A1.3 Quantum mechanics of condensed phases
James R Chelikowsky

A1.3.1 INTRODUCTION
Traditionally one categorizes matter by phases such as gases, liquids and solids. Chemistry is usually
concerned with matter in the gas and liquid phases, whereas physics is concerned with the solid phase.
However, this distinction is not well defined: often chemists are concerned with the solid state and reactions
between solid-state phases, and physicists often study atoms and molecular systems in the gas phase. The term
condensed phases usually encompasses both the liquid state and the solid state, but not the gas state. In this
section, the emphasis will be placed on the solid state with a brief discussion of liquids.
The solid phase of matter offers a very different environment to examine the chemical bond than does a gas or
liquid [1, 2, 3, 4 and 5]. The obvious difference involves describing the atomic positions. In a solid state, one
can often describe atomic positions by a static configuration, whereas for liquid and gas phases this is not
possible. The properties of the liquids and gases can be characterized only by considering some time-averaged
ensemble. This difference between phases offers advantages in describing the solid phase, especially for
crystalline matter. Crystals are characterized by a periodic symmetry that results in a system occupying all
space [6]. Periodic, or translational, symmetry of crystalline phases greatly simplifies discussions of the solid
state since knowledge of the atomic structure within a fundamental ‘subunit’ of the crystal, called the unit cell,
is sufficient to describe the entire system encompassing all space. For example, if one is interested in the
spatial distribution of electrons in a crystal, it is sufficient to know what this distribution is within a unit cell.
A related advantage of studying crystalline matter is that one can have symmetry-related operations that
greatly expedite the discussion of a chemical bond. For example, in an elemental crystal of diamond, all the
chemical bonds are equivalent. There are no terminating bonds and the characterization of one bond is
sufficient to understand the entire system. If one were to know the binding energy or polarizability associated
with one bond, then properties of the diamond crystal associated with all the bonds could be extracted. In
contrast, molecular systems often contain different bonds and always have atoms at the boundary between the
molecule and the vacuum.
Since solids do not exist as truly infinite systems, there are issues related to their termination (i.e. surfaces).
However, in most cases, the existence of a surface does not strongly affect the properties of the crystal as a
whole. The number of atoms in the interior of a cluster scale as the cube of the size of the specimen while the
number of surface atoms scale as the square of the size of the specimen. For a sample of macroscopic size, the
number of interior atoms vastly exceeds the number of atoms at the surface. On the other hand, there are
interesting properties of the surface of condensed matter systems that have no analogue in atomic or
molecular systems. For example, electronic states can exist that ‘trap’ electrons at the interface between a
solid and the vacuum [1].
Issues associated with order occupy a large area of study for crystalline matter [1, 7, 8]. For nearly perfect
crystals, one can have systems with defects such as point defects and extended defects such as dislocations and
grain

-2-

boundaries. These defects occur in the growth process or can be mechanically induced. In contrast to
molecular systems that can be characterized by ‘perfect’ molecular systems, solids always have defects.
Individuals atoms that are missing from the ideal crystal structure, or extra atoms unneeded to characterize the
ideal crystal are called point defects. The missing atoms correspond to vacancies; additional atoms are called

interstitials. Extended defects are entire planes of atoms or interfaces that do not correspond to those of the
ideal crystal. For example, edge dislocations occur when an extra half-plane of atoms is inserted in a perfect
crystal and grain boundaries occur when a solid possesses regions of crystalline matter that have different
structural orientations. In general, if a solid has no long-range order then one considers the phase to be an
amorphous solid. The idea of atomic order and ‘order parameters’ is not usually considered for molecular
systems, although for certain systems such as long molecular chains of atoms one might invoke a similar
concept.
Another issue that distinguishes solids from atomic or molecular systems is the role of controlled defects or
impurities. Often a pure, elemental crystal is not of great interest for technological applications; however,
crystals with controlled additions of impurities are of great interest. The alteration of electronic properties
with defects can be dramatic, involving changes in electrical conductivity by orders of magnitude. As an
example, the addition of one boron atom for every 105 silicon atoms increases the conductivity of pure silicon
by factor of 103 at room temperature [1]. Much of the electronic materials revolution is based on capitalizing
on the dramatic changes in electronic properties via the controlled addition of electronically active dopants.
Of course, condensed phases also exhibit interesting physical properties such as electronic, magnetic, and
mechanical phenomena that are not observed in the gas or liquid phase. Conductivity issues are generally not
studied in isolated molecular species, but are actively examined in solids. Recent work in solids has focused
on dramatic conductivity changes in superconducting solids. Superconducting solids have resistivities that are
identically zero below some transition temperature [1, 9, 10]. These systems cannot be characterized by
interactions over a few atomic species. Rather, the phenomenon involves a collective mode characterized by a
phase representative of the entire solid.

A1.3.2 MANY-BODY WAVEFUNCTIONS IN CONDENSED PHASES
One of the most significant achievements of the twentieth century is the description of the quantum
mechanical laws that govern the properties of matter. It is relatively easy to write down the Hamiltonian for
interacting fermions. Obtaining a solution to the problem that is sufficient to make predictions is another
matter.
Let us consider N nucleons of charge Zn at positions {Rn} for n = 1,…, N and M electrons at positions {ri} for
i = 1,…, M. This is shown schematically in figure A1.3.1. The Hamiltonian for this system in its simplest
form can be written as

(A1.3.1)
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n

is the mass of the nucleon, is Planck’s constant divided by 2π, m is the mass of the electron. This

expression omits some terms such as those involving relativistic interactions, but captures the essential
features for most condensed matter phases.

Figure A1.3.1. Atomic and electronic coordinates. The electrons are illustrated by filled circles; the nuclei by
open circles.
Using the Hamiltonian in equation A1.3.1, the quantum mechanical equation known as the Schrödinger
equation for the electronic structure of the system can be written as
(A1.3.2)

where E is the total electronic energy of the system, and Ψ is the many-body wavefunction. In the early part
of the twentieth century, it was recognized that this equation provided the means of solving for the electronic
and nuclear degrees of freedom. Using the variational principle, which states that an approximate
wavefunction will always have a less favourable energy than the true ground-state energy, one had an
equation and a method to test the solution. One can estimate the energy from

(A1.3.3)

Solving equation A1.3.2 for anything more complex than a few particles becomes problematic even with the
most modern computers. Obtaining an approximate solution for condensed matter systems is difficult, but
considerable progress has been made since the advent of digital computers. Several highly successful
approximations have been made to solve for the ground-state energy. The nature of the approximations used is
to remove as many degrees of freedom from the system as possible.
One common approximation is to separate the nuclear and electronic degrees of freedom. Since the nuclei are
considerably more massive than the electrons, it can be assumed that the electrons will respond
‘instantaneously’ to the nuclear coordinates. This approximation is called the Born–Oppenheimer or adiabatic
approximation. It allows one to treat the nuclear coordinates as classical parameters. For most condensed
matter systems, this assumption is highly accurate [11, 12].
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Another common approximation is to construct a specific form for the many-body wavefunction. If one can
obtain an accurate estimate for the wavefunction, then, via the variational principle, a more accurate estimate
for the energy will emerge. The most difficult part of this exercise is to use physical intuition to define a trial
wavefunction.
One can utilize some very simple cases to illustrate this approach. Suppose one considers a solution for noninteracting electrons: i.e. in equation A1.3.1 the last term in the Hamiltonian is ignored. In this limit, it is

possible to write the many-body wavefunction as a sum of independent Hamiltonians. Using the adiabatic
approximation, the electronic part of the Hamiltonian becomes

(A1.3.4)

Let us define a nuclear potential, VN, which the ith electron sees as
(A1.3.5)

One can now rewrite a simplified Schrödinger equation as

(A1.3.6)

where the Hamiltonian is now defined for the ith electron as
(A1.3.7)

For this simple Hamiltonian, let us write the many-body wavefunction as
(A1.3.8)

The φi(r) orbitals can be determined from a ‘one-electron’ Hamiltonian
(A1.3.9)

The index i for the orbital φi(r) can be taken to include the spin of the electron plus any other relevant
quantum numbers. The index i runs over the number of electrons, each electron being assigned a unique set of
quantum
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numbers. This type of Schrödinger equation can be easily solved for fairly complex condensed matter
systems. The many-body wavefunction in equation A1.3.8 is known as the Hartree wavefunction. If one uses
this form of the wavefunction as an approximation to solve the Hamiltonian including the electron–electron
interactions, this is known as the Hartree approximation. By ignoring the electron–electron terms, the Hartree
approximation simply reflects the electrons independently moving in the nuclear potential. The total energy of
the system in this case is simply the sum of the eigenvalues, Ei.
To obtain a realistic Hamiltonian, the electron–electron interactions must be reinstated in equation A1.3.6:
(A1.3.10)

In this case, the individual orbitals, φi(r), can be determined by minimizing the total energy as per equation
A1.3.3, with the constraint that the wavefunction be normalized. This minimization procedure results in the
following Hartree equation:

(A1.3.11)

Using the orbitals, φ(r), from a solution of equation A1.3.11, the Hartree many-body wavefunction can be
constructed and the total energy determined from equation A1.3.3.
The Hartree approximation is useful as an illustrative tool, but it is not a very accurate approximation. A
significant deficiency of the Hartree wavefunction is that it does not reflect the anti-symmetric nature of the
electrons as required by the Pauli principle [7]. Moreover, the Hartree equation is difficult to solve. The
Hamiltonian is orbitally dependent because the summation in equation A1.3.11 does not include the ith
orbital. This means that if there are M electrons, then M Hamiltonians must be considered and equation
A1.3.11 solved for each orbital.
A1.3.2.2 THE HARTREE–FOCK APPROXIMATION

It is possible to write down a many-body wavefunction that will reflect the antisymmetric nature of the
wavefunction. In this discussion, the spin coordinate of each electron needs to be explicitly treated. The
coordinates of an electron may be specified by risi where si represents the spin coordinate. Starting with oneelectron orbitals, φi(r s), the following form can be invoked:

(A1.3.12)

This form of the wavefunction is called a Slater determinant. It reflects the proper symmetry of the
wavefunction and
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the Pauli principle. If two electrons occupy the same orbit, two rows of the determinant will be identical and
the many-body wavefunction will have zero amplitude. Likewise, the determinant will vanish if two electrons
occupy the same point in generalized space (i.e. risi = rjsj) as two columns of the determinant will be
identical. If two particles are exchanged, this corresponds to a sign change in the determinant. The Slater
determinant is a convenient representation. It is probably the simplest form that incorporates the required
symmetry properties for fermions, or particles with non-integer spins.
If one uses a Slater determinant to evaluate the total electronic energy and maintains the orbital normalization,
then the orbitals can be obtained from the following Hartree–Fock equations:

(A1.3.13)

It is customary to simplify this expression by defining an electronic charge density, ρ:

(A1.3.14)

and an orbitally dependent exchange-charge density,

for the ith orbital:

(A1.3.15)

This ‘density’ involves a spin-dependent factor which couples only states (i, j) with the same spin coordinates
(si, sj). It is not a true density in that it is dependent on r, r'; it has meaning only as defined below.
With these charge densities defined, it is possible to define corresponding potentials. The Coulomb or Hartree
potential, VH, is defined by
(A1.3.16)

and an exchange potential can be defined by
(A1.3.17)
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This combination results in the following Hartree–Fock equation:
(A1.3.18)

Once the Hartree–Fock orbitals have been obtained, the total Hartree–Fock electronic energy of the system,
EHF, can be obtained from
(A1.3.19)

EHF is not a sum of the Hartree–Fock orbital energies, Ei. The factor of in the electron–electron terms arises
because the electron–electron interactions have been double-counted in the Coulomb and exchange potentials.
The Hartree–Fock Schrödinger equation is only slightly more complex than the Hartree equation. Again, the
equations are difficult to solve because the exchange potential is orbitally dependent.

There is one notable difference between the Hartree–Fock summation and the Hartree summation. The
Hartree–Fock sums include the i = j terms in equation A1.3.13. This difference arises because the exchange
term corresponding to i = j cancels an equivalent term in the Coulomb summation. The i = j term in both the
Coulomb and exchange term is interpreted as a ‘self-screening’ of the electron. Without a cancellation
between Coulomb and exchange terms a ‘self-energy’ contribution to the total energy would occur.
Approximate forms of the exchange potential often do not have this property. The total energy then contains a
self-energy contribution which one needs to remove to obtain a correct Hartree–Fock energy.
The Hartree–Fock wavefunctions are approximations to the true ground-state many-body wavefunctions.
Terms not included in the Hartree–Fock energy are referred to as correlation contributions. One definition for
the correlation energy, Ecorr is to write it as the difference between the correct total energy of the system and
the Hartree–Fock energies: Ecorr = Eexact – EHF. Correlation energies are sometimes included by considering
Slater determinants composed of orbitals which represent excited-state contributions. This method of
including unoccupied orbitals in the many-body wavefunction is referred to as configuration interaction or
‘CI’.
Applying Hartree–Fock wavefunctions to condensed matter systems is not routine. The resulting Hartree–
Fock equations are usually too complex to be solved for extended systems. It has been argued that many-body
wavefunction approaches to the condensed matter or large molecular systems do not represent a reasonable
approach to the electronic structure problem of extended systems.

A1.3.3 DENSITY FUNCTIONAL APPROACHES TO QUANTUM
DESCRIPTIONS OF CONDENSED PHASES
Alternative descriptions of quantum states based on a knowledge of the electronic charge density equation
A1.3.14 have existed since the 1920s. For example, the Thomas–Fermi description of atoms based on a
knowledge of ρ (r)
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was reasonably successful [13, 14 and 15]. The starting point for most discussions of condensed matter begins
by considering a limiting case that may be appropriate for condensed matter systems, but not for small
molecules. One often considers a free electron gas of uniform charge density. The justification for this
approach comes from the observation that simple metals like aluminium and sodium have properties which
appear to resemble those of a free electron gas. This model cannot be applied to systems with localized
electrons such as highly covalent materials like carbon or highly ionic materials like sodium chloride. It is
also not appropriate for very open structures. In these systems large variations of the electron distribution can
occur.
A1.3.3.1 FREE ELECTRON GAS

Perhaps the simplest description of a condensed matter system is to imagine non-interacting electrons
contained within a box of volume, Ω. The Schrödinger equation for this system is similar to equation A1.3.9
with the potential set to zero:

(A1.3.20)

Ignoring spin for the moment, the solution of equation A1.3.20 is
(A1.3.21)

The energy is given by E(k) = 2k2/2m and the charge density by ρ = 1/Ω. k is called a wavevector.
A key issue in describing condensed matter systems is to account properly for the number of states. Unlike a
molecular system, the eigenvalues of condensed matter systems are closely spaced and essentially ‘infinite’ in
number. For example, if one has 1023 electrons, then one can expect to have 1023 occupied states. In
condensed matter systems, the number of states per energy unit is a more natural measure to describe the
energy distribution of states.
It is easy to do this with periodic boundary conditions. Suppose one considers a one-dimensional specimen of
length L. In this case the wavefunctions obey the rule φ(x + L) = φ(x) as x + L corresponds in all physical
properties to x. For a free electron wavefunction, this requirement can be expressed as exp(ik(x + L) = exp(ikx)
or as exp(ikL) = 1 or k = 2πn/L where n is an integer.
Periodic boundary conditions force k to be a discrete variable with allowed values occurring at intervals of
2π/L. For very large systems, one can describe the system as continuous in the limit of L → ∞. Electron states
can be defined by a density of states defined as follows:

(A1.3.22)
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where N(E) is the number of states whose energy resides below E. For the one-dimensional case, N(k) = 2k/
(2π/L) (the factor of two coming from spin) and dN/dE = (dN/dk) · (dk/dE). Using E(k) = 2k2/2m, we have
and
. This results in the one-dimensional density of states as
(A1.3.23)

The density of states for a one-dimensional system diverges as E → 0. This divergence of D(E) is not a
serious issue as the integral of the density of states remains finite. In three dimensions, it is straightforward to
show that

(A1.3.24)

The singularity is removed, although a discontinuity in the derivative exists as E → 0.
One can determine the total number of electrons in the system by integrating the density of states up to the
highest occupied energy level. The energy of the highest occupied state is called the Fermi level or Fermi
energy, EF:

(A1.3.25)

and

(A1.3.26)

By defining a Fermi wavevector as kF = (3π2nel)1/3 where nel is the electron density, nel = N/Ω, of the system,
one can write
(A1.3.27)

It should be noted that typical values for EF for simple metals like sodium or potassium are of the order of
several electronvolts. If one defines a temperature, TF, where TF = EF/kB and kB is the Boltzmann constant,
typical values for TF might be 103–104 K. Thus, at ambient temperatures one can often neglect the role of
temperature in determining the Fermi energy.
A1.3.3.2 HARTREE–FOCK EXCHANGE IN A FREE ELECTRON GAS

For a free electron gas, it is possible to evaluate the Hartree–Fock exchange energy directly [3, 16]. The Slater
determinant is constructed using free electron orbitals. Each orbital is labelled by a k and a spin index. The
Coulomb
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potential for an infinite free electron gas diverges, but this divergence can be removed by imposing a
compensating uniform positive charge. The resulting Hartree–Fock eigenvalues can be written as

(A1.3.28)

where the summation is over occupied k-states. It is possible to evaluate the summation by transposing the
summation to an integration. This transposition is often done for solid-state systems as the state density is so
high that the system can be treated as a continuum:

(A1.3.29)

This integral can be solved analytically. The resulting eigenvalues are given by

(A1.3.30)

Using the above expression and equation A1.3.19, the total electron energy,
within the Hartree–Fock approximation is given by

, for a free electron gas

(A1.3.31)

The factor of 2 in the first term comes from spin. In the exchange term, there is no extra factor of 2 because
one can subtract off a ‘double-counting term’ (see equation A1.3.19). The summations can be executed as per
equation A1.3.29 to yield
(A1.3.32)

The first term corresponds to the average energy per electron in a free electron gas. The second term
corresponds to the exchange energy per electron. The exchange energy is attractive and scales with the cube
root of the average density. This form provides a clue as to what form the exchange energy might take in an
interacting electron gas or non-uniform electron gas.
Slater was one of the first to propose that one replace in equation A1.3.18 by a term that depends only on
the cube root of the charge density [17, 18 and 19]. In analogy to equation A1.3.32, he suggested that Vix be
replaced by
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This expression is not orbitally dependent. As such, a solution of the Hartree–Fock equation (equation
(A1.3.18) is much easier to implement. Although Slater exchange was not rigorously justified for non-uniform
electron gases, it was quite successful in replicating the essential features of atomic and molecular systems as
determined by Hartree–Fock calculations.
A1.3.3.3 THE LOCAL DENSITY APPROXIMATION

In a number of classic papers Hohenberg, Kohn and Sham established a theoretical framework for justifying
the replacement of the many-body wavefunction by one-electron orbitals [15, 20, 21]. In particular, they
proposed that the charge density plays a central role in describing the electronic structure of matter. A key
aspect of their work was the local density approximation (LDA). Within this approximation, one can express
the exchange energy as
(A1.3.34)

where εx [ρ] is the exchange energy per particle of uniform gas at a density of ρ. Within this framework, the
exchange potential in equation A1.3.18 is replaced by a potential determined from the functional derivative of
Ex[ρ]:
(A1.3.35)

One serious issue is the determination of the exchange energy per particle, εx, or the corresponding exchange
potential, Vx. The exact expression for either of these quantities is unknown, save for special cases. If one

assumes the exchange energy is given by equation A1.3.32, i.e. the Hartree–Fock expression for the exchange
energy of the free electron gas, then one can write
(A1.3.36)

and taking the functional derivative, one obtains
(A1.3.37)

Comparing this to the form chosen by Slater, we note that this form, known as Kohn–Sham exchange, differs
by a factor of : i.e.
. For a number of years, some controversy existed as to whether the
Kohn–Sham or Slater exchange was more accurate for realistic systems [15]. Slater suggested that a
parameter be introduced that would allow one to vary the exchange between the Slater and Kohn–Sham
values [19]. The parameter, α, was often
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placed in front of the Slater exchange:

α was often chosen to replicate some known feature of an

exact Hartree–Fock calculation such as the total energy of an atom or ion. Acceptable values of α were
viewed to range from α = to α = 1. Slater’s so-called ‘Xα’ method was very successful in describing
molecular systems [19]. Notable drawbacks of the Xα method centre on its ad hoc nature through the α
parameter and the omission of an explicit treatment of correlation energies.
In contemporary theories, α is taken to be , and correlation energies are explicitly included in the energy
functionals [15]. Sophisticated numerical studies have been performed on uniform electron gases resulting in
local density expressions of the form Vxc[ρ(r)] = Vx[ρ(r)] + Vc[ρ(r)] where Vc represents contributions to the
total energy beyond the Hartree–Fock limit [22]. It is also possible to describe the role of spin explicitly by
considering the charge density for up and down spins: ρ = ρ + ρ↓. This approximation is called the local spin
density approximation [15].
The Kohn–Sham equation [21] for the electronic structure of matter is given by

(A1.3.38)

This equation is usually solved ‘self-consistently’. An approximate charge is assumed to estimate the
exchange-correlation potential and to determine the Hartree potential from equation A1.3.16. These
approximate potentials are inserted in the Kohn–Sham equation and the total charge density is obtained from
equation A1.3.14. The ‘output’ charge density is used to construct new exchange-correlation and Hartree
potentials. The process is repeated until the input and output charge densities or potentials are identical to
within some prescribed tolerance.
Once a solution of the Kohn–Sham equation is obtained, the total energy can be computed from
(A1.3.39)

The electronic energy, as determined from EKS, must be added to the ion–ion interactions to obtain the
structural energies. This is a straightforward calculation for confined systems. For extended systems such as
crystals, the calculations can be done using Madelung summation techniques [2].
Owing to its ease of implementation and overall accuracy, the local density approximation is the current
method of choice for describing the electronic structure of condensed matter. It is relatively easy to implement
and surprisingly accurate. Moreover, recent developments have included so-called gradient corrections to the
local density approximation. In this approach, the exchange-correlation energy depends on the local density
the gradient of the density. This approach is called the generalized gradient approximation or GGA [23].
When first proposed, density functional theory was not widely accepted in the chemistry community. The
theory is not ‘rigorous’ in the sense that it is not clear how to improve the estimates for the ground-state
energies. For wavefunction-based methods, one can include more Slater determinants as in a configuration
interaction approach. As the wavefunctions improve via the variational theorem, the energy is lowered. In
density functional theory, there is no
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analogous procedure. The Kohn–Sham equations are also variational, but need not approach the true groundstate energy. This is not a problem provided that one is interested in relative energies and any inherent density
functional errors cancel in the difference.
In some sense, density functional theory is an a posteriori theory. Given the transference of the exchangecorrelation energies from an electron gas, it is not surprising that errors would arise in its implementation to
highly non-uniform electron gas systems as found in realistic systems. However, the degree of error
cancellations is rarely known a priori. The reliability of density functional theory has only been established by
numerous calculations for a wide variety of condensed matter systems. For example, the cohesive energies,
compressibility, structural parameters and vibrational spectra of elemental solids have been calculated within
the density functional theory [24]. The accuracy of the method is best for systems in which the cancellation of
errors is expected to be complete. Since cohesive energies involve the difference in energies between atoms in
solids and atoms in free space, error cancellations are expected to be significant. This is reflected in the fact
that historically cohesive energies have presented greater challenges for density functional theory: the errors
between theory and experiment are typically ~5–10%, depending on the nature of the density functional. In
contrast, vibrational frequencies which involve small structural changes within a given crystalline
environment are easily reproduced to within 1–2%.

A1.3.4 ELECTRONIC STATES IN PERIODIC POTENTIALS: BLOCH’S
THEOREM
Crystalline matter serves as the testing ground for electronic structure methods applied to extended systems.
Owing to the translational periodicity of the system, a knowledge of the charge density in part of the crystal is
sufficient to understand the charge density throughout the crystal. This greatly simplifies quantum
descriptions of condensed matter.
A1.3.4.1 THE STRUCTURE OF CRYSTALLINE MATTER

A key aspect in defining a crystal is the existence of a building block which, when translated by a precise

prescription an infinite number of times, replicates the structure of interest. This building block is call a unit
cell. The numbers of atoms required to define a unit cell can vary greatly from one solid to another. For
simple metals such as sodium only one atom may be needed in defining the unit cell. Complex organic
crystals can require thousands of atoms to define the building block.
The unit cell can be defined in terms of three lattice vectors: (a, b, c). In a periodic system, the point x is
equivalent to any point x', provided the two points are related as follows:
(A1.3.40)

where n1, n2, n3 are arbitrary integers. This requirement can be used to define the translation vectors.
Equation A1.3.40 can also be written as
(A1.3.41)
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where Rn1, n2, n3 = n1 a + n2 b + n3 c is called a translation vector. The set of points located by Rn1, n2, n3
formed by all possible combinations of (n1, n2, n3) is called a lattice.
Knowing the lattice is usually not sufficient to reconstruct the crystal structure. A knowledge of the vectors (a,
b, c) does not specify the positions of the atoms within the unit cell. The positions of the atoms within the unit
cell is given by a set of vectors: τi, i = 1, 2, 3… n where n is the number of atoms in the unit cell. The set of
vectors, τi, is called the basis. For simple elemental structures, the unit cell may contain only one atom. The
lattice sites in this case can be chosen to correspond to the atomic sites, and no basis exists.
The position of the ith atom in a crystal, ri, is given by

(A1.3.42)

where the index j refers to the jth atom in the cell and the indices n1, n2, n3 refer to the cell. The construction
of the unit cell, i.e. the lattice vectors Rn1, n2, n3 and the basis vector τ, is not unique. The choice of unit cell is
usually dictated by convenience. The smallest possible unit cell which properly describes a crystal is called
the primitive unit cell.
(A) FACE-CENTRED CUBIC (FCC) STRUCTURE

The FCC structure is illustrated in figure A1.3.2. Metallic elements such as calcium, nickel, and copper form
in the FCC structure, as well as some of the inert gases. The conventional unit cell of the FCC structure is
cubic with the length of the edge given by the lattice parameter, a. There are four atoms in the conventional
cell. In the primitive unit cell, there is only one atom. This atom coincides with the lattice points. The lattice
vectors for the primitive cell are given by
(A1.3.43)

This structure is called ‘close packed’ because the number of atoms per unit volume is quite large compared
with other simple crystal structures.
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Figure A1.3.2. Structure of a FCC crystal.
(B) BODY-CENTRED CUBIC (BCC) STRUCTURE

The BCC structure is illustrated in figure A1.3.3. Elements such as sodium, tungsten and iron form in the
BCC structure. The conventional unit cell of the BCC structure is cubic, like FCC, with the length of the edge
given by the lattice parameter, a. There are two atoms in the conventional cell. In the primitive unit cell, there
is only one atom and the lattice vectors are given by

(A1.3.44)
(C) DIAMOND STRUCTURE

The diamond structure is illustrated in figure A1.3.4. Elements such as carbon, silicon and germanium form in
the diamond structure. The conventional unit cell of the diamond structure is cubic with the length of the edge
given by the lattice parameter, a. There are eight atoms in the conventional cell. The diamond structure can
be constructed by considering two interpenetrating FCC crystals displaced one-fourth of the body diagonal.
For the primitive unit cell, the lattice vectors are the same as for the FCC crystal; however, each lattice point
has a basis associated with it. The basis can be chosen as
(A1.3.45)
(D) ROCKSALT STRUCTURE

The rocksalt structure is illustrated in figure A1.3.5. This structure represents one of the simplest compound
structures. Numerous ionic crystals form in the rocksalt structure, such as sodium chloride (NaCl). The
conventional unit cell of the rocksalt structure is cubic. There are eight atoms in the conventional cell. For the
primitive unit cell, the lattice vectors are the same as FCC. The basis consists of two atoms: one at the origin
and one displaced by one-half the body diagonal of the conventional cell.
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Figure A1.3.3. Structure of a BCC crystal.

Figure A1.3.4. Structure of a diamond crystal.

Figure A1.3.5. Structure of a rocksalt crystal.
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The periodic nature of crystalline matter can be utilized to construct wavefunctions which reflect the
translational symmetry. Wavefunctions so constructed are called Bloch functions [1]. These functions greatly
simplify the electronic structure problem and are applicable to any periodic system.
For example, consider a simple crystal with one atom per lattice point: the total ionic potential can be written
as

(A1.3.46)

This ionic potential is periodic. A translation of r to r + R can be accommodated by simply reordering the
summation. Since the valence charge density is also periodic, the total potential is periodic as the Hartree and
exchange-correlation potentials are functions of the charge density. In this situation, it can be shown that the
wavefunctions for crystalline matter can be written as
(A1.3.47)

where k is a wavevector and uk (r) is a periodic function, uk (r + R)= uk (r). This is known as Bloch’s
theorem. In the limit of a free electron, k can be identified with the momentum of the electron and uk = 1.
The wavevector is a good quantum number: e.g., the orbitals of the Kohn–Sham equations [21] can be
rigorously labelled by k and spin. In three dimensions, four quantum numbers are required to characterize an
eigenstate. In spherically symmetric atoms, the numbers correspond to n, l, m, s, the principal, angular
momentum, azimuthal and spin quantum numbers, respectively. Bloch’s theorem states that the equivalent
quantum numbers in a crystal are kx, ky, kz and spin. The spin index is usually dropped for non-magnetic
materials.
By taking the φk orbitals to be of the Bloch form, the Kohn–Sham equations can be written as
(A1.3.48)

Knowing the energy distributions of electrons, E(k), and the spatial distribution of electrons, ρ(r), is important
in obtaining the structural and electronic properties of condensed matter systems.

A1.3.5 ENERGY BANDS FOR CRYSTALLINE SOLIDS
A1.3.5.1 KRONIG–PENNEY MODEL

One of the first models to describe electronic states in a periodic potential was the Kronig–Penney model [1].
This model is commonly used to illustrate the fundamental features of Bloch’s theorem and solutions of the
Schrödinger
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equation for a periodic system.
This model considers the solution of wavefunctions for a one-dimensional Schrödinger equation:

(A1.3.49)

This Schrödinger equation has a particularly simple solution for a finite energy well: V(x) = – V0 for 0 < x < a
(region I) and V(x) = 0 elsewhere (region II) as indicated in figure A1.3.6. This is a standard problem in

elementary quantum mechanics. For a bound state (E < 0) the wavefunctions have solutions in region I: ψI(x)
= B exp(iKx) + C exp(–iKx) and in region II: ψII(x) = A exp(–Q |x|). The wavefunctions are required to be
continuous: ψI(0) = ψII(0) and ψI(a) = ψII(a) and have continuous first derivatives: ψI'(0) = ψII'(0) and ψI'(a)
= ψII'(a). With these conditions imposed at x = 0
(A1.3.50)

and at x = a
(A1.3.51)

A nontrivial solution will exist only if
(A1.3.52)

or
(A1.3.53)

This results in two solutions:
(A1.3.54)

If ψI and ψII are inserted into the one-dimensional Schrödinger equation, one finds E = 2K2/2m – V0 or
and E = – 2Q2/2m. In the limit V0 → ∞, or K → ∞, equation A1.3.53 can result in a finite
value for Q only if tan(Ka/2) → 0, or cot(Ka/2) → 0 (i.e. Ka = nπ where n is an integer). The energy levels in
this limit correspond to the standard ‘particle in a box’ eigenvalues:
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In the Kronig–Penney model, a periodic array of such potentials is considered as illustrated in figure A1.3.6.
The width of the wells is a and the wells are separated by a distance b. Space can be divided to distinct
regions: region I (–b < x < 0), region II (0 < x < a) and region III (a < x < a + b). In region I, the wavefunction
can be taken as

(A1.3.55)

In region II, the wavefunction is
(A1.3.56)

Unlike an isolated well, there is no restriction on the sign on the exponentials, i.e. both exp(+ Qx) and exp(–
Qx) are allowed. For an isolated well, the sign was restricted so that the exponential vanished as |x| → ∞.
Either sign is allowed for the periodic array as the extent of the wavefunction within each region is finite.

Figure A1.3.6. An isolated square well (top). A periodic array of square wells (bottom). This model is used in
the Kronig–Penney description of energy bands in solids.
Because our system is periodic, one need only consider the wavefunctions in I and II and apply the periodic
boundary conditions for other regions of space. Bloch’s theorem can be used in this case: ψ (x + a) = exp(ika)
ψ(x) or ψ(x + (a + b)) = exp(ik(a + b)) ψ(x). This relates ψIII and ψI:
(A1.3.57)

or
(A1.3.58)
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k now serves to label the states in the same sense n serves to label states for a square well.
As in the case of the isolated well, one can impose continuity of the wavefunctions and the first derivatives of
the wavefunctions at x = 0 and x = a. At x = 0,
(A1.3.59)

and at x = a
(A1.3.60)

(A1.3.61)

This results in four equations and four unknowns. Since the equations are homogeneous, a nontrivial solution
exists only if the determinant formed by the coefficients of A, B, C and D vanishes. The solution to this
equation is
(A1.3.62)

Equation A1.3.62 provides a relationship between the wavevector, k, and the energy, E, which is implicit in Q
and K.
Before this result is explored in more detail, consider the limit where b → ∞. In this limit, the wells become
isolated and k has no meaning. As b → ∞, sinh(Qb) → exp(Qb)/2 and cosh(Qb) → exp(Qb)/2. One can
rewrite equation A1.3.62 as
(A1.3.63)

As exp(Qb)/2 → ∞, this equation can be valid if
(A1.3.64)

otherwise the rhs of equation A1.3.63 would diverge. In this limit, equation A1.3.64 reduces to the isolated
well solution (equation A1.3.53):
(A1.3.65)

Since k does not appear in equation A1.3.65 in this limit, it is undefined.
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One can illustrate how the energy states evolve from discrete levels in an isolated well to states appropriate
for periodic systems by varying the separation between wells. In figure A1.3.7 solutions for E versus k are
shown for isolated wells and for strongly interacting wells. It is important to note that k is not defined except
within a factor of 2πm/(a + b) where m is an integer as cos((k + 2πm/(a + b)) (a + b)) = cos(k(a + b)). The E
versus k plot need be displayed only for k between 0 and π/(a + b) as larger values of k can be mapped into
this interval by subtracting off values of 2π/(a + b).

Figure A1.3.7. Evolution of energy bands in the Kronig–Penney model as the separation between wells, b
(figure A1.3.6) is decreased from (a) to (d). In (a) the wells are separated by a large distance (large value of b)
and the energy bands resemble discrete levels of an isolated well. In (d) the wells are quite close together
(small value of b) and the energy bands are free-electron-like.
In the case where the wells are far apart, the resulting energy levels are close to the isolated well. However, an
interesting phenomenon occurs as the atoms are brought closer together. The energy levels cease being
constant as a function of the wavevector, k. There are regions of allowed solutions and regions where no
energy state occurs. The region of allowed energy values is called an energy band. The range of energies
within the band is called the band width. As the width of the band increases, it is said that the band has greater
dispersion.
The Kronig–Penney solution illustrates that, for periodic systems, gaps can exist between bands of energy
states. As for the case of a free electron gas, each band can hold 2N electrons where N is the number of wells
present. In one dimension, this implies that if a well contains an odd number, one will have partially occupied
bands. If one has an even number of electrons per well, one will have fully occupied energy bands. This
distinction between odd and even numbers of electrons per cell is of fundamental importance. The Kronig–
Penney model implies that crystals with an odd number of electrons per unit cell are always metallic whereas
an even number of electrons per unit cell implies an
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insulating state. This simple rule is valid for more realistic potentials and need be only slightly modified in
three dimensions. In three dimensions, an even number of electrons per unit cells is a necessary condition for
an insulating state, but not a sufficient condition.
One of the major successes of energy band theory is that it can be used to predict whether a crystal exists as a
metal or insulator. If a band is filled, the Pauli principle prevents electrons from changing their momentum in
response to the electric field as all possible momentum states are occupied. In a metal this constraint is not
present as an electron can change its momentum state by moving from a filled to an occupied state within a
given band. The distinct types of energy bands for insulators, metals, semiconductors and semimetals are
schematically illustrated in figure A1.3.8. In an insulator, energy bands are either completely empty or
completely filled. The band gap between the highest occupied band and lowest empty band is large, e.g. above
5 eV. In a semiconductor, the bands are also completely filled or empty, but the gap is smaller, e.g. below 3
eV. In metals bands are not completely occupied and no gap between filled and empty states occurs.
Semimetals are a special case. No gap exists, but one band is almost completely occupied; it overlaps with a
band that is almost completely empty.

Figure A1.3.8. Schematic energy bands illustrating an insulator (large band gap), a semiconductor (small
band gap), a metal (no gap) and a semimetal. In a semimetal, one band is almost filled and another band is
almost empty.
A1.3.5.2 RECIPROCAL SPACE

Expressing E(k) is complicated by the fact that k is not unique. In the Kronig–Penney model, if one replaced k
by k + 2π/(a + b), the energy remained unchanged. In three dimensions k is known only to within a reciprocal
lattice vector, G. One can define a set of reciprocal vectors, given by
(A1.3.66)

where the set (A, B, C) define a lattice in reciprocal space. These vectors can be defined by
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(A1.3.67)

where Ω is defined as the unit cell volume. Note that Ω = |a · b × c| from elementary vector analysis. It is easy
to show that

(A1.3.68)

It is apparent that
(A1.3.69)

Reciprocal lattice vectors are useful in defining periodic functions. For example, the valence charge density, ρ
(r), can be expressed as

(A1.3.70)

It is clear that ρ(r + R) = ρ(r) from equation A1.3.69. The Fourier coefficients, ρ(G), can be determined from
(A1.3.71)

Because E(k) = E(k + G), a knowledge of E(k) within a given volume called the Brillouin zone is sufficient to
determine E(k) for all k. In one dimension, G = 2πn/d where d is the lattice spacing between atoms. In this
case, E(k) is known once k is determined for –π/d < k < π/d. (For example, in the Kronig–Penney model
(figure A1.3.6), d = a + b and k was defined only to within a vector 2π/(a + b).) In three dimensions, this
subspace can result in complex polyhedrons for the Brillouin zone.
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In figure A1.3.9 the Brillouin zone for a FCC and a BCC crystal are illustrated. It is a common practice to
label high-symmetry point and directions by letters or symbols. For example, the k = 0 point is called the Γ
point. For cubic crystals, there exist 48 symmetry operations and this symmetry is maintained in the energy
bands: e.g., E(kx, ky, kz) is invariant under sign permutations of (x, y, z). As such, one need only have
knowledge of E(k) in of the zone to determine the energy band throughout the zone. The part of the zone
which cannot be reduced by symmetry is called the irreducible Brillouin zone.

Figure A1.3.9. Brillouin zones for the FCC and BCC crystal structures.
A1.3.5.3 REALISTIC ENERGY BANDS

Since the electronic structure of a solid can be determined from a knowledge of the spatial and energetic
distribution of electrons (i.e. from the charge density, ρ(r), and the electronic density of states, D(E)), it is
highly desirable to have the ability to determine the quantum states of crystal. The first successful electronic
structure calculations for energy bands of crystalline matter were not performed from ‘first principles’.
Although elements of density functional theory were understood by the mid-1960s, it was not clear how
reliable these methods were. Often, two seemingly identical calculations would yield very different results for
simple issues such as whether a solid was a metal or an insulator. Consequently, some of the first reliable
energy bands were constructed using empirical pseudopotentials [25]. These potentials were extracted from
experimental data and not determined from first principles.

A1.3.5.4 EMPIRICAL PSEUDOPOTENTIALS

The first reliable energy band theories were based on a powerful approximation, call the pseudopotential
approximation. Within this approximation, the all-electron potential corresponding to interaction of a valence
electron with the inner, core electrons and the nucleus is replaced by a pseudopotential. The pseudopotential
reproduces only the properties of the outer electrons. There are rigorous theorems such as the Phillips–
Kleinman cancellation theorem that can be used to justify the pseudopotential model [2, 3, 26]. The Phillips–
Kleinman cancellation theorem states that the orthogonality requirement of the valence states to the core
states can be described by an effective repulsive
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potential. This repulsive potential cancels the strong Coulombic potential within the core region. The
cancellation theorem explains, in part, why valence electrons feel a less attractive potential than would be
expected on the basis of the Coulombic part of the potential. For example, in alkali metals an ‘empty’ core
pseudopotential approximation is often made. In this model pseudopotential, the valence electrons experience
no Coulomb potential within the core region.
Since the pseudopotential does not bind the core states, it is a very weak potential. Simple basis functions can
be used to describe the pseudo-wavefunctions. For example, a simple grid or plane wave basis will yield a
converged solution [25]. The simplicity of the basis is important as it results in an unbiased, flexible
description of the charge density. Also, since the nodal structure of the pseudo-wavefunctions has been
removed, the charge density varies slowly in the core region. A schematic model of the pseudopotential model
is illustrated in figure A1.3.10. The pseudopotential model describes a solid as a sea of valence electrons
moving in a periodic background of cores (composed of nuclei and inert core electrons). In this model many
of the complexities of all-electron calculations, calculations that include the core and valence electrons on an
equal footing, are avoided. A group IV solid such as C with 6 electrons per atom is treated in a similar fashion
to Sn with 50 electrons per atom since both have 4 valence electrons per atom. In addition, the focus of the
calculation is only on the accuracy of the valence electron wavefunction in the spatial region away from the
chemically inert core.

Figure A1.3.10. Pseudopotential model. The outer electrons (valence electrons) move in a fixed arrangement
of chemically inert ion cores. The ion cores are composed of the nucleus and core electrons.

One can quantify the pseudopotential by writing the total crystalline potential for an elemental solid as

(A1.3.72)
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S(G) is the structure factor given by

(A1.3.73)

where Na is the number of atoms in the unit call and τ is a basis vector.

(G) is the form factor given by

(A1.3.74)

where Ωa is the volume per atom and (r) is a pseudopotential associated with an atom. Often this potential
is assumed to be spherically symmetry. In this case, the form factor depends only on the magnitude of G:
(G) =

(|G|). A schematic pseudopotential is illustrated in figure A1.3.11. Outside the core region the

pseudopotential is commensurate with the all-electron potential. When this potential is transformed into
Fourier space, it is often sufficient to keep just a few unique form factors to characterize the potential. These
form factors are then treated as adjustable parameters which can be fitted to experimental data. This is
illustrated in figure A1.3.12.

Figure A1.3.11. Schematic pseudopotential in real space.
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Figure A1.3.12. Schematic pseudopotential in reciprocal space.
The empirical pseudopotential method can be illustrated by considering a specific semiconductor such as
silicon. The crystal structure of Si is diamond. The structure is shown in figure A1.3.4. The lattice vectors and
basis for a primitive cell have been defined in the section on crystal structures (A1.3.4.1). In Cartesian
coordinates, one can write G for the diamond structure as

(A1.3.75)

where the indices (n, l, m) must be either all odd or all even: e.g., G =

(1, 0, 0) is not allowed, but G =

(2, 0, 0) is permitted. It is convenient to organize G-vectors by their magnitude squared in units of (2π/a)2. In
this scheme: G2 = 0, 3, 4, 8, 11, 12, …. The structure factor for the diamond structure is S(G) = cos(G · τ) .
For some values of G, this structure factor vanishes: e.g., if G = (2π/a) (2, 0, 0), then G · τ = π/2 and S(G) = 0.
If the structure factor vanishes, the corresponding form factor is irrelevant as it is multiplied by a zero
structure factor. In the case of diamond structure, this eliminates the G2 = 4, 12 form factors. Also, the G2 = 0
factor is not important for spectroscopy as it corresponds to the average potential and serves to shift the
energy bands by a constant. The rapid convergence of the pseudopotential in Fourier space coupled with the
vanishing of the structure factor for certain G means that only three form factors are required to fix the energy
bands for diamond semiconductors like Si and Ge: (G2 = 3), (G2 = 8) and (G2 = 11). These form
factors can be fixed by comparisons to reflectivity measurements or photoemission [25].
A1.3.5.5 DENSITY FUNCTIONAL PSEUDOPOTENTIALS

Another realistic approach is to construct pseudopotentials using density functional theory. The
implementation of the Kohn–Sham equations to condensed matter phases without the pseudopotential
approximation is not easy owing to the dramatic span in length scales of the wavefunction and the energy
range of the eigenvalues. The pseudopotential eliminates this problem by removing the core electrons from
the problem and results in a much simpler problem [27].
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In the pseudopotential construction, the atomic wavefunctions for the valence electrons are taken to be
nodeless. The pseudo-wavefunction is taken to be identical to the appropriate all-electron wavefunction in the
regions of interest for solid-state effects. For the core region, the wavefunction is extrapolated back to the

origin in a manner consistent with the normalization condition. This type of construction was first introduced
by Fermi to account for the shift in the wavefunctions of high-lying states of alkali atoms subject to
perturbations from foreign atoms. In this remarkable paper, Fermi introduced the conceptual basis for both the
pseudopotential and the scattering length [28].
With the density functional theory, the first step in the construction of a pseudopotential is to consider the
solution for an isolated atom [27]. If the atomic wavefunctions are known, the pseudo-wavefunction can be
constructed by removing the nodal structure of the wavefunction. For example, if one considers a valence
wavefunction for the isolated atom, ψv(r), then a pseudo-wavefunction, φp(r), might have the properties

(A1.3.76)

The pseudo-wavefunction within this frame work is guaranteed to be nodeless. The parameters (α, β, γ, δ) are

ε

fixed so that (1) φv and φp have the same eigenvalue, v, and the same norm:
(A1.3.77)

This ensures that φp(r) = ψv(r) for r > rc after the wavefunctions have been normalized. (2) The pseudowavefunction should be continuous and have continuous first and second derivatives at rc. An example of a
pseudo-wavefunction is given in figure A1.3.13.
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Figure A1.3.13. All-electron and pseudopotential wavefunction for the 3s state in silicon. The all-electron 3s
state has nodes which arise because of an orthogonality requirement to the 1s and 2s core states.
Once the eigenvalue and pseudo-wavefunction are known for the atom, the Kohn–Sham equation can be
inverted to yield the ionic pseudopotential:

(A1.3.78)

Since VH and Vxc depend only on the valence charge densities, they can be determined once the valence
pseudo- wavefunctions are known. Because the pseudo-wavefunctions are nodeless, the resulting
pseudopotential is well defined despite the last term in equation A1.3.78. Once the pseudopotential has been
constructed from the atom, it can be transferred to the condensed matter system of interest. For example, the
ionic pseudopotential defined by equation A1.3.78 from an atomistic calculation can be transferred to
condensed matter phases without any significant loss of accuracy.
There are complicating issues in defining pseudopotentials, e.g. the pseudopotential in equation A1.3.78 is
state dependent, orbitally dependent and the energy and spatial separations between valence and core
electrons are sometimes not transparent. These are not insurmountable issues. The state dependence is usually
weak and can be ignored. The orbital dependence requires different potentials for different angular
momentum components. This can be incorporated via non-local operators. The distinction between valence
and core states can be addressed by incorporating the core level in question as part of the valence shell. For
example, in Zn one can treat the 3d10 shell as a valence shell. In this case, the valency of Zn is 12, not 2.
There are also very reliable approximate methods for treating the outer core states without explicitly
incorporating them in the valence shell.
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There are a variety of other approaches to understanding the electronic structure of crystals. Most of them rely
on a density functional approach, with or without the pseudopotential, and use different bases. For example,
instead of a plane wave basis, one might write a basis composed of atomic-like orbitals:
(A1.3.79)

where the exp(ik · R) is explicitly written to illustrate the Bloch form of this wavefunction: i.e. ψk(r + R) =
exp(ik · R) ψk (r). The orbitals φi can be taken from atomic structure solutions where i is a general index such
as lmns, or φi can be taken to be a some localized function such as an exponential, called a Slater-type orbital,
or a Gaussian orbital. Provided the basis functions are appropriately chosen, this approach works quite well
for a wide variety of solids. This approach is called the tight binding method [2, 7].
An approach closely related to the pseudopotential is the orthogonalized plane wave method [29]. In this
method, the basis is taken to be as follows:
(A1.3.80)

and
(A1.3.81)

where χi,k is a tight binding wavefunction composed of atomic core functions, ai. As an example, one would
take (a1s, a2s, a2p) atomic orbitals for the core states of silicon. The form for φk (r) is motivated by several
factors. In the interstitial regions of a crystal, the potential should be weak and slowly varying. The

wavefunction should look like a plane wave in this region. Near the nucleus, the wavefunction should look
atomic-like. The basis reflects these different regimes by combining plane waves with atomic orbitals.
Another important attribute of the wavefunction is an orthogonality condition. This condition arises from the
form of the Schrödinger equation; higher-energy eigenvalues must have wavefunctions which are orthogonal
to more tightly bound states of the same symmetry: e.g., the 2s wavefunction of an atom must be orthogonal
to the 1s state. It is possible to choose βi so that
(A1.3.82)

The orthogonality condition assures one that the lowest energy state will not converge to core-like states, but
valence states. The wavefunction for the solid can be written as
(A1.3.83)
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As with any basis method the α(k, G) coefficients are determined by solving a secular equation.
Other methods for determining the energy band structure include cellular methods, Green function approaches
and augmented plane waves [2, 3]. The choice of which method to use is often dictated by the particular
system of interest. Details in applying these methods to condensed matter phases can be found elsewhere (see
section B3.2).

A1.3.6 EXAMPLES FOR THE ELECTRONIC STRUCTURE AND
ENERGY BANDS OF CRYSTALS
Many phenomena in solid-state physics can be understood by resort to energy band calculations. Conductivity
trends, photoemission spectra, and optical properties can all be understood by examining the quantum states
or energy bands of solids. In addition, electronic structure methods can be used to extract a wide variety of
properties such as structural energies, mechanical properties and thermodynamic properties.
A1.3.6.1 SEMICONDUCTORS

A prototypical semiconducting crystal is silicon. Historically, silicon has been the testing ground for quantum
theories of condensed matter. This is not surprising given the importance of silicon for technological
applications. The energy bands for Si are shown in figure A1.3.14. Each band can hold two electrons per unit
cell. There are four electrons per silicon atom and two atoms in the unit cell. This would lead to four filled
bands. It is customary to show the filled bands and the lowest few empty bands. In the case of silicon the
bands are separated by a gap of approximately 1 eV. Semiconductors have band gaps that are less than a few
electronvolts. Displaying the energy bands is not a routine matter as E(k) is often a complex function. The
bands are typically displayed only along high-symmetry directions in the Brillouin zone (see figure A1.3.9 ).
For example, one might plot the energy bands along the (100) direction (the ∆ direction).
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Figure A1.3.14. Band structure for silicon as calculated from empirical pseudopotentials [25].
The occupied bands are called valence bands; the empty bands are called conduction bands. The top of the
valence band is usually taken as energy zero. The lowest conduction band has a minimum along the ∆
direction; the highest occupied valence band has a maximum at Γ. Semiconductors which have the highest
occupied kv-state and lowest empty state kc at different points are called indirect gap semiconductors. If kv =
kc, the semiconductor is call direct gap semiconductor. Germanium is also an indirect gap semiconductor
whereas GaAs has a direct gap. It is not easy to predict whether a given semiconductor will have a direct gap
or not.
Electronic and optical excitations usually occur between the upper valence bands and lowest conduction band.
In optical excitations, electrons are transferred from the valence band to the conduction band. This process
leaves an empty state in the valence band. These empty states are called holes. Conservation of wavevectors
must be obeyed in these transitions: kphoton + kv = kc where kphoton is the wavevector of the photon, kv is the
wavevector of the electron in the initial valence band state and kc is the wavevector of the electron in the final
conduction band state. For optical excitations, kphoton ≈ 0. This implies that the excitation must be direct: kv ≈
kc. Because of this conservation rule, direct optical excitations are stronger than indirect excitations.
Semiconductors are poor conductors of electricity at low temperatures. Since the valence band is completely
occupied, an applied electric field cannot change the total momentum of the valence electrons. This is a
reflection of the Pauli principle. This would not be true for an electron that is excited into the conduction
band. However, for a band gap of 1 eV or more, few electrons can be thermally excited into the conduction
band at ambient temperatures. Conversely, the electronic properties of semiconductors at ambient
temperatures can be profoundly altered by the
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addition of impurities. In silicon, each atom has four covalent bonds, one to each neighbouring atom. All the
valence electrons are consumed in saturating these bonds. If a silicon atom is removed and replaced by an
atom with a different number of valence electrons, there will be a mismatch between the number of electrons
and the number of covalent bonds. For example, if one replaces a silicon atom by a phosphorous atom, then

there will an extra electron that cannot be accommodated as phosphorous possesses five instead of four
valence electrons. This extra electron is only loosely bound to the phosphorous atom and can be easily excited
into the conduction band. Impurities with an ‘extra’ electron are called donors. Under the influence of an
electric field, this donor electron can contribute to the electrical conductivity of silicon. If one were to replace
a silicon atom by a boron atom, the opposite situation would occur. Boron has only three valence electrons
and does not possess a sufficient number of electrons to saturate the bonds. In this case, an electron in the
valence band can readily move into the unsaturated bond. Under the influence of an electric field, this
unsaturated bond can propagate and contribute to the electrical conductivity as if it were a positively charged
particle. The unsaturated bond corresponds to a hole excitation. Impurity atoms that have less than the number
of valence electrons to saturate all the covalent bonds are called acceptors.
Several factors determine how efficient impurity atoms will be in altering the electronic properties of a
semiconductor. For example, the size of the band gap, the shape of the energy bands near the gap and the
ability of the valence electrons to screen the impurity atom are all important. The process of adding controlled
impurity atoms to semiconductors is called doping. The ability to produce well defined doping levels in
semiconductors is one reason for the revolutionary developments in the construction of solid-state electronic
devices.
Another useful quantity is defining the electronic structure of a solid is the electronic density of states. In
general the density of states can be defined as

(A1.3.84)

Unlike the density of states defined in equation A1.3.24, which was specific for the free electron gas, equation
A1.3.84 is a general expression. The sum in equation A1.3.84 is over all energy bands and the integral is over
all k-points in the Brillouin zone. The density of states is an extensive function that scales with the size of the
sample. It is usually normalized to the number of electronic states per atom. In the case of silicon, the number
of states contained by integrating D(E) up to the highest occupied states is four states per atom. Since each
state can hold two electrons with different spin coordinates, eight electrons can be accommodated within the
valence bands. This corresponds to the number of electrons within the unit cell with the resulting valence
bands being fully occupied.
The density of states for crystalline silicon is shown in figure A1.3.15. The density of states is a more general
representation of the energetic distribution of electrons than the energy band structure. The distribution of
states can be given without regard to the k wavevector. It is possible to compare the density of states from the
energy band structure directly to experimental probes such as those obtained in photoemission. Photoemission
measurements can be used to measure the distribution of binding electrons within a solid. In these
measurements, a photon with a well defined energy impinges on the sample. If the photon carries sufficient
energy, an electron can be excited from the valence state to a free electron state. By knowing the energy of the
absorbed photon and the emitted electron, it is possible to determine the energy of the electron in the valence
state. The number of electrons emitted is proportional to the number of electrons in the initial valence states;
the density of states gives a measure of the number of photoemitted electrons for a given binding energy. In
realistic calculations of the photoemission spectra, the probability of making a transition from the valence
band to the vacuum must be included, but often the transition probabilities are
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similar over the entire valence band. This is illustrated in figure A1.3.15 . Empty states cannot be measured
using photoemission so these contributions are not observed.

Figure A1.3.15. Density of states for silicon (bottom panel) as calculated from empirical pseudopotential
[25]. The top panel represents the photoemission spectra as measured by x-ray photoemission spectroscopy
[30]. The density of states is a measure of the photoemission spectra.
By examining the spatial character of the wavefunctions, it is possible to attribute atomic characteristics to the
density of states spectrum. For example, the lowest states, 8 to 12 eV below the top of the valence band, are slike and arise from the atomic 3s states. From 4 to 6 eV below the top of the valence band are states that are
also s-like, but change character very rapidly toward the valence band maximum. The states residing within 4
eV of the top of the valence band are p and arise from the 3p states.
A major achievement of the quantum theory of matter has been to explain the interaction of light and matter.
For example, the first application of quantum theory, the Bohr model of the atom, accurately predicted the
electronic excitations in the hydrogen atom. In atomic systems, the absorption and emission of light is
characterized by sharp lines. Predicting the exact frequencies for atomic absorption and emission lines
provides a great challenge and testing ground for any theory. This is in apparent contrast to the spectra of
solids. The continuum of states in solids, i.e.
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energy bands, allows many possible transitions. A photon with energy well above the band gap can excite a
number of different states corresponding to different bands and k-points. The resulting spectra correspond to
broad excitation spectra without the sharp structures present in atomic transitions. This is illustrated in figure
A1.3.16. The spectrum consists of three broad peaks with the central peak at about 4.5 eV.

Figure A1.3.16. Reflectivity of silicon. The theoretical curve is from an empirical pseudopotential method
calculation [25]. The experimental curve is from [31].
The interpretation of solid-state spectra as featureless and lacking the information content of atomic spectra is
misleading. If one modulates the reflectivity spectra of solids, the spectra are quite rich in structure. This is
especially the case at low temperatures where vibrational motions of the atoms are reduced. In figure A1.3.17
the spectra of silicon is differentiated. The process of measuring a differentiated spectra is called modulation
spectroscopy. In modulated reflectivity spectra, broad undulating features are suppressed and sharp features
are enhanced. It is possible to modulate the reflectivity spectrum in a variety of ways. For example, one can
mechanically vibrate the crystal, apply an alternating electric field or modulate the temperature of the sample.
One of the most popular methods is to measure the reflectivity directly and then numerically differentiate the
reflectivity data. This procedure has the advantage of being easily interpreted[25].
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Figure A1.3.17. Modulated reflectivity spectrum of silicon. The theoretical curve is obtained from an
empirical pseudopotential calculation [25]. The experimental curve is from a wavelength modulation
experiment from [32].
The structure in the reflectivity can be understood in terms of band structure features: i.e. from the quantum
states of the crystal. The normal incident reflectivity from matter is given by

(A1.3.85)

where I0 is the incident intensity of the light and I is the reflected intensity. N is the complex index of
refraction. The complex index of refraction, N, can be related to the dielectric function of matter by
(A1.3.86)

where ∈1 is the real part of the dielectric function and ∈2 is the imaginary part of the dielectric function.
It is possible to make a connection between the quantum states of a solid and the resulting optical properties
of a solid.
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In contrast to metals, most studies have concentrated on insulators and semiconductors where the optical
structure readily lends itself to a straightforward interpretation. Within certain approximations, the imaginary
part of the dielectric function for semiconducting or insulating crystals is given by

(A1.3.87)

The matrix elements are given by
(A1.3.88)

where uk,c, is the periodic part of the Bloch wavefunction. The summation in equation A1.3.87 is over all
occupied to empty state transitions from valence (v) to conduction bands (c). The energy difference between
occupied and empty states is given by Ec(k) – Ev(k) which can be defined as a frequency; ωvc (k) = (Ec(k) –
Ev(k))/ . The delta function term, δ(ωvc (k) – ω), ensures conservation of energy. The matrix elements, Mvc,
control the oscillator strength. As an example, suppose that the v → c transition couples states which have
similar parity. The matrix elements will be small because the momentum operator is odd. Although angular
momentum is not a good quantum number in condensed matter phases, atomic selection rules remain
approximately true.
This expression for ∈2 neglects the spatial variation of the perturbing electric field. The wavelength of light
for optical excitations is between 4000–7000 Å and greatly exceeds a typical bond length of 1–2 Å. Thus, the
assumption of a uniform field is usually a good approximation. Other effects ignored include many-body
contributions such as correlation and electron–hole interactions.
Once the imaginary part of the dielectric function is known, the real part can be obtained from the Kramers–
Kronig relation:
(A1.3.89)

The principal part of the integral is taken and the integration must be done over all frequencies. In practice,
the integration is often terminated outside of the frequency range of interest. Once the full dielectric function
is known, the reflectivity of the solid can be computed.
It is possible to understand the fine structure in the reflectivity spectrum by examining the contributions to the
imaginary part of the dielectric function. If one considers transitions from two bands (v → c), equation
A1.3.87 can be written as
(A1.3.90)
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Under the assumption that the matrix elements can be treated as constants, they can be factored out of the
integral. This is a good approximation for most crystals. By comparison with equation A1.3.84, it is possible
to define a function similar to the density of states. In this case, since both valence and conduction band states
are included, the function is called the joint density of states:

(A1.3.91)

With this definition, one can write
(A1.3.92)

Within this approximation, the structure in ∈2 (ω)vc can be related to structure in the joint density of states.
The joint density of states can be written as a surface integral [1]:
(A1.3.93)

ds is a surface element defined by ωvc (k) = ω. The sharp structure in the joint density of states arises from
zeros in the dominator. This occurs at critical points where
(A1.3.94)

or
(A1.3.95)

when the slopes of the valence band and conduction band are equal. The group velocity of an electron or hole
is defined as vg = ∇k E(k). Thus, the critical points occur when the hole and electrons have the same group
velocity.
The band energy difference or ωvc(k) can be expanded around a critical point kcp as
(A1.3.96)

The expansion is done around the principal axes so only three terms occur in the summation. The nature of the
critical point is determined by the signs of the αn. If αn > 0 for all n, then the critical point corresponds to a
local minimum. If αn < 0 for all n, then the critical point corresponds to a local maximum. Otherwise, the
critical points correspond to saddle points.
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The types of critical points can be labelled by the number of αn less than zero. Specifically, the critical points
are labelled by Mi where i is the number of αn which are negative: i.e. a local minimum critical point would
be labelled by M0, a local maximum by M3 and the saddle points by (M1, M2). Each critical point has a
characteristic line shape. For example, the M0 critical point has a joint density of state which behaves as Jvc =
constant ×
for ω > ω0 and zero otherwise, where ω0 corresponds to the M0 critical point energy. At
ω = ω0, Jvc has a discontinuity in the first derivative. In figure A1.3.18 the characteristic structure of the joint
density of states is presented for each type of critical point.

Figure A1.3.18. Typical critical point structure in the joint density of states.
For a given pair of valence and conduction bands, there must be at least one M0 and one M3 critical points and
at least three M1 and three M2 critical points. However, it is possible for the saddle critical points to be
degenerate. In the simplest possible configuration of critical points, the joint density of states appears as in
figure A1.3.19.

Figure A1.3.19. Simplest possible critical point structure in the joint density of states for a given energy band.
It is possible to identify particular spectral features in the modulated reflectivity spectra to band structure
features. For example, in a direct band gap the joint density of states must resemble that of a M0 critical point.
One of the first applications of the empirical pseudopotential method was to calculate reflectivity spectra for a
given energy band. Differences between the calculated and measured reflectivity spectra could be assigned to
errors in the energy band
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structure. Such errors usually involve the incorrect placement or energy of a critical point feature. By making
small adjustments in the pseudopotential, it is almost always possible to extract an energy band structure
consistent with the measure reflectivity.
The critical point analysis performed for the joint density of states can also be applied to the density of states.
By examining the photoemission spectrum compared with the calculated density of states, it is also possible to
assess the quality of the energy band structure. Photoemission spectra are superior to reflectivity spectra in the
sense of giving the band structure energies relative to a fixed energy reference, such as the vacuum level.
Reflectivity measurements only give relative energy differences between energy bands.
In figure A1.3.20 and figure A1.3.21 the real and imaginary parts of the dielectric function are illustrated for

silicon. There are some noticeable differences in the line shapes between theory and experiment. These
differences can be attributed to issues outside of elementary band theory such as the interactions of electrons
and holes. This issue will be discussed further in the following section on insulators. Qualitatively, the real
part of the dielectric function appears as a simple harmonic oscillator with a resonance at about 4.5 eV. This
energy corresponds approximately to the cohesive energy per atom of silicon.

Figure A1.3.20. Real part of the dielectric function for silicon. The experimental work is from [31]. The
theoretical work is from an empirical pseudopotential calculation [25].
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Figure A1.3.21. Imaginary part of the dielectric function for silicon. The experimental work is from [31]. The
theoretical work is from an empirical pseudopotential calculation [25].
It is possible to determine the spatial distributions, or charge densities, of electrons from a knowledge of the
wavefunctions. The arrangement of the charge density is very useful in characterizing the bond in the solid.
For example, if the charge is highly localized between neighbouring atoms, then the bond corresponds to a
covalent bond. The classical picture of the covalent bond is the sharing of electrons between two atoms. This
picture is supported by quantum calculations. In figure A1.3.22 the electronic distribution charge is illustrated
for crystalline carbon and silicon in the diamond structure. In carbon the midpoint between neighbouring
atoms is a saddle point: this is typical of the covalent bond in organics, but not in silicon where the midpoint
corresponds to a maximum of the charge of the density. X-ray measurements also support the existence of the
covalent bonding charge as determined from quantum calculations [33].
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Figure A1.3.22. Spatial distributions or charge densities for carbon and silicon crystals in the diamond
structure. The density is only for the valence electrons; the core electrons are omitted. This charge density is
from an ab initio pseudopotential calculation [27].
Although empirical pseudopotentials present a reliable picture of the electronic structure of semiconductors,
these potentials are not applicable for understanding structural properties. However, density-functionalderived pseudopotentials can be used for examining the structural properties of matter. Once a self-consistent
field solution of the Kohn–Sham equations has been achieved, the total electronic energy of the system can be
determined from equation A1.3.39. One of the first applications of this method was to forms of crystalline
silicon. Various structural forms of silicon were considered: diamond, hexagonal diamond, β-Sn, simple
cubic, FCC, BCC and so on. For a given volume, the lattice parameters and any internal parameters can be
optimized to achieve a ground-state energy. In figure A1.3.23 the total structural energy of the system is
plotted for eight different forms of silicon. The lowest energy form of silicon is correctly predicted to be the
diamond structure. By examining the change in the structural energy with respect to volume, it is possible to
determine the equation of state for each form. It is possible to determine which phase is lowest in energy for a
specified volume and to determine transition pressures between different phases. As an example, one can
predict from this phase diagram the transition pressure to transform silicon in the diamond structure to the
white tin (β-Sn) structure. This pressure is predicted to be approximately 90 MPa; the measured pressure is
about 120 MPa [34]. The role of temperature has been neglected in the calculation of the structural energies.
For most applications, this is not a serious issue as the role of temperature is often less than the inherent errors

within density functional theory.
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Figure A1.3.23. Phase diagram of silicon in various polymorphs from an ab initio pseudopotential calculation
[34]. The volume is normalized to the experimental volume. The binding energy is the total electronic energy
of the valence electrons. The slope of the dashed curve gives the pressure to transform silicon in the diamond
structure to the β-Sn structure. Other polymorphs listed include face-centred cubic (fcc), body-centred cubic
(bcc), simple hexagonal (sh), simple cubic (sc) and hexagonal close-packed (hcp) structures.
One notable consequence of the phase diagram in figure A1.3.23 was the prediction that high-pressure forms
of silicon might be superconducting [35, 36]. This prediction was based on the observation that some highpressure forms of silicon are metallic, but retain strong covalent-like bonds. It was later verified by highpressure measurements that the predicted phase was a superconductor [36]. This success of the structural
phase diagram of silicon helped verify the utility of the pseudopotential density functional method and has
resulted in its widespread applicability to condensed phases.
A1.3.6.2 INSULATORS

Insulating solids have band gaps which are notably larger than semiconductors. It is not unusual for an alkali
halide to have a band gap of ~10 eV or more. Electronic states in insulators are often highly localized around
the atomic sites in insulating materials In most cases, this arises from a large transfer of electrons from one
site to another. Exceptions are insulating materials like sulfur and carbon where the covalent bonds are so
strong as to strongly localize charge between neighbouring atoms.
As an example of the energy band structures for an insulator, the energy bands for lithium fluoride are
presented in figure A1.3.24. LiF is a highly ionic material which forms in the rocksalt structure (figure
A1.3.25)). The bonding in this crystal can be understood by transferring an electron from the highly
electropositive Li to the electronegative F atoms: i.e. one can view crystalline LiF as consisting of Li+F–
constituents. The highly localized nature of the electronic charge density results in very narrow, almost
atomic-like, energy bands.
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Figure A1.3.24. Band structure of LiF from ab initio pseudopotentials [39].
One challenge of modern electronic structure calculations has been to reproduce excited-state properties.
Density functional theory is a ground-state theory. The eigenvalues for empty states do not have physical
meaning in terms of giving excitation energies. If one were to estimate the band gap from density functional
theory by taking the eigenvalue differences between the highest occupied and lowest empty states, the energy
difference would badly underestimate the band gap. Contemporary approaches [37, 38] have resolved this
issue by correctly including spatial variations in the electron–electron interactions and including self-energy
terms (see section A1.3.2.2).
Because of the highly localized nature of electronic and hole states in insulators, it is difficult to describe the
optical excitations. The excited electron is strongly affected by the presence of the hole state. One failure of
the energy band picture concerns the interaction between the electron and hole. The excited electron and the
hole can form a hydrogen atomic-like interaction resulting in the formation of an exciton, or a bound electron–
hole pair. The exciton binding energy reduces the energy for an excitation below that of the conduction band
and results in strong, discrete optical lines. This is illustrated in figure A1.3.25.
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Figure A1.3.25. Schematic illustration of exciton binding energies in an insulator or semiconductor.
A simple model for the exciton is to assume a screened interaction between the electron and hole using a static
dielectric function. In addition, it is common to treat the many-body interactions in a crystal by replacing the
true mass of the electron and hole by a dynamical or effective mass. Unlike a hydrogen atom, where the proton
mass exceeds that of the electron by three orders of magnitude, the masses of the interacting electron and hole
are almost equivalent. Using the reduced mass for this system, we have 1/µ = 1/me + 1/mh. Within this model,
the binding energy of the exciton can be found from

(A1.3.97)

where ∈ is the static dielectric function for the insulator of interest. The binding energy from this hydrogenic
Schrödinger equation is given by

(A1.3.98)

where n = 1, 2, 3,…. Typical values for a semiconductor are µ and ∈ are µ = 0.1 m and ∈ = 10. This results in
a binding energy of about 0.01 eV for the ground state, n = 1. For an insulator, the binding energy is much
larger. For a material like silicon dioxide, one might have µ = 0.5 m and ∈ = 3 or a binding energy of roughly
1 eV. This estimate suggests that reflectivity spectra in insulators might be strongly altered by exciton
interactions.
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Even in semiconductors, where it might appear that the exciton binding energies would be of interest only for
low temperature regimes, excitonic effects can strongly alter the line shape of excitations away from the band
gap.
The size of the electron–hole pair can be estimated from the Bohr radius for this system:

(A1.3.99)

The size of the exciton is approximately 50 Å in a material like silicon, whereas for an insulator the size
would be much smaller: for example, using our numbers above for silicon dioxide, one would obtain a radius
of only ~3 Å or less. For excitons of this size, it becomes problematic to incorporate a static dielectric
constant based on macroscopic crystalline values.
The reflectivity of LiF is illustrated in figure A1.3.26. The first large peak corresponds to an excitonic
transition.

Figure A1.3.26. Reflectivity of LiF from ab initio pseudopotentials. (Courtesy of E L Shirley, see [39] and
references therein.
A1.3.6.3 METALS

Metals are fundamentally different from insulators as they possess no gap in the excitation spectra. Under the
influence of an external field, electrons can respond by readily changing from one k state to another. The ease
by which the ground-state configuration is changed accounts for the high conductivity of metals.
Arguments based on a free electron model can be made to explain the conductivity of a metal. It can be shown
that the k will evolve following a Newtonian law [1]:
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(A1.3.100)

This can be integrated to yield
(A1.3.101)

After some typical time, τ, the electron will scatter off a lattice imperfection. This imperfection might be a
lattice vibration or an impurity atom. If one assumes that no memory of the event resides after the scattering

ε

event, then on average one has ∆ k = –e τ/ . In this picture, the conductivity of the metal, σ, can be extracted

ε

from Ohm’s law: σ = J/ where J is the current density. The current density is given by
(A1.3.102)

or
(A1.3.103)

This expression for the conductivity is consistent with experimental trends.
Another important accomplishment of the free electron model concerns the heat capacity of a metal. At low
temperatures, the heat capacity of a metal goes linearly with the temperature and vanishes at absolute zero.
This behaviour is in contrast with classical statistical mechanics. According to classical theories, the
equipartition theory predicts that a free particle should have a heat capacity of kB where kB is the Boltzmann
constant. An ideal gas has a heat capacity consistent with this value. The electrical conductivity of a metal
suggests that the conduction electrons behave like ‘free particles’ and might also have a heat capacity of kB,
which would be strongly at variance with the observed behaviour and in violation of the third law of
thermodynamics.
The resolution of this issue is based on the application of the Pauli exclusion principle and Fermi–Dirac
statistics. From the free electron model, the total electronic energy, U, can be written as
(A1.3.104)

where f(∈, T) is the Fermi–Dirac distribution function and D(∈) is the density of states. The Fermi–Dirac
function gives the probability that a given orbital will be occupied:
(A1.3.105)
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The value of EF at zero temperature can be estimated from the electron density (equation A1.3.26). Typical
values of the Fermi energy range from about 1.6 eV for Cs to 14.1 eV for Be. In terms of temperature (TF =
EF/k), the range is approximately 2000–16,000 K. As a consequence, the Fermi energy is a very weak
function of temperature under ambient conditions. The electronic contribution to the heat capacity, C, can be
determined from

(A1.3.106)

The integral can be approximated by noting that the derivative of the Fermi function is highly localized
around EF. To a very good approximation, the heat capacity is

(A1.3.107)

The linear dependence of C with temperature agrees well with experiment, but the pre-factor can differ by a
factor of two or more from the free electron value. The origin of the difference is thought to arise from several
factors: the electrons are not truly free, they interact with each other and with the crystal lattice, and the
dynamical behaviour the electrons interacting with the lattice results in an effective mass which differs from
the free electron mass. For example, as the electron moves through the lattice, the lattice can distort and exert
a dragging force.
Simple metals like alkalis, or ones with only s and p valence electrons, can often be described by a free
electron gas model, whereas transition metals and rare earth metals which have d and f valence electrons
cannot. Transition metal and rare earth metals do not have energy band structures which resemble free
electron models. The formed bonds from d and f states often have some strong covalent character. This
character strongly modulates the free-electron-like bands.
An example of metal with significant d-bonding is copper. The atomic configuration of copper is
1s22s22p63s23p63d104s1. If the 3d states were truly core states, then one might expect copper to resemble
potassium as its atomic configuration is 1s22s22p63s23p64s1. The strong differences between copper and
potassium in terms of their chemical properties suggest that the 3d states interact strongly with the valence
electrons. This is reflected in the energy band structure of copper (figure A1.3.27).
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Figure A1.3.27. Energy bands of copper from ab initio pseudopotential calculations [40].
Copper has a FCC structure with one atom in the primitive unit cell. From simple orbital counting, one might
expect the ten d electrons to occupy five d-like bands and the one s electron to occupy one s-like band. This
is apparent in the figure, although the interpretation is not straightforward. The lowest band (L1 to Γ1 to X4) is

s-like, but it mixes strongly with the d-like bands (at Γ25 and Γ12), these bands are triply and doubly
degenerate at Γ. Were it not for the d-mixing, the s-like band would be continuous from Γ1 to X4. The dmixing ‘splits’ the s bands. The Fermi level cuts the s-like band along the ∆ direction, reflecting the partial
occupation of the s levels.

A1.3.7 NON-CRYSTALLINE MATTER
A1.3.7.1 AMORPHOUS SOLIDS

Crystalline matter can be characterized by long-range order. For a perfect crystal, a prescription can be used
to generate the positions of atoms arbitrarily far away from a specified origin. However, ‘real crystals’ always
contain imperfections. They contain defects which can be characterized as point defects localized to an atomic
site or extended defects spread over a number of sites. Vacancies on the lattice site or atoms of impurities are
examples of point defects. Grain boundaries or dislocations are examples of extended defects. One might
imagine starting from an ideal
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crystal and gradually introducing defects such as vacancies. At some point the number of defects will be so
large as to ruin the long-range order of the crystal. Solid materials that lack long-range order are called
amorphous solids or glasses. The precise definition of an amorphous material is somewhat problematic.
Usually, any material which does not display a sharp x-ray pattern is considered to be ‘amorphous’. Some text
books [1] define amorphous solids as ‘not crystalline on any significant scale’.
Glassy materials are usually characterized by an additional criterion. It is often possible to cool a liquid below
the thermodynamic melting point (i.e. to supercool the liquid). In glasses, as one cools the liquid state
significantly below the melting point, it is observed that at a temperature well below the melting point of the
solid the viscosity of the supercooled liquid increases dramatically. This temperature is called the glass
transition temperature, and labelled as Tg. This increase of viscosity delineates the supercooled liquid state
from the glass state. Unlike thermodynamic transitions between the liquid and solid state, the liquid → glass
transition is not well defined. Most amorphous materials such as tetrahedrally coordinated semiconductors
like silicon and germanium do not exhibit a glass transformation.
Defining order in an amorphous solid is problematic at best. There are several ‘qualitative concepts’ that can
be used to describe disorder [7]. In figure A1.3.28 a perfect crystal is illustrated. A simple form of disorder
involves crystals containing more than one type of atom. Suppose one considers an alloy consisting of two
different atoms (A and B). In an ordered crystal one might consider each A surrounded by B and vice versa.
In a random alloy, one might consider the lattice sites to remain unaltered but randomly place A and B atoms.
This type of disorder is called compositional disorder. Other forms of disorder may involve minor distortions
of the lattice that destroy the long-range order of the solid, but retain the chemical ordering and short-range
order of the solid. For example, in short-range ordered solids, the coordination number of each atom might be
preserved. In a highly disordered solid, no short-range order is retained: the chemical ordering is random with
a number of over- and under-coordinated species.

Figure A1.3.28. Examples of disorder: (a) perfect crystal, (b) compositional disorder, (c) positional disorder
which retains the short-range order and (d) no long-range or short-range order.
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In general, it is difficult to quantify structural properties of disordered matter via experimental probes as with
x-ray or neutron scattering. Such probes measure statistically averaged properties like the pair-correlation
function, also called the radial distribution function. The pair-correlation function measures the average
distribution of atoms from a particular site.
Several models have been proposed to describe amorphous solids, in particular glasses. The structure of
glasses often focus on two archetypes [1]: the continuous random network and microcrystallite models. In the
continuous random network model, short-range order is preserved. For example, in forms of crystalline silica
each silicon atom is surrounded by four oxygen atoms. The SiO4 tetrahedra are linked together in a regular
way which establishes the crystal structure. In a continuous random network each SiO4 tetrahedral unit is
preserved, but the relative arrangement between tetrahedral units is random. In another model, the so-called
microcrystallite model, small ‘crystallites’ of the perfect structure exist, but these crystallites are randomly
arranged. The difference between the random network model and the crystallite model cannot be
experimentally determined unless the crystallites are sufficiently large to be detected; this is usually not the
situation.
Amorphous materials exhibit special quantum properties with respect to their electronic states. The loss of
periodicity renders Bloch’s theorem invalid; k is no longer a good quantum number. In crystals, structural
features in the reflectivity can be associated with critical points in the joint density of states. Since amorphous
materials cannot be described by k-states, selection rules associated with k are no longer appropriate.
Reflectivity spectra and associated spectra are often featureless, or they may correspond to highly smoothed
versions of the crystalline spectra.
One might suppose that optical gaps would not exist in amorphous solids, as the structural disorder would
result in allowed energy states throughout the solid. However, this is not the case, as disordered insulating
solids such as silica are quite transparent. This situation reflects the importance of local order in determining
gaps in the excitation spectra. It is still possible to have gaps in the joint density of states without resort to a
description of energy versus wavevector. For example, in silica the large energy gap arises from the existence
of SiO4 units. Disordering these units can cause states near the top of the occupied states and near the bottom
of the empty states to tail into the gap region, but not remove the gap itself.

Disorder plays an important role in determining the extent of electronic states. In crystalline matter one can
view states as existing throughout the crystal. For disordered matter, this is not the case: electronic states
become localized near band edges. The effect of localization has profound effects on transport properties.
Electrons and holes can still carry current in amorphous semiconductors, but the carriers can be strongly
scattered by the disordered structure. For the localized states near the band edges, electrons can be propagated
only by a thermally activated hopping process.
A1.3.7.2 LIQUIDS

Unlike the solid state, the liquid state cannot be characterized by a static description. In a liquid, bonds break
and reform continuously as a function of time. The quantum states in the liquid are similar to those in
amorphous solids in the sense that the system is also disordered. The liquid state can be quantified only by
considering some ensemble averaging and using statistical measures. For example, consider an elemental
liquid. Just as for amorphous solids, one can ask what is the distribution of atoms at a given distance from a
reference atom on average, i.e. the radial distribution function or the pair correlation function can also be
defined for a liquid. In scattering experiments on liquids, a structure factor is measured. The radial
distribution function, g(r), is related to the structure factor, S(q), by
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(A1.3.108)

where ρ0 is the average concentration density of the liquid. By taking the Fourier transform of the structure, it
is possible to determine the radial distribution function of the liquid.
Typical results for a semiconducting liquid are illustrated in figure A1.3.29 where the experimental pair
correlation and structure factors for silicon are presented. The radial distribution function shows a sharp first
peak followed by oscillations. The structure in the radial distribution function reflects some local ordering.
The nature and degree of this order depends on the chemical nature of the liquid state. For example,
semiconductor liquids are especially interesting in this sense as they are believed to retain covalent bonding
characteristics even in the melt.

Figure A1.3.29. Pair correlation and structure factor for liquid silicon from experiment [41].
One simple measure of the liquid structure is the average coordination number of an atom. For example, the
average coordination of a silicon atom is four in the solid phase at ambient pressure and increases to six in
high pressure forms of silicon. In the liquid state, the average coordination of silicon is six. The average
coordination of the liquid can be determined from the radial distribution function. One common prescription
is to integrate the area under the first peak of the radial distribution function. The integration is terminated at
the first local minimum after the first peak. For a crystalline case, this procedure gives the exact number of
nearest neighbours. In general, coordination numbers greater than four correspond to metallic states of silicon.
As such, the radial distribution function suggests that silicon is a metal in the liquid state. This is consistent
with experimental values of the conductivity. Most tetrahedrally coordinated
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semiconductors, e.g. Ge, GaAs, InP and so on, become metallic upon melting.
It is possible to use the quantum states to predict the electronic properties of the melt. A typical procedure is
to implement molecular dynamics simulations for the liquid, which permit the wavefunctions to be
determined at each time step of the simulation. As an example, one can use the eigenpairs for a given atomic
configuration to calculate the optical conductivity. The real part of the conductivity can be expressed as

(A1.3.109)

where Ei and ψi are eigenvalues and eigenfunctions, and Ω is the volume of the supercell. The dipole
transition elements, 〈ψm|pα|ψn〉, reflect the spatial resolution of the initial and final wavefunctions. If the
initial and final states were to have an even parity, then the electromagnetic field would not couple to these
states.

The conductivity can be calculated for each time step in a simulation and averaged over a long simulation
time. This procedure can be used to distinguish the metallic and semiconducting behaviour of the liquid state.
As an example, the calculated frequency dependence of the electrical conductivity of gallium arsenide and
cadmium telluride are illustrated in figure A1.3.30. In the melt, gallium arsenide is a metal. As the
temperature of the liquid is increased, its DC conductivity decreases. For cadmium telluride, the situation is
reversed. As the temperature of the liquid is increased, the DC conductivity increases. This is similar to the
behaviour of a semiconducting solid. As the temperature of the solid is increased, more carriers are thermally
excited into the conduction bands and the conductivity increases. The relative conductivity of GaAs versus
CdTe as determined via theoretical calculations agrees well with experiment.

Figure A1.3.30. Theoretical frequency-dependent conductivity for GaAs and CdTe liquids from ab initio
molecular dynamics simulations [42].
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