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Preface

The physics of semiconductors has seen an enormous evolution within the last fifty
years. Countless achievements have been made in scientific research and device
applications have revolutionized everyday life. We have learned how to customize
materials in order to tailor their optical as well as electronic properties. The ongoing trend toward device miniaturization has been the driving force on the application side and it has fertilized fundamental research. Nowadays, advanced processing
techniques allow the fabrication of sub-micron semiconductor structures in many
university research laboratories. At the same time, experiments down to millikelvin
temperatures allow researchers to anticipate the observation of quantum phenomena,
so far hidden at room temperature by the large thermal energy and strong dephasing.
The field of mesoscopic physics deals with systems under experimental conditions where several quantum length scales for electrons such as system size and phase
coherence length, or phase coherence length and elastic mean free path, are comparable. Intense research over the last twenty years has revealed an enormous richness of
quantum effects in mesoscopic semiconductor physics, which is typically characterized by an interplay of quantum interference and many-body interactions. The most
famous phenomena are probably the integer and fractional quantum Hall effects, the
quantization of conductance through a quantum point contact, the Aharonov–Bohm
effect, and single-electron charging of quantum dots.
The sheer unlimited versatility of materials and processing techniques does not
only sustain a flourishing field of physics but still inspires a large community of
researchers to develop more and more challenging visions that may be realized in
semiconductor systems. Some top issues are strongly correlated mesoscopic electronic systems, spins in mesoscopic systems and spintronics, phase-coherence, controlled entanglement, controlled dephasing, and quantum information processing.
This book tries to give some insight into recent research work in the field of electron transport in mesoscopic semiconductors by covering three selected topics. Since
no selection of topics in this broad field could ever be representative, it was mainly
dictated by my own research pursued over the last years. However, an introductory
historical part I was added in order to give the non-specialist a chance to see which
developments form the basis for current research.

VI

Preface

Part II of this book is devoted to the possible metal-insulator transition in twodimensional systems at zero magnetic field and low temperatures. Although the existence of novel interaction-dominated metallic ground states is still under debate, the
topic has initiated substantial research on the experimental side as well as in theory
over the last years.
In part III electron transport through semiconductor quantum dots is introduced
and certain aspects of recent research are discussed. In particular, it treats electron
transport through a Coulomb blockaded quantum ring system in which Aharonov–
Bohm-type effects allow a surprisingly detailed understanding of the energy spectrum. In addition, the question of the ground-state spins in conventional singly connected quantum dots is addressed.
Part IV gives an overview over novel setups and experiments that aim at the local
investigation of mesoscopic system’s interiors by utilizing scanning probe techniques
at cryogenic temperatures. The “marriage” of scanning probes, which are subject of
a research field on their own, and mesoscopic semiconductor physics has turned
out to be an extremely demanding enterprise for two reasons: first, it is experimentally very challenging to operate scanning force microscopes at temperatures where
mesoscopic physics is observed in semiconductors and second, there are almost no
detailed theories that allow the interpretation of scanned images or that teach the experimentalists how exactly to perform experiments in order to get meaningful results.
However, exactly these two aspects have made research in this direction so exciting.
Sincere thanks are given to all those who have contributed to the presented work,
in particular to those talented young scientists who have devoted some years of their
career to this fascinating field of mesoscopic electronics. Although many more people are acknowledged at the end of this book, already at this point I wish to thank
the key-players in our team at ETH Zurich, Volkmar Senz, Andreas Fuhrer, Stefan
Lindemann, Jörg Rychen, Tobias Vancura, and Klaus Ensslin.

Zurich, March 2003

Thomas Ihn
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1
Electrical conductance: Historical account from Ohm
to the semiclassical Drude–Boltzmann theory

At the heart of the phenomenon of electrical conductance is Ohm’s law
U = RI

(1.1)

empirically found by Georg Simon Ohm1 and published in Refs. [1, 2] dating back to
the years 1826 and 1827. It states that the application of a voltage U to a conductor
gives rise to a current I proportional to U or, equivalently, if a current is driven
through a conductor, a voltage will build up proportional to the current (see Fig. 1.1).
The proportionality constant is called electrical resistance R, its inverse G = R−1
is called electrical conductance. Over the last 175 years tremendous insight has been
gained into the microscopic mechanisms leading to the appearance of a resistance in
conducting materials.
The Hall effect, discovered by Edwin Herbert Hall2 in 1879 [3, 4] opened the
field of the so-called magnetotransport (or galvanomagnetic) phenomena meaning
all the effects an external homogeneous magnetic field causes in a sample through
which a current flows. Hall found that in a magnetic field normal to the current flow
a voltage can be measured between two points whose connecting line is perpendicular to current and magnetic field (Hall effect, see Fig. 1.1). The Hall voltage UH is
proportional to the applied magnetic field B and the current I through the sample,
i.e.
UH = RH BI
(1.2)
The constant of proportionality, RH , is called Hall coefficient. In contrast, the longitudinal resistance of Hall’s samples measured between points along the direction of
the current flow was independent of the applied magnetic field.
1
2

Georg Simon Ohm,  16 March 1789, Erlangen, Germany, † 6 July 1854, Munich, Germany.
Edwin Herbert Hall,  7 November 1855, Gorham (Maine), USA, † 20 November 1938,
Cambridge (Massachusetts), USA.

4

1 From Ohm to Drude–Boltzmann theory

magnetic
field B
current

U
sample

longitudinal
voltage

UH
Hall voltage

Fig. 1.1. Schematic drawing of a resistance measurement. A current source supplies the current
I to the sample. The voltage drop U measured along the current flow is a measure of the ohmic
resistance of the sample. If a magnetic field is applied normal to the current flow, a Hall voltage
UH builds up in the direction perpendicular to both the current and the magnetic field in the
sample.

Historically, the discovery of the electron in 1897 by Sir Joseph John Thomson3
offered an obvious mechanism for conduction in metals. The corresponding model,
the Drude theory of electrical and thermal conduction, was presented by Paul Drude4
at the end of the 19th century [5, 6] (see Ref. [7] for an excellent introduction). This
model was capable of explaining Ohm’s law and tracing the conductance back to a
few material specific quantities (such as the electron density n and the scattering rate
1/τ of the electrons) and to the geometry of a specific sample, e.g., its width W , its
length L, and its thickness d in a rectangular solid. For this geometry, a geometryindependent specific resistivity (or simply, the resistivity)  can be defined by
R=×

L
.
Wd

The inverse of the resistivity σ = −1 is called the conductivity. The Drude theory
expression for the conductivity is
σ=

ne2 τ
,
m

(1.3)

where m is the mass of the charge carriers. The Hall effect could also be described
within this theory and became a method to determine the density and the sign of the
3
4

Sir Joseph John Thomson,  18 December 1856, Cheetham Hill (Manchester), England, †
30 August 1940, Cambridge, England; Nobel prize in physics 1906.
Paul Drude,  12 July 1863, Braunschweig, Germany, † 5 July 1906, Berlin, Germany.

1 From Ohm to Drude–Boltzmann theory

5

charge carriers in conductors. The expression for the Hall coefficient [c.f. eq. (1.2)]
is
1
RH =
.
(1.4)
end
The central idea of the Drude model is the notion that electrical resistance arises due
to the presence of electron scattering in conducting materials characterized by the
scattering time τ .
At that time, the kinetic theory of gases and Boltzmann’s statistical theory including the kinetic equation for the distribution function (Boltzmann equation) were already available and concepts like the relaxation time approximation of the Boltzmann
equation could be applied. However, it was still the classical Maxwell–Boltzmann
distribution function that had to be used. It was, for example, predicted by Hendrik
Antoon Lorentz5 [8] that an energy-dependent relaxation time would have serious
consequences for the resistance. It would lead to a temperature dependence and a
magnetic field dependence of the resistance and to a magnetic field and temperaturedependent Hall coefficient. These predictions turned out later to be of considerable
importance for electronic conduction in semiconductors.
With the advent of quantum mechanics, the whole theory of solids was revolutionized and all the concepts within solid-state physics familiar to physicists today,
such as the band structure and the theory of phonons, were developed. The development of a quantum theory of electrical conduction started with the introduction of
the Fermi–Dirac distribution function
f (E, µch , T ) =

1
exp [(E − µch )/kT ] + 1

(1.5)

in Boltzmann’s kinetic equation by Arnold Sommerfeld6 [9–12]. Here E is the energy of a quantum state, µch is the chemical potential of the system under consideration, k is Boltzmann’s constant, and T is the temperature. With this improvement,
the theory of conduction in metals had the form still taught at universities today. The
presence of the chemical potential µch in the distribution function made the theory
applicable to low temperatures and allowed the investigation of the so-called residual
resistivity of metals. Introductions to the use of Boltzmann’s theory for the description of electrical conduction can be found in Refs. [7, 13, 14].
Bloch’s7 theory of electrons moving in a periodic crystal lattice [15] made it
necessary to revise the basics of the Drude–Boltzmann theory of conduction again.
The concept of electronic conduction by electrons and holes was introduced within
the semiclassical model of electron dynamics. In this model the classical momentum
(velocity) is replaced by the crystal momentum, i.e., by the wave vector of a Bloch
electron (or hole) times Planck’s constant h̄ in Newton’s equations of motion. In a
5
6
7

Hendrik Antoon Lorentz,  18 July 1853, Arnheim, Netherlands, † 4 February 1928, Haarlem, Netherlands; Nobel prize in physics 1902 (with P. Zeeman).
Arnold Sommerfeld,  5 December 1868, Königsberg, Prussia, † 26 April 1951, Munich,
Germany.
Felix Bloch,  23 October 1905, Zurich, Switzerland, † 10 September 1983, Zurich,
Switzerland, Nobel prize in physics 1952 (with E.M. Purcell).
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similar fashion, the wave vector also enters the distribution function for the charge
carriers. In cases where electrons or holes have energies close to the minimum or
maximum of a Bloch-band, a situation frequently occurring in semiconductor structures, an effective electron or hole mass m can be introduced and the charge carriers move effectively according to Newton’s laws of motion. In summary, the Drude
model of electrical conduction is still valid within the semiclassical description of
electron dynamics if the electron mass m in eq. (1.3) is replaced by an effective electron or hole mass m .
Within the semiclassical theory the question of the sources of electron scattering
in solids remains unsettled. According to Bloch’s theory an electron in the Blochstate of a perfect crystal lattice does not lead to an electrical resistance. As a consequence, electron scattering important for the occurrence of a finite resistance can
only occur by (1) impurities or lattice defects in the crystal, (2) by intrinsic deviations
from perfect periodicity due to thermal motion of the ions in the lattice (phonon scattering), or (3) by scattering at the boundaries of a sample. It becomes obvious that
the theory of electrical resistance must be intimately related to the scattering theory of electrons (see e.g. Ref. [14] for an overview over scattering mechanisms in
semiconductors).

2
Toward the microscopic understanding of conductance
on a quantum mechanical basis

2.1 Quantum transport in metals
When Lew Dawydowitsch Landau1 published his paper on the diamagnetism of metals [16], he was probably not aware of the importance of his calculation for quantum
transport. In this publication he determined the quantized energy levels of free electrons in a homogeneous magnetic field


1
En = h̄ωc n +
,
2
where n ≥ 0 is an integer and ωc = eB/m is the cyclotron frequency. Similar calculations emphasizing the role of the sample edges were performed by V. Fock2 [17],
C.G. Darwin [18], and Edward Teller3 [19]. The energy levels that we now call Landau levels played their first important role in experiments on the magnetoresistance
of bismuth performed by L. Shubnikov and Wander Johannes de Haas4 in 1930 [20].
They found that the measured magnetoresistance oscillated as a function of magnetic
field, an effect now called Shubnikov–de Haas effect. A theoretical description of this
effect was, for example, given in Ref. [21].
A full quantum mechanical description of electron transport was developed between 1950 and 1960 as a special case of quantum mechanical linear response theory.
Kubo [22, 23] and Greenwood [24] were the first to propose a quantum theory of the
conductance culminating in what is today known as the Kubo–Greenwood formula
for the electrical conductance. It is based on linear response theory and takes at zero
frequency and zero magnetic field the form [25]
1
2
3
4

Lew Dawydowitsch Landau,  22 January 1908, Baku, USSR, † 1 April 1968, Moscow,
USSR; Nobel prize in physics 1962.
Vladimir Alexandrovich Fock,  22 December 1898, St Petersburg, Russia, † 27 December
1974, Leningrad, Russia.
Edward Teller,  15 January 1908, Budapest, Hungary
Wander Johannes de Haas,  2 March 1878, Lisse, Holland, † 26 April 1960, Bilthoven,
Netherlands.
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j(x) =
where


σ(x, x ) = h




dα

d3 x σ(x, x )E(x ),



df (Eα )
δ(Eβα )j βα (x) ⊗ j αβ (x ).
dβ −
dE

(2.1)

Here the notion is that on the application of an electric field E(x) the current created is described by the local current density j(x), which is a non-local microscopic
reformulation of Ohm’s law in eq. (1.1). The zero-frequency limit excludes timedependent effects such as phonon scattering. We have introduced the non-local conductivity tensor σ(x, x ), which can be calculated from the knowledge of the matrix
elements of the current density j αβ (x). The ⊗ symbol represents the tensor product
of the two vectors. The basis states | α  used for this representation are the exact
eigenstates of the system’s Hamiltonian including the disorder potential created by
residual impurities and crystal imperfections at zero applied electric field. The quantities Eαβ = Eα − Eβ are differences of eigenenergies. No impurity averaging has
been performed in eq. (2.1). The temperature dependence of the conductivity enters
through the Fermi–Dirac distribution function f (E) [see eq. (1.5)]. Since in typical
conduction problems the local electric E(x) field is not known, it is frequently assumed to be homogeneous and the spatially averaged current density is calculated,
resulting again in a local conductivity tensor.
It was shown, for example, by Kohn5 and Luttinger [26] that such a quantum mechanical linear response theory for the conductance leads to the Drude–Boltzmann–
Sommerfeld result in lowest order, if the electric field is homogeneous and the average is taken over impurity configurations in the system. The distribution function of
the Boltzmann equation can be identified with the diagonal matrix elements of the
density matrix in momentum representation. For macroscopic systems the familiar
Boltzmann result for the energy-dependent elastic scattering rate [7, 27]
1
m
= Ni
τ (E)
(2π)d−1 h̄3



2m E
h̄2

d/2−1 

2

dΩd |V (q)| (1 − cos θ)

(2.2)

is recovered, in which d is the dimension of the system, Ωd is the solid angle in d
dimensions, Ni denotes the volume density of the scatterers, V (q) is the Fourier
transform
 of the potential of an individual scatterer and q = 2k sin(θ/2) and

k = 2m E/h̄2 . The scattering time τ enters the expression for the conductivity in eq. (1.3). Equation (2.2) will be of particular importance in the analysis of our
experimental results in part II of this book. Kohn and Luttinger recognized that beyond the semiclassical theory interference effects between scattered electron waves
would lead to higher-order corrections. An important aspect of this approach to the
description of transport is the fact that only properties of states at the Fermi-energy
5

Walter Kohn,  9 March 1923, Vienna, Austria, Nobel prize in chemistry 1998 (with J.A.
Pople).
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of the system enter the calculation of the conductance at zero temperature. The lowtemperature conductance can therefore give some insight in the nature of the ground
state of electronic systems.
At about the same time Rolf Landauer proposed a different theoretical view on
the appearance of the resistance [28]. He considered the flow of electrons past an
individual scattering center and predicted the presence of a resistivity dipole, today
known as Landauer’s resistivity dipole, around the scatterer. Such a resistivity dipole
is essentially made up of electrons accumulating upstream and lacking downstream
of the impurity, i.e., the electron gas is polarized around the impurity similar to a
polarized atom in a dielectric material. For a one-dimensional conductor supporting
a single mode, he found a formula for the conductance in the linear transport regime
today known as the Landauer formula [29–32]
G=

2e2 T
,
h 1−T

(2.3)

in which T is the transmission probability for electrons through the conductor. This
approach was later extended to the case of multimode and multiprobe conductors by
M. Büttiker [33], leading to the Landauer–Büttiker formalism of the conductance. Its
relation to the Kubo–Greenwood approach was clarified by Baranger and Stone in
Ref. [34].
The quantum mechanical transmission is also of central importance for tunneling
phenomena and Landauer’s view on the resistance can also be applied to tunneling
transport. Historically, already in 1928, i.e., soon after the formulation of quantum
mechanics, Fowler and Nordheim investigated the field emission of electrons from
metals [35]. The concept of inter-band tunneling in solids was proposed by Zener in
1943 [36] and in 1957, the Esaki diode6 [37] made use of this concept. Tunneling
through thin insulating layers from normal metals into superconductors [38] or between superconductors [39] studied around 1960 by I. Giaever7 was the experimental
technique used for verifying the existence of a superconducting energy gap and for
measuring the density of states in superconductors. On the theoretical side, the transfer Hamiltonian approach was developed by John Bardeen8 in Ref. [40]. The early
work on tunneling in solids has been reviewed in Ref. [41].
6
7
8
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2.2 Transistors and two-dimensional electron gases in
semiconductors
Parallel to the developments in fundamental research on conductance in the late
1950s, the remarkable technological success of microelectronics based on semiconducting materials began. In 1947/48 the transistor9 was developed by John Bardeen,
Walter Houser Brattain,10 and William Shockley11 at the Bell Laboratories on the
basis of germanium. In 1954 the silicon technology started, the first transistor-based
computer worked in 1955 in the United States and the concept of the integrated circuits was invented in 1958 by Jack St. Claire Kilby, engineer of Texas Instruments.
2.2.1 Two-dimensional electron gases in field-effect transistors

z
Cap layer
AlAs
GaAs
δ-donor
layer
2DEG

5nm
8nm

y
x

17nm

GaAs

2nm
2nm

AlxGa1-xAs
AlxGa1-xAs

>100µm

GaAs

Fig. 2.1. Layer sequence in a GaAs/AlGaAs heterostructure. The two-dimensional electron
gas (2DEG) forms at the interface between the two materials, here 34 nm below the sample
surface.

From these early days on, fruitful mutual interactions began between the semiconductor industry and fundamental physics research. With the field-effect transistors,12 two-dimensional electron gases became available for fundamental research
9

10
11
12

From: transfer resistor; the planar bipolar transistor was patented in 1948, mass production started in 1951; already in 1963 the worldwide production of transistors was 1 billion
pieces, higher than the established electron tube.
Walter Houser Brattain,  10 February 1902, Amoy (today Xiamen, China), † 13 October
1987, Seattle, USA; Nobel prize in physics 1956 (with J. Bardeen and W. Shockley).
William Shockley,  13 February 1910, London, England, † 12 August 1989, Stanford
(California), USA; Nobel prize in physics 1956 (with J. Bardeen and W.H. Brattain).
the most famous variant is the silicon based MOSFET – Metal-Oxide Field Effect
Transistor
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in the 1960s and 1970s, initially based on the elemental semiconductors, silicon
and germanium, later also on III-V compounds like gallium arsenide, aluminium
arsenide, and others. These systems opened a new research area, namely, the physics
of the electronic properties of two-dimensional systems (see Refs. [42, 43]). Figure 2.1 shows an example of a GaAs/AlGaAs heterostructure similar to the ones used
in parts III and IV of this book for experiments. The two-dimensional electron gas
(2DEG) accumulates at the interface between the two materials. Structures with very
high crystal purity (typically less than 1014 cm−3 residual impurity concentration)
can, for example, be grown by molecular beam epitaxy (MBE). Growth is based on
GaAs (100) wafers on top of which a thick layer of GaAs is grown. Subsequently,
the growth continues with an AlGaAs alloy that is almost perfectly lattice-matched to
the GaAs cystal. Atomically sharp interfaces between these materials can be realized
without introducing lattice distortions or interrupting the lattice periodicity. A lattice
plane remote from the GaAs/AlGaAs interface is doped with silicon incorporated
mainly on gallium lattice sites (n-type δ-doping). The layer sequence is completed
by burying the doping plane in AlGaAs and capping the structure with a thin GaAs
layer in order to prevent strong surface oxidation of the AlGaAs.

s
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Al xGa 1-xAs

0.6

GaAs
Al x Ga 1-x As

Energy [eV]

0.8

GaA

AlA

s

1
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electron density
distribution
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Fermi energy
-0.2
0
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Distance from Surface [nm]
Fig. 2.2. Self-consistent conduction band profile of the GaAs/AlGaAs heterostructure

The resulting self-consistent conduction band structure of such a sample is shown
in Fig. 2.2. The electrochemical potential of the system is pinned deep inside the
GaAs substrate layer, typically close to the middle of the bandgap. At the interface
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between GaAs and AlGaAs, a triangular potential well gives rise to a single occupied
quantum state confining electrons to a thin sheet (about 10 nm thick). The thickness
of the sheet in growth direction is given by the extent of the quantum state and can in
principle not be made thinner due to arguments based on the uncertainty principle.
The conduction band minimum rises strongly toward the surface, since at the surface
the electrochemical potential is pinned by surface states in the bandgap of GaAs.
The presence of this built-in barrier together with the insulating character of the
AlGaAs barrier material allows the application of electric fields between the twodimensional electron gas and a metallic gate electrode evaporated onto the surface of
such a sample. The electron density can then be controlled via the field effect.
Electron transport in two-dimensional electron gases is routinely characterized
and described in terms of the Drude–Boltzmann theory of transport in metals described above. Magnetotransport experiments in the spirit of Fig. 1.1 apply a current
I to the two-dimensional system patterned into a Hall bar structure and the longitudinal and transverse voltages, U and UH , respectively, are measured. If W is the
width of the Hall bar and L is the separation between longitudinal voltage probes,
the components of the two-dimensional resistivity tensor


xx xy
=
−xy xx
can be determined to be
xx =

WU
L I

and xy =

UH
.
I

The corresponding conductivity tensor σ is obtained from  by tensor inversion. The
electron density (Hall density) nH can then be determined from the low magnetic
field Hall resistivity, which is linear in magnetic field B
nH =

1
e dxy (B)/dB|B=0

and the Hall mobility µH = eτ /m of the electrons follows from
µH =

dxy (B)/dB|B=0
.
xx (0)

Typical values for electron densities in such two-dimensional systems at liquid helium temperatures range from 1014 m−2 to 1016 m−2 , mobilities are typically between 0.1 m2 /(Vs) to 1000 m2 /(Vs). From the mobility µH one finds the scattering
time τ , if the effective mass of the charge carriers is known. For electrons in GaAs,
for example, the effective mass m = 0.067 and a mobility of 100 m2 /(Vs) corresponds to a scattering time τ = 38 ps. The Hall density allows the determination of
the Fermi wave vector of the electrons via
√
kF = 2πnH
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and the related Fermi wavelength λF , Fermi velocity vF , and Fermi energy EF . For
an electron density of 5 × 1015 m−2 in GaAs, one obtains λF = 2π/kF = 35 nm,
vF = h̄kF /m = 3 × 105 m/s, and EF = h̄2 kF2 /(2m ) = 17.9 meV. Combining
information about the electron density and the mobility, the elastic mean free path
can be determined from
le = vF τ
and the diffusion constant is given by
D=

1
1 2
vF τ = vF le .
2
2

In a high-quality two-dimensional electron gas in GaAs with nH = 5 × 1015 m−2
and a mobility µH = 100 m2 /(Vs), one has D = 1.8 m2 /s and le = 11.7 µm, which
is already a macroscopic length scale. Similar electron gases form the basis for the
measurements discussed in parts III and IV of this book.
The Shubnikov–de Haas effect in two-dimensional systems is another common
measurement allowing the determination of the carrier density. The observed quantum oscillations in the resistance are periodic in 1/B [42]. The period ∆(1/B) is
related to the Shubnikov–de Haas density via
nSdH =

2e
,
h∆(1/B)

if spin-degenerate Landau levels are assumed. If the two-dimensional electron or hole
gas is in the quantum limit (only one subband is occupied), then the Shubnikov–de
Haas density and the Hall density are typically measured to be the same within a
few percent. A more detailed analysis of the Shubnikov–de Haas effect allows the
extraction of a quantum life-time of an electron in a Landau level and of the effective
mass m [44, 45].
2.2.2 Resonant tunneling in semiconductors
In addition to the field-effect transistors, the advances in semiconductor material
quality made the development of double-barrier resonant tunneling structures possible. In these structures, a quantum well extended in two dimensions is coupled via
tunneling barriers to emitter and collector electrodes. The weak coupling leads to
well separated quantized energy levels in the quantum well. If on the application
of an external bias voltage occupied emitter states become resonant with quantum
well states, resonant tunneling transport can occur through the structure. A further
increase in the bias voltage detunes the resonant levels and as a consequence a negative differential resistance arises. This was first demonstrated by Leo Esaki and
coworkers in the early 1970s [46, 47]. The resonant tunneling effect has to be mentioned here, because it is at the heart of tunneling transport through semiconductor
quantum dot structures, which will be discussed in part III of this book.
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2.2.3 Integer and fractional quantum Hall effect
In the early 1980s research on magnetotransport in two-dimensional electron gases
was greatly stimulated by the experimental observation of important quantum phenomena: the integer quantum Hall effect found in silicon MOSFETs by Klaus von
Klitzing13 in 1980 [48] impressively showed the precise quantization of the Hall resistance UH /I in integer fractions of the resistance quantum h/e2 [c.f. eqs. (1.2) and
(1.4)]:
UH
h 1
= 2 ,
I
e ν
where ν > 0 is an integer called the “filling factor” of Landau levels. Figure 2.3
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Fig. 2.3. Quantum Hall effect measured in a GaAs/AlGaAs heterostructure at a temperature
of 100 mK. At magnetic fields where the Hall resistivity xy = UH /I shows plateaus, the
longitudinal resistivity xx is exceedingly small.

shows the quantum Hall effect measured on a high-quality GaAs/AlGaAs heterostructure at a temperature of 100 mK. The quantization of the Hall resistance at
integer fractions of h/e2 can be seen in the Hall resistivity xy . At magnetic fields
where the Hall resistivity shows plateaus, the longitudinal resistivity of the sample, xx , is close to zero. Büttiker suggested a phenomenological and transparent
description of the integer quantum Hall effect in terms of the transmission of edge
channels [49]. The self-consistent nature of edge channels predicted by Chklovskii
and coworkers in Ref. [50] will be further discussed in the scanning gate experiments
described in chapter 16.
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The fractional quantum Hall effect, where plateaus in xy develop at fractional
values of the filling factor ν, was discovered in gallium arsenide heterostructures by
Tsui14 and Störmer15 [51] is based on the Coulomb interaction between electrons in
two-dimensional systems leading to novel ground states. For example, an excellent
approximate wave function for the ν = 1/3 correlated many-body ground state was
suggested by R. Laughlin16 [52]. The fractional quantum Hall effect can be described
as the integer quantum Hall effect of novel quasiparticles called composite fermions
(see e.g. Refs. [53–56] for an introduction to the fractional quantum Hall effect).
2.2.4 Weak localization
In the late 1970s, two-dimensional electron gases were predicted to become insulating at zero magnetic field as the temperature approaches absolute zero. The predictions were based on the quantum interference of electrons leading to localization
no matter how small the disorder potential due to residual crystal imperfections,
an effect known as “weak localization” [57]. It turns out that the effect is closely
related to the interference of elastically back-scattered electron waves. As a result
of this finding, experimentalists working on two-dimensional systems were able to
study phase-coherence phenomena — a still insufficiently understood topic reaching
into fundamental quantum mechanics. The weak localization effect has a logarithmic temperature dependence, and it can be suppressed by applying a magnetic field
normal to the plane of the two-dimensional system. This is shown in Fig. 2.4 for a
p-SiGe sample measured at a temperature of 100 mK. The weak localization effect
Fig. 2.4. Measurement of the suppression of the weak localization
effect in a magnetic field. The
sample is a p-SiGe quantum well
with a two-dimensional hole gas.
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will be discussed in much more detail in part II of this book where it plays a very
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important role in connection with a possible metal–insulator transition in strongly
interacting two-dimensional systems at zero magnetic field.

2.3 Basic phenomena in semiconductor structures of reduced size
and dimensionality
2.3.1 The Aharonov–Bohm effect and conductance fluctuations
Already in 1939 it was pointed out by Franz [58] that two electron beams enclosing
a magnetic flux Φ between them would acquire a relative phase given by
∆ϕ = 2π

Φ
,
Φ0

where Φ0 = h/e is the flux quantum. Later, Aharonov and Bohm17 realized, that
in contrast to the classical motion of a charged particle in an electromagnetic field
where only the fields play a role, in the quantum description the electromagnetic potentials cannot be eliminated from the equations of motion [59]. They suggested interference experiments between electron waves that could prove the physical significance of the electromagnetic potentials. One of these experiments is schematically
depicted in Fig. 2.5. This fundamental effect, nowadays called Aharonov–Bohm ef-

magnetic
flux
incident
electron beam

interference
screen

Fig. 2.5. Scheme of the interference experiment suggested by Aharonov and Bohm

fect, is not only the basis for the microscopic understanding of the weak localization phenomenon, but it became of great importance in the field of semiconductor
structures with reduced dimensionality, which developed rapidly in the 1980s, certainly also inspired by the industrial requirements of smaller and faster electronic
devices. In 1985 first indications of the Aharonov–Bohm effect were observed in
17
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double-quantum well structures [60] and later also in laterally defined semiconducting ring-shaped systems [61–64], at a time when this phenomenon was already well
studied in metallic systems [65, 66]. A good introduction to the phenomenon is given
in Ref. [67]. Figure 2.6a shows the Aharonov–Bohm effect measured in a ring structure of d = 1 µm diameter, realized on a GaAs/AlGaAs heterostructure. Periodic
oscillations of the resistance as a function of magnetic field are clearly visible. The
period of about 4 mT corresponds to the magnetic flux Φ = Bπd2 /4 through the
ring being an integer number times the flux quantum Φ0 . This Aharonov–Bohm period will play an important role in chapter 12, where we show measurements of the
Coulomb-blockade effect (see below) in a ring geometry.
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Fig. 2.6. a) Aharonov–Bohm effect measured at a temperature of 30 mK in the quantum ring
structure shown in the inset. The current driven through the ring was 1.7 nA. The period of
the oscillations of about 4 mT corresponds to the area of the ring with radius r = 0.5 µm. b)
Conductance fluctuations measured in a sample in which 1 µm square cavities are arranged in
a 5 × 5 array (see inset). Neighboring cavities are coherently coupled via small openings. The
characteristic field scale of the fluctuations is again 4 mT corresponding to 1 µm2 , the area of
an individual cavity.

The search of the Aharonov–Bohm effect in metals and also in semiconductor structures was hindered by the presence of another related interference effect,
namely, the conductance fluctuations, which manifest themselves as aperiodic but
reproducible fluctuations in the resistance of a sample as a function of an external parameter such as the magnetic field or the electron density. Conductance fluctuations
occur in samples whose characteristic size L is of the order of the phase coherence
length lϕ of the electrons. They occur in systems where the elastic mean free path of
the electrons le is much smaller than L (then called universal conductance fluctuations, or UCF), or in classically chaotic systems if le  lϕ (then called ballistic conductance fluctuations). A substantial discussion of conductance fluctuations can be
found in Refs. [30, 32]. An example of ballistic conductance fluctuations is depicted
in Fig. 2.6b [68]. They were measured at 100 mK on a sample in which an array of
5 × 5 ballistic cavities of size 1 × 1 µm2 was realized. Neighboring cavities were
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interconnected by narrow constrictions. The sample was based on a GaAs/AlGaAs
heterostructure.
In general, structures in which the electronic phase coherence length lϕ is comparable to the characteristic system size L but much larger than the Fermi wavelength
λF are called mesoscopic systems. Depending on the relation between the mean free
path of the electrons le and the system size L, one talks about ballistic (le  lϕ ) or
diffusive (le  lϕ ) systems.
2.3.2 Conductance quantization in semiconductor quantum point contacts
In 1988 the quantization of the conductance in very narrow constrictions in a twodimensional electron gas was discovered by van Wees and coworkers [69] and
Wharam and coworkers [70]. They were able to vary the width of the constriction
from less than one to many Fermi wavelengths by applying voltages to a split-gate.
They found that with increasing gate voltage, i.e., increasing width of the constriction, the conductance did not increase linearly, as expected from purely classical
arguments, but it increased in steps of 2e2 /h. An example of this effect is shown in
Fig. 2.7. It turns out that the effect can most naturally be described by the Landauer–
Büttiker formula
2e2
G=
N T,
(2.4)
h
where N is the number of transverse modes in the constriction with average transmission T = 1. This formula differs from eq. (2.3) in the appearance of the factor
N and in the fact that only the transmission T appears instead of T /(1 − T ). In
fact, the latter goes to infinity as T approaches 1. The reason for a finite conducFig. 2.7. Conductance quantization in
a quantum point contact realized on
a GaAs/AlGaAs-heterostructure. The
plateaus in the conductance are reminiscent of the plateaus in the quantum Hall
effect in Fig. 2.3.
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tance despite the absence of scattering is the fact that the electron gas has to couple
adiabatically from a very large (infinitely large) reservoir into a narrow constriction,
which gives rise to the “contact” resistance Rc = h/(2e2 N ). If this resistance is
coupled in series with the pure resistance of the constriction in analogy to eq. (2.3),
Rs = [h/(2e2 N )](1 − T )/T , then we indeed recover eq. (2.4) [31]. Further details about the conductance quantization can be found in Refs. [30–32]. A very clear
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discussion of the effect in terms of the adiabatic approximation was given in Refs.
[32, 71]. Although quantum point contacts are interesting research objects themselves (see e.g. Ref. [72] for an interesting recent publication), they also form the
basic element for the fabrication of more complex nanostructures such as quantum
dots (see below in this chapter and part III).
If constrictions are made long and thin, the resulting structures are called quantum wires. These systems are interesting because they are tunable one-dimensional
systems. In the terminology of mesoscopic physics, a system becomes one dimensional as soon as its width W becomes smaller than the phase-coherence length
lϕ . Such wires will be investigated with scanning gate techniques in chapter 17.
A strictly one-dimensional system in the quantum mechanical sense, however, is
reached only if W is comparable to λF /2, which means that only one mode is occupied. Experimentally, such systems are difficult to realize. Even in wider mesoscopically one-dimensional systems, the quantization of the conductance is lost because
imperfections in the wires do not allow T to approach unity. The resulting backscattering in such wires leads to the observation of conductance fluctuations. Exceptions
are very pure quantum wire fabricated by cleaved-edge overgrowth, which indeed
show conductance quantization in spite of their length [73].
2.3.3 Semiconductor quantum dots and artificial atoms
At about the same time as the discovery of conductance quantization, another important effect was found in mesoscopic semiconductor structures and in mesoscopic
metallic devices. If a small conducting island of charge is coupled to two large electron reservoirs (source and drain contacts) via quantum point contacts driven into
pinch-off, the conductance of the device becomes much smaller than the conductance quantum 2e2 /h. The current–voltage characteristics of such devices are highly
nonlinear at very low temperatures (about 100 mK) showing an exponential suppression of the current at low bias. When a gate electrode is placed next to the island, the
conductance as a function of gate voltage exhibits a series of thermally broadened
peaks with extremely small conductance in between. Such a measurement made on
a quantum dot realized on a GaAs heterostructure is shown in Fig. 2.8. The suppression of the conductance in the valleys between peaks is called the Coulomb-blockade
effect. Its origin is the classical Coulomb repulsion of electrons. It leads to a charging
energy of the almost isolated island characterized by the energy scale
∆Ec =

e2
.
2C

Here, C is the capacitance of the island. The separation of neighboring conductance
peaks is closely related to the charging energy. While in the Coulomb-blockade regions the number of electrons on the island is constant, on a conductance peak it
can change by one thus allowing a current to flow. On a conductance peak, a single electron enters and leaves the island before the next electron can enter. In this
sense, such islands are called single-electron transistors (SETs). Although experiments on metallic grains embedded in thin insulating films were already investigated
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Fig. 2.8. Coulomb blockade in the conductance of a semiconductor quantum dot. The inset
shows a scanning electron microscope image of the gate-defined quantum dot structure.

in the 1950s and 1960s [74–76] and a transport theory was developed by Kulik and
Shekhter [77], the first indication for the Coulomb-blockade effect in an individual
artificially fabricated metallic SET was reported by Fulton and Dolan in Ref. [78].
First results in semiconducting samples were obtained by Scott-Thomas and coworkers [79] looking at inhomogeneous wires in Si-MOSFET inversion channels. In the
1990s, semiconducting islands containing very few (down to one) electrons could
be fabricated by Tarucha and coworkers [80, 81]. These quantum dots showed shell
filling effects and are therefore referred to as artificial atoms. In 1997 the Kondo
effect in an artificial quantum dot was found by Goldhaber-Gordon and coworkers
[82]. This effect, which is well known from dilute magnetic alloys (see Ref. [83])
had been predicted to occur in quantum dots with an unpaired spin in the regime of
relatively strong coupling to source and drain [84–86].
Electron transport through quantum dots is discussed in a number of books
[32, 87–90] and review articles [81, 91–95]. An introduction to the subject is given
in chapter 11 as a preparation for the subsequent description of measurements on
quantum dots and quantum rings.

Part II

Conductance in Strongly Interacting and Disordered
Two-Dimensional Systems
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The physics of electron transport in two-dimensional systems has been intensely
investigated in the 1970s and early 1980s. With the availability of Si-MOSFETs
(Silicon Metal-Oxide-Field-Effect-Transistors) and GaAs/AlGaAs heterostructures,
two-dimensional electron gases could be probed at low temperatures and in magnetic
fields. The effects of disorder and interactions could be demonstrated convincingly.
The theoretical description has been built on Fermi-liquid concepts and found to
agree well with experiments.
With increasing sample quality (in both material systems, Si and GaAs) and the
advent of other high-quality two-dimensional systems like p-GaAs heterostructures
or n- and p-SiGe structures, a new range of parameters became accessible. Carrier
densities could be driven to very low values, where interactions among electrons
or holes become more and more important, without entering the strongly localized
regime. In the mid-1990s experiments were performed that had an enormous impact
on the community and lead to speculations about a metal–insulator transition in twodimensional systems at zero magnetic field.
In the following chapters a perspective of this very active field of research is presented and results obtained on the p-SiGe system are discussed in detail. In chapter 3
to 7 we introduce the well-established theoretical concepts based on Fermi-liquid
theory and beyond. In chapters 8 and 9 an overview is given of experiments and theories related to the possible metal–insulator transition in two-dimensions. Chapter 10
will be devoted to experiments performed on p-SiGe quantum wells which exhibit
features of the metal–insulator transition, their analysis, and interpretation.
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3
The concept of metals and insulators

According to the quantum mechanical concept of metals and insulators introduced
by Wilson [96, 97], metallic conductivity is expected for systems in which the density of states at the Fermi level remains finite at zero temperature. In contrast, an
insulator exhibits a gap in the density of states at the Fermi level. This situation is
schematically depicted in Fig. 3.1. It was realized later that this condition is not suf-

Insulator

Metal
Density of states
energy

energy

energy

Density of states

EF
density of states

EF

EF

density of states

Wave functions at EF

density of states

Wave functions at EF

x

localised

x

extended

Fig. 3.1. Concept of metals and insulators. If at zero temperature the density of states at the
Fermi level is finite, the character of the wave function at the Fermi energy is decisive for
metallic or insulating behavior. Localized (extended) wave functions lead to insulating (metallic) behavior.
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ficient in disordered conductors, where the nature of the wave function at the Fermi
level is decisive [98]. Extended wave functions are typical for a metal, while localized wave functions lead to insulating behavior [99] (see Fig. 3.1). These concepts,
however, rely on a single-particle description and it will be discussed in later sections
how interactions change this notion of metals and insulators.
Measurements of the resistivity have proven to give experimental access to the
nature of the ground state at low temperatures. In the framework of the Kubo–
Greenwood formula for the conductivity based on linear response [c.f. eq. (2.1)]
it can be shown that localized wave functions lead to zero conductivity, whereas extended wave functions lead to zero or finite resistivity at zero temperature. However,
because the absolute zero is not accessible for experiment, the criterion d/dT > 0
measured at the lowest accessible temperatures is taken as an indication for a metallic
ground state, whereas d/dT < 0 hints toward an insulating ground state.

4
Scaling theory of localization

In two-dimensional (2D) systems it was suggested theoretically by Abrahams and
coworkers [57] that the ground state at zero temperature is of an insulating nature.
This prediction was based on a picture of non-interacting electrons. In their paper
these authors present scaling arguments indicating that the conductance G of a disordered electronic system depends on its size L in a universal way. They introduce
the scaling function
d ln g
β(g) =
,
d ln L
where g = G/(e2 /h̄) is the dimensionless conductance and derive asymptotic forms
for this function. The scaling function β describes the evolution of the conductance,
when the size of the system is increased. For any dimension d, at large g the ohmic
limit must be reached leading to [57, 100]
β(g) → d − 2 for g → ∞.
For small g, however, exponential localization is expected and [57, 100]
β(g) → ln(g/g0 ) for g → 0,
where g0 is some constant of order unity. Abrahams and coworkers argued that within
an Anderson model in two dimensions, a perturbation analysis in the disorder will
give corrections to the ohmic limit that guarantee
β(g) → −ga /g < 0

(4.1)

for two dimensions. This implies that no matter what the conductance of a small
square of a two-dimensional system is, increasing the size of the conductor will always decrease the conductance g. Therefore, all (infinitely extended) two-dimensional
systems of non-interacting electrons are insulators at zero temperature. The corresponding β(g) function is depicted in Fig. 4.1 together with the results for three and
one dimension as solid lines.
In the limit of g → ∞, the limiting form of the scaling function, eq. (4.1) can be
integrated, leading to the conductance [101, 102]
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Fig. 4.1. Scaling function β(g) for three- (d = 3), two- (d = 2), and one-dimensional (d = 1)
systems. Solid lines represent the behavior obtained by Abrahams and coworkers in Ref. [57].
The dashed line shows how the scaling function would have to be modified, e.g., by interaction
effects, in order to produce a metal–insulator transition in two dimensions.

G(L) = G0 −

e2
ln
h̄π 2

 
L
,
l

(4.2)

where G0 is the conductance at the lower cutoff lD , i.e., the Drude conductivity
G0 = e2 /h · (kF lD ).

5
Electron–electron interactions within the Fermi-liquid
concept

Interactions between electrons can be incorporated in this line of thought. The theory
of Fermi liquids initiated by Landau [103] was well developed at that time, describing the elementary excitations of an interacting Fermi liquid by quasiparticles, the
so-called quasi-electrons, which behave like non-interacting particles [104]. In simple terms, the quasi-electron is the bare electron dressed by a screening cloud formed
by all the other electrons in the Fermi sea. This leads, for example, to a renormalized electron mass and to an effective screening of the electron–electron interaction
and makes the success of the picture of non-interacting electrons at least plausible. While the renormalization of physical quantities such as the specific heat or the
magnetic susceptibility in the Fermi-liquid theory can be large, they remain finite.
In this framework, a transport equation for quasi-electrons can be derived, called the
Landau–Silin equation [104], which is the analog of the Boltzmann equation for classical gases. The arguments given above for the insulating nature of a non-interacting
two-dimensional electron gas at zero temperature can then be directly transferred to
the case of interacting electrons if quasiparticle interactions are neglected.
Interacting electron gases are commonly characterized by the so-called interaction parameter rs defined as
1
(5.1)
rs = 
πns aB 2
in two-dimensional systems. Given the sheet density of electrons (or holes) ns , rs is
the radius (normalized to aB ) of a circle within which a single electron is found on
average.
Beyond the non-interacting quasiparticle picture it was shown by Altshuler and
coworkers [105, 106] in a perturbative approach treating rs as a small parameter that
interactions between quasi-electrons lead to strong singularities near the Fermi level
in disordered Fermi liquids, for example, in the tunneling density of states.
On the same perturbative level the effect of interactions on the conductivity in
disordered systems has been shown to be twofold. On the one hand, they lead to
direct corrections to the Drude conductivity with a logarithmic temperature depen-
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dence [101]. On the other hand, they cause dephasing of the electronic wave functions [67, 101, 107, 108].
Yet another effect of interactions of electrons on transport properties has been
known for a long time. Local scattering sites like ionized impurities or remote
donors, which cause resistance at low temperatures, are known to be screened by
the Fermi sea of the electrons. The temperature dependence of the screening leads to
a temperature-dependent conductivity [42, 109, 110].

5.1 Dephasing in diffusive two-dimensional systems
In connection with the dephasing effect, we return briefly to the prediction of localization in two dimensions. On a microscopic level, the localization of a twodimensional electron gas at zero temperature is believed to be due to phase coherent
backscattering of electrons [30, 108]. The corresponding theory of weak localization valid for systems with weak disorder was first presented in Refs. [111, 112]
using diagrammatic techniques and later interpreted as coherent backscattering by
Bergmann [113, 114] and others [108, 115, 116]. Connection to experiments, where
the system size is typically not an easily variable parameter, is made by noting that
phase coherent backscattering is limited at finite
 temperatures by the finite dephasing
rate h̄/τϕ (T ) [or dephasing length lϕ (T ) = Dτϕ (T ), with the diffusion constant
D = vF l/2] of the wave functions. This leads to a replacement of the system size L
by the phase coherence length lϕ (T ) in the scaling result eq. (4.2)


e2
lϕ (T )
,
G(T ) = G0 −
ln
h̄π 2
l
i.e., the effective system size can now be tuned by changing the temperature T of
the sample provided that L  lϕ . The theory of dephasing relies on the effect that
an individual electron feels the fluctuating electromagnetic field produced by all the
other electrons in the Fermi sea, which leads to a loss of the phase information over
time. The phase-breaking rate depends linearly on temperature following [67, 107,
108]
e2 /h
e2 /h
kT Ge2 /h
G
h̄
= kT
≈ kT
ln
ln 2 .
(5.2)
τϕ
G
h̄/τϕ
G
2e /h

5.2 Interaction corrections to the conductivity
In addition to the dephasing mechanism, interactions between quasiparticles lead
to direct corrections of the zero-temperature Drude conductivity. The theoretical aspects of these corrections have been reviewed for example by Lee and Ramakrishnan
in Ref. [101] and by Altshuler and Aronov in Ref. [107]. Recently, the theoretical background was very intuitively interpreted and extended to higher temperatures
by Zala and coworkers [117]. They emphasize that the interaction corrections to
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the conductivity known to date, i.e., the effects of temperature-dependent screening
[109, 110, 118] and the interaction corrections calculated by Altshuler and coworkers [107], originate from the same microscopic physics. They are the two limits of
the same processes, namely, elastic scattering of carriers by the self-consistent potential created by all the other electrons. In the following we briefly discuss the physics
behind the two corrections trying to make their common origin transparent.
5.2.1 Temperature-dependent screening
Following the qualitative discussion in Ref. [117] we recall that potential inhomogeneities and impurities in a two-dimensional electron gas are screened. The induced
electron density has an oscillatory contribution — the well-known Friedel oscillations — with a wavelength of half the Fermi wavelength λF and decaying with 1/r
in two dimensions (see e.g. [25]). The total induced electron density is the origin of a
self-consistently induced Hartree potential [118] with an oscillatory contribution of
wavelength λF /2. Scattering of electrons at these Friedel oscillations of the screening cloud of a single impurity (see Fig. 5.1) result in an energy-dependent scattering
rate that increases linearly with E − EF for E > EF while it is constant for E < EF
[117]. Increasing temperature makes these higher energies more and more accessible, leading to a linear metallic temperature dependence as long as h̄/τ < kT  EF
(in this context called the ballistic limit) , i.e.,



kT
for h̄/τ < kT  EF ,
(5.3)
G(T ) = G0 1 − c
EF
where c is a positive constant that depends on the scattering mechanisms and the carrier density. Such a linear temperature dependence has already been anticipated by
Stern in 1980 [110]. Scattering at Friedel oscillations is the microscopic description
of the physics behind transport theories that include temperature-dependent screening in the random-phase approximation (Lindhard screening) that have been widely
used for the description of transport in two-dimensional systems [42, 110, 119–124].
For the special case of p-Si/SiGe quantum wells this theory was applied by Laikhtman and Kiehl [125]. The microscopic picture used here is intimately related to the
Kohn anomaly in the polarization function of Stern [118] (see Fig. 5.2) which leads
to the same energy dependence of the scattering rate.
An extension of the theory of temperature-dependent screening including the
effect of collision broadening, i.e., an extension into the region where kT < h̄/τ
(called the diffusive limit in this context) has been presented by Das Sarma [121].
The disorder potential removes the zero-temperature Kohn anomaly from the polarization function and results in temperature-independent screening in this limit:
G(T ) = const.

for kT < h̄/τ .

It was pointed out by Zala and coworkers that exchange effects are neglected in
the standard random-phase description of temperature-dependent screening and that
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B
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A

Fig. 5.1. Scattering off Friedel oscillations originating from a single impurity lead to a
temperature-dependent screening correction to the T = 0 Drude conductivity. Interference
between the two paths A and B contributes mainly to an enhanced backscattering (after Ref.
[117]).
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Fig. 5.2. Polarisation function after Stern in Ref. [118]. The temperature dependence of this
function leads to an implicit temperature dependence of the scattering rate of an electron and
thereby to an interaction correction of the conductivity linear in kT /EF .
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their inclusion decreases c compared to the Hartree result. Using a diagrammatic approach these authors find that with a very special choice of parameters the exchange
contribution can even overpower the Hartree result and c < 0 in this case, leading to
a linear insulating temperature dependence of the conductance [117].
In a different approach exchange and correlation effects can also be incorporated
into the standard random-phase approximation via the so-called local field correction [126]. As mentioned in [127], this has been done in the analytic T -dependent
screening theory by Gold and Dolgopolov [122] in the Hubbard approximation including exchange corrections only. This theory is therefore applicable to cases where
the interaction parameter rs < 1. In Ref. [127] the range of validity is extended to
larger values of rs by considering correlation effects. It is found that with increasing
rs values the constant c in eq. (5.3) increases monotonously.
5.2.2 Interaction corrections due to interference of multiply scattered paths
Similar to the weak localization theory, successive scattering events involving Friedel
oscillations and more than a single impurity can interfere and lead to additional
logarithmic corrections to the conductivity [107, 117]. These corrections have been

B
A

C

Fig. 5.3. Scattering process involving two impurities and the Friedel oscillation. Scattering at
all angles is affected by interference (after [117]).

worked out with diagrammatic techniques by Altshuler and coworkers [107] for the
limit of low temperatures kT  h̄/τ (called the diffusive limit in this context). They
consider corrections due to the dominant exchange part of the Coulomb interaction
(diffusion channel) in the two-particle scattering, which consists of a singlet and a
triplet contribution. They find the correction
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∆σI = −

e2 1
h̄ 4π 2



 

3
h̄/τ
2 + F̃σ ln
for kT  h̄/τ
2
kT

(5.4)

for two-dimensional systems, where τ is the elastic Drude scattering time and F̃σ is
an interaction parameter, which can, for example, be determined by experiment.
5.2.3 A comprehensive theory of interaction corrections based on the Fermi
liquid concept
The transition between the diffusive (kT < h̄/τ ) and the ballistic (kT > h̄/τ )
limit has been worked out in Ref. [117], including the modifications caused by the
long-range nature of the Coulomb interaction. The main result is that the interaction
corrections to the T = 0 Drude conductivity can essentially be written as the sum
of contributions with a linear T dependence and a logarithmic T dependence plus
almost negligible corrections with a very weak T dependence. Although the matter
is still under discussion among theorists and a comprehensive theory of interaction
corrections has not yet been developed, some agreement has apparently emerged that
•
•

interaction corrections to the conductivity play a very important role in the temperature dependence of the conductivity at very low T within the Fermi-liquid
theory;
the important interaction corrections lead to a superposition of a linear and a
logarithmic temperature dependence.

This will be the starting point for the discussion and interpretation of the experimental data shown in chapter 10.

6
Beyond Fermi-liquid theory

Fermi-liquid theory has proven to be extremely useful and successful for the description of electrons in two-dimensional systems. However, it is expected that at
large interaction parameters rs , e.g., at very low electron concentrations, this concept will eventually break down. The most prominent candidate for a strongly correlated ground state is probably the Wigner crystal suggested in 1934 by Wigner for
three-dimensional electrons in metals [128, 129]. In two dimensions, a comparison
of different Bravais lattices leads to the result that a hexagonal lattice would have
minimum energy [130, 131]. A discussion of details of early work can be found in
the review on two-dimensional systems by Ando et al. [42]. More recent calculations
predict the transition from an electron liquid to a Wigner crystal at rs = 37 ± 5 in
a perfectly pure system [132]. Taking into account the pinning of a Wigner crystal
by disorder, Chui predicted a transition at the much lower rs = 7.5 [133]. As far as
transport is concerned such a pinned Wigner crystal would be an insulator at zero
temperature.
Other possibilities for ground states in two dimensions have been proposed in
the past, among them spin-density wave, charge-density wave, and a superconducting ground state, but seem to have become a bit out of fashion in the past twenty
years because the quality of the available samples was not sufficient for reaching the
necessary r̄s values. Some details and references can be found in Ref. [42]. As we
will show below, this situation may have changed now.
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7
Summary of disorder and interaction effects

In an over all picture the conductivity of a two-dimensional electron gas at zero
temperature can be characterized by the interplay of disorder and interactions. The
former can be described using the dimensionless parameter kF lD , where kF is the
Fermi wave vector and lD is the transport mean free path of the electrons at zero
temperature. The interactions
are quantified by the interaction parameter convention
ally defined as rs = 1/ πns aB 2 in two dimensions, where ns is the sheet density of
electrons (or holes) and aB is the effective Bohr radius. For two-dimensional systems
with no valley degeneracy, rs coincides with the ratio of the Coulomb interaction between carriers and the Fermi energy, i.e., rs = EC /EF := r̄s . For systems with a
valley degeneracy gv (e.g., gv = 2 for Si-MOSFETS, whereas gv = 1 for p-SiGe),
this energy ratio becomes larger by a factor of gv as compared to the standard definition of rs , i.e.,
EC
= gv rs .
r̄s =
EF

In a perturbative sense, the key parameter for a system is given by r̄s rather than by
rs . In the following we will therefore consistently use r̄s as the interaction parameter.
In general, weak localization theory is expected to hold in the limit of weak disorder kF lD  1. The strong localization regime kF lD < 1 is dominated by hopping
transport [100]. On the other hand, Fermi-liquid theory is certainly valid for r̄s < 1,
while it is unclear at which r̄s -value the theory actually breaks down. There are indications that at large r̄s other ground states are energetically more favourable such as
the (pinned) Wigner crystal, which is beyond Fermi-liquid theory [132, 133]. Based
on these predictions and on the inclusion of correlation effects in the theory of T dependent screening [127], one would expect correlation effects in two-dimensional
systems to become increasingly important with growing r̄s .
The theories of weak localization and interaction effects on the conductivity have
been reviewed by numerous authors, for example, by Altshuler and Aronov [107],
Lee and Ramakrishnan [101], Kawaji [134], and Vollhardt [135].
The whole theoretical framework of phase-coherent backscattering and interaction corrections to the conductivity developed around 1980 has found numerous ex-
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perimental support in the 1980s. Logarithmic temperature dependence of the resistance was found in thin metal films [136, 137], silicon MOS devices [138–142], and
GaAs/AlGaAs heterostructures [143, 144]. Suppression of the weak localization by
a magnetic field was found, for example, for silicon MOS devices [142, 145] and
GaAs/AlGaAs heterostructures [144, 146]. Interaction effects and the weak localization effect have been separated using perpendicular magnetic fields [147]. In all these
experiments the interaction parameter could not be made too high (typically below
the order of 1) without bringing the samples into the strongly localized regime. In
recent years, improved sample quality allowed such measurements to be extended to
much higher r̄s -values without going through the strong localization threshold. Such
experiments will be the subject of the following chapters.

8
Experiments on strongly interacting two-dimensional
systems and the metal–insulator transition

In 1994 the belief that all two-dimensional systems are insulating at T = 0 was challenged by the interpretation of experiments on high-mobility Si-MOSFETs [148].
In these samples resistivities continuously decreasing with decreasing temperature
have been observed for certain electron densities and interpreted as an indication
for a metallic ground state at T = 0. Lowering the electron density leads to an increasing resistivity with decreasing temperature as expected in the strongly localized
(hopping) transport regime. It was suggested that the transition between the metallic
and the insulating range of densities might be an interaction-driven quantum phase
transition [148–150] (see [151, 152] for a simple account of quantum phase transitions, [153] for a review) from then on called the “metal–insulator transition in
two dimensions at zero magnetic field.” Such a metal–insulator transition would require a serious modification of the one-parameter scaling theory of localization in
the sense that the scaling function β(g) should have at least one zero. A possible
scenario is indicated in Fig. 4.1 as a dashed line. Another scenario would replace the
one-parameter scaling function β(g) by a scaling function with more parameters.
Later on, more experiments on Si-MOSFETs [154–156], on GaAs hole [157–
162] and electron gases [163], AlAs electron gases [164], and SiGe hole gases [165–
168] were shown to exhibit similar features as observed in the Si-MOSFET systems
(see Refs. [169, 170] for reviews). Many experiments tried to investigate the detailed
properties of the metallic phase and the metal–insulator transition. An overview is
given in Table 8.1. A scaling analysis was performed on many measurements of
the temperature dependence of the resistivity allowing the interpretation of the data
in terms of a quantum phase transition. Investigations in a perpendicular magnetic
field aimed at weak localization effects. Experiments in parallel and tilted magnetic
fields gave indications that the metallic behavior disappears as soon as the system
becomes spin-porlarized. Compressibility studies are the only experiments probing
a thermodynamic property in these systems.
The characteristic experimental feature of what has been called the metal–
insulator transition in two-dimensional systems is the change in the slope from
dxx /dT > 0 (metallic behavior) at high carrier density to dxx /dT < 0 (insulating behavior) at low carrier density. While the insulating behavior is expected

40

8 Experiments on strongly interacting 2D-systems and the MIT
Material system
T -dependence at B = 0
Scaling

Si-MOSFETs
p-SiGe
p-GaAs
[148, 149, 171] [165, 166, 172] [157, 173, 174]
[175–177]
[167]
[158, 178, 179]
[154, 180, 181]
[161, 162, 182]
[156]
[160]
Non-linear transport
[155, 183, 184] [167, 172]
[158]
Back-gate dependence
[177, 185]
Parallel magnetic field
[186–188]
[167]
[173, 182, 189]
[190–192]
[193]
Perpendicular magnetic field [154, 194, 195] [168, 196, 197] [178, 179, 198, 199]
[200–202]
[203]
[159–162]
Conductance fluctuations
[204]
Tilted field
[205, 206]
Compressibility
[207–209]
Table 8.1. Experiments on the metallic behavior of strongly interacting two-dimensional systems: an overview.

from weak localization theory and the gradual transition to strong localization at decreasing density marks the onset of hopping conductivity, the metallic temperature
dependence came as a surprise. Most experimentalists were used to the observation
that any metallic temperature dependence would at the lowest temperatures eventually be overpowered by the weak-localization correction to the conductivity.
As an example of the signatures of the “metal–insulator transition,” Fig. 8.1
shows the resistance of a p-SiGe quantum well as a function of temperature and
hole density. The topmost curve corresponds to a hole density p = 1.0 × 1011 cm−2 ,
the lowest curve to p = 2.6 × 1011 cm−2 . At low electron densities above the dashed
line in the figure, the resistivity increases monotonically with decreasing temperature, which is the expected insulating behavior. At electron densities below the
dashed line, the resistivity shows a slight increase when the temperature is lowered
in the range of higher temperatures but then turns down to a monotonous and significant decrease at lower temperatures. This decrease continued beyond the temperature
range shown in this figure down to the lowest achievable temperatures in our dilution
refrigerator of about 100 mK. The dashed line in the figure corresponds to a density
pc = 1.46 × 1011 cm−2 . It can be viewed as the separatrix between metallic and
insulating behavior of the conductivity.
These experimental findings are in remarkable agreement with those in other
two-dimensional systems, such as the Si-MOSFETs and p-GaAs/AlGaAs structures
[169]. In Fig. 8.2 we have compiled characteristic experimental data from various
material systems following Ref. [163] for n-GaAs/AlGaAs heterostructures with
InAs quantum dots in the two-dimensional electron gas, Ref. [210] for low-density
n-GaAs/AlGaAs heterostructures, our data from Ref. [167] for p-SiGe quantum
wells, Ref. [148] for Si-MOSFETs, and Refs. [158, 182] for the p-GaAs/AlGaAs
heterostructures. The vertical axis describes the degree of disorder quantified by
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Fig. 8.1. Temperature dependence of the resistance in a p-SiGe quantum well at various densities. The dashed line is the separatrix between metallic and insulating behavior occurring at
a density pc = 1.46 × 1011 cm−2 .

xx /(h/e2 ) = 1/(kF lD ). The numbers for this parameter were taken from the experimental data at the lowest available temperature. On the horizontal axis we plot
the interaction parameter r̄s calculated from the corresponding carrier densities. A
factor of 2 was taken into account for the Si-MOSFET system, which is the valley degeneracy gv on Si(100). Experiments on the metal–insulator transition have
been typically performed as a function of gate voltage UG . With UG the electron
density ns and the mean free path lD are changed simultaneously. Traces of resistivity versus gate voltage at the lowest temperatures have been translated into traces
(r̄s (UG ),1/[kF lD (UG )]) in Fig. 8.2. All experiments, perhaps with the exception of
that reported by Ribeiro and coworkers [163], have been performed at elevated r̄s ,
where the applicability of the Fermi-liquid description cannot be taken for granted.
The points where the change of the temperature dependence from metallic to insulating behavior occur are typically close to kF lD ≈ 1, i.e., at the transition from weak
to strong localization. At first sight it seems to be surprising that all the depicted
systems with vastly differing interaction parameters exhibit a strikingly similar temperature dependence at various densities and a crossover from metallic to insulating
behavior. We emphasize that it is not entirely clear to date whether all the experimental data can be described within the same theoretical framework. In addition, the zero
temperature limit can never be reached in an experiment and therefore the question
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of the existence of a metallic state at T = 0 cannot directly be answered and any
statement relies on an extrapolation of finite temperature data to the T = 0 limit.

9
Theoretical work related to the metal–insulator
transition

As a consequence of these findings, the existence of a metal–insulator transition
(MIT) in 2D systems at zero magnetic field has been intensely and controversially
discussed on the theoretical side. No consensus has emerged to date either about
the explanation of the metallic behavior or about the question of the existence of a
true metal–insulator transition. The approaches can be coarsely classified into those
building on the traditional Fermi-liquid concepts or even on non-interacting electrons and those exploring the possibilities of ground states beyond the Fermi-liquid
description. In the following we try to give an overview of the enormous amount of
theoretical literature that appeared without discussing details and without discussing
their relation to the experiments mentioned above. The interested reader can find
some additional theoretical discussion in Refs. [169, 211].
Among the traditional models are those of Altshuler, Maslov, and coworkers
[212, 213] who suggested the presence of charged hole traps in the oxide layer of
the Si-MOSFETs to be responsible for the observed behavior. In a later paper the
same authors raised the issue of heating effects and their influence on the measurements [214].
A model building on non-interacting electrons is a percolation description suggested by Y. Meir [215–217]. This author regards the two-dimensional system as
separating at low densities into puddles of electrons connected by quantum-pointcontact-like tunneling links.
The description put forward by S. Das Sarma and coworkers treats the system in
the metallic phase as an ordinary Fermi liquid in the framework of the Boltzmann
transport theory including temperature-dependent screening within the random phase
approximation (RPA) [123, 124, 218]. The transition is explained as an experimentally given carrier freeze-out, e.g., due to impurity binding [219]. Dolgopolov and
Gold modeled the magnetoresistance in parallel magnetic fields in a similar fashion
[220]. A model by Kastrinakis including interactions and spin-orbit interactions also
remains within the Fermi-liquid model [221]. Interband scattering between spin-split
heavy hole bands was suggested in Ref. [160].
However, as pointed out by Abrahams [169], the interaction parameter r̄s is much
larger than one in the experimental systems and theoretically this is “an unambiguous
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example of the strong-coupling many-body problem for which theoretical models are
still poorly developed” [169].
V. Dobrosavljevic showed that for interacting electrons the existence of a metal–
insulator transition does not disagree with general scaling principles [222]. It was
suggested in this paper that the metallic phase is very likely not a Fermi liquid (see
also [223]). A scaling approach incorporating disorder and interactions has been put
forward by Castellani and coworkers [224] using perturbative renormalization group
methods. The model was developed further by Si and Varma [225]. Sheng and Weng
presented a universal scaling form for the longitudinal resistance [226].
A model by Chakravarty and coworkers describes the metal–insulator transition
as the melting of a Wigner glass (insulating state) into a non-Fermi-liquid metallic state [227]. The similarity of two-dimensional charge carrier gases and the lowtemperature physics of 3 He was pointed out by Spivak [228] who suggested a transition between a Wigner crystal and a Fermi liquid. Near the transition the system
becomes inhomogeneous and crystalline regions exist in parallel to liquid regions.
More exotic models suggested superconductivity to account for the observed
metallic behavior [229–231]. He and Xi suggested a model for the Si-MOSFET system treating charges in the oxide as being mobile [232]. In this model there is a
parameter region in which a metallic electron-hole liquid and an exciton gas coexist.
Numerical models of interacting electrons in disordered media have been presented by a number of authors [150, 233–236] showing indications of metallic states
at elevated r̄s values.
From the above listing of theoretical approaches it becomes clear that the experimental results found enormous interest in the theoretical community. However,
it also becomes clear that to date we are far from a well-established description of
strongly interacting charge carriers in disordered two-dimensional systems.

10
Metallic behavior in p-SiGe quantum wells

In the following we discuss the metallic behavior observed in p-SiGe quantum wells
[167]. Magnetotransport data taken across the MIT will be analyzed. Interference
corrections to the conductivity are extracted from weak-localization studies at low
magnetic fields and interaction corrections to the conductivity in the diffusive regime
are obtained from the temperature dependence of the Hall resistivity, similar to Ref.
[159]. In addition, following the suggestion in Ref. [123], we compare the remaining
(Drude) part of the conductivity with the theory for temperature dependent screening
suitable for the system [122]. Using this program we arrive at the following conclusions: (I) In the metallic regime the 2D-hole gas in our SiGe samples behaves like an
ordinary Fermi liquid and exhibits localizing interference and interaction corrections
to the conductivity that can be well described by conventional theory. We find empirically that the concept of a Fermi liquid describes the data taken at large rs ≈ 6.
(II) The metallic temperature dependence of the resistivity can be quantitatively described by the theory of temperature-dependent screening, which can be incorporated
in the Drude part of the resistivity.

10.1 Samples and structures
The samples used in this study were grown by MBE (molecular beam epitaxy). A
cross-sectional transmission electron microscopy image of the sample is shown in
Fig. 10.1. A 20 nm Si0.85 Ge0.15 quantum well where the 2D-hole gas is formed
is sandwiched between undoped Si layers. The structures are remotely doped with
boron at a distance of 18 nm above the quantum well and gated with a Ti/Al Schottky gate. Gating p-SiGe quantum wells has been a technological challenge and the
tunability of the hole gas distinguishes our samples from those investigated by Coleridge in Refs. [166, 203] in which no gate was available. The SiGe quantum well
is compressively strained normal to the growth direction, which leads, together with
the confinement, to a splitting between heavy-hole (HH) and light-hole (LH) bands
of the order of 25 meV [237]. Figure 10.2 shows a schematic drawing of the valence
band edge in the structure around the quantum well. The 2D-hole gas resides in the
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Si cap 18 nm
Si:B 1018cm-2 15 nm
Si spacer 18 nm
SiGe-QW 20 nm
Si substrate

Fig. 10.1. Cross-sectional transmission microscopy image of the SiGe quantum well.

lowest HH subband (mJ = ±3/2) with effective mass m = 0.25m0 as determined
by measurements of the temperature dependence of Shubnikov–de Haas oscillations.
The in-plane LH mass is predicted to be larger than the HH mass [238].

Fig. 10.2. Schematic of the valence band edge in the SiGe samples.

Conventional Hall bar structures of 10 and 30 µm width were fabricated with the
length between voltage probes between 7 and 26 µm. Measurements were carried
out at temperatures between 190 mK and 15 K in a dilution refrigerator and a 4 Hecryostat using standard four-terminal AC lock-in and DC techniques.
The hole density in ungated areas of the device was 4.3 × 1011 cm−2 . With the
gate the hole density could be tuned between 1.0 and 2.6 × 1011 cm−2 , i.e., the
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Fermi energy was always smaller than 2 meV. The hole mobility in these structures
increases with carrier concentration from 1000 cm2 /Vs at the lowest to 7800 cm2 /Vs
at the highest density similar to other p-SiGe structures [238]. The ratio of the Drude
scattering time τe and the quantum lifetime τq extracted from Shubnikov–de Haas
oscillations is close to 1 indicating that transport is dominated by short-range scattering potentials. It was confirmed in other studies that large angle scattering at interface
charges dominates the mobility in such structures [237, 238].

10.2 Scaling analysis, quantum phase transition, and heating
effects
Coleridge et al. [166] and our group [167, 168] have shown that p-SiGe exhibits
the characteristic features of the MIT. As the hole density is increased, the temperature dependence of the zero-magnetic-field resistivity changes from d/dT < 0
to d/dT > 0 (see Fig. 8.1) [167]. At the critical density pc , we found rs =
√
1/(aB πpc ) ≈ 6, where aB ≈ 2.5 nm is the effective Bohr radius in SiGe. The
critical resistance was c ≈ h/e2 . As discussed above, the rs value is a measure of
the importance of interaction effects and xx is a measure of the degree of disorder
in the system. Like in other systems temperature and electric field scaling could be
performed [167] allowing the interpretation in terms of a quantum phase transition.
However, great care has to be taken in low-temperature transport experiments
and even more in electric field scaling experiments that the electron gas is not significantly heated by the transport current. Weak coupling between electrons and the
crystal lattice at low temperatures can lead to this overheating effect [214, 239–242].
Interpreting the electric field scaling results in our samples as a result of carrier heating, we obtain the relation Te ∝ E 1/2 between the electron temperature Te and the
electric field E. A careful analysis of hot carrier effects in our samples was performed in collaboration with R. Leturcq and D. L’Hote at Saclay [243, 244]. They
used a second Hall bar on the same chip as an additional thermometer making sure
that the lattice remained in equilibrium with the bath even when the first Hall bar
was strongly heated by the applied current. The effective electron temperature was
measured by comparing the resistivity (T = Tmin , E) at a given applied electric
field E to the resistivity as a function of temperature, (T, E → 0), i.e., the electron
temperature Te (E) was found from the equation (Te , E → 0) = (T = Tmin , E).
From the same experiment, the dissipated power per electron was determined from
the relation PE = U I/(pW L) = E 2 /(p), where I is the applied current, U is the
voltage drop measured between contacts of separation L along the Hall bar of width
W . Both steps taken together allow the determination of PE (Te ), which can then be
compared to well-known models of power dissipation. The self-consistency of this
analysis will become evident in the following.
Figure 10.3 shows PE (Te ) for two different carrier densities. It turned out that
the electric field dependence of the resistivity can be attributed to heating effects.
The power dissipated in the system is the sum of deformation potential scattering
and piezoelectric coupling which has to be considered in coherently strained SiGe
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Fig. 10.3. Power loss per carrier vs. hole temperature for two different hole densities.

samples [240, 245], i.e.,




PE (Te ) = c1 (Teα − Tlα ) + c2 (Teα − Tlα ),

(10.1)

where c1 and c2 are material specific constants and α = 5 (resp. 7) for deformation potential scattering with weak (resp. strong) screening and α = 3 (resp. 5) for
piezoelectric coupling, again with weak (resp. strong) screening. The Tl -dependent
terms in the above equation can be regarded as being constant in the experiment. In
the double-logarithmic plot they are responsible for the strong increase of the dissipated power at the lowest electron temperatures. They can be eliminated by adding

an offset P0 (Tl ) to PE , which is theoretically given by c1 Tlα + c2 Tlα but experimentally found by the condition that resulting curves for different Tl must collapse onto
a single curve. The result of this procedure is shown in Fig. 10.4. At low electron
temperatures, i.e., low electric field, it was found that piezoelectric coupling with
weak screening dominates the dissipation, while at high electric fields probably deformation potential scattering with weak screening takes over. Piezoelectric coupling
with strong screening (also α = 5) seems to be unlikely, because, with increasing
electron temperature, screening is expected to become even less important. Cooling
through the electrical connections of the sample was found to be negligible for the
lowest carrier densities, in agreement with the relation [214]
 2
2π
kTl (kTe − kTl )
P =
,
e
R
where R is the sample resistance. However, for higher densities this effect has to be
taken into account as shown by the dashed line in Fig. 10.3.
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Fig. 10.4. The sum of the power per hole and a constant P0 (Tl ) as a function of hole temperature Te . All the curves obtained at different Tl collapse onto the same master curve. The
dashed and dash-dotted lines give the slopes expected for the power laws Te3 and Te5 .

In summary, from the experimental findings presented above we have to conclude
that the electric field scaling analysis is not sufficient evidence for the existence of a
quantum phase transition in our samples. Heating of holes by the electric field turned
out to mask the pure electric field effects.

10.3 Magnetoresistance measurements
It was found in Ref. [168] that in the metallic regime weak localization (WL) reduces
the metallic behavior without destroying it, whereas localizing interference corrections dominate the zero field resistivity in the insulating regime. In the following
we analyze magnetotransport data in the metallic regime in detail by first extracting
the contributions of WL and interaction corrections to the temperature dependence of
the conductivity; then the effect of temperature-dependent screening is quantitatively
discussed.
Figure 10.5 shows a series of magnetoresistance measurements for various carrier densities and temperatures. The carrier density decreases from top to bottom
and the hole gas shows the reversal of the temperature dependence at zero magnetic
field from dxx /dT < 0 (insulating behavior) for low densities (Fig. 10.5d and e)
to dxx /dT > 0 (metallic behavior) at high densities (Fig. 10.5a and b). A negative magnetoresistance with a temperature dependence compatible with weak or
strong localization is observed for all carrier densities. When the temperature is increased, this peak weakens and becomes broader as expected for the phase-coherent
backscattering effect. This peak appears to sit on a very broad background resistance
that shows its own distinct temperature dependence. For high carrier densities the
background resistance increases with increasing temperature, i.e., it shows metallic
behavior. In contrast, for low carrier densities the background resistance decreases
with temperature consistent with insulating behavior. The data therefore suggest an
interpretation in terms of a sum of at least two effects, one describing the MIT of the
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background resistance and a “conventional” one being the interference correction of
the conductivity in a disordered system.
In order to investigate the possibility of deviations from the Fermi-liquid picture
we perform a careful analysis of the magnetoresistance data in the metallic regime
(Fig. 10.5a and b) within the Fermi-liquid description and look for inconsistencies.
We therefore analyze the zero-field conductivity σ(T ) in the spirit of Refs. [107,
117]:
σ(T ) = σD (T ) + δσWL (T ) + δσI (T ),
(10.2)
where σD (T ) is the Drude conductivity, δσWL (T ) and δσI (T ) are the WL and the
interaction contributions, respectively. Strictly speaking, eq. (10.2) is based on the
validity of the Fermi-liquid description. In addition, the expression for the interaction correction δσI [cf., eq. (5.4)] is based on the assumption rs < 1. Nevertheless,
we empirically apply this concept to our system, since phenomenologically the magnetoconductivity exhibits all the features also found in samples with low rs .

10.4 Weak-localization correction
In the well-established theory of WL [246], spin-orbit relaxation mechanisms like
the Elliott–Yafet mechanism, the Dyakanov–Perel mechanism or the Rashba effect
have been taken into account perturbatively [246–251], which is appropriate for conduction band electrons. WL in 2D p-type systems such as p-GaAs has only recently
been studied in detail [252]. In hole gases the valence band is strongly influenced
by spin-orbit interaction and strain. The spin relaxation time is of the same order as
the momentum relaxation time and can therefore no longer be treated perturbatively
[253]. It is therefore not a priori clear that the theories in Refs. [246–251] can be
applied to our system.
Here we apply the theory developed in Ref. [253] for p-type 2D hole gases that
takes the valence band structure into account and includes the effect of HH-LH mixing. Figure 10.6 shows theoretical curves fitted to the measured conductivity according to
e2
δσWL (B, T ) − δσWL (0, T ) =
×
2
 2π h̄ 



 
B
1
B
1
B
+ f2
− f2
.(10.3)
f2
Bϕ + B||
2
Bϕ + B⊥
2
Bϕ
Here f2 (x) = ln x+ψ(1/2+1/x), ψ is the digamma function, and Bi = h̄/(4Deτi )
(i = ||, ⊥, ϕ), with the diffusion constant D and the phase-coherence time τϕ . The
4
other relaxation times are given in Ref. [253] to be 1/τ|| = 1/τe · (kF a/π) I|| and
6
1/τ⊥ = 1/τe · (kF a/π) I⊥ , where τe is the transport relaxation time, a is the width
of the quantum well, and kF is the Fermi wavevector. The quantities I||/⊥ depend
on the ratio of the LH and HH mass and have to be computed numerically. In our
samples the holes are effectively confined by a triangular well due to the asymmetric
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T (K)
0.24
0.33
0.56
0.73
0.94

τϕ (ps)
27.77
20.76
12.38
9.00
6.74

τ|| (µs)
0.15
0.13
0.13
0.12
0.12

τ⊥ (µs)
0.61
0.05
0.53
0.80
0.86

Table 10.1. Fitting parameters obtained from a fit of eq. (10.3) to the measured magnetoconductivity (see Fig. 10.6).

doping and we estimate kF a/π ≈ 0.2. We use Bϕ , B⊥ , and B|| as fitting parameters.
Table 10.1 shows the resulting parameters.
It turns out that τ|| , τ⊥  τϕ or B|| , B⊥  Bϕ , i.e., HH–LH mixing seems
to be insignificant in our sample. This result is in contrast to the measurements on
p-GaAs, where stronger HH–LH mixing leads to appreciable values for B⊥ and B||
[252]. In our case eq. (10.3) reduces to the result for negligible spin-orbit scattering
[246] also used in Ref. [168]. The result is plausible if we consider the small Fermi
energy in our quantum well of less than 2 meV compared to the splitting of about
20 meV between the lowest HH- and LH-subbands.
Coleridge analyzes magnetoresistance data obtained on p-SiGe samples using
the expression of Hikami and coworkers [246] and an additional amplitude factor
α [203], which is allowed to vary with temperature. The raw data from these experiments are comparable to our results. It has been shown that an amplitude factor
changes the absolute values for the extracted dephasing rates τϕ [168]. A value α < 1
leads to larger values of τϕ for the same set of data. A temperature-dependent α may
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have an influence on the extracted temperature dependence of τϕ . Numerical investigations indicate that the physical meaning of α < 1 may be attributed to a finite
ratio of the elastic scattering rate and the phase breaking rate [254]. The values of
α = 0.6 − 0.7 determined by Coleridge in Ref. [203] are in agreement with the
simulations in Ref. [254] and the value α = 0.61 in Ref. [168].
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Fig. 10.7. Temperature dependence of the
phase coherence time obtained from a fit
of the weak-localization peak in the magnetoconductivity at a density p = 2.6 ×
1011 cm−2 . The dash-dotted line is a fit
with τϕ ∝ T −γ , with γ = 1.09 ± 0.2.
For this fit, the point at the lowest temperatures was left out.

Figure 10.7 shows a plot of τϕ (T ) extracted with an amplitude factor α = 1
together with a fit according to the power law 1/τϕ ∝ T γ . We find a value of γ =
1.09 ± 0.2 in good agreement with the expectations from weak-localization theory
[cf., eq. (5.2)] [107, 108]:
h̄
e2 /h
kT
= kT
.
ln
τϕ
G
h̄/τϕ
A similar linear behavior has been obtained for α = 0.61 with τϕ values up to 30%
larger than the values shown here for α = 1.
A detailed comparison of the behavior at different hole densities exhibits deviations from the above theoretical expression for τϕ . Although the value of γ turns
out to be independent of density, indicating that hole–hole interactions are the dominant dephasing mechanism, the absolute magnitude of the dephasing rate is much
higher than expected from the above formula. In Fig. 10.8 we compare the dephasing rate h̄/τϕ normalized to kT , which should be a quantity that only depends on
the resistivity (conductivity), according to theoretical expectation. It can be seen that
there is a significant difference between measurement and theory. The dephasing
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rate in the experiment is strongly enhanced compared to theory. This will of course
weaken the weak-localization correction in the magnetoresistance compared to the
theoretical expectation and thereby weaken the insulating trend of the resistivity at
zero magnetic field. The enhancement of the dephasing rate over the expectation is
common to many experimental systems and its origin remains an interesting topic
of future experimental and theoretical research. Taking into account an additional
temperature-independent dephasing mechanism in our analysis could not account
for the observed behavior.
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Fig. 10.8. The normalized parameter (h̄/τϕ )/kT vs. resistivity in units of h/e2 . The solid
line is the prediction of eq. (5.2).

We briefly return to the findings presented in section 10.2 on the electric field dependence of the conductance and heating of the hole gas. The results obtained there
can be supported by measurements of the dephasing rate of the holes as a function
of temperature and electric field. Figure 10.9 shows the corresponding data. It can be
seen that the weak-localization correction becomes weaker with increasing electric
field, similar to the effect of temperature. Figure 10.10 shows the extracted values for
τϕ as a function of temperature and electric field, respectively. If we assume that at
the lowest electric fields τϕ (T ) is given by the lattice temperature Tl and that in the
electric field dependent measurements τϕ (E) is a measure of the electronic temperature Te , we find the relation Te ∝ E ν with ν = 0.44 between electronic temperature
and electric field. Assuming only a single dissipation mechanism one obtains with
eq. (10.1) and PE = E 2 the relation Te = (Tlα + /c1 × E 2 )1/α , which simplifies
to Te ∝ E 2/α for significant heating above Tl . From our weak-localization analysis
we therefore estimate 2/α = ν = 0.44. This result is in reasonable agreement to the
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heating results for large electric fields 2/α = 0.4 obtained by the Saclay group (see
section 10.2) and to earlier electric field scaling results [167].
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Fig. 10.9. Weak localization peaks measured for different temperatures between 0.1 K and 1 K
(a) and for different electric fields between 0.1 V/m and 1 V/m (b). The weak-localization peak
becomes less pronounced for increasing temperature or electric field.
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10.5 Interaction corrections to the conductivity: multiple
impurity scattering
Interaction corrections to the conductivity in the diffusive regime can be extracted
from the temperature dependence of the Hall resistance at small magnetic fields
[143]. It is predicted that the WL correction does not affect the Hall resistance, while
interaction corrections obey [107]
 


δRH
e2
kT
3 
δσI = −σxx ×
ln
,
(10.4)
=
1− F
2RH
2π 2 h̄
4
h̄/τe
where RH = dxy /dB is the Hall coefficient [see eq. (1.2)]. Therefore, these interaction corrections to the conductivity can be extracted from the temperature dependence of the Hall resistance at small magnetic fields. Measurements were taken from
negative to positive magnetic fields in order to be able to eliminate admixtures of
the longitudinal resistivity xx (B) to xy . Such admixtures can be identified through
their even symmetry in B. Figure 10.11 shows δσI (T ) determined in this way for
two different densities in the metallic regime. Measurements of the electron density
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Fig. 10.11. Interaction corrections to the conductivity as determined from the temperature
dependence of the Hall resistance at low fields. The inset shows the Hall resistances at two
temperatures for an illustration of the method.

via the Shubnikov–de Haas effect at the same temperatures make sure that the electron density in the sample remained unchanged as a function of temperature. This is
demonstrated in Fig. 10.12 where we have plotted the hole densities as determined
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Fig. 10.12. Hall and Shubnikov–de Haas densities at fixed gate voltage as a function of temperature. The Shubnikov–de Haas density remains constant with increasing temperature while
the Hall density increases reflecting the influence of the interaction corrections.

We find that δσI is negative and determine F  = 0.91 in agreement with Ref.
[255]. This means that interaction corrections to the conductivity give another contribution of insulating type to the total conductivity in the metallic phase. This result,
which agrees with Ref. [159] for p-GaAs, is of special importance, since interaction
corrections have been suggested to lead to metallic behavior [169].
Coleridge and coworkers performed a similar analysis for their p-SiGe samples
[203]. They found values of F  ≈ 1.33 for a hole density p = 5.7 × 1011 cm−2 ,
which is deep in the metallic regime, and F  ≈ 1.1 for p = 1.2 × 1011 cm−2 ,
close to the transition to insulating behavior, in rough agreement with our result.
A difference between the samples in this paper and our samples is the presence of a
front gate in our case. It may be that screening effects due to the gate metal reduce the
interaction effects in our case slightly. Their values are, however, not in agreement
with much larger values F  = 2.45 and F  = 1.95 determined in the same paper for
the same samples from the residual temperature dependence of xx after subtraction
of the weak-localization correction.
On the theoretical side, Zala and coworkers have shown recently that the factor of
2 appearing in the denominator in front of the Hall coefficient RH on the right-hand
side of eq. (10.4) is correct only for the T → 0 limit and can be strongly reduced
at higher temperatures kT /(h̄/τ ) > 1 [256]. We have neglected this effect in our
analysis and estimate it to be small in our measurements for the lowest temperatures
where kT /(h̄/τ ) ≈ 0.007.
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10.6 Interaction corrections of the Drude conductivity due to
T -dependent screening
Now that we have experimentally determined δσWL (T ) and δσI (T ), we are in the
position to extract the bare σD (T ) according to eq. (10.2) by subtracting the two corrections from the measured zero-field conductivity (Fig. 10.13). The obtained Drude
conductivity shows a linear metallic temperature dependence in accordance with eq.
(5.3) describing temperature-dependent screening, i.e., scattering of electrons at single impurities and the Friedel oscillations of their screening cloud.

8.2
8

e-e interaction
contribution

experimental data: s(T)
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Fig. 10.13. Contributions to the conductance at zero magnetic field for a hole density p =
2.6 × 1011 cm−2 . From the measured curve (filled diamonds) we have subtracted the weaklocalization contribution δσWL (T ) determined from the magnetoresistance measurements and
the interaction correction δσI (T ) determined from the T -dependent Hall slope. The remaining
conductivity σD (T ) has a linear temperature dependence.

In the following we will briefly sketch the ingredients leading to the linear
metallic temperature dependence. To this end we follow the conventional Drude
description of conductivity in metals including screening effects via Lindhard’s dielectric function in the random-phase approximation (RPA). In this description the
temperature-dependent Drude conductivity is
σD (T ) =

pe2 τe (T )
,
m

where p is the sheet density of the holes and the average Drude scattering time τe (T )
has to be calculated according to [110, 123, 257]
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dE Eτe (E, T )(−df /dE)

,
dE E(−df /dE)

with the Fermi distribution function f (E, T, µch ) and the energy-dependent scattering rate [123]
h̄
= 2πNi
τe (E, T )



d2 k  V (q)
(2π)2 ε(q, T )

2

(1 − cos θ)δ (Ek − Ek ) .

ionized impurities, V (q) is the matrix element for scattering
Here Ni is the density of
by a wavevector q = kF 2(1 − cos θ), and ε(q, T ) is Lindhard’s dielectric function.
It is the explicit temperature dependence of this screening function that leads to the
metallic temperature dependence. The origin of the explicit temperature dependence
is the polarization function Π(q, T, µch ) entering the expression [258]
ε(q, T ) = 1 +

1
Π(q, T, µch )v(q),
qaB

where v(q) is the form factor associated with the finite thickness of the twodimensional gas of carriers. The polarization function was for two-dimensional systems calculated by Stern [118] and is within the RPA given by
Π(q, T, µch ) =

2
A

k

f (Ek ) − f (Ek+q )
,
Ek − Ek+q − i0+

where A is a normalization area. At zero temperature the sum over wave vectors can
be performed analytically and the polarization function is given by [258]
Π(q, T = 0, µch = EF ) =

m
πh̄2

1 
for q < kF
.
1 − 1 − (2kF /q)2 for q > kF

The finite temperature polarization function can then be calculated following Maldague
[259]
 ∞
Π(q, T = 0, µ )dµ
Π(q, T, µch ) =
,
4kT cosh2 [(µch − µ )/2kT ]
0
which essentially averages the zero-temperature polarization function around q =
2kF and therefore removes the Kohn singularity at this point [see Fig. 5.2 for a plot of
Π(q, T, µch ) at different temperatures]. This zero-temperature singularity has been
demonstrated to be the origin of Friedel oscillations around an impurity [118]. Zala
and coworkers have shown that the same result can be obtained with diagrammatic
techniques in the single impurity limit [117] as discussed in section 5.2.
The above formalism is suitable for describing the conductivity of a two-dimensional
system including interactions within the RPA, if the scattering matrix elements V (q)
are specified. Different scattering mechanisms will lead to different expressions for
V (q), which can be found in Refs. [119, 125, 260–262] for remote ionized impurity
scattering, in Refs. [125, 261, 262] for homogeneous background doping, in Refs.
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[119, 125, 260–262] for interface roughness scattering, in Refs. [119, 125, 262] for
alloy-disorder scattering and in Refs. [125, 258] for acoustic phonon, piezoelectric,
and optical phonon scattering.
Detailed model calculations for our structures within the RPA were performed in
collaboration with E.H. Hwang and S. Das Sarma at the University of Maryland. Figure 10.14 shows their results which include Coulomb scattering at interface charges,
acoustic phonon scattering, and the collision broadening of the polarization function [121] fitted to our high-temperature experimental data. Very nice agreement is

ρ (kΩ)

experiment (solid)

10

theory (dashed)

ns = 1.383, 1.535, 1.68, 1.82, 1.953, 2.079, 2.312 x 1010cm-2
(from top to bottom)
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8
Τ (Κ)

10

12

14

Fig. 10.14. Comparison between experiments (solid lines) and calculations (dashed lines)
performed by E.H. Hwang and S. Das Sarma. Coulomb scattering at interface charges and
acoustic phonon scattering were included. The effect of collision broadening on the screening
function [121] has been taken into account.

obtained for the whole range of densities and temperatures.
For dominant large-angle scattering (i.e., scattering for q ≈ 2kF ), it has been
shown analytically that [122, 127]
 3/2


T
T
σD (T ) = σD (0) 1 − c(p)
.
+O
TF
TF

(10.5)

Theory predicts values for the constant c(p), which depend on the scattering mechanism and on the hole density p. If we apply eq. (10.5) to σD (T ) in Fig. 10.13 we
determine c(p) = 3.1 in reasonable agreement with a predicted value of c(p) ≈ 2.8
[122] for charged interface impurity scattering at low p. The theoretical value has
been shown to increase if correlation effects are included in the calculations [127].
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Similar agreement has been found for all densities in the metallic regime. This together with the results of the model calculation presented above demonstrates that
temperature-dependent screening can indeed explain the metallic temperature dependence of the resistivity in our p-SiGe system without invoking a novel metallic
phase. It also implies that at sufficiently low temperatures insulating behavior with
d/dT < 0 is expected to be recovered. Similar results in p-SiGe were obtained for
much higher electron densities in Ref. [255].
In the p-SiGe samples of the NRC-group a similar analysis was performed [203].
A linear temperature dependence was again found down to moderately low temperatures of the order of a percent of the Fermi temperature. The coefficient c(p) in
eq. (10.5) was found to be larger than expected from the initial calculation by Gold
and Dolgopolov [122]. The revised theory presented in Ref. [127] may remedy this
discrepancy. Very small deviations from linear temperature dependence were identified at the lowest temperatures in this paper.

10.7 Reentrant insulating behavior
For higher carrier densities p we expect σD (T ) to exhibit a weaker temperature dependence, because c(p) decreases [122]. In Fig. 10.15 we therefore show the magnetic field and the temperature dependence measured at two densities. The lower
surface shows the curves measured at p = 2.6 × 1011 cm−2 . At large |B| the metallic temperature dependence can be seen. At B = 0 the WL peak tends to counteract
this metallic behavior without overpowering it in the range of temperatures shown.
The upper surface was measured at a density of 4.3 × 1011 cm−2 on an ungated part
of the same sample. The temperature dependence at large |B| is weaker than for
the other surface [c(p) = 0.8], in agreement with temperature-dependent screening.
At B = 0, however, the WL correction is strong enough to restore the insulating
temperature dependence of the conductivity. Such a reentrant insulating behavior is
consistent with the observations made in Refs. [176, 182].

10.8 Parallel magnetic field
The behavior of the magnetoresistance of p-SiGe in parallel magnetic fields is of particular interest compared to other systems like Si-MOSFETs and p-GaAs. The reason
is that in the p-SiGe system the holes occupy the degenerate (J, mJ ) = (3/2, ±3/2)
(J is the total angular momentum) heavy-hole subbands. Owing to strong spin-orbit
coupling J is aligned normal to the quantum well. This orientation anisotropy is further stabilized by strain, which increases the heavy-hole light-hole separation compared to the unstrained case. The total angular momentum therefore has an easy axis
normal to the plane of the quantum well. Application of an external magnetic field
perpendicular to the well therefore leads to strong spin-splitting, whereas the orientation of the total angular momentum J is insensitive to a parallel magnetic field. As
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Fig. 10.15. Temperature and magnetic field dependence of the conductivity for two different
densities. The upper curve at high density shows reentrant insulating behavior.

a result, the two-dimensional hole gas cannot be polarized with an in-plane field, in
contrast to the other experimental systems.
Figure 10.16 shows the dependence of the resistivity on temperature with an inplane field of B = 6 T applied and for densities above and below the critical density
at which the temperature dependence changes from metallic to insulating at zero
magnetic field. Except for an overall increase of the resistivity, the behavior remains
essentially the same. This result supports the hypothesis that spin polarization of the
two-dimensional electron gas in a parallel magnetic field is responsible for the large
positive magnetoresistance observed in Si-MOSFETs [169].

10.9 Discussion of the results and conclusions
In the following, we address the range of validity of the presented analysis. The theories of linear screening, WL, and interaction corrections are expected to hold as long
as the disorder in the system is low enough, i.e., as long as kF l > 1. Therefore, the
analysis is limited to the metallic regime. Non-linear screening models have to be
invoked at the MIT, where our system undergoes the transition from WL (kF l > 1)
to strong localization (kF l < 1). We have empirically applied concepts developed
for weakly interacting systems with rs ≤ 1. This attempt was successful and a
Fermi-liquid description of the 2D hole gas appears to be consistent with the experiment even at our large interaction parameter rs ≈ 6. This fact suggests that
the Fermi-liquid concept and the perturbative screening theory are still valid in twodimensional systems even when the interaction parameter is considerably larger than
one. A deeper theoretical understanding and interpretation of this finding remains an
open issue.
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How relevant is this analysis for other systems in which the MIT was observed?
The analysis was simplified by the fact that large-angle scattering is dominant in
p-SiGe. For this special case, the analytical results of Ref. [122] apply. Candidates
for a similar analysis are therefore low-mobility Si-MOSFETs (for which this theory was originally developed) or the n-GaAs system with InAs quantum dots near
the 2D electron gas [163]. Kravchenko et al. stated in Ref. [148] explicitly that
temperature-dependent screening can not account for the metallic behavior in their
high-mobility Si-MOSFET samples. However, at the time the extended theory of
temperature-dependent screening including correlation effects [127], which predicts
an enhancement of the metallic behavior, was not available and it would certainly be
interesting to compare. Performing a similar analysis on the n-type GaAs samples of
Ref. [163] we find that the temperature dependence in the metallic range is much too
large compared to the theory used above. For p-type GaAs samples exhibiting the
MIT temperature-dependent screening was suggested in Refs. [159, 161] as the relevant mechanism. Under the condition of small-angle scattering this effect is much
weaker than in our case. The absence of a strong magnetoresistance in p-SiGe in
parallel magnetic field is certainly of some value for the research on strongly interacting two-dimensional systems in Si-MOSFETs or p-GaAs heterostructures with
much weaker spin-orbit coupling. It supports the observation in these systems that
restoring insulating behavior at large B|| comes along with spin-polarization of the
electron gas.
In conclusion, we have analyzed the magnetoresistance and the Hall resistance in
p-SiGe samples in terms of interference and interaction corrections to the conductivity and found the measurements to be consistent with ordinary Fermi-liquid behavior,
RPA screening, and diffusive interaction corrections at large interaction parameters
rs ≈ 6. Both corrections tend to localize the system as the temperature is lowered.
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The temperature dependence of the background Drude conductivity has been found
to be linear in temperature. Its behavior is in good agreement with the theory of
temperature-dependent screening for systems in which large-angle scattering dominates. The analysis applies to densities where the system is in the metallic regime and
cannot easily be extended to the transition region, where kF l ≈ 1. Although these
observations cannot exclude the possibility of a novel metallic ground state in our or
in other systems unambiguously, we are inclined to discard this exciting possible interpretation for p-SiGe hole gases on the basis of our experiments and analysis. The
theoretical understanding of experimental consistency with Fermi-liquid behavior at
these large rs -values remains a challenging topic for further research.

Part III

Electron Transport through Quantum Dots and
Quantum Rings

This page intentionally left blank

11
Introduction to electron transport through quantum
dots

In section 2.3.3 we have phenomenologically introduced the experimental observations made in very small conducting islands weakly coupled to leads, i.e., the
Coulomb-blockade effect and the associated transmission resonances (see Fig. 2.8).
In this chapter we give a brief discussion of the basic physical concepts needed in
order to interpret the experimental data presented later. For more extensive and comprehensive overviews over the many experiments performed and theories developed
in recent years we refer to the many books [32, 87–90] and reviews [81, 91–95]
published on this topic.

11.1 Resonant tunneling and the quantization of the particle
number on weakly coupled islands
Electron transport through quantum dot structures is closely related to the quantum
mechanical phenomenon of resonant tunneling discussed in many textbooks (see
e.g., [27, 31]). In order to illustrate the properties of a resonant tunneling structure
which are of importance for quantum dots, we consider a one-dimensional system
in which non-interacting quantum particles scatter at a double barrier consisting of
two δ-potentials separated by a region with length L of free propagation. The model
schematically depicted in Fig. 11.1 is a simplified version of the model that will
be used for the description of quantum scattering in wires in chapter 17 (see also
Appendix C). The transfer matrix Tk of an individual δ-scatterer is given by

 
 
1 2k − iγ −iγ
a1
b1
=
,
iγ 2k + iγ
b2
a2
2k





Tk

where k = 2mE/h̄2 and γ = −2mVδ /h̄2 , Vδ is the strength of the δ-scattering
potential and the ai and bi are the amplitudes of the plane wave states left and right
of the barrier, respectively. Propagation between the scatterers is described by the
equation
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L
Fig. 11.1. One-dimensional scattering potential comprising two δ-scatterers separated by the
distance L. The a1 , a2 , b1 , b2 , . . . are the amplitudes of right- and left-going plane wave states
forming the solution of the scattering problem.
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=

 
eikL 0
b1
,
b2
0 e−ikL



Pk

with the Propagator Pk . With the two matrices Tk and Pk , we can write the solution
of the transmission problem as d = Tk Pk Tk a := Mk a, where Mk is the total transmission matrix. The quantity t = Mk;1,1 − Mk;1,2 Mk;2,1 /Mk;2,2 is the transmission
2
coefficient for a particle incident from the left with wave vector k and T = |t| is
the corresponding total transmission. The transmission for γL = 10 is shown in
Fig. 11.2a. It exhibits the well-known transmission resonances at certain values of
kL, i.e., at certain energies, where the transmission approaches 1. The resonances
become broader with increasing energy and as a consequence the background transmission between the resonances increases steadily with energy.
Within the same model we can calculate the wave-functions ψk (x) in the region
L
2
between the two δ-scatterers. The quantity Dk = 2 0 dx |ψk (x)| /(2π) is the density of states in this “island.” The factor of 2 in front of the integral accounts for the
fact that scattering states from the left and the right lead contribute. The density of
states for γL = 1 is depicted in Fig. 11.2b. It shows peaks at the same values of
kL (i.e., at the same energies) as the transmission. However, as the energy increases,
the density of states peaks become wider and smaller, in contrast to the transmission
resonances. These peaks are reminiscent of the discrete level spectrum of a system
with opaque barriers. With increasing strength of the delta scatterers γ, the density
of states peaks become sharper (not shown).
Filling the quantum states of this one-dimensional non-interacting system with
fermions up to a certain Fermi wavevector kF leads to a certain number of particles
k
N on the island, which is given by N = 0 F Dk dk. This number N is shown in
Fig. 11.2c as a function of kF L. Although N is a monotonic and continuous function

11.1 Resonant tunneling and the quantization of particle number

Fig. 11.2. Transmission T (a),
density of states Dk (b) and number of particles N (c) calculated
for the double δ-barrier problem
with parameter γ = 10.
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of energy, it exhibits steps at integer N , which are more pronounced at lower energies
(lower kL) and wash out at higher energies. The step-like character of this function
will be the more pronounced the larger γ is, i.e., the weaker the tunneling coupling
of the island to the leads. This one-dimensional model of an island demonstrates that
the number of particles on a weakly coupled island is an integer number, i.e., it is
quantized.
More involved models of resonant tunneling with islands of higher dimensionality or more realistic tunneling barriers will all show the same conceptual behavior.
Such models are typically hard to solve because one needs to solve Schrödinger’s
equation in three dimensions for the given potential. In addition, the tunneling coupling can in most cases only be taken into account in the weak coupling approximation. Most common is the transfer hamiltonian approach developed by Bardeen
[40, 41].
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11.2 Quantum dot states: from a general hamiltonian to the
constant-interaction model
The quantization of N occurs also in systems of interacting particles that are weakly
coupled to leads. However, the interactions lead to a serious modification of the density of states Dk compared to the non-interacting case. This is the basic ingredient
for the Coulomb-blockade effect in electron transport through a quantum dot.
The theoretical description of the Coulomb-blockade effect typically involves
two separate steps: the states of the quantum dot are described with some hamiltonian neglecting the coupling to source and drain contacts via tunneling barriers. In a
separate step, the tunneling coupling of the dot states to the leads is introduced and
the electrical current is calculated.
In this section we will give an overview of how a relatively simple but very intuitive model hamiltonian for a quantum dot can be found starting from very general
considerations. This model is called the “constant-interaction model.” Although it
neglects many details that are sometimes of interest in experiments, it captures the
basic effects leading to the Coulomb-blockade phenomenon in electron transport.
We consider a typical system containing dielectric media, metallic gate electrodes, and fixed ionic charges (e.g., dopants or surface charges). The gate electrodes
are used for defining a lateral confinement potential for electrons, the vertical confinement is assumed to be provided by a certain layered sequence of materials like
in a heterostructure or in a quantum well. A very general hamiltonian for such a
quantum dot system with N electrons is given by [263]


N
p2n
e2
HN =
−
e
dV
ρ
(r)G(r
,
r)
+
φi αi (r n )
G(r n , r n ) − e
ion
n
2m
2
V
n=1
i

n−1
+ e2

G(r m , r n ) .

(11.1)

m=1

This is an effective mass hamiltonian assuming a parabolic conduction band dispersion at the Γ -point (first term, kinetic energy). It contains a number of single-particle
contributions to the potential energy and a term describing electron–electron interactions. The function G(r, r  ) is the electrostatic Green’s function of the system
fulfilling Poisson’s equation
∇ [ε(r)ε0 ∇G(r, r 1 )] = −δ(r − r 1 )
with boundary condition
G(r, r 1 )|r∈Si = 0,
i.e., the function is zero on the metallic electrodes. It therefore contains image charge
effects and screening by the gate electrodes. The last term in the hamiltonian (11.1)
describes the electron–electron interactions. The term e2 G(r n , r n )/2 contains the
image charge potential for an individual electron and a self-energy term that has to
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be renormalized away by appropriate methods. The second term on the right contains the fixed ionic charges in the system, ρion (r), and represents their effective
electrostatic potential. The functions αi (r) are the characteristic potentials of the
gate electrodes, which are indexed by i. They are connected to the Green’s function
by the surface integral
 
αi (r) = −
ds1i [ε(r 1 )ε0 ∇1 G(r 1 , r)] · ni ,
Si

where ε(r) is the relative dielectric constant of the system and ni is vector normal
to the surface element ds1i pointing into the gate electrode. The αi (r) represent
the electrostatic potential created by a unit potential on gate i with all other gates
grounded. The term in the hamiltonian (11.1) containing these functions represents
the potential created by the voltages on the gates i with electrostatic potential φi . In
general, differences of applied voltages (differences of electrochemical potentials)
Uij = Ui − Uj on the gates translate into differences of electrostatic potentials via
(i)

Uij =

(j)

(i)

(j)

µ − µch
µelch − µelch
= φi − φj − ch
.
−e
e
(i)

The electrostatic potentials φi are apart from the offset µch identical to the applied
voltages.
A number of methods exist to tackle the many-body eigenvalue problem with
the hamiltonian (11.1), among them exact diagonalization [264–269], the Hartree
approximation [270], Hartree–Fock methods [271–275], density functional theory
[276–278] or quantum Monte Carlo simulations [279, 280]. In the following we
sketch the assumptions and simplifications made for arriving at the simplest approximate model, the so-called constant-interaction model.
Hartree–Fock approximation
In a first simplifying step we neglect some parts of the interaction term, and assume
the wave-functions to be Slater determinants of single-particle wave functions. This
approximation is known as the Hartree–Fock approximation for a many-electron system requiring a self-consistent solution of the Hartree–Fock equation [281]
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p2
−e
2m
−e



e2
dV1 [ρion (r 1 ) + ρe (r 1 )] G(r, r 1 ) + G(r, r)
2
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φi αi (r) ψn (r) + e



n)
d3 r G(r, r  )ρ(s
xc (r, r )ψn (r ) = En ψn (r)

i

(11.2)
with the electron density
2

ρe (r) = −e

|ψn (r)|
nocc

and the non-local exchange density

n)
ρ(s
xc (r, r ) = −e


ψm
(r  )ψm (r)δsn ,sm .
mocc

The wave functions ψn (r) are the self-consistently determined eigenfunctions with
(s )
energies En . The exchange density ρxcn depends on the quantum number sn of
the z-component of the spin in level n. The number of electrons in the system is
determined from the charge neutrality condition.
Neglecting self-consistent effects
Let us assume that we have solved the Hartree–Fock problem self-consistently for
(0)
a given set of gate potentials {φi } and we have found a large number N0 electrons (say, N0 > 100) to reside on the dot. We now consider the effect of changing
the gate voltates slightly by {∆φi }. This changes the gate-voltage-dependent term
in the Hartree–Fock equation (11.2) and there will be a first-order shift of energy
levels. However, there will also be a first-order modification of the self-consistent
wave functions leading to a first-order change in the electron density ρe (r) and the
(s )
exchange density ρxcn , which in turn causes an additional induced potential perturbation. In addition we may have to adapt the electron number in order to satisfy
charge neutrality. These intricate changes in the system may be regarded as a screening effect in response to the gate voltage change.
A tremendous simplification arises if we neglect the self-consistent density
(s )
changes in ρe (r) and ρxcn . We denote the electron densities under these conditions
(0)
(sn )
ρe (r) and ρxc0 . This approximation essentially means neglecting the polarizability of the quantum dot. Under this assumption the change in gate potentials will in
first-order lead to a linear shift of the energy levels En of the quantum dot according
to
∆En = −e
∆φi n |αi (r)| n = −e
∆φi αi .
i

i

The expectation value αi of the characteristic potential αi (r) of gate i is called the
lever arm of this gate. Although the lever arm may depend on the state index n, it
turns out that in many-electron dots the lever arm is to a good approximation the
same for relevant states near the Fermi level.
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Constant interaction and constant exchange
The change in gate voltages may eventually lead to a change in the number of electrons. Given that we consider a dot with a large number of electrons N0 , the selfconsistent changes in the local Hartree potential and the non-local Hartree–Fock potential will again be neglected.
Nevertheless, the energy levels En will be shifted by the Hartree potential created
by the additional charge. Assuming that the electron density distribution does not
change a lot with electron number, we can define an electron number independent
(0)
“shape” function for the electron density β(r) = ρe (r)/N0 . The Hartree potential
will then have the expectation value



EH (N0 ) = N0 n −e
dV1 β(r 1 )G(r 1 , r) n := N0 Vc .
V

Adding an electron to the quantum dot into an empty state n lifts — under the assumptions introduced above — each energy level by a constant amount Vc , if the
matrix element is about the same for all states.
The exchange energy will also lead to a shift of energy levels En . In contrast
to the Hartree shift, the exchange-induced shift will depend on the spin of the electron in level En . The non-local exchange potential can be approximated if we take
into account that G(r, r  ) is dominated by small values of |r − r  |. Approximating
G(r, r  ) = Vxc δ(r − r  ), we obtain a kind of “local density approximation” for the
exchange term leading to the local spin density
2

n
(r) = −e
ρsxc,loc

|ψm (r)| δsn ,sm .
mocc

The expectation value of the exchange interaction can in this approximation be
treated similar to the Hartree interaction term leading to
↑/↓

↑/↓
Exc
(N0 ) = −N0 Vxc ,

where N0↑ (N0↓ ) is the number of electrons with spin ↑ (↓).
Without the exchange term the obtained approximations lead to the constantinteraction model [282]. Exchange can be included in terms of a “constant exchange”
term. We can summarize the energy required for adding an electron with spin ↑ (↓)
to the quantum dot by
↑/↓

↑/↓

µN +1 = EN +1 + Vc (N + 1) − Vxc (N0

+ 1) − e

∆φi αi .

(11.3)

i

The exchange contribution always lowers this energy, i.e., Vxc > 0. For the determination of the spin of an added electron, it is decisive if µ↑N +1 > µ↓N +1 or vice versa.
Within this model, the added electron will have spin up, if the difference
↑
↓
↑
↓
µ↑N +1 − µ↓N +1 = EN
+1 − EN +1 − Vxc (N0 − N0 ) < 0.
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↑/↓

Here, EN +1 are the single-particle energy levels in which the up (down) electron
is filled and N0↑ − N0↓ is the occupation difference of spin up and spin down states
already occupied in the dot. It becomes immediately clear that the exchange term
favors parallel alignment of spins (in atoms this leads to Hund’s rules). If the en↑
↓
ergy splitting EN
+1 − EN +1 is larger than the gain in exchange energy, the spin
polarization of the dot will be lowered or kept minimized (extreme case: alternating up/down filling), otherwise the spin polarization will be increased (extreme case:
fully spin-polarized ferromagnetic ground state).
Constant interaction from a capacitance model
The constant-interaction model (without the exchange interaction term) is analogous
to a capacitance model in which the quantum dot is regarded as a floating metallic
island with integer charge. In this model the interaction of electrons on the island
among each other and with surrounding metallic electrodes is described by an electrostatic capacitance matrix in which the capacitances are considered to be independent of the voltages applied to the electrodes.
We consider n + 1 metallic objects 0 . . . n. The objects 1 . . . n (gates) are connected to voltage sources keeping them at constant potential. Island 0 (dot) carries
charge Q0 , but is kept floating. We want determine the charging energy required
to bring N electrons onto the dot. This is a standard problem of classical electrostatics closely related to the electrostatics problem discussed in chapter 15 (see also
Appendix A).
The charges on the metallic islands are given by the relation [283, 284]
n

Qi =

(0)

Cij φj + Qi .
j=0

The Cii are called the capacitances of island i and they are always positive. The
Cij with i = j are called capacitance coefficients. They are always negative. The
capacitance matrix can be formally represented in terms of the system’s Green’s
function containing all the geometrical information about the system (see Appendix
A). Owing
n to overall charge neutrality, the capacitance coefficients obey the condition i=0 Cij = 0. When all the potentials φj are changed by a constant amount,
n
(0)
the induced charges Qi do not change and therefore j=0 Cij = 0. The charge Qi
is the charge on electrode i when all the potentials φi are set to zero. It is due to fixed
charges in the system such as dopant ions or residual impurities.
The charge Q0 , in particular, is
n

Q0 =

(0)

n

C0j φj + Q0 = C00 φ0 +
j=0

(0)

C0j φj + Q0 .
j=1

n

For C00 we can write C00 = − j=1 C0j := CΣ . Because we regard the charge
Q0 as being given, we solve this equation for φ0 in order to obtain the electrostatic
potential of the dot determined by the voltages on all the gate electrodes:
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n
1 
(0)
φ0 (Q0 ) =
C0j φj  .
Q0 − Q0 −
CΣ
j=1
If Q0 = −eN , the electrostatic energy Eelstat (N ) needed to change the number of
electrons from 0 to N at fixed potentials φj (j = 1 . . . n) is given by the integral


 −eN
 −eN
n
1
(0)
dQ0 Q0 − Q0 −
C0j φj 
dQ0 φ0 (Q0 ) =
Eelstat (N ) =
CΣ 0
0
j=1


n
(0)
C0j 
e2 N 2
Q
+ eN  0 +
φj .
=
2CΣ
CΣ
CΣ
j=1
The increase of the total electrostatic energy of the whole system is larger than
Eelstat (N ) by the amount

n 
n
n
dQi φi =
φi dQi =
φi Qi .
Wgates (N ) =
i=1

i=1

i=1

When the charge −eN is brought onto the dot at constant voltages φi this is work
done by the voltage sources connected to the gates.
If we wish to add a single electron to the dot, we have to pay the charging energy




n
(0)
1
C
e2
Q
0j
+ e 0 +
Ec = Eelstat (N + 1) − Eelstat (N ) =
N+
φj  .
CΣ
2
CΣ
C
Σ
j=1
In general, the charging energy increases with the number of electrons N that are
already on the dot. This is (apart from a constant energy offset) already identical to
the interaction term and the gate-induced energy change in the constant-interaction
model [see eq. (11.3)], if we identify the charging energy Vc = e2 /CΣ and the lever
arm αi = −C0i /CΣ > 0.
We are interested in systems where the dot is sufficiently small that quantization
effects of electronic states on the dot become important. In this case we may describe
the total energy E(N ) of the dot by the sum of its single particle energies En plus
the electrostatic energy Eelstat (N ):


N
N
n
(0)
1 2
Q
αj φj  .
E(N ) =
En + Eelstat (N ) =
En + N Vc + eN  0 −
2
CΣ
n=1
n=1
j=1
The electrochemical potential µN is by definition the energy required to add the
N th electron to the system. It is given by




n
(0)
1
Q
+ e 0 −
µN = E(N ) − E(N − 1) = EN + Vc N −
αj φj  ,
2
CΣ
j=1
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which is (up to a constant) the expression for the constant-interaction model (11.3)
without the exchange contribution. It can be regarded as the sum of the chemical
potential µch = EN and the electrostatic potential




n
(0)
1
Q
+ e 0 −
αj φj  .
φ(N ) = Vc N −
2
CΣ
j=1
At fixed electron number the electrostatic potential of the dot is a linear function of
the gate voltages. It jumps discontinuously when an electron is added to the dot. This
has, for example, been measured in Ref. [285].

11.3 Transport through quantum dots
11.3.1 Coulomb-blockade oscillations
In a typical quantum dot arrangement (cf. inset of Fig. 2.8) there are, in addition to
the dot, at least three metallic islands: the source and drain contacts and a plungergate. Tunneling junctions connect the dot to source and drain while the coupling of
the gate to the dot is purely capacitive. This situation is schematically depicted in
Fig. 11.3(a). In the following we denote source-related quantities with subscript 1,
drain-related voltages with subscript 2, and gate-related quantities with subscript 3.
We consider the case of vanishing bias, e.g., µ1 ≡ µS ≈ µD ≡ µ2 and therefore
φ1 = φ2 = 0. (Dot and source-drain contacts are usually made of the same materials
and no differences in chemical potentials exist.) In order to keep the discussion as

(a)

(b)

source

(c)
µN+2

µS

µD

µS

µN+1

µD

µN+1

plunger
gate

µN

dot

φN+1(UG)

φN(UG)

drain

Fig. 11.3. (a) Schematic drawing of the system under consideration. (b) The dot is in the
blockade. No electron can be transferred from source into the dot or from the dot into the
drain contact. (c) The dot is in resonance with source and drain. An electron can tunnel from
source into the dot and then out into drain (or vice versa; a small bias causes a net current in a
preferred direction).

simple as possible we assume zero temperature at this point. Figure 11.3(b) shows
the energetic relations for a typical plunger-gate voltage. The dot is filled with N + 1
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electrons. Since µN +2 > µS , µD , no electrons can tunnel into the dot, the current is
blocked. This situation is called the Coulomb-blockade.
Figure 11.3(c) shows the situation with a very special plunger-gate voltage aligning the electrochemical potential in the dot µN +1 with those in source and drain. In
this case, an electron can be exchanged between the leads and the dot and a small
bias voltage will cause a net current flow in one direction.
In general, the dot will make a transition from N to N − 1 electrons if µS ≤ µN .
It will make a transition from N to N + 1 electrons if µS ≥ µN +1 . This means that
conductance peaks like those in Fig. 2.8 arise under the condition (we neglect the
exchange contributions in the following for simplicity)




n
(0)
1
Q
µS = µN = EN + Vc N −
− e
αj φj − 0  ,
2
CΣ
j=3
which can be solved for the gate potential φG ≡ φ3 to give




n
(0)
1
1
eQ
(N )
0
EN + Vc N −
−e
αj φj +
− µS  .
φG =
eαG
2
C
Σ
j=4

(11.4)

This equation is the basis for a very straightforward interpretation of Coulombblockade measurements as a function of an external parameter like the magnetic
field. If we assume that the capacitance matrix of our system and the chemical potentials in source and drain are not significantly modified by the field, we can see
(N )
that the position of a conductance peak in plunger-gate voltage, φG (B) (the voltage and the potential are the same up to an additive constant) is proportional to the
magnetic-field-dependent single-particle energy level EN (B). Under certain conditions it is therefore possible to reconstruct the single-particle energy spectrum of a
quantum dot in a magnetic field, at least over a limited range of energies.
Two consecutive conductance peaks have the spacing
(N +1)

∆φG

(N +1)

= φG

(N )

− φG

=

1
1
[EN +1 − EN + Vc ] =
[∆N +1 + Vc ] ,
eαG
eαG

where ∆N +1 is the single-particle level spacing. The term “constant-interaction
model” implies that it is assumed that Vc does not change with electron number,
at least in a certain energy interval of interest. This assumption, although not strictly
valid in semiconductor quantum dots, turns out to be a very good approximation
in many-electron dots. In the most typical cases where the typical single-particle
level spacing in a dot is only a fraction of the charging energy, the conductance
peaks are almost equidistant in plunger-gate voltage. Within the constant-interaction
model, fluctuations in peak spacing occur due to fluctuations in the single-particle
level spacing.
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11.3.2 Coulomb-blockade diamonds
We now consider the case where the conductance is measured as a function of the
plunger-gate voltage UG ≡ µch,G − eφ3 and of the source-drain voltage. For simplicity, we still assume zero temperature.
Source grounded
We assume that µS is kept constant, µD = µS − eUSD . For the dot to be in a stable
region with N electrons, we have the requirements
µN < µS − eUSD
µN +1 > µS ,
if USD > 0. If USD < 0, we have
µN < µS
µN +1 > µS − eUSD .
The first two conditions give the two border lines for USD > 0:




n
(0)
1
eQ0 
1 
− µS + e(1 − αD )USD − e
αj φj +
UG =
EN + V c N −
,
eαG
2
CΣ
j=4




n
(0)
1
1 
eQ0 
− µS − eαD USD − e
αj φj +
EN +1 + Vc N +
.
UG =
eαG
2
CΣ
j=4

∆N+1+

e2
CΣ

UG
N+1
(N+1)

UG

(

e2
1
∆N+1+
αG
CΣ

N

(N)

UG

N-1
USD

)

Fig. 11.4. Coulomb-blockade diamonds.
The current is blocked in the diamond
shaped areas shaded in gray. In these areas the number of electrons in the dot, N ,
is constant. Conductance peaks occur on
the UG -axis at points where neighboring
diamonds touch.
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They cross the USD axis at the positions of two neighboring conductance peaks. They
cross each other at
eUSD = ∆N +1 + Vc .
The difference of their slopes is


1
αD
1 − αD
=
− −
.
αG
αG
αG
This situation is schematically illustrated in Fig. 11.4. A measurement of these socalled Coulomb-blockade diamonds (for symmetrically biased dots to be discussed
in the following) is shown in Figs. 12.3 and 13.2.
Symmetrically biased dot
(0)

(0)

We assume that µS = µS + eUSD /2 and µD = µS − eUSD /2 and have the
requirements for the stable region with N electrons (USD > 0):
(0)

µN < µS − eUSD /2,
(0)

µN +1 > µS + eUSD /2.
They lead to the border line equations



1
1
(0)
− µS + e(1 − αS + αD )USD /2
EN + V c N −
UG =
eαG
2

n
(0)
eQ0 
αj φj +
−e
,
CΣ
j=4



1
1
(0)
− µS − e(1 + αS − αD )USD /2
EN +1 + Vc N +
UG =
eαG
2

n
(0)
eQ0 
αj φj +
−e
.
CΣ
j=4
If αS = αD (symmetric dot), the border lines have exactly the opposite slope of
±1/(2αG ). Again we find the crossing of the two lines at eUSD = ∆N +1 + Vc and
the difference of the slopes is again 1/αG .
Excited states
Tunneling through excited states of the dot leads to additional structure in the
Coulomb-blockade diamonds. For example, tunneling transport can be achieved
starting from the dot in the (N − 1)-electron ground state into an excited N -electron
intermediate state back into the excited (N − 1)-electron ground state. Another scenario is tunneling from an (N − 1)-electron excited state via the N -electron ground
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state into the same (N − 1)-electron excited state. At zero temperature such processes are suppressed within the Coulomb-blockade diamonds in Fig. 11.4. At finite bias voltages outside the Coulomb-blockade diamonds, such processes become
possible. Experimentally, they can be observed in differential conductance measurements, i.e., measurements of dISD /dUSD , which reveal the excitation spectrum of
the quantum dots. In such measurements, excited states manifest themselves in additional peaks running in parallel to the Coulomb-blockade diamond boundaries (see
additional lines in Fig. 11.4).
11.3.3 Conductance peak line shape at finite temperatures
A theory for the temperature dependent line shape of conductance peaks has been
given by Beenakker and van Houten [30] based on the constant-interaction model.
In this model the tunneling processes through the dot are described as two sequential
incoherent elastic tunneling events, the tunneling-in and the tunneling-out process. It
is assumed that the tunneling coupling of dot states to the leads Γ is smaller than the
single-particle level spacing ∆ and smaller than temperature kT . We illustrate the
model with the example of a dot with four energy levels E0 to E3 . Each level can be
occupied by one electron due to Pauli’s exclusion principle. The state of the dot is
given by the occupation numbers of the individual levels, e.g., the dot state (0, 1, 1, 0)
denotes a state with two electrons in the dot occupying the levels E1 and E2 . We can
now calculate the probability that the dot is in a certain state if the temperature and
the external gate voltages are given:
N
1
−1
Peq ({ni }) = Z exp −
.
Ei ni + Eelstat (N ) − N EF
kT i=0
Here, Z is the partition function
Z=
{ni }

1
exp −
kT



N

Ei ni + Eelstat (N ) − N EF

,

i=0

N is the maximum level index, EF is the Fermi energy in
the leads, and Eelstat (N )
is the electrostatic energy of the dot filled with N =
i ni electrons within the
constant-interaction model. An example for Peq ({ni }) for some occupation states
is shown in Fig. 11.5a. It has already become clear in the discussion of the previous sections that gate-voltage intervals exist, in which a certain electron number N
is dominant. The borders of these intervals are smeared out by temperature. Several
states can have significant probability of occupation for a fixed electron number (see,
e.g., the two states for N = 1 in the figure). Narrow regions of gate voltages exist,
where states with N and N + 1 electrons have a significant probability simultaneously. These are the regions where conduction processes through the dot can take
place, because if an electron tunnels through the dot, the dot undergoes the occupation sequence N → N + 1 → N (electron tunneling) or N + 1 → N → N + 1 (hole
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Fig. 11.5. a) Occupation probability for some states of a four-level quantum dot. The states are
indicated in the occupation diagrams next to the curves. b)–d) show three different sequences
of dot states during a sequential tunneling event. All three contribute to the total conductance
at a gate voltage where the N = 1 and N = 2 probabilities overlap.

tunneling). Because we only consider elastic tunneling processes, the dot state after
the sequence is exactly the initial state. The tunneling electron (hole) will therefore
occupy a certain energy level Ep during its stay in the dot, which will eventually be
empty again. In this picture it is fair to say that transport takes place through level
Ep . However, more than one level Ep can contribute to the total conductance seen in
a particular conductance peak. Examples are illustrated in Fig. 11.5b)–d).
For a quantitative description of the tunneling conductance, we need the probability that N electrons occupy the dot and level Ep is occupied
Peq ({ni })δN,

Feq (Ep , N ) =
{ni }

i

ni δnp ,1

and the probability that the state in the emitter (collector) at the same energy is empty
1 − f (Ep + Eelstat (N ) − Eelstat (N − 1) − EF ). The contribution of the level Ep to
the conductance in an N -electron dot is then given by [30]
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Fig. 11.6. Contribution
Gp,N to a conductance
peak (thick line). It comes
about by the product of
the occupation statistics
of the dot Feq (Ep , N )
and the occupation factor
in the leads. The prefactor
containing the dot-lead
coupling constants has
been neglected here.

1
1-f(E3+U(3)-U(2)-EF)

Feq(E3,3)

Probability

0.8
0.6
0.4
0.2
G3,3
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Gp,N =

15
VG (arb. units)
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20

25

e2 Γpl Γpr
×
kT Γpl + Γpr
Feq (Ep , N ) [1 − f (Ep + Eelstat (N ) − Eelstat (N − 1) − EF )] .

The shape of the conductance contribution is determined by the thermally broadened
statistical functions. An example is shown in Fig. 11.6. The peak amplitude of Gp,N
is determined by the tunneling coupling of state Ep to the left (Γpl ) and the right (Γpr )
lead.
The total tunneling conductance is then the sum over all the contributions of the
levels Ep and all the dot occupation numbers N [30]:
N

N

Gp,N .

G=
p=0 N =1

At sufficiently low temperatures only a single N gives a significant contribution to
a particular conductance peak. However, depending on the energetic separations between individual single-particle levels compared to kT , one or several Ep -levels can
contribute to a conductance peak. Figure 11.7 shows, how one can go from singlelevel transport (c) to multilevel transport (a) by increasing the temperature.
In the single-level transport regime only a single level Ep and a single electron
number N contributes to the total conductance, and it can be shown [30] that in this
case the shape of a conductance peak can be represented as


e2 Γpr Γpl
1
δ
−2
G=
,
cosh
h̄ Γpr + Γpl 4kT
2kT
res
res
where δ = eαG (UG − UG
) and UG
is the gate voltage at maximum conductance.
The temperature dependence of the conductance peaks can be different for the
single-level transport regime and the multi-level transport regime, especially if one
takes into account that neighboring orbital levels can have vastly different tunneling
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Fig. 11.7. All the contributions Gp,3 to a conductance peak in a four level dot. The singleparticle energies are E0 = 0, E1 = 0.5, E2 = 0.6 and E3 = 1. Figures a) to c) show
the contributions at different temperatures. While in c) only a single level contributes to the
conductance, in b) there are already two and in a) all four levels contribute.
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Fig. 11.8. Temperature dependence of the conductance peaks of the four-level system. Energies are E0 = 0, E1 = 0.5, E2 = 0.6, E3 = 1. Different coupling constants
Γ̄p = Γpl Γpr /(Γpl +Γpr ) were chosen for the different single-particle levels, namely, Γ̄0 = 0.08,
Γ̄1 = 0.03, Γ̄2 = 0.03, and Γ̄3 = 0.03.

coupling to the leads. Figure 11.8 shows an example for our four-level model system. The peaks at UG = 2.5 and at UG = 18.5 show the conventional temperature
dependence found in the single-level transport regime. With increasing temperature
the peak height decreases and the width increases. However, the energy levels and
tunneling rates were chosen such that the two conductance peaks in the middle are
in the multi-level transport regime. Increasing the temperature leads to an increase
in the peak height because the strongly coupling E0 and E3 levels contribute more
strongly due to thermal activation. In addition to this inverted temperature dependence, these peaks also show an asymmetric line shape at the lowest temperatures
displayed.

11.4 Beyond the constant-interaction model
The constant-interaction model for quantum dots has been very successful for the description of many-electron quantum dots in limited ranges of plunger-gate voltages.
As the number of electrons is decreased or the gate-voltage ranges are extended,
modifications of this description are necessary. Experimentally, it is found that the
capacitances of many-electron dots depend on the plunger-gate voltages. In some
cases the constant-interaction picture can still be used over extended gate-voltage
ranges if linear changes of the lever arms αj with voltage are assumed. However,
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even in such cases, interaction effects fluctuate from level to level. Peak spacings
have to be analyzed by statistical methods and random matrix theory is frequently
applied (see Refs. [93, 94] for reviews). Self-consistent Hartree calculations of quantum dots [270] and Hartree–Fock calculations [271–275] have been applied going
beyond the constant-interaction model. Other models [276–278] are based on density functional theory and the Kohn–Sham equations [286]. Also quantum Monte
Carlo simulations have been performed [279, 280]. For very small electron numbers, even exact diagonalization calculations could be performed [264–269], which
include all the interaction effects beyond the Hartree approximation, i.e., exchange
and correlation effects. These calculations can be made only for dots coupled very
weakly to source and drain contacts.
If a quantum dot becomes gradually more strongly coupled to source and drain
contacts, other corrections to the above theories have to be taken into account. For
example, the assumption of sequential resonant tunneling as the dominant process
breaks down and tunneling processes of higher order have to be considered. An example are co-tunneling processes, which are correlated tunneling processes of two
(or more) electrons [287, 288]. Another example is the formation of correlated states
between electrons on the dot and in the leads such as a Kondo state predicted for
quantum dots theoretically at the end of the 1980s [84–86] and found experimentally
about 10 years later [82, 289–291].
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12
Energy spectra of quantum rings

12.1 Introduction to quantum rings
Probably the most famous ring structure occurring in nature is the benzene molecule.
Its structure has been suggested by Kekulé1 as early as 1865. In physics, ring structures became especially important in connection with the Aharonov–Bohm effect
[59] and related phenomena [66, 292].
In the context of the discussion of flux quantization in superconducting samples
with the topology of a ring, Byers and Yang [293] and later Bloch [294] determined
the characteristics of the energy spectra of ring-shaped samples pierced by a magnetic flux Φ. They predicted that the physical properties of such rings should be periodic in Φ with period of one flux quantum Φ0 = h/e in normal conductors. A special
example of this general statement is the prediction of an oscillatory magnetization of
phase-coherent rings due to persistent currents [295].
The ring shape also plays a role for the very general concept of Berry’s topological phase [296]. In this context the Aharonov–Bohm phase can be regarded as a special realization of a Berry-phase effect [297]. Other suggestions have been made for
the observation of Berry’s phase in a transport experiment on a ring where electronic
spins rotate coherently due to a radial magnetic field or due to spin-orbit coupling
[298–301].
On the experimental side, the Aharonov–Bohm effect has been observed in metal
rings [65, 302] and in semiconducting rings [61, 303]. The existence of experimental
evidence for Berry’s phase different from the Aharonov–Bohm effect in mesoscopic
structures remains an open issue to date, but a few experiments have been reported
[304–307].
Recently, the phase coherence of transport through a quantum dot embedded in
one arm of an open ring has been demonstrated [308, 309]. In this experiment the
ring geometry was employed for the measurement of the amplitude and phase of the
transmission coefficient through the quantum dot and the results still await a detailed
understanding.
1

August Kekulé von Stradonitz,  1829, † 1896
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Persistent currents were experimentally detected by measuring the magnetic response of 107 mesoscopic copper rings [310] measured with a SQUID magnetometer. Later, persistent currents in a single isolated gold loop were measured [311]. The
only measurements of persistent currents in a ring on a GaAs/AlGaAs heterostructure are due to Mailly [312] using a SQUID fabricated on chip.
The energy spectrum of self-assembled closed rings has recently been analyzed
by optical experiments [313]. A transition of the ground state of the ring from angular
momentum  = 0 to  = −1 was observed when one flux quantum threaded the area
of the ring. When the rings are successively filled with electrons, a shell structure
can be detected [314] similar to the shell structure in real atoms and in artificial
semiconductor quantum dots [80].
Here magnetotransport experiments on a ring-shaped semiconductor quantum
dot in the Coulomb-blockade regime [92] will be described [315]. The measurements
allow one to extract the discrete energy levels of a realistic ring, which are found to
agree well with theoretical expectations. Such an agreement between a model spectrum predicted by theory and an experimentally determined spectrum in quantum
dots was so far limited to few-electron systems [80], but is here extended to a manyelectron system. In addition, the interaction effects important for the ring structure
are discussed and analyzed in detail. It is shown that the experimentally observed
charging energy can be quantitatively understood within the Hartree approximation
including a strong screening contribution due to the top gate. The strong screening
effect is the reason for the frequent occurrence of spin pairs in the ring. A semiclassical interpretation of the results indicates that electron motion is governed by regular
rather than chaotic motion, an unexplored regime in many-electron quantum dots.

12.2 Samples and structures
Quantum-ring samples have been fabricated on AlGaAs/GaAs heterostructures containing a two-dimensional electron gas (2DEG) with density 5 × 1011 cm−2 and
mobility 90 m2 /Vs at T = 4.2 K only 34 nm below the sample surface. The surface of the heterostructure has been locally oxidized by applying a voltage between
the conductive tip of an atomic force microscope (AFM) and the 2DEG [316]. The
electron gas is depleted below the oxidized regions, which was used in other studies
for defining high-quality quantum dots [317]. Figure 12.1 shows the principle of this
patterning technique. The tip of a scanning force microscope is brought close to the
surface of a GaAs heterostructure with a shallow 2DEG at room temperature under
well-controlled humidity conditions. A water film will then be present on the sample
surface. When the tip is moved along a line with a large voltage applied between the
tip and the sample, an oxidation process takes place along this line. The oxidation
has the same effect on the 2DEG as a well-controlled local shallow etch. The electron gas under the line is depleted and self-aligned conducting regions are created.
The details of the fabrication process, which is crucial for the high-electronic quality
of the quantum ring, are described in Ref. [318].

12.3 Magnetotransport measurements on a quantum ring
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Fig. 12.1. Principle of
AFM-Lithography: the
sample with a shallow
2DEG is kept at room
temperature under wellcontrolled humidity conditions. An SFM tip with a
voltage between −10 and
−20 V applied relative to
the sample writes oxide
lines into the surface under which the electron gas
is depleted.

GaAs

Figure 12.2(a) shows an SFM image (taken with an unbiased tip directly after
the oxidation process) of the oxide lines defining the quantum ring. The width of
the quantum point contacts connecting the ring to source (drain) is controlled by
voltages applied to the lateral gate electrodes qpc1a and b (qpc2a and b). The number
of electrons in the ring can be tuned via the lateral plunger gates pg1 and 2. Shape
deformations due to applied in-plane gate voltages are known to be relatively weak
[317, 318]. The schematic in Fig. 12.2(b) shows the dimensions of the quantum ring.
After the oxidation step, the sample is covered with a metallic top-gate electrode.
We will show below that with the combination of in-plane and top-gate electrodes
the quantum ring can be tuned into the Coulomb-blockade regime with the singleparticle level spacing being much larger than the thermal energy kT .
From the ring geometry and the electron density of the two-dimensional electron
gas surrounding the ring, we obtain an upper limit for the number of electrons in the
dot of about 270. An upper limit for the number of radial subbands in the dot can
be estimated from the width ∆r ≈ 65 nm of the ring and the Fermi wavelength of
the electrons in the host material λF ≈ 35 nm to be 3. However, it is known that
the electron density in strongly confined quantum dots can be much smaller than the
two-dimensional electron density of the host material and λF can be much larger.
This means, the number of electrons can be greatly reduced below the upper limit
quoted above and the number of radial modes is very likely to be smaller than 3.

12.3 Magnetotransport measurements on a quantum ring
Figure 12.3(b) presents a logarithmic color plot of the current through the quantum
ring as a function of plunger-gate voltage and magnetic field B (applied normal to
the 2DEG plane). This measurement was performed at a constant DC source-drain
voltage USD = 20 µV and at a temperature of 100 mK in a dilution refrigerator. The
bandwidth of the current measurement was limited to about 1 Hz.
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Fig. 12.2. Sample layout. (a) Micrograph of the quantum ring taken with the unbiased SFM
tip after writing the structure. The oxide lines (bright regions) deplete the 2DEG 34 nm below
the surface separating the sample into several conductive (dark) regions. The current is passed
from source to drain. The so-called in-plane gates (qpc1a, qpc1b, qpc2a, qpc2b, pg1, and pg2)
are used to tune the point contacts and two arms of the ring. (b) Schematic sketch of the
ring. The dark curves represent the oxide lines. From transmission measurements of the point
contacts at source and drain we estimate the depletion length to be about 50 nm, which results
in an estimated channel width of ∆r ≈ 65 nm. The average radius of the ring is r0 = 132 nm.
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Fig. 12.3. Please see the insert for a color reproduction of this figure. The addition spectrum.
(a) Measurement of Coulomb-blockade resonances at fixed magnetic field. The current is measured as a function of a voltage applied to both plunger gates (pg1 and 2) simultaneously. (b)
The evolution of such sweeps with magnetic field results in the addition spectrum shown in
color. The regions of high current (yellow/red) mark configurations in which a bound state
in the ring aligns with the Fermi level in source and drain. The Aharonov–Bohm period expected from the ring geometry is indicated by the thin white horizontal lines. (c) Magnetic
field sweep for constant gate voltage UPG = 218 mV (dashed line in the color plot). While
this peak shows a maximum in amplitude for B = 0, other peaks (UPG = 270 mV) display a
minimum in amplitude. (d) Typical Coulomb-blockade diamonds measured at zero magnetic
field.
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In Fig. 12.3(a) the Coulomb-blockade oscillations have been extracted along the
horizontal dashed line in Fig. 12.3(b), i.e., at constant B = 92 mT. A series of current
peaks can be seen that vary strongly in height from peak to peak. The highest peaks
correspond to a conductance of a few percent of the conductance quantum e2 /h. The
width of most peaks is of the order of 4kT , indicating thermal smearing of conductance resonances. In between the peaks the current is typically unmeasurably small
with some occasional regions in the UPG -B plane where it rises slightly above noise.
All these observations indicate that the ring is in the Coulomb-blockade regime.
Extracting the conductance as a function of magnetic field along the dashed vertical line of constant gate voltage leads to the trace in Fig. 12.3(c). It shows oscillatory
behavior with a period of ∆B = 75 mT, i.e., one flux quantum h/e per area πr02 .
This is exactly the Aharonov–Bohm period of an open ring with the same radius. In
fact, by opening the point contacts (not shown) we find the well-known Aharonov–
Bohm oscillations in the conductance with the same ∆B [61, 302, 303, 319, 320].
It can be seen that the positions and amplitudes of most peaks in Fig. 12.3(b) show
this period as well. This is the manifestation of Aharonov–Bohm-type effects in the
quantum ring.
The grayscale plot in Fig. 12.3(d) shows the conductance of the ring in the USD UTG plane measured at zero magnetic field. Typical Coulomb-blockade diamonds
are observed where the conductance is unmeasurably small. The diamonds are separated by the conductance peaks at USD = 0. At larger USD outside the white
Coulomb-blockade diamonds, conductance peaks of excited dot states can be seen.

12.4 Interpretation within the constant-interaction model
In the following we interpret the data using the constant-interaction model of the
Coulomb-blockade effect [92, 282] (see 11.2). From measurements of the Coulombblockade diamonds [for a typical example see Fig. 12.3(d)] in the USD -UTG plane
and in the USD -UPG plane we determine the lever arms of the top- and in-plane gates
allowing gate voltages to be translated into energies (see 11.2). The minimum separation of neighboring conductance peaks occurs for degenerate single-particle levels
and gives the bare charging energy ∆Ec . From the smallest experimentally observed
peak spacings, we determine2 the charging energy ∆Ec = e2 /CΣ ≈ 310 µeV, which
is much larger than kT ≈ 10 µeV. This is another indication that the ring is well in
the Coulomb-blockade regime. The observed single-particle level spacings obtained
from the conductance peak separations after subtraction of ∆Ec are found to be as
large as ∆ ≈ 300 µeV (see below). This value agrees with the large separation of
excited states from the Coulomb-blockade diamond boundaries in Fig. 12.3(d). We
emphasize that such a large single-level spacing is usually not achieved for quantum
dots of comparable size. In the ring it is due to the exclusion of electrons from the
2

In Ref. [315] the charging energy that serves as a reference for all other energy scales was
underestimated. The values quoted here are taken from A. Fuhrer, PhD thesis ETH Zurich,
2003.
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central region accomplished by the presence of the antidot. Because ∆  kT , we
can state that we are in the single-level transport regime if we neglect occasional
level crossings.
Within the constant-interaction model, the positions of the Coulomb-blockade
peaks in gate voltage are given by [cf. eq. (11.4)]




1
1
(N )
UG (B) =
− µS .
N (B) + ∆Ec N −
(12.1)
eαG
2
Here we have assumed that the lever arm αG , the charging energy ∆Ec , and µS ,
the electrochemical potential in source and drain contacts, are independent of magnetic field. This assumption is reasonable at small magnetic fields where the orbital
wave functions in the ring are not significantly changed compared to B = 0. Under this assumption the magnetic field dispersion of individual conductance peaks
in the measured addition spectrum in Fig. 12.3(b) directly reflect the dispersion of
individual single-particle levels.
In the following sections, we therefore discuss models of increasing complexity
showing the characteristic features of the energy spectra of quantum rings.

12.5 One-dimensional ring model
We start the discussion from the energy spectrum of a one-dimensional perfect ring
of radius r0 enclosing m = Bπr02 /Φ0 flux quanta [295] [see Fig. 12.4(a)]. The eigenvalue problem

2
h̄2
d
ψ = Eψ,
− im
−  2
2m r0 dϕ

12.5 One-dimensional ring model
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is solved by [66]
1
ψm, (ϕ) = √ eiϕ
2π

(12.2)

leading to the energy spectrum [66]
Em, =

h̄2
(m − )2 .
2m r02

(12.3)

Here ϕ is the angle coordinate, m is the mass of the particle, and  is the angular
momentum quantum number. For a given angular momentum state the energies as
a function of magnetic field (or flux m) lie on a parabola with its apex at m = ,
as depicted in Fig. 12.4(b). The characteristic energy scale for the ring is given by
Er = h̄2 /(2m r02 ) = 33 µeV.
According to this simple picture a single Coulomb-blockade peak should oscillate as a function of B along a zig-zag line (bold curve) with the Aharonov–
Bohm period ∆B. Comparison with the measurement in Fig. 12.3(b) shows that,
indeed, some peaks move along a zig-zag line. For example, the two neighboring peaks in Fig. 12.5(a) labeled “State II” show this behavior. These two conductance peaks correspond to a single orbital wave function that is successively populated by a spin-up and then by a spin-down electron, i.e., we can talk about a
spin pair. Comparing the measurement with Fig. 12.4(b) and eq. 12.3 we can assign angular momentum numbers to straight sections of the moving peaks starting from some unknown initial number . A peak follows a line of constant electron number [bold line in Fig. 12.4(b)]. The current is successively carried by states
(−), ( + 1), −( − 1), ( + 2), −( − 2), . . . when B is increased from zero, i.e., a
change in state occurs every half flux quantum.
In Fig. 12.5(b) we show position, width, and amplitude of a “State II” peak as the
peak moves as a function of magnetic field. The h/e-period becomes very clear in all
three quantities. From the slopes of the peak positions versus magnetic field we can
estimate the angular momenta of the states involved. A typical slope is ±500 µeV
per flux quantum leading to a typical angular momentum  ≈ ±8. We conclude that
under these conditions not more than 17 spin-degenerate angular momentum states
are available below the Fermi energy in the dot leading to a lower limit of 34 for the
number of electrons in the dot. This number is an order of magnitude smaller than the
upper limit obtained above from the geometry and the density of the two-dimensional
electron gas in the host material. However, because it is very likely that more than
one radial subband is occupied in the ring, we expect the actual electron number to
be larger than this lower limit. In addition, as we will see below, the presence of a
symmetry-breaking potential in the ring can alter the dispersion of individual levels
significantly and our estimate of  is rather a lower limit for the maximum angular
momentum states involved.
Some other peaks in Fig. 12.3 show barely any B dependence, a behavior that
will be discussed later. As a specific example, we show the pair of peaks labeled
“State I” in Figs. 12.5(a) and (b). This peak exhibits a h/2e-periodicity in magnetic
field. We will show below that the occurrence of this period is not related to the

94

12 Energy spectra of quantum rings

a)

b)
200
100
0
40
20

2.0
1.8
1.6

+1

1.2

-

+

+2

+3

-(-1) -(-2) -(-3)

1.0
0.8

DB

0.4
0.2
0

0

0.05 0.1 0.15 0.2 0.25
Magnetic Field (Tesla)

0.3

State II
h/2e-periodic

FWHM
(meV)

80 Amplitude
40 (pA)
80
Energy
40 (meV)
0
40 FWHM
20 (meV)

State I
h/e-periodic

0.6
Log(ISD (nA))

-2
-3
-4
-5
-6
-7
-8

Ering (meV)

1.4

Energy
(meV)

20 Amplitude
10 (pA)
0 0.5 1 1.5 2 2.5 3 3.5 4
Magnetic Field (h/e)

Fig. 12.5. Please see the insert for a color reproduction of this figure. (a) Detail of the addition
spectrum showing selected conductance peaks. State II resembles the behavior expected from
the ideal ring model. State I shows a h/2e-period. (b) From top to bottom: conductance peak
position, full width half maximum of the peaks, and peak amplitude (for both states).

Altshuler–Aronov–Spivak [321] oscillations but rather a lucky coincidence of level
crossings.
The amplitude of Coulomb-blockade peaks is determined by the wave function
overlap between the confined states in the ring and the extended states in source and
drain [92]. However, the wave functions in eq. (12.2) are independent of magnetic
2
field. The (lateral) overlap [proportional to |ψm, (ϕ)| = 1/(2π)] with source and
drain is the same for all states. This model does therefore not predict the observed —
for some peaks h/e-periodic — modulation of the peak amplitude.

12.6 Ring with finite width
A more realistic but still analytically soluble model due to Tan and Inkson takes the
finite extent of the ring in radial direction into account [322] (see Fig. 12.6). This
model incorporates the confinement potential in radial (r-) direction
h̄2 L2
V (r) =
2m r02



r
r0

2
+

! r "2
0

r

−2 .

For parameters r0 > 0 and L > 0 this potential describes a ring geometry with
a potential minimum at r0 with V (r0 ) = 0 and V  (r0 ) = 4h̄2 L2 /(m r04 ). The
corresponding Schrödinger equation is solved using the separation Ansatz
1
ψn, (r, ϕ) = √ eiϕ χn, (r).
2π
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Fig. 12.6. The Tan–Inkson model for a ring takes the finite
width of the ring into account.

B
ϕ

Different radial channels are indexed by the quantum number n. The energy spectrum is then given by
En,,m =

!
"
$

h̄2 # 2
2 2n + 1 +
2 + L2 − m − L2 ,
L
+
m

m r02

(12.4)

where m is the number of flux quanta h/e within the ring area πr02 . Figure 12.7 shows
the confinement potential and the energy spectrum of this model. The properties of
the ideal ring spectrum in Fig. 12.4(b) are retained for each of the radial subbands
[see Fig. 12.7(b)]. For a given radial quantum number n the dispersion as a function
of  has a minimum at  = m. For small magnetic fields (m < L) the dispersion
of each state is linear in magnetic
√ field with slope identical to the model of the onedimensional ring. The prefactor L2 + m2 describes the diamagnetic shift of energy
levels that is parabolic at small fields and linear at high fields. At zero magnetic
field, states with  < L do not differ significantly in energy on the scale of the
characteristic energy Er = h̄2 /(2m r02 ). The energetic separation of radial subbands
is constant (at m = 0) and given by 4LEr . In Fig. 12.7(c) (blow-up of part of the
spectrum) a small charging energy was added in order to separate lines of constant
electron number. In the lowest radial mode the zig-zag behavior of individual peaks
is found again. The lowest states of the second radial subband appear as rather flat
lines decorated by occasional kinks at positions where states of the lower radial mode
cross.
The full wave functions in radial direction are given by
%
 ν

 2

r
r
2n!
1
r2
χn, (r) =
L(ν)
,
exp − 2
n
2
leﬀ Γ (ν + n + 1) leﬀ
2leﬀ
leﬀ
√
with ν = 2 + L2 , leﬀ = r0 /(m2 + L2 )1/4 . For small magnetic fields (m < L) the
effective length scale is independent of the field and so is the wave function. We call
this the Aharonov–Bohm regime. For intermediate magnetic fields, when m ∼ L the
wave functions become squeezed (diamagnetic
effect).
For large magnetic fields the

√
effective length scale becomes equal to 2lc = 2h̄/eB.
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Fig. 12.7. Tan–Inkson model: (a) Contour plot of the confinement potential. (b) Single-particle
level spectrum. (c) Level spectrum after addition of a constant charging energy between individual levels.

This model predicts that the exponential decay of the wave functions in radial
direction depends on the value of ||, but is relatively insensitive to the value of m
(for small m). Because all states move in zig-zag lines with an h/e-periodicity in
magnetic field, crossings of states with different angular momentum  may lead to a
different wave function overlap and therefore to a modulation of the corresponding
Coulomb peak amplitude. This is in close agreement with “State II” in Figs. 12.5(a)
and (b).

12.7 Experimental single-particle level spectrum
We now turn to the analysis of the experimental conductance peak positions. They
are obtained from measurements like the ones shown in Fig. 12.3(b) by converting

12.7 Experimental single-particle level spectrum
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the gate-voltage axis into an energy scale using the appropriate lever arm as determined from the analysis of the Coulomb-blockade diamonds [323]. A constant
charging energy of 310 µeV is subtracted from the position of a Coulomb maximum
[92, 317] and the resulting energies are plotted in Fig. 12.8 as a function of magnetic
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Fig. 12.8. Please see the insert for a color reproduction of this figure. Reconstruction of the
energy spectrum of the ring from the data shown in Fig. 12.3. The plunger-gate voltage was
converted into dot energy using measurements of the Coulomb diamonds and a constant charging energy of 190 µeV was subtracted.

field. Clearly many of the peaks move in pairs (see, e.g., the light green and lightblue points), previously identified as spin pairs [317]. Electrons successively populate these orbital states with spin-up and spin-down electrons. For other resonances
spin pairing is not clearly observed. As depicted in Fig. 12.8 the orbital states move
up and down in magnetic field with the Aharonov–Bohm period ∆B. Diamond-like
patterns can be identified which are characteristic for ring spectra (cf. Fig. 12.6). In
this respect our experiments show the long-predicted energy spectrum characteristic
for quantum rings [293]. However, the experimental spectrum shows features that
are not found in the spectra of ideal rings. For example, there are some states (e.g.,
magenta) having a very weak magnetic field dispersion. These states could be identified as the lowest-lying states of the second subband in the model of Tan and Inkson,
but in this case they should come in big bundles, and we would not expect them to
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intersect successive diamonds with a separation of about 100 µeV. We will therefore
consider additional effects in the following.

12.8 Effects of broken symmetry
The angular uniformity of the probability density in the model of the infinitely thin
ring or in the model due to Tan and Inkson stems from the cylindrical symmetry,
which, for the real sample, will be broken by the pure presence of source and drain,
by dopants, and by the limits of the fabrication procedure. This leads to pinning of
the wave function and therefore to a distinct amplitude of the probability density at
source and drain. The perturbation will become especially important at the degeneracy points of levels where it can lead to anti-crossing behavior [324]. In the simplest
case the probability density changes from a uniform to a sinusoidal angle dependence
at the degeneracy points. In this picture the AB-periodic oscillation of the amplitude
along a single Coulomb peak can be understood in terms of changing contributions
of single-particle levels to the current-carrying state.
Let us look at the states in Fig. 12.8 that have a very small dispersion in the
magnetic field. In the framework of the model of Ref. [322] such “flat” states can
occur at the onset of the occupation of the next higher radial channel. However, in
the experiment we observe such states over wide ranges of gate voltages and an
extended model including the effects of the broken symmetry is necessary in order
to obtain a qualitative understanding. We emphasize that we do not intend to fit a
theoretical spectrum to the data quantitatively because the details of the symmetrybreaking potentials in our sample are not known.
The effects of disorder can be incorporated in a ring model by introducing a
symmetry-breaking potential perturbation V (r, ϕ). In order to be more specific, we
add this potential term to the analytically solvable model of Tan and Inkson [322] and
express the resulting hamiltonian as a matrix using the unperturbed wave functions
as basis states. The result is the hamiltonian matrix
(0)

Hn,;n , = En, δn,n δ, + Vn,;n , ,
(0)

where En, is given by the dispersion in equation 12.4 and the matrix elements of
the potential perturbation are given by

Vn,;n , = dr rχn, (r)χn , (r)v− (r)
with
v (r) =

1
2π



2π

dϕ V (r, ϕ)e−iϕ .

0

For a specific choice of the perturbing potential we use the following plausibility
arguments. The symmetry of the ideal ring will be definitely broken by the presence
of the the quantum point contacts connecting the dot to source and drain. Electronic

12.9 Interaction effects and spin-pairing
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states can extend into the contact regions by tunneling and their energy is therefore
lowered. Following an idea of Berman et al. [325] we have simulated this effect with
the potential perturbation
 
' r 2
h̄2 L2 &
2
V (r, ϕ) =
,
[1 +  cos(2ϕ)] − 1
2m r02
r0
where  is a parameter characterizing the size of the perturbation. The matrix elements of this perturbation can be conveniently calculated because the angular and
radial integrations separate. The perturbation breaks the symmetry leading to interas well as intra-subband coupling. We then truncate the infinite hamiltonian matrix
to a finite set of basis states (typically two radial modes are taken into account with
angular momentum numbers || up to 20) and determine its eigenvalues numerically.
In Fig. 12.9 we show a calculation with ring parameters typical for our dot.
The spectra in Fig. 12.9(a) and (b) are obtained from the Tan–Inkson model. The
spectrum in Fig. 12.9(c) and (d) is obtained from the diagonalization of the truncated hamiltonian matrix described above. The values used for the calculation were
L = 27.2, r0 = 132 nm, and  = 0.06. The perturbation mixes states of positive and
negative angular momenta, which leads in some cases to eigenenergies that barely
depend on magnetic field. Such states can intersect the diamonds formed by strongly
oscillating levels in close resemblance to the experimental findings.
The model calculation allows a closer inspection of the wave functions associated
with certain states. As a general tendency, states with a large magnetic field dispersion have a quite uniform probability density around the ring and are certainly delocalized [Fig. 12.10(top)]. On the other hand, states with vanishing magnetic field dispersion tend to have localized or delocalized but rippled probability densities around
the ring as depicted in Fig. 12.10(bottom). It makes clear that one can learn something about the structure of individual wave functions from the energy spectrum of
the quantum ring.
This model obviously can only give the general tendency of the experimental
spectra. Nevertheless, the dominant deviations from the perfect ring spectrum can be
understood as the result of a symmetry-breaking potential perturbation.

12.9 Interaction effects and spin-pairing
So far we have limited our models to a single-particle picture including interaction
effects within the constant-interaction model. In this section we want to show that
the observed charging energy can be well understood in a Hartree approximation
of the quantum ring. In particular, we will also show that screening effects due to
the nearby gate electrodes play a very important role in suppressing the Hartree and
exchange contributions to the interaction energies.
A quite general treatment of the electrostatics of quantum dots in the Hartree
approximation has been given by Hallam and coworkers [263]. The Hartree energy
contribution for the addition of an electron in state ϕi (r) to an N -electron system is
given by [7, 326]
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Fig. 12.9. (a) Detail of a spectrum calculated according to the Tan–Inkson model. (b) The
same detail with a small charging energy added. (c) Detail of spectrum calculated including a
symmetry-breaking potential. (d) The same detail with a small charging energy added.
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Fig. 12.10. Rippled and flat wave functions


EH = e

2

d3 r |ϕi (r)| VH (r),

where the Hartree potential created by the N electrons already residing on the dot is
given by

VH (r) :=

d3 r ρ(r  )G(r, r  ).

Here the function G(r, r  ) is the electrostatic potential at r created by a unit charge
at position r  . For our purposes we chose the expression

1
1
1

.
G(r, r ) =
−
4πεε0 |r − r  |
(x − x )2 + (y − y  )2 + (z + z  )2
The first term in the bracket is the direct Coulomb interaction, while the second
term describes an image charge induced in the top gate. In general, it is not possible
to calculate the Hartree energy analytically for arbitrary wave functions. Usually, a
three-dimensional numerical self-consistent calculation is necessary for this purpose
[276]. Here we restrict ourselves to a simplified scheme for calculating the Hartree
energy. We assume that the N electrons on the dot create the homogeneous electron
density

− π reN
· δ(z) for r1 < r < r2
( 22 −r12 )
ρ(r) =
0
elsewhere.
We further assume that the electron to be added goes into a state that can be approximated by the homogeneous probability density

1
· δ(z) for r1 < r < r2
2
2
2
|ϕi (r)| = π(r2 −r1 )
0
elsewhere.
For this simplified case the Hartree energy can be evaluated analytically (see Appendix B). The result is
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Fig. 12.11. Quenching of the charging energy due to screening of the Hartree contribution
of the interaction by the nearby top-gate electrode. A value of η = 0.486 was used for this
calculation. The ratio r1 /r2 ≈ 0.6 in our experiment. The dash-dotted curve is the result of
the Hartree calculation without the screening effect, while the solid curve contains screening
by the top gate. For comparison we show the charging energies obtained from the constantinteraction model using a self-capacitance model (dashed) and a plate-capacitor model (dotted). The open and filled dot are experimentally determined values.
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where η = 2d/r2 and d is the separation of the plane of the electrons in the dot from
the top gate. The double integral for the determination of S has no divergences and
can easily be solved numerically.
Figure 12.11 shows a comparison of the charging energies calculated from the
above equations with and without the screening effect of the top gate. It can be
seen that the presence of the top gate reduces the charging energy to about 40%
of its unscreened value. In the ring structure measured in these experiments, the ratio
r1 /r2 ≈ 0.6. From the figure we read a charging energy of 500 µeV for this value.
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This charging energy can be compared to the charging energy e2 /CΣ = 310 µeV,
which is considerably smaller than the calculated value. This is not surprising, because in the experiments, other electrodes contribute to CΣ in addition to the top gate.
It is therefore appropriate to compare the calculated charging energy with the energy
e2 /Ctg in the experiment, where Ctg is the dot–top-gate capacitance. From the measurement of the Coulomb-blockade diamonds we determine the lever arm of the top
gate to be αtg = Ctg /CΣ = 0.6. From these values we conclude that the experimental e2 /Ctg = e2 /CΣ /αtg = 520 µeV. This value is in excellent agreement with
the theoretical prediction of 550 µeV for the parameters r1 = r0 − ∆r/2 = 102 nm,
r2 = r0 + ∆r/2 = 162 nm, and d = 45 nm (34 nm AlGaAs cap layer and 11 nm
stand-off distance of the wave function from the interface). This quantitative result is
also relevant for measurements in the Coulomb-blockade regime on other quantum
dots fabricated with AFM lithography [317].
In order to check the validity of the simplest capacitive models used for estimating the charging energy, we compare to a naive model of the self-capacitance of a
ring with capacitance
Cring = 8εε0 (r2 − r1 )
and a ring-shaped plate-capacitor model with
Cplate =

εε0 π(r22 − r12 )
.
d

Figure 12.11 shows that the self-capacitance model strongly overestimates the charging energy of the ring. Even compared to the unscreened Hartree result, this model
is only good in the limit r1 → 0. The plate-capacitor model does account for part of
the screening effects. However, for the parameters of our dot, the error of this model
compared to the screened Hartree result is more than 100% because it underestimates
the effective area of the top gate.
The strong reduction of electron–electron interactions due to screening effects
in our ring is also important for interaction effects beyond the Hartree approximation of a uniformly charged ring with hard walls. In particular, screening will also
strongly reduce exchange effects in our system. It has been predicted by Blanter and
coworkers [327] that subsequent occupation of the same orbital level by spin-up and
spin-down electrons should be observed in systems with small interaction effects.
In a Coulomb-blockade experiment this will show up as paired neighboring conductance peaks with strongly correlated position and amplitude in a varying magnetic
field, so-called spin pairs. This is in strong contrast to the occupation of levels in real
atoms or in artificial semiconductor atoms [80], where according to Hund’s rules the
successive filling of parallel spins is favored. In general, the occurrence of groundstate spins of more than S = 1/2 depends in disordered dots on the parameter ξ/∆,
where ξ is the mean exchange energy and ∆ is the mean single-particle level spacing
[328].
In the experiment it turns out that many spin pairs can be observed in the quantum
ring. In Fig. 12.12 we show three examples. On the left, the positions of conductance
peaks as a function of magnetic field are shown with the charging energy subtracted.
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Fig. 12.12. Please see the insert for a color reproduction of this figure. Position and amplitude of conductance peaks for three different spin pairs. Typically position and amplitude are
strongly correlated.

The curves of spin pairs almost perfectly collapse onto a single curve. On the right,
the corresponding amplitudes of the conductance peaks are shown. Although they
are not perfectly identical for the spin pairs, strong correlations are evident. Loosely
speaking, the screening effect leads to a strong reduction of the interaction parameter
rs , which is the ratio between the Coulomb interaction energy and the Fermi energy
in a two-dimensional electron gas. For the ring we estimate a two-dimensional
elec

tron density of less than 2 × 1011 cm−2 , resulting in rs = 1/ πns aB 2 = 1.3. If
we assume a reduction factor for the interactions of 0.4 as found for the Hartree interaction due to the presence of the top gate we arrive at an effective rseﬀ ≈ 0.5.
According to a theoretical paper by Baranger and coworkers [329], the ratio ξ/∆ can
be estimated according to
ξ
1
1
(12.5)
≈ √ rs ln ,
∆
rs
2π

strictly valid only for rs  1. Inserting the above rseﬀ into this equation we estimate
ξ/∆ ≈ 0.07, i.e., a relatively small value. With an average single-particle level spacing ∆ ≈ 50 µeV, we find ξ ≈ 3.5 µeV. According to Ref. [328] the probabilities of
finding ground-state spins larger than S = 1 in such a system are negligibly small,
and the frequent occurrence of spin pairs in the experiment agrees well with these
predictions.

12.10 Coulomb-blockade in a Sinai billiard
For quantum dots containing a small number of electrons, the shell structure of the
level occupancy can clearly be detected because of the dominating cylindrical symmetry [80]. Quantum dots containing many electrons are usually described in the
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context of an underlying classically chaotic geometry, because small perturbations
of parameter space such as potential shape or magnetic field can induce parametric
fluctuations in the energy levels and, consequently, in the Coulomb peak positions.
Several theoretical and experimental publications address the question, whether the
spectra of such many-electron quantum dots can be adequately described by Random Matrix Theory [93]. Our quantum ring represents a many-electron Coulombblockaded system with regular geometry. This together with the small number of
radial modes is the reason why we can qualitatively understand the principal features
of the observed energy spectrum without the need of a statistical analysis. The source
of this striking observation lies in the circular geometry of our ring.
In order to support this view we have fabricated a square-shaped quantum dot
with a circular antidot in the center. This system is considered a Sinai billiard and is
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Fig. 12.13. Please see the insert for a color reproduction of this figure. Addition spectrum
of a Sinai billiard. The inset shows an SFM micrograph of the square-shaped quantum dot
with a circular antidot in the center. The color plot is a similar measurement as to the one
in Fig. 12.3(b) and also shows the evolution of the conductance as a function of plunger-gate
voltage and magnetic field. Around B = 0 the Coulomb maxima fluctuate irregularly with
changing magnetic field. As the magnetic field is increased to a value where the classical
cyclotron diameter orbit matches the antidots circumference (indicated by the green circle
and the arrow in the inset), a well-pronounced h/e-periodic behavior (white lines) of the
Coulomb maxima in amplitude and position of the Coulomb peaks is recovered, indicating
the quenching of the chaotic behavior.
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one of the theoretically best studied examples of a classically chaotic system. Figure 12.13 shows the evolution of the conductance as a function of plunger gate and
magnetic field of this system presented in a way comparable to Fig. 12.3 for the quantum ring. Around B = 0 the Coulomb peak maxima fluctuate irregularly as a function of magnetic field with an average period compatible with an Aharonov–Bohmtype argument. As the magnetic field is increased to a value where the classical cyclotron diameter matches the antidots circumference, a well-pronounced B-periodic
behavior of the Coulomb peak maxima in amplitude and position is recovered. Similar to antidot lattices [330], the magnetic field is expected to induce regular parts in
the predominately chaotic phase space existing at B = 0.

12.11 Relation of the ring spectra to persistent currents
The existence of persistent currents in coherent mesoscopic rings was brought to the
attention of the experimentalists by Büttiker et al. [295]. We will briefly sketch the
main idea behind this effect below, emphasizing the relation to the single-particle
energy spectrum of a ring.
We start by recalling that the magnetic moment of an individual single-particle
state i is given by
∂Ei (B)
mi = −
,
∂B
where Ei (B) is the state’s energy and B is the magnetic field. Talking about sharp
energy levels here implicitly assumes that the system is closed (or weakly coupled
to contacts) and phase-coherent. We restrict ourselves to zero temperature and determine the total magnetic moment of the whole system:
mi = −

M=
i

i

∂Ei
∂Etot
=−
,
∂B
∂B

where Etot is the sum of all occupied single-particle energies Ei . We know from
elementary magnetostatics that there is a relation between the magnetic moment M
and a circulating current I enclosing an area A, namely,
M = IA.
In the particular case of a ring geometry, the area A is given by the enclosed area
πr02 . If we solve this equation for the current, we obtain the basic expression for the
persistent current
M
∂Etot
∂Etot
I=
=−
=−
.
A
∂(BA)
∂Φ
Here, Φ is the total flux piercing the ring structure. This expression was derived
neglecting interaction effects like the charging energy. However, a charging energy
independent of magnetic field can be added to Etot without affecting the final result
for the persistent current.
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We wish to emphasize that in this constant-interaction picture which is — as we
have shown above — appropriate for our ring, the persistent current can be decomposed into contributions of individual single-particle levels according to
I=−

∂Etot
=−
∂Φ

i

∂Ei
=
∂Φ

Ii ,
i

i.e., each state i contributes an amount to the persistent current that is given by the
derivative of its energy with respect to magnetic flux.
For the special case of the ideal one-dimensional ring model, we obtain for m =
0 the contributions
h̄e
I =
·  = 2.5 nA × .
2πm r02
Given that positive and negative angular momentum states are degenerate and therefore successively populated, the contributions of all the low-lying states will cancel
and only the highest states will contribute to the total persistent current.
We can now determine the contribution to the persistent current of particular states observed in the Coulomb-blockade regime of our ring. For a particular
strongly oscillating state like “State II” depicted in Fig. 12.5, we have a slope of
about 500 µeV per flux quantum corresponding to I ≈ 20 nA. States that are flattened by a symmetry-breaking potential or by disorder contribute significantly less
to the total persistent currents.
If we assume that currents of all the lower-lying states sum up to zero, this current
is also an estimate of the total persistent current in the ring and the determined value
is consistent with previous magnetization measurements [310–312].

12.12 Summary
The detailed analysis of quantum rings demonstrates that even in many-electron
Coulomb-blockaded systems a detailed understanding of the energy spectrum and
interaction effects can be obtained. With advanced fabrication techniques at hand,
this opens the path to the understanding of more complex and multiply connected
structures on a quantum-mechanical level. Electron–electron interactions beyond the
constant-interaction model have been shown to play a minor role in our quantum ring
leading to the frequent observation of spin pairs and very small spin splitting. Once
ring structures with only one radial mode occupied are available, such quantum rings
could be used to investigate spin effects [331] or even Luttinger liquid behavior in a
circular 1D system with periodic boundary conditions.
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13
Spin filling in quantum dots

13.1 Introduction to spins in quantum dots
In this chapter we investigate the electronic transport through a Coulomb-blockaded
quantum dot in which interactions are rather strong, in contrast to the ring structure
discussed before. In this dot, which is based on the two-dimensional electron gas in a
parabolic quantum well, spin states have been identified in the weak-, intermediateand strong-coupling regime of the dot to the leads. We observe linear changes in
conductance peak spacings with in-plane magnetic field in all regimes, which can be
interpreted in terms of a Zeeman splitting of single-particle levels. This allows one to
follow the sequence of ground-state spin of the quantum dot as individual electrons
are added. A perpendicular magnetic field applied to the dot in the same state allows
the investigation of spin-pair candidates under conditions where orbital effects dominate the evolution of conductance peaks. Strong correlations in the position and in
the amplitude of neighboring peaks allow the final identification of spin-pairs. The
method of combining parallel and perpendicular magnetic fields for identifying spin
states and spin-pairs works well for all coupling strengths of dot states to the leads,
indicating that the spin degree of freedom is remarkably stable.
The energy spectrum of quantum dots in semiconductor nanostructures can be
investigated by Coulomb-blockade experiments [91, 92]. For a circularly symmetric
few-electron quantum dot, the measured energy spectrum directly reveals the shell
structure of a zero-dimensional system [80]. In quantum dots containing 50 or more
electrons, the situation is more involved. The energy spectra have been analyzed
primarily on a statistical basis [268, 317, 332, 333]. The reason why we cannot understand such spectra on the basis of simple single-particle models is twofold: on
the one hand, the real geometry of such dots is never exactly the intended one and
symmetries of the designed dot are lost. Therefore, the single-particle energy levels
(or their energy separation) show deviations from the ideal spectrum, so-called fluctuations that can be well described by statistical approaches like the random-matrix
theory [93]. In addition, the microscopic structure of the wave functions gives rise to
interaction effects (the charging energy is the most prominent one, but also exchange
and correlations can contribute) that not only change energy levels significantly but
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also fluctuate in magnitude from dot state to dot state. Only in very exceptional cases,
like the case of the quantum ring shown in the last chapter [315], can the energy spectrum be understood in detail.
In addition to the energy spectrum, the spin of the ground state of tunable quantum dots is of fundamental interest [269, 328, 329, 334, 335] and importance. In a
picture of non-interacting electrons, the spin enters the description of the electron
dynamics only via the Zeeman term, which becomes important in a magnetic field.
In such a model at zero field the orbital motion is completely decoupled from the
spin dynamics and each single-particle level is successively occupied by electrons
with opposite spin according to Pauli’s principle.
The situation becomes more involved if spin-orbit interaction effects are taken
into account [336, 337]. They arise from relativistic corrections to the non-relativistic
Schrödinger equation. An electron moving with velocity v in an electric field E experiences an effective magnetic field B eﬀ = v × E/c2 in its rest frame. This field
couples to the magnetic moment, i.e., the spin, of the electron and thereby leads to a
coupling between the orbital motion and the spin degree of freedom. However, it is
generally believed that spin-orbit interactions are very weak in n-type GaAs/AlGaAs
heterostructures, and we will therefore neglect this effect in the following.
Coulomb interactions between electrons in principle do not involve the spin.
However, they can have an indirect influence on the spin state of a quantum dot via
the symmetry requirements for the fermionic many-body wave function. While the
Hartree interaction term has no direct influence on the ground-state spin, exchange
effects favor the parallel alignment of spins and therefore tend to maximize the total
spin of the ground state [cf. eq. (11.3)]. In Ref. [328] it is found that the important
parameter is the ratio λ of the interaction strength u to the single-particle level spacing ∆. It has been predicted that for λ < 0.1 the ground states of a quantum dot
mainly have either total spin S = 0 or S = 1/2. For larger values of λ, higher total
spins such as S = 1 and S = 3/2 have a significant probability. In another theoretical publication it was recently predicted that off-diagonal interaction fluctuations
suppress the ground-state magnetization in finite-size systems [335].
In many-electron systems with more than 50 electrons, exchange effects quantified by the energy scale ξ can become comparable to the single-particle level spacing
∆ [329]. At low interaction strength the exchangeenergy scale ξ can be related to the
usual electron gas interaction parameter rs = 1/ πns a2B via [cf. eq.(12.5)] [329]
∆
1
ξ = √ rs ln
rs
2π

for rs  1,

and spin-pairs, i.e., the successive population with spin-up and spin-down electrons
in the same orbital state should be rather likely. For stronger interactions, i.e., rs > 1,
the exchange contribution becomes comparable to the single-particle level spacing
and fluctuations of the exchange contribution from level to level can completely reorder the occupation sequence of levels [278]. In atom physics such considerations
lead to the explanation of Hund’s rules. In quantum dots with strongly interacting
electrons, this is the reason why spin-pairs are expected to occur rather rarely.
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Experimentally, the effects of spin can be directly understood in certain fewelectron quantum dots [338–341]. In many electron dots based on GaAs/AlGaAs
heterostructures, the ratio of electron–electron interaction energy and Fermi energy
rs = Eee /EF is typically of the order of 1 leading to very rare occurrence of spinpairs. For specially designed quantum dots rs can be significantly reduced and spinpairs are observed [315, 317, 333].
In the following we present a systematic study of quantum dots with a rather large
rs value. The host electron gas is a so-called parabolic quantum well (PQW) [342]
with a suitably designed back-gate electrode [343]. The position of the electron gas
in growth direction can be tuned by front- and back-gate voltages [344]. Quantum
dots have been realized on such PQWs using top-gate electrodes, which are nanofabricated by electron beam lithography [345]. Such systems have been investigated
in the regime where the second subband for the confinement in growth (z) direction is
occupied and switching behavior of the Coulomb-blockade peaks has been observed,
which can possibly be attributed to the occupation of the second subband [345].
Here we focus on the regime where only one subband is occupied and switching
events are absent. The quantum dots are as stable as those fabricated on regular twodimensional electron gases (2DEGs) in heterostructures. With the back gate we drive
√
the system to rather low densities ns < 1.5 × 1015 m−2 such that rs ∝ 1/ ns can be
as large as 1.5, similar as in Ref. [346] but smaller than in experiments on Si [347].
Tuning the quantum dot into the Coulomb-blockade regime, we observe about 40
conductance peaks as a function of plunger-gate voltage. In this gate voltage interval
we go from weak via intermediate to strong-coupling of the quantum dot to source
and drain as indicated by comparison of the Coulomb-blockade peak width with the
single-particle level spacing.
For magnetic fields B applied in the plane of the 2DEG we observe a pronounced shift of the Coulomb-blockade peaks similar to previous experiments [348,
349]. The main contribution to this shift is due to the relative diamagnetic shift of
energy levels in the dot, which has a B2 -dependence. It is the same for all conductance peaks and can be eliminated by analyzing peak separations rather than the
absolute peak positions. For most conductance peaks in all coupling regimes the
Coulomb peak separation is either constant or it changes linearly in B , which can
be explained on the basis of Zeeman splitting of the dot levels.
When the sample is rotated in situ, i.e., without warming it up, from the parallel
to the perpendicular magnetic field direction, the dot spectrum at B = 0 is basically
left unchanged. In this perpendicular case, where the peak movement with magnetic
field is dominated by orbital effects, about every 10th pair of neighboring peaks
shows correlated behavior of amplitude and position. This unique combination of
in-plane and perpendicular fields applied successively to a quantum dot in the same
state allows a comparison of the dot’s energy spectrum and spin splitting over wide
ranges of dot-lead coupling.
The results for intermediate coupling can be satisfactorily discussed in terms of a
single-particle picture that essentially assumes the absence of any coupling between
the spin and the orbital degrees of freedom. Deviations from such a description are
observed for weak and strong coupling.
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Fig. 13.1. Coulomb-blockade conductance peaks versus plunger-gate voltage taken at
Btotal = 0. The numbers in the bottom of the figure are used to identify peaks. This convention is used throughout the book. The vertical dashed lines divide the data into three regimes,
namely, weak, intermediate and strong coupling. The inset in the upper left shows an SFM
image of the surface gates defining the quantum dot.

13.2 Samples and structures
The quantum dot samples are based on MBE-grown parabolic Alx Ga1−x As quantum wells (PQWs) with x varying parabolically between 0 and 0.1 [342, 344].
The 760 Å wide wells are sandwiched between 200 Å thick undoped Al0.3 Ga0.7 As
spacer layers and are remotely doped with Si on both sides. A three monolayer thick
Al0.05 Ga0.95 As layer in the center of the well leads to a potential spike that was used
to monitor the position of the wave functions with respect to the parabolic confinement in other experiments [344]. This spike is not relevant for the present study. A
back-gate electrode consists of a 150 Å thick n+ -doped layer located 1.35 µm below
the well. Using the back-gate electrode the density of the two-dimensional electron
gas (2DEG) in the PQW can be varied from ns = 1 × 1015 m−2 , where only one
subband is occupied in the well, up to 5 × 1015 m−2 , where three subbands are occupied. In this density range the mobility changes from 8 m2 /(Vs) at the lowest to
14 m2 /(Vs) at the highest densities. The occupation of the second subband starts at
ns = 2.4 × 1015 m−2 .
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The inset in Fig. 13.1 shows the TiAu top-gate electrodes fabricated using
electron-beam lithography and a lift-off process. These electrodes define a lateral
quantum dot with geometric lateral dimensions of 600 nm × 600 nm connected to
source and drain contacts via the two quantum point contacts (QPCs) QPC1 and
QPC2. Two plunger gates allow tuning the number of electrons in the quantum dot
by varying the plunger-gate voltage UPG . DC-conductance measurements were carried out with an applied source-drain voltage USD = 8 µV at an electron temperature
of less than 140 mK in a dilution refrigerator.
The sample has been studied for a wide range of back-gate voltages. Here we
focus on a rather large negative value, UBG = −4.5 V, where the density of the
2DEG is ns = 1.5 × 1015 m−2 .

13.3 Experiments
With the QPCs in the tunneling regime the Coulomb-blockade effect could be observed as depicted in Fig. 13.1. From an analysis of the Coulomb-blockade diamonds
measured in the UPG -USD plane (see chapter 11, also Ref. [323]) for the weakcoupling regime (see Fig. 13.2), we determine a charging energy of about 920 µeV.
Using the self-capacitance of a circular disk, CΣ = 8εε0 r, we find a dot radius
of r = 190 nm. This agrees well with the geometric size if a reasonable depletion
length of 100 nm is taken into account. From this dot size the average single-particle
level spacing can be estimated to be ∆ = 2πh̄2 /(m πr2 ) ≈ 60 µeV assuming spindegeneracy of the levels. This value is in rough agreement with the evaluation of
transport through excited states (see Fig. 13.2, compare to Fig. 11.4), which gives a
value of about 100 µeV.
In order to determine the 2D electron density, nd , in the dot, which is typically
smaller than the density in the unbound 2DEG at the same back-gate voltage, we
analyzed magneto-Coulomb oscillations [350] as a function of UPG . All top-gate
voltages have to be readjusted when UBG is significantly changed in order to stay
in the Coulomb-blockade regime. For example, a more positive UBG will pull the
electron distribution in the well toward the back gate. As a consequence the front
gate voltages have to be decreased in order to establish the necessary conditions
for the observation of Coulomb blockade again (for details see Ref. [345]). From
such measurements we estimate the 2D density in the dot to be around nd = 0.5 ×
1015 m−2 for the smallest plunger-gate voltages, which leads to about 50 electrons
populating the dot. These numbers are confirmed by the filling factor ν = 2-line at
about B = 1.05 T (see Fig. 7) [339, 340].
The experimental trace in Fig. 13.1 covers a range of about 40 Coulomb-blockade
maxima, i.e., the dot population changes by about 40 electrons. In this range the
coupling of the dot to its leads quantified by the width Γ of the conductance peaks
changes significantly due to capacitive cross talk between plunger gate and the QPCs.
We have identified three regimes, named weak, intermediate, and strong coupling.
These regimes are marked in Fig. 13.1 and are separated by vertical dashed lines.
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Fig. 13.2. Coulomb diamonds for Btotal = 0 T in a grayscale plot. The addition energy (between peak 2 and 3) extracted from these measurements is 920 µeV, the single-particle level
spacing is about 100 µeV, and the lever arm α = Cg /CΣ = 0.155, relating plunger-gate
voltage to energy.

The exact position of the boundary between weak, intermediate, and strong coupling can be chosen somewhat arbitrary. Qualitatively, in the weak-coupling regime
conductance peaks are thermally broadened, in the intermediate-coupling range we
have Γ ≈ kT , and in the strong-coupling regime Γ > kT . The numbering of the
Coulomb-blockade maxima is kept consistent with Fig. 13.1 throughout this chapter.
A careful analysis of Coulomb charging energy, single-particle level spacing and
dot size has been performed for all regimes and is summarized in Table 13.1. The
capacitance CΣ = e2 /∆Ec cannot easily be translated into the geometric dimensions
of the dot. The model of the self-capacitance of an isolated two-dimensional disk
tends to overestimate the dot radius. As mentioned before, we estimate ∆ ≈ 60 µeV
assuming a circular dot shape for weak coupling. In this regime the conductance
peaks are thermally broadened and their width Γ is independent of gate voltage. The
fact that Γ < ∆ and Γ < kT indicates that we are close to single-level transport.
However, when the dot is opened, the width of the conductance peaks is no longer
determined by thermal broadening but increases with increasing gate voltage due to
increased dot-lead coupling. At the same time, the dot size increases and the singleparticle level spacing decreases. In the strong-coupling limit we have ∆ ∼ Γ and
observe a finite conductance between conductance peaks.
The sample is mounted on a revolving stage. For in-plane fields we measure the
Hall effect of the underlying 2DEG in order to make sure that the angle is accurate
to within 0.01◦ . This means that less than one tenth of a flux quantum threads the
area of the dot for in-plane fields as high as 13 T. The perpendicular field direction
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parameter weak coupling intermediate strong coupling
Γ (3.5kT ) 43 µeV (142 mK) 52 µeV
83 µeV
g
0.04e2 /h
0.14e2 /h
0.18e2 /h
∆Ec 
920 µeV
625 µeV
400 µeV
∆UPG 
5.8 mV
4.7 mV
4.2 mV
CΣ 
174 aF
256 aF
400 aF
α
0.159
0.133
0.095
N 
50
70
90
Table 13.1. Parameters of the dot in the different coupling regimes. The Coulomb energy
∆Ec  is extracted from Coulomb diamonds and the mean peak spacing ∆UPG  from
plunger-gate sweeps at B = 0 T. The quantity g is the average conductance peak height,
α = Cpg /CΣ is the electrostatic lever arm of the plunger gate. The typical number of electrons N  is determined from the sheet electron density in the dot (see text) and the dot size
for the weak-coupling limit. For the other two regimes, conductance peaks were counted. The
Coulomb peaks have been fitted based on thermal smearing. In this sense the Γ values for
intermediate and especially large coupling reflect the increased coupling of the dot to source
and drain.

can only be determined with about 0.3◦ accuracy, which is enough because orbital
effects on the Coulomb-blockade peak position are about two orders of magnitude
stronger than spin effects.
Figure 13.3 shows two plunger-gate sweeps before and after the sample has been
rotated by 90◦ . The rotation creates friction and therefore warms the mixing chamber
to about 500 mK. The basic Coulomb-blockade behavior is recovered after rotation,
however, and we are confident that we look at the same dot, i.e., the same energy
spectrum.
For parallel magnetic fields applied in the plane of the 2DEG, the electron gas
in source and drain as well as the dot’s energy levels will undergo a diamagnetic
shift. We will show below (see section 13.7) that the diamagnetic shift is the same
for all dot states. As a consequence this effect leads to a general shift of all Coulombblockade resonances along the gate voltage axis. In order to reveal spin effects we
analyze differences of peak positions in gate voltage (energy) because they should
not depend on orbital effects. The Zeeman splitting for all magnetic fields investigated is much smaller than the Fermi energy in source and drain. We therefore
expect that Zeeman effects in source and drain can be neglected and that both spin
directions are available for tunneling through the dot at all magnetic fields. If differences of certain neighboring conductance peak positions display a linear magnetic
field dependence, we interpret such shifts as arising entirely from the Zeeman effect
in the quantum dot.
We can express the Zeeman-splitting arguments in terms of mathematical expressions. In general, an arbitrary ground state of the dot can be characterized by its
electron number N and its total spin SN . Each total spin SN allows z-components
s = −SN , −SN +1, . . . , SN −1, SN . The Zeeman shift of an individual conductance
peak ∆EZ (B) where the dot goes from N to N + 1 electrons will be the difference

116

13 Spins in quantum dots

0.7

conductance (e2/h)

0.6
0.5
0.4

B

0.3
0.2
0.1

BII

0
-0.56

-0.55

-0.54
-0.53
-0.52
plunger gate voltage(V)

Fig. 13.3. Coulomb peak resonances measured for the intermediate-coupling regime at
Btotal = 0 before and after rotating the sample in situ. Rotating leads to slight temporary
heating due to mechanical friction, but the sample never warms up above 500 mK. The terms
B⊥ and B refer to the direction of magnetic field once applied. The two curves have been
laterally offset by 17 mV and vertically offset for clarity. The peak amplitudes are slightly different, while the peak positions suggest the quantum states keep their specific character upon
rotation of the sample.

of the Zeeman shifts of the two states (N, SN ) and (N + 1, SN +1 ), i.e.,
∆EZ (B) = (sN +1 − sN )gL µB B,
where µB is Bohr’s magneton. We have assumed here that the gL -factor does not
vary from level to level. Because |SN +1 − SN | = 1/2 + n, where n is an integer
number, the possible slopes of conductance peaks in a magnetic field are determined
by the prefactor sN +1 − sN = ±1/2, ±3/2, . . .. Differences in conductance peak
positions ∆(B) are then differences of Zeeman shifts ∆EZ (B):
∆(B) = (sN +1 − 2sN + sN −1 )gL µB B.

(13.1)

The slope of ∆(B) in a magnetic field can only be an integer multiple of gL µB B.

13.4 Weak-coupling regime
We first focus on data taken in the weak-coupling regime. Figure 13.4 shows the conductance through the quantum dot as a function of plunger-gate voltage for a series
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of parallel magnetic fields B . The movement of the peak positions with magnetic
field is clearly visible. The graph also demonstrates that the sample is stable over
the duration of the experiment, i.e., there are no serious charge rearrangements over
the course of about 24 hours. This is a precondition for measurements of such small
effects as the Zeeman splitting.

weak coupling regime

BII(T)

0.1e2/h

3

2

1

0
1

2
-0.62

3

4

-0.615
-0.61
-0.605
plunger gate voltage (V)

Fig. 13.4. Conductance through the quantum dot as a function of plunger-gate voltage and
in-plane magnetic field B in the weak-coupling regime. The magnetic field B is increased
from 0 to 3.6 T in steps of 50 mT and the plunger gate is swept in steps of 40 µV. Only every
third measured curve is shown.

Figure 13.5a presents spacings of neighboring Coulomb peaks. As mentioned
before, the lever arm relating plunger-gate voltage to energy in the dot is extracted
from the measured Coulomb diamonds [323] in Fig. 13.2. The change of lever arm
with plunger-gate voltage is explicitly taken into account. The curves are relatively
flat up to magnetic fields of about 0.8 T. With the bulk gL -factor of GaAs gL =
−0.44 [351], the Zeeman splitting is about ∆EZ /B = 25 µeV/T. The electron
temperature as determined from the Coulomb-blockade peak width is about 140 mK,
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resulting in 3.5kT = 42 µeV. As long as the Zeeman splitting is small compared
to thermal smearing, one does not expect a Zeeman shift. Only when the Zeeman
splitting exceeds thermal smearing, a single spin level dominates the conductance
peak, which then shifts in accordance with this level. This explains why the Zeeman
splitting can only be observed clearly at magnetic fields above 1 T, where the Zeeman
splitting is larger than kT . All the peaks have been fitted to a thermally broadened
line shape in order to obtain the peak positions very precisely. The effects of gL -factor
tuning as observed in Ref. [352] are not relevant for the present sample design.

(a)

(b)

14-13

60

13-12

40

12-11

10-9
9-8
8-7
4-3
3-2

peak spacing (µeV)

peak spacing (µeV)

11-10

3-2

gµB
9-8
4-3

20

12-11
8-7
14-13

0

11-10
13-12

-20

10-9

-gµB
50µeV

-40

-60
2-1

0

0.5

1

1.5
BII(T)

2

2.5

0

weak coupling regime
0.5

1

1.5
BII(T)

2-1

2

2.5

Fig. 13.5. (a) Evolution of peak spacing of the weak-coupling regime with in-plane magnetic
field. The peak spacing is extracted from the measured peak motion (see Fig. 13.4), converted
into energy using the lever arm α from the non-linear conductance measurements of Fig. 13.2,
and vertically offset for clarity. (b) Peak spacings offset to align spacings at B = 0 T and
converted into an energy using the corresponding lever arm α extracted from the Coulomb
diamonds. The slope vs B corresponds to the change in ground-state spin as each electron is
added and hence indicates the change of the spin from one state to the other. The straight lines
shows the slope as expected for the bulk GaAs gL factor | gL |= 0.44.

We often observe an abrupt change in peak position at B ≈ 0.8 T (see Fig. 13.5).
Background charge rearrangements are a very unlikely cause for these effects because only some peaks are affected and not the entire spectrum. A possible reason
could be exchange effects that could suddenly set in once the Zeeman gap exceeds
kT (bootstrap effect). However, the magnitude of the jump as well as the extrapola-
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tion of the high-field behavior of peak separation down to B = 0 do not support this
hypothesis.
It is important to note that in this weak-coupling regime only peak spacing 2-1
and 3-2 follow roughly the expected slope for a Zeeman energy-shift, −gL µB and
+gL µB , respectively. All the other peak spacings show a more or less flat behavior
or slopes corresponding to a value less than expected for Zeeman splitting. This
behavior agrees with the notion that, in a closed few-electron dot, subsequent levels
are preferentially filled with parallel spins in analogy to Hund’s rules for atoms. Only
very rarely do neighboring peaks correspond to opposite spins (see peaks 2-3 and 12).
In addition, we observe strong peak spacing fluctuations as a function of parallel
magnetic field (see Fig. 13.5). We have no detailed understanding of these fluctuations but speculate that the ground state of the dot may be changed due to correlation
effects as a function of parallel magnetic field causing the observed behavior.

13.5 Intermediate-coupling regime
Figure 13.6a shows the positions of Coulomb-blockade peak spacings versus parallel
magnetic field in the intermediate-coupling regime. The curves are vertically offset
for clarity.
At higher fields all curves show a linear magnetic field dispersion. This is more
clearly seen in Fig. 13.6b, where the curves are offset to a common origin at B = 0 T.
The straight lines are calculated with the bulk gL -factor of GaAs, gL = −0.44. The
curves fall into three classes, namely, with a negative slope, a positive slope, or a
flat behavior. Very similar behavior was observed for GaAs [348, 349] and Si [353]
quantum dots.
Flat behavior is expected if successive electrons with the same spin occupy successive orbital states. It is possible to define a population sequence of spin states
(see right-hand column in Fig. 13.6a) similar to what is done in Ref. [349]. In this
case the sequence is ↑↓↑↓↓↓↑↓↑↓ for levels 21-30. This sequence is consistent with
the experimental observation as presented in Fig. 13.6b. Neighboring levels which
are populated with opposite spins are possible candidates for spin-pairs, i.e., states
with the same orbital wave functions. Using eq. (13.1) we can work out possible sequences of ground-state spins SN of the quantum dot. Although such sequences are
not unique, we present the ones that are most likely because they involve only low
SN -values in Table 13.2.
In Fig. 13.7a we present Coulomb peak maxima versus perpendicular magnetic
field B⊥ . Spin effects due to Zeeman splitting are expected to be of minor importance for this magnetic field orientation. The movement of the energy levels is rather
governed by orbital effects and level crossings. The correspondence of peaks after
sample rotation is shown in Fig. 13.3. The corresponding peak amplitudes are shown
in Fig. 13.7b.
We can identify pairs of peaks, namely, peaks 28 and 29 as well as 27 and 26,
whose position and amplitude dependence is strongly correlated in the magnetic field
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Fig. 13.6. (a) Evolution of peak spacing of the intermediate-coupling regime with in-plane
magnetic field. The peak spacing is extracted from the measured peak motion (not shown
here), converted into energy using the lever arm α, and shifted together in arb. units. The peak
spacing is in most cases flat up to a magnetic field of about 0.8 T (see text for details). (b) Peak
spacings offset to align spacings at B = 0 T.
∆N SN +∆N sN +∆N SN +∆N sN +∆N
0
1/2
-1/2
0
0
1
1
-1
1/2
-1/2
2
1/2
-1/2
0
0
3
1
-1
1/2
-1/2
4
1/2
-1/2
0
0
5
0
0
1/2
1/2
6
1/2
1/2
1
1
7
0
0
1/2
1/2
8
1/2
1/2
1
1
9
0
0
1/2
1/2
10
1/2
1/2
1
1
Table 13.2. Two possible sequences of ground-state spins in the intermediate-coupling regime
for the range of nine conductance peaks shown in Fig. 13.6a. They were chosen such that total
spin quantum numbers higher than 1 are avoided.
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range from 0.25 to 1.25 T. We have confirmed this by calculating the cross correlation
of amplitude and position between these peaks. For the parallel field data these peak
pairs show a linearly decreasing peak separation (see Fig. 13.6a) in tune with the
interpretation that the same orbital level is successively populated by spin-up and
spin-down electrons (cf. Table 13.2). The combined measurement of the same dot in
parallel and perpendicular fields has enabled us to identify spin-pairs in a strongly
interacting dot, e.g., neighboring conductance peaks that are governed by transport
through the same orbital state with alternating spin.
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Fig. 13.7. (a) Parametric variation of the peak position in a magnetic field perpendicular to the
2DEG for 10 consecutive Coulomb-blockade peaks. Between the lines a constant of 4.1 mV is
subtracted compensating for the contribution of the charging energy to all peak positions. Also
indicated is the ν = 2-line. (b) Parametric evolution of the peak conductance, vertically offset
by 0.5e2 /h with respect to each other. A pair correlation in peak position and peak amplitude
is clearly visible for peak 26 and 27 as well as for 28 and 29 (black lines), suggesting the
respective electrons occupy the same orbital state forming a singlet.

For magnetic fields where the filling factor in the dot ν < 2 the Coulombblockade maxima are known to shift smoothly as a function of perpendicular field
(see e.g. Ref. [354]). In this way we identify the position of ν = 2 in Fig. 13.7 and
find good agreement with the previously mentioned carrier density in the dot.
At magnetic fields just below the ν = 2-feature there is an odd–even behavior,
i.e., the peak position shows an upward cusp for peaks 22, 24, 26 and a flat behavior
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for peaks 21, 23, 25, and 27. Similar features have been reported before [354] and
could be related to ground-state spin rearrangements in the dot.
The Coulomb peaks in the intermediate-coupling regime follow the behavior expected from a single-particle picture strictly appropriate only in the absence of any
mechanisms that couple the spin to any orbital degree of freedom. Although we expect that in the intermediate-coupling regime more than one dot level contributes
to an individual conductance peak due to level mixing, the transmission of spin-up
and spin-down electrons as a function of energy are essentially independent in this
case. We can then naively expect independent Zeeman shifts of these transmission
functions in opposite directions leading exactly to the observed behavior.

13.6 Strong coupling
For more positive plunger-gate voltages (UPG > −0.47 V in Fig. 13.1) the conductance of the dot increases and the dot becomes strongly coupled to the leads. We
first present the Coulomb peak spacing versus parallel magnetic field in Fig. 13.8.
Again the traces roughly fall into three categories, namely, linear up or down movement in magnetic field and flat curves almost independent of magnetic field. On the
right-hand side in Fig. 13.8b the theoretical expectation based on the bulk gL -factor
of GaAs is plotted in the same graph. There are clear deviations from these lines,
namely, peak spacing 41-40 actually displays a larger slope than expected. Especially for back-gate sweeps (not shown) we find many peak spacing slopes strongly
exceeding the expected Zeeman splitting.
Peak position and amplitude are plotted as a function of perpendicular field in
Fig. 13.9. The behavior is pretty erratic and no clear spin-pair (with the possible
exception of peaks 37 and 38) can be detected. The calculated cross correlation in
position is high for all neighboring peaks.
This behavior is in accordance with the expected mesoscopic conductance fluctuations in the strong-coupling regime [94], implying that strong level mixing occurs.
Even in this regime the peak spacings in parallel field still collapse reasonably well
onto the three branches expected from the single-level transport picture. The occurrence of larger slopes remains an issue to be addressed in the future.

13.7 Diamagnetic shift
For large parallel magnetic fields the energy levels in the dot as well as those in
the leads are shifted up following the diamagnetic shift [355]. All previous data in
this chapter were shown as a function of plunger-gate voltage. In order to present a
comprehensive set of data we show the behavior as a function of back-gate voltage
in Fig. 13.10.
One expects that the energy levels follow a parabolic field dependence [355]. The
parallel magnetic field is applied along the direction of current flow through the SET.
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Fig. 13.8. (a) Evolution of peak spacing (strong-coupling regime) with in-plane magnetic field.
(b) Peak spacings offset to align spacings at B = 0 T and converted into an energy using the
corresponding lever arm α extracted from the Coulomb diamonds.

For 2DEGs in parabolic quantum wells with similar parameters as the one investigated in this study, such experiments have been done and analyzed in detail [356].
Here, the situation is more involved because the energy levels in the quantum dot are
confined in both directions perpendicular to the magnetic field. The energy levels in
source and drain also undergo a diamagnetic shift and the net shift of conductance
peaks will result from differences in the shift in the dot with respect to source and
drain. Because all effects are expected to be parabolic in magnetic field, the overall
behavior as observed in Fig. 13.10 is in tune with this picture.
The data indicate that the diamagnetic shift in the quantum dot is stronger than in
the surrounding 2DEG, i.e., the Coulomb peak positions move up in gate voltage with
increasing in-plane magnetic field. For a perfect parabolic potential one would expect
that the lower the Fermi energy is, the narrower is the wave function and therefore
the smaller is the diamagnetic shift. In our case a very negative back-gate voltage is
applied, which pushes the wave function in z-direction toward the hard wall, which
delimits the parabolic potential. In this case the behavior is reversed because a higher
Fermi energy leads to a steeper potential via the Hartree interaction and therefore to a
narrower wave function. We have simulated the parabolic potential self-consistently
and indeed find the two trends in the two regimes as described above. The effectively
positive diamagnetic shift as observed in the data of Fig. 13.10 can thus be explained
by the wave function probing the hard edges of the parabola in z-direction. Indeed we
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Fig. 13.9. (a) Parametric variation of the peak position (strong-coupling regime) in a magnetic
field perpendicular to the 2DEG for 14 consecutive Coulomb-blockade peaks. Between the
lines a constant of 3.5 mV is subtracted. (b) Parametric conductance amplitude of the same
peaks, offset by 0.4e2 /h each. A pair correlation in peak position and peak amplitude is visible
for peak 14 and 13 (black lines), suggesting they occupy the same orbital state.

find, that for more positive back-gate voltages and therefore larger carrier densities
in the parabolic quantum well, where the electrons reside more in the center of the
parabola, the general shift of the Coulomb peaks with magnetic field is reversed.
For a more quantitative analysis we use the following model. For a magnetic field
along the x-direction, the confinement in y and z is modified. The potential in these
two directions is approximately parabolic and we can write
V (y, z) =

1  2 2 1  2 2
m ωy y + m ωz z .
2
2

The potential in z-direction is given by the as-grown parabola including its hard wall
boundaries and modified by electron–electron interactions. The bare potential in ydirection is produced by the voltages applied to the gate electrodes. Obviously, the
sample is in the limit ωy  ωz . The Schrödinger equation with the above potential
and a magnetic field applied along the x-direction can be solved analytically. The
resulting energy spectrum is




1
1
En, = h̄ω1 n +
+ h̄ω2  +
,
2
2
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Fig. 13.10. Coulomb-blockade resonances as a function of parallel magnetic fields in the highfield range. The dashed line is a parabolic fit as described in the text.

where ω1 and ω2 are functions of ωy , ωz , and ωc = eB/m . For small magnetic
fields B < 5 T, where ωc  ωz we find

(
)
ω1 ≈ ωz2 + ωc2 + O ωy2 /ωz2 ,
(
)
ω2 ≈ ωy + O ωy2 /ωz2 .
The dominant contributions to the diamagnetic shift originate from the strong
confinement ωz in z-direction, while the orbital effects governed by the weak confinement ωy are of the order (ωy /ωz )2 . Because (ωy /ωz )2 = (lz /ly )4 ≈ 10−4 , with
ly,z being the corresponding lengths li2 = h̄/(m ωi ), these effects can be neglected.
This result has two consequences:
(1) The dominant contribution for the diamagnetic shift comes from squeezing
the wave function in the strong confinement (z-) direction. All energy levels are
expected to shift parallel in magnetic field because all electrons in this regime occupy
the ground state (n = 0) of the ωz potential. This means that differences of Coulomb
peak positions can safely be interpreted as a result of spin effects.
(2) The dependence of the Coulomb peaks as a function of parallel field is governed by the difference of the diamagnetic shifts in source and drain with respect to
the diamagnetic shift of the energy levels in the dot. These diamagnetic shifts are
different because the 2D carrier density in the quantum dot, i.e., the Fermi energy
in the dot, is reduced with respect to the leads. From the direction of the diamag-
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netic shift in our dot it follows that ωz2DEG is smaller than ωzdot . By fitting parabolas to the
 observed Coulomb peak dispersion in Fig. 13.10, we find a difference
2
2  = 3 nm, a value, which is reasonable if compared to
∆z = z2DEG
 − zdot
simulations.

13.8 Discussion of the results
The assumption that orbital effects play a minor role for the linear change in
Coulomb peak separation as a function of parallel field is on relatively safe grounds
(see previous section). In a single-particle picture, where the exchange interaction is
neglected, one would expect that orbital states are successively populated by spinup and spin-down electrons. For our quantum dot we estimate interactions to be
important, since the corresponding 2D density is low. In this case exchange interactions are expected to have a significant influence in maximizing the ground-state spin
[269, 334, 357] and it has been predicted [329] that only very few spin-pairs occur.
Our experimental observations in all coupling regimes agree qualitatively with
these predictions. Not only the observation of states, which move linearly in energy
as a function of parallel field but also their sequencing according to the population
of spin-up and spin-down states not necessarily in sequential order, supports this
view. Another strong experimental argument follows from the data as a function of
perpendicular field where spin-pairs can be assigned in agreement with the observations in parallel magnetic fields. The combination of data taken as a function of
both parallel and perpendicular magnetic fields for a quantum dot in the same state,
a unique feature of our experiments, gives strong evidence for the predictions of random matrix theory [329] describing the population of spin states in quantum dots for
various strengths of interactions. Our parallel field data suggest that the behavior of
the Coulomb peaks in all coupling regimes are governed by Zeeman splitting with a
gL -factor similar to that of an extended two-dimensional electron gas.
It is worth mentioning that we do very rarely observe two successive ascending
or descending slopes in a peak position differences plot like Fig. 13.6. A possible
theoretical explanation of such an effect is that the ground-state spin of the N + 1electron dot and that of the N -electron dot differ by more than 1/2 indicating that
the arrival of the electron in the dot rearranges the spin orientation of other electrons.
Such effects are closely related to the spin-blockade effect proposed in Ref. [358]
and experimentally investigated in Ref. [353].
In the weak-coupling regime the spin assignment in Fig. 13.5 is in agreement
with the above arguments. However, the strong fluctuations in the peak positions,
which are most likely not related to background charge rearrangements, make this
analysis difficult. It was also observed in Ref. [349] that the weak-coupling regime,
which is naively expected to give the best results for the analysis of spin states, because the peaks are narrowest, does not prove itself very valuable for such investigations. The data indicate that many successive electrons occupy states with the same
spin direction analog to Hund’s rules for atoms.
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In the intermediate- and strong-coupling regime, on the other hand, subsequent
states of the dot are less frequently occupied with parallel spins as compared to the
weak-coupling regime. In the intermediate-coupling regime the occurrence of spinpairs is therefore more likely, in agreement with the measured data. In the strongcoupling regime the conductance peaks become wider and single-level transport cannot be achieved. This leads to a general enhancement of correlations in position and
amplitude between neighboring peaks. We were only occasionally able to find neighboring peaks with correlations significantly stronger than average.
If transport through several levels contributes to the position and amplitude of a
given Coulomb-blockade peak and we assign a spin quantum number to each participating orbital level, one would expect averaging of the corresponding Zeeman shifts.
This would in average reduce the slope of peak separations as a function of in-plane
field in contradiction to the experiment. Generally speaking we find that the spin
behavior is more robust than expected from the involved energy scales. A similar
statement was recently made by Glazman and coworkers in the context of the Kondo
effect in strongly coupled dots in which charge quantization no longer occurs [359].
In our case, the data indicate that it is the over-all interaction of the tunneling electron
with the electrons residing in the dot rather than the exact functional form of orbital
states, which is relevant for the spin quantization in the dot. Within this interpretation our observations imply that (1) tunneling processes conserve spin, (2) spin-orbit
coupling is sufficiently weak, and (3) exchange interactions have a sufficiently small
dependence on parallel magnetic field.

13.9 Conclusions
In this chapter we have investigated the behavior of Coulomb-blockade peaks as a
function of magnetic fields applied in the plane of and perpendicular to quantum dots
in semiconductor heterostructures for a range of coupling regimes between the dot
and its leads. In the weak-coupling regime the positions of the Coulomb-blockade
resonances show strong fluctuations that inhibit clear assignments of spin to a given
state. In the intermediate-coupling regime, the experimental observations are in good
agreement with predictions based on a simple single-level transport scenario. This
holds for magnetic fields applied parallel and perpendicular to the plane of the electron gas. In the strong-coupling regime the interpretation of the data still follows
the single-level transport picture in parallel magnetic field. However, some states
show a stronger parallel magnetic field dependence as expected for weakly interacting s = 1/2 particles. On the other hand, the perpendicular magnetic field data seem
to be consistent with the theory of mesoscopic fluctuations in quantum dots.
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14
Instrumentation: Scanning force microscopes for
cryogenic temperatures and magnetic fields

14.1 Introduction: low-temperature scanning force microscopes
Since its invention by Binnig, Quate, and Gerber [360], the scanning force microscope (SFM) has become a standard tool for the investigation of conducting and insulating surfaces on the atomic scale. Low-temperature scanning force microscopes
(SFMs) are desirable for many applications in physical research. A particular field
of application is the physics of mesoscopic semiconductor structures. In conventional magnetotransport experiments on such systems, the measured conductance
does not give direct insight into microscopic properties within the system. On the
other hand, detailed microscopic theories, e.g., based on scattering wave functions
or on S-matrices, exist for the calculation of the conductance. These theories have to
make assumptions about local potential landscapes in the structures in order to lead
to quantitative results. It can be expected that scanning probe techniques give more
detailed information about the interior of a mesoscopic system.
Although many cryo-SFMs have been built for more than a decade by researchers
(see Ref. [361] for a historical overview), the number of successful experiments is
comparably small. The first cryo-SFMs have become commercially available only
recently, reaching base temperatures around 5 K under UHV conditions. Lower temperatures have been reached with home-built microscopes in non-UHV setups [362–
366].

14.2 Design criteria for a low-temperature scanning force
microscope for the investigation of semiconductor nanostructures
In our lab cryo-SFMs are built for the investigation of buried two-dimensional electron gases and laterally defined nanostructures on the microscopic scale. The required lateral resolution for these structures is given by the Fermi wavelength of the
electrons, which is 30 – 50 nm in typical structures. At the same time, usually only
one or two nanostructures with a typical size of 1 µm are located on a large 5 mm
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× 5 mm chip. Finding such a structure at low temperatures without optical access
to the microscope is a major challenge. Large scan ranges of several micrometers
are therefore important. At the same time, a positioning system is needed for coarsepositioning the structure at low temperatures.
Low temperatures are needed due to the small energy scales relevant for such
structures. Elastic impurity or boundary scattering dominate the transport properties
of electrons at temperatures below about 4.2 K. At these temperatures quantum phenomena in electron transport such as the Shubnikov–de Haas effect or the quantum
Hall effect can be observed. For the investigation of phase-coherence effects such as
weak localization or conductance fluctuations, temperatures below 1 K are typically
required. For charging effects in quantum dots, i.e., the Coulomb-blockade effect,
to be important, even lower temperatures are needed. However, the cooling power
of cryostats decreases with base temperature that can be achieved. While the cooling power of a 4 He cryostat is typically many milliwatts at 2 K, a 3 He cryostat has
a cooling power of the order of 0.1 mW and the cooling power of dilution refrigerators can be even smaller. Operating an SFM, however, requires a large number
of cables leading to a significant heat load, which diminishes the time for scanning
at base temperature. A 3 He-system with a large 3 He volume allowing scanning at
base temperature for about three days, as used in our setup, appears to be a suitable
system.
Low-dimensional semiconductor structures show a rich variety of phenomena
such as the quantum Hall effect only at elevated magnetic fields. Therefore, a typical
transport setup with a cryo-SFM has to include a superconducting magnet supplying
magnetic fields of the order of 10 T. At the same time all the SFM components have
to be made of non-magnetic materials.
A feedback mechanism is needed for keeping the local sensor at a well-controlled
distance from the plane of the electrons or the sample surface. This can be achieved
with a conventional cantilever and standard feedback electronics. However, typical
semiconductor nanostructures are sensitive to light (persistent photoeffect) and therefore a non-optical cantilever deflection detection method is needed. Such a method
has the additional advantage that it leads to less involved setups. Piezoresistive cantilevers have been proposed [367] and applied for low-temperature scanning force
microscopy [362, 365, 366, 368–374]. However, these cantilevers are expensive and
not easily available. Recently, piezoelectric quartz tuning forks have been employed
in a scanning near-field optical microscope designed for operation at low temperatures [375]. In this setup, an optical fiber is glued along one prong of the tuning fork
which is mechanically excited to oscillate. The tuning fork is used as a friction-force
sensor. The advantages of these piezoelectric sensors are the easy availability, the
low cost, and the high quality factors. They have been successfully employed for
atomic force microscopy [376], scanning near-field optical microscopy [375, 377–
380], magnetic force microscopy [381], and acoustic near-field microscopy [382] at
room temperature. In Refs. [375, 377, 379–381] the SFM operation was just used
to keep the tip–sample distance fixed while an additional nanosensor measures the
physical quantity of interest.
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The whole microscope has to be small enough in order to fit into typical cryostats.
While the sample space needed for a typical transport experiment at cryogenic temperatures is of the order of 1 cm3 , a SFM is much bigger. The size constraint is mainly
dominated by the magnet bore, which in turn is a main factor entering the price of the
magnet. Reasonable compromises are found for a magnet bore of 2–3 inch leading
to a geometrical constraint for the outer diameter of the microscope of about 40 mm.
The length of the microscope is typically limited by the corresponding length of the
sample space, which turns out to be of the order of 120 mm in a reasonable system.
Most of this length is needed for the long scan piezo, which guarantees the desired
large scan range at low temperatures.
A modular design for such a microscope is preferred. Several components with
different functionality and maintenance requirements are combined in an SFM. Easy
access and exchange possibility has to be provided for all the components. Mechanical stability of the whole assembly is crucial for stable operation. Only the highest
quality of all components will produce satisfying performance of the SFM at cryogenic temperatures.
In the following we describe the implementation of a SFM operating at temperatures between 350 K down to below 300 mK and in magnetic fields up to 9 T. The
microscope is operated under vacuum; however, samples and tips can not be prepared and exchanged under UHV conditions, in contrast to other setups [361, 383].
Piezoelectric quartz tuning forks were employed for non-optical tip–sample distance
control in the dynamic operation mode. Fast response was achieved by employing
a phase-locked loop for driving the mechanical oscillator. We describe the scanning
force microscope, our implementation of the tuning fork sensors, and analyze the
electronics used for the operation of the microscope.

14.3 A scanning force microscope operated in a 3 He system
Cryostat setup
Figure 14.1 shows a schematic drawing of the cryostat setup in which the microscope
is implemented. The cryostat is lowered into a hole in the concrete lab foundation
filled with a few centimeters of sand. We share this foundation with the neighboring lab but the whole concrete block is mechanically decoupled from the rest of the
building thereby providing a mechanically very quiet environment. Effective insulation of the cryostat from remaining vibrations is achieved by suspending the whole
3
He insert from a special low-vibration platform resting on four sand-filled steel supports into the 4 He Dewar, which also hosts the superconducting magnet. The only
mechanical coupling between the Dewar and the 3 He insert is made via a soft rubber sleeve needed in order to make the cryostat 4 He-tight. The 3 He insert can be
fine positioned parallel to the lab floor and adjusted into an exactly vertical position.
Pumping lines and the He-recovery lines are plastic pipes laid through a box of sand
in order to minimize mechanical coupling between pumps and the system. For the
same reason, pumps are not located on the same concrete platform that hosts the
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cryostat setup. Microphony of the cryostat is reduced using a rubber mat, which is
tightly tied to the cryostat body.

sand filled
steel support

insert fine
positioning
and tilt
adjustment

3

He-insert
rubber sleeve
Cryostat

Concrete

3
Heinsert

Concrete

Magnet
SFM

Sand

Concrete

Fig. 14.1. Schematic setup of the whole experimental setup including the cryostat, the 3 Heinsert, the superconducting magnet and the microscope.

Figure 14.2 shows a schematic drawing of the completely home-built microscope
comprising the two main units, the z-module and the x-y table. This assembly is
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firmly attached to the 3 He-pot of the commercial vacuum loading 3 He-insert. A vacuum beaker that can be pumped down to about 10−5 mbar at room temperature surrounds the refrigerator and the microscope (cf. Fig. 14.1). The microscope can be
operated in vacuum at temperatures down to 280 mK. About 50 cables, 6 of which
are coaxial lines and 12 are suitable for high voltages up to 1000 V, connect this insert to the electronic setup outside the cryostat. Details about the microscope will be
discussed in the following sections.

x-y Table
heating and
thermometry
sample
tuning fork sensor

scanning unit

z-module

Fig. 14.2. Schematic drawing of the microscope (left) and photography (right).

The z-module
The z-module of the microscope (cf. Fig. 14.2) allows coarse tip–sample approach
using a slip-stick drive moving the scan-piezo up or down. It hosts the scan-piezo
tube at the end of which the tip–sample interaction sensor is mounted.
The outer frame of the z-module is machined out of non-magnetic CuBe. The
slip-stick z-motor has been constructed following the design of Refs. [361, 383].
It uses six shear-piezo stacks, which had to be fabricated by ourselves initially, but
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are now available commercially.1 Each stack consists of six shear-piezo plates and a
sapphire end-plate. A macor prism is clamped between the six stacks using a CuBe
sheet as a spring. AlO plates are glued onto the macor prism in the places where the
sapphire end-plates of the stacks touch.
The macor prism has a central hole hosting the scan-piezo tube. The latter is made
of a lead-zirconate-titanate ceramic2 with non-magnetic copper electrodes. The tube
scanner has a length of 2 inches and an outer diameter of 0.5 inch. It gives a lateral
scan range of 52.2 µm in x-y direction and a z-range of 5 µm at a temperature of
290 K. At base temperature the lateral range is 8.8 µm and the z-range is 0.85 µm.
A sensor mount is attached to the end of the scan-piezo with tapped through holes
for screwing the sensor plate onto it. The screws also provide electrical contact of the
sensor plate to six coaxial cables.
The x-y table
The x-y-table (cf. Fig. 14.2) is shown in detail in Fig. 14.3. It consists of three main
parts:
1. An x-y motor allows coarse positioning of the sample in the plane relative to the
tip of the tuning fork sensor. It has a lateral travel range of about 5 mm corresponding to the typical size of a semiconductor chip used in the experiment. The
motor is built on a Shapal3 platform. This ceramic material was used because
of its comparably large thermal conductivity of 100 W/(mK) at room temperature, its thermal expansion coefficient of 5.2 × 10−6 K−1 at room temperature,
which is very close to that of piezoceramic materials, and the ability to machine it. Three thin-walled piezo-tubes4 with sapphire balls at their ends are fed
through holes in the Shapal platform and firmly attached with insulating epoxy
glue.5 These tubes stick out above and below the platform. They can bend in xand in y-direction similar to a conventional scan-piezo due to their four outer
electrode segments. The moving x-y platform made of CuBe is clamped with a
CuBe spring from top and bottom against the sapphire balls. Suitable sawtooth
voltages applied to the electrodes of the piezo-tubes lead to slip-stick motion of
the moving platform. At room temperature, about 30 V are sufficient to move
the stage, at 100 V a single step amounts to about 1 µm. The motion in x- and
y-direction were found to be orthogonal with high accuracy.
2. On top of this moving CuBe platform there is a Cu-block hosting two thermometers and a heating wire. This arrangement is used for measuring and controlling
the sample temperature in the whole range between 350 K and 280 mK. Thin
flexible Cu wires are used for electrically connecting these components to pins
on the fixed Shapal platform. The heater allows us to evaporate the water film
from the sample surface before cooldown. It further gives us the possibility to
1
2
3
4
5

PI ceramic GmbH, Lindenstrasse, 07589 Lederhose, Germany
EBL-4 by Staveley Sensors Inc, 91 Prestige Park Circle, East Hartford, CT 06108, USA
Supplied by Goodfellow, Ermine Business Park, Huntingdon, PE29 6WR, England
EBL-4 by Staveley Sensors Inc, 91 Prestige Park Circle, East Hartford, CT 06108, USA
EPO-TEK H77 by Polyscience AG, Riedstrasse 13, 6330 Cham, Switzerland
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keep the sample warmer than its surroundings during the cooling process in order to avoid freezing contaminations on the sample surface.
3. On top of the thermometry block we have mounted a commercial 32-pin chip
socket for ceramic chip carriers. Twelve of the pins are connected to pins on the
Shapal platform. The samples are prepared in chip carriers that can then simply
be plugged into the socket. The sample mount unit can be used for standard
magnetotransport measurements independent of the SFM operation.

CuBe-spring
piezo-tube
Shapal platform
moving CuBe
platform
heating and
thermometry
chip socket

Fig. 14.3. Photography of the x-y-table.

14.4 Scanning Sensors
In this section we discuss sensors used in cryogenic scanning force microscopes for
detecting surface topography and/or coupling to buried two-dimensional electrons.
We will show which types of sensors have been applied and describe in detail the implementation of piezoelectric tuning fork sensors that we employ in a scanning force
microscope operational at 300 mK. It is shown that these sensors can be well modeled by a single harmonic oscillator with very high quality factors at low temperature despite the symmetry-breaking wire attached to one prong. The nested feedback
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comprising the sensor, a phase-locked loop, and a conventional z-feedback is analyzed in terms of linear control theory and the employed current-voltage converter is
identified as the dominant source of noise in the system. It is shown that the nested
feedback has an over-all low-pass response. The optimum feedback parameters for
the phase-locked loop and the z-feedback can be determined from the knowledge
of the tuning fork resonance alone regardless of the tip shape and details of the tip–
sample interaction. The bandwidth of the feedback turns out to be independent of the
quality factor of the tuning fork, but it is influenced by its stiffness. The advantages
of this system compared to pure phase control are discussed.
14.4.1 Introduction
In scanning force microscopy various imaging modes exist that can be classified to
be either contact modes or dynamic modes [384]. The latter are characterized by the
fact that the tip oscillates above the surface and the parameters of the oscillation are
influenced by the tip–sample interaction. True atomic resolution has been achieved
in this imaging mode [385–387]. Usually the cantilever oscillation is measured by
optical means.
14.4.2 Types of sensors: an overview
There are a number of candidates for the use as sensors in a scanning probe experiment on nanostructures. The most obvious one is the tip of a scanning tunneling microscope [388]. Piezoresistive cantilevers have been proposed [367] and
applied for low temperature scanning force microscopy [362, 365, 366, 368–374].
However, these cantilevers are expensive and not easily available. Recently, piezoelectric quartz tuning forks have been employed in a scanning near-field optical microscope designed for operation at low temperatures [375]. They have been successfully employed for atomic force microscopy [376], scanning near-field optical
microscopy [375, 377–380], magnetic force microscopy [381], and acoustic nearfield microscopy [382]. A very involved and specialized sensor is a scanning singleelectron transistor [389]. In the following we will briefly introduce three of the four
sensors mentioned above. The piezoelectric tuning fork sensors will be the topic of
a more detailed discussion in the next subsection.
STM Tips
Probably the simplest sensor allowing capacitive coupling to a buried electronic
nanostructure is a metallic tip as conventionally used for scanning tunneling microscopy (STM). Such tips are commercially available or they can be electrochemically etched from tungsten or platinum/iridium wires. Used in conventional tunneling
mode topographic images can be obtained. However, since in typical semiconductor
nanostructures the electronic system is buried underneath an insulating barrier of
considerable thickness (typically more than 35 nm), relatively high voltages have to

14.4 Scanning Sensors

139

be applied in this imaging mode and irreversible local charging of the structure may
result at low temperatures.
STM tips have been successfully employed for the so-called “subsurface charge
accumulation imaging” [388] which can be — most simplified — be described as a
local capacitance measurement. In order to reach a sufficient sensitivity to very small
local capacitance changes, stray capacitances have to be minimized by mounting a
field-effect transistor (FET) at low temperature in close proximity to the tip. With
this FET a low-temperature capacitance bridge can be realized [390], which can
measure changes in capacitance as small as about 10 aF. A low-temperature current
preamplifier has been employed for the measurement of shot noise in a scanning
tunneling microscope [391].
Piezoresistive Cantilevers
Piezoresistive cantilevers have been developed at Stanford University [367] in order to avoid more elaborate methods of cantilever deflection measurement, such as
laser beam deflection or optical interferometry. This simplifies the design of a cryogenic scanning force microscope considerably. Such cantilevers are now available
from Park Scientific Instruments. Piezoresistive cantilevers are fabricated from silicon wafers. The top layer of the cantilever is doped by ion implantation and shows
a piezoresistive effect that is used to measure the cantilever deflection. These cantilevers have typical spring constants between 1 N/m and 20 N/m. The resonance
frequencies are between 25 and 240 kHz depending also on the cantilever preparation procedure. The total resistance of the piezoresistive layer is of the order of 2 kΩ
and voltages of the order of several volts are used for measuring the resistance. This
leads to a considerable joule heating of the sensor with a power of the order of a few
milliwatts. The relative resistance change ∆R/R is proportional to the cantilever
deflection ∆z, i.e.,
∆R
= αpr ∆z,
R
where the proportionality constant αpr depends on the geometry of the lever. Typical
values are in the range of 1 − 4 × 10−6 nm−1 . A Wheatstone bridge is used to
measure the resistance change with a resolution at least in the range of 10−6 . Onchip fabrication of the bridge is possible and can help to compensate the temperature
dependence of the resistance. Vertical resolution of 0.1 Årms√has been demonstrated
at a bandwidth of 1 kHz [367]. Force sensitivities of 8.6 fN/ Hz have been reported
[392].
Piezoresistive cantilevers have found many applications in the field of scanning
probe techniques. They were, for example, used for magnetic force microscopy
[393], infrared imaging [394], biosensing [395], parallel imaging, and lithography [396, 397] and are still subject of research [392]. An interesting self-sensing
cantilever concept with an integrated field-effect transistor has been developed in
Ref. [398].
For capacitive coupling to a buried electronic system, coated [366] and uncoated
[362, 365] cantilevers have been used. A metal coating, e.g., made of iridium, makes
sure that the tip surface is an equipotential.
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Scanning Single-Electron Transistors
Perhaps the most sophisticated sensors employed for scanning on shallow electronic
semiconductor structures are the scanning single-electron transistors. Single-electron
transistors (SETs) are tunneling devices with a typical size of 100 nm. The electrical current through SETs is governed by the Coulomb-blockade effect. The physics
behind these devices has been reviewed in Ref. [87]. Electrons tunnel from a source
electrode onto a small metallic island and subsequently from the island into the drain
electrode. The magnitude of the current shows a strong modulation as a function of
the electrostatic potential of the island relative to the source and drain electrodes. The
period of the oscillation is given by the condition that exactly one elementary charge
is additionally induced on the island. SETs can therefore be used as very sensitive
electrometers for measuring local electric fields originating from localized charges,
or local variations in the electrochemical potential of an electronic system acting as
the gate for the island [207, 399].
Scanning SETs have been developed at the Bell Labs in the late 1990s [389, 400–
403]. In this approach the SET is fabricated at the end of a glass fiber that has a
shallow conical taper terminating at the tip in a flat nearly circular area of about
100 nm diameter [389]. The preparation of such fibers is the same as that for scanning near-field optical microscopy and has been described in Ref. [404]. The three
metallic electrodes, i.e., source, drain and island, are fabricated from 10 − 20 nm
thick aluminum. Source and drain electrodes are evaporated onto the fiber from opposite directions onto the side of the fiber. Natural shadowing keeps these electrodes
separate. An in situ exposure to oxygen creates the aluminum oxide tunnel barriers
of a few nanometer thickness. The island is evaporated in a last step from a direction
along the fiber axis. Owing to the conical taper of the fiber the aluminum film forms
only at the end face of the tip. At low temperatures these aluminum SETs become
superconducting. A magnetic field can be applied to suppress the superconductivity.
In a very simplified model the SET current may be modeled as [389]
ISET = a sin

2πQi (x, y)
,
e

where Qi (x, y) is the total charge induced on the island and a is the amplitude of
the current oscillation at a given source-drain bias. When the SET sensor is scanned
at constant distance to the surface of a semiconductor nanostructure in x- and ydirection, the charge induced on the island can be expressed as
(0)

Cni (x, y)(φn − φi ),

Qi (x, y) = Qi (x, y) +
n

where the Cni (x, y) are the capacitance coefficients of the SET island to other metallic electrodes in the system (including, e.g., the electronic nanostructure to be investigated, if it is connected to external leads) and Q0 (x, y) is the induced charge on
the island due to the presence of fixed charges in the system, e.g., dopants or other
charged impurities. The electrostatic potentials φn are related to the applied voltages
Un and the chemical potentials of the electrodes µn via
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−eUn = µn (x, y) − eφn (x, y).
Inserting these relations into the equation for the SET current we obtain
$
#

(0)
2π Qi (x, y) + n Cni (x, y)(Uni + µni (x, y)/e)
ISET = a sin
,
e

(14.1)

with Uni = Un − Ui being the voltage between electrode n and the island and
µni (x, y) = µn (x, y) − µi being the difference in chemical potentials between electrode n and the island (sometimes referred to as the work function difference between
the two materials). From this formula it can be seen that the SET current senses local
(0)
electric charges [via Qi (x, y)], the local chemical potential µn (x, y), and the local
capacitance coefficients Cni (x, y). It is clear that in a well-defined experiment care
must be taken that only one of these quantities depends significantly on position.
Because this sensor is not sensitive to the tip–sample force or force gradient, the
(0)
height (z-) dependence of the capacitances Cni or the induced charges Qi can be
used for approaching the sensor to the surface [389].
14.4.3 Piezoelectric tuning fork sensors
Piezoelectric tuning forks are an alternative to the piezoresistive cantilevers. They
were initially developed for use as very small and stable oscillators in watches. Owing to their use in industry, they are cheap and easily available. The forks are fabricated from wafers of α-quartz with the optical axis (c-axis) approximately normal
to the wafer plane. Most of them have a (lowest) resonance frequency f0 = 215 Hz
and quality factors under vacuum between Q = 20 000 and 100 000. In scanning
force microscopy and related techniques tuning fork sensors offer the possibility of
non-optical detection of the tip oscillation in the dynamic mode via the piezoelectric
effect [375–382, 405–407]. It was demonstrated that atomic resolution is possible
with these unconventional and very stiff sensors [408]. The fundamental limits to
force detection with quartz tuning forks were discussed by Grober and coworkers in
Ref. [409]. Owing to the high oscillator quality of tuning forks, the power loss on
resonance can be far less than 0.1 µW, which makes it ideal for the use in low cooling
power cryostats.
Fabrication of tuning fork sensors with a metallic tip
For experiments on semiconductor nanostructures, a conductive tip is required for
coupling capacitively to the buried electron gas. One of our sensors is depicted in
Fig. 14.4. It is the same type of tuning fork sensor previously discussed and calibrated
in Refs. [407, 410]. The commercially available tuning fork6 is first prepared by
carefully removing its protecting lid on the lathe. The fork is then soft-soldered onto a
small circular piece of printed circuit board (PCB) at an angle of about 10◦ . A 15 µm
6

NTF3238 from SaRonix, 141 Jefferson Drive, Menlo Park, CA 94025, USA.
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TF

PtIr-wire

4 mm
Cu-post

Fig. 14.4. Tuning fork sensor used
in our cryo-SFM. The casing of
a commercial tuning fork (TF)
is soldered on a small circular
piece of printed circuit board
(PCB). The PtIr-wire is glued to
the end of one prong of the fork.
One end of the wire is connected
electrically to the copper post
(Cu-post), the other end serves as
the tip. The PCB can in addition
host small electronic components,
like the resistor that can be seen
in the foreground.

PtIr wire is glued with conducting epoxy7 to the end face of one tuning fork prong
parallel to the direction of its vibrational bending motion and to the copper post,
which serves as the electrical contact to the tip. The free end of the wire is then etched
electrochemically resulting in a sharp tip that serves as a probe for the sample surface.
Tip radii of about 30 nm have been confirmed using scanning electron microscopy
and transmission electron microscopy techniques. The length of the tip measured
from the edge of the tuning fork should not be longer than about 300 µm because
the thin wire becomes unstable otherwise due to bending vibrations occurring during
scans.
The tip prepared on the tuning fork can be used as a tunneling tip (STM mode) or
as the tip in dynamic SFM operation mode without any modifications on the scanning
head. This gives simultaneous access to two complementary imaging modes at low
temperatures without requiring a tip exchange.
Tuning fork sensors: a realistic model
After preparation, the symmetric geometry of the tuning fork is modified, and we
have to care about the effects on the oscillation properties. Tuning fork sensors can
be classified according to the strength of the mixing between antisymmetric and
symmetric mechanical oscillation modes. In the extreme case, one of the tuning fork
prongs is firmly attached to a support [406] and very strong mode mixing occurs. In
this section we present evidence that our sensors are in the weak mode-mixing limit
and that a simple harmonic oscillator model is therefore appropriate.
Figure 14.5(a) shows the current through the tuning fork near resonance measured at a temperature of 4.2 K with an excitation voltage of U0 = 10 µVrms applied
to the tuning fork contacts. The top graph is the magnitude of the current. The experimental details of the admittance measurements will be discussed in section 14.5. In
the following, we start with a mechanical model of the tuning fork sensor aiming at
7

EPO-TEK H20E by Polyscience AG, Riedstrasse 13, CH-6330 Cham, Switzerland.
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Fig. 14.5. a) Current magnitude near the
tuning fork resonance. The frequency at
which the current is maximum is the resonance frequency f0 . The width of the
resonance is related to the quality factor Q of the tuning fork. b) Y-component
of the current (phase signal) near resonance. The linear relation between frequency shift ∆f = f − f0 and this signal
is indicated by the dashed line. The slope
of this line determines the sensitivity of
the phase signal to shifts in resonance frequency.
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the detailed understanding of such resonance curves. In particular, we will focus on
the symmetry-breaking effect of the tip preparation.
We describe the mechanical oscillator with a coupled harmonic oscillator model
driven by the voltage U0 via the piezoelectric coupling constant αp :
m1 ẍ1 + γ1 ẋ1 + k1 x1 + kc x2 + γc ẋ2 = −αp U0 ,
m2 ẍ2 + γ2 ẋ2 + k2 x2 + kc x1 + γc ẋ1 = +αp U0 + Fts (x2 ).

(14.2)
(14.3)

The deflection of the two prongs is described by the coordinates xi . The mi are
the effective masses of the two prongs, the ki and γi are their spring and damping
constants, respectively. The tip is attached to prong 2 and interacts with the sample
surface via the interaction force Fts (x2 ). Coupling between the prongs is described
by coupling constants kc and γc .
The eigenfrequencies of this oscillator [determined with Fts (x2 ) = 0] are given
by

2
Ω1,2
= ω02 ± ωc2 1 + κ2 ,
√
where ω02 = (k1 /m1 + k2 /m2 )/2, ωc2 = kc / m1 m2 , and κ = (k1 /m1 −
√
k2 /m2 )/(2kc / m1 m2 ). In the case of κ = 0, in particular when the two prongs
are identical, the two eigenmodes are the antisymmetric (the xi oscillate with zero
phase difference) and the symmetric (the xi oscillate with a phase difference of π)
mode. The metallic tuning fork contacts are arranged such that only the symmetric
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mode is excited by a driving voltage. For κ  1 the two modes do not mix significantly and the symmetries of the modes are not strongly affected, while for κ  1
each prong has its own resonance frequency where the other is hardly excited.
In the following we show that our tuning fork sensors are in the regime of negligible mode mixing, because the introduced asymmetry is small, i.e., κ  1. We
can rewrite the expression for κ introducing m1 = m, m2 = m + ∆m, k1 = k,
k2 = k + ∆k. Expanding up to first order in ∆m/m, ∆k/k, and kc /k we obtain
κ=

∆m/m − ∆k/k
.
2kc /k

It can be seen that the additional mass on one prong can be compensated by increasing the spring constant, a fact exploited in Ref. [411].
We estimate the additional spring constant ∆k of a thin wire attached to one
prong. It is given by [412] ∆k = 3πY r4 /(4L3 ), where L denotes the length of the
wire, Y is Young’s modulus of the material, and r is its radius. Typical wires have
r = 7.5 µm, L = 0.5 mm, and Y = 200 − 400 GPa leading to ∆k = 12 − 24 N/m.
With k = 14 000 N/m, this results in ∆k/k ≈ 10−3 .
An estimate of the additional mass added to one arm of the tuning fork takes
essentially the glue into account. The idealized drop of glue has the shape of a halfsphere with radius r and volume V = (2π/3)r3 . Using the mass density of the
H20E-epoxy ρ = 2600 kg/m3 and a radius of 100 µm we obtain a mass of 5.44 µg.
This weight has to be related to the mass of a single tuning fork arm, which is 1.1 mg.
This leads to the ratio ∆m/m = 5 × 10−3 .
The ratio kc /k can be estimated from finite element simulations of tuning fork
sensors to be of the order of several percent.
From these estimates it seems to be reasonable that the employed sensors are
in the limit of small mode mixing with κ being typically much smaller than 0.1.
An additional observation strongly supports this point of view: only very rarely is a
second resonance observed in the admittance. Because the measured current detects
only the symmetric component of the oscillation, strong mode mixing would make
the second resonance visible.
Motivated by these estimates we approximate in the equations of motions (14.2)
and (14.3) m1 = m2 = m, k1 = k2 = k, and γ1 = γ2 = γ. We further neglect the
coupling between the center of mass and the relative motion of the prongs, which can
be estimated to be small, and obtain the single harmonic oscillator approximation for
our tuning fork sensors,
ẍ +

αp
1
ω0
ẋ + ω02 x =
U0 + Fts (x),
Q
m
m

(14.4)

where we have introduced x ≡ x2 , (k − kc )/m = ω02 , and (γ − γc )/m = ω0 /Q
with Q being the quality factor of the oscillator.
The mechanical oscillation of tuning fork sensors is measured via the piezoelectric effect of the quartz crystal. The induced piezoelectric charge on one tuning
fork electrode is given by qp = 2αp x and the corresponding piezoelectric current
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is Ip = 2αp ẋ. In addition, a current of magnitude Ic = C0 U̇0 flows through the
capacitance C0 between the tuning fork contacts. The total current as a function of
frequency f = ω/2π is therefore given by I(ω) = iωC0 U0 + 2iαp ωx(ω). If we
neglect the tip–sample interaction force, we can determine x(ω) from the harmonic
oscillator model [eq. (14.4)] and thus I(ω) is found to be

2αp2 /m
.
(14.5)
I(ω) = iωU0 C0 + 2
ω0 − ω 2 + iωω0 /Q
Resonance curves like the one shown in Fig. 14.5a can be excellently fitted with this
equation.
Near resonance (ω ≈ ω0 ) the current is dominated by the piezoelectric contribution and can be expanded to be


*
+
2αp2 QU0
2Q
I(ω) =
1−i
(ω − ω0 ) + O (ω − ω0 )2 .
(14.6)
mω0
ω0
The imaginary component of the current, which is shifted in the time domain by 90◦
with respect to the driving voltage, is depicted in Fig. 14.5b. It is proportional to
the deviation of the resonance frequency from the excitation frequency. This fact is
utilized for the SFM feedback.
Summarizing the discussion of modeling the tuning fork sensors, we have found
two reasons why the single harmonic oscillator description [eq. (14.4)] is appropriate
for our sensors: first, the added mass (the glue) is small compared to the mass of a
single tuning fork arm. Second, the relative mechanical coupling of the two prongs
is strong compared to the influence of the added mass and the added spring constant.
In this respect these sensors are completely equivalent to other sensors [406] with
one prong firmly attached to the support, which act essentially as an extremely stiff
piezoelectric cantilever. In other respects there are important differences: we find
quality factors Q of up to 250’000 under the UHV conditions occurring in our evacuated sample space at a temperature of 300 mK. These values are one to two orders
of magnitude larger than those reported for the other type of tuning fork sensor [406].
The implications of this for the electronic setup to be used will be discussed in section 14.5. An expression has been found for the total current through the tuning fork
[eq. (14.5)]. Near the mechanical resonance the current reflects this resonant behavior and the imaginary component of the current is a linear indicator for the deviation
of the driving frequency from resonance [eq. (14.6)].
Characterization of tuning fork sensors and amplitude calibration
Equation 14.5 contains a number of parameters characterizing the tuning fork admittance. These parameters are the effective mass m and the
 effective spring constant
k − kc entering the resonance frequency ω0 = 2πf0 = (k − kc )/m, the effective
damping constant γ − γc entering the quality factor of the oscillator, and the piezoelectric coupling constant αp . In this section we show, how these quantities can be
measured [410].
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In our system the tuning fork is driven by an AC voltage from a Yokogawa function generator FG300. We measure the tuning fork current by using an I-U converter
with a current-to-voltage conversion ratio of K = 106 V/A at 32 kHz. A guard driver
neutralizes the huge capacitance CK = 1.8 nF of the long coax cable connecting the
tuning fork in the cryostat to the outside and thereby increases the bandwidth of the
I-U converter and reduces the output noise.
Figure 14.6b shows a typical resonance in the admittance of a tuning fork measured at room temperature at a pressure of 6 × 10−7 mbar. The admittance exhibits
an asymmetric resonance at 32 768 Hz and a sharp minimum about 30 Hz above this
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Fig. 14.6. (a) Mechanical resonance measured at room temperature at a pressure of 6 ×
10−7 mbar with an optical interferometer. Inset: Image of the tuning fork. (b) Electrical tuning
fork resonance measured simultaneously. Inset: Equivalent circuit for the piezoelectric quartz
tuning fork resonator. The solid and dashed lines are the respective amplitude and phase.
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resonance. The behavior of the admittance is described by eq. (14.5). Equivalently it
can be modeled with the equivalent circuit shown in the inset of Fig. 14.6b [410].
Using the mechanical model [eq. (14.4) with Fts (x) = 0] one can relate L,
R, and C to the effective mass of one tuning fork prong m, the damping constant
γ − γc , the spring constant k − kc , and the driving force αp U0 via L = m/(2αp2 ),
C = 2αp2 /(k − kc ), and R = m(γ − γc )/(2αp2 ). The capacitance C0 is mainly
determined by the geometrical arrangement of the contacts on the crystal, the dielectric properties of the quartz and the cable capacitances. The fit to the measured
admittance in Fig. 14.6 (which could not be distinguished in the plot from the measured curve) leads to C0 = 1.2129 pF, C = 2.9 fF, L = 8.1 × 103 H, R = 27.1 kΩ,
f0 = 32765.58 Hz, and Q = 61730.
In addition to the electrical resonance we measured the mechanical resonance
amplitude x of one of the tuning fork arms [see Fig. 14.6a] utilizing an interferometer setup as it is usually used for optical cantilever deflection detection in a scanning force microscope[361]. From a combination of both measurements [Figs. 14.6a
and b] and using the relation Ip = 4πf αp x [413], we determined the effective mass m = 0.332 mg, the quality factor Q = 61734, the spring constant
k − kc = 14066.4 N/m, and the piezoelectric coupling constant αp = 4.26 µC/m.
The effective mass calculated from the density of quartz and the dimensions of a tuning fork arm turns out to be 0.36 mg, in good agreement with our measured value. A
linear relation between the driving voltage and the oscillation amplitude was found
in the interferometer measurement down to amplitudes of 1 nm as well as in large
amplitude measurements performed under an optical microscope up to amplitudes
of about 100 mm.
With the experimentally determined parameters of the tuning fork at hand, one
can now set up a well-controlled scanning force operation with the tuning fork sensors. The knowledge of the piezoelectric constant αp allows one to translate measured currents on resonance directly into oscillation amplitudes of the tip. We have
verified with low-temperature force-distance measurements with varying oscillation
amplitude that αp has at 300 mK within a few percent the same value that we determined at room temperature.
Force calibration
The idea behind the dynamic mode SFM operation of the tuning fork is the same as
for normal cantilevers. The elastic interaction of the tip with the sample surface will
shift the resonance frequency via the presence of force gradients. Inelastic tip–sample
interactions will alter the Q value of the oscillator. In this section we will show how
sensitivity of the sensor to force gradients can be calibrated experimentally [414].
In order to translate measured frequency shifts into a quantity describing the tip–
sample interaction, we use the force gradient approximation as the basic assumption,
i.e.,


∂Fz
∆f = η
,
(14.7)
∂z
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where ∂Fz /∂z is the gradient of the tip–sample interaction force and η is the proportionality constant, which is to be determined by the calibration procedure. This
approximation is valid for small tip-oscillation amplitudes. It is the limiting case of
more general treatments discussed in the literature [415]. The calibration constant
η is independent of the details of the tip shape and depends only on the mechanical properties of the tuning fork. In the following we will compare three different
methods of calibration and report the determined values of the calibration constant
η.
Harmonic oscillator model
If we apply the harmonic oscillator model [eq. (14.4)] for the resonance of our tuning
fork, we can calibrate the sensor simply by determining the effective spring constant
k − kc from the electrical resonance curve. We obtain the relation


∂Fz
∆f
1
,
(14.8)
=
f0
4(k − kc ) ∂z
which differs by a factor of 1/2 from the result obtained for conventional cantilevers.
This factor reflects the fact that only one prong of the fork senses the interaction but
both prongs are oscillating. This method gives η = f0 /(4k). For the sensor used for
the studies described here we measured the resonance frequency f0 = 32596.793 Hz
and the stiffness k − kc = 14.06 nN/pm and therefore obtained a value of η =
0.6 Hz/(N/m). Because the resonance frequency of our sensors can be determined
with an accuracy better than 1 mHz, the main source of error in this method may be
found in the determination of k − kc . It is calculated from k − kc = 4π 2 f02 m, thus
any error in the assumption of an unaltered mass m at low temperatures will cause
an error in η.
Calibration with the electrostatic force
The two other calibration methods make use of the attractive electrostatic force acting between the tip and the sample if a constant tip–sample voltage Uts is applied. It
is given by the expression F (z) = 1/2(∂C/∂z)(Uts + ∆(µch /e))2 , where C(z) is
the tip–sample capacitance and ∆µch is the difference of the chemical potentials of
the two materials, which is usually taken to be equal to the work function difference
between the two materials. Using eq. (14.7) we obtain for the frequency shift


η ∂2C
2
∆f =
(Uts + ∆(µch /e)) .
(14.9)
2 ∂z 2
The measurement of ∆f (Uts ) shown in Fig. 14.7 was performed at a large tip–
sample separation (of the order of 100 nm) and with a nominal tip-oscillation amplitude of 20 nm. For this tip–sample separation the electrostatic force is by far the
dominant interaction. The data can be fitted extremely well by a parabola and therefore allows us to determine η. From the measurement in Fig. 14.7 the calibration
constant η could be determined using eq. (14.9) if the second derivative of the capacitance were known at the same distance. For the determination of this quantity we
have used two distinct techniques, which will be described in the following.
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Fig. 14.7. ∆f (Uts ) measured at 4.5 K (left axis) and Kelvin current (right axis).

1. We have measured the capacitance depicted in Fig. 14.8 by applying an AC
tip–sample voltage of 100 mV(rms) at a frequency of 95 kHz. The measurement was fitted with a smooth analytical curve in order to allow a better determination of the second derivative. Inserting the result in eq. (14.9), we obtain
η ≈ 1 Hz/(N/m). The accuracy of this method is mainly determined by the limited accuracy of the determination of the very small tip–sample capacitance,
which results in an uncertainty of the η value of more than a factor of 2 for the
measurement shown.
2. The second approach for determining the second derivative of the capacitance
employs the Kelvin method in which the gradient of the tip–sample capacitance
is directly measured by oscillating the tip over the sample surface at a constant
bias voltage and recording the current induced on the tip by the motion. This
current is given by


∂C
IT = 2πif0 aT
(Uts + ∆µch /e).
∂z
Fig. 14.7 shows an example of an curve measured at the resonance frequency and
a nominal tip-oscillation amplitude for a large tip–sample distance (of the order
of 100 nm). A linear fit to the curve allows the determination of ∂C/∂z. The
second derivative can be obtained by repeating this measurement as a function of
z. Inserting the result into eq. (14.9) leads us to the calibration η = 0.8 Hz/(N/m).
For this calibration method the tip-oscillation amplitude aT has to be known and
any error in this number will lead to an error in η.
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Fig. 14.8. Change of tip–sample capacitance, ∆C(z), as a function of the tip–sample separation z measured at 1.7 K with a HOPG sample.

14.5 Electronics for a high-Q tuning fork sensor
In this section we describe our nested SFM feedback system comprising the tuning
fork sensor, a phase-locked loop and a commercial digital z-feedback.8 This setup
is rather versatile and can, in principle, be used in any kind of non-contact scanning
force microscopy setup.
14.5.1 Tuning fork admittance and frequency demodulation
It was shown in Ref. [384] that the bandwidth of a sensor that can be modeled with a
harmonic oscillator is inversely proportional to Q. This limits the bandwidth for the
detection of frequency shifts via the phase signal to f0 /(2Q), where f0 is the resonance frequency of the sensor. Because our tuning fork sensors have f0 ≈ 32 kHz
and Q values up to 200’000, we end up with a bandwidth below 1 Hz. It was shown
by Albrecht and coworkers in Ref. [384] that the force gradient can be measured with
8

TOPS3-system by Oxford Instruments
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larger bandwidth at the expense of increased noise as compared to pure phase detection (also called slope detection) if the cantilever is driven by a self-exciting positive
feedback loop with automatic gain control. A different technique for increasing the
bandwidth was introduced in scanning force microscopy by Dürig and coworkers
in Ref. [416]. They used a phase-locked loop for this purpose. Phase-locked loops
are one among many ways of demodulating frequency-modulated signals and are an
established method for frequency measurement [417–421]. Employed in scanning
force microscopy they allow the simultaneous measurement of conservative force
gradients leading to frequency shifts and dissipative effects causing amplitude damping. Digital versions of phase-locked loops have been developed by Edwards [376]
and later by Loppacher and coworkers [422, 423]. The electronic setup used in our
system for controlling the tuning fork sensors is very similar to the one developed by
Edwards in Ref. [376].
However, a topic that has — to our knowledge — been insufficiently discussed
in the literature is the question, why it is difficult to scan with high-Q cantilevers and
how the interplay between a phase-locked loop and the z-feedback influences the
performance of a microscope during scanning. Dürig and coworkers did present a
theoretical description of complete SFM-feedback systems using linear control theory [424], but analyzed their phase-locked loop system only in terms of its noise limits. Frequently, the paper of Albrecht and coworkers is interpreted in the sense that
with high-Q cantilevers fast scanning with pure phase control (slope detection) is not
possible owing to the bandwidth limitation given by the time constant τ = 2Q/ω0 .
However, there is a second effect of high Q shown in their paper, namely, the transient beat term, leading to restrictions of the dynamic range of slope detection. Although there is experimental evidence that a frequency tracking feedback does indeed
allow faster scanning with high quality (see, e.g., [376]), it is not apparent whether
the bandwidth limitation or the beat term are responsible for the limitations of slope
detection. In particular, it has not been discussed in the literature how the response
of high-Q sensors performs within a complete feedback system including a PLL.
In order to clarify these issues, we performed detailed experimental performance
tests with our system and analyzed the results within linear control theory. Special
attention is paid to the propagation of noise in the nested phase-locked loop and zcontrol feedbacks. We show how we determine the optimum settings for feedback
parameters. They are found to be independent of the tip shape and the details of the
tip sample interaction. The advantages of using a feedback with phase-locked loop
for the very-high-Q tuning fork sensors will be discussed and a comparison is made
with the phase control mode (slope detection).
Admittance measurement
The inner dark gray region in Figure 14.9 shows the setup for the admittance measurement of the tuning fork as part of the whole nested feedback scheme. The tuning
fork (TF) is driven by the voltage controlled oscillator (VCO) with typical excitation
amplitudes between 10 µV and 1 mV depending on the Q value of the tuning fork.
The tuning fork current is converted into a voltage with the I-U converter (IUC).
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Fig. 14.9. Schematic drawing of the SFM electronic setup comprising the tip–sample interaction sensor (inner dark gray area), the phase-locked loop (light gray area), and the z-feedback
(outer dark gray area). The tuning fork (TF) is driven by a voltage controlled oscillator (VCO).
The current through the fork is converted into a voltage with a special I-U converter (for details
see text) labeled IUC. This signal is then demodulated with the lock-in amplifier that delivers
the amplitude (not shown for simplicity) and phase signal (Y). The phase-locked loop is made
complete by feeding the phase back into the VCO via a P-I controller (PI-PLL). The output
U∆f of this P-I controller is the input to the z-feedback loop. The latter determines the deviation of U∆f from a user-defined setpoint Uset and feeds the resulting error signal into another
P-I controller (PI-Z). The z-position of the tip is then set via the high-voltage amplifier (HV)
and the z-piezo. The tip–sample separation ∆z acts on the tuning fork resonance frequency
via the tip–sample interaction (circle with stylized force-distance curve).

The AC output voltage of the IUC is demodulated by the lock-in amplifier with sensitivity SLI , which determines the in-phase (X) and 90◦ (Y ) current components
corresponding to the real and imaginary components in eq. (14.6). The steady-state
output voltages up to first order in the frequency shift are given by
10 V αp2 QU0
K
,
SLI
πmf0
2Q
= −Xres
∆f,
f0

Xres =
Yres

where we have introduced f0 = ω0 /(2π) and the frequency shift ∆f = f − f0 .
The Y component of the signal is a linear indicator of the deviation of the driving
frequency from the resonance frequency which can be utilized for the SFM feedback.
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Noise in the admittance measurement
It turns out that the output noise
√ of the I-U converter, which was found in this
setup to be nIUC = 800 nV/ Hz at 32 kHz, dominates the noise in the whole
SFM feedback. The spectral noise density on the output signals of the lock-in,
nY (ω), is given by the amplified spectral noise density of the I-U converter, i.e.,
nY (ω) = 10 V/SLI nIUC (ω). The integrated output noise δYres = df n2Y (2πf )
depends on the lock-in time constant τ and on the order n of its low-pass filter via
,
n2IUC
10 V
×
δYres = cn ×
.
(14.10)
SLI
2πτ
The constants cn are of order unity and can be calculated and measured (c1 = 1.25,
c2 = 0.89, c3 = 0.77, c4 = 0.70). In our setup we use a lock-in time constant of τ =
100 µs corresponding to a bandwidth of 1.6 kHz and a fourth-order low-pass
√ filter
with slope 24 dB/octave. With SLI = 10 mV this leads to nY = 800 µV/ Hz and
to typical values of δYres = 22 mV corresponding to a frequency noise of 0.3 mHz.
Relative frequency shifts ∆f /f0 of the order of 10−8 can therefore be detected.
Demodulation of the modulated tuning fork signal
For the SFM operation it is crucial to know the bandwidth of the tip–sample interaction sensor, i.e., the time it takes to respond to a given step in ∆z or Uts . The step
response of our sensor can be determined similar to Albrecht [384] (see Appendix
D). If Uts (or ∆z) is modulated with frequency ω and the resulting frequency shift
∆f (ω) = αUts  fG = f0 /(2Q), one finds
Yres (ω) = k(ω)∆f (ω) = −Xres

2Q
1
∆f (ω)
,
f0
1 + iω/(2πfG )

(14.11)

i.e., a first-order low-pass behavior with bandwidth fG . In the step response, relaxing the condition of small frequency step ∆f leads away from pure low-pass characteristics to an oscillatory component in the time domain with frequency ∆f (see
Appendix D). This fact may be of crucial importance for the stability of a feedback
system. For example, too large scan speeds in phase-control mode may lead to an
unstable feedback. This effect is more serious, the larger the Q value of the sensor
is. We suggest that this is the reason why fast scanning is not generally possible
with high-Q cantilevers unless surfaces are smooth enough that the frequency shifts
encountered are sufficiently small.
A measurement of the low-pass behavior is shown in Fig. 14.10. It was performed
at a temperature of 4.2 K with the tip at a distance of 80 nm from the surface of
a GaAs/AlGaAs heterostructure in which a two-dimensional electron gas (2DEG)
resides 34 nm below the surface. The tuning fork was driven on resonance with an
AC voltage of U0 = 10 µV applied to the tuning fork contacts. The 2DEG was
employed as the metallic counter electrode of the tip. A DC tip–sample voltage of
Uts = −9 V was applied to the 2DEG while keeping the tip grounded. Following
the idea of eq. (14.19) a low-frequency AC voltage ∆Uts = 300 mV was added in
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Fig. 14.10. Various response functions of our feedback system. The curve labeled “Y-signal” is
the response function of the bare tuning fork sensor demodulated by the lock-in amplifier. The
curve labeled “PLL” is the response function of the phase-locked loop. The curve labeled “zfeedback” is the response function of the z-feedback including the phase-locked loop. Details
are explained in the text.

order to modulate the resonance frequency of the tuning fork. Fitting the low-pass
behavior (not shown) results in the characteristic frequency of the tuning fork fG =
0.13 Hz corresponding to Q = 116 000. In other experiments at low temperatures
we achieved Q values of up to 250’000.
In order to summarize the results of this section we want to emphasize the following points: the Y output of the lock-in amplifier is used as the frequency detector
in our setup. For small changes in resonance frequency ∆f  fG = f0 /(2Q) the
response shows low-pass behavior. Larger changes in resonance frequency lead to
an oscillatory step response of the phase signal. High-Q sensors have a stronger tendency to an oscillatory response due to their smaller fG as compared to lower Q
sensors.
14.5.2 Frequency detection with a phase-locked loop
Owing to the high Q values of our sensors, the response to changes in resonance
frequency, in particular during the approach of the tip to the surface, is too slow
to allow reasonable approach speeds. This is one reason why it is advantageous to
employ a phase-locked loop in our setup. As we will show below, the phase-locked
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loop (PLL) increases the bandwidth of the frequency-shift detection compared to that
of pure phase (slope) detection (fG ) shown before at the expense of increased noise.
Linear response
The PLL setup is schematically shown in Fig. 14.9 within the light gray box. The
output of the lock-in amplifier, i.e., the phase signal Y , is fed into a P-I controller
(PI). Its output U∆f is used as the input of the VCO. In the following we describe
the PLL by the linear equations
Y (ω) = k(ω)(fres (ω) − fd (ω)) + nY (ω),
U∆f (ω) = R(ω)Y (ω),
fd (ω) − f0 = ηU∆f (ω),

(14.12)
(14.13)
(14.14)

where fres is the resonance frequency of the tuning fork given by external parameters such as ∆z and Uts , fd is the frequency output of the VCO driving the tuning
fork, and f0 is the center frequency of the VCO around which fd can be modulated.
The function k(ω) is the response [eq. (14.11)] of the interaction sensor shown in
Fig. 14.9 as the inner dark gray region including the lock-in demodulator with its
frequency response defined by the lock-in time constant and filter characteristics. It
transfers the frequency shift fres (ω) − fd (ω) into the lock-in output signal Y (ω)
[eq. (14.12)]. The additional term nY (ω) is for a later discussion of the PLL noise
and will be assumed to be zero here. The function R(ω) is the response function of
the P-I controller transferring the lock-in output Y (ω) into the input voltage of the
VCO, U∆f (ω) [eq. (14.13)]. The constant η is the response function of the VCO,
which transfers the input voltage of the VCO into a frequency shift [eq. (14.14)]:
it is assumed to be frequency independent. The total response of the PLL depends
crucially on the characteristic frequency of the P-I controller, fPI , its gain P , on
the characteristic frequency of the tuning fork, fG , and on the bandwidth and filter
characteristics of the lock-in amplifiers. Parameters are optimized, if
fPI = fG .

(14.15)

If fPI < fG , the response of the PLL is unnecessarily retarded, while for fPI > fG
the response function develops an overshoot and tends to become unstable. If we
regard U∆f as the output and fres as the input of the PLL, we find the solution of the
linear response equations
U∆f (ω) = P LL(ω) (fres (ω) − f0 )

(14.16)

with the PLL-response function
P LL(ω) =

1 L(ω)
η 1 + L(ω)

and the open loop response defined as L(ω) := R(ω)k(ω)η. The system is unstable,
if the complex poles of P LL(ω), given by the solutions of 1 + L(ω) = 0, are located
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in the positive imaginary half plane. Stable feedback is only achieved if the gain
P of the P-I controller is kept below a critical value Pc . For example, in our setup
this value depends on the filter characteristics of the lock-in amplifier. Smaller time
constants (larger bandwidths) or a lower order of the output filter lead to a larger Pc .
At very low frequencies R(ω) is huge and L(ω)  1. In this limit P LL(ω) is
constant with the value 1/η. At frequencies much larger than fPI = fG , the function
R(ω) is constant but k(ω) becomes very small such that L(ω)  1 and the response
function decays like k(ω). For frequencies below the bandwidth of the lock-in amplifier (typically 1.6 kHz in our experiments) k(ω) behaves like a first-order low-pass
as discussed before. For higher frequencies the low pass at the lock-in output leads
to a much stronger decay (typically fifth order).
We now discuss the behavior of P LL(ω) for the case fG = fPI . In this case it
reduces to
1
1
1
1
P LL(ω) =
,
=
η 1 + if /(P aηfG )
η 1 + if /fPLL
where we have introduced a = Xres 2Q/f0 , i.e., to a low-pass behavior with the
new characteristic frequency fPLL = P aηfG . The product aη acts like an additional
P -factor and the effective P -factor is Peﬀ = P aη. The bandwidth of the PLL is a
factor of Peﬀ larger than the bandwidth of the interaction sensor itself. This is shown
in Fig. 14.10 as the curve labeled “PLL,” which was measured with η = 0.1 Hz/V,
a = 71 V/Hz, and P = 2. Higher bandwidths can be achieved with higher Peﬀ ;
however, the stability condition Peﬀ < Pc and noise considerations constitute the
upper experimental limits.
Noise considerations for the PLL
As discussed before, the dominating noise from the I-U converter, nIUC (ω), can be
represented as an equivalent noise source nY (ω) at the Y output of the lock-in amplifier. We now want to discuss how this noise transfers to the output of the phase-locked
loop, i.e., to a noise component nPLL (ω) on the signal U∆f (ω) (see Fig. 14.9). The
linear response analysis starts from eqs. (14.12–14.14) taking the additional noise
term nY (ω) in eq. (14.12) into account. The system can again be solved for U∆f (ω).
The solution is the sum of one term describing the desired controlling function [see
eq. (14.16)] and an additional noise term. The noise term resulting for fG = fPI is
nPLL (ω) = P

f − ifG
nY (ω).
f − ifPLL

(14.17)

At frequencies f  fPLL , fG , the noise gain is simply given by P , while for f 
fPLL , fG it is given by P fG /fPLL = 1/(aη) < 1. The low-frequency noise is
reduced by the PLL. However, because fG is small compared to the lock-in amplifier
bandwidth of about 530 Hz, the low-frequency noise suppression is not relevant in
practice for the integrated noise spectrum and to a good approximation the integrated
output noise of the PLL δU∆f is enhanced by the factor P over the noise on the Y
output δYres [cf. eq. (14.10)]:
δU∆f = P δYres .

(14.18)
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Fig. 14.11. Output noise of the PLL in the full range of frequencies. At high frequencies
the response is cut off due to the low-pass filter of the lock-in amplifier. At low frequencies
the noise figure is suppressed according to eq. (14.17), while it is enhanced at intermediate
frequencies by the proportionality constant P of the P-I controller.

A measurement of the PLL noise is shown in Fig. 14.11. Here, η = 0.1 Hz/V,
the tuning fork excitation was 10 µVrms. The lock-in time constant τ = 300 µs at
24 dB/oct is responsible for the strong cut-off of the noise spectrum above 500 Hz.
The I-U converter output noise nIUC was
√ amplified by a factor 1000 by the lockin and therefore has a value of 800 µV/ Hz at the lock-in output. In the frequency
range between 5 and 500 Hz the PLL noise is enhanced by the factor P = 12. At
the lowest frequencies the noise is reduced in agreement with the above discussion.
The integrated
noise spectrum corresponds to an effective frequency noise of about
√
20 mHz/ Hz. If desired, parameters
√ can be chosen such that the frequency noise
is suppressed well below 1 mHz/ Hz at the
√ cost of bandwidth. For scanning we
typically work with a PLL noise of 10 mHz/ Hz.
Amplitude feedback
As an additional refinement we can use the measured amplitude of the tuning fork
oscillation to feed it back into the amplitude modulation input of the Yokogawa oscillator. This additional feedback keeps the amplitude of the tuning fork oscillation
at a fixed value by adjusting the amplitude of the driving voltage. We omit the amplitude control in the discussion of the feedback systems in order to avoid unnecessary
complications.
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14.5.3 Frequency shift and tip–sample interaction
If the tip is brought close to the sample surface, the resonance frequency of the tuning
fork sensor depends on the tip sample interaction via the tip–sample separation ∆z
and the tip–sample voltage Uts . The action of these quantities on the admittance measurement are indicated in Fig. 14.9 by the circle enclosing a stylized force-distance
curve. In order to relate them to the frequency shift we apply the Hamilton–Jacobi
perturbation result [425]
∆f (∆z, Uts ) =
 2π
f0
dx Fts (∆z + A sin x, Uts ) sin x
−
2πAk 0
≈ α∆Uts + β∆z,

(14.19)

where α = ∂∆f (0, U0 )/∂Uts and β = ∂∆f (0, Uts )/∂∆z. The approximate expression of the frequency shift has been obtained by an expansion to first order in the
tip–sample separation ∆z and the tip–sample voltage Uts , which generates electrostatic tip–sample forces.
14.5.4 The z-feedback
Linear response
The PLL feedback is part of the z-feedback loop as shown in Fig. 14.9. The PLLoutput voltage U∆f is fed into the z-feedback P-I controller (PI), which drives the
high-voltage amplifier (HV). This amplifier supplies the voltage for the z-piezo electrodes and thereby determines the tip–sample separation ∆z. As a result of the forcedistance interaction characteristic, ∆z and the tip–sample voltage Uts are translated
into a resonance frequency of the interaction sensor [see eq. (14.19)], which is part of
the PLL. For controlling the tip at constant frequency shift ∆fset above the sample
surface, a certain Uset = ∆fset /η is chosen. The feedback will then keep the tuning
fork resonance frequency shift at ∆fset by controlling ∆z during a scan.
In the following we discuss the z-feedback in a similar fashion to the PLL. Here
the relevant linear equations are (cf. Fig. 14.9)
AC
∆f (ω) = αUts
(ω) + β∆z(ω),
∆z(ω) = µ∆UHV (ω),
U∆f (ω) = P LL(ω)∆f (ω) + nPLL (ω),
e(ω) = Uset − U∆f (ω),
∆UHV (ω) = P I(ω)e(ω).

(14.20)
(14.21)
(14.22)
(14.23)
(14.24)

Equation (14.20) describes the resonance frequency shift of the sensor caused by the
tip–sample voltage and the tip–sample separation [cf. eq. (14.19)]. The constant µ
is the (temperature-dependent) calibration of the z-piezo tube (e.g., 425 nm/70 V at
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4.2 K) converting the applied high-voltage signal ∆UHV (ω) into the z-position of the
tip, ∆z(ω) [eq. (14.21)]. Equation (14.22) describes the response of the phase-locked
loop [cf., eq. (14.16)]. The added noise term nPLL (ω) is again for later discussion of
the noise properties of the system and will be set to zero for the moment. The voltage Uset is the setpoint of the feedback. The function P I(ω) is the response of the
z-feedback P-I controller including the high-voltage amplifier. It transfers the error
signal [eq. (14.23)] into the voltage applied on the z-piezo, ∆UHV (ω) [eq. (14.24)].
We are interested in the response of ∆z as a result of surface roughness on the sample. We can simulate this roughness by applying a sinusoidal AC tip–sample voltage
AC
Uts
. The solution is
α AC
(ω).
∆z(ω) = Z(ω) Uts
β
AC
Here, the quantity α/βUts
plays the role of an effective surface roughness ∆zeﬀ
and
M (ω)
Z(ω) = −
,
1 + M (ω)

with the open loop response M (ω) := βµP I(ω)P LL(ω).
In the limit of low frequencies P LL(ω) is constant, P I(ω) dominates, and
βµP I(ω)P LL(ω)  1 such that Z(ω) is constant and given by −zeﬀ . In the limit
of large frequencies this response decays like P LL(ω).
Again, the system is unstable if the complex poles of Z(ω), given by the solutions
of 1 + M (ω) = 0, are located in the positive imaginary half plane. Stable feedback
is achieved only if the gain of the z-feedback P-I controller, Pz , is kept below an
(z)
(z)
upper limit Pc . The value of Pc depends — among other quantities — on β and
therefore on the characteristics of the tip–sample interaction.
If we assume again that the characteristic frequency of the z-feedback P-I controller is equal to the PLL-bandwidth fPLL , i.e.,
fPLL = fz ,

(14.25)

the z-feedback response simplifies to the low-pass
Z(ω) = −

1
1 + if /fFB

with the z-feedback bandwidth
fFB =

Pz βµ
fPLL = Pz P βµafG .
η

(14.26)

Here the product βµa acts as an additional P -factor and the effective value is
(z)
(z)
Peﬀ = Pz P βµa such that fFB = Peﬀ fG , i.e., the bandwidth of the z-feedback
is again larger than the bandwidth of the PLL. This is demonstrated in Fig. 14.10
where the curve labeled “z-feedback” was measured by varying the frequency of
AC
Uts
(ω). The figure summarizes the resulting frequency characteristics of the two
nested feedback loops, i.e., the PLL and the z-feedback. It is demonstrated that the
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total system response is a low-pass (below the bandwidth of the lock-in amplifier) if
all parameters are properly set. The bandwidth of the z-feedback can be increased
(z)
(z)
(z)
by using higher Peﬀ ; however, the stability criterion Peﬀ < Pc and noise considerations constitute the experimental limits.
Noise considerations for the z-feedback
We now consider the contribution of the dominant I-U-converter noise, nIUC (ω),
which transfers into the output noise of the PLL, nPLL (ω) [see eq. (14.17)]. The
relevant equations for the transfer into noise on ∆z(ω) are given by eqs. (14.20–
14.24) with nPLL (ω) in eq. (14.22) being non-zero. The response of the z-feedback
to the PLL-output noise determined from these equations under the condition fPLL =
fz is
f − ifG
nY (ω),
nz (ω) = −µPz P
f − if0
where nz (ω) is the spectral noise density of the z-position of the tip. It is interesting
to note that the bandwidth of the PLL does not enter nz (ω). The integrated noise of
the z-feedback is approximately given by
δz = µPz P δY.

(14.27)

Higher bandwidth of the z-feedback will lead to larger z-noise and for high quality
imaging it is important to keep δz as low as possible (typically of the order of 1 Å).
On the other hand, reasonable scan speeds require high bandwidths of the order of
several hundred Hz. This naturally leads to the question, how the optimum feedback
parameters can be found from the above analysis for a given setup.
14.5.5 About feedback parameters
The optimum feedback parameters are given by the following conditions:
1. The characteristic frequency of the PLL-PI-controller is identical to the characteristic frequency fG of the (tuning fork) sensor.
2. The characteristic frequency of the z-feedback P-I controller is identical to the
PLL bandwidth.
3. The Peﬀ parameter of the PLL is well below the critical value Pc where the PLL
feedback becomes unstable.
(z)
(z)
4. The Peﬀ parameter of the z-feedback is well below the critical value Pc where
the z-feedback becomes unstable.
5. The Peﬀ parameter of the PLL is small enough to give acceptable frequency
noise.
(z)
6. The Peﬀ parameter of the z-feedback is small enough to give acceptable z-noise.
We repeat the corresponding equations (14.15), (14.25), (14.18), and (14.27) below:
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,
2Q
fz = fPLL = P ηXres ,
δU∆f = P δYres ,
δz = µPz P δYres .
fPI = fG =
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(14.28)
(14.29)
(14.30)
(14.31)

From these equations the optimum feedback parameters can be found as follows:
First, the tuning fork
√ resonance curve is measured and fG is determined from its
half width at the 2-maximum value. This frequency determines the characteristic
frequency to be set on the P-I controller of the PLL via eq. (14.28). The gain P of
this P-I controller is set such that the output noise of the PLL [δU∆f , eq. (14.30)]
corresponds to a reasonable frequency noise (typically 10 mHz for scanning in our
setup). Next, the P-I parameters of the z-feedback are set such that eq. (14.29) is
fulfilled. Finally, the gain Pz of the z-feedback is adjusted according to the tolerable
z-noise with the help of eq. (14.31). We typically keep the z-noise around 1 Å for
normal scanning operation.
We emphasize that, within the linear feedback analysis presented here, the optimum feedback parameters determined in this way do not depend on any details of the
tip–sample interaction influenced, e.g., by the tip shape. Knowledge of the resonance
curve of the sensor alone is sufficient for the optimum settings of the feedback. This
allows one to set appropriate parameters for the feedback before the tip has ever come
close to the surface and fatal tip crashes due to unstable feedback can be successfully
avoided.
For a given z-noise there is a certain freedom concerning the choice of the parameters P and Pz , because according to eqs. (14.30) and (14.31) only their product
needs to be kept constant. This freedom allows us to choose the bandwidth of the
PLL either relatively high or relatively low in the span between fG and fFB . If the
PLL bandwidth is chosen to be high, e.g., close to fFB , the PLL will be able to track
the resonance frequency with the same bandwidth as the z-feedback and U∆f will
be constant throughout a scan. However, if the PLL bandwidth is chosen to be low,
e.g., closer to fG , the PLL cannot track the resonance frequency with the same bandwidth as the z-feedback and appreciable error signals arise whenever there is a step
on the surface. This is demonstrated in Fig. 14.12. The two images in the top row are
topographic images of a detail of a Hall bar structure with SFM-written oxide lines
in the bottom right corner. The left (right) image was taken with small (large) PLL
bandwidth at fixed bandwidth of the z-feedback. The bottom row shows the corresponding frequency error signal. It can be seen that with a slow PLL, an additional
image can be obtained in which the contours of edges appear very sharp. With a fast
PLL this contrast disappears completely. This “differential” image of the surface can
be very useful because it eliminates sample tilt and amplifies edges of small height
nicely.
Effect of Q and tuning fork spring constant on the bandwidth
It becomes clear from the above discussion that the bandwidth of the z-feedback is
given by eq. (14.26):
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Fig. 14.12. Left column: Topographic image (top) and frequency error signal (bottom) with
small PLL bandwidth. In this case the error signal enhances edges of the topography without deteriorating the performance of the z-feedback. Right column: the same with large PLL
bandwidth. In this case the error signal is just noise.

fFB = Pz P βµafG = Pz P βµXres ,

(14.32)

where we have used the relations fG = f0 /(2Q) and a = Xres 2Q/f0 . Most remarkably, the Q-factor cancels in the result for fFB due to the fact that the slope a of
the tuning fork response Y -signal around resonance (see Fig. 14.5) is proportional to
Q, while the bandwidth of the tuning fork response fG is proportional to 1/Q. It is
important to state here that this result is not at all in contradiction with the paper by
Albrecht and coworkers [384] in which the authors state that for high-Q cantilevers
the phase or amplitude response is slowed down. This fact is fully considered in
our description. However, these authors did not analyze a complete SFM-feedback
system and their result must not be erroneously transferred to this case.
In order to prevent misinterpretation of our eq. (14.32), we recall that the lowpass characteristic of a high-Q cantilever (or tuning fork) entering its derivation
is valid only if the changes of the resonance frequency encountered during a scan
(i.e., the error signal in the bottom row of Fig. 14.12) are small compared to
fG = f0 /(2Q). This fact makes clear that for given PLL- and z-feedback parameters, the scan speed cannot be made arbitrarily high, because, depending on the
surface roughness, sooner or later the feedback may become unstable. However, in-
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creasing the gain of the PLL can help to allow faster scanning by faster tracking of
the varying cantilever resonance.
In contrast to Q, the stiffness k − kc of the sensor directly enters the quantity β,
i.e., the slope of the ∆f (z) curve at the operating point [cf., eq. (14.8)] and therefore has a direct influence on fFB within the linear response approximation. Softer
sensors will lead to larger values of β and thereby increase the bandwidth of the
z-feedback.
Similar arguments play a role for the comparison of scanning in the attractive or
repulsive part of the ∆f (z) curve. In the attractive part typical values of β are much
smaller than in the repulsive part. Therefore the bandwidth tends to be considerably
larger for controlling in the repulsive regime.
It is worth mentioning that the feedback performance characterized by fFB does
indeed depend on the force-distance relationship via the quantity β, i.e., it depends,
for example, on the tip shape. Nevertheless, the optimum feedback parameters can
be found without the knowledge of β, i.e., they are independent of the force-distance
relationship. As shown above, these results are a consequence of the linear response
analysis and we find them confirmed in the experimental results.
Comparison to phase control (slope detection)
We want to discuss briefly why the use of the PLL is advantageous compared to
phase control, where the phase change measured as the Y output of the lock-in in
our case is directly used for the z-controller without the intermediate PLL.
From a similar linear response analysis as performed in this chapter for our nested
system, we find that the same bandwidths of the z-feedback can be achieved with
pure phase control. However, the same restrictions as above apply again for the tolerable frequency shifts. Sensor response becomes oscillatory, if the scan speeds are
chosen too high, and with phase control one does not have the ability to reduce the
encountered frequency shifts by tracking the varying resonance frequency faster. It
seems to us that this effect imposes the limit on scan speeds with high-Q cantilevers
operated in phase-control mode.
Enhancement of the bandwidth for scanning operation is therefore not the compelling argument for the use of the additional PLL feedback. It is rather the reduction
of the encountered frequency-shift error signals during a scan by fast tracking of the
varying resonance frequency with the PLL that makes these systems superior to pure
phase control. We can therefore summarize several reasons why we use the PLL:
1. The PLL increases the bandwidth of the tuning fork response when the zfeedback is not yet controlling, e.g., during the approach of the tip. The PLL
allows the use of reasonable approach speeds.
2. The PLL increases the dynamic range of the frequency detection. The Y signal
of the lock-in depends linearly on the frequency shift only in a limited range of
frequencies around resonance. With high-Q sensors this range can become so
narrow (100 mHz) that during tip approach or when scanning with large scan
speeds on rough surfaces the frequency shift runs out of this range. The PLL
avoids this problem by tracking the resonance. The frequency range that can be
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used with PLL is mainly determined by the VCO settings. We typically use a
range of 2 Hz.
3. The PLL allows to image with an additional adjustable frequency contrast (see
Fig. 14.12).
4. When one measures ∆f (z)-curves, the PLL allows the clear distinction between
conservative frequency shifts and dissipative effects [414, 424].

14.6 Force-distance studies on HOPG with piezoelectric tuning
forks at 1.7 K
Introduction
In this section piezoelectric quartz tuning forks have been employed as the force sensor in a dynamic mode scanning force microscope operating at temperatures down to
1.7 K at He-gas pressures of typically 5 mbar. This microscope was a modified commercial low-temperature scanning tunneling microscope that we used before we built
the more advanced 3 He-microscope setup described above. Here, an electrochemically etched tungsten tip glued to one of the tuning fork prongs acts as the local force
sensor. Its oscillation amplitude can be tuned between a few angstroms and tens of
nanometers using the same phase-locked loop setup as described above. The sensor
is used for a study of the interaction between the tip and a HOPG substrate [414].
Force gradient and dissipated power can be recorded with the phase-locked loop
setup simultaneously. It is found that during the approach of the tip to the sample
considerable power starts to be dissipated although the force gradient is still negative,
i.e., the tip is still in the attractive regime. This observation concurs with experiments
with true atomic resolution that seem to require the same tip–sample separation.
The interaction of the tip with the surface of a sample is of crucial importance
for the operation of scanning force microscopes [360]. A renewed interest in this
subject has arisen since atomic resolution was achieved in the dynamic mode on the
surfaces of insulators measured in UHV that were previously not accessible for local investigations on the atomic scale [385, 426–429]. Recently, atomic resolution
was achieved in the dynamic mode on highly oriented pyrolytic graphite (HOPG),
a so-called van der Waals surface, at temperatures of 10 K [415]. The low temperatures were necessary in order to reduce the thermal noise and provide stable imaging
conditions necessary for atomic resolution.
In the following we show force-distance studies on HOPG substrates at temperatures down to 1.7 K using a tuning fork sensor [414]. We discuss simultaneous
measurements of the force gradient and of the power dissipation vs. tip–sample separation.
Microscope Setup
Here a commercial cryo-SXM from Oxford Instruments was used that has been modified for working as a scanning force microscope utilizing a piezoelectric quartz tuning fork sensor for operation in the dynamic mode. The microscope is run in the
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He-gas atmosphere of the variable temperature insert of a cryostat at a base temperature of 1.7 K and pressures of typically 5 mbar. The microscope is designed for the
local investigation of semiconductor nanostructures in high magnetic fields, which
requires a large scan range at low temperatures at the cost of lateral spatial resolution.
Hence, atomic resolution cannot be achieved. Further details about the microscope
can be found in Ref. [407]. The electronic setup including the phase-locked loop is
identical to the one describe above. The PLL delivers the frequency shift of the tuning fork sensor and the dissipated power caused by tip–sample interactions. In our
experiments below 4.5 K, nominal tip oscillation amplitudes between 0.56 nm and
20 nm have been used. The quality factors of the oscillators ranged between 10’000
and 120’000 depending on temperature and pressure [410].
Force-distance curves
Figure 14.13(b) shows the frequency shift as a function of the tip–sample separation
z at zero bias voltage for different tip-oscillation amplitudes between 0.56 nm and
2.0 nm. All these curves have been measured for both sweep directions and no significant hysteresis was found. At large z, all the curves exhibit the well-known slow
decrease of ∆f with decreasing z until a minimum is reached. Beyond this minimum, ∆f increases steeply with a rate of up to 10 Hz/Å at the smallest tip-oscillation
amplitude. At a given z, larger amplitudes lead to smaller frequency shifts in accordance with the theoretical results in Ref. [425, 430]. The minimum in ∆f shifts to
larger z and becomes more shallow when the amplitude is increased. For the smallest
amplitudes below 0.4 nm the curves are almost identical. We therefore conclude that
for these amplitudes the force-gradient approximation is still valid even when the tip
is very close to the sample.
Figure 14.13(a) shows the corresponding measurements of the dissipated power
P as a function of the tip–sample separation z. It is calculated from P = U0 ITF ,
where U0 is the excitation voltage applied to the tuning fork and ITF is the tuning
fork current measured in phase with the excitation. We use the fact that the power
dissipated in the system, in particular the power dissipated during tip–sample interaction, has to be supplied by the electrical excitation of the tuning fork. At large z the
dissipated power is constant. When the tip approaches the surface, the power starts
to increase into the picowatt range. For larger tip-oscillation amplitudes the onset of
the dissipation is at larger tip–sample separations. Even at the smallest tip-oscillation
amplitudes, the onset of the power dissipation occurs at a tip–sample separation at
which the frequency shift is negative and the tip experiences an overall attractive
force. We believe that at these tip–sample separations the foremost tip atoms start to
come into intimate contact with the surface atoms and in addition to the conservative tip–sample interaction forces, there occur dissipative phenomena. We speculate
that phonon emission into the tip and the sample, or electrical losses due to the induced Kelvin current might be responsible for this effect. Further investigations are
necessary to clarify the origin of the power dissipation in the system. However, it is
interesting to note that the power increase occurs at a position in the curves where
other authors have reported true atomic resolution [385, 415, 426–429]. At smaller
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Fig. 14.13. (a) Dissipated power measured with a tungsten tip on a HOPG substrate at 1.7 K
for various tip-oscillation amplitudes. Numbers next to arrows indicate amplitudes in nm. (b)
Frequency shift vs. distance for different amplitudes.

tip–sample separations, the tip must deform massively but the reproducibility of our
curves suggest that this deformation is elastic.
Conclusions
In this section we have described force-distance studies measured at 1.7 K using
piezoelectric tuning fork sensors. Very high quality factors up to 120’000 allow the
detection of frequency shifts of less than 1 mHz. Small tip-oscillation amplitudes
down to 0.5 nm have been realized. Measurements were performed in which the
force gradient and the dissipated power were measured simultaneously as a function
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of the tip–sample separation on a HOPG surface. The data suggest that already at
relatively large tip–sample separations when the tip experiences a net attractive force,
the foremost tip atoms touch the surface and power is dissipated. At smaller tip–
sample separations the tip is significantly elastically deformed and at the same time
the power dissipation increases strongly.
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15
Local investigation of a two-dimensional electron gas
with an SFM at cryogenic temperatures

In this chapter a method for the local characterization of two-dimensional electron
gases will be described, which is based on experiments using the scanning probe microscope described previously. While conventional magnetotransport experiments,
i.e., the Hall effect and the measurement of Shubnikov–de Haas oscillations in the
magnetoresistance, allow the determination of an average electron density in the system, the method described here leads to the measurement of a local electron density
at the position of the conducting SFM tip.

15.1 Samples and structures
The layer sequence of the samples used for this study is shown in Fig. 2.1. It is a
GaAs/AlGaAs heterostructure with a shallow two-dimensional electron gas (2DEG)
confined at the heterointerface, which is 34 nm below the sample surface. The electrons are supplied by a Si δ-doped plane 17 nm remote from the heterointerface.
Figure 2.2 shows the corresponding self-consistent conduction band profile acting as the effective potential for the electrons in the growth direction. The electrons
occupy the lowest electric subband in the triangular well formed by the conduction
band offset and the smoothly bent GaAs conduction band edge. The Fermi energy
is pinned at the surface by a large density of surface states energetically located in
the center of the bulk band gap. This leads to the appearance of the built-in potential
barrier at the surface with a height of about half the band gap.
Four ohmic gold–germanium contacts have been diffused into the samples at the
edges of a 5 × 5 mm2 piece of wafer giving electrical access to the two-dimensional
electron gas. The remaining parts of the surface were not further treated. They are
therefore covered by a few nanometers of native oxide.

15.2 Kelvin-probe measurements
The sample was cooled down to the base temperature of 300 mK in the SFM setup.
A variable DC voltage was applied at the 2DEG contacts while the tip was kept
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Fig. 15.1. Frequency shift of the tuning fork resonance as a function of the voltage applied
between the PtIr tip and the buried two-dimensional electron gas for various tip–sample separations.

grounded. In this way the electrostatic force acting between the metallic tip and the
2DEG can be controlled. As in Kelvin-force microscopy, this electrostatic force can
be measured with the SFM tip. In our setup the frequency shift of the tuning fork
sensor measures the additional force gradient created by the applied voltage, similar
to the measurement shown in Fig. 14.7. In contrast to a metallic sample (also the
HOPG-sample used for the experiments in 14.4.3), the 2DEG in the heterostructure
has a relatively small density of states and a small Fermi energy. Therefore, relatively
small voltages applied between the 2DEG and the tip can change the local electron
density significantly, leading locally to a total depletion of the electron gas in the
extreme case.
Figure 15.1 shows measured frequency shifts as a function of the applied tip–
sample voltage for various tip–sample separations. Compared to the curve measured
on a HOPG substrate (Fig. 14.7), a clear asymmetry can be observed leading to a
weaker (stronger) frequency shift at positive (negative) voltages. For a given voltage,
the frequency shift decreases with increasing tip–sample separation. Comparing to
eq. (14.9) we can state that the measured curves cannot be fitted with a parabola, i.e.,
under the assumption of voltage independent ∂ 2 C/∂z 2 .
Qualitatively, we expect a locally enhanced electron density under the tip for
negative voltages (in this case the tip is positive relative to the 2DEG) and a reduced
density for positive voltages eventually leading to complete local depletion. Therefore we expect an ideal capacitor model with a voltage-independent capacitance to
work only for negative voltages. For positive voltages depletion of the 2DEG leads

15.2 Kelvin-probe measurements

0

∆f (Hz)

-10

experiment

-20

171

Fig. 15.2. Frequency shift as a
function of tip–sample voltage for
a tip–sample separation of 15 nm.
A parabola was fitted to the left
branch of the measured curve.
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to a hole in the capacitor plate, which is a change in geometry of the capacitor and
must therefore lead to a reduced capacitance. A voltage dependence of ∂ 2 C/∂z 2 is
the natural consequence.
Following this qualitative picture we assume a voltage-independent capacitance
for negative voltages and fit the left branches of the curves with a parabola according to eq. (14.9). This is shown in Fig. 15.2 for a tip–sample separation of 15 nm.
The information deduced from these fits is twofold. On the one hand, we obtain the
tip–sample voltage at which the parabola has its maximum. This quantity will be
discussed later. On the other hand, we get the curvature of the parabola, which is
proportional to ∂ 2 C(z)/∂z 2 . A plot of this quantity as a function of tip–sample separation is shown in Fig. 15.3. It can be seen that the curve can be well characterized
by having a z −2 -dependence. According to a comprehensive comparison of different
models for tip–sample arrangements with different tip geometries performed by Belaidi and coworkers [431], such a behavior is consistent with the model of a metallic
sphere above a metallic plane. Given that this slope persists up to tip–sample separations of about 700 nm we have to conclude that the tip diameter is at least of the
same order of magnitude in this experiment.
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Fig. 15.3. Second derivative of the
tip–sample capacitance as a function of tip–sample separation as
determined from the curvature of
the fitted parabolas (cf. Fig. 15.2).
The straight solid line has the
slope of a z −2 -dependence.
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We now turn to the discussion of the asymmetry of the Kelvin measurement.
The explicit parabolic voltage dependence of the frequency shift in eq. (14.9) can be
eliminated from the curves by normalizing ∆fmeas by ∆fﬁt , i.e., by plotting the ratio
of the two as a function of voltage. Figure 15.4 shows the result of the normalization procedure for the curve taken at 15 nm tip–sample separation. By virtue of the
normalization procedure and in accordance with our qualitative picture, ∂ 2 C/∂z 2
is constant for negative voltages. At a voltage of about −5 V, depletion starts under
the tip. With increasing voltage the area of the depleted region grows continuously
reducing ∂ 2 C/∂z 2 . We empirically define the onset voltage for depletion, Udepl , in
the way indicated in Fig. 15.4. At this voltage a linear fit made in the turning point
of the decaying ∂ 2 C/∂z 2 -curve crosses unity. The same analysis has been applied to
all curves in Fig. 15.1 for different tip–sample separations and the result is shown in
Fig. 15.5. From these curves we can extract the dependence of Udepl on tip–sample
separation (see Fig. 15.6). The series of points can be quite well fitted with a linear
function. This finding can be interpreted within a suitable model (see below).
We briefly come back to the second type of information that can be obtained
from the parabolic fit shown in Fig. 15.2, namely, the voltage at which the parabola
has its maximum. Conventionally this voltage is interpreted as the difference in work
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functions of the two materials involved. Figure 15.7 shows this quantity as a function
of tip–sample separation. Although the error bars are rather large, a slight trend for
an increase at smaller tip–sample separation becomes evident, in contradiction of the
notion of a constant material-dependent work function difference ∆µch . The origin
of this behavior will be traced back to the presence of fixed localized charges in the
system (surface charges, doping plane) below.

15.3 General electrostatic consideration
A general model for the experimental system (see Appendix A) starts from Poisson’s
equation
∇ [ε(r)ε0 ∇φ(r)] = −ρion (r)
(15.1)
with the spatially varying dielectric function ε(r), fixed ionic charges ρion (r) accounting, e.g., for ionized donors or surface charges, and the electrostatic potential
φ(r). The two-dimensional electron gas is, for simplicity, considered to be a perfect
Fig. 15.6. Local electron densities compared to the Hall and
Shubnikov–de Haas densities.
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metal plate and the tip is also regarded as a perfect metal of arbitrary shape. In order
to be most general, we even allow other metallic electrodes to be present in the system, e.g., metallic gates or more remote metallic surfaces. The boundary conditions
for the problem are then given on the metallic surfaces Si by
φ(r)|Si = φi ,
where the φi is the electrostatic potential of electrode i. A general solution of this
problem can be formally expressed using the Green’s functions of the system (see
Appendix A) [284]. The resulting charge density induced on electrode i can be written as
(0)
σi (r) = σi (r) +
cij (r)φj ,
(15.2)
j
(0)
σi

and σi and the coefficients cij are given by integral
where the surface charges
expressions involving Green’s function of the problem and therefore depend on position r on the electrode (see Appendix A). If we consider our experiment with two
electrodes, one being the two-dimensional electron gas and one the tip, and we set
the potential of the electron gas to zero without a loss of generality, we obtain for the
charge density induced in the two-dimensional electron gas
(0)

σ2DEG (r) = σ2DEG (r) + c2DEG−tip (r)φ2DEG−tip .

(15.3)

Between the electrostatic, the chemical, and the electrochemical potential there is the
general relation µelch = µch − eφ, such that φ = (µelch − µch ) /(−e). The applied
voltage between two electrodes is the difference of their electrochemical potentials:
Uij = µelch,i − µelch,j . Applying these relations to eq. (15.3), we obtain
(0)

σ2DEG (r) = σ2DEG (r) + c2DEG−tip (r)(Uts + ∆µch /e),

(15.4)

where ∆µch is the work function difference between the tip material and the twodimensional electron gas and Uts is the applied voltage. At this point we can nicely
discuss the influence of the tip on the system. If Uts + ∆µch /e = 0, the electron
(0)
density is simply given by σ2DEG (r). This quantity depends, however, on the presence and the exact position of the tip via the boundary conditions of the problem.
This means that even if the difference in the work functions between the materials is
exactly cancelled by the applied voltage, the presence of the tip can change the local
(0)
electron density in the 2DEG via the dependence of σ2DEG (r) on tip position.
Application of a suitable voltage Uts at constant tip position will change the local
electron density proportional to the differential capacitance function c2DEG−tip (r).
This function depends on the exact shape of the tip, but will for a typical conical tip
be similar to a Lorentzian distribution with an extremum below the tip apex [362].
A negative voltage on the tip relative to the (grounded) electron gas will deplete the
electrons, and the electrostatic model with a voltage independent ctip−2DEG (r) will
be applicable until complete depletion is reached. Beyond this point ctip−2DEG will
become voltage dependent, because the boundary conditions of the problem change:
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the 2DEG will behave like a metallic plate with a hole under the tip whose size
depends on Uts .
We now return to a further discussion of the general case of many electrodes. The
integrated charge on electrode i is [cf., eq. (A.6)]
(0)

Qi = Qi

+

Cij φj ,

(15.5)

j

where the Cij are the capacitance coefficients between electrodes i and j and the
(0)
Qi are the charges induced on electrode i when all electrodes are grounded. This
induced charge is due to the presence of the fixed ionic charges
system. The
 in the
capacitance coefficients have the property Cij = Cji and j Cij = i Cij = 0.
They will start to depend on voltage as soon as depletion starts in the 2DEG, similar
to the cij (r).
The measured frequency shift in the experiment is proportional to the force gradient in z-direction felt by the scanning tip. It can be calculated within our model
from the rate of change of the total electrostatic energy of the system, when the
tip-electrode (i = 0) is moved in z-direction. The resulting force gradient is [cf.,
eq. (A.7)]
(0)
∂ 2 Qj
∂Fz
∂ 2 Cji
1
φj
φi +
φj
.
=
∂z
2 ij
∂z 2
∂z 2
j
For a description of the experiment we again consider a system with only two
electrodes, namely, the tip and the two-dimensional electron gas. The capacitance
matrix is then given by C11 = C22 = C and C12 = C21 = −C. Again we set the
electrostatic potential of the electron gas to zero, i.e., φ1 = 0. We then find for the
force gradient:

2
(0) 
(0) 
∂Fz
Q0 (z)
(Q0 )2
1 
−
= C (z) φ0 +
,
(15.6)
∂z
2
C  (z)
2C  (z)
where the double primes indicate the second derivative with respect to the z-position
of the tip. Including the relation between electrostatic potential, chemical potential,
and electrochemical potential to eq. (15.6), we find for the force gradient

2
(0) 
(0) 
∂Fz
∆µch
(Q0 )2
1 
Q0 (z)
−
= C (z) Uts +
+
,
∂z
2
e
C  (z)
2C  (z)
where ∆µch is the difference in the chemical potentials between the tip material and
the electron gas (also referred to as the work function difference between the two
materials) and Uts is the tip–sample voltage. According to this equation, the force
gradient (and thus the measured frequency shift) is parabolic in the voltage and the
apex of the parabola is at
(0)

Ua =

(z)
∆µch
Q
− 0 
.
−e
C (z)

(15.7)
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This result makes clear that the apparent work function difference given by the apex
of the parabola may in fact depend on the z-position of the tip if fixed charges are
present in the system, in agreement with the results shown in Fig. 15.7.
In analogy to the remarks made above about the depletion of the electron gas,
C(z) and also C  (z) will become functions of Uts as soon as the two-dimensional
electron gas begins to deplete under the tip.

15.4 Plate capacitor model
In order to illustrate the above somewhat abstract considerations, we illustrate them
with a simple parallel-plate capacitor model sketched in Fig. 15.8. It is expected
to lead to reasonable results, if the tip radius is large compared to the tip–sample
separation. Two planes of fixed charges are present in this model: the doping plane
with charge density σd is located at a distance d1 from the two-dimensional electron
gas and a surface charge σs is located directly at the dielectric interface of the sample
(ε2 ) to vacuum (ε1 ). The separation of the tip from the surface is z. In such a system
the charge density in the two-dimensional electron gas is given by
σ2DEG = −

ε1 ε2 ε0
ε1 σd d2 + ε2 (σd + σs )z
(Uts + ∆µch /e) +
,
ε1 (d1 + d2 ) + ε2 z
ε1 (d1 + d2 ) + ε2 z






(0)

C(z)/A

Q2DEG (z)/A:=−ens (z)

which has exactly the structure of eq. (15.4). We start the discussion assuming Uts +
∆µch /e = 0. For very large tip–sample separation z, the charge density in the twodimensional electron gas is given by −en∞
s = σd + σs . For very small z it changes
to n0s = σd d2 /(d1 + d2 ). The total voltage that one has to apply across this capacitor
in order to deplete an electron density ns (z) is given by
Udepl =

∆µch
ens (z)A
∆µch
ε1 σd d2 − ε2 en∞
s z
.
+
=
−
−e
C(z)
−e
ε 0 ε 1 ε2

(15.8)

The depletion voltage depends linearly on the tip–sample separation in accordance
with the measurement depicted in Fig. 15.6. From the slope dUdepl /dz = en∞
s /(ε0 ε1 )

tip

z
d2
d1

ε1
ε2

σs surface
σd
2DEG

Fig. 15.8. Plate capacitor model
for the tip–sample system. Part
of the capacitor is filled with the
AlGaAs/GaAs dielectric which
has a dielectric constant of ε2 =
12.53 [351], the other part is
the vacuum gap characterized by
ε1 = 1.
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the local electron density can be determined to be 1.9 × 1011 cm−2 . As a comparison
we plot curves into Fig. 15.6, which are predicted by eq. (15.8) with densities ns
determined from Hall and Shubnikov–de Haas measurements. Given the simplicity
of the model, the agreement is reasonable, especially if we take into account that the
2DEG density can be inhomogeneous across a macroscopic sample.
If we evaluate the z-dependence of the apparent work function difference given
by eq. (15.7) for the plate capacitor model, we find
Ua =

∆µch
σs (d1 + d2 ) + σd d1
−
−e
ε1 ε0

independent of z. Inserting our sample parameters, ε1 = 1, d1 + d2 = 34 nm,
d1 = d2 = 17 nm, σd = 1.6 × 10−3 Cm−2 (estimated), and σs = −1 × 10−3 m−2
(estimated), we obtain a value of −0.76 V for the second term, indicating that the
presence of fixed charges in the sample can have an appreciable influence on the
apparent work function difference measured in the experiment. However, given the
uncertainties in the estimated values, one should not take the exact value too quantitatively, but rather consider it as an estimate of the order of magnitude of the effect.
This z-independent result has to be compared with the experimental results shown
in Fig. 15.7, which indicate a small z dependence. Obviously, a more realistic model
including the actual tip shape would solve this problem. In fact, the tip shape does
influence the geometric capacitance and the dependence of ∂ 2 C/∂z 2 on the tip–
sample separation. Looking at the order of magnitude of the apparent work function
difference in the measurement, we can see that the estimated influence of the fixed
charges in the system can be quite significant and is of the same order as typical work
function differences between materials.
More involved models for the tip–sample system would take a more realistic
shape of the tip into account, as we mentioned above. Further improvement can be
gained by taking the screening properties of the two-dimensional electron gas into
account self-consistently. This would include density of states contributions to the
capacitance which were not taken into account in the presented analysis.
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16
Local investigation of edge channels

In this chapter we discuss measurements aiming at the local investigation of edge
channels in the quantum Hall regime. Several techniques will be discussed, which
have been reported by a small number of groups worldwide. An experiment will be
looked at in more detail in which the tunneling resistance between edge channels was
measured. By using a local potential perturbation induced by the tip of a scanning
force microscope, it was possible to enhance the tunneling coupling and map its
strength along the edge of the two-dimensional electron gas.

16.1 Brief introduction to edge channels
The importance of the sample edge for the quantum Hall effect [48] was pointed out
soon after its discovery on the basis of a model of non-interacting electrons [432].
Later interactions were considered by using self-consistent descriptions of the sample edge [50, 433, 434]. Figure 16.1 shows the general notion of the self-consistent
potential and the electron density at the sample edge in equilibrium. In the bulk of the
electron gas (left in the figure) the Landau levels have an energetic spacing of h̄ωc ,
where ωc = eB/m is the cyclotron frequency, B is the magnetic field normal to the
plane of the electron gas, and m is the effective mass of the electrons. The electron
density in the bulk is constant. Near the edge the Landau levels have to follow the
increasing electrostatic confinement potential and the electron density has to go to
zero. Owing to the density of states in a magnetic field with peaks in energy at the positions of the ideal Landau levels, the density of states at the Fermi energy oscillates
strongly as a function of position leading to oscillating screening properties of the
electron gas at the edge. Whenever an Landau level crosses the Fermi energy screening is good and the potential flattens out. At the same time the electron density shows
a strong gradient. These regions are called compressible strips because they have a
finite density of states at the Fermi energy. The regions between compressible strips
are called incompressible, because the density of states at the Fermi energy vanishes there. In these strips the potential has a strong gradient while the density is flat.
Screening in the incompressible strips is poor. Geller and Vignale have calculated the

180

16 Local investigation of edge channels

equilibrium currents in the compressible and incompressible strips self-consistently
[434]. They found that in the compressible regions the current proportional to the
density gradient and the current direction leads to a diamagnetic magnetic moment.
In the incompressible regions the equilibrium current is proportional to the potential
gradient and produces a paramagnetic effect. The subtle interplay between these two
spatially separated types of current lead naturally to the oscillatory magnetization of
a two-dimensional electron gas as a function of magnetic field [435].
Since the theoretical prediction of the existence of self-consistent edge-channels
and compressible and incompressible strips in the quantum Hall regime, there has
been a series of experimental attempts to measure local properties at sample edges
in high magnetic fields. Electron–phonon interaction was used in first experiments
[436]. Optical techniques with a spatial resolution of about 1 µm in the best case
also supported the notion of edge channels [437–439]. Later experiments tried to
detect the edge currents inductively, but evidence for bulk currents was found [440,
441]. Recently, edge strips were imaged using a metallic single-electron transistor
fabricated near the edge of a 2-dimensional electron gas (2DEG) [442].

16.2 Scanning probe experiments
It is obvious to employ scanning probe techniques with their unprecedented potential of spatial resolution for such investigations and several experiments have been

electron
density
EF

incompressible
(paramagnetic
I prop. to dV/dx)

compressible
(diamagnetic
I prop. to dn/dx)

Fig. 16.1. Self-consistent edge channel structure
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reported during the past few years using a scanning single-electron transistor [401],
scanned potential microscopy [443], Kelvin probe techniques [368], and subsurface charge accumulation measurements [444–446]. In the following we give a brief
overview of these experiments.
16.2.1 Scanning SET measurements
The scanning single-electron transistor (SET) sensors described before have been
employed in Ref. [401] for an investigation of GaAs/AlGaAs heterostructures with a
two-dimensional electron gas 100 nm below the surface. The SET sensor was kept at
a distance of 100–200 nm above the sample surface. Spatial resolution is estimated
to be a few hundred nanometers.
The scanning SET was operated as part of a feedback loop keeping the SET
current [eq. (14.1)] and thereby the induced charge on the SET island constant at
the operating point by controlling the voltage between the sensor and the 2DEG.
This voltage is the measured output signal. Low-frequency (below 100 Hz) lock-in
techniques were used in order to extract the small signals from transport through the
2DEG or the capacitance between the SET and the backgate from the huge unwanted
signals of biased surface gates and fluctuating surface dopant charges.
In the sample a backgate 5.4 µm below the 2DEG was used for tuning the electron
density, which was in the range of 1011 cm−2 at liquid-He temperatures. Mobilities
of about 4 × 106 cm2 /(Vs) were determined.
In so-called transparency measurements, the local compressibility of the twodimensional electron gas, i.e., the local density of states at the Fermi level, was measured. This was accomplished by modulating the voltage between the backgate and
the SET. The electron gas between these two “metallic” electrodes is kept at constant potential with respect to the sensor and therefore screens the AC field more
or less, depending on the (local) filling factor. Compressible strips are found that
screen the signal from the backgate well, while incompressible strips do not screen.
The inhomogeneous local electron density can be deduced from such measurements
by plotting contours of constant filling factors. In some places closed incompressible contours lead to isolated regions in the 2DEG that cannot be charged. Steplike
features of the local chemical potential difference between 2DEG and SET could
be measured with the sensor at a fixed position, while an incompressible strip was
made to pass the region below the tip by changing the backgate. Such steps reflect
the step like local self-consistent potential expected in the regions of the strips (see
Fig. 16.1). It was also attempted to measure the Hall-voltage distribution between
opposite edges of the sample. Around filling factor ν = 2 a change from a linear to
a flat voltage distribution was found. However, not the full Hall voltage drop could
be measured due to screening effects by the top-gate electrodes defining the edges.
It remains to be discussed how far the presence of the metallic SET influences the
distribution of potentials and currents, compressible and incompressible strips, e.g.,
by screening or by an insufficiently compensated work-function difference between
2DEG and SET.
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16.2.2 Scanned potential microscopy
In another experiment, the quantum Hall effect has been locally investigated using
a gold-coated piezoresistive cantilever coupling capacitively to the two-dimensional
electron system [443]. The 2DEG was again located in a GaAs/AlGaAs heterostructure, 77 nm below the surface. Measurements were performed at temperatures between 0.7 and 1 K. An AC voltage was applied to the source contact of the Hall bar
sample while the drain contact was grounded. This leads to a local electrostatic potential UAC (x, y) in the two-dimensional electron gas. The measured quantity in this
experiment is the force acting on the cantilever. It is dominated by the electrostatic
force contribution given by
F =

1 
2
C (x, y) (Utip − U2DEG + ∆µch (x, y)/e)
2
(0) 

+Qtip (x, y) (Utip − U2DEG + ∆µch (x, y)/e)
(16.1)
in a classical capacitive model. Here, C  (x, y) = ∂C(x, y, z)/∂z is the z-derivative
(0) 

of the position-dependent capacitance between tip and 2DEG, Qtip is the z-derivative
of the charge induced on the tip at zero bias due to fixed charges in the system (e.g.,
surface charges and ionized dopants), ∆µch (x, y) is the local work function difference between tip and sample, Utip is the voltage on the tip, U2DEG = −µelch (x, y)/e
is the local voltage in the 2DEG under the tip. In equilibrium the latter quantity is
position independent. The idea of the measurement is to apply an AC transport current through the Hall bar sample at frequency ω which induces a position-dependent
AC,tr
U2DEG
(x, y) reflecting the Hall voltage profile. The resulting AC force
tr
FAC
= − [C  (x, y) (Utip + ∆µch (x, y)/e)
$
(0) 
AC,tr
+ Qtip (x, y) U2DEG
(x, y)

is used for driving the cantilever at its resonance frequency at 120 kHz. The measured
oscillation amplitude is proportional to the driving force (enhanced by the Q-factor
of the oscillating cantilever on resonance) and therefore to the local electrochemical potential in the two-dimensional electron gas. At a fixed magnetic field the other
quantities (capacitance and induced charge) may also contribute to the position dependence of the measured force, especially in the quantum Hall regime, where localization of electronic charge in the bulk of the Hall bar plays a crucial role and
the time constants for establishing an equilibrium electrochemical potential in the
bulk can be very long. A suitable reference measurement, in which the AC voltage
is applied to all contacts of the Hall bar, implying that no transport current flows
and no Hall voltage builds up, can be used for eliminating the undesired prefactor.
eq
In this case, the measured AC force, FAC
, will be given by the above expression for
AC,eq
tr
with the same prefactor, but a position-dependent equilibrium voltage U2DEG
.
FAC
eq
tr
Normalizing FAC by FAC gives
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tr
tr
U2DEG
FAC
(x, y)
.
eq =
eq
FAC
U2DEG (x, y)

The normalized Hall voltage profile measured in this experiment at a given
position along the Hall bar is found to be periodic in the inverse magnetic field
1/B, in agreement with a general consideration of the effect of B on the voltage
AC
U2DEG
(x, y; B). The normalized Hall voltage profile at different filling factors ν
around ν = 6 shows a transition between a linear behavior above and below the
plateau in the Hall resistance and a profile with a flat region in the bulk with all the
voltage dropping near the edges of the sample. This implies that sample edges and
bulk do not equilibrate at these fields, implying that the sample edges are effectively
decoupled from the bulk. High DC transport currents with creating Hall voltages
above the Landau level spacing h̄ωc lead to equilibration of edge channels. No compressible or incompressible strips were observed in this measurement, but the width
of the edge state regions is found to increase with the number of edge channels with
a width of about 300 nm per channel. In the flat region of the Hall resistance plateau,
the normalized Hall voltage profile was found to develop significant gradients within
the bulk of the sample.
Related experiments for the measurement of Hall voltage profiles were performed by another group using a different technique [366, 368, 374, 447]. In contrast
to the previous method the force [eq. (16.1)] is not measured in this experiment, but
the force gradient
F =

1 
2
C (x, y) (Utip − U2DEG + ∆µch (x, y)/e)
2
(0) 

+Qtip (x, y) (Utip − U2DEG + ∆µch (x, y)/e)
This is accomplished by driving the iridium-coated piezoresistive cantilever externally on resonance and measuring the resonance frequency shift caused by the electrostatic force gradient with a feedback loop. Apart from this difference, the technique corresponds to the one presented above: a few Hz AC transport current is
applied to the source contact of the 2DEG with the drain contact grounded. This
induces a local low-frequency variation of the electrochemical potential, which in
turn leads to a position-dependent low-frequency modulation of the frequency shift
that can be detected using lock-in techniques. The position-dependent prefactor of
AC,tr
U2DEG
is again eliminated by normalizing to the result of a reference measurements
in which the AC voltage is applied to all the contacts of the electron gas. An advantage of not driving the cantilever with the tip-sample voltage lies in the fact that
the very low modulation frequency of 3.4 Hz (compared to 100 kHz used above) can
be used which minimizes RC effects in the charging of regions in the 2DEG with
localized states.
Three different types of Hall potential profiles are observed in these experiments
depending on the value of the filling factor ν: linear Hall potential drops are observed
up to ν = 1.76 when ν = 2 is approached from lower filling factors. At filling factors
around ν = 2 the Hall potential drops rather arbitrarily in the bulk of the Hall bar.
At filling factor ν = 2.14 the potential becomes flat in the bulk and all the potential
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drop occurs near the edges of the sample. Proceeding to lower filling factors the
same scenario repeats around filling factor ν = 4. The behavior is consistent with the
experimental results discussed before and it is related to the notion of compressible
and incompressible regions in Ref. [374]. It is shown that the equilibrium center
positions of the innermost incompressible strip does indeed move with ν according
to a theoretical prediction [448].
With this technique the Hall potential distribution was also investigated near
potential probe contacts [447]. An incompressible strip is found at filling factors
slightly above integer values, which is not only present along the mesa edges, but
also along the metal contact. It is conluded that the bulk is strongly decoupled from
the edge and the ohmic contacts at these filling factors.
16.2.3 Subsurface charge accumulation imaging
The third set of experiments to be discussed here uses the so-called subsurface
charge accumulation imaging in the quantum Hall regime at a temperature of 300 mK
[388, 444–446, 449, 450]. This technique measures the local accumulation of charge
in a two-dimensional electron gas in response to an AC voltage (100 kHz) applied
between the conducting tip scanned at constant height above the surface and the
2DEG. The DC perturbation of the tip on the 2DEG is minimized by compensating
the work function difference between the tip and the sample with a DC tip voltage of 0.4 V. The tip is connected to a sensitive charge detector, which relies on a
field-effect transistor mounted at cryogenic temperatures [390]. Signals in-phase and
out-of-phase with the AC excitation are detected with lock-in techniques. Because
most of the electric field lines between 2DEG and tip terminate far away from the
tip apex, there is a large background signal adding to the local signal of interest. Detailed fine structure on a length scale of about 100 nm can be resolved on the resulting
images acquired in the quantum Hall regime, if the background signal is subtracted
employing a bridge circuit [390]. Some of the observed structure in the experimental
images can be explained using the idea of compressible and incompressible strips.
The suppression of the local charging signal can arise due to two distinct reasons:
either the local compressibility of the electron gas below the tip apex is low (low
density of states at the electrochemical potential) or the conductivity of the 2DEG
surrounding the tip position is too low to allow charging under the tip within half a
period of the excitation (RC effect).
Possible models needed for an interpretation of the data are discussed in Ref.
[450]. The simplest model entirely neglects RC effects and describes the measured
capacitive signal as arising from a series connection of a plate capacitor with a geometric capacitance Cg and a quantum capacitance contribution Cq = e2 D(B), which
is proportional to the local magnetic-field-dependent density of states D(x, y; B).
The most involved model treats the electron gas on a discrete lattice with given local conductances and capacitances between neighboring sites. This conductance and
capacitance pattern has to be optimized until the simulation fits the measured image.
The charge sensor is sensitive enough to detect individual charges entering the
region under the tip. At suitable filling factors and tip-sample voltage, a quantum dot
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can be formed under the tip which contains only a small number of electrons separated from the surrounding electron gas by a circular incompressible strip. Singleelectron charging of this dot has been observed [445], and the varying number of
electrons in this dot as it is dragged along with the tip has been used for mapping the
local potential in the Hall liquid.
16.2.4 Local modification of inter-edge-channel tunneling with a scanning
force microscope
In this section we discuss another type of local edge state imaging in the quantum
Hall regime, which is also based on low-temperature scanning probe techniques [451,
452]. In this approach the tunneling current is measured between edge channels that
are separately contacted. The tunneling current is locally modified using a potential
perturbation induced by the conducting tip of a scanning force microscope.
The samples are based on an GaAs/AlGaAs heterostructure with the two-dimensional
electron gas residing 34 nm below the sample surface. Figure 16.2 shows a photograph of the structure, which was prepared using photolithographic techniques. The
structure is essentially a circular mesa with a diameter of about 500 µm with a central hole of 20 µm in diameter. The sample is connected to the measurement setup
via the internal ohmic contacts C1 and C2. A star-shaped gate electrode splits the
two-dimensional electron gas into four ungated sectors.

(a)

(b)
C1

Gate
100mm

C2

Gate

20 mm

2DEG
n=4
Gate
n=2
n=4

Gate

Gate

Fig. 16.2. (a) Photography of the circular mesa structure with the internal contacts C1 and C2.
A small circular hole is etched into the center of the structure. (b) Schematic blow-up of the
central part of the sample. For appropriate choice of UG and B the indicated filling factors can
be achieved leading to the distribution of edge channels as indicated by the black lines.

The sample is mounted in a home-built low-temperature atomic force microscope
utilizing a piezoelectric quartz tuning fork force-sensor. The basic principle of the
microscope and the characteristics of the tuning fork sensors have been described
above and can be found in Refs. [407, 410, 414]. Experiments were performed in the
variable temperature insert of a standard 4 He cryostat at a temperature of 1.9 K. A
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voltage of 10 µV was applied between C1 and C2 and the two-terminal conductance
was measured with a current-voltage converter.
Figure 16.2(b) shows a schematic magnification of the central part of the structure for illustrating the basic concept of our experiment. Using the appropriate combination of gate voltage, UG , and magnetic field, B, we are able to set up a situation
in which the bulk of the ungated electron gas has a Landau level filling factor ν = 4,
i.e., two spin-degenerate edge channels exist, while the gated regions have a filling
factor of ν = 2 supporting only one spin-degenerate edge channel. The latter will
be able to circulate around the central hole of the structure as shown in the figure.
The other edge channel is not allowed under the gate. It will therefore come from
C1 (or C2) along the edge of the gate, run in parallel with the ν = 2 edge channel
along the edge of the central hole, and then return to contact C1 (or C2) along the
other edge of the gate. Since under these conditions the bulk regions of the gated
as well as of the ungated 2DEG are insulating, the current from C1 to C2 involves
tunneling processes between the two edge channels. Spatially, tunneling has to occur
in regions where both edge channels run in parallel, i.e., in the vicinity of the edge of
the central hole. Conceptually, this tunneling transport is somewhat related to recent
experiments on tunneling through the edge states around an antidot [453], however,
the quantization of edge states around the central hole (the “antidot”) plays no role in
our structure. The central idea of the present experiment is that the tunneling current
between the two edge channels can be locally enhanced (or suppressed) by applying
a local potential perturbation capacitively induced by the conducting tip.
In order to find the appropriate settings for UG and B we characterized the structure by measuring the two-terminal conductance between contacts C1 and C2 as
a function of these two parameters with the tip withdrawn from the surface of the
structure. The result is shown as a gray scale image in Fig. 16.3.
It can be seen that at UG < −0.08 V the regions under the gate are completely
pinched off and the conductance vanishes. At UG > −0.05 V the gray scale plot is
dominated by the Landau fan given by the 2DEG under the gate. The conductance
oscillates as a function of B due to the Shubnikov–de Haas effect. The contribution
of the ungated 2DEG can barely be seen in this range of UG . However, in a very
small range of gate voltage around UG ≈ −0.07 V vertical cuts through the plot
reveal 1/B-periodic oscillations, which are independent of UG but can hardly be
seen on the gray scale plot, i.e., we observe the Shubnikov–de Haas oscillations of
the ungated regions. They lead to the bright horizontal lines in the figure where the
filling factors for the ungated regions are indicated. It can be seen from the figure that
at B ≈ 5 T and UG ≈ 0.02 V we achieve the desired ν = 2 under the gate, while in
the ungated regions we have ν = 4.
While keeping the sample under these conditions, the tip is now scanned across
the sample surface near the edge of the inner hole. The tip was kept at a constant voltage Ut = 0 V, but owing to the work function difference between the tip material PtIr
and the sample there exists an effective electrostatic potential drop between tip and
2DEG, which locally depletes the electron gas. Figure 16.4(a) shows a 5 µm×5 µm
topographical image of the edge of the central hole of the sample. In Fig. 16.4(b) the
conductance image can be seen measured simultaneously with the topography. The
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Fig. 16.3. Conductance measured as a function of magnetic field and gate voltage. The bright
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Fig. 16.4. (a) Topographic image of the mesa edge defining the central hole etched into the
2DEG. (b) Conductance as a function of the tip position. The tip induced local potential leads
to an enhanced tunneling coupling of the two parallel edge channels and thereby to an increase
in the conductance.
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Fig. 16.5. Image of the edgechannel coupling at enhanced
spatial resolution.

conductance of the sample is enhanced along a stripe of about 700 nm width, which
follows the curvature of the edge of the 2DEG. The image proves in a direct way
that we can indeed enhance the tunneling coupling between the two parallel edge
channels by applying a local potential perturbation.
It is well established that the conductance or resistance of a sample in the quantum Hall regime is highly non-local [49, 454] and the phase-coherence length of
electrons in edge channels can be macroscopically large. Therefore, it is not a priori
clear that the local perturbation induced by the presence of the tip will change the
tunneling coupling of the edge channels locally. Yet we argue that the self-consistent
nature of the edge channel formation may well lead to a local enhancement of the
tunneling coupling. According to the adiabatic edge channel description [30], edge
channels will follow equipotential lines along the sample edge. The local perturbing
potential will affect the spatial run of the equipotential lines locally (i.e., on the scale
of the screening length) and therefore we expect the edge channels to follow this
perturbation on a local scale. This scenario is schematically depicted in Fig. 16.6.
Edge states form along the mesa edge as well as around the tip-induced antidot-like
potential. When the tip is sufficiently remote from the edge [Fig. 16.6(a)], there is
no mutual interaction between the two types of edges. When the tip is close enough
to the mesa edge, the edge channel structure will change locally as illustrated in
Fig. 16.6(b). The tunneling coupling between the edge channels depends on the exponential overlap of the wave functions and therefore on the width of the incompressible strip separating them. A spatial rearrangement of the self-consistent strips
will change the inter-edge-channel coupling. We suggest that the local change of the
tunneling coupling creates the observed conductance contrast in Fig. 16.4.
The local nature of the conductance contrast makes the presented imaging
method a promising tool for the local investigation of edge channel coupling and
inter-edge-channel scattering (see Ref. [455] for a review, also [456]). As a matter of
fact it can already be observed in Fig. 16.4(b) that the bright stripe is not homogeneous but exhibits some internal structure. In order to illustrate this further, we show
in Fig. 16.5 the conductance image obtained in the course of the same cool down of
the sample but with the tip in better condition. Unfortunately the tip shape can change
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Fig. 16.6. (a) Tip far away from the edge. To edge states encircle the tip-induced potential
hill. States at the sample edge are not affected. (b) Tip close to the edge of the sample. The
tip induced potential locally changes the run of the edge currents and thereby modifies the
tunneling coupling between them.

during a cool down, e.g., due to contaminations picked up from the sample surface.
In some fortunate cases, however, the spatial resolution of the images is improved.
In Fig. 16.5 it is clearly visible that the extent to which the edge channel coupling
can be enhanced depends strongly on the position of the tip even within the strip of
enhanced conductance. The image shows fringes leading away from the center of the
stripe reminding of the fascinating fine structure observed with other methods in the
bulk of 2DEGs in the quantum Hall regime [388]. More investigations will help to
further establish the presented imaging technique and to deepen our understanding
of its interpretation.
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17
Scanning gate measurements on a quantum wire

In this chapter we present measurements on a semiconductor quantum wire in which
we induce a local potential perturbation with the metallic tip of a scanning force microscope. Measurement of the sample resistance as a function of tip position results
in an electrical map of the wire in real space. We find the fingerprint of potential
fluctuations in the wire, which appear as local resistance fluctuations in the images.
In a local transconductance measurement we observe small oscillations on the scale
of the Fermi wavelength of electrons, which may arise from interference of electron
waves. Related scanning gate measurements of other groups will be briefly addressed
in the following introduction.

17.1 Introduction to scanning gate measurements on mesoscopic
systems
Electronic transport in mesoscopic semiconductor structures at low temperatures is
non-local and phase coherent [34]. In a conventional transport experiment, in which
the resistance or conductance of a sample is typically measured as a function of gate
voltage or magnetic field, the measured conductance is given by the transmission
probabilities between the leads connecting the system to the measurement circuit
[33]. In general, it is not possible to reconstruct the scattering potential within the
mesoscopic system from the knowledge of the transmission matrix. However, additional information about the quantum states within the device can be obtained from
measurements that apply a local perturbation to the system [344, 362, 363, 365, 369–
373, 457]. While in Ref. [344] the local potential perturbation was fixed and the twodimensional electron gas in a parabolic quantum well could be displaced, in Refs.
[362, 363, 365, 369–373, 457] the local electrostatic potential induced by the tip of
a scanning force microscope was utilized. In the following, we briefly review the
experimental work published in recent years.
In the first paper reporting this “scanning gate technique” Eriksson and coworkers [362] investigated the ballistic electron flow through a quantum point contact
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at a temperature of 4.2 K. They found that the resistance change caused by the tipinduced potential decay exponentially with distance from the point contact in agreement with elastic scattering by the disorder potential in the collector electron gas. In
addition, they measured the angular distribution of the transmitted electrons showing
the collimation of the ballistic electron beam close to the point contact. Calculations
were presented in this paper indicating that the spatial resolution of the technique
is comparable to the electron gas depth below the surface. Similar experiments on a
quantum point contact have been reported in Ref. [369].
Another measurement on a quantum point contact was performed by Crook and
coworkers [371] at 4.2 K, where the authors were able to map the transmitted lateral
modes with remarkable spatial resolution of about 40 nm although their electron gas
was buried 100 nm below the surface. This experiment is the analog of the “wavefunction mapping” experiment reported in Ref. [344].
Recently, the electron flow past a quantum point contact was imaged with high
spatial resolution achieved at 4.2 K on a GaAs/AlGaAs heterostructure with an only
57 nm thick cap layer above the electron gas [373]. It was shown in the experiment
and also modeled theoretically that the classical contribution of the electron flow
branches in the two-dimensional collector, a result which had not been anticipated
by other experiments. In addition, quantum interference effects were observed in
these highly sensitive measurements.
Experiments on two constrictions in series for a “magnetic steering experiment”
were reported in Ref. [365, 370]. Classical cyclotron orbits of ballistic electrons in a
magnetic field with the radius Rc = h̄kF /(eB) could be mapped out with a spatial
resolution of about 200 nm.
Scanning gate microscopy (SGM) has been applied to the investigation of electron transport in carbon nanotubes [458–460] at room temperature. The authors were
able to “directly image individual scattering sites in semiconducting single-wall nanotubes” [459] and metallic single-wall nanotubes [460] or an inhomogeneous potential landscape [458], again in semiconducting single-walled tubes. They showed that
the resistance image of a nanotube shows hot spots in locations where the electric
field drop was found to be high with electrostatic force microscopy (EFM) [459]. In
some cases these hot spots occurred in positions where the nanotube had a kink allowing one to correlate information from three different sources (topography, EFM,
and SGM) to extract a unified picture of the system.
A very recent publication by Woodside and McEuen reports low-temperature
(0.6 K) scanning gate studies of single-walled carbon nanotubes in which one or
more quantum dots form leading to the Coulomb-blockade effect in the conductance
[457]. These authors find Coulomb-blockade oscillations as a function of the position
of the scanning tip allowing them to locate the quantum dots along a certain nanotube
and to estimate their sizes.
In our experiments we adopt the scanning gate approach for the investigation of
the transport properties of a semiconductor quantum wire at cryogenic temperatures.

17.2 Samples and structures
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Fig. 17.1. SFM image
of the Hall bar with the
oxide lines defining the
quantum wire.

17.2 Samples and structures
The sample is based on a GaAs/AlGaAs heterostructure in which the heterointerface
is buried 34 nm below the surface. A Hall-bar geometry, a part of which can be
seen in Fig. 17.1, was patterned using photolithography. At the temperature T =
1.7 K the bulk electron density measured in this system is ns = 4.3 × 1011 cm−2 ,
corresponding to a Fermi wavelength of 38 nm. The mobility at T = 1.7 K is µ =
106 cm2 /(Vs) corresponding to a mean free path of le2D = 10.8 µm and a diffusion
constant of D = 1.52 m2 /s.
The quantum wire has been patterned using the so-called AFM lithography1
[316] directly onto the Hall-bar structure. In Fig. 17.1 the white lines on the Hall
bar are the SFM-written oxide lines that deplete the 2DEG below them and thereby
form a long quantum wire flanked by two separately contacted regions of the 2DEG,
which we used as in-plane gates. The wire length is L = 40 µm and its lithographic
width is W = 400 nm. The lateral depletion length is typically 15 − 20 nm such that
the number of modes in the channel can be estimated to be N = 20. This number can
be confirmed by Shubnikov–de Haas measurements that count the number of modes
which become successively depopulated as the magnetic field is increased.
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Fig. 17.2. Principle of scanning gate measurements

17.3 Results of low-temperature scanning gate measurements on
a quantum wire
The sample was mounted in the sample holder of a low-temperature scanning force
microscope (SFM) [407]. This microscope utilizes piezoelectric quartz tuning forks
with a metallic tip attached to one prong as the force sensor. Operation characteristics
at low temperatures and sensor calibration have been described above and reported
in Refs. [410, 414]. The microscope was cooled to T = 1.7 K in the He gas flow of a
variable temperature insert. The resistance of the wire was measured at an AC current
of 20 nA in a four-probe configuration. The measurement frequency was 421 Hz and
a lock-in time constant of 10 ms was used in order to obtain a reasonably large output
bandwidth. The tungsten tip of the SFM was kept grounded while it was oscillating
with an amplitude of about 1 nm normal to the surface at the tuning fork resonance
frequency of about 32 kHz. The basic idea of the measurement is shown in Fig. 17.2.
The tip induces a local scattering potential in the electron gas. The wire resistance is
changed depending on the position of the tip. Resistance images of 256 × 256 points
were taken at scan speeds of 500 nm/s.
Figure 17.3 shows the resistance image of a 5 × 5 µm2 area obtained with a voltage of +200 mV on one of the in-plane gates. The fact that the wire can be electronically imaged indicates that, when the tip is above the wire, the resistance is enhanced.
This resistance contrast is due to the fact that tungsten and the heterostructure have a
work function difference of the order of 100 mV that causes the tip to induce a local
repulsive electrostatic potential in the 2DEG which is scanned along when the tip
moves. The stripe of enhanced resistance is not visible in the topmost quarter of the
image. From the simultaneously measured topography we know that the wire ends
there.
Cross sections through this image as indicated by three horizontal lines in
Fig. 17.3 are shown in Fig. 17.4. As the tip moves across the wire, the resistance
1

AFM stands for Atomic Force Microscope, synonym for Scanning Force Microscope, SFM
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goes from its base value of 3 kΩ through a pronounced peak of 9.4 kΩ. We estimate
the number of modes that become locally depleted, ∆N , with a simple model that
regards the repulsive tip potential as the cause of an additional resistance ∆R which
adds to the background wire resistance R0 . In the simplest case ∆R can be modeled by a short piece of wire with transmission T = 1, which is not mode-matched
to the rest of the wire. In this case ∆R = h/(2e2 )(1/(N0 − ∆N ) − 1/N0 ) with
N0 = 20 being the number of modes in the wire in the absence of the tip. This gives
a substantial depletion of ∆N = 18 modes if the tip is centered above the wire.
From the width of the two lower peaks of about 400 nm, which is close to the
geometrical width of the wire, we estimate that the tip-induced potential perturbation
cannot be much wider than that.
A very striking feature of the image in Fig. 17.3 is the variation of the resistance
along the wire direction. In a perfect wire with no potential fluctuations and perfectly smooth boundaries, no such variation would be expected irrespective of the
exact geometrical shape of the tip-induced potential. From a comparison of the resistance variations with the surface topography, we find no correlation between the
two that could explain the former as the result of a varying tip-2DEG separation.
We therefore conclude that the variations of the resistance along the wire direction
reflect the roughness of the potential landscape in the electron gas.
There are two distinct effects in mesoscopic systems that could cause the observed resistance fluctuations as the perturbation is moved along the wire. The first
is the ballistic chaotic motion of classical electrons in a spatially varying potential
landscape. In order to develop a better understanding of how this mechanism would
appear in our measurements, we have calculated the classical transmission through
wire structures with a given potential landscape as a function of the position of an
additional external perturbation. The results which will be discussed in the next section show that the complex electron dynamics does indeed lead to fluctuations in the
resistance image.
The second effect that could produce resistance fluctuations along the wire is
the quantum interference of phase coherent paths, which leads to fluctuations in the
transmission as a function of tip position. Theories exist that predict conductance
fluctuations in a disordered sample when the position of a single impurity is moved
[461–464]. Given our sample parameters and the measurement temperature the phase
coherence length can be estimated to be ϕ ≈ 8 µm but the observability of phase
coherence effects is limited by energy
averaging through the Fermi-distribution function, i.e.,, the thermal length T = h̄D/(kT ) ≈ 2 µm. Fluctuations will have the
order of magnitude ∆R = R2 ∆G ≈ R2 e2 /h(T /ϕ )(ϕ /L)3/2 ≈ 100 Ω. The characteristic length scale for these fluctuations is the Fermi wavelength of the electrons.
Figure 17.5 shows an image of the wire measured in a different measurement
configuration, where a DC current was applied and the wire resistance was measured at the resonance frequency of the oscillating tip effectively resulting in a local
transconductance measurement. This image taken with increased spatial resolution
exhibits amazingly regular stripe-like patterns on a length scale of less than 100 nm.
Given the above considerations about phase coherence, the tentative explanation in
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terms of interference effects seems reasonable. Such quantum interference effects in
scanning gate measurements will be further discussed in the next section.
Summarizing the experiments, we have investigated the mesoscopic transport
through a quantum wire as a function of a local SFM-tip-induced perturbation. The
resistance image shows fluctuations along the wire which are due to the classical
ballistic motion of electrons and quantum interference effects.

17.4 Modeling scanning gate measurements: Classical and
quantum effects
Models for conductance fluctuations have been based on different approaches. Among
them are the Anderson tight-binding Hamiltonian approach [464, 465], one-dimensional
models incorporating randomly spaced delta scatterers [466, 467], and a scattering
matrix approach [468].
In order to obtain some insight into the physical processes leading to the observed
resistance images, we applied two types of theoretical models. The first model aims
at classical effects in the resistance. It is based on a calculation of the classical transmission of a wire within a billiard model following the general approach introduced
by Beenakker and van Houten in Ref. [469]. The second model is a fully quantum
mechanical model based on the picture of non-interacting electrons in a multimoded
wire. It is closely related to a scattering matrix approach used by Cahay and coworkers [468] for calculating the fluctuations in the resistance of a multimoded wire with
randomly placed delta scatterers.
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Fig. 17.6. Potential used for the billiard simulation. The fixed Gaussian scatterer is centered
at (x = 30 nm, y = 0). The tip-induced potential can be seen just at the edge of the wire
potential.

17.4.1 Classical billiard model
Within the billiard model we describe the quantum wire with a confinement potential
V (y) in y-direction. Electron transport is in x-direction. We consider a single repulsive Gaussian scatterer with potential Vs (x, y) in the wire and model the tip-induced
potential with a second Gaussian scatterer [potential Vt (x, y; x0 , y0 )] whose position
(x0 , y0 ) can be varied corresponding to the tip motion. The corresponding classical
Hamiltonian function is
H(px , py , x, y) =

p2x + p2y
+ V (y) + Vs (x, y) + Vt (x, y; x0 , y0 ).
2m

The total potential for a certain (x0 , y0 )-position of the tip is depicted in Fig. 17.6.
The strictly two-dimensional classical electron dynamics are described by Newton’s equations of motion
∂Vs (x, y) ∂Vt (x, y; x0 , y0 )
∂2x
=−
−
,
∂t2
∂x
∂x
∂V (y) ∂Vs (x, y) ∂Vt (x, y; x0 , y0 )
∂2y
m 2 = −
−
−
.
∂t
∂y
∂y
∂y

m

We solve these equations numerically for given initial conditions at time t = 0, i.e.,
for given starting point (xs , ys ) of the electron and for given injection angle θ. The
magnitude of the velocity is the Fermi velocity vF . The trajectory of a single electron
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is calculated until it leaves the structure, i.e., it crosses the line xs = const., where
it started, or it crosses a line xs + L = const., where L is chosen large enough to
ensure the absence of back-scattering. From the calculation of typically 104 − 105
trajectories injected from a line of constant xs at all angles −π < θ < π with a
distribution p(θ) = cos(θ)/2, we determine the classical transmission and reflection
probability T and 1 − T , respectively. The resistance of the wire, which depends on
the position x0 , y0 of the tip-induced potential, is then given by the formula
R(x0 , y0 ) =

h 1 1 − T (x0 , y0 )
,
2e2 N T (x0 , y0 )

where N is the number of channels in the unperturbed wire. This relation for the
resistance is derived from the Landauer–Büttiker conductance formula (2.4)
G=

2e2
N T,
h

by inversion and subtraction of the “contact resistance” Rc = (h/2e2 )(1/N ) [31].
Figure 17.7 shows the result of such a simulation. The wire potential has a width
of 342 nm at the Fermi energy of 10 meV. The tip-induced potential is 20 meV
high and has a half maximum diameter of 75 nm. The fixed scatterer has a potential height of 10 meV and a half maximum diameter of 37 nm. It is centered at
(x = 0, y = 30 nm). It can be seen that, similar to the experiment and to our expectation, the resistance is generally enhanced when the tip-induced potential is within
the wire. At the position of the fixed scatterer there is a dip (darker region) in the resistance map, while left and right of the scatterer there are brighter regions of higher
resistance. This result is what is intuitively expected: when the tip-induced potential
sits on top of the fixed scatterer, its effect is reduced because it just slightly enhances
the scattering potential that is already there. However, left (right) of the scatterer,
the tip-induced potential blocks the left (right) channel passing the fixed scatterer
thus leading to a further reduction of the effective wire width and therefore to a
stronger resistance increase than elsewhere. The resistance image even appears to be
wider at this x-position although there is no boundary roughness in the system. In
the presence of impurity scattering in the wire, the width of the resistance image can
therefore not be taken as a direct local measure of the wire width.
Upstream and downstream of the fixed impurity the situation is less intuitive.
The picture shows a fluctuating resistance as a function of tip position, which can
be called “classical resistance fluctuations.” The origin of these fluctuations is the
chaotic nature of electron motion in such a two-impurity problem. However, their
size is of the order of a few percent of the average resistance, which is way too
small to account for the experimentally observed fluctuations. The occurrence of
such fluctuations means that even a classical description of electron motion in such a
wire system cannot necessarily be interpreted in terms of local properties (e.g., local
scattering sites) unambiguously. Strong local scattering potentials will nevertheless
tend to have strong local signatures in the resistance image.
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Fig. 17.7. Resistance image of a quantum wire with a width of 342 nm and a fixed local
Gaussian impurity potential centered at (x = 30 nm, y = 0). See text for more detailed
parameters of the simulation.

17.4.2 Quantum description of scattering in wires
A key feature missing in the classical description of the scanning gate measurement
in a wire is quantum interference. In order to incorporate this effect we describe in
the following the scanning gate measurement based on a quantum description.
We consider the Hamiltonian of a two-dimensional quantum wire with confinement potential Vc (y) and some scattering potential Vs (x, y). The Schrödinger equation reads
 2



∂2
∂
h̄2
+
V
+
(y)
+
V
(x,
y)
ψ(x, y) = Eψ(x, y).
− 
c
s
2m
∂x2
∂y 2
We assume that we have solved the pure wire problem without disorder, i.e.,


h̄2 ∂ 2
−  2 + Vc (y) χn (y) = n χn (y).
2m ∂y
We can then expand the solutions of the perturbed problem:
ψ(x, y) =

Cn (x)χn (y).
n

Inserting this into the equation of motion, multiplying with χm (y), and integrating
over y leads to
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∂ 2 Cm (x)
2
+ km
(E)Cm (x) =
∂x2
where
Γmn (x) =

2m
h̄2

Γmn (x)Cn (x),
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n


χm (y)Vs (x, y)χn (y)dy

and

2m (E − m )
.
h̄2
The tip-induced potential in the scanning gate experiment has a finite extent in
the plane large compared to the Fermi wavelength. As a first step we consider the
scattering potential
2
(E) =
km

2
γ
Vs (x, y) = δ(x − xi ) √ e−[(y−yi )/b] ,
b π

(17.2)

which takes into account the finite extent in y-direction, but neglects the extent in
x-direction. This will allow us to illustrate some key features of the quantum system
without going through the much more elaborate theory for the potential extended in
two directions. In our simplified case the matrix elements take the form

2
γ 2m
Γmn (x) = δ(x − xi ) √
χm (y)e−[(y−yi )/b] χn (y)dy := δ(x − xi )Γ̃mn
2
b π h̄
and eq. (17.1) simplifies to
∂ 2 Cm (x)
2
+ km
(E)Cm (x) = δ(x − xi )
∂x2

Γ̃mn (x)Cn (x).
n

The solutions of this system of equations for x = xi are left- and right-going planewave states that have to be matched at the position xi just as in the case of the familiar
one-dimensional delta-scattering problem. It can be shown (see Appendix C) that the
transmission and reflection matrixes for the case of a single delta scatterer in the wire,
t and r, can be determined from the equations
t = (1 − M)−1 ,
r = (1 − M)−1 M,
where the matrix M is given by
Mmn =

Γ̃mn
.
2ikm

In the quantum case the resistance of the wire induced by the scatterer can again be
calculated from the conductance formula of Landauer and Büttiker [30–32]
G=

e2
Tr(tt† ).
h
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Fig. 17.8. Calculated resistance change in a homogeneous wire due to scatterers with different
width b = 100, 50, 30, 20, 10 nm in y-direction and constant strength γ = 4000 meVnm2 as
a function of the y-position of the scatterer.

For specific calculations we have used an infinite square well potential modeling
the wire potential and a tip-induced potential with a Gaussian shape [eq. (17.2)] in the
y-direction. Within this framework we first discuss the influence of the width of the
tip-induced potential in the y-direction on cross sections through a resistance image
along constant x (cf., Fig. 17.4). The two extreme limits are intuitively clear: when
the tip-induced potential is much wider than the wire, the wire will act as the probe
for the tip-induced potential and the cross section will have the width and shape of
the tip-induced potential. On the other hand, if the wire width is large compared to
the tip-induced potential, details of the internal electronic structure of the wire will
become visible. Figure 17.8 shows the result of a calculation for a wire with width
W = 100 nm in which four modes are occupied, corresponding to a Fermi energy
EF = 14 meV. For b = 100 nm the resistance shows a broad unstructured Gaussian peak when the tip crosses the wire. This peak becomes narrower at b = 50 nm
and develops a flat top at 30 nm, i.e., when the width of the tip-induced potential
becomes smaller than the wire width. Reducing b further results in additional fine
structure reflecting the mode structure of the wire. With four occupied modes the
highest mode has four maxima of the probability amplitude, which is reflected in the
resistance cross section. The condition for the observability of the mode structure in
the wire is that the width of the tip-induced potential has to be smaller than the Fermi
wavelength λF . Comparing these results to the cross sections through the resistance
image shown in Fig. 17.4, we conclude that the width of the tip-induced potential in
the experiment was of the order of the wire width, but certainly not much larger.

17.4 Modeling scanning gate measurements: Classical and quantum effects

203

∆R (h/2e2)
1.4
1.2
1
0.8
0.6
0.4
0.2
-100

-50

50

y (nm)

100

Fig. 17.9. Calculated resistance change in a homogeneous wire with different Fermi energies
EF = 2.24, 5, 9 meV and hence different numbers of modes (N = 1, 2, 3, respectively). Here
the width of the scatterer has been taken to be b = 10 nm, its strength is γ = 4000 meVnm2 .

We briefly want to use our model calculation to illustrate the possibility of imaging individual modes in a quantum wire or quantum point contact. Corresponding
experiments on a quantum point contact have been published recently by Crook and
coworkers [371]. However, in their experiments, the two-dimensional electron gas
with the quantum point contact are buried 100 nm below the surface and a model for
screening by mobile carriers in the remote doping plane had to be invoked in order
to understand the experimental resolution of about 40 nm. Figure 17.9 shows calculated resistance changes due to a gaussian tip potential (b = 10 nm) for a 100 nm
wide wire with Fermi energies EF = 2.24, 5, 9 meV corresponding to the occupation of one, two and three modes. It can be seen that the number of local maxima in
the resistance cross sections corresponds to the number of maxima in the probability
density of the highest occupied mode, confirming the above statement that the mode
structure of narrow constrictions can be mapped with scanning gate techniques.
We continue the discussion of quantum effects in scanning gate measurements
by considering the case of many scatterers in the quantum wire. For simplicity, we
again use δ-shaped potentials in x-direction with Gaussian shape in y. In this case
the above formalism can easily be extended to the case of an arbitrary number of
impurities. Qualitatively we now expect interference effects between electron waves
to arise due to multiple scattering. Figure 17.10 shows a gray scale resistance image
calculated for two fixed impurities in addition to the moving tip. In some sense,
all three “perturbing potentials” form two neighboring cavities with transmission
resonances changing when the sizes or shapes of the cavities are changed by moving
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the tip. Indeed, interference patterns can be seen along the wire axis. In contrast to
the expectation for a very wide two-dimensional system, where interference effects
have been predicted to occur on the scale of the Fermi wavelength λF [461–464], in
a wire with a relatively small number of modes more than one frequency contributes
to these fluctuations because the individual modes contribute with different Fermi
wavelengths. In addition, it can be seen that not all interference stripes are exactly
normal to the wire axis. Both findings are also in agreement with the measurement
shown in Fig. 17.5 where different frequencies of the fluctuations are observed as
well and the stripes’ orientation deviates from being normal to the wire axis. All this
supports the interpretation of the measurements in terms of interference effects. In
contrast to the classical fluctuations found in the billiard model (cf., Fig. 17.7), the
quantum interference effects look more regular, i.e., they come in clearly discernible
stripes, and they occur at a smaller length scale.
The aspect of a finite phase coherence length was not taken into account in the
above model. The obvious question is whether phase coherence is needed over the
whole length of the wire to make the observation of interference effects possible.
While in a conventional transport experiment — where the conductance is measured
as a function of magnetic field —, the answer would certainly be “yes” because
otherwise, the connection of many phase coherent sections in series fluctuating independently would average sufficiently. In local scanning gate experiments this argument is no longer true. There is always only one fluctuating segment, i.e., the one in
which the tip is scanning, and no averaging takes place. Phase coherence effects can
therefore be observed even in systems with characteristic lengths L  min(lϕ , lT ),
provided that temperature is low enough to maintain phase coherence over length
scales larger than the mean free path. This argument is also of relevance for the ob-
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Fig. 17.10. Calculated resistance change ∆R in a homogeneous 100 nm wide wire with four
occupied modes (EF = 14 meV). One fixed Gaussian impurity with b = 50 nm and strength
γ = 500 meVnm2 was positioned at (x = 0, y = 40 nm). A second Gaussian impurity
had the parameters b = 30 nm, γ = 500 meVnm2 and (x = 500, y = −20). The scanned
tip-induced potential was modeled with a second Gaussian potential with b = 40 nm and
γ = 4000 meVnm2 .
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servations in Ref. [373], where scanning gate measurements were performed in the
vicinity of a quantum point contact. It was observed that interference fringes do not
disappear with increasing separation from the point contact. The explanation given
in Ref. [373] is essentially identical to the argument presented above. It implies that
the phase coherence length cannot be read from a spatial resistance image obtained
from scanning gate measurements. However, interference effects should disappear
with increasing temperature. Scanning gate measurements at various temperatures
could therefore allow one to determine the phase coherence length and to discriminate between fluctuations of the resistance due to classically chaotic motion and
phase coherent effects.
Another aspect neglected in the above model are interaction effects. In principle
it is conceivable that due to potential inhomogeneities, electrons localize in the wire
and form — in the extreme case — quantum dots exhibiting the Coulomb-blockade
effect, similar to the situation in carbon nanotubes in the experiments of Ref. [457].
However, from the over-all conductance of our wires, which is smaller than e2 /h,
and the excellent sample quality, we can conclude that interaction effects will play a
negligible role in our experiments.
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A
Formal solution of the electrostatic problem with
Green’s functions

A.1 The electrostatic problem
We wish to solve Poisson’s equation
∇ [ε(r)ε0 ∇φ(r)] = −ρ(r)

(A.1)

with constant voltages φi on the metallic surfaces Si :
φ(r)|r∈Si = φi .
Making use of the superposition principle we split the potential according to
φ(r) = φion (r) +

φi αi (r),

(A.2)

∇ [ε(r)ε0 ∇φion (r)] = −ρion (r)

(A.3)

i

where φion (r) obeys the equation

with boundary conditions
φion (r)|r∈Si = 0
and the characteristic functions αi (r) obey Laplace’s equation
∇ [ε(r)ε0 ∇αi (r)] = 0
with boundary conditions
αi (r)|r∈Sj = δij =

1 for j = i
0 for j = i.

(A.4)
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A.2 Formal solution with Green’s functions
In order to solve eq. (A.1) formally, we need an extended version of one of Green’s
identities, which will be derived in the following: let φ, ε, and ψ be any scalar functions of the spatial coordinates r. Then
∇ [φε∇ψ] = φ∇ [ε∇ψ] + ∇φε∇ψ.
Application of Gauss’ integral identity leads to

ds [φε∇ψ] n =
dV {φ∇ [ε∇ψ] + ∇φε∇ψ} .
S

V

Exchanging ψ and φ gives the identity

ds [ψε∇φ] n =
dV {ψ∇ [ε∇φ] + ∇ψε∇φ} .
S

V

The difference of the two latter equations is

ds [ψε∇φ − φε∇ψ] n =
dV {ψ∇ [ε∇φ] − φ∇ [ε∇ψ]} ,
S

(A.5)

V

which is the extended version of Green’s integral identities we were looking for.
We now define Green’s function G(r, r  ) being a solution of the equation
∇ [ε(r)ε0 ∇G(r, r  )] = −δ(r − r  )
with boundary conditions

G(r, r  )|r∈Si = 0.

Green’s function is the potential at r created by a unit point charge in r  , if all
electrodes are grounded. We replace in eq. (A.5) the quantity ψ with Green’s function
G(r, r  ), the quantity ε with ε(r)ε0 , and the quantity φ with φ(r) from eq. (A.1) and
obtain
 



φ(r ) =
dV G(r, r )ρion (r) −
φi
dsi [ε(r)ε0 ∇G(r, r  )] ni .
V

i

Si

Comparing to eq. (A.2) we identify




dV G(r, r  )ρion (r)

φion (r ) =
V

 

and
αi (r) = −

Si

dsi [ε(r)ε0 ∇G(r, r  )] ni .

A.3 Induced charges on the electrodes
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A.3 Induced charges on the electrodes
The surface charge density induced on one of the electrodes is given by
σi (r  ) = −ε(r  )ε0 ∇ φ(r  )ni



= −ε(r )ε0 ∇
dV G(r, r  )ρion (r)
V

 
−

φj
Sj

j

=

(0)
σi (r)

+


dsj [ε(r)ε0 ∇G(r, r  )] nj  ni

cij (r)φj .
j

The total charge on electrode i is therefore given by
(0)

Qi = Qi

+

Cij φj ,

(A.6)

j

where
(0)
Qi



 

=−
dV ρion (r)
 V
=
dV ρion (r)αi (r)

Si

dsi ε(r  )ε0 ∇ G(r, r  )ni

V

is the charge induced on electrode i if all other electrodes are grounded and the
 
 


dsi ε(r )ε0
dsj ε(r)ε0 ∇ {[∇G(r, r  )] nj } ni
Cij =
Si

Sj

are the elements of the capacitance matrix of the system. Because the charge on
electrode i must not change if all potentials φi are increased by the same constant,
the capacitance matrix obeys
Cij = 0.
j

From the above definition of the capacitance matrix follows the symmetry relation
Cij = Cji ,
meaning that the number of independent matrix elements in a problem with N electrodes reduces to N (N − 1)/2. With these properties of the capacitance matrix we
obtain for the total charge on electrode i:
(0)

Qi = Qi

Cij (φj − φi ) .

+
j
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A.4 Total electrostatic energy of the system
The energy of the charge distribution in the system is given by

1
dV ρ(r)φ(r)
W =
2 V

 
1
1
dV ρion (r)φ(r) +
dsi σi (r)φ(r)
=
2 V
2 i
Si
:= W1 + W2 .
For the energy W1 we obtain

1
1
dV ρion (r)φion (r) +
W1 =
2 V
2
= Wion +

1
2


φi

dV ρion (r)αi (r)
V

i

(0)

φi Qi .
i

For the energy W2 we get
W2 =

1
2

(0)

φj Qj +
j

1
2

φj Cji φi .
ij

Therefore the total energy can be written as
W =

1
2

(0)

φj Cji φi +
ij

φj Qj + Wion .
j

A.5 Force gradient acting on an electrode
The force gradient F  acting on an electrode is the second derivative of the system’s
energy with respect to the displacement of the electrode:
F =

1
2


φj Cji
φi +
ij

(0)

φj Qj
j


+ Wion
.

(A.7)

B
Screened addition energy of an electron to a quantum
ring

In Ref. [326] the energy of adding an electron to a system of interacting electrons
is calculated in the Hartree–Fock approximation. The only assumption is that the
addition of one electron does not change the wave functions of all the other electrons.
The result is


2
2
|ϕi (q 1 )| |ϕk (q 2 )|
∆E = ϕi (q 1 )Hi ϕi (q 1 )dτ1 + e2
dτ1 dτ2
|r 1 − r 2 |
k(=i)
 
ϕi (q 1 )ϕi (q 2 )ϕk (q 2 )ϕk (q 1 )
−e2
dτ1 dτ2 .
|r 1 − r 2 |
k(=i)

The first term is the single-particle energy of state i where the electron is added.
The second term is the Hartree interaction, which gives the main contribution to the
charging energy in most quantum dots. The third term is the exchange interaction.
Integrals over τi include the summation over the spin degree of freedom. The coordinate q i comprises the space coordinate r i and the spin si .
The Hartree-interaction term has a straightforward interpretation. We identify the
charge density as
2
ρ(r) =
|ϕk (r)|
k

and define the Hartree potential

VH (r) :=

d3 r

ρ(r  )
.
|r − r  |

The Hartree contribution to the addition energy can then be written as

2
EH = e d3 r |ϕi (r)| VH (r).
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Expansion of the Coulomb interaction in spherical harmonics
The Coulomb interaction potential can be expanded in spherical harmonics. The result is [284]:
1
= 4π
|r − r  |

∞

+

=0 m=−


r<
1

Ym
(ϑ , ϕ )Ym (ϑ, ϕ).
+1
2 + 1 r>

If r > r , then r> = r and r< = r , while for r > r we have r> = r and r< = r.
2D expansion of the Coulomb interaction in Bessel functions
In the following all vectors are considered to be two dimensional. We start from the
identities
 2π
1
J0 (qr) =
dϕ eiqr cos ϕ ,
2π 0
 ∞
1
dq J0 (qr).
=
r
0
Inserting the first into the second identity we find
1
1
=
r
2π





∞

2π

dϕ eiqr cos ϕ ,

dq
0

0

which implies that
1
1
=
|r − r  |
2π





∞

2π

0



dϕ eiq(r−r ) .

dq
0

We now use the expansion of plane waves into Bessel functions [470, 471]
∞

eiqr = eiqr cos θ =

εm im cos(mθ)Jm (qr),
m=0

where εm = 2 for m = 0 and ε0 = 1 and write
1
1
=
|r − r  |
2π



dq
0
∞

×

∞

2π

εm im cos[m(θ − ϕ)]Jm (qr)

dϕ
0

m=0

ε (−i) cos[(θ − ϕ)]J (qr )

=0
∞

=



∞

 ∞
∞
1
εm ε im (−i)
dq Jm (qr)J (qr )
2π m=0
0
=0
 2π
dϕ cos[m(θ − ϕ)] cos[(θ − ϕ)]
×
0
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 ∞
∞ ∞
1
m

=
εm ε i (−i)
dq Jm (qr)J (qr )
4π m=0
0
=0
 2π
dϕ {cos[mθ + θ − (m + )ϕ] + cos[( − m)ϕ + mθ − θ ]}
×
0
∞

1
=
2 m=0



∞

εm ε im (−i)

∞

dq Jm (qr)J (qr )

0

=0

× {δ,−m + δ,m } cos[m(θ − θ )]
 ∞
 ∞
1
ε2m
dq Jm (qr)Jm (qr ) cos[m(θ − θ )]
=
2 m=0
0
.
 ∞
+
dq J0 (qr)J0 (qr )
0
∞

1
εm
=
|r − r  | m=0



∞

dq Jm (qr)Jm (qr ) cos[m(θ − θ )].

0

Ring with finite extent in radial direction
The ring has an inner radius of r1 and an outer radius of r2 . In this case the charge
density is

− π reN
δ(z) for r1 < r < r2
( 22 −r12 )
ρ(r) =
0
elsewhere.
We further assume that


2

|ϕi (r)| =

1
δ(z)
π (r22 −r12 )

for r1 < r < r2

0

elsewhere.

The Hartree contribution to the addition energy is then




|ϕi (r)| ρ(r  )
|r − r  |

e2 N
1
2
d r d2 r
=
2
2
2
2
|r
−
r |
π (r2 − r1 )



r1
2π
e2 N
d2 r
dr r
dθ
=
2
2
2
2
π (r2 − r1 )
r0
0
 ∞
∞
×
εm
dq Jm (qr)Jm (qr ) cos[m(θ − θ )]

EH = e

d3 r

0

m=0
2

=

2πe N
π 2 (r22 −

2

d3 r


2
r12 )





∞

0



r1

dq

r1

dr rJ0 (qr)
r0

r0

dr r J0 (qr )



2π

dθ
0
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=
=
=



(2π)2 e2 N



∞

r1

2
dr rJ0 (qr)

2

dq

2

dq

1
2
[r2 J1 (qr2 ) − r1 J1 (qr1 )]
q2

dq

1 * 2
r (J1 (qr2 ))2 + r12 (J1 (qr1 ))2
q2 2

π 2 (r22 − r12 ) 0
 ∞
(2π)2 e2 N
π 2 (r22 − r12 ) 0
 ∞
(2π)2 e2 N
2
r12 )

r0

−
0
−2r1 r2 J1 (qr2 )J1 (qr1 )]
 3


4r2
1 1
(2π)2 e2 N
4r13
r12
2
=
+
− r1 r2 2 F1 − , ; 2; 2
2
3π
3π
2 2
r2
π 2 (r22 − r12 )
 3
2
r1
16e N
1
EH =
1+
2
2
3πr2 [1 − (r1 /r2 ) ]
r2
 2


1 1
3π r1
r12
.
−
2 F1 − , ; 2; 2
4 r2
2 2
r2
π2

(r22

Screening of the interaction by a metallic top gate
In the presence of a metallic top gate the electron–electron interaction potential is
screened by image charges. We obtain for the Hartree contribution to the addition
energy



1
2
EH = e d3 r d3 r |ϕi (r)| ρ(r  )
|r − r  |
1
− 
(x − x )2 + (y − y  )2 + (z + z  )2



1
e2 N
1
d2 r d2 r
=
−
2
|

2
2
2
2
|r
−
r
(x − x ) + (y − y  )2 + 4d2
π (r2 − r1 )


e2 N
1
d2 r d2 r
ĒH :=
2
2
2
2
|r
−
r |
π (r2 − r1 )
 2
 3


16e2 N
r1
1 1
1
3π r1
r12
=
1
+
−
−
F
,
;
2;
2 1
3πr2 [1 − (r1 /r2 )2 ]2
r2
4 r2
2 2
r22
 
r1
1
16e2 N
=
E
u
2
2
3πr2 [1 − (r1 /r2 ) ]
r2


2
e N
1
ẼH :=
d2 r d2 r 
2
2
2
2
(r − r  )2 + 4d2
π (r2 − r1 )


2
1
e N
dr rdθ dr r dθ 
=
2
2
2
π 2 (r2 − r1 )
r2 + r 2 − 2rr cos(θ − θ ) + 4d2

2
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=
=



e2 N
2

π 2 (r22 − r12 )

2πe2 N
2
(r22 − r12 )
 2π

π2

dϕ 

×
0

1+



dr rdθ

dr r
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1
dr r dϕ 
(r − r )2 + 4d2 + 2rr (1 − cos ϕ)

1
dr r 
(r − r )2 + 4d2
1

4rr 
(r−r  )2 +4d2

sin2 ϕ/2



1
4rr

dr r dr r
K −
=
2
(r − r )2 + 4d2
(r − r )2 + 4d2
π 2 (r22 − r12 )


1
3 1
16e2 N
dx x
dx x
=
2
3πr2 [1 − (r1 /r2 )2 ] 2 r1 /r2
r1 /r2


1
4xx
×
K −
(x − x )2 + η 2
(x − x )2 + η 2


r1
16e2 N
E
,
η
,
:=
2 s
r2
3πr2 [1 − (r1 /r2 )2 ]
8πe2 N



 

where η = 2d/r2 . The double integral for the determination of S has no divergences
and can be solved numerically. The total Hartree energy is then
  


r1
r1
16e2 N
1
Eu
− Es
EH =
,η .
3πr2 [1 − (r1 /r2 )2 ]2
r2
r2
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C
Scattering in quantum wires

C.1 Single δ scatterer
We consider the Hamiltonian of a two-dimensional quantum wire with confinement
potential Vc (y) and some scattering potential Vs (x, y). The Schrödinger equation
reads

 2


h̄2
∂
∂2
− 
+
V
+
(y)
+
V
(x,
y)
ψ(x, y) = Eψ(x, y).
c
s
2m
∂x2
∂y 2
We assume that we have solved the pure wire problem without disorder, i.e.,


h̄2 ∂ 2
−  2 + Vc (y) χn (y) = n χn (y).
2m ∂y
We can then expand the solutions of the perturbed problem:
cn (x)χn (y).

ψ(x, y) =
n

Inserting this into the equation of motion, multiplying with χm (y), and integrating
over y leads to
∂ 2 Cm (x) 2m (E − m )
+
Cm (x) =
2
∂x2
h̄



2
km

n

2m Umn (x)
cn (x),
2
h̄



Γmn (x)


2m
χm (y)Vs (x, y)χn (y)dy.
h̄2
As a specific example we consider a δ-function scatterer

where

Γmn (x) =

Vs (x, y) = γδ(x − xi )δ(y − yi ).
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In this case
Γmn (x) =

2m γ 
2 χm (yi )χn (yi ) δ(x − xi )


 h̄
Γ̃mn

and the Schrödinger equation reads
∂ 2 Cm (x)
2
+ km
Cm (x) = δ(x − xi )
∂x2

Γ̃mn cn (x).
n

We know the solution of this set of equations for x = xi . They are plane wave states
that can be written as
Cm (x) =

αm eikm (x−xi ) + βm e−ikm (x−xi ) for x > xi
γm eikm (x−xi ) + δm e−ikm (x−xi ) for x < xi .

(C.1)

In order to match the two solutions for x > xi and x < xi , we proceed as in the
case of a one-dimensional problem. Integration of the Schrödinger equation over x
between xi − ε and xi + ε and letting ε → 0 leads to
dCm (x+
dCm (x−
i )
i )
−
=
dx
dx

Γ̃mn cn (xi ).
n

At the same time, the Cm (x) have to be steady, leading to
−
Cm (x+
i ) = Cm (xi ).

These two equations connect the amplitudes of left- and right-going waves on both
sides of the scatterer. Inserting the wave function in eq. (C.1) gives
αm − βm = γm − δm +
n

Γ̃mn
(γm + δm )
ikm

αm + βm = γm + δm .
In vector notation these equations can be written as
α − β = γ − δ + 2M(γ + δ)
α + β = γ + δ,
where
Mmn =

Γ̃mn
γ
= −i
χm (yi )χn (yi ).
2ikm
h̄vm

Here we have introduced the velocity vm = h̄km /m . We now regard the amplitudes
of the wave on the left-hand side, α and β, as given and solve for the amplitudes on
the right hand side. The result is
α = (1 + M)γ + Mδ
β = −Mγ + (1 − M)δ.

C.2 Multiple δ scatterers
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If we define α, β and γ, δ to be the components of vectors a and b, respectively, we
can define the transfer matrix


1+M M
T=
(C.2)
−M 1 − M
such that a = Tb.
We now consider a scattering experiment in which the electron beam incident
from the left, i.e., the vector γ, is given and there is no electron beam incident from
the right, i.e., β = 0. In this case, δ represents the amplitudes of the reflected beam
and α those of the transmitted beam. Simple algebra leads to the results
α = (1 − M)−1 γ
δ = (1 − M)−1 Mγ.
We can therefore identify transmission and reflection matrices
t = (1 − M)−1
r = (1 − M)−1 M.

C.2 Multiple δ scatterers
The transfer matrix approach is particularly useful in the case of multiple scatterers
in series. In this case, each scatterer s is described by a transfer matrix Ts according
to eq. (C.2). For propagation between the scatterers we define the propagator P given
by

 (s)
0
R
Ps =
0 L(s)
with
(s)
Rmn
= δmn eikm (xs −xs−1 )
−ikm (xs −xs−1 )
L(s)
.
mn = δmn e

The total transfer matrix for N scatterers is then given by
TN = T1

N
/

Ps Ts .

s=2

From the total transfer matrix, the transmission and reflection matrices can then be
determined analog to the above case of a single scatterer.
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C.3 Delta scatterer with finite extent in y-direction
The tip-induced potential in a scanning gate experiment has a finite extent in the
plane large compared to the Fermi wavelength. As a first step we consider the scattering potential
2
γ
Vs (x, y) = δ(x − xi ) √ e−[(y−yi )/b] .
b π
In this case the matrix elements take the form

2
γ
√
dy χm (y)e−[(y−yi )/b] χn (y).
Mmn = −i
h̄vm b π
The remaining analyis is analogous to the discussion of the delta scatterers.

C.4 Scatterer with finite extent in y-direction and rectangular
shape in x-direction
Here we extend the above model for a finite rectangular scattering potential in xdirection

2
γ
√
e−[(y−yi )/b] for xi − L/2 < x < xi + L/2
Vs (x, y) = b π
0
elsewhere.
This leads to matrix elements
Γmn (x) =
where
Γ̃mn

Γ̃mn for xi − L/2 < x < xi + L/2
,
0
elsewhere

2m γ
= 2 √
h̄ b π



2

dy χm (y)e−[(y−yi )/b] χn (y).

In this case we solve Schrödinger’s equation in the three regions x < xi − L/2
(region I), xi − L/2 < x < xi + L/2 (region II), and x > xi + L/2 (region III). In
regions I and III different modes m do not mix and the solutions are simply linear
combinations of left and right going plane waves. In region II Schrödinger’s equation
reads
∂ 2 Cm (x)
2
Γ̃mn cn (x).
+ km
Cm (x) =
∂x2
n
It can be rewritten as
∂ 2 Cm (x)
=
∂x2
or, in vector notation

!
n

"
2
Γ̃mn − δmn km
cn (x),

C.4 Scatterer with finite extent in y-direction and rectangular shape in x-direction
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∂ 2 C(x)
= MC(x),
∂x2
with
2
Mmn = Γ̃mn − δmn km
.

Solutions of this set of coupled differential equations can be found with the Ansatz
C(x) = ceiκ(x−xi ) ,
which leads to the eigenvalue problem
(M − κ2 )c = 0.
After determination of all the eigenvalues κ2m and eigenvectors cm , the solution of
Schrödinger’s equation in region II can be expressed as
!
"
Cm (x) =
cmn an eiκn (x−xi ) + bn e−iκn (x−xi )
n

with κn > 0 and cmn being the mth component of the eigenvector belonging to the
eigenvalue κ2n , i.e., the matrix c is the eigenvector-matrix of M.
The solution of Schrödinger’s equation in all three regions can therefore be written as

i −L/2)
αm eikm (x−x
+ βm e−ikm (x−xi −L/2)

(
) in region III
iκ
(x−x
−iκn (x−xi )
n
i)
Cm (x) =
c
e
+
b
e
a
in region II
n
n
 n ikmn
γm e m (x−xi +L/2) + δm e−ikm (x−xi +L/2) in region I.
Four of the six constants αm , βm , γm , δm , am , bm are determined by matching the
wave functions at the interfaces. This leads to the equations
!
"
γm + δm =
cmn an e−iκn L/2 + bn eiκn L/2 ,
n

!
"
cmn an eiκn L/2 + bn e−iκn L/2 ,

n

!
"
cmn iκn an e−iκn L/2 − bn eiκn L/2 ,

n

!
"
cmn iκn an eiκn L/2 − bn e−iκn L/2 .

αm + βm =
ikm (γm − δm ) =
ikm (αm − βm ) =
n

In matrix notation these equations can be written as
γ + δ = c (p a + pb) ,
α + β = c (pa + p b) ,
k (γ − δ) = cκ (p a − pb) ,
k (α − β) = cκ (pa − p b) ,
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where pmn = δmn eiκm L/2 , κmn = δmn iκm and kmn = δmn ikm . In order to obtain
a transfer matrix T we eliminate the vectors a and b and obtain
   −1
−1
α
c + κ−1 c−1 k
c−1 − κ−1 c−1 k
=
β
p2 [c−1 − κ−1 c−1 k] p2 [c−1 + κ−1 c−1 k]
 
 2 −1
γ
p [c + κ−1 c−1 k] p2 [c−1 − κ−1 c−1 k]
.
×
c−1 − κ−1 c−1 k
c−1 + κ−1 c−1 k
δ
The matrix T is the product of the two matrices on the right-hand side.

D
Response of a harmonic oscillator to a resonance
frequency step

Following eq. (14.4) we assume that the oscillator is at all times driven by the force
2αp /mU0 cos(ωe t + φ). Tip-sample interaction forces are neglected. For t < 0 we
excite on resonance, i.e., ωe = ω0 and assume that the oscillator performs its steadystate oscillations. At t = 0 we instantaneously change the resonance frequency of
the oscillator to the new frequency Ω0 = ω0 + ∆ω and seek solutions of eq. (10.2),
neglecting Fts , of the form
ξ(t) = Y (t) cos(ωe t + φ) + X(t) sin(ωe t + φ).
For t < 0 the amplitudes are X(t) = a< and Y (t) = 0. For t > 0 we find
Y (t) = a> cos φ + be−ω0 t/(2Q) cos[∆ωt + θ − φ],
X(t) = −a> sin φ − be−ω0 t/(2Q) sin[∆ωt + θ − φ].
The constants b and θ − φ, found from the boundary conditions at t = 0, are given
by
b2 = a2> + a2< + 2a> a< sin φ,
a> cos φ
.
cot(θ − φ) =
a< + a> sin φ
So far the results are generally valid and no approximations have been made. Now
we consider approximate behavior. For small frequency steps ∆f  fG = f0 /(2Q),
i.e., in the regime where a< depends linearly on ∆ω, one finds after Fourier transformation that



Q∆ω
2Q∆ω
Y (t) = 2a<
1 − e−ω0 t/(2Q) cos ∆ωt +
.
ω0
ω0
It is interesting to note that the response has an oscillatory component with frequency
∆ω. We have experimentally verified the existence of this oscillatory response by
applying frequency steps of varying magnitude ∆ω and found excellent agreement
with the above expression.
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Because the long-time behavior of the response for small enough ∆ω will be
governed by the exponential decay, we may approximate the response by
Y (t) = 2a<

$
Q∆ω #
1 − e−ω0 t/(2Q) .
ω0

This gives immediately the step response of the demodulated current
Yres (t) = −Xres

$
#
2Q
∆ω 1 − e−ω0 t/(2Q) ,
ω0

or, after Fourier transformation
Yres (ω) = k(ω)∆f (ω) = −Xres

1
2Q
∆f (ω)
,
f0
1 + iω/(2πfG )

i.e., a first-order low-pass behavior with bandwidth fG = f0 /(2Q), in agreement
with the result of Ref. [384].
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List of symbols

F.1 Physics constants
Symbol
Meaning
Value
c
speed of light
299792458 m/s
e
elementary charge
1.602176462 × 10−19 As
h̄ = h/(2π) Planck’s constant
1.054571596 × 10−34 Js
k
Boltzmann constant
1.3806503 × 10−23 J/K
m0
rest mass of the electron
9.10938188 × 10−31 kg
ε0
electric constant
8.854187817 × 10−12 As/(Vm)
Φ0
magnetic flux quantum h/e 4.135667272 × 10−15 Vs
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F.2 Variables
Symbol Meaning
Units
aB
effective Bohr radius
[m]
a
slope of TF Y-signal around resonance
a
quantum well width
[m]
a
vector of plane wave amplitudes
a>,< oscillation amplitudes before and after a step in resonance frequency
a1
plane wave amplitude
a2
plane wave amplitude
a
amplitude of CB oscillations in SET
aT
tip oscillation amplitude
A
normalization area
A
enclosed area
b
vector of plane wave amplitudes
b
width of scattering potential
b
amplitude of the transient signal after a frequency step
b1
plane wave amplitude
b2
plane wave amplitude
B
magnetic flux density (also referred to as ‘magnetic field’)
[m2 /(Vs)]
Bϕ
field scale associated with phase coherence
[T]
B⊥
field scale
B
field scale
B
parallel magnetic field
Btotal total magnetic field (if tilted)
B eﬀ
effective spin-orbit coupling field
c1
plane wave amplitude
c2
plane wave amplitude
c1...4 constants
cn (x) wave function coefficients (wire simulation)
c(p)
density-dependent parameter (screening)
cij (r) characteristic capacitance functions
c
vector of amplitudes of plane waves
c
matrix in wire scattering problem
C
self-capacitance
[As/V]
C
capacitance of tuning fork
CΣ
self-capacitance
[As/V]
Cij
capacitance coefficients
[F]
Ctg
ring-top gate capacitance
Cpg
plunger gate-dot capacitance
Cring self-capacitance of a ring
Cplate plate capacitance for ring-topgate
Cg
geometric capacitance
Cq
quantum capacitance
C0
tuning fork capacitance
CK
cable capacitance

F.2 Variables
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Symbol
Meaning
Units
D
diffusion constant
[m2 /s]
D(x, y; B) (local) density of states
Dk
density of states (k-dependent)
d1
plane wave amplitude
d2
plane wave amplitude
d
sample thickness
[m]
d
dimension of a system
d
diameter of ring structure
[m]
d
separation from gate to 2DEG
d1,2
thickness of layers
e(ω)
error signal
E
vector of the electric field
[V/m]
E
electric field
[V/m]
E
energy
[J]
En
quantized energy level
[J]
Eu (x)
functional dependence of unscreened Coulomb interaction
Es (x, η) functional dependence of the screening contribution to the interaction
Eα
quantized energy level
[J]
Eαβ
energy difference Eα − Eβ
[J]
EF
Fermi energy
[J]
∆Ec
charging energy e2 /(2C)
[J]
Ec
electrostatic charging energy (∝ N !)
[J]
EC
Coulomb interaction energy
[J]
Eee
electron electron interaction energy
[J]
EH
Hartree energy
[J]
Er
characteristic energy scale for a quantum ring
EN
single-particle energy of a quantum dot
[J]
E(N )
total energy of a quantum dot
[J]
Eelstat (N ) electrostatic energy
[J]
Etot
total energy of a quantum dot
∆EZ (B) Zeeman shift of individual conductance peak
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Symbol
Meaning
Units
F
force
[N]
Fts
tip-sample interaction force
Fz
tip-sample interaction force, z-component
F (z)
electrostatic force
tr
FAC
AC force caused by AC transport voltage
eq
FAC
AC force caused by AC voltage
F̃σ
Fermi-liquid interaction parameter
F
Fermi-liquid interaction parameter
Feq (Ep , N ) conditional probability for N electrons in the dot and energy Ep occupied
f0
resonance frequency of TF
f0
center frequency of VCO
f
frequency
fG
characteristic frequency
fres
tuning fork resonance frequency
fd
tuning fork driving frequency
fPI
characteristic frequency of P-I controller
fPLL
characteristic frequency of PLL
∆f
frequency shift
∆f (ω)
modulated shift of TF
∆fset
setpoint for frequency shift
∆fmeas
measured frequency shift
∆fﬁt
fitted frequency shift
fz
characteristic frequency of z-feedback
fFB
characteristic feedback frequency
G
electric conductance
[Ω−1 ]
Gp,N
conductance contribution of level p with N electrons in the dot
G0
Drude conductance
[Ω−1 ]
∆G
change in conductance
G(r, r  )
Green’s function
g
dimensionless conductance g/(e2 /h̄)
g
average conductance through quantum dot
g0
dimensionless conductance constant
ga
dimensionless conductance constant
gv
valley degeneracy factor
gL
Lande factor
HN
Hamilton operator for N -electron system
HH
Hartree hamiltonian
I
electric current
[A]
ISET
SET current
Ip
piezoelectric current
Ic
capacitive current
IT
tip current
ITF
tuning fork current
I⊥
numerical parameter for WL
I
numerical parameter for WL
i
index: label for gates

F.2 Variables
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Symbol Meaning
Units
j
electric current density
[A/m2 ]
j αβ (x) matrix element of the current density operator
[A/m2 ]
J
total angular momentum vector
J
total angular momentum quantum number
k
wave vector
[m−1 ]

k
wave vector
kF
Fermi wave vector
[m−1 ]
k1
spring constant
k2
spring constant
k(E) wave vector
kc
spring constant
k(ω) response function
k
matrix in scattering problem
K
current to voltage conversion ratio of amplifier
l
mean free path
[m]
lD
Drude mean free path
[m]
le
elastic mean free path of electrons
[m]
le2D
mean free path of electrons
lϕ
phase coherence length
[m]
leﬀ
effective length scale in Tan–Inkson model
lc
magnetic length
lT
thermal length
ly
characteristic length scale of harmonic oscillator
lz
characteristic length scale of harmonic oscillator
L
sample length
[m]
L
separation between voltage probes
[m]
L
characteristic sample size
[m]
L
length of quantum wire
L
separation of delta scatterers
L
length of wire attached to tuning fork
L
inductance of tuning fork
L(ω) open loop response function of PLL
L
parameter of the Tan–Inkson model
L(s)
part of the propatator matrix Ps

angular momentum quantum number

quantum number
m
mass
[kg]
m1
mass
m2
mass
m
number of flux quanta in a ring
m
effective mass
[kg]
mJ
quantum number for the z-component of total angular momentum
mi
magnetic moment of state i
M
total magnetic moment
M (ω) open loop response of z-feedback
Mk
total transmission matrix
M
matrix containing scattering information in wire
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Symbol Meaning
Units
|n
quantum state with quantum number n (Ket)
n
electron number density
[m−2 ]
n
index: Landau level quantum number
nH
Hall density
[m−2 ]
nSdH
Shubnikov–de Haas density
[m−2 ]
ns
electron sheet density
[m−2 ]
nS
electron sheet density
nd
electron density in the quantum dot
nIUC
I-U converter output noise
nY
lockin output noise
nPLL
PLL output noise
nz
z-feedback noise
ni
occupation number
N
number of modes
N
number of electrons
N0
number of modes in the absence of the tip
∆N
change in the number of modes
N
number of energy levels
Ni
impurity density
[m−3 ]
p
hole density
m−2
p
matrix in wire problem
pc
critical hole density
[m−2 ]
px,y
components of the momentum
p(θ)
angular probability distribution
P
gain of P-I controller
P
power dissipated in TF
gain of z-controller
Pz
Peﬀ
effective gain
(z)
Peﬀ Pc critical gain of PI-controller
(z)
Pc
critical gain of z-controller
PE
dissipated power
[W]
P0
power offset
[W]
P LL(ω) PLL response function
P I(ω) response of z-feedback P-I controller
Pk
propagation matrix
Ps
propagation matrix between scatterers s and s − 1
p
momentum operator
Peq
equilibrium Gibbs distribution function
q
scattering wave vector
[m−1 ]
q 1,2
combined space and spin coordinate
q
modulus of the scattering wave vector |q|
qp
piezoelectric charge
Qi
electric charge on electrode i
[As]
Qi
charge on SET island
Q
quality factor
Q2DEG induced charge in the 2DEG
(0)
Qtip
charge induced on the tip at zero bias

F.2 Variables

Symbol Meaning
Units
r
radius of a ring
[m]
r0
radius of a ring
[m]
r1
inner ring radius
r2
outer ring radius
r>,< radius coordinates
r
vector in space
[m]
r
distance from the origin
[m]
∆r
radial width of ring
[m]
R
electric resistance
[Ω]
R
resistance of tuning fork
Rc
contact resistance
[Ω]
Rc
classical cyclotron radius
[m]
RH
Hall coefficient
[Ω/T]
R(ω) response function of P-I controller
R(s)
part of the propatator matrix Ps
∆R
resistance change
δRH
correction to the Hall coefficient
Rs
pure (series) resistance of a QPC without Rc
[Ω]
rs
interaction parameter (conventional definition)
r̄s
interaction parameter as energy ratio in 2D
rseﬀ
effective interaction parameter for electrons in ring
r
reflection matrix
S
ground-state spin of quantum dots
SLI
lockin sensitivity
SN
ground-state spin of N electron dot
Si
surface of electrode i
s
z-component of ground state spin
T
temperature
[K]
T
transmission probability
TF
Fermi temperature
[K]
Te
electron temperature
[K]
Tmin
minimum temperature
[K]
Tl
lattice temperature
[K]
T
transfer matrix
Ts
transfer matrix for scatterer s
t
transmission matrix
t
time

233

234

F List of symbols

Symbol Meaning
Units
U
applied or measured voltage
[V]
U
longitudinal voltage
[V]
Ua
voltage at Kelvin parabola apex
UH
Hall voltage, transverse voltage
[V]
UG
gate voltage
[V]
USD
source-drain voltage
[V]
Uts
tip-sample voltage
Uset
setpoint voltage for feedback
Udepl
onset voltage for depletion
U0
voltage applied to tuning fork
UPG
plunger gate voltage
UTG
top gate voltage
UBG
back gate voltage
UG
gate voltage
Utip
tip voltage
U2DEG
2DEG voltage
UAC (x, y) local voltage between tip and sample
Uij
gate voltage difference Ui − Uj
[V]
U∆f
VCO input voltage
Ui
gate voltage
[V]
δU∆f
noise on VCO input voltage
∆UHV
voltage on piezo tube
u
interaction strength (spin chapter)
V (q)
Fourier transform of scattering potential
V
volume
V (y, z) confinement potential
V (y)
confinement potential
Vs (x, y) scattering potential
Vt (x, y) tip induced potential
Vc
constant interaction energy
[J]
Vc (y)
confinement potential
V (r)
confinement potential in radial direction
V (r, ϕ) confinement potential
VH (r)
Hartree potential
Vδ
strength of delta scattering potential
v (r)
Fourier components of V (r, ϕ)
vF
Fermi velocity
[m/s]
v
velocity
[m/s]
v(q)
form factor for scattering

F.2 Variables

Symbol Meaning
Units
W
width of a sample
[m]
W
width of quantum wire
W
electrostatic energy of charge distribution
W1,2
electrostatic energy contributions
Wion
electrostatic energy contribution due to ions
Wgates work done by voltage sources
[J]
x
vector in space
[m]
x
vector in space
[m]
x
aluminum content in Ga[Al]As
Xres
X-output lockin on resonance
X(t)
sin-component of harmonic oscillator oscillation
Y
elastic modulus
Yres
Y-output lockin on resonance
Y (ω)
Y-output lockin
Y (t)
cos-component of harmonic oscillator oscillation
δYres
integrated lockin output noise
Z
partition function
Z(ω)
response function of z-feedback
∆zeﬀ
effective surface roughness
2
z2DEG
 wave function extent in 2DEG
2
zdot
 wave function extent in dot
δz
integrated z-noise
α
vector of plane wave amplitudes
|α
quantum mechanical basis state, ket-vector
α, β
index: (continuous) quantum numbers of basis states
α
Exponent for heating effects
αpr
piezoresistive coupling constant
α
proportionality constant of frequency shift and Uts
αp
piezoelectric coupling constant of tuning fork
αi (r) characteristic function of gate electrode
αi
lever arm of electrode i
α
exponent for heating effects
α
prefactor for WL
αG
lever arm of the gate electrode
αD
lever arm of the drain electrode
αS
lever arm of the source electrode
β
vector of plane wave amplitudes
β
proportionality constant of frequency shift and ∆z
β(g)
scaling function
β(r)
shape function in quantum dot
ε(q, T ) dielectric function
ε(r)
dielectric function (r dependent)
ε1,2
dielectric constant
N
single-particle energy level

small asymmetry parameter in Tan–Inkson
n
single-particle energy levels

235

236

F List of symbols

γ
vector of plane wave amplitudes
γ
friction constant
γ
temperature exponent
γ
normalized strength of delta scattering potential
γ
strength of scattering potential
γ1
damping constant
γ2
damping constant
γc
damping constant
Γ
tunneling coupling
Γ
width of conductance peaks
Γmn (x)
matrix element of scattering potential Vs (x, y)
Γ̃mn
matrix element
Γpl
tunneling coupling of state p to left lead
Γpr
tunneling coupling of state p to right lead
Γ̄p
= Γpl Γpr /(Γpl + Γpr ): mean tunneling coupling of level p
∆
single-particle level spacing
∆N
single-particle level spacing EN − EN −1
[J]
δ
vector of plane wave amplitudes
res
δ
= eαG (UG − UG
)
κ
coupling constant of harmonic oscillators
κ
wave vector
κ
matrix in wire scattering problem
λF
Fermi wave length
[m]
λ
ratio of interaction strength to single-particle level spacing
µ
electron mobility
µH
Hall mobility
[m2 /(Vs)]
µelch
electrochemical potential
[J]
µch
chemical potential
[J]
µN
addition energy of a quantum dot
[J]
µS
electrochemical potential of source contact
µD
electrochemical potential of drain contact
µB
Bohr magneton
µ
calibration of piezo tube in z direction
ν
filling factor of Landau levels
ν
exponent for scaling analysis
ν
exponent in wave function (effective angular momentum) in Tan–Inkson
φ(r)
electrostatic potential
φi
electrostatic potentials on gate electrodes
[V]
φG
electrostatic potential on the gate
[V]
φion (r)
electrostatic potential of ionic charges
φ(N )
total electrostatic potential of the dot
Φ
magnetic flux
[Vs]
ϕ
phase of electron path
ϕ
angle variable
ϕi (r)
wave function
Π(q, T, µch ) polarization function

F.2 Variables


specific resistivity
[Ωm]

resistivity tensor in two dimensions
[Ω]
xx
longitudinal resistivity
[Ω]
xy
Hall resistivity
[Ω]
c
critical resistivity in 2D
[Ω]
ρ
mass density
ρion
density of ionic charges
[As/m3 ]
ρe
density of electronic charges
[As/m3 ]
ρ(r)
density of electronic charges
σ
specific conductivity
[Ω−1 /m]
σD
Drude conductivity in 2D
Ω−1
∆σI
interaction correction to the conductivity
[Ω−1 ]
δσI
interaction correction to the conductivity
[Ω−1 ]
δσWL
weak-localization correction to the conductivity [Ω−1 ]
σ
conductivity tensor in two dimensions
[Ω−1 ]

σ(x, x ) non-local conductivity
[Ω−1 /m]
σi (r)
surface charge density
σd
charge density in doping plane
σs
surface charge density
σ2DEG (r) induced density in the 2DEG
τ
Drude scattering time
[s]
τ
time constant
τe
Drude scattering time
[s]
τq
quantum life time
[s]
τϕ
phase coherence time
[s]
τ
relaxation time
[s]
τ⊥
relaxation time
[s]
θ
scattering angle
θ
angle
ω
angle frequency 2πf
ωc
cyclotron frequency
[s−1 ]
ωc
coupling frequency of tuning fork arms
ωz
harmonic oscillator frequency in z-direction
ωz2DEG
h.o. frequency for 2DEG
ωzdot
h.o. frequency for dot
ωy
harmonic oscillator frequency in y-direction
ω0
frequency
ω0
resonance frequency of TF
ωe
excitation frequency of TF
ω1
diagonalized harmonic oscillator frequency
ω2
diagonalized harmonic oscillator frequency
∆ω
step in resonance frequency
Ωd
solid angle in d dimensions
Ω1
frequency of Eigenmode
Ω2
frequency of Eigenmode
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F List of symbols

ψk (x) wave function
χ(r) radial wave function
ξ
mean exchange energy
ξ(t) coordinate of harmonic oscillator
η
parameter for the charging energy model for the ring
η
calibration constant for frequency shift
η
response function VCO

F.3 Special functions
Function
f (E, µch , T ), f (E)
δ(E)
ψ(x)
Γ (x)
(ν)
Ln
2 F1 (a, b; c; x)
Y,m (ϑ, ϕ)
Jn (x)
K(x)

Meaning
Units
Fermi–Dirac distribution function
Dirac delta function
digamma function
gamma function
generalized Laguerre polynomials
hypergeometric function
spherical harmonic functions
Bessel functions
elliptic integral
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[152] M. Vojta. Quantenphasenübergänge – ‘Schmelzen’ am Temperaturnullpunkt.
Physik Journal, 1(3):55, 2002.
[153] S.L. Sondhi, S.M. Girvin, J.P. Carini, and D. Shahar. Continuous quantum
phase transitions. Rev. Mod. Phys., 69:315, 1997.
[154] D. Popovic, A.B. Fowler, and S. Washburn. Metal-insulator transition in two
dimensions: effects of disorder and magnetic field. Phys. Rev. Lett., 79:1543,
1997.
[155] R. Heemskerk and T.M. Klapwijk. Nonlinear resistivity at the metal-insulator
transition in a two-dimensional electron gas. Phys. Rev. B, 58:R1754, 1998.
[156] S.S. Safonov, S.H. Roshko, A.K. Savchenko, A.G. Pogosov, and Z.D. Kvon.
”Metallic” and ”insulating” behaviour of the two-dimensional electron gas on
a vicinal surface of Si MOSFETs. Phys. Rev. Lett., 86:272, 2001.
[157] Y. Hanein, U. Meirav, D. Shahar, C.C. Li, D.C. Tsui, and H. Shtrikman. The
Metalliclike Conductivity of a Two-Dimensional Hole System. Phys. Rev.
Lett., 80:1288, 1998.
[158] J. Yoon, C.C. Li, D. Shanar, D.C.Tsui, and M. Shayegan. Wigner crystallization and metal–insulator transition of two-dimensional holes in GaAs at B=0.
Phys. Rev. Lett., 82:1744, 1999.
[159] M.Y. Simmons, A.R. Hamilton, M. Pepper, E.H. Linfield, P.D. Rose, and D. A.
Ritchie. Weak localization, hole–hole interactions, and the “metal”–insulator
transition in two dimensions. Phys. Rev. Lett., 84:2489, 2000.
[160] Y. Yaish, O. Prus, E. Buchstab, S. Shapira, G. Ben Yoseph, U. Sivan, and
A. Stern. Interband scattering and the Metallic Phase” of two-dimensional
holes in GaAs/AlGaAs. Phys. Rev. Lett., 84:4954, 2000.
[161] A.R. Hamilton, M.Y. Simmons, M. Pepper, and D.A. Ritchie. Metallic behavior in dilute two-dimensional hole systems. Phys. Rev. Lett., 87:126802–1,
2001.
[162] Y.Y. Proskuryakov, A.K. Savchenko, Safonov S.S, M. Pepper, M.Y. Simmons,
and D.A. Ritchie. Fermi-liquid behavior of the low-density 2D hole gas in a
GaAs/AlGaAs heterostructure at large values of rs . Phys. Rev. Lett., 86:4895,
2001.
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