with period a. The oscillating magnetic ﬁeld along
the cylinders induces circumferential surface currents which tend to generate
a magnetization opposing the applied ﬁeld. The axial magnetic ﬁeld inside
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the cylinders is
πr2
j,
(3.30)
a2
where H0 is the applied magnetic ﬁeld and j is the induced current per unit
length of the cylinder. A long magnetized cylinder appears as if there are two
separated magnetic monopoles with opposite magnetic charges at its ends.
Thus, there is a depolarizing ﬁeld that is present inside the cylinder due to
the depolarizing ﬁelds of the other cylinders. This depolarizing ﬁeld can be
assumed to be spatially uniform in the limit of inﬁnitely long cylinders and
uniform distribution of cylinders. The third term arises due to this depolarizing magnetic ﬁeld. Thus the mutual inductance between the cylinders is
taken into account to the ﬁrst order here. In fact, if L is the self inductance
of one cylinder and L is the total inductance of all the other cylinders, one
can show that the mutual inductance M of the coupling between them can
be calculated to be
H = H0 + j −

(πr2 /na2 )Φd
ΦL
= lim
,
n→∞
I
I
2
πr
= 2 L,
(3.31)
a
where Φd = (n − 1)LI is the total ﬂux due to the depolarizing ﬁelds of all
other cylinders, and ΦL is the ﬂux inside the cylinder due to the currents on
the cylinder under consideration. The ratio f = (πr2 /a2 ) is called the ﬁlling
fraction in the metamaterial.
The emf around the cylinder can be calculated from Lenz’s law and is
balanced by the Ohmic drop in potential:


πr2
(3.32)
iωμ0 πr2 H0 + j − 2 j = 2πrρj,
a
M =

where time harmonic ﬁelds are assumed and where ρ is the resistance per unit
length of the cylinder surface. The frequencies are assumed to be low enough
to have only a small skin eﬀect.
The system of cylinders can be homogenized by adopting an averaging
procedure (discussed in Chapter 2) that consists of averaging the magnetic
induction B over the area of the unit cell while averaging the magnetic ﬁeld
H over a line along the edge of the unit cell. The averaged magnetic ﬁeld is
Beﬀ = μ0 H0 ,

(3.33)

while the averaged H ﬁeld outside the cylinders is
πr2
j.
(3.34)
a2
Using the above, we obtain the eﬀective relative magnetic permeability
Heﬀ = H0 −

μeﬀ =
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Beﬀ
πr2 /a2
.
=1−
μ0 Heﬀ
1 + i2ρ/(μ0 ωr)

(3.35)
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Thus, the real part of the μeﬀ is always less than one (diamagnetic) and
greater than zero here. This diamagnetic screening eﬀect has been known
since some time for superconducting cylindrical shells (Kittel et al. 1988) and
a diamagnetic eﬀective medium is also obtained with percolation metallodielectric composites (Sarychev and Shalaev 2000).
Note here that
πr2
lim μeﬀ (ω) = 1 − 2 ,
(3.36)
ω→∞
a
which violates the causal limit of μeﬀ → 1 as ω → ∞. This is an artifact of
our assumption of the metal as an Ohmic conductor at all frequencies. Obviously at very high frequencies, the inertia of the charge carriers prevents any
appreciable currents from ﬂowing and the assumption of an Ohmic conductor
breaks down. In some sense this is also reﬂective of the quasi-static nature
of our calculations. One should note that in spite of this improper high frequency limit, this model works quite well at frequencies where the quasi-static
limit holds. Much before we go into the ω → ∞ limit, Bragg scattering and
photonic band structure eﬀects invalidate the assumptions inherent to the
above calculations in any case. This is a feature of all the models for artiﬁcial
magnetic materials that we present here.

3.2.2

Split-ring resonator media

In case of the cylinders, the induced currents made it appear as if magnetic
monopoles were ﬂowing up and down the cylinders, producing only an inductive response (the monopoles equivalently had no inertia). By introducing
capacitive elements into the system, a rich resonant response can be induced.
Consider an array of cylindrical metallic shells with gaps in them as shown
in Fig. 3.6(b). For reasons that will become clear in Section 3.5, we introduce here two capacitive gaps placed symmetrically about the ring and not
just a single gap. The capacitance per unit length along the cylinder can be
tuned by either changing the length of the capacitive arms or by introducing
a dielectric material into the gaps. Such loops with capacitive gaps have become well known subsequently as split-ring resonators – SRR for short. Some
sort of split-ring resonator has been the basis of most of the metamaterials
exhibiting negative magnetic permeability to date.
The SRR works on the principle that the magnetic ﬁeld of the electromagnetic radiation drives a resonant LC circuit through the inductance, which
results in a dispersive eﬀective magnetic permeability. The induced currents
ﬂow in the directions indicated in Fig. 3.6 with charges accumulating at the
gaps in the rings as shown. Balancing the emf generated around the circuit
with the Ohmic drop due to the resistance yields

iωμ0 πr
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πr2
H0 + j − 2 j
a


= 2πrρj −

j
,
iωC

(3.37)
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where the eﬀective capacitance per unit length along the leg of the cylinder
is C = ε0 επc /2dc and ε is the relative dielectric permittivity of the material
in the capacitive gaps. The factor of 2 in the denominator of the capacitance
accounts for the serial capacitance of the two capacitive gaps around the ring.
We can associate a magnetic moment per unit length of each cylinder as
m = πr2 j,

(3.38)

so that the magnetic dipole moment per unit volume is
 2
πr
m
M= 2 =
j.
a
a2
Noting as before that


Heﬀ = H0 −

πr2
a2

(3.39)


j,

(3.40)

M = χm Heﬀ , and μeﬀ = (1 + χm ), we obtain the eﬀective magnetic permeability as
μeﬀ (ω) =

Beﬀ
,
μ0 Heﬀ

= 1+
= 1+

(3.41)

(πr2 /a2 )ω 2
,
2ρ
1
2
μ0 πr 2 C − ω − i μ0 r ω
ω02

f ω2
.
− ω 2 − iΓω

(3.42)
(3.43)

Thus we have a resonant form of the permeability with a resonant frequency
of
1
ω0 = √
=c
LC



2dc
εc πr2

1/2
,

(3.44)

√
that arises from the L-C resonance of the system where c = 1/ ε0 μ0 is the
speed of light in vacuum. The factor f = πr2 /a2 is as usual the ﬁlling fraction
of the material. For frequencies larger than ω0 , the response is out of phase
with the driving magnetic ﬁeld and the μeﬀ is negative up to the “magnetic
plasma” frequency of

ωm = c

2dc
(1 − f )εc πr2

1/2
,

(3.45)

assuming that the resistivity of the material is negligible. It is seen that the
ﬁlling fraction plays a fundamental role in determining the bandwidth over
which the μ < 0, whereas the dielectric permittivity of the embedding medium
ε can obviously be used to tune the resonant frequency. The dissipation
parameter can be expressed as Γ = (2ρ)/(μ0 r) and directly depends on the
resistivity of the rings: smaller rings have smaller resistive pathlengths, which
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Figure 3.7 Eﬀective magnetic permeability for a system of split-cylinders
with r = 1.5 mm, c = 1 mm, dc = 0.2 mm, and the magnetic ﬁeld along the
axis for diﬀerent values of ρ. The system has negative magnetic permeability
for 11.358 GHz < ω < 13.41 GHz. As the resistance increases, the response
of the system tends to tail oﬀ.

is reﬂected in the inverse dependence of Γ on the radius of the rings. A
ﬁnite resistivity, in general, broadens the resonance peak, and in the case of
very resistive materials the resonance is so highly damped that the region of
negative μ can disappear altogether as shown in Fig. 3.7. Reducing the size
of the ring while keeping the ﬁlling fraction large is obviously advantageous
to increase the resonant eﬀects, in addition to being desirable from the point
of view of homogenization.
The resonance frequency and the negative μ band can be varied by changing
the inductance (area) of the loop and the capacitance (the gap width d or the
dielectric permittivity ε of the material in the capacitive gap) of the system.
For typical sizes of r = 2 mm, a = 5 mm, dc = 0.1 mm, and c = 1 mm, we
have a resonance frequency of f0 = ω0 /(2π) = 6.023 GHz, and a “magnetic
plasma frequency” of fm = ωm /(2π) = 8.54 GHz. Note that at the resonance
frequency, the free space wavelength is λ0 = 40 mm implying a ratio of about
λ0 /a  8 to 10, which is reasonably just large enough for the homogenization
hypothesis to be satisﬁed. Obviously, if the capacitance can be increased while
keeping the size of the SRR and the lattice period constant, the homogenized
description becomes more accurate. The dispersion in the μeﬀ for a slightly
diﬀerent SRR dimension and diﬀerent values of the resistivity is shown in
Fig. 3.7.
We note that the μeﬀ  1 − πr2 /a2 asymptotically at large frequencies.
This is due to the assumption of a perfect conductor in our analysis as pointed
out earlier. Let us also note that μeﬀ can attain very large values on the lowfrequency side of the resonance. Thus, the eﬀective medium of SRR is going to
have a very large surface impedance Z = μeﬀ /εeﬀ . Such large impedances
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have also been obtained in capacitively loaded structured surfaces (Sievenpiper et al. 1999, Broas et al. 2001).
Essentially we have a design for a metamaterial whose geometrical sizes
determine the frequency range where the medium exhibits magnetic activity. The size and dissipation levels determine the frequency range over which
the magnetic permeability becomes negative. Our analysis indicates that by
scaling down the size of the SRR while keeping other geometrical aspects constant, we should be able to obtain magnetic activity at higher frequencies. It
is, however, the material properties of the metal constituting the SRR that
do not permit this simple upscaling. The metals do not behave as Ohmic conductors at high frequencies and this actually presents a formidable obstacle to
scaling up the frequencies of operation to the optical frequencies, as further
discussed in Section 3.2.4.

3.2.2.1

Pendry’s split rings

In the initial years of development of the ﬁeld, a slightly diﬀerent design for
the split-ring resonators was fabricated and discussed. This was the design
given in the original proposal for magnetic activity by Pendry et al. (1999).
The original SRR is shown in Fig. 3.8 and has somewhat more capacitance;
consequently a lower operating frequency and thus better satisfaction of the
homogenization conditions are possible. The description of this SRR (which
we call Pendry’s SRR after its original proposer) is slightly more involved. We
devote here a short discussion to the functioning of this particular structure
primarily due to its historical importance in the evolution of this area.
The main diﬀerence that arises with the composite ring structure is that
the large gap in each ring prevents the current from ﬂowing around in a single
ring and the circuit is completed across the small capacitive gap between
the two rings. Thus, a large part of the capacitive loading arises from the
capacitive interaction between the rings. The mutual capacitance is not very
simple to estimate. In the most general case, there would be three resonances,
one corresponding to each LC resonance of each ring and one resonance that
arises from the mutual coupling.
If we assume that the gap (d) is very small compared to the radius (r) and
that the capacitance due to the large gaps in any single ring is negligible,
then the low frequency resonance is the one due to capacitive coupling across
the rings. In this case, the ﬂow of the currents in the two rings is in the
same direction and the inner and outer loops have approximately the same
inductance and self capacitance. Note that if Ki (φ) and Ko (φ) are the currents
in the inner and outer loops that are functions of the azimuthal angle, and
if jr is the displacement current density that arises in-between the rings, we
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Figure 3.8 Pictorial view of the cylindrical unit for the SRR proposed
in Pendry et al. (1999). The inner conducting ring acts as a capacitive load
on the outer ring. The charge buildup across the ends of the split rings,
the direction of the currents, and the mutual capacitance are schematically
depicted.

have
dKi
= rjr ,
dφ
dKo
= −rjr ,
dφ

(3.46)
(3.47)

so that the total circulating current in the two rings Ki + Ko = K is uniform.
Under the assumption that the potential varies linearly with the azimuthal
angle around the ring, one can write the equations for the currents (per unit
length) in the two rings near the splits as
(ZL + ZC + ZR )Ki + Zio Ko = emf H ,

(3.48)

Zio Ki + (ZL + ZC + ZR )Ko = emf H ,

(3.49)

where the inductive impedance is ZL = −iωμ0 πr2 for each ring (approximately as d  r), ZC is the capacitive impedance, and Zio is the mutual
impedance.
We need to proceed with the calculation of the capacitance of the broken
rings, which is quite a tedious process. The capacitance for each ring can be
written as (Sauviac et al. 2004)
C = Cs +
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where Cs is the capacitance across the splits which can be neglected, and
where the mutual capacitance can be approximated by Cmut = (ε0 επr)/d.
Including the depolarization ﬁelds in the mutual inductance and adding the
above two equations, we obtain for the total current K
K=

(1 −

πr 2
a2

−iωμ0 πr2
)iωμ0 πr2 − 2πrρ +

1
iωC

.

(3.51)

Finally we obtain for the eﬀective magnetic permeability,
μeﬀ = 1 +

2c2 d
επ 2 r 3

f ω2
.
− ω 2 − i 2ρω
rμ0

(3.52)

Thus, again we have a resonant form of the dispersion for the magnetic
permeability. The main diﬀerence is the larger capacitance that can be attained here and a correspondingly lower operating frequency for a given size
of the SRR than in the previous case. Also note that we have made several
assumptions and approximations in our calculations that are usually violated
in actual experimental implementations. For example, the sizes of the inner
and outer rings can be considerably diﬀerent and the capacitances across the
splits can be comparable to, if not dominate over, the mutual capacitance.
Experimentalists usually obviate this problem by including a few “fudge” factors that account for the extra inductances or capacitances. In most cases,
the formula above can only be taken as a guideline and detailed numerical
calculations become necessary to obtain better quantitative estimates. Furthermore, these SRRs also exhibit an electric polarizability for an electric
ﬁeld oriented in the plane of the SRR along the gap in the rings. We refer
the reader to Sauviac et al. (2004) for more detailed calculations of such coupled SRRs. In fact, these SRR are bianisotropic as well: the magnetic ﬁeld
oriented along the axis of the SRR can induce an electric polarization in the
plane of the SRR. This property arises due to the asymmetric charge densities
that develop in the SRR and is discussed further in Section 3.5.

3.2.3

The Swiss Roll media for radio frequencies

Pendry and co-workers (Pendry et al. 1999) also proposed another resonant
unit, the Swiss Roll, as the basis of magnetic metamaterials for low frequency
operations. This structure conveniently avoids increasing the size of the units
by having a large increased self inductance and enhances the homogeneous
description as an eﬀective medium since the ratio of the unit size to the free
space wavelength is further decreased. Such Swiss Roll can be achieved by
rolling up a metal sheet in the form of a cylinder with each coil separated by
an insulator of thickness d as shown in Fig. 3.9. The current loop is completed
here through the diﬀerential capacitance across the space between the metal
sheets as shown. As before, the eﬀective magnetic permeability for a system
of such structures can be easily calculated.
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Figure 3.9 Cross-section of the cylindrical unit for the Swiss Roll metamaterial. The Swiss Roll consists of a rolled-up sheet of a conductor with
an insulating medium in-between that separates out the adjacent conducting sheets capacitively. The net inductance is signiﬁcantly increased by the
multiple loops.
If the number of coils N is large, one can assume a uniform current j
in the sheet making up the Swiss roll in all the loops except the innermost
and outermost loops where one can assume an average current of j/2. This
diﬀerence can be neglected in the limit of large N . The total circular current
in the ring is then jt = (N − 1)j. Thus, one can write for the total emf for
each loop on the average, which is balanced by the resistive drop in the roll
and the capacitance C = (ε0 ε2πr)/d across adjacent loops as


πr2
j
.
(3.53)
iωμ0 πr2 H0 + (1 − 2 )jt = 2πrρj −
a
(iωC)
Note that the eﬀective capacitance between the inner and outer loops of the
Swiss roll can be approximated by N − 1 capacitances in series and is given
by C/(N − 1). Here N is the number of coils in the structure and it is
assumed that total thickness of the wound layers N d  r, the cylinder radius.
Note that the eﬀects of the depolarizing ﬁelds are included through the ﬁlling
fraction in the above equation. Proceeding as before, one can write for the
eﬀective ﬁelds

Heﬀ

Beﬀ = μ0 H0 ,
πr2
= H0 − 2 jt ,
a

(3.54)
(3.55)

where the B ﬁelds are averaged over an area of the unit cell and the H ﬁelds
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Figure 3.10 Dispersion of the real and the imaginary parts of the eﬀective
magnetic permeability measured for the Swiss Rolls. Inset: A photograph of
a Swiss roll made by rolling up polyimide sheets with a thin layer of deposited
copper in-between. The polyimide acts as the insulating capacitive gap between successive turns of the roll. The diameter of the Swiss Roll is about
1 cm. (Source: The photograph and the graph have been kindly provided
by M. C. K. Wiltshire. Published in Wiltshire et al. (2003a) and reproduced
c 2003, Optical Society of America.)
with permission. 
are averaged over a line lying entirely outside the Swiss roll. Hence we can
obtain for the magnetic eﬀective permeability
μeﬀ = 1 −

πr2 /a2
.
2ρ
dc2
1 − π2 r3 (N
−1)ω 2 + i μ0 ωr(N −1)

(3.56)

The relevant frequencies are the magnetic resonance frequency (ω0 ) and the
magnetic “plasma” frequency (ωmp ), respectively, given by
*
d
,
(3.57)
ω0 = c
2
π r3 N
ωmp = c

d
.
(1 − f )π 2 r3 N

(3.58)

This system also has the same generic resonance form of the permeability
with frequency as the SRR structures, but the resonance frequency occurs at
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Figure 3.11 Left: Schematic picture showing the imaging of an M-shaped
antenna emitting at 21.3 MHz by a stack of resonant Swiss rolls arranged in
a hexagonal close packed structure. Right: The measured image of the Mshaped antenna, measured on the other end-face of the bundle of Swiss rolls.
The image is transferred to the other end-face of the pack by virtue of the Swiss
Rolls acting as magnetic ﬂux tubes due to their high magnetic permeability.
The locations of the Swiss Rolls are also marked out. (Source: The image
has been kindly provided by M. C. K. Wiltshire. Published in Wiltshire
c 2003, Optical Society of
et al. (2003a) and reproduced with permission. 
America.)

a much lower frequency owing to the much larger inductance (∼N 2 ) of the
structure. Using the material EspanexB, which consists of a 12.5 μm polyimide sheet with 18 μm of deposited copper, Wiltshire et al. (2003b) reported
on sheets rolled-up into Swiss Rolls which had a resonant frequency near
21.3 MHz. A photograph of these Swiss Rolls along with the measured values
of the magnetic permeability of these Swiss Rolls is shown in Fig. 3.10. The
eﬀective permeability of the Swiss Roll medium was determined by inserting a
roll into a long solenoid, and measuring the changes in the complex impedance,
where estimated corrections for the partial volume occupied and demagnetization have been made. We note that the relevant value of a/λ  10−4 at
these frequencies, which is almost the same as that for bulk material molecules
and atoms at optical frequencies. Thus the eﬀective medium approximation
should be excellent in this context.
Note that at frequencies smaller than the resonance frequency, the real part
of the magnetic permeability can take very large positive values, almost 15
in this case. Thus radio frequency ﬁelds can be strongly coupled into these
Swiss rolls which can act as magnetic ﬂux tubes. This has seen application
in Magnetic Resonance Imaging (MRI) at radio frequencies (Wiltshire et al.
2001; 2003a). Fig. 3.11 shows an array of such Swiss rolls which were then
used to channel down their length the image of an “M”-shaped RF antenna.
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The image that was measured on the other side is seen to have preserved ﬁne
details. These Swiss rolls have also more recently been shown to work as a
near-ﬁeld lens with very high subwavelength image resolution (Wiltshire et al.
2006). The ideas of near-ﬁeld imaging by materials with negative material
parameters is discussed in greater detail in Chapter 8.

3.2.4

Scaling to high frequencies

The Maxwell equations indicate that one can scale the phenomena to higher
frequencies by simply scaling down the corresponding lengthscales. This has
been the overriding principle of photonic crystals made from non-dispersive
dielectric materials (Sakoda 2005). However, the main problem in scaling the
performance of metamaterials to higher infrared and optical frequencies is that
the material parameters of the constituent materials disperse with frequency,
which does not allow scaling in a straightforward manner. Primarily, metals
no longer behave as perfect or Ohmic conductors, and the penetration depth of
electromagnetic ﬁelds becomes considerable, while dissipation also increases.
Consequently, the dispersive nature of the metals must be taken into account.
Additionally, another cause of concern is the technological ability to accurately
make large numbers and arrays of the resonant structures at the small length
scales necessary.
The single ring SRR would be more suitable than more complex double
rings from the point of ease of fabrication at micro and nanometric dimensions. Consider the split ring with two symmetric splits shown in Fig. 3.12(a).
The dimensions of the SRR have been chosen to achieve operation at tens of
terahertz and were originally proposed in O’Brien and Pendry (2002). The
band structure and the transmission for inﬁnitely long split-cylinders of silver obtained using a photonic band-structure calculation using the transfer
matrix method (Pendry 1994) is shown in Fig. 3.12(b). The magnetic ﬁeld is
assumed to be along the axis of the split-cylinders and a plasma form for the
dielectric function of silver, ε(ω) = ε∞ − ωp2 /[ω(ω + iγ)], was used with the
empirical values of ωp = 9.013 eV (Johnson and Christy 1972), γ = 0.018 eV,
and ε∞ = 5.7. Note the presence of a frequency gap that arises due to the
negative eﬀective μ of the structure at about 75 to 80 THz, while our simple circuit theory model in Section 3.2.1 predicts a resonance frequency of
104 THz for the L-C resonance. Consequently, the assumptions of a perfect
conductor clearly cannot be made at these high frequencies. Using the parameter retrieval method presented in Chapter 2, the eﬀective ε and μ were
recovered from the emergent quantities, viz., the complex transmission coeﬃcient and reﬂection coeﬃcients from a slab made of such SRR and are shown in
Fig. 3.12 (c) and (d), clearly demonstrating a frequency band with Re(μ) < 0.
The retrieval results also show Im(ε) < 0 near the resonance and an anomalous dispersion of Re(ε) about the resonance frequency. This anti-resonant
behavior arises because of the failure of this particular retrieval algorithm to
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Figure 3.12 (a) Single ring with a double slit with a = 600 nm, b = 312 nm,
τc = 24 nm, dc = 24 nm and Lc = 144 nm used for the calculations. (b)
Photonic band structure of this system of columns for the S-polarisation (with
H along the cylindrical axes). The light line (dotted) and the bands for silver
columns with the same ﬁlling fraction are shown for comparison. The bandgap
at about 75 THz arises due to negative μ. (c) Real and imaginary parts
of μ and (d) real and imaginary parts of ε. (The ﬁgure is reproduced with
c 2005, Institute of Physics Publishing,
permission from (Ramakrishna 2005) 
U.K. )

properly account for the boundaries of the metamaterial slab.‡ Thus, the
retrieved eﬀective medium parameters are restricted in this case. While they
describe well the scattering properties of radiation from such metamaterials,
they cannot be used to calculate, for example, other properties such as the
heating rate due to absorption.
Let us build a simple model for this system to gain an insight into the
high-frequency scaling properties. Assuming a strong skin eﬀect, i.e. that
the thickness τc of the metal shells is smaller than the skin depth (∼20 nm
at 100 THz), we can write the displacement current per unit length jφ =

‡ When

the size of the metamaterial units are extremely small compared to the wavelength,
such spurious eﬀects become minimal.
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−iωε0 εm Eφ . The potential drop across each half of the ring is
 π
πrjφ
Vr =
Eφ rdφ =
,
−iωε0 εm
0

(3.59)

and the potential drop across each capacitive gap (of arm length Lc ) is given
by

1
jφ τc dc
Vc =
.
(3.60)
I(t)dt =
C
−iωε0 εLc
+
Using, the fact that the total emf induced around the loop is Eφ dl =
iωμ0 Hint da, we can equate the potential drop to the emf generated around
the loop as
(3.61)
2Vr + 2Vc = iωμ0 πr2 Hint .
Using Ampere’s law, the magnetic ﬁelds inside and outside the split cylinders
can be related as
Hint − Hext = jφ τc ,
(3.62)
yielding that
Hext
μ0 ε0 ω 2 πr2 τc
.
=1−
Hint
[2πr/εm + 2τc dc /(εLc )]

(3.63)

The averaged magnetic induction is Beﬀ = (1 − f )μ0 Hext + f μ0 Hint , where
f = πr2 /a2 is the ﬁlling factor. Averaging over a line lying entirely outside the
cylinders for the magnetic ﬁeld Heﬀ = Hext , we obtain the eﬀective magnetic
permeability as
μeﬀ =

Beﬀ
f ε0 μ0 ω 2 πr2
=1+
.
μ0 Heﬀ
[(2πr/(εm τc ) + 2dc /(εLc )] − ε0 μ0 ω 2 πr2 τc

(3.64)

Assuming as before that εm  −ωp2 /[ω(ω + iγ)] for the infrared and optical
frequencies, we obtain the generic form for the eﬀective permeability:
μeﬀ (ω) = 1 +

f  ω2
,
ω02 − ω 2 − iΓω

(3.65)

where the resonance frequency, eﬀective damping coeﬃcient, and the eﬀective
ﬁlling fraction are, respectively,
ω02 =

1
,
(Li + Lg )C

Γ=

Li
γ,
Lg + Li

f =

Lg
f.
Lg + Li

(3.66)

Here C = ε0 εLc /2dc is the eﬀective capacitance of the structure, Lg = μ0 πr2
is the geometrical inductance, and Li = 2πr/(ε0 τc ωp2 ) is an additional inductance that appears. Noting that the plasma frequency is ωp2 = N e2 /(ε0 m), we
see that the additional inductance arises entirely due to the electronic mass
so that Li can be termed the inertial inductance.
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The presence of this additional inductance can be explained by noting that
at high frequencies, the currents are hardly diﬀusive and become almost ballistic because the distance through which the electrons move within a period
of the wave becomes comparable to the mean free path in the metal. This
means that if the frequencies are too high, the electrons can hardly be accelerated and the response falls. The mass of the electron contributes additionally
to the eﬀective self inductance.§ The eﬀective damping factor also becomes
much larger as the size of the ring is reduced. This is due to the fact that the
proportion of energy in the ballistic motion of the electrons increases compared to the energy in the electromagnetic ﬁeld as the size is reduced and the
resistive losses are then very eﬀective indeed.
Thus even if the size of the ring were negligible, the inertial inductance
would still be present preventing the scaling to higher frequencies. This eﬀect
has also been discussed in connection with using superconducting SRRs in
the microwave region (Kumar 2002). The large increase in the damping as
the dimensions are scaled down broadens the resonance and the permeability
does not disperse violently, making the region of negative permeability vanish
altogether. The increase in damping is a matter of great concern for operation
at optical frequencies.
Numerical studies have conﬁrmed the above model at high frequencies and
the response of the SRR with two splits was shown to tail oﬀ in the infrared
region (λ ∼ 5μm) (O’Brien and Pendry 2002). By adding more capacitive
gaps to lower the net capacitance and adjusting the dielectric constant of
the embedding medium, it was numerically demonstrated that a medium of
SRR with four splits can have negative μ at telecommunications wavelength
of about 1.5 μm (O’Brien et al. 2004). A study with aluminum SRR having
four splits also subsequently conﬁrmed that the resonance frequency tended
to saturate at few hundreds of terahertz (Zhou et al. 2005). An interesting use
of pairs of parallel metal rods (with lengths ∼100 nm) periodically embedded
in a dielectric medium as an eﬀective medium with negative magnetism at
infrared frequencies was proposed in Panina et al. (2002). The current loop
across the two rods is completed via the displacement currents in vacuum
between the rods.
Suitably scaled down double ring SRRs have been demonstrated experimentally to have negative magnetic permeability at terahertz frequencies (Yen
et al. 2004). SRRs with a size of 320 nm made of gold and a single capacitive gap were shown to have a magnetic resonance at about 100 THz (Linden
et al. 2004) and the saturation of the resonance frequency with reducing size
at about 300 THz was shown with these rings (Klein et al. 2006b). Novel
loop structures on a metal surface which provide magnetic activity at about
75 THz was explored in Zhang et al. (2005b). The concept of using wire§ The current j = nev ∼ ne(−iωeE/m), where E is the applied ﬁeld. Then the potential
drop over a distance  is V ∼ m/(ne2 )(∂j/∂t), implying an inductance that is linearly
proportional to the electronic mass.
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pairs as magnetic atoms was investigated in Dolling et al. (2005) where the
transition of the behavior from a singly split SRR to a wire-pair was investigated with gold structures. The measurements, in general, have conﬁrmed the
results of the above model for scaling to high frequencies both qualitatively
and quantitatively. There are also experimental implementations using gold
nanopillar pairs (Grigorenko 2006) and arrays of paired strips of silver (Shalaev et al. 2005) that have tried to push the idea of magnetic activity and
negative magnetic permeability into the visible spectrum (λ ∼ 725 nm).

3.2.5

Magnetism from dielectric scatterers

It is clear from the discussion above that the essential key to strong magnetic
activity is an under-damped resonance that results in large local enhancements
of the magnetic ﬁeld. In the designs presented above, the resonance is an L-C
resonance that results from the geometric structure of the conducting materials. In addition, any other resonance that can be driven by the magnetic
ﬁeld can also be used. For example, magnetic activity via the Mie scattering
resonances of magnetic nature (Bohren and Huﬀman 1983) in systems of small
scattering particles has been realized as early as 1986 (Bohren 1986). The use
of the magnetic Mie scattering resonances of a dielectric cylinder (O’Brien
and Pendry 2002) and magneto-dielectric spheres (Holloway et al. 2003) for
generating a negative magnetic medium have also been proposed. These Mie
resonances are well known and give rise to the heavy photon bands in periodic photonic crystals of cylinders or spheres (Ohtaka and Tanabe 1996).
Usually these bands arise at large frequencies when the corresponding wavelength is smaller than the unit cell size and the idea of an eﬀective medium
is not applicable. However, if the dielectric permittivity of the scatterers is
large, these resonances can occur at much lower frequencies and these Mie
resonances can be lowered well within the ﬁrst Bragg band. In this case, the
idea of an eﬀective medium becomes useful and such polaritonic spherical or
cylindrical inclusions along with metallic particles have been demonstrated to
have a negative magnetic permeability and simultaneously negative dielectric
permittivity, too (Yannopapas and Moroz 2005, Liang et al. 2007).
A dielectric particle can exhibit a variety of electromagnetic resonances
depending on its geometry. One of the hallmarks of a resonance is the large
magnitude of the electromagnetic ﬁelds that arise within the scatterer. We
can aim to obtain scattering resonances whereby large and inhomogeneous
magnetic ﬁelds within the scatterer contribute to a uniform magnetization in
the medium. In our homogenization procedure of averaging the B ﬁelds over
the area of the unit cell, the contribution of such inhomogeneous local ﬁelds
are immediately picked up. Note that in the design of such materials, we
are restricted to using mono-polar resonances only, because resonances with
dipolar or higher multipolar terms tend to contribute nothing to the average
B ﬁeld over the unit cell.
In the above spirit, let us ﬁrst analyze a stack of dielectric cylinders of
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radius R and consider Transverse Electric (TE) polarized light (H along the
cylindrical axes) to be incident on the stack. The magnetic ﬁelds associated
with scattering from a single cylinder in air are given by (Bohren and Huﬀman
1983)
Hzinc = H0

∞


im Jm (kr)eimφ ,

m=0
∞


Hzscatt = −H0
Hzint = H0

(3.67a)

(1)
im am Hm
(kr)eimφ ,

(3.67b)

m=0
∞

m

i cm Jm (nkr)eimφ ,

(3.67c)

m=0

where Hzinc is the incident ﬁeld of a plane wave, Hzscatt are the scattered ﬁelds,
Hzint are the ﬁelds inside the cylinder, k = 2π/λ and n is the refractive index
(1)
of the cylinder material. Jm and Hm are the Bessel function and Hankel’s
functions of the ﬁrst kind and order m, respectively. The coeﬃcients am and
cm are determined by matching the tangential components of the total electric
and magnetic ﬁelds across the cylindrical boundaries and are obtained as
(1)

cm =
am =

Jm (kR) − am Hm (kR)
,
Jm (nkR)


(nkR)Jm (kR) − nJm (nkR)Jm
(kR)
Jm
(1)

(1)

 (nkR)H
Jm
m (kR) − Jm (nkR)Hm (kR)

(3.68a)
,

(3.68b)

where the primes indicate a derivative with respect to the argument. The
conditions for a resonance can be obtained from the poles of am . The characteristic equation obtained has complex solutions and illumination by radiation
at a frequency close to the real part of a particular root causes the corresponding am and cm to dominate over all the other scattering coeﬃcients. Then the
ﬁelds inside the cylinder have maximum contribution from this predominant
eigenmode and essentially take the character of that function.
For example, the angularly symmetric (m = 0) resonance results in an enhanced magnetic ﬁeld only in one direction, along the axis of the cylinder. In
the case of an array of such cylinders, the system would appear as a conglomerate of magnetized rods with the displacement current in each rod being in
the azimuthal direction. Substituting this mono-polar resonance contribution
for the magnetic ﬁeld in the deﬁnition for the eﬀective magnetic permeability (O’Brien and Pendry 2002),
Beﬀ
,
(3.69a)
μ0 Heﬀ
√
,R
, a/ π
(1)
[J0 (kr) − a0 H0 (kr)]r dr
2π 0 J0 (nkr)r dr + R
= 2
, (3.69b)
(1)
a
J0 (ka/2) − a0 H (ka/2)

μeﬀ =

0
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Figure 3.13 Eﬀective magnetic permeability (μeﬀ ) obtained for a stack of
long dielectric cylinders arranged on a square lattice with ε = 200 + i5 as
predicted by Eq. (3.69a). The cylinders have a diameter of 4 mm and are
placed on a square lattice of period 5 mm. The ﬁgure has been redrawn from
the data of O’Brien and Pendry (2002). The data for the ﬁgure has been
kindly provided by S. O’Brien.

where the integration is carried over a circle with the same area of the unit
cell (a2 = πr2 ). The function is plotted in Fig. 3.13 for dielectric cylinders of
of 4 mm diameter, placed apart on a square lattice of period 5 mm, and ε =
200+i5. The system possesses negative magnetic permeability if the dielectric
permittivity of the corresponding cylinder is made large enough. This is
due to the tremendous increase in the inhomogeneous local ﬁelds caused by
conﬁnement in the high dielectric rods. The magnetic Mie resonance can then
occur at low enough frequencies such that it occurs well within the ﬁrst Bragg
band and the system is amenable to homogenization. This aspect was also
conﬁrmed with photonic band structure calculations and eﬀective parameter
retrieval from the reﬂection coeﬃcients (O’Brien and Pendry 2002). Note that
the ratio of the free space wavelength to the periodicities in the system can
be about 15, which implies a good applicability of homogenization.
An important issue that needs to be overcome for the realization of magnetic metamaterials from dielectric scatterers is to obtain the constituent materials with a large enough dielectric permittivity. This seems well within
reach as several ferro-electric materials such as barium strontium titanate
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(Ba0.6 Sr0.4 TiO3 ) have dielectric constants of a few hundreds with very small
loss tangents of less than a percent (Sengupta 1997) at Gigahertz frequencies.
At much higher frequencies, there are polaritonic crystals such as LiTaO3 ,
whose polaritonic resonance occurs at about 26.7 THz (Yannopapas and Moroz 2005), and the material has a large permittivity just below the resonance
frequency.
Similarly, spheres of large dielectric permittivity can also be utilized to
construct metamaterials of negative magnetic permeability via the magnetic
Mie resonance. The eﬀect in this case is intrinsically three-dimensional and
this approach can easily be utilized to obtain an almost isotropic response.
Consider a simple cubic crystal of periodically arranged spheres made of a
polaritonic material. At the conditions for the magnetic Mie resonance, each
sphere essentially behaves as a magnetic dipole. If there is not much loss
of ﬂux (depolarizing ﬁelds), one can imagine magnetic ﬂux tubes running
along the linear arrays of such magnetic dipoles formed. Then the description
becomes almost analogous to the earlier situation of long cylinders with the
magnetic ﬂux along the cylindrical axis.
Even if the arrangement of the spheres did not satisfy these conditions,
one can homogenize a system of such spheres accurately for small enough
ﬁlling fractions (f ). Consider spheres of radius R and dielectric permittivity
of εs embedded in a homogeneous dielectric medium of dielectric permittivity
εh . The Doyle extension of the Maxwell-Garnett eﬀective medium theory
discussed in Section 2.5.2 yields
εeﬀ = εh

x3 + 3if a1
,
x3 − 32 if a1

μeﬀ = μh

x3 + 3if b1
,
x3 − 32 if b1

√
where the size parameter x = kR, μh = 1, k = 2π εh /λ, and (a1 , b1 ) are
the Mie scattering coeﬃcients representing the electric dipole and magnetic
dipole terms, respectively. Using this, it has been shown that the homogenized eﬀective permeability exhibits resonant features around the magnetic
Mie resonance frequency and the eﬀective magnetic permeability is negative
for spheres with εs = 100 and of size S = 0.5a0 where a0 is the ﬁrst nearest
neighbor distance on an fcc lattice (Yannopapas and Moroz 2005). Photonic
band structure calculations also conﬁrmed the presence of a frequency band of
negative magnetic permeability. The result for the eﬀective medium parameters is shown in Fig. 3.14. In addition, Holloway et al. (2003) showed that a
system similarly comprising of magneto-dielectric material has a similar negative magnetic permeability frequency band near the magnetic Mie resonance
frequency. Note that the systems give the possibility of obtaining both negative eﬀective dielectric permittivity as well as negative eﬀective permeability,
but at diﬀerent frequencies as should be expected. By mixing diﬀerent sized
spheres, in principle, one could obtain both eﬀective medium quantities to be
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Figure 3.14 Eﬀective magnetic permeability (μeﬀ ) and dielectric permittivity (εeﬀ ) obtained for a three-dimensional fcc lattice of spherical particles
with εs = 100 and S = 0.5a0 as predicted by Eqs. (2.63) and Eqs. (2.64).
c 2005,
(Reproduced with permission from Yannopapas and Moroz (2005). 
Institute of Physics Publishing, U.K.)

simultaneously negative at the same frequency. This is subsequently discussed
in Section 3.3.

3.2.6

Arrangements of resonant plasmonic particles

The Mie resonances (plasmonic resonances) of very small metallic particles
can be utilized to obtain magnetic media by virtue of a geometric loop-like
arrangement of the particles (Alù et al. 2006a). The resonance frequency
is, however, determined only by the plasmonic resonance frequency, which in
turn is determined by the size and nature of the particle. The essence of this
idea is to organize metallic particles in loop-like arrangements, whereby at
frequencies near the plasmonic resonance, one can use the large displacement
currents across each particle that arise at resonance to go around the loop
and give rise to a magnetic dipole moment (Saadoun and Engheta 1992).
In fact, every plasmonic particle in itself can be considered as an LC circuit.
Consider the charge accumulation on the surface of a spherical or cylindrical
particle driven by a time harmonic ﬁeld as shown in Fig. 3.15. The negative
dielectric permittivity of the metal inside makes it a capacitor with negative capacitance (or equivalently an inductance), while the positive dielectric
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Figure 3.15 A plasmonic nanoparticle can be regarded as a resonant L-C
circuit. The capacitance comes from the electric ﬁelds in the positive dielectric
medium outside, while the negative dielectric permittivity inside the particle
gives rise to an eﬀective inductance.

y
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a
Figure 3.16 Loop-like arrangements of resonant plasmonic particles can give
rise to a resonant excitation of the ring whereby the circulating displacement
current around the ring makes it appear as a magnetic dipole.

permittivity of the medium (vacuum) for the ﬁelds outside enables a ﬁnite
capacitance. Thus, all the necessary ingredients for an L-C resonance are
gathered, creating circuits with light at nanoscale, or optical nanocircuits as
proposed in Engheta (2007). The plasmonic resonance for very small nanoparticles, where the quasi-static approximation is valid, can just be thought of
as due to a resonant L-C circuit. The dissipation in the metal brings in the
resistive aspect to this circuit.
In a sense, putting together several resonant particles in the above manner
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Figure 3.17 Response of small plasmonic nano-cylinders placed on a ring of
larger radius to excitation by a line source placed at a distance of 1.2λ. The
gray scale shows the magnetic ﬁeld that is large and conﬁned inside the ring.
The arrows show the electric ﬁeld that goes around in the azimuthal direction.
The electric ﬁelds within the plasmonic particles is large and arises due to
the plasmon resonance of the individual particles. The resonant “magnetic”
excitation of the ring occurs at the same frequency as the plasmon resonance
of the individual cylinders.

is an extension of the idea of the split ring resonator with N-splits. The
resonance frequency in this system is, however, determined by the plasmonic
resonance of the individual particles and not by the size of the ring. In the
limit of small size of the particles, the resonant surface plasmon excitation of
each particle dominates over the interaction of the particles and determines
the resonance frequency.
Consider next a system of N spherical plasmonic particles of radii a, arranged symmetrically on a circle of radius R as shown in Fig. 3.16 (Engheta
2007). One can determine the induced magnetic polarization without exciting any electric polarization by considering the excitation by N-symmetrically
incident plane waves with the magnetic ﬁeld along the normal to the loop (Ishi-
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maru et al. 2003, Alù et al. 2006a):
E = φ̂

N

E0 ikn ·r
e
,
N
n=1

(3.70a)

H = ẑ

N

H0 ikn ·r
e
,
N
n=1

(3.70b)

where kn = r̂kb , E0 = − μb /εb H0 , and kb is the wave-number in the embedding medium. This is a convenient way of isolating the magnetic response and
is equivalent to considering a spatially constant magnetic ﬁeld in the quasistatic limit. In the far-ﬁeld limit, it has been shown that the scattered waves
by such an arrangement are given by
iN kb3 R exp[ikb r]
p sin θ,
E = −φ̂
8πεb
r
*
εb iN kb3 R exp[ikb r]
p sin θ,
H = θ̂
μb 8πεb
r

(3.71a)
(3.71b)

where p is the induced electric dipole moment per particle in the loop. It can
immediately be deduced that the above ﬁelds correspond to those radiated by
a magnetic dipole of strength
m = −ẑ

iω
pN R.
2

(3.72)

Each loop is therefore equivalent to a resonant magnetic dipole and we have
an array of resonant magnetic dipoles.
The resonant response in a system of similar cylindrical plasmonic particles
excited by a line source placed at a point about a wavelength away from the
loop is shown in Fig. 3.17. The calculations were carried out by the Finite
Element Method. An enhanced magnetic ﬁeld in the interior of the loop and
the polarization of the individual nanoparticles in the azimuthal direction can
be clearly seen. In fact, the resonant ﬁeld enhancement is so strong inside the
loop that the ﬁelds of the exciting source are barely discernible in the ﬁgure.
In the eﬀective medium limit of small loop radius compared to the wavelength, one obtains a Lorentz-like dispersion of the magnetic permeability.
Note that these loops also contribute to the eﬀective dielectric permittivity of
the medium. For electric ﬁelds in the plane of the loops, the net dipole moment can be taken to be the sum of the individual dipole moments induced on
each nanoparticle. The eﬀective magnetic permeability and dielectric permittivity calculated for a system of plasmonic nanoparticles (silver nanospheres
of 16 nm radius) are shown in Fig. 3.18. For nanoparticles made of good
metals such as gold, silver or potassium, one can obtain a negative magnetic
permeability in a frequency band above the plasmon resonance frequency.
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Figure 3.18 Dispersion in the eﬀective medium parameters (μ, ε) for a metamaterial consisting of loop-like units of plasmonic nanoparticles. For the ﬁgure
shown, the metamaterial unit consists of six silver plasmonic nanospheres of
radius 16 nm which are arranged on a circle of radius 40 nm. The number
density of such loops is (108nm)−3 . Reproduced from (Alù et al. 2006a) with
c 2005, Optical Society of America, 2006.
permission 

3.2.7

Isotropic magnetic metamaterials

Most of the designs previously discussed for the realization of a magnetic
activity are anisotropic: the eﬀective medium was magnetically active only
for electromagnetic waves that were polarized so that the magnetic ﬁeld was
normal to the plane of the SRR (along the cylindrical axis) for example.
In that regard, the medium is characterized as being uniaxial. In fact, the
structure based on the two-dimensional cylinders appears as a plasma medium
to waves with the electric ﬁeld polarized along the cylindrical axes due to the
ability of the metallic cylinders to conduct currents in the axial direction.
Thus, stacking cylindrical structures along the three axes would not result
in a more isotropic magnetic response, but the medium would appear to be
more like a plasma. To design more isotropic structures it is imperative to
break the continuity along the axial directions. One simple solution would be
to have planar SRR structures deposited on a substrate in arrays as shown in
Fig. 3.19 and the arrays can be stacked up in the vertical direction, with the
SRRs arranged one above the other. This would break the continuity along the
vertical direction and the discrete rings arrayed in the vertical direction would
mimic the action of a cylinder conﬁning the magnetic ﬂux inside them. Upon
arranging the planar SRR arrays along the three orthogonal directions, one
would create interleaving orthogonal planes of SRR which would render a more
isotropic response. The respective SRRs would respond to the components of
the exciting magnetic ﬁeld along all three orthogonal directions.
In order to work, the stacking distance should be small enough such that
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Figure 3.19 Left: Planar SRR stacked in the axial direction to mimic a
continuous cylindrical SRR. The ﬂux lines are conﬁned in a quasi-solenoidal
manner for small stacking distances. The ﬁgure also shows the possibility of
fringing ﬁelds escaping the “ﬂux tube” and contributing to the depolarizing
ﬁeld. Right: Planar SRRs arrayed in the plane. The planes can be stacked
along the three orthogonal directions with care taken to ensure stacking of
the SRRs in the axial direction (as in the left) and a three-dimensional SRR
medium that displays a magnetic response can be made.

one can assume that the ﬂux lines are conﬁned within the column of SRRs
along the axial (magnetic ﬁeld) direction. However, this stacking distance in
the axial direction is limited by the need to accommodate SRRs in the orthogonal directions as shown in Fig. 3.20, and hence the stacking distance can be
taken to be the periodicity a in the plane of the SRR medium. Subsequently,
there are fringing magnetic ﬁelds that escape out of the “ﬂux tube” and the
fringing eﬀects of the magnetic ﬁeld lines are not negligible, especially when
the periodicity a is larger than the radius of the ring r.
A magnetic scatterer which consists of two orthogonal intersecting SRRs
was introduced in Gay-Balmaz and Martin (2002). This structure exhibits an
isotropic response for any wave incident on it normal to the plane of the rings.
Balmaz and Martin have discussed the various orientations of the rings and
concluded that they should exclusively intersect along symmetric points in
order to produce an isotropic response. It should be mentioned that three orthogonal non-intersecting SRRs would be a possible candidate for a completely
isotropic scatterer in three dimensions, but unfortunately the SRRs then tend
to have non-degenerate resonance frequencies or diﬀerent Q factors. An array
of two-dimensional isotropic scatterers with random orientations can be ex-
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Figure 3.20 The unit of a three-dimensionally isotropic magnetic medium.
The ﬁgure shows six planar SRRs of ﬁnite thickness oriented along all three
orthogonal directions. By repeating the structure periodically, one generates
a three-dimensional SRR medium.

pected to behave reasonably as an eﬀective medium with an isotropic response.
A similar crossed split ring structure for two-dimensionally isotropic media
was proposed in Chen et al. (2003). A three-dimensional magnetic medium
could, of course, be generated by randomly orienting such one-dimensional
or two-dimensional SRR units, but this would be at the cost of reducing the
ﬁlling fraction of the system. Consequently, the dispersion in the resulting
eﬀective isotropic medium might not be large enough to generate a negative
magnetic permeability. A novel method to produce three-dimensionally oriented SRR arrays has been demonstrated recently (Islam and Logeeswaran
2006). The method consists of lithographically patterning the SRR on a bilayer ﬁlm and the residual stresses in the bilayer can then be used to curl up
the patterned SRR out of the plane along a patterned weak hinge. The angle
at which the SRR sticks out of the plane is determined by the thickness and
the materials of the bilayer.
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Finally, note that while the proposal of O’Brien and Pendry (2002) to use
cylinders of high dielectric permittivity materials results in an anisotropic
magnetic medium, the use of magneto-dielectric spheres (Holloway et al. 2003)
or dielectric spheres of large permittivity (Yannopapas and Moroz 2005) results in a medium which is intrinsically three-dimensional and reasonably
isotropic in the eﬀective medium limit. This idea has been recently pushed
to its second iteration by proposing a meta-metamaterial, a superstructure of
metamaterials (Rockstuhl et al. 2007). In the ﬁrst iteration, metal nanoparticles are densely packed in order to create a Lorentz resonance response in
the permittivity. The metamaterial thus created is then shaped into spherical units which exhibit Mie resonances due to the excited magnetic mode.
Therefore, in the second iteration, the metamaterial spheres are organized in
a cubic lattice in order to create a meta-metamaterial, whose permeability
exhibits a strong resonance in the visible spectrum.

3.3

Metamaterials with negative refractive index

Section 5.1 provides a rigorous justiﬁcation to the fact that a medium with
simultaneously Re(ε) < 0 and Re(μ) < 0 can be characterized by a negative index of refraction. These considerations can be extended to anisotropic
structures as well when Re(ε) < 0 and Re(μ) < 0 apply to the corresponding
directions of the electric and magnetic ﬁelds, respectively, of the electromagnetic radiation (see Chapter 5 for more details). Although it is easiest to conceptually understand the negative refractive index of a medium as Re(ε) < 0
and Re(μ) < 0, it is perhaps not as fruitful to literally implement media in the
same manner. For example, if one tries to embed magnetizable SRR inside
a good uniform metal with ε < 0, one would not obtain a negative refractive
index medium for the simple reason that the electromagnetic radiation just
cannot penetrate into the metal and get the SRR to respond. Furthermore, a
uniform metal everywhere would not allow the independent existence of the
SRR or would just short out the SRR. Restated very simply, one requires a
structure into which the radiation penetrates suﬃciently and the structure
would need to have resonances that can be independently driven by the electric ﬁeld and the magnetic ﬁeld. In addition, the presence of the resonant
dielectric units should not interfere with the functioning of the resonant magnetic units themselves. Only by penetrating inside the structure does the
radiation excite the resonances that give the medium its eﬀective properties.
Consequently, the medium would need to have closely spaced dielectric and
magnetic resonances such that the frequency bands of negative dielectric permittivity and negative magnetic permeability overlap, in principle producing
a negative refractive index.
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One way of understanding how the separated electric and magnetic resonant
elements interact with the wave is to imagine a body-centered cubic lattice
with an electric dipole placed at one corner of the cubic and a magnetic dipole
placed at the body center. In the presence of only one of these elements, the
polarization in the medium screens out the incident radiation in the negative
parameter frequency band. This happens due to the anti-phased response
for either the electric ﬁeld or the magnetic ﬁeld. However, in the presence
of both the electric and magnetic dipoles, the anti-phased response to both
the electric and magnetic ﬁelds results in a propagating mode, although one
with negative phase velocity. Combining the dispersions for the plasma-like
dielectric medium and a resonant magnetic medium, we get
k 2 = εμω 2 /c2 =

2
(ω 2 − ωp2 )(ω 2 − ωm
)
,
2
c2 (ω 2 − ω0 )

(3.73)

where ωp and ωm are the electric and magnetic plasma frequencies,
respec√
tively, and ω0 is the magnetic resonance frequency (ωm = ω0 / 1 − f ). An
illustration of the frequency dependence of the permittivity, the permeability,
and the index of refraction (directly related to the wave-number), is shown in
Fig. 3.21. If ωp is the largest of them, then we obtain a pass band in the region
ω0 < ω < ωm , which is referred to as the negative index band. Thus, in order
to obtain a negative refractive index the presence of vacuum in which the resonant structures are embedded is essential. The negative medium parameters
should all be considered to be eﬀective medium parameters only. One cannot assume a uniform ε and μ due to one of the structures and calculate the
response of the other structure. It is essential that each structure functions
independently as if the other structure were absent. This places restrictions
on how to build the interleaving isotropic metamaterials as one has to ﬁnd
essentially “null” points for one structure where the other structure can be
placed so that the ﬁelds of one interfere with the other only minimally.

3.3.1

Combining the “electric” and “magnetic” atoms

The ﬁrst medium with an eﬀective n < 0 was reported in Smith et al. (2000),
obtained by combining in a composite metamaterial the thin wire medium
(which gives ε < 0) and the SRR medium (which gives μ < 0) in which
the normal of the SRRs was orthogonal to the wire direction. Admittedly
it is not obvious that the composite metamaterial thus created would have
a negative index of refraction n as the wires might interfere with the functioning of the SRR and vice versa, but the calculations and experimental
measurements (Smith et al. 2000, Shelby et al. 2001a) were very suggestive of a real negative refractive index. The uniaxial composite obtained,
shown in Fig. 3.22(a), consisted of wires of 0.8 mm thickness and SRRs with
ω0 = 4.845 GHz. The numerical calculations showed that if thin wires are
introduced into an SRR medium, a passband appears within the bandgap of
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Figure 3.21 Evolution of the permittivity (ε), permeability (μ), and index of
refraction (n) for a typical lossless Drude and Lorentz medium. The frequency
axis has been normalized to the dielectric plasma frequency. Note how the sign
of Real(n) is negative where ε < 0 and μ < 0, and the presence of bandgaps
where only one parameter is negative.

negative μ for radiation with the electric ﬁeld along the wires and the magnetic ﬁeld normal to the plane of the SRR. The computations suggested that
the thin wires and the SRRs functioned independently and the composite
metamaterial exhibited a passband with a negative refractive index. Typical experimental results on the transmission through waveguides ﬁlled with
a medium of thin wires, a medium of SRRs only, and a composite medium
with both thin wires and SRR are shown in Fig. 3.22(b): at the frequencies
corresponding to the stopband due to a negative μ of the SRRs, an enhanced
transmission appears when thin wires are introduced in addition to the SRR.
These experimental results have often been cited as proof that the medium indeed exhibits a negative refractive index, although in reality, the only appearance of the transmission band could be due to a positive index of refraction
as well, produced by the strong interaction between the wires and the SRRs.
In order to clarify the remaining uncertainties, it was shown (Shelby et al.
2001b) that a prism made of such a composite metamaterial indeed refracted
microwaves in the opposite direction of the normal compared to a prism of
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(a) Photograph of the composite thin
wire arrays and SRRs that exhibits a
negative refractive index (Smith et al.
2000). (Courtesy of D. R. Smith.)

(b) Transmission across a sample of
SRRs (dotted line) and across the composite of thin wire arrays and SRRs
(solid line). Data taken from Smith et al.
(2000).

Figure 3.22 Illustration of a metamaterial and its passband properties.
The enhanced transmission within the negative μ band visible in case (b) is
interpreted as evidence of negative refractive index.
positive refractive material such as teﬂon.¶
Similar experiments were conducted with large samples in free space (Parazzoli et al. 2003, Greegor et al. 2003) where both the transmission and reﬂection
were measured, and the absorption was found to be small enough to unambiguously demonstrate the negative refraction eﬀect, with results consistent
with calculations. These experiments have unequivocally demonstrated the
existence of negative refractive index in the SRR-thin wire composites.
In order to understand the functioning of the SRR-thin wire composite,
one notes that as long as the thin wires are not placed in regions where the
highly inhomogeneous magnetic ﬁelds associated with the SRRs are present
(along the axis of the SRR) and the SRR planes are placed such that they
are at the points of symmetry between the wires (where the magnetic ﬁelds
associated with the wires are minimal), the interference can be much reduced.
Also note that the magnetic ﬁelds due to the wires fall oﬀ rather rapidly
with distance from the wires and do not aﬀect the SRRs signiﬁcantly. As a
result, the quasi-static responses derived previously for ε and μ remain valid
in the negative refractive index band, and the SRRs along with the thin wires
function independently as if located in vacuum. Nonetheless, the relative
placement of the various components is crucial and might account for the
diﬀerences reported in numerical and experimental data.
¶ This

is due to the fact that radiation refracts to the other side of the normal at the
interface between positive and negative media, as explained in details in Section 5.2.1 and
Section 5.3.2.
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Using alternating layers of polaritonic spheres and plasmonic spheres as the
basis of a negative refractive index medium has been proposed by Yannopapas
and Moroz (2005). The large permittivity dielectric spheres enable negative
magnetic permeability as discussed in Section 3.2.5 and plasmonic spheres
give rise to a resonant Lorentz dispersion for the dielectric permittivity. The
negative refractive index material thus realized is potentially a truly subwavelength structure with a wavelength-to-structure ratio as high as 14:1 at
frequencies where polaritonic materials are available such as at middle infrared frequencies. It should also be noted that the loop-like arrangements of
plasmonic nanoparticles that give rise to the negative magnetic permeability
can themselves give rise to a negative refractive index if properly combined
with a dielectric resonance (Alù et al. 2006a).
Note again that it is easier to fabricate anisotropic metamaterials with the
magnetic permeability or the dielectric permittivity negative only for ﬁelds
applied along certain directions. More isotropic designs necessarily involve
interleaving orthogonal planes of SRR and thin wires (cut-wires). Designing
and implementing a truly isotropic metamaterial that has a negative refractive
index as well is a formidable design challenge. It is therefore very advantageous
when the same structural unit can provide both the negative permittivity and
the negative permeability as in the case of Alù et al. (2006a). However, these
units have the same problems of anisotropy as those based on the more standard SRR. The proposals of Yannopapas and Moroz (2005) to use polaritonic
and plasmonic spheres and that of Holloway et al. (2003) to use magnetodielectric spheres also yield an intrinsically three-dimensional negative index
medium. Although these proposals for isotropic negative refractive index materials are very attractive, for the moment they remain limited to microwave
to mid-infrared frequencies due to the diﬃculty of ﬁnding dielectric media
with very large dielectric permittivities at optical frequencies.

3.3.2

Negative refractive index at optical frequencies

The refractive index is a quantity that is usually and intimately associated
with optical phenomena. Shortly after the demonstration of a negative refractive index phenomenon at microwave frequencies, the research trend quickly
focused on obtaining negative refractive index metamaterials at optical frequencies, where many of the novel phenomena can actually be “seen.” Since
2005, there have been claims of successful implementations of such metamaterials (Grigorenko et al. 2005, Dolling et al. 2006b, Shalaev 2007) and we
devote the coming section to their description and to the study of their limitations. In addition, we also note that many of the metallic metamaterials at
optical frequencies exhibit plasmonic resonances and negative phase velocity
bands.
As explained in Section 3.2.4, it is not straightforward to scale up the performance of split ring resonators or cut wire media to optical frequencies.
The plasma-like aspect of the metal begins to dominate over the Ohmic na-
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ture and the inertial inductance due to the ﬁnite electronic mass prevents a
straightforward scaling to optical frequencies by simply reducing the size of
the metamaterial units while keeping all other aspects ﬁxed. A more fruitful approach seems to be to reduce the series capacitance by including more
capacitive gaps which would then increase the resonant behavior to higher
frequencies.
However, simply reducing the capacitance by adding more series capacitors
while keeping the overall geometric size and the periodicity as well as other parameters ﬁxed brings in another problem. As the resonant frequency increases,
the ratio of the geometric size of the metamaterial units (or the periodicity)
to the wavelength in the medium becomes larger (a/λ → 1) and homogenization becomes increasingly questionable. As a/λ increases, the electromagnetic
wave begins to discern the underlying structures of the metamaterial and, as
a ﬁrst eﬀect, spatial dispersion appears. At even larger ratios of a/λ, the homogenization hypothesis itself breaks down and the average eﬀective medium
parameters lose their signiﬁcance. Bragg scattering becomes more important
and the system is better described in terms of the photonic band structure as
introduced in the next chapter.
One could, however, wonder what prevents us from simply scaling down the
sizes of the metamaterial resonant units as well while decreasing the overall
capacitance of the system? For example, an operating frequency of about
200 THz would be obtained with the SRR considered in Section 3.2.4 with
a unit cell size of a = 300 nm, an overall SRR dimension of about 180 nm,
metallic sheets of uniform thickness D = 24 nm, and a separation dc = 24 nm
deﬁning the capacitance in the structure, as shown in Fig. 3.12. While very
small and diﬃcult to fabricate, these dimensions are just within reach of experimental fabrication abilities by present-day high resolution electron lithography, focused ion beam etching or colloidal lithography. Since signiﬁcant
reductions of the dimensions from these numbers would render the design
impractical for physical implementation, we only consider dimensions of this
order for the metamaterial designs for high frequency operation. This implies
a ratio a/λ ∼ 0.5 for a wavelength of λ = 600 nm, indicating that the homogenization hypothesis is not reliable. This order of magnitude is typical of all
the experimental implementations at optical frequencies thus far. While there
are slightly simpler designs for metamaterials such as the plasmonic nanoparticles placed on nano-sized loops of Alù et al. (2006a), we consider those also
as extremely diﬃcult to implement except by some self-assembly techniques.
In that case, the inherent disorder that occurs in the fabrication also reduces
the eﬀective ﬁlling fraction of the system and weakens the resonant nature of
the system.
Let us consider the SRR made of silver with four splits for operation at
 Typical sizes for optical frequency would have a radius of the ring of 38 nm, a nanoparticle
size of 16 nm, with four particles symmetrically arranged on the ring.
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Figure 3.23 Three possible variations of the SRR with four capacitive gaps.
SRR (b) and (c) have the same dimensions but are only rotated by 90o with
respect to the incident electric ﬁeld.

telecommunications frequencies discussed in Section 3.2.4. The operating frequency was deliberately kept low by embedding the SRR in a dielectric with
ε = 4 and enhancing the capacitance of the SRR. This way, a respectable ratio
of a/λ ∼ 1/6 was maintained and one could just about accept the validity of
homogenization and eﬀective medium parameters. Subsequently, let us consider the diﬀerent ways of placing the splits on the rings which are embedded
in a dielectric as shown in Fig. 3.23 (a-c). In each case, the inductance and
capacitances (except for the self capacitance) are similar and the net induced
electric dipole moment on the rings should be zero in the quasi-static limit.
The three systems are expected to behave similarly except for, perhaps, small
changes in the resonance frequencies. In fact, designs (b) and (c) just diﬀer in
the relative orientations with respect to the electric ﬁeld of the incident radiation. In Fig. 3.24 we show the eﬀective magnetic permeability calculated from
the reﬂection and transmission coeﬃcients obtained by transfer matrix calculations for slabs of four layers thickness made out of the three structures. The
values obtained experimentally for the bulk dielectric permittivity of silver
have been used in the computations. We see that there are signiﬁcant diﬀerences in the eﬀective medium parameters obtained for the three structures.
For example, compared to the original SRR (a), we see that the SRR (b) has
a smaller bandwidth of negative μ and a smaller modulation in the values of
the permeability (Re(μmin ) ∼ −2). In the case of SRR (c), however, a larger
bandwidth of negative μ is obtained along with a deeper modulation of the
band (Re(μmin ) ∼ −3.5). The relative orientations of the SRR capacitive
gaps to the electric ﬁeld therefore appear to induce signiﬁcant diﬀerences in
the behavior of the metamaterial. This rather unexpected phenomenon arises
because of the signiﬁcant phase shifts of the radiation across a unit cell that
can arise in these metamaterials where homogenization is barely viable. The
electric ﬁeld can also drive currents around the loop due to the diﬀerences in
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the phase at diﬀerent points on the SRR so that the diﬀerences that arise in
the behavior only depend on the number of capacitive gaps across which the
electric ﬁeld can drive currents: two in the case of SRR (a), none in the case
of SRR (b), and four in the case of SRR (c). This implies that if the electric
ﬁeld can reinforce the currents being driven by induction due to the magnetic
ﬁelds, one could obtain a larger eﬀect.
This description of the SRR medium as a homogeneous eﬀective medium already shows signs of inaccuracy in our example. To a ﬁrst approximation, the
electric ﬁeld can also participate in driving currents around the loop. Actually
there are two resonances for the electric ﬁeld in the problem: one, where the
electric ﬁelds drive currents in the same direction down the legs on opposite
sides of the SRR (a symmetric resonance), and another, where the electric
ﬁelds drive oppositely oriented currents down the legs on opposite sides of the
SRR (an anti-symmetric resonance). The antisymmetric resonance reinforces
the inductive action of the magnetic ﬁeld and conversely the possibility of
having charge distributions on the capacitive gaps allows the electric ﬁeld to
couple strongly to the anti-symmetric resonance.
Next we take the logical step of removing the dielectric in which the SRR
are embedded and consider the SRR to be in vacuum: the resonance should
then occur at visible frequencies (far-red). Fig. 3.25 shows the band-structure
calculated for two-dimensional SRR for P-polarized light (TM-modes). It is
clear at ﬁrst sight that the behavior in the three cases are extremely diﬀerent.
Most importantly we should note that in the case of SRR (a) and SRR (c),
when the electromagnetic radiation can interact with the charge distributions
across the capacitive gaps, propagating bands appear where the real part of
the wave-number and the imaginary part of the wave-number have opposite
signs – the real and imaginary parts of one wave-number are plotted in the
same color (black or gray). In other words we have negative phase velocity
bands∗∗ due to closely spaced electric resonance and magnetic resonance. For
SRR (b), when the electric ﬁeld cannot directly drive the charges across the capacitive gaps, we obtain a bandgap instead. It is seen that the SRR in this case
is just acting as a system of resonant electric dipoles with a negative dielectric
permittivity. If one alters the capacitance of the SRR, this bandgap moves
up or down in frequency depending on whether the capacitance is smaller
or larger. For example, removing the middle (smaller) legs of the SRR (b)
causes the bandgap to move up to 1.8 eV energies due to the reduced capacitive area of interaction between adjacent SRR cells. The photonic bandgap
due to Braggscattering is in the range of 1.9 to 2 eV (see Fig. 3.25, bottom
left). Note that the larger number of capacitive gaps with which the electric
ﬁeld can interact in SRR (c) causes a larger bandwidth for the negative phase
velocity. Another interesting aspect it that the negative phase velocity bands

∗∗ In

these solutions, the Poynting vector decays along the positive direction and hence the
imaginary part of the wave-vector should be positive.
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(a)

(b)

(c)
Figure 3.24 Eﬀective magnetic permeability calculated from the reﬂection
and transmission coeﬃcients of layers made up of the three SRR structures
(a, b and c) and the incident electromagnetic radiation shown in Fig. 3.23.
Although the three should be equivalent in the quasi-static approximation,
the orientation of the electric ﬁeld relative to the capacitive gaps aﬀects the
response considerably.

of SRR (a) and (c) could have a positive or negative group velocity. These
calculations conﬁrm the experimental observations by Dolling et al. (2006b)
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Figure 3.25 Band structure diagrams for the two-dimensional lattice of the
three SRR structures made of silver and in vacuum with the incident electromagnetic radiation shown in Fig. 3.23. SRR(a) and SRR(c) have negative
phase velocity bands while SRR(b) has only a bandgap corresponding to ε < 0
at similar frequencies. The bottom panel (left) shows the band structure for
the two-dimensional lattice of SRR(b), but with the middle shorter stubs
removed. The bandgap at about 1.95 eV is due to Bragg scattering. The
bottom panel (right) shows the band structure for the two-dimensional lattice
of SRR(c), but with the middle shorter stubs removed. The two plate-pairs
have remarkably diﬀerent band structures.
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of all combinations of positive and negative phase and group velocities at different frequencies in similar ﬁsh-net structures described later in this section.
In fact, the shorter middle stubs can be removed in SRR (c) to produce a
negative phase velocity over a much larger bandwidth (see Fig. 3.25, bottom
right) – the origin of the electric resonance is the plasmonic resonance of the
remaining plates of the SRR. This system is, in fact, essentially a plate-pair
system which is the two-dimensional analogue of the wire-pairs in three dimensions proposed and demonstrated by Shalaev et al. (2005) which had an
eﬀective negative refractive index of about −0.2 at a wavelength of 1.5 μm.
Tempting as it is to attribute the above behavior of negative phase velocity to negative refractive index, note that at these photon energies of about
1.4 eV (∼870 nm) the ratio of a/λ ∼ 3 and homogenization is hardly valid.
We should refrain from proposing eﬀective media parameters for such a system and calling it a negative refractive index medium, which is the reason
why we do not present equivalent medium parameters for this system. However, the negative phase velocity band properties depend only on the localized
resonances of the structure and not on the periodicity. To demonstrate this,
we present a calculation based on the Finite Element Method in which a slab
of such SRR is used as a ﬂat Veselago lens to image sources as explained in
Chapter 8. The imaging of two point sources is shown in Fig. 3.26 through
a periodic slab of SRR and a disordered slab of SRR with even a ring missing. We can see that the imaging action is quite robust against the disorder
and two images are clearly formed. This last example makes it clear that the
origin of negative refraction in this system depends crucially on the localized
resonances of the SRR system and is not due to band structure eﬀects (as
discussed in Chapter 4).
The behavior of the SRR medium is illuminative and enables us to clearly
understand the nature of the negative phase velocity bands at optical frequencies. It clearly shows the increasing role of the electric ﬁeld in the excitation
of the plasmonic resonances of the SRR at high frequencies, and how the single structure can have both closely spaced electric and magnetic resonances.
This is the origin of the negative phase velocity bands. However, the twodimensional cylindrical structures discussed above are not easily fabricated
by conventional deposition and etching techniques. The excitation of the planar SRR structures, which are amenable to fabrication by such conventional
techniques, involves radiation incident along the plane with the magnetic ﬁeld
polarized normal to the SRR structures. This is rather diﬃcult experimentally. To avoid this, a double-layered ﬁsh-net structure with thin wires running
along one direction and thick plate-like structures in the orthogonal direction
has been proposed in Zhang et al. (2005a). Here the incident radiation would
be normal to the plane of the ﬁsh-net with the electric polarized along the
thin wires. The magnetic ﬁeld induces a resonance across the plates in the
two layers and thus the structure can show an eﬀective negative refractive
index. This ﬁsh-net structure has been implemented at both telecommunication frequencies (Dolling et al. 2006a;b) and at optical frequencies, and shows
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Figure 3.26 Left: Imaging of two point sources by a ﬁnite slab of periodically placed SRR(c), which acts as a Veselago lens. Right: Imaging of the
two sources by a slab of disordered SRR(c) demonstrating that the eﬀect does
not depend on the periodicity of the system. The magnitudes of the magnetic
ﬁeld along the SRR axis is shown in gray scale while the streamlines show the
Poynting vector. The focusing action is clear despite the very small transverse
width of the slab – the energy concentrates transversally at the location of
the images. The images are present very close to those locations predicted for
the Veselago lens.

a rich variety of phenomena including those described above for the SRR
structures. However, these structures also have a ratio of a/λ ∼ 3 and suﬀer
from the same limitations set by the criteria of homogenization. It would
not be rigorously correct to term these as eﬀective negative refractive index
media. Only the loop-like structures of Alù et al. (2006a) have a small enough
ratio of a/λ ∼ 10 and are amenable to homogenization when the magnetic
permeability and the dielectric permittivity are both negative in a common
frequency band. Most of the other metamaterials proposed for optical operation so far either are not homogenizable or depend on inter-particle (unit)
interactions for their operation. In principle, a metamaterial that depends
on inter-particle interactions is not likely to be robust against disorder and
cannot be recommended at nano-metric sizes where considerable disorder is
almost unavoidable.
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Chiral metamaterials

Optical eﬀects with molecular chiral media, particularly the rotation of the
plane of polarization for linearly polarized light upon reﬂection or transmission
from a chiral medium, are well known since the times of Pasteur and Faraday. The idea of having chiral inclusions to aﬀect wave properties is not very
new either. †† Chiral media, however, are interesting by themselves because
they break time reversal symmetry for an electromagnetic wave propagating
in them and have a sense of handedness. Usually the chirality of natural media is not very strong and the corresponding eﬀects on radiation are weak.
Metamaterials, however, yield an opportunity to strongly and resonantly enhance the chiral properties via chiral scatterers. Chiral metamaterials are
not necessarily built up from intrinsically chiral materials but rather derive
their chiral properties from the chiral geometric structure of the metamaterial units. For example, the breaking of time reversal symmetry for light has
been demonstrated using a planar metamaterial consisting of a single layer of
metallic particles with chiral shapes (Schwanecke et al. 2003).
An impetus to the development of chiral metamaterials came with the realization that one of the circularly polarized states of light could experience
a negative refractive index under suitable conditions (Tretyakov et al. 2003,
Pendry 2004a, Monzon and Forester 2005). Consider the following bi-isotropic
constitutive relations in a chiral medium:
D = ε0 εE − i(ξ/c)H,
B = i(ξ/c)E + μ0 μH.

(3.74a)
(3.74b)

The above constitutive relations are reciprocal and ξ in general is a complex
function of the frequency that also satisﬁes the Kramers-Kronig relations (see
Eqs. (1.9)). The dispersion for a plane wave in this medium is given by
√
k± = ( εμ ± ξ)ω/c,

(3.75)

and the two diﬀerent dispersions correspond to the two circular polarized
states of light. The diﬀerent polarizations feel diﬀerent material parameters:




ξ
ξ
ε± = ε 1 ± √
,
μ± = μ 1 ± √
.
(3.76)
εμ
εμ
Consequently, if ε or μ becomes small or zero (as it happens near the plasma
frequency), it is clear that the phase vector would be negative. The energy
ﬂow on the other hand is determined by the impedance for the wave and is
†† We

refer the reader to Lindell et al. (1994) for the basic ideas and an account of earlier
work on bi-isotropic and chiral media.
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Figure 3.27 Left: band structure for light in a medium of resonant dipoles.
There is a bandgap just above the resonance frequency. Right: band-structure
for light in a chiral medium containing resonant dipole particles. The bands
split for the two circular polarizations shown as black and gray lines. Just
above the bandgap, one obtains a narrow band within which the phase vector
and the group velocity have opposite directions for one of the helicities.

given by Z = μ/ε in the case of reciprocal media, and is positive regardless
of the choice of the branch. Such anti-parallel directions of the wave-vector
and the energy ﬂow are a typical sign of negative refraction. Note that this
would also imply that the system would be able to support surface plasmon
waves of a chiral nature and that these surfaces states should enable the
perfect lens eﬀect via ampliﬁcation of the evanescent waves‡‡ for one circular
polarized state of light (Jin and He 2005).
Such a scenario can easily be realized by embedding electric dipoles in a
chiral medium (assumed non-dispersive for the time being) (Pendry 2004a),
in which case the dielectric permittivity is given by a Lorentz form (see
Eq. (1.15)). The resulting dispersion for the two branches is plotted in
Fig. 3.27. As ε goes through a zero, one clearly sees that there is a small
frequency band where the phase vector is negative. This negative refractive
index band in chiral media gives another possibility to have negative refractive
index without developing a metamaterial that has both the ε and μ negative.
Interestingly, there is a cross-over point (k = 0) in the bands where the group
velocity (∂ω/∂k) is non-zero while the phase velocity is zero. Actually this reversed phase vector and the energy ﬂow were noted much earlier by Engheta
et al. (1992) in the context of a dispersive chiro-plasma.
In the previous example, an underlying chiral medium where the electric
dipoles were embedded was utilized. However, it is not easy to ﬁnd atomic
or molecular media with large chiral coeﬃcients and the band with negative
refraction has a very small bandwidth. Hence it would be better to have
a metamaterial that contributes to the chirality as well. A variant of the
‡‡ See

Chapter 8.
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Figure 3.28 Left: chiral particle made by rolling up a strip of metallic sheet.
Right: simple chiral loop-like particle. These particles have the property of
bi-isotropic chirality along the axis.

Swiss roll where a strip of metal rolled up at an inclined angle to make a
chiral structure (shown in Fig. 3.28, left) was considered in Pendry (2004a).
It was shown that one could enhance the magneto-electric coupling due to
the enhanced inductance in the system (the factor of N rolls contributes to
this). A three-dimensional array of such rolled-up metallic strips was shown
to have a band of negative refraction for one of the circular polarizations. To
understand this eﬀect, consider for simplicity the simpler chiral loop made
of a metallic wire shown in Fig. 3.28, which has been well studied in the
context of chiral antennas (Tretyakov et al. 1996; 2005). This chiral particle
has a dielectric polarizability for electric ﬁelds applied parallel to its axis, but
simultaneously generates a magnetization by virtue of the circular current in
the loop. Similarly, the particle has a magnetic polarizability for a magnetic
ﬁeld applied along its axis which induces an electromotive force and currents
around the loop, but simultaneously develops an electric polarization along
the axis, as the currents cannot complete the circuit around the loop due to
the gap. Thus, in these systems of chiral particles, there is a simultaneous
excitation of the electric, magnetic, and chiral resonances. Usually, there is
a hierarchy (Tretyakov et al. 2005) of the dielectric (αee ), chiral (αem ), and
magnetic (αmm ) polarizabilities of such particles with αee > αem > αmm .
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Typical resonant forms for these polarizabilities are (Tretyakov et al. 1996):
Ae
,
(3.77a)
− ω 2 − iγω
Ac ω
αem = 2
,
(3.77b)
ω0 − ω 2 − iγω
Am ω 2
αmm = 2
,
(3.77c)
ω0 − ω 2 − iγω
where Ae , Am , and Ac are some constants depending on the geometry of
the particle and ω0 is the resonance frequency of the particle. Hence one
can use these polarizabilities for a randomly oriented ensemble of such chiral particles and calculate the eﬀective medium parameters within, say, the
Maxwell-Garnett homogenization approach. It has been shown in Tretyakov
et al. (2005) that such an ensemble can have a negative refraction band for
one circularly polarized state in a narrow region of frequencies just above the
bandgap.
αee =

3.5

ω02

Bianisotropic metamaterials

The previous sections have presented some geometries of split-ring resonators
that achieve a negative permeability at some frequencies. The literature contains many more designs, creating too long a list to be discussed exhaustively
here. Nonetheless, all the designs present one important similarity: they
contain a ring-like structure around which a current can ﬂow, but they also
contain an interruption (a gap) in the metallization of the ring, so that the
conduction current ﬂow is interrupted (the current loop can be closed by displacement currents, which introduce a capacitive coupling). These structures
therefore present some analogies with three-dimensional helical structures,
which are known to exhibit chiral properties already discussed. An important
diﬀerence, however, is that the split rings within metamaterials are usually
two-dimensional [a three-dimensional ring has been nonetheless proposed and
analyzed in Gay-Balmaz and Martin (2002)], so that the isotropy of the chirality is lost, and is reduced to a bianisotropy (Saadoun and Engheta 1992).
Mathematically, this implies that the magneto-electric coupling terms in the
constitutive relations of Eq. (3.74b) change from being scalar to being tensors
in which only speciﬁc components are non-zero. An example of bianisotropic
medium is provided in Eqs. (2.101). Physically, the loss of isotropy requires
all the constituents to be arranged in an ordered manner so as to exhibit
a collective macroscopic eﬀect, unlike chiral constituents which can be embedded randomly in a host medium (Sihvola 2000). Metamaterials, which
exhibit helical microstructures regularly organized in space (which does not

© 2009 by Taylor & Francis Group, LLC

3.5 Bianisotropic metamaterials

135
H3
k3

E1

k1

k2
E2
Figure 3.29 Illustration of various incidences of electromagnetic radiation
on a split-ring resonator that do or do not induce a bianisotropic response.

imply periodically organized, however), are therefore very likely to exhibit
bianisotropic properties, and should be studied in detail.
Bianisotropy can be induced in split-ring resonators by a geometrical asymmetry that creates a charge and current imbalance. Let us consider the simpliﬁed single ring of Fig. 3.29 and the three incidences for the radiation shown.
The ﬁrst incidence presents an electric ﬁeld parallel to the two symmetric sides
of the split-ring, whereas in the approximation of thin metallizations, the current in the perpendicular directions can be neglected. In addition, the small
size of the ring compared to the incident wavelength ensures that the variations of E1 between the two sides are also negligible to a ﬁrst approximation.
Consequently, the charge distribution resulting from this incidence is symmetric and does not generate a circulating current. Under the second incidence
k2 , the situation is diﬀerent because of the break in symmetry introduced by
the gap. Within the same approximations, the charge distribution induced by
the impinging E2 is asymmetric and generates a circulating current sustained
by the capacitive coupling within the gap, which in turn generates a magnetic
ﬁeld. Consequently, a non-zero magnetic moment is created by the impinging
electric ﬁeld. This electro-magnetic coupling is reﬂected by the constitutive
parameter ζ̄¯ in Eq. (2.79). Conversely, the incidence k3 presents a magnetic
ﬁeld perpendicular to the axis of the ring which, in virtue of Ampère’s law,
creates a circulating current via the charge accumulation at the gap. Again
due to the presence of the gap, the resulting charge distribution is asymmetric,
results in charge accumulation about the capacitive gaps and therefore induces
an electric dipole moment. This magneto-electric coupling is reﬂected by the
constitutive parameter ξ¯ in Eq. (2.79). Note that these two eﬀects are not
independent: the incidence k2 yields a magnetic ﬁeld parallel to H3 , whereas
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the incidence k3 yields an incidence parallel to E2 . The parameters ξ¯ and
ζ̄¯ are therefore not independent either, and can be shown to be related by
ξ¯ = ζ̄¯† in the case of lossless media (where the † sign indicates a transpose
complex conjugate) and by ξ¯ = −ζ̄¯T in the case of reciprocal media (where
the T sign indicates a transpose) (Kong 2000). Note that the bianisotropic
property of the split rings of Pendry was ﬁrst pointed out by Marques et al.
(2002), where an explicit form of ξ¯ is provided. This model is at the basis
of the bianisotropic parameter retrieval procedure discussed in Section 2.6.
Other examples of bianisotropic particles are the “Omega”-shaped particles
ﬁrst introduced in Saadoun and Engheta (1992): the current around the loop
which makes the particle have a magnetic moment normal to the plane of the
particle and gives rise to separated charges at the ends due to which an electric dipole moment in the plane is generated. Thus, ordered arrays of Omega
particles as shown in Fig. 3.30 have a bianisotropic response. The reader is
referred to Aydin et al. (2007) for a detailed study of metamaterials composed
of small Omega particles.
The presence of bianisotropic eﬀective medium parameters renders the
propagation of the electromagnetic wave inside the medium more complex.
However, this does not necessarily imply that bianisotropy should be avoided.
For example, an electromagnetic wave propagating through a chiral medium
(and thus through a bianisotropic medium under the proper incidence) experiences a reciprocal rotation of polarization, which can be used for example
in the design of phase shifters (Saadoun and Engheta 1992). In addition,
bianisotropy can also induce a negative refraction as shown in Section 5.3.4
and, since it is easier to achieve at optical frequencies than a negative permeability, it may eﬀectively be used to generate interesting phenomena at the
higher end of the spectrum. Initial work in this direction has been proposed
in the microwave regime in Tretyakov et al. (2007) by obtaining a backward
wave material perfectly matched to free-space at normal incidence.
In some other situations, however, bianisotropy is undesirable and should
be avoided. When this is the case, the ring design should be modiﬁed accordingly so as to not induce a bianisotropic response or to cancel it by inducing
two opposite responses. For example, a modiﬁed design has been proposed
in Marques et al. (2002), whereby a second ring is placed behind the ﬁrst
one across the substrate after being rotated by 180 degrees. The two gaps
being in symmetric positions with respect to the overall design of the ring,
bianisotropy eﬀects are drastically reduced. Alternative designs include the
inclusion of more symmetrically placed gaps (as has been used in this book)
or the total redesign of the ring, an example of which can be found in Chen
et al. (2004a), Bulu et al. (2005). When there are two symmetrical splits
present, for example, the dipole moments across opposite ends cancel each
other and one only gets a weak electric quadrupole moment. The symmetry
of the single ring with two symmetrically placed capacitive gaps renders the
design less bianisotropic and electrically less active. This was in fact the un-
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Figure 3.30 Schematic portrayal of stacked arrays of planar “Omega”shaped metallic particles deposited on a dielectric substrate to form a strongly
bianisotropic medium. The suggested incident directions to obtain a negative
refractive index medium are also shown.

derlying reason for which we have only considered SRR with symmetrically
placed gaps in the ring: it avoided a bianisotropic eﬀect and allowed us to
concentrate on the magnetic eﬀects. The bianisotropy can also be eﬀectively
resolved, of course, by rotating adjacent SRRs with single gaps in the plane
by 180o and the corresponding electric dipole moments would cancel.

3.6

Active and non-linear metamaterials

So far, the metamaterials discussed in this chapter have been linear passive
systems. They consist of resonant structures that show large dispersion at
frequencies near the resonance frequency. All the eﬀects including negative
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material permittivity and permeability have their origin in the fast-varying
dispersion of the material parameters in the vicinity of the resonances. Dissipation invariably accompanies the dispersion in these systems and many of
the metamaterials absorb large amounts of energy, particularly at frequencies
in the vicinity of the resonance. The metamaterials primarily derive their
resonant nature due to structural resonances. The geometry of the structure
and the nature of the constituent materials of the structure determine the
resonant frequency and the dispersion properties. A variety of linear wave
phenomena in such materials have been presented in the previous chapters.
However, one would like to do much better than just achieve negative material parameters. Although unachievable until a few years ago, negative
material parameters are almost becoming passé today. Currently, one would
like to be able to actively control the metamaterial properties by externally
applied ﬁelds, tune the resonances, and the dispersion. Metamaterials have
exceptionally large local ﬁeld enhancements making them a fertile ground for
nonlinear optical eﬀects. One can even have reconﬁgurable metamaterials
with external feedback. We wonder if we can compensate for dissipation and
dispersion by gain or nonlinearities and have solitonic solutions in such media.
What new eﬀects would the dispersion in the magnetic permeability bring in?
Eventually there is the ultimate desire for complete control of the properties
of the metamaterial. Some of these aspects are brieﬂy discussed hereafter.
It should be mentioned ﬁrst that the ﬁeld of nonlinear metamaterials is
still in a nascent stage. Only a small number of eﬀects have been discovered
and discussed theoretically and very few among them have been implemented
experimentally. Hence, it actually becomes possible to give a short account of
the development in this area. In the ﬁrst design for the Split Ring Resonators
in Pendry et al. (1999), it was pointed out that the intense electric ﬁelds in the
capacitive gaps would enable a large nonlinear response by embedding nonlinear materials. This suggestion was later followed up in O’Brien et al. (2004)
where nonlinear bistable switching between positive and negative permeability
of the SRR at telecommunication frequencies was numerically demonstrated
using Kerr nonlinear materials. Nonlinear intensity switching of the eﬀective
negative refractive index was proposed in Zharov et al. (2003). Lapine et al.
(2003) theoretically studied the nonlinearity of a metamaterial arising out
of diode insertion into resonant circuit conﬁgurations. The resulting nonlinearity in the magnetization was shown to lead to three-wave coupling in the
metamaterial at microwave frequencies (Lapine and Gorkunov 2004). An active and controllable metamaterial switch at terahertz frequencies based on a
electrically resonant unit has been experimentally demonstrated by injecting
charges into the capacitive regions of the unit, which changes the resonance
conditions (Chen et al. 2006b). An interesting novel nonlinearity arising from
the Lorentz magnetic force on electrons in motion (v × B ∼ −iωE × B) and
the consequent nonlinear second harmonic generation was demonstrated in
Klein et al. (2006a). It is important to emphasize that many nonlinear effects, particularly those that require long interaction length or time in the
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metamaterials, are marginal in the presence of dissipation. The eﬀects that
involve smaller samples or distances, on the other hand, could be remarkably
stable against dissipation.
Dissipation seems to be the ultimate limit on the demonstrability and utility of any nice eﬀect possible with negative refractive index media. Thus, one
of the important needs of the hour is to reduce the levels of absorption in the
metamaterial. One intuitively feels that it can be achieved by embedding some
media or device that contributes to ampliﬁcation in the metamaterial design.
While recognizing that the level of losses in metals is very large, particularly at
optical frequencies, one hopes to bypass this problem either by including high
gain laser media such as semiconductors or nonlinear media (through Raman
or wave mixing processes) or by improving the design of the metamaterial
constituents so as to concentrate the radiation in the embedding medium and
outside the metallic regions where maximum dissipation occurs. Note that
such strategy has already been suggested for microwave metamaterials by inserting lumped element ampliﬁers (Tretyakov 2001). Nonlinear wave mixing
and optical parametric ampliﬁcation have been proposed in nonlinear metamaterials (Popov and Shalaev 2006) and many researchers are considering
the implementation of media with gain in metamaterial designs. Moreover,
the additional tunability oﬀered is particularly interesting for sustaining the
surface waves (see Chapter 7), since introduction of gain outside the metamaterials oﬀers an eﬀective manner of extending the lifetime of the surface
modes. It was also shown that ampliﬁcation in neighboring regions could
compensate for dissipation in the regions of negative materials parameters
via surface plasmon states on the interface (Ramakrishna and Pendry 2003),
which has been shown experimentally for surface plasmons propagating on a
metal surface in contact with a laser dye (Seidel et al. 2005, Noginov et al.
2007) and for metallic nanoparticles (Noginov et al. 2006). Consequently, it
appears that nonlinearity and ampliﬁcation may become an integral feature
of future metamaterials.
We shall subsequently present here two metamaterials: a self-switched SRR
medium exhibiting bistability and wave mixing, and an actively switched
metamaterial via photoconductivity. Control of the capacitance through the
embedded dielectric is the key to control the resonance of the metamaterial
units. In thin wire arrays, one can make similar use of atomic or molecular
magnetic media at microwave frequencies to control the magnetic permeability
of the medium and hence the inductance of the wires.

3.6.1

Nonlinear split-ring resonators

The split-ring resonator shows large local ﬁeld enhancements at frequencies
near the resonance and there is a tremendous concentration of the electric
ﬁelds in the small capacitive gaps. Consider the single ring SRR with two
splits of Fig. 3.12. The electric ﬁeld across the capacitive gaps is Ec = Vc /dc ,
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where Vc is given by Eq. (3.60), yielding
Ec (ω0 ) =

μ0 ωp2 rτc
.
2γLc

(3.78)

For the incident radiation, the energy is equally distributed between the electric and magnetic ﬁelds. We can estimate an enhancement factor of
.2
1 1/2ε0 |Ec (ω0 )|2
1 rτc ωp2
Q=
= 2
(3.79)
2 1/2μ0 |Hext (ω0 )|2
8c
2γLc
for the energy stored in the capacitive gaps at resonance, where the factor of 2
accounts for the fact that there are two gaps in the system. Typical numbers
for this factor range from 104 to 106 (Pendry et al. 1999, O’Brien and Pendry
2002).
Hence the material in the capacitive gaps can be crucially utilized to change
the properties of the SRR. Indeed it has been pointed out that changing
the substrate properties of planar metallic SRRs can be used eﬀectively to
control the metamaterial characteristics (Sheng and Varadan 2007). Any
small nonlinearity in the material placed in the gaps can drastically aﬀect the
performance of the system as the nonlinear eﬀects are ampliﬁed many times
due to large ﬁeld enhancements. Consider then ﬁlling the capacitive gaps
with a material exhibiting a Kerr nonlinearity. Regardless of the frequency of
interest, the nonlinear Kerr eﬀect in a dielectric is always achievable (Boyd
2003). This is a typical nonlinearity where the refractive index of the dielectric
depends on the electromagnetic ﬁelds as
√
(3.80)
n = ε = n0 + n2 I,
where I = 1/2(ε/μ)1 /2ε0 c|E|2 is the intensity of light. The sign of n2 can
be positive or negative in which case it is called a focusing or defocusing
nonlinearity, respectively. Suppose that the capacitive gap in the SRR is
ﬁlled with a Kerr nonlinear dielectric. The capacitance of the SRR depends
on the value of the embedded dielectric in-between, and hence the resonant
frequency becomes a function of the incident ﬁeld strengths.
Consider a metamaterial of SRR with a nonlinear dielectric in the capacitive
gaps. A relation between the incident ﬁeld strength and nonlinear resonance
frequency can be obtained in a quasi-static calculation as (Zharov et al. 2003,
O’Brien et al. 2004)
|Hext |2 =

Zd n2 d2c (1 − x2 )[(x2 − Ω2 )2 + Ω2 Γ2 ]
,
4n2 L2c ω02
Ω2 x6

(3.81)

where Ω = ω/ω0 , x = ωN L /ω0 , Γ = Γ/ω0 , ω0 is the resonance frequency for
the SRR embedded in the linear material, and ωN L is the resonance frequency
for the SRR embedded in the nonlinear material. The plot of the nonlinear
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Figure 3.31 Nonlinear resonant frequency vs. the ﬁeld strength for two
values of the dissipation rate: ﬁlled circles are for the γ of silver and the
open circles for 3γ. The inset shows the geometry of SRR structure with the
relevant dimensions. The inner box shows the nonlinear medium just enclosing
the SRR structure. (Reproduced with permission from (Ramakrishna 2005).
c 2005, Institute of Physics Publishing, U.K.)


resonance frequency with the ﬁeld strength is shown in Fig. 3.31. It is obvious
that the system is bistable. The bistable behavior is reasonably stable against
dissipation, which was checked by increasing the dissipation parameter by as
much as three times (shown in Fig. 3.31). One can see that the resonant
frequency switches from a lower frequency (ωL ) to a higher frequency (ωH ).
Thus, for frequencies ωL < ω < ωH , the medium appears as a negative permeability medium (μ < 0, ε > 0) at low intensity, while at higher intensities, the
medium appears as a positive permeability medium (μ > 0, ε > 0). The material can switch between a negative magnetic medium with high reﬂectivity to
a positive medium that can almost be transparent depending on the incident
intensity. Use of this mechanism to switch the behavior of the metamaterial of
thin wires and SRR composite from negative refractive index to positive index
or to plasma-like medium has also been suggested (Zharov et al. 2003). The
SRR with Kerr media inclusion shows a nonlinear magnetization with a χ(3)
nonlinearity. This is somewhat unique at optical or near-infrared frequencies
where even magnetic activity is special, let alone nonlinear magnetism.
Metamaterials with embedded nonlinear media or devices would have nonlinear magnetization, motivating the description of an SRR with an embedded
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nonlinear diode in a similar manner to Lapine et al. (2003), where a general
lumped resonant circuit approach is described. Consider a nonlinear diode
embedded in series in the legs of the single SRR with two splits. The voltagecurrent characteristic of the nonlinear diode can be taken to be
I=

1
(V + αV 2 ),
Rd

(3.82)

where Rd is the Ohmic resistance and α is the nonlinearity coeﬃcient (per
unit length of the cylinder if the system has invariance along the axis). Such
a system is entirely implementable for the SRR designed for microwave operations. Due to the presence of the quadratic term, driving currents at diﬀerent
frequencies get coupled. In the Fourier domain, the current voltage response
can be seen to be

1 ∞
dω 
,
α(ω; ω  , ω−ω  )Zd (ω  )Zd (ω−ω  )I(ω  )I(ω−ω  )
V (ω) = Zd (ω)I(ω)+
2 −∞
2π
(3.83)
where the kernel α(ω; ω  , ω − ω  ) is complex and Zd is the linear impedance of
the diode. Hence, in the SRR there is an additional potential drop across the
serial diode to account for in Eq. (3.37). Clearly, we have a χ(2) nonlinearity
in this system and can have three wave mixing processes at the frequencies
ω, ω  , and ω ± ω  . Note that the insertion of the diode breaks the centrosymmetry of the unit cell. The magnetization that develops at any one frequency
depends on the wave amplitudes at other frequencies. This is a well-studied
process (Boyd 2003) and can be utilized for the resonant enhancement of nonlinear processes such as sum and diﬀerence wave generation, second harmonic
generation, and parametric wave ampliﬁcation at microwave frequencies.
Let us explicitly estimate the nonlinear susceptibility for a three-wave mixing process between three waves at frequencies ω1 (pump), ω2 (idler), and ω3
(probe). We assume a small signal gain regime, no pump depletion due to the
nonlinearity, and we consider only the linear impedance for the waves with
frequency ω1 and ω2 . Consider Eq. (3.37) and write the net linear impedance
(per unit length) of the circuit as
ZL (ω) = −iω(1 − f )μ0 πr2 +

1
+ 2πrρ + Zd (ω),
−iωC(ω)

(3.84)

such that for waves with frequency ω1 and ω2 , we can write the corresponding
currents in the loop as
iω1 μ0 πr2
H(ω1 ),
ZL (ω1 )
iω2 μ0 πr2
H(ω2 ).
j(ω2 ) =
ZL (ω2 )

j(ω1 ) =
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Including the nonlinear diode term for the currents at frequency ω3 , we obtain
for the currents at ω3 :
iω3 μ0 πr2
α(ω3 ; ω1 , ω2 ) iω1 μ0 πr2 iω2 μ0 πr2
H(ω3 ) −
H(ω1 )H(ω2 ).
ZL (ω3 )
ZL (ω3 )
ZL (ω1 ) ZL (ω2 )
(3.86)
Noting that the magnetization M (ω) = f j(ω), we can see that the magnetization at frequency ω3 is proportional to the product of the magnetic ﬁelds
at the other two frequencies so that we identify the nonlinear magnetic susceptibility as
j(ω3 ) =

α(ω3 ; ω1 , ω2 )Zd (ω1 )Zd (ω2 ) iω1 μ0 πr2 iω2 μ0 πr2
,
ZL (ω3 )
ZL (ω1 ) ZL (ω2 )
α(ω3 ; ω1 , ω2 )Zd (ω1 )Zd (ω2 ) (1)
(1)
=
χm (ω1 )χ(1)
m (ω2 )χm (ω3 ),
iω3 μ0 πr2 f 2
(3.87)

χ(2)
m (ω3 ; ω1 , ω2 ) = −

(1)

where χm is the linear susceptibility. There is a resonant enhancement of
the nonlinear susceptibility whenever there is a resonance for any of the three
waves involved. This is to be expected in view of the large local ﬁeld enhancement caused by the metamaterial. It can be straightforwardly seen that
the nonlinear material will support second harmonic generation (ω1 = ω2 and
ω3 = ω1 + ω2 ).

3.6.2

Actively controllable metamaterials

One would like to actively control the behavior of the metamaterials by externally applied inputs. For example, the dielectric permittivity of the medium
in which the metallic structure is embedded could be easily modiﬁed by applying external electric ﬁelds using the electro-optic eﬀect. In this way, one could
easily switch the system in and out of resonance. In general, for such active
control, the key consideration is the switching speed required. Any electronic
means would limit the bandwidth and clearly high speed operations in excess
of terabits per second would necessarily be optical in nature.
A more drastic approach was taken in Chen et al. (2006b) where an actively switchable metamaterial was demonstrated at about 1 THz where the
embedding medium was a highly doped n-type semiconductor (GaAs). The
metamaterial consisted of single split resonators that have a resonant electric
polarizability for radiation with the electric ﬁeld oriented along the capacitive
gap. The entire planar metamaterials were deposited on an n-type semiconductor which in turn was deposited on a semi-insulating substrate (Si-GaAs).
Using a bias voltage between the metamaterial and the substrate, one can
control the charge carrier density in the semiconductor in the regions of the
capacitive gaps. The bias voltage essentially controls the ability of the n-type
semiconductor to conduct (low ﬁeld) or not (high ﬁeld). Thus, with no bias
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ﬁeld, the capacitive gaps are shorted out and the metamaterial appears like
a conducting surface. With a bias ﬁeld, one can deplete the charge carriers
in the gaps and thus the metamaterial becomes resonant with a dielectric
permittivity following a Lorentz-like dispersion. Such active switches in the
THz band represent an important development for the control of terahertz
radiation.
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